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Abstract

In this thesis, we analyse the full class of ten Fujimoto-Watanabe equations. In

particular, these are highly nonlinear third-order and two fifth-order equations.

With the aid of computer algebra software such as Mathematica, we calculate

symmetries for these equations and we construct their commutator tables. The

one dimensional system of optimal subalgebras is obtained via adjoint opera-

tors. Finally, we reduce these higher-order partial differential equations into

ordinary differential equations, derive their solutions via a power series solu-

tion method and show how convergence may be tested. Lastly, we determine

some conservation laws.
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Chapter 1

Introduction

In many branches of mathematics, physics, engineering and other disciplines, differ-

ential equations are essential [35, 21, 14, 24]. Differential equations are significant

because they allow for the mathematical description and prediction about the be-

haviour of complex phenomena [14]. It can be a difficult task to solve differential

equations and you often need advanced mathematical tools and techniques [16].

Symmetries are one of the most fundamental ideas in differential equations, and are

one of the most important concepts in mathematics as a whole [46]. Symmetries

give a powerful tool for finding exact solutions to differential equations, reducing

their complexity and understanding their behaviour [4, 5, 15].

Conservation laws and the concept of symmetries are closely related. In physics,

conservation laws explain the fundamental principle that governs the behaviour

of physical systems. According to conservation laws, certain quantities within a

physical system are conserved, which means they can only be changed from one

form to another and cannot be created or be destroyed [30]. Conservation laws
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include quantities such as momentum, angular momentum and energy that remains

the same over time. The conservation of energy, for instance is one of the most

well known conservation laws. According to this law, a closed system’s overall

energy remains constant over time. The conservation of momentum also results from

the spatial translation symmetry of physical laws. According to this law, a closed

system’s overall momentum remains constant over time unless it is affected by the

external force. Different symmetries laid a foundation on to other conservation laws.

For instance, the rotational symmetry of physical laws leads to the conservation of

angular momentum.

Figure 1.1: Sophus Lie

Sophus Lie developed the theory of Lie groups and Lie algebras in the 19th century.

The modern theory of symmetries in differential equations was made possible thanks

to Lie’s work. Finding a unifying framework for the study of differential equations
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and developing a technique to produce solutions to differential equations were the

driving forces behind Lie’s research.

Mathematicians like Elie Cartan, Hermann Weyl and Vladimir Arnold made sig-

nificant advances to the study of symmetries in differential equations in the 20th

century [21, 24, 14]. A wide range of problems have been tackled using the theory

of symmetries, such as the study of integrable systems, the theory of solitons and

the study of fluid dynamics [17, 18, 31].

A transformation that leaves the differential equation invariant is a symmetry of the

differential equation [6]. In geometry, for instance, a sphere retains its appearance

even after being rotated by a specified angle. Hence, the sphere has rotational

symmetry as a result of this feature.

We can easily list more applications of symmetries; namely: the determination of

conservation laws and its admitted solutions [13, 28, 32, 7], linearization techniques

[27], finding integrating factors [29] and canonical coordinates. Therefore, the study

of conservation laws and symmetries are fundamental in comprehending the universe

and its underlying physical laws. It is impossible to exaggerate the significance of

symmetries and conservation laws in the study of differential equations. The theory

of symmetries and conservation laws in differential equations will be examined in

this thesis, for a family of ten PDEs called the Fujimoto-Watanabe equations.

1.1 Outline of Chapters

There are ten polynomial evolutionary equations under the Fujimoto-Watanabe class

of equations. However some of these equations share common symmetry properties.
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Hence, based on this fact, we divide the study into three parts.

In Chapter 3, we consider the special class of three third-order polynomial evolu-

tionary equations. The symmetry and group properties are given and the adjoints

are presented in a table. The optimal system of subalgebras are derived and the

subsequent reduced ODEs. The reduced equations are solved by applying powers

series and a sample convergence test is discussed. Some graphical illustrations of

truncated solutions are found. Conservation laws are determined via multipliers.

Chapter 3 has been accepted for publication [12].

In Chapter 4, we consider the special class of four third-order polynomial Fujimoto-

Watanabe equations. Similar to the previous chapter, the symmetries, invariants,

group properties, adjoints, reduced equations, power series solutions and conserva-

tion laws are all determined.

Chapter 4 has been published [10].

Finally, in Chapter 5, the two fifth-order polynomial evolutionary equations from

Fujimoto-Watanabe are studied in a similar manner.

Chapter 5 has been published [11].

13



Chapter 2

Notation and Theory

In this chapter, we discuss the important theory underpinning this thesis.

2.1 Lie Symmetry Analysis

In general, a symmetry is a transformation, mapping all solutions of a given equation

to another solution of the very same equation. Consider q unknown functions ua

which depend on p independent variables xi, i.e. u = (u1, . . . , uq), x = (x1, . . . , xp),

with indices α = 1, . . . , q and i = 1, . . . , p. Let

Gα(x, u(k)) = 0, (2.1)

be a system of nonlinear differential equations, where u(k) represents the kth deriva-

tive of u with respect to x. A one-parameter Lie group of transformations with ε as

the group parameter, invariant under (2.1), is given by
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x̄ = Ξ(x, u; ε) ū = Φ(x, u; ε). (2.2)

Expanding (2.2) around the identity ε = 0, generates the infinitesimal transforma-

tions:

x̄i = xi + εξi(x, u) +O(ε2), (2.3)

ūα = uα + εηα(x, u) +O(ε2). (2.4)

The action of the Lie group can be recovered from that of its infinitesimal generators

acting on the space of independent and dependent variables. Hence, we consider the

following vector field

X = ξi∂xi + ηα∂uα . (2.5)

The infinitesimal criterion for invariance is given by

X[Gα(x, u(k))] = 0, when Gα(x, u(k)) = 0, (2.6)

where X is extended to all derivatives appearing in the equation through an ap-

propriate prolongation. The operator in Eq. (2.5) defines a Lagrange system or

characteristic equation
dxi

ξi
=
duα

ηα
,

whose solution provides zero-order invariants

W [0](xi, uα). (2.7)
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The calculation of Lie symmetries above has been automated by many software

packages. We omit any detailed calculations of symmetries below, but we refer the

reader to [43] for a simple discussion or [36, 33, 45] for further examples.

2.2 One-Dimensional Optimal System

The optimal system of subalgebras is a special set of algbegras that provides a

systematic procedure for constructing nonequivalent classes of invariant solutions

for equations.

To this end, we recall the Lie brackets or commutators which are given by

[Xi, Xj] = XiXj −XjXi.

The approach for the one-dimensional optimal system is provided in [35]. Its pro-

cedure is where one takes a general element from the Lie algebra and then reduce

it to its simplest like form by applying carefully chosen adjoint transformations

Ad(exp(εXi))Xj = Xj − ε[Xi, Xj] +
1

2
ε2[Xi, [Xi, Xj]]− · · · .

2.3 Conservation Laws

Multipliers [44], Λα, are integrating factors, satisfying the relation

DiT
i = ΛαGα, (2.8)

where Λα is derived by equations satisfying

E(ΛαGα) = 0, (2.9)
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where E is the Euler operator. Now having the multipliers, they give rise to a

conserved vector T = (T 1, ....., T n) that satisfies the conservation relation

DiT
i = 0, (2.10)

along the solutions of a given equation.

2.4 Power Series Solutions

An interesting solving tool is that of power series [2], especially for nonlinear ODEs

that are difficult to solve otherwise. Power series are a useful tool to find approximate

solutions, and the solutions may be made exact by finding a recurrence relation of

the series.

We list the steps in employing this technique below.

• Set up an infinite power series with unknown coefficients, say ar, that are to

be determined, say p(s).

• Substitute the power series representation p(s) into the ODE. A set of equa-

tions involving the coefficient of the power series terms will result from this.

• Compare coefficients of the powers of s to calculate some of the first few

unknown coefficients ar. This will lead to a general formula for higher-order

coefficients ar.

• Examine the behaviour of the coefficients to determine whether the power

series is converging. Most convergence tests involve analyzing the behaviour

of the coefficient as the index of the terms increase. We use a particular
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test, which is algorithmic. The convergence test involves the implicit function

theorem. This requires showing that if a particular majorant series is analytic

and convergent in the neighbourhood of a point, then so too is the constructed

power series.

• A sufficient number of terms must be used to evaluate the power series in order

to obtain the desired accuracy if the series is determined to converge.
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Chapter 3

Fujimoto-Watanabe’s polynomial

wave models: Conserved vectors

and symmetry invariant solutions

3.1 Introduction

Fujimoto-Watanabe, in a remarkable paper, showed that a special class of third-

order polynomial equations exist such that they possess nontrivial Lie-Bäcklund

symmetries [9]. These evolution equations appear in the study of waves and oceans,

as well as several engineering applications. It is known that via differential sub-

stitutions, these equations are connected to the KdV, Sawada-Kotera and Kaup

equations [39]. Due to these properties, these equations have applications in fluid

dynamics, or specifically ion-acoustic waves in plasmas, stratified internal waves and

other nonlinear wave phenomena. Such models, among others, have applications in
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wave propagation studies [23, 19, 3]. This family of equations possess Lie algebras

that are commutative. They are:

ut = u3
xuxxx + αu3

x, (3.1)

ut = u3uxxx +
3

2
u2uxuxx + αu2ux, (3.2)

ut = u3uxxx + αu3ux, (3.3)

where u(x, t) generally represents a displacement from rest (for example, the height

of a fluid above or below rest), and α 6= 0 is an arbitrary constant. In the literature,

the above types of equations and ones related to them, have been analysed from

the point of view of bifurcations, phase portraits, periodic solutions etc. [26, 42,

22, 41]. Symmetry methods and conservation laws are fundamental components of

the analysis of PDEs [29, 33, 18]. The theoretical aspects relating to symmetries

is well known and is best studied from the book [43]. Here, symmetry methods

are combined with power series to arrive at solutions. The PDEs are reduced to

ODEs, but are difficult to solve with common techniques. However, power series are

a brilliant tool to find approximate solutions, and the solutions may be exact if a

recurrence relation can be found.

The plan of the chapter follows. In Section 3.2, we present the symmetry invariant

properties possessed by the three equations, with the commutator, adjoint and group

details. Section 3.3, contains the conservation laws and multipliers calculated for

the equations. In Section 3.4, we present reductions and power series solutions and

a demonstration of the convergence of a solution. The discussion and conclusion

follows in Section 3.5 and 3.6, respectively.
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3.2 Invariant Properties

Suppose we induce a Lie group of infinitesimal (ε� 1) transformations:

x→ x+ εξ(x, t, u), t→ t+ ετ(x, t, u), u→ u+ εφ(x, t, u), (3.4)

with symmetry vector field

X = ξ(x, t, u)∂x + τ(x, t, u)∂t + φ(x, t, u)∂u.

The coefficients ξ, τ and φ satisfy the well known Lie symmetry condition, so that

the Lie point symmetries of Eq. (3.1) and Eq. (3.2) are

X1 = ∂x,

X2 = ∂t,

X3 = x∂x − 5t∂t + 3u∂u. (3.5)

The Lie brackets of (3.5) are given in Table 3.1, and the corresponding one-parameter

groups Km (m = 1, 2, 3) generated by the symmetries Xm, as

K1 : (x, t, u) 7→ (x+ ε, t, u),

K2 : (x, t, u) 7→ (x, t+ ε, u),

K3 : (x, t, u) 7→ (eεx, e5εt, e3εu). (3.6)

Moreover, we require the adjoints to calculate the one-dimensional subalgebras from

Table 3.2. We consider

X = a1X1 + a2X2 + a3X3, (3.7)

where the ai’s are arbitrary constants, and simplify it by adjoint maps. Suppose

first that a3 6= 0, then we can assume that a3 = 1. If we act on X by Ad(exp(a1X1))

we get

X
′
= X3 + a2X2.
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Now acting on X
′

by Ad(exp(−a2/5)X2) results in X3. If a3 = 0, a2 = 1, then we

act on X = a1X1 +X2 by Ad(exp(c1X3) resulting in

X2, X2 ±X1.

Next suppose that a3 = a2 = 0, a1 = 1 which gives X1.

Table 3.1: Lie brackets of (3.5)

[, ] X1 X2 X3

X1 0 0 X1

X2 0 0 −5X2

X3 −X1 5X2 0

Table 3.2: Adjoint Representation of Subalgebras of (3.5)

Ad X1 X2 X3

X1 X1 X2 X3 − εX1

X2 X1 X2 5εX2 +X3

X3 eεX1 e−5εX2 X3

Hence, we obtain in this case, the optimal system of one-dimensional subalgebras

spanned by

X1, X2 + εX1, X3,

22



where ε = 0,±1. On the other hand, the Lie point symmetries of (3.3) are

X1, X2, X̄3 = −3t∂t + u∂u,

X4 = u cos
(√

αx
)
∂u +

sin (
√
αx) ∂x√
α

,

X5 = u sin
(√

αx
)
∂u −

cos (
√
αx) ∂x√
α

. (3.8)

The Lie brackets of (3.8) are given in Table 3.3. The one-parameter groups for this

Table 3.3: Lie brackets of (3.8)

[,] X1 X2 X̄3 X4 X5

X1 0 0 0 −
√
αX5

√
αX4

X2 0 0 −3X2 0 0

X̄3 0 3X2 0 0 0

X4

√
αX5 0 0 0 X1√

α

X5 −
√
αX4 0 0 −X1√

α
0

case are

K̄3 : (x, t, u) 7→ (x, e−3εt, eεu), (3.9)

K4 : (x, t, u) 7→

2 cot−1
(
e−ε cot

(√
αx
2

))
√
α

, t,
eεu
(

cot2
(√

αx
2

)
+ 1
)

e2ε + cot2
(√

αx
2

)
 , (3.10)

K5 : (x, t, u) 7→
(sin−1

(
tanh

(
ε− tanh−1 (sin (

√
αx))

))
−
√
α

, t,
usech

(
ε− tanh−1 (sin (

√
αx))

)√
1− sin2 (

√
αx)

)
. (3.11)

The adjoints are given in Table 3.4, and for this equation, the optimal system of
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Table 3.4: Adjoint Representation of Subalgebras of (3.8)

Ad X1 X2 X̄3 X4 X5

X1 X1 X2 X̄3 X5 sin (
√
αε) X5 cos (

√
αε)

+X4 cos (
√
αε) −X4 sin (

√
αε)

X2 X1 X2 3εX2 + X̄3 X4 X5

X̄3 X1 e−3εX2 X̄3 X4 X5

X4 X5

(
1
2

√
αe−ε −

√
αeε

2

)
X2 X̄3 X4 X1

(
e−ε

2
√
α
− eε

2
√
α

)
+
(
e−ε

2
+ eε

2

)
X1 +

(
e−ε

2
+ eε

2

)
X5

X5 X4

(√
αeε

2
− 1

2

√
αe−ε

)
X2 X̄3 X1

(
eε

2
√
α
− e−ε

2
√
α

)
X5

+
(
e−ε

2
+ eε

2

)
X1 +

(
e−ε

2
+ eε

2

)
X4

one-dimensional subalgebras is found as follows. Here we consider

X = a1X1 + a2X2 + a3X̄3 + a4X4 + a5X5, (3.12)

where the ai’s are arbitrary constants, and we simplify this by the applications of

adjoint maps. Suppose firstly that a3 6= 0, then we can assume that a3 = 1. If

we act on X by adjoint maps of X1, X2, X4 and X5 respectively, with appropriate

values of ai’s, we get

X̄3 + aX1.

If a4 = 1, a3 = 0, then acting on X by adjoint maps of X4, X5 respectively, with

suitable values of ai’s results in

X4, aX4 +X2.

If a5 = 1, a4 = a3 = 0, then further acting on X by an adjoint map of X̄3 with

appropriate values of ai gives rise to

X5 + bX1, X5 + bX1 + δX2.
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Now if a1 = 1, a5 = a4 = a3 = 0 and acting on X by adjoint maps of X3 with

appropriate values of ai gives rise to

X2 + εX1.

If a2 = 1, a1 = a5 = a4 = a3 = 0, we get X2. Therefore, for this equation, the

optimal system of one-dimensional subalgebras is given by (a( 6= 0), b are constants,

δ = ±1 and ε = 0,±1),

X2, X4, X̄3 + aX1, X2 + aX4, X5 + bX1, X5 + bX1 + δX2, X2 + εX1.

3.3 Conservation Laws and Components

In this section, we derive the conservation laws associated with Eqs. (3.1)-(3.3).

Eq. (3.1) admits two conservation laws, corresponding to the multipliers:

Λ1(x, t, u, ux, uxx) = −1

2

−2uxxx+ ux
u3
x

,

with

T 1
t = −1

2

x

ux
,

T 1
x =

1

2

−2αu3
xx− u2

xu
2
xxx+ 3αuu2

x + u3
xuxx − utx

u2
x

, (3.13)

and

Λ2(x, t, u, ux, uxx) =
uxx
u3
x

,
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T 2
t = − 1

2ux
,

T 2
x = −1

2

2αu3
x + u2

xu
2
xx + ut

u2
x

. (3.14)

Eq. (3.2) admits four conservation laws, viz.

Λ3(x, t, u, ux, uxx) =
1

u
3
2

,

admits

T 3
t = − 2√

u
,

T 3
x = −u3/2uxx −

2

3
αu3/2. (3.15)

Λ4(x, t, u, ux, uxx) =
−2

u2
,

admits

T 4
t =

2

u
,

T 4
x = 2uuxx +

1

2
u2
x −+2αu. (3.16)

Λ5(x, t, u, ux, uxx) =
2

3
α + uxx,

admits

T 5
t =

2

3
αu− 1

2
ux

2,

T 5
x = ut ux −

2

3
αu3uxx −

2

9
α2u3 − 1

2
u3uxx

2. (3.17)

Λ6(x, t, u, ux, uxx) =
2α tu2 + 3 tu2uxx + 2x

u2
,
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admits

T 6
t = 1

2
4α tu2−3 tuux2−4x

u
,

T 6
x = −2

3
α2tu3 − 3

2
tu3uxx

2 − 2αux− 2uuxx x− 1
2
xux

2 + 2uux + 3 tut ux − 2α tu3uxx.

(3.18)

Eq. (3.3) admits five conservation laws, viz.

Λ7(x, t, u, ux, uxx) =
1

u2
,

provides the conserved quantities

T 7
t = −1

u
,

T 7
x =

1

2
u2
x +

1

2
αu2 − uuxx. (3.19)

Λ8(x, t, u, ux, uxx) =
1

u3
,

provides the conserved quantities

T 8
t = − 1

2u2
,

T 8
x = −αu− uxx. (3.20)

Λ9(x, t, u, ux, uxx) =
sin(
√
αx)

u3
,

gives

T 9
t = −1

2

sin(
√
αx)

u2
,

T 9
x = cos(

√
αx)ux

√
α− sin(

√
αx)uxx, (3.21)
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Λ10(x, t, u, ux, uxx) =
cos(
√
αx)

u3
,

admits the components

T 10
t = −1

2

cos(
√
αx)

u2
,

T 10
x = − sin(

√
αx)ux

√
α− cos(

√
αx)uxx. (3.22)

Λ11(x, t, u, ux, uxx) =
1

2

αu2 + 2uuxx − ux2

u2
,

admits the components

T 11
t =

1

2

αu2 − ux2

u
,

T 11
x = −1

8

α2u5 + 4αu4uxx − 2αu3ux
2 + 4u3uxx

2 − 4u2ux
2uxx + uux

4 − 8ut ux
u

.

(3.23)

The above conserved quantities may be expressed using the notation in [1], as follows.

Let ε̄ denote the space of solutions of a given model, and consider the spatial domain

Ω(−∞,∞), then the integration of a non-trivial conservation law over Ω produces

a conserved integral

C =

∫
Ω

Tt dx |ε̄,

satisfying
dC

dt
= −Tx|∂Ω

∣∣
ε̄
.

That is, we may denote the conserved integrals as

Ck =

∫ ∞
−∞

T kt dx,
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where k = 1, . . . , 11. We remark that the physical interpretation of these conserva-

tion laws would be more elegant under a Hamiltonian formulation, and while these

equations may not all possess an apparent Hamiltonian function, we shall present

an approach to solve this problem elsewhere in the near future.

3.4 Power Law Solutions

In this section, we draw on the optimal system of one-dimensional subalgebras to

reduce Eqs. (3.1)-(3.3) to ordinary differential equations. Some of the subsequent

ODEs are highly nonlinear and may be solved using the power series method [2, 25].

Reducing Eqs. (3.1)-(3.3) by the generator X1 gives

y′(t) = 0,

where u(x, t) = y(t). Solving gives the obvious solution

y(t) = c0,

where c0 is an arbitrary constant. Hence, each of the three equations possess the

constant solution

u(x, t) = c0.

3.4.1 Series solutions for Eq. (3.1)

Reducing the equation by X2 + εX1 gives

ε4 − 3p(s)2(αε3 + p′′′(s)) = 0, (3.24)
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where s = −x+tε
ε

and u(x, t) = p(s). In search of series solutions, a substitution of

the power series

p(s) =
∞∑
r1=0

ar1s
r1 , (3.25)

is done for the reduced equation. Hence, we find the series (we set ε = 1 for

simplicity)

p(s) = a0 + a1s+ a2s
2 +

s3 (3αa2
0 + 1)

18a2
0

+

s4

(
αa1 −

a1(3αa20+1)
3a20

)
12a0

+

s5

(
αa2

1 −
a21(3αa20+1)

3a20
− 4a1

(
αa1 −

a1(3αa20+1)
3a20

)
+ 2αa0a2 −

2a2(3αa20+1)
3a0

)
60a2

0

+ . . . . (3.26)

Reducing Eq. (3.1) by X3 gives the ODE

9y(z)3
(
α + 525z2y′′(z) + 125z3y′′′(z) + 340zy′(z)

)

+15zy(z)2y′(z)
(
α + 525z2y′′(z) + 125z3y′′′(z) + 330zy′(z)

)

−y′(z) + 54y(z)4 = 0, (3.27)

where z = tx5 and u(x, t) = x3y(z).

A substitution of the power series

y(z) =
∞∑
r1=0

ar1z
r1 , (3.28)
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into (3.27), provides the power series solution

y(z) = a0 + 9z
(
αa3

0 + 6a4
0

)
+ 21z2

(
702a3

0

(
αa3

0 + 6a4
0

)
+ 9αa2

0

(
αa3

0 + 6a4
0

))
+z3

(
110502a3

0

(
702a3

0

(
αa3

0 + 6a4
0

)
+ 9αa2

0

(
αa3

0 + 6a4
0

))
+390258a2

0

(
αa3

0 + 6a4
0

)
2

+399αa2
0

(
702a3

0

(
αa3

0 + 6a4
0

)
+ 9αa2

0

(
αa3

0 + 6a4
0

))
+1539αa0

(
αa3

0 + 6a4
0

)
2

)
+ . . . . (3.29)

3.4.2 Series solutions for Eq. (3.2)

Reducing the equation by X2 + εX1 gives

p′(s)(2ε3 + p(s)2(2αε2 + 3p′′(s))) + 2p(s)3p′′′(s) = 0, (3.30)

where s = −x+tε
ε

and u(x, t) = p(s). Similar to above, the series solution for (4.13)

is

p(s) = a0 + a1s+ a2s
2 +

s3 (−αa1a
2
0 − 3a1a2a

2
0 − a1)

6a3
0

s4

(
−2αa2a

2
0 − 2αa2

1a0 −
9a1(−αa1a20−3a1a2a20−a1)

2a0
− 6a2

2a
2
0 − 6a2

1a2a0 − 2a2

)
24a3

0

+ . . . .

(3.31)

Reducing the equation by X3 gives(
12y(z)4 − 2y′(z) + 3zy(z)2y′(z)

(
2α + 54zy′(z) + 27z2y′′(z)

)
+ y(z)3

(
4α + 246zy′(z) + 270z2y′′(z) + 54z3y′′′(z)

))
= 0, (3.32)
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where z = tx3 and u(x, t) = x2y(z). In this case, we have the series solution

y(z) = a0 + 2z
(
αa3

0 + 3a4
0

)
+

3

2
z2
(
98a3

0

(
αa3

0 + 3a4
0

)
+ 6αa2

0

(
αa3

0 + 3a4
0

))
+2z3

(
135a3

0

(
98a3

0

(
αa3

0 + 3a4
0

)
+ 6αa2

0

(
αa3

0 + 3a4
0

))
+ 324a2

0

(
αa3

0 + 3a4
0

)
2

+3αa2
0

(
98a3

0

(
αa3

0 + 3a4
0

)
+ 6αa2

0

(
αa3

0 + 3a4
0

))
+ 8αa0

(
αa3

0 + 3a4
0

)
2

)
+ . . . .

(3.33)

3.4.3 Series solutions for Eq. (3.3)

A reduction of the equation by the symmetry combination X2 + εX1 gives

ε2
(
ε+ αp(s)3

)
p′(s) + p(s)3p′′′(s) = 0, (3.34)

where s = −x+tε
ε

and u(x, t) = p(s). Thus, the series solution is

p(s) = a0 + a1s+ a2s
2 +

s3 (−αa1a
3
0 − a1)

6a3
0

+

s4

(
−2αa2a

3
0 − 3αa2

1a
2
0 −

3a1(−αa1a30−a1)
a0

− 2a2

)
24a3

0

+ . . . (3.35)

A reduction by X4 yields y′(t) = 0, where

u(x, t) = sin
(√

αx
)
y(t).

Hence a solution is

u(x, t) = sin
(√

αx
)
c1.

A reduction by X̄3 + aX1 yields

−3zy(z)3
((
αa2 + 21

)
y′(z) + 9z

(
4y′′(z) + zy(3)(z)

))
+a3y′(z)−

(
αa2 + 1

)
y(z)4 = 0,

(3.36)
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where u(x, t) = ex/ay (z) and z = te
3x
a , having power series

y(z) = a0 +
a4

0z (αa2 + 1)

a3
+

z2

(
7αa70(αa2+1)

a
+

67a70(αa2+1)
a3

)
2a3

+

z3

3a3

(
15αa10

0 (αa2 + 1)
2

a4
+

195a10
0 (αa2 + 1)

2

a6
+

5αa3
0

(
7αa70(αa2+1)

a
+

67a70(αa2+1)
a3

)
a

+

173a3
0

(
7αa70(αa2+1)

a
+

67a70(αa2+1)
a3

)
a3

)
+ . . . (3.37)

A reduction by X2 + aX4 yields

a2y′(z)
(
a− α3/2y(z)3

)
+ α3/2y(z)3y(3)(z) = 0, (3.38)

where

z =
at− log

(
sin
(√

αx
2

))
+ log

(
cos
(√

αx
2

))
a

and u(x, t) = sin (
√
αx) y(z). The corresponding power series is

y(z) = a0 + a1z + a2z
2 +

z3
(
a2α3/2a3

0a1 − a3a1

)
6α3/2a3

0

+

z4

(
3a2a2

0a
2
1α

3/2 + 2a2a3
0a2α

3/2 − 3a1(a2α3/2a30a1−a3a1)
a0

− 2a3a2

)
24α3/2a3

0

+ . . . .

(3.39)

For this case, X2 produces a reduced equation y(3)(x) + αy′(x) = 0, where u(x, t) =

y(x) and we solve to find

y(x) = −C2 cos (
√
αx)√

α
+
C1 sin (

√
αx)√

α
+ C3,
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with C1, C2, C3 as arbitrary. A reduction by X5 + bX1 gives us

u(x, t) =
(√

αb− cos
(√

αx
))
y(t),

where y′(t) = 0. Hence the invariant solution is

u(x, t) =
(√

αb− cos
(√

αx
))
c0,

where c0 is an arbitrary constant as before. Finally, a reduction by X5 + bX1 + δX2

yields the equation

α3/2δ
(
αb2 − 1

)
y(z)3 + 1

)
y′(z) + α3/2δ3y(z)3y(3)(z) = 0,

where u(x, t) = (
√
αb− cos (

√
αx)) y(z) and

z =

2δ tanh−1

(
(
√
αb+1) tan

(√
αx
2

)
√

1−αb2

)
√

1− αb2
+ t.

A solution to the reduced equation via power series is

y(z) = a0 + a1z + a2z
2 +

z3
(
a3

0a1α
3/2δ − a3

0a1α
5/2b2δ − a1

)
6α3/2a3

0δ
3

+
z4

24α3/2a3
0δ

3

(
3a2

0a
2
1α

3/2δ + 2a3
0a2α

3/2δ − 3a2
0a

2
1α

5/2b2δ

−2a3
0a2α

5/2b2δ − 3a1(a3
0a1α

3/2δ − a3
0a1α

5/2b2δ − a1)

a0

− 2a2

)
+ . . .

(3.40)

3.4.4 Testing for Convergence

Each of the series solutions given above may be expressed as a recurrence relation.

We illustrate this below for Eq. (3.24) with the series (3.25). Eq. (3.24) can be
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expressed as

1 + 3α
∞∑
r1=0

r1∑
r2=0

ar1−r2ar2s
r1

−3
∞∑
r1=0

r1∑
r2=0

r2∑
r3=0

(r1 − r2 + 3) (r1 − r2 + 2) (r1 − r2 + 1) ar1−r2+3ar2−r3ar3s
r1 = 0.

(3.41)

From (3.41) comparing coefficients of the power of s, we find that a0, a1, a2 are

arbitrary,

a3 =
(3αa2

0 + 1)

18a2
0

, (3.42)

and in general for r1 ≥ 1, we have

ar1+3 =

−
r1∑
r2=1

r2∑
r3=0

(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)ar1−r2+3ar2−r3ar3

(r1 + 3)(r1 + 2)(r1 + 1)a2
0

+

α

r1∑
r2=0

ar1−r2ar2

(r1 + 3)(r1 + 2)(r1 + 1)a2
0

.

(3.43)

Therefore, from (3.43), we can obtain the constants in the power series solution.

Next we prove the convergence of the power series solution (3.25). From (3.43) we

obtain

|ar1+3| ≤M

(
r1∑
r2=1

r2∑
r3=0

|ar1−r2+3||ar2−r3||ar3|+
r1∑
r2=0

|ar1−r2||ar2|

)
, (3.44)

where r1 = 1, 2, 3..., and M = max{ 1
a20
, |α|
a20
}. Suppose we have the power series

µ = R(s) = Σ∞r1=0pr1s
r1 where

pk = |ak| k = 0, 1, . . . , 3 (3.45)
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and

pr1+3 = M

(
r1∑
r2=1

r2∑
r3=0

pr1−r2+3pr2−r3pr3 +

r1∑
r2=0

pr1−r2pr2

)
. (3.46)

Hence |ar1| ≤ pr1 , r1 = 0, 1, 2... Next we prove that µ is convergent in a neighbour-

hood of a point, and µ is a majorant series of equation (3.25), hence:

R(s) = p0 + p1s+ p2s
2 + p3s

3 +
∞∑
r1=1

pr1+3s
r1+3

= p0 + p1s+ p2s
2 + p3s

3 +

M

∞∑
r1=1

(
r1∑
r2=1

r2∑
r3=0

pr1−r2+3pr2−r3pr3 +

r1∑
r2=0

pr1−r2pr2

)
sr1+3

= p0 + p1s+ p2s
2 + p3s

3 +

M

(
∞∑
r1=1

r1∑
r2=1

r2∑
r3=0

pr1−r2+3pr2−r3pr3s
r1+3 +

∞∑
r1=1

r1∑
r2=0

pr1−r2pr2s
r1+3

)
= p0 + p1s+ p2s

2 + p3s
3

+M [R3(s) +R2(s3 − p1s− p2s
2) + ν(s)], (3.47)

where ν(s) is a polynomial with respect to s, that is

ν(s) = −2p0p1p2s
3 − 3p2

0p3s
3 − p0p

2
1s

2 − 2p2
0p2s

2 − p2
0s

3 − 2p2
0p1s− p3

0.

Let

F (s, µ) = µ− p0 − p1s− p2s
2 − p3s

3

−M [R3(s) +R2(s3 − p1s− p2s
2) + ν(s)], (3.48)

be the implicit function equation, where we obtain that F (0, p0) = 0 and Fµ(0, r0) =

1 − 3Mp2
0 6= 0. By the implicit function theorem [37], µ = R(s) is analytic and

convergent in a neighbourhood of the point (0, p0) in the plane and with a positive

radius, then the power series solution (3.25) is convergent in the neighbourhood of
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a point (0, p0). Therefore (3.25) can be written as

p(s) = a0 + a1s+ a2s
2 + a3s

3 + Σ∞r1=1ar1+3s
r1+3

= a0 + a1s+ a2s
2 + a3s

3 +

Σ∞r1=1

(− r1∑
r2=1

r2∑
r3=0

(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)ar1−r2+3ar2−r3ar3

(r1 + 3)(r1 + 2)(r1 + 1)a2
0

+

α

r1∑
r2=0

ar1−r2ar2

(r1 + 3)
(r1 + 2)(r1 + 1)a2

0

)
sr1+3. (3.49)

Thus the exact power series solution of equation (3.1) can be written as

u(x, t) = a0 + a1(t− x) + a2(t− x)2 + a3(t− x)3 + Σ∞r1=1ar1+3(t− x)r1+3

= a0 + a1(t− x) + a2(t− x)2 + a3(t− x)4 +

Σ∞r1=1

(− r1∑
r2=1

r2∑
r3=0

(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)ar1−r2+3ar2−r3ar3

(r1 + 3)(r1 + 2)(r1 + 1)a2
0

+

α

r1∑
r2=0

ar1−r2ar2

(r1 + 3)(r1 + 2)(r1 + 1)a2
0

)
(t− x)r1+3, (3.50)

where a0 6= 0, a1, a2, are arbitrary constants, a3 is given in (3.42) and the rest of the

constants may be determined by (3.43). This produces the solution (3.26).

3.5 Graphical Results

In this section, we plot truncated solutions for some of the results found above.

In Figure 3.1, we have graphical solutions for the ODEs from reductions of Eq.
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(3.1) and the resulting graphical solutions for Eq. (3.1) itself. The solution (3.26)

corresponds to a travelling wave reduction and we observe that the solution (3.29)

grows much larger than (3.26). The graphical solutions for Eq. (3.2) are quite

similar to those of Eq. (3.1). In Figures 3.2 and 3.3 , we have graphical solutions

for the ODEs from reductions of Eq. (3.3) and the resulting graphical solutions

for Eq. (3.3) itself. The truncated solution of (3.35) is positive at small values of

the independent variable but becomes negative at higher values while the solution

for (3.37) grows the fastest. We have shown that (3.26) converges but, similarly,

and very tediously, we can test for convergence to all reduced equations in this

chapter. The solutions can then be transformed back into original variables, given

the invertible transformations stated for each reduction.

3.6 Discussion and Conclusion

In this study, we have compiled the reversible transformations that render a class

of polynomial equations invariant. The reduced equations are difficult to solve ex-

actly using most techniques, but with power series, solutions are obtainable. In

fact, we observe that a power series is effective in solving ODEs admitted by the

Lie symmetry reduction approach. The convergence of such series may be tested

algorithmically in a manner shown above. The optimal system of subalgebras and

conserved quantities were also derived to gain further insights into the family of

equations.
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(a) (b)

(c) (d)

Figure 3.1: Graphical illustration of the analytical solutions are depicted, we select

the parameter values α = ak = 1: (a) Plot of Eq. (3.26); (b) 3D plot of Eq. (3.26);

(a) Plot of Eq. (3.29); and (b) 3D plot of Eq. (3.29).
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(a) (b)

(c)

Figure 3.2: Graphical illustration of the analytical solutions, we select the parameter

values α = ak = 1: (a) Plot of Eq. (3.35); (b) 3D plot of Eq. (3.35); (a) Plot of Eq.

(3.37).
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(a)

(b)

(c)

Figure 3.3: Graphical illustration of the analytical solutions, we select the parameter

values α = ak = 1: (b) 3D plot of Eq. (3.37); (b) Plot of Eq. (3.39); and (c) 3D

plot of Eq. (3.39). 41



Chapter 4

Fujimoto-Watanabe’s four

third-order polynomial evolution

equations

4.1 Introduction

Many of the Fujimoto-Watanabe equations [9], possess a recursion operator. The

four equations of interest in this chapter are:

ut = u3
xuxxx + αu4

x, (4.1)

ut = u3uxxx + 3u2uxuxx + α(u3uxx + u2u2
x) +

2

9
α2u3ux, (4.2)

ut = u3uxxx + 3u2uxuxx + 4αu3ux, (4.3)

ut = u3uxxx +
3

2
u2uxuxx + α(u3uxx + u2u2

x) +
2

9
α2u3ux, (4.4)

where α 6= 0 is an arbitrary constant.
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In the literature, some Fujimoto-Watanabe equations have been studied , but not

necessarily the ones listed above. Liu [26] used a complete discrimination system to

obtain the classifications of traveling wave solutions of a Fujimoto-Watanabe equa-

tion. By the method of dynamical systems, the bifurcations and dynamics of travel-

ing wave solutions of a Fujimoto-Watanabe equation were analysed [42, 41], and also

phase portraits and periodic solutions were described. In [8], a Fujimoto-Watanabe

equation (not from above) was studied from the perspective of Lie symmetries.

As previously mentioned, symmetry methods and conservation laws are deeply inter-

twined in the analysis of PDEs [29, 33, 18]. In this paper we explore how symmetry

methods combine with power series to arrive at solutions. The resulting equations

obtained through Lie reductions are difficult to solve, and most other techniques

will not work.

The plan of the chapter follows. In Section 4.2, we present the symmetry details

possessed by the four equations, together with the commutator, adjoint and group

properties. Section 4.3, contains the reductions and power series solutions, while

the next section demonstrates the convergence of a solution. The conserved vector

components are given in Section 4.5, and a conclusion follows in Section 4.6.

4.2 Symmetries and Groups

First of all, let us consider a one-parameter Lie group of infinitesimal transforma-

tions:

x→ x+ εξ(x, t, u), (4.5)

t→ t+ ετ(x, t, u), (4.6)

u→ u+ εφ(x, t, u), (4.7)
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with the infinitesimal ε � 1. The vector field associated with the above transfor-

mations can be written as

X = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ φ(x, t, u)

∂

∂u
. (4.8)

The symmetry group of the equation will be generated by the vector field of the

above form. Applying the prolongation to the given equations, we find the coeffi-

cient functions ξ(x, t, u), τ(x, t, u) and φ(x, t, u) that must satisfy the Lie symmetry

condition.

The Lie point symmetries of Eqs (4.1)-(4.4) are

X1 =
∂

∂x
,

X2 =
∂

∂t
,

X3 = −3t
∂

∂t
+ u

∂

∂u
, (4.9)

with Lie brackets [Xi, Xj] = XiXj − XjXi, given in Table 4.1. Thus, we have the

Table 4.1: Lie brackets of (4.9)

[Xi, Xj] X1 X2 X3

X1 0 0 0

X2 0 0 −3X2

X3 0 3X2 0

corresponding one-parameter groups Gi (i = 1, 2, 3) generated by the symmetries

Xi of the four equations, as

G1 : (x, t, u) 7→ (x+ ε, t, u), (4.10)

G2 : (x, t, u) 7→ (x, t+ ε, u), (4.11)
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G3 : (x, t, u) 7→ (x, e−3εt, eεu). (4.12)

We can see that G1 is a space translation, G2 is a time translation, and G3 is a

scaling transformation.

The adjoints corresponding to (4.9) are given in Table 4.2, where we require the ad-

Table 4.2: Adjoint Representation of Subalgebras (4.9)

Ad X1 X2 X3

X1 X1 X2 X3

X2 X1 X2 3εX2 +X3

X3 X1 e−3εX2 X3

joints to calculate the one-dimensional subalgebras. Thus, for the class of equations

(4.1)-(4.4), we obtain the optimal system of one-dimensional subalgebras

X1, X3 + aX1, X2 + εX1,

where a is a constant and ε = 0,±1.

4.3 Solutions via Power Series

In this section, we draw on the optimal system of one-dimensional subalgebras to

reduce Eqs. (4.1)-(4.4) to ODEs. Some of the subsequent ODEs are highly nonlinear

and may be solved using the power series method.

Reducing Eqs. (4.1)-(4.4) by the generator X1 gives

y′(t) = 0, (4.13)
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where u(x, t) = y(t). Solving (4.13) gives

y(t) = c1, (4.14)

where c1 is an arbitrary constant. Hence, each of the four equations possess the

constant solution u(x, t) = c1.

4.3.1 The Case of Eq. (4.1)

Reducing equation (4.1) by X2 + εX1 gives the travelling wave reduction

−3p(s)2p′′′(s) + 4αε3p(s)3 + ε4 = 0, (4.15)

where u(x, t) = p(s) and s = tε−x
ε

.

A reduction of (4.1) by X3 + aX1 gives(
(3 + 4a3α)y(z)4 − a4y′(z) + 81z2y(z)2y(1)(z)(7y′(z) + 3z(4y′′(z) + zy′′′(z))

)
+

3zy(z)3

(
(66 + 4a3α)y′(z) + 27z(4y′′(z) + zy′′′(z))

)
= 0,

(4.16)

where u(x, t) = e
x
a y(z) and z = e

3x
a t.

Let us consider the reduced equation (4.15) with ε = 1. A substitution of the power

series

p(s) =
∞∑
r1=0

ar1s
r1 , (4.17)

with ar1 as unknown constants to be determined, into (4.15) provides
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1 + 4α

(
a3

0 + 3sa2
0a1 + 3s2(a0a

2
1 + a2

0a2) +
∞∑
r1=3

r1∑
r2=0

r2∑
r3=0

ar1−r2ar2−r3a

r3

)

−3
∞∑
r1=3

r1∑
r2=0

r2∑
r3=0

(r1 − r2 + 3) (r1 − r2 + 2) (r1 − r2 + 1) ar1−r2+3ar2−r3ar3 = 0.

(4.18)

From (4.18) comparing coefficients of the power of s, we find that a0, a1, a2 are

arbitrary,

a3 =
4αa3

0 + 1

18a2
0

, a4 =
αa0a1 −

a1(4αa30+1)
6a20

6a0

, (4.19)

and

a5 =

2αa2a
2
0 + 2αa2

1a0 − 4a1

(
αa0a1 −

a1(4αa30+1)
6a20

)
− a2(4αa30+1)

3a0
− a21(4αa30+1)

6a20

30a2
0

.

(4.20)

In general for r1 ≥ 3, we have

ar1+3 =

−3

r1∑
r2=1

r2∑
r3=0

(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)ar1−r2+3ar2−r3ar3

3(r1 + 3)(r1 + 2)(r1 + 1)a2
0

+

4α

r1∑
r2=0

r2∑
r3=0

ar1−r2ar2−r3ar3

3(r1 + 3)(r1 + 2)(r1 + 1)a2
0

. (4.21)

Therefore from (4.19) - (4.21), for arbitrary constants a0 6= 0, a1, a2 we obtain the
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power series solution for equation (4.15), viz.

p(s) = a0 + a1s+ a2s
2 +

s3 (4αa3
0 + 1)

18a2
0

+

s4

(
αa0a1 −

a1(4αa30+1)
6a20

)
6a0

+
s5

30a2
0

(
2αa2a

2
0 + 2αa2

1a0 − 4a1

(
αa0a1 −

a1 (4αa3
0 + 1)

6a2
0

)
− a2 (4αa3

0 + 1)

3a0

−a
2
1 (4αa3

0 + 1)

6a2
0

)
+ . . . (4.22)

An inversion of the transformation gives the solution to the PDE (4.1), namely

u(x, t) = a0 + a1(t− x) + a2(t− x)2 +
(t− x)3 (4αa3

0 + 1)

18a2
0

+

(t− x)4

(
αa0a1 −

a1(4αa30+1)
6a20

)
6a0

+
(t− x)5

30a2
0

(
2αa2a

2
0 + 2αa2

1a0

−4a1

(
αa0a1 −

a1 (4αa3
0 + 1)

6a2
0

)
− a2 (4αa3

0 + 1)

3a0

−a
2
1 (4αa3

0 + 1)

6a2
0

)
+ . . . (4.23)

Similarly, and very tediously, we can construct power series solutions to all reduced

equations. We omit the details for all other cases. The proof of convergence of the

solution is discussed later.

A solution to (4.16) is found from substituting

y(z) =
∞∑
r1=0

ar1z
r1 ,
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into (4.16) and similar to the above discussion, we get

y(z) = a0 + a1z + 7z2
(
2αa1a

3
0 + 15a1a

3
0

)
+

1

3
z3
(

280αa3
0

(
2αa1a

3
0 + 15a1a

3
0

)
+ 7392a3

0

(
2αa1a

3
0 + 15a1a

3
0

)
+60αa2

1a
2
0 + 1179a2

1a
2
0

)1

2
z4
(26

3
αa3

0

(
280αa3

0

(
2αa1a

3
0 + 15a1a

3
0

)
+7392a3

0

(
2αa1a

3
0 + 15a1a

3
0

)
+ 60αa2

1a
2
0 + 1179a2

1a
2
0

)
+506a3

0

(
280αa3

0

(
2αa1a

3
0 + 15a1a

3
0

)
+7392a3

0

(
2αa1a

3
0 + 15a1a

3
0

)
+ 60αa2

1a
2
0 + 1179a2

1a
2
0

)
+546αa1a

2
0

(
2αa1a

3
0 + 15a1a

3
0

)
+27909a1a

2
0

(
2αa1a

3
0 + 15a1a

3
0

)
+ 26αa3

1a0 + 870a3
1a0

)
+ . . . (4.24)

4.3.2 The Case of Eq. (4.2)

In the same vein, reducing equation (4.2) by X2 + εX1 gives

p′(s)(9ε3 + 2α(9 +α)ε2p(s)3 + 27p(s)2p′′(s)) + 9p(s)3(−αεp′′(s) +p′′′(s)) = 0, (4.25)

while X3 + aX1 leads to

−e
4x
a

(
(36 + 9aα + 2a2α(9 + α)

)
y(z)4 − a3y′(z)

+243z2y(z)2y′(z)(5y′(z) + 3zy′′(z))

+3zy(z)3

(
(351 + 45aα + 2a2α(9 + α)y′(z)

+27z((15 + aα)y′′(z) + 3zy′′′(z))

)
= 0.

(4.26)
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For this case, we find the solutions

p(s) = a0 + a1s+ a2s
2

+
s3 (−2α2a1a

3
0 − 18αa1a

3
0 + 18αa2a

3
0 − 54a1a2a

2
0 − 9a1)

54a3
0

− s4

108a3
0

(
2α2a2a

3
0 + 3α2a2

1a
2
0 −

1

2
α
(
− 2α2a1a

3
0 − 18αa1a

3
0

+18αa2a
3
0 − 54a1a2a

2
0 − 9a1

)
+

3a1 (−2α2a1a
3
0 − 18αa1a

3
0 + 18αa2a

3
0 − 54a1a2a

2
0 − 9a1)

a0

+18αa2a
3
0 + 27αa2

1a
2
0 − 27αa1a2a

2
0 + 54a2

2a
2
0 + 54a2

1a2a0 + 9a2

)
+ . . . , (4.27)

and

y(z) = a0 +
1

9

(
2α2 + 27α + 36

)
a4

0z +

1

18
z2
(14

9
α2
(
2α2 + 27α + 36

)
a7

0 + 33α
(
2α2 + 27α + 36

)
a7

0 +

133
(

2α2 + 27α + 36
)
a7

0

)
+

1

27
z3

(
10

27
α2
(
2α2 + 27α + 36

)2
a10

0 +

170

3

(
2α2 + 27α + 36

)2
a10

0 + 9α
(
2α2 + 27α + 36

)2
a10

0 +

10

9
α2a3

0

(14

9
α2
(
2α2 + 27α + 36

)
a7

0 + 33α
(
2α2 + 27α + 36

)
a7

0 +

133
(
2α2 + 27α + 36

)
a7

0

)
+ 36αa3

0

(14

9
α2
(
2α2 + 27α + 36

)
a7

0 +

33α
(
2α2 + 27α + 36

)
a7

0 + 133
(
2α2 + 27α + 36

)
a7

0

)
+260a3

0

(14

9
α2
(
2α2 + 27α + 36

)
a7

0 + 33α
(
2α2 + 27α + 36

)
a7

0 +

133
(
2α2 + 27α + 36

)
a7

0

))
+ . . . , (4.28)

respectively.
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4.3.3 The Case of Eq. (4.3)

Reducing the equation by X2 + εX1 yields

p′(s)

(
ε3 + 4αε2p(s)3 + 3p(s)2p′′(s)

)
+ p(s)3p′′′(s) = 0, (4.29)

and X3 + aX1 gives

(−4− 4a2α)y(z)4 + a3y′(z)− 27z2y(z)2y′(z)(5y′(z) + 3zy′′(z)

−3zy(z)3((39 + 4a2α)y′(z) + 9z(5y′′(z) + zy′′′(z)) = 0. (4.30)

In this case, we obtain

p(s) = a0 + a1s+ a2s
2

+
s3 (−4αa1a

3
0 − 6a1a2a

2
0 − a1)

6a3
0

s4

12a3
0

(
− 4αa2a

3
0 − 6αa2

1a
2
0 −

3a1 (−4αa1a
3
0 − 6a1a2a

2
0 − a1)

a0

−6a2
2a

2
0 − 6a2

1a2a0 − a2

)
+ . . . , (4.31)
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and

y(z) =
1

2
z2
(
16α(α + 1)a7

0 + 532(α + 1)a7
0

)
+ 4(α + 1)a4

0z + a0

−2

3
z3

(
96α(α + 1)2a10

0 − 4080(α + 1)2a10
0 +

+2αa3
0

(
16α(α + 1)a7

0 + 532(α + 1)a7
0

)
−130a3

0

(
16α(α + 1)a7

0 + 532(α + 1)a7
0

))
+

+
1

4
z4

(
− 1280α(α + 1)3a13

0 + 40768(α + 1)3a13
0

−120α(α + 1)a6
0

(
16α(α + 1)a7

0

+532(α + 1)a7
0

)
+ 5226(α + 1)a6

0

(
16α(α + 1)a7

0 + 532(α + 1)a7
0

)
−2678

3
a3

0

(
96α(α + 1)2a10

0 − 4080(α + 1)2a10
0 + 2αa3

0

(
16α(α + 1)a7

0 +

532(α + 1)a7
0

)
− 130a3

0

(
16α(α + 1)a7

0 + 532(α + 1)a7
0

))
+

40

3
αa3

0

(
96α(α + 1)2a10

0 − 4080(α + 1)2a10
0 + 2αa3

0

(
16α(α + 1)a7

0

+532(α + 1)a7
0

)
+−130a3

0

(
16α(α + 1)a7

0 + 532(α + 1)a7
0

)))
+ . . . (4.32)

for the above ODEs.

4.3.4 The Case of Eq. (4.4)

Similarly, for Eq. (4.4), X2 + εX1, the travelling wave reduction produces

18ε3 − 4α(9 + α)ε2p(s)3 − 27p(s)2p′′(s)) + 18p(s)3(αεp′′(s) + p′′′(s) = 0, (4.33)
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and X3 + aX1 gives(
(45 + 18aα + 4a2α(9 + α)

)
y(z)4 − 18a3y′(z)

+243z2y(z)2y′(z)(5y′(z) + 3zy′′(z))

+3zy(z)3

(
540 + 90aα + 4a2α(9 + α)

)
y′(z)

+27z

(
(27 + 2aα)y′′(z) + 6zy′′′(z))

)
= 0, (4.34)

with corresponding solutions

p(s) = a0 + a1s+ a2s
2

+
s3 (−2α2a1a

3
0 − 18αa1a

3
0 + 18αa2a

3
0 − 27a1a2a

2
0 − 9a1)

54a3
0

− s4

216a3
0

(
4α2a2a

3
0 + 6α2a2

1a
2
0 − α

(
− 2α2a1a

3
0 − 18αa1a

3
0 + 18αa2a

3
0 − 9a1

−27a1a2a
2
0

)
+

9a1 (−2α2a1a
3
0 − 18αa1a

3
0 + 18αa2a

3
0 − 27a1a2a

2
0 − 9a1)

2a0

+36αa2a
3
0 + 54αa2

1a
2
0 − 54αa1a2a

2
0 + 54a2

2a
2
0 + 54a2

1a2a0 + 18a2

)
+ . . . , (4.35)
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and finally,

y(z) = a0 +
1

18

(
4α2 + 54α + 45

)
a4

0z +
1

18
z2
(7

9
α2
(
4α2 + 54α + 45

)
a7

0

+
33

2
α
(
4α2 + 54α + 45

)
a7

0 + 50
(
4α2 + 54α + 45

)
a7

0

)
+

1

54
z3

(
5

27
α2
(
4α2 + 54α + 45

)2
a10

0 +
235

12

(
4α2 + 54α + 45

)2
a10

0

+
9

2
α
(
4α2 + 54α + 45

)2
a10

0 +
20

9
α2a3

0

(
7

9
α2
(
4α2 + 54α + 45

)
a7

0

+
33

2
α
(
4α2 + 54α + 45

)
a7

0 + 50
(
4α2 + 54α + 45

)
a7

0

)
+72αa3

0

(7

9
α2
(
4α2 + 54α + 45

)
a7

0 +
33

2
α
(
4α2 + 54α + 45

)
a7

0

+50
(
4α2 + 54α + 45

)
a7

0

)
+ 433a3

0

(7

9
α2
(
4α2 + 54α

+45
)
a7

0 +
33

2
α
(
4α2 + 54α + 45

)
a7

0 + 50
(
4α2 + 54α + 45

)
a7

0

))
+ . . . . (4.36)

4.4 Convergence - Exact Power Series

Next we prove the convergence of the power series solution (4.17). The rest of the

series solutions above may be tested for convergence in the same manner. Consider,

the case of Eq. (4.1), the first reduction. From (4.21) we obtain

|ar1+3| ≤M

(
r1∑
r2=1

r2∑
r3=0

|ar1−r2+3||ar2−r3||ar3|+
r1∑
r2=0

r2∑
r3=0

|ar1−r2||ar2−r3||ar3 |

)
,

(4.37)

where r1 = 3, 4, 5..., and M = max{ 1
a20
, 4|α|

3a20
}.
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Suppose we have the power series µ = R(s) = Σ∞r1=0pr1s
r1 where

pk = |ak|, k = 0, 1, . . . , 5 (4.38)

and

pr1+3 = M

(
r1∑
r2=1

r2∑
r3=0

pr1−r2+3pr2−r3pr3 +

r1∑
r2=0

r2∑
r3=0

pr1−r2pr2−r3pr3

)
, (4.39)

for r1 = 3, 4, 5.... Hence

|ar1 | ≤ pr1 , r1 = 0, 1, 2... (4.40)

Next we prove that µ is convergent in a neighborhood of a point. In fact, µ is a

majorant series of equation (4.17) and it can be written as follows:

R(s) = p0 + p1s+ p2s
2 + p3s

3 + p4s
4 + p5s

5 +
∞∑
r1=3

pr1+3s
r1+3

= p0 + p1s+ p2s
2 + p3s

3 + p4s
4 + p5s

5 +

M
∞∑
r1=3

(
r1∑
r2=1

r2∑
r3=0

pr1−r2+3pr2−r3pr3 +

r1∑
r2=0

r2∑
r3=0

pr1−r2pr2−r3pr3

)
sr1+3

= p0 + p1s+ p2s
2 + p3s

3 + p4s
4 + p5s

5 +

M

(
∞∑
r1=3

r1∑
r2=1

r2∑
r3=0

pr1−r2+3pr2−r3pr3s
r1+3 +

∞∑
r1=3

r1∑
r2=0

r2∑
r3=0

pr1−r2pr2−r3pr3s
r1+3

)
= p0 + p1s+ p2s

2 + p3s
3 + p4s

4 + p5s
5

+M [R3(s)(s3 + 1)− p2
0R−R2(p1s+ p1s

2) + ν(s)], (4.41)

where ν(s) is a polynomial with respect to s, that is

ν(s) = −3p0p
2
1s

5 − 3p2
0p2s

5 − p2
1p3s

5 − 4p0p2p3s
5 − 4p0p1p4s

5 − 2p2
0p5s

5 − p0p
2
2s

4 −
3p2

0p1s
4− 4p0p1p3s

4− 2p2
0p4s

4− 2p0p1p2s
3− 2p2

0p3s
3− p0p

2
1s

2− p2
0p2s

2− p3
0s

3− p2
0p1s

Let the implicit function equation be:

F (s, µ) = µ− p0 − p1s− p2s
2 − p3s

3 − p4s
4 − p5s

5

−M [R3(s)(s3 + 1)− p2
0R(s)−R2(s)(p1s+ p1s

2) + ν(s)], (4.42)
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where we obtain that F (0, p0) = 0 and Fµ(0, r0) = 1 − 2Mp2
0 6= 0. By virtue

of the implicit function theorem [37], µ = R(s) is analytic and convergent in a

neighbourhood of the point (0, p0) in the plane and with a positive radius. Then the

power series solution (4.17) is convergent in the neighbourhood of a point (0, p0).

Therefore (4.17) can be written as

p(s) = a0 + a1s+ a2s
2 + a3s

3 + a4s
4 + a5s

5 + Σ∞r1=3ar1+3s
r1+3

= a0 + a1s+ a2s
2 + a3s

4 + a4s
4 + a5s

5 +

Σ∞r1=3

(−3

r1∑
r2=1

r2∑
r3=0

(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)ar1−r2+3ar2−r3ar3

3(r1 + 3)(r1 + 2)(r1 + 1)a2
0

+

4α

r1∑
r2=0

r2∑
r3=0

ar1−r2ar2−r3ar3

3(r1 + 3)(r1 + 2)(r1 + 1)a2
0

)
sr1+3. (4.43)

Thus the exact power series solution of equation (4.1) can be written as

u(x, t) = a0 + a1(t− x) + a2(t− x)2 + a3(t− x)3 + a4(t− x)4 + a5(t− x)5

+Σ∞r1=3ar1+3(t− x)r1+3

= a0 + a1(t− x) + a2(t− x)2 + a3(t− x)4 + a4(t− x)4 + a5(t− x)5 +

Σ∞r1=3

(−3

r1∑
r2=1

r2∑
r3=0

(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)ar1−r2+3ar2−r3ar3

3(r1 + 3)(r1 + 2)(r1 + 1)a2
0

+

4α

r1∑
r2=0

r2∑
r3=0

ar1−r2ar2−r3ar3

3(r1 + 3)(r1 + 2)(r1 + 1)a2
0

)
(t− x)r1+3 (4.44)

where a0 6= 0, a1, a2, are arbitrary constants, a3, a4, a5 are given in (4.19)-(4.20) and

the rest of the constants are to be determined by (4.21).
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4.5 Conservation Laws

In this section, we derive the conservation laws associated with Eqs. (4.1)-(4.4). In

the Tables 4.3 and 4.4, we list the conservation laws for each of our four cases.

4.6 Discussion and Conclusion

A special class of third-order evolutionary equations were investigated. Several dis-

tinct ODEs were obtained by reduction with the optimal system. In particular, these

equations are highly nonlinear with solutions best found by power series. Through

the results obtained, it can be found that the power series method is effective in solv-

ing ODEs admitted by the Lie group reduction method. A standard technique for

testing the convergence of such solutions is demonstrated. Finally, the conservation

laws are found for the class of equations.
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Table 4.3: Conserved Components Eq. (4.1)- (4.2)

Eq. # Multiplier Density & Flux

Eq.(4.1) Λ1(x, t, u, ux, uxx) = uxx
u3x

T 1
t = −1

2ux

T 1
x = −1

2
αu4x+u2x+u2xx+ut

u2x

Λ2(x, t, u, ux, uxx) = T 2
t = − sin(

√
αx)+cos(

√
αx)

ux

−
√
α cos(2

√
αx)ux+sin(2

√
αx)uxx

u3x
T 2
x = 1

u2x

(
sin(
√
αx) cos(

√
αx)αu4

x

+2 cos(
√
αx)2
√
αu3

xuxx

−uxx sin(
√
αx)u2

x −
√
αu3

xuxx

− sin(
√
αx) cos(

√
αx)ut

)
Λ3(x, t, u, ux, uxx) = T 3

t = −1
2

2 cos(
√
αx)2−1
ux

√
α sin(2

√
αx)+cos(2

√
αx)uxx

u3x
T 3
x = −1

2
1
u2x

(
4 sin(

√
αx) cos(

√
αx)
√
αu3

xuxx

−2 cos(
√
αx)2αu4

x − u2
xxu

2
x + 2 cos(

√
αx)2ut

−ut + 2uxx cos(
√
αx)2u2

x + αu4
x

)
Eq.(4.2) Λ1(x, t, u) = e

2
3
αx T 1

t = e
2
3
αxu

T 1
x = −1

3
e

2
3
αxu3(αux + 3uxx)

Λ2(x, t, u) = 1
u2

T 2
t = − 1

u

T 2
x = −1

9
α2u2 − uuxx − u2

x − αuux
Λ3(x, t, u) = e

1
3αx

u2
T 3
t = − e

1
3αx

u

T 2
x = −2αu2 − uuxx − u2

x

T 3
x = −1

3
e

1
3
αx

(
2αuux + 3uuxx + 3u2

x

)
Λ4(x, t, u) = e

2
3αx

u2
T 4
t = − e

2
3αx

u

T 4
x = −1

3
e

2
3
αx(αuux + 3uuxx + 3u2

x)
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Table 4.4: Conserved Components Eq. (4.3)- (4.4)

Eq. # Multiplier Density & Flux

Eq.(4.3) Λ1(x, t, u) = 1 T 1
t = u

T 1
x = −αu4 − u3uxx

Λ2(x, t, u) = 1
u2

T 2
t = − 1

u

T 2
x = −2αu2 − uuxx − u2

x

Λ3(x, t, u) = sin(2
√
αx)

u2
T 3
t = − 1

u

(
2(2u2

x

√
αt cos(

√
αx)2u−

√
α cos(2

√
αx)tuu2

x

−u2
x

√
αtu+ cos(

√
αx) sin(

√
αx))

)
T 2
x = −2αu2 − uuxx − u2

x

T 3
x = −2 sin

(
2
√
αx)u2

x + 4
√
αuux cos(

√
αx)2

−2uuxx cos(
√
αx) sin(

√
αx)− 2

√
αuux cos(

√
αx

)2

Λ4(x, t, u) = cos(2
√
αx)

u2
T 4
t = − 1

u

(
− 4u2

x

√
αt cos(

√
αx)u+ 2 sin(2

√
αx)
√
αtuu2

x

−1 + 2 cos(
√
αx)2

)
T 4
x = − cos(2

√
αx)u2

x + uuxx − 2uuxx cos(
√
αx)2

−4
√
αuux cos(

√
αx) sin(

√
αx)

Eq.(4.4) Λ1(x, t, u) = 1
u2

T 1
t = − 1

u

T 1
x = −1

9
α2u2 − 1

4
u2
x − uxαu− uuxx

Λ2(x, t, u) = e
1
3αx

u3/2
T 2
t = −2e

1
3αx√
u

T 2
x = −1

3
u

3
2 e

1
3
αx(2αux + 3uxx)
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Chapter 5

On the optimal system and series

solutions of fifth-order

Fujimoto-Watanabe equations

5.1 Introduction

Fujimoto-Watanabe [9], explored two fifth-order equations

A : ut = u5uxxxxx + 5u4(uxuxxxx + 2uxxuxxx), (5.1)

B : ut = u5uxxxxx + 5u4(uxuxxxx +
1

2
uxxuxxx) +

15

4
u3u2

xuxxx. (5.2)

The full classification of fifth-order evolution equations [9] is too long and tedious,

that it was not found, unlike the case of third-order evolution equations. As a special

consideration, (5.1) and (5.2) may be mapped onto the Sawada-Kotera [40] and

Kaup [20] equations via a Schwarzian derivative [38], and via the inverse scattering
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transform technique at zero spectral parameter [39]. Due to these properties, the

above equations have applications in fluid dynamics, ion-acoustic waves in plasmas

and nonlinear shallow water wave phenomena, to name a few. These equations are

also important to study from other perspectives, as interesting notions may apply,

such as the inverse scattering technique.

As an instrument in the study of all possible types of differential equations, trans-

formations are the heart and soul of analytical solution techniques. Furthermore,

transformative methods may sometimes be used in conjunction with numerical ap-

proaches. Explicitly, transformations simplify the equation, either by creating an

easier form of the equation, or through combining variables, and thereby decreasing

the number of variables. The only challenge, of course, is the calculation of such

transformations. However, these days, symmetry methods are the most reliable

method to generate transformations of most differential equations.

In terms of PDEs, the invariance under a one-parameter Lie group of transformations

enacts a reduction of the number of independent variables, while with ODEs, the

order may be reduced. The infinitesimal generator of the transformation is applied

so that solutions arise constructively.

In this chapter, we explore Lie symmetry reductions of this family of equations,

which are naturally of high order, and therefore must be solved using special tech-

niques. As we have seen, such a technique that works well, is the power series

approach.

The organisation of the chapter is provided next. In the next section, we display the

symmetry invariant properties admitted by the first equation, with its commutator,

adjoint and group specifications. Section 5.3 has the associated symmetry details

for the second equation. In Section 5.4, we have a demonstration of the convergence
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of solutions for our fifth-order reduced equations. The conclusion is given in Section

5.5.

5.2 Case A

Let us invoke a Lie group of (one-parameter) infinitesimal (ε � 1) mappings, for

x, t, u to

x+ ε ξ̂,

t+ ε τ̂ ,

and

u→ u+ ε φ̂,

respectively and with φ̂, ξ̂, and τ̂ as functions of (x, t, u). Now, a symmetry vector

field is

X = φ̂∂u + ξ̂∂x + τ̂ ∂t,

where the unknown coefficient functions in (x, t, u) are given by the standard Lie

symmetry determining condition. Omitting the detailed calculations, the Lie point

symmetries of (5.1) are four, viz.

X1 = ∂x,

X2 = ∂t,

X3 = u∂u + x∂x,

X4 = 5t∂t + x∂x,

X5 = 2ux∂u + x2∂x. (5.3)

The Lie brackets of (5.3) are given in Table 5.1 where [Xj, Xk] is the commutator
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given by

[Xj, Xk] = XjXk −XkXj.

The one-parameter groups Mj (j = 1, . . . , 4) of the symmetries Xj, are

Table 5.1: Lie brackets of (5.3)

[,] X1 X2 X3 X4 X5

X1 0 0 X1 X1 2X3

X2 0 0 0 5X2 0

X3 −X1 0 0 0 X5

X4 −X1 −5X2 0 0 X5

X5 −2X3 0 −X5 −X5 0

M1 : (x, t, u) 7→ (x+ ε, t, u), (5.4)

M2 : (x, t, u) 7→ (x, t+ ε, u), (5.5)

M3 : (x, t, u) 7→ (eεx, t, eεu), (5.6)

M4 : (x, t, u) 7→ (eεx, e5εt, u), (5.7)

M5 : (x, t, u) 7→
(

x

−1 + xε
, t,

u

(−1 + xε)2

)
. (5.8)

The adjoints are given in Table 5.2 and we define the optimal system of one-

dimensional subalgebras for Cases A.

Here we consider

X = a1X1 + a2X2 + a3X3 + a4X4 + a5X5, (5.9)

where the ais are arbitrary constants, and simplify this by the applications of adjoint

maps.
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Table 5.2: Adjoint Representation of Subalgebras of (5.3)

Ad X1 X2 X3 X4 X5

X1 X1 X2 X3 − εX1 X4 − εX1 ε2X1 − 2εX3 +X5

X2 X1 X2 X3 X4 − 5εX2 X5

X3 eεX1 X2 X3 X4 e−εX5

X4 eεX1 e5εX2 X3 X4 e−εX5

X5 ε2X5 + 2εX3 +X1 X2 εX5 +X3 εX5 +X4 X5

Suppose firstly that a3 6= 0, then we can assume that a3 = 1. If we act on X by

Ad(exp(1/(2a5))X1) we get

X
′
= a1

1X1 + a2X2 + a4X4 + a5X5,

a5 6= 0, and the scalar a1
1 depends on a1, a4, a5. Now acting onX

′
by Ad(exp(a2/(5a4))X2)

results in X
′′

= a1
1X1 + a4X4 + a5X5, a4 6= 0. Next Ad(exp(c3X3)) on X

′′
yields

X4, aX4 ±X1, aX4 ±X5, aX4 ±X5 ±X1. (5.10)

If a5 = 0, then X = a1X1 +a2X2 +X3 +a4X4. We act on X by Ad(exp(a2/(5a4))X2)

and obtain

X
′
= a1X1 +X3 + a4X4,

a4 6= 0. Further acting on X
′

by Ad(exp(c2X3) gives

X3 + aX4, X3 + aX4 ±X1. (5.11)

If a4 = 0, then we act on X = a1X1 + a2X2 + X3 by Ad(exp(a1X1)) and obtain

X
′
= X3 + a2X2, and further acting on X

′
by Ad(exp(c2X4)) gives rise to

X3, X3 ±X2. (5.12)
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If a5 6= 0, a4 = 0, then X
′

= a1
1X1 + a2X2 + a5X5. Acting on X

′
by Ad(exp(c2X3))

one obtains

bX2 ±X5, bX2 ±X5 ±X1. (5.13)

If a3 = 0, a4 = 1, then we act on X = a1X1+a2X2+X4+a5X5 by Ad(exp((a2/5)X2))

and get X
′
= a1X1 +X4 + a5X5. Further acting on X

′
by Ad(exp(c3X3)) gives

X4, X4 ±X1, X4 ±X5, X4 ±X5 ±X1. (5.14)

Assume now a4 = a3 = 0, a5 = 1, then we act on X = a1X1 + a2X2 + X5 by

Ad(exp(c1X3)) which yields X5, X5±X1, X5±X2, X5±X1±X2. Now assume that

a5 = a4 = a3 = 0, a1 = 1, we act on X = X1 + a2X2 by Ad(exp(c1X3)) which gives

rise to X1, X1 ±X2. Next suppose that a1 = a5 = a4 = a3 = 0, a2 = 1 that yields

X2. Now the above discussion gives rise to the optimal system of one-dimensional

subalgebras for this case,

aX4 + δX5 + εX1, X2, aX4 +X3 + εX1, bX2 + δX5 + εX1,

X3 + εX2, X4 + εX1, X1 + εX2,

where a(6= 0), b are constants, δ = ±1 and ε = 0,±1.

5.2.1 Symmetry Invariant Reductions

In this subsection, we apply a Lie reduction technique, whereby zero-order invariants

transform the order of the given PDE. This procedure results in reduced equations

that are difficult to solve by most analytical techniques. We instead apply series to

determine explicit solutions for (5.1).

A reduction of the equation by the symmetry vectors X1 +X2 (ε = 1) produces the
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ODE

y′(z)
(

+ 5y(z)4y′′′′(z)
)

+y(z)4
(

5y′′(z)y′′′(z) + y(z)y(5)(z)
)

= 0, (5.15)

where z = −x+ t and u(x, t) = y(z). Next, the power series

y(z) =
∞∑
r1=0

ar1z
r1 , (5.16)

is entered into (5.15). We see that a0, a1, a2, a3, a4 are arbitrary constants and that

a solution reads as

y(z) = a0 + a1z + a2z
2 + a3z

3 + a4z
4

+
(−60a2a3a

4
0 − 120a1a4a

4
0 − a1) z5

120a5
0

z6

360a5
0

(
− 90a2

3a
4
0 − 240a2a4a

4
0 − 120a1a2a3a

3
0 − 240a2

1a4a
3
0 − a2 −

5a1 (−60a2a3a
4
0 − 120a1a4a

4
0 − a1)

a0

)
+ . . . . (5.17)

Hence a solution for (5.1) may be obtained by reversing the transformation, namely,

u(x, t) = a0 + a1 (−x+ t) + a2 (−x+ t)2 + a3 (−x+ t)3 +

+a4 (−x+ t)4 +
(−60a2a3a

4
0 − 120a1a4a

4
0 − a1) (−x+ t)5

120a5
0

(−x+ t)6

360a5
0

(
− 90a2

3a
4
0 − 240a2a4a

4
0 − 120a1a2a3a

3
0 − 240a2

1a4a
3
0 − a2 −

5a1 (−60a2a3a
4
0 − 120a1a4a

4
0 − a1)

a0

)
+ . . . (5.18)

The question arises of whether such a series solution converges or not. We answer

this question in Section 5.4.
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Suppose we consider the next reduction from the list of optimal one-dimensional

subalgebras, that is, aX4 + δX5 + εX1. This symmetry produces the invariant

z = t exp

(
−

10a tan−1

(
a√

4δε−a2
+ 2δx√

4δε−a2

)
√

4δε−a2

)
, where

u(x, t) =
(
ax+ δx2 + ε

)
exp

−2a tan−1
(

a+2δx√
4δε−a2

)
√

4δε− a2

 y (z) . (5.19)

In this instance, (5.1) reduces to the high-order nonlinear ODE

16aδε
(
3a2 + 4δε

)
y(z)6 + y′(z) + 125a3δ2y(z)4

(
84
(
10a2 + δε

)
y′(z)2

50a2δ2y′′(z)
(

18y′′(z) + 5zy′′′(z)
)

+ 5y′(z)

(
12
(
48a2 + 8ε

)
y′′(z) + 5a2δ

+5a2z
(

48y′′′(z) + 5zy′′′(z)
)))

+ 5azy(z)5

(
4
(

756a4 + 327a2δε+ 16δ2ε2
)
y′(z)

25a2δ

(
84
(
10a2 + 8ε

)
y′′(z) + 5z

(
4
(
48a2 + 8ε

)
y′′′(z)

5a2z
(
12y′′′′(z) + zy(z)(z)

))))
= 0.

(5.20)

By the same procedure, that is the power series (5.16), we find the series solution
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(ε = 1)

y(z) = a0 − 16a
(
3a2 + 4

)
a6

0z − 2
(
3a2 + 4

) (
− 60480a6a11

0 − 27312a4a11
0

−2816a2a11
0

)
z2 − 8

3

(
5779200a7

(
3a2 + 4

)2
a16

0 + 1405440a5 ×(
3a2 + 4

)2
a16

0 + 81920a3
(
3a2 + 4

)2
a16

0 − 60060a5
(
3a2 + 4

)
×(

− 60480a6a11
0 − 27312a4a11

0 − 2816a2a11
0

)
a5

0 − 8592a3 ×(
3a2 + 4

) (
−60480a6a11

0 − 27312a4a11
0 − 2816a2a11

0

)
a5

0

−256a
(
3a2 + 4

) (
−60480a6a11

0 − 27312a4a11
0 − 2816a2a11

0

)
×

a5
0

)
z3 + . . . (5.21)

which may be transformed into a solution in u(x, t), using (5.19), for equation (5.1).

Similarly, a reduction of equation (5.1) by the symmetry vector X2 gives

y(z)y(5)(z) + 5y(4)(z)y′(z) + 5y(3)(z)y′′(z) = 0,

where u = y(z), z = x, and the series solution is

y(z) = a0 + a1z + a2z
2 + a3z

3 + a4z
4 +

+
(−a2a3 − 2a1a4) z5

2a0

+

(
−3a2

3 − 8a2a4 − 6a1(−a2a3−2a1a4)
a0

)
z6

12a0(
−

7
(
−3a23−8a2a4− 6a1(−a2a3−2a1a4)

a0

)
a1

4a0
− 12a3a4 − 8a2(−a2a3−2a1a4)

a0

)
z7

21a0

+ . . .

(5.22)

Repeating this idea, with the symmetry X4 + εX1, we have the transformation
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z = t
(x+ε)5

where u = y(z). Hence the reduced equation is (ε = 1)

y′(z)
(
625z3y(z)4

(
576y′′(z) + 5z

(
48y(3)(z) + 5zy(4)(z)

))
+ 15120zy(z)5 + 1

)
+105000z2y(z)4y′(z)2 + 625z2y(z)4

(
10z2y′′(z)

(
18y′′(z) + 5zy(3)(z)

)
+y(z)

(
5z3y(5)(z) + 60z2y(4)(z) + 168y′′(z) + 192zy(3)(z)

) )
= 0,

(5.23)

with series solution

y(z) = a0 + a1z − 7560a1a
5
0z

2 − 280
(
215a4

0a
2
1 − 2162160a10

0 a1

)
z3

−120
(
− 38064600a2

1a
9
0 − 813960

(
215a4

0a
2
1 − 2162160a10

0 a1

)
a5

0

+1190a3
1a

3
0

)
z4 + . . . (5.24)

Next, the symmetry combination X3 + εX2 results in the invariant z = t− ε log(x),

u(x, t) = xy(z), so that the reduced equation is

y′(z)

(
1 + 4εy(z)5 + 5y(z)4

(
− 3εy′′(z) + ε5y′′′′(z)

))

+ε3y(z)4

(
10ε2y′′(z)y′′′(z) + y(z)

(
− 5y′′′(z) + ε2y(5)(z)

))
= 0. (5.25)

Here, we find the solution (ε = 1)

y(z) = a0 + a1z + a2z
2 + a3z

3 + a4z
4 +

(−4a1a
5
0 + 30a3a

5
0 + 30a1a2a

4
0 − 120a2a3a

4
0 − 120a1a4a

4
0 − a1) z5

120a5
0

+ . . .

(5.26)

In the penultimate reduction, we use the vector bX2 + δX5 + εX1, so that z =
√
δt
√
ε−b tan−1

(√
δx√
ε

)
√
δ
√
ε

, and u(x, t) = (δx2 + ε) y (z). Eq. (5.1) becomes(
y′(z)

(
1 + 64bδ2ε2y(z)5 + 5y(z)4

(
12b3δεy′′(z) + b5y′′′(z)

))
+b3y(z)4

(
10b2y′′(z)y′′′(z) + y(z)

(
20δεy′′′(z) + b2y(5)(z)

)))
= 0, (5.27)
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with solution (ε = 1)

y(z) = a0 + a1z + a2z
2 + a3z

3 + a4z
4 +

z5 (−120a4
0a1a2b

3δ − 120a5
0a3b

3δ − 120a4
0a2a3b

5 − 120a4
0a1a4b

5 − 64a5
0a1bδ

2 − a1)

120a5
0b

5

+ . . . (5.28)

Finally, the symmetry aX4 + X3 + εX1, with z = t(ax + x + ε)−
5a
a+1 , and u(x, t) =

(ax+ x+ ε)
1
a+1y (z), produces the reduction

4a
(
1 + 4a+ a2 − 6a3

)
y(z)6 + y′(z) + 125a3z2y(z)4 ×(

21
(
− 1− 21 + 40a2

)
y′(z)2 + 50a2z2y′′(z)

(
18y′′(z) + 5zy′′′(z)

)
+5zy′(z)

((
− 3− 6a+ 576a2

)
y′′(z) + 5a2z

(
48y′′′(z) + 5zy′′′′(z)

)))

5azy(z)5

((
4 + 16a− 311a2 − 654a3 + 3024a4

)
y′(z)

25a2z
(

21
(
− 1− 2a+ 40a2

)
y′′′(z) + 5z

((
− 1− 2a+ 192a2

)
y′′′(z)

+5a2z
(
12y′′′′(z) + zy(5)

))))
= 0, (5.29)
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with solution

y(z) = a0 + a1z +

1

2

(
−15120a5a1a

5
0 + 3414a4a1a

5
0 + 1531a3a1a

5
0 − 176a2a1a

5
0 − 44aa1a

5
0

)
z2

−4

3

(
45150a4

0a
2
1a

5 + 30030a5
0

(
− 15120a5a1a

5
0 + 3414a4a1a

5
0 + 1531a3a1a

5
0

−176a2a1a
5
0 − 44aa1a

5
0

)
a5 − 5490a4

0a
2
1a

4 − 2148a5
0 ×(

−15120a5a1a
5
0 + 3414a4a1a

5
0 + 1531a3a1a

5
0 − 176a2a1a

5
0 − 44aa1a

5
0

)
a4

−2585a4
0a

2
1a

3 − 1042a5
0

(
− 15120a5a1a

5
0 + 3414a4a1a

5
0 + 1531a3a1a

5
0

−176a2a1a
5
0 − 44aa1a

5
0

)
a3 + 160a4

0a
2
1a

2 + 32a5
0

(
− 15120a5a1a

5
0

+3414a4a1a
5
0 + 1531a3a1a

5
0 − 176a2a1a

5
0 − 44aa1a

5
0

)
a2 +

8a5
0

(
−15120a5a1a

5
0 + 3414a4a1a

5
0 + 1531a3a1a

5
0 − 176a2a1a

5
0 − 44aa1a

5
0

)
a

+40a4
0a

2
1a

)
z3 + . . . (5.30)

5.3 Case B

We now turn to Case B with a similar analysis. The Lie point symmetries of Eq.

(5.2) are

X1 = ∂x,

X2 = ∂t,

X3 = 5t∂t − u∂u, (5.31)

and the Lie commutator brackets of (5.31) are displayed in Table 5.3.

Thus, we have the relevant Mj of this case are

M1 : (x, t, u) 7→ (x+ ε, t, u), (5.32)
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Table 5.3: Lie brackets of (5.31)

[, ] X1 X2 X3

X1 0 0 0

X2 0 0 5X2

X3 0 −5X2 0

M2 : (x, t, u) 7→ (x, t+ ε, u), (5.33)

M3 : (x, t, u) 7→ (x, e5εt, eεu). (5.34)

The adjoints are given in Table 5.4. We consider

X = a1X1 + a2X2 + a3X3, (5.35)

where the ais are arbitrary constants, and as before simplify it by adjoint maps.

Suppose first that a3 6= 0, then we can assume that a3 = 1. If we act on X by

Ad(exp(a2/5)X2) we get

X3 + aX1. (5.36)

If a3 = 0, a2 = 1, then we act on X = a1X1 + X2 by Ad(exp(c1X3) results in

X2, X2 ± X1. Next suppose that a3 = a2 = 0, a1 = 1 gives X1. Now the above

procedure gives for this case, the one dimensional subalgebras

X1, X3 + aX1, X2 + εX1,

where a is a constant and ε = 0,±1.

5.3.1 Symmetry Invariant Reductions

A reduction by X1 gives

y′(t) = 0, (5.37)
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Table 5.4: Adjoint Representation of Subalgebras of (5.31)

Ad X1 X2 X3

X1 X1 X2 X3

X2 X1 X2 X3 − 5εX2

X3 X1 e5εX2 X3

with u(x, t) = y(t). If one solves this, we get

y(t) = c1, (5.38)

which is a trivial constant solution.

Reducing the equation (5.2) by X2 + εX1 gives

y′(z)
(

2ε5 − 15εy(z)3y′′′(z) + 10y(z)4y′′′′(z)
)

+ y(z)4(
5y′′(z)y′′′(z) + 2y(z)y′′′′′(z)

)
= 0, (5.39)

where z = −x+tε
ε

and u(x, t) = y(z). The power series solution we find is (ε = 1)

y(z) = a0 + a1z + a2z
2 + a3z

3

(−30a2a3a
4
0 + 45a1a3a

3
0 − a1) z4

120a4
0a1

+ . . . (5.40)
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Reducing the equation by X3 + aX1 gives the ordinary differential equation

17y(z)6 + 2a5y′(z)− 375z2y(z)3y′(z)
(
43y′(z) + 5z(18y′′(z) + 5zy′′′(z))

)
+25zy(z)4

(
4095zy′(z)2 + 5z

(
− 3ae

x
a + 25z2y′′(z)

)(
18y′′(z) + 5zy′′′(z)

)
+y′(z)

(
− 132a+ 16275z2y′′(z) + 9375z3y′′′(z) + 1250z4y′′′(z)

))

+5y(z)5

(
− 3a+ 5960zy′(z) + 41625z2y′′(z) + 47875z3y′′′(z)

+15000z4y′′′′(z) + 1250z5y′′′′′(z)

)
= 0,

(5.41)

where z = e
5x
a t and u = e

x
a y(z). Hence a solution is

y(z) = a0 +
1

2

(
15a5

0 − 17a6
0

)
z

+
1

4

(
3375

2
a4

0

(
15a5

0 − 17a6
0

)
− 14951a5

0

(
15a5

0 − 17a6
0

))
z2

1

6

(
− 118988

(
3375

2
a4

0

(
15a5

0 − 17a6
0

)
− 14951a5

0

(
15a5

0 − 17a6
0

))
a5

0 +

20175

4

(
3375

2
a4

0

(
15a5

0 − 17a6
0

)
− 14951a5

0

(
15a5

0 − 17a6
0

))
a4

0

−125815

2

(
15a5

0 − 17a6
0

)
2a4

0 +
29475

4

(
15a5

0 − 17a6
0

)
2a3

0

)
z3 + . . . (5.42)

5.4 Convergence of Series

In this section, we demonstrate the convergence properties [2] associated with the

above solution types. Suppose we observe Eq. (5.15) that is substituted with (5.16),

viz.
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∞∑
r1=0

(
(r1 + 1)ar1+1 +

r1∑
r2=0

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

( r5∑
r6=0

ar6ar5−r6ar4−r5ar3−r4ar2−r3

×ar1−r2+5(r1 − r2 + 4)(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)
)

+

5ar5ar4−r5ar3−r4ar2−r3(r2 + 2)(r2 + 1)ar2+2

×(r1 − 2r2 + 3)(r1 − 2r2 + 2)(r1 − 2r2 + 1)ar1−2r2+3

+5ar5ar4−r5ar3−r4ar2−r3ar2+1ar1−2r2+4

×(r1 − 2r2 + 4)(r1 − 2r2 + 3)(r1 − 2r2 + 2)(r1 − 2r2 + 1)

)
zr1 = 0.

(5.43)

Therefore, by extensive manipulation, the coefficients are generated by

ar1+5 = − (r1 + 1)ar1+1

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

−
r1∑
r2=0

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

(
5ar5ar4−r5ar3−r4ar2−r3(r2 + 2)(r2 + 1)ar2+2

×(r1 − 2r2 + 3)(r1 − 2r2 + 2)(r1 − 2r2 + 1)ar1−2r2+3

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

+5ar5ar4−r5ar3−r4ar2−r3ar2+1ar1−2r2+4

×(r1 − 2r2 + 4)(r1 − 2r2 + 3)(r1 − 2r2 + 2)(r1 − 2r2 + 1)

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

)

−
r1∑
r2=1

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

r5∑
r6=0

ar6ar5−r6ar4−r5ar3−r4ar2−r3

×ar1−r2+5(r1 − r2 + 4)(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

.

(5.44)
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for r1 ≥ 0, such that (5.17) reads as

y(z) = a0 + a1z + a2z
2 + a3z

3 + a4z
4 +

∞∑
r1=0

ar1+5z
r1+5. (5.45)

Next, from Eq. (5.44) we obtain

|ar1+5| ≤ M

(
|ar1+1|

+

r1∑
r2=0

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

(
|ar5||ar4−r5||ar3−r4||ar2−r3 ||ar2+2||ar1−2r2+3|

+|ar5||ar4−r5 ||ar3−r4||ar2−r3||ar2+1||ar1−2r2+4|
)

+

r1∑
r2=1

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

r5∑
r6=0

|ar6||ar5−r6||ar4−r5||ar3−r4||ar2−r3||ar1−r2+5|

)
,

(5.46)

where r1 = 0, 1, 2..., and M = 1
a50
.

Consider the series µ̂ = R(z) =
∞∑
r1=0

pr1z
r1 where

pk = |ak|, k = 0, . . . , 4 (5.47)

and

pr1+5 = M

(
pr1+1

+

r1∑
r2=0

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

(
pr5pr4−r5pr3−r4pr2−r3pr2+2pr1−2r2+3

+pr5pr4−r5pr3−r4pr2−r3pr2+1pr1−2r2+4

)
+

r1∑
r2=1

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

r5∑
r6=0

pr6pr5−r6pr4−r5pr3−r4pr2−r3pr1−r2+5

)
.

(5.48)
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Hence

|ar1| ≤ pr1 , r1 = 0, 1, 2... (5.49)

We are now required to show that µ̂ converges. The series µ̂ is a majorant series of

equation (5.45) so that:

R(z) = p0 + p1z + p2z
2 + p3z

3 + p4z
4 +

∞∑
r1=0

pr1+5z
r1+5

= p0 + p1z + p2z
2 + p3z

3 + p4z
4

+M [R5 +Rγ(z) + ν(z)], (5.50)

where ν(z) = θ(z) − p5
0, with θ(z) and γ(z) are polynomial expressions such that

every term contains a power of at least one in z. Then let

H(z, µ̂) = µ̂− p0 − p1z − p2z
2

−M [R5 +Rγ(z) + ν(z)], (5.51)

be an implicit function such that H(0, p0) = 0 and Hµ̂(0, p0) = −5Mp4
0 + 1 6= 0.

We now invoke the implicit function theorem [37], seeing that µ̂ is convergent and

analytic in the neighbourhood of (0, p0) in the plane, and with a positive radius. We

conclude that (5.45) is convergent in the same neighbourhood.
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Hence, solution (5.45) is expressed as

y(z) = a0 + a1z + a2z
2 + a3z

3 + a4z
4 +

∞∑
r1=0

(
− (r1 + 1)ar1+1

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

−
r1∑
r2=0

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

(
5ar5ar4−r5ar3−r4ar2−r3(r2 + 2)(r2 + 1)ar2+2

×(r1 − 2r2 + 3)(r1 − 2r2 + 2)(r1 − 2r2 + 1)ar1−2r2+3

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

+5ar5ar4−r5ar3−r4ar2−r3ar2+1ar1−2r2+4

×(r1 − 2r2 + 4)(r1 − 2r2 + 3)(r1 − 2r2 + 2)(r1 − 2r2 + 1)

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

)

−
r1∑
r2=1

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

r5∑
r6=0

ar6ar5−r6ar4−r5ar3−r4ar2−r3

×ar1−r2+5(r1 − r2 + 4)(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

)
zr1+5

(5.52)
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Consequently, the exact series of (5.1) is constructed as follows

u(x, t) = a0 + a1 (−x+ t) + a2 (−x+ t)2

+a3 (−x+ t)3 + a4 (−x+ t)4 +
∞∑
r1=0

(
− (r1 + 1)ar1+1

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

−
r1∑
r2=0

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

(
5ar5ar4−r5ar3−r4ar2−r3(r2 + 2)(r2 + 1)ar2+2

×(r1 − 2r2 + 3)(r1 − 2r2 + 2)(r1 − 2r2 + 1)ar1−2r2+3

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

+5ar5ar4−r5ar3−r4ar2−r3ar2+1ar1−2r2+4

×(r1 − 2r2 + 4)(r1 − 2r2 + 3)(r1 − 2r2 + 2)(r1 − 2r2 + 1)

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

)

−
r1∑
r2=1

r2∑
r3=0

r3∑
r4=0

r4∑
r5=0

r5∑
r6=0

ar6ar5−r6ar4−r5ar3−r4ar2−r3

×ar1−r2+5(r1 − r2 + 4)(r1 − r2 + 3)(r1 − r2 + 2)(r1 − r2 + 1)

a5
0(r1 + 5)(r1 + 4)(r1 + 3)(r1 + 2)(r1 + 1)

)
×

(−x+ t)r1+5 ,

(5.53)

where a0 6= 0, a1, a2, a3, a4 are arbitrary constants. Eq. (5.44) may then be applied

to obtain the rest of the constants. This systematic approach generates the solution

(5.17).

Analogously, albeit tediously, it is easy to test for convergence of the power series

solutions that correspond to the reduced equations derived above. Furthermore,

these series solutions are also easily transformed into the original variables of the

given equations. Due to the voluminous convergence procedure above, we omit the

detailed testing for the other cases. In Figures 5.1-5.2 we display plots of selected
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solutions.

The reductions involving (5.17) and (5.40) include a travelling wave variable, based

on the invariant obtained from the particular combination of symmetries X1 and

X2, but these plots are of the truncated series solutions, and hence are, at best,

approximate in nature.

We observe that Case A’s truncated solutions grows faster and larger than Case B’s

truncated solution. It is difficult to make any further physical interpretations for

the truncated solutions.

5.5 Discussion and Conclusion

This is the first time that a symmetry analysis of the fifth-order Fujimoto-Watanabe

equation have been performed. Nonlinear equations are always a challenging topic

of interest. Secondly, the power series approach has not been applied to these

highly nonlinear models before, hence such solutions have been reported here only.

There are many studies of the third-order models but not the fifth-order ones above.

Therefore this study offers new knowledge of the invariant properties of the fifth-

order models.
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(a)

(b)

Figure 5.1: Graphical description of the analytical solutions with parameter values

α = ak = 1: (a) Plot of Eq. (5.17); (b) 3D plot of Eq. (5.17)
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(a)

(b)

Figure 5.2: Graphical description of the analytical solutions with parameter values

α = ak = 1: (a) Plot of Eq. (5.40); and (b) 3D plot of Eq. (5.40).
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Conclusion

Nonlinear PDEs have remained a topic of great interest, but the difficulty in their

solution process often hinders the analysis of such equations. In this regard, vast

work has been done on the basis of various structures known as point symmetries.

In particular, we have studied the Fujimoto-Watanabe equations, the third-order

polynomial equations and two fifth-order equations that are known to admit gen-

eralized symmetries. The Lie point symmetries and their commutator tables plus

adjoints were calculated for the set of ten equations.

We also derived the conservation laws for each equation via the multiplier method

given that these equations may not admit a Lagrangian. Equations that possess a

Lagrangian will admit conservation laws via Noether’s theorem.

The optimal one dimensional system of subalgebras was obtained for each group

of Lie symmetries, and therefore invariants were determined to reduce the nonlin-

ear PDEs to ODEs. However, the reduction process yielded extremely nonlinear

equations as well, and the problem of finding solutions became more complicated.

In such a situation, power series act as an active medium. The obtained series

solutions have been verified by Mathematica and truncated solutions were plotted

in some cases.
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Exploring solutions via power series is a simple technique but is hugely time con-

suming. Nonetheless, we have successfully demonstrated that symmetries combined

with power series are a significant duo in unraveling solutions to difficult equations,

especially those that are highly nonlinear, and an added bonus is that there exist

ways to address the associated convergence test of the resulting solutions.

In future research, we plan to explore the solutions provided by the above conser-

vation laws by applying double reductions. Secondly, we plan to create interactive

software worksheets that aid the derivation of power series solutions and their con-

vergence testing procedure. While the procedure can be very tedious, software

automation will enhance the efficiency of the test and promote further analysis of

high-order nonlinear equations.
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