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Abstract

Thig regearch outlines & methodology for constructing chemical system models using
unit operations as the building blocks. Order reduction of the nonlin -ar models pro-
duced is also addressed. A nonlinear analysis methodology based on bifurcation the-
ory is presented. Bifurcation theory is introduced from an engineering perspective.
Finally a nonlinear design technique is ilustrated using o CSTR model. Throughout
the dissertation, a simple example s used to ilustrate the various metrodologies.
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Chapter 1

Introduction

Process modelling and analysis involves the construction of & model {or the process
in question and the analysis of that model to ensure :

1. The model dynamic behaviour in the operating region of interest corresponds
to the process heing modetled.

2. The dynamic bebaviour of the model in (1) is properly understood,

‘This means that while a mode! should as accurately as possible reproduce known
behaviours of the plant in the operating region of interest, it should also be possible
{o use it as a tool for predicting behaviour. These behaviours should be verified
using simulation and experimentation,

The regearch has the following aims:

¢ To present a methodical appronch to process modelling {ur control (process
systems are often complex). Control is often seen as an after thought which is
done at the end of a project. The ueed to produce process control models as
part of the design process is emphasized in this dissertation.

» To lmplement some of the nonlinear bifurcation technigues which have been
developed over the last thirty years {227 [24], The usefulness of bifurcation
theory, to predict unexpected and counter intuitive behaviour of the plant is
investigated.

Nonlinear mocdelling of chemical processes can be divided into two types, modelling
for design and modelling for control [15]. Almost all ¢l mical models are nonlinear,
{5} and {12} are excellent examples of nonlinear modelling of chemical processes for

1



design. Especialy [12], whose Cirewlation Loop Rewetor only works herause of its
exploitation of a nonlinear phenomenon. [9}, {11} and [23] discuss noalinear modelling
and analysis for control. An interesting result prosented in {11} is that a CSTR with
a controller containing a time delay could be made chaotic.

A key method in engineering for nonkinear analysis ks bifurcation analysis [24]. This
involves the linearization and parameterization of nonlicear models {2} All the equi-
librium poiuts of the chemical system in question must be found usiug continuation
methods {22], The nenlinear model is linearized around alt of the possible equilib-
riur points and this information is used to detect changes in stability [18]. This
information ig then used tu dotermive when to nse more computationally intensive
forms of nonlinear analysis {16} [23).

The approach adopted in this dissertation as detailed in Chapter 2, is to introduce
two methodologies, The first is o nonlinear modelling methodology which addresses
the problem of complexity. The second is o nonlinear anatysis methodology which
implements the theory of hiturcations to some extent. Using these two methods it
is Lelieved that many of the problems associated with nonlinear chemical process
muodelling and contrel can be solved. In the current literature there seems to be
ne uniform methodolegy for process modelling and control design. [12] presents a
modelling methodology, but it is primarily a chemical design approach and requires

their software,

A simple mixing system was used to illustrate how the methodologies should be
implemented. It was shown that the model for the mixing system as a whole re-
quired 17 states to desoribe its dynamics. This model was found to be cnmbersome,
The modol was reduced using decoupling and time scoling and it wos shown that
the model which deseribed the essential dynnmics of the system was second order,
The reduced model was then analysed and the system was shewn to exhibit limit
cyele behaviour for certain vulues of the chemical process parameters. It was shown
that the analysis methodology significontly redueces the time required to analyse the
system when compared with simulation,

The research aims were addressed as follows :

Chapters 2-5 present the modelling methodology, Chapters 6-7 present the nondin-
car analysis methodology. As a result of the application of the methodolopgies to
the system example, the intial stages of & nonlinear model design technique were
developed. The technique is presented in chapter 8.



Chapter 2

Overview

2.1 Current Approach to Process Modelling and Con-
trol

Industrial chemical process control is a field which i3 recelving increasing atten-
tion. The approaches currently used in this field are essentially no different from
those used in the most fundamental classical control. The standard controller which
iz implemented in chemical processes 1s the PID (proportional-integral-differential)
controtler {15). This is a simple linear controller which dates hack to the earliest
heginnings of process control,

The use of control theory in the chemical process area does uot appear to be ag
advanced as in other areas, This is due to the fact that chemical systems are spid to
he more difficult to model than in other fields. The result of this ressoning is that
when control systems are designed for chemical systems more controllers may be
used than is actually necessary. Even the simplest chemical processes can contain
ten or nore controllers (wsually PID). The justification of which is usually given as
safety considerations, While the maxim, “rather safe than sorry” is a good one it
is tremendously expensive as every control loop implies not only that you have a
controller but expensive sensors and actuators, all of which have to be maintained
throughout the life of the plant.

The designers of chemical process control systems often do not have accurate modals
of the process, so using expecimental data, simple, trusted controllers are fmple-
mented. While this method of contral iz acceptable when you have no other way of
approaching the problem, it can be highly inefficient as it results in very conserva-
tive designs (large safety margios have to be implemented). This approach has beer



perpetuated with the use of fuzzy contrellers. The iden is that with listle knowledsze
of the plant one ean achieve good controflers, this is a fallacy. The knowledge of
the plapt is sitaply presented in another way, namely rules. Not only are there too
many control loops, they also result in systems which tend to be ineflicient. With
increaging global competition and interuational trade agresments, companies are

countinually demanding boetter efficiency from their processes.,

The sourte of the probleam with chemical process contral is the lack of reliable dy-
npmie process madels [20]. The models that result from chemical processes are also
often of high order even for relatively simple systems, There are several steps which
need to be achieved in any field where control systems are going to be iimplemented.
"The first is to model the physical reality using a mintmuam of simplifying asswnp-
tions and any form of mathematical modelling which is appropriete. The next step
it to convert those models into ordinary differential equations which are compatible

with proecess coniro] techniques.

The key to iwsproving the current situation is to develop a method of modelling
chemical processes which iz wimple and relizble. The development of models for in-
dividual unit operations is an important aspect of any attempt at chenical process
modelling and is indeed a fundamental step. This has however already been ad-
dressed in the chemical engineering literature [19}, at lenst for simple systems. The
focus of this dissertation will be to develop o methodology for combining sets of shin-
ple chomiead proeess nnits to form en overall model for a process. It will also focus
on the nonlinear analysis of suech systems with o view to reduecing an 1 simplifying
sneh models. The end result will be a useful wmodel {or control design.

2.2 Nonlinear Process Modelling and Control

Nonlinear process modelling and couirol has heen an Jatellectual backwator in en-
pineering for many years, With the popularization of chaos and frnctals, renewed
inderest in the field has begun to ponerate interesting research, The potential for
aclvances in the wiy control is approached becsuse of these changes shonld not be
wyerlooked.  While linear wethadologios have in somne arcag stagnated, nonlinear
process modelling and eontrol still has to be *discovered”, The ioeus of this section

is nonlinear ehemical process madelling and coutrol.

Lincar dynamic meadels are the most common form of dyuamie chemieal maodel
avatlable. Most statie models of chemienl systons are highly nonlinear [20] as this



i reguired for efficient design of the operating points. Dynamnde models are usially
linear beeause it 38 much easier to model a process at a set point for small perénr-
bations than to model it for its entire range of operation. Consider a systemn made
up of subinodels. Linear models can be derived by formulating a coanplote nonlinear
dynamic wodel of the system and ther linearizing the system, about various oper-
ating points as is done in this dissertation [19], Often however, it Is easier to use
snveral sets of linearized models which are constructed to work around the eperating
point to produce a dynamic madel for the system, Tlis results in the situation that
the model is only valid for a particular eperating region. This means that the model
vannot be trusted for large variations of the states arovnd the operating point (the
neighbourhood of valid operation can also uot be determined). It means that if the
states are varied too wmuch the control system behaviour is unpredictable,

When there i a lack of information about a particular chemical system the standard
control modelling approach is to obtain step responses (or transfer funetions using
any available information) for the system around a particutar operating point. Tt
must be kept in wmind that the iinportant information for control engineers is the
dynamic response of the plant. Using the step response information for seversl
operating conditions a suitable linear model with respect to the application wonld
he chosen and control desipn would proceed., In wnost situations this gives rise
to acceptable controllers and the chemical process unit in question operates as s
expoected. Evory so often, bowever, a chemical process will be diflicult to control
nnd give a nonlinear behaviour wlirh makes a, linear conéroller effective only within
a sinall operating region, Due to the nature of chemical systems, which are often
long straight line processes, this single nonlinear process can cause the entire process
to fisdl,

Tt logical way of approaching this problem is to begie to wse ponlinear models
which relate to a pretieular process and tevise ouline and of-line tests which enable
the control enginver to determine the nonlinesr structure of the dynumies of the
system, This woald mean that stop response {and other) information wontd still
De nsed, but iterpreted in terms of o vonlinear model which is approprinte for o
particudar proess {dstillation column, CSTR. ete). Work has been done in the area
of noulinear parat - - -rtimation [L0] ushiyg bifurcation theory, et this relates to
ehiemical proce  de<igp modelling and net control wodelling. It wust always be
kept in mind that while design modols are useful as sourees of information for the

control eugineer, they are not useful for designing the actual contrel systen.

Nunlinear control modelling for chemieal processes appears to be o negloetod Held,



Control modelling is discussed in [15] but from a linear perspective. Nonlinear maod-
els which are useful for control were developed in [19], The nature of a nonlinear
control model is different to a design model. A control model tends to focus on re-
taining physically meaningful states (that is states that can be meagured). In design
equations however the models are usually converted into a form which allows the
system to be scaled up ecasily. This involves the use of special design nondimensional
terms or “numbers” {Biot number, Dumkdhler number, ete), These are often used
as the bifurcation parameters (see chapter 6 and {14]).

Work has actively been done in dynamic nonlinear design modelling in chemical
engineering ave. the last decade. Somne excellent work has heen done in the area of
nonlinear behaviour and bifurcations. In [14] an overview of the behaviours exhib-
ited by a CSTR with a simple chemical reaction is given, This paper shows that it
is possible to get limit cycle behaviour for certain parameter values. The analysis is
however done in terms of nondimensional design parameters as opposed to measur-
able variables. Measurable variables could be derived from the design numbers but
this introduces more complexity into the conteol problam. Another aspect is that
often control models can be simplified by replacing distributed parameter models
with lumped parameter models. A control model is designed around the inputs and
the outputs with no coneern as to how the variables vary between these points,

In {5] the hehaviour of en auto-thermal tubulor pocked bed reactor is modelled and
analysed using bifurcation analysis. In [12) the virculation loap reactor which has a
limit cycle as its normal mode of operation is discussed. Again however the focus of
the modelling is understandably on the design and analysis of the reactor.

A new approach which is suggested in this dissertation, is to design the control
system of a nonlivear chemical unit, into the system from the start. What this
involves is developing hoth the design and contrel models simultaneously at design
time, This means that some of the control problems that could arise in a nonlinear
syatem can be assessed and appropriate changes made. It also becomes possible to
exploit nonlinear bebaviour a8 was done in [12]. The method outlined in chapter
8 and in [7] give possible ways of achieving this. The theory in [21] supports this
approach theoretically.

The field of nonlinear control systems s swnmarized in {1}, The book foruses on
the theory of contrel and gives a summary of noalinear concepés from that perspec-
tive. The examples in [1] are given in almost every engineering field except process
systems, Examples of where nonlinear process control has been suggesied are {8}
and [9]. Interesting exumples where chemical process controllers produce nontinear



behaviour are given by [6] and {11},

The nonlinear analysis in this dissertation wses elements of bifurcation theey. [24]
gives an overview of the theory while the numerical methods employed are similar
to those described in [22]. [16] is an introduction to the field of nonlinear dynamics
while {17] gives an irt oduction to chaos. Bifurcation theory for control has been
applied (as opposed to only being postulated) in the acronautical eoutrol field [13].

In conclusion, the field of process control needs to be increasingly updated with
respect to the current developments in chiemical procese design, The rapid advances
that are occurring in the field of nonlinear dynamics have a profound effect on how
process analysis and design [4] and process control design should he approached.
This is because control design revolves arcund the dynamic behaviour of a system.
The advantages of exploiting increased understanding of nonlinear dynamics have
to be realized so that chemical protessing companies can remain competitive,

2.3 Proposed Methodology

The method proposed in this dissertation involves two steps. The first is the con-
struction of a model for a chemical sysivm by interfinki.  known models of each of
the components, The second ig the analysis of those n. s using elemnents of lin-
earization analysis [2] and bifurcation theory. The aim is to not only work towards
a relinble modelling methodology but also to practically apply nonlinear analysis
techniques.

The consgtruction of models from first principles is not the focus of the dissertation
but was a neccessary step as no unit models existed in the format vequired for ensy
linking. Existing moc ! where adjusted for this purpose. What this means is that
no modals were developed from partial differential equations but where derived using
existing ordinary differential equation models,

The methodoiogy can be broken down into the follewing constituent parts :

Model Construction

» Construction of models for individual units from physical principles,
» Conversion of modely into ordinary differential equation (state space) formnat.
s Constrnction of system equations by linking the individual models for each

[
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unit operation,

Anaslysis and Model Jrder Reduction

o Model order reduction using decoupling, time sealing and physical reasoning.

« Limitation of the states and parnmeters (the dimension of the state-parameter

space s wade Hnite).
+ Analytical calewlation of obvious equilibrivm points,
» Numercial caleulation of remaining equilibrium points.

¢ Linearisation aronnd equitibrium points and bifureation analysis for the ronges

of parameter values given.

» Identification of quasiperiodic and other forms of bebaviour using sinmiation,

This methodology is defined as n.odel development by [15). Figure 2.1, taken from
[15] gives the place of this mothodology in the process control development cycle.
The method is part of the develop process model section thown in fipure 2.1 It
involves two of the attached items in the diagram, that is computer simulation and
physical and chemieal principles, Plant data, while beinyg useful for verifleation is
nol wsed $o develop the models or even tune their parometers. Mothods to achieve
this will have to he investignted in further work.

The anatysis methodology itself can be broken down mto the {following seven stops :

—

. Limit states and porameters to gome finite state-parameter space using phys-

ienl reasoning and plaut information.

2, Exnine equations for any obvious analytical solutions for the position of the

equilibriun points.

3. Visualize the magnitude of the vector feld to determine the location of possible
equilibrinm points ftois information ks used to choose starting points for the
mnueriend algorithins).

[y

. Sulve numerically for the equilibrium points for different parameter values,

+ Linearize the systetn at all of the equilibrium points found in the previous step

[ ]

and find the pole positions in the s-plane.



6. Determine the bifurcation points and the types of bifureations.

7. Simulate in the unstable regions to deterinine global stability behaviour.

The analysis methodology is shown in figure 2.2, The technitgue is similar to that
used by J12] when thev simulated the behaviour of a cireulation luop reactor, This
reactor's aperation depends on the existence of a limit-cycle to operate. The reactor

s simulated nsing the DIVA [12] package which uses various metbods to reduce
the partial differential equations into high veder ordinary di: rential equations which
are then analysed for stability, The bifurcation information about the system is then
obtained using the movement of the poles in the s-plane. The difference hetween their
method and this dissertation is that they stavted with partial dilferential equations
which they converted using vunierical methods to ordinary differential equations
(which are of a very high urder), This work starts with pre-developed sets of ardinery
differential equations which have been verified,

2.4 Philosophy of Approach

The importance of having o set philosoply of approach [3) to the problem cannot
be uver estimated. The simplest principle of reasouing is that if your premise is
incorrect, so will your conclusiona be incorrect, no matter how wel you argue from
your false pre: ‘ise. There is a possibility that if you argue from a wi g premive in-
correctly, that you may aceidentally comme to 4 true conclusion, The reverse however
will in all probability occur.

This same argument can be applied to control theory, If you have o badly defined
problem (madel) and hence can only set up an approximate set of specifications hase

on general rules, you will at best get an adequate solution (not a highly efficient one).
To use one of the current cateh words of control engineering to restate this more
elegantly : A tuzzy model leads to fuzzy specifications which in turn will lead to

Fuzey performunes.

The key iia on which the work here is founded is this : To get better performance
and reliabii:ty from o chemical proeess, you have to kuow suore shout that chemieal
process, There are twe aveas to which this philosophy of approach is being applied.
The Hrst of these arens is the actnal modelling of industrial cemical processes, The
getond area is the analysis of the nonlinear models which many chemical processes

produree.



The aim is to develop both aress sufficiently to enable others to refine and de-
velop methods which irtimately should bave an impact on the way chemical process
vontrel is approached. The methodologios should be implemented before the spoeci-
fication stage of control design. Settwp up specifications regquires an aeenrate model
amd understanding of what the model represents, Hopefully this researeh will help
towards providing a clearer picture of chomieal processes and their hehaviouar.

Oue of the important steps taken in this research was to move away from general
riodels (such as the linear second veder prote oy ped and move towards definite models
which are associated with a particular component (unit operation), This means that
the types of nonlinearitios which will be encountered in the state space equations
will be limited by the physical characteristies of oliemical provesses, This ensures
that the time spent analyzing noulinear systems will be useful as it applies divectly

to some existing systom.

There are maty related issucs, all of which are of importance within process control,
These however will have to be neglected for the sake of focusing on the primary
problems of obtaining a medel and then analyzing the behaviour of the model (which
may be chaotic). The belief is that ny analysis proceeds on & variety of systems,
patterns will emerge which can he exploited to enhance understanding of nonliness
systems in general and chemical processes in partienl,r,

The questions that motivated this research are :

o Is there o need for the tremendous amount f esntrol implemented on current
chemical processes?

a What impact does our improved understanding of nonlinear systems have on
enginvering processes? (Could it reduce the amount of control apparently
required?)

s Can linear models be trusted to model chemical processes with the presence
of inevitable purameter variations?

» .5 it possible to make the analysis of chemieal aystems as straight forward as
the analysis of many electrical syatems?

Designors of control systems are often deawn towards black-box approaches. The
repsol i8 that these approaches make the attractive, yot impossible claim that with
little or no knowledge of the plant, effivient control ean be achieved.

10



The belief held in this dissertation iy that if process modelling became more acees-
sible to control engineors through the development of sets of rules and tables, more
engineers would find it practival to nse and white-hox madels would become more
common in chemical process control, This line of thought is followed throughout
this work.

The aim of *his section is to provide a philosophieal bosis for thiz research and for

future work.

2.5 Object Oriented Approach

The movement in recent years towards ohject oriented programming has caused the
philosophy of approaching complexity to vecome more developed., This s partic-
ularly applicable to the field of nondinear dynaumics, The inherent complexity of
nontinuens nonlinear dynamical systen. nas vesulted in an avoidance of the topie
in many research ficlds. The author howeve believes that approsching the topic
in o specific way, which will be ontlined, will prove tremendounsly rewarding in the

future,

The approack which the asthor has eome to believe in is the approach wsed by soft-
ware engineers when faced with the incredibile comnplexity that characterises modern
software projects. The chief concept which has been formalised to a grenter degree
than ever before for complex syatems is the concept of alwtractioa. This has heen
formalised into two concepts, objects and elasses. An ohject is a specific instance of
a phenomenon or bebaviour which the researcher is looking for.

An oxaple wonld be o chemieal reactor with cortain ranges of flow rates and chemn-
jcnl reaction rates, This iz a specific physical object and is by no means general, Tt
ooy hiowever bolong to a broader eluss of things called chemical reactors and honce
the nonlinear equatiovns which deseribe the behaviour of the resctor also belong to
their own general clags, Most equations enrountered in these chemical systems can
b solved nuumerically but often specitic rumerical values for parameters are Jdiffieult
or imposgible to measure and can anly be obtained by inference, This means that it
would be usefid to bave an idea of how general elasses of chetical units behaved for
ranges of parmneter values and adso which parameters are important, This kind of
irdormation could not only be wseful for those trying to control and debug exdsting
systems but also to those desipping chemical process systems,

Ag “Ohjeet Oriented” approack to nondinear research opens up the feld, heeause

1



it breaks down the inherent complexity inte small enough chunks for researchers
to handle. This approach is nothing new hut has always been praciived implicitly.
Recognising what we have been naturally drawn to conclude by experience through
use of a formal technigue is o step forward in any field. The further qualification
wlich applies to enginecring resesgel js that the objeets which are used to develop the
chsses must be firmly tooted o physieal reatity, This rather than being a hindrance
to discovery, ix a help ax it ensures that all the researeh conducted is relevant and
that years of research are not wasted on creating practically useless abstractions.
It is intoresting to note that pliysical systems’ equations oxhibit symmeiry which iz
nut uecossarily true of arbitrary equations.

In this research, behng able to it the types of nonlinesr systems discussed hy
nsing chemical units is highly advantageons ag it ensages that the reseasch remains
navrow enougl so that results can bo obtained. It alse means that everything that is
diseovered has practical Duplivations and hence $he research is antomatically move

useful to practising engineers,
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Chapter 3

Unit Operation Models

3.1 Introduction

Industrial chemicn) processes consist of sets of unit operations jn the same way that
electrical chrewits consist of electronic components. ‘The chemical unit operations
are often much more complex than their electronic counterparts but can still be
linked together to form more complex systems. The aim of the control engineer
i3 to obtain ordinary differeutial cquations for unit operations which are hased on
physical principles,

An important point to be made ia that although for electrical and even mechanical
systems there exists a vast resource of modelling tools for controd, there has heen
very little equivalent wark done in the area of chemical engineering. Acterate static
wmodels exist, however these are of little use to the control engineer who wishes to
tesign the controller to give certain dynamic characteristics, Static models are also
of limited usefulness when nonlinear behaviour is encountered. As is the case with
electricnl systeins, a systematic and modular approneh has to be developed for con-
structing models. In circuit analysis, there are many such techniques which can easily
be con.puterised and used to analyse complex systems. If for chemical engineering
such a system can be developed, even apparently intractable chemieal engineering
problems can be anatysed by using a very sitnple and repetitive methodology which

can be carricd out by & computer,

The most himportant step is to build up a library of accurate ordinary differeutial
equation models for every conveivable unit operation. This is beyond the seepe of
this dissertation although the techniques for going about such a task will be dis-
cussed, A standard format for medels will also be suggested to ensure compatibility
with future work. Onee a suffivient library of unit operations has been developed,
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other unit operations can be developed by combining existing library units. These
modules can then be linked together on the basis of information contained in a pro-
cess instrumentation diageam for the plant to be modelled. The other information,
such as the type of chemical reactions oceurcing in enck unit can then also be en-
tered into the model and libraries of reactions could also be constructed. Although
ordinary differential equations have limitations in terms of the types of systems they
can model, this is nmeh better than using empineal data and agsuming some kind

of linear system.

The construction of process madules which are based on unit operations hus some
interesting results, Firstly it becomes clear that certain aspects of chemical systoms
remain the same. The structure of the equations to be expected are consistent
in certain respects. There are however certain areas of the equations where non-
standard structures can enter the system. These areas are the chemical kineties (the
reaction rates) and types of reactions occurring. These can all be contained in a
simple modelling system, Certain rules for modelling need to be decided upon and
aclhered to religiously to ensure consistency.

The fol'owing sections will illustrate the constrnetion of such models and justify a
simple ¢et of rules which can be used to create modular unit operation madels.

3.2 Simple Tank

3.2.1 Description

The incompressible fiuid (liquid) tank is the simplest unit operation. It is simply
described by a mass balance equation and an energy equation. ‘This model assumes
no change of gtate is oecurring in the tank. The model does however take changes
in temperature of the liquid in the tank inte account.

3.2.2 Assumptions

¢ No changes of state or chemical reactions oeeur.

s The densities inside the tank are assumed to be constant which makes G, = (0
and permity the ase of enthalpies in the derivation instead of internal encrgies
{19},

¢ The model will enly hold for incompressible finids (liguids).

16
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Figure 3.1: Liquid Tank (one input, one output)

s The mass of the metal walls is assumed to be negligible so that the “thermal®
inertia of the metal can be ignored,

o The heat transfor between the process temperature T and the external sur-
roundings which have a temperature Ts js described by an overall heat transfer
cocfficient where ) = UAz (T - Ty) .

. -« has a constant cross-sectional area over jts entive height.
« The incoming pipe iz above the aurface of the liguid.

« The rutgoing pipe is nt the bottom of the tank.

3.2.3 Variable Descriptions

A = tank crass - sectional area Constant | m?
Ap{V) =2(V \/1} + A) = heat transfer area | Fanction | m?

Cy = heat capacity of liguid Constant. ;| J/kgk
F = total incoming flowrate Input m/s
Fou = ouput flowrate Input /s
g = gravitational acceleration Constant | m/s?
p = pressure at the output Output | kPa

g = pressure ot the liguid sur face Constant | #Pa

T = lank ternperature Ouiput | K

Tw = temperature of surroundings Constant | &

V = valume of liguid in the tank Quiput | md

IF = overall heat transfer coef ficient Constant | W/m K
p = liguid density Coustant | kg/m?

17



3.2.4 Dynamic Model

continuity equation

dv
"Et' = Fy, - Faul (3—1)
energy equation
(VT UAx{YV
L = Bl FouT = 22w ) (3.2

3.2.5 Constitutive Relationships

pl'
» = patpuy (3.3)
3.2.6 Equilibrium Points
Fe = -ﬂm' = Foute (3°4)
Ve = Constant (3.5)
_ {JCPFCT‘I'.’I’{{.' + UAH(L’}TE 3
T = TR+ UAg (V) (.8)

Note that equation 3.2 is derived in appendix D, The subscript ¢ denctes an equi-
librium value,

3.2.7 Dynamic Response

By solving for the poles at the equilibrium points we can get a very good idea
of how the syatem responds dynamically, Solving for the dynamic response is not
a standord process out varies from problem to problem. The dynamica are often
predicted using a mixture of physical and ma ematical reasoning,

The first dynamic equation 3.1 gives a pole at the origin. Equation 3.2 gives rise to
an additional pole which means the system is Seat order in terms of the temperature,
Sinece oo source of energy ix found in the tnuk (ie there ave no renctions or henting
clements), and only one beat storage element oceurs in the tank (the liquid itself)
the behaviour is first order, Therefore the pole will appear on the real axis,
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The rate of heat transfor is dependant un the area of heat transfer, The area available
for heat transfer increases as the volume of liquid in the tank increases, Thir can
clearly be seen from the formula for Az, This however does not mean that the pole
will move further-into the left hand plane as the volume of liguid increases hecause
the “thermal inertin® of the liguid has to be taken into account. The greater the
volume of liguid in the tank, the slower it will ool down or heat up. Due to the
nature of tanky (even those with small volumes - the smaller the tank volume, the
smaller the heat transfor : ea), this effect is the dominant one and hence as the
volume of fluid in the tank decreases, the liquid cools down or heats up at a faster
rate, Hence as volume decreases, the pole moves further into the *elt hand plane,

The tank system i inherently stable for the simple reason thac there are no energy
sources within che tank and the system is dissipative by nature (heat is dissipated

to the surroundings}.

The following pole plot gives a qualitative view of the characteristic dynamics of the
tank.

Im

Dynamics due to
anergy equation,

Integration due to continuity
/ squation,

}1\' X sliv

o I
An V' decreases,

Figure 3.2: g-plane Diagram of Tank Dynamics

To obtain a quantitative picture of the dynamics, t..e range of values of the aystem
parameters and inputs has to be quantified and the pules calcilated using numerical
methods,
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3.2.8 Standard Contral

The control that is used on tanks “« essentially safoty equipment which will oot allow
the tank to be cuptied below a certain level or become overfilled, Although that kind
of equipnnent is essential in real world systems, it is irrelevant in the current study
which is focusing on the dynamics of the system from a procesy control perspective.
The implicit assumption made is that the tank is never in one of those critical states

in this work.

3.2.9 Observations

An important aspect this simple model brings out is that for every different set
of combinations of inputs and outputs, a separate unit has to be developed. For
instance a tank with two inputs and two outputs will have a different set of equations.
For the equations to hold which only include flows and volumes. the densitics of all
the liquids flowing in and out have to be the same. This means that the model only
holds for & homogeneous Huid in the tank. Henee, these tank models can only be

used for liguids which are sufficiently similar.

3.3 Continuous Stirred Tank Reactor

3.3.1 Description

The continuous stirred tank reactor is quite an advanee wi en compared to the simple
tank. Not only are chemieal reactions catered for but so are “haupes in temperature
as a resuls of the reaction and the external conditions, Another aspect of this model
in it includex a eooling jacket as part of the reactor. The chemieal reaction which
is assumed for this reactor ig very simple and in most real world situations would
be far more complex. The number of reactions occuring determines the order of the
reaction kineiics part of the equation. In this case there is one reaction and hence

one state i used for the chemical reaction.

3.3.2 Assumptions

o The chemical reaction is assumed to he: A =2 B,

» The forward reaction is exothermic with hoat of reaction A.
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Figure 3.3: CSTR (two inputs, one putput)

The densities inside the reactor are assamed to be constant which makes Gy =
7y and permits the use of enthalpies In the derfvation instead of internal

epergies (18],
The model will only bold for incomprossible Buids (Hquids).

The water i5 added to the jacket at o rato of F; and the volume 1y of water
in the jacket is assumed to be constant,

The jacket water is assumed w be perfoctly mixed,

The mass of the metal walls is assmned to be negligible so that the “thermal
inertia” of the metal can be ipnored.

The beat tvenafer between the process temperature T and the cooling water
which has a temperature T is described by au overall heat transfer coefficient
where Q = UAg(T ~T).

The tank has a constant cross-sectional avea over its entire hoight.
The incoming pipus are above the surface of the liquid,

The outgoing pipe is at the bottown of the tank.
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3.3.3 Var'able Descriptions

A = cross - sectional area of tank

At = 2[1”\/-_?;;-4— A) = heat transfor arey

O, = heat capecity of process liquids

C'y = fractionael coneentration of A in outpul
O en & tneoming fractional coneentration of A
F{CL,T) = reaction rate

Fain = tncoming flowrate of A

Fyin = incoming flowrate of B

Fy, = total incoming flowrate of A and B

Foy = oulput flowrate

g = gravitational eceeleration

p = pressure af the output

P = pressuee at the Hoguld surfece

T = reactar temporature

Tin = %{TA;,. +Tp; ' = Average temperature af A & B mized
Ty =z temperature of surroundings

V = polume of reactants and products in the tenk
U7 = averall heat trens fer coef ficient

A = heat af reaction

p = density of reactor lquids

O = heat capueity of covling water

F; = cooling water output flowrate

Trin = incoming temperature of cooling water
Ty = temperature of cooling water in jacked

Vo = votumne of cooling water in jacket

py = density of cooling water

3.3.4 Dynamic Model

tatal continuity equation

dv

5 = e Fou

component coutinuity equation

d(V'Ca)

dt = Fmalm “« FntCa = Uf(Cay T)

Constant
Function
Cotnstant
Output
Input
Function
Input
Input
Input
Taput
Constant,
Output
Coustant
QOutput
Input
Conatant
COutput
Constant
Cunstant
Constant
Conustant
Input
Input
Qutput
Jonstant
Constant

m?
m?

JihgK

1fs

mi /s
it /s
m3 /s
m3 /s

m/ e’
kPa
kPa

K

K

K

mi
WimiK
Jlkg
kyfm®
JikgK
mfs

K

K
m
kgfmd

1

(3.7)

(3.3



reactor energy edquation

4(V'T) e BT —Fo T AV T = UAH{I)
dt ndan vut

(T = T})

jacket energy equation

T
it

4 411

= T =T+ ol (T - T2)

3.3.5 Constituitive Relationships

Fa = Fpm+ Fain

il

v
r s +P.‘?‘z
Fi

3.8.6 Equilibrium Peints

F. = Fpe= Foue
V. = Constant
0 = FpCain = FoutCa =V §{(Ca,T)
0 = Pl = FouT = 3HONT) - ZoT - 1)

F U

{(3.9)

{3.10)

(3.11)
(3.12)

(3.13)
(3.14)
(3.15)
(3.16)

(3.17)

These equations have to be solved stmultancousty using numerical meihods once all

of the parameters nnd ranges of inputs have been defined for the CSTR. All the

equilibrium points for T, €y and Ty must be obtained.

Note that equations 3.8-3.10 are derived in appendix D. The subscript ¢ denotes an

equilibrium value,

3.3.7 Dynamic Response

Without solving the numerieal equations for a particular reactor it is more difficult
to predict the type of dynamics that will ocenr than it was with the tank. It is

howsver possible, from mathematies and physics, to obtain o good idea of the type

of behaviour to expect and also to know what aspect of the reactor is eritiead in

determining the type of dynamics that can oceur.
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At every equilibrium poing, there will be a pole at the origin in the & — plane. This
is due to the integrating action of the tank as defined by equation 3.7. Equatinns
3.8 and 3.9 are inextricably lisked by the chemicnl reaction as the first gives the
concentration of the chemicals and the second their temperature. As the chomical
reaction procewmds, the concentration will chanpe and heat will be generated caus-
ing changes in the temperature. Beeause these two states are so tightly linked
vseillatory behaviour is o definite possibility.

We know that a single bi-divectional chemical reaction ocenrs within the reactor
which results in another system state, V%4, This state is linked to the state VT and
hence the interaction between the temperature of the reaction and the concentration
of the products conld result in oseillatory transients or even sustained oseillations of
the temperature and concentration. This is dependent o the nature of the chemical
reaction and catalytic effecty ns well as the effectiveness of the cooling jacket.

The final set of dynamies to be considered are the fluetuations of the temperature
of the liguid in the cooling jacket {see cquation 3.10}. Sioce one of the pales of the
system s the rosult of the integraling effect of the tank and hence fnils on the origin
of the 4 —piane, this menns that three poles remain to be placed. Because poles that
have a complex component come in conjugate pairs (due to the differential cquation
having real cocflicients), at least one pole will have to fil on the real axis,

Hence if oscillitory behaviour i poing to oceur, two of the states will make o complex
cotjugate pair and the third will act ag a first order aystem (ie it will appear on the
real axix). The remaining pole is the pure integration {equation 3.7} which results
in a pole at the oripin, Figure 3.4 shows a block disgram of a linear system which
vould represent the CSTR at an equilibrium point.

1 1

ey I > asitbste > s4d [

Lo

Figure 3.4: Linear System Block Dingram for the CSTR

Taking into account the fact that the transfer of energy is predominantly from the
CS8TR to the couling water, the dynamics of the cooling water is nanally fivst order,
leaving the only two states whose dynamics remain to fo - conjugate pair of poles
i the & = plane as the concenteation and temperature. Henee, the only part of the
CSTR equations which can give second order transient dynamics or steady state
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oscilistory behaviour is the chemical reaction,

3.3.8 Standard Control

The standard control that iz used by chemical procesy engineers to control o C3TR,
usually consists of volame conteol and temperature control. If the vojume control
of the system is strong this results in the integration pole been moved far into the
lefthand plane. Esscntinlly the aim of volume congrol is to maintain the set point
and rejeet the disturbance of chanping input flow rates, The actuator is the output
product control valve, If the integration pole {the one related to the volume} is
muoved far enough into the e hand of thie s — plane then the continuity equation
can be jgnored as the volume will essentinlly remain constant at oll times. Henee
the equations can boe simplified and the only remaining dynamics are those caused
by tenperature and the chemicat kinetics,

The temperature control uses the fow rate of cooling water (hwough the cooling
jirkot a8 the menng of coatrolling the tomperature. Temperature control is more
expensive than volume control as it requires a complete redesign of the reactor (the
eoaling jacket is part of the reactor). If the cooling jacket size could be reduced and
the texuperature is less controflable, the reacior conld conceivably be praduced at &

lower cost.

If the couling jacket control system is successful in controlling the tempoerature of
the reactor then the dynamic enused by temperature will usually be far into the left
hand plane and appenr on the real axis, This is due to the fact that the cooling
nrocess will have a damping effect (it disslpates energy),

The dynamics which will probably be specified when doing a contrel design will be
those related to the temperatuee and concentration (states VO, and V). These
would be controlled using the cooling water and an attempt must be made Ly the
control engineer to achieve o fast rise time while avoiding excessive overshoot. The
specifieations would be decided on by nsing the model and other ehemicnd engineoring
infor1 1ation.

3.3.9 Extra Information

Mest chemical repctions aee of much higher order than one, especially the organic
chemien] reactions found in petro-chemical systems, The theory relating to chemieal

i
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kinctics is the study of the dysomic iuteraction of chemicals with time aud usually
the equations are expressed in terms of concentrations for liquids, ‘The rule for
chemical reactions is that you have une new state for every reaction. So for one
reaction, you have one state (ie the dynamics are first order), for two reactions yon
bave two states and henee secomd order bebuviour. So if you have three reactants
with the form of the equation A += B 2 C then you have two reactions and henvce
they result in o second order differential chemical kinetie equation,

3.4 Simple Pump and Valve

3.4.1 Description

The pump is the standard means of prapelling process fluids from one place to
another. There are many different physical configurations of punips, all of which are
sulted to particular cirrumstances, The most common form of pump in chomical
process industries is the contrifugal pump. The fluid is assumed to be tucompressible
{iv liquid}. 'The model presented here includes the control valve as part of the model.
Muost pumps in chemical process systems are accompanied by a control valve. Simply
Ieave out the eguation for u and set » = 1 if no valve is presont,

Figure 3.0: Pump

3.4.2 Asgsumptions

o No chanpges of state or chemica) reactiony oceur.
e The medel will only hokd for incompressible fluids (Nquids).

» The dynamics introduced by the motor and prmp rotor are ignored.
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» The mass of the metal wally are assumed to be negligible so that the * thermal

inertia” of the metal can be ignored.

s Tho heat transfor between the proeess temperature T and the surroundings
which have a temperature Ty is deseribed by an overall heat traosfor coeflicient
where = UAy{T ~Ty).

= The viscosity is dependent on femperature only.

s The densitios inside the pump are asswned to be eovstant which inakes Cp =
C, and permits the use of enthalpies in the derivation instead of internal

encrgies (19]

s Hydrodynamic effects are assuined to be negligible,

3.4.3 Variable Descriptions

A = pipe cross — sectional aree Constant | m?

Apr = heat tranafer arce Constant | m?

Gy = heut capacity of liquid Constant | J/kgK
F = [flowrate Quiput | m¥/s
L = tength of pipe Constant | m

Py{F,7) = putnp characteristic sur face | Function | kPa
Py(I,u) = syatem charecteristic surface | Fanetion | APa
r = normalized power input Input
T = inataniancous liguid temperabure Qutput | K
Ty = delayed output liquid tempergture | Qutput | K

Tin = tncoming liguid temperature Enput K

Ty = temperature of surroundings Constant | I

# = linegr normalised valve appeture State

U/ = overall heat transfer coof ficient Constant | W/miK
v = linear normalized velve input Input

ulT) = liquid viscosity Funetion | kg/ms
p = liquid densily Constant | kgfmd
7, = valve time constant Constant { 1/s

* = delay From input tn output Output | =



3.4.4 Dynamic Model

continuity equation

dF A
- = E{P,,(F.r)—P,‘(F,uJ}
energy equation
dT} Fo oy Udn
vy 7T — T1) I’;:C,,{Tl Ts}
vilve time response equation
du. 1
'a? = ;:(ﬂ -11.)
3.4.5 Constitutive Relationships
T = _I:‘.i..
- F
B = Nt-7)

3.4.6 Equilibrium Points

(3.18}

(3.19)

(3.20)

(3.21)
(3.22)
(3.23)

The following equations need to be solved simultaneously to get the eguilibrium

points:

F,
by solving
PF(FJ"} = P,(F,u)

Ti(t) = KT+ keTs
3 = Yy
where
UAn
b = e
UAy + Fp(,
L F, pC"p

3= UA;;+F;JUP

(3.24)

(3.25)
(3.26)
(3.27)

Note that equations 3.18-3.20 are derived in appendix ). The subscript e denotos

an equilibrium value.



3.4.7 Dynamic Response

The dynamic response of the pipe and pump is usuelly very much faster than any
of the other chemical processes. The dynamics are all essentially of a first erder
type (that is the poles appear on the real axis). The dynamics which have the most
imipact oa the entire chemical syster: vhen a control loop is hnplemented around
two units joined Ly a pump and pipe is the variable transport delay. This feature
of the dynamics is very difficult to model in « nonlinear system! and causes a great
deal of difficulty with stability when using feedback control,

3.4.8 Standard Control

A simple proportional contreller is used with the pump and ity associated control
valve. This essentinily Hnearizes the system and can even further improve the dy-

namje response (make it faster).

3.5 Proportional-Integral Controller

3.5.1 Description

The proportional-integral controller is a corgman feature in chemical processes, It
ukes some type of input obtained directly ir indirectly from measurement equipment
and sends a control signal to an actuator (vsually a contrel valve). The measuring

instrument can be nonlinear.

gla) __ v = Kyala) + K, [ glg)dt

Figure 3.6: PI Controller

3.5.2 Assumptions

o Naoise is assumed to be negligible.

Mt is possible to use Bigh order delay difforential equations whtich are cumbersume azd compu-
tatinnally intensive.
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« Th« sensor is asswned to have no dynamics but may be non-linear,

3.5.3 Variahle Descriptions

o{g) = nonlinear sensor output Function

K; = integrator gain Constant
Ky = proportionnl gein Constant
i = variable senser ia measuring | Input

v = output of PI controller Ouiput
w = integrated sensor output Siate

3.5.4 Dynamic Model

integrator equation

Ei—';i = glg) (3.28)
3.5.5 Congtitutive Relationships
v = Kyylg)+ Kuw (3.20)
3.5.6 Equilibrium Points
glgy = 0 (4.30)

3.5.7 Dynamic Response

The controller on its own results in a single pole at the origin sithough when used
a3 part of a ferdback loop it will have o low pass filter effect (a lag controller).

3.6 Conclusion

The development of unit operation models has proved 1o be an intrieate task, There
is however much that has been learned from the process. The fact that & great deal of
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information can be gleased about the behaviour of the unit just by creating 4 model
for it is very important. This information needs to be dorumented in a standard
format which can be used again and again by practicing engineers, In this way their
time can be used more cffectively in the analysis of the effects of linking the model
to other vnits. If & large enough library of unit models could be built it would shed a
great deal of light on the control dosign process. The process control engineer would
be able to approach apparently intractable chomical engineering problems with a
great dea) more conlidence and hence build a model which could predict prasible

failure modes, instead of relying on & black box approach.

Although nonlinear analysis of the system is the ultimate aim in this dissertation,
it would be totally worthless without a logical and transparent model developroent

strategy.



Chapter 4

System Model Construction

4.1 Introduction

The approncn that is taken in this chapter is one of llustration, A model for o
sauple mixing system ix tnadelled using the uuits deseribed in cuapter 3. The lnking
procedure ig illusteated by the combination of the cheical process units, A standard
wmbering technique is alse sugpested, again by Hustration, From the resulting
muel, initial information aboud the system s deawn,

The aim of developing a model of this form is to enable model order reduction and
uonlinear snalysis, Also it allows for the analysis of the interaction hetweey different

nuits.

4.2 System Example

Il following system combines the units deseribed so fur jnto a simple chomical
process, This provess involves the mixing of two liguid reactants which then rene:
ta produee one of the original reactants, Esgentioliy this reaction is an anto eataivtic
reaction where the desited product is one of the veactants, The chemical reactioy, is

deseibed by the equaiion & = B,

The units have been given the ollowing aambors:

Tauk A

2 Pank 3
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3. Pump and pipe A
4. Pump and pipe: R
. OSTR

6. Produet pump and pipe

Lo

¥ ¥

T
.
e
-

F

Praducts ._@ F

L,

Figure 4,1: Sunple Mixing Process

4.3 Linking

A puckage would normally be used hut is not nocessary in this dissertation since the
methodology is being iHustrated. 1t is helpful to write out all of the dynamic models
af the units that make up the system as vue model, The unit modoel equations are

miven in chapter 3.
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Famy ~ Fous (4.1)
. ha \ .
P Tim — Foutt Ty = —S5(T4 = Ty (4.2)
Ml
Fina = Fonpa (4.4}
FonaTons ~ FonTy = 22Ty = Ty (1)
Apslry) darsing) {Pnuts = pm}Aama{ug)  pQhaAsm(ug)
paly il Ly
Js(Ta)Fa
e re—— s —— ‘j'l"
radanglug) (45)
Py, U A ,
?,33{11..; Ty ~ pai: s (T = T (4.6}
i .
— (0 ~ uy) 4
Try
Apalrgddamuy)  (Pouet = pingidamug)  adhgdanng)
+ - —
pady Pila Ly
Hin Ty Fy
o r————— 4.8
padata(uy) {4.8)
Fyom Uy A "
t’fl {Tlﬂ-i T!) ‘r ﬂ.i.( 3|d ( !"J}
-l-(v-t —thy) (4,10
Ted
Fins = Fouts {4.11)
FinsCams = FousCas — VafalCan Th) {4.12)
)\ 1 ' {"'14‘1 41
o = FouTh = 58 (0 T3) = 2T = T (4.19)
P ] ,A
T T = Tas) + T, — Ti) (4.14)
A‘Ph{' o) dstialt) | (aws ~ pinc)Aatialug) _ gdhadstio(ns) _
side pasfau Ly
ao{Th) By
T 4.15
Podoma{ug} (4.15)
'nl rfle 1”!! .
Tiae = Ta) — v7—s— 1.16
{ b = ﬁ) ‘bﬂtl “pli ( }
1 -y
';,:{;("li - uy) (117}

The above set of equations gives no ilea as to how they ave linked together, Thus

the next siap is to link togethey the appropriate varisbles based on the lyout of She

phiysical system. We acvomplish this by making a list of afl the variables that are

ecither direetly or indirectly eqnivaiont.
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Foutt = Fy
Bind = Puurl
Bonta = inn
T =0
Tinn == Ty
Fogn = Fy
Fﬂuﬂ! =
Pind = Pout
Bauts = Ping
T =T
Thins = Ty
Fpins = F)
Fouen = Fa
Pinti = Doutt
T = Th

Sy Doy 52 g D g = opn R A

v —
Fyg =

T =

Pains + Fhan
TainsThin (1 = Cqins )T hin

1
Paut] = P + "'I":Tl‘!'

Pouts = Pima + HEE

Pouth = Pans + mﬁi

(".'h'll;"a = .{'.}mﬁ.

Faen

4.4 System Dynamic Model

d¥1
dt
d(\WT)
ot
dly
o
d(VaTh)
[i4
dl%
dt

Ty
dt
sy
a&
dF IFy
at

F — By {-1.18}
4
Fyn Ty = BTy = 2287y 1y (4.19)
Pl
Fign - Fy {120}
FoaiTin = Fil = Sl 7y) (1.21)
Apatra)damslug) (Ilmn = YourtJAams(ua) gl daiea)
aley mls Ly
wal T
e r———— 4.22
pudlanz(ua) (:4.22)
f As
Bary - my - g (13- 70 (4.23)
;,L(!' = iy} {1.24)
ApatridAgplua) 4+ powdhintua)  gdhadamfudd
Ly MLy Ly
sl T,
B 1.25;
gyl lagd .20,



(4.26)
(4.27)
(1.28)

(1.29)

f"(cAMT'} -

(4.30)

(4.31)

_ gahiAan(ug)

dry, R A, _
& - n - e (- T8
(I‘!l.; - 1
‘;It- = ;;I{m—'ﬂ.j)
(ﬂltr] - ] h -
—E? = Fy+ F
’I" ;_r
M) oy B = s TH)
AT~ (R + BT + Cs iTy) - P - il
{;?';A il
22 (Ts = Tus)
P5l-ph
Do F*"'{Tnn. T.m}+"”1""’m. -
dF Am.(rﬁ)Annnluu) N [Pnuﬂ‘"?em! ) Asts 1)
df‘ pﬁL[i P[;Lh
nol To) By
AT ()
dTI.'l .. na ’ ['[‘AHE: T,
—Et-_ - {T I‘G) In h(’“(:rh -")
dug - X .
i ,r“(!t. tg)

4.5 System Constituitive Relationships

£y
" B eme—
Aun! Tt )
c _ 5
Hnk = I‘; T 1’
g1
Pourt = !:1 L + Pinl
g Va
Poura = !';;T + Jinz
i,
Bourts = £:I":" + Mins

4.6 Assumptions

Ly

(4.32)
(4.38)

(4.34)

(4.35)
{-1.36)
{4.87)
(4.38)

(4.39)

The following assumptions are made within the equations, The other assumptions

are defined for eacli unit in chapter 3.
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POy oy Ty 2y

Dinl = Pin2 = Pint

Cra=Cp
Cp.": = Cph

To=Ty =Tup =Ty = Ty =Tys =Ty
'ﬂun = C.-h'n.":??i + CH:’N-":Ti

Ay = Constlant

4.7 Variable Descriptions

Assume densities reniain approximately constant
throughout.

Constant at atmospheric prossure,

Coustant for tank and pipe.

Caonstant for tauk and pipe.

Constant for CSTR and output pipe.

Agsume the temperature of the surroundings is
the same for all the units,

The reactants mix on eniry into the CSTR and
reach an average temperature between the two.
Al the units hove constunt heat transfer areus
which do not vary with liguid volume,

The following variables now have new meaning due to the Fwet that the enits are

now part of a larger system, The rest of the variables ave dezcribed in the original

variable descriptions in o+ 3,

4.7.1 Inputs

a1 | Flow into tank A, mi/s
Tin1 | Temperature of liguicd flowing into tank A. K
Finz | Flow iuto tank B. m s
Tine | Temperature of liquid Aowing into tank B. K
Ty Normadised pump power input for component A,

3 Normalised control valve signal for component A,

4 Normalised pump power input for component B.

g Nurmalised control valve signal for component B,

Fyp | Flow rate of cooling water, mt /s
Trins | Incoming temperature of covling witer. K

i Nurmalised pump power input for vutput mixture,

G Normalised contrnl valve signal for output mixture.
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4.7.2 Outputs

The states of the system are not always in the desived Iorm, so they bave to he

converted into a wsable onn, The table showr  »low gives the outputs of the

system i terms of the states of the system. These outputs are the variables of the

ayatem which ean

&

Ty =
Va

Ty =
ol

T

Fy

Ty

Cas = L850
Con=1-Cas
Vs

7y = 4
Fy

Ty

be measured plysically.

Volume of liguid in tank »

Temperature of liguid flowing out of tank A.
Vulume of liquid in tank B,

Temperature of liguid flowing out of task B.

Flow rate of component A,

Temperature of component A just Letore the CSTR.
Flow rate of component B,

Temperatute of conponer r. before the CSTR.
Traction of component A ot stream,

Fraction of compunent B in output stream.

Voluine of lauid in the OSTR.

Temperature of the liquids Rowing out of the CSTR.
Flow rate of the ontput praducts,

Temperature uf the output products.

4,8 State Space Equations

"
"
m
K
mt /s
K

m*fa
K

m?
K
m3fy
Fiy

The next step s to convert all of the equations inte a foym which enu be easily used

in mathomatienl analysls. This requires that constants be condensed into single

varfables, the states be jdentified by numbers rather than letters and the svstew of

equations be subdivided in such o way ss to facilitate mathematicnl analysis.

= aur-+bu

) £ @

dp = frrse A fomE b guatgug -+ Ky
Wy 1

&y = aarg - bauy

dyg = farw

leslrg)ry,

J.'-'.': = f&““'

halas)

Ty i .
— fa= o Ry
3 I

+ filalez) + frinirs) 4 farihales)

+ falty (usYa{es)

BT

(4.40)
(d.41)
(4.42)
(1.44)
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ity

j,'u

#12

i

il

2
a3ry + fw:ﬂr.r—l + fudsz + ka
417+ hyug

h Iy T
fr:m + fushalew) + fihs(me) + frazabui(rn)
hyliag)
+ froha{ur)ha(Eto)
Ty
agry -+ f 1R + Jwrsidn + Ry
@t + Dty

arrn + apdy + dary

LoV 1z Fio
aes + faurin— + farnhe ('-*-'—')
f £ ! LY JERE T

. gl Ty T34
A + fa s + }+-m[-—-
nz + fa '[x;-,-i—mg ot on frats premr.

T13 F1a T3 T
+ o + furnhy (-—-— -—-) + fan—==
YE12 xy "y

213
aaryy + .f'aﬁ}-* + farnairy o+ atiotin
I

£ hglaigliers
A o)
Jarhw(un Yue{zy)

Ea k]
Biad + f:ria!?m;i-l- + furgaegs + by

ety + btz

(4.45)
(1.46)

(4.47)
(4.48)
(4.49)
(4.50)
(4.51)

Tgdy }
R T

(4.52)

(1.53)

+ faghwleyz} + faoltolryz) + S haoliesr)

(1.54)
(4.56)
(1.66)
(4.87)

'The eonstants used in the previous set of equations are defined in the folilowing table,
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By o= T{-_‘
fo= 1
fn o) dwl

y oz B2
Ju=
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Jin = —1

Sz =1

Jar == ik

fay= 35
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fy{eg) = palTy)
hi(eqn) = )
Braiere) = no(us)
ky = “’h‘ﬁt‘“ﬁ?

uy = P

Uy = ry
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wy = Ty

7= iy

£y == Vy

15 = 5y

] = e
Far = g
ool
f'ZB — m
b
f g = ',f.l:_"
ga=1

Ia(irs) = malua)

h? (Ll‘u‘ m) = f'(c A.--T':
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N LT
Ll - J?J(Jii

b = gl
s = Tine
Ux = My
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Ty == E[
wpg == VaCag

£ = Ty

Where the covfieients, varifables and Fanetiong according to their types e

a | linear state covflicients
b § linear input coefHeionts
F | nonlinear state cocfiicients
g | nontinear jupart cocfficients
b | functional refationships

k | vonstant valwes

\
x | state varinbles

-

fnput variables
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The system should now be linearized and changed isto the form :
A% = Alxny, ug)Ax + B{xg. up)Au (-1.58)

This results inan A matrix of 17 by 17 which is sparse in the sense that the majority
of the coefficients arve zero. The next step would be to analytically solve for the
eigenvalues which are of great importance in modet order reduction amd hifureation

analysis.

Solving for eigenvalues analytically is not feasible for larpe complex systems. An
alternative to this approach is to put in the numerieal values or ranges of values
and solve the equations numerjeally. This approach however is too cumbersome sy
it results in 17 eigenvalues which are not directly linked t) the dynamics of any
particular part of the system. This makes model order reduction unnecessarvily
difficult.

Once the entire system has been constructed and analysed for intevelationships be-
tween the states it can be decoupled into functionally separate units. The most
successful practical npproach is to obtain the numerical values or ranges of valnes
for the system concerned and apply them to each unit separately, The dynamics of
each of the units s evaluated and the models are simplified depending on the speed
of the dynamics required in the overall model by the engineer. For process control,
the ligh speed dynamica are often iored and that is what will be doue in this
work, however, they eould be included if the problom required them to be present,
The control usually used for cach unit that has been deseribed i also included iu

the annlyais of the dynpmics.

4.9 Conclusion

The linking of the exunple illustrates three things, Firstly that the systems con-
structed by linking unit operation models are large aud unwieldy, The second point
is that there is generally no analytical solution for most systema created this way as
they are nonlinear. The third resiization results in that even solving the equations
numerically is practically useless information beeause the slution of the lincariza-
tion process which gives the system poles at different equilibrium points are not
Lirked explivitly with the system parametoers,

The solution to this probletn is to decouple the system inte smaller manageable
subsystems and analyse each one separately and then compare themn to ench other.
This is is disenssed in the succeeding chapters.
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Chapter 5

Model Order Reduction

5.1 Decoupling Units

5.1.1 Decoupled Units

As illustrated in chapter 4, the systeins created by linking the models for various
units together are extremely complicauxl. The order of the resulting set of dif
ferentinl equations is tuo high for nractical analysiz of the system. It is therefore
neceessary to reduce the order of the system. Thelr are two ways of doing this, The
simplest method which is flustrated here is decoupling the units by comparing the
specd of their dynamics and looking for obvions indepeudence of state variahles.
Enck unit must be examined and it must be determined whether the speed of the
dytiamics in that unit will be comparable to the speed of dynamics of units to whicl:
it is connected, Also each state must be examined for dependencies and those which
are negligible in compatison to the rest of the dependencies can be ignored.

I the speed of the dywumics of o system is a aumber of times fister or slower
than that of a system to which it is inter-conuected, then the effect of the inter-
connection of the units ean be maodelled, either by an nstantly changing variable or
by & constant value respectiveiy. The instantly changing variable is used in the case
of dynamics that are very much faster and the constant value is nsed in the case of
dynamics that are very much slower.

Au important question that needs to be addressed is how much feedback there is
between two units, IT for instanee the back-prossure down o pipe has an appreciable
effert on the How rate onut of a certajn unit, it may coffect the volume in that unit and
henee we would not be able to decouple those uaits aud analvse them separately,
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D« roupling in chetnical process systems is influenced by the transport methods used
to get produc.s or reactants fiom one point to another. In most instances the flow
rate of a substance, whether it be solid, liquid or gas is regulated u:ing some form
of feedback controller. Hence in chemical process systems the equntions can be
decoupled using phyaival rensoning,

An example of this metiod of decoupling is the case of liquid transport. The pipe
and the pump with its associated routrol valve often form a buffer between connected
units. This is due to the fact that the pump offsets any hack-pressure because of
its feedback coniroller. This effectively means that all lijuid units can be modelled
as bueing conected togetlher by sot fow rates with pure delays. The temperture of
the liguid however is not decerpled from the other unit, while the pressures are.
The temperature is transferred with a loss dependent on the a1 ount of tinte the
liquid spends in the pipe. The amount of time that the liquid speady in the pipe is
dependent on the fow rate. Thus in the Hqnid systems used in the systern example
the pressure is decoupled, while the temperst-ve is only decoupled in the reveise
direction,

The fact that the temperature is not completely decoupled is not a major problemn
because it does not feed back inte the previous unit (e there is no term for the
downstream upit’s temperatare in the unit’s model — unlike for pressure). Hence if
we define coupling to mean that the variable appears in both the m.dels of the units
in question, then temperature is by definition alveady decoupled Wi have ignored
the dynamics associated with changes in temperature in the pipe for the sake of
simplicity.

Fquations 3 18 through 3.20 give a possible dynamic maodel for o pipe and a pup
including a covtrol valve. The set £ state-space equations is third order. If a
proportional eontroller is weed to maintain the flow at 2 constant rate then the

erpuations hecome:

dF A

5= SR - B (6.1)
df _ F ry - YA o .
dt 'I,_."(Tln -7) me‘"R‘-‘] {5.2)
di 1 " - :
G = TP -PK-w (5.3)

The following Mock diagram shows the straeture of the simple proportional comtroller



Pump F

Figyre 5.1: Block Diageam of Proportional Controller for Pump

F* ig the flow rate set-point and K is the gain of the proportional controtler, It can
reasonably be assumed that the system is stable for a large enough value of X which
ensures that the steady state ervcr is negligible. Thus the system is statically de-
couplad a8 auy bark-pressure will have v oy litth: effect on the flow rate nquilibrium
point. This will of course only be true if the pumnp is powerful envugh to provide
tie required pressure rise. To ensure dynamic decoupling (dynamic decoupling is
insensitivity to sudden changes in pressure}, the pump must be able to respond suffi-
viently guickly to changes in pressure. The dynamnics of the wsoeiated control valve
alro have ta be taken into account, For the pmap-control valve pair to dynamically
decouple the units, it must respond nmuch faster to the change in prossure than the

process or reackion does.

Usually the system ix designed in such o way that the pump and control valve end up
with dynemics which are very much faster than those of the process (except in the
case of vxplosions), Thus the complex model presented in section 4.4 is simplitied
to she following statie model. Note the variable delay.

A = pipe eross ~ sectionn! area Constant | m?
F = flowrnte Output | mi/a
kp = flowrate constant Constant

kn = heat trausfer constents Clonstant

L = length of pipe Constan. | m

BUF,7) = pump characteristic surface | Tanction | kPe
D Fou) = apstem characteristio surfave | Taoction | 2Pa

T} = instuntancous Liguid temperature Ouwpwt [ A
Ty = deluyed output liguid femperature | Oubput | K
Tin = incoming liguid temperature Toput K
Ty = temperature of surronndings Constant | &
v = normatised linear valve input Input

7 2 delay from input to output Output | &
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Fe (5.4}

by solving

I},{F.f‘] = D(#u) (5.5)
N = kly+ Ty (h.6)
LA .
To= 6.1
Tty = Tift-7) (H.8)
whete
T UAy
YT TAp ¥ FeG,
S 4. -
Uy + FpCy

The puanp and the control valve nre designed for normal operating conditions. In
spes when presswes rige so quickly that the pump and the valve can no longer
dynamically decouple the units, the approprinte safety valves need to be instalied
to proteet upstrean and downstream units from damage,

Aunother possible nppronch to the problem of dynamic decoupling i to desigu the
systean in such a way that less high speed decoupling is required, This would require
that at the design stage, the system would be designed in such a way so as to allow
a degree of dynamic coupling. The effects of hi- coupling could be predicted using
nondinear nuxdelling and bifureation theory as owtlined in chapter 6. Systems could
even be designed to produce certain types of nonlin 1 behaviour if it had some kind
of advantage (superior mixing properties, ete). An example of o possible way this

eoutld] be achieved ave discussed in chapter B,

Now that we have illnsueited the problems encountered when linking units via diquid

transport we are rewudy to illustrate the process of deeoupling,

The decoupling of the simnle mixing system presented in chapter 4 can be done by
making use of the simplified model of the pump deveoped in equations 5.4-6.8, The
reselk of replacing the dynamie mode] with the static model, effectively decouples all
of the anits, The reason this happeas ean be seen by looking b e L2 in chaptor
1 amd mtieing that all the units are joined using the pipe and pump. By then
rombining that infornation with the Bets outlined above concerning the controlled
pipe atal puiup, one can see that overy unit is decoupled from every othoer wnit in
terms of their input and output pressures The temperatares of the {luids in the
syatem are only propagated foward, that is there is no feodback puth in th. example
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system.

This results in ouly the CSTR having a more complex model than a simple integra-
tion er a first order lag with a delay (ie it is the only unit worth analysing). The
result is that the CSTR can be modelled as a separate entity to the other units and
their impact ran then be assessed at o lator stage. If a control loop encompassed
both one of the tanks and the CSTR for some reason, then the tine delay of the
liquid flowing along the pipe would have to be taken into account. For linear systems
this is relatively simple but for nonlinear systems 1t creates a great deal of diffieulty
a8 there is no equivalent nonlinear tool to the Laplace transform as used in lineax
systems!, The result of decoupling is essentinlly thot the entire mixing system con
be treated aw just a CSTR.

5.1.2 Closely Coupled Units

The: following section describes a system consisting of two units which aye coupled
in such a way that their mathematical models are very difficult to separate. The
system shown iy isof hermal,

Figure 5,2: Isothermal Gas Pressurized CSTRs

The two gag pressurized tanks are joidcd topether by a short leagth of pipe and
a valve The feed gas is pumped into the first chamber where it decomposes into
another gas. It then passes through the pipe and valve into the second tank where
it further decomposes. The final product pesses through a second pipe and valve
into a storape tank which is held at constant pressure.

The following analysls is used to develop the model for this system. The gas pres-
surized reactur is not e of the units modelled in chapter 3. The result is that the
methedology for constructing complex system models from individual units is not

'This does not mean that delavs can not be achieved in noolinear systems by means of delay
differential vgquatsons. These equations however are usnally vory high erder and kenee combersome
to use ds opposed to Laplter transderms.
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foulowed, but the model is developed from 2 model given in [19).

The following relaijomships are adapted from {19].

P-F
Fy = O ‘m 2 (6.9)
F2 = G\Fz RZ!;;R'S (5-10)
My P B
mo= T = (M + (1= 1) M) (5.11)
_ MaFy _ - __122__
p2 = _R'Tg = IszA + (1 H‘J)J,VIB] RTz (5'12J
P
Car = _Eli?_fil_ {5.13)
Cay = Doys 514
A2 = RT2 { WL )

‘The variables are defined as follows :

F, | flows through the system mi /s
yn 1| mole fractions of reactant A in th, system

py | densities in the system kgfm3
P, | pressures in the system kPa
R gas constant

Ty | temperatures in the system K

V. | volumes of the tanks md

My | svernge molecular weights

M4 { moleculor wolght of reactant A
Mp | molecular weight of reactant B
Orq | valve sizing coefficionts 2

The following sssumptions where made about the system in order to simplify it :

s The system is sggtimaed to be isothermal.

» The relatiouship between the rate of flow thraugh the control valve and pres-
sure wes assaed to be F = (Y ll;i—"‘

o The reaction is assnmed to be of the form 24 = B,

*These are the control inputs to the system as they ehanpe as the apeture of the valve is increased
v decveased.



The total continuity ernuations are written as follows :

dpy
== Fy— o A
V= oy pFy— ;o Fy

d,
Va ;: nFy —pFy

The component continuity equations are expanded as follows :

Step £
1(7
Va
Step 2

Vi d
'EI':“E(UIH)

df;;!l = FyCa~ ACu —- Vi fi(Ca)
dC
d:;z = FiCa; — FaCap ~ Vafa(Cuz)

P -
FyCag - mf"t 1{ -— "Vlf: "ﬁ'I—"
_Pwm, }P‘z - R@ B P !2
FCu BT, O p szz RT;;

Finally writing out the entire dynamic model :

e _
dt
doy _
dt
1
d%(mf’;} =
d
ﬁ{yeﬂa] =

F
F F
Pr,:,;-ﬂzi-.;-

Fl

P

Py
v RN

iz
P-5
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P -
P s (G

P, [Ba-0%
-, -
¥ 2

R
CaoRT W

Pun "
W

RTuf2 (

Paipa
RT;

(6.15)

(5.16)

(5.17)

(5.18)

{5.19)

(5.20)

{5.21)

(5.22)

) (5.23)

(6.24)

The two units {the two pressurized gas reactors) could he considered as senarate

entities, The model which was constructed to represent these tanks, however, reveuls

that they arc nltimately linked via their pressures, Because the pressures in the tanks

;ary a8 the reactions proceed. the rates of flow, Fy and % vary. This affects the

concentration of the produocts and Lenee the reaction rate. It becomes clear that the

tanks are closely coupled units and cunnot be analysed separaely.
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This system illustrates the fact that sometimes it is impossible and perhaps even
undesirable to decouple units, It would increase the capital eost of building the
gas system if & pump and & control valve with its associated control system were
placed in between the two units, IF the model is a reasonably true reflection of the
physical syster and if the model can be properly understood for all the regions
of operation, then physical decoupling could be made uneccessary. There could be
other important reasons to deconple the system which must of course Le taken into

aceount.,

Alhough a system such as this, may not be able to be decoupled, it may still be
possible to reduce the order of the state-space model {See section 5.2).

5.2 Model Order Reductionr:

521 Scaling

Sealing is essentially o process whereby a model’s order is reduced or the number of
variables involved is reduced. Scaling is used to simplify partial differential equations
and to help in the process of creating sets of ordinary difierential equations, The
resulting equations are ensier to solve but s4il] produce sufficiently aceurate results.
This process is used extensively in simplifying chemical engineering models which
usually result in high order partial differential equations.

Since the model equations in this dissertation are already assumed to be ordinary
differential equations, it follows that scaling, if it has to be done, has already taken
place, There is however one form of sealing which is still applied in this dissertation
(time scaling) which is diseussed in section 5,2.2. A simple introduction which is
by no means exhaustive, is outlined here {see [20] for a detailed treatment of the
subject).

Sealing essentinlly consists of two steps @

1. The process of non-dimensionalization.

2. The removal of “irrelevant” terms,

The equations have to first be converted into a form where the terms can be com-

pared. To do this, the variables have to be normatized by dividing them by their
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maximum expected value, so that the value of the transformed variable will always
be near one, The coeffieients that result from the original ce ation and the nor-
malisation or non-dimensionalisation process determine which terms outweigh other
terms and hence the equations cap be reduced. The process itself is described in

maore detail in [20].

Sealing however has a weoaknesgs in that the models are sometimes very sensitive
to small changes in a variable. This resalts essentially from an over-estimation of
the maximum value of & variable in the normalization protess. Heuce although the
scaling process helps to reduce models, it does have a serious weakness in that it
ruguires prior knowledge of the ranpes of variable values.

This problem is part.y offset by the use of simulation on the original equatiens and

then comparing the results.

Thers remains however a distinet possiblity that once a system has been scaled and
aven tested at a set of general operating points the model could be totally wrong.
This can ultimately, oniy be corrected by pliysical experimentasion.

5.2.2 ODE Model Order Reduction

Once a simplificd ovdinary ditferential equation has been obtained vie the proccess
of decoupling and scaling, the resulting set of ordinary differential cquations can
be reduced using time scaling. This could have already been done in the scaling
process, but often it is better to leave the time scaling until the systom. control can
be determined (contrel has o profound effect on the tivie constants of the aystaa).

To use the chemical engineering methods for time scaling (which involve approximate
ertimates of the resideace times for renctors, ete) s considered less effeetive than the
standard control engineering techniques of linearization and s —plane analysis at the
extremes of the paramoeter values. For example it is uneccessary to ‘normalize’ the
time variables, ay long as we have an idaa of which processes are faster and which
processes are slower, and we need then decide {on the basis of our control objectives)
which are the dynamics which will be inchuded in the model.

The set of differential equations which will be used to illustrate the process of model
order reduction are equations 5,.25-5.28, They were obtained from the mixing system
detuiled in chapter 4 after the system was decoupled in section 5.1,
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dV

ar = e P (5.25)
%?A—) = FinCain — FouCa ~ Vf{CaT) (5.26)
e "‘*‘T"ﬂﬂah'ﬂ U’:,”m(T s} (5.27)

Do Big - T;)H"H(V}( 629

TR 7

This set of equations is described in section 3.3. The vquations can be simplified in

the following manner :

1. The fact that the volume is usually held constant by the use of fecdback control
in assumed true in this case,

2. The dynamics of the temperature of the water in the cooling jacket are shown
to he much faster than the dynamics of the temperature of the process liquids
and hence the dynamics of the jacket can be ignored.

The first point depends on the fact tiat the volume of the tank is reasonably large
compared to the flow rate and hence is lusensitive to chavges in the output flowrate
for short periods of time, This i the low-pass fltering uifeet of an integration. Thig
combined with feedhack control designed to keep the system at & constant volume
results in nn essentially constant volume which is quite insensitive to disturbances.

The second point depends on the fact that the volume of the cooling water in
the jacket it very much smaller than the volwne ot the liquids in the tank. This
means that the cooling water will take a much shorter time to hent up or cool down
than the liguid in the tank. Hence the dynamics assaciazted with the heating and
cooling of the cooling water are mtch faster than the dynemics nssociated with the
heating and voudug of the process liquids. Because the dynamics of the cooling waier
termperature are so much faster than those of the reactants, they can be treated as
an instantly changing quantity for all practical purposes,

The following technique can be used to determine whether it iz valid to assuine that
the jacket dynamics are negligible for a particular system. The parameter ranges
shown in table 5.1 where chosen based on those obtained in section 7.2.4.

The approximate speed of the dynamics should be caleulated for extreme values of
the paramebers. If more confidence in the resulis is required, more puints should
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[ Parameter | Range
Cuain 1]
Fi [ % 107, 1.5 % 1673 mi/s
Fiin 1% 107%,8 % 10~ m®/s
Tin [310,330] X
Ttin {300,320] I
14 | [0.1,0.9) m®

Table §.1: GSTR Parameter Ranges for Scaling

be used. The analysis has to Lbe done for a linearized system, with nonlinearity
accounted for by uaing a :ange of parameters. A second order linear system can be

represeuted ng follows :

[:‘:] ) [: ZH:}J'[W "2][:;] (5.20)

The poles of the system can be determined using the formula, :

gls) = det(sT—A) (5.30)
where
A = [‘.‘ ‘f] (6.31)
g a

This results in the following polynomial in #, the roots of which are the poles of the

gystem 1

ft

& —{a+a)s—qf (5.32)
% {(a +a@)k \fla 8y~ d(a + a)qa} (5.33)

g(s)

=
=
Ta

t

The aim here is to analyse the interelatiouship between the cooling jacket and the
reactor temperature dynamics. This can be done by taking all of the equations in
the reactor model which contain direct references to she cooling water temperature.

=
(2]



Looking at equations §5.26 through 5.28, the only equations with direci references to
the variable T; are :

@ _ Py _ Fou
dt vtV

= T,-fmm TJ}+I’A”[”(T ) (5.35)

T"_f(chT} UA”W)(T ) (534

These equations must now be analysed to establish the zelative speed of their dy-
namics in order to prove that the system can be decoupled. Equations §5.34 and
5.35 must be linearized. It is important to keep in mind that when equations are
linearized, we assume that it is done arcund some egquilibrium point. The actual po-
sition of the equilibrium point is not that important here ag only an estimate of the
dynamics is required to establish whether the dynamics are sufficiently different to
Justify decoupling. This means that only a range within which the equilibrivm point
would appear needs to be supplied and nsnally this information is known by the de-
signers of the CSTR, I is important to remember that in the linearized equations
all the state variables and inputs become perturbations around a set point.

The linearized form of the jacket and reactor energy equations is shown below (We
wsume F = Fy, = Fpy; holds — reactor fluid volume is held constant) :

dT F F., A &8f A af

LA . Cot—a bt o

& Vi TV T 56, BCale T 9y OTle,,
U—ﬁmw ) (5.36)

dT. vA

G = BTt + L) (5.37)

€74 can be cousidered an input because it is not directly reiated to T': ‘T his results
in a second order system. which is lirearized in equations 5,36 . 3.37. We now
need to determine the positions of the poles for all of the parcawter ranges. The
equations need to be converted into the form given for the standard second order
system shown iu equation 5.29,

Table 5.2 gives the values of the constants required for the solution of this problem
(taken from ~ppendix A and chapter 8} :

Eyuvation 5,38 is used to caleulate the heat transfer



Constant | Value

4] ‘.-1;'

a 30

by 3

8z 320

v 2.467 x 10~1
U 400

p=p 1000
Cp=C | 4200

Vr 0.05

A —7.56 x 108
A 0.3

Table §2: Constant Values for Scaling

Ag{V)

where A

2(1»'\/% + A) (5.38)

CSTR cross — sectional area

. F_ 3 8 DAg(V]  UaAy(¥)
[T } = {;_u,lv—"_‘”%]%n_ o T l {T l+
F AV UdglV) _ F
T 78501 “YonsCa ™
u
[b 2] [ : ] (5.39)
tg
T - uts to the equations are not considered as they have no impact on the position

of the poles of the system (ibey do however effect the position of the zeroes). By
comparing equation 5.39 and 5.28 the following relationships can be determined.

,
. = E’%{l}:_) (5:42)
i = r{_.;%(g (5.43)



Therefore we now have to determine flhe variations of the states, inputs and fune-
tions which effect the position of the pales. This involves calculating the maximum
variation of the chemical reaction for the variabies, T and 4. The varirkls Oy
and T' are simply limited vsing the reasoning outlined in section 7.2.1 to (74 = [0, 1]
and T = [270, 370).

The only nonlinear part of the problem is the chemical reaction partial derivative.
The maximurn an¢ minirmun value of the chemdeal reaction coefficient for the entire
range of U4 and T needs to be caleniated. The first step is to caleulate the formuola
for %}%’r

F(CaAT) = ﬂ[~(c""i‘)2(T"5?—)+{C‘ "5*)+

2 o a a
T—dy -
2 (T)] {5.44)
thus
af — i a 2] 0,2 p
T = g {—c,.; +2008; = 62 + 20 } (5.48)

The fivst thipg that can be observed from equation 5.46 is that the temperature
has only linear terms which result in the fact that only Ca4 romains in the partial
derivative. This means that the only variable which will cause a change °  the slope
of the reaction rate is C4. Now what has to be determined is the maxirnum and the
minimum value of the reaction rate slope. This can be done by equating d—&;g to
zero in order to obtain the maxima and minima. This equation is quadratic so we
only expect one minimum or maximum peint, The wemerical values for o8, 4 and

dt are found in chapter 8. The results are as follows :

d—%g—; = ﬁﬁ{-ac“zal} (5.46)

hence the maximum oceurs af
Ca = di=g (547

hence the maximum is
g-% = ':—? (5.48)
pubstituting in the values of (5.49)

Ca = [0]]

for Ca=10 : gfq = ga(=dt + 20 (5.50)
forCa=1: ?afrf' = Ez:—ﬁ(—é;-‘uamza*—n (551

(13
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Parameter | Range

o [~3.704 x 1077, 2,963 x 10~Y]
F (5% 107 1.5 x 10-9]

Vv 0.1.0.2)

Fy 1 x 10", 5 x 1079

e 5.3 CS5TR Parameter Ranges for Sealing (Simplified)

we know
fo= % (5.62)
hence the miniunun is
df ¥ 2 1) "
s m e [ Rt - .0
7= m (] (5:8%)
The numerical results for the variation of #4 are !
af 0y e w7 ¥4 i
== o [=3.704 x J077, 2,963 x 10™4] {5.54)

or
Table 5.3 gives the varintions of the relevant paramuters ¢

Tsing the information in tables 5.1, 5.2 and 5.3 concerning all of the system param-
oters nnd states we got fAgure 5.3 which gives the variotion in the pesition of tho

poles,

The smallest ratio of the time constanta of the jacket and reactor temperature dy-
namics wag found to be 12, The MATLAB function jacket.m (see appondix B) was
usted to draw the picture and obtain the ratio. The zerovs shown in the pole-zero
map are irrelevant sict should be ignored, Due to the fact that the jacket tempera-
ture dynimics have been shown to be much faster than the reactor dynamics, they
von safely be ignored.

Eising the reagoning outlined so far, equations 5.25 through 5.28 can be reduced to
the folliweing dynamic form :

oy,

"";;tr' = FnCain ~ FaCa = V{C4,T) (5.55)
i'% = FyTwm~ Foul - _A'L“C:hT} UAH(I }(T T (5.56)
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Figure §.3: Reactor - Jacket Dynamics

and the following ronstituitive refationships

F o= By = Fou (5'5T)
1 -
I; = m{ltfnn + kgT) (5.58)
where
k= FrpuCy

ke = UAg(V)

This reduces the CSTR from a fourth order system to a second order system which is
more easy to analyse, It will noi always be possible to reduce the order of a system,
but for every reduction in order of the system there iz a corresponding saving in the
awmount of caleulation to be performed,

The CSTR it now a second order nenlincar problemn, which although not aunatyt-
ivally tractible in many ceses, does reduce the amount of numerical calculations

substantially.
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Chapter 6

Bifurcation Theory

6.1 Introduction

Bifureation refers to a sudden change in the - olntion of a system of equations, When
the system of equations represents & model it is referred to as a change in bebaviour
of the system being modelled, 'There are essentially two types of bifureations, static
and dynamic bifurcations. The types of dynamic systems can alko be broken dowu
into two groups, diserete and continuous, The models used in this dissertation are all
continuous as most chemical processes are modelled using continuous time models
(partial or ordinary differentin} equat’ ms},

Static bifureations eceur in a continuous differentinl equation when an equillbrium
puint appears or dlsappears as a system parameter is varied. This can be iHustrated

using Duffings equation.

,',ﬂ.l = I (6'1}
Ty = 2 = .!"; “ Ia-+ i (8.2)

where 4 is the model paramnetor

The position of the equilibrium point can be drawn for # vs 2. Figare 6.1 ia
constructed by considering the equilibrium points of equations 6.3 and 6.4,

dpmry—-p = 0 (6.3)
(6.4}

x )
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Solving equation 6.3 for ) as g is varied in the range [—0.5, 0.5), gives the bifurcation

diagratn shown in fipure 6.1,
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Figure .1: Equilibriyan disgram showing a Static Bifureation

Figure 6.1 shows that for different values of u, the number of equilibrium points
changes. For inatance, in the range [—0.37,0.37), for instance the dynamic system
has three eqeilibrium points wlwrens in the range (~ox =0.37] the dynamic aystem
has one equilibrimn point. This can be seen in the diwsram by drawing a vertical
line at the relevant value of g and noting the number of times it is crossed by the
equilibrium point curve.

The important thing to pote is that at some point the three equilibrium points
abruptly disappear and are replaced by a single equilibrium point. This is known ns
a statie bifurcation. When doing the bifurcation analy is of a chemical syston, this
iz the frst set of information that is requived.

The next type of bifurcations that ocour are dywamic bifurcations, These do not
result in the appearance or Jdisappearance of an equilibrium point but rather in a
change of dynamie behaviour around the sguiibrium point in question. That i, the
stability of the equilibriuin point o vages when a dynamie bifurcation oceurs, There
are many different types of dynamic bifurcation which ean oceur, some of these are
illustrated in section 6.3.

The van der Pl equation, given by equations 6.5 and 6.6 illustrates the concept of
a dynamic bifurcation,
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o= Ty {6.5)
u(l - .'l‘!'i!)ﬂ?z - Iy {6.6}

3
f

From 6.5 and 6.6 with &) = 0 and &y = 0, it can clearly be seen rhat fo- all values of
£ the mumber of equilibrivin points remaing the sane, namely, the peint {0,0). No
new equilibrium points appear and the existing equilibrium point never disappoears.
However the behaviour of the system is affected by the change in g If the stability
of the linearized system is analysed at the equilibrium point it i found that the path
traced out by the poles of the linearized gystem for n changing i is shown in figure
6.3.

=~

L}

[ Stable Region Uust.able Region

l

«T” - =(} p=l_

Figure 6.2; Dynamic Bifureation Diagram

The relationship between the stability and the parametor g can be elearly shown by
plotting the real part of the poles vs p. Figure 6.3 gives this relationship.

The examples given in this seetion clearly show the difference between static and
dynamic bifarcations :

1. In static Lifurcations the sumber of eguilibrium points changes after the bi-
furcation uceurs.

2. In dynamic bifurcations, the same number of equilibrivm points exist on el
ther side of the centre manifold (hefore and after the bifureation occurs) as u
changes. However the qualitative dynamic behaviour of the system changes.
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Figure 6.3: Parametor Stability Relationship

We can also see how important bifureations are, and Low they radically affect the
hohaviour of continuous dynamic systems.

6.2 Centre Manifold Theory

Center manifold® theory examines the characteristics of a system at the critical
point for dynamic bifurcations. The critieal point occurs when changing a system
purameter has caused the system o become marginally stable around an equilibriam
point. Marpinal stability is usaally structuraliy unstable?, By finding the equilil-
riumn poiuts of a nonlinear system, linearizing the system sround each of those equi-
librium points and obxerving bow the eigenvalues of the tincarized systems chaage
with changes in system parometers, it is possible to determine when the gystem is
on the ventre manifold and how it is behaving, This is very important information
because, “the nature of the bifurcation is determined by the dynamnics en the centre
manifold at the bifurcation point.” - {24)

The system is on the centre manifold when the real part of the poles of the lincarized
system (at o partioular equilibrium paint) are zevo. This mcans that the poles
are on the imaginary axis. The poles are nsually® on the threshhold of crossing

A coutre manifold is & manifold of a nonlinear dynomic system and i anslogons to a linear
subspace fur linear systems Uor & debinition of invariant manifolds, see [24]).

A mystem is structurally wnstabde if an infiuitestmal change i & parameter changes the system
stability (see [236]).

IScmetitoes kystems can bave poles that move from the lefthand plane onto the axis and then
Lk into the fthand plare ar viee verse (vee [24])
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the imaginary axis with the systom becoming unstable (or stable}. Note that the
system dynamic bebaviour in the neighbowrhood of an equilibritn poing may be
unstable, while the global system dynamic bebaviour could be stable, This is beeause
a nonlinear system ran have unstable equilibrium points but still remain globally
stable (that is the cutput remains finite ne time goes to infinity). This is only true
a8 [ong as the initial conditions are not on the unstable manifold.

For noniinear systems there are two kinds of stability, global and local stability. In
linear gystems these two are exactly the same but in nonlinear systems they can be
separated, The reagon for this is that in a linear system the strueture of the vector
field for the entire state space can be determined by examining the local behaviour
of the linear systorm ot Hs single equilibrium poiut, In nonlinear systems bowever,
this iz not true as there could be several eguilibrium points or sume other form of
behaviour such as a limit vycle which makes it impossible to predict global behaviour
by using avalysis of a single equilibrivm poing {Jocal stability analysis).

A vonlinear system car become loeally unstable but remain globally stable. This
happens when a system begis to spontaneously oseiilate as a parameter changes
{ag in the case of the van der Pol equotion). The oseiliations remain bounded as
time proceeds and hence the system is stil} steble ever though it is locally unstable
at st equilibrium point, Figure 6.4 shows the output of the van der Pol oscillator
where the system i locally unstable at the equilibrium peint (0, 0).
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Figure 6.4: Qutput of the var der Pol Oscillator (p = 1)

There ave cevtain conditions that emerge romn centre manifold theary that are im-
portant to determining whethor » dynun:ie bifureation coutd lead to stable oscillatory
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or chaotic behaviour, These are neccessary but not sufficient conditions for oscil-
latory and chaatic behaviour, There are striet mathematical conditions which can
be applied to a system on the centre manifold, They are not dealt with here due
to the fact that the foens of this dissertation is the application . £ the mathematical
conditions in a useful and practical way. The mathematical conditions can Le fou.. .
in [24}.

6.3 Review of Second Order Behaviour

Once the static analysis of the system is complete we know how the equilibrivm
points of the system change as parameters and jnputs change, This is very useful
information but it is not complete as we would have no idea how long a particular
process system will take to reach its steady state or whether the sysvem is inherently
gtahle or unstable.(The next step is to gain insight into how Lhe system responds as

time praceeds.)

The system must be lincarized at all of the equilibrium pointz. This provides infor-
mation about the local stability of the equilibrium points. It is however possible to
use the information about local stability to form a qualitative picture of the global
stability. By determining how a hehnviour will effect the local stability of an equilib-
rium point, it is possible to identify when a nonlinear behaviour might be oceurring
and use other methods (for example simulation or Lyapunov analysis [23]} to verify

jte existence.

For any forin of nonlinear ordinary difterential equations, there are a finite num-
ber of ways the system can behave, This does not mean that this finite set of
behaviours eaunot oceur in infinite varieties and combinations, but the behaviours
themselves definitely fall into o finite set of classes, based on the order of the dif
forentisl equations and the types of nonlinearity preseat. An example would be a
syatem with multiple equilibrium points, The classes of hehaviour would be fnite
(stable/unstable foci, nodes and saddles) while the way these were combined could

be infinitely variabie.

The following paragraphs and diagrams give a breakdown of the types of behaviour
which ean veeur {or second order systems. The list is not completely exhaustive
but covers the most commnon behavionrs, Second order systems are very important
hecause parameters tend to effect pules as pairs (e two poles will move in & linked
way for o change in a parameter). More than two poles may move {in high order



systerms), but they will very often also move as pairs. The vaception is a single pole
which always stays on the read axis,

The first type of behaviour encountered is a second order syatem with a stable
equilibrium point which ks o node {Bgure 6.5), It ia the equivalent of having two first
order systems coupled together. The opposite kind of behaviour (from a stability
point of view) is the unstable node(figure 6.6).
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Figure 6.5: The Stable Equilibrium Point (Node)
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Figure 6.6: The Unstable Equilibrium Point {Node)

The second type of behaviour that a second order system exhibits is a stable or
unztable focus. A focus only ocours in second or higher order systems as it requires
the interaction of two states (see figures 6.7 and 6.8).

A combination of stable and unstable (called non-stable) equilibrium points is the
raddle which attracts o state whon in one region of the phase plane but repels it
when in o differont region. This is shown in figure 6.9,

The final form of second order behaviour which ean oceur in linvar second order
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Figure 6.7: The Stable Equilibrium Peint {Focus)

s-plane phase-plane

Figura 6.8: The Unstable Eguilibritm Point {Focus)

systems is the centre. A centre is usually a structurally unstable behaviour in lin-
ear systems, Hi iltonian systems howover, are structurally stable on the centre
manifold. A fricitionless pendulum is an example of o hamiltonian system (because
hamiltonisn systems are not dissipative which is rare in normal engineering prob-
lems). The centre behaviour cousists of & sustained oscillation with an awmplitude
determined by the initizl conditions. It has no st aw- " ude of escillation as the
limit cyclo dees, Figure 6.10 illustrates this bebaviour i x veral initial conditions).

In addition the dynamic behaviour that can only oceur in o nonlinear second order
gystem are the stable and unstable limit cycle, as well as multiple equilibrium points.

Multiple equilibrium points are essentially any combination of the equilibrium points
Ziven so far, It must be kept in mind that only certain kinds of cquilibrinm points
can exist together, A way to illusirate this kdea is to imagine two unstable egui-
libriwia points in the phase plane. By making a qualitative drawing of the possible
trajectories of the system in the phase plane, one will realize that a third equilibrivm
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Figure 6.9: The Non-Stable Equilbrium Point {Node) or Saddle
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Figure 6.10: The Centre

point {of different stahility) must exist for the system to exist (it becomes m the-
matically imposzsible to create a system with only two unstable or stable equilibrium
puints — hence such o sysiem cannot exist), Figure 6,11 shows two cases of multi-
ple equilibrium points (the & — plane diagrams are the same ag those for the single
equilibrium points already described).

The limit eycle is similar to the centre in that it results in a sustained oseillation. The
difference however between the limit cycle and the centre is that while the centre
will oscillate at an amplitude dependent on the initial conditions, the limit eycle
has a set amplitude which is independent of the initial conditions. A frictionless
pendulum would be ar example of & system which could be modelled by a set of
equations which exhibit centre behaviour (the greater the initial force, the greater
the amplitude of the resulting oseillations),

A limit cycle however is a form of dynamic equilibrium. Figure 6.12 shows the phase
plane representation of a possible limit cyele. The s-place illustrates a possible
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2 Unstable Points & Saddle 2 Unstable & 1 Stable Point

Figure §,11: Multiple Equilibrium Points

position of the poles of the nondinear system when linearized abont the equilibrium
point. The unstable form of the limit cycle is similar to the stable limit cycle in
structure but has the following differences. The s-plane has the poles in the left
hand plane and the system flow moves in the opposite direction in the phase-plaue.
Thus an unstable limit cycle intitially looks like a stable equilibrium point.
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Figure 6.12: The Stable Limit Cycle

The veakness of the method presented in this dissertation is that the linearized
analysis is only valid in a local neighbourhood of the equilibrivm point. The size of
the neighbourhood is not specified. This is an important weakness as it means that
it is possible to have a system which appears stable but may berome unstable for
certain sets of initial conditions, The reazon that this happens is shown in figure
6.13. A wey to detect whether this is oceuring 15 to be very careful (that is simulate
the systetu for a range of initial conditions) whenever eigenvalues cross the imaginary
axis.

The simplest way to test for this is to ensure that at least one simula*’ 1 is done for
the stal's equilibrium point at an extreme value of initial conditioss, This may be
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Figure 6.13: Unstable Limit Cycle Showing Regional Iustability

inereased to several if this behaviour is suspected for the system being analvsed. An
altorpative is to use Lyapunov funetion analysis if it s possible to derive or obtain
a Lyapunov function for the system. This approach however will not be disevssed
in this dissertagion.

Higher order systems are essentially collections of poles ag either linked pairs or poles
on their own, This menns that by observing the movement of poles in the s-plane,
the poles that are important from a stability point of view can be dotermined. All
that matters from a hifurcation point of view are the poles which move across the
imaginary axis (the nonlinear systow behaviouy on the centre manifold). Essentially,
qualitative dynamic behaviour of the system is detertnined by the behaviour on the
centre manifold. all that the higher ordor system allows is the possibility of more
interesting forms of nonlinear beboviour. The bifurcations however ave still very
gimilar. Hence the information that is obtained for the second order system is very
heipful for higher order gys 5 and the methodology will work exactly the same
for any order system {withi : reason, that i, it is limited by your alality to nannge
a lurge amount of information).

6.4 Identifying Bifurcations

To identify bifurestions we rely on the hebaviour of the system on the eentre mani-

1

fold (seo section 6.2). Obtaining this information divectly is often tedious and also
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takes specialized information to interpret (see [24] for mathematical methods). An-
other approach is not to bother solving for the case when the system is on the centre
manjfold, but rather to look at the beloviour of the system on cither side of the
centre manifold. The chances of the system belaving qualitutively diffevently for
parameter variations increases as the parmneter variations are increased. Thus the
variation in the parameter shonld be kept small with respoct to changes in the be-
haviour. This means that the amount the pales move for o given change in parametoer
should he kept small,

Ouee it has been ascortained thet o svstem's stability hay chavged as a parameter was
varied, then the type of bifurcation can be determined by observing the system befre
aud after the bifurcation. Usually, either one real or two complex conjugate poles
will cross the imaginary axis simultaneonsly {although it is possible to consiruet
examples for which thig does not oceur). This means that we behaviour of second
order systems becomes vory fmportant for all ovders of systems (excopt abviously
first order systorns),

Onee the bifurcation has heen classifiod as either static or dynamic then it is furcher
clnssified using the charts shown in figures 6.14 and 6,15, Note that there are some
bifurcations which are not covered here but developing mare chart eutries should not
bt too complex. Often the more complex bifure~tonus represent structurally unstable
cases valid only for a singular value of a paraneter and hence can be ignored for
practical purpuses,

Ouce the bifurcation has been classified as aceunrately as pussible using the infor-
mitio. vitained from the .nesrization process it can be analysed using differont
numerical methods, If there is confusion ag to what kind of bifureation it is (as in
the ease of the Hopf bifireation), the system will have to be shinulated at o set of
approprk .o parameter values, The cases where there could ba confusion are those
where global stability has to be determined. The mothod of lnearizing at the equi-
librinm points, while heing o powerful technigque, can never determine the global
stability characteristics of a system, As hi - been shown however, it can be a useful
tool for reduciug the amount of simulation « ixich has to be done to determine globa?
stability, What this essentiall means is thit while the engineer can sarrow down
the search fur nonlinear behaviour using this method, simulation, along with other
related methods (for example Lyapunov function analysis, Lyapunov exponents)
remain the only way of charctorizing complex behaviour.

Cnee the bifurcations that a systein exhibits have been defined it becames ;assible

fu design the system in such & way sooas o sither exploit or avoid cortain nonlinear
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hehaviours which would never have been considersd before. The analysis can aiso be
performed on existing systems and used to prediet what will happen if the operating
point were adjusted because of changing requirements,
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Figure 6.14: Chart of Simple Static Bifurcations

Figures .14 and 6,15 give two charts for elassifving bifarcations, these wore created
using information from {18] and [24]. The diagrams in the chart are ealled bifurcation
diagrams. Bifurcation dingrams vepresent the equilibrinm surface of o system for
change in a single parameter g, that is they graphically represent the sulution to
the problem %(p) = 0. Stable surfaces (lines in the case of equilibrium points) are

represented as solid while unstable surfaces are dotted,
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6.5 Conclusion
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The theory cutlined in this chapter gives o synopsis of the practical idens which
have emerped from nonlinear theory, especially the branch that deals with sudden

changes in bebavicur, bifurcation theory, The theory uses linear theory to bepin

to interpret the mor complex nonlinear bebaviours, The aim is to use nonlinewr

theory to narrow down the search by excinding well understeod behaviours and

henee reduce the amount of detalled analysis (simulation, ete),



Chapter 7

Nonlinear Analysis

w
"

[his chapter diseasses the analysis methodology by making use of the system ex-

1  Qverview

ampl. (see chapter 4). The methodology is fllastrated in figure 7.1,
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7.2 Static Analysis

7.2.1 Limiting the State-Parameter Space

Limiting the state parmucter spiace iz another way of saying that all the wariables,
incliding both states and purameters ace lmited to some 4+ Sinensional space,
where @ v the manber of states (the order of the dynamie model) and » s the
menher of vaginhle paeameters, The states and panuneters have to be Hmited to a
set of ranges to wake analysis feasible, That ix, analysis ean often not be performed
for infinite ranges of varinbles, In ahnost overy engineering problem (i aot every
prublem), the ranges of vilues of the pavameters will be limited to some finite range,

Limiting the ranges of the values of the states and parsmeters results in some m+n
dimensiomal volume being filled in the stateparsmmetor space. For example, in &
thoee dimensional state-parameter space, the limitation of the paramoeters wonld
result in a rectangular parallelepiped volume i all the states awd variablos were
varied between constant Himfts. Within that volume, equilibriven points could be
foumd for varying parnmoeter values,

In the case where the system has two states and one parameter (mo= 2 and n = 1),
the equilibrivm points would deseribe aves in the stake pavameter space. This is
becanse, as the parameter iz virled, the position of the equilibrium points could
change continuously. It is nlso feasible for cquilibrium points to appear and disappear
as the parameter is variol. The equilibrium peints coubd alio move in s diseontinnoug

nianner,

" he state paramoter space must be divided into diserete points, so that analysis can
procecel. The veetor fiokd, formed by the state cquations is visaalized iy differont
ways for the changing parnmoeters nsing numerienl methods, The use of numoerical
methods requires tlint the problown be disceetized, Thisv proeess s further diseugsed

in section 7.2.3.

The way that the ranges of the paraneters aud states are detormined using physical
reasoning s lused on practical limitations.  Thiz process would be difforent for
every differen ypo of problem. It is however a rolatively shple process, as it does
not requive a high degree of acenracy bt just "ball-park”™ values, A long ax all
vhe realistic behaviours of the systom will be contained within the state-parameter

spaee, then the ranges assigied to the variables are suflicient,

T illustrate how this process wonld msnally be carried out, the following example



is given based on the simplified model of section 5,2, The shuplified model ohtained
for the CSTR was :

iCy _ F F

";i_t“‘ :I-_-;C-'_‘hu ~ g — f(ff_,‘,T} {7'1}
dr  Fp Fo A o UdlV)
“d-{ = If.'pm 1’7 ! '11’.{((:'3\\ T] i pcﬂ‘?
1 - ;
[T— Frm G B 7y F2p Ol + UAn (3 )T)] (7.2)

Thus there are two atates (C.4 and T and 6 variable parameters {Cyin, F, Fi, Tin
and Tip, V) as well a5 3 constant parameters (Cp, U and A}, All the parameters
could be seen as variable parametors, as many of them will change over very long
periods of time. Thoe anes that have been chosen as variable parameters are those
which wonld be inputs, These can then be varled and the resulfing response of
the system determined, Step responses! to changes in these paraneters can slso be

determined.

The ranges of the states and the variable parameters need to be defined so that
analysis can proceed. Table 7.1 gives the ranges decided upon and & short justifi-
catiot. Ay von be seen, it Is remarkably simple to establish reasonable ranges for
the variables for this cxample. At this stage we alsu define the constant parame-
ters (which obviously don't have a range}. The values used come from the system
example given in appendix A,

The resulting ranges of the variables woere obtatned using simple reasoning which
significantly reduces the complexity of the problem. No longer aro we trying to
solve a problem with 2 state variables sl G varisble parsmeters over an infinite
range of values. We are now limited to o very specific region. As seen in table
7.1, defining the limitations on one variable will often result in the ranges of other
varinbles with the same pliysical dimensions alse having the seme range.

Only one more definition s required to continue the analysis to the next stage and
that iy the rate function, f{C,, T).

IThe one parameter that it wonld be incarreet to do o step response for, is 17 (volume). This is
bocanse the volume couldn’t change instantly without an infinite difference in the input and output
flow rate. It wonld be wrong to chanpe the input and output fluw rate soparately from vach other
far this model beciuse it violates a hasie psswraption on which the mode} is based. This is » good
oxampie of how the modolling engineer should always be aware of what assumptions were used to

create the model and never violate them. The model becomox invalid for this experiment.
INate . When Fr = 0 the O5TR model will give resalts ax thongh ne energy is dissipated to the

sueroundings.
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Variable | Raage Reagon

o [, 1] Fractional concentrations can’t be negative or
greater than 1,

T {270, 370} Freezing point and boiling point of process
liguids.

F [0, 1] 1 m3/s is the design flow rate of lignid
through the input and output valves,

F (0,1 1 m /5 is the design flow rate of liguid
through the jucket input and output valves.

v [0,0.2] 0.2 {5 the maximun volume of the tank.

Cain 10,1 Fractional concentrations can’t be negative or
greater than 1.

Tin [270, 370] Freezing point and boiling point of process
lquids,

Trin [276, 370) Freezing point and boiling point of cooling
water.

Ar(V) | [0.6,1.894] Heat tranefer area for V.

Cy 4200 J/ kg K Heat copacity of wakar,

L7 400 W/méK Heat transfer coefficient.

by ~7.50 » 108 J/kg | Heat of reaction.

Table 7.1: CSTR Variable Ranges for Static Analysis




The rate equation 7.3 Is defined so as to give a limit cyele (the most complex non-
linear behaviour possible with a second order system). See chapter 8 for how the
rate function was obtained. The rate equation is not based on a particular chemical
process bui designed to give a limir eycle. Tt could be nsed as a measure against
which chemical reaction rates could be tested, to see if they will exhibit this kind of

nonlinear behaviour.

CaT) = 4,445 x 107 %k, — 4,445 x 107521y — 1.4224 x 107 %% +
]
165575 % 103z, + 4.07458 x 10~ %2y — 1.370835 x 1073 (7.3)

7.2.2 Analytical Solutions

Annlytical solutions are alinost impossible to get for most nonlinear problems. How-
ever, there is some information which cag be obtained by simple analysis of the
equations. Often, while all of the equilibrium poirts cannot be analytically deter-
mined, one or two may be easily determined analytically, This provides additional
information, usually with minimal effort, which can help direct the process of nu-
merical solution (choosing starting points, ete). Singularities can also be detected
although they may not be able to be exactly located. This helps the analyst to gain
ingight into the reagon for failures of numerical methods,

It is always important for the analyst to look at the system from an analytical point
of view at the start, se ns to detect any obvions solutions and possible sources of

numoerical error,

7.2.3 Visualizing the Equilibrium Points

Now that the ranges und values of all the expressions in the set of cquations have
heen defined and some possible sources of problems or nbvious solutions have Leen
detected, analysis can proceed.

We begin by setting the values of the variable parameters to their median valae. That
iy we set them tu half-way Letween the limits, We then proceed to do the numerical
analysis. The first step is to visualize the vector field (le values of f{C4,T)) in
different ways to give an idea of where to look for equilibrium points. This could be
done using a computer program but it is unneceessary to write o complex program
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to do what a human being can de more effectively and efficiently {the human brain

is the most effective pattern cecognition element we have available to us).

The vectar fiekd muxt be econverted into a form which can be visualized by a human
being. If the dimension of the equations is too high, ways must be found of including
that information in a praphica format. The engincer can then determine the equi-
librium points to within some seceptable tolerance {say 5%). A computer algorithm
can then be used to find the ecuilibrium points to a high degree of accuracy.

Computer algerithmy ne « sume starting point to work properly and hence the
visualization step is cssentinl. Note thai at this stage of the process we are not
concerned about whether the equilibrium points are stable or unstable. We are only
interested in determining their location to some degree of accuracy., We are also
interested in determining how they move in the state space ag the parameters are
changed. Their appearance and disappearance must also be taken into account (An

equilibrium point can disappear as a parameter changes),

The system shown is easy to visualize berause it is .nsional in the state-space.
The only information that g required about the vector field to determine where
the equilibrium points are, is the magnitude of the field. Where the magnitude is
zero, there is an equilibrium peint, The magnitude of the vector field is represented
praphically using colours aud shades, The positions of the equilibrium points become
easy to determine providing the resolution of the viewer of the vector field is high
enough. The magnitude of the voctor field is observed for one set of parameter
values.

Figure 7.2 results from the following set of parameter values in table 7.2, Figure 7.2
is taken of the vectar field for values of the state variables defined in table 7.1. The
picture is used to find a set of starting points for the mumerical analysis algorithms
implemented in MATLAB (see appendix B).

From this picture (black indicotes a tow magnitude (f{Ca, T) 22 0)) the approximate
location of the equilibrium point can be determined, The rate function which is used
for this example Is equation 7.3. We can observe where the equilibrium point will
most probably be (we ean never be 100% sure until we do the numerical analysis).
The approximate position of the equilibrium point is somewhere along a atretched
out Z poing from (0. 360), through (0.5,320) and finishing at (1,280). We know

A%ote ; This vilue is uot half way between the two extremes but ot the masimu valoe, 1t s
chosen this way berause notmally C8TRx are designed to opperan. muaximum value {with some
extra volmue for o safety margin). The volume can be decreased to see the effert of changing this
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Varinbie | Valne
i Cin .5

F 0.1

Fy 0.

Tir 320 &

Trin 320 I
! 0.2 m?

Table 7.2: Initial Static Anulysis Parameter Starting Point
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Ca

Figure 7.2: Vector ficl) wagnitude

there is one equilibrium point beesuse we have a priori knowledge of the system (see
chapter 8). Even if this were not the case, the values chosen for the starting psint

of the mmerical anatysis would be the sane, in the centre of the diagram.

Note that at this stage nothing is said about the stability of the eyuilibrium point
(or region). The process ‘et is new followed i one of increasing and decrensing
eneh of the parwmeters while holding the ofliers coustant at the original set point
values (table 7.2) and obsopving the resulting ehanges in position of the ec alibrium
point. The algorithun wsed, inereages the chosen parameter a Baction of tne overall
distanee (delined table 7.1) and then searches for the new position of the equilib-
vimn point (using some standard mumerieal method). Onee the new position of the
equililiritin point has been deternuued, the provedure is repeated until the position
of the equilibrivin point bas boen estiblished for the full rapge of that particular

parammeter (while holding the others comstant). This process must then be repeated

T8



for all the parameters {this is illustrated in section 7.2.4). Figure 7.3 gives a flow
chart of the method outlined above, This method is essentially a simple continuation
method for finding equilibrium points. One parameter is varied at a time while al}
the others are held constent,

Use graphical
representation of
vector feld to find
a starting point.

¥
Search for ap -t

equilibrium point,

Y

Change ane
parameter by a
small ineremental
amowit,

¥

Use the previoush
found equilbs . .. .
point as th
starting poin.

1

¥

Choose next
parameter {0

vary.

Figure 7.3 Flow Chart of Equilibrium Point Finding Algorithm

The information that is obtained in the process of determining the loeation of the
equilibrivm poiuts must be stored sy it will be very important in the next step of
analysing the dynamic behaviour of the plant {this will be dane at the equilibrium
puints).

Tlhie method presented here has several weaknesses. The most noticeable is that
the entire state-parameter space is not analysed. This results in the danger that
gotne bebavioural chimge will “slip through the cracks”. This can be reduced hy
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doing a more comprehensive analysis of the system which would be far more e
copsuming. This is recommended but lias not been done because the aim of this
work is to illustrate the methodology, uot to comprohensively analyze o particular

systenn.,

7.2.4 Stetic Analysis of the System Example

The states and parameters of the model are limited to some finite porametor space
nsing physical reasoning as per table 7.1. The first stop is to examine the equations
for any analytical eguilibrium solutions which we may be able to obtain, Equatiops
7.1 and 7.2 must be set equal to gero.

Fo _F
0 = 'f:‘-C.A!m - ?C.,l = H{Ca T (r4)
P F A
0 = 3hn-pT- mf(a- I} -
UAm{Y) [0 ! ; r
PGFV FrpgCy 4 UAH{V) (FJ(’JCJTJIH + UAH(V}T] (7.5)

The frst thing to uote is that this reactor coudd be treated as a batch reactor by
simply sotting the flow rate to gero. The tnreoerature conld be controlled using the
jacket cooling? water. The resulting set of equitibrium equations 7.0 and 7.7 with

F o= are:

0 = —f{C4,7T) (7.6}
. UAy(V) ( Udu(V) )
0 = pCy HCaT) POV FipsCy + UAp (V)
e VAWV sy Cr 1)
POV (FapsCa + UAg(V)) ™ :
henee .

0 = 4018 x 107CAT ~ 4.445 x 1075, T ~ 1.4224 x 1073¢% +
L355.% x 107307, + 4,07455 % 10757 — 1.370835 % 1074 {7.8)
T = T (7.9)

The cooling water cauld be s vated and used to heat the reactor i that was retuired.
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vy that:

0 = (4445 » 10 Vg - 14224 < 107N 002 4+ {408 % 10T +
185575 x H3)C 0 + (107455 x 107 — 1370535 x 1079} (7.10)

The results from this equation must be in the range € = 0,1}, BEquation 7.10 can
easlly be suived using the general solution for quadratic equations. These results

reveal that:

1. The position of the equilibrivm points in a bateh reactor of this sort are ensily
determined analytically.

2. From a static analysis poiot of view, the other parameters are of little im-
purtance {that is, they have Hitle impact on the position of the equilibrium
points). The parameters that were cancelec. oat {1V, 44,7 ) have no impact
on the position of the equilibrium points, This is helpful information beeause
we should then expeet that as the value of F decreases, these parameters will
have less and less impact.

3. There will be between zoro hud two equilibrium points in the system (a
quadratic equation can have a maximum of two roots),

Another important analytical step is to set cortain variables or components of the
oquation to zere and observe the effocts this has on the solution. This should i .
done while taking into account the physical reality of the sttuation,

If the volume s set to zern, we find that the equations become meaningless as they
are divided by zera, Thix is consistent with the »hysical reality because without
any liquid, there are no reactants and henee no reaction to be modellou, IF however
othor variables or commponents are set to zero, several useful insights ean be gained
about the system being analysed, This was exactly what was done in the case of
the luitch reactor. The flow was snt to zero. Now if the chemical reaction is set
to zero, that is the reaction rate function f{C'4,T) is sot to zero then the C§TR is
essentially a tank, Thiz results in the following set of equations for equilibsium:

Cys = Chin (7.11)
L W F(ky + ky) -0
Tl ) & ik 0 Tl Ty g (M2
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Variable | Range I Reason

Vv (020,27 : Minimum volume allowed jn the tank is 10% for

| safoty reasons,

Tatde 4 .3: Parameter Ranges Revisited

whoroe
;
by f-‘ifn
p(;p
by o= FapaCy
ky = Ay

The above result shows us that as the magnitude of f(C4, T) becomes less oipnificant
in comparizon to the flow terms. the bebaviour of the CSTR is more like a tank than
a reactor. This is as would be expected using simple physical reasoning.

The next step s to visualize the equilibrium points. This i done using MATLAB,
The equilibrium points are visualized for the median walues of the parameters. It is
however not slways advaniageous to use the median values for all of the parameters.
This i beeause a parameter may he at one of the extremes during normal operation.
In the case of the CSTR this iz true for the voluine of liguid in the system.

The vector ficld magnitude plot, shown in Sgure 7.2, 18 used as  starting point for
the equilibrium polut analysls of the system for changing parameter valaes., The
ranges of some of the parameters are now rovisited and refined for th next step of
the analysis {ranges have already been defined in table 7.1): Figure 7.4 illustrates
the solution obtained for the system example when cack of the parameters are varled
over their entire range while the other parnraeters are held constant. ‘The diagram
gives the position of the equilibrivin points, The parameters not shown on this plos
have no meaningful impact on the position of the equilibrium point over their entire
range for this particular contre point *. This means that the equilibrinm poimt stays
at (0.5,320) as the other parameters are changed.

The preblen with the above results is that several of the parameters were chosen
in an arbitary way (the mediay of the extremes). The result is that the offect of
some of the important control inputs (for instance the jacket Bow rate) of the CSTR
heeome irvelevant. Also the chemi, 2l renction has a negligable impaet which defeats
the parpose of the CSTR.

*The ~("enire Point” is the paint defined by taking the median of all the parametor ranges.
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Figure 7.4: Equilibrium Point Movement

o;liﬂ 0.5
F, 1% 10-° mt/=
Fria 12%107°% 3/

Tin 320 K
Ty 3IOK
v 15 md

Tuble 7.4: Desigy Set Point Parameter Values

When systems are desigbed howoever, a specific s¢t of parameters is required for
a partienlar {yne of reaction or produect. These would be obtained throuph the
traditional design disciplines used in chemical engineering. This dissertation will
not concern itself with how the values are obtained. All that Is vequired here is that
there is some limitation of the state-parameter space and that these Hnite can be
justified. Let wa sy, that for the snke of aygument, a designor chooses the set of
parameter values for the USTR ag per table 7.4,

In table 7.4 the How rate is very small {in comparison to the size of the tank)
and thot the flow raie of the cooling jacket licudd s similar when compared to the
incoming feed flow rate. The residence time of the tank (rm = ?},.,) varies arouml

L]

250 minutes while the jacket residence time (tm = }-3«!-) ix 41 7 minutes,

"



Cam I {n,1}

Fo {5 x 107505 x 1075 m3/s
Frg [[Lx 10753 x 1079 mifs
| 1310,330) K

Triw | [300,320] K

v {0.1,0.2] m?

Table 7.5: Parameter Variation for Design Parameter Sot Point

The rhemical engineer then discovers that when the system will be implemented,
due *o varous conditions that conld oecur in the piant. the following variations of

the parameters {table 7.4) will oreur as per tahle 7.5,

Using ths static analysis methods outlined earlior, the following results are obtained
vz the pusition of the equilibrinm point for changing parameter values. 'The analysis
is nut complete and o far wore detailed study wauld ba done in the case of an actual
syatomit, but the analysis presented is sufficient to demonstrate the coneept. Figures
7.5 and 7.6 show how the equilibrinm points iv the CSTR, move with chauging
parameter values, Fipure 7.6 shows the area around the set point after it has been

magnified several times.

a0

320

juitl

SEOH

260k

o8 4 25 o 3 Y] 29
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Figure 7.5: Statie Equilibrium Poitts

The Information given in Hguves 7.5 and 7.6 is incomplete in that it does not give
the relationships between the parameters and the equilibrivn points explicitly. This
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Figure 7.6: Static Equilibrium Points « Miygnificd

Information is presented in appendix C.

7.3 Dynamic Analysis

7.3.1 Bifurcation Analysis

Bifureation analysis is discribed in more detail in chapter 6. The field of bifureation
analysis i gquite broad and there are several tuxtbooks , vallable on the sobject (see
[22} and [247}. A brief summery of what is used and how it is used is diseussed here,

Bifurcation analysiy in i emue v is observing the wovement of the eigenvalues
which result from the lin' v im of the system avound the eguilibrimn poiuts,
The first & ep te iwideving this is by finding alt of the equilibrinm points of the
system for the o fferent viuues of the system parameters. This information pives us
the stendy state bebaviour of the plant as the parameters vary. It tells us what the
ultlmate (f = o) output concentrations and temperatures will be as parwmeters
are changed. This information dees not however give us any idea of how the svstem
will reach those steady states (equilibrium points). It does not ever iell ue if the
system will be stable or not.



Onee the steady state information has been determined (sve seetion 7.2.4). bifurea-
tion analysis can proceed. This involves lincarizing the systom at all the relevant®
equilibrium points. Using linear systems theory, the poles of the linear system can be
determined for changing parameter values, This iuformation is very useful because,
depending an the number of sguilibrium points, the changes in stability of the Inear
system can he used to give an idea of the global stability of the systemn, Although
this information alone is not completely relinble, it helps to predict obvious changes
in hehaviour and once a particular region has been understood qualitatively. the
entire region and its boundaries eon be determined wing this methad. Tt is jinpor-
tant fo remember that bifurcation analysis has to be done in conjunction with other

methods (such as simulation), to jmprove its reliability,

Section .4 gives details on how to interpret the rasults of linearized systems,

7.3.2 Interpreting Simulation Resulis

Onee o region has been established as baving some form of local instability, that
fs the poles of the linearized system cross the imaginary axes from the left hand of
the s-plane into the right hand of the plane, simulation i required to deterinine the
glabal stability behaviour. The results of the simulation have to be analysed by the
engineer to determine (to some accuracy) the kind of hebaviour which is oceuring,
It s important to remember that oft- n engineers are more interesterd in determining
the behaviour quickly and with some level of innaccuracy than conclusively proving
that a hehaviour is of one form or another. Usually it has very little impaet on the
practical situation whether, say for instance o system jg chaotie or just exhibits a
very conplex form of limit eyele. Often both behaviours will result in similer output
products H they look very similar to the naked eye, This section gives some examplos
of different kinds of behaviour and how to determine whether they are cectring.

The first kind of behaviour which veeds to be woderstood is the globally unstable
case. This will oveur when the system Decomes both locally and globally unstable
simultanepusly. This is o common form of behaviour and will often cause the gim-
ulation routine to fail and return some kind of appropriate message (lor exampls
arithmetic overflow). If the simulation time s sufficiently short, results may still be
returnt by the simulation. These will show exponential divergonce from the initisl

point and have some very Jarge values with respeet to normal systom vegults,

In the case of global instabilities, it is hnportant to abtain an idea of the structure

" Belevant refers te oquitibrivim points that fall within the limits set in seetion 7.1
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of the phase space in the region of the locatl instability. In othor words the way that
the states chayg. <th tie ag they move away frum the equilibrium point needs to
be determined using shoudations, This information is preferably displayed in o stato
space diagram. The diagrams used in section 6.3, ilustrate how unstable and non-
stable gecond order syatemns will look in the “phase plane”, State space diagrams
are important in showing all loea) equilibrivm powts as well s giving the engineer
a better nnderstanding of how the syrimm behaves in the neighbourbood of these
local equilibrinm points.

The second type of behaviowr that can be observed is multiple equilibrivun points.
‘This can be vory confusing ag the systetn apptas fo be stable while the equilibrium
poiut In question is wnstable. The renson for this ig that there is another stable
equilibrium point w.aad s atiracting the response. Figure 7.7 shows a phase ploue
mliiple squilibrium poine.

- ']

Figure 7.7: Phase Portrait of Two Eguilibrium Points

There are many types of bebavionrs which ean oceur in nonlineqr systems, Reeognis-
ing them reguires experience and 8 ood working knowledge of the tynes of beliwviour
that van oceur. This . tation is limited to second order systems and honee the
only exclusively noulinear belaviours mentioned here are limit eveles and mnlti-
ple eguitibrium points. Lhnit eyeles ave relatively oasy to find as they ave lacally
unstable equilibrinn points or plobiatly stable point, The systemn exhibits atable
oscillatory behaviour as time proceeds i there is 2 limit evele, Figuees 7,13 and
T.13 are eximples of how a limit eyvele lonks in the phase space and time domaia,
Chapter 6 gives & discussion of all the possible seconed order behaviours in greater
detail.
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Cain | D5
Foo | 1%1075 m¥/a
Fiam | 2% ¥ s

T 320 K
Trn | 310 K
v 0.15 m®

Table 7.06: Design Set Point Parameter Values

7.3.3 Dynamic Analysis of the CSTR

Q) .ce the posstble static behaviour of the system has been defined, we may proceed
to analyse the system with a view to qualitatively™ and to some extent quantitatively
defining its behavieur, The system has #ix parometers and the design parameters

assumed are shown in table 7.6

The chemieal reaction is assumed to result in $he rate equation 7.13 for this analysis.

FlCAT) = f_:z[_ (C.d.r:ﬂl)'z(T;ﬁz)+(C,1r;—§1)+

T - ts;; ¥
+(555)
hore
@ = %
g = 30
6 = 05
fa = 320
v = 2667 x10™
A = -—T.06x 108

Substituting the parameters into equation 7.13 gives equation 7.14.

FCLT) = 4445 x 107037 — 4445 x 1079047 - 1.4224 x 1079¢% +

*The quatitative behaviour of the systom meens that you have a good ides of what to expect
us vou move into different regions of the pavimeter spave. Tt does not however pive you exact
dynamic results {although you can work out approximate settling times, ete). To get exnct results,

simulation is ree- eod.

88



Can | [0.1)

Fn 115 x 1075, 1.5 x 1079 mi/s
Frin | [1 % 107%,8 x 1075} m¥/=
T | [310,330] &

Trin | (300,320) X

v [0.1,0.2] m?

Table 7.7: Parameter Variation for Design Parameter Set Point

1.55575 % 1073C 4 4 4.07455 x 1079 — 1.370535 x 1073 (7.14)

The parameters could vary for a number of reasons, which are not important here.
What is important is that the effect on the dynamic behaviour cansed by the vari-
ation of the parameters must be understood.

Tahble 7.7 gives the ranges over which the paramsters are to be analysed. Figures 7.8
and 7.9 shows the dynamic behaviour of the system if the design values are chosen
as the “centre” point around which all the other parameters are varied. Figures 7.8
and 7.9 show the path of the pdius of the system created by linearizing around the
equilibrium points determined in section 7.2.1, The picture shows that the solution
of the dynamic problem results in a set of solutions which are all different (ie they
do not overlap) except for {Ti; and Tn). The s — plane plot shows that for the
parameter ranges decided upon, the systern i essentinlly stable with a decreasing
oscillation (that is most of the equilibrium points are stable focl).

There are two exceptions to this, the one is the variation with C4:n which results
in an unstable focus. And the second is the variation with Ty, which results in
an unstable focus. The unstable regions must be further investigated to check for
nonlinear behaviour which is globally stable and for other equilibrium points which

may have appeared.

Figures 7.11 through 7.16 show the simulation results that where chisined for the
region of the parameter space investigated which contained the enstable foci. It
indientes that within these regions limit cycles exist® |

Using alt the information obtained from the statie and dynamie analysis of the sys-
tem, not only have the static charactoristics of the system been determined, but also

BThe bifurcation which produces this oseillatory behaviour is known as a hopf hifurcation (soe
section 6.4), This behaviour is deseribed = decail in [24].
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Figure 7.8: Pole Positions for Changing Equilibrium Polits (Cam)

the type of nonlinear behaviour for given parameter values. This type of analysis
enables an engineer to predict the bebaviour of a system without having to do an
inordinate number of simulations [2] (which are very time consuming). The infor-
mation given abuve is incomplete in that it does not give the relationships between
the parameters and the pole positions explicitly, This information is presented in

appendix C.
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Chapter 8

A Nonlinear Design Technique

8.1 Introduction

The nonlinear design technigque discussed evolved from the simple idea that the
behaviour of an ordinary differentisl equation can be adjusted using simple trans-
formations. Using these transformations to resize an equation to give the derired
behaviour, followed by conforming a chosen chernical process into the sane form (in
this case a CSTR) is illustrated in this chapter.

8.2 Transforming Ordinary Differential Equations

There are many ways in which differential equations can be transformed. In this
section, we will focus on three simple point transformations, transloting the axes,
acaling the alze of the belinviour in the divections of the axes and changing the overall

speed of the dynnnies.

The equation used as an example is the general second order nonlinear ordinary
differential equation. Assume that there are no inputs.

d | | Silese) (8.1)
£ Faler,ma) '

The frst point transformation is to trasslate the axes, This is done by simply
substitutlog Iy = (2 + 41} and Fa = (g + 6;) into the equation. This has the effect
of translating the axes to (), 42). The equation s transformed to the following :



:E;J[ = fl (i'l - 6}.533 = ﬁ.!} (82}
Fp Jal@y — by, B = 6)

The second transformation scales the bhelimviowr of the system alung cach of the
axes, This means that the behaviour can be stretchod or reduced by a certain
factor. Chouosing e and 4, the belbaviour can be increased or reduced in sizo with
respect to each axis, If we make & = ar and #; = frg. Then %‘- = by and
%2 = iy, Substitutiog #; and o4 into equation 8.1 gives :

i‘l ‘tfl( a ’ “ "
= 8.3

The overall speed of the dynamies of the entire et of ordinary differential equations
van be governed by multiplying every function by 2 constant. The constant ¢ will
be used for this purpose. Let § = % This results in the following sot of equations :

. gy
%‘1 o | i) (8.4)
g yfaler, )
Finally if all the point transformaiions discussed so far are ineluded in one set of
eqquations, the following equations yesult :

{8.5)

£t

[;,] _ [wrf:{i‘-"—‘* —:ﬁa}]

ArfalBzh Rz

¥
-

These results wore developed for o gecond order svatem but could easily be general-
ized for any arder of gystem,

8.3 Restructuring a Nounlinear Behaviour

The ider of thiz chapter, as stated in the introduction, is o use an existing sot of
nanlinear eqnations, whose boelavionr i understood, to design w chemien] process
{in this caxe a CSTR) with similar behaviour,

1]



The 2 st in this dissertation is the van der Pol oseillator equation 8.6 with

p =1 (see section §.1).

3.

"1 _ € .
l da l N [ 1l =21ty — o ] (86)

This equation results in a limit cycle (see section 6.3). Eqnation 8.6 wust now be
transformed by looking at the form of the CSTR cquations into which we wasnt to
transform the van der Pol oscillator. The transformed equation must prescrve the
it cyele behaviour while including all the nec ssary structural requirements,

The reduced GSTR equations which are used heve are taken from seetlon 52,2, For
convenience we restate them here :

AC, F_, F_

‘—dti = plam = Fa - ACAT) (8.7)
ar _ Fo _Fu_ A o UdAn(V)

—&? = ‘_r T‘ﬂil- I,’ q ‘(}Cp f(c_.i ¥ .P} mpcp‘-?

)3 . _
T~ WUWJCJTM +UAR{VIT) (8.8)

Eqguation 8.6 has tu be adjusted to allow for terms in the chemical model which
result in & being directly effected by #1. It wax found from simulation that by
inclucting 8 —4ay term. the limit cyele behaviour is preserved.

gy || ere g
[ i .| - [ (1 —x*)an — 2y (®0)

The equation has to be changed again so that both states in the equation contain a
cormmnoen term. This term reprosents the chemical reaction f{Ca, T') which must exist
in both cquations. Notice that the sign of the existing terms in oquation 8.9 have
Leen changed and the coeficient of #; in equation 8.10 changed to —v} Equation
8.10 was found via an internctive process of wimulation and oxperimentation with
difforent values and structures, This involves changing the signs of ceriain terms,
adding #nd removing terms and sinmlating to see i the behaviow of the o stem has
qualitatively reruained the same.

uy



l ] ) [ ~dar = {4 2“}} (8.10)

N —2p + { =~y ey + 0y + 202}

Figure 8.1 shows the behaviour of equation 8.10 in the phase plane,

0o o

Figure 8.1: Behaviour of Equation 8.10

Equation 8.10 must then be transformed to a position in the phase plane which is
compatibie with the output that would be expected from a CSTR. This ia done hy
applying the transformations given in section 8.2,

I .
(m;ﬁl) +2(¢.2;52)]} (8.12)

8.4 Designing Plant Behaviour

Equatiors 8.11 and 8.12 were claw.u to give quatitatively similar dynamie behaviour
o the CSTR governed by equations 8.7 and 8.8,
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Lot :

2y = Gy

s o
'l it

Fgq = T

. 4dr

Ty = E

Equating coefficients of equations 8.7 and 8.8 with those of equations 8,11 and 8.12
respectively, the following relationships result :

F '}f{f 1

plam = = B8.13)
F x
50 = Z“.:.l. (8.14)
ooy | o= 2 o2 = &2 (3-‘1-—51)
HCaT) = 2 [ ( tx ) ( A )+ ¥ +
2 (5‘*7,}9)] (8.15)
_ F_ UAg{V)FipsCy _
" = VT"”-+p(;,,V{FJp;CJ+UA;:(V))T““ (8.18)
F LAWY [ HA(V) ]
o= -— 1= - T 817
L (v * 550 T FopCr + U Al (&40

{sing the relationships defined by 8.13 through 8,17, the following set of conditions
can be derived, These have to be fulfilled for equations 8.7 and 8.8 to produce the

nonlinesr behaviour of equation 810 :

4T AR (10 [ FAx(V)
7 3 pCp ! FrpiCr+ UAg(V) (8.18)
Foooy
v =1 {8.19)
A e
= = (8.20)

Provided the conditions are presorved, the parameters (T Th and Trig can be
given any value within physically roalistie limits,

(‘*‘;hu - Isl (8.21)
1 FAg{V ) FppaCy &
i Tm + ch.?p (FJ;JJ("J T U.AH( ‘.] ] TJm = l,.! {8-22;

‘These are remarkable results in that as long as the conditions given by equations o, 18
through 8.2 ave fulfillxd, the system’s centre point (not neccessarily equilibrium)
can be determined by changing the tempoerature and concentration of the incoming

44



stream, The Sow rate however proves to be a vitul parameter. This is becange the
whole system of eoquations relies on the flow rate being maintained at a particnlar

valug.

Au important ubservation is that the ratio of the flow rate and the volume ¥ is a
very important parameter (residenec time = 8 = }— = -1-} The fw rate and the
volume of liquid in the CSTR ean be varied as long ax the ratio betwoeen the flow

rate and the vohnoe is maintained.

The required CSTR system parameters for the calerdat.on of v are shown below

Cp=Cy = 4200
p=py = 1000
v = (.15
Fy = I x108

The parameter values requived to transform equation 8,10 into o physieally realistic
position in the phnse plane are:

141 = 3

g = 30
dp = 05
da o= 320

Figure ».2: Trajectory of the System in the Phase Plage {y = 1)
The value of v can now be caleudated using equation 8,18,
v = 23532 x 10°F

Hio



The relationships defined by equations 8.18 through 8.20 give the following values
for the rystem parameters F and A :

8.8208 x 107
~7.56 x 108

F
A

|

it

Figure 8.3 shows a tine history plot for the resulting CSTR system,

o5

02y 06 206 oo and 0 500

t{hours)

Figure 8.3: Time History of ¢4 for the CSTR {4 = 2.2522 % 10™9)

Figure 8.3 illustrates the fact that the system oscillates very slowly, approximately
once every Four deys! This iz a very long poriod of vscillation. What should now be
done s to change the speed of the cscillation by using the system obtained so far
as & starting point. We now change the chemical system parameters and observe
the changes in behaviour, By chanping each of the parameters and slomulating the
systewn to see which parameters increpse the speed of the oseiliation {ignoring the
utigional transformation conditions in equations 8.18 through 8.20) the following
new parameters wore obtained, It must be remembered that the chemical equation
J{C4,T) is changed when £ is vavied (the equation 8,156 for f(C4,T) depends om
~}. Using an iterative process of adjustment and simulation, the following results
were abtained {the objective was to speed up the dynamics).

The new values of the parameters which have chauged are

1.00 x 10-°
2,667 x Wt

.F‘
it

ii

]

Figures 8.4 and &5 give the dynamic bebavionr of the system after the parameters

i



have been adjusted.
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Figure 8.4: Phase Portrait of the Faster System
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Figure 8.5: Time History of Oy for the CSTR (v = 2.6687 % 1074)

The chemical reaction rate (equation 8.23) which is required for a system to exhibit
the behaviour shown in figure 8.5 is obtained by rubstituting the values of the
parameters into equation 8.15.

FCaT) = 4445 x 107%7fry = 4445 x 107821y ~ 1.4224 x 210327 +
1.55575 x 1073z + 4.07455 x 107%2. — 1.370535 x 10~ {8.23)
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8.5 Conclusion

The methodology followed in this cha; *er is degeribed hy the flowchart in Agure 8.6,

—

Chaase Eguation with
Relevant Behaviour

1

Transform Eque n into
a Form Compatible with
the Chemlstry

4

Equate Coeflirients to
Determine Conditlons
and Relationships

Caleulate the Required
Chemical Parametoers
and Simulate to Test

¥

Fine Tune Chemical
Hystem Parameters

Figure 8.6: Nonlinear Design Methodology

The design method is eflective in producing behaviours which do not often oceur.
This method illustrates a concept which the author believes is locking from many
attempts at understanding nonlinear systems. This idea is that the key to under-
standing nonlineay systew design is to design systems which produce different types
of behaviowr and then o compare them with existing physical systems and note the
simwilerities. In this ease, a limit evele was produced in a system which does not
readily produce that kind of behaviour (see [14]).
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Chapter 9

Conclusion

The research has been inherently eballeagitg boeeise of the imeltiple themes whick
are present, Boch aren covered in this resenrch is in ftself o whole fiedd on its own, It
was often diteult to lhnit the amount of content on each subject, but for the sake
of womploting the work it was necessary to limit the seape, This results in a simple
st of eoncepts, all of whirh ace linked together to form the central argunents:

1. It is possilile to model ciendeal procegses for coutrol, they are not “tog com-
phicated”,

2. Nonlinear theory iz very useful fer understauding notlitesr control models
and increnses owr knowledge of the dynamics of a process. henee enhancig
our ability to control it.

Thus we can see that while coch section on its own may not give any original ideas,
onee put together they moke o very important stateinent,

The madelling of unit operatious for control brought out the face that this area hos
been Jargely ignored and 1 tack box techniques have been used instead. Ut also caused
the author to realize the differences between dosign models and control models. It
made the author realize that rontrol models focus on subtly different aspects of the
same system.  Design models emphasize the distributed parameters, for justance
how & temperature varies with distanee, while the control medel only gives the
dependence of the outputs on the inputs,

The linking of pracess models together brovght out the newd to modularize each of
the unit moduls su that their inputs and ontputs are computible with each other.
Immediately this meant that all of the unit models had to use the same basiz of
units. An important fact which emerged was the fact that doing bifurcation anabysis
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on o lnked mode] oy rically was practically useless becouse there was no way
of attaching the state which cansed an eigenvalue of the Hnearizod system to the
eigenvalue,  Tlhis mesnt that while the system may well have heen analyzed, wo
woitdd noé kiaw which state or stites cansed which mode of the system,

Nuonlineaw chemical niodeks ate wsually of high order and heree need to he simplified
and redueed for conteol and system design. Bedueing the order of the Tinked systom
thus beenme o vital step. Two methods were used for this purpose, the fiest was
deroupling and the second was time sealing, The fivst involved determining the vela-
tienships between variables and showing that the effecty of o varisble were negligible
and henee conld be ignored. Gne of the important metheds in this rogard was to
use the characteristios of the physical system. An important decoupling agent in
the liquid process wl.ich was wsed to fllustrate the problemn was the pmng, controller
and canteol valve combination. This seems to be s standard muethod of decoupling
the pressures of coupled liguid systems,

The seeond furm of model order reduction was time sealing, Here o more rigorous
micthot wits employved invelving munerieal and analytical ealealation, The dynanies
of o subset of the system were analyzed and it way shown that the difference in
time sealos was large enough to justify order reduction. These methods need to be
improved and applied to different problems in future work,

The atwn of the chapter on hifurcation theory was tu provide o necessary foundation
in nonlineis tieory while avelding as much a8 possible the jorgon associated with
noulinear systems, Some neow terms wore neecssiry as ne equivalent term existed
in the flold of [ ovess control. The theary presented only details of seeond order
behaviours as this was whit was required for the system example. ‘Fhe theory aeeds
to be oxpanded to inelude higher order systems while maintalning is siimpheity and
lirectneys, It was felt that for the sake of reaching a wider andience of engiueers it
was necessary to sacrifive sotne of the intricacies of the noulinear field. This is often
doue in engineering and is often doeried by other academie diseiptines.

The pnalysis methodelogy which is prosented by way of an example is yeasonably
stralght forward. It could be improved in three areas ;
1. More reliable methods shonld be introduced which aid in the detection of
mudtiple equililirium points,
2 A formal methud needs to be adopted fur making sure that the bifurcation

anilexis iz valid Can exacople wonbd be o the case of an wnstable limic eyels).
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3. Methods need to be experiuented with for predicting behaviour from loea)
equilibrinm points and the contre manifold,

Finally, o desizn method is presented. This essentindly is outgide the scope of the
digsertation. It was however nsed to consiruct the examnple CSTR. It is an exciting
part of the dissertation and holds groat promise for the future. More nonlinear
eqquations and more chemienl processes need to be put through this method to help
improve our understanding of nonlinearity in chemicul processes,

Work which remaing to be done hoy heen mentioned ahove, but one final point
remains, A very importon, ssneet nf process systoms is transport delays. While this
was mentioned in passing it rereaing to be solved, The direction that is suggested s
the use of delay ditferontial equations,

Hopefully this dissertation will go some way towards providing a foundation for
Fature work in the area of nonlinear process modelling and control,



Appendix A

Physical Numerical Values

The following values were decided upon for the simple mixing system described in

chapter 4.

Common Constants

Cp = Cpt = Gy = Cpa = Cpy = Cl = Gl = 4200 J/hgK

Dinl = Jhind == Pips = 101 kPo

416; = 208 K
p = 1000 kg/md

Tank A

A =25m*

Ay = 18.7 m?
i =1md/s

[ =50 W/mK

¥ = 6w’

Tunk B

Ap = 2.5 m?
Apgn =137 m*
Fie = 1 md/s
T = 50 W/m2K

Vo = 5 md

Unit 1

Cross-sectional ares
Heat transfer arca
Design input flow rate
Heat transfer coefficient
Buffer tank volume

Unit 2

Crogs-sectiona) area
Heat transfer area
Design input flow rate
Heat transfer coefliciont
Rattee tank volume

07

Heat capacity of pure water
Atmospheric pregsure for the tonks
and the CSTR at the liguid surface
Temperature of the surrourdings
Density of pure water (renctonts are
aquenus solutiona)



Pump A

Az = 0017 m?

Agra = 0,46 2

Ly =100 m

Aps(rs) = BO00(1 — (ry — 1)) kPa
Uy = 100 W/miK

malug) = 1 = (1 ~u)?

u3(T) = 9= kgfms

Pump B

Ay = 0.017 m?

Agpq = 048 m?

Ly =100 m

Aps{ra) = BO00(L - (rq = 1)) kPa
Uy = 100 W/m2K

mulug) = 1= (1 - uy)?

wa(Ty) = i'ﬁi kgfmas

CSTR

Ay = 0.3 m?
Ay = 4.667 m?
Fipg =2 /s

o =anwn
SalCan Th) = —b+ 10% %% Clan + 5 = 3108 :': (1~-Cun) t/a

Us = 400 W/m?K

¥ = (L2 md

Vig = 0.05 m®

An = =336+ 108 Jfky

Pump : Preducts

A = 0.017 m?

Agrg = 0.48 m?®

Ly =100m

Apg(rg) == 5000{1 ~ (rg — 1¥¥) kPu
Ue = 100 W/m*K

galug) =1 = {1 - au)®

a(Ts) = J-‘E-'-'- kgl

Unit 3

Cross-sectional area of pipe

Heat transfer avea of pipe

Length of pipe

Change in pressure caused by pump
Heat transfer coefficient

Normalised nonlinear valve aperture
Viscosity of water

Unit 4

Cross-sectional area of pipe

Hoot transfer aren of pipe

Length of pipe

Change in pressure caused by pump
Hoat transfer coefticient

Normalised nonlinear valve aperture
Viscosity of water

Uit &6

Cross-sectional aren

Heat transfer arca

Deslgn total input fow rate
Rate function a possible reactio
Heat transfer cocfficient
Reactor volume

Cooling jacket volumo

Heat of reaction

Unit 6

Cross-sectional aren of pipe

Heat transfer area of pipe

Length of pipe

Change in pressure caused hy pump
Heat transfer eoeflicient

Normallsed nonlisear valve aperture
Vizcosity of water

U]



Appendix B

Matlab Code

B.1 jacket.m

This MATLAB m-file is used to calcylate the difference in the speed of the temper-
ature dynamics of a reactor and its jocket.

The following MATLAB cnmmands were used {at vhe MATLAR prompt >>) to call
it and plot the various graphs ;

»>>jacket ({-3.704¢-7 2.936e-6], (Ge~6 1.5e-51,[0.1 0.2],{1a-5 3e-5],2);

function r=jacket{dfdTr,Fr,Vr,Flr,n);

%d=jacket (dfdTr ,Fr,Vr ,Fir,n);

%dafaTr The reaction rate

#Fr The flow rate

#Wr Volume

#FJr Jacket flow rate

%n is the number of steps

%r is the smallest ratio of the dynamics in question

%constants
alpha=1/3;
beta=30;
ganma=2,667e-4;
U=400;
rho=1000;
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rhojarho;
Cp=4200;

CJ=Cp;

VJ=0.05;
lambda=-7,.56e8;
AC=0.3;

B=[0 1]*;

c=[1 1]1;

D=0;

r=1000;

hold off

for FI=FJr(1):FIc{2)-FJr (1) :FJx(2),
for Vevr(1):Ve(2)-vr(1):Ve(2),
for F=Fr(1):Fr(2)-Fr(i):Fr{2),
for dfdT=didTr{l}:dfdTr(2)~dEdTr {1} :dfdTr(2),

%functions

AH=2%{pi/AC) "0 . B¥V+2+AC;
A=[-F/V-lambda/ (zho*Cp) *dfdT-U+AH/ (VarhoxCp) , UxaH/ (VrrhoeCp) ;...
UsAH/ (VI*xhoJ#CT), ~U+AR/(VI+xhoJ*GI)=-FJ/VI];

pzmap(4,B,0,D);

kold on;

pepzmap(4,B,C,D};

if abe(p(2)/p(1))<r;,r=abalp(2)/p(1});,end;

end;,
end;,
end;,
end;

bold off

B.2 vdpoll.m

This MATLAB m-file is used in conjunction with ode23 to simulate the systom which
is used as hasis for the example CSTTR system.
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The following MATLAB commands were used {at the MATLAD pro.anpt >>) to eall

it and plot the various graphs :

»>{t,yl=0de23(‘vdpnli? ,0,60000, (0.5 321],1e-B);
»oplot{y{:,1),y(:,2)); ¥Phase plot of concentratior vs temperature
>>plot{t/3600,y(.,1); %Time history plot of concentration vs time (in hours)

Here is the MATLAB code ;

function xdot=vdpoli{t,x);

%starting equation
Yxdot{1)=-1/4. #x{1)-1/2, #(=2(1) . "2, +x(2)+x (1}+2.%x(2})
Yxdot (2y=—x(2)+(~x{1) . "2.#x(2)+x (1}+2.4x(2));

¥scaled & shifted equation
%2.+x{1) 1/10.%x(2)
alpha=1/2;

beta=20;

daltai=0.5;

delta2=320;

pamma=32, 0908e-3;

di=1;

xdot (1)}=gammasalpha.*{-1/4.%(x(1)-deltal}./alpha-1/2.#(-((x(1}...
~deltal}./alphe}. 2, %{(x(2)-deltal}./beta+2 *(x(1)-..,
deltat}./alpha./2+(x(2)-delta2)./beta.#2));

xdot (2)=gammasbeta.» (- (x(2)-delta2). /betatdl . #(-({x(1)-deltal}./alpha) . "2.*...
{x(2)~dalta?) ,/beta+2.*(x(1}-deltal) ./alpha./2+...
(x(2)-deltal)./beta.*2));

B.3 magplot2.m
This MATLAB m-file is used in conjunction with vdpoll.m tu create a two dimen-
sional vector field shaded magnitvde plot,

The following MATLAB commands were used {(at the MATLADB prompt »>>) to call
it and plot the various graphs :
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»>m=magplot{*vdpoli?, [0 1],[270 370],64);
>>shading interp

»>>colormap gray

>paurf ({0:1./64:1), (270:100/64:370) ,m) ;
>»>view(2);

Heye is the MATLAB code:

function m=magplot2({vacfun,x_range,y_ranga,n};

Weanction [m x yl-magplet2(vecfun,x_* inge,y_range,n);

#This function will return the magnitude of B 2 dimensional vector field
hover a range specified by x_range, y_range for & functior veciun {of the
%type used for ode23). n ig the number of blocks in x and y.

%0=1:
yo=1;

for ylm(y_range(i):(y_range(2)-y_range{1))/n:y_range(2));,
for xi=(x_range(l):(x_ranga(2)}-x_range(1))/n:x_ranga(2)};,
a=frval{vecfun,0, [x1 y1]);
m(z0,y0)=abs (a(1)+j*a(2));
x0=x0+1;
and;
x0=1;
yO0=y0+1;
end;

B.4 ecstr.m

The matlab function estr.m is the backbone of all of the analysis, It is the imple-
mentation of the second order nonlivear model in matiab. If the control engineer
maokes any errors here they will effect all the results.

function xdot = e¢strd{t,x);

“constant parameters
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A = 0.3;

cJ = 4200;
Cp = 4200;

u = 400;
rhoe = 1000;
rhoJ = 1000;
Fe = (,0004;
Ve = .15

Yvariable paremeters: z(3) through xz(8)

Ciin = =x(3); %0.6 [o o1
F = x{4); %2.8371e-5 [0 A 1
FJ = x(5); %0.01 [le-4 .. 1]
Tin = x(6); w320 [280 .. 360]
Tin = x{7); w320 [3c0 .. 340]
v = x(B); %0.2 [0.1 .. 0.2]

%chemical reaction parameters

alpha = 1/2; wi/2
beta = 20; %20
gamma e 4xFe/Va; %2.667¢-3
deltal = 0.5; %0.5
delta2 = 320; %4320
lambda = -2+(beta/alpha)+rho*Cp; ¥
%etates

Chex{1}; %

Tex(2); 4

%functions

%rate function

f_CA_T=alpha*gamma/2+( -~ {CA-deltal)./alpha).~2.*(T-delta2)./beta+...
2.#{CA~delts " _/alpha./2+(T-deltal)./heta,.+2);

%t _CA_Te-5eb%exp(-4000./T) . :CA+BaBxexp{-8000./T} .*{1-CA);

fother functions

AH=2#pix (pi/A) 0. B4 V2%,

Te=T~{FIxrhoI*CIcTIin+U*AH*T) / {FI*rhoJ*CI+U*AH) ;

“state & - ‘ons
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dCA=CAin*F/V-CA#F/V-f_CA_T:
dT=Tin+F/V-T*F/V~f_CA_T*leambda/(rhoxCp)-Te (UxAH) / (rhoxCp*V}) ;

%final conversioms

xdot (1) =dCA;
xdot (2)=dT;

xdot(3:8)=[0 0 ¢ 0 O 0]*;

B.5 magl.m

This function is very useful as it return the vector field magnitude of a state space
model at o particular point, The function passed in must be in the same form as
that required for ODE23,

function m=magl(x,vecf,xp);

m=magl(x,vect,xp);
%8pecial format to work with fmins.

t=0;
m=0;
xdot=Ffeval (vact,t, [x xpl);

n=length(x)};

for k=1:n;,
m=mtxdot (k) ~2;

end;

m=m~0.5;

B.6 linl.m

This function lnearizes the given function (again QODE23 format) at a cortain point

atud returns the poles of the systen, It uses numerieal differentiation to achiove this.
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function p =lini{vecf,x,xp);

%p =lini{vecf,x,xp);

#Returns the poles of a system.

Yivecf = gystem being analysed {ode23 format)

2 point at which to do the analysis (sherld be an equilibrium peint)
%xp

parameter values

t=0;
h=0,001;
tol=0.001;
a=lef;
yll=1le6;
¥2l=1c6;
n=l;
maxn=10;

wvhile a>tol,
xi=[x(1)+h x{2)];
x2a[2(4)-h x(2)];
x3={x(1) x{2)+h];
x4a[x(1) x(2y-h];
al=feval(vect,t,[xl xpl};
a2=feval (vect,t,[x2 xpl);
ad=feval (vect,t, [x3 xpl):
ad=faval{vect,t, [x4 xpl);

yl=(al-a2)/(2+h);
y2=(a3-a4)/(2*h);

ei=abu{yl-yil);
a2=abs(y2-y21);
e=el+e2}

yil=yli;
y2l=y2;

n=n+l;

if n>maxn,



a=Q;
disp(’maximun number of iterations exceeded - results ara unreliable?);
end;
end;

A=[y1(1:2)7 y2{1:21°1;
B={0 11’4

c={0 1];

D=0,
iz,p,k]l=8522zp(A,B,C,D);

B.7 magplotl.m
This function returns the magnitude plot of o vector fleld.

funetion m=magplotl{vecfun,x range,y_range,n,n;};

Ymemagplot!{veciun,x_range,y range,n,xp);

WThig function will return the magnitude of a 2 dimensional vector field
%over a range specifiad by x.range, y_range for a function vecfun {of the
%type used for ode23). n is the number of blocks in x and y.

%xp is a vector of the parameters passed to the vector field function.

x0e=];
¥o=1;

for yl=(y_ranga{l):(y. range(2)-~y range(l))/n:y.ranga{2));,
for xl=(x.range(l):(x_ renge(2)~x_range{l))/n:x_range(2;);,
a=feval(vecfun,0, [x1 yi xpl);:
m(x0,y0)=abs(a(1)+j*a(2));
%0=x0%1;
end;
x0e=1
yO=y0+1;
end;
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B.8 magplot2.m

This function returns a number of vector field mamituee data sets for a paramneter

range.

function M =magplot2(vecfun,x_range,y.range,n,xp,p.m,£);

YM=magplot2{vecfun,x_range,y.range,n,xp,p,m,£);

WThe ranga is spacified by x.range, y._range for a function vecfun {of the
%type used for ode23). n is the numbsr of blocks in x and y.

%xp is a vector of the parameters passed to the vactor field function.

%This function is similar to magplotl except it produces £ plots linearly
¥spaced ovar the parameter range given by p. xp specifies the set of
Yparameters. m is the index of the parameter which is being varied in xp.

#lt stores the data and an information header at the beginning:

#{x_range y_range n pl m {reshaped data....] }

k=1;

for pl={p{1) :(p(R)-p(1) /{£-1):p(2)};,
xpl{m)e=pl;
mi=magplotl{veciun,x_range,y_range,n,Xp};
sl=gize{mi);

M{:,k)=[x_range y_range n pl m reshapa{ml,si{i)+s1(2),1)°]*;
k=k+1;
calculated=k-1

end;

B.9 magplot3.m

This funetion lets you pick off a starting point for analysis wing the mouse for a

certain parameter value.

function [start,pll=magplot3(M,pl;

%[start pout]=magplot3(M,p);
7Displays data from magplot2
¥M=data



Yp=parameter value
Yatart is a starting point for nmmerical analysis chosen uging the mouse
Ypout is the actual parameter value at which the anelysis will be perfromed

s=gize (M} ;
pliin=M(6,1);
pmax=4(6,5(2});
disp{sprintf(’Parameter range : [Uf ¥£]’,pmin,pmax));
kemin{find(M(6, :}>p}}-1;
if p<=~pmax & proprin,
x.range=M(1:2,k);
y.range=M(3:4,k);
n=M({5,k);
pl=N(6,k);
o=N(7,k);
mi=reshapa(M{8:5{1),k),n+1,n+1};
clip=max({nax{m1))/10;
I=find{mi>clip);
meaml
for z=l:length(I};,me({I(z))=clip},end;
figure;
surf ((x_ranga{l): {z_range(2)-x_renge(1)}/n:x_range(2)),...
(y_ranga(l) : (y_range (2)~y. range(1)) /n:y.range(2)) ,me);
shading £lat
colormap{jet) ;
view(2);
colorbar;
title(sprinti.’parameterfi = %£',m,pl)};
disp(’Select numerical analysis start point...'};
gtarteginput (1) ;
close;
else
disp(’Paramster out of range.’};
gtart=[~1 -11;
end;
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B.10 equil.m

"This ia the heart of the analysis alogrythm, This function searches for an equilibrinm
point, given starting point and a funetion (of ODE23 form). If no equilibrinn point
i founc, the result {0 280} is returned, Olwviously for higher vrder models, this wonld

lhave to be Axed.

function [x,poles} = equil(vect,xp,p,m,start);

%[x,poles] = equil{vecf,xp,p,m,start);

%vect = pgystem being analysed (ode23 format)
%zp = parameter values

Up = ney paramater value

%m = new parameter index (in xp)

%ecart= starting point for numerical analysis

%Calculate equilibrium point

tol = le~B; ¥Tolerance for equilibrium point checking
OPTIONS({1) = O; #Display intermediate steps (1-yes)
OPTIONS!Y) = ie-8; termination tolerance for x

OPTIONS J) = le-8; %termination tolerance for f

OPTIONS{i4) = 10000;  Ymaximum number of iterations

xp{m)=p;

zefmins (Pmagl? , start,PTIONS, [],vect ,xp);
%Galeulate the poles of the system
poles=lini{vect,x,xp)*;
%Check for equilibrium
if magl(x,vect,xp)>tol,

x=[0 2801;

poles={0 01;
end;
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B.11 findequi2.m

This function solves for o whole parametor vange of equilibrium points and poles
using continuation meihods. This is a very important fuuetion.

function [x,pol,;arm)=tindequi2(it,p,xp,start,£);

#findequi(M,p,xp,start);

#Searchaes forward and backward for an f rumber of equililibrium points.
Al = data

in = parameter value

%xp = parameters

fstart
34 = npumber of frames to use in the analygis

1}

equilibrium start point

ssaize(M);
poin=M(6,1);
pmax=M{6,s(2));
disp(sprintf ('Parameter range : [%f ¥f1’,pmin,pmax));
ke=min(£ind(M(6, :)>p))-1;
if p<spmex & p>=pmin,
x_range=M(1:2,k};
y-range=M(2:4,k);
n=M(5, k) ;
pl=M(6,k);
m=M(7,k);
disp{’Solving forward,,.?)
w0y
Bti=sgtart;
for z=p:(pmax~pmin)/f:ymax,
digp(sprintf ('parameter = $f*,2));

wawtl}
[xf(w,1:2) polf{w,1:2)])=equil ('cetr’,sp,z,m,st1);
parmf (w)ez;
if xf(w,1)"=0, sti=xf(w,1:2);,6nd;
ond;

diap{'Solving backwards...’},
W=}
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Btl=start;

for z=p:-(pmax-pmin}/f:pmin,
disp(eprintf{*parameter = %f’,z));
w=w+ly
[xb(w.1:2) polb(w,1:2)]=equil{’catr’,xp,2,m,6t1);
parmb (w)=z;
if xbw,1)“=0, stl=xb(w,}:2);,end;

end;

for z=1:length(xb);,
%x{z,1:2)=xb(length (xb)-2z+1,1:2) ;
pol(z,1:2)=polb{lengsh{xb)-=+1,1:2);
parm(z)=parmb{length{xb)-z+1};

send;

for z=length(xb):{length(xb)+lengtu\xf}~1);,
x(z,1:2}=xf (z-length(xb)+1,1:2);
pol(z,1:2)=polf (z-length(xb)+1,1:2);
parm{z}=parmf (z-Length(xbl+1);

,end;

alse

digp(’Parameter out of range.');

x=[1;

pol={];

ond;

B.12 bigsim.m

"This function simulates the whole of the example system. Takes o long time to finish
working.

load datal }data created using equiZ.m

[x1,pol.pai)=findequi2(M1,0.6,%p, (0.5 320],80);
[x2,pa2,pa2]=findequi2(M2,0.0001,xp, [0.5 320],80);

[23,po3,pad3]=findequi2 (¥3,0.0001,xp, (0.5 320],80);
[x4,po4,pad]=findaqui2{M4,316,xp, [0.B 320],80);
[x5,pob,pabl=findeqni2(M5,315,xp, [0.5 320],80);
[26,po6,padl=findequi2(46,0.18,xp, [0.5 320],80);

save dara2 x1 pol pal x2 po2 pa2 %3 po3 pad x4 pod pad %6 po6 pab x6 po6 paé
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B.13 cstr.p.mat

This is a mat fle used for the standard parameters (and ranges) when doing sim-
utations, Here iz an example of the variables and what they might contain for the
CSTR.

>> xp
o =

0.5000 G.0000 0.000u 320.0000 310.0000 0.1500

> xp.r
Xp_r =
0 1.0000
0.0002 0.0002
D ©.0005

510.0000 330.0000
300.00N0  320.0000
0.1000 0.2000

B.14 magmovie.m

Maokes a “movie” of the tmagnitude date created by magplot2.m for an entire pa-
ramoeter range.

M0 = moviein{f);

s=piza{l);

for kel:s(2)
x_range=M{1:2,k);
y_range=M(3:4,k);
naM({5 ,k);
p1=M(B k) ;
m=M(7,k);
mi=reshape(M(8:s(1) k) ,a+l,n+l);
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clip=max{maz(ml))/10;
I=find(mi>clip);
me=ml;
for z=i:length{I);,mc(I(z})=clip;, and;
surf ((x_venga (1) : (x. snge(2)-x_ranga{i}}/n:x_range{2)),...
(y-range{1i):(y_range(2)-y_crange 1)) /m:y_range(2)),me);
shading flat
colorman(jet) ;
view(2};
titla{sprintf (’'parameter = %£',m,pil));
Ma(: k) = getframe;
end
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Appendix C

CSTR Parameter Relationships
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Figure G.1: Chonges in equilibrium point versus Cuge
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Appendix D

Derivation of Unit Models

D.1 Tank

D.1.1 Energy Balance on the Tank

Internal Energy GENERATED
{ Internad Energy QOUT }

therefore

Internal Energy IN4-

Internal Encrgy
GENERATED

{ Imternal Encrgy IN }

by flow in time Af

it

Internal Energy IN

by heat cechange in =

titne Af

by flow in time At

Il

4

Internal Energy in lank =

{ ACCUMULATION

in time At

substituting

{

pFu (D — Ty) A
UAg(Te ~ TYAL

}

Internal Energy QUT--

Internal Energy
ACCUMULATED

{ FiaCe(Tin = Th)pAL}

UAp(Ts - TYAR

0
Fﬂu!CvP(T - Tb}Af

pPUVCAT ~Th)

- (VO — T pay =
(pVCu(T — T,

= 0 (VD= (VT

|
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Frmt("l'f’(T - T;,)..Sf'%
0 { (P Dy e = VT

}

(D.1)

{D.2)

(.3}

(D.4)
{D.5)

(D.6}

(1.7)

{D.¥)



takinsg lnits

VT A
‘(df } == Fl'ﬂ{q‘n - T},) Pam(T n) H (T ]',,) (Dg)
Setting 7, = 0 and assuming that €, =
{V'T ;4
WD o b=t - L 1y .10
D.2 CSTR

D.2.1 Mass Balance on the Rerotor

molcs A IN+ olea A OUT4

melen A tes & dccusviarsp | O
.| i i P

GENERATED ot

FyCamdt (D.12)

males A IN
in time At

{ moles A out } = FuuCy (D.13)

in time Af
moles A
GENERATED = ralTAL (D24}
i1 tirne Af
moles A in fank = V04 {D.15)
(D.16)
theyefore
males A accumulated . -
{ in time At } = (VCalliac = (VCale (.17)
therefore

FipCrinAt +raVAL = FuCadt 4+ (ch\)l'-nkt -

(VCall, (D-18)
taking limits
BL o Bl = FouCa +1aV (D.19)
butry = =F{C', T
therefore
5‘-"‘-%5-‘-1 = FCam ~ FaurCa - VO, T} (D.20)
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D.2.2 Energy Balance on the Reactor

Assume C, constant with T

Th i the basis tenp
p is vonstant

e

Internal BEnergy IN+

Internal Energy

GENERATED

{ Internal Energy IN }

]

by flow in time At

Idernal Encrgy IN 1

by heat exchange in

titne At

i

Internal Energy

GENERATED

i

by Teaction in time Al

by flow in Htne At

{ Internal Energy OUT } _

Internal Energy OUT+
Internal Energy
ACCUMULATED

i Ce{ T — Th)pd

Udg(Ti - TV

P AAL

- SOG, TV AAY

FourCop{T = T}

Internal Energy intank = ptCL(T - 1))

therefore

ACCUMULATION
in time Af

substituting

UVAg(Ty — TYAt+

PFuCo (T = TAL {

FICALTIVAAL

taking limits
d(VT)
ot

Fan{Tin = Th) = Foue(T ~ ) -

UAn
s (T-Ti)

Setting 7, = (0 and assaming that Cp =

d(V'TY
dt

T
v

{(aVC(T = TiDlysar
(pV C(T ~ Thhy

PG (VD e = (V)

Fun Cop(T' ~ Ti)AL+
ACo (VD) — VTL,)

HCLTVA Udyg

Fm:nn - ElutT -

153

PCh

nl "I'

FICLTIVA _
[

{r-1Tn

}

(D.21)

{D.22)

(D.23)

(D.22)
(D.25)

(1.26)

(D.27)

(D.28)

(.29}

(D.30)



D.2.3 Energy Balance on the Jacket

Internal Energy IN+ . OUT+
GENERATED " | ACCUMULATED

Internal Energy IN
by flow in time At

Internal Energy GENERATED
Internal Energy OUT
by heat exchange
in time At

Internal Energy in Jucket

h

FypgCoy(Tin ~ D) AR

0

i

UAp(Ty —T)AL

1|

2V O (Ty =T
therefore

ACCUMULATION = pjViCoy (Tilivar = Tile)
therefore (note T, = 0)

FrppCoyToinht = FypgCoyTeAt + UAy(Ty - T)AL+
83ViCuy (Trlear — Tali)

Taking Limits (Assume Gy, = Gy, = )

dt

UAg
Y€y

F\
*‘-_%(Tm Ty + (T =Ty

D.2 Pipe and Pump with a Control Valve

D.3.1 Flow Rate in the Pipe

} (DD.31)

(D.32)

(D.33)
(D.34)

(D.35)

(D.36)

(D.37)

(D.38)

The flow rate in the pipe is determined by the interaction of two characteristics :

1. The pressure developed by the pump versus How rate.

2, The pressure drap through the system versus flow rate,

When the pressure developed by the pump i equal to the pressure required by

the system (in equilibrivin) then the flow rate will be set and remain constant,

Figure D.1 shows the two characteristie curves snd the effect of changing the systen

parameters. Note that I is the minkimun pressure required to overcame the effeet
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F Fe

Figure D.1: Characteristic Curves for the Pipe and Purman

of input and output pressures as weil ag the effects of changes in height, Also note
that uy > vy > ug and r; > re > ry.

If the dynamics of the pump motor and rotor are assumed to he much faster than
the rate of change of the Bow, then the rotor dynamics can be assumed to be
instantaneous and hence be ignored. The two charactevistic surfaces which deserilie
the system and the pump (F{F,r) and Py (F, u)) con be vbinined from data sheets
and by using the techniques employed in Buid dynamics [25}).

Uning the characteristic surfaces nud asswming thaé the only important dynamie
Lesides those of the control valve is the aceeleration of the liquid in the pipe, equation
D.30 results,

tH

A
A}F’:- ;:E [I}J[F! 7.} - r‘p(F. H}] (D.39}

D.3.2 Energy Balance on the Pipe

Internal Enevgy IN - Imternal Energy OUT+
Internnl Energy = I'nternal Energy {1).40)
YENERATED ACCUMULATED



Internal Energy IN
P‘g’nC}r T - T At D.4.1
{ by flow in time At } { (Tia = TulpAt} ( )
Internal Energy IN
by heat exchange irn = UAp{Ts - T)A: (D.42)
time At
Internal Energy GENERATED = 0 (D.43)
Internal Energy OUT = FouCoplT — Ty)At (D.44)
by flow in time At
Internal Energy intank = pVO (T - Tp) (D.45)

therefore

ACCUMULATION | _ (BVColT — T)) a0 —
in time At T (eveuT - ),

= 00 (VD)war— (VT),)  (D46)

subgiituting

PFinCy(Tiy, —~ TY) A - FotCon(T — Ty} At+ (D.47)
UAu(Ts — T)At pCy (VT )par = (VT

taking limits
vT U4
WD) = Fulfia—T) = FelT =T - 2 (7= T5)  (D48)
dt PCu
Setting T} = 0 and assuming that €, == {p
leti=7
{7y F U An
pr F(Tm ) G, {T\ - Ts) (D.48)
The transport delay is r = &%, hence
Tyit) = Tift-7) (D.50)

D.3.3 Control Valve Dynamics

The control valve has been modelled to take info account first order dynamics. These
dynamics are given by the first order differensial equation D51 {7y is the frst order
time constant).

du

1
-a? = ;;—(v-——u} (D-51)
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