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Abstract

In Part I, we consider a quantum quench from the strongly correlated ground state of the Kondo model
to a Fermi sea. We calculate the overlap between the ground states before and after the quench, as
well as the Loschmidt echo, that is, the transition amplitude between the initial state and the evolved
state at a time ¢ after the quench. The overlap is known to determine the dynamics of the echo at large
times. We show, in addition, that the overlap depends algebraically on the emergent Kondo length,
with a power-law exponent that is the difference of long- and short-time contributions that appear in
the echo. Our result suggests that, in general, there may be more information contained in the overlap

than previously recognized.

In Part II, we study the effects of increasing modulation instability and random fluctuations on the
onset times of rogue waves in a waveguide array as described by the discrete unstable nonlinear
Schrodinger equation (UNLSE). We analytically determine regions of instability, where rogue waves
are likely to occur in the UNLSE and then we use numerical techniques to study the time evolution of
these systems. We find that the effects of the fluctuations are prominent on the onset times of rogue
waves only for small modulation instability, but otherwise large modulation instability dominates the

onset time behaviour.
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Chapter 1

Introduction

Electrons in condensed matter systems interact with each other via a repulsive Coulomb interaction.
In many cases, an effective single particle description, where correlations are regarded as weak,
approximates the behaviour of the system well. For instance, a model of non-interacting fermions
describes the basic properties of metals surprisingly well. Even in systems with strong electronic
correlations, the low energy excitations of the electrons can be regarded as quasi-particles that still
behave like weakly interacting fermions. An explanation for this behaviour is provided by Fermi liquid
theory [2], the success of which has been one of the landmark achievements in condensed matter

physics. However, this success is mostly restricted to the description of bulk three-dimensional metals.

Systems exists where electrons are restricted to fewer than three dimensions. These are known as
low-dimensional systems. Restricting the dimensions of a system does not necessarily simplify
the physics. In fact, interesting quantum correlations in many-body systems are often the result
of interactions between particles, which are enhanced in low-dimensional systems. These systems
exhibit fascinating phenomena and for this reason, they have been the focus of much research in 21st

century [3].

When describing low-dimensional systems, the theoretical description of the system is quantitatively
different from that predicted by Fermi liquid theory. An intuitive understanding of this can be obtained
by considering a one-dimensional wire. Here, electrons are spatially confined to move along the wire
and any perturbation to the system results in collective excitations of a large number of electrons.
Another system that does not follow the predictions of Fermi liquid theory is the Kondo model. This

system contains impurities and displays interacting many-body behaviour at low energies [4]. Despite
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being widely studied for over half a century, the Kondo model continues to provide theoretical insights

worth investigating.

Quantum correlations can be harnessed in useful ways using fine tuned low-dimensional artificial
systems, such as quantum wires and quantum dots. For example, low-dimensional semiconductors
have been fabricated by means of a epitaxial, vapour deposition growth technique under ultra-high
vacuum [5]. This method allows for the precise control of thickness and doping in the material, and

has resulted in the design and construction of state-of-the-art optical and electronic devices.

In addition to this, a recently developed femtosecond laser writing technique has resulted in the
fabrication of evanescent, coupled optical waveguide arrays. This system has allowed experimentalists
to explore various quantum mechanical effects through a mapping that exists between the time-
dependent Schrodinger equation and the paraxial approximation of the Helmholtz equation. Here,
the evolution of light is spatially evolved instead of temporally. Furthermore, the field of discrete
optical waveguide arrays presents a multitude of possibilities and has already seen successes in its
observations of analogous optical phenomena. These include non-relativistic quantum mechanical
phenomena, topological insulators, and nonlinear phenomena. The latter also highlights another
success of low-dimensional systems, which are often easier realise experimentally compared to their

three-dimensional counterparts.

To this end, we will study aspects relating to the temporal evolution of two one-dimensional systems,
where each of these systems display interesting properties and highlight the diversity that one-
dimensional systems have to offer. For this reason, the thesis is divided up into two parts, where each
part consists of two chapters. The first of these chapters, Chapters 2 and 4, provide the necessary
background knowledge to readers who may be unfamiliar with the respective topics. The second

chapters, Chapters 3 and 5, focus on specific topics that we have studied.

The chapter descriptions are as follows:

e Chapter 2: We introduce the Kondo model and present an argument as to how this is an
effective low energy model that is equivalent to the Anderson impurity model by means of
a Schrieffer-Wollf transformation. By arguing that a non-perturbative method is needed to
study this system, we introduce the numerical renormalization group method and provide
some technical details associated with it as well as highlighting that, for the quantities we will
consider, this method proves an insufficient one. Therefore, we introduce the Ohmic spin-boson

model, which is equivalent to the Kondo model by means of the bosonization technique, and we
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motivate why we study this model by considering a multimode coherent state expansion, which

is better suited to study the quantities we consider.

» Chapter 3: We present our first study, where we consider quantum quenches from a strongly
correlated ground state of the Kondo model to a Fermi sea. We state the aims of the study and
present analytical and numerical calculations for the Loschmidt echo and the ground state to

ground state overlap. Our results and conclusions relating to this study are then presented.

» Chapter 4: We introduce the nonlinear Schrodinger equation. We then discuss the analogous
hydrodynamic counterpart of this equation and provide an historical account to the formation of
rogue waves in the ocean and how they are classified. Next, we discuss continuous and discrete
nonlinear optics, fields that have been used to study optical rogue wave formation. We then

analyse how rogue waves are formed due to modulation instability.

» Chapter 5: We present our study on rogue wave formation in the unstable nonlinear Schrodinger
equation, where we quantify the onset times of multiple rogue waves. We state our aims for
the study and present our numerical and analytical results for the time evolved system. Our

conclusions relating to this study are then presented.
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Chapter 2

Introduction

In Chapter 2, we introduce the Kondo model and we outline how a local magnetic moment and
exchange interaction comes about in the presence of a Coulomb interaction. We show this by
introducing the Anderson impurity model and then argue that an effective low-energy description of
this model is the Kondo model. We briefly describe the interesting aspects of the Kondo model in
the context of many-body physics and we discuss that a non-perturbative method is necessary when
studying it. Thus, we introduce the numerical renormalisation group method and then describe how
physical quantities are calculated using it. By noting the limitations that the renormalisation group
method possesses when calculating quantities with equal accuracy at all energy scales, we argue that
an alternative scheme is required. For this reason, we introduce a multimode coherent state expansion
and explain how it is used for our calculations. To make use of the expansion, we highlight the Kondo
model’s universality by describing its equivalence to the Ohmic spin boson model. The latter is used

to obtain the results presented in Chapter 3.

Central to the work in Part I is the Kondo model [6], where the Hamiltonian reads
Hya= > exc) crp+2J Simp - Sel(0). 2.1)
ko

¥

Here, the first term describes a Fermi sea of electrons, where o

.- creates an electron with a spin
o = {1, l}. The second term describes a Heisenberg type exchange, J, between the electron spin

density s¢1(0) at the origin and the local magnetic moment ?imp. These operators are defined as

Fa= D, Toacy (2.2)
oo’

5
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and

Simp= > Swwd,, Toordyy- (2.3)
kk'oo’

Here, ¢" is the vector (o, 07y, ;) of Pauli matrices. Let us briefly explain how this local magnetic

moment and exchange interaction comes about in a system of electrons where the microscopic

interaction is a Coulomb repulsion.

Consider a Fermi sea of itinerant conduction band electrons. We neglect interactions among electrons

and, for a clean system, the Hamiltonian simply reads

Hyand = D | €€} Crr- (2.4)

ko

Now consider an impurity that provides a localised d-orbital that the electrons can hop onto and off
of. Since this orbital is localised, there is a high Coulombic energy cost to doubly occupy the state.
Here, unlike in the case for the band orbitals, we have to take into account the Coulomb repulsion, U,

between two electrons that may occupy the d-orbital. The d-orbital Hamiltonian therefore reads

Himp = D £adyydy + Udld|d d, (2.5)
[on

where dj, creates an electron at the impurity site. We assume that the single particle energy of the
d-orbital, g4, lies between the bottom of the band and the Fermi energy, r, while 2e4 + U > &F.
Under these conditions, the single occupation of the d-orbital is energetically favoured. Hence, the

system is expected to posses a local magnetic moment.

The d-orbital and band are coupled via a hybridization term

Higoria = 5 Vi (dj,c,w + c,igd,,), 2.6)
ko

where Vj is the coupling strength between the band orbital and the d-orbital. Hopping is local which
implies that Vj is independent of k (or at worst weakly dependent on k). The full Hamiltonian
Hamm = Hpath + Himp + Hhybrig is known as the the Anderson impurity model (AIM) [7], which Anderson
had developed to explain the existence of localised magnetic moments. The obvious question now is
whether or not local magnetic moments survive when the hybridisation is non-zero. The presence of
these local moments give rise to strongly correlated physics at low temperatures. In fact, when this

model was introduced in 1961, its aim was to provide insight into the long standing experimentally
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observed puzzle that at low temperatures, the resistivity of certain dilute magnetic alloys increases if

the temperature 7 is decreased [8—10].

We will now argue that to leading order in Vi /min{er — &4, 24 + U — €r }, the AIM is equivalent
to the Kondo model. To zeroth order in the hybridization, the impurity is singly occupied in the
ground state of the AIM. Scattering occurs through high energy virtual states, where the impurity is
either unoccupied or doubly occupied. These virtual excitations lead to an exchange interaction in
the effective low energy description of the singly occupied sector. This can be seen by performing
a Schrieffer-Wolff transformation [11]. (This, and similar methods for finding effective low energy
Hamiltonians, will be a recurring theme in this chapter.) The full ground state wave function of the
system, |¢), can be decomposed into three terms: |¢g), |¢1), and |p;), where the first wave function
describes a state where the impurity site is unoccupied; the second describes a state where the impurity
site is singly occupied; and the third describes a state where the impurity site is doubly occupied.
When ¢4 < er and U + 2¢,4 > e, the overlaps {¢o|go) and {(@;|@,) are much smaller than that of

(@1]¢1). The decomposed Schrodinger equation is written as

Hyo Hor 0 \[leo) lo)
Hy Hiy Hplllen |=E|len) |- 2.7
0 Hy Hxl\le2) l2)

Since Hyybria only allows that a single electron can hop onto and off of the impurity site, there are no

terms in Eq. 2.7 that directly couple |¢g) and |¢2). We multiply out Eq. 2.7 as follows:

E |¢o) = Hoo l¢o) + Hot |¢1) (2.8a)
E|@1) = Hiolgo) + Hit le1) + Hiz |2),  and (2.8b)
E |(,02> = Hz] |(,01> + H22 |(,02> . (280)

Since we are interested in the singly occupied state |¢;), we solve Egs. 2.8a and 2.8c to find that
lo) = (E — Hoo)™" Hoi |¢1) and |¢2) = (E = H») ™' Hai |1, respectively. Substituting these into
Eq. 2.8b gives

El¢1) = [Hy + Hio (E — Hy) ™" Hor + Hi2 (E — Hy) ™' Hop] lg1) . (2.9)

Eqg. 2.9 is not a straight forward eigenvalue problem because the energy E appears on the right hand

side of the equation. However, it turns out that, for excitation energies sufficiently lower than er — g4
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and U + 2¢4 — €F, the operators on the right hand side can be replaced with an effective (1 + 2)-body
interaction Hamiltonian; we can guess its form using elementary reasoning. Since there is the direct

term Hj|, we obtain a kinetic contribution X; ekcf

ko‘c

«o+ Lhe remaining terms are quadratic in
o

the hybridization. This suggest that the two-body terms in the effective low energy Hamiltonian are
composed of operator strings describing hop-on-hop-off or hop-off-hop-on processes. Such operator
strings contain a creation and annihilation operator each associated with a conduction band orbital as
well as a creation and annihilation operator associated with the d-orbital. This is indeed the case,

which has been verified by detailed calculations [12].
We note that the system displays spin rotation invariance that allows for two types of terms. The first
is ?imp - S, where the component of ¥ in the z-direction is, for example,

- % (d;dT - dIdl) . (2.10)

Sz =

The second term is
(didy +djd)) 3 Tty e @.11)
kk'o

In Eq.2.11, the operators in parentheses simply count the number of electrons in the d-orbital which,
in this case, is equal to one because we consider only the singly occupied sector. Thus, Eq.2.11 is
not a two-body interaction but simply a static potential scattering of band electrons. Static potential
processes produce the usual decrease in resistivity at decreasing temperature. Therefore, this term is

not important for understanding strong correlations and we can ignore it.

The second and third terms in parentheses in Eq. 2.9 should be second order in V; which would
correspond to hopping onto and off of the impurity site. Furthermore, (E — H»)™! corresponds, as it

should, to double occupancy and gives contributions of the order of
(E~Hp)' ~(U+2eq-er) ", (2.12)

while

(E - Hoo)™' ~ (er —&a)™". (2.13)

Finally, owing to the weak dependence on k of the hybridization coupling, Sxx- will also have a weak
k dependence. The effective low energy Hamiltonian should therefore have the form of the Kondo
Hamiltonian in Eq. 2.1 with J being of the order O (sz/min{aF —eq, U+egg— ep}). This is indeed

what a detailed calculation produces, which can be found in Refs.[12, 13].
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Above we have sketched a common physical system described by the Kondo model. Now we very
briefly review why the model is interesting in the context of many-body physics. As Kondo noticed, a
perturbative calculation of the rate at which the localised magnetic moment scatters electrons, produces
terms logarithmic in temperature [6]. This leads to a minimum resistivity at a finite temperature
and a breakdown of perturbation theory at T — 0. Subsequently, Anderson attempted to derive a
tractable effective low energy theory in the limit of small J, by systematically tracing out conduction
band energy levels far from the Fermi energy [14]. Technically his method was very similar to the
Schriefer Wolff transformation that maps the AIM onto the Kondo model. The elimination of high
energy modes leads to a renormalisation of J. For J < 0 (ferromagnetic case), J renormalises to zero
as more modes are eliminated, so that at low energies one arrives at a weakly interacting effective
picture. For J > 0 (anti-ferromagnetic case) however J is renormalised to larger and larger values
until a point is reached when the assumption that J is small no longer holds. These results make it

clear that non-perturbative methods are needed to study the Kondo problem.

One such non-perturbative method is the numerical renormalisation group (NRG) method which
was introduced by Wilson [15]. The NRG method is a renormalisation group methods that resolves
physics at decreasing energy scales. This is done by taking into account the influence the high energy
states have on low energy physics before eliminating them. Unlike Anderson’s method, it does not
rely on small couplings or perturbative expansions. The trade-off, however, is that the method must be

implemented numerically rather than analytically.

A key feature of NRG is that the continuous, single-particle spectrum & € [-D, D] of the band
in a crystal is discretised for the purposes of numerical calculations on, what is referred to as,
a logarithmic gird. This is depicted in Fig. 2.1 where the grid discretisation is controlled by
the discretisation parameter A > 1, such that each of the intervals I,,, = (A~™D D A" D] and
I,_ = [-AT"D,—A~"*D D) where n € Ny contains exactly one single-particle orbital. In the limit

where A — 1, the continuous original band is recovered. When calculating an observable quantity,
| In- L I ... s Iy Ly Toy |

_D ; D
EF(: 0)

FiGure 2.1: Logarithmic discretisation of states in a conduction band where intervals contain exactly
one single-particle orbital and ef = 0.

0, using NRG, one recalculates the same quantity at different values of A and hopes to observe the

following behaviour depicted in Fig. 2.2 Q converges to a limiting value as A is decreased. The smaller

9
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A becomes, the more expensive the computation becomes in terms of memory and computation time.

In practice, it is challenging to perform calculations using NRG below A =~ 1.5 for the Kondo model

1
A

Ficure 2.2: The behaviour of an observable quantity Q calculated using NRG where each point
represents a recalculating of Q at a smaller value of A. A convergence to a limiting value is observed
as /A decreases.

and other related system [16]. This limits the applicability of the method to quantities for which
convergence has already set in at this value of A. As depicted in in Fig. 2.1, the discretisation is done in
such a manner that there are many levels at energies closer to the Fermi energy, while at A = 1.5 there
is only one state in the upper sixth of the discretised band. Observables whose behaviour is determined
mostly by physics at energy scales < D can therefore be expected to show rapid convergence as A is
reduced, while observables sensitive to physics at larger energy (or shorter time) scales likely present
a tough challenge for NRG [17]. In this thesis we consider quantities that are not easily computed

with NRG and therefore we require an alternative scheme for calculating them.

The method that we employ is described later in this chapter and it is based on the equivalence between
the Kondo model and the Ohmic spin boson (SB) model. It is important to note that, aside from its
relation to the Kondo model, the SB model has diverse applications in fields which include quantum
biology [18] and superconducting nano-circuits [19]. The SB Hamiltonian describes a two-level
system that is linearly coupled to a bath of harmonic oscillators. In the thermodynamic limit, the
bath is completely characterized by an effective spectral density, J(w). Usually, spectral densities
with a simple power law are considered, that is, J(w) o« aw®, where a plays the role of the classical
coefficient of friction [20]. The parameter s indicates the type of dissipation the bath produces which

is sub-Ohmic when s < 1, Ohmic when s = 1, and super-Ohmic when s > 1.

10



Chapter 2

We now turn to the equivalence that exists between the SB model and the Kondo model. We will
not provide an explicit derivation to show this equivalence. Instead, we provide a general discussion,
where we relate equivalent terms in each Hamiltonian. To begin with, we state the Kondo model

presented in in Eq. 2.1 in its anisotropic form

Hak = D exc) o + J)0252(0) + Jo [0-S,(0) + 5:.S_(0)], (2.14)

ko

where J| and J refer to the longitudinal and transverse components of the coupling, respectively,
and S. = Sy £iS,. In Eq. 2.14, we take g, = 2mn/L, with n running over odd multiples of 1/2, that
is, we set the Fermi energy to zero and linearise the dispersion relation around the Fermi energy.
The fermions we consider are confined to an interval [-L/2, L/2] in 1D. Then, the equivalent SB

Hamiltonian is given by

Hp = 3 an Db = 55 = 1) 37 /2202 (b, 4 ] ) + 2o, 2.15
SB n On (27r ) L€ *On +Jrao-’ (2.15)

n=1 n=1

where b,, are bosonic operators that satisfy the commutation relation [b,, b,/] = 0, g,, = 2n/L with
n € Z. The factor a introduces a soft ultraviolet cut-off and the resulting regularized Hamiltonian is
equivalent to the anisotropic Kondo model at energies sufficiently smaller than 1/a. The equivalence

becomes clearer when performing the following unitary transformation UHsgU" = Hgg+const., where

ﬂ) (2.16)

V2

© [
9 =i S| 2]~ b,). 2.17)
n=1 C]nL

The unitarily transformed SB Hamiltonian is given by

U=exp(

with

. < SIS [an - +
HSB = ;(un bjlbn + ? ; Ee aqn/2 (bn + bn) (o
v L fexp 2§] e aan2(bi — b,)| o +hic (2.18)
2na —\ gL noo T T e ’

where the abbreviation h.c. stands for Hermitian conjugate.

In a 1D Fermi gas, charge-density fluctuations are associated with quanta which are bosonic in

nature [21]. In the unitarily transformed SB model, bosons are proportional to the Fourier modes of
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the electron spin density, that is,

L/2

by = \/2 J dxe > S (x), (2.19)
n

-L2

where the spin density S,(x) = ([W%L (Y (x) - M/I(x)zj/ l(x)] / 2). Here, l//J;.(x) creates an electron of
either spin up or down at position x, and n € N. One can check that the bosons defined in Eq. 2.19
produce the expected bosonic commutation relations; for detailed calculations see Ref. [21]. There
is an inverse relation to Eq. 2.19 that expresses fermionic operators in terms of bosonic ones. This
inverse relation can be substituted into Eq. 2.15 to eventually arrive at Eq. 2.18. We will not follow
this route here. Rather, we will point out how each term in Eq. 2.15 has a counterpart in Eq 2.18 that

plays an identical role.

We begin with the first term in both equations representing the respective kinetic energies of the
system. To intuitively understand how this term acts in the Kondo model, we consider the lowest

particle-hole excitations of a free Fermi gas. We are effectively dealing with spinless fermions. This

E = Egs

m
wleo

m
Wl

™
'

o
[N

Ficure 2.3: Ground state energy of the kinetic term for the Kondo Hamiltonian.

comes about as follows: the original spin-up and spin-down degrees of freedom are transformed to
two new species of fermions, labelled “spin” and “charge”, so that the density of “spin”-fermions
gives the spin density of electrons, while the density of “charge”-fermions gives the charge density.
Only the “spin”-fermions couple to the localised magnetic moment. The ground state of the system,
with energy E = Egg, is obtained when all energy levels that lie below yu are singly occupied. This is
depicted in Fig. 2.3 where the black dots indicate the occupation of a state by a single electron and the
kinetic energy, e = 2mk/L , with k taking half-integer values as indicated on the right-hand side.
The lowest energy excitation occurs when a single electron residing in the energy state just below u is
excited to a state just above it. This process is depicted in Fig. 2.4(i) where there now exists a hole

in the place where the excited electron was (indicated by the dotted white circle). The total energy

12



Chapter 2

now is E = Egs + (2n/L). If we excite the particle a second and third time, we observe the possible
low energy excitations shown Figs. 2.4(ii) and 2.4(iii), respectively. We note that, in these respective
processes, there is a two- and three-fold degeneracy, and that the total energies are E = Egs +2(2n/L)
and E = Egs + 3(2n/L). The low energy excitation spectrum is therefore 27/L, 4r/L, and 67r/L, and

the respective degeneracy factors, 1, 2, and 3.

i —_— E=FE —
(i) Gs+
. —_— — 4
(ii) P PR — E = FEgs + -

—_— —_— L
——— I — I 6
(iii) or or E = Egs + fﬂ

Ficure 2.4: Low energy excitations for (i) one (ii) two, and (iii) three particle excitations in the kinetic
term of the Kondo Hamiltonian.

Now consider the kinetic term in the SB model where the kinetic energy w, = 2nn/L with n taking
positive, integer values and, again, the chemical potential, indicated by a red, dotted line. As shown in
Fig. 2.5, the ground state of the system is given by all states above u being unoccupied and the total
energy of the system is E = 0. Once again, we consider the low energy excitations where we begin by
exciting a single particle above u into the first energy level. This process is depicted in Fig. 2.6(i) and

the total energy is E = 27/ L. The second and third cases for low energy excitations are similar to the

E=0
€3
€2
€1
pnw=0

FiGure 2.5: Ground state energy of the kinetic term for the SB Hamiltonian.

previous case, however, we are reminded that for bosons more than one particle can occupy a state.
The various possibilities for these excitations are depicted in Fig. 2.6(ii) and Fig. 2.6(iii). We observe

that the degeneracies and energy spectrum of this system are the same as those of the Kondo model’s.

13



Chapter 2

We can therefore be satisfied that the bosonic and fermionic kinetic energies are equivalent because

both yield the same degeneracies and energy spectrum.

N _ 2w
(i) S E=%
i or .
(ii) . E=i
(iii) or — or B o

. L

FiGUrE 2.6: Low energy excitations for (i) one (ii) two, and (iii) three particle excitations in the kinetic
term of the SB Hamiltonian.

The second terms in Egs. 2.14 and 2.18 both contain the expression Jjo~; this implies that, for them

to be equivalent,

Z qn o= dn /2 (bl +b) (2.20)

must correspond to S;(0) which is consistent with the interpretation of b,, being proportional to the

Fourier modes of the electron spin density. Furthermore, by the same argument,

( )exp( Z —— e an2(pt — bn)) (2.21)

must correspond to S,(0). In the anisotropic Kondo model, the commutator between these two
operators [S;(0), S;(0)] o« S;(0) with a positive proportionality constant of dimensions [L~1]. It stands
to reason that the corresponding terms in the SB model should produce this result as well. Therefore,

consider the commutator

1 < [gn _ 1 >
[Eznl,/ie aqn/2 (bj,+bn),(%)exp (ZnZ:;

12 4 [(T . 1 > T g )2,
= =3 Zemaan [(p bn),(b' —bn)] — 2 T eraaw 25t _p | (222
527¢ " ; 2na) O \2 2y gop e o — b @22)

T
A b"))l

14
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Here, we have used the identity [A, eB] =[A, BleB, where A and B are operators. Furthermore, by

expanding the commutator, Eq. 2.22 becomes

1 Zm ~a2znn/L i 1 ZOO [T —aqu /2.3t
- al2nn Zb,b' 2 aqy/ b',—b,
L (n=]e ) [ n n] (zﬂ_a)exp( fret q;«l/Le ( n i’l)
2 2ra A kad P 4 .
-z miahedl I - 2: _T paqw 2t _ g
L (ex ( L ) l) (Zna)eXp (2,,,=1 anl’ (b = bn ))

1 > P
~ o) E — e 2(pT — b )], 2.23
na exp( <N qn/Le (Bug = bw) 229

where the first step was obtained using In(1 — x) = — 2> _, x™/m. We therefore have the expected
angular momentum commutator as in the anisotropic Kondo model and, in general, we have argued

that the two models are equivalent.
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Chapter 2

We have argued that the Ohmic SB model is equivalent to the Kondo model. The question to ask is
how this will help us. In Chapter 3, we will use a sophisticated numerically exact technique tailored to
the SB model to obtain results for the Kondo model. Here, we lay the foundation by explaining a
related, qualitatively correct and simple variational ansatz that gives insight into the structure of the

ground state of the SB model. We begin by stating the SB Hamiltonian in Eq. 2.15 as
H, A= iwnzﬁb - «/ai &n (b + b"‘) o+ B0, (2.24)
a, pr n-n p 2 n n . 2

where we set /i = 1 and the Fermi velocity v = 1, with

wp = [vr]qn,  gn = 2,/%6“%/2, (2.25)

] 2
a= (—”—1) and A=t (2.26)
21 wa

as well as

In Eq. 2.24, w, is the frequency of bosonic mode #, g, the hybridization of bosonic mode n with the
two level system, and A is the tunnelling amplitude between the two states of the two level system.
Eq. 2.24 exhibits two trivially solvable limiting cases when either g, = 0 or when A = 0. In the first
case, the spin and bath are uncoupled and the ground state has every bath oscillator in its ground
state, with average zero displacement, while the spin is polarized in the x-direction. The second case
then describes a system of finitely displaced harmonic oscillators and whose ground state is two-fold
degenerate. Depending on which of the two degenerate ground states the system is in, the oscillators

are displaced in one of two directions:

[Ty, and |f2)|L). (2.27)
Here,
|f2) = exp (i PIALE bn)) 0) (228)
n=1

is a multimode coherent state with |0) being the bosonic vacuum state and the displacement f;, is
given by f,, = Vag,/2w,. It is important to note that in Eq. 2.27, the direction of the displacement of
the oscillator is fully correlated with that of the spin. To interpolate between these limiting cases, the
Silbey -Harris (SH) ansatz [22, 23] was introduced which is an approximate coherent state ansatz. It

is the linear combination of the two ground states in Eq. 2.27 given by

1

SHy _
Lf >—\/§

(I =122 1)), (2.29)
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with f,, now treated as variational parameters obtained by calculating the variational energy Ey,r =
(fM1H, A |f") and then minimising it such that OE./8f, = 0. We make use of the Baker-
Campbell-Hausdorff (BCH) formula which states that

eBaeB = i [B’i!A]i = A+[B,Al+ %[B, [B,Al] +--. (2.30)

i=

where A and B are operators to perform this calculation. Thus, with the help of the BCH formula, we

calculate

SH| S0 4 i — S 8n )y 2D
(r |nZ=;w,,bnbn > 8 (b4 b)) o+ S

n=1

fSH> 2.31)

where we have set @ = 1. We note that coherent states are eigenstates of the bosonic annihilation
operator such that b, | fi) = +f;, | fi.) and hence (f.| b',", = +f,, (f:|. The first term in Eq. 2.31 is given
by

8

n (AT Blby 1) 1D+ UL By 1) 11)

N —

3
i

< fSH( S wnblb,
n=1

fSH> _

n (N2 LS 1D+ (UL L 1)

1}
o —
NE

Il
—_

(2.32)

S
S
S

M

S
Il

In the first line in Eq. 2.32 we note that there are only to terms that remain when expanding the state
| £SH) since, as seen in Eq. 2.29, the states |1) and ||} are orthogonal. The second term in Eq. 2.31

reads

%"(b,,+bj,)aszH>=—ig

(o)
n=1 n=1

(-

-3 onh @39

In the first line in of Eq. 2.33 we note that o, |T) = |T) and o7, |]) = —|]), which results in the change

of sign for the second term. The third, and final, term in Eq. 2.31 is calculated as follows

A A =
<fSH‘EO_x fsn> =7 G (A = -5 (LI

A (o]
= -5 (Olexp (—zg falb], - bn>) |0), (2.34)
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where in the first line of Eq. 2.34, we note that that o, |T) = ||) and o ||) = |T). In the second line,
for operators A and B, if [A, B] is proportional to the identity, then we can use the following BCH
identity: exp(A + B) = exp(A) exp(B) exp(—1/2[A, B]). With this identity, we rewrite the right hand
side of Eq. 2.34 as

_§ (0] exp (—2§]fn(b; - bn)) [0) =— §(<O| exp (—2i f,,bj,) |0) (0] exp (25] fnbn) |0) x
n=1 n=1 n=1
(Ol exp (2if,% (b}, bn]) |0>)
n=1
A (o) o0
=- 3(<0|exp (—2anbl) 10) {0l exp (2anbn) 10) x
n=1 n=1

exp (—2 i f,%)). (2.35)
n=1

We can expand the exponents in the first two expectation values and we find that, in the first case,

(O exp (—ZanbZ) 0y = (0] > ll, (—22 fnbl) |0)
n=1 i=0 " n=1
2
(o] 1 (o)
=1+(0| (—2;]‘"1;;) |0) + 5 (0| (—2;:;];1;3,) [0)+---. (2.36)

Here, we see that only the zeroth order term survives since, in every other term, the sums of the
bosonic creation operators act on the |0) state. As a result, this state is now orthogonal to the state (0|
and their overlap is zero. The same reasoning can be applied to the second expectation value in the
second line of Eq. 2.35, with the sums of the bosonic annihilation operators acting on the (0| state.

Thus,
A
(£ F e

fSH> - —? exp (—2 i f,f) (2.37)
n=1

and taking all three terms into consideration, we find that

[ee) [ee) A (o]
Evyr = Z fnzwn - Z 8nfn — > exXp (_2 Z fnz) . (2.38)
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The optimal displacements are then given by

8Evar
=0
Ofn
=2f, Aexp (—2 > f,%) +2Wn frr — n (2.39)
n=1
which is true if, and only if,
8n
= —. 2.40
Y 2(AR + wy) ( )
In Eq. 2.40, we have denoted
Ag = Aexp (—2 > fﬁ) = A(flf) = A=), (2.41)
n=1

which is the renormalised tunnelling energy that is determined self-consistently.
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UV dynamics from ground-state

overlap in the Kondo model

3.1 Outline of Chapter 3

In Chapter 3, we consider a quantum quench from a strongly correlated ground state of the Kondo
model to a Fermi sea. By quench, we mean the following: the system is prepared in the ground state.
Suddenly, the Hamiltonian is changed, which in our case we abruptly switch off the Kondo coupling,
and the system time-evolves with this new Hamiltonian. We will calculate the overlap between the
ground states before and after the quench as well as the Loschmidt echo, which is defined as the
transition amplitude between the initial and evolved state at a time ¢ after the quench. The overlap is
known to determine the dynamics of the echo at large times. We show, in addition, that the overlap
depends algebraically on the emergent Kondo length, with a power-law exponent that is the difference
of long and short-time contributions that appear in the echo. Our result suggests that, in general,
there may be more information contained in the overlap than previously recognized. The analysis we
present is based on a coherent state expansion which is a representation of the Kondo ground state in
terms of a discrete set of bosonic coherent states. This is a systematic improvement of the SH ansatz
in which additional variational parameters were added resulting in, in principle, an exact method. The
work reported in Chapter 3 is based on the work by Pelwan and Snyman in Phys. Rev. B 99 (2019)
075432 [24].

20



Chapter 3 The Kondo Model

When a many-body Hamiltonian is suddenly quenched, the system’s full response cannot always be
calculated perturbatively. This singularity is captured by the overlaps between ground states before
and after a quench. One such overlap is the ground state to ground state overlap which, due to its
fundamental role in non-equilibrium dynamics [25] and quantum phase transitions [26], has been
calculated in settings ranging from quantum impurity models [27-29] through single-particle and
many-body localised systems [30-32], to spin chains [33, 34] and lattices [35], Luttinger liquids [36],
and particles with fractional exclusion statistics [37]. These studies have been done using techniques
that include conformal field theory, the numerical renormalisation group, matrix product states,
and tensor networks. Since the overlap compares ground states, it is not surprising that it provides

information about infrared (IR) physics, such as long time dynamics.

For instance, if the interaction between a Fermi liquid and a local impurity is suddenly quenched, the
transition amplitude between the initial ground state, and the time evolved state after the quench — the
Loschmidt echo — decays algebraically at long times, with an exponent equal to that governing the
system size dependence of the overlap [25, 38—42]. These algebraic decays are, for example, ~/2
and L~%/2 for the Loschmidt echo and the ground state to ground state overlap, respectively. Here, o’
is the quench parameter of the post-quench Hamiltonian in Eq. 2.24. However, unlike truly infrared
probes, the ground state to ground state overlap is determined by the whole Fermi sea, not just the
Fermi surface [28]. It must therefore also contain information about properties beyond the infrared,
that is, ultraviolet (UV) physics. We believe that this aspect of the overlap has been neglected because
of a too narrow focus on the overlap’s dependence on the system size — an infrared scale. To remedy
this oversight, we study a model with an emergent scale, and consider the overlap’s dependence on

this scale. We are not the first to do so [28, 29], but the new aspect in our study is the link we establish

to non-equilibrium dynamics beyond the infrared.

3.2 The Kondo Model

We aim to find a connection between UV and IR dynamics for the anisotropic Kondo model by
considering the the Loschmidt echo and overlap between ground states through their respective
power-law exponents. We study the anisotropic Kondo model which is a 1D Fermi-sea coupled to
a spin-1/2 magnetic moment via a local exchange interaction. For ease of reference we restate the

Hamiltonian introduced in Chapter 2 here as

H=> skczacka +J)S2(0)s; + o [Sx(0)sx + Sy(0)sy ] - (3.1)
ko
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Chapter 3 The Kondo Model

Here, ?(0) is the electron spin density at x = 0, and ¥ is the impurity spin. The interaction famously
generates an emergent scale, the Kondo temperature Ty, see Eq. 3.12 below. The impurity and Fermi
sea form a spin singlet in which the impurity is screened by the electron gas at distances larger than

the Kondo length ¢ =hvr /2T, where v is the Fermi velocity. Below, we set /i = vp = 1.

We consider quenches (Jj, J,) — (J I/I , O), that is, in the pre-quench Hamiltonian defined by Eq. 3.1

we set the couplings to (J, J.) and in the post-quench Hamiltonian they are set to (J I,I’ 0). The
vanishing transverse coupling J| in the post-quench Hamiltonian produces a diverging Kondo length
&’ — oo, This is associated with imperfect screening of the impurity spin, and the pre- and post-quench
Hamiltonians therefore have distinct infrared properties. Quenches in the Kondo and related models

have been studied numerous times before, both theoretically [41-51] and experimentally [52], but the

connection between the ground state to ground state overlap and dynamics beyond the infrared has not.

3.2.1 Aims and Main Findings

Our aim is to use a combination of analytical and numerical techniques to calculation the Loschmidt
echo give by
—iH s ot
P(t) = (JpJole I dL), (3.2)

where the state |J), J.) is the ground state pre-quench and H, 71,0 is the Hamiltonian post-quench. We

also calculate the ground state to ground state overlap given by

Q = [(Jy I} 0 1. (3.3)

We will find distinct power-laws in the regimes ¢ < & and ¢ > &, that is,

a\x/2
;

a x/2
¢

ifa <t <xé,

|P(1)]oc G4

B2
(7) ifé <t <L,

where L is the system size, and a is a short-distance cut-off of the order of the Fermi wavelength. The
exponent S that governs the IR dynamics (¢ > £) equals the exponent that appears in the Anderson

orthogonality theorem, in agreement with previous studies [25, 28], and depends on J I but not on

parameters of the pre-quench Hamiltonian, provided that J, is finite. When we calculate the ground
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Chapter 3 Analysis

state to ground state overlap we find that

Xx/2 B2
Q=C(J,,,J’)(§) (%) . (3.5)

As is known already [25, 27], the L dependence of the overlap is governed by the same exponent that
governs the IR dynamics of the echo. In contrast, the overlap’s ¢ dependence at fixed J|| reveals a new
power-law with an exponent equal to the difference between the UV and IR exponents of the echo;

this is our main result.

Previous studies [28, 29] have considered the quench (Jy, J.) — (J}, J|), that is, where J| is held
fixed during the quench, and in general the Kondo length was quenched between finite values of ¢
and &’. A very nontrivial analytical result was obtained for the case of a finite post-quench Kondo
length. However, in the limit where &’ > ¢, that is, quenching to J| = 0, this result reduces to a
simple power-law |(J, J.|J}, J.) 12 o (£/&)P/? reminiscent of the overlap between Fermi seas, with &’
playing the role of the system size and ¢ that of the Fermi wavelength. The factor (¢/¢)° in our result
for P(t) is consistent with this interpretation: it coincides with the IR response of a Fermi sea with the
Fermi wavelength £. In Refs [28, 29], no UV contribution to the power-law exponent for ¢ is found.
Consistent with this, we find that up to finite-size errors the UV contribution £ in Eq. 3.5 vanishes
when we choose J) = J| I,I For the overlap to be sensitive to UV physics, it is therefore essential to
have J £ J I,I . It is tempting to interpret the factor of (a/&)Y’? in Eq. 3.5 and the factor of (a/t)*/? in
Eqg. 3.4 in terms of the Anderson orthogonality theorem [53, 54] and conclude that the physics above
the Kondo scale also allows an effective description in terms of (phase-shifted) Fermi seas. In the UV
effective theory, £ would play the role of an effective system size. For sufficently large J), we will
show analytically that this picture is indeed correct. In this regime, the exponent y approximately
equals the power-law exponent one would obtain by applying the Anderson orthogonality theorem to
the trivial initial state obtained by setting J, = 0 in the pre-quench Hamiltonian. However, for smaller
J||, the analytical argument breaks down and we find that numerically y states to deviate from the
J1. — O result. In the absence of analytical results, we cannot prove conclusively that a UV Fermi sea

picture is correct, but if it is, there is a renormalisation of J from its bare value.

3.3 Analysis

In our analysis, we exploit the exact mapping known to exist between the Kondo model with non-

universal UV scales integrated out and the Ohmic spin boson model [55-57] as discussed in Chapter 2.
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Chapter 3 Analysis

Given a microscopic Kondo Hamiltonian that accounts for physics at all length scales down to the
lattice constant, one integrates out UV modes far from the Fermi energy but stops mode elimination at
a scale 1/a well above the Kondo temperature. At energy scales below this cut-off, the microscopic
model is equivalent to an effective Hamiltonian,

H = ' N [ot—ulu,|+7 ! ! 3.6)

= D0 GnCnoCug * 5 02 YUy — U |+ T |0+ iy | @3.
neZo="1,|

involving linearly dispersing electrons, ¢, , with g, = 2/L with n € Z, in a single (unfolded) chiral
channel. Here, ;. = 0, +ioy and o; with j = x, y, z are the Pauli matrices acting on the impurity

spin. The operator

Yo = el (3.7)

creates an electron wave packet centred around the origin with a group velocity vr. The width of
wave packet is ~ a, and this enforces a soft UV cut-off at the scale at which mode elimination is
halted. The tilde above the Kondo couplings J, and J| | remind us that these parameters have been
renormalised from their microscopic values. Using the fact that mode elimination leaves physics at
energies below 1/a unchanged, and that the Kondo physics only sets in at 7 < 1/a, it is possible
to calibrate J) with respect to the original microscopic model. This gives J) | = 2¢, where ¢ is the
difference between phase shifts between spin-up and spin-down electrons at the Fermi energy, when
instead of the interaction, the bare Fermi sea is subjected to a spin-dependent static potential J; S (0).
The value of J, depends on the system specific UV details in a way that is hard to calculate in practice.
However, many IR properties of the system, among them ones we consider, are universal functions of
the Kondo scale, and this allows one to make non-trivial statements about the behaviour of the system

without knowledge of the relation between microscopic parameters and the renormalised J .

The SB model, as is discussed in Chapter 2, describes a two-level system linearly coupled to a bath of

harmonic oscillators. For ease of reference we state the Hamiltonian again

(o) 00 A
Hy A= D wnblb, —Va Y %" (b,, + bi,) oo+ S (3.8)
n=1 n=1

where b,, are bosonic annihilation operators. We take A > 0 and denote the ground state of Eq. 3.8 as
|A, @). In the thermodynamic limit, the bath spectrum becomes dense and the bath is completely
characterized by the spectral function J(w) = X7, gﬁé(w — wy). Typically, a spectral function with an

IR power-law is considered and below we derive some results assuming a spectral density of the form

J(w) = 20)(1)_5 w’e 4, (3.9
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where e%“ is a soft UV cut-off and wy is the characteristic energy scale of the bath, when the bath is

not Ohmic. As discussed in Chapter 2, the low-energy Hamiltonian in Eq. 3.6 can be mapped onto

Eq. 3.8 with
wn = [ivF) gn,  gn = Zw/%e“”f"/z, (3.10)
and
J : 2 j
a=(—'—1) =(f—1), A==, (3.11)
2 n na

In the thermodynamic limit, one introduces Dirac-d normalised bosonic field operators ¢, =

limy o VL/27b, and calculates the Kondo length as follows [58]:

ot b

o ¢
£=lim (@ 4] L=t la, A), (3.12)

where |, A) is the ground state of the SB Hamiltonian in Eq. 3.8. In the fermionic language, the
above definition translates to & = lim,_,. 4x% (S;(x)s,). The familiar Kondo temperature, defined via
the static spin susceptibility [59], is related to the Kondo length [60] as Tx = 1/2¢. For the Kondo

quenches we are interested in, we must evaluate the SB Loschmidt echo,
P(r) = ¢'Ea0t (o, A] e7Her 0! |, A) (3.13)

where E, g is the ground state energy of H, o given by

2

y~ &n
Eyo=—-a . (3.14)
a’,0 ; 40)"

Here, @’ = (¢’/n — 1)* and the relationship between ¢’ and J I’I is the same as that between ¢ and J||.
Our analysis is based on an exact expansion of the ground state Eq. 3.8 in terms of a discrete set
of coherent states. This expansion offers a systematic way of improving the quantitatively correct
and simple SH ansatz discussed in Chapter 2. The theory behind this expansion was first set out in

Refs. [58, 61, 62] and below we provide a brief review.
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Chapter 3 Identifying the Variational Parameters of the Multicoherent-state Expansion

3.4 Identifying the Variational Parameters of the Multicoherent-

state Expansion

According to an elementary theorem by Cahill [63] an arbitrary state |¢) of a set of bosonic modes

can be written as a discrete sum

W) = > cmlfim)s (3.15)
m=1

where b, | fin) = finn | fm). The representation is not unique and there is always sufficient freedom to

choose the coeflicients f,,, to be real. With this convenient choice,

) = exp > frn (Bl = b, 10) (3.16)

n=1

The SB Hamiltonian is invariant with respect to a unitary transformation

T =0y exp (ianIlbn) (3.17)
n=1

that sends b,, — —b, and 0, — —o0,. We take A > 0, in which case the ground state |a, A)

transforms under T as T |a, A) = — |, A). With the help of Cahill’s theorem, we can therefore exactly

parametrize the ground state as

(o8]

la, Ay = > C—"zl (1S IT) = =) 1)) - (3.18)

m=1

In order to put this result to practical use, the sum in Eq. 3.18 is truncated to a finite number of M that
is sufficiently large. Significant headway can be made analytically with the variational optimization of

the truncated trial state of the form
Mo
)= >, % (1S IT) = = Sa) 11)) (3.19)

m=1

and here we briefly review the relevant results.
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Chapter 3 Identifying the Variational Parameters of the Multicoherent-state Expansion

By setting the variation of (H, ) with respect to f,,,, with m = {1,2,..., M}, equal to zero, one

obtains a set of equations of the form

fin
(an + V) L= Vaegaw, (3.20)

an

with the entries of the real M X M matrices U and V and the real column vector W dependent on the
trial state |/). However, they are independent of the mode index n, that is, the same U, V, and W enter
the equations for each n. (Explicit expression can be found in Ref. [58].) This structure comes about
because (i) H A is quadratic in bz, and b, and (ii) there are no direct processes in H A that scatter
the bosons from a mode 7 to a mode n’ £ n. By noting that each matrix element of the inverse of
Uwy, +V is the ratio of polynomials in w,, that are respectively of the order of M — 1 and M, and that

the denominator is the same for all elements (being the determinant of Uw,, + V'), we discover that

Va

fm,n = Tgn hn(wy), (3.21a)
M-1
S tmi 7
him(2) = = (3.21b)
ll:ll (z—2)

where p,,,; is real. Furthermore, because Uw,, + V is real, the {2; that are not real come in complex
conjugate pairs. It is intuitively clear that for modes with natural frequencies w,, > A, the tunnelling
term Ac,/2 becomes a negligible perturbation and hence f;,,, ~ Vag,/2w,. This implies that
that t4, p—1 = 1. The same conclusion follows rigorously from the observation that, associated
with mode n, the are unavoidable positive contributions to the energy that are proportional to
Wy ( fon — Nagn/ Zw,,)z. Energy considerations also dictate that there are no poles at {2; on the real
line. Finding the M 2+ M — 1 unknown parameters {2y, fm, m,, and c,, variationally constitutes a
global minimization problem that we can solve numerically. However, as we will show below, some
exact results for can also be derived without explicitly computing the optimal values for £2,,,, ;. m,

and c,,.

An example is a result that we derive in Sec. 3.5, namely, that at large times

00

P(1) = |{a, Ala’,0) [*exp “—deMe-im . (3.22)
4 w?

0
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Chapter 3 Loschmidt Echo: Long-time Behaviour

We also make comments on long-time behaviour of the echo specifically in the Ohmic case.

3.5 Loschmidt Echo: Long-time Behaviour

We begin by noting that because H, o preserves the z component of spin and it is quadratic in bosonic
operators, it is straightforward to compute the time evolution of |a, A). Our calculation for the

Loschmidt echo begins with an arbitrary initial state

P(t) = (yle"Harot |y . (3.23)

Considering only the exponential operator acting on the right hand side, we substitute in Eq. 3.15 and

Eq. 3.16 to obtain

M )
e Manol 1yy = 7 exp (=iHyr,0t) cm exp (Z Fun(b! - bn)) 0) . (3.24)
m=1 n=1

Now for operators A and B acting on a state, say, |0), we can then Taylor expand f(B) such that

o @) .
Ar® 0y =43 g o)
i U

= fO0)
=2,

i
=0 U

AB'A7! A|0)
N——
(ABA-)i

= f(ABA™HA|0).

Using this relation, we can rewrite Eq. 3.24 as

M
e Mo Jyy = S ¢, exp (bL(r) - bn(t)) exp (~iHa o) 0} (3.25)
m=1
where
bl (1) = e Ha ol pl oiHarof - and (3.26a)
bu(t) = a0t o=iHarol | (3.26b)

Next, we rewrite the post-quench SB Hamiltonian 3.8 by completing the square as

© Va'g Va'g > g2
Hy o = bl — "5, - L) VD YL 3.27
a’,0 ;wn( n 2w, )( n 2w, a ;411% ( )
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Chapter 3 Loschmidt Echo: Long-time Behaviour

We define new bosonic operators in terms of the bracketed terms in the above. That is, we set

Va'g,

Bl =b! - , and (3.282)
2wy,

B, = by - -8 (3.28b)
2wy,

and note that the last term in the Hamiltonian is the ground state energy of H, o, as previously

mentioned in Eq. 3.14. We simplify our Hamiltonian to

Hy o= > wnB} By + Earp. (3.29)

n=1

Since the ground state of H, ¢ is |a’, 0), acting on it with the annihilation operator gives B, |@’, 0) = 0.

This implies the following:

(bn— Va'gn

00=0
5 )|a )

Va'g,
2

n

b, la’,0) = la’,0), (3.30)

that is, |@’, 0) is an eigenstate of b,. Since |a’, 0) is a multi-mode coherent state, we can use Eq. 3.16

and expand it as

’ _ - a//gn '[-
|a,0>—exp(§ o (bh = bu) [10)
_ o V'gn (o
_exp(nz; e (Bn—B,,) 10y, (3.31)

where we note that bL(t) -b,(t) = Bl(t) — B, (¢). By inverting the above, we solve for the vacuum state

(e8]

|0) = exp (—Z

@’'gn
n=1 2w

(B;L' - B,,)) la’,0). (3.32)

Applying Eqgs. 3.25 and 3.32 we act on the vacuum state

5

8n
Wn

[\

e~ Han0t 10) = exp (— (Bi) - Bn(n)) e~ ot o, 0)

5

8n
Wn

Me 1M

(le(z) - Bn(t)) o, 0) e~ Earot (3.33)

[\

= exp (—

Il
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Loschmidt Echo: Long-time Behaviour

Chapter 3
where BT(I) = ¢ iHa .0t BT piHar ot Finally, we evaluate Eq. 3.24 and we do so in terms of the new

(1) =
bosonic operators. That is, we use the result in Eq. 3.33 together with that of Eq. 3.16 to obtain

|al, O> e—iE‘llvot

> ¥ (50) - ,00)

at

e Hat o |y = Z Cm €XP (Z fonn (B*(r) B (r))
n=1 n=1
M o0
= 2 Cmexp (Z (fmn - —‘/ag") (Bheenr - Bne““"’)) |, 0) e~ Fero! (3.34)
m=1 n=1 Wp
and our state |¢) is given by
(3.35)

vy = 2 i exp (Z (fmn - ijgl) (81 - B,,)) @,0).

We now have all the requirements to calculate inner product using of the two above equations. We

n

find that
M ) \/?
P(t)=" D) CmCm,(a’,0lexp ((Z Jmn = > gn) (Bn - BZ:)) X
my,mp=1 w
\/_gn) (BTe—iwnt _ Bneiwnt)) |a', O> (336)

exp ((Z Sonom =

and we can expand the summation over n as follows

M

P(t) = Z Crny Crny X
my,mp=1
’ ‘/_ —i iw ’
[(a,Olexp((fmll fl) (Bl B )) ((fm21 \/_gl) (B;re @' _ Ble 1t))|a,0)><
{(a’,0] exp ((fm12 \/_g2) (Bz - Bg)) exp ((fm21 \é_gl ) (B}Le_i“’" - B1eiw‘t)) |, 0) - - ]
(3.37)
We express this using a product over the exponentials as
M oo \/?
PO = D) cmem [ (@ 0lexp ((fm],, - g") (B,, - le)) x
my,mp=1 n=1 2w
exp ((fmm - \/_gz) (B,Tle_i‘“"’ - Bnei“’"t)) le’,0).  (3.38)

—Va'gu/2w,) and Zy, = (finon — Vg /2wn)e | which yields

Now, we can set Zp, = (fun
(3.39)

e8]

M
P@) = Z Crmy Cmy I—[ {(a’, 0] exp (zml B, - zme,'l) exp (zszn Zm, ) la’, 0)

my,mp=1 n=1
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Chapter 3 Loschmidt Echo: Long-time Behaviour

Written is this way, we can use the following commutation relation: if the commutator [A, B] € C,

then eA*8 = ¢AeBe1/2l14.B] Thus, we have that
V&' &n agn 2
P(t) = Z Cm Cm,y l—IeXp [ ((fmln - '8 ) (fmzn - \é_g ) X
my,my=1 Wp
a’'gy ag,\ _:
TP S
n n

Finally, we replace the f,,,, functions as defined in Eq. 3.21, express the product of exponentials as a

sum, and group orders of the function A,,. We then have

0= 33 |3 ($ 5 ) 57 e+ 2

my,mp=1 n=1 n
exp [Ze lw,lzgn (B omy) =~ (T, + Py 2] (3.41)
n=1 n wy,
Finally, we simplify the expression to
M
P(t) = Z Crmy Cmy (fmy la’+) (@’ + i) X
mip,my
1S 5 [Ve! Va' ~
exp |7 > 8 @hyn, (@n) Whyy (wp)| €7 |, (3.42)
4 n=1 Wn
where
oy S 8n (-;- )
+) = + — |b, - b 0), 3.43
|a>exp(w7§2wn J n)|> (3.43)

so that |@’+) |T) and |a’—) ||) are the two degenerate ground states of H, o, and

2
(fmla'+) = exp (__ Z [\/_ a m(wn)] ) . (3.44)

At long times, the frequency in the sum in Eq. 3.42 is dominated by the contribution from small
frequencies, where g,/w, dominates over h,,(w,). (Recall that the h,,(w,) remain finite when

w — 0.) Thus, asymptotically,

P(1) = |{a, Ala’, 0 |*exp (%g( n) —iwnt ) (3.45)
where
la’,0) = % (la’+) 1Ty = la’=) 1)) (3.46)
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Chapter 3 The Kondo Model and Anderson’s Orthogonality Theorem

is the ground state of H, o with T’ (given in Eq. 3.17) eigenvalue —1. In the thermodynamic limit is it
convenient to rewrite the result as

00

P(t) = |{a, Ala’, 0) Pexp| & Idw J@) i | (3.47)
4 w?

0
Whereas P(¢) is regular in the thermodynamic limit, if the individual factors on the right of Eq. 3.47
are calculated separately, the calculations must be performed for a finite system size. The time

dependence of Eq. 3.47 is the same as
e'Earot (IR| |e~He 0! |IR), (3.48)

with
1
V2

This is because in the delocalised phase, the coherent state parameters f,,,,, tend to zero for modes n

IRy = —10)(IM = 1)) (3.49)

whose frequencies tend to zero [60]. As a result, IR probes cannot distinguish the initial state from the

bosonic vacuum. Let us now focus on the Ohmic case with s = 1 where, at large times compared to &,

i -B/2
””) , (3.50)

P() = Q(T

with 8 = @’ and where we use the Kondo and SB notations Q = |{@, Ala’,0) |? interchangeably. Since
P(1) should not vanish when we take the limit as L — oo, we conclude that Q «« L#/2. Let us now
comment further on known results and explain the previously mentioned Anderson orthogonality

theorem.

3.6 The Kondo Model and Anderson’s Orthogonality Theorem

The results derived at the end of the previous section, namely the algebraic decays r~*'/2 and L~'/2
of the Loschmidt echo and the overlap of ground states, respectively, have been obtained before, for
instance, using NRG technology [27]. It is a manifestation of the fact that under the renormalisation,
the Kondo ground state of the pre-quench Hamiltonian flows to a strong-coupling IR fixed point of the

form

IIR) = % (16 = -m) 1Ty = 16 = 7) 11)). 351)

32



Chapter 3 Further Analytical Progress in Ohmic Case

where we use the notation |8) to represent a non-interacting Fermi sea in which electrons undergo
phase shifts that depend on their spin direction such that, at the Fermi energy, these phase shifts equal
6/2 and —60/2 for spin-up and spin-down electrons, respectively. On the other hand, the post-quench

ground state is of the form

1
LLooy=—(|0=—-¢' —0=¢ , 3.52
l¢’, 00) \/z(le eI =10=¢") 1)) (3.52)

where ¢’ now is the difference in phase shifts between spin-up and spin-down electrons at the Fermi
energy. The power-law behaviour of the overlap can be understood by replacing the true initial state

with |IR) and applying the celebrated Anderson orthogonality theorem, which states that

—(1/2-¢' [27)?
) , (3.53)

, L
|l [ o (7
F

where Af is the Fermi wavelength and the proportionality constant is of the order of unity. Since the
IR fixed point of the Kondo model is reached when length which are shorter than ~ & are integrated
out, the effective Fermi wavelength to use when applying the Anderson orthogonality theorem is of
order £. Another classic result in many-body theory [40] states that for non-interacting fermions, the
Loschmidt echo decays o (gg1)~(1/2-¢'/ 2”)2, with the same power-law exponent as that governing the
L dependence of the overlap. When applying this result to the long-time dynamics of the Kondo
model, the effective Fermi energy to use is € ~ hivg /£. Finally, we note that coherent-state expansion
provides an analytic derivation for these results. The derivation is exact because no restriction is

placed on the number M of terms to which the expansion is truncated.

3.7 Further Analytical Progress in Ohmic Case

We now turn our attention to the Loschmidt echo at arbitrary times. We also specialize to the Ohmic
case, relevant for the Kondo model. In the Ohmic case, the sums appearing in P(¢) in Eq. 3.42 can be
calculated analytically. To achieve this, we note that we study a bath comprising of a set of linearly

dispersing modes given by

2
wp = [AvE) gn,  gn = % n=123"-, (3.54)
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Chapter 3 Further Analytical Progress in Ohmic Case

where the infrared scale is introduced via a (large) system of size L. The requirement that the bath

should be Ohmic the implies that

o [ (_adn
NORENE. exp ( 2). (3.55)

Using this result and rewriting the Loschmidt echo in Eq. 3.42 as

M
P@) = Z Cmi Cmy <fm1 |a'/+> <a'/ + |fm2> Pmlmz(t)’ (3.56)

m1m2=1

we can write Py, m, (¢) as

© ef(a+it)qn A ,(I(I’ a’
Pymy (1) = exp (Z qnf @l (Gn) i, (gn) — o (B, (qn) + By (qn)) + q_2 .
n=1 n n

(3.57)
The first and second terms in the square brackets need no IR regularization, and we can replace the
sum over the discrete modes with an integral. We cannot do the same with the third term. Here,

however, the discrete sum is computed straightforwardly as follows:

2x )"

S —(a+1t)=
" e*(a+it)qn - @ Z (exp( (@+in) L ))

2 n

= —%/ In [1 — exp (—(a + it)zfﬂ)]

2
N —%m [Tﬂ(a+it)

b}

where, in the first line we substituted in Eq. 3.54 and in the second line we used the expansion for

—In (1 — x). We then find that

a’ 2 . 1 Vaa’'
Prymy (1) = -5 In f(a + n)} exp (EAm]mZ(t) - (B, (1) = Bmz(t))), (3.58)
where
Ay (1) = I dq qe™ 1" hy, (@)hmy(q), and (3.592)
0
By(t) = I dg e~ 4“*iDp (g). (3.59b)
0
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We also find that

(@' + ) = exp | = F Aun(0) + Y52 B, (0)

a4
- (2”—“) . (3.60)

L

The fact that £,,(g) is a rational function of ¢ allows us to perform the above integrals analytically.

These results are

M
Amymy (1) = €79 > Res [qe™ hyy, (qe™ Yy (qe™ ) F (qla + it]), g = 2" (3.61)
=1
and

M
By(t) = €7'? > Res [, Fgla +it]), q = 21¢'], (3.62)
=1

where F(z) = e 2110, —z), I{y, z) is the incomplete I"function, and Res[ f(g), ¢ = qo] is the residue of
f(q) at ¢ = qo. The phase ¢ is the argument of a +it, that is, ¢’® = (a + it)/|a + it|. For the purpose of

evaluating the residues explicitly, we define

hml= lim (q_Ql) hm(‘])
q—34
M-1
> Hmnq"
= lim (g- ) ——

q—)Ql H (q - Qn)
n=1

e (3.63)
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and

. d
hmi = lir}l2 q [(g = £2¢) ()]

q—dzs

d
= lirrh(12 h(q) — (g — 1) d—qhm(Q)

q—a34
M-1 -
M 1 Zl /Jm,anl
=—h = 3.64
ml Zl_zl Ql — Qn + M ( )
n#l= [T (21— $2,)
n#l=1

We are now in a position to calculate the residues of Eqs.3.61 and 3.62. To do this, we note that for a

second order pole, we can use the following relation:

Res[v(0h 2~ 20] = lim (e~ 2 y02), (3.65)
Z—/20 AZ

where the function y(z) has a pole at zp. We begin with Eq. 3.61

M

Ay (1) = €7 > Res [qe ™™ hy, (qe™' Y, (qe™'?)F (qla + it]), g = 2™
1=1
M

=e? 2] lim o [ge7 (g = 20 by (g7 ) (qe ) F(gla+itD] . (3.66)
=1 g—§2,e7? 44

Now we can move the lim G126t d/dgq operators into the equation and, by the chain rule, obtain

M
Amymy, (@) = €% > Res [q7 hyn, (€™ huny (qe™ ) F (gla + it]), g = 2™ ]
=1

.M
—ip ;

=e

. d . . . .
lim (—qe (g = 2) hin, (qe™?) (g = 1) hmy (g™ )F (qla + ltl))
g—12,ei¢ dq

d . ; .
+ lim (qe‘“”— (q = $2) him,(qe™?) (q = £21) hyny(ge™ ") F(gla + zr|))
g— 8¢t dq

. i _is d i .
+ lim (qe (g = 20) by (qe™ — (q = 1) him,(ge™'?)F(gla +ltl))
g— 82 ei? dq

+ lim (qe"’¢ (q — $2) hy (g™ (q — (2) hmz<qe"‘¢>iF(q|a + ir|)) . (3.67)
g— 82 et dq

We should take note of difference between the derivative in the third line of Eq. 3.67 and the definition

of h,, in Eq. 3.64. Thus, we perform a change of variables for the equation

d .
lim — (g — ) hy(ge™® 3.68
S g (g = $21) hm(qe™?) (3.68)
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and let
d dqd
dq dqdq
o d
= — 3.69
e i (3.69)

Eq. 3.68 becomes
d . d . .
lim  — (g - 2) hu(ge™®) = lim e7¢— (cie“" - ﬂzel¢) hin(§)
g— 8¢t dq g—87; dq

d
lim — (g — ) h,(q
S G (G = $21) hi(q)

= Ny (3.70)

We can use the same procedure outlined in Eq.3.69 for those terms that do not include the d/dq

derivative and we find that

lim (- 2) hw(ge™®) = ey (3.71)

g— 8 ei?
picks up an extra phase factor not cancelled out by the derivative. For the derivative of F(g|a + it|) we

note, firstly, that F(z) = e"*I(0, —z) and, secondly, that d%['(O, z) = —e %/z. Thus,

d d
lim — (F(gqla+it]))= lim — (exp(—qla+it]) I(0, —q|a + it]))
qHQ]@’."/’ dq q qHQlei‘/’ dq p q q

=—¢" |(a +it)F (Q(a +it)) + Qi . (3.72)
1

In the last step of the above equation we used ¢'?|a + it|= (a + it). Using the these results we find that

M
Apymy () = €79 > Res [q7 by, (€™ )y (g™ ) F (qla + it]), g = 26" ]
=1

By i hmyt F (2@ + i0)) + 4 F (21(a + i0)) [yt hnyt + hig17ims1 |

M
-3
=1

- (a+ it)hmllhmle(_Ql(a +it)) — hmllhmzl . (3.73)
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Chapter 3 Kondo Length Dependence of the Overlap

For the second, much simpler residue we needed to calculate in Equation (3.15) we find that

M
By(t) = €7'? > Res [hm,(qe”'?)F (qla + it]), q = 2,¢"?
=1

Mg I

St (0= @€ hitae ) Fgla+in))

Bt F(S2(a + i1)). (3.74)

~
Il

In these formulae, we assume that the poles {2; of h,,(g) all have negative real parts, a fact that we
have not proven; it is, however, borne out of the numerics. Furthermore, the additional terms that
would appear if there were poles with positive real parts would only introduce additional contributions
to the Loschmidt echo that decay exponentially over time and are unimportant at large times. These

equations form the basis of our numerical study of the full P(z).

3.8 Kondo Length Dependence of the Overlap

We now turn to the Kondo length dependence of the overlap. We first present an heuristic argument
by means of which the numerical results we subsequently present may be anticipated. Provided that
& > a, we expect £ to set the scale for dynamics at times sufficiently larger than a. This motivates the
scaling ansatz

P(t)=Z(a,a',&]a)Fy o ( (3.75)

t
Ea, A, a)) ’
in which all parameter dependencies have been rendered explicit. If this ansatz is correct, we can

extract Z from the long-time result which we calculate in Sec. 3.5 and obtain

B2
Z= (Z"Tf) 0. (3.76)

Now, consider the behaviour at times short compared to £&. We expect the degrees of freedom that are
relevant in this regime to be ignorant of the physics at the Kondo scale. For large J||, that is, small a,

we can analytically show using the M = 1 expansion that fora < t < &,

.\ —x/2
”) , (3.77)

PitHy=C (—
a
with y = (¢/7 — ¢’ /n)* = (\Ja — Va’)?/2 and C independent of £. We present this derivation now.
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Chapter 3 Kondo Length Dependence of the Overlap

3.8.1 Analytical Results at Small «

Assuming that the ansatz in Eq. 3.75 is true, we analytically show for small « the explicit form of P(¢)
in the regime where a < t < &. In the limit of small @, the M = 1 truncation becomes exact. (This is
nothing but the SH ansatz discussed in Chapter 2.) For M = 1, there is only one variational parameter

2. Tts optimal value is —Ag, where Ap satisfies

Ag = A(flfAD)
= Aexp (—aA11(0)) < 4, (3.78)
and the Kondo length is
_ Ve
&= ihn (3.79)
For the A11(¢) and B;(t) we obtain
An@® =[1+Agr(a+i)]F(—Agr(a+it))—1 and (3.80a)
B\(1) = F (-Ag(a +i1)), (3.80b)
and for P(¢) we obtain
i\~ a
P(t) = (;) exp [E(Au(t)—Au(O)) — Yaa’ (Bi(t) - B1(0))] . (3.81)

Provided that A is sufficiently smaller than 1/a, we have Aga, Art < 1inthe regime a < t < & and

Q

we can expand F (—Ag(a + it)) for small arguments using F(-z) = —In(z) — yg + O(z) where yg

0.57 - - - is the Euler-Mascheroni constant. We then find that (A;;(¢) — A;1(0)) = (B1(t) — B1(0))

—In(1 + it/a) independent of &, and

N —Xx/2
”) (3.82)

P(t) = (—

a

with y = (\/5 Vo' ) We note that the same result would be obtained if we took fi,, = Vag,/2w,.

In the Kondo language, this corresponds to the initial state

1
|UV) = ;i (= IT) =19} 1)), (3.83)

verifying our assumption. Here, |+¢) represents a non-interacting Fermi sea in which electrons

undergo phase shifts that depend on their spin direction, such that, at the Fermi energy, these phase
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shifts equal +¢/2 and F¢/2 for spin-up and spin-down electrons, respectively.

This is the same behaviour as we would have obtained if before the quench we had J, and hence & = oo.
Our analytical argument, however, breaks down at larger @. Let us nonetheless assume that a short-time
power-law of the form Eq. 3.77 holds for arbitrary a with a é-independent C. Universal scaling
according to the ansatz in Eq. 3.75 implies that P(¢)/Z depends only on ¢ and ¢ in the combination
t/£. The & independence of C then implies that Z ~ £¥/2. Using our analytic expression in Eq. 3.76
for Z, we arrive at the result we want, namely, Q ~ £~%/2_ We also conclude that the overlap Q
scales with the system size as L™/2. Since the only other length scale that Q can depend on is a, we

reproduce our main result given in Eq. 3.5.

3.9 Numerical Results

In the following section we present our numerical results based on the coherent-state expansion. We
note that a powerful extension of the technique has been developed to deal with general time-dependent
problems [64, 65]. However, due to the simple form of the post-quench Hamiltonian, no sophisticated
techniques are needed here, once the initial state is expressed in terms of bosons. We will use
the numerical data of Ref. [61]; these data were obtained by simulated annealing for an expansion
truncated to M = 7 terms at most. In Ref. [61], multiple checks were done to verify that numerical
convergence is satisfactory. We estimate that the error in P