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Abstract
In Part I, we consider a quantum quench from the strongly correlated ground state of the Kondo model
to a Fermi sea. We calculate the overlap between the ground states before and after the quench, as
well as the Loschmidt echo, that is, the transition amplitude between the initial state and the evolved
state at a time t after the quench. The overlap is known to determine the dynamics of the echo at large
times. We show, in addition, that the overlap depends algebraically on the emergent Kondo length,
with a power-law exponent that is the di�erence of long- and short-time contributions that appear in
the echo. Our result suggests that, in general, there may be more information contained in the overlap
than previously recognized.

In Part II, we study the e�ects of increasing modulation instability and random fluctuations on the
onset times of rogue waves in a waveguide array as described by the discrete unstable nonlinear
Schrödinger equation (UNLSE). We analytically determine regions of instability, where rogue waves
are likely to occur in the UNLSE and then we use numerical techniques to study the time evolution of
these systems. We find that the e�ects of the fluctuations are prominent on the onset times of rogue
waves only for small modulation instability, but otherwise large modulation instability dominates the
onset time behaviour.
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Chapter 1

Introduction

Electrons in condensed matter systems interact with each other via a repulsive Coulomb interaction.

In many cases, an e�ective single particle description, where correlations are regarded as weak,

approximates the behaviour of the system well. For instance, a model of non-interacting fermions

describes the basic properties of metals surprisingly well. Even in systems with strong electronic

correlations, the low energy excitations of the electrons can be regarded as quasi-particles that still

behave like weakly interacting fermions. An explanation for this behaviour is provided by Fermi liquid

theory [2], the success of which has been one of the landmark achievements in condensed matter

physics. However, this success is mostly restricted to the description of bulk three-dimensional metals.

Systems exists where electrons are restricted to fewer than three dimensions. These are known as

low-dimensional systems. Restricting the dimensions of a system does not necessarily simplify

the physics. In fact, interesting quantum correlations in many-body systems are often the result

of interactions between particles, which are enhanced in low-dimensional systems. These systems

exhibit fascinating phenomena and for this reason, they have been the focus of much research in 21st

century [3].

When describing low-dimensional systems, the theoretical description of the system is quantitatively

di�erent from that predicted by Fermi liquid theory. An intuitive understanding of this can be obtained

by considering a one-dimensional wire. Here, electrons are spatially confined to move along the wire

and any perturbation to the system results in collective excitations of a large number of electrons.

Another system that does not follow the predictions of Fermi liquid theory is the Kondo model. This

system contains impurities and displays interacting many-body behaviour at low energies [4]. Despite
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being widely studied for over half a century, the Kondo model continues to provide theoretical insights

worth investigating.

Quantum correlations can be harnessed in useful ways using fine tuned low-dimensional artificial

systems, such as quantum wires and quantum dots. For example, low-dimensional semiconductors

have been fabricated by means of a epitaxial, vapour deposition growth technique under ultra-high

vacuum [5]. This method allows for the precise control of thickness and doping in the material, and

has resulted in the design and construction of state-of-the-art optical and electronic devices.

In addition to this, a recently developed femtosecond laser writing technique has resulted in the

fabrication of evanescent, coupled optical waveguide arrays. This system has allowed experimentalists

to explore various quantum mechanical e�ects through a mapping that exists between the time-

dependent Schrödinger equation and the paraxial approximation of the Helmholtz equation. Here,

the evolution of light is spatially evolved instead of temporally. Furthermore, the field of discrete

optical waveguide arrays presents a multitude of possibilities and has already seen successes in its

observations of analogous optical phenomena. These include non-relativistic quantum mechanical

phenomena, topological insulators, and nonlinear phenomena. The latter also highlights another

success of low-dimensional systems, which are often easier realise experimentally compared to their

three-dimensional counterparts.

To this end, we will study aspects relating to the temporal evolution of two one-dimensional systems,

where each of these systems display interesting properties and highlight the diversity that one-

dimensional systems have to o�er. For this reason, the thesis is divided up into two parts, where each

part consists of two chapters. The first of these chapters, Chapters 2 and 4, provide the necessary

background knowledge to readers who may be unfamiliar with the respective topics. The second

chapters, Chapters 3 and 5, focus on specific topics that we have studied.

The chapter descriptions are as follows:

• Chapter 2: We introduce the Kondo model and present an argument as to how this is an

e�ective low energy model that is equivalent to the Anderson impurity model by means of

a Schrie�er-Wollf transformation. By arguing that a non-perturbative method is needed to

study this system, we introduce the numerical renormalization group method and provide

some technical details associated with it as well as highlighting that, for the quantities we will

consider, this method proves an insu�cient one. Therefore, we introduce the Ohmic spin-boson

model, which is equivalent to the Kondo model by means of the bosonization technique, and we

2
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motivate why we study this model by considering a multimode coherent state expansion, which

is better suited to study the quantities we consider.

• Chapter 3: We present our first study, where we consider quantum quenches from a strongly

correlated ground state of the Kondo model to a Fermi sea. We state the aims of the study and

present analytical and numerical calculations for the Loschmidt echo and the ground state to

ground state overlap. Our results and conclusions relating to this study are then presented.

• Chapter 4: We introduce the nonlinear Schrödinger equation. We then discuss the analogous

hydrodynamic counterpart of this equation and provide an historical account to the formation of

rogue waves in the ocean and how they are classified. Next, we discuss continuous and discrete

nonlinear optics, fields that have been used to study optical rogue wave formation. We then

analyse how rogue waves are formed due to modulation instability.

• Chapter 5: We present our study on rogue wave formation in the unstable nonlinear Schrödinger

equation, where we quantify the onset times of multiple rogue waves. We state our aims for

the study and present our numerical and analytical results for the time evolved system. Our

conclusions relating to this study are then presented.

3
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Chapter 2

Introduction

In Chapter 2, we introduce the Kondo model and we outline how a local magnetic moment and

exchange interaction comes about in the presence of a Coulomb interaction. We show this by

introducing the Anderson impurity model and then argue that an e�ective low-energy description of

this model is the Kondo model. We briefly describe the interesting aspects of the Kondo model in

the context of many-body physics and we discuss that a non-perturbative method is necessary when

studying it. Thus, we introduce the numerical renormalisation group method and then describe how

physical quantities are calculated using it. By noting the limitations that the renormalisation group

method possesses when calculating quantities with equal accuracy at all energy scales, we argue that

an alternative scheme is required. For this reason, we introduce a multimode coherent state expansion

and explain how it is used for our calculations. To make use of the expansion, we highlight the Kondo

model’s universality by describing its equivalence to the Ohmic spin boson model. The latter is used

to obtain the results presented in Chapter 3.

Central to the work in Part I is the Kondo model [6], where the Hamiltonian reads

Hs-d =
X
k�

"kc
†

k�c
k� + 2J

#„
S imp ·

#„
s el(0). (2.1)

Here, the first term describes a Fermi sea of electrons, where c
†

k� creates an electron with a spin

� = {", #}. The second term describes a Heisenberg type exchange, J, between the electron spin

density #„
s el(0) at the origin and the local magnetic moment #„

S imp. These operators are defined as

#„
s el =

X
��0

c
†

�
#„���0c�0 (2.2)

5
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and
#„
S imp =

X
kk0��0

Skk0d
†

k�
#„���0d

k0�0 . (2.3)

Here, ~� is the vector (�x,�y,�z) of Pauli matrices. Let us briefly explain how this local magnetic

moment and exchange interaction comes about in a system of electrons where the microscopic

interaction is a Coulomb repulsion.

Consider a Fermi sea of itinerant conduction band electrons. We neglect interactions among electrons

and, for a clean system, the Hamiltonian simply reads

Hband =
X
k�

"kc
†

k�c
k� . (2.4)

Now consider an impurity that provides a localised d-orbital that the electrons can hop onto and o�

of. Since this orbital is localised, there is a high Coulombic energy cost to doubly occupy the state.

Here, unlike in the case for the band orbitals, we have to take into account the Coulomb repulsion, U,

between two electrons that may occupy the d-orbital. The d-orbital Hamiltonian therefore reads

Himp =
X
�

"dd
†

�d� + Ud
†

"
d
†

#
d
#
d
"
, (2.5)

where d
†
� creates an electron at the impurity site. We assume that the single particle energy of the

d-orbital, "d, lies between the bottom of the band and the Fermi energy, "F , while 2"d + U � "F .

Under these conditions, the single occupation of the d-orbital is energetically favoured. Hence, the

system is expected to posses a local magnetic moment.

The d-orbital and band are coupled via a hybridization term

Hhybrid =
X
k�

Vk

⇣
d
†

�c
k� + c

†

k�d�

⌘
, (2.6)

where Vk is the coupling strength between the band orbital and the d-orbital. Hopping is local which

implies that Vk is independent of k (or at worst weakly dependent on k). The full Hamiltonian

HAIM = Hbath +Himp +Hhybrid is known as the the Anderson impurity model (AIM) [7], which Anderson

had developed to explain the existence of localised magnetic moments. The obvious question now is

whether or not local magnetic moments survive when the hybridisation is non-zero. The presence of

these local moments give rise to strongly correlated physics at low temperatures. In fact, when this

model was introduced in 1961, its aim was to provide insight into the long standing experimentally

6
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observed puzzle that at low temperatures, the resistivity of certain dilute magnetic alloys increases if

the temperature T is decreased [8–10].

We will now argue that to leading order in Vk/min{"F � "d, 2"d + U � "F }, the AIM is equivalent

to the Kondo model. To zeroth order in the hybridization, the impurity is singly occupied in the

ground state of the AIM. Scattering occurs through high energy virtual states, where the impurity is

either unoccupied or doubly occupied. These virtual excitations lead to an exchange interaction in

the e�ective low energy description of the singly occupied sector. This can be seen by performing

a Schrie�er-Wol� transformation [11]. (This, and similar methods for finding e�ective low energy

Hamiltonians, will be a recurring theme in this chapter.) The full ground state wave function of the

system, |'i, can be decomposed into three terms: |'0i, |'1i, and |'2i, where the first wave function

describes a state where the impurity site is unoccupied; the second describes a state where the impurity

site is singly occupied; and the third describes a state where the impurity site is doubly occupied.

When "d ⌧ "F and U + 2"d � "F , the overlaps h'0 |'0i and h'2 |'2i are much smaller than that of

h'1 |'1i. The decomposed Schrödinger equation is written as

©≠≠≠≠
´

H00 H01 0

H10 H11 H12

0 H21 H22

™ÆÆÆÆ
¨

©≠≠≠≠
´

|'0i

|'1i

|'2i

™ÆÆÆÆ
¨

= E

©≠≠≠≠
´

|'0i

|'1i

|'2i

™ÆÆÆÆ
¨
. (2.7)

Since Hhybrid only allows that a single electron can hop onto and o� of the impurity site, there are no

terms in Eq. 2.7 that directly couple |'0i and |'2i. We multiply out Eq. 2.7 as follows:

E |'0i = H00 |'0i + H01 |'1i , (2.8a)

E |'1i = H10 |'0i + H11 |'1i + H12 |'2i , and (2.8b)

E |'2i = H21 |'1i + H22 |'2i . (2.8c)

Since we are interested in the singly occupied state |'1i, we solve Eqs. 2.8a and 2.8c to find that

|'0i = (E � H00)
�1

H01 |'1i and |'2i = (E � H22)
�1

H21 |'1i, respectively. Substituting these into

Eq. 2.8b gives

E |'1i =
⇥
H11 + H10 (E � H00)

�1
H01 + H12 (E � H22)

�1
H21

⇤
|'1i . (2.9)

Eq. 2.9 is not a straight forward eigenvalue problem because the energy E appears on the right hand

side of the equation. However, it turns out that, for excitation energies su�ciently lower than "F � "d

7
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and U + 2"d � "F , the operators on the right hand side can be replaced with an e�ective (1 + 2)-body

interaction Hamiltonian; we can guess its form using elementary reasoning. Since there is the direct

term H11, we obtain a kinetic contribution P
k� "kc

†

k�c
k� . The remaining terms are quadratic in

the hybridization. This suggest that the two-body terms in the e�ective low energy Hamiltonian are

composed of operator strings describing hop-on-hop-o� or hop-o�-hop-on processes. Such operator

strings contain a creation and annihilation operator each associated with a conduction band orbital as

well as a creation and annihilation operator associated with the d-orbital. This is indeed the case,

which has been verified by detailed calculations [12].

We note that the system displays spin rotation invariance that allows for two types of terms. The first

is #„
S imp ·

#„
s el, where the component of #„

s el in the z-direction is, for example,

sz =
1
2

⇣
d
†

"
d
"
� d

†

#
d
#

⌘
. (2.10)

The second term is ⇣
d
†

"
d
"

+ d
†

#
d
#

⌘ X
kk0�

J
kk0

c
†

k�c
k0� . (2.11)

In Eq.2.11, the operators in parentheses simply count the number of electrons in the d-orbital which,

in this case, is equal to one because we consider only the singly occupied sector. Thus, Eq.2.11 is

not a two-body interaction but simply a static potential scattering of band electrons. Static potential

processes produce the usual decrease in resistivity at decreasing temperature. Therefore, this term is

not important for understanding strong correlations and we can ignore it.

The second and third terms in parentheses in Eq. 2.9 should be second order in Vk which would

correspond to hopping onto and o� of the impurity site. Furthermore, (E � H22)
�1 corresponds, as it

should, to double occupancy and gives contributions of the order of

(E � H22)
�1

⇡ (U + 2"d � "F )
�1 , (2.12)

while

(E � H00)
�1

⇡ ("F � "d)
�1 . (2.13)

Finally, owing to the weak dependence on k of the hybridization coupling, Skk0 will also have a weak

k dependence. The e�ective low energy Hamiltonian should therefore have the form of the Kondo

Hamiltonian in Eq. 2.1 with J being of the order O
⇣
V

2
k
/min{"F � "d,U + "d � "F }

⌘
. This is indeed

what a detailed calculation produces, which can be found in Refs.[12, 13].
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Chapter 2

Above we have sketched a common physical system described by the Kondo model. Now we very

briefly review why the model is interesting in the context of many-body physics. As Kondo noticed, a

perturbative calculation of the rate at which the localised magnetic moment scatters electrons, produces

terms logarithmic in temperature [6]. This leads to a minimum resistivity at a finite temperature

and a breakdown of perturbation theory at T ! 0. Subsequently, Anderson attempted to derive a

tractable e�ective low energy theory in the limit of small J, by systematically tracing out conduction

band energy levels far from the Fermi energy [14]. Technically his method was very similar to the

Schriefer Wol� transformation that maps the AIM onto the Kondo model. The elimination of high

energy modes leads to a renormalisation of J. For J < 0 (ferromagnetic case), J renormalises to zero

as more modes are eliminated, so that at low energies one arrives at a weakly interacting e�ective

picture. For J > 0 (anti-ferromagnetic case) however J is renormalised to larger and larger values

until a point is reached when the assumption that J is small no longer holds. These results make it

clear that non-perturbative methods are needed to study the Kondo problem.

One such non-perturbative method is the numerical renormalisation group (NRG) method which

was introduced by Wilson [15]. The NRG method is a renormalisation group methods that resolves

physics at decreasing energy scales. This is done by taking into account the influence the high energy

states have on low energy physics before eliminating them. Unlike Anderson’s method, it does not

rely on small couplings or perturbative expansions. The trade-o�, however, is that the method must be

implemented numerically rather than analytically.

A key feature of NRG is that the continuous, single-particle spectrum " 2 [�D,D] of the band

in a crystal is discretised for the purposes of numerical calculations on, what is referred to as,

a logarithmic gird. This is depicted in Fig. 2.1 where the grid discretisation is controlled by

the discretisation parameter ⇤ > 1, such that each of the intervals In+ = (⇤�(n+1)
D,⇤�n

D] and

In� = [�⇤�n
D,�⇤�(n+1),D) where n 2 N0 contains exactly one single-particle orbital. In the limit

where ⇤ ! 1, the continuous original band is recovered. When calculating an observable quantity,

F����� 2.1: Logarithmic discretisation of states in a conduction band where intervals contain exactly
one single-particle orbital and "F = 0.

Q, using NRG, one recalculates the same quantity at di�erent values of ⇤ and hopes to observe the

following behaviour depicted in Fig. 2.2 Q converges to a limiting value as ⇤ is decreased. The smaller

9



Chapter 2

⇤ becomes, the more expensive the computation becomes in terms of memory and computation time.

In practice, it is challenging to perform calculations using NRG below ⇤ ⇡ 1.5 for the Kondo model

F����� 2.2: The behaviour of an observable quantity Q calculated using NRG where each point
represents a recalculating of Q at a smaller value of ⇤. A convergence to a limiting value is observed

as ⇤ decreases.

and other related system [16]. This limits the applicability of the method to quantities for which

convergence has already set in at this value of ⇤. As depicted in in Fig. 2.1, the discretisation is done in

such a manner that there are many levels at energies closer to the Fermi energy, while at ⇤ = 1.5 there

is only one state in the upper sixth of the discretised band. Observables whose behaviour is determined

mostly by physics at energy scales ⌧ D can therefore be expected to show rapid convergence as ⇤ is

reduced, while observables sensitive to physics at larger energy (or shorter time) scales likely present

a tough challenge for NRG [17]. In this thesis we consider quantities that are not easily computed

with NRG and therefore we require an alternative scheme for calculating them.

The method that we employ is described later in this chapter and it is based on the equivalence between

the Kondo model and the Ohmic spin boson (SB) model. It is important to note that, aside from its

relation to the Kondo model, the SB model has diverse applications in fields which include quantum

biology [18] and superconducting nano-circuits [19]. The SB Hamiltonian describes a two-level

system that is linearly coupled to a bath of harmonic oscillators. In the thermodynamic limit, the

bath is completely characterized by an e�ective spectral density, J(!). Usually, spectral densities

with a simple power law are considered, that is, J(!) / ↵!s, where ↵ plays the role of the classical

coe�cient of friction [20]. The parameter s indicates the type of dissipation the bath produces which

is sub-Ohmic when s < 1, Ohmic when s = 1, and super-Ohmic when s > 1.

10



Chapter 2

We now turn to the equivalence that exists between the SB model and the Kondo model. We will

not provide an explicit derivation to show this equivalence. Instead, we provide a general discussion,

where we relate equivalent terms in each Hamiltonian. To begin with, we state the Kondo model

presented in in Eq. 2.1 in its anisotropic form

HAK =
X
k�

"kc
†

k�c
k� + Jk�zSz(0) + J? [��S+(0) + �+S�(0)] , (2.14)

where Jk and J? refer to the longitudinal and transverse components of the coupling, respectively,

and S± = Sx ± iSy . In Eq. 2.14, we take "k = 2⇡n/L, with n running over odd multiples of 1/2, that

is, we set the Fermi energy to zero and linearise the dispersion relation around the Fermi energy.

The fermions we consider are confined to an interval [�L/2, L/2] in 1D. Then, the equivalent SB

Hamiltonian is given by

HSB =
1X
n=1

qn b
†

n
bn �

✓
Jk

2⇡
� 1

◆
1X
n=1

r
⇡qn

L
e
�aqn/2

⇣
bn + b

†

n

⌘
+

J?

⇡a
�x, (2.15)

where bn are bosonic operators that satisfy the commutation relation [bn, bn0] = 0, qn = 2⇡n/L with

n 2 Z. The factor a introduces a soft ultraviolet cut-o� and the resulting regularized Hamiltonian is

equivalent to the anisotropic Kondo model at energies su�ciently smaller than 1/a. The equivalence

becomes clearer when performing the following unitary transformation UHSBU
† = H̃SB+const., where

U = exp
✓
�i��z
p

2

◆
, (2.16)

with

� = i

1X
n=1

s
2⇡

qnL
e
�aqn/2(b†

n
� bn). (2.17)

The unitarily transformed SB Hamiltonian is given by

H̃SB =
1X
n=1

!n b
†

n
bn +

Jk

2

1X
n

r
qn

⇡L
e
�aqn/2

⇣
b
†

n
+ bn

⌘
�z

+
J?

2⇡a

"
exp

 
2

1X
n=1

r
⇡

qnL
e
�aqn/2(b†

n
� bn)

!
�� + h.c.

#
, (2.18)

where the abbreviation h.c. stands for Hermitian conjugate.

In a 1D Fermi gas, charge-density fluctuations are associated with quanta which are bosonic in

nature [21]. In the unitarily transformed SB model, bosons are proportional to the Fourier modes of

11
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the electron spin density, that is,

bn =
r

2
n

L/2Z
�L/2

dxe
�iqnxSz(x), (2.19)

where the spin density Sz(x) =
⇣ h
 †

"
(x) "(x) �  †

#
(x) #(x)

i
/2

⌘
. Here,  †

�(x) creates an electron of

either spin up or down at position x, and n 2 N. One can check that the bosons defined in Eq. 2.19

produce the expected bosonic commutation relations; for detailed calculations see Ref. [21]. There

is an inverse relation to Eq. 2.19 that expresses fermionic operators in terms of bosonic ones. This

inverse relation can be substituted into Eq. 2.15 to eventually arrive at Eq. 2.18. We will not follow

this route here. Rather, we will point out how each term in Eq. 2.15 has a counterpart in Eq 2.18 that

plays an identical role.

We begin with the first term in both equations representing the respective kinetic energies of the

system. To intuitively understand how this term acts in the Kondo model, we consider the lowest

particle-hole excitations of a free Fermi gas. We are e�ectively dealing with spinless fermions. This

F����� 2.3: Ground state energy of the kinetic term for the Kondo Hamiltonian.

comes about as follows: the original spin-up and spin-down degrees of freedom are transformed to

two new species of fermions, labelled “spin” and “charge”, so that the density of “spin”-fermions

gives the spin density of electrons, while the density of “charge”-fermions gives the charge density.

Only the “spin”-fermions couple to the localised magnetic moment. The ground state of the system,

with energy E = EGS, is obtained when all energy levels that lie below µ are singly occupied. This is

depicted in Fig. 2.3 where the black dots indicate the occupation of a state by a single electron and the

kinetic energy, "k = 2⇡k/L , with k taking half-integer values as indicated on the right-hand side.

The lowest energy excitation occurs when a single electron residing in the energy state just below µ is

excited to a state just above it. This process is depicted in Fig. 2.4(i) where there now exists a hole

in the place where the excited electron was (indicated by the dotted white circle). The total energy

12
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now is E = EGS + (2⇡/L). If we excite the particle a second and third time, we observe the possible

low energy excitations shown Figs. 2.4(ii) and 2.4(iii), respectively. We note that, in these respective

processes, there is a two- and three-fold degeneracy, and that the total energies are E = EGS + 2(2⇡/L)

and E = EGS + 3(2⇡/L). The low energy excitation spectrum is therefore 2⇡/L, 4⇡/L, and 6⇡/L, and

the respective degeneracy factors, 1, 2, and 3.

F����� 2.4: Low energy excitations for (i) one (ii) two, and (iii) three particle excitations in the kinetic
term of the Kondo Hamiltonian.

Now consider the kinetic term in the SB model where the kinetic energy !n = 2⇡n/L with n taking

positive, integer values and, again, the chemical potential, indicated by a red, dotted line. As shown in

Fig. 2.5, the ground state of the system is given by all states above µ being unoccupied and the total

energy of the system is E = 0. Once again, we consider the low energy excitations where we begin by

exciting a single particle above µ into the first energy level. This process is depicted in Fig. 2.6(i) and

the total energy is E = 2⇡/L. The second and third cases for low energy excitations are similar to the

F����� 2.5: Ground state energy of the kinetic term for the SB Hamiltonian.

previous case, however, we are reminded that for bosons more than one particle can occupy a state.

The various possibilities for these excitations are depicted in Fig. 2.6(ii) and Fig. 2.6(iii). We observe

that the degeneracies and energy spectrum of this system are the same as those of the Kondo model’s.

13
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We can therefore be satisfied that the bosonic and fermionic kinetic energies are equivalent because

both yield the same degeneracies and energy spectrum.

F����� 2.6: Low energy excitations for (i) one (ii) two, and (iii) three particle excitations in the kinetic
term of the SB Hamiltonian.

The second terms in Eqs. 2.14 and 2.18 both contain the expression Jk�z ; this implies that, for them

to be equivalent,
1X
n

r
qn

⇡L
e
�aqn/2

⇣
b
†

n
+ bn

⌘
(2.20)

must correspond to Sz(0) which is consistent with the interpretation of bn being proportional to the

Fourier modes of the electron spin density. Furthermore, by the same argument,

✓
1

2⇡a

◆
exp

 
2

1X
n=1

r
⇡

qnL
e
�aqn/2(b†

n
� bn)

!
(2.21)

must correspond to S+(0). In the anisotropic Kondo model, the commutator between these two

operators [Sz(0), S+(0)] / S+(0) with a positive proportionality constant of dimensions [L�1]. It stands

to reason that the corresponding terms in the SB model should produce this result as well. Therefore,

consider the commutator
"
1
2

1X
n

r
qn

⇡L
e
�aqn/2

⇣
b
†

n
+ bn

⌘
,

✓
1

2⇡a

◆
exp

 
2

1X
n=1

r
⇡

qnL
e
�aqn/2(b†

n
� bn)

!#

=
1
2

1X
n=1

2
L

e
�aqn

h⇣
b
†

n
+ bn

⌘
,
⇣
b
†

n
� bn

⌘i ✓
1

2⇡a

◆
exp

 
2

1X
n0=1

r
⇡

qn0L
e
�aqn0/2(b†

n0
� bn0)

!
. (2.22)

14



Chapter 2

Here, we have used the identity [A, eB] = [A, B]eB, where A and B are operators. Furthermore, by

expanding the commutator, Eq. 2.22 becomes

1
L

 
1X
n=1

e
�a2⇡n/L

!
2
⇥
bn, b

†

n

⇤ ✓
1

2⇡a

◆
exp

 
2

1X
n0=1

r
⇡

qn0L
e
�aqn0/2(b†

n0
� bn0)

!

=
2
L

✓
exp

✓
2⇡a

L

◆
� 1

◆�1 ✓
1

2⇡a

◆
exp

 
2

1X
n0=1

r
⇡

qn0L
e
�aqn0/2(b†

n0
� bn0)

!

⇡
1
⇡a

exp

 
2

1X
n0=1

r
⇡

qn0L
e
�aqn0/2(b†

n0
� bn0)

!
, (2.23)

where the first step was obtained using ln(1 � x) = �
P

1

m=1 x
m/m. We therefore have the expected

angular momentum commutator as in the anisotropic Kondo model and, in general, we have argued

that the two models are equivalent.
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We have argued that the Ohmic SB model is equivalent to the Kondo model. The question to ask is

how this will help us. In Chapter 3, we will use a sophisticated numerically exact technique tailored to

the SB model to obtain results for the Kondo model. Here, we lay the foundation by explaining a

related, qualitatively correct and simple variational ansatz that gives insight into the structure of the

ground state of the SB model. We begin by stating the SB Hamiltonian in Eq. 2.15 as

H↵,� =
1X
n=1

!nb
†

n
b
n
�
p
↵

1X
n=1

gn
2

⇣
b
n

+ b
†

n

⌘
�z +

�

2
�x, (2.24)

where we set h̄ = 1 and the Fermi velocity vF = 1, with

!n = [h̄vF ] qn, gn = 2
r
⇡qn

L
e
�aqn/2, (2.25)

as well as

↵ =
✓

Jk

2⇡
� 1

◆2
and � =

J?

⇡a
. (2.26)

In Eq. 2.24, !n is the frequency of bosonic mode n, gn the hybridization of bosonic mode n with the

two level system, and � is the tunnelling amplitude between the two states of the two level system.

Eq. 2.24 exhibits two trivially solvable limiting cases when either gn = 0 or when � = 0. In the first

case, the spin and bath are uncoupled and the ground state has every bath oscillator in its ground

state, with average zero displacement, while the spin is polarized in the x-direction. The second case

then describes a system of finitely displaced harmonic oscillators and whose ground state is two-fold

degenerate. Depending on which of the two degenerate ground states the system is in, the oscillators

are displaced in one of two directions:

| f+i |"i , and | f�i |#i . (2.27)

Here,

| f±i = exp

 
±

1X
n=1

fn

⇣
b
†

n
� b

n

⌘!
|0i (2.28)

is a multimode coherent state with |0i being the bosonic vacuum state and the displacement fn is

given by fn =
p
↵gn/2!n. It is important to note that in Eq. 2.27, the direction of the displacement of

the oscillator is fully correlated with that of the spin. To interpolate between these limiting cases, the

Silbey -Harris (SH) ansatz [22, 23] was introduced which is an approximate coherent state ansatz. It

is the linear combination of the two ground states in Eq. 2.27 given by

| f
SH
i =

1
p

2
(| f+i |"i � | f�i |#i) , (2.29)
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with fn now treated as variational parameters obtained by calculating the variational energy Evar =

h f
SH

| H↵,� | f
SH
i and then minimising it such that @Evar/@ fn = 0. We make use of the Baker-

Campbell-Hausdor� (BCH) formula which states that

e
B

Ae
�B =

1X
i=0

[B, A]i
i!

= A + [B, A] +
1
2!

[B, [B, A]] + · · · . (2.30)

where A and B are operators to perform this calculation. Thus, with the help of the BCH formula, we

calculate D
f

SH
��� 1X
n=1

!nb
†

n
b
n
�

1X
n=1

gn
2

⇣
b
n

+ b
†

n

⌘
�z +

�

2
�x

��� f SH
E

(2.31)

where we have set ↵ = 1. We note that coherent states are eigenstates of the bosonic annihilation

operator such that bn | f±i = ± fn | f±i and hence h f±| b
†
n = ± fn h f±|. The first term in Eq. 2.31 is given

by

D
f

SH
��� 1X
n=1

!nb
†

n
b
n

��� f SH
E

=
1
2

1X
n=1

!n

⇣
h"| h f+ | b

†

n
b
n
| f+i |"i + h#| h f� | b

†

n
b
n
| f�i |#i

⌘

=
1
2

1X
n=1

!n

⇣
h"| f

2
n
h f+ | f+i |"i + h#| f

2
n
h f� | f�i |#i

⌘

=
1X
n=1

f
2
n
!n. (2.32)

In the first line in Eq. 2.32 we note that there are only to terms that remain when expanding the state

| f
SH
i since, as seen in Eq. 2.29, the states |"i and |#i are orthogonal. The second term in Eq. 2.31

reads

D
f

SH
��� � 1X

n=1

gn
2

⇣
b
n

+ b
†

n

⌘
�z

��� f SH
E

= �

1X
n=1

gn
4

⇣
h"| h f+ |

⇣
b
n

+ b
†

n

⌘
| f+i |"i � h#| h f� |

⇣
b
n

+ b
†

n

⌘
| f�i |#i

⌘

= �

1X
n=1

gn
4

(h"| 2 fn h f+ | f+i |"i � h#| � 2 fn h f� | f�i |#i)

= �

1X
n=1

gn fn. (2.33)

In the first line in of Eq. 2.33 we note that �z |"i = |"i and �z |#i = � |#i, which results in the change

of sign for the second term. The third, and final, term in Eq. 2.31 is calculated as follows

D
f

SH
����2 �x

��� f SH
E

=
�

4
(� h f+ | f�i � h f� | f+i) = �

�

2
h f+ | f�i

= �
�

2
h0| exp

 
�2

1X
n=1

fn(b†
n
� b

n
)

!
|0i , (2.34)
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where in the first line of Eq. 2.34, we note that that �x |"i = |#i and �x |#i = |"i. In the second line,

for operators A and B, if [A, B] is proportional to the identity, then we can use the following BCH

identity: exp(A + B) = exp(A) exp(B) exp(�1/2[A, B]). With this identity, we rewrite the right hand

side of Eq. 2.34 as

�
�

2
h0| exp

 
�2

1X
n=1

fn(b†
n
� b

n
)

!
|0i = �

�

2

 
h0| exp

 
�2

1X
n=1

f
n
b
†

n

!
|0i h0| exp

 
2

1X
n=1

f
n
b
n

!
|0i ⇥

h0| exp

 
2

1X
n=1

f
2
n

⇥
b
†

n
, b

n

⇤ !
|0i

!

= �
�

2

 
h0| exp

 
�2

1X
n=1

f
n
b
†

n

!
|0i h0| exp

 
2

1X
n=1

f
n
b
n

!
|0i ⇥

exp

 
�2

1X
n=1

f
2
n

!!
. (2.35)

We can expand the exponents in the first two expectation values and we find that, in the first case,

h0| exp

 
�2

1X
n=1

f
n
b
†

n

!
|0i = h0|

1X
i=0

1
i!

 
�2

1X
n=1

f
n
b
†

n

! i
|0i

= 1 + h0|

 
�2

1X
n=1

f
n
b
†

n

!
|0i +

1
2!

h0|

 
�2

1X
n=1

f
n
b
†

n

!2

|0i + · · · . (2.36)

Here, we see that only the zeroth order term survives since, in every other term, the sums of the

bosonic creation operators act on the |0i state. As a result, this state is now orthogonal to the state h0|

and their overlap is zero. The same reasoning can be applied to the second expectation value in the

second line of Eq. 2.35, with the sums of the bosonic annihilation operators acting on the h0| state.

Thus, D
f

SH
����2 �x

��� f SH
E

= �
�

2
exp

 
�2

1X
n=1

f
2
n

!
(2.37)

and taking all three terms into consideration, we find that

Evar =
1X
n=1

f
2
n
!n �

1X
n=1

gn fn �
�

2
exp

 
�2

1X
n=1

f
2
n

!
. (2.38)
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The optimal displacements are then given by

@Evar
@ fn

= 0

= 2 fn� exp

 
�2

1X
n=1

f
2
n

!
+ 2!n fn � gn (2.39)

which is true if, and only if,

fn =
gn

2 (�R + !n)
. (2.40)

In Eq. 2.40, we have denoted

�R = � exp

 
�2

1X
n=1

f
2
n

!
= � h f+ | f�i = � h f

SH
|� f

SH
i , (2.41)

which is the renormalised tunnelling energy that is determined self-consistently.
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UV dynamics from ground-state

overlap in the Kondo model

3.1 Outline of Chapter 3

In Chapter 3, we consider a quantum quench from a strongly correlated ground state of the Kondo

model to a Fermi sea. By quench, we mean the following: the system is prepared in the ground state.

Suddenly, the Hamiltonian is changed, which in our case we abruptly switch o� the Kondo coupling,

and the system time-evolves with this new Hamiltonian. We will calculate the overlap between the

ground states before and after the quench as well as the Loschmidt echo, which is defined as the

transition amplitude between the initial and evolved state at a time t after the quench. The overlap is

known to determine the dynamics of the echo at large times. We show, in addition, that the overlap

depends algebraically on the emergent Kondo length, with a power-law exponent that is the di�erence

of long and short-time contributions that appear in the echo. Our result suggests that, in general,

there may be more information contained in the overlap than previously recognized. The analysis we

present is based on a coherent state expansion which is a representation of the Kondo ground state in

terms of a discrete set of bosonic coherent states. This is a systematic improvement of the SH ansatz

in which additional variational parameters were added resulting in, in principle, an exact method. The

work reported in Chapter 3 is based on the work by Pelwan and Snyman in Phys. Rev. B 99 (2019)

075432 [24].
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When a many-body Hamiltonian is suddenly quenched, the system’s full response cannot always be

calculated perturbatively. This singularity is captured by the overlaps between ground states before

and after a quench. One such overlap is the ground state to ground state overlap which, due to its

fundamental role in non-equilibrium dynamics [25] and quantum phase transitions [26], has been

calculated in settings ranging from quantum impurity models [27–29] through single-particle and

many-body localised systems [30–32], to spin chains [33, 34] and lattices [35], Luttinger liquids [36],

and particles with fractional exclusion statistics [37]. These studies have been done using techniques

that include conformal field theory, the numerical renormalisation group, matrix product states,

and tensor networks. Since the overlap compares ground states, it is not surprising that it provides

information about infrared (IR) physics, such as long time dynamics.

For instance, if the interaction between a Fermi liquid and a local impurity is suddenly quenched, the

transition amplitude between the initial ground state, and the time evolved state after the quench – the

Loschmidt echo – decays algebraically at long times, with an exponent equal to that governing the

system size dependence of the overlap [25, 38–42]. These algebraic decays are, for example, t
�↵0/2

and L
�↵0/2 for the Loschmidt echo and the ground state to ground state overlap, respectively. Here, ↵0

is the quench parameter of the post-quench Hamiltonian in Eq. 2.24. However, unlike truly infrared

probes, the ground state to ground state overlap is determined by the whole Fermi sea, not just the

Fermi surface [28]. It must therefore also contain information about properties beyond the infrared,

that is, ultraviolet (UV) physics. We believe that this aspect of the overlap has been neglected because

of a too narrow focus on the overlap’s dependence on the system size – an infrared scale. To remedy

this oversight, we study a model with an emergent scale, and consider the overlap’s dependence on

this scale. We are not the first to do so [28, 29], but the new aspect in our study is the link we establish

to non-equilibrium dynamics beyond the infrared.

3.2 The Kondo Model

We aim to find a connection between UV and IR dynamics for the anisotropic Kondo model by

considering the the Loschmidt echo and overlap between ground states through their respective

power-law exponents. We study the anisotropic Kondo model which is a 1D Fermi-sea coupled to

a spin-1/2 magnetic moment via a local exchange interaction. For ease of reference we restate the

Hamiltonian introduced in Chapter 2 here as

H =
X
k�

"kc
†

k�c
k� + JkSz(0)sz + J?

⇥
Sx(0)sx + Sy(0)sy

⇤
. (3.1)
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Chapter 3 The Kondo Model

Here, #„
S (0) is the electron spin density at x = 0, and #„

s is the impurity spin. The interaction famously

generates an emergent scale, the Kondo temperature Tk , see Eq. 3.12 below. The impurity and Fermi

sea form a spin singlet in which the impurity is screened by the electron gas at distances larger than

the Kondo length ⇠ = h̄vF/2Tk , where vF is the Fermi velocity. Below, we set h̄ = vF = 1.

We consider quenches
�
Jk, J?

�
!

⇣
J
0

k
, 0

⌘
, that is, in the pre-quench Hamiltonian defined by Eq. 3.1

we set the couplings to
�
Jk, J?

�
and in the post-quench Hamiltonian they are set to

⇣
J
0

k
, 0

⌘
. The

vanishing transverse coupling J
0
?

in the post-quench Hamiltonian produces a diverging Kondo length

⇠ 0 ! 1. This is associated with imperfect screening of the impurity spin, and the pre- and post-quench

Hamiltonians therefore have distinct infrared properties. Quenches in the Kondo and related models

have been studied numerous times before, both theoretically [41–51] and experimentally [52], but the

connection between the ground state to ground state overlap and dynamics beyond the infrared has not.

3.2.1 Aims and Main Findings

Our aim is to use a combination of analytical and numerical techniques to calculation the Loschmidt

echo give by

P(t) = hJk, J? |e
�iHJ0

k
,0t
|Jk, J?i , (3.2)

where the state |Jk, J?i is the ground state pre-quench and HJ
0

k
,0 is the Hamiltonian post-quench. We

also calculate the ground state to ground state overlap given by

Q = |hJ
k
, J? |J

0

k
, 0i |2. (3.3)

We will find distinct power-laws in the regimes t ⌧ ⇠ and t � ⇠, that is,

|P(t)|/

8>>><
>>>:

�
a

t

��/2 if a ⌧ t ⌧ ⇠,⇣
a

⇠

⌘�/2 ⇣
⇠
t

⌘�/2
if ⇠ ⌧ t ⌧ L,

(3.4)

where L is the system size, and a is a short-distance cut-o� of the order of the Fermi wavelength. The

exponent � that governs the IR dynamics (t � ⇠) equals the exponent that appears in the Anderson

orthogonality theorem, in agreement with previous studies [25, 28], and depends on J
0

k
but not on

parameters of the pre-quench Hamiltonian, provided that J? is finite. When we calculate the ground
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state to ground state overlap we find that

Q = C(Jk, J
0

k
)
✓

a

⇠

◆�/2 ✓
⇠

L

◆�/2
. (3.5)

As is known already [25, 27], the L dependence of the overlap is governed by the same exponent that

governs the IR dynamics of the echo. In contrast, the overlap’s ⇠ dependence at fixed Jk reveals a new

power-law with an exponent equal to the di�erence between the UV and IR exponents of the echo;

this is our main result.

Previous studies [28, 29] have considered the quench
�
Jk, J?

�
!

�
Jk, J

0
?

�
, that is, where Jk is held

fixed during the quench, and in general the Kondo length was quenched between finite values of ⇠

and ⇠ 0. A very nontrivial analytical result was obtained for the case of a finite post-quench Kondo

length. However, in the limit where ⇠ 0 � ⇠, that is, quenching to J
0
?

= 0, this result reduces to a

simple power-law |hJk, J? |Jk, J?i |
2
/ (⇠/⇠)�/2 reminiscent of the overlap between Fermi seas, with ⇠ 0

playing the role of the system size and ⇠ that of the Fermi wavelength. The factor (⇠/t)� in our result

for P(t) is consistent with this interpretation: it coincides with the IR response of a Fermi sea with the

Fermi wavelength ⇠. In Refs [28, 29], no UV contribution to the power-law exponent for ⇠ is found.

Consistent with this, we find that up to finite-size errors the UV contribution ⇠ in Eq. 3.5 vanishes

when we choose Jk = J
0

k
. For the overlap to be sensitive to UV physics, it is therefore essential to

have Jk 6 = J
0

k
. It is tempting to interpret the factor of (a/⇠)�/2 in Eq. 3.5 and the factor of (a/t)�/2 in

Eq. 3.4 in terms of the Anderson orthogonality theorem [53, 54] and conclude that the physics above

the Kondo scale also allows an e�ective description in terms of (phase-shifted) Fermi seas. In the UV

e�ective theory, ⇠ would play the role of an e�ective system size. For su�cently large Jk , we will

show analytically that this picture is indeed correct. In this regime, the exponent � approximately

equals the power-law exponent one would obtain by applying the Anderson orthogonality theorem to

the trivial initial state obtained by setting J? = 0 in the pre-quench Hamiltonian. However, for smaller

Jk , the analytical argument breaks down and we find that numerically � states to deviate from the

J? ! 0 result. In the absence of analytical results, we cannot prove conclusively that a UV Fermi sea

picture is correct, but if it is, there is a renormalisation of Jk from its bare value.

3.3 Analysis

In our analysis, we exploit the exact mapping known to exist between the Kondo model with non-

universal UV scales integrated out and the Ohmic spin boson model [55–57] as discussed in Chapter 2.
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Given a microscopic Kondo Hamiltonian that accounts for physics at all length scales down to the

lattice constant, one integrates out UV modes far from the Fermi energy but stops mode elimination at

a scale 1/a well above the Kondo temperature. At energy scales below this cut-o�, the microscopic

model is equivalent to an e�ective Hamiltonian,

H =
X

n2Z;�=",#
qnc

†

n�c
n� +

J̃k

2
�z

h
 †

"
 
"
�  †

#
 
#

i
+ J̃?

h
�� 

†

"
 
#

+ �+ 
†

#
 
"

i
, (3.6)

involving linearly dispersing electrons, cn� , with qn = 2⇡/L with n 2 Z, in a single (unfolded) chiral

channel. Here, �± = �x ± i�y and �j with j = x, y, z are the Pauli matrices acting on the impurity

spin. The operator

 � =
X
n

e
�a |qn |/2c

n� (3.7)

creates an electron wave packet centred around the origin with a group velocity vF . The width of

wave packet is ⇠ a, and this enforces a soft UV cut-o� at the scale at which mode elimination is

halted. The tilde above the Kondo couplings J̃? and J̃k remind us that these parameters have been

renormalised from their microscopic values. Using the fact that mode elimination leaves physics at

energies below 1/a unchanged, and that the Kondo physics only sets in at Tk ⌧ 1/a, it is possible

to calibrate Jk with respect to the original microscopic model. This gives J̃k = 2', where ' is the

di�erence between phase shifts between spin-up and spin-down electrons at the Fermi energy, when

instead of the interaction, the bare Fermi sea is subjected to a spin-dependent static potential JkSz(0).

The value of J̃? depends on the system specific UV details in a way that is hard to calculate in practice.

However, many IR properties of the system, among them ones we consider, are universal functions of

the Kondo scale, and this allows one to make non-trivial statements about the behaviour of the system

without knowledge of the relation between microscopic parameters and the renormalised J̃?.

The SB model, as is discussed in Chapter 2, describes a two-level system linearly coupled to a bath of

harmonic oscillators. For ease of reference we state the Hamiltonian again

H↵,� =
1X
n=1

!nb
†

n
b
n
�
p
↵

1X
n=1

gn
2

⇣
b
n

+ b
†

n

⌘
�z +

�

2
�x, (3.8)

where bn are bosonic annihilation operators. We take � > 0 and denote the ground state of Eq. 3.8 as

|�, ↵i. In the thermodynamic limit, the bath spectrum becomes dense and the bath is completely

characterized by the spectral function J(!) = P
1

n=1 g
2
n
�(!�!n). Typically, a spectral function with an

IR power-law is considered and below we derive some results assuming a spectral density of the form

J(!) = 2!1�s
0 !s

e
�a!, (3.9)
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where e
�a! is a soft UV cut-o� and !0 is the characteristic energy scale of the bath, when the bath is

not Ohmic. As discussed in Chapter 2, the low-energy Hamiltonian in Eq. 3.6 can be mapped onto

Eq. 3.8 with

!n = [h̄vF ] qn, gn = 2
r
⇡qn

L
e
�aqn/2, (3.10)

and

↵ =

 
J̃k

2⇡
� 1

!2

=
⇣'
⇡
� 1

⌘2
, � =

J̃?

⇡a
. (3.11)

In the thermodynamic limit, one introduces Dirac-� normalised bosonic field operators �! =

limL!1

p
L/2⇡bn and calculates the Kondo length as follows [58]:

⇠ = lim
!!0

h↵,�|
�! + �†!
p

2!
�z |↵,�i , (3.12)

where |↵,�i is the ground state of the SB Hamiltonian in Eq. 3.8. In the fermionic language, the

above definition translates to ⇠ = limx!1 4x
2
hSz(x)szi. The familiar Kondo temperature, defined via

the static spin susceptibility [59], is related to the Kondo length [60] as TK = 1/2⇠. For the Kondo

quenches we are interested in, we must evaluate the SB Loschmidt echo,

P(t) = e
iE↵0,0t h↵,�| e

�iH↵0,0t |↵,�i (3.13)

where E↵0,0 is the ground state energy of H↵0,0 given by

E↵0,0 = �↵0

1X
n=1

g2
n

4!n

. (3.14)

Here, ↵0 = ('0/⇡ � 1)2 and the relationship between '0 and J
0

k
is the same as that between ' and Jk .

Our analysis is based on an exact expansion of the ground state Eq. 3.8 in terms of a discrete set

of coherent states. This expansion o�ers a systematic way of improving the quantitatively correct

and simple SH ansatz discussed in Chapter 2. The theory behind this expansion was first set out in

Refs. [58, 61, 62] and below we provide a brief review.
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Chapter 3 Identifying the Variational Parameters of the Multicoherent-state Expansion

3.4 Identifying the Variational Parameters of the Multicoherent-

state Expansion

According to an elementary theorem by Cahill [63] an arbitrary state | i of a set of bosonic modes

can be written as a discrete sum

| i =
1X

m=1
cm | fmi , (3.15)

where bn | fmi = fmn | fmi. The representation is not unique and there is always su�cient freedom to

choose the coe�cients fmn to be real. With this convenient choice,

| fmi = exp
1X
n=1

fmn

⇣
b
†

n
� b

n

⌘
|0i . (3.16)

The SB Hamiltonian is invariant with respect to a unitary transformation

T = �x exp

 
i⇡

1X
n=1

b
†

n
bn

!
(3.17)

that sends bn ! �bn and �z ! ��z . We take � > 0, in which case the ground state |↵,�i

transforms under T as T |↵,�i = � |↵,�i. With the help of Cahill’s theorem, we can therefore exactly

parametrize the ground state as

|↵,�i =
1X

m=1

cm
p

2
(| fmi |"i � |� fmi |#i) . (3.18)

In order to put this result to practical use, the sum in Eq. 3.18 is truncated to a finite number of M that

is su�ciently large. Significant headway can be made analytically with the variational optimization of

the truncated trial state of the form

| i =
MX
m=1

cm
p

2
(| fmi |"i � |� fmi |#i) , (3.19)

and here we briefly review the relevant results.
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By setting the variation of hH↵,�i with respect to fmn with m = {1, 2, . . . ,M}, equal to zero, one

obtains a set of equations of the form

⇣
U!n + V

⌘ ©≠≠≠≠
´

f1n
...

fMn

™ÆÆÆÆ
¨

=
p
↵gnW, (3.20)

with the entries of the real M ⇥ M matrices U and V and the real column vector W dependent on the

trial state | i. However, they are independent of the mode index n, that is, the same U, V , and W enter

the equations for each n. (Explicit expression can be found in Ref. [58].) This structure comes about

because (i) H↵,� is quadratic in b
†
n and bn, and (ii) there are no direct processes in H↵,� that scatter

the bosons from a mode n to a mode n
0
6 = n. By noting that each matrix element of the inverse of

U!n + V is the ratio of polynomials in !n that are respectively of the order of M � 1 and M , and that

the denominator is the same for all elements (being the determinant of U!n + V), we discover that

fm,n =
p
↵

2
gn hm(!n), (3.21a)

hm(z) =

M�1P
l=0
µm,l z

l

MQ
l=1

(z �⌦l)

(3.21b)

where µm,l is real. Furthermore, because U!n + V is real, the ⌦l that are not real come in complex

conjugate pairs. It is intuitively clear that for modes with natural frequencies !n � �, the tunnelling

term ��x/2 becomes a negligible perturbation and hence fmn '
p
↵gn/2!n. This implies that

that µm,M�1 = 1. The same conclusion follows rigorously from the observation that, associated

with mode n, the are unavoidable positive contributions to the energy that are proportional to

!n

�
fmn �

p
↵gn/2!n

�2. Energy considerations also dictate that there are no poles at ⌦l on the real

line. Finding the M
2 + M � 1 unknown parameters ⌦m, µm1,m2 , and cm variationally constitutes a

global minimization problem that we can solve numerically. However, as we will show below, some

exact results for can also be derived without explicitly computing the optimal values for ⌦m, µm1,m2

and cm.

An example is a result that we derive in Sec. 3.5, namely, that at large times

P(t) ' |h↵,�|↵0, 0i |2exp ©≠
´
↵0

4

1Z
0

d!
J(!)
!2 e

�i!t™Æ
¨
. (3.22)
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We also make comments on long-time behaviour of the echo specifically in the Ohmic case.

3.5 Loschmidt Echo: Long-time Behaviour

We begin by noting that because H↵0,0 preserves the z component of spin and it is quadratic in bosonic

operators, it is straightforward to compute the time evolution of |↵,�i. Our calculation for the

Loschmidt echo begins with an arbitrary initial state

P(t) = h |e�iH↵0,0t | i . (3.23)

Considering only the exponential operator acting on the right hand side, we substitute in Eq. 3.15 and

Eq. 3.16 to obtain

e
�iH↵0,0t | i =

MX
m=1

exp
�
�iH↵0,0t

�
cm exp

 
1X
n=1

fmn(b†
n
� bn)

!
|0i . (3.24)

Now for operators A and B acting on a state, say, |0i, we can then Taylor expand f (B) such that

A f (B) |0i = A

1X
i=0

f
(i)(0)
i!

B
i
|0i

=
1X
i=0

f
(i)(0)
i!

AB
i
A
�1|   {z   }

(ABA�1)i

A |0i

= f (ABA
�1)A |0i .

Using this relation, we can rewrite Eq. 3.24 as

e
�iH↵0,0t | i =

MX
m=1

cm exp
⇣
b
†

n
(t) � bn(t)

⌘
exp

�
�iH↵0,0t

�
|0i , (3.25)

where

b
†

n
(t) ⌘ e

�iH↵0,0tb
†

n
e
iH↵0,0t, and (3.26a)

bn(t) ⌘ e
iH↵0,0tbne

�iH↵00t . (3.26b)

Next, we rewrite the post-quench SB Hamiltonian 3.8 by completing the square as

H↵0,0 =
1X
n=1

!n

✓
b
†

n
�

p
↵0gn
2!n

◆ ✓
bn �

p
↵0gn
2!n

◆
� ↵0

1X
n=1

g2
n

4!n

. (3.27)
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We define new bosonic operators in terms of the bracketed terms in the above. That is, we set

B
†

n
= b

†

n
�

p
↵0gn
2!n

, and (3.28a)

Bn = bn �

p
↵0gn
2!n

, (3.28b)

and note that the last term in the Hamiltonian is the ground state energy of H↵0,0, as previously

mentioned in Eq. 3.14. We simplify our Hamiltonian to

H↵0,0 =
1X
n=1

!nB
†

n
Bn + E↵0,0. (3.29)

Since the ground state of H↵0,0 is |↵0, 0i, acting on it with the annihilation operator gives Bn |↵0, 0i = 0.

This implies the following:

✓
bn �

p
↵0gn
2!n

◆
|↵0, 0i = 0

bn |↵
0, 0i =

p
↵0gn
2!n

|↵0, 0i , (3.30)

that is, |↵0, 0i is an eigenstate of bn. Since |↵0, 0i is a multi-mode coherent state, we can use Eq. 3.16

and expand it as

|↵0, 0i = exp

 
1X
n=1

p
↵0gn
2!n

⇣
b
†

n
� bn

⌘!
|0i

= exp

 
1X
n=1

p
↵0gn
2!n

⇣
B
†

n
� Bn

⌘!
|0i , (3.31)

where we note that b
†
n(t)� bn(t) = B

†
n(t)� Bn(t). By inverting the above, we solve for the vacuum state

|0i = exp

 
�

1X
n=1

p
↵0gn
2!n

⇣
B
†

n
� Bn

⌘!
|↵0, 0i . (3.32)

Applying Eqs. 3.25 and 3.32 we act on the vacuum state

e
�iH↵0,0t |0i = exp

 
�

1X
n=1

p
↵0gn
2!n

⇣
B
†

n
(t) � Bn(t)

⌘!
e
�iH↵0,0t |↵0, 0i

= exp

 
�

1X
n=1

p
↵0gn
2!n

⇣
B
†

n
(t) � Bn(t)

⌘!
|↵0, 0i e

�iE↵0,0t (3.33)
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where B
†
n(t) = e

�iH↵0,0tB
†
ne

iH↵0,0t . Finally, we evaluate Eq. 3.24 and we do so in terms of the new

bosonic operators. That is, we use the result in Eq. 3.33 together with that of Eq. 3.16 to obtain

e
�iH↵0,0t | i =

MX
m=1

cm exp

 
1X
n=1

fmn

⇣
B
†

n
(t) � Bn(t)

⌘!
exp

 
�

1X
n=1

p
↵gn
2!

⇣
B
†

n
(t) � Bn(t)

⌘!
|↵0, 0i e

�iE↵0,0t

=
MX
m=1

cm exp

 
1X
n=1

✓
fmn �

p
↵gn

2!n

◆ ⇣
B
†

n
e
�i!n t � Bne

i!n t
⌘!

|↵0, 0i e
�iE↵0,0t (3.34)

and our state | i is given by

| i =
MX
m=1

cm exp
✓

1X
n

✓
fmn �

p
↵0gl
2!

◆ ⇣
B
†

n
� Bn

⌘◆
|↵0, 0i . (3.35)

We now have all the requirements to calculate inner product using of the two above equations. We

find that

P(t) =
MX

m1,m2=1
cm1 cm2 h↵

0, 0| exp
✓✓

1X
n

fm1n �

p
↵0gn
2!n

◆ ⇣
Bn � B

†

n

⌘◆
⇥

exp
✓✓

1X
n

fm2n �

p
↵gn

2!n

◆ ⇣
B
†

n
e
�i!n t � Bne

i!n t
⌘◆

|↵0, 0i (3.36)

and we can expand the summation over n as follows:

P(t) =
MX

m1,m2=1
cm1 cm2⇥

h
h↵0, 0| exp

✓✓
fm11 �

p
↵0g1
2!1

◆ ⇣
B1 � B

†

1

⌘◆
exp

✓✓
fm21 �

p
↵g1

2!1

◆ ⇣
B
†

1e
�i!1t � B1e

i!1t
⌘◆

|↵0, 0i ⇥

h↵0, 0| exp
✓✓

fm12 �

p
↵0g2
2!2

◆ ⇣
B2 � B

†

2

⌘◆
exp

✓✓
fm21 �

p
↵g1

2!1

◆ ⇣
B
†

1e
�i!1t � B1e

i!1t
⌘◆

|↵0, 0i · · ·
i
.

(3.37)

We express this using a product over the exponentials as

P(t) =
MX

m1,m2=1
cm1 cm2

1Y
n=1

h↵0, 0| exp
✓✓

fm1n �

p
↵0gn
2!n

◆ ⇣
Bn � B

†

n

⌘◆
⇥

exp
✓✓

fm2n �

p
↵gl

2!n

◆ ⇣
B
†

n
e
�i!n t � Bne

i!n t
⌘◆

|↵0, 0i . (3.38)

Now, we can set zm1 = ( fm1n �
p
↵0gn/2!n) and zm2 = ( fm2n �

p
↵gn/2!n)e�i!n t , which yields

P(t) =
MX

m1,m2=1
cm1 cm2

1Y
n=1

h↵0, 0| exp
⇣
zm1 Bn � z

⇤

m1 B
†

n

⌘
exp

⇣
zm2 B

†

n
� z

⇤

m2 Bn

⌘
|↵0, 0i . (3.39)
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Chapter 3 Loschmidt Echo: Long-time Behaviour

Written is this way, we can use the following commutation relation: if the commutator [A, B] 2 C,

then e
A+B = e

A
e
B

e
�1/2[A,B]. Thus, we have that

P(t) =
MX

m1,m2=1
cm1 cm2

1Y
n=1

exp

"
�

1
2

 ✓
fm1n �

p
↵0gn
2!n

◆2

+
✓

fm2n �

p
↵gn

2!n

◆2!#
⇥

exp
✓

fm1n �

p
↵0gn
2!n

◆ ✓
fm2n �

p
↵gn

2!n

◆
e
�i!n t

�
. (3.40)

Finally, we replace the fmn functions as defined in Eq. 3.21, express the product of exponentials as a

sum, and group orders of the function hm. We then have

P(t) =
MX

m1,m2=1
cm1 cm2 exp

"
�

1
2

 
1X
n=1

g2
n

2

⇣↵
2

⇣
h

2
m1 + h

2
m2

⌘⌘
�

p
↵↵0

!n

�
hm1 + hm2

�
+
↵0

!2
n

!#
⇥

exp

"
1X
n=1

e
�i!n t

g2
n

4
↵

�
hm1 hm2

�
�

p
↵↵0

!n

�
hm1 + hm2

�
+

↵0

2!2
n

#
. (3.41)

Finally, we simplify the expression to

P(t) =
MX

m1,m2

cm1 cm2 h fm1 |↵
0+i h↵0 + | fm2i ⇥

exp

 
1
4

1X
n=1

g2
n

p
↵0

!n

�
p
↵hm1 (!n)

� p
↵0

!n

�
p
↵hm2 (!n)

�
e
�i!n t

!
, (3.42)

where

|↵0
±i = exp

 
±
p
↵0

1X
n=1

gn
2!n

⇣
b
†

n
� bn

⌘!
|0i , (3.43)

so that |↵0+i |"i and |↵0
�i |#i are the two degenerate ground states of H↵0,0, and

h fm |↵
0+i = exp

 
�

1
8

1X
n=1

p
↵0

!n

�
p
↵hm(!n)

�2!
. (3.44)

At long times, the frequency in the sum in Eq. 3.42 is dominated by the contribution from small

frequencies, where gn/!n dominates over hm(!n). (Recall that the hm(!n) remain finite when

! ! 0.) Thus, asymptotically,

P(t) ' |h↵,�|↵0, 0i |2exp

 
↵0

4

1X
n=1

✓
gn
!n

◆2
e
�i!n t

!
, (3.45)

where

|↵0, 0i =
1
p

2
(|↵0+i |"i � |↵0

�i |#i) (3.46)
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Chapter 3 The Kondo Model and Anderson’s Orthogonality Theorem

is the ground state of H↵0,0 with T (given in Eq. 3.17) eigenvalue �1. In the thermodynamic limit is it

convenient to rewrite the result as

P(t) ' |h↵,�|↵0, 0i |2exp ©≠
´
↵0

4

1Z
0

d!
J(!)
!2 e

�i!t™Æ
¨
. (3.47)

Whereas P(t) is regular in the thermodynamic limit, if the individual factors on the right of Eq. 3.47

are calculated separately, the calculations must be performed for a finite system size. The time

dependence of Eq. 3.47 is the same as

e
iE↵0,0t hIR| |e

�iH↵0,0t |IRi , (3.48)

with

|IRi =
1
p

2
|0i (|"i � |#i) . (3.49)

This is because in the delocalised phase, the coherent state parameters fmn tend to zero for modes n

whose frequencies tend to zero [60]. As a result, IR probes cannot distinguish the initial state from the

bosonic vacuum. Let us now focus on the Ohmic case with s = 1 where, at large times compared to ⇠,

P(t) = Q

✓
2⇡it

L

◆��/2
, (3.50)

with � = ↵0 and where we use the Kondo and SB notations Q ⌘ |h↵,�|↵0, 0i |2 interchangeably. Since

P(t) should not vanish when we take the limit as L ! 1, we conclude that Q / L
��/2. Let us now

comment further on known results and explain the previously mentioned Anderson orthogonality

theorem.

3.6 The Kondo Model and Anderson’s Orthogonality Theorem

The results derived at the end of the previous section, namely the algebraic decays t
�↵0/2 and L

�↵0/2

of the Loschmidt echo and the overlap of ground states, respectively, have been obtained before, for

instance, using NRG technology [27]. It is a manifestation of the fact that under the renormalisation,

the Kondo ground state of the pre-quench Hamiltonian flows to a strong-coupling IR fixed point of the

form

|IRi =
1
p

2
(|✓ = �⇡i |"i � |✓ = ⇡i |#i) , (3.51)
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where we use the notation |✓i to represent a non-interacting Fermi sea in which electrons undergo

phase shifts that depend on their spin direction such that, at the Fermi energy, these phase shifts equal

✓/2 and �✓/2 for spin-up and spin-down electrons, respectively. On the other hand, the post-quench

ground state is of the form

|'0,1i =
1
p

2
(|✓ = �'0i |"i � |✓ = '0i |#i) , (3.52)

where '0 now is the di�erence in phase shifts between spin-up and spin-down electrons at the Fermi

energy. The power-law behaviour of the overlap can be understood by replacing the true initial state

with |IRi and applying the celebrated Anderson orthogonality theorem, which states that

| h±⇡ |±'0i |2 /

✓
L

�F

◆�(1/2�'0/2⇡)2

, (3.53)

where �F is the Fermi wavelength and the proportionality constant is of the order of unity. Since the

IR fixed point of the Kondo model is reached when length which are shorter than ⇠ ⇠ are integrated

out, the e�ective Fermi wavelength to use when applying the Anderson orthogonality theorem is of

order ⇠. Another classic result in many-body theory [40] states that for non-interacting fermions, the

Loschmidt echo decays / ("F t)�(1/2�'0/2⇡)2 , with the same power-law exponent as that governing the

L dependence of the overlap. When applying this result to the long-time dynamics of the Kondo

model, the e�ective Fermi energy to use is " ⇠ h̄vF/⇠. Finally, we note that coherent-state expansion

provides an analytic derivation for these results. The derivation is exact because no restriction is

placed on the number M of terms to which the expansion is truncated.

3.7 Further Analytical Progress in Ohmic Case

We now turn our attention to the Loschmidt echo at arbitrary times. We also specialize to the Ohmic

case, relevant for the Kondo model. In the Ohmic case, the sums appearing in P(t) in Eq. 3.42 can be

calculated analytically. To achieve this, we note that we study a bath comprising of a set of linearly

dispersing modes given by

!n = [h̄vF ] qn, qn =
2⇡n

L
, n = 1, 2, 3, · · · , (3.54)
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where the infrared scale is introduced via a (large) system of size L. The requirement that the bath

should be Ohmic the implies that

gn(q) = 2
r
⇡qn

L
exp

⇣
�

aqn

2

⌘
. (3.55)

Using this result and rewriting the Loschmidt echo in Eq. 3.42 as

P(t) =
MX

m1m2=1
cm1 cm2 h fm1 |↵

0+i h↵0 + | fm2i Pm1m2 (t), (3.56)

we can write Pm1m2 (t) as

Pm1m2 (t) = exp

 
1X
n=1

⇡qne
�(a+it)qn

L


↵hm1 (qn)hm1 (qn) �

p
↵↵0

qn

�
hm1 (qn) + hm2 (qn)

�
+
↵0

q
2
n

�!
.

(3.57)

The first and second terms in the square brackets need no IR regularization, and we can replace the

sum over the discrete modes with an integral. We cannot do the same with the third term. Here,

however, the discrete sum is computed straightforwardly as follows:

1X
n=1

⇡↵0
e
�aqn

Lqn

e
�(a+it)qn =

↵0

2

1X
n=1

⇣
exp

⇣
�(a + it) 2⇡

L

⌘⌘n
n

= �
↵0

2
ln


1 � exp

✓
�(a + it)

2⇡
L

◆�

⇡ �
↵0

2
ln


2⇡
L

(a + it)
�
,

where, in the first line we substituted in Eq. 3.54 and in the second line we used the expansion for

� ln (1 � x). We then find that

Pm1m2 (t) = �
↵0

2
ln


2⇡
L

(a + it)
�

exp
✓
↵

2
Am1m2 (t) �

p
↵↵0

2
�
Bm1 (t) � Bm2 (t)

� ◆
, (3.58)

where

Am1m2 (t) =
1Z
0

dq qe
�q(a+it)

hm1 (q)hm2 (q), and (3.59a)

Bm(t) =
1Z
0

dq e
�q(a+it)

hm(q). (3.59b)
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We also find that

h↵0 + | fmi = exp

�
↵

4
Amm(0) +

p
↵0↵

2
Bm(0)

� ✓
2⇡a

L

◆↵0/4
. (3.60)

The fact that hm(q) is a rational function of q allows us to perform the above integrals analytically.

These results are

Am1m2 (t) = e
�i�

MX
l=1

Res
⇥
qe

�i�
hm1 (qe

�i�)hm2 (qe
�i�)F(q |a + it |), q = ⌦le

i�
⇤

(3.61)

and

Bm(t) = e
�i�

MX
l=1

Res
⇥
hm1 F(q |a + it |), q = ⌦le

i�
⇤
, (3.62)

where F(z) = e
�z�(0,�z), �(�, z) is the incomplete � function, and Res[ f (q), q = q0] is the residue of

f (q) at q = q0. The phase � is the argument of a + it, that is, e
i� = (a + it)/|a + it |. For the purpose of

evaluating the residues explicitly, we define

hml = lim
q!⌦l

(q �⌦l) hm(q)

= lim
q!⌦l

(q �⌦l)

M�1P
n=0
µm,nq

n

MQ
n=1

(q �⌦n)

= lim
q!⌦l

M�1P
n=0
µm,nq

n

MQ
n 6=l=1

(q �⌦n)

=

M�1P
n=0
µm,n⌦

n

l

MQ
n 6=l=1

(⌦l �⌦n)

. (3.63)
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and

€hml = lim
q!⌦l

d

dq
[(q �⌦l) hm(q)]

= lim
q!⌦l


hm(q) � (q �⌦l)

d

dq
hm(q)

�

= �hml

MX
n 6=l=1

1
⌦l �⌦n

+

M�1P
n=1
µm,nn⌦n�1

l

MQ
n 6=l=1

(⌦l �⌦n)

(3.64)

We are now in a position to calculate the residues of Eqs.3.61 and 3.62. To do this, we note that for a

second order pole, we can use the following relation:

Res [y(z), z � z0] = lim
z!z0

d

dz

⇣
(z � z0)

2 y(z)
⌘
, (3.65)

where the function y(z) has a pole at z0. We begin with Eq. 3.61

Am1m2 (t) = e
�i�

MX
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Res
⇥
qe

�i�
hm1 (qe

�i�)hm2 (qe
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2
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�i�)hm2 (qe
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⇤
. (3.66)

Now we can move the lim
q!⌦le

i� d/dq operators into the equation and, by the chain rule, obtain

Am1m2 (t) = e
�i�
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⇥
q
�i�
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✓
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✓
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F(q |a + it |)

◆#
. (3.67)

We should take note of di�erence between the derivative in the third line of Eq. 3.67 and the definition

of €hml in Eq. 3.64. Thus, we perform a change of variables for the equation

lim
q!⌦le

i�

d

dq
(q �⌦l) hm(qe

�i�) (3.68)
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and let

d

dq
=

dq̄

dq

d

dq

= e
�i� d

dq̄
(3.69)

Eq. 3.68 becomes

lim
q!⌦le

i�

d

dq
(q �⌦l) hm(qe

�i�) = lim
q̄!⌦l

e
�i� d

dq̄
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q̄e

i�
�⌦le

i�
⌘

hm(q̄)

lim
q̄!⌦l

d

dq̄
(q̄ �⌦l) hm(q̄)

= hml . (3.70)

We can use the same procedure outlined in Eq.3.69 for those terms that do not include the d/dq

derivative and we find that

lim
q!⌦le

i�
(q �⌦l) hm(qe

�i�) = e
i�

hml (3.71)

picks up an extra phase factor not cancelled out by the derivative. For the derivative of F(q |a + it |) we

note, firstly, that F(z) = e
�z�(0,�z) and, secondly, that d

dz
�(0, z) = �e

�z/z. Thus,

lim
q!⌦le

i�

d

dq
(F(q |a + it |)) = lim

q!⌦le
i�

d

dq
(exp (�q |a + it |)�(0,�q |a + it |))

= �e
�i�


(a + it)F (⌦l(a + it)) +

1
⌦l

�
. (3.72)

In the last step of the above equation we used e
i�
|a + it |= (a + it). Using the these results we find that

Am1m2 (t) = e
�i�

MX
l=1

Res
⇥
q
�i�

hm1 (qe
�i�)hm2 (qe

�i�)F(q |a + it |), q = ⌦le
i�

⇤

=
MX
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"
hm1lhm2lF(⌦l(a + it)) + ⌦lF(⌦l(a + it))

⇥
€hm1lhm2l + hm1l

€hm2l

⇤

�⌦l(a + it)hm1lhm2lF(⌦l(a + it)) � hm1lhm2l

#
. (3.73)
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For the second, much simpler residue we needed to calculate in Equation (3.15) we find that

Bm(t) = e
�i�

MX
l=1

Res
⇥
hm1l(qe

�i�)F(q |a + it |), q = ⌦le
i�

⇤

=
MX
l=1

lim
q!⌦le

i�

⇣⇣
q �⌦le

i�
⌘

hm1l(qe
�i�)F(q |a + it |)

⌘

=
MX
l=1

hm1lF(⌦l(a + it)). (3.74)

In these formulae, we assume that the poles ⌦l of hm(q) all have negative real parts, a fact that we

have not proven; it is, however, borne out of the numerics. Furthermore, the additional terms that

would appear if there were poles with positive real parts would only introduce additional contributions

to the Loschmidt echo that decay exponentially over time and are unimportant at large times. These

equations form the basis of our numerical study of the full P(t).

3.8 Kondo Length Dependence of the Overlap

We now turn to the Kondo length dependence of the overlap. We first present an heuristic argument

by means of which the numerical results we subsequently present may be anticipated. Provided that

⇠ � a, we expect ⇠ to set the scale for dynamics at times su�ciently larger than a. This motivates the

scaling ansatz

P(t) = Z(↵, ↵0, ⇠/a)F↵,↵0

✓
t

⇠(↵,�, a)

◆
, (3.75)

in which all parameter dependencies have been rendered explicit. If this ansatz is correct, we can

extract Z from the long-time result which we calculate in Sec. 3.5 and obtain

Z =
✓
2⇡⇠

L

◆��/2
Q. (3.76)

Now, consider the behaviour at times short compared to ⇠. We expect the degrees of freedom that are

relevant in this regime to be ignorant of the physics at the Kondo scale. For large Jk , that is, small ↵,

we can analytically show using the M = 1 expansion that for a ⌧ t ⌧ ⇠,

P(t) = C

✓
it

a

◆��/2
, (3.77)

with � = ('/⇡ � '0/⇡)2 = (
p
↵ �

p
↵0)2/2 and C independent of ⇠. We present this derivation now.
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3.8.1 Analytical Results at Small ↵

Assuming that the ansatz in Eq. 3.75 is true, we analytically show for small ↵ the explicit form of P(t)

in the regime where a ⌧ t ⌧ ⇠. In the limit of small ↵, the M = 1 truncation becomes exact. (This is

nothing but the SH ansatz discussed in Chapter 2.) For M = 1, there is only one variational parameter

⌦1. Its optimal value is ��R, where �R satisfies

�R = � h f1 | f1i

= � exp (�↵A11(0)) < �, (3.78)

and the Kondo length is

⇠ =
p
↵

⇡�R

. (3.79)

For the A11(t) and B1(t) we obtain

A11(t) = [1 + �R(a + it)] F (��R(a + it)) � 1 and (3.80a)

B1(t) = F (��R(a + it)) , (3.80b)

and for P(t) we obtain

P(t) =
✓
it

a

◆�↵0/2
exp

h↵
2
(A11(t) � A11(0)) �

p
↵↵0 (B1(t) � B1(0))

i
. (3.81)

Provided that � is su�ciently smaller than 1/a, we have �Ra, �Rt ⌧ 1 in the regime a ⌧ t ⌧ ⇠ and

we can expand F (��R(a + it)) for small arguments using F(�z) = � ln(z) � �E + O(z) where �E ⇡

0.57 · · · is the Euler-Mascheroni constant. We then find that (A11(t) � A11(0)) = (B1(t) � B1(0)) =

� ln(1 + it/a) independent of ⇠, and

P(t) =
✓
it

a

◆��/2
(3.82)

with � =
⇣
p
↵ �

p
↵0

⌘
. We note that the same result would be obtained if we took f1n =

p
↵gn/2!n.

In the Kondo language, this corresponds to the initial state

|UVi =
1
p

2
(|�'i |"i � |'i |#i) , (3.83)

verifying our assumption. Here, |±'i represents a non-interacting Fermi sea in which electrons

undergo phase shifts that depend on their spin direction, such that, at the Fermi energy, these phase
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shifts equal ±'/2 and ⌥'/2 for spin-up and spin-down electrons, respectively.

This is the same behaviour as we would have obtained if before the quench we had J? and hence ⇠ = 1.

Our analytical argument, however, breaks down at larger ↵. Let us nonetheless assume that a short-time

power-law of the form Eq. 3.77 holds for arbitrary ↵ with a ⇠-independent C. Universal scaling

according to the ansatz in Eq. 3.75 implies that P(t)/Z depends only on t and ⇠ in the combination

t/⇠. The ⇠ independence of C then implies that Z ⇠ ⇠��/2. Using our analytic expression in Eq. 3.76

for Z , we arrive at the result we want, namely, Q ⇠ ⇠(���)/2. We also conclude that the overlap Q

scales with the system size as L
��/2. Since the only other length scale that Q can depend on is a, we

reproduce our main result given in Eq. 3.5.

3.9 Numerical Results

In the following section we present our numerical results based on the coherent-state expansion. We

note that a powerful extension of the technique has been developed to deal with general time-dependent

problems [64, 65]. However, due to the simple form of the post-quench Hamiltonian, no sophisticated

techniques are needed here, once the initial state is expressed in terms of bosons. We will use

the numerical data of Ref. [61]; these data were obtained by simulated annealing for an expansion

truncated to M = 7 terms at most. In Ref. [61], multiple checks were done to verify that numerical

convergence is satisfactory. We estimate that the error in P(t) is at most on the order of 1% at large

times and less at shorter times. For a given ↵, we have data for ⇠/a ranging between 1 and 2 decades,

with the shortest ⇠ an order of magnitude larger than the short-distance cut-o� a. For each of the 50

combinations of (↵,�) at which data was taken, we calculated the Loschmidt and the scaling factor,

Z , for quenches to various ↵0
2 [0, 1.5]. Further details are provided in Appendix A.

Using Eq. 3.56 we numerically calculate P(t) for a range of values of ↵ 2 [0, 1.5], ↵0
2 [0.3, 0.9],

and � 2 [0.156, 0.305] in steps of 0.025. The choice of these ranges is motivated later. As an

example of the Loschmidt echo’s behaviour, we plot the unscaled |P(t)| vs t in units of a in Fig. 3.1

for with a fixed value of ↵ = 0.85 and ↵0 = {0, 0.1, 0.3, 0.5} and various values of �. The long-time

behaviour corresponds to a decay t
�↵0/2 observed in previous studies. In Fig. 3.1(A) we observe that,

at long-times, the Loschmidt echo does not decay to zero when we quench from a fixed ↵ to ↵0 = 0.

However, as we increase the size of ↵0, as shown in Figs. 3.1(B), (C), and (D), the echo does indeed

decay to zero. We also observe that an increase in �/a results in more rapid decay of |P(t)|.
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F����� 3.1: The amplitudes of the Loschmidt echo vs time in units of a. The various panels are calcu-
lated using Eq. 3.56 making use of the expression for Eq. 3.58 for↵ = 0.85 and various values of↵0. The
di�erent curves correspond to di�erent values of �/a 2 {0.156, 0.18, 0.205, 0.23, 0.255, 0.28, 0.305}.

niversality

Now we wish to test the scaling ansatz in Eq. 3.75. To do so, we must calculate the Kondo length and

scaling factor Z for the parameters of interest. In terms of the ground state parameters, these are given

by

Z =
✓
2⇡⇠

L

◆�↵0/2
|h↵0, 0|↵,�i |

2

=
✓
⇠

a

◆�↵0/2
�����
MX
m=1

exp

�
↵

4
Amm(0) +

p
↵↵0

2
Bm(0)

� �����
2

, (3.84)

and we express the Kondo length, ⇠, as is done in Ref. [58], as

⇠ =
p
↵

2
X
m1,m2

cm1 cm2

⇥
hm1 (0) + hm2 (0)

⇤
h fm1 | fm2i . (3.85)
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Fig. 3.2 shows the result for the Kondo length where we calculate the Kondo length ⇠ using the

expression in Eq. 3.85. This is shown in Fig. 3.2 where we plot ⇠ vs � both in units of a for each of

the parameter values of ↵ and � for which the ground state of H↵,� is numerically calculated. On a

log-log scale we observe a decreasing linear relationship between the two where lines connect data

points corresponding to the same ↵ where we set a = 1.
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F����� 3.2: The Kondo length ⇠ vs � both in units of a. For each line, the ground state of H↵,� is
numerically calculated each of the parameter values of ↵ and �.

Using the calculated Kondo lengths and scaling factors, we plot the scaled function of P(t)/Z vs

t/⇠ in the main panels of Fig. 3.3. Di�erent panels correspond to the di�erent values of ↵0 and

we use the same values of �/a as before with the insets showing the corresponding unscaled plots.

Additional plots for the other values of ↵ and ↵0 are found in Appendix A. In all panels in Fig. 3.3 we

see excellent universal scaling in accordance with the ansatz in Eq. 3.75 in the short- and long-time

regime. This is shown by the alignment of scaled echoes onto one another and we note that ⇠ and Z

are not determined by fitting as is done frequently when one looks for universality.
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F����� 3.3: The amplitudes of the scaled Loschmidt echoes vs time in units of Z and ⇠ given in
Eqs. 3.84 and 3.85, respectively. The insets show the corresponding unscaled data vs time in units
a. The sloped dashed lines represent the power-law decay for |P(t)|/Z = C(t/a)�⇠/2, with C and ⇠

obtained by fitting to amplitude data for t < 10�1⇠.

We observe two algebraic decays in the regimes t ⌧ ⇠ and t � ⇠. For short-time behaviour of the

Loschmidt echo we see that |P(t)|/Z follows a short-time power-law in the time window a < t < ⇠

and that for the various values of �/a, |P(t)| is relatively independent of �/a at small t. This is

seen in in Fig. 3.3(A) where, at short-times, the echoes with di�erent values of �/a decay at the

same rate and, as a result, the echoes align with one another. A similar behaviour is observed for

di�erent values of ↵0 where at short-decay times, |P(t)|/Z is independent of �. Additional results

for di�erent values of ↵ and ↵0 are found in Appendix A. We can extract the short-time power-law

exponent from the scaled echoes. This is represented by the sloped dashed line which represents

the power-law decay for |P(t)|/Z = C(t/a)�⇠/2, with C and ⇠ obtained by fitting to amplitude data

for t < 10�1⇠. These results are compared to the approximate analytical result � = (
p
↵ �

p
↵0)2/2.

This is shown in Fig. 3.4 where solid lines represent the analytical expression of � and the dotted

lines are the extracted power-laws exponents at short times. Below ↵ ' 0.5 we find good agreement

with the approximate analytical result. At small ↵, modes with 1/⇠ ⌧ !n ⌧ 1/a are associated with
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F����� 3.4: Symbols: The short-time power-law exponent � defined in Eq. 3.77 at five di�erent values
of ↵0 as extracted from our numerical P(t) data. Curves: The small ↵ prediction � = ('/⇡ � '0/⇡).

displacements fmn '
p
↵gn/2!n, as if � = 0. This allows for a straightforward explanation of the

power-law in terms of the response of non-interacting spin-up and spin-down Fermi seas to a local

quench. At larger ↵, |P(t)| still obeys a short-time power-law, but the power-law exponent deviates

from that of the approximate analytical result. In this case, we find numerically that the non-interacting

Fermi sea behaviour of fmn only sets in close to the ultraviolet cut-o� 1/a. If a non-interacting Fermi

sea explanation is possible in this regime, the coherent-state expansion does not make this manifest.

When ↵ = ↵0 the analytical result of Refs. [28, 29] is that � = 0. The largest deviation we found from

this is at ↵ = ↵0 = 0.8, where � = 0.018. We believe this is a small finite-size error, and note that we

unambiguously find that � is minimal when ↵ = ↵0. We also note oscillatory behaviour that might be

a numerical error in the results for ↵0 = 0, 0.1, and ↵ > 0.6. The same fluctuations are not seen at

other ↵0 values. Given that the same ground state data was used for all ↵0, we attribute any error that

is present to the numerical extraction of the power-law exponent rather than to errors in the ground

state data.

With the assumption verified that in the regime a ⌧ t ⌧ ⇠ the Loschmidt echo is both independent of

� and obeys a power-law t
��/2, our conclusion regarding the power-law dependence of the ground
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state overlap on the Kondo length must be correct. We now calculate the ground state to grounds state

overlap (2⇡a/L)��/2 |h↵0, 0|↵,�i |
2 directly by adapting the result for Z in Eq. 3.84. Indeed we find

that at a fixed ↵ and ↵0 (that is, a fixed Jk and J
0

k
in the Kondo language) Q = |h↵0, 0|↵,�i |

2 has a

power-law dependence on ⇠, that is

|h↵0, 0|↵,�i |
2
/ ⇠⌘ . (3.86)

As as example, in Fig. 3.5 we show this power-law dependence for results for ↵ = 0.85 and various ↵0.

In each case, we observe the expected linear dependence when plotting (2⇡a/L)��/2 |h↵0, 0|↵,�i |
2

vs ⇠/a noting that a we increase ↵0 there is an observed increase in gradient.
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F����� 3.5: Symbols: The ground state to ground state overlap squared |h↵0, 0|↵,�i | vs the Kondo
length ⇠ for various values of ↵0 for a fixed ↵ = 0.85. Lines: The power-law |h↵0, 0|↵,�i |= G⇠⌘ ,

with G and ⌘ obtained by fitting the data with ⇠ ' 25a.

The data in Fig. 3.5 is now used to compare the power-law exponent in Eq. 3.86. This is done by

extracting the gradient and comparing it to that of the short-time power-law exponent � of the scaled

Loschmidt echoes in Figs. 3.3 for the various values of ↵0. This relationship is shown in Fig 3.6 where

we see very good agreement with our prediction that ⌘ = (� � �)/2. The inset displays an enlarged

view of the clustered ↵0 = 0.5 data. The largest deviations are seen at ↵0 = 0 and ↵ > 0.6. As we

noted already, the extracted values of the exponent � for these data points may contain some noise.

However, even here, the largest deviation between the extracted ⌘ values and the line representing

⌘ = (� � �)/2 is 5%. For the other data sets, the deviation is of the order of a percent at most.
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F����� 3.6: Symbols: Each data point corresponds to a fixed value of ↵ and �. The x and y
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Eq. 3.86, as extracted from the data in such as that plotted in Fig. 3.5. Black lines: The heuristic

prediction ⌘ = (� � �)/2. Inset: An enlarged view of the clustered � = 0.3 data.

3.10 Conclusion

For the Kondo model, we have demonstrated that the Loschmidt echo and the overlap between ground

states before and after the quench are connected not only via dynamics at long times, but also via

dynamics at short times. Our main results are contained in Eqs. 3.4 and 3.5 and can be summarized as

follows. If one subtracts the slope seen at short times in the log-log plot of the Loschmidt echo ( as

shown in the main panels in Fig. 3.3), from the slope seen at long times, one obtains the slope seen in

the log-log plot of the ground state to ground-state overlap squared versus the Kondo length (Fig. 3.5).

The overlap’s dependence on the emergent length scale ⇠ thus elegantly encodes information about both

IR and UV dynamics. Apart from Anderson’s orthogonality theorem, the other essential ingredients

that produced this result were the universal scaling and power-law behaviour of the Loschmidt echo at

short times. In light of this, it may be interesting to revisit results for the overlap in studies of other

systems that have focused on system size dependence to see if similar connections exist.
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Appendix A

Further Numerical Results

In this appendix, we provide the numerical results in addition to those presented in Chapter 3. In

Figs. A.1 and A.2, we plot the rest of the numerical Loschmidt echo data for ↵ = 0.85. These plots

provide readers with an intuitive understanding of how the Loschmidt echo depends on di�erent

values for ↵0. Additionally, they show the quality of scaling collapse and the existence of an ultraviolet

power law throughout the parameter space.
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F����� A.1: The amplitudes of the scaled Loschmidt echoes vs time in units of Z and ⇠ given in
Eqs. 3.84 and 3.85, respectively. The insets show the corresponding unscaled data vs time in units
a. The sloped dashed lines represent the power-law decay for |P(t)|/Z = C(t/a)�⇠/2, with C and ⇠

obtained by fitting to amplitude data for t < 10�1⇠.
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F����� A.2: The amplitudes of the scaled Loschmidt echoes vs time in units of Z and ⇠ given in
Eqs. 3.84 and 3.85, respectively. The insets show the corresponding unscaled data vs time in units
a. The sloped dashed lines represent the power-law decay for |P(t)|/Z = C(t/a)�⇠/2, with C and ⇠

obtained by fitting to amplitude data for t < 10�1⇠.
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Chapter 4

Introduction

In Chapter 4, we introduce the formation of rogue waves in the context of oceanography, as readers are

likely to be familiar with their occurrences in this context. We then discuss how linear mechanisms

can give rise to rogue waves. However, we note that for theoretical predictions to coincide with

experimental observations, nonlinearity in the models that describe the system is necessary. We

identify the nonlinear Schrödinger equation as the most commonly studied of these nonlinear models

and we emphasise its universality by showing that the same model is used when describing rogue

wave formation in the ocean as well as optical rogue waves in discrete optical waveguide arrays. We

then introduce the unstable nonlinear Schrödinger equation, which we study in Chapter 5, and we

discuss how it has been realised in real discrete optical waveguide arrays, particularly for its role of

modelling random fluctuations in the system. Finally, we shift our focus to modulation instability and

discuss how this leads to the formation of rogue waves in many di�erent physical systems.

4.1 A Brief History of Rogue Waves in the Ocean

Oceanic rogue waves, sometimes referred to as freak or giant waves, are rare, large amplitude, localised

surface waves that appear suddenly and then disappear almost immediately [66]. Their amplitudes are

often reported to exceed 15 meters in height from their crest to their trough [67]. Their destructive

nature has resulted in the tragic loss of human lives and poses a threat to ships and on- and o�-shore

structures. Rogue waves have been known to mariners for centuries with horrifying tales dating back
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to the 1400s [67]. At that time, their causes were unknown and their reputation became part of marine

folklore.

Despite the continued development of models and mechanisms that describe their profiles and predict

their occurrences, the lack of quantitative data kept the existence of rogue waves shrouded in mystery

well into the last century [68]. That was until the first significant measurement of a rogue wave was

made from the Draupner Jacket platform o� the cost of Norway in 1995 [69]. The crest mean of this

wave measured 18.6 m while its height measured 25.6 m. This sparked interest from the scientific

community as it verified many of the theoretical predictions put forward decades earlier. In more

recent times, the measurement of rogue waves is done with sophisticated equipment such as buoys

equipped with altimeters and pressure gauges that track the surface elevation of the ocean [70]. Today,

the existence of rogue waves is no longer debated and research into these fascinating phenomena

continues to develop into many varied fields [71].

To classify a rogue wave event such as the Draupner wave, oceanographers often make use of a rather

simple parameter referred to as the abnormality index [72]. This index is the ratio of the rogue wave

height, HRW, to it’s significant wave height, HSig. The latter is defined as the average wave height

among one third of the highest waves. This is usually measured over a longer period of time relative

to the time the rogue wave event occurs. The abnormality index is given by

AI =
HRW
HSig

� 2. (4.1)

The value on the right hand side of Eq. 4.1 often varies and has been known to range between 1.5

and 3 [73]. This has drawn criticisms, which state that the index does not include weather conditions

or other conditions such as wind swept waves [74]. However, the general consensus is that an AI

larger than 2 identifies extremely large amplitude waves systems that can only be classified as rogue

waves [72].

In general, one can obtain likelihoods and other statistical information about oceanic waves from

a simple linear model [75]. Here, it is assumed that the ocean waves are comprised of random

superpositions of waves which vary in their frequencies, directions, and phases. Under this assumption,

the wave components are no longer correlated and the elevation of the waves follows a normal

distribution, while the wave envelope follows a skewed distribution which is often a Rayleigh

distribution. Furthermore, for linear waves which fall within a narrow banded spectrum, the wave

height is assumed to be twice the crest height. The probability of observing a rogue wave exceeding a
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particular height falls within the tail end of the skewed distribution [71]. However, measurements of

rogue waves indicate that they occur more frequently than this distribution suggests [76–79].

The most commonly studied linear mechanisms known to result in oceanic rogue waves include (i)

geometrical and spatial focusing of waves, (ii) wave-current interaction, and (iii) wind interactions

that result in the focusing of waves. In case (i), straight crest ocean wave fronts become curved and are

transformed into circular or cylindrical ones. This is either due to the varying sea floor topography, or

due to the fact that the ocean waves are reflected from complex coastal line structures. These ocean

waves are refracted similar to their optical counterparts in an optical lens and, at the focal point, their

heights are amplified. In case (ii), when travelling waves meet with a current travelling in the same

direction, there is a transfer of energy between the two as they interact constructively resulting in a

larger wave [80]. In case (iii), a non-uniform wind profile blowing over the surface of the ocean results

in an energy transfer and larger waves form [81, 82]. This process is often coupled with changes in

atmospheric pressure [83] and also includes other parameters such as wind speed and the fetch of

the wind. In this thesis we focus on a specific linear e�ect that is included in our system, which will

increase the instability of the system. For hydrodynamic systems, the e�ect comes as a result of the

surface tension between to fluids of di�erent densities. More specifically, a less dense fluid that on

top of a denser fluid increases the overall instability of the system caused by gravity, because of their

mutual interaction at the interface [84].

Though linear mechanisms do result in rogue wave formation, their associated models often fail to

predict the observed heights of rogue waves [74]. This motivates the use of nonlinear models, which

predict wave amplitudes that are more consistent with experimental measurements and they predict

wave heights that are more consistent with Eq. 4.1. Moreover when nonlinear models are utilized, the

likelihoods of rogue wave formation are still shown to have a Rayleigh distribution, which is also

consistent with experimental observations [85]. The most commonly studied of all models is the

nonlinear Schrödinger equation (NLSE), which not only addresses the inconsistencies of the linear

models, but it also sheds light on a multitude of other nonlinear phenomena like solitons, which we

will discuss later. These phenomena were initially thought to be unrelated. However, they are now

identified as forming part of a hierarchy of solutions known to exist for the NLSE [86]. We will

discuss the most commonly know solutions to the NLSE later in this chapter.
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4.2 The Nonlinear Schrödinger Equation

Let us first introduce the NLSE for ocean waves. To this end, we introduce it, as is often done [1, 87], in

the case of a deep (or infinite depth) water system. We will assume that the waves under consideration

are quasi-monochromatic and that the surface elevation is slowly varying. A function that can describe

the resulting surface elevation in terms of a spatial co-ordinate x and a temporal co-ordinate t is given

by

⌘(x, t) =
1
2
(A(x, t) exp (ik0x � i!0t) + c.c.) , (4.2)

where c.c. stands for complex conjugate, k0 and !0 are the wave number and wave frequency of the

carrier wave, and A(x, t) is a complex wave envelope determined by a nonlinear model. This nonlinear

model can be described by the NLSE and is written as

i
@A

@x
+ i

1
vg

@A

@t
�

k0

!2
0

@2
A

@t2 � k
3
0 |A|

2
A = 0, (4.3)

where vg = @!/@k is the group velocity, the third term describes the dispersion of the surface elevation,

and the forth term is the nonlinear term. Eq. 4.3 describes the evolution of wave trains which is strongly

determined by the initial condition. As we show in the next chapter, the nature and occurrences of

rogue waves are very sensitive to initial conditions.

By performing a transformation of Eq. 4.3 where T = t�(1/vg)x and X = x, and defining dimensionless

quantities ⇠ = �k
3
0 A

2
0X and ⌧ = (1/

p
2)!0k0 A0T where A0 is the initial amplitude of A(x, t), we obtain

a dimensionless NLSE in terms of a normalized wave function  (x, t) = A(x, t)/A0 given by

i
@ 

@⇠
+

1
2
@2 

@⌧2 + | |2 = 0. (4.4)

Eq. 4.4 is sometimes referred to as the time NLSE relating to the second derivative in time in the

second term. It can be used to describe the propagation of light waves along an optical fibre, provided

that additional parameters are introduced to the terms which characterise certain length and time scales.

We will explore this further in Sec. 4.3. For now, we note that in many hydrodynamic experiments [88],

the time and position coordinates are swapped in Eq. 4.4. In this case, the equation is then referred to

as the space NLSE. From a mathematical point of view, the solutions of the space NLSE are identical

to those in Eq. 4.4, though the physical interpretations are di�erent. To illustrate concepts relating to

nonlinear optical systems one often refers to the time NLSE. However, for our work we make use of

the space NLSE and therefore emphasise temporal evolution of the system.
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Due to the simplicity and universality of Eq. 4.4, the NLSE is the basis of more complex models and

has been utilized in various scientific fields outside of oceanography [89]. This is because of the

analogous nature between wave dynamics of ocean waves and a variety of other wave phenomena.

Among the most significant of these analogous systems is that of a Bose-Einstein Condensate (BEC)

formed in ultra cold vapours [90]. This lead to the discovery of stable, solitary waves, known as

solitons, that propagate within the nonlinear BEC medium [91]. Like rogue waves, solitons are

also solutions to the NLSE [86]. They are well documented [92] and were also first observed in

water wave systems. Other analogous systems that display solitons include plasma physics [93],

magnetic systems [94], and biological systems where they appear in proteins which result from thermal

transitions in membranes [95]. In optics, solitons appear as solitary pulses or beams of light and

studies have been conducted in 1D and multidimensional systems. Often these studies are divided up

into spatial, temporal, or spatiotemporal categories [89] and they have also been observed in coupled

NLSE systems [96]. Let us shift our focus now to the formation of solitons in the context of nonlinear

optics, noting that this field has become a playground in which systems such as those described by the

NLSE and similar equations can be experimentally realised. We will then discuss a link between the

formation of rogue waves and solitons based on the NLSE.

4.3 Nonlinear Optics

The first suggestion that optical solitons could be generated and measured came in the early

1970s [97, 98]. This was based on the idea that there is always a delicate balancing between a term that

governs the dispersion of light in a medium and a nonlinear term which leads to a stable, self-focusing

light pulse. The self-focusing e�ect, often referred to as the optical Kerr e�ect, has been realized

experimentally by increasing the refractive index of a nonlinear medium [99]. This e�ect is relatively

weak but can be enhanced through light confinement in the core of optical fibre as well as by ensuring

that there is a large propagation distance of light sent through such a system. One field of optics that

makes use of this e�ect is telecommunication [100], where optical solitons are particularly attractive

as they could travel vast distances through optical fibres while their wave profile remains undistorted.

To develop an understanding of how light propagates through an optical fibre in a way that leads to

nonlinear phenomena, we will describe how the NLSE appears as part of the equation governing such

a system. A detailed derivation can be found in Ref. [101]. What we wish to motivate in the following

is that the response of the optical fibre to the polarization of the electric field is nonlinear and that it is

well approximated by the NLSE.
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It is well known that an electromagnetic field propagating through an homogeneous, source-free

medium is governed by Maxwell’s wave equation which, in an optical fibre, is described by

r
2 #„
E = �

1
c2

@2

@t2
#„
E � µ0

@2

@t2
#„
P, (4.5)

where #„
E is the electric field, #„

P is the induced polarization, the speed of light in a vacuum is

c = (µ0✏0)1/2, and µ0 and ✏0 are the vacuum permeability and vacuum permittivity, respectively.

Assuming that the response of the optical fibre to the electric field is local and that it obeys time-reversal

symmetry, the total polarisation is expressed by the series expansion

#„
P (r, t) =

1X
i=0

#„
P

(i)(~r, t). (4.6)

A term in this series is generally given by

#„
P

(i)(~r, t) = ✏0

tZ
�1

dt1 · · ·

tZ
�1

dti �
(i)(t � t1, · · · , t � ti) ⌦

#„
E (~r, t1) · · · #„

E (~r, ti), (4.7)

where � is the susceptibility related to the materials response to the applied electric field and the

symbol“⌦” denotes the tensor product between the applied electric field and the i
th order susceptibility

tensor. We note that �(i) denotes the tenors that are of rank (i + 1). The first order term in � usually

dominates. Terms of even order in � vanish due to inversion symmetry property of the optical

medium [99, 102]. The next term in Eq. 4.7 does not vanish and it describes a nonlinear e�ect due to

the anharmonic motion of the bound electrons. This term is third order in #„
E and its e�ect is present in

materials such as silica glass gallium arsenide or aluminium gallium arsenide. For this reason many

types of optical fibres are manufactured using these materials. The total instantaneous polarization in

these materials can then be approximated by

#„
P (~r, t) = ✏0

⇣
�(1)
kl

#„
E l(~r, t) + �(3)

klmn

#„
E l(~r, t)

#„
Em(~r, t) #„

E n(~r, t)
⌘
, (4.8)

where we use Einstein notation to denote the tensor products.

If the polarization remains constant during the propagation of light along the optical fibre then a

function A(~r, t) can be used to approximate a slowly varying quasi-monochromatic electric field [102]

of the form
#„
E (~r, t) =

1
2

êx (F(x, y)A(~r, t) exp (i�0x � i!0t) + c.c.) , (4.9)

where �0 is the wave number, êx is the unit vector of polarization, F(x, y) is the modal distribution,
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and A(~r, t) is the mentioned complex pulse envelope obeying a nonlinear model. For a single fibre

mode, assuming no losses in optical intensity or modal distribution, F(x, y) is well approximated by a

Gaussian distribution. In general, A need not be a function of ~r and t [101] and it can be assumed

that it is only a function of one spatial coordinate, say z, alongside its dependence on t. This case

represents a concentrated pulse travelling within an optical fibre with the dispersion only taking place

in the direction of propagation. We determine A from

@A

@z
+ �1

@A

@t
+ i

�2
2
@2

A

@t2 � i�!0 |A|
2
A = 0, (4.10)

where � is the parameter relating to the optical nonlinearity of the fibre. The parameter �1 = c/vg and

�2 describes group velocity dispersion. These parameters are related to the wave number, �0, which,

in turn, is related it to the dispersion relation of the material through a propagation constant, �(!).

The latter can be expanded using a Taylor expansion as

�(!) =
1X

m=0

1
m!

(! � !0)m�m, (4.11)

with �m = (dm�/d!m)!=!0 and m 2 N0. Once more, we can transform Eq. 4.10 and describe it in a

retarded frame using T = t � z/vg which yields

i
@A

@z
�
�2
2
@2

A

@T2 + � |A|2 A = 0. (4.12)

We note that, by setting

⇠ =
z

LNL
where LNL =

1
�P0
, (4.13a)

⌧ =
T

T0
where T0 =

p
|�2 |LD, (4.13b)

 =
A(z, t)
p

P0
, (4.13c)

we obtain the optical counterpart to Eq. 4.4 indicating that the two equations form part of the same

universality class of general wave phenomena. In the above equations LNL and LD correspond to

nonlinear and dispersion lengths [103], and P0 is the incident optical power intensity.

In turns our that a negative group velocity dispersion (�2 < 0) (in the case of in Eq. 4.10) and the

correct choice of �, results in an optical Kerr e�ect, which allows for the propagation of bright

solitons. During manufacturing, �2 could be controlled by doping the optical fibre [100] and �

could be enhanced by increasing the refractive index. Moreover, if the length of the optical fibre,
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L, is larger than both LNL and LD, defined in Eq.4.13a and Eq.4.13b, respectively, the profile of

the soliton should remain unchanged during propagation [104]. This was indeed accomplished in

1980 [105], where bright optical solitons were experimentally observed in a single-mode silica-glass

fiber. A proposal for “repeaterless” communication subsequently was proposed after examinations via

numerical simulations [106] and these predictions were later realised in a real optical fibre systems

with the addition of amplifiers [107]. Since then, various theoretical and experimental breakthroughs

have seen propagation distances increase to over 106 km with relatively low losses or changes to

soliton profiles. A review of the history and technical details of these achievements can be found

in [100].

We note that the observation of rogue waves in optical fibres, in contrast to optical solitons, is relatively

new with the first optical rogue wave being experimentally observed in 2007 [108]. Since then

however, the field branched out into various directions. One of these branches is devoted to the study

of discrete optical systems, which we will utilise in our own study on rogue waves. To this end we

now introduce discrete optical waveguide arrays and highlight some of the breakthroughs made in this

field.

4.4 Discrete Optical Waveguide Arrays

Nonlinear phenomena have been studied in various discrete lattices including optical waveguide

arrays [109]. The latter are manufactured from materials that are similar to those in optical fibres and

consist of a number of waveguides that are coupled to one another to form an array as in Fig. 4.1.

These systems also allow for the experimental verification of various theoretical predictions often

originating from basic quantum mechanics. This link between quantum mechanics and optics is based

on the equivalence that exists between the Schrödinger equation and a paraxial approximation to

the scalar Helmholtz equation [110, 111], where a detailed derivation of this equivalence has been

presented before [112] and will not be repeated here.

This equivalence has allowed experimentalists to fabricate and study, for example, a topological

phase transition in a bulk system, which has an extra feature of being non-Hermitian [113]. The

experimental system comprised of evanescent coupled waveguide arrays, which can be modelled

using the tight-binding model to yield discrete Schrödinger equation [114]. The topological model

studied was a 1D non-Hermtian dimer, which resembles the Su-Schrei�er-Heeger (SSH) model of

polyacetylene [115]. The SSH model is defined in terms of hopping parameters that alternate between
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weaker and stronger bonds and it includes topologically distinct phases, which are defined by a

topological number: the winding number [116]. The non-Hermiticity of the system was ensured by

allowing losses along every other waveguide in the array by fabricating them such that they “wiggle” .

The topological phases were demonstrated by propagating light through the bulk for and displaying

trivial and non-trivial winding numbers. Other examples of photonic topological insulators have also

been realised [117] through coupled waveguide arrays as well as models describing non-relativistic

quantum mechanical phenomena [118, 119] and nonlinear systems [120].

For a slowly varying envelope of guided model fields in identical, periodically coupled single-mode

waveguide arrays, the mathematical model describing a discrete NLSE was first described in [121, 122].

The corresponding discrete unstable NLSE (UNLSE) consisting of N homogeneous waveguides is

given by [123]

i
@Am

@z
+ � (Am+1 � 2Am + Am�1) + � |Am |

2
Am + �mAm = 0, (4.14)

where the second term Eq. 4.14 is a nearest neighbour interaction; � and � are the coupling and the

nonlinear coe�cients, respectively; Am(z) represents the wave amplitude with a spatial dependence

on the propagation direction z; m indicates the site on the lattice (or waveguide number) where

m 2 {1, 2, · · · , N}; and �m represents the e�ects of defects in the waveguides, which results in random

fluctuations and an additional instability in the system. These defects can be obtained through various

mechanisms which include amplifiers, by imprinting photorefractive crystals with partially incoherent

light into the profile of the waveguides [124], by randomly changing the width of each waveguide [125],

or by increasing the number point defects in the waveguide [126]. Often these e�ects are neglected in

numerical simulations but they are often di�cult to control in real systems [127]. However, it has

been shown [128] that modelling even small fluctuations results in drastic outcomes.
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Chapter 4 Discrete Optical Waveguide Arrays

F����� 4.1: A schematic illustration of a possible experimental set up to study the NLSE. The
waveguide system consists of AlxGa1�xAs multilayerd cladding, the layers of which are usually grown
on top of a GaAs substrate with increasing refractive index to ensure nonlinearity. A focused light
beam is injected into a waveguide and is allowed to propagate along the length of the waveguide array.
These waveguides usually have a defined separation distance between waveguides of a particular
width and the dotted lines indicate the overlapping modal amplitudes to allow for tunnelling into

neighbouring waveguides.

Fig. 4.1 depicts a possible experimental set up of a coupled nonlinear waveguide array, which

corresponds to Eq. 4.14. These waveguides are usually made from multiple layers of AlxGa1�x , where

x indicates the ratio between Al and Ga ranging between 0.18 and 0.4 [129]. The layers are grown

on a GaAs substrate, where each subsequent layer has a larger refractive index than the previous

one. This leads to a Kerr self-focusing of the beam (nonlinearity) that is approximately 800 times

more pronounced than that of fused silica [130]. Identically shaped waveguides, with subtly defined

widths and separation distances, are directly written into these materials using a femto-second laser

method [131]. A focused beam of light is injected into one or more central waveguides to propagate

along the z-direction. Intensities are measured at the output after propagation. The dotted lines above

the waveguides in Fig. 4.1 indicate the overlap of the modal amplitudes, which indicates the possible

occurrence of coherent tunnelling into neighbouring waveguides.

Some experimental realisations of rogue waves in optical systems include the generation of optical

rogue waves in linear optical systems, where they are spatial or spatiotemporal focused resulting in

a linear superposition of waves with random wave dynamics [108]. This has been demonstrated in

mutlimode glass fibres that make use of focussing lenses [132], and in spatially modulated optical

beams [133]. Additionally, coupled NLSEs have been realised and gained much attention in recent

years. These systems allow for the formation of optical rogue waves through oblique or head on

collisions [134, 135] and have been realised by employing a switching method [136, 137]. One
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particular generating mechanism of rogue waves, regardless of context, is modulation instability

which has been widely studied experimentally and numerically. We introduce this mechanism next

and discuss how it leads to the formation of rogue waves and solitons and a whole hierarchy of other

nonlinear phenomena.

4.5 Solutions to the NLSE and Modulation Instability

Let us briefly discuss the most commonly reported analytical solutions to the NLSE and relate it

to modulation instability (MI), which describes the exponential growth of an unstable modulation

process on a finite background amplitude [138]. The NLSE has integrable solutions and, in its form of

Eq. 4.4, has been solved using an inverse scattering method [139]. This method produces first-order

solutions that are spatially and temporally periodic given by

 (⇠, ⌧) = e
i⇠

"
1 +

2(1 � 2a) cosh(b⇠) + ib sinh(b⇠)
p

2a cos(!⌧) � cosh(b⇠)

#
, (4.15)

where ! = 2
p

1 � 2a and b =
p

8a(1 � 2a). The positive parameter a governs the solutions permitted

by Eq. 4.15 and we note that a 6 = 1/2. The trivial case is that of a = 0, where the solution is a plane

wave. When 0 < a < 0.5, Eq. 4.15 permits a Akhmediev breather [138], which is a train of localised

pulses that evolve with a defined temporal periodicity but it does not evolve spatially. When a > 0,

both ! and b are imaginary and we observe a Kuznetsov-Ma soliton [140], which is a train of localised

pulses that evolve with a defined spatial periodicity but it does not evolve temporally.

To understand how these solutions are related to MI, it is time now to introduce this important concept.

MI is known as a possible mechanism for the formation of rogue waves and solitons resulting from

the NLSE [71, 141]. It occurs various nonlinear systems such as water wave systems [142], biological

systems such as DNA structures [143], or nonlinear optical waves [97, 98]. The idea behind MI is that

a finite amplitude plane wave is unstable under a small perturbation when propagating through an

isotropic weakly-nonlinear medium [1]. The perturbation of the plane wave leads to modulated wave

envelopes, as depicted on the left panel of Fig. 4.2, where we see how the envelopes develop as the MI

increases before, up to, and beyond some position ⇠ 0. This e�ect was first described by Benjamin

and Feir [142, 144] in water wave systems and therefore, MI is often referred to as the Benjamin-Feir

instability.
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F����� 4.2: The e�ect of MI in a nonlinear medium on a finite amplitude plane wave in the time
(left) and frequency (right) domain. The left panel depicts how the plane wave becomes unstable to a
small perturbation which results in wave envelopes. The right panel depicts how sideband frequencies
grow to the left and right of an intensity peak representing the carrier wave frequency, !0. Adapted

from [1].

In the right panel of Fig. 4.2, we observe an interaction between the carrier frequency, !0, (shown in

blue) and additional frequencies (shown in orange) that emerge, which are both associated with the

perturbation. These additional frequencies initially grow at an exponential rate [145] and are often

referred to as sidebands. By studying the frequency domain of the NLSE, we observe a region of

frequency space that allows us to predict where nonlinear phenomena usually form and to derive the

criteria needed for this to happen.

To understand this we can simply make use of a solution to Eq. 4.4 given by Eq. 4.15. By solving for

b in terms of ! and plotting it, we observe the familiar lobe-like structure of the sideband [1, 146].

This is shown in Fig 4.3, where the grey, dashed line indicates where the MI is at its maximum. This

occurs at the point ! =
p

2, which corresponds to the value a = 0.25. At this value Eq. 4.15 permits

an Akhmediev breather, as previously discussed. A similar result is observed when a > 0.5 and we

observe a Kuznetsov-Ma soliton. These two cases nicely illustrate how MI leads to di�erent nonlinear

phenomena in the NLSE.
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F����� 4.3: Modulation instability as a function of !, where the grey, dashed lined indicates a
maximum at ! =

p
2 corresponding to the value a = 0.25.

Next, we focus on the case when a ! 1/2. Here, we obtain the solution [147]

 (⇠, ⌧) = e
i⇠


1 �

4(1 + 2i⇠)
1 + 4⌧2 + 4⇠2

�
, (4.16)

which yields a Peregrine soliton [148] (often referred to as a Peregrine rogue wave). This a single,

strongly localised pulse in both the temporal and spatial dimensions emerging from a finite background

amplitude, as depicted in Fig. 4.4. In all three regimes of a, we can study the profile of each of the

solutions to Eq. 4.15. By fine tuning the value of a and, provided that the correct initial condition is

chosen, these three solutions have been realised in pioneering experimental work, particularly in the

context of optical waveguides. More specifically, the Kuznetsov-Ma soliton [140], the Akhmediev

breather [149], and the Peregrine soliton [108] have all been observed in optical waveguide arrays up

to now. These studies, along with many others, have strongly supported MI as a possible mechanism

for generating nonlinear phenomena in the NLSE. Finally, it should be noted that all of these solutions

fall into a much more general family of solutions [86] and recent studies have shown [150] that even

more exotic solutions exist in these systems.
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F����� 4.4: Solution to Eq. 4.16, where we plot | (⇠, ⌧)|2. This yields a Peregrine soliton emerging
from a finite background amplitude.

However, one does not need to follow the route of obtaining a particular analytical solution to the NLSE

first and then studying the MI. In fact, one can first study the MI by making use of an approximate,

linear MI analysis and then use numerical integration techniques to study the evolution of the NLSE,

given the inputs provided by the MI analysis [151]. We will take this route in our analysis of rogue

wave formation. It is straightforward to perform such an analysis by postulating a solution to Eq. 4.4

of the form  (⇠, ⌧) = (↵0 + "(⇠, ⌧))ei(q⇠�!⌧), where ! and q are the wave frequency and wave number

of the of the carrier wave, respectively, and ↵0 is the initial amplitude of the wave. In this Ansatz,

the function "(⇠, ⌧) represents the small perturbation, which obeys |"(⇠, ⌧)|⌧ ↵0. Furthermore, the

perturbation has the solution "(⇠, ⌧) = "1e
i(Q⇠�⌦⌧) + "⇤2e

�i(Q⇠�⌦⇤
⌧), where ⌦ and Q are the wave

frequency and wave number of the perturbation, respectively, and "1 and "⇤2 are complex numbers.

Substituting the Ansatz into Eq. 4.4 results in linear dispersion relation, which identifies the unstable

regions of the system when the dispersion becomes imaginary. It should be noted that the form of the

perturbation and initial conditions used for numerical integration, result in nonlinear phenomena that

can di�er from known analytical solutions [152].

In Chapter 5, we study the e�ects of increasing both �m and MI on particular types of rogue waves

that emerge from a finite background in the discrete UNLSE. We perform an analytical MI analysis

on the UNLSE and determine regions of stability and instability. We then choose points of interest

that lie in these regions and we verify them using a numerical technique to temporally evolve the

system. The latter part of the work presented in Chapter 5 has been published in J. Opt. Soc. Am. A

37, C67-C72 (2020) by C. Pelwan, A. Quandt, and R. Warmbier [153].
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Rogue Waves Originating from

Modulation Instability in the UNLSE

The appearance of oceanic rogue waves resulting from MI has been well documented and understood.

The destructive and elusive nature of rogue waves has fascinated scientists for centuries, and a

particularly intriguing feature is that they are often reported to “appear out of nowhere” and then

“disappear suddenly”. As we have discussed in Chapter 4, the NLSE provides us with a mathematical

tool, which we can use to study rogue waves.

Moreover, optical waveguide arrays provide experimentalists with a playground where simple,

experimental set-ups can be used to study and confirm the analytical solutions to the NLSE. Recently,

studies on these systems have discussed the role of rogue wave formation as a result of increasing

disorder to the system [127, 154]. These systems have also exhibited long-lived rogue waves [128],

which were modelled by the UNLSE for a particular choice of initial conditions. These long-lived

rogue waves are formed as a result of small, random fluctuations for the unstable parameter, �m.

Unlike Peregrine rogue waves, these discrete, long-lived rogue waves are large amplitude peaks that

are very delocalised along the waveguide and are confined to few waveguides in the array. However,

such phenomena are not restricted to discrete optical waveguides, as similar observations have been

noted in discrete, biological DNA structures [143] and a 1D chain of hydrogen-bonds that contains

a peptide group [155]. As we have pointed out in Chapter 4, often focus is placed on the spatial or
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temporal evolution of rogue waves resulting from MI. However, to the best of our knowledge, the time

taken for them to emerge from the background has been largely overlooked.

In what follows, we study the formation of rogue waves that form as a result of MI in the UNLSE.

We then study the e�ects that increasing �m has on a system of multiple long-lived rogue waves for

various points identified by the MI analysis.

5.1 The Unstable Nonlinear Schrödinger Equation

We study the discrete UNLSE which is used to to describe nonlinear phenomena in optical waveguide

arrays. For ease of reference, we restate the UNLSE, which is a 1D lattice that models an optical

waveguide array. Here, the separation between waveguides (sites) is set to unity and the array (lattice)

includes a coupled, nearest neighbours interaction, a nonlinear term, and the unstable term. In

dimensionless units, the UNLSE is given by [123]

i
@

@t
Am + � (Am+1 � 2Am + Am�1) + � |Am |

2
Am + �mAm = 0, (5.1)

where Am(t) is a complex valued function, the parameters � and � are real valued numbers, and m

represents a waveguide in an array of N waveguides. We study values of �m = w�0 such that w, the

maximum amplitude of these fluctuations, is a small constant in the range [5 · 10�5, 5 · 10�2], �0

randomly fluctuates between [�1, 1], and for simplicity we set � = � = 1.

5.1.1 Aims

We aim to study the e�ects that both MI and the randomly fluctuating parameter �m have on a system

of long-lived rogue waves. To do so, we perform an MI analysis and identify points of interest that lie

an instability region. We then use a numerical technique to study the time evolution of the system for

small values of increasing �m using these unstable points of interest, where rogue waves are likely to

occur.
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5.2 Analytical Analysis: Modulation Instability

To obtain the regions where Eq. 5.1 becomes unstable, one performs a standard linear stability analysis

by applying a plane wave solution to Eq. 5.1 given by

Am(t) = A0e
i✓m, with ✓m = qm � !t, (5.2)

where ! and q are the wave frequency and wave number of the of the carrier wave, respectively,

and A0 is the initial amplitude of the wave. Strictly speaking, this plane wave solution is only valid

when the potential is constant. Thus, for the validity of the MI analysis to hold, we consider a �m

independent of the waveguide m and we will proceed with the assumption that �m = � = 0. Therefore,

final equation governing the MI will be independent of � but, for the simulations that follow, we will

consider the e�ects of �m assuming that the fluctuations will not shift the system out of the instability

region.

By substituting Eq. 5.2 into Eq. 5.1 with �m = � = 0, we obtain an equation governing the frequency

!, which is found to be

! = 4� sin2
⇣

q

2

⌘
� �A

2
0. (5.3)

At this point, we introduce the perturbation into our system, which forms part of the stability analysis.

This is done by investigating solutions to Eq. 5.1 for the Ansatz

Am(t) =
�
A0 + "

m

�
e
i✓m, (5.4)

where "
m

= "
m

(t) represents a small perturbation such that |"m |⌧ A0. We substitute this Ansatz into

Eq. 5.1 beginning with the first term which is given by
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where we arrived at the second line in Eq. 5.5 by making use of the relation in Eq. 5.3. The second

term is given by
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�iq
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Finally, the third term is expanded to give
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where "⇤
m

is the complex conjugate of "m.

We can now collect all the terms, noting the cancellations of many of them. We then drop the phase

factor of e
i✓m and keep terms that are O("m). In doing so, we obtain the linear equation governing the

perturbation which is given by
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Eq. 5.8 has a steady-state solution when we choose [104]

"m(t) = "1e
i'm + "2e

�i'⇤
m, (5.9)

with 'm = (Qm � ⌦t). Here, "1 and "2 are complex, where Q is the real wave number, and ⌦ is a

complex valued frequency. Substituting this into the first term in Eq. 5.8 gives

i
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Lastly, the third term becomes
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where "⇤1 and "⇤2 are the complex conjugates of "1 and "2, respectively. By collecting all the terms, we

see that there are two linear equations for "1and "2, respectively. This forms the following matrix

equation

266664
⌦ + 4�

⇣
sin2 �

q

2
�
� sin2

⇣
q+Q

2

⌘⌘
+ �A

2
0 �A

2
0

�A
2
0 �⌦⇤ + 4�

⇣
sin2 �

q

2
�
� sin2

⇣
q�Q

2

⌘⌘
+ �A

2
0

377775
= 0, (5.13)

which has a nontrivial solution. By taking the determinant of Eq. 5.13, we obtain the dispersion

relation for ⌦ as function of Q and q

⌦(Q, q) = 2� sin Q sin q + 2i sin
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2
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Eq. 5.14 provides us with regions where the system is unstable. Later, we will verify these regions

through numerical simulations.

Furthermore, in Eq. 5.14 both q and Q are restricted to the first Brillouin zone, that is, q and

Q 2 [�⇡, ⇡] [151]. However, since ⌦ is symmetric about the x- and y-axis, we restrict ourselves

to studying the range where q and Q 2 [0, ⇡]. As noted in [156], in the self-focusing case when

� > 0, an instability region appears only when cos(q) > 0, which implies that q/⇡ < 1/2. We plot the

imaginary part of Eq. 5.14, Im(⌦), in Fig. 5.1(A), with � = � = A0 = 1. The orange band depicts

values where Im(⌦) > 0 and where for small Q the instability in the system increases exponentially.

(�) (�)

F����� 5.1: The modulation instability Im(⌦(Q, q)) of Eq. 5.14 with � = � = A0 = 1. The orange
band in (A) depicts values where the Im(⌦) is non-zero. Labels S1 and S2 identify stable points
where Im(⌦) is zero. The dashed box in (A) is represented in 3D in (B). In (B), each white circle

indicates a point of interest, where 0 < Im(⌦)  1.
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Chapter 5 Rogue Wave Solutions to the UNLSE

The dashed box in Fig. 5.1(A) represents our region of interest, where the system is unstable. In

Fig. 5.1(B), we plot the 3D landscape of Im(⌦) to show how the instability grows in this dashed box.

Each white circle that is situated on this plane represents a point of interest that we consider in the

following analysis. When the respective Q and q values of these points are inserted into Eq. 5.14,

we find that 0 < Im(⌦)  1. Thus, we can study the e�ect of increasing MI in the system. We also

identify two points in the stability region, where Im(⌦) = 0. These are at S1 = (0.6, 2.5) and S2= (2.5,

0.6). We will insert all points of interest into our second choice of initial conditions when propagating

Eq. 5.1 in time. For points S1 and S2, we expect no rogue wave formation. But we expect large

amplitude waves and rogue wave formation when using the points in the unstable region as inputs.

5.3 Rogue Wave Solutions to the UNLSE

In this section we use numerical techniques to integrate Eq. 5.1 using two di�erent initial conditions

that yield di�erent rogue wave solutions. The first initial condition we consider highlights the

“appearing out of nowhere” and “disappearing without a trace” characteristic that is associated with

oceanic rogue waves. The second initial condition highlights rogue waves that are referred to as

long-lived that were initially observed in optical waveguide simulations [128]. These rogue waves also

“appear out of nowhere” but they can typically survive for as long as we have been able to monitor

their evolution along the waveguide system. In the latter case, we utilise the points of interest that

we have identified in the MI analysis when applying our numerical integration and then discuss the

e�ect that increasing random fluctuations have on the system. To this end, we use SciPy [157] and we

employ the Runge-Kutta 4 algorithm [158], which is an initial valued ordinary di�erential equation

solver. To ensure the conservation of total amplitude, Pm |Am |
2, at each step during integration, we

set the relative error tolerance value to 10�8. Random fluctuations for �0 were generated for each

waveguide in the lattice using the built-in random function of SciPy. We provide further numerical

details in Appendix B.

The first initial condition, A
m

(t = 0), relates to a solution to the NLSE, which we have discussed in

Sec. 4.5. It is given by
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Chapter 5 Rogue Wave Solutions to the UNLSE

where the perturbation ✏ should be ⌧ A0 for the solution to be valid. A similar initial condition has

been discussed in both the continuous [159] and discrete [160, 161] versions of the NLSE. Since

Eq. 5.15 is not dependent on either Q or q, we do not make use of our points of interest identified by

the MI analysis. However, as we have pointed out in Sec. 4.5, this initial condition is similar to the

first order solution to the continuous NLSE in Eq. 4.16, where the MI is at a maximum. We therefore

expect that the solution to the analogous, discrete system be is similar to that shown in Fig. 4.4, which

is a rogue wave emerging from a finite background, classified specifically as a Peregrine rogue wave.

Fig. 5.2(A) depicts the time evolved solution to Eq. 5.1 for this choice of the initial condition, where we

have set the following parameters for the simulation: w = 0, N = 100, ✏ = 2 · 10�1, and T = 5000. The

time dynamics show a finite plane wave amplitude that propagates without any increase in amplitude

for 0  t . 4500, where we note that t is in units of [1/10�]. For t > 4500, we find the formation of

large amplitude waves that emerge from this background. The increase in intensity is indicated by

the change in colour from red to white in Fig. 5.2(A) and we find that these waves are approximately

2.5 times larger than the finite background plane wave. By making use of the AI index, which we

introduced in Sec. 4.1, we can identify this wave as a rogue wave as done in [160] since their heights

are at least twice as large as the background amplitude.

(�) Centrally occurring rogue wave at waveguide
m = 50.

(�) Log scale of di�erence between amplitude at m = 50
and background.

F����� 5.2: Time evolution of Eq. 5.1 with initial condition Eq. 5.15 showing a Peregrine rogue wave
solution and profile along maximum intensity. Here, � = � = 1, N = 100, T = 5000, ✏ = 2 · 10�1, and

w = 0.

The appearance of this rogue wave is as a result of MI. Since MI is at a maximum for Eq. 5.15, any

perturbation results in the instability of the plane wave that grows exponentially to a maximum value.

In this case, we have set the perturbation to the size of ✏ = 2 · 10�1. This process is clearly seen in

Fig. 5.2(B), where we plot the log of the di�erence between the amplitude along m = 50 and the
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Chapter 5 Rogue Wave Solutions to the UNLSE

amplitude of the finite background. We see that the e�ect of perturbation results in modulations of

the plane wave from around t � 150. Initially, these modulations are broad, but they self-focus and

grow within waveguide m = 50. After t > 2000, we see the exponential growth of the modulation,

which then self-focuses to a maximum amplitude, forming the rogue wave. Thereafter, the modulation

defocusses and the rogue wave “disappears”. The profile along m = 50 indicates that the rogue wave

takes on a Gaussian-like form, as it is localised in t and only appears in one waveguide in the array.

This is similar to the Peregrine rogue wave shown in Fig. 4.4, which is strongly localised in both time

and space.

We now consider how an increasing MI e�ects the solutions to the UNLSE. That is, we make use of the

MI analysis performed in Sec. 5.2 to highlight di�erences in the formation of long-lived rogue waves

for Im(⌦) 2 [0, 1]. We introduce our second initial condition, which is a periodically modulating

wave that takes in both Q and q as inputs. The initial condition takes the form

Am(t = 0) =
⇣
A0 + ✏e

iQm

⌘
e
iqm, (5.16)

where we set A0 = 1 and the perturbation size to ✏ = 1 · 10�3. To study the long time dynamics of the

system, we set T = 1.6 · 104 and we increase the total number of waveguides in the system to N = 400.

All other parameters are kept the same as before.

To begin with, we consider the temporal evolution of our system in the stable regions, where Im(⌦)=0.

That is, we insert the values of Q and q from S1 and S2 into Eq. 5.16 and time evolve Eq. 5.1 by

numerical integration with w = 0. The solutions to S1 and S2 show no sign of rogue waves and

energy in the system is evenly distributed among all waveguides in both cases. This corroborates our

conjecture that the stability regions identified by Eq. 5.14 do not give rise to rogue waves.

For Im(⌦) = 0, setting w to 5 · 10�2 leads to perturbations to the plane wave background that increase

its amplitude in a chaotic manner. However, this increase does not lead to the formation of rogue

waves as is shown in Fig. 5.3, where there are several localised areas that develop on the plane wave.

These findings are similar to those reported in [162], where an intermediate regime of MI is studied,

but with no random fluctuations introduced into the system. The reported findings indicate that in

order for rogue waves to form, not only are perturbations to the plane wave required, but also that

the magnitude of the self-focusing parameter needs to be su�ciently large. Thus, in our case when

Im(⌦) = 0 and � = 1, the magnitude of self-focusing e�ect is insu�ciently small to form rogue waves,

despite the perturbations to the plane wave caused by �m.
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Chapter 5 Rogue Wave Solutions to the UNLSE

F����� 5.3: Temporal evolution of Eq. 5.1 with initial condition Eq. 5.16, where � = � = A0 = 1,
N = 400, T = 1.6 · 104, ✏ = 1 · 10�3, w = 5 · 10�2, Q = 0, and q = 0.75⇡.

Next, we consider solutions to Eq. 5.1 for the points of interest we identified in Fig. 5.1(B), where the

system is unstable. As an example of the e�ects that increasing MI has on the system, let us study

time evolution of Eq. 5.1 for two di�erent points of interest where Im(⌦) = 0.35 and 1, respectively,

with the maximum amplitude of the fluctuations w = 0. In both cases, we find that the nonlinear

phenomena in the system form as a result of the interplay between MI, as discussed previously, as

well as hopping which drives the spreading out of wave packets, and the nonlinearity, which for � > 0

drives self-focussing.

Let us first consider the short time dynamics of these systems for times between 0  t . 250. This

is shown in Fig. 5.4, where we find that the interplay between self-focusing and MI leads to large

amplitude waves, similar to the Peregrine rogue wave previous discussed. These waves re-emerge are

some time and they can hop into other waveguides since � > 0. A wave may inelastically collide

with another to form a larger amplitude wave that becomes more delocalised in time. This e�ect is

referred to as self-trapping [162] and can be understood as follows: provided that the amplitude of a

wave is su�ciently large [163], the wave may remain localised within a few waveguides, but becomes

delocalised in time. Using the nomenclature of [128] we can refer to the delocalised nature of these

rogue waves as long-lived as they remain self-trapped for relatively long times. Thus, these long-lived

waves either continue to inelastically collide with each other to form a delocalised wave that extends

beyond the total temporal size of the system, or if their amplitudes are not su�ciently large enough,

they may defocus and disappear.
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F����� 5.4: Time evolution of Eq. 5.1 with initial condition Eq. 5.16 between 0  t . 250 for
Q = 0.31 and q = 0.75 giving Im(⌦) = 0.35 (upper), and Q = 1 and q = 0.06 giving Im(⌦) = 1

(lower). Here, � = � = A0 = 1, w = 0, N = 400, T = 1.6 · 104, and ✏ = 1 · 10�3.

We see examples of both these cases in Fig. 5.5(A), where we display the full temporal evolution of

the system. Between waveguides m = 100 and m = 150, we find long-lived, large amplitude waves

that continue to propagate to around t ⇡ 500, where they undergo defocusing. On the other hand,

we also observe multiple long-lived, large amplitude waves that extend beyond the total time of the

system; an example of this is found at waveguide m = 79 in Fig. 5.5(A). Once again, we can classify

these large amplitude waves as rogue waves using the AI criterion. We also find that the long-lived

rogue waves that form in Figs. 5.5(A) and 5.5(B) remain within at most three waveguides that are

direct neighbours of each other. These observations are consistent with those reported in [128, 155],

where the formation of multiple rogue waves have been studied in similar systems.
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(�) (�)

F����� 5.5: Time evolution of Eq. 5.1 with initial condition Eq. 5.16 showing multiple long-lived
rogue waves for Q = 0.31 and q = 0.75 giving Im(⌦) = 0.35 in (A), and Q = 1 and q = 0.06 giving

Im(⌦) = 1 in (B). Here, � = � = A0 = 1, w = 0, N = 400, T = 1.6 · 104, and ✏ = 1 · 10�3.

In general, the e�ect of increasing MI results in a larger number of self-trapped, long-lived rogue

waves. This is evident from Fig. 5.5(B), where a larger number rogue waves is observed than in

Fig. 5.5(A), which indicates that for larger MI in the system there is an increase in the number of

perturbations to the plane wave finite background. This results in a greater number of large amplitude

peaks that inelastically collide. In Fig. 5.5(B), we clearly see the formation of these peaks between

70 . t . 2000. Many of these inelastic collisions result in much longer lived rogue waves that

extend beyond the total temporal size of the system. As in Fig. 5.5(A), we also find rogue waves

in Fig. 5.5(B) that disappear after some time as their amplitudes are not large enough for them to

continue indefinitely.

Finally, we note that as MI is increased in the system, the time that passes until large amplitude waves

emerge from the finite background decreases. We will refer to this as the onset time. The earlier

onset for larger MI is observed in Fig. 5.4, but can easily quantified by considering Fig. 5.6. Here,

we plot the maximum amplitude for each t during the time evolution of Eq. 5.1 using Im(⌦) = 0.08

and Im(⌦) = 1 as an example. As is shown in the inset of Fig. 5.6, for Im(⌦) = 0.08 we find that the

finite background remains at a value of 1 before exponentially increasing at around t ⇡ 260, whereas

for Im(⌦) = 1 the exponential increase occurs at around t ⇡ 30. We also find that the onset of rogue

waves, with |Am |� 2, occurs earlier for larger MI.
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F����� 5.6: Time evolution of maximum amplitude for two di�erent values of Im(⌦), where the inset
shows the time evolution for 0  t  500.

Recall that the exponential increase in Fig. 5.6 is associated with the self-trapping of rogue waves in

the system. In general, we find that for |Am |⇡ 2.5, this exponential increase ceases and instead the

maxima of |Am | flattens out gradually to around 3.7. Thus, we find that rogue waves have a larger

amplitude towards the end of the time evolution. We can understand this behaviour by considering

Fig. 5.5(B). Here, the amplitude of the rogue waves that occur between 70 . t . 2000 are smaller

before colliding inelastically. As a result of these collisions, the self-trapped rogue waves increase in

amplitude. As the time evolution approaches T , there are fewer rogue waves in the system than at the

onset of the rogue waves. Since the total energy of the system is conserved, the rogue waves at T have

a larger amplitude than those recorded at the onset.

We now turn our attention to the e�ects of random fluctuations in the system, by setting �m 6 = 0 in

Eq. 5.1. We reiterate that the e�ects of random fluctuations induced by �m are often neglected in

numerical simulations, but can often be di�cult to control in real life experiments. Thus, studying

these e�ects is relevant. Similar numerical studies to ours have considered rogue waves that appear

periodically for a particular choice of initial condition [128]. These studies have shown the inclusion

of small (⇠ 10�3) random fluctuations in this system results in the loss of this periodic structure, which

then leads to the formation of long-lived rogue waves. The second initial condition we have chosen

already exhibits long-lived rogue waves for �m = 0. Therefore, we ask what other e�ects random

fluctuations may have on the system for increasing MI.
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We time evolve Eq. 5.1 for each point of interest in Fig. 5.1(B) and we find that increasing �m for a

given value of Im(⌦) leads to a decrease in the onset time. Thus, we note that increasing �m has an

e�ect similar to MI when considering the onset of rogue waves. We find no correlations between

increasing �m and the amplitude of the rogue waves or how many rogue waves appear in the system.

We also note that rogue waves appear at random waveguides in the array.
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F����� 5.7: The onset time vs Im(⌦), where each line, from dark blue to orange, represents an
increasing �m.

By plotting the time evolution of the maximum amplitude of di�erent values of �m for a given Im(⌦)

and obtaining the onset time which occurs when |Am |max = 2, we obtain the results of Fig. 5.7. In

this figure, we show the onset times for di�erent values of Im(⌦) when the first rogue wave occurs.

The size of each marker represents the error associated with that particular value. These errors were

obtained by randomly dividing the array into 10 sub-arrays of 30 waveguides each. The error is then

the standard deviation between the onset times for these sub-arrays. The di�erent values of �m are

indicated by di�erent colours, where the first dark blue line represents the onset times with �m = 0.

At small Im(⌦), we see that as �m increases, the onset times decrease monotonically, starting light

brown line representing w = 5 · 10�5 and increasing w up to the orange line where w = 5 · 10�2.

The earlier onset times as a result of increasing �m can be understood by noting that the random

fluctuations that occur on the finite background result in an increase to the instability of the background.

This leads to an increased number of peaks that occur at earlier onset times for larger values of w.

Fig. 5.7 also shows that for a small value of Im(⌦), there is already a large di�erence in onset times

between a system where w = 0 and even a very small increase in w. This di�erence become less

pronounced as Im(⌦) is increased. Regardless of the value of w, when Im(⌦) is at its maximum,
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the onset times converge to around t ⇡ 69. Therefore, MI has a larger e�ect on the onset times than

increasing �m.

5.4 Conclusions

We investigated the interplay between modulation instability and a small, randomly fluctuating �m

in the UNLSE describing a nonlinear waveguide array. We have studied the e�ects of modulation

instability when �m = 0. This was done by investigating the well-know Peregrine rogue wave solution

in the UNLSE, which emerges as the result of the interplay between modulation instability and

self-focusing.

We then studied the e�ects of an increasing modulation instability. To do this we introduced a new

initial condition that depends both on the wave number of the carrier wave q and the perturbation

Q, respectively. Using analytical techniques we identified the stable and unstable regions governed

by the modulation instability function, Im(⌦(Q, q)). We then selected points in the unstable region

to demonstrate the e�ects of modulation instability in the system. We found large amplitude waves,

which collide inelastically to form long-lived rogue waves. As modulation instability increases, we

found that the number of long-lived rogue waves increases and that the onset time for these waves

decreases.

We then introduced random fluctuations by setting �m 6 = 0. We found that an increase in �m at a

particular modulation instability, results in an earlier onset time due to random fluctuations that occur

on the finite background. Near the maximum MI, we always observed a convergence to the same

onset time for all values of �m. This suggests that a large modulation instability has a stronger e�ect

than �m with respect to the onset times of rogue waves, but that random e�ects play a noticeable role

when modulation instability is small. Let us also point out that the suggested waveguide array can be

fabricated and therefore provides an experimental playground to study rogue waves and their onset

times under controlled conditions. Furthermore, the insights gained from ours and similar simulations

may be very helpful in the context of optical technologies that are based on real, large-scale waveguide

arrays.
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Numerical Analysis

In this appendix section, we provide details to the Runge Kutta 4 algorithm used for the numerical

integration in Chapter 5. Runge Kutta 4 is an algorithm that can be used to solve initial value problems

for ordinary di�erential equations. In our case, we numerically integrated the UNLSE in Eq. 5.1. In

general, this method can be used to solve equations with a general form

dy(t)
dt

= f (t, y(t)), with y(t0) = y0, (B.1)

where t0 represents the initial time and y0 is the corresponding initial value of the function. In Eq. B.1,

the time derivative of y(t) is dependent on t and on that solution y(t) at t. The Runge Kutta 4 algorithm

uses the an approximate initial condition and then estimates the slope of the function up to forth order

to produce a weighted sum given by

yn+1 = yn + h
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, (B.2)
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where ki is the i
th slope at some small time step h and we approximate y(tn+1) with yn+1. Each of

these slopes is explicitly calculated using

k1 = f (tn, yn),

k2 = f

✓
tn +

h

2
, yn +

k1
2

◆
,

k3 = f

✓
tn +

h

2
, yn +

k2
2

◆
, and

k4 = f (tn + h, yn + k3) . (B.3)

We see from Eqs. B.3, that at each k2, k3, and k4, we improve the accuracy of the estimate for the next

k. These additional corrections make Runge Kutta 4 a very accurate method and it has become a

standard for calculating ordinary di�erential equations. In our case, we found that the integration was

numerically stable for the parameters we were interested in.

As an example, we integrate

i
@

@t
Am + � (Am+1 � 2Am + Am�1) + � |Am |

2
Am + �mAm = 0, (B.4)

using the initial condition

Am(t = 0) =
⇣
A0 + ✏e

iQm

⌘
e
iqm, (B.5)

where we set Q = 1, q = 0.06, ✏ = 1 · 10�3, � = A0 = � = 1, and w = 0 and w = 5 · 10�2. Then, we

plot the relative change in the total amplitude, Pm(|Am |
2/|A0 |

2) � 1, which gives us an indication of

the energy conservation at each step during integration. The relative error tolerance value was set to

10�8 for Runge Kutta 4.
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F����� B.1: The relative change in the total amplitude over the total time of integration T = 1.6 · 104

for the Runge Kutta algorithm. Parameters in Eq. B.4 are set to � = � = 1, and w = 0 and w = 5 · 10�2.
Parameters in Eq. B.5 are set to Q = 1, q = 0.06, ✏ = 1 · 10�3, and A0 = 1 , with the relative error

tolerance values in both simulations set to 10�8.

In both cases, we observe that the relative change in the total amplitude increases as t increases. For

w = 0, the maximum deviation is around 1.75 · 10�3, but this is smaller when random fluctuations are

included. The slower increase can be attributed to �0, which can take negative values that present

during integration when w 6 = 0. Therefore, Pm |Am |
2 does not increase as rapidly when �m 6 = 0.
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Summary

In this thesis we have studied aspects relating to two one-dimensional systems, namely, the anisotropic

Kondo model and the discrete unstable nonlinear Schrödinger equation. Our findings highlight the

diversity of these low-dimensional systems and the interesting phenomena we have observed in them.

There are three themes that are common to both models. These are the nonlinearity associated with

each of the systems, the time-dependence of the phenomena we observe, and the universality of the

systems. The latter refers to the fact that di�erent systems are governed by the same physics.

The Kondo physics explored in Part I emerges from the low-energy description provided by many

models, which include the Anderson impurity model, the interacting resonant level model, and the

Ohmic spin boson model. These models are used to describe systems as diverse as quantum dots and

dynamic impurities in bulk metals. Similarly, the nonlinear Schrödinger equation studied in Part II

is used to describe related phenomena is systems as diverse as large wave formation in the ocean,

biological structures that are formed in DNA strands, and light propagation in nonlinear optical fibres.

The universal behaviour of both systems is intimately tied to the non-linearities that are present in

them. In Kondo physics, the non-linearities are repulsive Coulomb interactions between electrons

and in optical waveguide arrays described by the nonlinear Schrödinger equation, nonlinearity is

governed by the polarization of the electric field. The interesting phenomena that are present in both

of these one-dimensional systems are observed during the time evolution from a non-equilibrium

initial condition.

In Chapter 3, we found a connection between the ultraviolet and infrared dynamics for the anisotropic

Kondo model, where the Kondo length is an emergent length scale. This was done by studying the
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equivalent Ohmic spin boson model, which allowed us to make use of the multimode coherent state

expansion to calculate quantum quenches with equal accuracy at all energy scales. The quenches we

considered were from strongly correlated ground states of the Kondo model to a Fermi sea, where the

Kondo coupling is abruptly switched o� and the system time evolves to the new Hamiltonian. We

calculated the Loschmidt echo, which is defined as the transition amplitude between the initial and

evolved state at some time after the quench, as well as the overlap between ground states before and

after the quench. We motivated a scaling Ansatz for the Loschmidt echo from which we extracted

the Kondo length dependence of the overlap at a fixed Kondo coupling. Our main result revealed

a new power-law exponent for the overlap, which is equal to the di�erence between the ultraviolet

and infrared exponents of the Loschmidt echo. We emphasised that it may be interesting to revisit

results for the overlap in studies of other systems that have focused on system size dependence to see

if similar connections exist.

In Chapter 5, we found that the e�ects of random fluctuations on the onset times of rogue waves in

the discrete unstable nonlinear Schrödinger equation are prominent for small modulation instability,

but that large modulation instability dominates the onset behaviour. This was done by performing

a linear stability analysis on the discrete unstable nonlinear Schrödinger equation when applying a

small perturbation to the system. This yielded a modulation instability function which depends on the

wave numbers of both the carrier wave and the perturbation, and which provides a region of instability

of the system where rogue waves are likely to occur. Numerical simulations showed that a small

perturbation to the system in this region results in the formation of rogue waves that emerge from

the background after some time. For a particular initial condition, the longer time dynamics of the

system, results in long-lived rogue waves. Our main findings show that when random fluctuations in

the system are increased for small modulation instability, there is an earlier onset time for rogue waves

in the system. Near the maximum modulation instability, there is a convergence to the same onset

time for all values of the random fluctuations. It is hoped that these results can be experimentally

realised in real optical waveguide arrays.
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