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ABSTRACT

The effects of sampling and coarse quantisatioen on signal
£idelity at the output of a Digital Radio Fregquency Memory (DRFM)
memory module have been considered. Fourier analysis on
deterministic signals after quantisation and sampling has been
contrasted and compared to the generallsed statistical appreoach
of randomly distributed quantisation errors within the quantising
intervals. It has been shown theoretically and by measurement,
that the spectra of coarsely gquantised signals contain
gquantisation neise that is coloured, as opyposed to white,
egpecially 1if the sample correlatioq coefficients are high.
Coarse quantisation produces spurs (harmonics) that appear in the
message band either as aliased or unaliased spurs. Harmonic power
summation yielded gquantisaticn noise powera that correlated well
with the generalised approach from three bits of quantisation
upwards, and near identical results for s=ix bits. Spectral
measurements were made on a one bilit quantiser and the results
cbtained compared favourabiy wlth the theoretical predic’ ions,

showing the harmonic spurs and the effect of spectral fold-over,
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1l INTRCDUCTION

The reguirement for coarse gquantisation in Digital Radio
Frequency Memories (DRFMs) originates from the technological
complexities and limitations involved in implementing wulti-~-bit,
extremely high s=peed (500MHz +) analogue-to-digital (A/D)
and digital~to-analogue (D/A) conversion. The DRFM l1s hardware
that is able to store "Radioc Frequency" (RF) signals digitally
for any length of time that is desired. The accuracy, or fidelity
with which such a signal may be reproduced at the output of a
DRFM depends upon numerous factors, These include the number of
gquantisation levels in the A/D converter, which affect the nature
and spectrum 6f the quantisatio: erxror, and the combined effects

of sampling, which results in allasing of the guantised spectrum.

Other effects huve not been addressed here in any detail, but
will be considered briefly later. The spectra that result from
coarse gquantisation, combined with sampling, are of great
importance in DRFM applications. These spectra were investigated
and have been shown to be contrary to the standard gquantisation

theory of random, white guantisation noise.

The DRFM is used to store and then reproduce RF signals. It is
also used to generate RF =zignals, or to provide an intaxrface
between the fast RF world and the relatively slow, off-line
digital signal processing and instrumentation worlds, A more
detailed explanation of the DRFM, its applications and its
technological complexities is given below, to provide the reader



1 INTRODUCTION

The requirement. for coarse guantisation in Digital Radio
Frequency Memories {DRFMs) originates from the technological
complaxities and limitations involved .n implementing multi~bit,
extremely high speed (500MHz +) analogue-to-digital (A/D)
and digital-to-analogue (D/A) conversion. The DRFM is hardware
that is able to store "Radio Freguency" (RF) signals digitally
for any length of time that is desired. The accuracy, or fidelity
with which such a signal may be reproduced at the output of a
DRFM depends upon numerous factors, These include the number of
guantisation levels in the A/D converter, which affect the nature
and spectrum of the guantisation error, and the combined effects

of sampling, which results in aliasing of the quantised spectrum.

Other effects have n t been addressed here in any detail, but
will be considered brisfly later., The spectra that result from
goarse gquantisation, combined with sampling, are of great
importance in DRFM applications. These spectra were investigated
and have been shown to be contrary to the standard guantisation

theory of random, white guantisation noise.

The DRFM is used to store and then reproduce RF signals. It is
also used to generate RF =signals, or to provide an interface
between the fast RF world and the relatively slow, off-~line
digital signal processing and instrumentation worlds. A more
detaliled explanation of the DRFM, its applications and its

technological complexities is given bealow, to provida the reader



with an understanding for the source of the problem of coarse

gquantisation coupled to high speed sampling.

This dissertation is concerned with the principles of operation
of the DRFM and not any specific technology. However, it is
because of technological considerations that the theory of
operation is important, It will be shown that due to these

tachnological problems, very coarse guantisation must be used.

1.1 Background to the Problem ~ The DRFM

The exact definition of RF in the abbreviation DR¥FM, is somewhat
vague. RF may be anything from a few Megahertz to a few
Gigahertz. The upper end of this range is where the technological
problem lies today, and as z result is the source of the problem

for this dissertation.

1.1.1 Functional Description of the DREM

A basic block diagram of a typical DRFM is shown in Figure 1.1.
It consists of a receiver, a down-conversion stage, a baseband
stage and an up-conversion stage. The purpose of the receiver is
to split the incoming signal(s) into distinct bands, with a
bandwidth corresponding to that of the baseband DRFM, or memory
module, With the absolute state of the art this bandwidth borders
on a Gigahertz. More typlcally though, the bandwidth is currently
of the order of a few hundred Megahertz.
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Once split up into contiguous bands, each band 1s demodulated by
means of a mixer and a phase-locked local ogcillator., The result
is a baseband of approximately OHz . FgHz (the memory module
bandwidth or message band). At this point the signal enters
the memory module and is passed through an A/D converter with
one bit, l.e. two gquantisation levels. In some of the later
versions, and depending upon the application, a larger number of
bits have been used. The memory mnodule, but specifically the
operation of the cosrse guantisation A/D converter in it, are the

subject of this dissertation.

Assuming that one bit is used, the aigns.:tl is now demultiplexed by
means of an N bit shift register arrangement, resulting in a
parallel word of N bits. The signal is effectively "slowed
down?, making it more compatible with the operating speed of tne
memory medule's random access memory (RAM). Clearly, the larger N
is, the slower the clocking rate of the memory. The disadvantage
is, however, that the delay between th: input signal and the
output signal increasess, during regeneration. To overcome this
problem, peripheral circuitry may be required, in order to
maintain a specific minimum delay between the input and output
gignals, 1f needed for the application. Every N sampling cycles,
the word is latched and then stored in RAM.

Once the bit stream has been read in%to memory i% remaine there to
be read out at any time, altered or unaltered in form, as
desired. During regeneration, the output bit stream from the
memory 1s converted from parallel to serial form by a shift
register clocked st the same rate as the input shift register.
The digitized waveférm is then passed through a &igital-analog
(D/a) converter, ideally resulting in a baseband signal that is

identical or suitably modified compared to the input bhaseband



slgnal. The distortion in this signal as a result of coarse
gquantisation has been addressed in the dissertation that follows.
This signal is then up-converted to its original radio-frequency
(RF) by means of a mixer and the same phase-locked local
oscillator as used for the down-conversion process., Finally, the
various outputs from the contiguous bands are summed, and emitted

or sent to further processors, if necessary.

1.1.2 Technology Involved in the DRFM

with bandwidths approaching a Gigahertz, very faat digital
circuits are needed in order to ach}eve the sampling rates
requlred in a DRFM. These spzeds are beyond the capabilities of
TTL: or even ECL logic., To solve the problem of Gigahertz sampling

rates, new technology GaAs logic must be used.

GaAs i capable of achieving much higher electron mobilitlies at
gignificantly lower voltage levels. The propagation delays are
also much lower, typically less than 300ps. (aAs has been shown
to be able to operate at speeds of up to 750MHz without any
problems., Laboratory developments are producing hardware witn
speeds of up to 2GHz. This makes it possible to transition from
the analogue to the digital werld of signal processing at much
higher frequencies, making fully dirital receivers possible.

Up till now, only broadband DRFMs with one bit guantisation have
been dealt with. This is directly linked to the availabiiity of
high speed digital technology. As will be discussed later, the
problem of signal fidelity lies with the coarse qnahtisers that
are available and the resultant generation of spurious sicnals.
To reduce the spurious signal levels, it is necessary to quantise

the input signal more accurately. GaAs technology makes it



possible to achieve this goal to a reasonable degres. Hughes has
demonstrated a 6~bit 750MHz A/D convercion process and by 1989,
wag expected to have a 10-bit DRFM operating at 1,2GHz by
quadruplexing four 300MHz channels. Theé typical cost of a '"high-
performance” DRFM was quoted at about $45 000 (Waller, 1986)., It

is probable that this has dropped siightly sinca 1986.

1.1.3 Considerations in the Design of a DRFM

Considering a sine wave input that is converted to a sdquare wave
by means of a D~flip flop or a similar device, it may be seen
that the zero crossings are ccnstraiqai to occour at integral
sampling clock Iintervals. Thus a digital stream of ones and zeros
that is intended to represent the input signal, is a sguare wave
with an average period (over a few cycles) that differs from the
original period. The peak error of this new period has been shown
to be &=iF,/(F,.T) by Horowitz & Hill (1982), where T=meastrement

gate width, F >>F,, Fo=clock frequency and F=~input frequency.

If the input signal is a radar pulse, then tue essential
information, namely freguency, c¢an be recovered using thie
technigue. Amplitude and pulsewidth are excluded. For more
exacting applications, such as television or digital
oscilloscopes, better amplitude gquantisation weuld bae a

hecassity.

As stated earlier, there will be a large amount of sepectral
distortion due to the generatiun of square wave harmonics in a
one bit quantiser. By adding parallel channels and.determining
when the input signal crosses through zero-points relative to a

90° phase-ghifted clock, more information i1is obtained.



In the DRFM described in Figure 1.1, it 1s possible to obtain
increased operating bandwidths by means of multiplexing. A
variation of this is to use in-phase (I) and quadrature (Q)
mixers. This effectively generates two independent samples for
each sanmpling period, as will be shown Jlater. Hence, the
eperating bandwidth may be doubled, or alternatively, the
sampling rate requirements halved. &imilarly, it is possible to
extand this approach to N parallel channels.

i.1.4 Spuriocus Signal Generation

In some currently avallable DRFM's the spurious signal level is as
high as ~10dBe¢, which in most applicaticns is far from ideal. The
basic generators of spurious signals in a DRFM are briefly

covered below for the sake of completeaness:

a.) Local Oscillator Ieakage. This is a practical limitation as
a result of the available technology. The state of the art at

present is about ~30dBc for the up-conversion process.

b.) Image Fragquency. Image fregquency generation 1is a direct
function of tha I and @ mixing process. In practice it has been
found to be difficult to achleve better than -304Bc. An example
of this is the relative timing precisicn tbhat must be achieved
between the I and Q digital memory outputs. In order to maintain
image suppression of better than 35dB, the relative timing
precision must be better than two degrees. At a frogquency of

200MHz this corresponds to 0.03ns!

c.) Harmonigs. Harmonics will be generated due to the imperfect
gquantisation. In the limiting case of single bit quantisation,

square wave harmonics will be obtained.



d.) Aliasing. The problem of aliasing is related to the sampling
rate and the bandwidth of the input signal. This i1is also a
function of the nuwmber of gquantisation levels used in the A/D
converter. Considering a one bit A/D converter, if the desired
spurious signal level due to aliasing is to be better than -30dBc
in the message band, the sampling frequency must exceed 62 times
the true input RP sinewave fregquency. This is because the 315t
harmonic of a square wave has an amplitude of -29,8dBc, and all
higher harmonics will fold back into the message band due to
sampling.

a,.) Interme iwulation Products. When simultaneous input =signals
occur, signal suppression or capture takes place if the relative
signal levels are substantially different. In the other case when
the rélatiVe levels are approximately egual, intermodulation

products may occur.

Barmonics and the combined effgct of aliasing are the two major
affects studied and reported in this dissertation.
1.1.5 Typical Parameters of DRFMs Clrca 1985

Typical parameters for some DRFMs are given in Table 1.1

ovexrlearf.



Table 1.1

Typical DR¥YM Parameters, Koos (1985)

Bandwidth (MHz) 20 100 460
Memory Length (us) 10000 200 150
Spurious (dBc) ~30({6bit) | ~-10(1bit) {~10(1lbit).
D.R. In (dB) "3 1.0 10
D.R. out (dB) 3 3 3
Nominal Input (dBm) 0 g 0
Independent Memory Blocks 16 16 16

1.1.6 Applications of the DRFM

One of the great advantages of the DRFM is that complex, phase

coded waveforms iy be handled with ease. Digital data may be
manipulated according to any program as desired. The stored
signal may be read out at any time or as often as desired without
any degradation as a function of time. Continuous wave (CW)
signals may be generated by ocontinuous read-out of a single

signal cycle,

It ls alsc possible fu¥ stored data to be read out from memory at
speeds ocompatible with more typlical digital signal processing
speeds, allowing the use of off-line Fast Fourier Transform (FFT)

techniques in digital spectrum analysers.

The versatllity offered by the DRFM makes it extremely useful for
numerous applications, some of which have been mentioned earlier.
For the reasons mentioned above, the particular aspect of coarse

'quantisation coupled +to high speed sampling has been

investigated.



Some applications of the DRFM include the storing of short RF
pulses, television pictures and also the digital oscilloscope. In
addition, the DRFM may be used to synthesize RF signals. It has
been found in this case, that the frequency spectra produced from
synthesized signals are indistinguishable from those produced
after storage of a signal emanating from a signal generator,

Lowenschuss (1980).

i.2 Statenent of the Problem

As stated above, a DRFM has the ability to store or generata RF
signals digitally. Inherent in this statement is the fact that
the ANALOGUE RF signals must be converted to DIGITAL form and/or
vice versa. This implies two processes, namely sampling of the
analogue signal and secondly, digitisation of the signal into
discrete levels. Although the principles of these processes are
well known for the general case, it is not technologically
possible, except undexr laboratory conditions, ta sample and
digitise RF signals fast enocugh and with the required degree of
acouracy to ensure that the commonly assumed theories of NYQUIST
SAMPLING and UNIFORMLY DISTRIBUTED RANDOM ERROR QUANTISATICON mayv

be used.

Although there are a number of other important system aspects in
the design of a DRFM, only the above two mentioned
characteristics will be considered any further. These are the two
major characteristics of the memoxry module portion of a typical

DRFM.

This dissertation analyses the spectra that are generated when
signals are sampled and then coarsely quantised, as in a typical
DRFM.

10



In most standard texts on sampling theoxy, it is firstly assumed
that the ihput signal to a sampler is 1deally bandlimited. The
second assumption is that the sampling frequency is higher than
the Nyquist rate of twice the signal bandwidth, thus aveiding the
well~known phenomenon of aliasing. Similarly, standaxd
guantisation theory firstly assumes that there are many
quantzisation levels. Secuundly, this approach assumes that the
error, betwean the actual gignal level at any particular sampling
point in time and its appropriate quantised level, is random and
uniformly distributed within that quantising interval. .hus it is
shown that the guantising noise, as the error is usually termed,

1ls ¢of a random Gaussian nature.

Oon its own, it may appear that the Nyguish criterion may be
gatisfied by a suitably high sampling rate and/or limiting of the
signal bandwidth. It will, however, be shown that with "coarse"
guantisation, neither is the guantisatlion noise random or white,
nor is the Nyguist oriterion necessarily satisfied., The term
"goarse" will also be defined in more detail. Speclfically coarse
quantisation, or any guantisation for that matter, being a non-
linear process, will be shown to spraad the spectrum of the input
waveform, ox generate harmonics, Thus the coarser tha
quantisation, the more non-linear the process, and the greater

the spectral spreading and generatlion of spurious signals.

1.3 Bocope of the Investigation

The chapters that follow cover the essentials of sampling
(Chapter Two) and general quantisation theory (Chapter Three),
including lowpass sampling, bandpass sampling and multi~channel
gampling to reduce the Nyquist szampling rate requirements.

Chapter Thres covers the nature of guantisation error, the

11



standard random noise approach, under-sampling or aliasing of the

quantisation error and prefiltering.

Following on from this theoretical background, the use of Fourier
Transform anelysis to determine the spectra of quantisation noise
ig investigated in Chapter Four. Initially one bit quantisation
effects are covered, but these are later extended to the N hit
case. The effect of input signal amplitude relative to the
dynamic rang: of the juantiser has been covered in terms of
maximum spurious signal levels and total quantising noise power.
Finally, to verify the theory, meas ;irements have been made on i
one bit quantiser and these are ccr.*.'.arerfi with the theoretical

results in Chapter Five.

12



2 S8AMPLING THEORY

This charter addresses numerous aspects of sampling, both theory
and praétice. it investigates what has keen learnt in this fileld
since the days of Shannon and Nyquist and ‘sonsiders some of the
more advanced theoriesz that deal with multi-channel sampling and
bandpass sampling. All the topics covered are particularly
relevant to the DRFM. Sampling is very important in conjunction
with coarse gquantisation effacts, as is the technological

importance of bandwidth reduction by means of multi-channel

samplinc.
2.1 Sampling Theoxy for Lowpass Signals
Z.1.1 Ideal Impulse Sampling of Lowpass 8ignals

Consider a bandlimited lowpass sighal that has the following
relation.  The signal itself 1s given by x(t) and its Fourier
transform by X(f), such that X(f)=0 for [£|>f,, where £, is the
signal bandwidth.

Ideal sampling of x(t) is by definition instantaneocus, and may in
theory be accomplished by using an impulse train as the sampling
function, namely xg(t)=x(t).sg(t), where sgz(t) is the sampling
pulse train given by sg(t)=3% &(t-kT). |

- "



It then follows that:

¥ (£) % (t) .E_8 (£~KTg)
X5 (£)=3 % (K", .6 (t~KTg) (2.1)

Thus:

Xg (£)=X(£)*Sg (£)

and since:

S5(€)=fg.5_& (£-nfy)

then:

Xg (£)=£4.2 X(f-nfg) (2.2)

Figure 2.1, overleaf, illustrates the process. In order to
recover the signal so that it is unaliased due to the overlap of
the spectral replicas, as indicated in ecquation 2.2 above, it is
well known that the original signal x(t) must be sampled at a
rate at least twice the maximum significant frequency f,, in the
spectrum of x(t) (i.e. X(f)), according to thlie Nyquist criterion.
Secondly, the baseband signal is recoverable by means of an ideal
lowpags filter, as illustrated overleaf, if the filter has a
bandwidtn defined by B, such that f <BLf £, .
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Figure 2.1 Impulse Sampling Process - Shanmugam (1979)

If the filter gain is allowed to be X=1/f,, then from Figure 2.1
and the above analysis, it follows that X(£)=Xz(f).Hgz(£f). Thus:
x(t)=F"L{Xs (£) .HR(£))
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and:
x(t)=[hg(t)¥x;(t)]

wvhere hR(t) iz the impulsa response of the reconstruction filter.

Since Hp(f) is given oy:
Hg (£)=Tg.rect(£/2B)
thenu:

hy (t)=2BT . sinc(2Bt)

Therefore:
X(t)=[2BTg. 8inc(2Bt) 1% (£ _x (KTq) . § (£-KTg) ]
=2BTg.5_x(KTg)sinc[2B(t-kTg)] (2.3)

Thi s+ results in the clasgic form of the uniform sampling theorem,

Shanmugan (1979).

2.1.2 Finite Aperture Width Sampling of Lowpass Signals

The analysis above described the well known case of ideal impulse
sampling. However, in practice it is found that the sampling
train function consists of repetitive flat topped pulses.with a
finite aperture or pulse width., In the ideal case the spectral
replicas have equal amplitudes for all corresponding frequenciés.
This 1s due to the fact that the Fourier ocoefficients of an
impulse train are the same for all harrouic frequencies. However,
in the case of 1 finite aperture width pulse train, this is no
longer the case. The harmonics follow the form of the classic
sampling function, sin(x)/x (c¢.f. Appendix A). This implies that
the spectral replicas have decreasing amplitudes with increasing
frequency, as shown overleaf. This decaying spectrum helps to
reduce aliasing effects when the signal is possibly undersampled,
as a result of i1t not being strictly bandlimited. with narrow

aperture flat topped sampling pulses (i.e natural sampling, not
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resulting in flat topped samples) the resulting spectrum is thus

a good approximation to ideal impulse sampling, Shanmugam {1979).
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Figura 2.2 Sampled Spectrum with Narrow Finite Aperture Width

Sampling - Shanmugam {1579)

With a sample-and-hold which results in flat-topped samples, the
finite aperture samples result in the attenuation of the high
fregquency components of the baseband siynal, i.e. baseband
distortion. A reasonable tradeoff should be made of this
attenuation versus allasing improvement. The attenuation is known
as the aperture effect undl may be compensated by egualization of
the digital -channel aft': reconversion to analogue fora has been
completed., In practice, if the sampling pulea train pulsawidth is
small enough (1<<1/£,), then it does mnot introduce any
significant amplitude distortion in the spectrum of the sampled
s.4nal over the message band and &0 no equalisation may be

recuired.

2.2 General Aspects of the Bampling Theorsm

Jerri (i977) has provided a tutorial review on the various forms

and applications of the sampling theorem. For the purposes of any
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future analysis, the theoratical developments in 2.1.1 above will
form the basis of all arguments. Jerri's (1977) review paper has
many interesting results and numerous formulations of the
sanpling theorem. However, these clond the issue 1f introduced in
too much depth and so only results that are relevant to the DRFM

problem will be shown.

An extension of the basic sampling theorem has heen presented by
Fogel and illustrated by Jerri (1277). He states that Iif a
function contains no frequency_higher than £, (Hz), then it is
determined by giving M function derivative values at each of a
series of points extending throughout gpe time domain and with a
sampling interval given by T =(M/2f,). Thus if M facts about a
function are known at any sampling instant, it is possible teo

reduce the sampling rate requirements by the factor M.

This approach is used in aircraft navigation systems in order to
determine course position from velocity and acceleration at half
the nominal Nyquist sampling rate, by the knowledge of twe
derivatives of the course position. Obtaining M derivatives of a
function to reduce sampling rate requirements is not directly
applicable to the DRFM, primarily due to the extremely fast
processing speeds reguired, leaving little time to evaluate
derivatives of the input #fFunction at each sampling point.
However, an alternative is to uze multiplexed (parallel channel)
sampling. In this case, the sampling rate is inversely
proportional to the' nunber of channels used and 1is directly
proportional to the Nyquist rate, Jerri (1877).

All of the above are termed explicit sampling, i.e. the
bandlimited function is represented by its sample values x(t,) at

preselected instants of time (t,) which are independent of x(t).
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Another approach is implicit sampling. In this case, the function
is represented in terms of the instants of time (t,} ot which the
function assumes a predetermined value, e.g. zero-grossings or

its crossings with a cosine or other function.

Other aspects of the sampling problem are errors introduced by
various inaccuracies. Truncation errors are caused by using only
a finite number of samples. In general, in the case of the DRFM,
most of the signals that are analysed are pulsed waveforms of one
type or another. Thus as long as the memory available is
sufficiently long to store the complete pulse, this is not a
serious precblem. Truncation error :Ls‘ analysed more fully in

Appendix B for the sake of completeness.

A further related aspect is that of gquantizaticn or amplitude
errer. This is a result of the uncertainty in measuring the
amplitude of the sampled function wvalues. It may intuitively be
seen that the coarser the degree of ¢uantization, the larger and
hence the more significant will be the harmonies that are, as a
result, generated. Hence the concept of bandlimitedness will be
vioclated further, resulting in meore aliasing error. This aspect
iz considered in greater depth in Chapter Three. Anothar type of
error is jitter error. "his is caused by sampling at instants

that differ slightly from the ones actually reguired.

2,3 Sampling Theorem foxr Random Lowpass Processes

Lat (X{t)) be a continuocus~time wide~sense stationary random
process with a bandlimited power spectral density (PSD). It is
weall Xknown that the PSD is the Fourier traasform of the

autocorrelation function R, (7).
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Hence:

By (W)=0, |w|>wg, wg=2nE,
whera:

1]
Sxx(W)=I_mex(T)exp(—jWT)dT
and:

Ry (T)=E[X (L)X (t+1) ]

Since the power of the random process is finite, for non-zero T,

there is an upper bound on the autocorrelation function:

E[X? (£) J=Ry,, (€) ; | Ry () | €Rypye (0)

Individual sawple functions of the process do not wossess Fourler
transforms because thelr energles are not *finite Jayant &
Noll (1984). However, from sawm.les X(KT . - wrl X' (KT,) can
be reconstructed using:

X' (t) ~FX(KTg)8a( (n/Tg) . (t=kTg, : (2.4)

X' () may ha considerad to be a sample function of a random
! cocess {X'(t)}. The error function is e{:)=X(t)-X'(t). This has
a mean~sguare value given by

c2=E[e? (t) ]=B[(X(t)-X'(t))2]=0 if T <1/2f, (2.5)

The proof of this statement is given in Appendix € and follows
from Jayant & Noll (1984). The result is that both stationary
random lowpass processes and deterministic lowpass signals may be

handled identically.

2.4 Multi-Channel Sampling of Lowpass Signals

Brown (1981) considered multi-channel sampling of lowpass
signals, This topic is relevant to the DRFM because of the very
large bandwidths under consideration, and hence the very fast

sampling rates. The outcome of Brown's analysis results in
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important conclusions if x{t} is bandlimited to ]wlSwB. It is
assumed that x(t) is passed through m linear time-invariant
£ilters (channels) to obtain m outputs z,(t),z2,(t),.....25(%). If
the filters are independent in a sense that has been defined by
Brown (1981), then x(t) may be raconstructed from samples of the
oatpuis {2}, each output being sé.mpled at wp/ (mr) samples per
cecond or 1/m times the rate associated with the input signal, as

-

determined by Nyquist!'s theorem.

In general, ‘.he sampling rate may be reduced by a factor m, if m
independent pleces of information arxe available about a band-
limited gignal at each of the sampling points. This differs
slightly from the concept of multiplexed sampling which has yet
to be considered. Brown's approach merely states that x(t), as
defined, and its m-1 derivatives, each at a rate as defined
above, suffices for complete signal reconstructien. This concept
was also discussed by Jerri (1977) in his review paper without
proof. Brown (1981) proved this concept, which he also mentions

as being stated by Shannon without proof.

As stated earlier, this technique, although it conceptually
riduces the sampling rate requirements, does not really help to
alleviate the speed problem in the DRFM, since it is still
necessary to determine the m-l derivatives of x{t). This
unfortunately adds to the processing time. The more ideal concept
of multiplexed sampling, will be considered in the following

gection on more general bandpass signals.

2.5 Sanpling Theory for Bandpass Signals

Since in the case of the DRFM, bandpass signals are normally

considered at soma fairly high nominal radio fregquency, e.g. a
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band of bandwidth 100MHZz, centered at a fregquency of 500MHz,
bandpass sampling is of particular relevance. It is possible to
effectively "undersample" the signal at a rate determined by the
signal bandwidth and its centre frequency. This rate is a
fraction of what would normally be required in terms of standara
lowpass sampling theory and hence holds obvious advantages for
the DRFM. The requirements for using this approach will now be

investigated.

2.5.% Inuitive Approach to Bandpass Sampling Requirements

Shanmugam ({1979) and Stremler (197%9) %oth show diagrams of the
minimum sampling frequency required for a signal described by a
bandwidth and +the highest or lowest signal frequency,
respectively.  If the bandwidth is £,, then it may be shown that
the sampling rate of 2f,,./m, where the upper signal frequency
limit is £, and m is the largest integer not exceeding f,,/f,,
will ensure that x(t) may be represented by its sample values of

X (k) «

Shanmugam (1979) further states that it wmay not always be
possible to use higher sampling rates, unless thesge exceed the
fundamental lowpass requirement that the minimum sampling rate is
2f,,- In order to gquickly establish the implications of this
statement, some baslc theory was considered together with the use
of illustrations. The details of +this intuitive approach are
given in Appendix D and the results of this approach are shown
overleaf in Figure 2.3, in what 1s an extension of the basic

illustrations shown in Shanmugam (1979) and Stremler (1979).

From Figure 2.3 it iz clear that the ninimum sampling frequenzy

for bandpass signals lies somewhere between two and four times
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the signal bandwidth. However, there are definite areas of
forbidden operation, as shown. The higher the centre fregquency,
the narrower the area of valid operation for "sub-Nyquisth
sampling., Clearly, in the case of the DRFM, the centre frequency
is high compared to the signal bandwidth and so the danger of

slipping into the forbidden area is significant.

Hence, because the exact input signal f£regquency and
characteristics are not known, the bandpasg sampling approach

is not particularly valuable in DRFMs.
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2.5.2 Quadrature Sampling of Bandpass Bignals

Brown (1979) considered the guadrature sampling of bandpass
signals, which is basically an extension of the intuitive
analysis shown in 2.5.1 above. The signal under consideration has
a non-zero signal spectrum for 0Swo-wp/25|w|sSwgiwg/2, wp>0, as

shown below in Figure 2.4.

IFwdl

/_

| |
Wy ~Wp /2 W, ~wy, twp/2 () Wy—wp/2 Wy Wotwg/2

Figure 2.4 Bandpass Signal

Brown (1979) also stated that Grace & Pitt require uniform
sampling of both the bandpass signal and its cguarter wavelength
translation (based on nomina'sl wg) at a common sampling rate,
depending upon the exact relationship between wy and wg. If the
intersample spacing is chosen "properly", then the bandpass
signal may be entirely reconstructad from the known sample
values. In the Jlowpass case 1t was observed that
:5:(t)=I;L‘x(n1r/w3)5a{w3(t—nﬂ/wB)}: if -wpswswg, thers are wp/«
samples per second, the sampling interval is Tg=n/wy and

wg=angular bandwidth for positive fregquencies only.

In the bandpass case, the angular bandwidth is still wy, but
Tg="/Wy ho longer characterises the signal uniquely. If and only

if wotwp/2=nwp with n>0 then T =n/wp suffices, Brown (1979).

In the abseance of the above-mentioned positiening assumption,

reconstruction can only take place if w/wg<T,<w/2wy, depending on
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the exact relationship between w, and wg. Another approach is to
utilise the Hilbert transform, in which case x(t) and its
transform %(t) can each be sampled at a uniform rate of wp/ 27,
i.e. at hr:  the Nygquist rate. Unfortunately it is still
necessary to produce the Hilbert transform and as a result this
method iz .not of much use for the bRFM. It is worth noting that
this is termed quadrature sampling by some, although this is not
strictly speaking true,

0f greater importance is gquadrature sampling, basically being a
two channel multiplexed system. Both x(t) and x(t-£,/4) are each
sampled at a rate depending on the exact positioning of the
signal band as mentioned earlier. The sampling rate may be
reduced to half the nominal Nyquist rate, i.e. wg/T samples per

second, if and only if wg=mwg/2 and m is an even positive

integer.

2.5.3 Multi-Channel Bandpass Sampling

Pilgueiras~vidal et al. (1982) extended this concept to more than
two channels. If there are N channels, then if wy is not equal to
kwg/28 and w, must be maintained because it is a carrier
frequency or because there is some symmetry associated with wy,
then one may use the smallest wi>wp such that wy=kwh/2N. This
value of wj is given by wg=2Nw,/[2Nwy/wg], where the operation

{.] implies "the largest integer contained in", e.g. [(w)=3.

The corresponding new sampling rate is thus given by:

Y/ Th=wh/2nN=vw, /% [2NWg/Wg] . (2.6)

Figueiras-vidal et al. (1982) also state that in general, band
linitation is not a physical possibility, as iz widely known, and

therefurs X(w) does not really have a cantre frequency associated
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with it. It is however poesible to specify a minimum sampling
rate, corresponding to a new angular bandwidth Wi, without
maintaining wg. Hence wj=(2Nwg+wg)/[(2Nwy+wg)/wgl, giving
TE=2nN/wf and wj=wgptwp/2-w3/2.

Therefore, it 1is possible to reconstruct the signal from the
samples of the outputs of 2N linear, time~invariant systems
driven by it at a sampling rate 1/2N times the nominal Nyquist
rata. There are some conditlons associated with this statement,
namely that the transfer functions of the system have a non-~
singular matrix, the centre angular fregquency and the signal
bandwidth are related by wo=kwg/2N (k %s an integer) and firally
that the impulse responses of N systems have 2zero quadrature
components, while the other N systems have 2ero in-phase

components.

It has also been shown that this concept may be extended when the
special relationship between w,; and wg no longer holds. An
illustrative example is the case of a four channel system when
all the linear systems are pure delays. In this case the channels
are all 90° out of phase with'respact to each other in terms of
the centre fregquency w,. Thus the sampling rate is a quarter of
the nominal Nyquist rate and this is of extreme relevance to the

DRFM application.

2.6 Summary

An investigation of sampling theory and practice, with special
relevance to the DRFM has been carried out. Impulse éampling has
bean used as the underlying theory of the investigatlon,
Differences between actual £inite aperture width sampling and

impulse sampling have been gonsidered and it was shown that for
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most practical purposes, the ideal case is a good enough

approximation of rxeality.

Special theories relating to different forms of sampling theory
that aim to reduce the sampling rate were investigated. Scome of
thase theories consider the use of signal derivatives and Hilbert
transforms of the input. This approach is not practical for the

DRFM because time is a serious constraint.

A variation on thie theme is the use of multi-channel sampling
such as four channels, where the channels sample signals that are
time-shifted by 90° at the nominal sidgnal centre frequency. This
effectively generates four independent Samples within one nominal
signal cycle, but slows down the sampling rate requirements in

each channel by an equivalent amount (four in this case).

Ancther variation is to time phase the sampling clock relative to
the input signal, thus again generating four independent samples
per clock cycle, while still maintaining the slower sampling rate
in each channel. It must be noted though, that the relative
timing precision must be well controlled so as not'to generate

serious errors through channel cross-talk.

Bandpass sampling was considered, since it is possiwle to reduce
the sampling rate requirements, based on lowpass thoory, in
special cases. Thus the sampling £requency is a functic: 5f the
bandwidth rather than +the maximum =ignal frequency.
Unfortunately, in order to exploit this method it is necessary to
maintain sper lal relationships between the signal maximum or
minimunm frequencies and the signal bandwidth, IFf this is not
achieved, then aliasing will occur., It was also shown that the
special regquirement becomes difficult to meet at higher

frequencies and hence not very useful. Mixing the signal down to
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a baseband will help to alleviate this problem when dealing with

DRFMs.

P e

29



3 QUANTIZATION

Quantizatiion theory as applied to deterministic and random
signals will be dealt with, The npecific case of one bit
guantization has been conzidered in depth, as it is vital to the
analysis of DRFMs. Both the generation and sampling of signals by

means of the ome hit technique have been investigated.

Having considered sampling theory for various theoretical
gituations in Chapter Two, it may be sald that all of the above
cages assume an exact analogue or extremely accurately gquantized
replica of the sampled signal amplitude. In the case of the DRFM,
it is at present not casy, or at all technologically possible, to
obtainh a fast analugugfto-digital (A/D) converter with more than
a "few" bits. "Few" can vary from one to as much as six,

depending strictly upon cost and/or bandwidth.

The question of how the number of bits affects the generation of
spurious signals and to wvhat degree this affects the desired
gignal fidelity remains to be answered. Both theory and practice
will be covered and it is assumed that the most basic concepts of
guantisation noise are understood. For completeness, this topic

has been coverad in Appendix E.

3.1 Genaral Aspects Of Quantization

An iwmportant consideration when analyzing quantization, is to

consider the real life situation. In practice one tends to sample
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and then guantize the signal., On the other hand, when considerirg
what the output signal waveform will be like following an A/D
plus D/A conversion block plus sampling process, it is often
easler to quantize an analogue signal mathematically first, into
a series of rectangular pulses that have an amplitude dependent
upon the quantizer characteristic and are valid while the input
signal remains in the quantising intexval. This gives a discrete

amplitude, but continuous time waveform.

After zampling, the waveform becomes discrete amplitude~discrete
time and is identical to the sampled and then quantised waveform.
It then follows that Fourler analysls will allow one to obtain
the "baseband" spentrum of the gquantized signal, without
introducing the complications of sanmpling. Once the baseband
spectrum has been obtained, the concepts assoclated with
sampling, hamely aliasing or intermodulation due to spectral
fold-over will be determined, as a function of sampling

freguancy.

This concept allows the portrayal of the unsampled, discrete
amplitude-continucus time signal spectrum , as opposed to the
added complications associated with the Fast Fourier Transform
(FFT), such as aliasing, picket Ffence effects and leakage, when
the FFT 1is used to evaluate the spectrum of a quantised and
sanpled signal. fThus, in a nutshell, the "guantization before
sampling®” analysisz allows the determination of errors introduced
by guantization first (harmonic distortion), and then the effects
of aliasiny separately. The FPFT is, however, usaeful for

determining the overall sampled and quantised signal spectrum.

The statistics of the input signal, the degree of qguantizatilon,
and the sampling rate, together influence the aliasing
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distortion, since the smallsr the degree of gquantization, the
greater the harﬁonic content of the quantized signal and hence
the greater the influence of the higher harmonics on the desired
message band once spectral foldover has occurred as a result of

sampling.

The f£fundamental concept here is that of the wmathematical
commutativeness of sampling and quantization. The problem is that
the two functions are generally handled totally independently.
Jayant and Noll (1984) state, without proof, that the operations
of sanyling and quantization could bhe performed in either order,
but in practice sampling precedes quaptization. A non-rigorous
approach to proving this concept is presented in Appendix F.
Jayant and Noll (1984) also state that amplitude guantization

decermines the overall distortion and bit rate.

If an input ignal to a quantizer is x(t} and the analogue
roconversion is denoted by y(t), then the quantization error (for
ideal quantization) hay be given by:

q=x~y=X=Q(x)

vhere YE(Yq,¥Yn,¥3+ses.e.yYy)} for L levels of gquantization., Hence
y=y) if xel; and y=Q(x) is the mapping function. Thus the
guantization error is totally deterministic for a given ¥,
because x¢I; leads to a «ingle output y,. However, if x is an
outcome of a random wvariable X, ¢ may be corisidered to be the

outcome of another random variable .

This leads +o the concept of quantizatiorn noise to describe
guantization errors. Also, duantization may ‘be modeled
analytically as additive noise if the cuantization is very fine.
With coarse guantization, the errorsz are input-dependent. To make

the errors appear like Iinput~independent additive noise,
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dithering is used. In this case, quantization noise is
deliberately introduced and in general 1s signal-correlated,

Jayant and Noll (1984).

3.2 Quantization Brror Variance

Quantisation error variance is considered for the specific case
of the uniform guantizer in Appendix E. However, it is useful at
this stage to consider some of the statistical aspects of
quantization. Up to this point in time, the random variable X has
been considered to have a gero mean. If X has a non-zero mean,
then one can subtract this value beforg guantization and add it
back after quantization, or shift the centre of the gquantizer to

tha mean value.

As stated above, the quantizer maps X into the discrete random
variable Y=Q(x)=yy if X is an element of the interval I,.
Therefore the quantizer error Q=X-Y iz also a random variable
with probability dénsity function (pdf) pq(.) «néd the variance is
given by: -

o2=E[q?)=[" a®pg(a)dg

or because g=x~Q(x) is a function of %, then:

oZ=[" (%-Q(x) ) Zpy, () ax (3.1)

By breaking up the reglon of integration into L intervals I, and
considering a uniform cquantizer as before, the same results as in
Appendix E are obtained. The assumptions regquirad to obtain these
results are mora rigorously speclfied by Jayant and Noll (1984).
The quantization intexrvals or step sizes are given bf:

=230 o/ 2R (3.2)
where Xp., is the amplitude of x(t) if xel[-Xp . i%p..] and R is

the number of bits. Hencve the quantization error wvarlance is

33



given by:

créwx%\ax. (272Ry /3 (3.3)

Thus it is clear that the rms value of the guantization noise

decreases exponentially with increasing bit rate.

3.3 Granular Noise and Overload Distortion

If %4, is the maximum quant .zing value or overload amplitude,
then for all Ix|>xol, the signal is part of the overload region.
Errors in the finite quantizable range (-A/2,4/2) are called

granular errors, Jayant and Noll (1984).

overload errors have certain characteristilcs associated with
them. These are bursts of gq(n) samples of identical polarity that
occur 1if the overloading input signal x(n} is slowly varying.
This is generally the case with most Nycgquist sampled and over-

sampled waveforms.

overload error is,; in general serious, because the error sanples
are unbounded for an unbounded input. By ensuring a proper
quantizer design, the overload probability may be reduced, or
even made zero if the input pdf is bounded to #x .. and the

overload amplitude is designed to be X 32X....

Granularity errors refer to the rapid oscillatory or ¥fine-
grained" gtructure of gq(x) in the non-overload region. The
difference in the two error spectra is reflected by significant
differencas in the perceptual annoyancs of the two error types,

in the case of speech waveforms.

Ir hae case of a uniform midrise quantizer, x°1=2R“1.¢1: and for
a uniform midtread guantizer, x°1=(2R“1-0,5).ad . The total

gquantization error variance is:
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q q(granular)+° (overlocad) (3.4)

q(granular) j k+1(x“yk) Py (x)dx + ZI Ol(x“y ) Px(x)dx (3.5)
and:

°2(ovarload)=‘2fuo (x~y1) Zpy (x) ax (3.6)

9 %ol

Jayant and Nell (1984) also state that the probability of
overload for a random variable X with a Gaussian pdf is
P{[x|>%g)=1~erf (x,//2.0y) . For exarple, if x,y=40,, then

Pg1=0,000 064 and if x,)=20,, then Py;=0,046.

it is possible to define a loading factor £1=%g1/0,=L4&/20, which
defines the half-amplitude range of the quantizer in multiples of
the standard deviation of the signal to'be dquantized. In terms of
slgnal-to-gquantizing noise ratio then, 1t may be shown that for
a random Gaussian variable and uniform granular error:
SNR=02/02=31%/ £}

and if the number of guantisation levels is 2R then:
SNR(dB)=6,02R~1010g; o (£5/3) ; R>>1 (3.7)

in the case of uniform quantization with zero or negligilble

Werload.

For a uniform granular error pdf with Xmax=¥o1 and a random
variable with an arcsine pdf, it may be shown that if:
flgxmax/ux=ja

then:

SNR(dB)=6,02Fr+1,76 (3.8)

Jayant and Noll (1884) also state that equation 3.7 may be used
if there is an unbounded input with negligible overload
probability. In this case the overload errors can be neglectad.
Hence, if fy=4, then:

SNR (AB)=6,02R~7,27 (3.9)
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From the above examples of different pdfs, it follows that the
choice of £1=4 does not necessarily give the minimum overall
(granular + overload) noise. Therefore +the guantizer
characteristic may be optimized in order to minimize this noise
as a function of the signal pdf and the number of quantization
bits. '

3.4 Statistical Properties of Quantization Exrors

Tt was stated earlier that for a specific input, x, the output of
a guantization process, y, may be given deterministically by
y=x-g, where ¢ is the quantization exrror. But, if x is a
realization of a random variable X, then g may be considered to
be a reallzation of a random variable Q. Jayant and Noll (1984)
then show that the assumption of a uniform pdf for g is valid if
R22 and that the assumption of a white quantization error is
valid if R22 and if the adjacent sample correlation of the input,
Py ) is not koo close to 1., An intuitive approach to this

problem is illustrated in Figure 3.1 below.
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Figure 3.1 Intuitive Approfch to guantization Error Statistics
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Sripad and Snyder (1977) show that for a random Gaussian
variable, if the ratio of the standard deviation to the
quantisation interval is greater than 0,7, then the pdf of the
gquantisation error may be assumed to be uniform across the
guantisation interval. With one bit guantisation, this
requirement will not be satisfied. Assume a Gausslan variable,
such that the #3c¢ limits are within the quantiser limitsz, l.e. no
significant overload distortion. With a one bit guantisexr then,
/4 =0,33, Similarly with a two bit quantiser, o/4=0,67. For
quantisersg with more than two bits, o/A>0,7, satisfying Sripad
and Snyder's (1977) requirements for a uniformly distributed
gquantisation error within the quantising interval, as well as the

assumptions of Jayant and Noll (1984) above.

As far as the correlation between the quantisation noise and the
input signal is concerned, Sripad and Snyder (1977) state that
the correlation ker+smes negligible when o/A>>1. This is only
gatisfied when‘ the number of quantisation levels is reasonably
large. It will be shown later, that even though for three bit
quantisation the total quantisation noise power is adeguately
predicted by the uniform pdf wmodel, the actual epectrum of the
tuantisation noise is still well correlated with the input
slgnal.

Up until now, all analysis has assumed that if a unifornm
quantizer is used, then the probability density of the error
within each quantization interval is of a uniform nature. At this
stage it will be useful %o consider the problem in more detail.
Reference may be made to Figure 3.1, Considering a quantizer that
is not necessarily uniform, with 2P levels, then the errors
produced in each decision or quantization interval I, contribute

to the total gquantization error and are a function of the
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probability Py=P{XeIy}, which is the probability that one finds
the amplitude of the input signal in this interval. Therefore the
total pdf pq(.) is the sum of the I, conditional PDFs weighted by
the corresponding probabllities, since the events {Xte) and

{XeIy ) are mutually exclusive.

Hence!:

Pe (@) =K_ Py PglalXely) (3.10)
Pq(alXeIy)=pp (q+yy | Xely) (3.11)
but:

Py (%] XeIy ) =(1/PL)p, (%) i XeIp . (3.12a)
=0: otherwise, ' . {3.12b)

Thus Pe(q) is a superposition of sectiong of the input pdf p,(x).
These sections are given by the decision interxvals I, and are
recentered by shifting I, by a distance yj (c.£. Figure 3.1).
The PDF pq(qJ ls guaranteed to ke f£lat for all symmetric input
PDFs If the. PDF within a segment is a straight line, if the
quantization is uniform, 1f the reconstruction levels are the
midpoints of the corresponding decision intervals and if the

input is bounded in amplitude, Jayant and Noll (1984).

Further, even if the the input random variable is unbounded, a
flat-topped PDF is a useful approximation if the number of output

levels is large. Thus:

Pg(d)=(1/4) rect(q/4) for large L. (3.13)

If Q(m) and Q(n) are random variables defining quantization
errors at times m and n, then qu{m-n)nE[Q(m)Q(n)]; and taking
Feurier Transforms yields Sqq(w), the power spectral density.
This may be determined if the joint PDF Pg(m) q(n) (A g(n}] is

known. If L is large, there are many changes in sign of the error
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waveform. If error samples are taken at the waveform Nyquist
rate, then they are statistically independent, unless the
waveform does not change much in amplitude in a Nyquist interval
(i.es Pyy(2)-->1), oxr if the waveform has pericdicities that
correlate distant error samples , or if the quantizer only has a

few intervals, so that small error oscillatiecns do not exist.

This is of particular relevance to the DRFM because first of all
the number of quantigation intervals is in general quite small,
and secondly because the input signals are quite often of a
pseudo~determinigtic nature (pulse modulatad sinusoidal
waveforms) with significant sample correlation coefficients. 2
usaful interpretation of the above may'still be made, even with
reference to the DRFM. In the case of statistical independence
therms is the implication that the +joint PDF is a product of the
individual PDFs, thus:

Pg(m)q(n) [g(m),q(n) 1=1/A%; ~4/2<=q(m}, g(n)<=4/2 (3.14a)
=0; otherwise, {3.14b)

The spectral interpretation of equation 3.14, Jayant and Noll
{1984), is that the unsampled error waveform has a spectrum that
is much broader than the signal spectrum. Sampling of the
guantized signal implies an undersampling of the error waveform
and thus aliasing must cccur. Th.refore the total noise spectrum
hasd many components that will fold back into the message band. As
a result it may be said that the noise spectrum flattens and also
that the baseband power equals the variance of the unsampled

error waveform.

An analysie of the quantization noilse ~ust take into account the
fact that the noise ies not purely rdditive and not uncorrelated

with the input. In particular, at low bit rates, gsay R=1

39



bit/sample, the errors in guantization must necessarily be
consldered as belonging to two classes, one caused by a change in
level and the other caused by uncorrelated noise, Jayant and Noll

(1984).

2.5 8purious Signals and Errors

A number of sources of spurious signals are considered, such as
the error dus to bandlimiting a signal with prefilters or anti-

alias filters, the error due to aliasing and so forth.

3.5.1 Bffactive Bandwidth

A signal x(t} has a Fourler Transform X(w). Now if x(t) is
bandlimited to a bandwidth £, (=B), then one cbtains a new signal
®{t). Hence the error signal is:

e(t)=x(t)-%(t)

and the corresponding error sighal energy is:

Eg(w)=1/t2m) [~ | X(w)-X(w) | 2aw (3.15)

This is illustrated in Figure 3.2 below, Lathi (1983),

W=effective bandwidth

Figure 3.2 Effective Bandwidth After Prefiltering
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A specific example is warranted here for illustrative purposes.
Assume for the moment that the signal is:

x(t)=2a/(t%*+a?) with a F. rler transform X(w)=2%.exp(~a|w|)

The corresponding error signal energy is thus:

R gy |2 .
Eeml,ﬂ.Izwfx|2w.axp( aw)l dw (due. to symmetry)
=(2n/a) exp (~4natf,)

The energy contained in the original signal x(t) is:

F =3 _ .
Eg f}];izgo Eg=21/a (3.186)

If ic is required that the error signal is less than 1% of E,,
then ¥ =0,01E, ox (2w/a).exp(-4wafy,)=0,01.2~‘/a. Thus f£,=0,36/a
and in order to satisfy the requirement specified above, it is

necessary that f,20,36/a and £ 20,72/a.

3.5.2 Allasing Effects

Aliasing occurs due to non-ideal prefiltering or bandlimiting.
Another source of aliasing type effects is that dues to +tine
jitter and non-linearities after sampling, such as gquantization.
In most practical cases, it is possible for these errors to be
made small encugh and so they are less serious than others due to
insufficient prefiltering. A word of cantion is needed here in
connection with the DRFM, since the number of gu.ntization lavels
is small. sideband (higher order components of the fundamental
signal} overlap due to aliasing causes high-frequency distortion
if the message band is not too large. However, 1f the far out
sidebands or harmonics have appreciable levels, then the aliasing

distortion is far from limited to the high-freguency components.

Once reconstruction of che signal has taken place, thken <the

signal x'(t) is strictly bandlimited to Wg/2, but x'(t)gx(t).
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Sample values x'(KkTg) are however eguivalent to respective

samples x{kTg}, Jayant and Noll (1284).

3.5.3 Ideal Pre-Filtering of a Non-Bandlimited signal

Let 0% be the error variance due te prefiltering of a non-
bandlimited stociastic signal (X(t)) with a power spectral
density /PSD) S,y (W) . Because of sampling, the PSD becomes:

Sy (w)=§sxx(w—kws)' ' (3.17)

The input process may be thought of as two processes ({X;(t))
which is passed through an ideal lowpass filter, with a cut-off
frequency wg/2 and (X,(t}} which is suppressed. The Jlower
frequency band component with a PSD S5,,{(w)rect(w/wg) can be
sampled and reconstructed w#ith zero mean-squared error. The upper
band with PSD 8,.(w){3~rect(w/wg] is nissing., The mean square

error is then:

c%uil/w).jzs/zsxx(w)dw (3.18)

The signal-to-prefiltering error ratio is 032{/0%. As the roll-off
of the input spectrum increases, it will be rfound that the
prefiltering wrror decreases for a given bandwidth (wy) of the
baseband, where wg=2wp>>W,, the cut-off frequency of the input
spectrum. This is because the sampling frequency 1s double the
nominal bandwidth (as determined by the prefilter cut-off
freguency), which is significantly larger than the upper
frequency cut—-off of the input spectrum.

Therefore as the input spectrum decays me-e sharply with
frequency (i.e. the more bandlimited the input spectrum is), so
the less the amount of spectral power that remains beyond the

prefilter cut~off freyuancy. Hence the prefiltering error will be

less.
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3.5.4 Hon~Xdeal Prefiltering of a Non-Bandlimitad Sigrnal

In the ideal case above, of a cut-off frequency wy and Nyquist
sampling, fg=wp/T, the only source of error is that due to c%.
With a non-ideal (non-brickwall type) prefilter, there will
always be a finite amount of power.that exists above the cut—-off
frequency wp. The result is that aliasing distortion or fold-over
distortion will ocour, causing an error ag. Tha total
contribution of all the aliasing components is described by:

sga(w)=§#osxx{w—nws) (3.19)

The actual contributlen to the message band is known as the
aliasing error and has a power spectral'density given by:

8aq (W)=81, (W) rect (w/wg) (3.20)

For n=tl,%2,etc., the repetitions contribute successively to the
aliasing spectrum. By folding these contributions back to higher
freguencies, it may be seen that the overall contribution is
equ?valent to the signal baseband spectrum above We/2, as
illustrated in Figure 3.3 below, Jayant and Noll (1984).

Replica <-1) Replica mi

L “~alinses L2 .

. } —§a>

X L.
£,/2

»

Figure 3.3 Allasing Error Contributions Due to Spectral
Replication and Foldback
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Thus the prefiltering error due teo an ideal prefilter and that
due to aliasing (without prefiltering) involve the same areas in
the illustration above, and are equivalent quantitatively, but
not qualitatively. These two types of distortion axe perceptually
gqulite different in the case of speech, the aliasing error being
far more objectionable, Jayant and Noll (1984).

Without prefiltering, the total error variance includes both the
prefiltaring error (due to the reconstruction filter) and the
aliasing error. Hence this is twice the error with pretiltering,
in which case the aliasing erxror is zero. In the case of speech
and video signals which tend teo have spectra that cut-off
reasonably sharply, 1t is possible +to utilise Imperfect
reconstruction filters which reduce the contributions due to the
higher fretquencies where the most significant aliasing components
reside, Jayant and Noll (1984). In the case of the DRFM this will

have to be analysed as a functien of the specific application.

3.6 sumimary

The theory and statistice of genesalised quantization error have
been investigated. The phenoménon of aliasing related to
gquantisation was investigated from the theoretical point of view
initially. The generation of aliasing signals with and without
prefiltering was considered and the foldover process was
illustrated. This effect is param int to the understanding of

- goarse gquantisation.
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4 QUANTIZATION ERROR SPECTRA BY MEANS8 OF FOURIER ANALYSIS

Following on from the investigation of sampling and ¢guantization
thecory, the effects of quantization on the output spectrum of
deterministic signals as well as the effects of sampling will be

analysed by means of Fourier Transform theory.

It will be shown that guantisation and aliasing errors are
linked, and that in order to achieve a specified level of
distortion it is necessary to clearly specify the nhumber of
levels of quantization and the sampling frecquencies. These are
related by what has already been termed the significant or
effective bandwldth of the input signal.

"Two methods will be compared, namely the Fast Fourler Transform
(FFT) and the analogue Fourier Transform approaches. Alsec, it is
useful +to analyse two standard signals, namely the fixed
frequency sinusoid and the linearly frequency-modulated sinewave
(LFMSW), since the characteristics of these two signhals are well

known and they are also easily generated for tegt purposes.

45



4.1 The One Bit Case
4.1.1 Spectrum of a One Bit Quantized Waveform

Johnston (1984) presented a technique for the generation of
analogue FM pulses using one level of gquantization for use in
radar transmitters. Although this does not address all the
problems of the DRFM, the generation of such signals certainly
relates to the DRFM. Johnston (1984) also analysed a one bit
quantised linear frequency modulated sinewave that was pulse
modulated, i.e. modulated by a pulse of a certain width, by means
of the analogue Fourier Transform. Johnstonts (1884) approach has
been adapted for analysing sampled and quantlised waveforms by
means of the analogue Fourier Transform. The reason for using
this analogue technique is that it has definite advantages over

FFT techniques for spectral analysis.

In most cases, explicit sampling techniques are used, where the
signal is quantized into a number of discrete levels at specific
sampling points ( impulse sampling) and 1s then recovered by a
D/A converter and an ideal low-pass filter. This process requires
very high speed D/A convertars, especilally so when trying to
digitise RF signals. In order to dispense with the D/A converter,

it is necessary to resort to implicit sampling.

In the case of a radar transmitter or a communications
transmitter using FM techniques, it is of no conseguence that the
signal is of a constant amplitude, since the information is
contained in the signal frequency. In fact this improves the
transmitter efficiency. The infc;rmation content of such a signal
may be extracted from its zero-crossings, which leads te the

concept of a frequency modulated sguare wave (FMSW).
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If, for example, the input signal is cos(wgt), then the
associated one bit equivalent is sgn{cos(w,t)), as shown in
Figure 4.1 below. The spectrum effectively consists of the
Fourier Series coefficients of a square wave with its odd
harmenics decreasing proportionally to the increasing frequeancy.
If the pericdic function is f£g(t), ‘then its Fourier Transform is

21r.§Fn.8(w—nwo), where F, are the Fourier Series coefficients.

If the signal is now truncated (or pulse modulated by a pulse
that is much longer than the carrier periocd), since this will be
shown +to be convenient for analysis purposes and also
approximates a radar pulse, the result is that the spectrum which
previously consisted of a number of discrete lines, now consists
of these lines which have been spread by the convolution of the
original spectrum with the spectrum of the sampling function as
defined by the Fourier Transform of the modulating pulsa, as

shown in Figure 4.1 below.

sinusaidal  furctions squore-waove funciiuns
time frequency time frequency
a \ l <]

/\ I ot |_-| 0 3'0, t
\J\/ g 0 Ip JLSIT|-fonu|5'lo
cos fugl) sgnlcos (wetl]

c C-ﬂ—‘hvﬂu—' d
cos fuyt) Ostsr agntcast‘.notﬂ Ost €T
"[N‘W [: |1” m 8fp atnip® lp g Sip

oos fugt?) sgn leos fuigt 2]

Figure 4,3 Intuitive Development of the FMSW Spectrum - Johnston
(1984)
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If the original sinusoid is frequency modulated, and if the time-
bandwidth wnroduct is larga, it may be shown that the resulting
spectrum ‘5 reasonably rectangular, Johnston (1984). There are
applications where a rectangular or uniform spectrum is
advantageous in terms of efficient use of <the available
bandwidth. If this signal is quaﬁtized to two levels, then it
will be shown and may also be seen Iintultively that the resulting
spectrum will also contain harmenics that are related to the
input signal, as stated earlier when considering the requirements
for decorrelation of the cuantisation noise spectrum from the

input signal.

If the fiadamental of the FMSW occupies the band from £, to £,,
then the n™® harmonic must occupy the frequency range nf, to nf,.
Also, it then follows that the n®™ harmonic must occupy a
bandwidth that is n times the bandwidth of the fundamental. Since
the fundamental has a fixed time-bandwidth product, the nth
harmonic also has a time-bandwidth product that is n times that
of the fundamental. For a harmonic¢ n, it may be seen that the
harmonic spectra will start to overlap, as a function of f, and
f,. This ocours when (n+2)£,<nf,. A detailed analysis of the FMsW

spectrum is given in Appendix G.

Software has been written to inmplement Equation G3 for the FMSW
spectrum as shown in Appendix G. The software listing is given in
Appendix H. In order to validate the software, the specific
example quoted in Johnston {(192954) was considered. The resulis are

graphically compared overleaf in Figure 4.2.

Figures 4.3 and 4.4 illustrate tha effects of dscreasing time-
bandwidth product. In these illustrations, the input signal was a

cosinusoid swept linearly between 58Hz and 75Hz within a variable
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truncating or pulse modulating function with a pulsewidth of one
second and 0,1s respectively. Further, +the signal was
hardlimited., It is clear that for small time-bandwidth products
(substantially less than about 20), the uniformity of the
gpectrum across any particular harmonic's bandwidth begins to he
severely degraded. The spectrum no longer main%ains its
rectangular shape, but indicates that there is a tendency for the
greater part of the signal energy to "dwell" near the centre
frequency of the FMSW signal, with increasing ripple in the

harmonic passbands.

In general the fundamental of *v: signal would be used to form
the ocutput, however there may be some cases where it 1ls desirable
to make use of the increased bandwidths and thus time~bandwidth
products of the higher harmonics. These may be filtered out and
amplified as necessary. In the case of a constant frequency
square wave, it is known that +.. srmonics decrease in amplitude
with 1/n. This is not the case for the FMSW and a proof of this
fact is given by Johnston (1984). If one considers Parseval's
theorem, which is basically one of energy conservatjon, then it
may be Intuitively seen that the energy of each harmonic of the
FM8W must follow the relationship of that of the unmodulated
signal.

Hence, as the fundamental bandwidth increases, so do the harmonic
bandwidths. In order to maintain energy balance in the harmenics,
the amplitude must decrease accordingly. Johnston (1984) thus
shows that the harmonics of the FMSW decrease with n~3/2 ratuer
than 1/n.

The most signifiecan® paorios width caleulating the FMSW spectrum

by means of the above technigue is that it takes a vast amount of
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computer time, which is a function of the time-bandwidth product,
and thus the number of zero-crossings. It was found that the
computer time required for a time~bandwidth product of the order
of a hundred was in excess of 7 hours on an IBM PC AT without cow~

processor or a tenth of this figure with a co-processor.

If it is only necessary to -ietermine the spectrum of the
fundamental signal, then it 1s possible to reduce the bandwidth
of the spectrum to be displayed. Another problem which 1z also
directly related to +the #time-bandwidth product, is the
requirement for computer memory. The greater the time-bandwidth
product, the greater the number of zero-crossings and hence data

points.
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It is worth noting, however, that the spectrum as calculated is
free from the effects of aliasing, and provided that a sufficient
numper of plot points is chosen, the picket fence type effect may
be overcome. 'The overall conclusion concerning this method, is

that it trades speed for spectral accuracy compared to the FFT.

So far the FMSW has mainly been consldered, however a single
frequency sinusoid has alse been mentioned. This type of signal
is simply a degraded FMSW signal with the rate of change of
frequency set to zero. As expected the spectrum is the equuvalent
of the harmonic Fourier Series spectrum of a sgquare wave, as

shown in Figure 4.5.

This approach of generating spectra forms the basis of all
further spectral analysis for the DRFM. As a matter of intérest,
it has been found that the largest harmonic (n=3) with a value of
~10dBc (c.f. Figure 4.8) is the quoted level of spurious signals
for typical one bit DRFMs. Hence, even at this early stage in the
argument, it may be seen that the analysis ties up with what has
been found in practice. The implication is that the additional
sources of error, such as aliasing and so forth, are negligible
compared to that due to gquantization. These effects have been

considered in more detail later.
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4.1.2 The FFT Approach

As mentioned above, the analegue Fo .'ier Transform approach to
obtaining the signal spectrum has definite accuracy advantages
over the DFT or FFT approach and also in terms of the ability to
separate quantization and aliésing effects, but at a cost of
computation speed. This is stated on the assumption of a fixed
memory limit. As the memory limit falls away, it can be expectad
that ‘the sampling frequency for the FFT approach can ke
increazed, which will improve the accuracy, hut once again at the
cost of speed. Given the available computing power, it was found
that the mnaximum degree of accuracy available from FFT
computations was insufficient to establish what the sources of
various errors were with sufficlent clarity. This is demonsirated
for the case of a single tone input in Figure 4.6. The problem
here is that the quantization and alia . ng errors are combined,
even when failrly high sampling freguencies are 1sed. Leakage
effects are evident as a result of the inherent windowing. In
addition, the FPT implies time guantisation, which is not
present in the case of the implicit sampling approach described

earlier.

As fax os DRFM design goes then, it becomes difficult to trade
the effects of gquantization for aliasing and sampling frequency
so a8 to achieve some specified spurious signal level. The
"analogue® technique, if it may be so called, as described in
4.,1.1, makes it possible to establish the errors due to harmonic
or quantization distortion and then to spacify a sampling
frequency which will determine the nature of the aliasing =rror,

or aliasad quantisation error,



Fpequency kiiz)

¥igure 4.6 FFT of Single Tone One Bit Quantized Signal
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4.1.3 The DRFM as a Signal Synthesizer

Cne of the applications previously mentioned for the DRFM, is
that of a frequency or sighal synthesizer. Johnston (1984)
describes the specific theory behind this wmethod. In order to
utilize a one bit technique, hardware is produced that will
generate a series of ones and zeros (+ls and -1s) at specific
intervals of time n.ét. Now it is most unlikely that the
multiples of the sampling interval will coincide exactly with the
zero-crosasings, unless of course the signal is a sub~harmonic of
the clock frequency exesctly. Thus each zero=-crossing must be
quantized in time so as to coincide ?ith the closest integral

multiple of the clock periocd.

The result is that the error in time cguantization must be less
than #8t/2, and this is equivalent to changing the instantaneous
frequency around each =zero-crossing, causing an error in the
output spectrum, Johnston (1984). If the timing or sampling
interval is kept sufficiently small, then the error mays be
sufficiently minimised. The nature of this error is analysed by

Johnston (1984) and is described in Appendix I.

It should be noted that tle signal being generated is totally
deterministic with a priori knowledge of the szero-crossings. Thus
for a specific required zero-crossing, it is time quantised (o
the nearest n.8t. The four possible errors are described in
Appendix I. Eguation I2, describing the error spectrum is similar
to that for the signal spectrum of 4.1.1. The difference is that
the nature of the two signals is different. The érror signal
consists of a series of narrow pulsesg with amplitudes %2,
depending upon the exact tiwing between the actual zero-crossings

and the quantized zero~crossings.
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The result is that for small é&t, the aerror signal is approximated
by a train of impulses. Now it is known that the spectrum of an
impulse is broad, l.e. white in nature over the band of interest.
Hence the error spectrum may be considered to approximate white
noise. If the error signal amplitude is small, then it will not

gignificantly degrade tha actual si't;nal spectrum.

Although this error is only due to time quantisation of the zero-
crossings, the resulting error waveform is impulsive in the time
domain, and hence the error spectrum is broad in nature (white).
The size of this error is small because a priori information
about the signal is Xknown. In the case of signal generation,
there is not real samplin~ in the true sense of the word. Rathar,
if the =signal at the output of a one bit digital signal
synthesiser were monitored, it would be found that it is of a
continuous nature as opposed to a series of samples that still
have to be passed thirough a wreconstruction £ilter. Thus the
former signal will produce an unaliased baseband spectrum with
errors due to inaccurate time quantisation, whereas th. latter
will contain aliasing components due to wviolation of

bandlimitednesgs and due to sampling.

To clarify this issue , assume that a single tone input is
hardlimited, il.e. gquantized to one bikt. The result is a square
wave that is to be produced using the technicgue of digital signal
generation. The baseband spectrum of this quantized signal may be
determined according to the procedures of 4.1.1. This signal is
modified slightly so **at the actual zero-¢rossings coincide with
the closest integral multiple of the timing interval, which is

small compared to the time between zero-crossings.

The result is that the signal has an error spectrum ( also
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baseband) associated with it. The output of the digiltal signal
synthesiser hardware is this same signal, continuous in time and
of a square wave nature. In contrast, in the sampling case, the
quantized baseband signal is first sampled, causing spectral
replication and aliasing, and then reconstructed. Hence in the
latter case, the message band specﬁrum will contain those parts
of the spectral replicas that fall into the nmessage band (up to
ha.f the sampling frequency) region.

These alliasing components may add up to considerably more than
the error due to the instantaneo .a frequency changes associated
with digital signal generation. Note, however that the basic
principle of computing an analogue baseband signal spectrum
applias in both cases. The differences lle in the way timing and

sanpling errors are generated.

When generating the =ignal, it 1s poasible to detexrmine the
"eclean" baseband spectrum. Time quantisation error may be
introduced into the digital signal generation process afterwards.
In the sampling case, the spectral replicas of the amplitude
quantised baseband spectrum must be introduced at the sampling

rate.

In order to understand the process of digital signal synthesis
and the associated error, the software used for the process of
Equation €3 was extended to incorporate the error function of
Equation I2, due o time quantisation, and is listed in Appendix
J. The practical example of Johnston (1984) was used to verify
the software. Figure 4.7 illustrates the perfect baéaband signal
on both linear and logarithmic (dB) scales. Figure 4.8 shows the
computed error spectrum and the combined (phase and magnitude

considered) signal plus error spectrum.



It may be seen that the spurious signals due to time quantization
are of the order of =-40dBc or less. The most serious form of
error as far as spurious signals are concerned is that due to
amplitude quantization or harmonic distortion. The effect of

reduction of the time-bandwidth product is once again illustrated
in Figqure 4.9. '
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The procedure of 4.1.1 allows one to determine the baseband
spectrum of any signal up to any desired frequency, given
sufficient computing time and memoryvy. The only errors here are
due to quantization alone and are easlly seen on a plot of the
guantized =signal spectrum. By specifying any desired sampling

frequency, the effects of aliasing ﬁay be determined.

As an example consider a single =Tone input at unit frequency.
After cuantization to one bit has taken place, it has been shown
that there will be odd harmoniocs decreasing as function of 1/n.
Thus the signal spectrum is defined as:

{X(£) [=(2/n7) .8 (n~£) for n=1,3,5...00.. (4.1)
since the Fourier coefficients of a square wave are given by:

Fy=Sa(nn/2} ; n#o (4.2}

If the sampling frequency is chosen to be 10 units, then the
signal spectrum will be replicated at centre frequencies of
integral multiples of 10 units. Considering the envelope of the
harmonic spectrum, as shown in :"igure 4.10 overleaf, it may be
seen that the cquantisation error effectively results from the
generation of harmonics, causing the gquantised signal spectrum to
spread beyond the bandlimitedness originally considered, i.e.
beyond half the sampling frequency.

Beyond this fregquency, the aquantised baseband spectrum is
successively folded back into the message band region (defi-ied by
half the sampling frequency). Thus considering the example above,
it may be seen that the overall cquantisation error is formed by
considering all the spectral replicas introduced by Qampling. An
equivalent of this is to successively fold the baseband spectrum
that extends beyond the message band (5 f’requency units) back

into the message band, as shown in Figure 4.il1 overleaf for the
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cage of a spectrum coneisting of discrete 1linas. Because the

quantisation error is a broad spectrum, it is effectively

undersampled, that is to say aliased.

By utilising this foldback technique, a computer program that
evaluates the guantisation error for any given quantised baseband

spectrum and a given sampling frequency, has been written.
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The practical aspects of this procedure must be considered with
care, since the frequency spectrum of the baseband signal 1is
discrete. Take the example mentioned above. The original signal
had a frecuency component at 1 unit and after quantization at
1,3,5,7,9,etc. units. The sampling frequency was specified to be
10 units. Thus it may be seen that the first spectral replica
#1ill overlap with the desired signal at 5 units, the first
negative frequency rep'.ll.ica at 1 unit, the second positive

frequency replica at 5 units, and so forth.

Hence, at a frequency of 1 unit, the aliasing contributions
equivalent to 9,11,19,etc. units will bef_' obtained. At a fregquency
of 3 units the aliasing contributions will be due to the
components at 7,13,17,etc. units and so-on, as illustrated in
Figure 4.11. Therefore, as long as the sampling frequency is an
even multiple of the fundamental frequency, it will be found that

the odd harmonics will overlap with odd harmonics.

If the sampling frequency is an odd multiple of the fundamental
frequency, then baseband odd harmonics will overlap.with both
even and odd harmonics. Taking this a step further, it may be
seen that if the above two speclal cases of sampling frequency
are not adhered to, then the harmonics outside the desired band
wlll not necessarily overlap with any other harmonic at all. This
effect occurs in practice and might result in peak spurious
signals due to gquantisation that are wvery much reduced, even
though the total quantisation error power is still the same, as
will be shown later. Tae difference lies in the nature of the

spectrum.

The above argument was pursued for the case of a single fone

input since it explicitly and very simply illustrates the type of
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problem that could arise when using the foldback approach. When
dealing with more realistic signals, such as the frequency
modulated sinusoid, it is known that the spectrum is essentially
continuous, rather than a series of discrete lines, as in the
single tone case. The harmonics still exist, but consist of

continuous bands of activity.

Since a discrete spectrum has been calculated because of the use
of computer techniques, it ias imperative to ensure that the
sampling fregquency is an integral multiple of the frequency
intexrval used to determine the baseband spactrum. If one does not
do this, then clearly the ioldback will'causa some of the aliased
gquantisation error contributions to fall between actual frequency
points used in the baseband spectrum. This becomes problematic
with computer simulation, and in this case it is better to use

the FFT.

In the extreme, it is pissible that none of the allasing
contributions appear on the ploat, resulting in a spectrim that is
difficult to interpret. The limitation imposed above is not
severe in pra.tvice, since the frequency interval used is
generally quite small. On this basis, software was written to
determine the spectrum of the aliased quantisation error and is
an extens.on of the basic software implementing Edquation G3. The

listing is given in Appendix K.

The quantisation error spectrum is expected to be reasonably
flat, since it essentially consists of a series at any specified
fregquency and this series is of the form of decraésing values
according to the Fourier series coefficients. Thus the sum of n
terms of the ralevant coefficients at anj point is approximately

egqual. This was shown to be valid for specific cases when
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evaluated by hand. Using standard mathematics concerning
convergence o©of series, it is difficult to show that some
convergence value will be reach. by means of the comparison,
integral or ratio tests for convergence or divergence of series.
In order to lllustrate this effect a number of test cases are

shown.

Figure 4.12(a) illustrates the single tone input of 1kHz with the
baseband spectrum caleculated up to 200kHz with 1000 data points.
The pulsewidth of the signal was set at 100ms to ensure that the
spectral spreading effect of pulse modulation was insignificant.
The next illustration (k) shows the @esired guantised message
band spectrum with a sampling frequency of 62kHz, i.e. a.
expanded up to 31kHz. The validity of an earlier statement, that
in order to ensure spurious levels dus to aliaéing of less than
-30dBe, it 1s necessary to sample at 62 times the signal
fraquency, may be decided. Because the 315t harmonic is -29,8dBc

with one bit quantization, the 33 parmonic which will alias,
will be below -30dBc.

However, this only considers the effect of the filrst replica.
Thus it may be expected that tha actual level of the spurious
signals due to aliasing will be somewhat greater than =-30dBc. In
the above example (as shown in Figure 4.12(c)) the first three
positive and the firet two negative replicas were considered. The
aliased quantisation error spectrum Las a flat nature as believad
and the level is of the order of -24 dBc. The magnitude and the
phage of the contributing components were considered, although in
the case of a single tone input the components are purely
additive. The total signal within the desired frecuency region is
shown in 4.12(d).
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The second example considered had a similar baseband spectrum to
the example of Figure 4.12. The basic differences were that the
nunber of data points were increased to 1500 and the medulating
pulsewidth was reduced to 10ms. Thus the spectral lines will have
a finite width associated with them. This spectrum is shown in
Figure 4.13(a), but this effect is not clear due to the axpanse
of spectrum illustrated. In this case the sampling frequency was
sat to 20kHz, much lower than before. The desired message band
thus extends to 10kHz and is illustrated in Figure 4.13(b). Here
the effect of the narrow modulation pulsewidth is more evident,

although the resolution on the frequency axis is poor.

The peak level of the aliasad quantisation error, now taking into
account a more slgnificant number of replicas is greatly
increased, being of the order of -17dBc. If only the first
replica was considered, this level should be of the order of =20
dBc. From Figures 4.12 and 4.13 it 1s clear that there is a
fundamental and important link between quantlzation error,

aliasing and sampling frequency.

A final example shown in Figure 4.14 concerns Johnston's (1984)
example of the 9~12kHz FMSW signal. The baseband spectrum is
shown up to 2MHz for 1500 data points. A sampling frequency of
1MHz was stipulated and the guantised message band spectrum is
ghown 1n Figure 4.14(k). The corresponding aliased cmantisation
error is shown in Figure 4.14(c). The maximum level ~f error is
of the order of «35dBc and based on the single tone harmonic
values, the predicted level would be about =-38dBc. Finally,
reducing the sampling frequency to 200kHz (c.f., Figure 4.15),
the typical level of aliasing error is about ~20 to -25dBc. Again
based on single tohe harmonic values, the predicted level would

be about =-25dBc.
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dence it may be seen that reasonable correlation is obtained
between single tone simple predictlons and freguency modulated
signals. Further, it may be seen that with one bit of
quantization, the most significant source of error is that due to
guantization as a result of the rather severe levels of harmonic
dilstortion that are generated. This influences the level of
aliased quantisation error in the message band which is dependent

upon the sampling fregquency.

Thus the prime =zource of spurious signals in the DRFM is due to
coarse quantization. Specifically, in the case of the one bit
DRFM then, it may be seen that the third harmonic generates the
largest spurious signal. In the case of a single tone input,
which is an industry reference, the level is -9,5dBc. All sources
of quoted data indicate levels of -10dBe for one bit DRFMs. Thus
confifmation of the theory, although limited, is positive. The
link between this foldback aud Fourier transform approach
compared to the standard theory of uniformly distributed
guantisation error within each quantisation le 'el, will still be
shown, after the extension of this approach to the N bit

gquantisation cass.
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4.2 Extension to N Bit Quantisation

The theory of one bit quantizatlon has been covered in 4.1 above,
but the link to general gquantisation theory remains to be
eztablished. Certain conclusions have bheen made, and although not
vet explicitly stated, it 1ls clear, that if the number of levels
of quantilzation increases and the level of the associated
harmonice decreases, so the quantisation error and the aliased
gquantisation error levels also decrease for any given sampling
frequency. Hence the principles involved in thr extension to N
bits have been considered within the limitation <f the available

computing power.

Software was written to evaluate the frequency spectrum of a
signal processed by a multi-bit A/D converter. A link betweaen
harmonic generation and the general theory of quantization will
be illustrated. Software was also written to evaluate the effect
of guantization on the largest spurious signal produced when the
input signal is not matched exactly t6 the dynamic range of the
quantizer,

4.2.1 Baclkground Information for the N Bit Case

Up till row, one bit guantization has required that the zero
crossings be caloulated so that the Fourier Transform of the
quantized signal may be determined. This implies that the times
at which the signal crosses from one quantization interval to the
next, i.e. level crossings, must be evaluated. This concept may
be extended to the N bit case and is illustrated ianigure 4.16

ovarleaf.
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Figure 4.16 Extension of Spectral Theory to N Bits

The theory is easy to prove and is shown in Appendix M. The
differences betweern the one bit and general cases are outlined
below. With reference to Johnston (1984) and 4.1 above, the
signal s(t) will take on values x, that have values determined by
the number of levels of quantization, instead of just l. In
addition, the values t, are not the gero—crossings anymore, but
the level crossings. Hence it may be seen that Equation M2 £for
the Fourier Transform is identical in all respects, with the
exception that x, is multi-valued and the number of time data
pointg will have increased in proportion to the number of levels

of guantization.

Thus it may be seen that the Fourier Transform of a signal may ba
determined, by means of Eguation M3, to any degree of
guantization accuracy desired (limi.od only by computational
rasources), in the limit of an infi i*te number of gquantization
levels, tending towards the exact Fourier Transform, As stated
earlier, this method has certain advantages over the FFT in terms
of accuracy and the ability to separate the effects of
guantisation and_aliasing, but at the cost of computation spesd.
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With particular reference to the analysis of jyunantization
effects, it is believed that this method is far superior to the
FFP? because of the ability to separate the effects of
gquantization from sampling. Also, to achleve similar results with
the FFT would requivre very fast data sampling so as net to
influénce the signal with aliaéing effects. In turn, this
requires A vast number of data points and so this latter approach
takes Ju.t as lonyg if not perhaps longer than than the Fourier
Transform approach. With the FFT n-thod, it is difficult to
isolate the aliasing error once realistic sampling is introduced.
The FFT approach is, however, more useful when determining the
combined effeots of sampling and quantisation, because of the

advantage of computatlion speed.

Since the extension to N bits required far more computing power,
an Interim solution was sought. To obtain an idea of the general
levels of quantization error for a single tone input, as an
indicator to the spurious signal levels that could be achieved
for a given number of bits, a general expression for the Fourier
Series coefflclents of a single-tone input as a function of the
number of levels of guantization was obptained (c.f. Equation L7),
as described in Appendix L.

Tables 4.1 and 4.2 show the levels of the first 99 harmonics for
quantization between cne and ten bits. It may be seen that for
one bit quantization the third harmonic is at -9,54dBec and for
two bits it is at ~18,3dBc. An advertisement referring teo a two
bit 500MHz bandwidth DRFM indicates that the spurious signal
levels are typically =-17dBc.

It has already been s=tated that for one bit quantization, the

quantization error is in general more significant than any
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aliasing error. In the case of two bits, it is clear that because
tha level of the quantization error is considerably lower, the
influence of the alliased quantisation error terms becomes more
gignificant. This is demonstrated by the fact that the spurious
signali levels excead the third harmonlec levels by about 1,34dB.
Hence the aliasing terms must be around the -23dBc level. The
third harmonic Jlevels then underestimate the spurious signal
levels as the number of bits increases, but this is still a
useful indication of the degree of quantization error. Software
has also been written to determine the varions spectra as for the

one bit case, based on the resultsz of Appendix M.

79



HARKiJIC

wable 4.1 Pourier Serles Coefficlentzs - 1 to 5 Bit

SPURIOUS LEVELS VERSUS NO. OF BITS (dBc)

1 BITS

0
-9,542423
-13.9794
~16.90196
-19,084835
-20.82785
-22,27887
-23.52183
-24,60898
~25,57507
~26.,44438
-27.23455
-27.9588
-28.62728
~29.24796
~29.,82724
-30.37028
-30.88136
-31,36403
-31.82129
=32,25568
-32,66937
-33.06425
-33.44196
-33.80393
-34,1514
=34.48552
-34.80726
«35.1175
«35.41704
-35.7066
-35.98681
-36.25827
-36,5215
-36.77698
-37.02517
~37.26646
~37.50122
«37.72981
«37.95254
-38.1697
-38,38156
-38.58838
-38.79038
-38.9878
-39,18083
~-39.36966
-39.55447
~39,73543
-39.91271

2 BITS
9
~18.27221

-25,41834

-28,34092
«27.81461
-20,82785
-22,27887
-32,25164
«36,04791
«35.17412
-27.23455
~-27.95881
-37.35711
-40,68688
-41,26623
-39,09993
-30.88135
=31.36405
-40,55114
-43.69458
-44,10847
-41,79389
«33,441%3
«33.80394
«42.88127
-45,92441
-46.,'24631
-43,84713
-35.41702
-35.70662
~&44 71675
~47.69713
-47.956056
-45,50664
-37.02514
-37.2665

-46,23115
~49,16864
-49,39159
~46,89931
-38,38151
~-38.58841
-47,52042
«50,42665
«50.6199

-48,09914
-39,55444
-39,73548

-48.64265

80

3 BITS

0
-27.04456
-29.21966
~34.88713
-51,3652]1
-35.32438
~39,64908
~36.26034
~33.73892
~33.54594
-32,08073
-27.08024
-33,07975
-40.75333
-38.82564
-64.27263
~40,58244
-49.09756
-34.17121
-47.,42995
«36.04242
-57.90062
-37.68041
-38,99071
-39,28725
-36.85843
-43,11164
-44.20502
-6§3.80327
~40.63477
~51.02824
~42.12545
-46.01136
-57.91316
«57.,71027
«45,62041%
-37.58228
~40,14023
-56.97576
-54.54028
~44,99354
~46.82022
~54.,3064
~53.57685
~60.62869
«47,82614
-54.7709
~42,10229
«39.68%39
-50,91228

4 BITS

0
=35,89192
-36.77035
-38.46618
«41.71711
=40 103448
-57.00993
-45,8970]
-44.,95197
-53,23287
-48.42366
42 ,43506
~47.60281
~45,6013].
-39,5875
-53,34694
-39.10855
«42,27639
-40,96829
~44,30002
4G, 48515
-46,877°"
-41, 24182
-35,03027
-39,72071
-42.6371a
-42,25911
=57.11347
-62,87539
-46.22716
«52.,53675
~50.23709
-47.40759
-65.,40486
«49 49082
-84,58835
~55,21326
-52.5524]
-55,956798
-45,38908
~52.42025
~f44,03821
~57.4456
~50.30895
~53,86535
=47 ,56683
«56,51848
=42 42649
~45.96649
«~48,.3007

Quantization

5 BITS

0
~44,80596
=45,20194
-45,87577
~46, 94489
-48.61635
-51.29912
-56.05908
-69,12496
-61.946
«35,56643
~53,86748
-55,32904
-62,85056
-63.13923
-53.93942
-51.879356
-54,852488
~79.30233
-52,621435
-49,23323
-52,3209¢9
«64,12597
~49,7136
«48,49174
-6%,82603
~50,98422
-49,38535
~73.6421
-51.39721
~58.77294
-51.40046
-52.71831
-51,09648
-47.24867
-39,57989
«48,13011
-62.42237
-54,55017

,-48,47113

-56.,7569
-45,1574

-71,05437
~52,21114
-47.,96928
«49.42535
-48,96941
-46. 44624
~46.09968
-44,22345



SPURIOUS LEVELS VERSUS NO. OF BITS (dBe)

6 BITS

0
~-53.77019
-53,95705
-54,25722
~54,69424
-55,3059)
-56.14564
-57.29575
-58.88729
«-61.15776
-64.62075
~70.,9145
~-95,80091
-70.67121
-65.70937
-63.54733
-63,01324
~64.,03467
-67.35538
-77.,79891
-72.93796
-64.9545
-61.84664
-61.13959
~62,83977
~69,28603
-74.,65946
-62.78306
-59.14276
-58.71508
-61.74222
-76.76391
~63.81412
~-538.11524
~57.27561
-60.74791
-83.55564
-61.66854
«57.99986
-60,0227
-74.39003
-63.84983
-60,73935
~67,59919
-66,23933
~59.74824
-63,80051
-66.46736
-56.95875
-57.8095],

7 BITS
0

62,7639
-62.8538

-62,9937

-63,19254
«63,45417
-63,78996
-64,21518
-64.74697
~65.41185
-66.241313
-67.28402
-68.60818
-70.3268

-72.64081
-75.98134
-8L.6227"
~101.9276
-83.97924
-77.884338
-74,82238
-73,0895

-72.23394
-72,122721
-72.78715
~74.4446

~77.73956

. ~85.,40808

-89,70536
-78.31516
7L, 44
-70.3¢693
~70,35637
-71.56296
~74,651
~B82,7684
-84.25678
'74: 123
«70.,05025
-hA8,1382
-67.72483
-68,83746
-72.22065
-82,42191
-78.51548
-70.41271
~67,24606
-66,30051

~67.24665

a1

8 BITS

0
~71.77854
-71.81754
-71.88797
-71.98023
~72,1016
-72,23063
-72,43388
-72.6509]
-72.91087
-73.21555
~73.57433
-73.99272
~74.48248
~75.05523
-75.72858
-76.51967
«77.45833
~78.585
-79.95575
~81.6613
-83,.86591
-86,89274
-91.61355
-102.4652
-99.45718
-91.09714
-87.18321
-84,75926
~-83,14066
-82.0672
~BL.41678
-81.14287

-81.23558

-81.72229
-82,67945
-84.2641

-86.8229

-91.33664
~103.7752
-96,23186
-88,50794
-84,62868
-82.2091

~80,64136
-79.70593
-79.31778
=79.47246
-80,23908
~-81.8105

9 BITS

0
-80.,79998
~-80,81281
-80.85208
-80.89426
~80.,95453
~-$1.0228]
~-81.10945
~81,20489
-81.32151
~81,.45018
-81,60102
-81.76712
-81.95676
-82.16834
-82,40785
-82.6724
-82,96935
~83,30131
-83.67308
-84, 08544
=84,55025
-85,06913
-85,65517
-86.31531
-87.06389
-87.91841
-88.90409
-90.05449
-91,4182
-93,06138
«95,13465
«97.86941
-101,8839
«109.4515
-118,2829
-104,9334
~-100,0666
~97.11972
~-95,05851
~93,54534
=92 39865
«91.53643
-90,90204
~90.47544
~90,23353
«80.17484
«90, 30021
«90,62756
«91,17216

Table 4.2 Fourier Series cCoefficients - 6 to 10 Bit Quantization

10 BITIS
0
-89,85079
-89,82548
-89.85176
-89,8648)
-89.90138
-89.92927
-89.97704
-90.01475
-90.07534
-90.13068
-90,20317
~90,2733¢
~90. 1934
-50.44774
-90.55114
-90,65689
-20,77711
-89.90646
~-91.04846
-91,197°4
-91.36614
-91,54319
-91,73886
-91.94776
-92.17354
-92.41676
«92.68164
~92,96961
«93,28202
~93,61178
~93,97877
-94,37238
-94,80364
-95,27246
-95.78679
-96.34785
-96.96791
-97.6463
-98.40909
-99,25822
-100,221
~101.3076
-102,5876
-104.0834
-105.9085
-108.2145
-111.3827
-116.2785
~128,5682
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4.2,2 Harmonics and Quantisation MNoise for the N Bit Case

Using the Fourier Transform

DRFMs, because of the use of cquantization, in the most primitive
sense, one bit cuantization, cause intermodulation effects when
sampling is introduced. Thus every harmonic of the quantised
signal is present in the message band spectrum, either as the

original, or as a folded down or aliased version.

In terms of general quantization and sampling theory, which has
been dealt with in Chapters Two and Three, the signal to bhe
sanpled must satisfy the Nydquist requirement and for the
gquantlization noise to be white, it is ‘assumed that there are a
substantial number of quantizing levels and a reasonable input

signal.

In a DRFM however, even if one limits the sgignal bundwidth by
utilizing an  anti-aliasing fllter prior to sampling and
quantization, the coarse guantization process still increases the
signal bandwidth by Introducing harmonics of the fundamental. ‘ile
level of the harmonics ls a function of the number of bits in the
quantizer. Thue the morc bits used, the lower the level of any

particular harmonic relative to the one bit case, in general.

The figuras overleaf show the quantized, but unsampled, spectrum
ven a lkHz sinewave is modulated by a S0ms pulse for the one,

two and three bit cases,
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Figure 4,17 One Bit Quantised Unsampled Sinewave Spectrum
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Figure 4.19 Three Bit Quantised Unsampled Sinewave Spectrum

As may be seen, the most significant harmonic's power decreases
considerably when the number of guantization bits increases. The

rasults are tabulated below in Table 4.3.

Table 4.3 Largest Harmohic Versus Numbar of Bits

NUMBER OF BITS LARGEST HARMONIC RELATIVE FOWER (GBC)
1 B Y L
2 3 ' ~18
3 3 ~27

- - - - - ot o —— -

Quantization, by the nature of the process, causes a spreading of
the spectrum, which is normally ignored by the statistical
analysis approaches of generalised guantization theory. The

relation of quantizing noise wikth coarse guantisers to thst

B4



predicted by the generalised approach remains to be defined.
Standard statistical cuantizing noise theory indicates that the
quantizing noise is "white"® in nature. Care must, however, be
. exercised when noting under what assumptions these deductions are
madae. There are several references to indicate otherwise for the
coarse quantization case, including Sripad and Snyder (1977)

quoted earlier!

Hanrahan (1984) shows that in a typical PCM system, as
illustrated overleaf in Figure 4.20, the spectrum of the
guantizing noise follows a ainfzz function, and tha% after the
reconstruction £ilter, the noise spectrun is £lat, The
reconstruction filter respong- is sha - .~ from the ldeal
brickwall response to equalisse the si'  shap.., introduced by
the sample and hold process. ™wrther, ii is statec that the major
assumptions used ave that the quantiz’ng error aris.ng from each
encoder interval i¢ uniformly distriluted across the interval,
and also that succgssiva samples of the quantizing noise are
uncorrelated. These assumptions do not always, unfortunately,
apply to the coarse quantization case. Reference ls also made to
a paper by Tasividis and Zee here, which makes use of a technigue
that will be illustrated soon and that is supported by other

references, namely harmonic power summation.

As a start, in Hanrahan's analysis of the PCM system, the
assumption is made that the input signal is band-limited. This is
a very reasmiable assumption that is more than satisfied when
uging a simple single-tone signal or band-limited speech for
analysis and demonstiation purposes. The second assumption is
that the PDF of the signal is Gaussian, but this is not
necessarily true for the coarse quantisation case, although it

should not influence the argument too much.,
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Each replica introduced by the sampling process, will undergoe
spectral spreading caused by coarse guantisation. As may be
visualized, and as is attempted to be illustrated below in Figure
4,21, this leads to an aliasing problem (undersampling of the
guantisation errorxr), that is a direct result of the coarse

quantization and sampling process. '

vialt) | sewp Lecr) w(t,) I(n) SAMPLE | Uy¢yy | RECELVE | ugyy(€)
— SAMPLER ENCODER | DECODER AND —
FILTER l_. . HOLD FILTER

Pigure 4.20 Typical PCM System Elements - Hanrahan (1984)

hy =M - 4y

mxmﬂﬂlllmmwmn
(&) =Al -

Figure 4.21 Aliasing of Quantised Signal -~ Stremler (1979)

Another underlying assumption made in standard guantization
theory is that the guantizing error is assumed to be uniformly
distributed across each dquantizing interval. With coarse

quantization ard certain signals, this cannot be said to ba true.

nR



The criterion for the quantisation error to ke white, given by

Hanrahan (1984), is that the ratio of the standard deviation of
the =signal to the quantizing interval should be »>»>1. For a sine-
wave and a one bit quantizer, this assumption is not valid. It is
agreed, however, that this assumption is wvalid for normal A and

u~law cquantisers with a large number of bits.

By summing the power in the harmonies ( excluding the
fundamental), it will be found for the one bit case that the
power in tr= harmonics (spur power) is =-6,3dBc. This implies that

the "nolse" power is only 6,3dB below the desired signal.

By adjusting the duty ratio of the square waveée that results from
the one bit quantization of a sine wave to 1/N, where N is the
harmoni¢ that must be eliminated, it will be found “hat the Nth
harmonic will be eliminated, Schneider (1986). By removing the
third harmonic, this technique yields a highest harmonic level of
-14dBc¢, namely 4dB lower., This also reduces the total spur power
to -9,1dB, (2,8dB lower than pefore). With this_ process however,
even haruonics are now generated. By alternating the duty cycle
around the 50% mark, the phase of the even harmonics 1s changed
alternately, and thus by superposition over a period of time, the
even harmoniocs are eliminated, while reducing the level of the
highest (3rd)} harmonic. The so-called reduction in spur power
shownt above 1s only apparent, because the power in the removed
3rd harmonic is channeled into the generation of even harmonics.
Thus total spur power in fact remains the same at any instant.

Only temporal integration removes this unwanted spur power.

Oppenheim and Schafer (1975) note that the assumptions made with
standard quantizing theory do not always hold. They state that

the general assumptions made, lead to a rather simple analysis of
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gquantization effects. Such assumptions are nov always valid for
all signals. However, they go on to say that when the signal is a
complicated one, such as speech or music, where the signal
fluctuates rapidly in a somewhat unpuadictable manner, the
assumptions are more realistic. Further, experiments have shown
that the more complicated the signal, the less the correlation
between the signal and the quantization error, and the error also
becomes uncorrelated. Finally, they state that the assumptions of
the statistical model appear to be valid if the =signal is
sufficiently complex and the quantization steps sufficiently
small so that the amplitude of the signal is likely to traverse
many quantization steps in going from sample to sample. This
heuristically states what has essentially been shown to bhe true

in simulations previously.

Bennett (1948) (as quoted by Claasen and Jongepier (1981)), gave
an indication of when the spectrum of quantization noise is
vhite. 'The basic result obtained by him, was that when a
quantizer is sui.fficiently loaded, i.e. when the signal attaine an
appreciable number of guantizer levels, then the errors can be

regarded ac noise with a white spectrum over the signal band.

Claasen and Jongepier (1981) state that this result has been used
to model quantization errors for both analog and digital signals,
and that in gensral, the model is quite accurate. A number of
others have given conditions under which the spectrum of
guantization noise of stochastic and deterministic signals is
-white. Claasen and Jongepler (1981) state that .even for a
sinusoidal signal, if it has sufficient variation, the quantizing

error (noise) spectrum is white.

as



They give a formula |f£|sw.L.f,, which must be obeyed if the
gquantizing noise spectrum is to be white, where f is the band of
interest and the signal of interest has a frequency £,. L iz the
number of quantizing levels. Thus if the input frequency is 100Hz
and the band of interest is 20kHz, as for audio, then the number
of quantizing levels must exceed 63,66. Hence the quantizer must
have at least 6 bits for the quantizing neocise to be white in this
20kHz interval.

By taking into account sampling, as well as the quantization
effects described previously, Claasen and Jongepier (1981) state
that as long as the sampling frequency is well below f=f,.27L,
then the error (noise) spectrum that results is sufficiently
aliased to introduce enough foldover to create a white spectrum.
Thus if the input freguency is L100Hz and L=2 levels (one bit),
then the sampling frequency must be well below 1256Hz, to ensure
a white spectrum. If the sampling frequency is a tenth of this
value, namely 125Hz, then tl_a,e Nyquist criterion for even the

fundamental will not be satisfied.

Considering a sampling frequency of 200Hz, say, then the number
of quantisation levels would have to exceed three, i.e. at least
two bits for the noise to appear white. This is in agreement with

statements made by Jayant & Noll (1984),

Widrow (1956), describes rough amplitude guantization as an
extension of Nyquist sampling theory. He states that 1if the
samples of a continuous wvariable are random and statistically
independent of each other, then a first order.PDF, W({X),
conpletely describes thils process., $imilarly, the Fourier
Transform of the PDF is known as ‘;_ga characteristic function of

W(X) .
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Thus:

Py (8)=[" W(X) . exp(~3xB) X (4.3)

The signal at the input to the gquantizer may take on an infinite
number of magnitudes, while the output of the quantizer may only
assume a fixed number of discrete states. The PDF of the output,
W'{X'), therefore consists of a geries of impulses that are
uniformly spaced along the amplitude axis. Each of these impulses
is centered in a quantization box. Uniform guantization is

agsumed. Figure 4.22 below shows how tha output PDF is defined.

WX}

wix)
.~
¥ .3

v
PrartiiiiidDNe

. A

Flgure 4.22 output PDF by Means of Area Sampling -~ Widrow (1966)

Bacause any event occurring in any particular quantization box is
always defined to produce an output at the centre of that box
(quantizing interval), then the amplitude of the output impulse
PDF for any box must be equal to the area under the input PDF
within the quantlzing interval in question. The characteristic
function of W'(X'), i.e. its Fourier Transform, is periedie,
because it is the Fourier Transform of a series of impulses with

spacing g, the quantizing interval.

With normal time sampling, the process of periodically sampling a
function £(t) is identical to multiplying it by series of unit
area impulses, that are uniformly spaced. The impulse train may

be represented by a Fouriler Serias as:
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£% (t)=[£(t) ] [inpulse carrier]=[£(t)]1[1/T1E _exp(inat)  (4.4)

as shown before,

Thus it ir the sum of an infinite number of sinusoidal carriers
with uniform frequency spacing 2n/Ty, where Ty is the sampling
period. The signal £(t)} then modulates these carriers to create
identical sidebands about each frequency 2n%/Tg. This has been
shown previously in a discussion of sampling theory. The results

are illustrated below in Figure 4.23.
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Figure 4.23 Ideal Impulse Sampling and Construction of Area
Samples -~ Widrow (1956)

By eeparating the zeroth array in the array of sections
illustrated, say by using an ideal low-pass filter, it is
possible to recover the envelope of the input signal, £(t), from
its samples. The Nyquist criterion for sampling may thus be
deduced, that the input signal nmust have no significant harmonic
content above half the sampling frequency for =ignal recovery to

take place.
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If we have, as stated above, an input signal with a PDF W(X),
then the quantlzer output PDF, W'(X'), may be thought of as an
area sampler acting on the input. The cumulative distribution of
W(X), D(x), may be cbtained by integrating the input PDF.
Therefore, considering any quantizing interval within the dynamic
range of the quantizer, it is possible to calculate D(x+g/2) and
D{x~q/2), as shown in Figure 4.23 above. W!'(X') is then the
differenca between these two cumulative distributions. Widrow
(1956) defined a quantity known as the radian fineness, which 1=
2m/gq. When this radian fineness is twice as high as the radian
"frequency” of the highest "frequency" component contained in the
shape of W(X), then it is possible to recover W(X) from the

quantized distribution W' (X').

The understanding of the quantizer would be complete 1f it ware
true that the quantization noise, namely the difference between
the input and the output, were independent of the gquantizer
input. This is unfortunately not <true. Not only is the
quantization noilse staéistically related to the input, but it is
also causally related. Because the output of a gquantizer is a
gingle-valued function of ile input, any input PDF gives a

de.inite output signal and a definite noise.

The distribution density of the noise iteelf is independent of
the input PDF 1f and only if the Nysrist criterion for
quantization, as defined above, is satisf . Thigs criterion is
satisfied when the guantization grain is fine "enough".
Qualitatively, Widrow (1956) states that 1f the dynamic range of
an input variable extends over several quantizing intervals, then
the quantization noise will be uniformly distributed and it will
be a firgt order process. He also states that the quantization

noise is practically uncorrelated until the quantizing interval
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slze is one standard deviation and th input correlation is 95%,
cr until the box size is two standard deviations and the
corralation is 80%. The latter box slze is considered to be very

rough quantization, Widrow (1556).

Summarizing then, if the Nyquist criterion for SAMPLING is
gsatisfied, then the function is recoverable. If the Nyguist
criterion for QUANTIZATION is satisfled, then the statisticé of
the function are recoverable, and the quantization noise is well
understood, Jl.e. white. In the case of well correlated input
signals, such as pulse modulated sinusoids, it has been shown
that the gquantisation noise is highly correlated with the input,
aspecially for very coarse quantisation: such as a one or two bit
quantiser, where the sample amplitude does not vary much from one

sanple to the next.

4.2.3 Quantiser Dynamic Range Effeots

Software was written to predict the level of the largest spurious
signal versus the level of the input signal relative to the ideal
0dB full cquantizer dynamic range. The largest spurious signal is
effectively the third harmonic for a silnewave input. One to six

bits have been used,

In the one bit case, it is clear that the spurious level remains
at -9,5dB, regardless of the input level. For the two it case,
the level of the third harmonic varies, depending on the input
level. For a 0dB input level, the spurious level corresponds to
the levels r.edlcted by the earlier FFT and Fourier Transform

analysis.
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As the input level drops below 0dB, so the spuriocus level
changes, until only two levels of the quantizer are being used,
reverting to the -9,5dB spurious level of the one bit quantizer.
Above 0dB, the quantizer saturates, until the inpat signal
becomes so large that it once again hard limits. Thus the maximum
spurious level once again bacomes -9,5dB. ‘Yhe results are shown
for one to six bits. In each case the results are similar, only
the quantizer having much more dynamic range before the -9,%dBc
spuriocus signal level is reached with saturation at one end of
the quantiser's dynamic range and using only two guantisation

levels at the other end.
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The link between harmonic generation and gquantising noise power,
s the total spur or harmonic power versus the number of
quantization bits and signal input level. The pattern is similar
to the maximum spurious signal level shown above. Of most
interest, however, is the level of the total spur power, or
quantizing noise power, for a 0dB input signal, as predicted by
the Fourier Transform harmonic generation approach, compared to
the level normally predicted by general quantizing noise theory
(-20log[l,22(2™-1)], Schneider (1986)). The results are

summarized below in Table 4.4.

Table 4.4 Quantising Noise Power Versus Number Of Bits

s - Rk Bk Bk k. B M A B e Akl o el ek

Numbar Of Eits Genaral 'E‘heory(dﬁ) Fourier Approach(ds)
FE 1,7 6,3
2 ~11,3 ~13,0
3 ~18,6 -19,5
4 -25,2 -26,0
5 ~31,6 -32,0
6 -37,7 -38,0

—— — — ' Ny e e Y

Thus it may be seen that from two bits upwards, the general
theory and the more exact Fourier Transform approach, converge
rapidly. From six bits upwards, it may be said that both
approaches are identical in predicting the 1level of the
guantizing noise power. However, only the Fourier Transform
approach or FFT approach allows prediction of the sampled and
gquantised signal spectrum. The plots of total spur power or
quantisation noise power are illustrated below as a function of
the input signal level relative to the quantiser input dynamic

range for one to six bit quantisers.
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4.3 Summary

The spectrum of a one bit quantized signal was s=studied and a
computer program was written to evaluate the spectrum of a
quantised single tone and a FMSW signal. This method of
evaluating the signal spectrum was compared with the FFT
techriique and the tradecff of computation speed versus accuracy
was stated. It was found that the "analogue" technique is much
better for 1llustrating the effects of aliasing and quantisation
separately, but slower. In order te obtain as accurate a spectrum
using the FPFT requires an excessive amount of memory and also
increases processing time significantly. If greater degrees of
gquantization are required, then the "analogue" method also

requires excessive computer memory.

The errors associated with the DRFM as a signal synthesizer were
consldered as well as when used as a memory. It was shown that in
the former case it is possible to maintain lower spurious signal
levels (excluding quantization distortion). This is because one
has a priorr knowledge of the signal, thus reducing the error of
positioning zero-crossings te a minimum and also because there is

no aliasing distortion as such, in the true sense of the word.

A number of test cases were illustrated, including comparison
with Johnston's (1984) results, in order +to validate the
software. Some other specific signals, namely the single tone
input and the FMSW were used as test cases with various
combinations of sampling frequency. It was deduced that for one
bit guantization, ..e guantization exror is 'of greater
significance than the aliasing error. The level of spurious

signals was found to compare with quoted data.
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conglderation was given to extending the process to N bits. The
Fourier series coefficients of a single tone input quantized to
N bits were evaluated. It was found that the results for two bits
correlated with one quoted example and it was also deduced that
the aliasing error toock on more significance in this case. The
above techniques allow one to independently analyse quantization

and aliasing error.

Reference to others work on the subject of coarse guantizaticon
has also shown that the coloured quantization noise efifect
obtained here is normal. These references also indicate under
which circumstances the quantizing noise may be assumed to be
ﬁhite. T is typically occi vs when ther; are at least three bits
in the quantizer characteristic, and the input signal is

reasonably uncorrelated from sample to sanple.

Spectra for pulse modulated sinewaves were generated for up to
three bits of quantisation, illustrating that the s=spectra
definitely contain spurs and are not white. The level of the peak
spur power was plotted for one to six bits of quantisation as a
function of the signal input level relative to the quantiser
dynamic range. Similarly, the total spur. power, or guantisation
nolse power was plotted for one to slx bits of quantisation as a
function of the input signal level relative to the quantiser

input dynamic range.

It was found that the quantising noise power started to converge
rapidly with the results predicted by the statistical approach of
generalised quantisation theory from three bits upwards, and that
the results could be considered identical from six bits upwards.
Only the Fourier Transform or FFT approaches have the ability to
predict the cuantisation noise spectra th&ﬁhh.

103



-] ANALYTXCAL AND MEASURED RESULTS COMPARED

As stated in Chapter Four, it is possible, by generating a
Fourier Transform of any guantised signal first, prior to
introducing sampling, to obtain the spsctrum of that sampled and
gquantised signal. This approach to the problem requires a
significant amount of computer time, but it also allows the
separation of sampling and quantization effects. Specific
analytical cases will be considered and these will be compared

with practical measured resulte for veriflcation.

5.1 Hxample #1 =- Pulse Modulated Binewave

'I'a]lting a sinewave as an exanmple, by gquantizing it, a
monotonically decaying series of lines at ndd multiples of the
input frequency is obtained, namely a series of odd harmonics
decaying with 1/n in teims of voltage. The first 99 harmonics are
1llustrated overleaf in Figure 5.1. By sampling the quantised
signal at 62 times the input fre uency, the spectrum will fold
about & fregueanecy egual to 31 times the input frecuency. The
first 31 harmoniecs will thus form what is termed the unaliased
message band quantised signal. By summing the remaining harmonics
taking account of the spectral folding, the aliased quantisation
error is obtained, forming a part of the total quanﬁizing error.
The remailnder of the quantizing error consists of the remainder
of the harmonics, excluding the fundamental, in the unaliased

message band spectrum. By adding all the components of the
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quantisation error (all components including the fundamental), it
is pussible to obtain the overall quantized and sampled spectrum

of any input signal.

As stated earlier, this process requires a large amount of
computation time on a PC~AT compatible. Purther, not enough
harmonics are used in general, to obtain an accurate picture of
vhat is happening. This procedure does, however, illustrate the
mechanisms that are occurring with sampling and gquantization

clearly. The spectra mentioned above, are illustrated below.
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A much easler approach to cbtzining the spectrum of a quantized
and sampled sinewave, is to make use of the FFP. The identical
input signal, namely a 50ms pulse nodalated 1kkHz sinewave, waa
ased as an example., 8182 points were used for the FFT te avoid
FFT peculiarities, such as the picket fence effect. Thur the
predicted spectra are very close to the real spectra. he number
of bits in the quantizer must be specified. Thus the inyput signal
is first gquantized. Then, the sampling frequency in the DRFM must
be specified. This correspends to the FFT sampling frequency. The
FFT i3 then performed. The resulting spectrum is the overall
sampled and quantised spectrum, as shown overlear in Figure 3.5,

and corresponds closely to thé spectra predicted above.

107



1@[ T S LT T L T K e P Y T R R D e T S e T e PR R 2 T TR

— r\aﬁ: L} —
[
Fo= 1| kiz

Fez 62 Iz~

18 '
{dBe) - ;
28 -

s wk

o

|

_. d .ﬂ " ﬂ . |. g ] Rrerviean
1 -
Freauency (kHz)

Figure %.5 Overall Quantised and sSampled Spectrum Using FFT

e ep it

o P S
]

In order to wverlfy this theoretical approach, a one bit DRFM
emulator, consisting of a one bit A/D-D/A block (a D flip-flop
circuit) was built. Although ne sztorage was periormed, this
gimulates the sampling and quantization process adeguately. The D
flip-flop has a cartain amount of hysteresis on the threshold
when comparing the 0~->1 threshold to the i-->0 threshold, but
repregents an accepttvle one bit digitiser. One of the problems,
though, was to obtain sufficient stability from the sampling
clock, which was a WAVETEK 188 pulse generator. This generator
had a tendency to drift very slow’y in frecquency with time,
making it Aifficult to set up an exact sampling fr.equency. The
principles of coarse quantization and sampling are well

illustrated in Figures 5.6 to 5.8, though.
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The output of the one bit DRFM emulator was passed into a
TEKTRONIX 7603 mainframe with 715 plug-in spectrum analyzer. The
filter bandwidth used was set to 300Hz, and the frequency span
per division was set to 100kHz, 5kHz and 10kHz per division,
respectively. The sampling frecuency was set very high initially,
about 10MHzZ, in order to illustrate just the guantizing effect,
with ineignificant spectral fold-over. The input signal was a
s0ms pulse modulated BkHz sinewave, in all cases. As e¥pected,
the levels of the harmonies correspond to the theoretical levels
and are tabulated below. As may be seen, the theoretical and

measured results correspond very closely.

It should be observed that the D flip-flop may ke modeled as an
ideal impulse sampling plus a one bit quantisation process,
followed by a sample-and-hold circuit. Thus for a sinewave input,
a square wave output, as opposed to impulse samples of a sgquare
wave are obtained. The sample-and~hold circuit has a frequency
response characterised by H(f)=Sa(wfTy), where T, is the sampling
period. Tha signal spectrum at the output of the sample-~and-hold
gircuit is thus modifleu by its frequency response. At a
frequency equal to half the sampling fregquehoy, the sample-and-
hold circuit will introduce a loss of 3,92d4B compared to the
idsal impulse sampling case. At a fregquency of 0,2 times the
sanpling frequency, the loss introduced by the sample~and~hold
would be about 0,584B.

Thus instead of having a monotonically decaying line spectrum, as
shown in Figure 5.1, a droop effect will bs experienced at higher
frequenicies in the message band spectryum, as half the sampling
frequency is approached. With the very high sampling frequencies
used to generate Flgures 5.6, 5.7 and 5.8, this effect will be

ncgligible., For all practical purposes, with sampling frequencies

1THG



of the order of 10MHz in Figure 5.6, not more than about 0,2dB of

droop should be expected at the higher frequencies,

The conclusion is that not accounting for the sample-and-hold in
certain cases, such as the above, makes no significant impact on
the sampled and guantised spectrum when assuming idealised
impulse sampling. It will be seen from Figure 5.6, that a very
slight droop effect may be noticed at the highest frequencies
portrayed. However, the basic form of the quantlsed spectrum
remalns as predicted. The coarsa ¢quantisation process introduces

extreme non-linearities, producing harmonics of the input

spectrum, as predicted by the theory of Chapter Four, and not a

white uniform spectrum for the quantising noise as predicted by
general quantisation theory.

Table 5.1 Theoretical and Measured Spurious Levels

Wy — i - - T i ——

Harmonic Theoretical (dBc) Measured (dBc)
i 0 0
3 -9,5 -9,5
] -14 =-14
7 ~16, . -16,5
9 -19 -18,2
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Figure 5.7 First Nine Harmonice of Figure 5.6
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Figure 5.8 First 19 Harmonics of Figure 5.6

By adjusting the sampling freguency slightly away from a multiple
of the input frequency, it is possible to obtain t.g foldover
effect a little more c¢learly. The theoretical results 1 - a
62,5kHz, 62,1kHz and a 62,3kHz sampling fraequency are shown
overleaf in Figures 5.9, 5.10 and 5.11.
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Figure 5.11 Sampled and Quantised Spectrum with £,=62,3kHz

Measured results for simi.... situations are shown overleaf, and
may ke seen to corresgpoud fairly well to the predicted results.
The exact same sampling freguencies have not been used, as these
are difficult to set up with the available equipment. However,
the foldover effect of sampling and the coloured quantizing nolse
spectrum is clearly illustrated. The edges of the photographs do
not unfertunately show the full spectrum analyzer screen in all
cases, due to photographic adjustment problems. The effesct of the
sample-and~hold introduced by the D flip-flop is slightly visible

in Figures 5.13 and 5.14.
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Figurs 5.12 Measured Sampled and Quantiszed Spectrum with Sampling

Frequency Approximately a Multiple of the Input Frequency

Figure 5.13 Measured Sampled and Quantised Spectrum with Sampling
Frequency Not Equal to a Multiple of the Input Frequency '

115



Figure 5.14 Measured Sampled and Quantised Spectrum with Sampling
Frequency Not Equal to a Multiple of the Input Fraquency and
Different to Figure 5.13

5.2 ‘heoretical Reswlts for Two and Three Blt Quantisers

The theoretlical results for a two bit and three bit guantized
sinewave are shown overleaf, and again it may be seen that the
gquantizing error spectrum is not white., There are definite

"gpurs" or harmonics, only their level is significantly lower,.
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In orxder to take a much more complicated input signal, a 50nms
pulse modulated, linear fregquency modulated sinewave (LFMsW) was
used. The start frequency was 1kHz and the stop frequency was
5kHz. Appropriate FFT analysis was done on the signal. Three bit
quantization yielded an approximately white quantizing error
spectrum, as expected, and as predicted by the references to
coarse quantization effects. Even with twe bit quantization, the
error spectrum is approximately white, although it i= possible to
distinguish some ripple in the spectrum. Looking at the one bit
quantization case in Figure 5.19%, the harmonic effects start to
become clearer again, resulting in steps in the output error

spectrun.
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Figure 5.17 Sampled and Three Bit Quaritised LEFMSW
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5.3 summazy

From the theoretical predi . .ions and the measured results
illustrated above, it may be categorically stated that the
quantizing error spectrum is definitely notr white under all
circumstances. Further, depending on the coarseness of the
gquantization, and the complexity of the input signal, it is
possible for the quantizing noise toc be highly correlated with
the input signal. This observation has also been made by Widrow
{1956}, Sripad and Snyder (1977) and others, and has been clearly
illustrated above, both theoretically and by measurement. The
foldback effact of the sampling process on coarsely gquantised

spectra was also clearly illustrated by measurement.
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[ CONCLUBIONS AND RECOMMEND?XTIONB
6.1 Discussion

A brief description of the principles of operation ¢of a DRFM have
been covered, together with the speclific technological problems
involved in the digitisation of radio frequency and microwave
signals with sufficient accuracy. The problems of coarse
quancisation and aliasing have been cohsidered, since these two
@ffects are amongst the major lssues that affent the performance

and implementation of a DRFM.

To this end, a detalled investigation of the literature was
carried out, in order to look at the specific problem of sampling
theory and practice. The aim of this was to see if there are any
special technigues available that might lend themselves to
implementation in a DRFM., Lowpass, bandpass and nulti-channel
sanpling were investigated. Multi-channel sampling, by means of
gquadrature or more channels allows significant bandwidth
reductions tu be implemented. This reduces the sampling rate

requirements.

The theory of gquantisation was studied, although little was found
to have been said on the subject of coarse quantisation,
especially in gquantitative terms. Johnston's (1984) approach was
exploited to further the understanding of guantisation and
sampling effects and to separate these two effects. Quantisation

noise spectra may be generated by means of this technigue
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(Equation G3), with sampling effects introduced later.

The FFT was also explolted to generate spectra for signals that
are guantised and sampled, without the need for separating the
two effects. Quantisation effects were modeled and software was
written to generate spectra, initially only for one bit
gquantisation, but later this was extended to N bits.

The link between the Fourier analysis approcach of harmonic
generatioi. and the general quantisation theory was obtained, as

also suggested by other researchers from the literature survey.

The effect of signal input level, rglative to the guantiser
dynamic¢ range was also investigated in terms of the maximum
spurious signal level generated, and the total quantising noise
power, for varying degrees of quantisation accuracy. Theoretical
results, using the coarse guantisation approach of harmonic
summation éorrelated with the results of generalised quantisation
theory., Correlation was reasonable for the three bit case and

improved to nearly 100% correlation for the six kit case.

Measurements were made on a one bit DRFM emuiator, and the
gpectra wera photographed on a spectrum analyser display. These
were compared to the theoretical results and were found to

compare well.

6.2 Concluslona

Following from the studies on sampling and gquantisation in
Chapters Two and Three, which specifically looked at technicgues
for bandwidth reduction, or sampling rate reduction, by means of
multi-channel processing and bandpass sampling, it was concluded

that the most critical part of a DRFM that affects the signal
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fidelity at its output, is the A/D and D/A conversion process

within the memory module.

The quantisation process in the A/D and D/A conversion procass is
coarse, and this is due to the current technological limitations
of producing multi-bit Gigahertz sampling rate A/D and D/a

cConvercers.

There is no doubt that in the ~future, this problem will be
resolved. Howaver, looking bhack historically at the evolution of
these converters, it will be seen that they developed from a
Tfew" bits with each new technolegy, as 1t c¢ame into being.
Whereas then, we were striving for kilohertz sampling rates, now
we are striving for Gigahertz sampling rates. In the future, it
is 1likely that this will be pushed to tens and hundredz of
Gig=aartz, or even higher, with technoleogy of the future. Thus
the approaches vutlined in this dissertation should be applicakle

for the yesars ahead.

The commutative nature of the sampling and gquantisation
processes, as satated by Jayant and Noll (1984), was praoved,
Together with Johnston's (1984) approach for generating the
spectra of one bit Jguantised signals, this technlque was
exploited to produce the spectra of sampled and quantised
signals. Sinusoids and pulse modulated sinusoids were used for
this analysis, due to tleir ease of reproduction for test
purposes. ‘This technique (Equation G3) allows the separation of
the effects of gquantisation and sampling. It was shown that
because guantisation is a non-linear process, iﬁ generates
harmonics of the input signal. This effectively resuvlts in
spectral spreading. The FPFT was also used to generate combined

sampled and quantisad spectra.
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The above technique was extended to N bit guantisers (Equation
M3) and it was shown that the spectra still contain harmonics. By
adding the power in these harmonics, it is possible to obtain the
total guantisation noise power, which correlates with the
generalised statistical approach from three bits upwards. The

results ars nearly identlcal for six bit guantisation.

It was concluded that the generaligsed approach is incapable of
predicting the guantisation noise power accurately for less than
gix bits, and even less so, the quantisation noise spectra. As
the number of bits and quantisation levels decreases, so the
variation in the quantised signal decreases from sample to
sample. The implication of this sample to sample signal
correlation is that the error from sample to sample is no longer
random, resulting in coloured guantlsation noise spectra. This
effaect is accentuated as the sampling frequency is increased, as

also .ound by Claasen and Jongepier (1981).

Spectra weras calculated for up to three bits for sinusolds and
linearly frequency modulatad sinusoids. Measurements were made on
a one bit quantiser and these verify the theoretical predictions

for einusoids.

Summarising, the Fourier Transform or FFT technigques offer a
different appreach to the generation of quantisation noise. These
nethods allow for a better understanding of the processes by
which quantisation noise is generated. This 1s especially so
because it is possible to separate the effects of sampling and
quantisation and to generate spectra by one or both. techniques,
even for very coarse gquantisation, without assumptions about the

gquantisation erxror statistics.
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6.3 Recommendations for Futurs Work

Future work is recuired to wverify the spectra predicted by the
multi-bit theoxy. This entails building a multi-hit back teo back
A/D and D/A block, so that the input signal level can be varied
from the bottom to the top ends of the quantiser's dynamic range,
while observing the spectrum oh a spectrum analyser. More
complicated signals should also be evaluated wiivs the one bit

gquantiser.
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APPENDIX &

FINITE APERTURE WIDTH SAMPLING

With sample and hold type sanpling, the sampled waveform is given
by:

% (t) =5 s (kTg)p(E~KkTg)

=[P (£) 1#[E % (KTg) & (£-kTg) ] (81)

where p(t) is a flat-topped pulse of duration 7, Shanmugam (1979).
By taking Fourier Transforms, it follows that:
xs(f)=P(f)x5(f)=P(f)[fs.ﬁx(f-nfs)] (A2}

where P(f) 1is the Fourier transform of vo(t) and Xs (%) is the
Fourier transform of the ideal sampled waveform as given in 2.1,
Shanmugam(1979). P(f) is a =inc function, defined by the Fourler
transform of a single pulse of width ~ fThis type of sampling
leads to distortion in the message hand.

An alternative derivation for use with natural sampling, which
does not result in flat-topped samples as in the above case,
makes use of the Fourier seies equivalent of a perledic pulse

train. If k(t) is the sampling pulse train given by:

k(t)=§Knexp(jnwst), wo=21/Tg (A3)
then:

Kp=1/{mn) .sin(nnr/Tg}, r=pulsewlidth

=27/Ty Sa(nmT/Ty) . (A4)

The sampled waveform is then:
gg{t)=g(t)k(t)
=g(t).§Knaxp(jnwst)

=ZKng (t)exp (nwgt) (25)

Hence:

Gg(w)=§KnG(w~nws) (A6)
2l
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APPENDIX B

TRUNCATION ERROR

There are three approaches to this problem reviewed by Jerri

(1977), namely:

a.) If £(t) is a bandlimited function given by:
f(t)afﬁaaxp(jwt)F(w)dw

=§f(nﬂ/a).sin(at—nw)/(at-nﬂ) (B1)}
ep=truncation erxor=f(t)-fy(t) (B2)

where fg(t) is the partial sum considering only 2N+l terms of the
infinite sampling series.

Therefore eT=| f(nr/a).sin{at~n7w})/(at-nm)

b H
n|>N
This is bounded as:

leq(t) |</3/7 . E|sin(rt/st]./(Tst/ (T2-£2) ) (B3)

for -TStsT

§t<1/W

W=highest freguency of £ (t)

& E=total finite energy carried by f(tjﬂffwlF(Wledw

b.} If fN(t)=§§gf(n/2W).sin(2Wﬁt~nﬂ)/(2th—nw) and 0<N<w®, where a
above is given by a=27W, K is an integer such that
2WE-1/22K(t)S2Wt+1/2 and N is a fixed integer, then ep(t)~->0 as
N-->m if £(t) is bandlimited to a=27W.

Considexring a bandlimit rW<W with 0<r<l, an improvement on the
bound for the truncation error is obtained:

| € (%) | 24/ (12N (1-1) )=4M/ (n2Nq) for —w<t<ow . (B4)

and Me=max|f(t)| for all t, g=1-r. Similarly ep<4M|sin2nWt|/{mNq)

¢.) If £(t) is approximated by an asymmetrical partial sum:
K=N )
fN(l),N(Q)(t)=K§Nif(n/éW)-Sin(2Ww-nw}/(2Wﬂ-nw) (B5)
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then the bound on the truncation error is:

|em(t) [S2M/ (n2 (1=x) ). (1/N +1/N,)  for ~w<t<m (B6)
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APPENDIX C
SAMPLING OF RANDOM LOWPASS FROCESSES

The mean-square value of the error function was shown to have the

form:

Ele? (&) ]=8[ (¥ (t)-X' (t)}2] (¢.f. Equation 2.5)  (Cl)

and hence:

Efe? (t) J=E[ (X(t)~FX(kTg) Sa( (1/Tg) (t-kTg) })%]

qux(O)—ZE[X(t)EX(kTs)Sa{(ﬂ/TS)(t-kTs)}] (c2)
+E[§EX(jTS)X(kTs)Sa{(W/Ts)(t“st)}Sai(ﬂ/Ts)(t”kTs)}]

By interchanging the order of expectation and summation, one

obtains:

E[ez(t)]=Rxx(0)—2ERxx(t—kTS)Sa{(ﬂ/TE)(t—kTs)} (C3)
+§Sa{(w/ws)(t—jms)}Enxx(jms-kms\Sa{(w/Ts)(t—kms)}

However R,.(.) 1is a deterministi¢ bandlimited function with a

non-zero PSD for |w|swg only. The second term in the above
equation is 2R, (0), because R,,{t-kT4)=R,. (kT4 -t} and also
because a time~shifted function x(t-a) can be reconstructed from
its time-shifted samples x(kT -a). Now, by applying the sampling
theorem twice to the third texrm in the above equation, it will be
found that this is equivalent to R, (t-t)=R,. (0). Therefora

Efe? (t) ]=02=0. (c.f. Eguation 2.5) (C4)

The akove proof is not strictly rigorous because the error
function is zero at specific instants, namely the sampling
ingtants kTg. Thus (e(t)) is not in fact wide-sense statlonary,
but these points are a set of zero probability and will therefore

not affect the expectation, Jayant & Noll (1984).
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APPENDIX D
THEORY AND ILLUSTRATION OF BANDPASS SAMPLING

Consider a lowpass signal £ (t) with a bandwidth W;. Also assune
that thls signal modulates a sinusoid cos(w,t). Hence we have a
bandpass signal centered on wmwlf This bandpass signal has a

bandwidth W=2W,. The sampling waveform is given by:

Prp(t) “ﬁPnex]? (Jnwgt) (D1)

The sampled waveform is given by:

£ (t)=E (L) ppi{t)

=fm(t)coa(wlt)anexp(jnwot) _ (D2}
Taking FPourier transforms:

Fs(w)=§Pn.{F.T.} {fm(t)cos(wlt)exp(jnwot)} {D3)

where the operation (F.T.) denotes taking Fourier transforms.

Now:
F(w)m{F.T.}{fm(t)cos(wlt)}ﬂljz.[Fm(w+w1)+Fm(w—wl)] (D4)
and:

Fs{w)=§Pn.{F.T.}{f(t)exp(jnwot)}

=ZPpF (W1 ) (D8)
where:

£(t)=£, (t) cos (w, t) (D6)
Therefore:

FS{w)ﬂan/z[Fm(w~w1~nw0)+Fm(w+w1—nw0)] (D7)

This process is illustrated in Figure D1 overleaf. The conditions
for avolding =aliasing must now be established. By drawing a
series of pictures for various conditions, it is possible to
establish bounds on the sampling rate requirements. Figures D2 to
D5 illustrate some specific situations. From these 1t is nonsible
to establish the results of Figure 2,3, thus clarifying

Shanmugam's (1979) statement on the restrictions associated with
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bandpass sampling. Note that as W increases, so the replicas
spread out and pass through the fundamental baseband signal, as

illustrated.
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APPENDIX E

QUANTISATION NOISH

Consider a random process X(t) at the input to a quantizer as
shown in Figure El be.ow. The signal is sampled at intervals Tg
satisfying the conditions of Nyquist and results in X(kT;). The
gquantizer guantizes the signal to 1 of Q allowable levels
according to a rule, as in Figure El, namely My My Mzeeereealg.
Hence Xq(kT3)==mi if Xi-18X (kT )<xy and xg=-w; X, Thus
xq(t}=xq(k'l's) for kT <t<(k+1)Tgz. Now, Sq/quoutput signal to

quantizing neoise power ratio and is given by:

E[XZ (K0g) )/E{ (X (Tg) =X (KTg) }2) ' (E1)
=B[XZ1/E[ (X~Xg) 2] (E2)
KO e e e e e i  t  — — — —
"y e

b3 T S /4 ____________

Mg
[ S R L. e
mMz

.
« sompied and guantised
6pr——— ke ol T signal
M input signal
Xg bt e e e e e — P,
My —
Hh fo— — o o i e e e e N
b(a L e e e ] e e e e e -
My
X2 _._7/ _________________________
Mp # ossumgs somple & hold
g
%1 ] ] 1 | { 1 ] ] +

0 T, 2T 3% 47, 57 &1, 773 8T

Figure Bl Illustration of the Quantization Process

Taking a uniform quantizer now with step sizes=4, @ levels of
quantization and a signal X with dynamic range b-a, then:

A=(b-2)/Q (£3)
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ok

xy=ati A (E4)
and mi--(xi_l'l'xi)/z' i“l,Z...-.-Q (Es)
Therefore:

= . 2
N%f“xx@ ]
=Ia(x—xq)2px(x)dx

= Xi a2
imlfxi_l (x-m;) 2. 2py (X) & (E6)
vhere xg=a, Xg=b=xg+Q , xy=atld and mi=a+ia-a/2

Now:

—mr?

squ[xq]

[Py 2

Iaxqpx(x)dx

=% [¥L 42

élfxi_l‘“l Py (%) dx (E7)

Also, it follows that py(x)=k over the interval [~a;a], where

k=1/2a, since I?apx(x}dx=l.

By evaluating the above integrals, 1t is a simple procedure to
show that Nq=32/12 and sq;(QZ-lyalez. Hence, the signal-to-

gquantizing noise power ratio is Sq/Nq=Q2—l, Shanmugam (1979).

-
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APPENDIX F
THE COMMUTATIVE NATURE OF SAMPLING AND QUANTISATION

In general, ideal impulse sampling theory has ss(t)=§§(t-kms) as

the impulse sampling function.

If a function x(t) is sampled, then the resulting function is
Xg (t) glven by:

x5 (£) =x(t) B8 (£=kTg)

=Ex(kTs)8(t—kTs) (F1)

and the spectrum will be:

xs(f)=f5§xcf—nfa) _ (F2)

Considering the case of one bit quantization, the guantized
sign~ X,(t) (if guantization occurs before sampling), iz given
by:

xq(t)=sgn{x(t)}. (F3)

If this signal is then sampled by an impulse traln, the result
im:

xqstt)qu{tj.ss(t)

=g (t) . T8 (t~KTg)

=sgn{x(t)}.ﬁ8(t—kT5)

=Esgn(x(kTg) ) . § (t=kTg) (F4)
because of the properties of the Dirac-delta functilon. Similarly
Xg (t) was shown to be:

x5 () =Ex (KTg) + 8 (£-%Tg) (F5)

Now quantising the sampled signal at each of the sampling points,
results in:

xsq(t}=§sgn(x(kTE).8(t~kTS)} (F6)
Again, because of the properties of the Dirac~delta function:

%5 (£)=Fogn (X (KTg) ) - § (£-KTy) (F7)
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wihlch as seen from Equation F4, is equivalent to xqs(t). Thus for
the one kit quantisation case, it may be seen that sampling and
quant'isation are conmutative, as stated for the general case by

Jayant and Noll {1984).

Likewise, the spectra of the two functions may be determined as

follows:

qu(f)=xq(f)*ss(f) [=x5q(f) because the impulse train jis not
quantisable in amplitude], where:

S5 (£)=fgF8 (£~nty) (F8)
Therafora:

Xgs (£) =R (£) ¥£o6 (£-nEy)

=fsﬁxq(f-nfs) hy the properties of the Dirac~delta function.

This eqguivalence, is illustrated graphically in Figure Fi
overleaf, In the caze of the most basic form of the DRFM, a one
bit A/D conversion process 1s used, however the above analysis
may easlly be extended to the N bit case, as illustrated in
Figure Fl. The above analysis 1ls clearly wvalid for the case of
ideal impulse samnpling and the properties associated with the
Dirac-delta function. No attempt has been made to consider this

analysis with a sampling pulse train.

The above one bit analysis may be extended to the general case as
shown below. With quantisation followed by sampling:
xqs(t)=xq(t).55(t)

=X (£) . B8 (£-KTy)

=_xq(kTS).5(t—kTs) (F9)

Wwith quantisation preceded by sampling:
X5 (E)=R{X (KTg) 8 (E-KTg) ) (F10)
where "g" denotes the gquantisatlon process. Since the Dirac-delta
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function cannot be cuantised:
g (€)=Pxg (KTg) - & (E=kTg) (F11)

which as before lsz equivalent to xqs(t) (Bquation F9) above.
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s N ey = N =2
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My L
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F'|3.
Ma L
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¥ impulse sampling is assumed

Figure FL Commutative Properties of 3ampling and Quantisation
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APPENDIX G

ANALYSIS OF THE FMEW SPECTRUM

* X X x

N3 N
4 o ot o i e [
0 e

ty [tz 3 13 tha WA [t !
-1 N B B

Y %3 X

Figure G1 Time Representation of the FMSW Spectrum - Johnston
(1984)

Consider tha FUSW signal illustrated in Pigure G1 above. The
signal 1s represented by a series of rectangular pulses of
amplitude %1, Each of these pulses may be described as follows:!
s(t)=x, tp<at<=t, 4 X e[~17+1] (G1)

11='0,1,2,---..-N-1

Hence the total signal may be represented as:

8 (t) =0 e, | T (62)
rl

The spectrum of this signal is now obtained by taking Fouriar
transforms, thus:

5 (W)= Bty It“+1exp( jwrt) at
=UET (s, /40) ( (840 (W g ) =8I0 (Wty) )45 (OB (W g ) oS (Wty)) ) (G3)

Ecquation G3 yields itself readily to computer implementation.
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APPENDIX H

SOPTWARE LISTINGS FOR COMPUTATION OF THE FMSW SPECTRUM
1 'TMSW

10

&0
i1
79
80
90

REM this program censiders l-bit digically generated signals
REM ref., j.a. Johnston;proec, ilee,pt f,mo. 4,july 1284
P1=3,141593

DIM T(1500),F(1000),X(1500),5M(1000), TERMR (1500) , TERME (1500)
INBUT "ENTER £1,f2,pw,no. of points,fpl,£fpl?*,FL,F2, FW,RP,FPLl,FP2
IF NP>1000 THEN PRINT "np>l000-txy againll!‘

IF ¥P>1000 THEN GOTO 40

GOSUB 1000

GOSUB 2000

GOSUB 4000

GOSUB 3000

STOF

END

100 !

110 ¢!

1000 'this subroutine svaluatas t(n),%x(n)
1010 N=2#PWk((F24F1)/2)

1011 N=CINT{N)

1020 IF N<=1500 THEN 1040

1030 PRINT *n>1500%";:STOP:END

1031 PRINT N

1040 K=(F2-F1)/PYW

1041 flprint n

1050 FOR I=0 TO N

1060 IF R<>0 THEN T(I)=(-FL+SQR(FL*2+K*T))/K ELSE T(I)=1/2/Fl
1070 NEXT I

1080 FOR I=0 TO N-1

1090 X(I)=SGN(SIN((2¥PI¥FL+PI¥*K/2%(T(I)+T{I+1)))*(T(I)+T(I+1)}/2))
1091 'lprint 4,e{l),x(1)

1100 NEXT T

1110 RETURN

1120 ¢

1130 ¢

2000 'this subvoutine evaluates s(f)

2010 FOR J=0 TO NP

2011 PRINT J

2020 F(J)=J#(#P2.-FP1l) /NP+FFPL

2021 1F F{1)<>0 THEN 2030

2022 sM{I)=0:F(J)=0

2023 GoTC 2110

2030 SUMREAL=0:SUMIMAG=0

2040 WOR I=0 TO N-1

2050 TERMR(T)=X(L)/(2*PI*F(J))*(SIN(2#PT*F(JI)}*T(I+1)) ~SIN(2*PI*F(II*T(I)))
2060 SUMREAL~SUMREATATERMR(I)

2070 TERMI(I)=X{I)/(2%BI%F(J))*(COS(2¥PI*F(J)*T(I+1))-COS(2*PI*F(J)*T¢1))})
2080 SUMIMAG=SUMIMAGHTERMI(I)

2081 !lprint i,termr(i),termi(i)

2090 NEXT I

2100 SM(J)=SQR(SUMREAL"24-SUMTMAG"2)

2101 tlprint sumreal,sumimag,sm(})

2110 NEXT J

2120 METURN

2130

2140 ¢!
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3000
3010
3020
3030
3040
3050
3060
3070
3080
3090
3091
3092
3093
3094
3095
3100
3ilo
3120
4000
4010
4020
4030
4040
4050
4060
4070
4080
4090

'plot routine

CLs

SCREEN 3:SCREEN 2:'high-ves. graphlcs-640X200 pixels

COLOR. 7:'black om white

VIEW (20,10)-(600,180),,1:'defines graphics area with border
CLS

WINDOW (FPL,9)-(FP2,L)

FOR J=0 TO NP-1

LINE (F(J),SM(IY)-(F+L), SM(T+L))
NEXT J

DF=FP2-FPL

FOR J1=0 TO 1 STEP .1

LINE (JL*DF+FP1,0)~ (J1#DF+FP1,.01)
LINE (FPL,J1)-(.0L#DF+FPL,J1)
NEXT J1

RETURN

]

[}

"this subroutine normalizes the output data to lia between [-1,1]
SMAX=0

FOR J=0 TO NP

IF SM(J)>SMAX THEN SMAX=SM(J)

NEXT J

tlprint smax

FOR J=0 TO NP

SM{J)=8M{J) /sMAX

NEXT J

RETURN
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APPENDIX I

ANALYSIS OF THE ERROR SPECTRUM OF A ONE BIT DIGITALLY SYNThKESISEL

SIGNAL

Flgure Il below shows the four possible types of error associated
with time quantization of a signal that is digitally synthesized

by means of a one bit process.

o - +]
nat | t |
~ l Nt
i o t
1 ! n -1 |nM
e, At a, At
2 B o—— =
J 2 _J
[ d
d tn of "'[ .
0 Q [
1 I
C 4 nat 1 Al ta N
¢, &t enAt
0 o +2 '_{.{—
I oL ||

Figure Il Time Quantization Errors in Digital Signal Synthesis -

Johnston (1984)

The error signal may be represented by a series of pulses of
amplitude 2, depending on the exact . relative timing of the
desired zero-crossings and the closest integral multiple of the
timing guantization interval. The width of these pulses varies
from ¢ to ét/2., The typical error signal may thus be represented
as follows (c.f. Figure I2):

Ne1  Epbe St "
a(t)ﬁnglenltn i enel=-21+2] ;5 epe[~ii+}] (11}
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Similar to the baseband signal, taking Fourier Transforms ¢ives:

N=1 tn'l'ﬁnst
E(w)=n§len. £y

which after manipulation gives:

exp{~-jwt)dt

B (w)=:§i(en/w) ( (sin(w(t e §t))-sin(wt,) (12)

+j (cos (w(t,+te,8t) ) —cos(wt,)) )

G4t €, At
L) b B _'*l‘"
trl lml tnd
0 N [
Ilmz /ru&
-2
- — + — —3—
e it a4l g, adt

Figqure I2 Typlcal Erxrror Signal - Johnston (1984)
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APPENDIX J

SOFTWARE LISTING YOR SPACTRUM AND ERROR OF A DIGITALLY

SYNTEESISED SIGNAL

1 'FMSW2

10 REM this program considerxs Ll-bit digitally generated sipg.als

20 REM ref, j.a. johnston;proc. lee,pt f,no. 4,july 1984 "FMSW2"

21 P1=3.141593

30 DIM T(L500),F(1000),X(1500),8M(1000),TE(1500),E(1500) ,EM(1000),STM(1000)
40 INPUT "ENTER £1,£2,pw,no. of points,fpl,fp2?",Fl,F2,PW,NP,FPL,FP2

41 IF NP>L000 THEN PRINT "np>l000-try againl!l®

42 IF NP>1000 THEN GOTO 40

43 INFUT "DO YOU WANT AN ERROR SPECTRUM AS WELL-Y/N?*,Al$

44 IF Al$="N" THEN 50

45
4.
50

50

IF Al$="Y" THEN INPUT "ENTER CLOGK FREQUENCY,FC?",FC
TF ALS<>"Y" THEN 43

Gu.UB 1000

IF Alg="Y" THEN COSUB 5000

GOSUB 2000

GOSUB 4000

INPUT "WHICH PLOT DN YOU WANT,SIGNAL(1l),ERROR(2),TOTAL(3),END(4)?",Al
IF Al>4 TBEN 62

IF Al=4 THEN 80

INPUT "DO YOU WANT A LINEAR(1) OR LOG(2) PLOT?",A2
IF A2>2 THEN 65

IF A2~1 THEN GOSUB 3000

IF AZ=2 THEN GOSUR 7000

GOTO 62

SICP

END

100 ?

110 '

1000 ‘this subroutine evaluates t(iu),x{n)

1010 N=2¥PWx((F2+FL)/2)

1011 N=CINT(N)

1020 IF N<=15Q00 TLEFN 1040

1030 PRINT "un>1501" STOP:END

1031 PRINT N

1040 K=(F2-F1)/PW

1041 'lprint n

1050 FOR I=0 TO N

1060 P K<>0 THEN T(I)=(-FL+SQR(FL"24K*I))/K ELSE T(I}=~I/2/FL
1070 NEXT I

1080 FOR. I=0 TQ N-l

1090 X(1)=SGN(SIN({2%PI*FL+PI*K/2%(T(I)+T(I+1)) )% (T(I)+T(I+1))/2))
1091 tiprint 4,t(i) ,x(L)

1100 NEXT I

1110 RETURN

1120 ¢

1130 '

2000 ‘this subroutine evaluates S(f) & accesses subroutine that evals, E(f)
2010 POR, J=0 TO NP

2011 PRINT J

2020 F(J)=J%({FP2-FPLl) /NP+FPL

2021 IF F{J)<>0 THEN 2030

2022 SM{J)=0:F(1)=0:EM({J)=0:STM{J)=0

2023 GOTI0 2110

2030 SUMREAL~Q:SUMIMAG=0:SUMEREAL=Q; SUMEIMAG=0
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2040 FOR I=0 TC N-1

2050 TERMRFX(I)/(Z*PI*F(J))*(SIN(2*PI*F(J)*T(I+1))-SIN(Z*PI*F(J)*T(I)))
2060 SUMEEAI-SUMREAL+TERMR

2070 TERHInX(I)/(2*PI*F(J))*(GOS(Z*PI*F(J)*T(I+1))—COS(z*PI*F(J)*T(I)))
2080 SUMIMAG=SUMIMAG+TERMI

2081 IF Al$="Y" THEN GOSUB 6000

2082 ‘lprint i,termr,termi

2090 NEXT I

2100 SM(J)=SQR(SUMREAL"2+SUMIMAG"2)

2101 TF Al$="Y" THEN EM(J)=SQR(SUMERE&L“2+SUMEIMAG“2)

2192 IF Al$="Y" THEN STM(J)=SQR((SUMEREAL+SUMREAL)"2+(. UMEIMAG+SUMIMAG)"2)
2103 ‘lprint sumreal,sumimag,sm(]j)

2110 WEXT J

2120 RETURN

2130 ¢

2140 ¢

3000 'linear plot routine

3010 CLs

3020 SCREEN 3:SCREEN 2:'high-res. graphics-640X200 pixels
3030 COLOR 7:'hlack on white

3040 VIEW (20,10)-(600,180),,L1:'dsafines graphles area with border
3050 CLS )
3060 WINDOW (FPL1,0)-(FPZ2,1)

307C FOR J=0 TO NP-1

3071 ON AL GOTO 3072,3074,3076

3072 Y0=8M(J) !Y1=8M(I+1)

3073 GOTO 308C

3074 YO=EM(J) :Y1=EM(J+L1)

3075 GOTO 3080

3076 YO=STM{I):Y1=8TM(JI+1)

3080 LINE (F{J),¥0)-(F{I+L),YL)

3090 NEXT J

3091 DF=FP2.FP]

3092 FOR J1=0 TO 1 STEP .1l

3093 LINE (J1¥DF+FPL,0)- (J1ADF+FPL,,01)

3094 LINE (FPL,J1)-(.0Ll%DF+FFL,J1)

3095 NEYT J1

3100 RETURN

3110 ¢

3120 ¢

4000 'this subroutine normalizes the output data to lle between [-1,1]
4010 SMAX~D

4020 FOR J=0 TO NP

4030 IF SM{J)>BMAX THEN SMAX=8M(J)

4040 NEXT J

4050 'lprint smax

4060 FOR J=0 TO NP

4070 SM{J)=8M(J)/SMAX

4071 TIF Al$="Y" THEN STM(J)=STM{J)/SMAX

4072 TF Al$="Y" THEN EM(J)=EM(J)/SMAX

4080 NEXT J

4090 RETURN
.5000 !this subroutine evaluates e(n) and te(n)
5001 DT=1/FC

5010 FOR I=1 TO NP-1

5020 A=T(1)/DT

5030 M=CINT(A)

5040 TE(I)=M*DT-T(I)

5050 IF TE(IL)>=0 THEN 5080

5060 IF X{I)=1 THEN E({IL)=2

5061 IF X(I)=-1 THEN E(I)=-2

5070 GOTCQ 5090
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5080
5081
5090
5100
6000
6010
6020
6030
6040
6050
6060

IF X(I)=1l THEN E(I)~-2

IF X(I}=1 THEN E(I)=2

NEAT I

RETURN

'this subroutine evaluates E(f)

IF I=0 THEN RETURN

TERMER=E(I)/(2*EI*F(J))*(SIN(Z*PI*F(J)*(T(I)+TE(1))) -SIN(2*PI*F(J)*T(I)))
SUMEREAL~SUMEREAL+TERMER _ _
TERHEIuE(I)/(Z*PI*F(J))*(GOS(2*PI*F(J)*(T(I)+TE(I)))-COS(Z*PI*F(J)*T(I)))
SUMEIMAG=-SUMEIMAGHTERMET

6070 '

6080
7000
7010
7020
7030
7040
7050
7060
7061
7070
7071
7072
7073
7074
7073
7076
7077
7080
7090
7091
7092
7093
7094
7095
7096
7097
7100

RETURN

]

rdB plot routine

CLS

SCREEN 3:SCREEN 2

COLOR 7

VIEW (20,10)-({600,180),,1
CLS

WINDOW (FP1,-50)-(FP2,10):'60dB DYNAMIC RANGE
L10=L0G(10)

FOR J=0 TO NP-1

ON AL GOTO 7072,7074,7076

IF SM(J)=0 THEN Y¥0=-100 ELSE Y(0=20%LOG(SM(J)}/L10

IF SM{J+1)=C THEN Y1l=-100:G0T0 7080 ELSE YL=20%LOG(SM(J+1))/L10:GOTO 7080
IF EM(J)=0 THEN Y0=-100 ELSE Y0=20+LOG(EM(J))/L1O

IF EM(J+1)=0 THEN Y1=-100:G0TO 7080 ELSE Y1=20%LOG(EM(J+1))/L1l0:G0TO 7080
IF S8TM(J)=0 THEN Y0w-100 ELSE Y¥0=2(+LOG(STM(J))/L10

IF STM(J+1)=0 THEN Yl=-100 ELSE Y1l=Z0%LOG{STM(J+1))/L10

LINE (F(J),Y0)-{F(J+1),Y1)

NEXT J

DFw-FP2-FPL

FOR J1=0 TO 1 STEP .1

LINE(J1*DF4FPL, -50) - (JLSDF+FPL, -49)

NEXT J1

FOR J3~-5C TO 10 STEP 5

LINE (FP1,J1)-(.0l%DF+FPL,J1)

NEXT JL

RETURN

7110 !

7120

L
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APPENDIX K

BOFTWARE LISTING FOR GENERATICN OF ALIASED QUANTISATION ERROR FOR

N BIT QUANTISATION

*DRFM2
! this program considexs N hit digitally SAMPLED signals
' ref, j.a. johnstoniproa. les,pt £,mo., &,july 1584 "DRFM2"

*SOFIWARE AUTHOR.R,Z.BIL

'VERSION 2.1 (19483)
 dedeieiedeleesedelnrinieiodieieedelok ekl otk ookl i ke kR Aok ek ikl dridedede kdedrelelesrdbronehek desededekoded
'MAIN PROGRAM

Pl=3,141593:A3~0
DIM T{13000),F(1000),%{13000),5M(1000} ,EM(1000) ,STH(1000)
DIM STMAG(1000) ,SREAL(1000),GQ(1024) M{1024)
10 INPUT "ENTER NO. OF PLOT POINTS FOR BASEBAND SPECTRUMY" NP
IF NP>2000 THEN
PRINT "NE>2000-txy againlli®:G0TO 10

ELSE
GOTO 20
END IF
20 PRINT "ENTER BASEBAND SPECTRWS .t - WMGE TO BE CONSIDERED-®
INPUT "LOWER FRLLUENCY IS O B 0 -~ -0
INPUT "ENTER TYPE OU SIGNAL. JAND tzyre, Tl
PRINT "GENERATIMG JUANTIZER"- o QUANT

PRINT "GENERATING ZERO-CHOF3L - 4GS & QUANIIZED VALUES OF X(T)"
ON Tl GOSUB LiIVATIM,LEV.TiM
PRINT *EVALUA" . ' BASEDACT SPRCTRUMY:GOSUB BA “BAND
40 *.PUT “DO YOU WANT AN ALIASING ERROR SPECTRU! « WELL-Y/N?" ALS
v IF Al§="N" THEN
Alm1:PRINT "NORMALIZING DATA®:GOSUR NORMAL:GOTO 30
ELSEIF ALS<>"¥" THEN
GOTO 40
ELSE
DFPw=FP2 /NP
PFRINT "ENTER AN INTEGER VALUE NC SUCH IHAT THE SAMPLING"
PRINT "FREQUENCY=-NSx"iDFP:INEPUT "NS7",NS
FCuNS*DFP: FFOLDmFG/2
'END IF
END IF
PRIKT "EVALUATING ALIASING COMPORENTS™:GOSUB ALIASING
FRINT “"NORMALLZING DATA":GOSUB NORMAL
30 PRINT “WHICH PLOUT? BASEBAND SIGNAL(l),UNALIASED SIGNAL(2),ALIASING"
IRPUT "ERROR(3),TOTAL(A) ,END(5)?",Al
IF Al>S THEN 50
IF Al=5 THEN 60
30 TNFUT "DO YU WANT 4 LINEAR(L) OR LOG(2) FLOT?",A2
IF A2Z>2 THEN 30
IF A2-l THEN GOSUB LINPLOT .
IT A2-2 THEN GOSUB LOGPLOT
GoTO 50
60 *SCREEW 0,0,0 .
80 INPUT "DO YOU WANT A DIFFERENT SAMPLING FREQUENCY,Y/N?*,A2%
IF A2§="N" THEN
GOTO 70
ELSEIF A25<>"Y" THEN
GOTQ BO
ELSE
Al=1:GOTO 90
'END IF
END IF
70 STOR
END

F sespdesent i e sk ekt s e ek o e ek ek e v ek Skl ek sk e sk de sl e ke
! SUBROUTINES
Fiiedeiekddekidoiiekeldekiok ok e kekedokookiok dkorinkdnihek ekl ook doiekidokok b iok dok ok frkieiokedeobnd

*this subroutine svaluatas zars-crossing times for a sinusold or LFM signal
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*N-bit quantization for valuas of signal =(t)

LEVITIN:
110 IF Tl=] THEN INPUT “ENTER FREQUENCY OF SINUSOIDT™,Fl:F2wFl
IF Tl=2 THEN INPUT "ENTER START & STOP FREQUENCIES OF LFM SIGNAL?",Fl,F2
INPUT "ENIER PULSEWIDIH OF PULSE MODULATED SIGNAL?®, 2W
N=2¥EU( (F2+F1) /2)
N=CINT(N) : N¥=(NBIT*{RBIT-1)+1)*H
IF MX<~130G0 THEN
GOTO 100
ELSE
PRINT "NO. OF LEVEL-CROSSINGS EXCEEDS 13000-"
PRINT "REDUCE  PULSEWIDTH OR TREQUENSYI!!":G0TO 110
END IF
100 PRINT I,NX,NRIT
Ke{F2-FL) /20
FOR, J=NLEV/2 TO NLEV-1
KTEMPwSQR(L-Q(J) "2)
QTEMP=((TY /XTEMP : * TAN{'THETA)
THETA=ATH (QTEMP)
NTEMP=J -NLEV/2
FOR I=~0 TO ¥ STEP 2
TLXmT% {NLE+1)-+HNTEHT T aven, +VE CYCLE
BETA=TAPLHIHETA
IF ILX<=NX THEN
IF R<>0 THEN
T{ILX)~(~FL1+SQR(FL* 2+K*BETA/PL) ) /K : X(TLX) =i {J)
ELSE
T{ILX) =BETA/ {2¥PIHFL) tX(ILX) =M T)
END IF
END IF
IF NTEMP~0 THEN 999
TLR=T*{HLX+1) «NTEME: ' aven, -VE CYCLE
BETA~I#PI-THETA
IF ILX<=NX THEN
1IF K0 THEN
T{TLK)ee{ «FL+EQR(FL 2+KBETA/PT) ) /R R{ILX) =M (NLEV /2 -NTEME)
RLSE
T{ILX)=BETA/ (2¥PI*FL) :X( TLX)~M (NLEV/2-NTEMD)
END IR
END IF
999 NEXT I
FOR fwl TO N STEP 2
IF NTEMP~U THEN 1000
TLX=T%{NL¥+1) ~NTEMP:'I odd, +VE CYCLE
BETA=T*FI-THETA
IF TiM<=NX THEN
IF K<D THEN
TILE) e ~FLASQRCFL" 2+RBETA/FL) ) /R X( LX) =M (S -1)
BLSE
F(ILX)~BETA/ (2%PTH#FL) (X (ILK)=H (I 1)
END IF
END IF
1000 ILH=T#(NLEGHL ) NTEME: /T odd, -YE CTOLE
BETA-I+PI+THETA
IF ILX<=NX THEN
1IF K<>0 THEN
T{ILK) = (- FL£SQR{FL " 2HR¥BETA/FT) ) /K X(ILX )= M({NLEV/2-NTEMP - 1)
ELSE
T(ILX)=BETA/ (2%PI¥FL) :X(TLX) w8 (NLBV/2 -HTEMP~1)
END IF
ENDG 1F
NEXT I
NEXT J
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FOR I~0 TO NX
PRINT I,T(1),X(3})
NEXT 1

RETURN

vl Rk dede stttk vt A Rl dededed ettt de e e dededeede ke e el e e e e
tthis subroutine evaluates S{f),THE BASEBAND SPECTRUM CF X(T)

BASEBAND:
FOR J=0 TO NP
PRINT J
FOTY=d% (FPL-FPL) /NE+FEL
iF F(J)<>0 THEN 120
SM{TY=0 1 F(T)=0
GUTD 130
120 SUMREAL=0 : SUMIMAG(
FOR I=0 TO NX-1
TERMEX (1) /(2%PYXP(T) Y (SIN{ 2APEAF (J3*T(T-rL) ) « STN (24PI*#F{IYWE(L)) )
SUMREAL~»SUMREALATERMA
TERMI=X(I)/(2¥DINF(I) )& (CO8 (2AEIHF (JIFT(L+L) ) - COS (24PLHF(II*TCININ)
SUMTMAG=-SUMIMAGHTERMT .
MEXT I
SREAL(J)=SUMREAL: STMAG(J ywSUMIMAG
SM(J)=SQR{ SUMREAL" Z+SUMIMAG"2)
130 MEXT J
RETURN

sk Ao R sk ket Aok St S
flinear plot routine

LINPLOT:
CLS
SCREEN 2:*hipheras. graphlcs-640X200 pixals
VIEW (100,10}-(600,150),,1;:'defines graphics area with border
CLS
IF Al=1 THEN WInWDOW (FPL,0)-(FP2,l)
IF Al<l THEN WINDOW (FPl,0}-{FFOLD,1)
IF Al=l THEM
Kl=NP-1
ELSE
R1=IFOLD
END 1F
FOR J=0 TO K1
ON Al GOTO 140,140,150,160
140 YOmEM(T) ; Y1wSM{T+1) 1 FOuF{I) i FlaP{T+1)
GOT0 170
150 YO=EM(T ) s YT=EM{T+1) : FOwF (J) i FlwF{J+1)
GOTO 170
160 YO=STH(T) ; YLauSTM(J+1)  FO-F(J) t Fl=F(J+1)
170 LINE (FO,¥0)-(FL, Y1}
NEXT J
IF Alwl THEN
DF=FF2-FPL
ELSE
DEwFFOLL«FPL
END IF
FOR J1«0 TO 1 STEP .l
LINE (J1%DF+FPL,0) - {(JL*DF+FPL, .01}
LINE (FPL,JL}-(DP+FPL,J1})
MEXT J1,
RETURN

skt vkt Rohe g kR o Ve e ok S b Atk S e ks el ekttt o e ook
"this aubroutine normalizas the cutput data to lia batween [0,1]
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HORMAL:

180

RETURN

IF A3~=1 THEN 120
SMAX=0
FOR J=0 TO NP
IF SM{J)>8MAX THEN SMAX=-SH({T)
NEXT J
FOR J=0 Tr NP
IF Al=D THEN SM(JY)=8M(J)/SMAR
IF Alfa«Y* THEN STH(J)=STM(J)/SMAX
IF Al3="Y" THEN EM{J)=EM{J}/SMAX
NEXT J

P sbdekdedekkoldriciokdedeeiededriiededededdededele Rk seiiiootded el drdesl et sedesededededede s etk ok s dek sk
‘FOLD~OVER SUBROUTINE : ALIASING

ALIAGING:

190

200

RETURN

IFOLD=NS /2
IMAN~INT (NP/IFOLD)+1
FOR J=0 TO IFOLD
EREALm0: ETMAG=0
FOR I=l TO IMAX STEP 2
J1=TFOLD% (T4+1) -J
IF J1>NP THEN 190
EREAL~EREAL+SREAL(JL) ; EIMAGuETMAGHSIMAG(J1)
NEXT I
FOR I~2 T0 IMAX STEP 2
J1=I*IFOLD+J
IF J1SNP THEN 200
EREALmEREAL+SREAL(JL) | EIMAGwEIMAGH+SIMAG(JL)
MEXT I
EM D) =SOR(EREAL 24K THAG™2)
STH(T)=SQR ( (EREALFSREAL(J) ) * 2+ ( EIMAGH+SIMAG(J) ) *2)
NEXT

Frtesesese ol o driol sl etk s drod ik itk skt e deddriiokoledrir i stk deielide ik
'dB plot routine

LOGPLOT:

210

CLS

SCREEN 2

VIEW (100,10)-(600,150),,1
CLS

IF Al=) THEN WINDOW (FPL,-50)-(FPZ,10):/60d8 DYNAMIC RANGE
IF Al<sl THEN WINDOW (FPL,-50)-(FFOLD,10)
IF Alwl THEN
Ki~tp-1
ELSE
R1~TFOLD
END IF
L10=106¢10)
FOR J=0 TO K1
ON AL GOTO 210,210,220,230
IF SM{J)=0 THEN
Ylan 100 FOF (1)
ELSE
YOu20HTOG(SH(I) ) /LLO: FONF(T)
END IF
IF SM{J+1)=0 THEN
Y1 100 ; FLF(J+1) 1G0TO 240
ELSE
Y1=20#LOG(SH(I+L) ) /LL0: F1mF (J+1) :GOTO 240
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[P PR

220

230

240

RETURN

END IF
IF EM{J)=0 THEN
Y0Om=-100: FO=F{I}
ELSE
Y0=20#LOG(EM(J)) /LL0: FO~F(J)
END IF
IF EM{J+1)=0 THEN
¥1wa100:FL=F(J+1) :6OTQ 240
ELSE
Y1=204L0G (EM{J+1) ) /L10: Fl=F{J+1} :GOTO 240
END . ¥
IF 5TM(J)=0 THEN
Y0=-100: FO=F{J) ,
EL3E
YO=20*LOG{STH{T) ) /LLO: FO=F(J)
END IF
IF STM(J+1)=0 THEN
Y1=-100:Fl=F{J+1}
ELSE
Y1=20%L0OG (STH(I+1) ) /LL10; Fl=F{J+1})
END iF
LINK (FQ,Y0)-(F1,Yl}
NExT J
IF Alwl THEN
DF=FP2-FP1
ELSE
DF=FFOLD-FPL
END IF
FOR Jl-) TO 1 STEP .1
LINE(TL#DEF+EPL, -50) « (TEXDE+FPL, -49)
NEXT J1
FOR Jlm-50 TO 10 STEP 5
LIRE (FP1,J1)-(DF+FPL,JL)
NEXT J1

Fdedededeiiedek deidnbiekd dokfeledoloi R ledeiiok ol ik ke dekekdohdek A el ettt ool dededodedok ook
'QUANTIZATION ROUTINE

QUANT:

RETURN

INPUT “ENTER NUMBER OF BITS (UP TO 10) USED IN QUANTIZER?",RBIT
NLEV=2"NBIT:'NLEV=NO. OF LEVELS,NBIT=NC. OF BITS
FOR Jw=0 TO NLEV
Q(J)==1hI*2/NLEV: PRINT Q(J)
NEXT J '
FOR J=0 TQ NLEV-1
WOT = (Q{I+1)4G4T) ) /2 1 PRINT KD
NEXT J
"N~NO. OF ZERO-CROSSINGS
'NX=NCO., OF LEVLEL CROSSINGS,NLY=NG, OF LEVEL-X BETWEEN (ZERD-X)-1
NI¥=NLEV-2

e it ek sk s ik s s bkl e ek ke vk sk Ak v ok e s ke ik e ek e kb e b e el
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APPEV X L

FOURIER COEFFICIENTS OF A SINGLE TONE INPUT AS 3 FUNCTION OF THE

DEGREE OF QUANTISATION

The development of the expression for the Fourier coefficients is

based on Figure Ll below.

Ly ) . +f‘“\\

L=t

=To /8 =ttt ! tatoty To/2 4
Lnsa ~ -1

L3

La \
L1
Lp -1

Figure L1 Illustration of the Quantization Process

The number of bits for the quantization characteristic i1z given
by R. Hence the number of quantization levels is N=2R. The lowest
level iz -1 and the highest is +1, assuming a cosinusoidal input

as shown. Hence:

The quantized values take on the midpoint values of Q4, if the
signal lies in the range Lj.q to Lj. Thus:
Qq=(Ly+Ly_1)/2 (L2)
The Fourier series coefflclents are given by:
"To/ 2 .
ey l/TQ.I_TD/zf(t) exp (=3nw t)at (L3)
If the input s=signal is a cosinusoid, x(t)=cos(w,t) as shown
above, then w =iw/T . The times at which the sighal crosses from

one quantization interval to the next, may be determined from the

158



e

values Ay, vhere:
akawotk=cos"1(Li)
and:

Q<= =" 727, tk=ak/wo

Thus:

- t1 ot -t3 -
S l/TQ[I_TO/quexp( Jnw,t)dt +I_t1Qzexp( Jnwt)dt

-t3 » [eN-1 -
+I_t2Q33xp( Jawgt)at +eeueees +I_tN_1QNexp( Jnw t) dt

tN=-2 a To/2 s
+th_l Qy-18Xp(~InWot)dt +.o.vu ] g, QuoXR(-Invgt)ae]  (L4)

Now t=T,/2, since a,=r. Therafore:
Cp==1/ (In.27) . [Q {exp(Ina,) =exp(jnw) }+ -
Qs {exp(jna,) -exp(jna,) }+
Qz{exp(jnag)~exp(inaz)}}+.......
+Qu{exp (Inay., ) —exp(=jnay_,) }+
Qy-1 {exp(-dnay. o) ~exp(~jnag ) }+eeeoen.
+Q; {exp (~jnr)~exp(~jna,)}] (L5)

Associating terms in exp(jna,) and exp(-jnay), gives:

cn=—1/(jn.2w).[-1/2R'1].[{exp(jnal)-exp(-jnal)}+ (L6)
{exp(jnay)-exp(-jnaz) }+...0ue. o+ {exp(inay_ ) ~exp(~jnay_ ;) }]

and finally:

cn=1/ (nm.2R°1)  [sin(na;)+sin(nay)+......+sin(nay_4)]1  (L7)

A computer program was written to evaluate ¢, for n=1,2,3,.....99

and R=1 to 10.
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AFPPENDIX M
MULTI-BIT QUANTISATION

Consider a signal s(t)=x, for t,st<t, ., and x,em;. my are the
midpoints of +the quantisation intervals g3, such that

laval crossing instants. Hence:

s(t)— Sl |tn+1

Zy%n (u1)

To f£ind the spectrum of s(t), take the Fourier transform as for

the one bit case, giving:
S{w)= z _[tn"‘lexp (=jwt)dt ' (M2)

=2 c,('mn/w) o [exp(=Jwty 4 ) ~exp(-jwi,)]

wﬁgz(jxn/w).[cos(wtn+l)-jsin(wtn+1)-cos(wtn)+jsin(wtn)]

N3 1(xn/w) [{sin(wtn+1)-sin(wtn)}+j{cos(wtn+1) ~cos (Win) 3]  (M3)

Tni=s is identiecal to Equation G3 for the one bit case, apart from
the fact that now, the X, are elements of the my and the t, are
now the quantisation level crossing instantse, instead of the

zern-crossing instants.
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