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ABSTRACT

The effects of sampling and coarse quantisation on signal

fidelity at the output of a Digital Radio Frequency Memory (DRFM)

memory module have been considered. Fourier analysis on

deterministic signals after quantisation and sampling has been

contrasted and compared to the generalised statistical appzoaoh

of randomly distributed quantisation errors within the quantising

intervals. It has been shown theoretically and by measurement,

that the spectra of coarsely quantised signals contain

quantisat:i.on noLsa that is coloured, as oppos ed ,to whi t:e,

especially if the sample correlation coefficients are high.

Coarse quantisation produces spurs (harmonics) that appear in the

message band eithe): as aliasec1. or unaJ.iased spurs. Harmonic power

summation yielded quant.Lsat.Lcn noise powers that correlated \llel1

with the generalised approach from three bits of quant.LaabLon

upwards, and near identical results for six bits. Spectral

measurements were made on a one bit quantiser and the results

obtained compared favourably with the theoreticCil pzedLc'' tons,

showing the harmohic spurs and the effect of spectral fold-over.
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1 INTRC'DUC'l'ION

The reguireme','lt for coarse guantisation in I:'igi tal Radio

Frequency Memories (DRFMs) originates from the technological

complexities and limitations involved in implementing multi-bit,

extremely high speed (500MHz +) analogue-to-digital (A/D)

and digital-to-analogue (D/A) conversion. The DRFMis hardware

that is able to store "Radio Frequency" (RF) signals digitally

for any Lenqxh of time that is desi.red. The accuracy, or fidelity

with which such a signal may be reproduced at the output of a

DRFMdepends upon numerous factors. These include the number of

quantisation levels in the A/D converter, which affect the nature

and spectrum of the quantisatio, error, and the combined effects

of sampling, which results in aliasing of the quantised spectrum.

.J!

other effects have not been addressed here in any detail, but

will be considered briefly later. rrhe spectra that result from

coarse quantisation, combined with sampling, are of great

importance in DRFMapplications. These spectra were investigated

and have been shown to be contrary to t.he standard quanbi rat Lon

theory of random, white quantisation noise.

The DRFMis used to store and then reproduce RF signals. It is

also used to generate RF signals, or to provide an interface

between the fast RF world and the relatively slow, off-line

digital signal processing and instrumentation worlds. A more

detailed explanation of the DRFM, its applications and its

technological complexities is given below, to provide the roader

1



1 INTRODUCTION

The requirement for coarse quantisation in Digital Radio
Frequency Memories (DRFMS) originates from th~ technological
complexities and limitations involved ~n implementing multi-bit,
extrem(~ly high speed (500MHZ +) analogue-to-digital (A/P)
and digital-to-analogue (D/A) conversion. The DRFM is hardware
that is able to store "Radio Frequency" (RF) signa]s digitally
for any length of time that is desired. The accuracy, or fidelity
with whd ch such a signal may be reproduced at the output of a
DRFM depends upon numerous factors. These include the number of
quantisation levels in the A/D converter, which affect the nature
and spectrum of the quantisation error, and the combined effects
of sampling, which results in aliasing of the quantised spectrum.

other effects have n t been addressed here in any detail, but.
will be considered briefly later. The spectra that result from
cvarse quantisation, combined with sampling, are of great
import~nce in DRFM applications. These spectra were investigated
and have been shown to be contrary to the standard ~lantisation
theory of random, white quantisation noise.

The DRFM is used to store and then reproduce RF signals. It is
also used to generate RF signals, or to provide an intel'face
between the fast RF world and the relatively slow, off-line
digital signal pr.ocessing and instrumentation worlds. A more
detailed explanation of the DRFM, its applications and its
techl"lologicalcomplexities is given bp.low, to provide the reader

1



with an understanding for the source of the problem of coarse
quantisation coupled to high speed sampling.

Thi~ dissertation is concerned with the principles of operation
of the DRFM and not any spec.ific technology. However, it is
because of technological consid~rations that the theory of
operation is .:i.mportant.It will be shown that due to these
technological problems, ,rery coarse quantisation must be used.

101 Bacltgrouna to the Problem - The DRFM

The exact definition of RF in the abbrevia'c.ionDRFM, is somewhat
vague. RF may be anything from a few Megahertz to a few
Gigahertz. The upper end of this range is where the technological
proDlem lies today, and as ~ result is the source of the problem
for this dissertation.

Functional Description of the DRFM

A basic bloc]t diagram of a typical DRFM is shown in Figure 1.1.
It consists of a receiver, a down-conversion stage, a baseband
stage and an up-conversion stage. The purpose of the receiver is
to split the incoming signal(s) into distinct bands, with a
bandwidth corresponding to that of the baseband DRFM, or memory
module. wlth the absolute state of the art this bandwidth borders
on a Gigahertz. More typically though, the bandwidth is currently
of the order of a.few hundred Megahertz.

2
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Once split up into contiguous bands, each band is demodulated by

means of a mixer and a phase-locked local oscillator. The :r:esult

is a baseband of approximately OHz '- FBHz (the memorymodule

bandwidth or message band). At this point the signal enters

the memorymodule and is passed through an AID converter with

one bit, i.e. two quarrtLsat.Lon levels. In some of the later

versions, and depending upon the application, a larger number of

bits have been used. The memorymodule, but ,specifically the

operation of the coarse quantisation AID converter in it, are the

subject of this dissertation.

Assuming that one bit is used, the signal is nowdemultiplexed by

means of an N bit shift register arrangement, t'e~ulting in a

parallel wczd of N bits. The signal is effectively "s1,:)wed

downll, making it more compatible with thp. operating speed of 'Cne.

memorymodule's random access memory(RAM).Clearly, the larger N

is, the slower the clocking rate of the memory. The disadvantage

is, however, that the delay bet\'leen tr,'~ input sLqna), and the

output signal increases, during regeneration. To over-comethis

problem, pe~ipheral circuitry may be required, in order to

maintain a specific minimumdelay between the input and output

signals, if needed for the application. Every N sampling cycles,

the word is latched and then stored in RAM.

Once the bit stream has been read in~~omemoryit remains there to

be read out at any time, altered or unaltered in form, as

desired. During regeneration, the output bit stream from the

memory is converted from parallel to serial form by a shift

register clocked o.t the same rate as the input shift register.

The digitized waveform is then passed through a digital"'analog

(D/A) converter, ideally reSUlting in a baseband signal that i~

identical or suitably modified compared to the input baseband



signal. The distortion in this s;iqnal as a result of coa.rse
guantisation has been addressed in the dissertation that follows.
This si'.;1nalis then up-converted to its o.l:iginalradio-frequency
(RF) by means of a mixer and the same phase-locJced local
oscillator as used for the down-conversion process. Finally, the
va:t'i'~usoutputs from the contiguous' bands are summed, and emitted
or sent to further processors, if necessary.

Technology InvolVed in the DRFM

Wi th bandwidths approaching a Gigahertz I very fast digital
circuits are needed in order to achieve the sampling rates
required in a DRFM. These sp~eds are beyond the capabilities of
TTL or even EeL logic. To solve the problem of Gigahertz sampling
rates, new technology GaAs logic must be used.

GaAs iE'capable of achieving much higher electron mobilities at
significantly lower voltage levels. The propagation delays are
also much lower, typically less than 300ps. GaAs has been shown
to be able to operate at speeds of up to 750MHz without any
problems. Laboratory developments are producing hardware witl1.
speeds of up to 2GHz. This mak~s it possible to transition from
the analogue to the digital world of signal processing at much
higher frequencies, making fully di~ital receivers possible.

Up till now, only broadband DRFMs with one bit quantisation have
been dealt with. This is directly linkeld to the availab.i1.ity of
high speed digital technology. As will be discussed later, the
problem of signal fidelity lies with the coarse quantisers that
are available and the resultant generation of spurious signals.
To reduce the spui-aous signal Love Ls , it is necessary to quantise
the input signal more accurately. GaAs technology makes it

5



possible to achieve this goal to a reasonable degree. Hughes has
demonstrated a 6-bit 750MHz A/O convercion process and by 1989,
was expected '\:.0 have a 10-bit DRFM operating at l,2GHz :"y
quadruplexing four 300MHz channels. The typical cost of a "high-
performance" DRFM was quoted at about $45 000 (Waller, 1986). It
is probable that this has dropped slightly since 1986.

considerat:i.ons in the Design of a DRFM

considering a sine wave input that is conver-ced to a square wave
by means of a D-flip flop or a s~.milar device, it may be seen
that the zero crossings are constrained to occur at integral
sampling clock intervals. 'rhusa digital st.ream of ones and zeros
that is intended to represent the input signal, is a square wave
with an average period (over a few cycles) that differs £rom the
original period. The peak error of this new period has been shown
to be e.=±Ful (Fc.T) by Horowitz & Hill (19~2), where T=me:3.st,rement
gate width, Fc»Fu' Fc=clock frequency and Fu=input frequency.

If the input signal is a radar pulse, then t.l;leesserrtLaL
information, namely frequency, can be recovered using this
technique. Amplitude and pulsewidth are excluded. For more
exacting applications, such as television or digital
oscilloscopes, better amplitude quantisation would be a
r19cessi\:.y.

As stated earlier I there will be a large amount of spectral
distortior~ due to the generatiun of square wave harmonics in a
one bit quantiser. BY adc1ing parallel channels and determining
when the input signal crosses through zero-points relative to a
900 phase-shifted clock, more information is obtained.

6



In the DRFMdescribed in Figure 1.1, it is possible to obtain

increased operating bandwidths by means of multiplexing. A

variation of this is to use in-phase (I) and quadrature (Q)

mixers. This effectively generates two independent samples for

each sampl ing period, as will be shown later. Hence, the

operating bandwidth may be doubled, or alternatively, the

sampling rate requirements halved. Similarly I it is possible to

extend this approach to N parallel channels.

spurious Signal Generation

In some currently available DRPT1'sthe spurious signal level is as

high as -lOdBc, which in most applications is far from ideal. The

basic generators of spurious signals in a DRFMare briefly

covered below for the sake of completeness:

a.) J'..ocal Oscillator Leakage. This is a p:t'actical lind tation as

a restll t of the available technology. The state of the art at

present is about -30dBCfor the up-conversion process.

b.} Image Frequency. Image freguenr.y generation is a direct

function of the I and 0 mixing process. In practice it has been

found to be difficult to achieve better than -30dBC. An exampke

of this is the rE?ll:l.t:tvetiming precisicn that must be achieved

between the I and Q digital memoryoutput~. In order to maintain

image suppression of better than 35dBi the relative timing

precision must be better than two degrees. At a fr'1quency of

200MHzthis corresponds to O.03ns!

c.) Harmonics. Harmonics will be generated due to the imperfect

quantisation. In the limiting case cf single b:l.t quantisation,

square wave harmonics will be obtained.

7
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d.) Aliasing. The problem of aliasing is :related to the sampling
rate and the bandwidth of the input signal. This is also a
function of the number of quantisation levels used in the AjD

converter. Considering a one bit AID converter, if the desired
spurious signal level due to aliasing is to be better than -30dBc
in the message band, the sampling frequency must exceed 62 times
the true input RF sinewave frequency. This is because the 31st

harmonic of a square wave has an amplitude of -29,8dBc, and all
higher harmonics will fold back into the message band due to
sampling.

e. ) Interm(..AUlation Products. When simultaneous input signals
occur, ~ignal suppression or capture takes place if the relative
signal levels are substantially different. In the other case when
the relative levels are approximately equal, intermodulation
products lnay occur.

Harmonics and the combined effElct of aliasing are the two maj or
effects studied and reported in this dissertation.

101.5 Typical Parameters of DRFMs circa 1985

Typical parameter::; for some ORFMs are given in Table 1.1
overleaf.
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Typical DRFM Parametersg Koos (1985)

Bandwidth (MHz) 20 100 460
Memory Length (us) 1000D 200 150
Spurious (dBc) -30(6bit) -10 (lbit) '-10(lbit)
D.R. In (dB) 3 10 10
D.R. out (dB) 3 3 3

:Nominal Input (dBm) 0 0 0

Independent Memory Bloclcs 16 16 16--~~---~--------~--~------------------------------------------
.1.1.6 Applications of the DRFM

One of the great advantages of the DRF11 is that complex, phase
coded waveforms ry be handled with ease. Digi tal data may be
manipulated according to any program as desired. T~e stored
signal may be read out at any time or as often as desired without
any degradation as a function of time. continuous wave (CW)
signals may be generated by continuous read-out of a single
signal cycle.

It is also possible f~ir stored data to be rea.d out fl:ommemory at
speeds compatible with more typical digital signal processing
speeds, allowing the use of off-line Fast Fourier 'rransform (FFT)
techniques in digital spectrum analysers.

The versatility offered by the DRFM makes it extremely useful for
numerous applications, some of which have been mentioned earlier.
For the reasons mentioned above, the particular aspect of coarse
quantisation coupled to high speed sampling has been
investigated.

9



Some applications of the DRFM include the storing of short RF
pulses, televisio:1 pictures and also the digital oscilloscope. Ir.
addition, the DRFM may be used to synthesize RF signals. It has
been found in this Guse, that the frequency apectra produced from
synthesized signals are indistinguishable from those produ.ced
after storage of a signal emanating from a signal generator,
Loweriacnuas (1980).

1.2 statement of the Problem

As stated above, a DRFM has the ability to store or generate RF
signals digitally. Inherent in this statement is the fact that.
the ANALOGUE RF signals must be converted to DIGITAL form and/or
vice versa. This implies two processes, namely sampling of tne
analogue signal and secondly, digitisation of the signal into
discrete levels. Although the principles of these processes are
well known for the general case, it is not technologically
possible, except under laboratory conditions, to sample and
digitise RF signals fast enough and with the required degree of
accur-acy tC)ensure that the commonly assumed theories of NYQUIST
SAMPLING and UNIFORMLY DISTRIBUTED RANDOM ERROR QUANTISATION may
be used.

Although there are a number of other important system aspects in
the design of a DRFM, only the above two mentioned
characterj.stics will be considereu any further. These are the two
maj or characteristics of the memory module pozc Lon of a typical
DRFM.

This dissertation analyses the spectra that are generated when
signals are sampled and then coarsely quantised, as in a typical
DRFlYl.

10



In most standard texts on sampling theory, it is firstly assumed

that the input signal to a sampler is ideally bandlimited. The

second assumption is that the sampling frequency iR higher than

the Nyquist rate of twjce the signal bandwidth, thus avoiding the

well-known phenomenon of aliasing. Similarly, standard

quantisation theory firstly assumes that there are many

quarrcLaat.Lcn levels. seconday, this approach assumes that the

error, between ths ;,ctual signal level at any particular sampling

point Ln time and its appropzi.at;e quantised level, is random and

uniformly distributed within that quantising interval. :hus it is

shown that the quantising noise, as the error is usually termed,

is of a randomGaussian nature.

On its own, it may appear that the Nyquist criterion may be

satisfied by a suitably high sampling rate and/or limiting of the

signal bandwidth. It will, however, be shown that with "coarse"

quantisation, neither is the quantisation noise random or white,

nor is the Nyquist criterion necessari.ly satisfied. The term

"coarse" wi.ll also be defined in more detail. Specifically coarse

quantisation, or any quantisation for that mat'ter, being a non-

linear process, W~ll be shownto spread the spectrum of the input

waveform, or generate harmonics. Thus the coarser the

quantisation, the more non-linear the. process, and the greater

the spectral spreading and generation of spurious signals.

1.3 Scope of the Investiqation

The chapters that follow cover the essentials of sampling

(Chapter Ti.V'o)and general quantisation tiheozy (Chapter Three),

including lowpass sampling1 bandpass sampling and multi-channel

sampling to reduce the Nyquist 3ampling ratE:l requirements.

Chapter Three covers the nature of quantisation error, the

11



standard random noise approach, under-sampling or aliasing of the
qua.ntisation error and prefiltering.

Following on from this theoretical background, the use of Fourier
Transform analysis to de'tannins the spectra of quantisat.ion noise
is investigated in Chapter Four. :z;nitiallyone bit quantisation
effects are covered, but these are later extended to the N bit
case. The effect of input Aignal amplitude relative to the
dynamic rang a of the -;ruantiser has been covered in terms of
maximum spurious signal levels and total ~lantising noise power.
Finally, to verify the theory, meas i,:;,"lamentshave been made on n

one bit quantiser and these are cor,'.'.aredwith the theoretical
results in Chapter Five.

12



S.l\MPLING THEORY

This cha~ter ~ddresses numerous aspects of sampling, both theory
and practice. it investigates what has been learnt in this field
s:tnce the days of Shannon and Nyquist and ~onsiders some of the
more advanced theories that deal with multi-channel sampling and
bandpass sampling. All the topics covered are particularly
relevant to the DRFM. Sampling is very' important in conjunction
with coarse quantisation effe.cts, as is the technological
importance of bandwidth reduction by means of multi-channel
samplint;:".

201 sampling Theory for Lo~~ass signals

2.101 Ideal Impulss Sampling of Lowpass Signals

consider a bandlimited lowpass signal that has the following
relation.' The signal itself is given by x(t) and its Fourier
transform by X(f), such that X(f)=O for Ifl>fx' where fx is the
slgnal ban.dwidth.

Ideal sampling of x(t) is by definition instantaneous, and may in
theory be accomplished by using an impulse train as the sampling
function, namely Xs (t)=x(t) .sS(t), where ss (t) is the sampling
pulse train giVen by Ss (t)=~oos (t-k.Ts)•



It then follows that:

00
Xs (t)~.:x(t).~oos (t-kTs)

00
x- (t) =2:X (k'T1 .' S (t-kTs)c -00 J

(2.1)

Thus:
XS(f)=X(f)*SS(f)
and sinc=:

00S~(f)=fs.2: S(f-nfc.)
o -00 ""

then:
(2.2)

Figure 2.1, overleaf, illustrates the process. In order to
recover the signal so that it is unaliased due to the overlap of
the spectral replicas, as indicated in equation 2.2 above, it is
well knovn that the original signal x (t) must be sampled at a
rat~ at least twice the maximum significant fre~lency fx' in the
spectrum of x(t) (i.e. X(f», according to the Nyquist criterion.
Secondly, the baseband signal is recoverable by means of an ideal
Lowpaas filter, as illustrated overleaf, if the filter has a
bandwidtn defined by B, such that fx~B~fs-fx'



· .,_

(el

Figure 2.1 Impulse Sampling Process - Shanmugam (1979)

If the filter gain is allowed to be K=l/fs' then from Figure 2.1
and the above analysis, it follows that X(f)=XS(f).HR(f). Thus:
x(t)=F-1{XS(f).HR(f)}
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and:
x (t) = [hR ("t) 'II'X S (t) )

where hR(t) is the impulse response of the reconstruction filter.

Since HR (f) is given ."Jy:
HR(f)=Ts·rect(f/2B)
thea:

Therefore:
• 00X(t)=[2BTs·s~nc\2Bt)]*[~oox(kTs)·S(t-kTs)]

00 •=2BTs'~ooX(kTs)s~nC[2B(t-kTs») (2.3)

ThiJ results in the classic form of the unifoLn sampling theorem,
Shanmugam(1979).

2.1.2 Finite Aperture width sampling of Lo~~ass Signals

The analy~is above described the well known case of ideal impulse
sampling. However, in practicE:Iit is found that the sampling
train function consists of repetiti.ve flat topped pulses with a
finite aperture or pulse width. In the ideal case the spectral
replicas have equal amplitudes for all corresponding frequencies.
This is due to the fact that the Fourier coefficients of an
impulse train are the same for all harrol1ic frequencie~. However,
in the case of \ finite apertur.e width pulse train, this is no
longer the case. The harmonics follow the form of the classic
sampling function, sin(x)/x (c.f. Appendix A). This implies that
the spectral replicas have decreasing amplitudes with increasing
frequency, as shown overleaf. This decaying spectrum helps to
reduce aliasing effects when the signal is possibly undersampled,
as a result of it not being strictly band1imited. With narrow
aperture flat topped sampling pulses (i.e natural sampling, not
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resul ting in flat topped samples) the res'ulting spectrum is thus
a good approximation to ideal impulse

__ -lm:,__-+-X_lfI__.l,. __ I

-fs 0 {"

{al

sampling, Shanmugam (1979).

-2f,

{el
~I

_ _.........:..--J.__.;....;...-I-_.;__,_+-i--:.....I.......,;--:... ........~_.._.._-, - I
-r. -I':. {" (,
-It.-h) 0 I,-I"

Figure 2.2 Sampled Spectrum with Narrow Finite Aperture Width
sampling - Shanmugam (1979)

with a sample-and-hold Which results in flat-topped samples, the
finite aperture samples r\asult in the attenuation of the high
frequency components of the baseband siynal, i.e. baseband
distortion. A reasonable tradeoff should be made of' this
attenuation versus aliasing improvement. The attenuation is known
as the aperture, effect and may be comperiaatied by equalization of
the digital 'channel aft'~ reconversion to analogue fo:r,'i\has been
completed. In practice, if the sampling pulse train pulsewidth is
smaLl, enoug:'\ ('l'«l/fx) , then it does not introduce any
significant amplitude distortion in the spectrum of the sampled
a,..ljnal over the message band and so no equalisation may be
required.

2.2 General Aspects of the Sampling Theorem

Jerri (1977) bas provided a tutorial review on the various fonns
and applications of the sampling theorem. For the purposes of any

17



future analysis, the theoretical developments in 2.1.1 above will

form the basis of all a:t'guments. Jerri IS (1977) revietl1 paper has

many interesting results and numerous formulations of the

sampling theorem. However, these cloud the issue if introduced in

too muchdepth an~ so only results that are relevant to the DRFM

problem will be shown.

An extension of the basic sampli.ng theorem has been presented 1Jy

Fogel and illustrated by Jerri (lrJ77). He states that if a

funct,ion contains no frequency higher than fx (HZ), then it is

determined by giving M function derivative values at each of a

series of points extending throughout the time domain and with a

sampling interval given by Ts=(M/2fx)' Thus if M facts about a

function are known at any sampling instant, it is possible to

reduce the sampling rate requirements by the f2.ctor M.

This approach is used in aircraft navigation systems in order to

determine course position from velocity and acceleration at half

the nominal Nyquist sampling rate, by the knowledge' of twc

derivatives of the course position. obtaining Mderivatives of a

function to reduce sampling rate requirements is not dil.~ectly

applicable to the DRFM,primarily due to the extremely fast

processing speeds required, leaving little time to evaluate

derivatives of the input function at each sampling point.

However, an a1ternati ve is to use multiplexed (parallel channaL)

sampling. In this case, the sampling rate is inversely

proportional to the number of channels used and is directly

proportional to the Nyquist rate, Jerri (1977).

All of the above are termed axpLdoi,t sa:mp~ing, i. e. the

bandlimited fUnction is represented by its sample values X(tn) at

p:t:eselectecl instants of time {tn} \'yhich are independent of :x:(t).
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Another approach is implicit sampling. In this case, the function

is represented in teems of the instants of t.ime {tn} ,\t which the

function aaaumea a predetermined value, e.g. zero-crossings or

its crossings with a cosine or other function.

other aspects of the sampling prol;>lemare errors introduced by

various inaccuracies. Truncation errors are caused by using c.mly

a finite number of samples. In general, in the case of the ORFM,

mcst; of the signals that are analysed are pulsed waveforms of one

t.ype or another. 'rhus as long as the memory ava.ilable is

sufficiently long to store the complete pulse, this is not a

serious problem. Truncation error is analysed more fully in

Appendix B for the sake of completeness.

A fUrther related aspect is that of quarrt.Lz at.Lon OJ:: amplitude

error. This is a resul t of the uncertainty in measuring the

amplitude of the sampled function values. It may intuitively be

seen that the coarser the degree of quantization, the larger and

hence the more significant ~lill be the harmonics that 'are, as a

result, generated. Hence the concept of bandlimitedness will be

violated further , resulting in more al:i.asing error. This aspect

is considered in greater depth il1 Chapter Three. Another typ~ of

el.'ror is jitter error. "'his is caused by sampling at instants

that differ slightly from the ones actually required.

2.3 Sampling Theoremfor RandomLQ~1passProcesses

Let {X(t)} be a continuous··time wide-sense stationary random

process wi,th a bandlimited power spectral density (PSD). It is

well known that the PSD is the Fourl.er tral1sform of the

autocorrelation function Rxx(r).
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Hence:
SXx(w)=o, Iwl>wsl wB=2~fx
",here:

Ioo •Sxx(w)= _ooRxx(T)exp(-JwT)dT
and:

since the power of the random process is finite, for non-zero T,
there is an upper bound on the autocorrelation function~

Individual sample functions of the process do not ~ossess Fourier
transforms because their energies aie not ~inite Jayant &
Noll (1984). However, fr.-omsams:'lesX(k.T .

be reconstructed using:
(2.4)

X I (t) may be considered to be a sample function of a. random
r cocess {XI (t)j , The error function is e (+:) =X (t)_XI (,t).This has
a mean-square value given by:

(2.5)

The proof of this statement is given in Appendix C and follows
from Jayant & Noll (1984). The result is that both stationary
random lowpass processes and deterministic lowpass signals may be
handled identically.

204 l-lulti",channel Sampling of Lo'<'1p2.sSSignals

Brown (1981) considered multi-channel sampling of lowpass
8ignals. This topic is r~levant to the DRFM because of the very
large bandwidths under consideration, and hence the Verl' fast
sampling rates. The outcome of Brown's analysis results in
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important conclusions if x(t) is bandlimited to IwlswB. It is

assumed that x(t) is passed through m linear time-invariant

filters (channels) to obtain moutputs zl(t)'z2(t)' ...•. zm(t). If

the filters are independent in a sense that has been defined by

Brown (1981), then x(t) maybe rE'lconstructed from samples of the

outiputis {Z)t} , each output being sampled at w:sl(nor) samples per

3econd or 11mtimes the rate associated with the input signal, as

determined by Nyquist's theorem.

In general, ·...he sampling rate maybe reduced by a factor m, if m

independent pieces of informacion are available about a band-

l.i.mited signal at each of the sampl~ng points. This differs

slightly from the concept of multiplexed sampling which has yet

to be considered. Brownl s approach merely states that x (t) I as

defined, and its m-1 derivatives, each at a rate as defined

above" suffices for complete signal reconstruction. This concept

was also discussed by Jerri (1977) in his review paper without

proof. Brown (1981) proved this concept, which he also mentions

as being stated by Shannonwithout proof.

As stated earlier, this technique, although it conceptually

:t'(:0.ucesthe sampling rate requirements, does not really help to

alleviate the speed problem in the DRFM, since it is still

necessary to determine the m-J. derivatives of x(t). This

unfortunately adds to the processing time. The more id~al concept

of multil?lexed sampling I will be considered in the following

section on more general bandpass signals.

205 Sampling Theory for Bandpass Signals

since in the case of the DRFM, bandpass signals are normally

considered at SOlll<a fairly high nominal radio frequency, e. g. a
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band of bandwidth 100MHZ, centered at a frequency of SOOMHz,

bandpass sampling is of particular relevance. It is possible to

effectively "undersample" t.he signal at a rate determined by the

signal bandwidth and its centre frequency. This rate is a

fraction of what would normally be required in terms of standard

lowpass sampling theory and hence' holds obvious advantages for

the DRFM.The requirements for 1lsing this approach will now be

investigated.

2.5.1 Iu~uitive Approach to Bandpass sampling Requirements

Shanmugam(1979) and Stremler (1979) both show diagranls of the.
minimumsampling frequency required for a signal described by a

bandwidth and the highest or lowest signal frequency,

respectively. If the bandwidth is fx' then it may be shown that

the sampling rate ot 2fxu/m, where the upper signal frequency

limit is fxu and m is the largest integer not exceeding fxu/fxI

will ensure that x(t) may be represented by its sample values of

Shanmugam (1979) further states that it may not always be

possible to use higher sampling rates, unless these exceed the

fundamental lowpass requirement that the minimumsampling rate is

2fxu. In order to quickly establish the implications of this

statement, some basic theory was considered together with the us~

of illustrations. The details of this i11tuiti ve approach are

given in Appendix D and the results of this approach are shown

overleaf in Figure 2.3, in what is an extension of the basic

illustrations shown in Shanmugam(1979) and Stremler (1979).

From FigUre 2.3 it is clear 'that the minimumsantpling frequen-::y

for bandpass signals lies somewherebetween two and four times
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the signal bandwidth. However, there are def~nite areas of
forbic:1.denoperation, as shown. The higher ·the centre frequency,
the narrower the area of valid opera":.ion for h~'lb-Nyquist"
sampling. clearly, in the case of the DRFM, the centre frequency
is high compared to the signal bandwidth. and so the danger of
slipping into the forbidden area is'significant.

Hence, because the exact input signal frequency and
characteristics are not known , the bandpaaa sampling approach
is not particularly valuable in DRFMs.
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Quadrature sampling of Bandpass Signals

Brown (1979) considered the quadrature sampling of bandpass

signals, which is basically art extension of the intuitive

analysis shown in 2.5.1 above. The signal under consideration has

a non-zero signal spectrum for o~.wo-wBI'2~lwl~wo+wsl2,WB>O,as

shown below in Figure 2.4.

IF(w)1

Figura 2.4 Bandpass signal

Brown (1979) also stated that Grace & Pitt require uniform

sampling of both the bandpass signal and its quarter wavelength

translation (based on nOi.nin~l wo) at a common sampling rate,

depending upon the exact relationship between Woand wB' If the

intersample spacing is chosen "properly", then the bandpass

signal may be entirely reconstructed from the known sample

values. In the lowpass case it was observed that

x (t) =xfx(n'IT/wB)Sa{wB(t-mr/wB)}; if -"VIB~w~wB'there are Wsl'l1'

samples per second, the sampling interval is Ts='IT/wBand

wB=angular bandwf.d'chfor positive frequencies only.

In the bandpass case, the angular bandwidth is s1:i11 wB' but

Ts=n/wB no longer characterises the signal uniquely. If and only

if v1o+ww'2=nwBwi,th n>Othen Ts='I1'/wBsuffices, Brown (1979).

In the absence of the above-mentioned positioning assumption,

reconstruction can only take place if 'IT/WB<Ts<'IT/2WB,depending on
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the exact relationship between Wo and wB' Another approach is to
utilise the Hilbert transform, in which case x(t) and its
transform x(t) can each be sampled at a uniform rate of wEl2~,
i.e. at 11...I_ the Nyquist rate. Unfortunately it is still
necessary to produce the Hilbert transform and as a result this
met.hod ;,13 .not; of much use for the DRFM. It is worth noting that
this is termed quadrature sampling by some, although this is not
strictly speaking true,

Of greater importance is quadrature sampling, basically being a
two channel multiplexed system. Both x(t) and x(t-fo/4) are each
sampled at a rate depending on the ~:x:actpositioning of the
signal band as mentioned earlier. The sampling rate may be
reduced to half the nominal Nyquist rate, i.e. wB/~ samples per
second, if and only if wO=mwB/2 and m is an even positive
integer.

Multi-Channel Ban~pass sampling

Figueiras-Vidal et ale (1982) extended this concept to more than
two channels. If there are N channels, then if Wo is not equal to
kWB/2N and Wo must be maintained because it is a carrier
frequency or because there is some symmetry associated with Wo f

then one may use the smallest wB>~I1Bsuch that wo=kwB/2N. This
value of "lIB is given by wB=2NWo/[:2NwO/wB]' where the operation
[.J implies "the largest integer contained in", e.g. ['ITJ=3.

The corresponding new sampling rat.eis thus given by:
1/T~=wBl2'ITN=Wo/'IT[2Nwo/wB]' (:2.6)

Figueiras~Vidal et al. (1982) also state that in general, band
limitation is not a physical possibility, as is widely known, and
therpf{..r,·'\X(w) does not really have a centre frequency associated
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with it. It is however possible to specify a minimumsampling

rate, corresponding to a new angular bandwidth wA, without

maintaining wOo Hence WB=(2NWo+Wa)/[(2NWO+WB)/WB]'givi~g

T~=2ffN/wAand w3=Wo+Ws/2-WB!2.

Therefore, it is possible to zeccnstiruct; the signal from the

samples of the outputs of 2M linear, time-invariant systems

driven by it at a sampling rate 1/2N times the nominal Nyquist

rate. There are some conditions associated with this statement,

namely that the transfer functions of the system have a nori-

sing\llar matrix, the centre angular frequency and the signal

bandwidth are related by wo=kwB/2N(k is an integer) and fil~ally

that the impulse responses of N systems have zero quadrature

components, whiLe the other N systems have zero in-phase

components.

It has also been shown that this concept may be extended when the

special relationship between Wo and wB no longer holds. An

illustrative example is the case of a four channel system when

all the linear systems are pure delays. In this case the channels

are all 90° out of phase wit~'\ respect to each other in terms of

the centre fre~uency wOoThus the sampling rate is a quarter of

the nominal Nyquist rate and 'this is of extreme relevance to the

DRFMapplication.

2.6 Summary

An investigat.ion of sampling theory and practicer with special

releVal'lCe to the DRFMhaa been carried out. Impulse sampling has

been used as the unde:rlying theory of the investigation.

Differences between actual finite aperture wid'th sampling and

impulse sampling have been considered and it was shown that for ~
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most practical purposes, the ideal case is a good enough
approximation of reality.

Special theories relating to different forms of samplirlg theory
that aim to reduce the sampling rate were investigated. Some of
these theories consider the use of signal 1erivatives and Hilbert
transforms of the input. This approach is not practical for the
DRFM because 'time is a serious constraint.

A variation on this theme is the use of mu l,ti-channel sampling
such as four channels, where the channels sample signals that are
time-shifted by 90° at the nominal signal centre frequency. This
effectively generates four indepenclent samples within one nominal
signal cycle, but slows down the !;;amplingrate l'equirements in
each channel by an equivalent amount (four in this case).

Another variation is to t.imephase the sampling ctock relative to
the input signal, thus again generating four indepemdent samples
per cloclc cycle, while s~ill maintaining the slower sampling rate
in each channel. It must be noted though, that the rela't.ive
timing precision must be well controlled so as not to generate
serious errors through channel cross-talk.

Bandpass sampling was considered, since it is possl.~le to reduce
the sampling rate requirements, based on lowpass theory, in
special cases. Thus the sampling frequency is a functio of the
bandwidth rather than the maximum signal frequency.
Unfortunately, in order to exploit this method it is necessary to
maintain sper I.al relationships between the signal maximum or
minimum frequencies and the signal bandwidth. If this is not
achieved, then aliasing will occur. It was also shown that the
speoial requirement becomes difficult to meet at higher
frequencies and hence not very useful. Mixing the signal dOWl1 to
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a baseband will help to alleviate this problem when dealing \'!ith

DRFMs.
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3 QUANTIZATION

Quantizai::ion theory as applied to deterministic and r andcm

signals 'tolill be dealt ~lith. The Dpecific case of one bit

quantization has been considered in depth, as it is vital to the

analysis of DRFMs.Both the generation and sampling of sJ.gnals by

means of the o~e bit technique have been inv~stigated.

Having considered sampling theory for various theoretical

sit'lations in Chapter TWo,it may be said t.hat all of the above

cases assume an exact analogue or extremely accurately quantized

~eplica of the sampled signal amplitude. In the case of the DRFM,

it is at present not easy, or at all technologically possible, to

obtain a fast analt.\gue-to-digital (A/D) converter with moxe than

a "few" bits. "Fewu can vary from one to as much as sLx ,

dependi.nq st.rictly upon cost and/or bandwidth.

The question of how the number of bits affects the generation of

spurious signals and to 'fJlhat degree this affects th(9 desired

sigl1al fidelity remains to be answered. Both theory and practice

'fJrill be covered and it is aasumed that the most basic conceptis of

quarrcLaati Lcn noise are understood. For completeness, this topic

has been covered in Appendix E.

301 General Asp~cts Of Quantization

An important consideration When analyzing quantization, i.s to

consider the real life situation. In practice one tends to sample
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and then quantize the signal. On the other hand, whenconsideri2g

't\fhC:l.tthe output signal waveformwill be like following an AID

plus D/A conversion block plus sampling process, it is often

easier co quantize an analogue signal mathematically first, into

a series of rectangular pulses that have an amplitude dependent

upon the quantizer characteristic and are valid while the input

signal remains in the quantising interval.. This gives a discrete

amplitude, but continuous time waveform.

After sampling, the waveform becomes discrete amplitude-discrete

time and is identical to the sampled and then quantised waveform.

It then follows that Fourier analysis .will allow one to obtain

the 1Gbaseband" spentrum of the quantized signal, without

introducing the complications of salupling. Once the 'baseband

spectrum has been obtained, the concepts associated with

sampliJ'lg, namely aliasing or intermodulation due to spectral

fold-over will be determined, as a function of sampling

fregu~ncy.

This concept allows the port.rayal of the unsampled, discrete

amplitude-continuous time signal spectrum , as oppoaed to the

added complications associated 't'Jith the Fast Fourier Transform

(FFT), such as aliasing, picket fence effects and leakage, when

the FFT is used to evaluate the spectrum of a quantised and

sampled signal. Thus, in a nutshell, the "quantization befol:e

sampling" analysis allows the determination of errors introduced

by quantization first (harmonic distortion), and then the effects

of al iasin:1 separately. The FFT is, however, useful for

determining the overall sampled and quantised signal spectrum.

The statistics of the input signal, the degree of quanth.ation,

and the sampling rate, together influence the aliasing
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distortion, since the small,er the degree of quantization, the

greater the harmonic content of the quantized signal and hence

the greater the influence of the highe]: hat11\onicson the desired

messag~ band once spectral foldover has occurred as a result of

sampling.

The fundamental concept here is that of the nlathematical

comrnutativeness of sampling and quantization. The problem is that

the briO functions are generally handled totally independently.

Jayant and Noll (1984) state, without proof, that the operations

of sam~ling and quantization could be perfoL~ed in either order,

but in practice sampling precedes quarrtLaacdon, A non··rigorous

approach to proving this concept is presented in Appendix F.

Jayant and Noll (1984) also state that amplitude quantization

de't;:.erminesthe overall distortion and bit rate.

If an input .i.gnal to a quantizer is x (t) and the analogue

reconversion is deno·ted by y (t) I then the quantization error (for

ideal quantization) may be given by:

q=x-y==x-Q(x)

where y€{y1'y2'y3 •.••.•. yL} for L levels of quantization. Hence

y=y]{ if xaIk and y==Q(x) is the mapping function. Thus the

quantization error is totally deterministic for a given x,

because xeIk leads to a C'\ingle output y}{"However, if x is an

outcome of a random variable X, q may be cO"1sidered to be the

outcome of another random variable Q.

This leads to th<:: concept of quant.Laat.Lon noise to desc:cibe

quantizntion errors. Also, quantization may be modeled

analytically as additive noise if the mJantization is very.fin~.

with coarse quantization, the errors are input-dependent. To make

the errors appear like input-independent additive noise,
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dithering is used. In this case, quantization noise is
deliberately introduced and in general is signal-correlated,
Jayant and Noll (1984).

3.2 Quantization Error Variance

Quantisation error variance is considered for the specific case
of the uniform quantizer in Appendix E. However, it is useful at
this stage to consider some of the statistical aspects of
quantization. up to this point in time, the random variable X has
been considered to have a zero mean. If X has a non-zero mean,
then one can subtract this value befor7 quantization and add it
back after quantization, or shift the centre of the quantizer to
the mean value.

As stated above, the quant.izer maps X into the discrete random
variable Y=Q (x) =Yk if X is an element of the interval I]C
Thex'efore the quantizer error Q=X-Y is also a random variable
w'ith probability density function {pdf} Pg{') •.•nd the variance is
<:rivenby:
a~=E[q2J=I:ooq2pg(g)dg
or because g=x-Q(x) is a function of x, then:
a~=I:oo(X-Q(X»2px(X)dX (3.J.)

By breaJting up the region of integratiorl into L intervals Ik, and
considering a uniform quantizer as before, the same results as in
Appendix E are obtained. The assumptions required to obtain these
results are more rigorously specified by Jayant and Noll (1984).
The quantization intervals or step sizes are given by:
.6:::2Xmax/2R (3.2)

where Xmax is the amplitude of x(t) if XI:: [-Xma~,;Xmax] and R is
the number of hits. Hence the quantization error variance is
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given by:
a~~~ax·(2-2R)/3 (3.3)

Thus it is clear that the rms value of the quantization noise
decreases exponentially with increasing bit rate.

303 Granular Noise and Overload Distortion

If xol is the maximum quant,.z:ingvalue or overload amplitude,
then for all Ixl>xol' the signal is part of the overload region.
Errors in the finite quantizable range (-.A/?,.6/2) are called
granular errors, Jayant and N0ll (1984).

Overload errors have certain characteristics associated with
them. These are bursts of q(n) samples of identical polarity that
occur if the overloading input signal x (n) is slowly varying.
This is generally the case wlth most Nyquist sampled and over-
sampled waveforms.

Overload error is; in general serious, because the error samples
are unbounded for an unbounded input. By ensuring a proper
quantizer de.sign, the overload probability Allaybe reduced, or
even made zero if the input pdf is bounded to ±~ax and the
overload amplitude is designed to be xol~Xmax.

Granularity errors refer to the rapid oscillatory or "fine-
grained" structure of q(x) in the non-overload region. The
difference in the two error spectra is reflected by significant
differences in the perceptual annoyance of the two er~or types,
in the case of speech wave.forms.

II !~aecase of a uniform midrise quantiz~~r, xOl=2R-1• A; and for
a uniform midtlead quantizer, ~ol=(2R-1-0/5).A • The total
quantization error variance is:
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(3.4)

2JXOl(X-YL)2PX(X)dX (3.5)XL

(3.6)

Jayant and Noll (1984) also sta.te thad: the probability of

overload for a random variable X with a Gaussian pdf is

For exarop Le , if xol =4(Jx' then

It is possible to define a loading factor fl~xol/(Jx=LA/2(Jx which

defines the half'"amplitude range of the quantizer in multiples of

the standard deviation of the signal to' be quant.Laed , In terms elf

signal-to-guantizing noise ratio then, it may be shown that for

a random Gaussian variable and uniform granular error:

SNR=(J~/(J~=3L2/ft

and if the number of guantisatic.m levels is 2R then:

(3.7)
in the case of uniform quantization wi'th zero or negligible

.Iverload.

For a uniform granular error pdf with Xmax=xol and a random

variable with an arcsine pdf, it may be shown that if:

f1=Xm.axl (Jx=i2
then:

SNR(dB)=6,02R+1/76 (3.8)

Jayant and Noll (1984) also state that equation 3.7 may be used

if there is an unbounded input with negligible ov az Lo ad

probability. In this case the overload errors can be nl3g1ected.

Hence, if fl=4, then:

SNR(dB)=6,02R-7,27 (3.9)
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From the above examples of differellt pdfs, it follows that the

choice of fl =4 does not necessarily give the minimum overall

(granular + overload) noise. Therefore the quantizer

characteristic may be optimized in order to minimize this noise

as a function of the signal pdf and the number of quantization

bits.

304 statistical properties of guantization Errors

It was stated earlier that for a specific input, x, the output of

a quantization process, y, may be given deterministically by

y=x+q , where q is the quantization. error. But, if x is a

r.~alization of a random variable X, then q may be considered to

2 bits

x

~ p(xeI l),p(qlxeI 1)
_______ , _( __-J. ,____._ ~ q

___________ .....~l21 p<xeI?),p<q1xe1a)

____________ "-1 __ ,_,1 J P\Xa!3),p(q
1xeI

3)

q

q

q

'---'--[_.<.-1 _ __.__lpq(_q_) _._q

Figur& 301 Intuitive Appro(ch to Quantization Error statistics
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sripad and Snyder (1977) show that for a random Gaussian
variable, if the ratio of the standard deviation to the
quantisation interval is greater than 0,7, then the pdf of the
quantisation error may be assumed to be uniform across the
quantisation interval. with one bit quantisation, this
requirement will not be satisfied: Assume a Gaussian variable,
such that the ±3a limits are within the quantiser limits, i.e. no
significant overload distortion. with a one bit quantiser then,
a/4=0,33. similarly with a two bit quantiser, a/A=O,67. For
quantisers with more than two bits, a/A>O,7, satisfying Sripad
and snyder's (1977) requirements for a uniformly distributed
quantisation error within the quantising interval, as well as the
assumptions of Jayant and Noll (1984) above.

As far as the correlation between the quantisation noise and the
input signal is concerned, sripad and Snyder (1977) state that
the correlation ber:··,rnesnegligible when a/A »1. This is only
satisfied when the number of quantisation levels is reasonably
large. It will be shown later, that even though for three bit
quantisaticm the to·tal quantisation noise power is adequately
predicted by the uniform pdf model, the actual spectrum of the
quantisation noise is still well correlated with the input
signal.

Up until now, all analysis has assumed that if a uniform
qUantizel.~is used, then the probability density of the error
within each quantization interval is of a uniform natur~. At this
stage it will be usefu~ t~ consider the problem in more detail.
Reference may be made to Figure 3.1. considering a quantizer that
is not necessarily uniform, with 2R levels I then the errors
produced in each decision or quantization interval Ik contribute
to the total quantization error and are a function of the
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probability pk=p{XeI1c}' which is the probability that one finds

the amplitude of the input sigrlal in this interval. Therefore the

total pdf Pq(.) is the sum of the L conditional PDFs weighted by

the corresponding probabilities, since the everrcs (XcIj) and

{XeIk} are mutually exclusive.

Hence:

(3.10 )

Pq(qlxeIk)=Pn(q+YklxeIk)

but:

(3.11)

pX(xIX€Ik)=~l/Pk)Px(X); X€Ik

.-::0:otherwise.

(3.12a)

(3.12b)

Thus Pq(q) is a superposition of sections of the input pdf px(x).

These sections are given by the decision intervals Ik and are

recentered by shifting Ik by a distance Yk (c. f. Figure 3.1).

The PDF Pq (q) is guaranteed to be flat for all symmetir'Lc input

PDFs :.f the PDF withIn a segment is a straight line, if the

quantization is uniform, if the reconstruction levels are the

mi.dpcdrrt s of the corresponding decision intervals and if the

input is bounded in amplitude; Jayant and Noll (1984).

Further I even if the the input random variable is unbounded , a

flat-topped PDF is a useful approximation if the number of output

levels is large. Thus:

Pq(q)=(l/A)rect(q/A) for large L. (3.13 )

If QCm) and QCn) are random variables defining quantization

er1'ors at times m and n , then Rqq(m-n)=E[Q(m)Q(l'l)] I and taking

Fcurier Transforms yields Sqq(W), the power spectral density.

'.t'his may be determined if the joint PDF Pq(m)q(n) [q(m)q(n») is

lcnown. If L is large, there are many changes in sign of the error
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wav0.f.:"rm. If error samples al.'e taken at the l'J'aveform Nyquist

rate I then they are statistically independent I unless the

waveform does not change much in amplitude in a Nyquist interval

(Le. pxx(l)-->l), or if the waveform has periodicities that

correlate distant error samples , or if the ~lantizer only has a

few intervals, so that small error oscillations do not exist.

This is of particular relevance to the DRFMbecause first of all

the number of quantization intervals is in general quite small,

and secondl ':" because the input signals are quite often of a

pseudo-deterministic nature (pulse modulated sinusoidal

waveforms) with significant sample correlation coefficients. A

useful interpretation of the above may still be made, even with

reference to the DRFM.In the case of statistical independence

there is the intplication that the j oint PDF is a product of the

individual PDFs, thus:

Pq(m)q(n) [q(m),q(n)J=1/42; -A!2<=q(m), q(n)<=AV2
=0; otherwise.

(3.14a)

(3.14b)

The spectral interpretation of equation 3.14, Jayant and Noll

(1984), is that the unsampled errQr waveform has a upectrum that

is much broader than the signal spectru.m. sampling of the

quar:.tized signal 'Lmplies an undez'aamp.li.nq of the error waveform

and thus aliasing must cecur , Thprefore the to'cal noise spectrum

has many components that will fold back into thp. message band. As

a result it may be said that the noise spectrum flattens and also

that the baseband power equals the variance of the unsampled

error waveform.

An anaj.yaLs of the quantization noise "',ust take into account the

fact that the noLee is not purely r J.ditive and not uncorrelated

~lith the input. In particular, at low bit rates, say R=1
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bit/sample, the errors in quantization must necessarily be
considered as belonging to two classes, one caused by a change in
level and the other cauded by uncorrelated noise, Jayant and Noll
(1984) •

30S spurious Signals and Errors

A number of SOL\rCeS of spurious signals are considered, such as
the error due to handlimiting a signal with prefilters or anti-
alias filters, the error due to aliasing and so forth.

Effective Bandwidth

A signal x (t) has a Fourier Transforr,l X (w). Now if x (t) is
bandlimited to a bandwidth fx (=B), then one obtains a new signal
x(t). Hence the error signal is:
e(t)=x(t)-x(t)
and the corresponding error signal energy is:
Ee(W)=1/C2n)S:oolx(w)-x(W) 12dw (3.15)

This is illustrated in Figure 3.2 below, Lathi (1983).

G(w)

~~~~~~ __~ ~_G_(W_) ~
V=2 B-'v/=-2 B

V/=eff'ec::tive bo.nclwidth

Figure 302 Effective Bandwidth After Prefiltering

4('



A specific example is 'l'tlarranted here for illustrative purposes.

Assume for the moment that the signal is:

x(t)=2a/(t2+a2) with a F,_ cie'l:"transform X(w)=2'IT.exp(-alwl)

The corresponding error signal energy i~ thus:

Ee=l/'IT•Joc f I 2'If • exp (-aw) 12d\,1 (due. to symmetry)
2'Jl' x

=(2'1f/a)exp(-4'ITafx)

The energy contained in the original signal x(t) is:

E = lim E :2n/a (3.16)g fx->O e

If Lc is required that the error signal is less than 1% of Ex'

then Ee=O,OlEx or (2'11,/a).exp(-4'ITafx)=q,fJ1.2"'/a. Thus fx=O,36/a

and in order to satisfy the requirement specified a.bove, it is

necesGary that fx~O,36/a and fs~O,72/a.

3.5.2 Aliasing Effects

Aliasing occurs due to non-ideal prefiltering or bandlimiting.

Another source of aliasing type effect.s is that due to time

jitter and non-linearities after sampling, SUCll as quantiz~tion.

In most practical cases, it is possible for these errors to be

made small enough and so they are less serious than others due to

insufficient prefil tering. A word of caution is needed here in

connec'cLon with the DRFM,since the number of qu, ntization levels

is small. Sideband (higher order components of the fundamental

signal) overlap due to aliasing causes high-frequenc.y distortion

if 'the message band is not too large. However, if the far out

sidebands or harmoni.cs have appreciable levels t then the C),liasing

distortion is far from limited to the high-frequency compon~nts.

Once reconstruction of che signal has taken place, tr.en the

signal x ' (t) is strictly bandlimited to Ws/2, but Xl (t) t:x(t) •
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Sample values x ' (kTs) are however eg,uivalent to respective

samples X(kTs), Jaya'1t and Noll (1984).

Ideal Pre-Filtaring of a Non~Bandlimited Signal

Let a~ be the error variance due to p:cef.ilte.ring of a non-

bandlimi ted st(')C ra s e Lc signal {X(t)} with a p0wer spectral

density (PSD) S:xx(w). Because of f:,ampling'/ t:he PSDbecomes:

(3.17)

The input process may be thought of as two processes {Xl(t) }

which is passed through an ideal lowpass filter, with a cu~-off

frequency Ws/2 and {Xu(t)} which i:!. suppressed. The Ic)wUlr

frequency band component with a PSD Sxx(w)£ect(w/ws) can be

sampled and reconstructe1. Nitb zero mean-squared error. The upper

band with PSD Sxx(w) [l-l::ect(w/ws) is nissing. The mean square

error is then:

a~=(l/'IT) .I:s/2SXX(W)dW (3.18)

The signal-to-prefiltering error ratio is a~/a~. As the roll-off

of the input spectrum increases, it will be eound that the

prefiltering urror decreases for a given bandwidth (WB) of the

baseband, where ws=2wB»Wc' the cut-off frequency of the input

spectrum. This is because the sampling frequency is double the

nominal bandwidth (as determined by the prefilter cut-off

frequency), which is sign,ificantly larger than the upper

frequency cut-off of the input spectrum.

Therefore as the input spectrum decays mo4e sharply with

frequency (1. e. the more bandl imited the input spectrum is), so

the less the amount of spectral power that remains beyond the

prefilteJ~ cut-off, frequ~ncy. Hence the prefiltering error will be

less.

42



~on~Id6al Prefiltering of a Non-Bandlimit~d signal

In the idE:\Cllcase above, of a cut-·off frequency wB and Nyquis·t
sampling, fs=WIV''7l'1the only source of error is that due to O'~.

with a non-ideal (non-brickwall type) prefilter, there will
always be a finite amount of power.that exists above the cut-off
frequency wB• The result is that aliasing distortion or fold-over
distortj,on will occur I causing an error cr~. The total
contribution of all the aliasing components is describe~ by:

(3.19 )

The actual contributicm to the message band is known as the
aliasing error and has a power spectral'density given by:

(3.20)

For n=±1,±2,etc., the repetitionG contribute successively to the
aliasing spectrum. By folding these contributions back to higher
frequencies, it may be seen that the overall contribution is
equivalent to the signal baseband spectrum above Ws/2 f as
illustrated in Figure 3.3 below, Jayant and Noll (1984).

Figura 303 Aliasing Error contributions DUe to Spectral
Replication and Foldbac]c
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Thus the prefiltering error due to an ideal prefilter and that

due to aliasing (without prefiltering) involve the same areas in

the illustration above, and are equivalent quantitatively, but

not qualitatively. These two types of distortion are perceptually

quite differen'c in the case of speech, the aliasing error being

far more objectionable, Jayant and Noll (1984).

Without pl:~1filtering, the total error variance includes both the

prefiltering error (due to the reconstruction filtp.r) and thE'

aliasing error. Hence this is twic-=the error with prel.'iltering ,

in which case the aliasing error is zero. In the case of speech

and video signals which tend to have apeot.z-a that cut-off

reasonably sharply, it is possible to utilise ~mperfect

reconstruction fil tf'rs which reduce the contribu.t.ions due to the

higher frequencies 'tIrherethe most sign.1.ficant aliasing components

reside, Jayant and Noll (1984). In the cas~ of the DRFMthis will

have to be analysed as a function of' the specific application.

The theory and statistics of gene!.alised quantization error have

been invesJcigated. The phenomenon of aliasing related to

quantisation was investigated from the theoretical point of view

initially. The generation of aliasing signals with and without

prefiltering was considered and the foldover process was

illustrated. This effect is parar; mt; to the understanding of

coarse quantisation.
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QU~NTI~ATION ERROR SPECTRA BY l!EANS OF FOURIER ANALYSIS

Following on from the investigation of sampling and quantization

theory, the effects of quantization on the output spectrum of

deterministic signals as well as the effects of sampling will be

analysed by m~ans of Fourier Transform theory.

It will be shown that quantisation ~nd aliasing errors are

linked, and that in order to achieve a specified level of

distorcion it is necessary to clearJ y specify the number of

levels of quantization and the sampling frequencies. These are

related by what has already been termed the significant or

effective bandwidth of thf.'!input signa1..

.Twomethods will be compared, namely the Fast Fourier Transform

(FFT) and the analogue Fourier Transform approaches. Also, it is

useful to analyse two standard signals, namely the fixed

frequency sinusoid and the linearly frequency"·modulated sinewave

(LFMSW),since the characteristj~s of these two signals are well

knownand they are also easily generated for test purposes.
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The One Bit Case

spectrum of a One Bit Quantized Waveform

Johnston (1984) presented a technique for the generation of
analogue FM pulses using one level of quantization for use in
radar transmitters. Although this does not address all the
problems of the DRFM, the generation of such signals certainly
r.elates to the ORF'M. Johnston (1984) also analysed a one bit
quantised linear frequency modulated sinewave that was pulse
modulated, Le. modulat,ed by a pulse of a certain width, by means
of the analogue Fourier Transform. Johnston's (1984) approach has
been adapted for analysing sampled arid quanti sed waveforms by
means of the analogue Fourier Transform. The reason for using
this analogue technique is that it has definite advantages over
FFT techniques for spectral analysis.

In most cases, explicit sampling techniques are used, where the
signal is quantized into a number of discrete levels a't:specific
aamp Li.nq points ( impulse sampling) and is then recovexed by a
D/A converter and an ideal low-pass filter. This process requires
very high speed 0/2\. convert-ars, especially so when trying to
digitise RF signals. In order to dispense wi.th the O/A converter,
it is necessary to resort to implicit sampling.

In the case of a radar transmitter or a communications
transmitter using FM techniques, it is of no consequence that the
signal is of a constant amplitude, since the information if';

contained in the signal frequency. In fact this improves the
transmitter efficiency. The information content of such a signal
may be extracted from its zero-crossings, which leads to, t.he
concept of a frequency modulated square wave (FMSW).
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If, for example, the input signal is cos(wot) I then the
associated one bit equivalent is sgn{cos(wot)}, as shown in
Figure 4.1 below. The spectrum effectively consists of the
Fourier Series coefficients of a square wave with its odd
harmonics decreasing proportionally to the increasing frequency.
If the periodic function is fT(t), then its Fourier Transform is
2'IT0RFnoS (w-nwo)' where Fn are the Fourier series coefficients.

If the signal is now truncated (or pulse modulated by a pulse
that is much longer than the carrier period), sinoe this will be
shown to be convenient for analysis purposes and also
approximates a radar pulse, the result is that the spectrum which
previously consisted of a number of discrete line:::!, now consists
of these lines which have been spread by the convolution of the
original spectrum with the spectrum of the sampling function as
defined by the Fourier Transform of the modulating pulse, as
shown in Figure 4.1 below.

SlnuSOlool functions

time irequ'1ncy

square-wave functlons ,

time frequency

I I ,~il_q~n I I 3fO Jf
-.-!-fO--+-O -':-'0- -=rT .510IYoo+aT-SfO

a

cos (wot) sgn(cos(wOI)]

A 1)L_-ftr~
cos (woll O~t1; r sgn(cos(wo111 0.;1,; r

:Ii:l OJ)

Figure 4.1 Intuitive De.velopment of the FMSW spe.ctrum - Johnston
(1984)
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If the original sinusoid is frequency modulated, and if the time-

bandwidth 1?l:.'oductis large, it may be shown that the resulting

opectrum .~'3 :easonably rectangular, Johnston (1984). There are

applications where a rectangular or uniform spectrum is

advantageous in terms of efficient use of the available

bandwidth. If this signal is quantized to two levels, t:hen it

will be shown and may also be seen intuitively that the resulting

spectrum will also contain harmonics that are related to the

input signal, as stated earlier when cons Ldez-Lnqthe requirements

for decorrelation of the C[uantisation noise spectrum from the

input signal.

If th.e f(...adamentia l, of the J:1'MSWoccupies the band from f1 to f2,

then the nth harmonic must occupy the frequency range nf1 to nf2•

Also lit then follows that the nth harmonic must occupy cl

bandwidth that is n times the bandwidth of the fundamental. Since

the fundamental has a fixed time-bandwidth product, the nth

harmonic also has a time-bandwidth product that is 11 times 'chat

of the fundamental. For a harmonic n, it may be seen that the

harmonic spectra will start to cvezLap , as a function of f1 and

f2• This occurs when (n+2)f1<nf2. A detailed analysis of the FMSW

spectrum is given in Appendix G.

Software has been written to implement Equation G3 for the FMSW

spectrum as shown in Appendix G. The software listing is given in

Appendix H. In order to validate the software, the specific

example quobed in Johnston (H '34) was considered. The results are

graphically compared overleaf in Figure 4.2.

Figures 4.3 and 4.4 illustrate the effects of decreasing time-

bandwidth product. In these illUstrations, the input signal was a

cosinuso:i.d swept linearly bet,we.en55Hz and '75Hzwithin a variable
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truncatirlg or pulse modulating function with a pulsewidth of one

second and O,ls respectively. Further, the signal was

hardlimited. It is clear that for small time-!oandwidt:i.l products

(substantiallY less than about 20), the uni formi ty of the

spectrum across any particular harmonic's bandwidth begins to be

severely degrade~. The spectrum no longer main~ainJ its

rectangular shape, but indicates that there is a tendency for the

greater part of the si\~nal energy to "dwell" near the centre

frequency of the FMSWsignal, with increasing ripple in the

harmonic passbands.

In gsneral the fundamental of '~!,:signal would 'be used to form

the output, however there may be some cases where it is desi~able

to make use of the increased bandwidths and thus time-bandwidth

products of the higher harmonics. These may be ~iltered out and

amplified as necessary. In the case of a constant frequency

aquaxe wave, it is known that t ,i, rrmon Lcs decrease in amplitudG

with lin. This is not the case for the FMSWand a proof of this

fact is given by Johnston (1984). If one considers Parsevall s

theorem, which is basically one of energy conservat:i.on, then it

may be intuitively seen that the energy of each harmonic of the

E'MSWmust follow the relationship of that of the unmodulated

signal.

Hence, as the fundamental bandwidth increases, so do the harmonic

bandwidths. In order to maLrrca Ln energy balance in the harmonics,

the amplitude must decrease accordingly. Johnston (1984) thus

shows that: the harmonics of the FMSWdecrease with n-3/2 rati1er

than lin.

The most significa:n+: i.~).':'·:,t•..,:~\l' ,.'!:lth c;'.ilculating the FMSWspectrum

by means of the above technique is that it takes a vast amount of
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· ...-_._'.,- ;'.::-"',::':;:',~:::....

computer time, which is a function of the time-bandwidth product,

and thus the number of zero-crossings. It was found that the

computer time required for a ti.me-bandwidth product of the order

of a hundred was in excess of 7 hours on an IBMPC ATwithout co-

processor or a ten·th of this figurG.!with a co-processor.

If it is only necessary to r~etermine the spectrum of the

fundamental' signal, then it is possible to reduce the bandwidth

of the spectrum to be displayed. Another problem which is also

directly related to the time-bandwidth product, is the

requirement for computer memory. The greater the time-·bandwid't.h

product, the greater the number of zer~-crossings and hence data

points.
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QUANTISED BASEBAND SPECTRUM
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It is worth noting, however, that the spectrum as calculated is

free from the effects of aliasing, and provided tha.t a sUfficient

number of plot points is chosen, the pi.cket; fence type effect may

be overcome. The overall conclusion conoe.rnLnq this method, is

that it trades speed for spectral accuracy compared to the FFT.

So far the FMSWhas mainly been considered, however a single

frequency sinusoid h.as also been mentioned. rl'his type of signal

is simply a degraded FMSWsignal with the rate of change of

frequency set to zero. As expected the spectrum is the equ.l.valent

of the harmonic Fourier Series spectrum of a square wave, as

shown in Figure 4.5.

This approach of generating spectra forms the basis of all

further spectral analysis for the DRFM.As a matter of interest,

it has been found that the l~rgest harmonic (n=3) with a value of

-lOdBc (c ..f. Figure 4.5) is th~~quoted level of spurious signals

for typic,::tl one bit DRFMs.HenceI even at this early stage in th,e

argument, :i.t may be seen that the analysis ties up with what has

been found in practice. The implication is that the additional

sources of error, such as aliasing and so forth, are negligible

compared to that due to quantization. These effects have been

considered in more detail later.
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Figure 4.5 One Bit Quantized spectrum of a Single ':roneSignal
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.(1.1.2 The FFTApproach

As mentioned above, the aneLoque Fo ..'ier Transform approach to

obtaining the signal spectrum has definite accuracy advantages

over the DFTor FFT approach and also in terms of the ability t!.)

separate quantization and aliasing effects, but at a cost of

computation speed. This is stated on the assumption of a fixed

memorylimit. As the memorylimit falls away, it can be expected

that the sampling frequency for the FFT approach can be

increased, which will improve the accuracy, but once again at the

cost of speed. Given the available computing power, it was found

that the maximum degree of accuracy available f.rom FFT.
computations was insufficient to establish what the ecuuces of

various errors were with sufficient clarity. This is denlOnst:rated

for the case of a s~ngle tone input in Figure 4.6. The problem

here is 'chat the quantization and aliC1·.ng errors are combined,

even when fairly high :::ampl.ingfrequencies are .raed , Leakage.

effects are evident as a rec;.;ult of the inherent. windowing. In

addition, the FFT implieG time quantisation, which is not

present in the case of the implicit sampling approach described

earlier.

As far as DRFMde.sign goes then, it becomes difficult to trade

·the effects of quantization for aliasing and sampling frequ~ncy

so as to achieve some specified spurious signal level. The

"analogue" technique, if it may be so called, as described in

4.1.1, makes it possible to establish the errors due to harmonic

or quantization distortion and then to sp,~cify C\ sampling

frequency which will determine the natnrre of the aliasing ~~rror,

or aliased quantisation error.

I
\



Figure 406 FFT of single Tone One Bit Quantized Signal

56



The DRFM as a Signal synthesizer

One of the appl.Lcations previously mentioned for the DRFM,is

that of a frequency or signal synthesizer. Johnston (1984)
describes the specific theory behind this method. In order to

utilize a one bit technique, hazdwaxe is produced that will

generate a series of ones and zeros (+ls and -ls) at specific

intervals of time n, St. Now it is most unlikely that the

multiples of the sampling interval will coincide exactly with the

zero-crossings, unless of course the signal is a sub-harmonic of

the clock frequency exect.Ly, Thus each zero-crossing must be

quantized in time so as to coincide with the closest integral

multiple of the clock period.

The result is that the error in time quantization must be less

than ±St/2, and this is equivalent to changing the instantaneous

frequency around each zero-crossing, causing an error in the

output upectrum, Johnston (1984). If the i..l.ltlingor samt1ling

interval is kept sufficiently small: then the error maJ be

sUfficiently minimised. The nature of this error is :;malysed by

Johnston (1984) and is described in Appendi~ I.

J)

It should be noted that tile signal being generated is totally

deterministic with a priori knowledgeof the &ero-crossings. Thus

for a speclfic required zero-crossing, it is tilne quantised to

the nearest n, st. Thl'~four possible errors ar'e described in

Appendix I. Equation 12, describing the error spectrum is similar

to that for the signal spectrum of 4.1.1. The difference is that

the natnize of the two signals is different. The error signal

consists of a series of narrow pulses with ampl.Ltiude s ±2,

depending upon the exact tiwing between the actual zero-crossings

and the quantized zero-crossings,
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The result is that for small st, the error signal is approximated
by a train of impulses. Now it is known that the spectrum of an
impulse is broad, i.e. white in nature over the band of interest.
Hence the error spectrum may be considered to approximate white
noise. If the error signal amplitude is small, then it will not
significantly degrade thl~ actual signal spectrum.

Although this error is only due to time quantisation of the zero-
cross.ings, the resl.l1tingerror waveform is impulsive in the time
domain, and hence the error spectrum is broad in nature (white).
The size of this error is small because a priori information
about 'che signal is known. In the c~se of signal generation,
there is not real samplin',J'in the true sense of t.heword. Rather,
if the signal at the output of a one bit digital signal
synthesiser were monitored, it would be found that it is of a
continuous nature as opposed to a series of samples that still
have to be passed through a reconstruction filt:er. Thus the
f01"wer signal will produce an unaliased baseband spectrum with
errors due to inaccurate time quantisation, whereas th. latter
will contain aliasing components due to violation of
bandlimitedness and d.ue to sampling.

To clarify this issue assume that a single tone input is
hardlimited, i.e. ~lantized to one bit. The result is a square
wave that is to be produced using the technique of digital signal
generation. The baseband spectrum of this quantized signal may be
determined according to the procodures of 4"1.1. This signal is
mGdified slightly so ~~at the actual ze~o-crossings coincide with
the closest integral mul,tiple of the timing interval, whLch is
small compared to the time between zero-crossing~.

The resul t is that the signal has an error spectr.um ( also
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baseband) associated with it. The output of the digital signal

synthesiser hazdwaxe is this same signal, continuous in time and

of a square wave nature. In contrast, in the sampling case, thE;

quantized baseband signal is first sampled, causing spectral

replication and aliasing, and then reconstructed. Hence in the

latter case, th~ message band spectrum will contain those parts

of the spectral replicas that fall into the message band (up to

ha~f the sampling frequency) region.

These aliasing components may add up to considerably more than

the ..:rror due to the instantaneo.s frequency changes associated

with digital signal generation. Note, however that the basic

principle of computing an analogue baseband signal spectrum

applies in both cases. The differences lIe in the way timing and

sQ.mplingerrors are generated,

When gene..t'ating the signal, it is possible to determine the

"clean" baseband spectrum. Time quantisation error may be

introduced into the digital signal generation process afterwards.

In the sampling case, the spectral replicas of the amplitude

quantised baseband spectrum must be intruduced at the sampling

rate.

In order to understand the process of digital signal syntt...esis

and the associated errol:', the software used for the proce,ss of

Equation G3 was extended to incorporate the error function of

Equation 12, due '~'.? time quantisation, and is listed in Appendix

J. The practical example of Johnston (1984) was used to verify

the software. FigUre 4.7 illust~ates the perfect baseband signal

on both linear and logarithmic (dB) scales. Figure 4.8 shows the

computed error £:.p9ctrUl'uand the combined (phase and magnitude

considered) signal plus error spectrum.
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It maybe seen that the spurious signals due to time quantization

are of the order of -40dBc or less. The most serious form of

error as far as spurious signalS: are concerned is that due to

amplituda quantization or harmonic distortion. The effect of

reduction of the time-bandwidth product is once again illustrated

in Figure 4.9.

\)
.j
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The procedure of 4.1.1 allows one to determine the baseband
spectrum of any signal up to any desired frequency, given
sufficient computing timt:land memory. The only error:; here are
due to quantization alone and are easily seen on a plot of the
quantized signal spectrum. By specifying any desired sampling
frequency, the effects of aliasing may be determined.

As an examp le consider a single 'tone input at unit frequency.
After quantizat.lon to one bit has taken place, it has been shown
that there will be odd harmonios decreasing as function of l/n.
Thus the signal spectrum is defined as:
IX(f) 1=:(2/n1T) .S(n-f) for n=1,3,5 . (4.1)
since the Pourier coefficier.ts of a square wave are given by:
Fn=sa (n7T/2) ; n~o (4.2)

If the sampling frequency is chosen to be 10 units, then the
signal spectrum will be replicated at centre frequencies of
integral multiples of 10 units. Considering the envelope of the
harmonic spectrum, as shown in 'lgure 4.10 overleaf, it may be
seen that the quantisation error effectively results from the
generation of h"\rmonics, c?using the quantised signal spectrum to
spread beyond the bandlimitedness originally considered, i.e.
beyond half the sampling frequency.

Beyond this frequency, the quanti sed baseband spectrum is
sllccessively folded back into the meaaaqe band region (def.l'ledby
half the sampling frequency). Thus con~idering the example above,
it may be seen that the overall quantisation error is formed by
considering all the spectral replicas introduced by sampling. An
equivalent of this is to successively fold the baseband spectrum
that extends beyond the message hand (5 frequency units) back

II'"
into the message band, as shown in Figure 4.11 overleaf for the
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case of a spectrum consisting of discrete lines. Because th.e

quantisation error .is a broad spectrum , it is effect.i vely

undersampled, that is to say aliased.

By utilising this foldback technique, a computer program that

evaluates the quantisation error fo~ any given quantised baseband

spectrum and a given sampling frequency, has been written.

I...

2,3,4 ..... : UCC2SSiVI?
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The practical aspects of this procedure must be considered with

care, since the frequency spectrum of the baseband signal is

discrete. Take the example mentioned above. The original signal

had a frequency component at 1 unit and after quantization at

l,3,5,7,9,etc. units. The sampling frequency was specified to be

10 units. Thus it may be seen that the first spec.:tral replica

·,.,il1 overlap with the desired signal at 5 units, the first

negative frequency replica at 1 unit, the second posLcLve

frequency replica at 5 units, and so forth.

Hence, at a frequency of 1 unit, the aliasing contributions

equivalent to 9,11,19,etc. units will be obtained. At a frequency

of 3 units the al iasing cor1tributiol1s will be due to the

components at 7, 13, 17, etc . units and so-on, as illustrated in

Figure 4.11. Therefore, as long as the sampling frequency is an

even multiple of the fundamental frequency, it will be found that

the odd harmonics will overlap with odd harmonics.
)1

If the sampling frequency is an odu multiple of the funaamental

frequency, then baseband odd harmonics will over-Lapwith both

even and odd harmonf.cs. Talcing this a step further lit may be

seen that if the above two special cases of sampling frequency

are not adhered to, then the harmonics outside the desired band

will not necl9ssarily overlap with any other harmonic at all. This

effect occurs in pz-act.Lce and might result in peak spurious

signals due to quantisation that are very much reduced, even

though the t,ot::!l quantisation error power is still the same, as

t·lil1 be shown later. T..."\e difference l;,es in the nature of the

s}:Jectrum.

The above arqumerrcwas pursued for the case of a single tone

input since .it explicitly and very simply illustrates the type of



rn:oblem that could arise when using the ..Eo1dbackapproach. Wh~n

dealing with more realistic signals, such as the frequency

modulated sLnusoLd, it is knownthat the spectrum is essentially

continuous, rather than a series of discre·te lines, as in the

single tone case. The harmonics still exist, but consist of

continuolls bands of activity.

since a discrete spectrum has been calculated because of the use

of computer techniques, lt is imperative to ensure that the

sampling frequency is an integral multiple of the frequency

interval used to determine the baseband spactrum. If one does not

do this, then clearly the :;:,,')ldbackwill cause some of the aliased

quantisation error contributions to fall between actual frequency

points used in the bae,eba.ndspectrum. This becomes problematic

with computer simu1ati.on, and in this case it is better to use

the FFT.

In the extreme, it is ~ rs sLbLe that none of the aliasing

contributions appear on the pl:>t, resulting in a spectrum that is

difficult to interpret. The limitation imposed above is not

severe 111 pra ...t.ice, since the frequency interval used is

generally quite small. On this basis, software Was written to

determine the spectrum of the aliased quarrt.Lstat.Lon error and is

an extens.!,t')nof the basic software implementing Equation G3. The

listing is given in A~pendixK.

The quantisation error spectrum is expected to be reasonably

flat, since it essentially consists of a series at any specified

frequency and this :::'faries is of the form of decreasing values

according to the Fourie-r series coefficients. Thus the sum of n

terms of the relevant coefficients at any point is approximately

equal. This was shown to be valid for specific cases when
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evaluated by hand. U8ing scanda.rd mathematics conc€lrning
convergence of seriem, it is difficult to show that some
convergence value will. be reachl...by means of the comparison,
integral or ratio tests for convergence or divergence of series.
In order toO illustrate this effect a number of test cases are
shown.

Figure 4.12(a) illustrates the single tone input of 1kHz with the
baseband spectrum calculated up to 200~Iz with 1000 data points.
The pulsewidth of the signal was set at lOOms to ensure that the
spectral spreading effect of pulse modulation was insignificant.
The next illustration (b) shows the desired quantised message
band spectrum with a sampling frequency of 62kHz, i.e. a.
expanded up to 31kHz. The validity of an earlier statement, that
in order to ensure spurious levels due to aliasing of less than
-30dBc, it is necessary to sample at 62 times the signal
frequency, may be decided. Because the 31st harmonic is -29,8dBc
with one bit quantization, the 33rd harmonic whd oh will alias,
will be below -30dBc.

However, this only considers the effect of the first replica.
Thus it may be expected that th.~ actual level of the spurious
signals due to aliasing will be somewhat greater than -30dBc. In
the above example (as shown in Figure 4.12 (o) the first three
positive and the firet two negative replicas were considered. The
aliased quantisatiah error spectrum has a flat nature as believed
and the level is of the order of -24 dBc. The magnitude and the
phase of the contributing components were considered, although in
the case of a single tone input the components are purely
additive. The total signal within the desired frequency re,gion is
shown in 4.12(d).

69



The second example considered had a similar baseband spectrum to
the example of Figure 4.12. The basic differences were that the
number of data points were increased to 1500 and the modulating
pulsewidth was reduced to 10ms. Thus the spectral lines will have
a finite width associated with them. This spectrum is shown in
Figure 4.13(a), but this effect is not clear due to the eXpanse
of spectrum illustrated. In this case the sampling frequency was
;:letto 20kHZ, much lo'tl7erthan before. The desired message band
thus extends to 10kHz and is illustrated in Figure 4.13{b). Here
the effect of the narrow modulation pulsewidth is more evident,
although the resolution on the frequency axis is poor.

The peak level of the. aliaaAd quantisation error, now taking into
account a more significant number of replicas is greatly
increased, being of the order of -17dBc. If only the first
replica was considered, this level should be of the order of -20
dBc. From Figures 4.12 and 4. .13 it is clear that there is a
fundamental and important l.i..nkbetwe41m quarrt Lzat Lon error,
aliasing and sampling frequency.

A final example shown in Figure 4.14 concerns JohnstonOs (1984)
example of the 9-12kHz FMSW signal. The baseband spe.ctrum is
shown up to 2MHz for 1500 data points. A sampling frequency of
IMHz was stipUlated and th~J quantised message band spect.rum is
shown in Figure 4.14 (b). Th.e corresponding aliased quarrt Lsatid.on
arror is shown in Figure 4.14 (c) • The maxamum level ""Iferror is
of the oJ:!lerof "'35dBc and :Cased on t.he single tone harmonic
values, the predicted level would be about -3suBc. Finally,
reducing the sampling frequency to 200kHz (c. f. Figure 4.15),
the typical level of aliasing error is about -20 to -25dBc. Again
based on sin9le tone harmonic values, the predicted level wcul.d

be about -25dBc.
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.dence it may be seen that reasonable correlation is obtained
between single tone simple predictions and f.;:equencymodulated
signals. Further, it may be seen that with one bit of
quantization, the most significant source of error is that due to
quantization as a result of the rather severe le.vels of harmonic
distortion that are generated. This influences the level of
aliased quantisation error in the mess<1ge band whi~h is dependent
upon the sampling frequency.

Thus the prime source. of spurious signals in the DRFM is due to
coarse quantization. Specifically, in the case of the one bit
DR]!"Mthen, it may be seen that the thi.~d harmonic generates :::he
largest spurious signal. In the case of a single tone input,
whjch is an industry reference, the level is -9,5dBo. All sources
of quoted data indicate levels of -10dBo for one bit DRFMs. Thus
confirmation of the theory, although limited, is positive. The
Li.rik between this foldback and Fourier transform approach
compared to the standard theory of unif?rmly distributed
quantisation error within e.achquantisation le elr will still be
shown, after the extension of this approach to t.he N' bit
quantisation case.
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4..2 Elttension to N Bit Quantisation

The theory of one bit quantization has been covered in 4.1 above,

but the link to general quarrcLsabLcn theory remains to be

established. certain conclusions have been made, and although not

yet eJcplicitly stated, it is clear, ~.:hat if the number of levels

of quantization increases and the level of the associated

harmonics decreases, so the quantisation error and the aliased

quantisation error levels also d.screase for any given sampling

frequency. Hence the principles involved in thr extension to N

bits have been considered within the limitation vi the available

computing power.

Software was written to evaluate the frequency spectrum of a

signal processed by a multi-bit AID ccnvez-cer-. A link between

harmonic generation and the general theory of quantization will

be illustrated. Software was also written to evaluate the effect

of quantization on the largest spurious signal produced when the

input signal is not matched exactly to 'I:.hedynamic range of the

quantizer.

Bf.l.cltgrouncil :Information for the N Bit Case

Up till :r,OW, one bit quantization has required that the zero

crossings be calculated so that the J;t~ourierTransform of the

quantized signal may be determined. This implies that the times

at which the signal crosses from one quantization interval to the

next, i. e. level crossings, must be evaluated. This concept may

be extended to the N bit case and is illustrated in Figure 4.16

overleaf.
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Figure 4.16 Extension of Spectral Theory to N Bits

The theory is easy to prove and is shown in Appendix M. The

differences between the one bit and general cases are outlined

below. With ref.erence to Johnston (1984) and 4.1 above, the

signal s (t) will ta]ce on values xn that have values determined by

the number of levels of quantization, instead of just ±1. In

addition, the values tn are not the ~ero-crossings an~~ore, but

the level crossings. Hence it may be seen that Equation M2 for

the Fourier Transform is identical in all respects, with -che

exception that xn is multi-valued and the numbez of time data

points will have increased in proportion to the number of levels

of quantization.

Thus it maybe seen that the Fourier Transform of a cignal maybe

determined, by means of Equation M3, to any degree of.

quantization accuracy desired (limi ,,~,donly by computational

r~so\1rces), in the limit of an infi i+-",number of quantization

levels, tending towards the exact 'L"ourier Transform. As stated

earl:Ler I this method has certain advantages over the FFT in terms

of accuracy and the ability to separate the effects of

c;1Uan't.isationand aliasing I but at the cost of computation speed.
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With particular referl.mce to the analysis of qnantization

effects, it is .oel.ieved that this method is far superior to the

FFT because of the ability to separate the effects of

quantization from sampling. Also, to achieve similar results with

the FFT would require very fast data sampling so as not to

influence the signal with aliasing effects:;. In turn, this

t:equires .:I. vast number of data points and so this latter approach

takes ju.. ':. as lone;; if not perhaps longer than than the Fourier

Tl'ansform approach. With the FFT }1I;t.:.hod,it is difficult to

isolate the aliasing error once realistic sampling is introduced.

The FFrr approach is, however, more useful Whendetermining the

combined effects of sampling and quantisation, because of the

advantage of' computation speed.

since the extension to N bits required far more computing power,

an interim solution was sought. To obtain an idea of the general

levels of quantization error for a single tone input, as an

indicator to the spurious signal levels that could be achieved

for a given number of bits, a general expression for the Fourier

Series coefficients of a single-tone input as a fUnction of the

number of levels of quantization was obtained (c.f. Equation L7),

as described in Appendix L.

Tables 4.1 and 4.2 show the levels of the first 99 harmonics for

quantization between one and ten bits. It may be seen that for

one bit quantization the third harmond,c is at -9, 54dBc and for

two bits it is at -18, 3dBc. An advertisement :c'eferring to a two

bit 500MHzbandwidth DRFMindicates that the spurious signal

levels are typicallY -17dBc.

It has already been r;.tated that for one bit quantization, the

quantization error is in general more significant than any
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aliasing error. In the case of two bits, it is clear that because

the level of the quarrt.Lzar.Lon errOl: is considerably lower, the

influence of the aliased quant.LaatiLcn error terms becomes more

significnnt. This is demonstrn.ted by the fact that the spurious

signal levels exceed the third harmon:"c levels by about 1, 3dB.

Hence the aliasing te'l.."'lnsmust be around the -23dBc level. The

third harmonic levels then underestimate the spurious signal

levels as the number of bits increases, but this is still a

useful indication of the degree of quantization error. SoftWare

has also been written to determine the various spectra as for the

one bit case, based on the results of Appendix M.
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Table 4~1 Fc)uriar Sari.es Coeffioients - 1 to 5 Bit Qua.ntization

HARl-;'iI;UC SPURIOUS LEVELS VERSUS NO. OF BITS (dBc)
1 BITS 2 BITS 3 BITS 4 BITS 5 BITS

1 0 D 0 0 0
3 -9.542425 -18.27221 -27.04456 -35.89192 -44.80G96
5 -13.9794 -25.41834 -29.21966 -36.77035 -45.20194
7 ·16.90196 -28.34092 -34.88713 -38.46618 -4.5.87577
9 -19.08485 -27.81461 -51.36521 ·41.71711 -46.94489
11 -20.82785 -20.82785 -35.32438 -49.10348 ~48.61635
13 -22.27887 -22.27887 -39.64908 -57.00993 -51.7,9912
15 -23.52183 -32.25164 -36.26034 -45.89701 -56.05908
17 -24.60898 -36.04791 -33.73892 -44.95197 -69.12496
19 -25.57507 -37.01404 -33.54594 -53.23287 -61.946
21 -26.44438 -35.17412 -32.08073 -48.42366 -55.56643
23 -27.23455 -27.23455 -27.08024 -42.43506 -53.86'748
25 -27.9588 -27.95881 -33.07975 -47.60281 -55.32904
27 -28.62728 -37.35711 -40.75333 -45.60131 -62.85056
29 -29.24796 -40.68688 -38.82564 -39.5875 -63.13923
31 -29.82724 -41.26623 -64'.27265 -53.34694 -53,93942
33 -30.37028 -39.09993 -40.58244 -39.10855 -51.87956
35 -30.88136 -30.88135 -49.09756 -42.27639 -54,.82488
37 -31.36403 -31.36405 -3&.17121 -40.96829 -79.30233
39 -31.82129 -40.55114 -47,42995 -44.30002 -52.62145
41 -32.2;;%8 -43.69458 -36.04242 -40,48GL5 -49.2332::1
43 -32.66937 -44.108/~' -57.90069 -l~6. 8-;".. ·52.52099
45 -33.06425 -41.79389 -37.68041 -41. 24/tSl -64.12597
47 -33.44196 -33.44193 -38.99071 -35.03027 -49.136 .)

49 -33.80393 -33. 8039t'~ -39.28725 -39.72071 -4.8.49174
51 -34.1514 -42.88127 -36.85843 -42.63716 -61.82603
53 -34.48552 -/~5. 92441 -45.11164 -42.26911 -50.98422
55 -34.80726 -46 :24631 -44.20502 -5i' .11347 -49.38535
57 -35.1175 -L~3. 84713 -63.80327 -62 ..87539 -73.6L~21
59 -35.41704 -35.41702 -40.63477 -46.2'?716 -51.39721
61 -35.7066 -35.70662 -51.02824 -52.53675 -58.77294
63 -35.98681 -44.71675 -42.12545 -50.23709 -51.40046
65 -36.25827 ,47.69713 -46.01136 -47.40759 -52.71831
67 -36.5215 -47.96056 -57.91316 -65.40486 -51.09648
69 -36.77698 -45.50664 -57.71027 -49.49082 -47.24867
71 -37.02517 -37.02514 -45.62041 -84.58635 -59.57989
73 -37.26646 -37.2665 -37.58228 -55.21326 -1+8.13011
75 -37.50122 -46.23115 -40.14023 -52.55241 -62.42237
77 -37.72981 -49.16864 -56.97576 -55.%798 -54 ..'55017
79 -37.95254 -49.39159 -54.54028 -h.5.38908 -48.47113
81 ·38.1697 ..46.89931 -44.99354 -52.42025 -56.7569
83 -38.38156 -J8.38151 -L~6. 82022 -44.03321 -45.1574
85 -38.58838 -38.58841 -54.3064 -57.4456 -71.05437
87 -38.79038 -47.52042 -53.57685 -50.30895 -52.21114
89 -38.9878 ..50 .L~2665 -60.62869 -53.8653'5 -47.96928
91 -39.18083 -50.6199 -47.82614 -47.56663 -49.42535
93 -39.36966 ·48.09916 ·54.7709 -56.518M -48.96941
95 -39.55447 -39.55444 -42.102'?9 -42.42649 -46.44624
97 -39.73543 -39.73548 -39.6S'U9 -45.96649 -46.09968
99 -39.91271 -48.64265 ·50.91228 -48.3007 -44.22345
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Table <&.2Fourier series Coefficients - 6 to 10 Bit Quant.izatl.Oll

HARMONIC SPURIOUS LEVELS VERSUS NO. OF BITS (dBc)

1
3
5
7
9
11
13
15
17
19
21
23
25
27
29
31
33
35
37
39
41
43
45
47
49
51
53
55
57
59
61
63
65
67
69
71
73
75
77
79
81
83
85
87
89
91
93
9S
97
99

6 BITS
o

-53.77019
-53.95705
-54.25722
-54.69424
-55.30591
-56.14564
-57.29575
-58.88729
-61.15776
-64.62075
-70.9145
-95.80091
-70.67121
-65.70937
-63.54733
-03.01324
-64.03467
-67.35538
-77 .79891
-72.93796
-64.9545
-61.84664
-61.13959
-62.83977
-69.28603
-74.65946
-62.78306
-59.14276
-58.71508
-61.7!~222
-76.76391
-6:1. 81412
-58.1.1524
-57.27561
-60.74791
-85.55503
-61.66854
-57.99986
-60.0227
-74.39003
-63.84983
-60.73935
-67.59919
-66.23933
-59.74824
-63.80051
-66.46736
-56.95875
-57.80951

7 BITS
o
62.7639

-62.8538
-62.9957
-63.19254
..63.45417
-63.78996
-64.21518
-64.74697
-65.41185
-66.24133
-67.28402
-68.60818
-70.3268
-72.64081
-75.98134
-81.6227~
-101.9276
-83.97924
-77.88438
-74.82238
-73.0895
-72.23394
-72.12221
-72.78715
-7/~.4446
-77.73956

. -85.40808
-89.70536
-78.3lS16
-73.1'l'i852
-71. 44
-70.J/693
-70.35637
-71.56296
-74.651
-82.7684
-84.25678
-74.123
-70.05025
-h8.1382
-67.72483
-68.83746
-72.22065
-82.42191
-78.51548
-70.41271
-67.24606
-66.30051
-67.24665

81

8 BITS
o

-71.77654
-71.81754
-71.88797
-71.98023
-72.1016
-72.25063
-72.43388
-72.65091
-72.91087
-73.21555
-73.57433
-73.99272
-74. 482l~8
·75.05523
-75..72858
-76.51967
-77.45833
-78.585
-79.95575
-81.6613
-83.86591
-86.89274
-91.61355
-102.4652
-99.45718
-91.09714
-87.18321
-84.75926
-83.14066
-82.0672
-81.41678
-81.14287
-81.235513
-81.72229
-62.67945
-84.2641
-86.8229
-91.33664
-103.7752
-%.23186
-88.50794
-84.62868
·82.2091
-80.64136
-79.70593
·79.31778
-79.47246
-M.23908
-81.8105

9 BITS
o

-80.79998
-80.81281
-80.85208
-80.8%26
-80.9545~
-si. 02281
-81.10945
-81.20489
-81.32151
-81.45018
-81.60102
-81.76712
-81.95676
-82 .1683/~
-82.40785
-82.6724
-82.96935
-83.30131
-83.67308
-84.08544
-84.55025
-85.06913
-85.65517
-86.31531
-87.06389
-87.91841
-88.90409
-90.05469
-91.4J.82
-93.06136
-95.13465
-97.86941
~101. 8839
-109.4515
-118.2829
-104.9334
-100.0666
-97.11972
-95.05851
-93.54534
-92.39865
·91.53643
-90.90204
-90.475lf4
-90.23353
-90.17484
-90.30021
-90.62756
-91.17216

10 BITS
o

-89.85079
-89.82548
-89.85176
-89.86481
-89.90138
-89.92927
-89.97704
-90.01475
-90.07534
-90.13068
-90.20317
-90.2733S'
-90 ..•934
-90.44774
-90.551J.4
-90.65689
-90.77711
-9<').90646
-91.04846
-9] ,197P4
-91.36614
-91.54319
-91. 73886
- 91.9[076
-92.17354
-92.41676
-92.68164
-92.96961
-93.28202
-93.61178
-93.97877
-94.37238
-94.80364
-95.27246
-95.78679
-96.34785
-96.96791
-97.6463
-98.40909
-99.25822
-100.221
-101.3076
-ll)2.5876
-104.083L~
-105.9085
-108.2145
-111.3827
-116.2785
-128.5682



4.2.2 Harmonics and Quantisation Noise for the N Bit Case

using the Fourier Transform

DRFMs, because of the use of quantization, in the most primitive

sense, one bit quantization, cause intermodulation effects when

sampling is introduced. Thus ever'y harmonic of the quantised

signal is present in the message band spectrum, either as the

original, or as a folded down or aliased version.

In teJ::'IDsof general quantization and sampling theory, which has

been dealt with In Chapters Two and Three, the signal to be

sampled must satis:fy the Nyquist requirement and for the

quantization noise tI:> be white, it is 'assumed that there .::..rea

sUbstantial number of quantizing levels and a reasonable input

signal.

In a DRFMhowever, even if one limits the signal bandwi.dtih by

utilizing an anti-aliasing filter prior to sampling. and

quantization, the coarse quantization process still increases the

signal bandwidth by introducing harmonics of the fundamental. 1.!.'I<o

level of t!le harmonf.ce ls a function of the number of bits in the

quantizer. Thus the mozc bits used, the lower the le'lel of any

particular harmonic relative to the one bit case, in general.

'l'he figures overleaf show the quantized, but unsampled, spectrum

v' 'ell a 1kHz s i.newave is modulated by a 50ms pulse for the one,

t't'10 and three bi.t caSE~S.
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Figure 4.19 Three Bit Quantised Unsampled Sinewave Spe~trum

As may be seen, the most significant harm~nic's power decreases
considE~rably when the' number of quantization bits Lnoxeaaas . The
resul tElare tabulated be,low in Table 4.3.

Table 4.3 Largest Harmonic Versus Nwnbar of.Bits

I--~~:~~-~!--~~::~--
2

LARGEST HARMONIC

3

RELATIVE POWER (dBc)
3 -9,5
3 -18
3 -27------------------------~------------------------~--------------~

Quantization, by the nature of the process, causes a spr(!ladingof
the spectrum, which is normally ignored by the statistical
analysis approaches of generalised quantization theory. The
relation of quantizing noise ~ith coarse quahtisers to thrt
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predicted by the generalised approach remains to be defined.

Standard statistical quantizing noise theory indicates that the

quantizing noise is "white!" in nature. Care must, however, be

exercised when noting under what assumptions these deductions are

made. There are several references to indicate otherwise for the

coarse quantization case, including Sripad and snyder (1977)

quoted earlier!

Hanrahan (1984) shows that in a typical peM system, as

illustrated overleaf in Figure 4.20, the spectrum of the

quantizing noise follows a sinc2 function, and tha~ after the

reconstruction filter, the noise spectru~ is flat. The

reconstruction filter respcm:: is sha

brickwall response to equalise the si:

fr.·omthe ideal

ahap....~~introduced by

the sample and hold process. P'1rther I It as st.ate(.. that the medor

assumptions used are: that the qt~antiz:'.nqerror aris ...ng from each

encoder interval is uniforn.ly distr Lr.utied across the interval,

and also that successive samples of the quantizing noise are

t.nC!orrelated. These assumptions do not always, unfortunately,

apply to the coarse quantization case. Reference is also made to

a paper by Tsividis and Zee here, which makes use of a technique

that will be illustrated soon and that is supported by other

references, namely harmonic power summation.

As a start, in Hanrahan's analysis of the peM system, the

assumption is made that the input signal is band-limited. This is

a very reasr.'li.able assumption that is more than satisfied when

using a simple single-tone signal or band-limited speech for

anaLys Ls and delnonst~,,:,ationpurposes. The second assumption is

that the PDF of thE! signal is Gaussian, but this is not

necessax'ily true for the CIJarse quantisation case; al though it

should not influenoe the argument too much.
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Each replica introduced by the sampling process, will undergo
spectral spreading caused by coarse quantisation. As may be
visualized, and as is attempted to be illustrated below in Figure
4.21, this leads to an aliasing problem (undersampling of the
quantisation error), that is a direct result of the coarse
quantization and sampling process.

SAMPLE U1(n) RECEIVE uout(t)
AND

FILTERHOLD

Figure 4.20 Typical PCM syst~m Elements - Hanrahan (1984) J!

I

-.......::::::::~=---+-~---=:::~---;o
I

(~)

o
I

tlunnIllIllIIu~??unUIIijIlIIIUn1~nlllnIlIIIIIUlfy,unIIIIIllIIlU~ll.f .
(c) -,1/ M. 0 Mj AI 3Mj 2M

- '2 2 2

II»)

FiguXGl 4.21 Aliasing of Quantised Signal - Stremler (1979)

Another underlying assumption made in standard quantization
theory' is that the quarrb i.zLnq error is assumecl to be uniformly
distributed across each quantizing interval. with coarse
quantization and certain signals, this cannot be said to be true.



'1'hecrit.erion for the quarrti.sa'tLcn error to ne white, given by
Hanrahan (1984), is that the ratio of the standard deviation of
t.he signal to the quantizing interval should be »1. For a sine-
wave and a one bit quantizer, this assumption is not valid. It is
agreed, howeve r , that this assumption is valid for normal A and
u-law quantisers wi·th a large number of bits.

By summing
fundamental) ,

the power in the harmonics excluding the
it will be found for the one bit case that the

power in tr~ harmonics (spur power) is -6,3dBc. This implies that
the "noise" power is only 6,3dB below the desired signal.

By adjusting -the duty ratio of the square wave that results from
the one bit quantization of a sine wave to liN, where N is the
narmcn Lc that must be eliminated, it will be found :hat: the Nth
harmonic will be eliminated, Schneider (1986). By removing the
third harmonic, this technique yields a highest harmonic level of
-14dBc, namely 4dB lower. This also reduces the total spur power
to -9, 1dB, (2,8dB lower than J:,)efore).with t.his process however,
even har~onics are now generated. By alternat.ing the duty cycle
around the 50% mark, the phase of the even harmonics is changed
alternately, and thus by superposition over a period of time, the
even harmcnd.cs are eliminated, while reducing the level of the
highest (3rd) harmonic. The so-called reduction in spur power
shown above is only apparent I because the power i.n the removed
3rd harmonic is channeled into the generation of even harmonics.
Thus total spur power in fact remains the same at any instant.
only temporal integration removes this unwanted spur power.

Oppenheim and Schafer (1975) note that the assumptions made with
standard quantizing theory do not always hold. They statr= that
the general assumptions made, lead to a rather simple analysi~ of
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quantization effects '.Such assumptions are nou always valid for
all signals. However, they go on to say that when the signal is a
complicated one, such as speech or music, where the signal
fluctuates rapidly in a somewhat unp~adictable manner, the
assumptions are more realistic. Further, experiments have shown
that the more complicated the sigllal, the less the correlation
between the signal and the quantization error, and the error also
becomes uncorrelated. Finally, they state that the assumptions of
the statistical model appear to be valid if the signal is
sufficiently complex and the quantization steps sufficiently
small so that the amplitude of the signal is likely to traverse
many quantization steps in going from sample to sample. This
heuristically states what has essentially been shown to be true
in simulations previously.

Bennett (1948) (as quoted by Claasen and Jongepier (1981)), gave
an indication of when the spectrum of quantization noise is
,;vhite. The basic result obtained by him, was that Wht::.H a
quantizer is sufficiently loaded, i.e. when the signal attains an
appreciable number of quantizer levels, then the errors can be
regarded a~ noise with a white spectrum over the signal band.

Claasen and Jongepier (1981) state that this result has been used
to model quantization errors for both analog and digital signals,
and that in general, the model is quite accurate. A number of
others have given conditions under which -che spectrum of
quantization noise of stochastic and deterministic signals is
whit.e. Claasen and Jongepier (1981) state that. even for a
sinusoidal signal, if it has sufficient variation, the quantizing
error (noise) spectrum is white.
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They give a formula Ifl:S7T.L.fo' which must be obeyed if the

quantizing noise spectrum is to be white, where f is the band of

interest and the signal of interes't has a frequency fo. L is the

number of quantizing levels. Thus if the input frequency is 100HZ

and the band of interest is 20kHz, as for audio, then the number

of quantizing levels must exceed 63,66. Hence the quantizer must

have at least 6 bits for the quanbi.zLnq noise to be white in this

20JcHz interval.

By taking into aCCC1111tsampling, as well as the quantization

effects described previously, Claasen and Jongepier (1981) state

that as long as the sampling :Crequency is well below f=fo.27TL,

then the error (noise) spectrum that results is sufficiently

aliased to introduce enough foldover to create a white spectrum.

Thus if the input frequency is 100Hz and L=2 levels (one bit) I

then the sampling frequency must be well below 1256Hz, to ensure

a white spectrum. If the sampling frequency is a tenth of this

value, namely 125Hz, then the Nyquist criterion for even the

fundamental will not be satisfied.

)J

Considering a sampling frequency of 200Hz, say, then the number

of quantisation levels would have to exceed three, i.e. at least

two bits for the noise to appear white. This is in agreement with

statements made by Jayant & Noll (1984).

widrow (1956), describes rough amplitude quantization as an

extension of Nyquist sampling theory. He states that if the

samples of a continuous 'Variable are ra:ndom and statistically

independent of each othe:r:, then a first o:r:der PDF, W(X) I

completely describes this process. similarly, the Fourier

Transform of the PDF is knownas the characteristic function of

W(X) •
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Thus:
(4.3)

The signal at the input to the quantizer may talee on an infinite
number of magnitudes, while the output of the quantizer may only
assume a fixed number of discrete ~tates. The PDF of the output,
WI (XV), therefore consists of a series of impulses that are
uniformly spaced along the amplitude axis. Each of these impulses
is centered in a quantization box. uniform qUantization is
assumed. Figure 4.22 below shows how the output PDF is defined.

Wlln

Figura 4.22 output PDF by Melans of Area sampling - Widrow (l956)

Because any event occurring in any particular quantization box is
always defined to produce on output at the centre of that box
(quantizing interval), then the amplitude of the output impulse
PDF for any box must be equal to the area under the input PDF
within the quantiz ing inte!'Val in question. The characteristic
function of WI(}{I), Le. its Fourier Transform, is periodic,
because it is the Fourier Transform of a series of impulses with
spacing q, the quantizing interval.

With normal time sampling, the process of periodically sampling a
function f(t) is identical to multiplying it by series of unit
area impulses, that are uniformly spaced. 'Itheimpulse train may
be represented by a Fourier series as:
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f*(t)=[f(t)] [impulse carrier]=[f(t)][l/T]~ exp(jnnt)-00

as shown before.
(4.4)

Thus it Ls the sum of an infinite number of sinusoidal carriers
't'lithuniform frequency spacing 27T/Ts' where Ts is the sampling
period. The signal f(t) then modulates these carriers to create
.identical sidebands about each frequency 2TI7T/Ts'This has been
shown previously in a discussion of sampling theory. The results
are illustrated below in Figure 4.23 •

ADll THt'lC

Iqlnl

.JdJ1il.
: ! ~ ! ! ~ i x-).

i: IJ. ;._~\__~~!

SUM

Samples - Widrow (1956)
Figure 4.23 Ideal Impulse Sampling and Construction of Area

By separating the zeroth array in the array of sections
illustrated, say by using an ideal low-pass filter, it is
possible to recover the p.nvelope of the input signal, f(t), from
its samples. The Nyquint criterion for sampling may thus be
deduced, that the input signal must have no significant harmonic
content above half the sampling frequency for signal recovery to
ta]ce pldce.
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If we have, as stated above, an input signal with a PDF W(X),

then the quantizer output PDF, W'(X'), may be thought of as an

area sampler acting on the input. The cumulative distribu'ticn of

W(X), D(x) , may be obtained by integrating the input PDF.

Therefore, considering any quantizing interval within the dynamic

range of the quantizer, it is possible to calculate D(x+qj2) and

D(X-qj2), as shown in Figure 4.23 above. W'(X') is then the

difference between these two cumulative distributions. Widrow

(1956) defined a quantity knownas the radian fineness, which is

2~/q. Whenthis radian fineness is twice as high as the radian

"frequency" of the highest "frequency" component contained i.n the

shape of W(X), then it is possible to recover W(X) from the

quantized distribu'tion W'(X') .

The understanding of the quantizer would be complete if it were

true that the quantization noise, namely the difference between

the input and the output, were independent of the quantizer

input. '1'his is unfortunately not true. Not only is the

quantization noise statistically related to the input, but it is

also causally related. Because the output of a quant5.zer is a

single-valued function of ~~c input, any input PDF gives a

deLinite output signal and a definite noise.

,)J

The distribution density of the noise itseJ.f is independent of

the input PDF if and only if tha Nyo"Lst criterion for

quantization, as defined above, is sati!:.r" This criterion is

satisfied when the quantization grain is fine "enough".

Qualitatively, Widrow (1956) states t.hat; if the dynamic range of

an input variable extends over several quantizing intervals, then

the quantization noise will be uniformly distributed and it will

be a first order process. He also states that the quantization

noise is practically uncorrelated until the quarrtLz Ln.. interval
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size is one standard deviation and th input correlation is 95%,
or until the box size is two standard deviations and the
corrolation is 80%. The latter box size is considered to be very
rough quantization, Widrow (1956).

Summarizing then, if the Nyquis~ criterion for SAMPLING is
satisfied, then the function is recoverable. If the Nyquist
criterion for QUANTIZATION is satisfied, then the statistics of
the function are recoverable, and the quantization noise is well
understood, 1.e. 't",hite.In the case of well correlated input
signals, such as pulse modulated sinusoids, it has; been shown
that the quantisation noise is highly correlated with the input,
especially for very coarse quantisation, such as a one or two bit
~lantiser, where the sample amplitude does not vary much from one
sample to the next.

Quantiser Dynamic Range Effects

Software was written to predict the level of the largest spurious
signal versus the level of the input signal relative to the ideal
OdB full qua:ntizer dynamic range. The largest spurious signal is
effectively the third harmonic for a sinewave input. One to six
bits have been used.

In the one bit case, it is clear that the spurious level remains
at -9,5dB, regardless of the input level. For the two ~it case,
the level of the third ha~onic varies, depending on the input
level. For a OdB input level, the spurious level corresponds to
the levels r·...edicted by the earlier FFT and Fourier Transform
analysis.
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As the input level drops below OdB, so the spurious level

changes, until only two levels of the quantizer are be:.ng used,

reverting to the -9, 5dB apuxLous level of the one bit quan+Laez .

Above OdB, the quantizer saturates, until the inpat sianal

becomes so large that it once again hard limits. Thus the maximum

spurious level once again becomes :"9,5dB. 'I-he results ;:;.re shown

for one to six bits. In each case the results are similar, only

the quantizer having much more dynamic range before the ·-9, f,dBc

s~urious signal level is reached with saturation at one end of

the quantiser I s dynamic range and using only tvlo quantisation

levels at the other end.
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The link between harmonic generation and quantising noise power,

is the total spur or harmonic power versus the number of

quantization bits and signal input level. The pattern is similar

to the maximum spurious signal level shown above. Of most

interest, however, is the level of the total spur power, or

quantizing noise power, for a OdB input signal, as predicted by

the Fourier Transform harmonic generation approach, compared to

the level normally predicted by general quantizing noise theory

(-20log[1,22(2n-1)J, Schneider (1986)). The results are

summarized below in Table 4.4.

Table 4.4 Quantising Noise PowerVersus NumberOf nits

NumberOf Bits General Theory(dB) Fourier Approach(dB) .

1 -1,7 -6,3---------------- -------------------- ----------------------
2 -11,3 "13,0

3 -18,6 -19,5

4 -25,2 -26,0

5 -31,6 -32,0

6 -37,7 -38,0

Thus it may be seen that from two hits upwards, the general

theory and the more exact Fourier Transf<'rm approach, converge

rapidly. From six bits upwards, it may be said that bot.h

approaches are identical in predicting the level of the

quantizing noise power. However, only the Fourier Transform

approach I)r Fl"T approach allows predicti.on of the sampled and

quantised signal spectrum. The plots of total spur power or

quantisation noise power are illustrated below as a function of

the input signal level relative to the quantiser input dynamic

range for one to six bit quant:i.sers.
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403 summary

The spectrum of a one bit quantized signal was studied and a

computer program w~s written to evaluate the spectrum of a

quantised single t.one and a FMSWsignal. This method of

evaluating the signal spectrum. was compared with the FFT

technique and the tradeoff of computation speed versus accuracy

was stated. It was found that the. "analogue" technique is much

better for illustrating the effects of aliasing and quantisation

separately, but slower. In order to obtain as accurate a spectrum

using the FFT requires an excessive amount of memoryand also

increases processing time significantly. If greater degree:::. of

quantization are requ.ired, then the "analogue" method also

requires excessive computer memory.

The (Irrors associated with the DRFMas a signal synthesizer were

considered as well as when used as a memory. It was shownthat in

the former case it. is poss Ib l e to maintain lower spurious signal

levels· (excluding quantization distortion). This is because one

has a priori knowledge of the signal, thus reducing the error of

positioning zero-crossings to a minimumand also because there is

no aliasing distortion as sllch, in the true sense of the word.

A number of test cases were illustrated, including comparison

"lith Johnston's (1984) results, in order to ,ralidate the

software. Some other specifi.c signals, namely the' sinIJle tone

input and the FMSWwere used as test cases with various

combinations of sampling frequency. It was deduced thai.: for one

bit qua.ntization, _.~e quantization error is of greater

significance than the aliasing error. The level of spuriolls

signals was found to compare with quoted data.
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consideration was given to extending the process to N bits. The
Fourier series coefficients of a single tone input quantized to
N bits were evaluated. It was found that the results for two bits
correlated with one quoted example and it was also deduced that
the aliasing error took on more significance in this case. The
above techniques allow one to independently analyse quantization
and aliasing error.

R€:lferenceto others work on the subject of coarse quantization
has also shown that the coloured quantization noise effect
obtained here is normal. These references also indicate under
which circumstances the quantiz ing noise may be assumed to be
white. T~is typically occ\ ~G when there are at least three bits
in the quantizer characteristic, and the input signal is
reasonably uncorrelated from sample to sample.

Spectra for pulse modu latied sinewaves were genet'ated for up to
'three bits of quantisation, illustrating that the spectra
definitely contain spurs and are not white. The level of the peak
spur pcwez was plotted for one to six bits of quanti sation as a
function of the signal input level relative to the quantiser
dynamic range. similclrly, the tot.3.lspur power I or quantisation
noise power was plotted for one to sLx bits of quarrbi.aat.Lonas a
function of thl. input signal level relative to the quantiser
input dynamic range.

It was found that the quantising noise power started to converge
rapidly with the results predicted by the ztatistical approach of
generalised quantisation theory from three bits upwards, and tha.t
the results could be considered identical from six bits upwards.
Only the Fourier Transform or FFT approaches have the ability to

,#"predict the quantisation noise spectra though.
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l..NAL'l!TICAL AND MEASURED RESUL':r~ COMPARED

As stated in Chapter Four, it is possible, by generating a

Fourier Transform of any quantised signal first, prior to

introducing sampling, to obtain the spectrum of that sampled and

quantised signal. This approach to the problem requires a

significant amount of computer time, but it also allows the

separation of sampling and quantization effects. Specific

analytical cases will be considered and these will be compared

with practical measured results for v~rification.

5.1 Example 4~1- Pulse Modulated sine't'1ave

Taking a sinewave as an example, by quantizing it, a

monotonically decaying ser.ies of lines at odd multiples of the

input frequency is obtained, namely a series of odd harmonics

decaying with lin in tel~S of voltage. The first 99 harmonics are

illustrated overleaf in Figure 5.1. By sampling the quantised

signal at 62 times tho input fre ..uency, the spectrum will fold

about c;t frequ'?rlcy equal to 31 times the input frequency. The

first 31 harmonics will thus form what is te:t1lled the unaliased

message band quantised signal. By summingthe remaining harmonics

taking account of the spectral folding, the aliased quant.Lsat.Lon

~rror is obtained, forming a part of the total quantizing error.

The remainder of the quantizing error consi stis of the remainder

of the harmonics, exclUding the fundamental, in the unaliased

message band spectrum. By adding all the components of the
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quantisation error (all components including the fundamental), it
is ~ussible to obtain the overall quantized and sampled spectrum
of any input signal.

As stated earlier, this process requires a large amount of
computation time on a PC-AT compatible. Further, not enough
harmonics are used in general, to obtain an accurate picture of
what is happening. This procedure does, however, illustr.ate the
mechanisms that are occurring with sampling and quantization
clearly. rhe spectra mentioned above, are illustrated below.

QUANTIIED BASEBAND SPECTRUM
19 =-",-""""""",,,,,,,,,,,,,,,,,,,,,,.,.-,,,-,,,,~",,,,,,,,,c_"""""""''''l~
-,.'".-------,--,---PW: 59~s--,-.

~ rn """' __ •• , ... ,"'."",_."""""' .... ,"".""' ... "" .... ,"", __ ""' .... __ ....... _ ...... ""' .... _ ... , .... Fo:: 1 kB~~__ """""""

.Q!Q .
( dI~o) .. " ,-"'-,-"'._....""""'''''''''''---''''..........._.............""""....""""",.........._=-"",.......,._=== ....""'''''.,,== ..-~a~

,

"',,_ . - "

19~
Figure 5.1 Unsampled Quantised Spectrum
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UNAlIASED QUANTISED SPECTRUM
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""""._""'''''...,_, ''''''''''' ''''''''......''''''...'"'''''............_.'''''''''''''''''''''''''''__ =~ ..,,__._J

Figure 502 Unaliased Quantised spectrum
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Ali.ased
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fs: 62 ](Hz

Figure 5.4 Overall Message Band Ql.lantised Spectrum

A much easier approach to obt~ining the spectrum of a quantized

and sampled sinewave, is to make use of the FF'T. 'rile identical

input signal, namely a 50ms pulse nodu.l a't.ed 1khz sinewave, was

uaed as an exa-np Le, 8192 points were used for the FFT to avoid

FFT peculiarities, such as the picket fence effect. Thu::::,the

predicted spectra are very close to the real spectra. ',L'henumber

of bit.s in the quantizer must be specified. Thus the Lnput; signal

is first quantized. Thell, the sampling frequency in the DRFMmust

be specified. This corresponds to the FFT sampling frequency. The

FFT :!.-; then performed. The resulting spectrum is the overall

sampled and quantised spectrum, as shown overleat. in Figu:ce :,.5,
and corresponds closely to the spectra predicted above.
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Figure !~.5 Overall Cluantised and Sampled Spectrum Using FFT

In order to verify this theoretical approach, a one bit DRFr'"

emulator, consisting of a one bit A/D-D/Ablock (a D flip-flop

circuit) was built. Although no storage wa~ performed, this

simulates the sampling and quantizatioll process adequately. The D

flip-flop has a certain amount of hysteresis on the threshold

when comparing the 0-->1 threshold to the 1-->0 threshold, but

repre~ents an accept(''1J.e one bit digitiser. One of the problems,

though, was to obtain sUfficient stability from the sampling

clock, which was a WAVETEI<:L88pulse generator. This generator

had a tendency to drift very slot,],'y in frequency with time,

malcing it difficult to set up an exact sampl.ing frequency. The

principles of coarse quantization and sampling are well

illustrated in Figures 5.6 to 5.8, thoug'1.
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The output of the one bit DRFM emulator was passed into a
TEKTRONIX '7603mainframe with 7L5 plug-in spectrum analyzer. The
filter bandwidth used was set to 300Hz, and the frequency span
per division was set to 100kHz, 5kHz and 10kHz per division,
respectively. The sampling frequency was set very high initially,
about 10MHz, in order to illustrate just the quantizing effect,
Wltil insignificant spectral fold-over. The input signal was a
suns pulse modulated 5kHz sinewave, in alJ. cases. AS expeotied,
the levels of the harmonics ,-,orrespondto the thaoretical levels
and are tabulated below. As may be seen, the theoretical and
measured results correspond very closely.

It should be observed that the D flip-flop may be modeled as an
ideal impulse sampling plus a one bit quantisation process,
followed by a sample-and-hold circuit. Thus for a sinewave input,
a square wave output, as opposed to impulse samples of a square
wave are obtained. 'rhe sample-and-hold circuit has a frequency
response characterised by H(f)=Sa(nfTS), where Ts is the sampling
period. The signal spectrum at the output of the sample-and-hold
circuit is thus modif'ie<.cby its frequency response. At a
frequency equal to half the sampling frequency, the sample-and-
hold circuit will introduce a loss of 3,92dB compared to the
iC.:ml impulse sampling case. At a frequency of 0,2 times the
sampling frequency, the loss introduoed by the sample-and-hold
would be about 0,58dB.

Thus instead of having a monotonically decaying line spectrum, as
Shown in Figure 5.1, a droop effect will be experienced at higher
frequencies in the message band spectrum, as half the sampling
frequency is approached. With the very high sampling frequencies
used t.o generate Figures 5.6, 5.7 and 5.8, th:ls effect will be
nugiigible. Fur all practical purposes, with sampling frequencies



of the order of.lOMHz in Figure 5.6, not more than about O,2dB of
droop should be expected at the higher frequencies.

The conclusion is that not accounting for the sample-and-hold in
certain cases, such as the above, makes no significant impact on
the sampled and quantised spectrum when assuming idealised
impulse sampling. It will be seen from Figure 5.6, that a very
slight droop effect may be noticed at the highest frequencies
portrayed. However, the basic form of the quantised spectrum
remains as predicted. The coarse quantisation process introduces
extreme non+L ineari ties, producing harmonics of the input
spectrum, as predicted by the theory o~ Chapter Four; and not a
white unifol~ spectrum for the quantising noise as predicted by
general quantisation theory.

Table S.l TheoreticC:l.land Measu:reCl Spurious Levels

-----~-~---------------------------------~--~----------
100

Harmonic Theoretical (dBc) Measured (dBc)------------- -----~--------~----~--~---~----~------
3 -9,5 -9,5
5 -14 -14
7 -16/~ -16,5
9 -19 -18,2-------------------------------------------------------



Figure 5.6 Measured "Unsampled" Quantised Spectrum

Figure $.7 First Nine Harmonics of Figure 5.6
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Figure 5.8 First 19 Harmonics of Figure 5.6

By adjusting the sampling frequency slightly away from a multiple
of the input frequency, it is possible to obtain t.'~. foldover
effect ali ttle more clearly. The theoretical results j • a
62,5kHz, 62,1kHz and a 62,3kHz sampling frequency are shown
over.leaf in Figures 5.9, 5.10 and 5.11.
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Figure 5.9 Sampled and Quantised Spectrum with fs=62,5kHz
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Figure 5.10 Sampled and Quantised spectrum with fs=62,lkHz
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Figure 5.11 sampled and Quanti.sed Spectrum with fs=62,3kHz

Measured results for sim:i....~...situations are shown overleaf, and
may te seen to correspo~ld fairly well to the predicted results.
The exact same sampling frequencies have not been used, as these
are difficult to set up with the available equipment. However,
the foldover effect of sampling and the coloured quantizing noise
spectrum is clearly illustrated. The edges of the photographs do
not unfortunately show the full spectrum analyzer screen in all
cases, due to photographic adjUstment problems. The effsct of the
sample-and-hold introduced by the 0 flip-flop is slightly visible
in Figures 5.13 and 5.14.
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Figur9 5.12 Measured sampled and Quan'tised spectrum with Sampling
Frequency Approximately a Multiple of the Input Frequency

Figure 5.13 Measured Sampled and Quantised Spectrum with S~mpling
Frequency Not Equal to a Nul tiple of the Input It''requency
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Figure 5.14 Measured Sampled and Quantised Spectrum with Sampling
Frequency Not Equal to a Milltiple of the Input Fraquency and
Different to Figure 5.13

5.2 ~heoretiaal Results for Two and Three Bit guantisers

The theoretical results for a two bit and three bit quantized
sLnewave are shown overleaf, and again it may be seen that the
quantizing error spectrum is not white. There are definite
"spurs" or harmonics, only their level is significantly lower.
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Ii'iqure 5 ..16 S(ll'((pled and Three. Bit QUantised Spectrum of Sinewave

117



In order to take a much more complicated input signal, a SOms
pulse modulated, linear frequency modulated sinewave (LFMSW) was
used. The start frequency was lJtlIz and the stop frequency was
5kHz. Appropriate FFT analysis was done on the signal. Three bit
quantization yielded an approximately white quantizing error
spectrrum, as expected, and as predicted by the references to
coarse quantization effects. EVen with two bit quantization, the
error spectrum is approximately white, although it is possible t:o
distinguish some ripple in the spectrum. Looking at the one bit
quantizacion case in Figure 5.19, the harmonic effects start to
become clearer again, resulting in steps in the output error
spectrum.
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Figure 5 0 17 Sampled and Three Bit Quc:mtised LFMSW
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503 summary

From the theoretical predi, .ions and t.he measured results

illustrated above, it may be categorically stated that the

quantizing error spectrum is definitely no~ white under all

circumstances. Further, del,'Jendin,g on the coarseness of the

quarrci.aatrLon, and the complexity of the input signal, it is

possible for the quantizing noise to be highly cort'elated with

the input signal. 'I'his observation has also been made by Wid:r.ow

(1956), sripad and Snyder (1977) and others, and has been clearly

illustrat.ed above, both theoretically and by measuxemerrt , The

foldbaclt ef"":?,ct of the sampling p-rocess on coarsely quarrb i.aed

spectra was also clearly illustrated by measurement.
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CONCLUSIONS AND RECOMMENDATIONS

6.1 Discussion

A brief description of the principles of operation of a DRFMhave

been covered, together with the specific technological problems

involved in the digi tisation of radio freqUency and microwave

signals with sUfficient accuracy. The problems of cuarse

~lan~isation an~ aliasing have been considered, since these two

effects are amongst the major issues that affeot the performance

and implementation of a DRFM.

To this end, a detailed investigation of the literature was

carried out, in order to look at the specific problem of sampling

theory and practice. The aim of this was to see if there are any

special techniques available that might lend themselves to

implementation in '3. DRFM.Lowpass, bandpass and multi-chcln;1el

sampling were investigated. Multi-channel sampling, by means of

quadrature or more channels allows significant bandwidth

reductions tv be implemented. This reduces the sampling rate

reqUirementsu

The theory of quantisation was studied, although little was found

to have been said on the subj ect of coarse qUantisation,

especially in quantitative te:t:ms. Johnston IS (1984) approach was

exploited to further 'che understanding of quantisation and

sampling effects and to separate thesp. two effects. Quantisation

noise spectra may be generated by means of this technique
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(Equation G3), with sampling effects introduced later.

The FFT was also exploited to generate spectra for signals that
are quantised and sampled, without the need for separating the
two effects. Quantisation effects were modeled and software was
written to generate spectra, ipitially only for one bit
quantisation, but later this was extended ,toN hits.

The link between the Fourier analysis approach of harmonic
generatiol; :!!"t'I the general quantisation theory was obtained, as
also suggested by other researchers from the literature survey.

The effect of signal input level, relative to the querrt Lser
dynamic range was aLac investigated in terms of thEI maximum
spurious signal level generated, and the total quantising noise
power, for varying degre.es of quantisation accuracy. 'rheoretical
results, using the coarse quantisation approach of harmonic
summation correlated with the results of generalised quantisation
theory. Correlation was reasonable for the three bit case and
improved to nearly 100% correlation for the six bit case.

Measurements were made on a one bit DRFM emur at.or, and the
spectra Wers photographed on a spectrum analyser display. 'r1:lese
were compared to thd theoretical results and were found to
compare well.

G.2 conclusions

Following from the studies on sampling and quantisation in
Chapters Two and Three, which specifically Looked at techniques
for bandwidth reduction, or sampling rate reduction, by means of
multi-channel processing and bandpass sampling, it was concluded
that the most critical part of a DRFM that affects the signal
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fidelity at its output, is the AID and DIA conversion process

within the memorymodule.

The quantisation process in the AID and DIA conversion process is

coarse, and this is due to the current technological limitations

of producing multi-bit Gigahert~ sampling rate AID and DIA

conver..:.ers.

There is no doubt that in the future, this problem will be

~esolvedo However, looking back historically at the evolution of

tnese converters, it will be seen that they developed from a

"few" bits '.'lith each neT·.rtechnology, as it came into being.

Whereas then, we were striving for kilohertz sampling rates, now

we are striving for Gigahertz sampling rates. In the future, it

is likely that this will be pushed to tens and hundreds of

GiC;:~.Jlertz, or even highe.r, with tieohnoLcqy of the future. Thus

the approaches outlined in this dissertation should be applicable

for the years ahead.

The commutative nature of the sampling and quantisation

processes, as stated by Jay-ant and Noll (1984), vias proved.

Together with Johriston's (1984) approach for generating the

spectra of one bit quantised signals, this technique was

exploited to produce the spectra of sampled and quantised

signals 0 Sinusoids and pulse modulated sinusoids were used for

this analysis, due to their ease of reproduction for test

purposes. 'rhis technique (Equation G3) allows the separation of

the effects of quantisation and sampling. It was ...hewn that

because quantisation is a non-linear process, it generates

harmonics of the input signal. This effectively results in

spectral spreading. The FFT was also used to gr:merate combined

sampled and. quan1:ised spectra.
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The above technique was extended to N bit quantisers (EqlJ,ation

M3) and it was shown that the spectra s~ill contain harmonics. By

adding the power in these harmonics, it is possible to obtain the

total quantisation noise power I which correlates with the

generalised statistical approach from three bits upwards. The

results are nearly identical for six bit quantisation.

It was concluded that the generalised approach is incapable of

predicting the quantisation 110ise power accurately for less than

six bits, and even less so, th.e quantisation noise spectra. As

the number of bits and quarrt.LaertLou levels decreases, so the

variation in the quantised signal decreases from sample to

sample. The implication of this sampLe to sample signal

~orrelation is that the error from sample to sample is no longer

random, resulting in coloured quantisation noise spectra. This

effect is accentuated as the sampling frequency is increased, as

also .ound by Claasen and Jongepier (1981).

Spectra were calculated tor up to three b,tts for sinusoids and

linearly frequency modulated sinusoids. Measurement8 were made on

a one bit quantioer and these verify the theoretical predictions

for sinusoids.

summarising, the F'ourier Transform or FFT techniques offer a

different approach to the generation of quantisation noise. These

metihods allow for a better understanding of the processes by

which quantisation noise is generated. This is especially so

because i.t is possible to separate the effects of sampling and

quantisation and to generate spectra by one or both techniques,

even f·or very coarse quantisation, without assumptions about the

quantlsatiol'l error statistics.
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G.3 Recommendations for Future Work

Future ",ork is required to verify the spectra predicted by the

multi-bit theory. 'rhis errca i.Ls building a multi-bit back to back

A/D and D/A block, so that the input signal level can be varied

from the bottom to the top ends of ~he quantiser's dynamic range,

while observing the spectrum on a spectrum anal ys er , More

complicated signal!.5 should also be evaluated w.:h". the one bit

quantiser.

125



!I

APPENDIX A

FINITE APERTURE WIDTH SAMPLING

with sample and hold type sampling, the sampled waveform is given
by:

00XS(t)=~oox(kTS)p(t-kTS)
00=[p(t)]*[~oox(kT~)S(t-kTS)] (A1)

where pet) is a flat-topped pulse of duration 7, Shanmugam (1979).
By taking Fourier Transforms, it follows that:

(A2)
where P(f.) is the Fourier transform of :oCt) and Xli(f) is the
Fourier transform of the ideal sampled waveform as given in 2.1,
Shanrnugam(1979). P(f) is a sinc function, defined by the Fou:rier
transform of a single pulse of width '" This type of sampling
leads to distortion in the message band.

An alternative derivation for use with natural sampling, which
does not resul-l:in flat-topped samples as in the above case,
makes use of the Fourier seies equivalent of a periodic pulse
train. If k(t) is the sampling pulse train given by:
k (t) =~Knexp (j nwst) i

then:
(A3 )

Kn=1/(nn).sin(nn7/TS}'
=7/Ts' Sa (nn'T/Ts,1
The sampled waveform is the11:

7:::pulsewidth
(A4)

gs(t)=g(t)k(t)
=g(t).~Kl1eXp(jnwst)
=~Kng(t)exp(jnwst)
Hence:

(A5)

(A6)
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APPENDIX B
TRUNCATION ERROR

There are three approaches to this problem reviewed by Jerri
(1977), namely:

a.) If f(t) is a bandlimited function given by:

rf(t)= 'aexp(jwt)F(W)dW
=~f(n~/a).sin(at-n~)/(at-n~)n
eT=truncation error=f(t)-fN(t)

(B1)

(B2)

where fN(t) is the partial sum considering only 2N+l terms of the
infinite sampling series.
Therefore eT=lnl~N f(n~/a).sin(at-n~)/(at-n~)
This is bounded as:
leT(t) 1~J2/~.Elsin(~t/st! .j{TSt/(T2-t2)} (B3)

for -T~t:::;T
st<l/W
W=highest frequency of f(t)
s E=total finite energy carried by f Ct.) =f~w! F (w) !2dw

b.) If fN(t)=~~:f(n/2W) .sin(2W~t-mT)/(2W~t-ml) and O<N<oo, where a
above is gi.ven by a=2~W, K is an integer such that
2Wt-1/2~K(t)~2Wt+l/2 and N is a fixed integer, thdn ET(t)-->0 as
N-->oo if f(t) is bandlimited to a:2~W.

cons Idexf.nq a bandlimit rW<W with O<r<l, an improvement on the
bound for the truncation error is obtained:

for -oo<t<oo (B4)

and N,.;:max!f(t) I for all t, q-=]-r. Similarly €T$4~1f!sin27rwt!/(~Nq)

c.) If f(t) is approximated by an asymmetrical partial sum:
fN(1),N(2) (t)=~~:~f(n/2W)oSin(2W~-n~}/(2W~-n~) (BS)
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then the bound on the trunc~tion error is:
I€T(t) IS2M/{~2(l-r)}.(l/Nl+l/N2) for -oo<t<oo (B6)
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APPENDIX C

SAMPLING OF RANDOM LQWPASS PROCESSES

The mean-square value of the error function was shown to have the
form:

(c.f. Equation 2.5) (C1)

and hence:
E[e2 (t)]=E[ (X(t)-~X(lCTs)Sat ('!TITs)(t-kTs)} }2]
=Rxx(O)-2E[X(t)~X(kTs)Sa«'!T/Ts) (t-kTs)}] (C2)

+E[~~X(jTS)X(k'IS)Sa{ ('!TITs)(t-jTs) }Sa{ ('!TITs)(t-kTs)}]J
By interchanging the order of expectation and summation, one
obtains:

(C3)

+~sa{(r./Ts)(t-jTs)}~Rxx(jTs-kTs'sa{('lT/Ts) (t-kTs)}
However Rxx(.) is a deterministic-: bandJ..imited function with a
non-zero PSD for Iw I !5WB only. The second term in the above
~quation is 2Rxx(O), because Rxx(t-kTS) =Rxx (kTs-t) and also
because a time-shifted function x(t-a) can be reconstrucfed from
its time-shifted samples x(kTs-a.). Now, by applying the sa.mpling
theorem twice to the third term in the above equation, it \,;'illbe
found that this is equivalent to Rxx(t-t)=Rxx(O). Thereforel
E[e2(t)]=0'~=O. (c.f. Equation 2.5) (C4)

The above proof is not strictly rigorous because the error
function is zero at specific instants, namely the sampling
instants kTs• Thus {e(t)} is not in fact wide-sense stationary,
but these points a:r'ea set of zero probabil ity and will th«arefore
not affect the expectation, Jayant & Noll (1984).
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APPENDIX D

THEORY AND ILLUSTRATION. OF BANDPASS SAMPLING

consider a lowpass signal fm(t) with a bandwidth W1" Also assune
that this signal mDdulates a sinusoid cos(wlt). Hence we have a

bandpass signal centered on w=w1.· Thin bandpass signal has a
bandwidth W·=2W1• The sampling waveform is given by:
PT (t)=RPnex],J(jnwot) (Dl)

The sampled waveform is given by:
fs(t)=f(t)PT{t)
=fIn(t)cos (wlt)NPnexp (jnwot)
Taking Fourier transforms:

(D2)

(D3)
where the operation {F.T.} denotes taking Fourier transforms.

Now:
F(W)={F.T. }(fm(t) cos (wlt) }=1/2. [Fm(W+W1)+Fm(W-wl) ] (04)

and:
Fs(W)=NPno{F.T.}{f(t)exp(jnwot)}
=fiPnF(w-nwf)
where:

(05)

f(t)=fm(t)cos(W1t)
Therefore:

(D6)

(07)

This process is illustrated in Figure m. overleaf. The ccndd.tiLons
for avoi.di.nq aliasing must now be established. By drawing a
series of pictures for various conditions , it is possible to
establish bounds on the sampling rate requirements. Figures D2 to
05 illustrate some specific situations. From these it is po~sible
to establish the results of Figure 2.3, thus clarifying
Shanmugam's (1979) statement on the restri~tions associated with
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bandpass sampling. Note that as Ws increases, so the replicas
spread out and pass through the fundamental baseband signal, as
illustrated.
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Figure D1 Illustration of the Bandpass SampJing Process

132



II

F5 (W) Ws =2.5V1
Ws <2.5V1 ==> o.lio.Sing

" n ro

"" r=. n r""\ n r"'\ r
\ / _V \ Ll_j__.__-'----'--'--..i--',__/ ..~ \ / \/ 3 \ !

-w 1
w

W =3V1r,

r. n
I \

/ 2 \ I \
I , { , _ w

Figure D2 Bandpass Sampling W1=2W
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APPENDIXE

QUANTISATION NOISE

Consider a randcn process X(t) at the input to a quantizer as

shown in Figure El be~ow. The signal is sampled at intervals Ts

satisfying the conditions of Nyquist and results in X(kTs). The

quantizer quantizes the signal to 1 of Q allowable levels

according to a rule, as in Figure ai , namely ml' m2 1m3 •••••• omQ•

Hence Xq(kTs)='lUi if Xi_l::;X(]t:.Ts)<xi and Xo=-oo; XQ=+OO. Thus

Xg(t)=Xq(kTs) for kTsStS(k+1)Ts' Now, Sq/Nq=output signal to

quantizing noise power ratio and is given by:

E[X~(k(J:'S) )/E[{XO"Ts)-Xq(]c'rs) }2)

=E[X~]/E[(X-Xq)2]

(El)

(E2)

~ ------------------------

-------4'--------- --_.----- -+--.--.-~
J input signal

*so.Mptecl o.ncl quo.rrtts ed:::=-- 5igno.l

1"\;)

X8
M8

X7
M7

X6
f"'t,

X5
1"'5

)(4

M4
X3

M:3
x2

M;,
c,

'~-----------------~
-~-------.-----------
_j

Xl ~ __ L_ __ L_ __ ~ __ ~ __ L_ __ ~ __ ~

o
~ __ t

Figure ~1 Illustration of the Quantization Process

Taking a u.ni"form rolantizer now with step sizes==4, Q levels of

quantization and a signal l with dynamic r.ange b-a, then:

.l.\ -= (b-a) /Q (E3)
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xi=a+i A
and mi~(xi-1+xi)/2, i=1,2 Q

Therefore:

(E4)

(E5)

Nq""E [ (X-Xq) 2]

=J:(X-xq)2PX(X)dX

=.~ IX~ (X-mi)2.2Px(X)dX~-1x~-l
where xo=a, xQ~b=xo+Q , xi=a+iA and mi=a+LA-A/2

(E6)

(,JX' 2=i~ ~ mi px(x)dx
-·1 Xi-1 (E7)

Also, i~~ follows tha't px(x)=k over the interval [-aia], where
k=1/2a, since J~aPX(X)dX=l.

By evaluating the above integrals , it is a simple procedure to
show that Nq=A2/12 and Sq=(Q2-1)A2/12. Hence, the signal-to-
quantizing noise power ratio is Sq/Nq=Q2_1t Shanmugam (1979).

\

'\
\'
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APP.E;NDIX F

THE COMMUTATIVE NATURE OF SAMPLING AND QUANTISATION

In general, ideal impulse sampling theory has ss(t)=~S(t-kTs) as
the impulse sampling fltr1ction.

If a function x(t) is sampled, then the resulting function is
XeS(t) given by:
XeS(t)=x(t)~S(t-kTs)
=~x(kTs)eS(t-kTs) (Fl)
and the spectrum will be:

(F2)

considering the case of one bit quantization, the quantized
sign- Xq (t) (if quarrcdaat.Lon occurs before sampling), is given
by:
Xq(t)=sgn{x(t)}. (F3)

If this signal is then sampled by an impulse train, the result
is:
XqS(t)=Xq(t) .seSct)
=Xq(t).~o(t-kTs)
=sgn{x(t)}.~eS(t-kTs)
=~sgn{x(kTs)}·eS(t-kTs) (F4)

because of the properties of the Dirac-delta function. Similarly
XeS(t) was shown to be:
Xs (t) =~X (leTs) .s (t-kTs) (FS)

Now quantising the sampled signal at each of the sampling points,
results in:

(F6)

Again, because of the properties of the Dirac-delta function:
(F7)
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which as seen from Equation F4, is equivalent to XqS(t). Thus for
the one bit quantisation case, it may be seen t~at sampling and
quantLaat.Lon are co:r.mmtative,as stated for the general case by
Jayant and Noll (1984).

Likewi.se, the spectra of the two functions may be det~rmiJ1ed as
follows:

XqS(f)=Xq(f)*SS(f) [=XSq(f) because the impulse train is not
quantisable in amplitude], where:
SS(f)=fs~S(f-nfS)
Therefore:

(F8)

XqS(f)=Xq(f)*fs~S(f-nfs)
=fsiXq(f-nfs) by the properties of the Dirac-delta function.

This equivalence, is illustrated graphically in Figure Fl
overleaf. In the case of the most basic form of the DRFM, a one
bit AID conversion proc~ss is used, however the above analysis
may easily be extended to the N bit case, as illustrated in
Figure Fl. The above analysis is clearly valid for the case of
ideal impulse sampling and the p:r.-opertiesassociated with the
Dirac-delta function. No nttempt has been made to consider this
analysis with a sampling pulse train.

The above one bit analysis may be extended to the general case as
shown below. with quantisation followed by sampling:
XqS(t)=Xq(t) .sS(t)
=xq(t)·iS(t-kTs)
=P'q(kTs) •S (t-1CTs) (F9)

with quantisation preceded by sampling:
(FlO)

where "'1" denotes the quantisation process. Since the Dirac-delta
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function cannot be guantised:
(Fll)

which as before is equivalent to xgs(t) (Equation F9) above.
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Figure Fl commutative Properties of .sampling and Quantisation
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APPENDIX G

ANALYSIS OF THE FMSW SPECTRUM

Figure Gl Time Representation of the FMSW Spectrum - Johnston
(J.984)

Consider the FMSW signal illustrated in Figu't'e Gl above. The
signal is represented by a series of rectangular pulses of
amplitude ±lo Each of these pulses may be described a~ follows:

(Gl)
n=O,l,2, .•••.•N-l

Hence the total signal may be represented as:
N-l t +Js (t) == ~ x In.n=O n t.n (G2)

The spectrum of this signal is now obt.ained by taking FouriAr
transforms, thus:

N-l ftn+lS(W)=n~oXn· t exp(-jwt)dt- n.=~:~~(Xn/1fl) ( (sin (wtn+1) -sin (wtn» +j (cos (wtn+1) -cos (wtn» } (G3)

Equation G3 yields itself readily to computer implementation.
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APPENDIX If

SOFT~TARE I,'tSTINGS FOR COMPUTATION OF THE FMSlq' SPECTR01>1

1 'FMSW
10 REM this program considers 1-bit digitally generated signals
20 REM ref. j .a. johnston;proc. iee,pt f,no. 4,ju1y 1984
21 PI=3.141S93
30 DIM T(1500),F(1000),X(lS00),SM(1000),TERMR(lSOO),TERM!(lS00)
40 INPUT "ENTER f1,f2,pw,no. of pOints,fp1,fp::?",F1,F2,PW,NP,FP1,FP2
41 IF NP>1000 THEN PRINT "np>1000-try again!! I '
42 IF NP>1000 THEN GOTO 40
50 GOSUB 1000
60 GOSUB 2000
31 GOSUB 4000
70 GOSUB 3000
80 STOP
90 END
100 I

110 '
1000 'this subroutine evaluates t(n),x(n)
101.0 N=2*PW~~( (F2+F1)/2)
1011 N=CINT(N)
1020 IF N<=1500 THEN 1040
1030 PR1N1' "n>1500": STOP: END
1031 PRINT N
1040 K=(F2~Fl)/PW
1041 'll'rint n
1050 FOR 1=0 TO N
1060 IF K<>O THEN T(I)=(MF1+SQR(F1A2+K*I»/K ELSE T(I)=I/2/F1
1070 NEXT r.
1080 FOR 1=0 TO N-1
1090 X(1)=SGN(SIN«2*PI*Fl+PI*K/2*(T(1)+T(I+1»)*(T(I)+T(1+1»/2»
1091 'lprint i,t(i),x(i)
1100 NEXT I
1110 RETURN
1120 I

1130 '
2000 'this subroutine evaluates s(f)
2010 FOR J=O TO NP
2011 PRINT J
2020 F(J)=J*(F'P2-FP1)/NP+FP1
202.1 IF F(J)<>O THEN i030
2022 SM(J)~O:F(J)=O
2023 Gam 2110
2030 SUMREALrO:SUMIMP.G=O
2040 FOR 1=0 TO N-1
2050 TERMR(I)""X(1)1(2~~PI*F(J))*(SIN(2'{(PI~~F(J)~'(T(1+1» -SIN(2*P1\~F(J )*T (I) »
2060 SUMREAr~SUMREAL+TERMR(I)
2070 TERMI (1)""X(I) 1(2~~PI*F(J» *(COS (2*PI\'(F(J)~~T(I+1»-cos (2\~PI*F(J)~~TI.I) »
2080 SUMIMAG",·SUMIMAG+TERM1 (I)
2081 'lprint i,termr(i),termi(i)
2090 NEXT I
2100 SM(J)=SQR(SUMREALA2+SUMtMAGA2)
21.01 'lpri.nt sumr ea'I,sumimag, sm(j)
2110 NEXT J
2120 'tETURN
2130 '
2140 '
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3000 'plot routine
3010 CLS
3020 SCREEN 3:SCREEN 2:'high·res, graphics-640X200 pixels
3030 COLOR 7:'black on white
30M VIEW (20,10) -(600,180) ,,1:'defines graphics area with border
3050 CLS
3060 WINDOW (FP1,J)-(FP2,1)
3070 FOR J=O TO NP-1
3080 LINE (F(J),SM(J»-(F(J+l),SM(J+l»
3090 NEXT J
3091 DF"",F'P2-FP1
3092 FOR J1=0 TO 1 STEP .1
3093 LINE (J1*DF+FP1,O)-(J1*DF+FP1,.01)
3094 LINE (FP1,J1)-(.01*DF+FP1,J1)
3095 NEXT J1
3100 RETURN
3110 '
3120 '
4000 'this subroutine normalizes the output data to 1i~ between [-1,1]
4010 SMAX=O
4020 FOR J=O TO NP
4030 IF SM(J»SMAX THEN SMAX~SM(J)
4040 NEXT J
4050 'lpriut smax
4060 FOR J=O TO NP
4·070 SM(J)=SM(J)/SMAX
4080 NEXT J
4090 RETURN

144



APPENDIX I

SIGNAL

ANALYSIS OF THE ERROR SPECTRUM OF A ONE BIT DIGITALLY SYNThESISED

Figure Il below shows the four possible types of error aSQoc:iated
with time quantization of a signal that is digitally synthesized
by means of a one bit process.

a

c
.1-

tn
o+--~+,,/_--..-1
.1 nL\t" I_._ _

b

d

Johnston (1984)
Figure Il Time Quantization Errors in Digital Signal Synthesis -

The error signal may be represented by a series of pulses of
amplitude ±2, depenc1illg on the exact· relative timing of the
desired zero-crossings and the closest integral multiple of the
timing quantization interval. The width of these pulses varies
from 0 to St/2. The typical error signal may thus be represented
as follows (c.f. Figure 12):

N-l t +c ste(t)~ ~ e Inn ; ene[-2;+2]n=l n tn (Il)
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/i I

Similar to the baseband signal, taking Fourier Transforms ("ives:
N-l Itn+en5t ,E (w) =n~hen' t exp (-Jwt)dt

n
which after manipulation gives:
E(W)=:~~(en/W) ((sin(w(tn+en5t»-sin(wtn) (I2)

+j(cos(w(tn+enSt)}-cos(wtn»}

o

-2

Figure 12 Typical Error Signal - Johnston (1984)
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APPENDIX J

SOFTWARE LISTING FOR SPBCTRUM AND ERROR OF A DIGITALLY

SYNtl'HESISED SIGm'AL

1 'FMSW2
10 REM this program considers 1-bit digitally generated sig",als
20 REM ref. j.a. johnston;proc.. ieo,pt·f,no. 4,ju1y 1984 "FMSW2"
21 PI",,3.ll~1593
30 DIM T(lS00),F(1000) ,X(1500) ,SM(1000),TE(lSOO),E(1500),EM(1 OOO),STM(lOOO)
40 INFUT "ENTER fl,f2,pw,no. of points,fpl.,fp2?",F1,F2,PW,NP,FP1,FP2
41 IF NP>1000 THEN PRINT "np>lOOO-try again!!l"
42 IF NP>1000 THEN GOTO 40
43 INPUT "DO YOU WANT AN ERROR SPECTRUM AS ~.JELL-YIN?" ,.Al$
44 IF Al$="N" THEN 50
45 IF P.1$="Y" THEN INPUT "ENTER CLOCK FREQUENCY,FC?",FC
4(. lF HS<>"Y" THEN 43
50 GIJ'.,UB1000
51 IF Al$'''''Y''THEN COSUB 5000
60 COSUB 2000
61.GOSUB 4000
62 INPUT "WHICH PLOT D(') YOU WANT,SIGNAL(l) ,ERROR(2) ,TOTAL(3) ,END(4)?",A1
63 IF Al>4 THEN 62
64 IF A1=4 THEN 80
65 INPUT "DO YOU WANT A LINEAR(l) OR LOG(2) PLOT?",A2
66 IF A2>2 THEN 65
67 IF A2=1 THEN GOSUB 3000
68 IF A2=2 THEN GOSUR 7000
71 GOTO 62
80 STOP
90 END
100 I

110 '
1000 'this subroutine evaluates t(n),x(n)
1010 N=2)~PW*«F2+Fl)/2)
1011 N=C:1NT(N)
1('20 IF 1'1<",,1500nEr 10L~0
1030 FUNT "n>15 01)" STOP: END
1031 PRINT 1'1
1040 Kc(F2-Fl)/PW
1041 'lprint 11.
1050 FOR t=O TO N
1060 :FRoO THEN T(I)=(-F1+SQR(Fl~2+K*I»/K ELSE T(I)""I/2/Fl
1070 NEXT I
1080 FOR 1=0 TO 1'1-1
1090 X(J:)=SGN(SIN( (2*PI~l-F1+PI~~K/2~~(T(I)+T(I+1» )*(T(I)+T(1.+1) )/2»
1091 'lprint i,t(i),x(i)
1100 NEXT I
1110 RETURN
1120 '
1130 '
2000 'this subroutine evaluates S(f) & accesses subroutine that evals. E(f)
2010 FOR. J=O TO 1'11'
2011 PRINT J
2020 F(J ),"'J*(FP2-FP1)/NP+FPl
2021 IF F(J)<>O THEN 2030
2022 SM(J)""O:F(J)=O:EH(J)""O:STM(J)<=O
2023 GOlD 2110
2030 SUMREA~~O:SUMlMAG~O:SUMEREALQO:SUMElMAG~O
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2040 FOR 1=0 TO N-l
2050 TERMR=X(I)/(2~~PI*F(J) )*(SIN(2*PI~~F(J)*T(I+1» -SIN(2*PI*F(J)*T(I»)
2060 SUMREAL=SUMREAL+TERMR
2070 TERMI=X(I) / (2*PI*F(J) )~t(COS(2*PI*F(J)~~T(I+1) )-cos (l.*PI*F(J)~':T(I)))
2080 SUMIMAG=SUMIMAG+TEru4I
2081 IF Al$=lIylITHEN GOSUB 6000
2082 'lprint i,termr,termi
2090 NEXT I
2100 SM(J)=SQR(SUMREAL~2+SUMlMAG~2)
2101 IF Al$collyllTHEN EM(J)=SQR(SUMEREAL~2TSUMEIMAG~2)
21[)2 IF Al$="yn THEN STM(J)=SQR( (SUMEREAL+SUMREAL) "2+\..'UMElMAG+SUMIMAG) ~2)
2103 'lprint sumreal,sumimag,sm(j)
2110 NEXT J
2120 RETURN
2130 '
2140 I

3000 'linear plot routine
3010 CLS
3020 SCREEN 3:SCREEN 2: 'high-res. graphics~640X200 pixels
3030 COLOR 7: I'black on white
3040 VIEW (20,10)-(600,180), ,1:'defines graphics area with border
3050 CLS
3060 WINDOW (FP1,0)-(FP2,1)
307C FOR J=O TO NP"l
3071 ON A1 GOTO 3072,307~,3076
3072 YO=SM(J):Y1=SM(J+1)
3073 GOTO 3080
3074 YO=EM(J) :Y1=EH(J+1)
3075 GOTO 3080
3076 YO=STM(,J) :Yl=STM(J+1)
3080 LINE (F(J) ,YO)-(F(J+l) ,Y1)
3090 NEXT J
3091 DF=FP2-FP1
3092 FOR J1=0 TO 1 STEP ,1
3093 LINE (J1'\-DF+FP1,0) - (J1~\'DF+FP1,.01)
3094 LINE (FP1,Jl)-(.01*DF+FP1,Jl)
3095 NE~{'J'J1
3100 RETURN
3110 '
3120 '
4000 'this subroutine normalizes the output data to lie between [-1,1)
4010 SMAX=O
4020 FOR JoO TO NP
4030 IF SM(J»SMAX THEN SMAX=SM(J)
[.040 NEXT J
4050 'lprint smax
4060 FOR J=O TO NP
4070 SM(J)=SM(J)/SMAX
4071 IF Al$"",nyllTHEN STM(J)=STM(J)/SMAX
4072 IF A1$="Y" THEN EM(J)=EM(J)/SMAX
4080 NEXT J
'.090 RETURN

.5000 'this subroutine evaluates e(n) and teen)
5001 DT=l/FC
5010 FOR 1=1 TO NP-l
5020 A=T(I)/DT
5030 M=CINT(A)
5040 TE(I)oM~\-DT-T(I)
5050 IF TE(I»=O THEN 5080
5060 IF X(I)=l THEN E(I)=2
5061 IF X(I)c-l THEN E(1)=-2
5070 GOTO 5090
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5080 IF X(I)~l THEN E(I)=-2
5081 IF X(I)=-l THEN E(I)=2
5090 NEXT I
5100 RETURN
6000 'this subroutine evaluates E(f)
6010 IF 1=0 'rHEN RETURN
6020 TERMER=E(I) / (2~~PI*F(J»* (SIN(2*PI~rF(J)~~(T(I)+TE(!») -SIN (2~~PI*F(J)*T (I»)
6030 SUMEREALPSUMEREAL+TERMER
6040 TERMEI=E(I) I (2.~~P1*F(J))~~(COS (2*PI*F(J)*(T(I)+TE(1») -COS (2*PI~~F(J)~':T(I» )
6050 SUMEIMAG ..·SUME1MAG+TERMEI
6060 RETURN
6070 '
6080 '
7000 'dB plot routine
7010 CLS
7020 SCREEN 3:SCREEN 2
7030 COLOR 7
7040 VIEW (20,10)-(600,180),,1
7050 CLS
7060 WINDOW (FP1,-SO)-(FP2,10):'60dB DYNAMIC RANGE
7061 L10=LOG(10)
7070 FOR J=O TO NP-l
7071 ON Al GOTO 7072,7074,7076
7072 IF SM(J)=O THEN YO=-lOO ELSE YO""20;~LOG(SM(J»)/L10
7073 IF SM(J+l)=G THEN Yl=-lOO:GOTO 7080 ELSE Yl=20','(LOG(SM(J+l»/L10:GOTO 7080
7074 IF EM(J)=O THEN YO=-lOO ELSE YO=20~>LOG(EM(J»/L10
7075 IF EM(J+l)=O THEN Yl=-lOO:GOTO 7080 ELSE Yl=20*LOG(EM(J+l»)/L10:GOTO 7080
7076 IF STM(J)=O THEN YO",,-lOOELSE YO=2(1~\-LOG(STM(J»/L1.0
7077 IF STM(J+l)=O tHEN Yl=-lOO ELSE Yld.(0*LOG(STM(J+1»/LlO
7080 LINE (F(J),YO)-(F(J+l),Yl)
7090 NEXT J
7091 DF=FP2-FPl
7092 FOR Jl=O TO 1 ST.EP .1
7093 LINE(Jl*DF+FP1,-50)-(Jl*nF+FP1,-49)
7094 NEXT J1
7095 FOR J1....-50 TO 10 StEP 5
7096 LINE (FP1,.1l)-(.01*DF+FP1,Jl)
7097 NEXT J1
7100 RETURN
711.0 '
712.0 I
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APPENDIX K

SOFTWARE LISTING li'OR GENERATION OF ALIASED QUANTISATJ:ON ERROR FOR

N BIT QUANTISATION

'DRFM2
, this pr.ogram considers N bit digitally SAMt'LED signaLs

ref. j .a. johnston;proc. iee,pt f,no. 4,ju1y 1984 "DRFM2"
'SOF1WARE AUTHOR·R.Z.BIL
'VERSION 2.1 (1988)
,****************************************************"'************************'MAIN PROGRAM

PI-3.1415~3:A3-0
DIM T(13000),F(1000),X(13000),SM(1000).EM(1000),STM(1000)
DIM ST.1AG(1000) ,SREAL(1000) ,Q(1024) ,M(1024)

10 INPUT "ENTER NO. OF PLOT POINTS FOR BASEBA."ID SPECTRUM?" .NP
IF NP>2000 THEN

P~INT "NP>2000·try againlll":COTO 10
ELSE

GOTO 20
END IF

20 PRINT "ENTER BASEBAND SPECTF..T.M '1 ~'GE TO BE CONSIDERED -"
INPUT "LOWER FP.L~UENCY IS 0 a .rn-o
INPUT "ENTER TYPE Q:' SIGNAL· Lb. •(l) ?" ,Tl
PRINT "GENERATUln ~UANT:ZE.R"· Q:JA~1:
PRINT "GENERA7ING ZER(l"C~O~)1, ,oms & QUANrIZED VALUES OF X(T)"
ON Tl GOSUB L'i.:VXTIM"LEir..:"':M
PRINT "EVALUA', • : BA!)EU.r'~Sl!EC~RUi{":GOSUB SA ','BAND

40 ·';PUT "DO YOU nANT AN ALIAS:;:~GERROR SPECTR"'t •• WELL-YIN?" ,Al$
co If A1$-"N" THEN

Al-1: PRINT "NORMALIZING DATA" :GOSUB NORUAt.:GOTO 30
ELSEIF Al$<>"Y" 'tHEN

GOTO 40
ELSE

DFP-FP2/NP
PRINT "ENTER AN INTEGER VALUE N:: SUCH THAT THE SAMPLING"
PRINT "FREQUENCY"NSx";DFP:I~PUT "NS?",NS
FCnNS*DFP:FFOLDMFC/2

'END IF
END IF
PRIl;'!"EVALUATING ALIASING COMPONENTS" :GOSUB ALIASING
PRINT "NORMALIZING DATA":GOSUB NORMAL

50 PRINT "WHICH PL()T? BASEBAND SIGNAL(l),UNAI.IASED SIGNAL(2) ,ALIASING"
INPUT "ERROR(3), 't'0'1'AL(4),END(S)?" ,A1
IF A1>S THEN 50
IF A1 ...5 THEN 60

30 INPUT "DO YilU WANT A LINEAR(l) OR LOG(2) PLOT?",A2
IF A2>2 THE~ 30
IF A2-1 THEN GOSUB I.INPLOT
IF A2-2 THEN GOSUB LOGPLOT
GOTO 50

GO 'SCREEN 0,0,0
80 INPUT "DO YOU WANT A DIFFERENT SAMPLING FREQUENCY,Y/N?",A2$

IF A2$p"N" THEH
GOTO 70

ELSEIF A2$<>"Y" THEN
GOTO BO

ELSE
A3-1:GOTO 90

'END IF
END IF

70 STOP
END

'***********************'k*****'k*******************-****************************'SUBROUTINES
,*****************************************************************************'this subroutine evaluates zero-crossing times for a sinusoid or Lnt sienul
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"

'N-bit qURntization for values of signal x(t)
LFVXTIM:
110 IF Tl..l THEN INPUT "ENTI::RFREQUENCY OF SINUSOID?",Fl:F2-Fl

IF Tl-2 THEN INPUT "ENTER START & STOP FREQV~NCIES OF LFM SIGNAL?",Fl,F2
INPUT "ENTER PULSEWIDTH OF PULSE MODULATED SIGNAL?",PW
N-2*PW*«F2+Fl)/2)
N-CINT(N):NX-(NBIT*(NBIT-l)+l)*N
IF NX<-130CO THEN

GOTO 100
ELSE

PRINT "NO. OF LEVEL-CROSSINGS EXCEEDS 13000-"
PRINT "REDUCE PULSEWIDTH OR rR-:~UENCY I I I " :GOTO 110

END IF
100 PRINT N,NX,NBIT

K-(F2·Fl)/PtV
FOR J-NLEV/2 TO NLEV-l

XTEMPMSQR(1-Q(J)~2)
QTEM?-Q(J)/XTEMP:'TAN(THETA)
THETA-ATN (QTEl1P)
NTEMP-J-NLEV/2
FOR 1-0 TO N STEP 2

ILX-I*(NU~+l)+N'r.EMr ,'I even, +VE CYCLE
BETA-I*l'l+THETA
IF lLX<-NX THEN

IF i{OO THEN
T(ILX)-(-Fl+SQR(Fl~2TK*BETA/P.I»/K:X(ILX)-M(J)

ELSE
'r(ILX)"BETA/(2*PI*Fl) :X(ILX)-M(J)

END IF
END IF
IF NTEMP-O THEN 999
ILX-l*(NLX+l)-NTEMl':'I eVen, -VE CYCLE
BETA-I*PI-THETA
IF ILX<-NX THEN

IF K<>O THEN
T(ILX)-(-Fl+SQR(Fl~2+K*BETA/PI»/K:X(ILX)=M(NLEV/2-NTEMP)

ELSE
T(ILX)-BETA/(2*PI*Fl):X(ILX)-M(NLEV/2-NTEMl')

END IF
EN!) IF

999 NEXT I
FOR I-I TO N STEP 2

IF N1'EMP-0 THEN 1000
ILX-I*(NLX+l)-NTEMP:'I odd, +VE CYCLE
BETA··r*pI·THETA
IF Il..'t<-NX THEN

IF K<>O THEN
:~(ILX)"( -Fl+SQR.(Fl~2+K*BETA/l'I» /K:X(ILX)-M(J -1)

ELSE
t(ILX)-BETA/(2*PI*Fl):X(ILX)-M(J-l)

EN)) IF
END IF

1000 ILX-I*(NLX+l)+NTEl1l':' I odd, • VE C{CLE
BETA ...IrPl+THETA
IF ILX<-NX THEN

IF KoO THEN
T(ILX)-(-Fl+SQR(Flh2+K*SETA/PI»/K:X(ILX)-M(NLEV/2-NTEMP-1)

ELSE
T(ILX)-BETA/(2*l'I*Fl):X(ILX)-M(NLEV/2-NTEHP.l)

END IF
END IF

NEXT I
NEXT J
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FOItINO TO NX
PRINT I,T(I),X(I)
NEXT I

RETURN

,***************************************************************,~*************'this subroutine evaluates S(f),THE BASEBAND SPECTRUM OF X(T)
BASEBAND:

FOR J-O TO NP
PRINT J
F(J)-J*(FP~~FP1)/NP+FP1
IF F(J)<>O THEN 120
SM(J)-O:F(J)-O
GOTO 130

120 SUMREAL-O :SUMlMAG-O
FOR 1-0 TO NX·l

TERMR-X(I)/(2*PI*F(J»*(SIN(2*PI*F(J)*T(hl»·SIN(2*PI*F(J)*T(I»)
SUMREAL-SUl1REAL+'rERMR
TERMI-X(I)/(2*PI*F(J»*(COS(2*PI*F(J)*T(I+l»·COS(2*PI*F(J)*T(I»)
SUMlMAG~SUMIMAG+TERMI '

NEXT I
SRFAL(J)-SUMREAL:SIMAG(J)-SUMIMAG
SM(J)-SQR(SUMREAL A 2+SUl:lIHAGA2)

130 NEXT J
RETURN

'*****'~*****************'~*'~**************************,~*****************'k******'linear plot routine
LINPLOT:

CLS
SCREEN 2:'high-res, graphics-640X200 pixels
VIEW (lOO,lO)-(600,lSO)"l:'defines graphics area with border
CLS
IF A1-1 THEN W!H:JOlo1 (Fl'l,O)·(FP2,l)
IF A1<>1 'rHENWINDOW (FP1,O)-(FFOLD,l)
IF Al-1 THEN

l<1-Np·1
El.SE

l<l-IFOLD
END IF
FOR J -0 TO 1<1

ON At GOTO 140,140,150,160
140 YO-SH(J):Yl-SM(J+l):FOnF(J):F1~F(J+1)

GOTO 170
150 YO-EM(J) :"ll-EM(J+l):FO-F(J):Fl·'F(J+l)

GOTO 170
160 YO-STH(J) :"ll··STM(J+l):FO...F(J):E'l-F(J+1)
170 LINE (FO,YO)-(Fl,Yl)

NEXT J
IF Al-l THEN

DF-r'P2-FP1.
ELSE

DF-FFOLD·FP1
END IF
FOR Jl-O TO 1 STEP .1

LINE (Jl*DF+FP1,O)-(J1*DF+FP1,.01)
LINE (FP1,Jl)-(DF+FP1,Jl)

NEXT J1
RETURN

,*************************************************************************',"***'this subroutine normalizes the output data to lie between [0,1]
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NORMAL:
IF A3-1 THEN 180
Sl1AX-O
FOR J-O TO NP

IF SM(J»SMAX THEN SMAX-S~(J)
NEXT J

180 FOR J-O T,r NP
IF A3-0 THEN SM(J)-SM(J)/S~~
IF Al$-"Y" THEN STM(J)-STM(J)/SMAX
IF Al$-"Y" THEN EM(J)-EM(J)/SMAK.

NEXT J
RETURN

,*****************************************************************************'FOLD·OVER SUBROUTINE: ALIASING
ALIASING:

IFOLD-NS/2
lMAX-INT(NP/IFOLD)+1
FOR J-O TO IFOLD

EREALo-O:EIMAG-O
FOR 1-1 TO lMAX STEP 2

Jl-IFOLD*(I+l)·J
IF J1>NP THEN 190
EREAL-EREAL+SREAL(Jl):ElMAG-EIMAG+SIMAG(Jl)

190 NEXT I
FOR I~2 TO IMAX STEP 2

Jl.-I*IFOLD+J
IF J1>NP THEN 200
EREAL-EREAL+SREAL(Jl):ElMAG-EIMAG+SlMAG(Jl)

200 NEXT I
EM(J)-SQR(EREAL~2+lhHAG"'2)
STM(J)-SQR«EREAL+SREAL(J»~2+(EIMAG+SIMAG(J»"'2)

NEXT J
RETURN

,*****************************************************************************'dB plot routine
LOGPLOT:

CLS
SCREEN 2
VIEW (100,10)·(600,150),,1
CLS
IF A1-1 THEN WINDOW (FP1,·50)·(FP2,10):'60dB DYNAHIC RANGE
IF Al<>l THEN WINDOW (FP1,·SO)·(FFOLD,10)
IF Al-1 THEN

1<l"'NP-l
ELSE

1<l..IFOLD
END IF
L10-LOG(lO)
FOR J-O TO 1<1

ON A1 COTO 210,210,220,230
210 IF SM(J)-O THEN

YO ...·100:FO ..F(J)
ELSE

YO-20*T~G(SM(J»/L10:FO-F(J)
END IF
IF S~1(J+l)-0 ntEN

Y1-.100:F1-F(J+1):GOTO 240
ELSE

Yl-20*LOG(SM(J+l»/L10:Fl~F(J+l):GOTO 240
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END IF
220 IF EM(J)-O THEN

YO--100:FO"F(J)
ELSE

YO-20*LOG(EM(J»/L10:FO~F(J)
END IF
IF EM(J+l)-O TI{EN

Y1--100:F1-F(J+l):GOTO 240
ELSE

Yl-20*LOG(EM(J+l»/L10:F1-F(J+l):GOTO 240
END, if

230 IF STM(J)-O THEN
YO--100:FO-F(J)

ELSE
YO-20*LOG(STM(J»/L10:FO-F(J)

END IF
IF STM(J+l)-O THEN

Y1--100:F1-F(J+1)
ELSE

Yl-20*LOG(STM(J+l»/L10:Fl-F(J+l)
END lF

240 LIN~ (FO,YO)-(Fl,Yl)
NEX'r J
IF Al-l THEN

DF...FP2-FPl
ELSE

DF-FFOLD-FP1
END IF
FOR .Jl-O TO 1 STEP .1

LINE(Jl*DF+FP1,-50)-(Jl*DF+FP1,-49)
NEXT J1
FOR Jl--50 TO 10 STEP 5

LINE (FP1,J1)-(DF+FP1,Jl)
NEXT J1

RETURN

I********************,k*******************************'k*******************'~***'k'QUANTIZATION ROUTINE
QUANT:

INPUT HENTER NUMBER OF SI'rS(UP TO 10) USED IN QUANTIZER?" 'NBIT
NLEV-2~NBIT:'NLEV-NO. OF LEVELS,NBIT-NO. OF BITS
FOR J..O TO NLEV

Q(J)--1+J*2/NLEV:PRINT Q(J)
NEXT J
FOR J-O TO NLEV-l

M(J)-(Q(J+l)+Q(J) )/2: PRINT M.(J)
NEXT J
'N-NO. OF ZERO-CROSSINGS
'NX-NO. OF l£VEL CROSSINGS,NLX-NO. OF LEVEL-X BETWEEN (ZERO-X)-l
NIX-NLEV-2

RETURN

,***********************************************************~~****************
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APPF.)\T· • ",{ L

FOURXER COEFFICIENTS OF A SINGLE TONE INPUT AS A FUNCTION OF THE

DEGREE OF gUANTISATION

The development of the expression for the Fourier coefficients is
based on Figure L1 below.

+1~

Figure Ll Illustration of the Quantization Process

The number of bits for the quantization characteristic is given
by R. Hence the number of quantization levels is N=2R. The lowest
level is -1 and the highest is +1, assuming (l cosinusoida.l input
as shown. Hence:

(L1)

'l~hequantized values take on the midpoint values of Qi' if the
signal lies in the range Li-l to Li. Thus:

(L2)

The Fourier series coefficients are given by:
/ ITO/2 .Cn=l To· _TO/2f(t)exp(-Jnwot)dt

If the input signal is a cosinusoid, x(t)=COs(wot)
(L3)

as shown
above, then wo::2.'lr/To.The times at which the signal crosses from
one quantization inte:t."Valto the next, may be determined from the
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values ak' vlhere:
ak=wotk=coS-1(Li)
and:

Thus:
cn=l/'rl')[S:iO/2Q1 exp (-jnwot) dt +S=~~Q2eXp (-jnwot) dt

S-t3. StN-1. )+ _t;Q3eXP(-Jnwot)dt + + _tN_1QNeXP(-Jnwot dt

+J~N-2 QN_lexp(-jnwot)dt + .•••.••+S ~O/2QleXp(-jnwot)dt] (L4)
N-1 1

NoW to=To/2, since ao=n. Therefore:
Cn=-1/(jl'l.2n).[Q1{exp(jna1)-exp(jnn)}+

Q2{exp(jna2)-exp(jna1)}+
Q3{exp(jna3)-exp(jna2)}+·······
+QN{€xp(jnaN_1)-exp(-jnaN_l)}+
QN_l{exp(-jnaN_2)-exp(-jnaN_l)}+·······
+Ql{exp(-jnw)-exp(-jna1»)] (L5)

Associating terms in exp(jnak) and exp(-jnak), gives:

Cn=-1/(jn.2W).[-1/2R-1)o[{exp(jna1)-exp(-jnal)}+ (L6)

(exp(jna2)-exp(-jna2)}+········+{exp(jnaN_l)-exp(-jnaN-1)}]
and finally:
cn=1/(mr.2R-'1). [sin(na1)+sin(na2)+ ••.•.•+sin(naN_1)] (L7)

A computer program was written to evaluate cn for n=1,2,3, .••.• 99

and R=l to 10.
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APPENDIX M
MULTI-BIT QUANTISATION

consider a signal s (t)=xn for tn~t<tn+1 and xne:mi' mi are the
midpoints of the quantisation intervals qi' such that
mi={qi+Qi+1)/2, if qi~xn<qi+1' n=O,1,2, .••.N-1. Thus tn are the
level crossing instants. Hence:
S{t)=Nr,lx Itn+1n::.:On tn (M1)

To find the spectrum of set), take the Fourier transform a~ for
the one bit case, giving:

N-1 It +1S(W)=n~oxn tn exp(-jwt)dt
n

=~~~(jXn/W) •[exp(-jwtn+1)-exp(-jwtn)]

(M2)

=~~~(jXn/W) .[Cos(wtn+1)-jsin(wtn+1)-cos(wtn)+jsin{wtn)]

=~~~ (xn/t'l).[{sin (,wtn+1)-sin (wtn)}+j{cos (wtn+1) -cos (wen) } ] (M3)

Tnis is identical to Equation G3 for the one bit case, apart from
the fact that now, the xn are elements of the mi and the tn are
now the quantisation level crossing instants, instead of the
zerQ-crossing instants.
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