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Modelling of electric machines is often a very challenging task due to the under-
lying electromagnetic fields. The nature of the magnetic field is that they are
typically time varying and have operational issues such as saturation, hysteresis,
nonlinearities and coupling etc. Further, attempts to shape the fields e.g. into si-
nusoidal waveforms, e.g. with salient poles are never perfect. Losses such as eddy
current losses among others compound to the problem of accurately modelling the

underlying electromagnetic interactions of an electric machine.

The goal of this research is to utilize a dynamic energy based modelling technique
to circumvent a number of the electric machine modelling challenges. Lagrange
analysis is proposed to demonstrate its two key challenges namely; dynamic energy
balance via Lagrangian energy equations and follow on Euler-Lagrangian state
analysis. Secondly input and instantaneous rate of dissipation Euler-Lagrange
model formulation and analysis incorporates a degree of freedom analysis to per-
form the physical model order analysis. This Lagrangian analysis is to be demon-
strated on modelling a linear DC machine controlled for various performance cri-
teria such as speed control, current control and power control. Further proposed
results and analysis are for a pair of linear DC machines one of which is a gravity
fed generator whose aim is to electrically drive the tandem DC machine up a slope

under various control criteria.

Overall the novelty of this work is in utilizing the Lagrangian analysis to model
a linear DC machine and also to utilize the same analysis to reduce the model

complexity by systematically reducing the model order.
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CHAPTER 1

Introduction

1.1 Motivation for modelling technique

Modelling of machines has been described using physics concepts and classical
mechanical analysis methods. Modelling machines using physics concepts involves
describing the machine using Newtonian laws and Maxwell’s laws, in particular,
Lorentz’s laws, Faraday’s laws, Ampere’s laws, and Gauss’ laws. Classical machine
modelling is based on approximating equivalent circuit models using Thevenin and
Nortorn theorems and further analyzing the equivalent circuit using Kirchhoft’s
laws. However, one of the limitations of using equivalent circuit models is that,
equivalent circuit models often assume steady state operation. Also, equivalent
circuit models are valid in either the transient state, sub-transient state or the
steady state depending on the type of model provided [18]. For this reason, there
are several machine equivalent circuit models specifically describing a certain state
of operation. Modelling machines is of paramount importance in that it assists in
understanding the behaviour of a machine. The study uses the modelling results
already in existence such as the work of Chiasson [13] where a comprehensive de-
scription of machines is provided. This study is particularly based on Chapter 1 -
3 of Chiasson’s work where the key focus is on modelling the linear DC machine.
The core focus of this study is on investigating new ways of modelling machines
using an energy based approach i.e. developing existing models albeit with new
energy based approaches. This presents new opportunities of formulating com-
prehensive machine models for control purposes. Also, using the proposed energy

based analysis to formulate machine models is beneficial in that; the energy based
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technique is only concerned with the dynamic energy flow and in cases where
advanced machines with rotors and stators are investigated, one of the key prop-
erties of the energy based technique (which is allowing the use of transformation
formulae to move from one coordinate frame to another coordinate frame) allows
directly transforming from the stator reference frame to the rotor reference frame,
and vice versa. This aspect though not performed is used as motivation for future
work. Another characteristic of the Lagrange analysis is that, it allows for model
order reduction by reducing the degrees of freedom of a system. One key advan-
tage of energy based modelling techniques is that the technique allows modelling
of machines using physics concepts and also circuit equivalent circuit modelling.
In fact, energy based techniques (particularly the Lagrange), are very powerful
because the Lagrange analysis can be used to formulate Maxwell’s laws, Newto-
nian laws and also Kirchhoft’s laws. The Lagrange is a very simple way of solving
complex machine modelling problems in that, the technique is very systematic and

structured.

1.2 Motivation for friction modelling

Some of the losses in machines are due to object to object contact, i.e. friction
force. The viscous friction model is commonly used in machine models [13]. How-
ever, viscous friction only considers kinetic friction losses. Also, viscous friction
assumes that the friction force is directly proportional to the velocity. Real-life
machines have a friction force where the friction force has two regions, i.e. static
friction and kinetic friction. It is thus important to model the two friction regions
to achieve a more comprehensive model of the friction force. A comprehensive
friction force is desired because it allows for friction force compensation when de-
signing a controller for machines. A detailed friction force model together with a
detailed machine model would result in a comprehensive machine model. A com-
prehensive machine model allows for robust control of the machine over a wide

range.
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1.3 Motivation for Non-linear control

Machines tend to be unstable when there are load variations and when stochastic
noises are introduced in the system of an electric machine. This necessitates the
use of control algorithms to improve the performance of the machines. While there
are several control algorithms to choose from, it should be noted that machines
and any other real-life systems are non-linear. Thus, a robust, non-linear control
algorithm suitable for real-world applications is desired to improve the performance
of the machine. For this study, non-linear optimal control is considered because it
is suitable to control non-linear machines. Optimal control is also a robust control

algorithm compared to PID control algorithm and linear quadratic regulators.

1.4 Research hypothesis

The hypothesis of this work is that; It is possible to model a linear DC
machine and to also control the linear DC machine using the Lagrange

formulation.

The Lagrange analysis is an energy based modelling technique that has been used
for centuries for machine modelling and formulating Newtonian laws [38, 102]. The
Lagrange is used to model a synchronous machine in [16, 38]. The machine model
is elaborate in that the saturation of the machine is also modelled. This highlights
the effectiveness and power of the Lagrange. It is very important to mention
that the analysis in [38] is performed on an equivalent circuit machine model. In
reference [16, 93], the Lorentz force is formulated using an electromagnetic field
based Lagrange analysis. The analysis presented in [16, 93] is performed on a
charged particle. Chiasson also presents and discusses a linear DC machine model
in [13]. The linear DC machine analysis is based on Faraday’s law, Lorentz law,
also Newton laws. Integrating the work done in [13, 16, 102], the linear DC machine
model by [13] can be formulated using the Lagrange based on the analysis by [16].
The goal is to achieve the same results by [13] using the Lagrange analysis. Also,

controlling the linear DC machine is desirable. While several control algorithms
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exist, it is important to investigate control algorithms that are suitable for real-
world applications such as the non-linear optimal control. A linear DC machine
is non-linear when an external force (the force could be due to gravity on an
inclined plane) is taken into consideration. Now with added stochastic noise in
the system the linear control algorithms could result in undesirable performance,
i.e. slow response time, overshoots and the system could possibly not be controlled.
This necessitates robust control algorithms such as the non-linear optimal control

algorithm.

1.5 Research questions

The following research questions have to be answered in order to address the

hypothesis:

How can the linear DC machine discussed by [13] be modelled and extended

using the Lagrange analysis?

How can the model order of the linear DC machine be reduced using the

Lagrange analysis?

o How can non-linear optimal control be formulated for a linear DC machine?

Does friction play any significant role in the starting and running of a linear

DC machine?

1.6 Research objectives and contributions

The work done in this study is significant in that the work demonstrates that it is
possible for machine models to be formulated by using energy stored in magnetic
fields. Therefore, implies that magnetic fields can be analyzed using Lagrange
analysis. In existing literature, [13], develops microscopic machine models using
electric and magnetic field analysis in his study. The machine models in [13]

are comprehensive. This therefore implies that, comprehensive machine models
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which are based on the geometry of the machine can be formulated using energy
based techniques. Having comprehensive models would mean that the machine
analysis is accurate. The work presented in this study demonstrates that machine
modelling techniques are not limited to physics and classical methods. The study
presented in this document also demonstrates that control algorithms can be used
on the the models formulated using magnetic field energy based analysis to improve
the performance of the machine. Real-life system are non-linear and also prone
to disturbances. Therefore, non-linear control algorithms are also investigated to
account for the non-linearity property of machines. Also, to demonstrate how

non-linear control in machines can be performed.

The objective of this research is to:

e Prove that the Lagrange analysis can be used to model a linear DC machine.

e Formulate a detailed dynamic friction model to achieve a comprehensive

linear DC machine model.

e Speed control of a linear DC machine using a state-feedback control algo-
rithm based on pole placement to demonstrate that the speed of the machine

can be controlled.

e Non-linear optimal control, particularly the singularity analysis for a linear

DC machine.

e Reduce model complexity via reduction of the system models’ order

1.7 Methodology

The research methodology is divided into seven stages. Each stage is aimed at
answering and/or addressing the research question and also contributing towards
existing knowledge. Tasks have to be completed in all the stages. Completing each
stage would mean reaching a milestone. The research methodology follows a simple

structure which is presented in the flow chart in fig.1.1. The first stage includes
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Stage 1
1. Literature review on machines
2. Literature review on modelling techniques

Stage 2
1. Identify the research gap
2. |dentify contributions

Stage 3 (Contribution 1)
Formulate linear DC model
1. Existing models
2. Lagrange based models
3. Simulations using MATLAB/Simulink
4. Analyze results

Stage 4
Speed control of linear DC machines (application)
1. Literature on Control design techniques
2.5tate- feedback based pole placement
3. Simulations using MATLAB/Simulink
4. Analyze results

Stage 5 (Contribution 2)
Optimal control singularity analysis
1. Optimal contral formulation
2. The goal is for a generator to drive a motor
3. Simulations using MATLAB/Simulink
4. Analyze results

Stage 6 (Contribution 3)
Pacejka LuGre based friction model
1. Friction model formulation
2.The goal is to achieve a detailed dynamic friction model
3. Simulations using MATLAB/Simulink
4. Analyze results

Stage 7 (Contribution 4)
Demonstrate maodel order reduction
1. Formulate full order model
2. Formulate reduced order model and
3. |dentify conditions for reduced order model
4. Analyze results

FiGURE 1.1: Research methodology
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reviewing the literature on modelling techniques and also machines. The first stage
is directly linked to the second stage in that a research gap and contributions are
identified from the literature. Thereafter, the linear DC model is formulated,
simulated and analyzed. Speed control of the linear DC machine formulated in
stage three is introduced in stage four. Stage five and stage six introduce singular
optimal control and LuGre based friction models where the targeted contributions
are addressed. The last stage addresses another contribution. The simulations in

this study are done using MATLAB/Simulink.
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1.8 The Eskom Power Plant Engineering Institute

The Eskom Power Plant Engineering Institute (EPPEI) sponsored this research.
Upon agreement, the research proposed to be based on a renewable energy micro-
grid comprising PV panels and a diesel generator. The operational conditions of
the microgrid were supposed to be such that the the diesel generator supplements
the PV source when there is a cloud cover and, the PV source was supposed to
supply loads in a case where there is sufficient sunlight. However, the research de-
viated to the simplest version of a diesel generator which is a linear DC generator.
The diesel generator was found to be a highly complex problem and simplifying
the problem while still able to maintain using a MIMO non-linear controller brings
us closer to the the real problem of modelling a diesel generator and PV panels
which had to be used in a microgrid. The complex diesel generator could be
modelled in the future since the fundamentals of a generator have already been
addressed in this study. For speed control of the diesel generator in the future,
the optimal controller or pole placement technique could be used. These control
techniques have been presented in this research. The original goal of developing a
comprehensive dynamic machine model via energy based methods is still covered

in detail however, on a more basic machine model.

1.9 Organization of Dissertation

The rest of the dissertation is organized as follows. Chapter 2 details the literature
relevant for the research, in Chapter 3, a linear DC machine model is formulated
using the Lagrange analysis and the formulations are compared with a linear DC
machine model formulated using classical physics methods and Kirchhoff’s laws.
A state feedback based on pole placement technique is found in Chapter 4. The
control algorithm is used to control the speed of a linear DC machine powered
mine locomotive. A friction model for the linear DC machine where the machine
is used in mining applications is presented in Chapter 5. Chapter 6 details the

Lagrange based model order reduction and, optimal control singularity analysis is
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found in Chapter 7. Concluding remarks and future recommendations are found

in Chapter 8.



CHAPTER 2

Literature Review

2.1 Modelling techniques

Analytical and numerical methods are used to describe the behaviour of machines
[57, 64]. Numerical methods are used to solve Maxwell equations and often fi-
nite element methods/finite element analysis of the machine is performed using
powerful computers [29, 35]. The limitation of numerical methods is that the
computational time is long hence, the approach requires that powerful computers
are used [108]. Analytical methods are based on electromagnetic laws and also
the geometry and material of the machine are taken into consideration. Analyt-
ical methods allows for the overall behaviour of the machine under study to be
explored [35]. Magnetic equivalent circuits, also known as lumped circuits, are
popular in analytical methods. It should also be mentioned that most models are
formulated using analytical methods and the models are fairly accurate [64]. Under
the analytical approach, there are classical physics methods, classical modelling

techniques and energy based modelling.

2.1.1 Classical physics methods

Electric machines can be also modelled using fundamental concepts of electricity
and magnetism . In particular, the Lorentz laws, Faraday’s laws, Lentz law and
Amperes laws govern electromagnetic circuits. The basic idea of the Lorentz law is
to describe that a current carrying conductor positioned between magnetic fields

would experience a force [13]. The force is proportional to the current and also the

10
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length of the wire between the magnetic poles. According to [13], the direction of
the force would be the direction the needle of a compass would point to at that
location. Further experiments also showed that the wire would only experience a
force when the wire is positioned perpendicular to the magnetic poles. This force
is known as the Lorentz force. Now using the same setup of a wire placed between
magnetic poles to describe the Faraday’s law; the Faraday’s law is based on the
basic principle that a changing flux induces an electromotive force. Also, the
electromotive force would force current in a closed circuit to flow in the direction
of the magnetic field that opposes the change in magnetic flux that produced the
current [33]. It is interesting to know that the Faraday’s law also describes the
Lentz law. A linear DC machine modelled and analyzed using physics laws is

found in [11-13].

2.1.2 Classical modelling techniques

Classical machine modelling is based on approximating equivalent circuit models
using Thevenin and Nortorn theorems and further analyzing the equivalent circuit
using Kirchoff’s laws; Kirchoff’s current law and Kirchhoff’s voltage law [17]. In
reference [18], an equivalent circuit of a machine comprising multiple resistor,
inductor circuits and a source voltage is modelled using classical methods. The

mutual inductance is also taken into consideration in the analysis [18].

2.2 Energy based modelling techniques

The Lagrange and the port-Hamiltonian are energy based techniques used to model
physical systems [28, 60, 62, 65, 71, 91, 95, 102]. These techniques are similar in
that they both demand identifying the kinetic energy elements, potential energy
elements and dissipative energy elements [62, 70]. A key feature of both the
Lagrange and Port Hamiltonian techniques is the dynamic energy balance property

which physically represents the power flow of a system [9].
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2.2.1 Lagrange

The Lagrange modelling technique has been used over the years for Hamiltonian
formulations, optimal control formulations, Newtons formulations, Maxwell for-
mulations and Kirchoff’s formulations [8, 16, 23, 49, 50, 94, 102]. The Lagrange
modelling technique has also been widely used in applications such as the simple
pendulum, circuit analysis, machine analysis (particularly the synchronous gen-
erator), and also suspension systems and this technique has generated very good

results in terms of modelling [49, 76, 90, 95].

One of the key characteristics of the Lagrange modelling technique is its ability
to use transformation formulae by degrees of freedom analysis for model order
reduction [102]. The technique also allows for the use of transformation formulae
to be used to move from one coordinate frame to another coordinate frame. The
aforementioned characteristic is beneficial when modelling advanced machines in
that the transformation formulae are used to move from the rotor reference frame

to the stator reference frame, and vice versa [13, 61, 102].

To extend on the advantages of the the Lagrange analysis, the Lagrange has an
advantage of simplifying complex circuit analysis, particularly circuits with mul-
tiple meshes. To analyze a circuit with multiple meshes using mesh analysis, one
cannot ignore the fact that simultaneous equations have to be solved and depend-
ing on their complexity, there are bound to be mathematical errors [17]. The
Lagrange analysis addresses these limitations of traditional circuit analysis such
as nodal analysis and mesh analysis by using generalized coordinate analysis which
bypasses dealing with tedious equations [61, 66, 95, 102]. However, the Lagrange
analysis is a longer analysis for a simple circuit since there are three main steps

that have to be followed to eventually perform the analysis.
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2.2.2 Lagrange on electromagnetic circuits

Just to add on the previous section, the Lagrange technique is suitable for for-
mulation of electromagnetic circuits [86]. The RLC circuit is one electromagnetic
circuit to consider. According to [16], the Lagrange technique can also be ex-
tended to the formulation of electromagnetic fields. In the work done by [16], the
Maxwell’s equations are derived by means of electric potentials and magnetic po-
tentials. Thus, fundamental electric circuits based on magnetic fields and electric
fields can be formulated using the Lagrange. In this study, the Lagrange tech-
nique will be used to formulate the equations of a fundamental circuit based on a

magnetic field and a resistor.

2.2.2.1 Applications of the Lagrange analysis

One of the key applications of the Lagrange analysis in Electrical engineering
includes applying the Lagrange technique on an RLC circuit. Given an RLC circuit
with a resistor R, inductor L. and capacitor C, the kinetic energy and potential
energy are described by:

CF:;Lf (2.1)

1 2
U=-L

(2.2)
The dissipation energy is in the form of heat dissipated by the resistor:

1
13=§Rf (2.3)

Where T is the kinetic energy, U is the potential energy, P is the dissipation power,
L is the inductance, C is the capacitance, R is the Resistance, q is the charge and

¢ is the current. The Lagrange equation is represented by:

r=7T-U (2.4)
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Where I' is the Lagrange equation.

=V - — (2.5)

Evaluating the Euler-Lagrange results in an equation of the form:

V:Lq+%+q}% (2.6)

The result is the same as the result one would obtain while using the Kirchoff’s
circuit analysis. Therefore, the Lagrange analysis is suitable for circuit analysis
and the results of the RLC found in Eq.2.6 using the Lagrange technique confirm
this.

2.2.3 Port-Hamiltonian

Similarly to the Lagrange, the port-Hamiltonian has been used to model mecha-
tronics systems and machines[26]. The port-Hamiltonian is a modelling tool where
the interaction of physical systems is described as a power exchange through
power ports [9, 10, 71, 101]. The mathematical models of systems using the
port-Hamiltonian modelling technique can be found using bond graphs or Dirac
structures [10]. A key property of the Dirac structures is that they use power-
conservation interconnection ports. Another key aspect about the port-Hamiltonian
is that this technique exposes the relation between energy storage, dissipation and
interconnection structure. In [26], a non-linear mathematical model of a 3-phase
synchronous generator is formulated using the port-Hamiltonian approach. One

disadvantage of the port-Hamiltonian is that it is notably highly complex [89].

2.3 Friction models

Object on object contact and motion typically involve friction. A linear DC ma-
chine is subject to such friction. Such friction deserves analysis as it will affect the

linear DC machine performance. Several friction models exist and these models
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can be classified into static and dynamic friction models [46-48, 72]. Some of these
friction models are the Amonton friction model based on the work done by Amon-
ton, the Coulomb friction model which is an extension of Amonton’s work done
by Coulomb, the viscous friction model by Reynolds which is often combined with
the model done by Coulomb, the Stribeck friction model deduced by experimental
work by Stribeck, the Dahl friction model which is a dynamic friction model based
on the work done by Dahl and also the LuGre friction model which addresses the
limitations of the Dahl model [2, 4, 21, 55, 58, 100, 105]. Friction has three main

characteristics that were identified experimentally. These characteristics are [45];

e pre-displacement
e hysteresis

e rate dependence

Most of these characteristics are found in dynamic friction models but some more
than others depending on the detail of the model. Control systems focuses on
two main disciples; modelling and control design. For the purpose of system mod-
elling, it is of paramount importance to provide a comprehensive friction model. A
comprehensive system model allows for a more accurate control design where the
system variations and even the system stochastic behaviour are well captured and
controlled. There are two major factors that affect the correctness of a systems
model; these are the details of the dynamic model without friction and the accu-
racy of the friction model [4]. Special focus in this work will be on the accuracy of
the friction model since it is assumed that the linear DC model discussed by [13]
is adequate. According to [55], studies have shown the presence of force ripples
especially in linear motors and also that non-linear friction is inevitable in these
motors [55]. Therefore, for control purposes in practical applications friction com-
pensation is necessary. To proceed with friction compensation, one would need
to know the nature of the non-linear friction in the motor which is only achieved
through formulations of detailed dynamic models. In the literature done by [55],

it is established that a dynamic friction model describes friction accurately [21].
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It is in the work by [21] where the dynamic friction model is discussed. For this
reason, a dynamic friction model for a linear DC machine, which is an extension

of existing friction models will be formulated in this work.

2.3.1 Amonton friction model

The work done by Amonton is based on findings from an investigation performed
on the motion of a sliding block on a surface [2]. Amonton found that the friction
force at a sliding surface is proportional to the normal load [2, 45]. He also deduced
that the friction force is independent of the contact surface area. This phenomenon
is known as the Amonton paradox [45]. Another key finding by Amonton is that,
the size of a block as deduced from his investigation has no influence on the friction
force. However, it is the normal force that determines the quantity of the friction
force. Therefore, a small and big block with the same normal force experience the

same friction force [2].

2.3.2 Coulomb friction model

Coulombs friction model is an extension of the work done by Amonton [4]. Lit-
erature from [58], tells us that the Coulomb friction model is also known as the
Amonton-Coulomb friction model. The Coulomb friction model is described by
two regimes; static friction and kinetic friction [15]. The static friction is always
greater than the kinetic friction [34, 58]. The Coulomb friction model is based on
the principle that the friction force is in the opposite direction to the velocity and
that the friction force is also proportional to the normal force [45, 58]. Coulombs
friction model is a basis for most friction models. In contrast to the relationship
of the friction model with the direction of the velocity, the friction force is inde-
pendent of the magnitude of the velocity [3, 45, 58]. Also, the Coulomb friction
model has limitations including the dissipation nature of the friction not being
demonstrated and that, the model is based solely on the roughness theory [45].
The Coulomb friction model is denoted by:
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F.sgn(z) if ©#0

Fopp if @ =0 and Fgpy, < F.

Where F' is the friction force, [ is the coulomb friction force, Fy,, is the applied

force. Also, F, is further described by [59]:

Where Fy is the normal force and p is the coulomb friction coefficient.

2.3.3 Viscous friction model

The viscous model by Reynolds is often combined with the Coulomb friction model
[58]. In the viscous friction model the friction force is a function of the viscous
coefficient and sliding speed [58]. The major limitation of the viscous friction
model is its poor representation of friction in the absence of a lubricant [58]. The
viscous friction model is described by a linear function which is proportional to
the velocity [58, 67]. Viscous friction goes to zero when motion stops. In [72], a

viscous friction model is found. The viscous friction model is summarized by [59]:

F = ki (2.9)

Where k, is the viscous coefficient, and & is the sliding speed in [m/s].

2.3.4 Stribeck friction model

In the work done by Stribeck, the conclusions of the friction model is based on
experimental observations. Stribeck found that the friction force decreases with
an increase in velocity [100]. This phenomenon is called the Stribeck effect [45].
Other friction models include the rate-and-state friction models where the friction

force is a function of the velocity and the state of variables [3]. According to [58],
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combining the Coulomb friction model, the viscous friction model and the Stribeck
effect leads to an accurate friction model. The Stribeck friction model is of the

form [96]:

F=F +(F— Fc)e_(|%|>lsgn(i) + k& (2.10)

Where F' is the friction force, F, is the coulomb friction force, F is the static
friction force, & is the sliding velocity, v, is the stribeck velocity, ¢ is an exponent

and k, is the viscous friction coefficient.

2.3.5 Dahl friction model

Dahl introduced a dynamic friction model which is able to model the pre-displacement
and hysteresis [100]. In the Dahl friction model a spring-like behaviour during stic-
tion is deduced. It is worthwhile to mention that the Dahl model is preferred for
extensive hysteresis analysis [58]. The Dahl model is an extension of Coulomb with

a friction lag when the direction of motion changes [58]. Also, the Dahl model is a
function of the velocity and displacement [100]. The limitation of the Dahl model

is its inability to capture the Stribeck effect, static friction and stick-slip motion
[45, 58, 105]. The Dahl friction model is described by [22, 79]:

dF F F |’
2y =00 (1 - sgn(v)FC> ‘1 - sgn(v)F—C (2.11)

The equation in Eq.2.11 can further is further simplified to Eq2.12 for the purposes

of making the numerical implementation easy [79].

F =04z
(2.12)

op

Z  =wsgn (1 — sgn(v)%cz) ’1 — sgn(v)%cz

Where F is the friction force in [N], v is the sliding velocity in [m/s], z is the body
displacement in [m], oy is the asperity stiffness in [N/m], and 0 is the parameter

that determines the shape of the stress-strain curve [75].
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2.3.6 LuGre friction model

To address the limitations of the Dahl friction model, the control groups; Lund
Institute of Technology and INPG Grenoble collaborated to extend the work done
by Dahl. They came up with the LuGre friction model which is a short word for the
two control groups. The LuGre model is an extension of the Dahl friction model
incorporating the Stribeck effect. However, the LuGre model failed to address the
stick-slip motion [100]. The LuGre friction model is represented by [59, 96];

F :aoz—i-alz'—i—aﬂ
5 =i -ogtse (2.13)

Vs

g(z) =F.+ (Fs— Fc)e_( o )isgn(a’:)

Where oy is the contact stiffness, o; is the viscous friction coefficient, x is the
relative displacement, g() is the Stribeck effect, F is the static friction force, F.

is the coulomb friction force, and F is the friction force.

From the review on friction models, it is clear that the dynamic nature of a sys-
tem necessitates a dynamic friction model to capture the truest behaviour of a
system. Without a dynamic friction model, a system would be exposed to vari-
able environmental conditions whilst the friction model is stationary. This would
be contradictory to the findings by Reynolds, Dahl and LuGre. The work done by
the aforementioned are the advanced friction models and they have been found to

mimic friction in real systems.

2.4 Control algorithms

2.4.1 Linear control algorithms

Linear control methods such as the negative state feedback exists. The negative

state feedback will be discussed in the section that follows.
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2.4.1.1 Negative state feedback based on pole placement

Linear control techniques exist in abundance. Most are negative feedback based, a
typical approach is the negative state feedback. The negative state feedback based
on pole placement is a control technique to consider [1, 27, 53, 68, 83, 103|. The
goal of the control algorithm is to determine the control input capable of driving
the states of a plant to zero for a regulation problem. This control technique
requires that the closed-loop poles of the system are selected to meet the desired
performance criteria [7]. The poles determine the settling time, the rise time and
percentage overshoot [7]. The control follows a control law which is specified by a
feedback gain matrix [1, 27]. The feedback gain matrix is obtained based on the
desired closed-loop poles [7].

2.4.1.2 Linear quadratic regulator

The Linear Quadratic Regulator (LQR) is another controller to be considered.
This controller is based on optimal control law for a linear system where the
control objective is to minimize a quadratic performance index [7]. The control
law is also obtained by computing Algebraic Riccati equations [69, 81]. The goal
is to determine a gain feedback matrix that drives the states to zero. The LQR
is based on a quadratic cost function which aims to minimize the output error
while using a reasonable control input. The cost function is used to quantify the
performance of the control system. The LQR is used in many applications due
to its flexibility in selecting a cost function. However, the LQR is also limited
to initial test conditions and requires the measurement of the entire state during
implementation. Moreover, this controller assumes linear systems. The limitation
of this approach is its application to strictly linear state models. A more general
approach would be on linear quadratic control. A challenge on this approach is to

address input constraints as well as the singularities that often appear [54].

Other optimal controllers include the bang-bang controller and the linear quadratic

Gaussian controller which has additive white Gaussian noise [52, 56, 74].
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2.4.2 Non-linear control

Nonlinear control methods can be used to control nonlinear systems. It is known
that linear controllers have a small range operation [5, 92]. This means that the ac-
curacy of the control decreases as the range increases. While nonlinear controllers
operate accurate over a wide range, nonlinear controllers also account for the fact
that physical system are inherently nonlinear. Nonlinear control techniques ensure
that the control system maintains stability when exposed to the stochastic nature

of practical systems.

2.4.2.1 Hamiltonian based optimal control

Th Hamiltonian based optimal control is a nonlinear, multiple input, multiple
output control algorithm. One of the applications of the control technique is
found in the work done by [6, 41, 99]. The Hamiltonian based optimal control
algorithm entails defining the control problem which is followed by computing the
performance index. The Hamiltonian associated with the control problem of the
system is then computed. The Hamiltonian is used to determine the adjoint of
the system. The transversality condition follows [5, 84]. The switching function
is also determined. The time derivative of the switching function is evaluated to
find the singular control [99]. The advantage of the Hamiltonian based controller

would be its robustness.

2.5 Summary

From the brief literature provided, the advantages of the Lagrange approach have
been highlighted. As such, the approach will be adopted in this study. The novelty
of this study is that, there exists no magnetic field based Lagrange model of a
machine The key focus in this study is on a linear DC machine without using an
equivalent circuit approach. The properties of the Lagrange modelling technique

will also be investigated. Also a detailed friction model is important in that it
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results in a more comprehensive model. Control has been motivated for, linear

negative state feedback and non-linear optimal control.



CHAPTER 3

Linear DC Machine Modelling

3.1 Overview

Chapter 3 introduces the dynamic model of a linear DC machine formulated using
energy based approach, i.e. Lagrange analysis. The results of the dynamic model
are compared with results obtained using classical physics laws i.e. Newtons laws,
Kirchhoft’s laws and Faraday’s laws. Sections discussing the Lagrange analysis,
generalized coordinates, holonomic and non-holonomic constraints are presented.
The aforementioned sections are necessary in that they are the building blocks for
understanding the Lagrange analysis before the Lagrange analysis is applied on a
linear DC machine. The results of the linear DC machine are also presented and

discussed.

3.2 Linear DC machine in the mining sector

In the mining sector, underground mine locomotives are a form of transportation
for coal, ore and also materials in underground mines [80]. There are several types
of underground locomotives such as battery locomotives, diesel locomotives and
electric locomotives [24, 31, 80]. Battery locomotives have been found to have
an advantage of lack of emission of harmful gases compared to diesel locomotives
[80]. Nonetheless, mine locomotives generally offer an advantage compared to
rope haul and the conveyor belt [80]. According to [88], underground working
conditions include hard physical work and also, the conditions underground au-

tomatically expose mine workers to various health hazards due to environmental

23
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conditions [88]. The environmental conditions in an underground mine include
humid, dusty and noisy conditions - due to the nature of the work which involves
drilling through rocks. Introducing autonomous machinery in mining is of great
benefit not only to the mine worker but also to the company. For the mine worker
autonomous machinery would mean less physical work and it would also improve
safety significantly. In fact, fatal accidents would improve by 80% while from the
80%, fatal accidents would improve by 50% [44]. For the mining company, au-
tonomous machinery would mean transport productivity, and the study in [44],
estimated an improvement of 6% - 17%. Although the study in [44] was done
years ago, its still remains that the mine workers safety and the mine transport

productivity would improve although the statistics would differ.

This Chapter advocates for the modelling of a linear DC machine used for powering
a mine locomotive. The control of a linear DC machine used to power a mine
locomotive is found in Chapter 4. The suspension system of the mine locomotive
will not be modelled since the linear DC machine for locomotion is the area of
interest. The objective is to use energy-based modelling to model a linear DC
machine and also control it. The result found using energy-based techniques,
particularly the Lagrange should be the same as the result one would obtain using
physics laws as discussed by [13]. It is desirable to achieve a speed of typically 3
m/s for a loaded locomotive, this is the speed for practical systems. Also, the mine
locomotive should be autonomous. A key feature that could be added on the mine
locomotive would be a sensor, that is used to track the surface of the the mining
track so that the necessary control is performed to ensure the speed of the train
is maintained. The mine locomotive could also have a positioning system used to
track the distance travelled so that the locomotive knows the location where it is

supposed to stop.

3.3 Existing electromagnetic linear DC machine analysis

The following analysis summarizes the linear DC machine modelling and analysis

by [13]. The electromagnetic circuit analysis by [13] is based on laws of physics
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FIGURE 3.1: Linear DC machine [13]

in that, the Lorentz law, Faraday’s law, Newton’s law and Kirchhoft’s law are
applied on an elementary machine, the linear DC machine [13]. For this analysis,
consider a linear DC machine as shown in figure 3.1. The machine comprises a
voltage source V, a resistor R due to copper losses, and a sliding bar placed on a
pair of rails. It should be noted that the bar can only move in the & direction.
Also, the electrical circuit described is placed in a constant magnetic field B in
the 2 direction where the magnetic field is associated with the flux density and the
magnetic field takes the direction of the magnetic lines. Magnetic field notation
is such that x’ points into the page and o’ points out of the page. The current
flowing along the circuit is denoted by ’i’ and the length I of the bar is in the ¢
direction. B is the magnitude of the magnetic field.

Notation: & is a unit vector to the right of the page, ¢ is a unit vector to the
top of the page and 2 is a unit vector out of the page.

Notation: If a vector is represented in bold face, £ represents the unit vector in
the direction of z. The positive F represents the magnitude of F'. F is a force

experienced by the bar.
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When a current flows in the circuit, the bar experiences a Lorentz force which is
described by:
Fp=1ixB (3.1)

Where FJ, is the Lorentz force. For the linear DC machine shown in figure 3.1,
the resultant force is expressed by:
Fp, =il(—9) x B(—2)

(3.2)
= B%

Using Kirchhoff’s law, the current flowing along the circuit is found and it is

described by;
. V- Bli

i 7 (3.3)

Blz is the back emf as used by Chiasson and the back emf is a result obtained
by Chiasson after applying Faraday’s law [13]. Where @ is the velocity of the bar.
The current is dynamic in that it changes as the bar accelerates. The motion of

the bar is found using Newton’s law where including an applied force as used by

[12] yields:

myi —ilB = Fgp, — bt (3.4)
where m; is the mass of the bar, F,,, is an external force applied to the bar and b
is the coefficient of the rail friction of the sliding bar.

This brief summary is the modelling and analysis of a linear DC machine as mod-

elled by [13].

3.4 Lagrange electromagnetic linear DC machine analysis

The Lagrange is applied on an electromagnetic circuit where the key contribution
is the magnetic field based Lagrange analysis. The Lagrange analysis is performed

on a linear DC machine under the same assumptions as Chiasson’s linear DC
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machine which are typically ideal electromagnetic conditions such as eddy current
losses, no saturation, perfectly constant B. The objective of this study is to
obtain Chiasson’s model to demonstrate the correctness of the field based Lagrange
analysis. The Lagrange analysis is commonly known for energy based modeling
of RLC circuits, AC machines [19, 20]. It is desirable that models must satisfy
reciprocity conditions to be physically acceptable hence, the Lagrange, energy
based approach [19]. is one way of satisfying these conditions. Therefore, the
Lagrange analysis is preferred due to its merits. The Lagrange analysis steps can

be summarized as follows:

Identify the kinetic energy

Identify the potential energy

Identify the dissipation power

Perform degree of freedom and holonomic constraint analysis

Compute the Lagrange equation

Evaluate the Euler-Lagrange

Formulate the state space model

For the Chiasson linear DC machine, the kinetic energy is due to the motion of
the bar, the dissipation power is due to copper losses and friction losses whilst
the potential energy is due to the magnetic field [16]. The potential energy is due
to the magnetic field because the magnetic field is the primary field in that it

actuates the electromagnetic circuit without the help of the voltage source.

3.4.1 Generalized coordinates

Generalized coordinates are independent coordinates describing the position of a

particle P or the position of a system of N particles, subject to constraints; such
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as the particle/s moving along a circular wire or even a rigid body moving along

a slope [94, 102]. The generalized coordinates are described by [94];

r=(r1,7r2, . T ) (3.5)

Where n is the number of generalized coordinates. n is also the number of degrees
of freedom. As such, a particle/s in the Euclidean space is described by polar
coordinates thus the generalized coordinates in a Euclidean space are (x,y,z) [66].
For a cylinder and a sphere, the generalized coordinates are described by (p,¢,z)
and (r, 6, ¢), respectively. The time derivative of the generalized coordinates is

known as the generalized velocity and the generalized velocity is described by;

r = (7”'1,7"'2,...,7%) (36)

3.4.2 Holonomic and non-holonomic constraints

Many practical systems have various constraints restricting the motion of a particle
or system of particles. For instance, the particle could be restricted to move along
a curved surface, a paraboloid or even a flat surface. If all the constraints imposed
on the particle are dependent on the generalized coordinates and time, then the
constraints are known as holonomic constraints [94]. The holonomic constraints
take the form [94]:

Q(ry,7ra,...,rN, 1) =0 (3.7)

Where 7 is the position vector and t is the time. If the constraints are indepen-
dent of either the generalized coordinates or time, or even both the generalized

coordinates and time then, the constraints are non-holonomic.

3.4.3 Degrees of freedom

The number of degrees of freedom of a system is associated with the number of

generalized coordinates. For N particles with n coordinates, the number of degrees
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of freedom is:

DOF =nN (3.8)

Where DOF is the number of degrees of freedom, N is the number of particles and
n is the number of coordinates describing the position of the particle. Suppose the

particles are constrained by a total number of k holonomic constraints, then:

DOF =nN — k (3.9)

For example:

A particle in a Euclidean space with the coordinates (x,y,z) has:

DOF =3 (3.10)

Imposing constraints where the particle is restricted to only move along the x-axis
would mean that y = 0, and z = 0. This means that there are two holonomic

constraints in the system of a particle moving along a Fuclidean space, therefore:

DOF =3 -2 (3.11)

3.4.4 Identifying energies

The Lagrange standard notation used in [94, 102] is utilized for the purpose of
explaining the Lagrange formulation. Hence, the following is a summary of the
theoretical description provided in [94, 102]. The kinetic energy and potential
energy are denoted by T and U respectively. Where both types of energies are a
function of generalized coordinates and generalized velocities. It should be noted

that each generalized coordinate has a force associated to it.

The kinetic and potential energy are generally described by [61];

T(t,Tl,’l"g,...,’l"n,fl,Té,...,’l".n) (312)
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U(t,r1,72, .0y Th) (3.13)

Where T is the kinetic energy and U is the potential energy. Both energies are
a function of generalized coordinates. The above Lagrange formulation is the

summary of the Lagrange formulation as presented in [102].

3.4.5 Computing the Lagrange equation

The Lagrange equation is the kinetic energy less the potential energy. This is

shown in the equation Eq.3.14.

L=T(t, 11,79 s TnyT1, Ty ooy Tn) — U(t, 71,79, o0y 7)) (3.14)

Where L is the Lagrange equation. It can be seen that the Lagrange equation is

also a function of generalized coordinates and generalized velocities.

3.4.6 Evaluate the Euler-Lagrange

The Euler-Lagrange is further evaluated. For a loss-less system with a zero gen-

eralized force, the Euler-Lagrange is given by;

Bl | (3.15)

However, the Euler-Lagrange is expressed as a function of n independent general-
ized coordinates and generalized velocities. Therefore, there are n Euler-Lagrange
equations for a system with n generalized coordinates. For cases where a general-

ized force is applied to the system, the Euler-Lagrange has the form;

doL oL

The generalized force Q is the input applied to the system and it can be a voltage

in electric circuits or even a torque in mechanical systems. Now, consider a system
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with losses, such a system is described by the equation that follows;

doL OL oP

ator  or  °  oF (3.17)

It follows that P is the dissipation power function. The dissipation function may
result in either of the three types of systems; under-damped system, critically
damped system or the over-damped system. The dissipation function is the force
that acts in the opposite direction to the motion of a system. The dissipation
function is also non-conservative because it is dependent on the path of an object.
It is common that a system oscillates when a disturbance is applied to the system.
The dissipation force influences the behaviour of system in that the dissipation
force attempts to stop the oscillations. In cases where there is no dissipation
force, by law of conservation of energy, the system oscillates infinitely. For low
losses, the system oscillates. However, the dissipation force acting on the system
will result in a system that decays exponentially so that the system can be forced
back to equilibrium. Now, considering a system with a high dissipation function,
the system will not oscillate. However, this does not mean that the system reaches
its equilibrium fast. A system of this nature is over-damped. A system with not
too low or high losses does not oscillate and it reaches the equilibrium fast. This

means that a critically-damped system is achieved.

3.4.7 Lagrange potential energy

The purpose of this section is to explain the Lagrange analysis on a simpler prob-
lem. Also, the gravitational and the electromagnetic field explanation will be
extended. This because the fields have to be thoroughly understood before pro-
ceeding with the energy based analysis of a linear DC machine. The goal is to be
able to relate the potential energy and kinetic energy of a simple pendulum with

the Lagrange kinetic and Lagrange potential energy of the linear DC machine.
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The Lagrange analysis demands that the Lagrange kinetic energy, Lagrange poten-
tial energy and dissipation power are identified. The potential energy of a simple
pendulum is due to the gravitational force exerted on the ball of the pendulum
to move the ball from one position to another position. The ball may exist in a

gravitational field and therefore experiences a gravitational force.

For a linear DC machine where an electromagnetic circuit is placed in a magnetic
field, there may be two fields, namely; magnetic field and gravitational field. The
magnetic field is analogous to the gravitational field of the pendulum in a linear DC
machine. The magnetic field is also the field of concern. Therefore, the potential
energy of the magnetic circuit is due to the magnetic force acting on the bar. Table
3.1 summarizes some of the parameters equivalent to one another for a pendulum

and linear DC machine.

TABLE 3.1: Analogous Lagrange potential energy parameters between a pen-
dulum and linear DC machine

Pendulum Linear DC machine
Field type Gravitational Magnetic field
field
Other fields - Load may be in gravita-
tional field (bar)
Force Gravitational Lorentz force (Fp)
force (F})
Potential energy w Fyg - dl [ Fr& - dl

3.4.8 Lagrange kinetic energy

When a force is applied on a simple pendulum that has potential energy, the ball
starts moving. The energy the ball possesses due to motion when an external
force is applied is called the kinetic energy. Similarly to the pendulum, when the
Lorentz force is applied to the bar, the bar starts moving. The bar is the load,
therefore it may exist in a gravitational field. The Lorentz force applied to the
bar is the external force that initiates the motion of the bar. The energy the

bar possesses due to motion is called the kinetic energy of the bar. Table 3.2
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summarizes some of the parameters analogous to one another for a pendulum and

a linear DC machine.

TABLE 3.2: Analogous Lagrange kinetic energy parameters between a pendu-
lum and linear DC machine

Pendulum Linear DC machine
Field type Gravitational Magnetic field
field
Other fields - Load may be in gravita-
tional field (bar)
Force External force External force
kinetic energy smyv? (ball) smyv? (bar)

3.4.9 Lagrange analysis of a simple pendulum

A mgsin @
Y mgcos @

mg

FIGURE 3.2: Simple pendulum [43]

Now performing the Lagrange analysis on a simple pendulum, the Lagrange kinetic

energy of the pendulum is described by:

1 .
T = 5mm)2 (3.18)

The height of the pendulum is expressed by:

y = L(1 — cos(h)) (3.19)
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Therefore the Lagrange potential energy against gravity is described by:

U::/ynwy-ﬂ (3.20)
0

Substituting y yields:
U =mgL(1 — cos(0)) (3.21)

To avoid confusing the Lagrangian equation with the length of the pendulum
pivot described by L, the Lagrangian will be represented by I', where the equation

describing the Lagrange is given:
r=17-U (3.22)

= ;mLQGQ —mgL(1 — cos(0))

Where I' is the Lagrange equation, T is the Lagrange kinetic energy and U is
the Lagrange potential energy. Assuming there is no energy losses, evaluating the

Euler Lagrange:

r or P
doi ot _,_or (3.23)

dtog 00 06
Where Q is the generalized force 6 is the time derivative of the angle. Evaluating

the Fuler-Lagrange yields:

é+%mmm=0 (3.24)

The key result in this analysis is the equation describing the behaviour of the

simple pendulum.
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3.4.10 Lagrange analysis of a linear DC machine

Standard notation shall be used for analysis e.g. as is done by [94]. L is the
Lagrange equation, T is the kinetic energy, and U is the potential energy. This
allows for the results of this work to follow the standard use by other works. The
kinetic energy of the bar is:

1

T, = §mljc2 (3.25)

The potential energy of the bar in the presence of the magnetic field is given by
[37]:
U = / _{lB& - dl (3.26)
0

The potential energy is the path integral of the Lorentz force where ¢ is the current
and Uy, is the potential energy due to the magnetic field. The dissipation power
is described by [76, 95, 102] :

P = ;Rcf (3.27)

1
P, = 5bj:? (3.28)

Where R is the resistance of the electrical circuit and b is the viscous friction

coefficient. The total dissipative power is given by;

1 1
P = 5342 + ibsﬂ (3.29)

The Lagrange equation is given by;

1
L(z,&,q,4) = ;md* + {lBx (3.30)

Where x and ¢ are the generalized coordinates and @ and ¢ are the generalized
velocities. As described in Eq.3.14 - 3.17 after obtaining Eq. 3.30. The key step

of the Lagrange analysis is to perform the Euler-Lagrange.
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Evaluating the Euler-Lagrange with respect to x:
——— - — =F - 2(R + b 2) (3.31)
o2 '
Where F is the applied force, yields:
mE — ¢lB =F — bt (3.32)

Whilst evaluating the Fuler-Lagrange with respect to the generalized coordinate

q:

6 1

Where V' is the input voltage, yields;

. 1
4= =

5V~ 1Bi) (3.34)

Since ¢ is the current, the dynamic model of the linear DC can be represented as:

\myi — ilB = F — bi| (3.35)
1 .
i = E(V — |B1) (3.36)

3.4.11 Equivalent of electromagnetic modelling

At this juncture it is worthwhile highlighting the key results obtained so far. The
same model i.e. FEq.3.3 - 3.4 obtained by Chiasson in modelling the linear DC
machine has been obtained by Lagrange analysis i.e. Eq.3.35 - 3.36. With the

same assumptions as [13], where the assumptions are;

e Constant magnetic field.

e No hysteresis losses.
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e The self-inductance is assumed to be zero.

e No saturation of the magnetic field when the current increases.

The Lagrange analysis result is the same as Chiasson’s results that were obtained
using Newtonian and Kirchoff’s laws. This highlights the correctness of the La-

grange analysis.

3.4.12 Linear DC machine state space representation

Lagrange physical equations typically allow for state space model equations to be
obtained as below. Further state space trajectory can be performed to accomplish
system performance analysis. When we let 1 = &, and 25 = ¢, V = v and F = u,

the state space model is found to be;

_ 1 B?*? B u
T = ——( +b)xy + v+ —
my R mlR my (337)
. 1
Ty = E(v — [Bxy)

3.5 Linear DC machine results

Now that the linear DC machine model is formulate, the next logical would be to
analyze the behaviour of the linear DC machine. The behaviour of the linear DC
machine is shown by means of figures where Simulink is used to plot the results of
the linear DC machine. Using the linear DC machine parameters found in table
3.3, the results of the linear DC machine are plotted and discussed. Arbitrary
parameters values are chosen for illustration purposes. The aim is to illustrate the

behaviour of the linear DC under three cases where;

e A force is applied on the bar in the direction of motion of the bar.
e A force is applied on the bar in the direction opposing the motion of the bar.

e No external force applied on the bar.
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TABLE 3.3: Linear DC parameters

locomotive mass (1) 0.25 kg
magnetic field (B) 05T
rail friction coefficient (b) 0.05
rail separation length (1) 0.6 m
resistor (R) 100 mS2
input voltage (v) 1V,3V,5V
applied force (u) I1N;3N,5N
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FI1GURE 3.3: Linear DC machine current dynamics

From the results, it is deduced that when there is no current flowing in the elec-
tromagnetic circuit the bar is not moving. This is shown at ¢ = 0 to t = 1s. When
current starts flowing, it starts at its maximum current because electromagnetic
induction does not happen instantaneously. As the current continues flowing the
bar accelerates until the steady state velocity is reached where the current is also
at steady state. This shown by the black lines. From fig.3.3 and fig.3.4, it is
deduced that the current decreases gradually with an increase in velocity. This is

due to electromagnetic induction [13].
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Velocity vs time pot
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F1GURE 3.4: Linear DC machine velocity dynamics

Now consider a case where a force is applied in the direction of motion of the bar.
This case happens at ¢ = 12s to t = 15s. The results for this case are such that
when the velocity increases from steady state current (¢ = 12s to t = 15s) a reverse
current is obtained. The machine is operating as a generator. When the force
is applied in a direction opposing the direction of motion of the bar when the bar
is at steady-state, the velocity decreases resulting in the current increasing. This
case happens between t = 5s to t = 10s. The machine is behaving as a motor.
A key result is that, the results for the linear DC machine are the same as the

results obtained by [11, 12].

The power curve for an input voltage of 1 V, 3 V and 5 V| respectively, is also
shown in fig.3.5. The power as shown on the aforementioned figure starts from
0 W and increases until it reaches a peak power of 2 W, 22 W, and 62 W, for
the voltage of 1 V, 3 V and 5 V, respectively. Thereafter, the power decreases
gradually. When an external force is applied in the direction opposing the bar

of the linear DC machine at steady state, the power increases. This is shown by
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the pronounced region between 5 s - 10 s. When an external force is applied in
the direction of the bar of the linear DC machine at steady state, the linear DC
machine supplies power. The aforementioned is shown by a pronounced region

between 12 s - 15 s.

Power curve over time
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Power (W)
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FIGURE 3.5: Power curve

3.5.1 Effects of using different inputs

From the results, it is clear that the a high input voltage results in a faster velocity.
The opposite is true for a low voltage where the velocity is slow. Different input
voltage and applied forces are used so that the results are well presented and such

that the effects of the different inputs can be clearly seen.
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3.6 Research contribution

A magnetic field based Lagrange analysis is performed on a linear DC machine.
The novelty in this study lies in the fact that the model analyzed is not based
on equivalent circuits comprising inductors and capacitors. Instead, the model
is based on a raw magnetic field. The magnetic field based Lagrange analysis
in Sec.3.4.10 is also shown to produce the same equations as existing modelling

methods found in Sec.3.3.

3.7 Summary

The Lagrange analysis has been shown to generate the same physical model equa-
tions as is obtained by electromagnetic analysis of the same linear machine as
modelled by [13]. Therefore Lagrange analysis is a viable and verified modelling
approach for physical modelling of a linear DC machine. Consequently linear DC
machine performance analysis is demonstrated by extending the Lagrange phys-
ical model to a state space model and performance analysis through state space

trajectory formulation.



CHAPTER 4

Speed Control of a Linear DC Machine

4.1 Overview

Chapter 4 details the design of the negative state feedback control algorithm based
on pole placement technique. The pole placement technique allows for the use of
state space techniques to determine the closed loop poles of a system. The pole
placement technique can be used for multiple input, multiple output systems. The
negative state feedback control algorithm is used to control the speed of the lo-
comotive formulated in Chapter 3. The controllability and observability test for
the locomotive are performed and the performance specifications are selected. The
closed loop poles are chosen based on the performance criteria, and the closed loop
poles are used to determine the gain matrix. A summary of the control algorithm

used is shown in fig.4.1.

Controllability

Performance
State zp?ce Control law and observ- specifications
mode ability test P
F k
eedbac Gain matrix Desired poles
loop

FIGURE 4.1: State feedback control based on pole placement algorithm

42
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4.1.1 Speed control

The linear DC machine is used for various applications where the speed demand,
depending on the application, vary. For instance, the magnetic-levitation train
does not have the same speed as a conveyor-belt. The magnetic-levitation train
is designed such that it has a very high speed whereas, the conveyor-belt moves
slow. It is for this reason that speed control is necessary to address application

challenges and also for the linear DC machine performance to be as desired.

4.2 State feedback based on pole placement

The control algorithm used to control the speed of the linear DC machine is based
on the pole placement algorithm [53, 68, 83, 103]. Before proceeding with the
control design, it should be mentioned that the plant is the linear DC machine.
The mathematical model of the linear DC machine to be used in this chapter was

formulated in previous chapter, chapter 3.

+ speed
r Plant: Linear DC
B E—
Machine

\J

K: Gain Matrix |-

FIGURE 4.2: Controlled linear DC machine

The state-feedback using pole placement control algorithm is used to improve the
performance of the linear DC machine. By performance, this refers to improving
the settling time, and overshoot of the linear DC machine. The control algorithm
also allows that the linear DC machine operates at the desired speed. The control

design can only proceed after a controllability and observability test are performed
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and the system is both controllable and observable. According to reference [7, 51]
a system is controllable if a state () can be transferred to z(¢;) and a system is
observable if at time ty, the state z(ty) can be determined from the output. The
observability and controllability test demand the following [7]:

e a controllability and observability matrix

e the controllability and observability matrices must be of full rank

For a system with the state space equation

t=Ax+ Bf
(4.1)
y(t)=Czxz+Df
and the control law is described by [7]:
f=r— Kz (4.2)

Where K is the state-feedback gain matrix, r is the reference input, f is the control

law.

Prior to control design, it is required that a test is performed to check whether
the system can be controlled and observed. An uncontrollable system does not
require a controller to be design because the system cannot be controlled. When
a system cannot be observed, the states cannot be measured. The controllability

and observability matrix are described by [82]:

CzﬂB AB.”fVAB} (4.3)

0:[0 cA MCAWﬂT (4.4)



Chapter 4. Speed Control of a Linear DC Machine 45

Where C' is the controllability matrix and O is the observability matrix. The
state equation described below (formulated in chapter3) is used to determine the
controllability and observability:

1 B?? IB u
——( + b)) + ——v+ —

my R mZR my ( 4. 5)

1

ZE'Q = E(U — lBIl)

T =

y=[1 1z (4.6)

Where the output is the velocity and the current.

Using the equations Eq.4.5 and Eq.4.6 into Eq.4.3 and Eq.4.4, the controllability
matrix is found to have a rank of 2, i.e full rank. The observability matrix is also

found to have a a rank of 2 (full rank).

4.3 Performance specifications

for the linear DC machine both matrices are found to have full rank. Therefore, the
control design can proceed. For control design purposes, a second order system is
assumed because the nature of a second order equation allows for the settling time,
rise time and damping ratio to be determined. The aforementioned parameters
are necessary to be able to realize the desired linear DC machine performance.
The performance specifications of the linear DC machine is chosen such that the
speed and percentage overshoot of the linear DC machine are suitable for mining

applications. The specifications are presented in table 4.1.
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TABLE 4.1: Linear DC performance specifications

Settling time () 0.6s
Percentage overshoot (PO) 5%
¢ 0.69
Reference velocity 3m/s
W 9.4rad/s

Settling time tolerance band +2%

4.4 Control design

Where for a chosen PO, the damping ratio is found using [7]:

(4.7)

For a settling time tolerance band of +2%, and a chosen settling time of 0.6s, the

natural frequency is [7]:

100

Cts

M (4.8)

Wp =

the desired closed-loop poles are determined using a second order equation and
pole placement method [7]:
% 4 2Cwn s + w? (4.9)

Now from Eq.4.9, the poles, p, are found using Eq.4.10;

b= Vb2 — 4dac

2a

p (4.10)

Which yields

=20/ (2wn)? — 4w

. (4.11)

p

Therefore, the poles are found using the above equation to be [7];

T
P = |—6.5200 + 6.8375: —6.5200 — 6.8375i (4.12)
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Where K is the gain matrix, and p the poles. Substituting the control law Eq.4.2
into Eq.4.1, yields:

z=Ax+ B(r—Kux) (4.13)

The characteristic equation of the closed loop system is:

|sT — A+ BK|=0 (4.14)

Where I is the identity matrix. There gain matrix if found using the Direct

Comparison method [7]:
|sI — A+ BK|= (s — u1)(s — p2) (4.15)

Where p; and uo represent the closed loop poles. Now solve for K using Eq.4.15.

The resulting gain matrix is found to be:

K = |—-74.9282 89.2622 (4.16)

4.5 Simulation results and analysis

From the results it can be seen that when the speed of the linear DC machine is
controlled using a negative state-feedback controller, the steady state velocity is
3m/s. Also, the controlled linear DC machine has a settling time of 0.6s while the
uncontrolled linear DC machine has a settling time of 1s. The controlled linear
DC machine has a steady state velocity of 3m/s whilst the uncontrolled linear
DC machine has a state state velocity of 16m/s for an input voltage of 5V. This
shows that the controlled linear DC machine performs better. The performance
being better than the uncontrolled locomotive because the settling time of the
locomotive is now faster compared to the uncontrolled locomotive. The speed is
also fast enough for mining applications. For the uncontrolled locomotive, the

speed is very fast and not acceptable for mining applications. In summary, the
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controlled locomotive is able to meet the desired performance specifications as
summarized in table 4.1. The desired performance was achieved after the found

specifications were used to desire a controller.

ai Yelocity dynamics of a linear DC machine
[ [ [

Uncontrolled velocity
a5 Controlled velocity [
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FI1GURE 4.3: Linear DC machine velocity dynamics

4.6 Summary

The state feedback based on the pole placement technique is presented and used to
control the speed of a locomotive to 3 m/s. The success criteria of the controller
would be; achieving a settling time of 0.6 s and a speed of 3 m/s. The results
presented show the desired performance (0.6 s settling time and 3 m/s speed).
Therefore, the speed control of the mine locomotive is effective. In the future,
non-linearity’s and noise could be incorporated in the system of locomotives. This
is because real life systems are not a 100% linear. Therefore, it would be an

interesting exercise to analyze a highly non-linear system with stochastic noise.
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Friction Modelling

5.1 Overview

Friction modelling is of paramount importance in that it allows for a close approx-
imation of the behaviour of a practical system to be predicted. This is especially
true when the friction model is comprehensive. A detailed friction model detailing
the static and kinetic region is presented. The friction model presented is for a
linear DC machine powered locomotive. For this reason, the sliding friction asso-
ciated with the linear DC machine and the rolling friction opposing the wheels of
the locomotive are formulated. A friction model of the linear DC machine powered

locomotive is presented.

5.2 Friction force

Knowing the force required to move (dispatch) an underground locomotive is im-
portant. The dispatch force should exceed the friction force where the friction
force opposes the motion. This allows for the movement of the locomotive. The
friction force in practical systems has a static and kinetic region [15]. The static
friction force region would be the region where the dispatch force does not result
in the locomotive moving. This would mean that there is no net force on the
locomotive. The kinetic friction force would be the friction force from where the
locomotive starts moving. Knowing the sources of the friction force is important
because it allows for a thorough friction analysis for the locomotive. This would

make specifying the power requirements of the locomotive possible. Subsequently,

49
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the efficiency and performance of the mine locomotive are also determined. Sup-
pose the underground mine locomotive is powered by a source with a power rating
of 3 kW [80] and the friction losses and the overall losses of the machine sum up
to an assumed power loss of 200 W. This would mean that the mine locomotive
would have an efficiency of 93 %. The friction model formulated in this study tries
to estimate the friction force of the mine locomotive in practice by incorporating
both the static and kinetic friction regions. The linear DC machine is meant to
generate a motive force that allows for the mine locomotive to be transported from

one point of the mine track to the desired location.

Other design considerations which could be useful in minimizing the friction force
would be deciding whether the mine locomotive should have sliding or rolling fric-
tion. In this study, sliding friction where the locomotive is positioned on the linear
DC machine rail is presented. Adequate force is necessary to dispatch the mine
locomotive, in essence the generated power would have to be sufficient to achieve
adequate force. However, for such a set-up, the force might not be adequate.
This necessitates the introduction of wheels on the mine locomotive. This would
mean that the aforementioned set-up is now modified to a linear DC machine bar
attached to the rolling wheels of a locomotive. This would introduce rolling fric-
tion. The force and power requirements to dispatch this mine locomotive would

be lower.

It should be noted that, an extension of the model in [99] to suit the transitional
motion of the linear DC machine bar which is discussed in this study, is presented.
The friction model in this study does not have slip because the machine has a slid-
ing friction. The goal is to achieve a set-up where a linear DC machine powered
mine locomotive is presented and thoroughly discussed. A linear DC machine
powering a locomotive is used in this study because linear machines are gener-
ally efficient which would be desired especially for commercial purpose by mining

companies.
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5.3 System Representation

Rolling friction

Sliding friction
FIGURE 5.1: Linear DC machine powered mine locomotive on a rail track

Sliding friction in a system is often greater than rolling friction. A linear DC ma-
chine source requires sliding. A linear DC machine powered locomotive comprises
two systems; the linear DC machine and a trolley. Reduction of overall friction
while powering the locomotive with a linear DC machine which comes with sliding
friction would mean using a locomotive which comes with rolling friction. Quite of-
ten, the viscous friction force is used to describe the friction force of a system. The
viscous friction force is proportional to the speed [58, 67]. Therefore, the friction
of the linear DC machine should be analyzed. The linear DC machine powered
mine locomotive comprises a trolley used to carry coal/ore where the trolley has
a mass M, the trolley is attached to a conducting bar placed on a conducting rail.
The bar has a mass m and linear DC machine circuit with a voltage source V used

to power the locomotive. Current 7 is flowing along the rail.

The electromagnetic circuit shown in fig.3.1 is described by the equations that
follow. The Lorentz force experienced by the bar is expressed by:
F=il(—g) x B(—2%)
(5.1)
=B%
Where F} is the Lorentz force. The length of the bar is a vector thus, the length

has a magnitude, 1, and a direction, §. The magnetic field is also a vector in
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the 2 direction, the positive direction of the magnetic field is represented by the
magnetic field going into the page 'x’ whilst, the magnetic field in the negative
direction is represented by the magnetic field going out of the page ’o’. The force
applied on the bar is in the & direction where right and left represent the positive

and negative direction, respectively. The induced voltage is described by:

e=1B% (5.2)

Where e is the induced voltage and #; is the velocity of the bar. The current
flowing along the electromagnetic circuit could be found using Kirchoff’s laws or

the Lagrange modelling technique found in section 3.4.10:

(5.3)

The nature of the induced voltage is such that the induced voltage opposes the
source voltage. As such, an increase in the induced voltage results in a decrease
in current. To extend on the aforementioned, a decrease in the induced voltage
results in an increase in current. The current is also dynamic in that it changes
with a change in the velocity of the bar. For a linear DC machine at steady-state,
the induced voltage is constant. In reference to Eq.5.3, hence the current will also

be constant.

The equation describing the motion of the mine locomotive follows the Newton’s

laws. The equation is shown by:

myi: — ilB = Fypy — Farp(Fapp, F1) (5.4)

Where the m; is total mass of the bar and mine trolley (m; = M +m), Fy,, is the
external force applied on the bar, F);p is the friction force which will formulate
to extend the work done by Pacejka [78]. The friction force as used by [13] is the
viscous friction force. However, the friction force in this work will not be assumed
to be viscous friction but, the friction force will be represented as a function of

the external applied force and the Lorentz force for a general case. The friction
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model formulation takes into consideration the fact that some mine locomotives
have external forces applied to them such as the gravitational force when the
locomotive is on an inclined plane. A discussion on the friction model will be

provided in the sections that follow.

5.4 Pacejka friction model

One of the key contributions in the study is to extend the Pacejka friction. The
Pacejka friction model is traditionally used in tire-wheel systems i.e. for rolling
friction applications [63, 77, 98]. The Pacejka friction model is extended for a bar
sliding on a rail applications where the type of friction force experienced between
the rail and bar is called the sliding friction. The Pacejka friction model also
known as the tire magic formula is a function of slip and velocity [77, 104]. The

Pacejka friction model is described by [30, 77];

F, = Dsin|[Carctan{Bo — E(Ba — arctan(Ba)) }] (5.5)
o CFa
B= % (5.6)

The peak factor is:
D = pF.(= Fy,peak) (5.7)

The cornering stiffness is described by:

Cro(= BCD) = ¢ysin{2arctanF, /c; (5.8)

From Eq. 5.5 - Eq.5.8, ¢; and ¢y are friction coefficients, C and E are shape
parameters [77], p is the friction coefficient and the friction coefficient is dependent
on the load and speed. CFr, is the lateral slip coefficient. A slip-velocity tire friction
model based on the work by Pacejka is approximated and found in [73, 97]. The

approximated friction model is of the form [73]:
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Ao
A)=2U05— 5.9

Where A is the slip ratio, p is the friction coefficient, and pg is the peak friction

coefficient. The slip ratio is further represented by:

(5.10)

A slip ratio of 1 represents free motion of the wheel while a slip ratio of 1 represents
a locked wheel i.e. no motion [73, 77]. The equation Eq.5.9 is further extended
for cases where there is sliding friction. It will be shown that the sliding friction
presented in this study is a function of the Lorentz force and applied force where

the force induce velocity in the linear DC machine.

It will be shown that Pacejka friction model can be extended for sliding friction
systems where the sliding friction is due to the bar moving along the rail. The
novelty in the extended model is that the Pacejka rolling model is formulated such
that the Pacejka model accommodates sliding model. Another key feature on the
sliding friction model would be that the extended friction model is a function of

the Lorentz force and any other external force applied to the linear DC machine.

5.5 Locomotive rolling friction

The sliding friction model used in this study is based on a friction model origi-
nally formulated by Pacejka Eq.5.5. An approximation Pacejka friction model is
described by Eq.5.9 [73, 97]. The approximated friction model is further extended
in this study to accommodate sliding motion. Typically, the Pacejka model is for-
mulated for rolling friction, and the model is also a function of slip and velocity.
The extended model in this study is a function of the Lorentz force and other

external forces experienced by the locomotive.

The rolling friction of a linear DC machine powered mine locomotive is due to the

wheel-rail contact and wheel-bearing [73]. The rolling friction increases with an
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increase in load and decreases with a decrease in load. Another factor affecting the
rolling friction is the uneven-ness of the rail track. Modelling the rolling dynamics
of the linear DC machine powered mine locomotive would result in an accurate
prediction of the system behaviour [107]. The rolling friction model is formulated
by Pacejka whose work is applied by [99] and [73]. An extension of Pacejka’s
friction model is formulated in this study [78]. First, the total force applied on

the locomotive is defined as:

FA:Fapp+FL (511)

Where FJy, represents the total force applied on the locomotive, F,,, is the applied
force and F7, is the Lorentz force. The rolling friction in this study is an extension

of the work done by Pacejka and the rolling friction is described by [78]:

Fa,Fa
Fp) =2F, ——"—— 5.12
:u( A) Ao Fio +F£ ( )
Where g is friction coefficient, Fyuq is the peak applied force (total).
F.=u(Fa)Fy (5.13)

Where F, is rolling friction and Fly is the normal force.

5.6 Bar sliding friction

The Dry friction force [42] is the force opposing the motion of the bar. The effects
of the friction force are present when the Lorentz force or an external applied force
(such as gravity) acts on the bar. Hence, the model formulated for the friction
force is such that it is a function of the Lorentz and an external applied force.
The friction force formulation is obtained using curve fitting where the static and
kinetic friction are represented using a piece-wise function. Reference [34] tells us
that the friction coefficient of a body is high when a body at rest starts sliding,

this is known as the static friction. As the body continues moving, the friction
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coefficient starts decreasing until a stationery value is reached, at this stage, the
kinetic friction is reached [34]. The idea of the friction force dynamic model is
an extension of the approach taken from [73, 99]. The dynamic friction model
formulated in this study is an extension of Pacejka’s friction model and the LuGre
model [3, 45, 99]. The Pacejka’s friction model used to represent rolling friction is
such that the friction is a function of the slip coefficient and the model is formulated
assuming steady state conditions [99]. However, it should be noted that the model
in this study does not have slip. The LuGre model is a dynamic model, and it
represents the Stribeck, Coulomb and static friction [3, 45]. The resulting friction

model representing the sliding friction is described by [78]:

E, 0<F< Fy
Fp(Fa) = (5.14)
7NFN FN S F S (0.0}

Where Fy,.(F4) is the sliding friction force, Fiy is the threshold static friction force

(also the normal force) and k, are constants.

It should be noted that the sliding friction is an extension of the Pacejka friction
model where the Pacejka friction model in this study is based on an external ap-
plied force and the Lorentz force. Normally, the Pacejka friction force is a function
of the slip and velocity. It is seen from the sliding friction model formulated that
not only is the Pacejka for the translational motion of the linear DC machine pow-
ered locomotive a function of the an applied force and the Lorentz force but that,
the friction model is further represented by piece-wise equations. The extended

Pacejka friction model is based on:

e Piece-wise equations.

e The Pacejka friction model is a function of the Lorentz force and an external

applied force (to suit the translational motion of the bar).
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5.7 Friction simulation results

In fig.5.2 a dynamic friction curve for friction force based on the Pacejka and
LuGre is shown. The solid lines on the curve represent sliding friction while
the dotted lines on the curve represent rolling friction. Tsiotras states that the
friction force in real life systems is a function of the speed and normal force [99].
The aforementioned is in accordance to Amonton [2], whose work shows that
the friction force is proportional to the normal force and also Reynolds, Dahl
and LuGre’s work where friction force is a function of velocity [2, 21, 58, 100].
The friction model formulated in this study incorporates the speed of the bar
(the current is a function of the speed) and the normal force, thereby mimicking
practical systems. From the curve provided, it is deduced that the friction force
opposing the motion of the bar starts by increasing with an increase in total applied
force (F4) until the threshold friction force is reached. The threshold friction force
is the peak friction force observed on the dynamic curves. The friction regime
from when there is no applied up until the peak friction is reached represents the
static friction. As the applied force continues increasing, the friction force starts
decreasing. As the friction force leaves the static friction regime, the friction
force enters the kinetic friction regime where in this case, the kinetic friction is
represented by a decrease in friction force starting from the peak friction. The
results obtained from the friction formulation are in agreement with [34, 73, 99].
It is worthwhile to mention that the results of the dynamic friction curve comply
with the findings by Amonton, Stribeck, Coulomb, Dahl and most importantly
the LuGre control group.

Remark: To re-emphasize the correctness of the friction model, the results in
fig.5.2 show that the friction force decreases with an increase in velocity. This

complies with the results from work done in other friction studies [34, 73, 99].

Another important observation in fig.5.2 is that the sliding friction force (denoted
by solid lines) is greater than the rolling friction force (denoted by dotted lines)

for the same load. The linear DC machine has a bar that slides in principle, which
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means a high friction force. To minimize the friction force, the mine locomotive
should have wheels. This would mean that the linear DC machine would be used to
pull the wheel of the mine locomotive. This is shown in the dynamic friction force
curve where the maximum friction force for a full load of a mine locomotive based
solely on sliding is 1.1 per unit (pu). For a mine locomotive with wheels, the sliding
friction of the linear DC machine should not be ignored hence, the full load friction
force would be the sum of rolling friction full load and no load sliding friction. It
is worthwhile to mention that the no load friction force is represented as 0.05 of
load for illustration purposes, this is because the mine locomotive still experiences
a friction force opposing its motion even when it is not loaded. Therefore the
maximum friction force would be 0.79 pu. Therefore, a mine locomotive with

wheels is preferred.

The next step would be to approximate the desired friction model based on the
results shown in fig.5.2. The desired friction model is a combination of sliding

friction and rolling friction.

Dynamic friction curve
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FIGURE 5.2: Dynamic friction curve
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The friction force of a bar sliding on a rail has thus been formulated using extension
methods of the analysis provided by Pacejka and LuGre friction models. An
analysis and curve of the friction model formulated is in agreement of the findings

by LuGre.

5.8 Desired locomotive friction model

The resulting friction model of the mine locomotive is the sum of the no load linear

DC sliding friction force of the bar and the rolling friction force.

Fup = Fpy, (Fa) + F, (5.15)

Where F)p is the resulting friction force of the mine locomotive and Fy,,, (Fa)
is the no load sliding friction force. Now that the dynamic friction model of the
mine locomotive has been formulated, substituting the dynamic friction model

into Eq.5.4 yields:

mi —ilB = Fapp - FML (516)

5.9 Locomotive simulation results

The simulation results are found in this section. It should be noted that a small-
scale mine locomotive is simulated for purposes of proof of concept. The following

parameters are used for simulation purposes:
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TABLE 5.1: Mine locomotives parameters

Locomotive mass (kg) 1 kg
Bar mass (kg) 0.25 kg
Load (N) 12.25 N
Magnetic field (B) 05T
Rail separation length (1) 0.6 m
Resistor (R) 100ms2

Input voltage (V) 1V

Applied force (N) 0N

The simulation results are a comparison of the linear DC behaviour for a case
where there is friction force and when there is no friction force. The friction force
formulated in sec.5.8 is in accordance with the work done by Amonton where the
friction force is proportional to the normal force. From the results shown in fig.5.6
it is deduced that the linear DC machine has a lower steady state velocity when
the friction force is incorporated in the system model. By Coulomb, the friction
force is in the direction opposing the motion of the bar. Hence, the velocity
where friction force is present is slightly lower than for a case where there is no
friction force. As a result of the lower velocity in a system with friction force, the
steady state current in fig.5.5 is slightly higher compared to a case where there
is no friction force. This is because the current is a function of the induced emf
where the induced emf is also a function of velocity as shown by Eq.5.3. The
equation shows that the current decreases with an increase in velocity whilst the
current also increases with a decrease in velocity. Also, the displacement of the
linear DC machine shown in fig.5.4, in the presence of friction force is lower due
to the bar moving at a lower velocity. Another interesting thing deduced from
fig.5.6 is that the load has an effect on the friction force. In fig.5.6, the velocity
dynamics of the mine locomotive are shown for load ranges of (no — load, 0.25 x
(fullload), 0.5 x (fullload),0.75 x (fullload), ( fullload). 1t is deduced from these
velocity dynamics that a loaded mine locomotive moves slower compared to a a
no-load mine locomotive which has the highest velocity compared to all the other

mine locomotives. The load is also found to affect the velocity of the locomotive



Chapter 5.  Friction Modelling 61

and the conclusion is that the higher the load, the slower the motion of the mine

locomotive.

Velocity dynamics for a mine locomotive
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FI1GURE 5.3: Velocity dynamics of the mine locomotive
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FIGURE 5.5: Current dynamics of the linear DC machine
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Velocity dynamics for a variable lcad mine locomotive
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FIGURE 5.6: Velocity dynamics of the mine locomotive for variable loads

Variable voltage results of the mine locomotive are also presented. The voltage is
varied from 1 V - 3 V. The results show that the lower the input voltage, the more
friction losses of the mine locomotive locomotive. The results also highlight that
practical systems move slightly slower than perfect systems. The results show that
the system with a voltage of 1 V, 2V, 3 V respectively, moves at 37.5%, 15.6%
and 12%, respectively slower than the no-load mine locomotives. This justifies the

need for a comprehensive friction model.



Chapter 5. Friction Modelling 64

Velocity dynamics for a mine locomotive
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FIGURE 5.7: Velocity dynamics of the mine locomotive for variable voltage
input

For future work, the stick-slip effects will be incorporated in the friction model.
According to [105], the LuGre friction model does not address this limitation.
Therefore, although the friction model provided is a better approximation of a
real linear DC machine powered locomotive system, more work can still be done

to improve the model.

5.10 Research contribution

The friction model formulated in this research is an extension of the work done
by Pacejka in that the formulated friction model of the linear DC machine is a
translational version of Pacejka’s rolling friction model [73, 99]. Formulating a
comprehensive friction model is one of the key contributions in the study. In this
chapter, a friction model of a linear DC machine which incorporates the sliding
friction of the linear DC machine and rolling friction of locomotive is successfully

formulated. The model formulated has two regimes; the static friction regime and



Chapter 5. Friction Modelling 65

the kinetic friction regime. This would mean that the friction model mimics the
friction force in a practical system by having all regimes taken into consideration.
One of the key results in this chapter would be, being able to demonstrate that
the rolling friction is less than the sliding friction. The aforementioned is also true
in real life systems. Therefore, a friction model is successfully formulated in this

chapter.

5.11 Summary

A friction model for a linear DC machine powered mine locomotive is formulated
and presented. The friction model accounts for the sliding friction of the linear
DC machine and the rolling friction of the wheels of the locomotive. The linear
DC machine model by [13] is extended with a detailed friction model. Simulation
results for the friction model and detailed model of a linear DC machine are
presented and analyzed. The results show that the bar tends to move slower when
the friction force effects are taken into consideration. The results also show that a
friction model is needed especially when modelling small-scale systems. A Pacejka

model for slip based rotating motion is extended to sliding translational motion.



CHAPTER 6

Lagrange Based Model Order Reduction

6.1 Overview

Physical systems are often described by large-scale differential equations [40].
Large-scale systems are high- order systems. These high-order systems are of-
ten accurate descriptions of physical systems obtained by finite element meth-
ods, linearized models of non-linear systems and, integer order approximations of
fractional order systems [87]. It is a known fact that high-order systems are a
computational burden [40, 87] and they result in a complex system analysis [14].
Moreover, simulations and control design for high-order systems are challenging
[87]. The complications of control design and simulations of high-order systems
are due to the presence of many states and high computational power demands
[87]. It is known that the optimal control algorithm is suitable for complex sys-
tems. However, in a case where a high-order system is analyzed, the complication
is that each state would require a co-state hence, doubling the order of the sys-
tem [99]. This would result in difficulty when analyzing the system due to the
order of the system doubling. Another issue with high-order systems would be
that the measurement of the states becomes increasingly difficult. Even when the
state observation and estimation is considered, the observer design is difficult to
analyse, calculate, and simulate. It is for these reasons highlighted that model
order reduction is desirable. However, the reduction process should be able to

preserve the system’s dominant dynamic properties [40]. The aim of this chapter

66
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is to provide a Lagrange based model order reduction for a tandem pair of lin-
ear DC machines using degrees of order analysis. The conditions for model order

reduction are highlighted and discussed and the lowest order model is formulated.

6.2 Physical representation

A system of mine locomotives placed on a slope are used to demonstrate model
order by Lagrange in this study. The physical model is shown in fig.6.1 where the
area of interest is the source driving the mine locomotive. It is for this reason
that the study is based on model order reduction of the source driving the mine
locomotives, in this case, the linear DC machine. The zoomed version of the
linear DC machine at each end of the slope marked by a maroon colour in fig.6.1
is shown on fig.6.2. Each of the linear DC machines shown has a bar which is free
to travel up and down the slope depending on whether the linear DC machine is
behaving as a generator or a motor. For a generator, the bar of the linear DC
machine would travel down the slope due to the gravitational force pushing the
bar down the slope. The linear DC machine at the bottom of the slope would
behave as a motor and the bar of the linear DC machine would travel up the
slope. The slope is inclined at an angle 6 and this angle is fixed. Also, the linear
DC machine comprises a DC battery represented by V, a series resistance R, and
a conducting bar (completing the circuit) placed on a rail where the length of the
bar is described as the distance from one end of the rail to another end of the
rail [13]. The current, i, flows along the circuit and, the circuit is placed in a
constant magnetic field B. According to the fig.6.2, 'x’ represents a magnetic field
into the page while ’0’ represents a magnetic field out of the page. Newton’s law
of motion is used to describe the movement of the bar, the law of induction is used
to describe the induced voltage across the bar, and Kirchoff’s voltage law is used
to describe the current flowing along the circuit. However, the Lagrange will be
used to analyse the system of locomotives. The Lagrange should have the same
structure as the analysis performed using the Newtons laws and laws governing

electromagnetic circuits. The 3D Pythagoras and axis of the rail are shown in
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fig.6.3. In the fig.6.2, [ represents the length of the rail. The linear DC powered

mine locomotive should slide down an inclined plane with a length /5 and an angle

6.

The Lagrange is an energy based approach used for dynamic energy balance [95,

102]. The Lagrange follows steps that can be summarized as [95]:

Identify and classify (potential/kinetic) energy

Compute Lagrange

Compute dissipation power

Evaluate Euler-Lagrange

Before performing the Lagrange analysis, the following conditions should be met:

e The generalized coordinates should be independent
e The generalized coordinates should be complete
e The system has to be holonomic
Remark: In practice, the angle of inclination of the slope should adhere to min-

ing standards. However, for the purpose of this study, the angle will be assumed

for proof of concept.

Remark: The direction of either the bar, magnetic field or current is represented

by a unit vector &, £ and 4, respectively.

6.3 Classical physics modelling

For an independent system mine of a pair of mine locomotives on a slope where
the key focus is on the linear DC machines used to power the mine locomotives,
the mathematical model of the linear DC machines is found using Newtons law,

law of induction and Kirchhoff’s voltage law. The gravitational force acting on
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FIGURE 6.2: Linear DC machine
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Zy

FIGURE 6.3: Coordinate frames of the rail

the locomotive has a downward direction. According the Newtons third law, there
is a reaction for every action. The normal force of the locomotive would be per-
pendicular to the rail (contact surface). The rail is positioned on a inclined plane
which would mean that the perpendicular force to the plane is the cos of the grav-
itational force acting on the locomotive. Newtons second law governs the motion
of the locomotive. The magnetic field is perpendicular to the bar of the linear
DC machine powered locomotive along all its axis. By the right hand rule, the
Lorentz force would be generated along the rail, resulting in a force pulling the
locomotive along the rail. A friction force opposing the motion of the locomotive
is also present. Now in reference to fig.6.3, the following equations describe the

position of the rail on a 3D plane:

stno = i (6-1)

sinf = =+ (6.2)
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siny = % (6.3)
3

Eq.6.4 is found from fig.6.3:
ly =i +yi+ (6.4)

Where [; describes the length of the slope from the origin. Formulating equations
related to the locomotives on the rail in the x-y-z axis using the Newtons laws
would be a challenge in that the angles «, 7, 8 would have to be taken into consid-
eration. Also, the force in the § would be a function of («,~) and the magnetic
field would also be a function of (a, 8,7). Also, visualising forces in 3D is gener-
ally challenging which complicates the analysis. To simplify the 3D analysis, the
J—w—d axis are defined. By inspection and the Newton’s second law, the locomo-
tive equations of motion are described. The equations describing the locomotive

A are now delayed:

The normal force in the 3 direction is L to the rail. The locomotive does not move
in this direction. This means that the net force is zero. The equation describing

the forces in the 5 direction is:

3' © Mmue) = Ny — myagcosd = 0 (6.5)

Where m, is the mass of the locomotive, N, is the normal force acting on the loco-

motive in the 5 direction and my,gcosf is the reaction force. For the @ direction:

W Mgy — iglaBasing = myagsind — by, (6.6)

Where [, is the length of the bar, w is the path along which the locomotive
is travelling, w is the velocity of the mine locomotive, m,gsinf is the applied
gravitational force pushing the locomotive down the rail, B is the magnetic field
and b is the viscous friction coefficient. The magnetic field is perpendicular to the

locomotive from one end of the rail to another. The Fig.6.4 shows that there is
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FIGURE 6.4: Mine locomotive in the j-w-d axis

no force in the d direction. The locomotive is constrained from having motion in

the d direction. Therefore, the net force in the d direction is:

d: myd,=0 (6.7)

The current is found using Kirchhoft’s law:

, 1 .
fo = - (Va = Ba(iia) (6.9

a

Note: For the purpose of this study, the direction up and right are associated
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with a positive direction and, down and left are associated with a negative direc-
tion. The equation representing the second linear DC machine are also described.

The motion of bar B is also found using Newton’s law of motion:

3 © mp) = Ny — mypgcosd =0 (6.9)
W : mlbu')b = mlbgsinQ + iblebsmﬁ - bbu')b (610)
Czi mlbdb =0 (611)

Where my, is the mass of locomotive b, N, is the force acting on locomotive b in

the direction of 3 The current of bar B is also found using Kirchhoff’s voltage law:

1

= E(Vb — 1, By(up)) (6.12)

i
Remark: The power supply of locomotive A does not necessarily have to be

identical to the power supply of locomotive B. The model provided caters for a

general case.

Remark: The friction force is assumed to be the viscous friction force. However,
the viscous friction does not entirely describe the friction force in practical systems.
The viscous friction does not have a static regime. Since the key focus of this
Chapter is on Lagrange based model order reduction as opposed to a detailed
friction model, the viscous friction is assumed. For a comprehensive friction model

of a mine locomotive, refer to Chapter 5.

Remark: The system of locomotives is non-holonomic.

6.4 Lagrange modelling based on a double rotation matrix

Formulating equations representing the dynamics of the pair of mine locomotives

in a 3D plane using the Lagrange analysis/Newton analysis on the Cartesian axis
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with fixed angles is challenging. The main reason is so to move away from x-y-z
coordinate frame is so that the analysis can be done in a lower dimension. It should
also be noted that the coordinate system must also be holonomic to proceed with

the Lagrange analysis.

The focus of this study is on Lagrange based model order reduction using trans-
formation formulae and degree of freedom analysis. A systematic model order
reduction Lagrange procedure of a pair of locomotives in a 3D plane is treated
and analyzed. Two mine locomotives, one at the top of an inclined plane and one
at the bottom of an inclined plane are presented. The goal would be to formulate
a reduced order model state space equation. When a gravitational force is applied
to the system of mine locomotives, the locomotive at the top of the slope possesses
motion. When the locomotive moves, the locomotive’s x-y-z coordinates change
because the position of the locomotive is changing. The locomotive positioned at
the top of the slope assists in driving the locomotive positioned at the bottom
of the slope. The locomotives are arranged such that they can only move along
the slope, and the slope is at an angle 8 to the ground. A new set of axes, j-w-
d is introduced in the system of the locomotives. Introducing a new set of axis
is necessary in that attempting to analyze the locomotives in the x-y-z axis is a
laborious task. A double rotation matrix is then used to move from the x-y-z
axis to the j-w-d. The transformation from x-y-z to j-w-d is necessary in that the
transformation relates the generalized coordinates (x,y,z) with the position [94].
Thereby allowing the system of locomotives to be holonomic. The transformation

is followed by a Lagrange analysis.

To analyze the locomotives in terms in the x-y-z/j-w-d axis, a rotation transfor-
mation matrix is used to transform from the x-y-z axis to the j-w-d axis. The
transformation matrix is based on Euler angles [25, 106]. Now transform the axis

about the z-axis and the y-axis. This transformation matrix is defined by:

R(a, f) = R.(a)Ry(f) (6.13)
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The transformation equations found in [25, 106] are used to transform from x-y-z

to j-w-d, and vice versa. The resulting transformation/rotation matrix is:

cosacosfS  sina  —cosasin
R(a, ) = | —sinacosfB cosa  sinasinf (6.14)

sinf 0 cos3

Where R(a, ) is the transformation/rotation matrix, « is the angle in the x-y
plane between the hypotenuse of the x-y plane and x, 3 is the angle in the y-z
plane between the hypotenuse of y-z and z. The inverse of the transformation

matrix is defined by:

1

RN h) = Gomia )

adj(R(a, ) (6.15)

Where det() is the determinant of the transformation matrix R(c, 3), adj is the
adjoint of the transformation matrix. By solving Eq.6.15, the inverse transforma-

tion matrix is found to be:

cosacosf3  —sinacosf  sinf
R (o, B) = sina cosa 0 (6.16)

—cosasinf3  sinasinf  cosf
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The transformed axis is defined by:

j T
w| — R(Oé,ﬁ) Yy (617)
d z
Solving Eq.6.17 yields:
j xcosacosf + ysina — zcosasin
w| = |—xsinacosf + ycosa + zsinasin3 (6.18)
d xsinf + zcosf

Substituting Eq.6.18 yields equations describing the dynamics of the locomotive:

myq(Ecosacosf + jsina — Zsinasinf) = N, — mlagﬁ (6.19)
A
—MyEasina = — mya(cosf + Jacosa + Zqsinasinf)
h h
4+ 94l By— + Miag7 + b, (Esinacosf (6.20)
p p

— fjcosa — Zsinasin/3)

Mg (Zsinf + Zsinf) =0 (6.21)

6.4.1 Lagrange using transformation matrix

The Lagrange based model order reduction is shown and discussed in this work.
The Lagrange based model order reduction is based on using transformation for-
mulae and imposing physical limitations to the system of mine locomotives to
restrict the type of motion (and reduce the degrees of freedom) of the locomotives.
These limitations could be used in any system to restrict an object to be at a par-
ticular position or velocity. For instance, the locomotives are constrained to have

an upward /downward motion along an inclined plane. The constraints depend on
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the generalized coordinates and time; these constraints are known as holonomic
constraints. The independent coordinates i.e. generalized coordinates describing
the motion of the pair of locomotives on an inclined plane and the current lowing

along the linear DC machine circuits are denoted by:

(xayyayza7Qa7xbayb;zb7Qb) (622>

where the (x4, Ya, 24) are the Cartesian coordinates for locomotive A and, (x4, ys, 2)
are the Cartesian coordinates for locomotive B. The electromagnetic circuit of the
mine locomotive A and B is denoted by the generalized coordinates (q,, ), respec-
tively. The number of degrees of freedom is related to the number of generalized
coordinates. The number of coordinates for the pair of linear DC machine pow-
ered mine locomotives is eight [94]. Imposing holonomic constraints reduces the
number of degrees of freedom. The number of degrees of freedom can further be
described by:

DOF =)X—n (6.23)

Where DOF is the number of degrees of freedom, A is the number of coordinates

for an unconstrained system, and n is the number of holonomic constraints.

Now from Eq.6.18, let:

0 =cosacos3
o =Ssinqo
Y =cosasin3
L =sinacos3
(6.24)
¥ =cosa
K =stnasin

0 =sinf
¢ =cosf

Remark: 1t is important to mention that the Lagrange technique can only be

applied when the generalized coordinates are holonomic.
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Formulating the equations describing the dynamics of the linear DC machine pow-
ered mine locomotives using the Lagrange demands following the steps in sec.6.2.
The kinetic energy is identified to be due to the motion of the locomotives and

the kinetic energy takes the form:

1 1 1
T, zimla(gj:a + 0 + Vi) + 5mla(—m:a + Va + Kia)® + imla(éxa 4 C2,)*
(6.25)

1 R | PRI L
Ty =5mu(ody + oy + 5)? + o Mue(— iy + gy + Kip)? + o Mun(0%y + C4)*
(6.26)

T=T,+T, (6.27)

The potential energy due to the magnetic field and the gravitational force acting

on the locomotives is:

h h
Uy =myeg(h + (txg — Jyq — /ﬁzza)l—) - q'alaBal—(—an + VYo + K24) (6.28)
1 1

h . h
Uy =mpg(h + (txy, — dyp — IiZb)E> — lebBbE(_be + Yyp + Kzp) (6.29)

The total potential energy is the sum of the potential energy of mine locomotive

A and mine locomotive B.

U=U,+U, (6.30)

The Lagrange equation of the mine locomotives is a function of the generalized

coordinates (Za, Ya, Za, Ga> Tb, Yo, 26, b), and the equation is described by:

L(%4, Yay Zas Qa> Tos Yo, 26, @) = 1T — U (6.31)
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Where L is the Lagrange equation, T is the kinetic energy, and U is the potential

energy. The dissipation power is:

1 1

P :§ba(—ma + Vo + Kia)? + 5bb(—ma + D + k)
L (6.32)

Lp a4 LR

+ 5ttada + 511G

Where P is the dissipation power.

One cannot apply Lagrange when the generalized coordinates are not holonomic.

This is true for the evaluated case.

6.5 Transitioning from xyz to jwd

The transformation from the x-y-z axis to the j-w-d axis is necessary. The key
thing about the transformation is that the transformation clearly shows that the
transformed axis (j-w-d) is an explicit function of the x-y-z. The axis of interest
(the surface along which the locomotive moves), j, is a function of x-y-z. Reducing
the order when the generalized coordinates are (x,y,z) would mean analyzing the
system of locomotives in a 2-D plane. However, a full analysis of the locomotives
requires that all xyz coordinates are present. For this reason, the analysis of
the locomotive is performed on the surface parallel to 'w’ i.e. the locomotive
moves along the 'w’ axis. This would mean that (j,w,d) would be identified as the

generalized coordinates because we are operating in the transformed axis.

6.6 Full order model in jwd axis

The full order locomotive model in the j-w-d axis where the generalized coordinates

are described by:
(.j(mwaadaaQa,jbywhdb:%}) (633)

is described using the Lagrange where there are no holonomic constraints on the

system of locomotives. The number of degrees of freedom for these locomotives
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without holonomic constraints is eight. This would also mean that the highest
order for the gravity fed pair of linear DC machine powered mine locomotives is
expected to be 14 (this will be shown as we proceed with the Lagrange analysis).

The Lagrange steps from sec.6.2 follow, and the kinetic energy is described by:

1. . 1. .
T — §mla(ja2 F w2 +d,) + 5m”,(ja2 a2+ dy) (6.34)

The potential energy follows:

U =myag(h — wesind) — Gulo Baw, + mpg(—wpsind) — mggd,cos0 — magdycost
— Gply Bywy,
(6.35)

The Lagrange equation is computed and this equation is described as the difference

between the kinetic energy and potential energy:
L=T-U (6.36)

According to the general steps mentioned in sec.6.2, computing dissipation power

as a function of the generalized coordinates gives:

1 1 1 1
P — *b . 2 - . 2 *b <2 - - 2 )
9 WWq™ + QRGQ(I + 9 pWp~ + 2Rbe (6 37)

Evaluating the Euler-Lagrange using the following equation:

d oL OL oP

#0505 % a8 (0:3%)

Where s is the generalized coordinate. The Euler Lagrange with respect to the
generalized coordinates (jq, Wa, da, qa; Jb, We, dp, @), respectively, results in equa-

tions describing the dynamics of the locomotive:

Mia) = Noy — myagcost = 0 (6.39)
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MiaWq — GolaBasind = my,gsind — b, (6.40)
Miad, = 0 (6.41)

. 1 .
Qo = F(Va - laBa(wzz)) (642)
mp) = Ny — mygcost (6.43)
mlbu'}b = mlbgsinQ + q'blebsz'nH - bbwb (644)
Miad, = 0 (6.45)

. 1 .
Qb = ﬁ(% — [y By (wy)) (6.46)

b

The state equations describing the dynamics of the mine locomotive are formulated

and described.The state equations take the form:
& = Az + Bu (6.47)

Where A is a matrix, « is a column vector, B is a row vector and u is an input
vector. Now, let x1 = J,, T1 = Ja, T3 = Wq, T3 = Wy, T5 = dy, 5 = dg, T7 = Jp,
T7 = Jy, Tg = Wy, Tg = Wy, T11 = dp, T11 = dp, T13 = ¢ and &4 = . The state

equation is found to be:

Ty =To
. a
Tg = + gcosf
myq
X3 =1y
. . . . a
Ly =gsinf + 13l Bysing — Ty
miq Mmiq

X5 =g
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jfﬁ :O

f7 =g

) N . 0

iy =— + gcos '
S (6.48)

ZTg =10

1 b
19 =gsinf + — 14l Bysind — —bxlo

mpp myp
T11 =T12
Ztlg :0
] L V. l,B
T13 =5 Vo — 75 taDgT
13 R, R, 4
1 1
u=-Vy— —UI,B
X14 R, b R, bDbL10

As it has been stated, the state model of the system of locomotives has 14 states.
The interesting thing to note is that the Newtons dynamic equations are generated
which shows that the Lagrange analysis is a viable technique to analyze the mine
locomotives even when placed on an inclined plane. The area of focus in this
study is on model order reduction based on degrees of freedom analysis and using

transformation formulae which are a function of the generalized coordinates.

6.7 Reduced order model

From the fig.6.3, it can be seen that the locomotive is constrained to slide down
the slope. This means there is no motion in the 3 and d directions. Therefore the
holonomic constraints governing the motion of the mine locomotives in the j-w-d

axis are described by:

fl “Ja =0
fa 135 =0

’ (6.49)
st d, =0

Ja:dy =0
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The degrees of freedom are found to be:

DOF =8—4=14 (6.50)

The full order model of the mine locomotives in the transformed axis (j-w-d) has
eight degrees of freedom i.e. (jqu, W, da, Ga, Jb, Wo, dp, Gp). Imposing four holonomic
constraints on system of mine locomotives would mean that the system of loco-

motives has four degrees of freedom (wg, G4, Wy, Gs)-
The Lagrange kinetic energy is represented by:

1 1
T = §mlawa2 + §mlbwb2 (651)

The potential energy is described by:

U =myag(h — wesind) — GoloBaw, + mpg(h — wysind) — gyl Bywy, (6.52)

The Lagrange equation is:

L=T-U (6.53)
and the dissipation power is described by:

1 1 1 1
P = Zb,w,% + =R,q.> + —byun? + = RyGy> 6.54
5 wy” + 5 9. + 5 pWp™ + 5 bqb ( )

Evaluating the Euler-Lagrange using the following equation:

d oL OL oP

T T M A T (6.55)

Yields the equations describing the dynamics of the locomotive and its power
source:

MigWa — GolaBasind = my,gsinf — b, (6.56)

i = }%(Va 1, By(w,)) (6.57)

a
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mlbu'jb = mlbgsinQ + q'blebsinH - bbwb (658)
. 1 _
g = ﬁ(vb — Iy By(uy)) (6.59)
b

The equations are the same as the equations found using the Newtons by the
inspection method. This confirms that the Lagrange is reliable and can generate
equations for 3D setups such as a mine locomotive on an inclined plane. Formulat-
ing equations using the Lagrange is found to be easy compared to the Newtons law
by inspection. This is primarily because the Lagrange is only concerned with the
energy while the equations describing the locomotive sort themselves out. From
the equations formulated, we are only interested at Eq.6.56, Eq.6.57, Eq.6.58 and
Eq.6.59 because these equations describe the motion of the locomotive and cur-
rent dynamics of the locomotive whilst the other equations have a net force of 0
N. Therefore, the reduced model is described by four equations where the number

of states is 6 as shown by the state equation Eq.6.60.

The state equations describing the dynamics of the mine locomotive are formulated
and described. Now, let x1 = w,, 1 = W,, T3 = Wy, Tz = W,, L5 = ¢, and g = Gp.

This results in a state equation of the form:

1:1 =XT2
Ty =gsinf + I5ly Basintd — ——1x4
Mg Mg
T3 =Xy
L 1 by (6.60)
Ty =gsinf + —Tgly Bpsind — —xy
mip mip
1 1
; :7‘/@ - 7laBa
Ts R, R, T3
1 1
‘6 =—V, — —1,B
Te R, b R, b Dby

Suppose for the same system of mine locomotives with the same holonomic con-
straints as described in Eq.6.49 and a steady state current, we are only interested
in the motion of the locomotives. This would mean that it would not be necessary

to represent the current dynamics. Therefore, the generalized coordinates would
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be (wg, wy). This would mean that the Euler-Lagrange would only be evaluated
with respect to the generalized coordinates (w,, wp). The equations describing the

mine locomotives after the Euler-Lagrange is evaluated would be:

MygWaq — PalaBasingd = my,gsing — by, (6.61)

mlbu')b = mlbgsinﬁ + goblebsinQ - bbu}b (662)

Where g is the steady state current. Two equations, Eq.6.61 and Eq.6.62, are
found to describe the dynamics of the mine locomotive. That means that the

order of the system of locomotives is reduced to 4 as shown by Eq.6.63.

:U'1 =2
.. . 1 . miq
Ty =gsinf + ©alaBasing — T

MMia o (6.63)
T3 =14

1

Ty =gsinf + — pply Bpsint — @m

mp by

6.8 Reduced order model with current constraint

The next step would be to have a setup whereby the current of the linear DC
machine powering locomotive A is equal to the current of the linear DC machine
powering locomotive B. This would mean that the configuration of the DC ma-
chines is such that the machines are connected in series. The holonomic constraints

of the locomotives would be described by:

Ji:dy =0
fo o dy =0
f3:Ja=0 (6.64)
fat gy =0

f5 1 Ga =Gb
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DOF =8—5=3 (6.65)

Increasing the number of holonomic constraints reduces the degrees of freedom.
For instance, the degrees of freedom for the mine locomotives decreases from
eight degrees of freedom (j,,wq, dq, jb, 4, We, dp, §y) to three degrees of freedom
(Wa, Ga, wp). The holonomic constraints would mean that Lagrange potential en-

ergy and dissipation power equations become Eq.6.66 and Eq.6.67, respectively:

U = myag(h — wesind) — Gulo Bow, + mpg(h — wysind) — guly Bywy, (6.66)

and

1 1 1 1
P = —by,* + = RaGa” + byt + = RyGa” 6.67
2w—|—2 q+2bwb+2bq ( )
The kinetic energy remains the same as Eq.6.51 because the kinetic energy equa-
tion is not a function of the current. Since there is no motion in the 5 and d
direction, j and d are also not considered as the generalized coordinates of the

locomotives. The Euler-Lagrange described by Eq.6.55 would yield the equations:

MWy — GolaBasing = my,gsinf — b, (6.68)
mlbu')'b = mlbgsine + q'alebsz'nH — bbu}b (669)
1 , .
4o = E(V - laBa(wa + wb)) (670)

Where R = R, + R, and V =V, + V,. The number of equations describing
dynamics of the locomotives A and B is three. The order of the system of mine
locomotives is five as shown by Eq.6.71. Similarly to the setup in the previous
section 6.7, if we are only interested in the motion of the mine locomotive then
the equations describing the motion would be two. The order would also be four.

Suppose, we are only interested in the current dynamics. The equation describing



Chapter 6. Lagrange Based Model Order Reduction 87

the current would be one and the order of the system would be one. However,
the aforementioned assumes that the velocity is constant i.e. the velocity is at a

steady state.

.Z:l —=XT2
Ty =gsinf + T5ly Basint — ——1x4
miq miq
.%:3 =Ty (671)

1 b
2y =gsinf + — 5l Bysing — —bx4
my, my

1 1
{L:5 :EV - E(ZGBGJZQ + lebZL‘4)
After introducing a new holonomic constraint (¢, = ¢p), the degrees of freedom of
the linear DC machine powered mine locomotive decreases. The model order is

also reduced from six to five compared to Eq.6.60. This highlights the fact that the

model order can be reduced by adding constraints to the system of locomotives.

6.9 Minimal order formulation using relative motion

The minimal order is obtained by constraining the locomotives to a relative veloc-
ity. This would mean that we are only interested in the relative velocities of the
locomotives as opposed to individual velocities. Equal currents for the locomotive
A and locomotive B are maintained. Now suppose that the relative displacements

are described by:

W= W, — Wy
(6.72)

—W = Wy — Wy

Now consider x as one of the generalised coordinates. This means that the gener-
alized coordinates describing the system of locomotives is (w, ¢,). Now computing
the kinetic energy of the system of locomotive’s based on relative motion results

in:
1 1 9

T = —mi? + §mbw

5 (6.73)
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Now using the relative speed, the potential energy is described by:

U = mqgwcost — mygwcost + Gul, Bawsing — g, l, Bywsind (6.74)

The Lagrange is computed following Eq.6.53. The losses are also described by:

P= ;Rqa + ;bau‘ﬂ + ;bwa (6.75)

By Euler-Lagrange
(Mg + mp)t — (Mg 4+ my)gcostd = 0 — by — by (6.76)
— (loBasind — l,Bysinf)w =V — Rq, (6.77)

The state equation describing the system of locomotives is:

1 =gcost — T — 1

ma+mb ma+mb (6 78)
] V—i— 1[ B,sinb 1lB nd |
Ty =— + —1,B,sinfxry — — sinfx
2= T g 1= phby 1

The minimal order of the system of linear DC machines achievable using Lagrange
based model order reduction is two. This minimal order is achieved when relative
motion of the locomotives is taken into consideration as opposed to focusing on

individual velocity’s and displacements of the locomotives.

Remark: 1t is important to note that the reduction process occurs due to the
physical constraints . The Lagrange allows for a systematic way to process model
order reduction through through degree of freedom reduction by introducing holo-
nomic constraints. While model order reduction by increasing holonomic con-
straints applies to all modelling approaches, the Lagrange modelling approach is

more systematic compared to all the other modelling approaches.



Chapter 6. Lagrange Based Model Order Reduction 89

6.10 Research contribution

The research contribution is; demonstration of a Lagrange based model order
reduction. The Lagrange based model order reduction is based on using transfor-
mation formulae, imposing holonomic constraints on the system of locomotives,
degree on freedom analysis and evaluating Euler-Lagrange. In this chapter, the
order of a pair of locomotives positioned on a slope with an order of 14 is reduced
to a minimal order of two by imposing holonomic constraints, using transformation

formulae and by performing the degree of freedom analysis.

6.11 Summary

In this Chapter 6, the Lagrange analysis has been used to formulate models for
a pair of locomotives on an inclined plane. The locomotives are on a 3D x-y-z
plane. A new plane, j-w-d, is defined to simplify the analysis and a double ro-
tation matrix is used to move from the x-y-z plane to the j-w-d. Thereafter, the
Lagrange analysis is simplified by working in the j-w-d plane. The locomotives
are constrained to move along the w-axis. The constraints of the locomotives are
increased as the analysis proceeds. From the Lagrange analysis, the order of the
locomotives starts off as 14 and the order reduces with an increase in constraints.
The lowest order achieved is two. Therefore, a Lagrange based model order reduc-
tion is demonstrated in this Chapter. The order of the locomotive model decreases
when transformation formulae are used and holonomic constraints are increased -

which allows for degree of freedom analysis.



CHAPTER 7

Non-linear Control: Optimal Control Singularity

Analysis

7.1 Overview

In Chapter 7, A non-linear, multiple input, multiple output control algorithm is
formulated and applied on a pair of mine locomotives positioned on an inclined
plane. Optimal control, particularly, singularity analysis for a pair of linear DC
machine powered mine locomotives is presented. The optimal control algorithm is
based on the Hamiltonian. The Pontryagin Maximum Principle is used to to deter-
mine the optimal control for the system of mine locomotives. The time derivative
of the switching function yields the singular control for the pair of locomotives.

Figure 7.1 summarizes the optimal control algorithm.

State space Performance ) ) Co-state
) Hamiltonian )
model index equation
Optimal
Singular C(I))ntrol Switching Transversality
control function condition
strategy

FIGURE 7.1: Optimal control, singularity analysis

90
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7.2 Powering a pair of mine locomotives on an inclined plane

Some of the approaches used to access mine deposits from underground include;
adit, decline/ramp, incline shaft and vertical shafts [85]. Adits in the South African
mining sector are often found in mountainous areas where the deposits dip under
the mountain [85]. Incline shafts offer quick access to the ore body which reduces
cost significantly however, they are labour intensive and they have low opera-
tional efficiencies compared to vertical shafts [36, 85]. In the 1960s, incline shaft
power consumption costs and maintenance costs were estimated to amount to 3.5
cents per tonne compared to vertical shafts [36]. Vertical shafts are efficient in
transporting mining equipment, however, they experience difficulty in transport-
ing large equipment. Vertical shafts are often used where the ore body is 250 - 500
m deep [85]. Decline shafts are often used in Australia and the ore is transported
by truck haulage or conveyor belts [85]. The form of transportation used in mining
include mine locomotives, conveyor belts and rope hauling [80]. Now introducing
autonomous mine equipment, in particular, autonomous mine locomotives, would
improve transport efficiency, productivity and mine safety [39, 44]. The aforemen-
tioned would also reduce the intensity of physical labour in the mining sector. A
key operational concept in the mining sector where the track has a slope would
be to use two mine locomotives simultaneously to fully utilize all the energies in
the system. The idea is to have a set-up where one locomotive is at the top of the
slope whilst the other locomotive is at the bottom of the slope. The locomotive
at the top of the slope would take advantage of the gravitational force applied to
it to drive the locomotive at the bottom of the slope. Therefore, the locomotive
at the top of the slope would behave as a generator whilst the locomotive at the
bottom of the slope would behave as motor. This approach is similar to a lift with
counter-weight control problem. Optimal control algorithms based on the work

by [99] could be applied for optimal speed and displacement.
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7.2.1 Linear DC machine powered locomotive physical model

Fnormat

FIGURE 7.2: Free body diagram for a tandem pair of linear DC machine pow-
ered locomotives

The free body diagram of a tandem pair of gravity fed linear DC machine powered
locomotives is shown in fig.7.2. The linear DC machines powered locomotives are
subjected to a gravitational force Fy, an applied force which is the x-component
of the gravitational force, a normal force F},yrmai, @ Lorentz force Fj, and a friction
force Fy,. These tandem pair of linear DC machines powered locomotives are
arranged such that a gravitational force is applied on either one of the DC machines
powered locomotives when it is positioned at the top of the slope, assuming a
steady state. As the gravitationally fed linear DC machine powered locomotives
starts moving, from the linear DC machine, the reverse current is generated hence,
the DC machine is operating as a generator. The aim is for the linear DC operating
as a generator to be able to drive the second linear DC machine positioned at the
bottom of the slope which behaves as a motor. The key operation feature of this

exercise is getting the generator to drive the motor.
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7.2.2 State equations

The model describing the dynamics of the locomotives on a slope is formulated
using the Lagrange in Chapter 6. The model used is for a case where the linear
DC machines have the same current. However, the friction force is assumed to
be zero to simplify the analysis. The equations describing the dynamics of the

locomotives are Eq.6.68 - Eq.6.70, without the friction force:

MiaWa — GalaBasingd = my,gsind — bW, (7.1)
mlbdb = mlbgsz'nQ + q'alebsinH - bba}b (72)
.1 CoL
Go = E(V — 14 Ba(We + Wp)) (7.3)

From the equations describing the dynamics of the locomotives, the state space
equation is formulated. To describe the state space equation, let: x, = &,, ¥1 =

Wa, Ty = Wy, To = Wy, and 23 = ¢,. The following state equation is obtained:

F, 1 ,
«fl :ﬂ -+ (V — laBaxl — lebIQ)laBbSZHQ‘g
miq miq
. _Fapp2 1 - 2
Ty = + ——(V = l,Byry — lyByo)ly Bpsin“0 (7.4)
my  Rmy
.V —=1,B,sinbx; — lyBysinfxs
T3 =

R

Remark: In practice, there is friction force due to the bar sliding along the rail of
the linear DC machine and the wheel-rail contact and bearing of the locomotive.
However, in this study the friction force is assumed to be negligible. This as-
sumption is made primarily to simplify optimal control formulation, in particular,

singularity analysis, which will be demonstrated in the sections that follow.

let @ = %, f(z) = =l Bysinfzxy — l,Bysinf, u = %, p = %, v = %. This

step is necessary in that it allows for a neater treatment of the switching function
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which will be formally introduced in optimal control analysis. The state equation

is now described by:

) U
¥y =aq + prf(x) + —
my

Ty =g + pof(z) + 752 75)

T3 =7f(r) +u

i.e.

T =g(x, u,t) (7.6)

Another thing to note is that, throughout this document, g(x,u,t) will be used

to represent the state equation.

In this section, a series connected tandem pair of linear DC machine powered
locomotives is presented. The model describing the dynamics of the locomotives
is formulated in sec.6.8. An applied force, due to gravity, is also incorporated when
modelling the DC machines whilst, the friction force is omitted. Future work in
this model will incorporate a detailed friction model of the pair of DC machines.
This friction model will be an extension of Pacejka’s friction model and the LuGre

dynamic model [99].

7.3 Hamiltonian based optimal control formulation

The Hamiltonian based optimal control from [99] is used to formulate the optimal
control in this study. Formulating the optimal control demands that the control
problem is well defined. A key step that follows is the Pontryagin Maximum
Principle (PMP), where a first order condition necessary for optimality is used in
determining an explicit solution to the optimal control problem [32]. The optimal
control problem is to minimize the differential displacement of the bars of a pair of

gravitational fed linear DC machines over a finite time and a space of admissible
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controls [32]. The performance index:

iy
J:/ Ldt (7.7)
0

is subjected to the state space equation:
& =g(w,u,t) (7.8)

Where J is the cost function (performance index), and L is the running cost (La-
grangian) [6]. Now consider:

L =1+ 29,

where z; and x5 are the velocities of the locomotives. Computing the Hamiltonian
associated with the optimal control problem follows; the Hamiltonian for a general

case is described using the Legendre transformation and this is shown by [6, 99]:

H =L+ X" (g(x,u,t)) (7.9)

Where H is the Hamiltonian, A is a vector of co-state variables (also known as a
vector of Lagrange multipliers), this vector has the same dimensions as the state

vector . Evaluating the Hamiltonian yields:

H:xy+m+Amm+pJ@y+£ﬁ+Ax%+pJ@)
y m (7.10)
)N (@) )

It follows that the time derivative of the co-state variables is equal to the Jaco-
bian of the Hamiltonian. The relationship between the Hamiltonian and co-states
variables (co-state equation) deduced by a first order optimality condition is nec-
essary for determining the optimal control input which will be shown later in the

dissertation:

p (7.11)
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Evaluating Eq.7.11 yields the following equations:
- O0H of (x)
AM=—=—-1+(A A A3Y)—— 7.12
L= e + (A1p1 + A2p2 + Az) 0, (7.12)
. 0H Of (x)
Ao=—=—-1+(A A A 7.13
2= 5y + (A1p1 + A2 + Az7) Dy (7.13)
X3 =0 (7.14)
Now imposing the transversality condition for finite time:
— X, da(ty) + H|e,dty = 0 (7.15)
S0;
H(t;) =0 (7.16)
therefore:
H(t)=0 Vte[0,t;] (7.17)
and it is desired that:
A(ty) =0 (7.18)
The optimal control input is also given by:
u* = argminH (x, \,t) (7.19)
The admissible control input is described by:
Umin S (% S Umax (720>

Where u is the input voltage normalized with the resistance and it ranges between

uwe[0,20/R]

Stationary condition:

(7.21)
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7.3.1 Pontryagin Singular control

H*<H (7.22)
L+ N (g((2), 1) < L+ N (g((@), u,1)) (7.23)

Which yields
AT < AT (7.24)

The switching function is known as the coefficient of the control input deduced

from the Hamiltonian represented by Fq.7.25. Thus:

H1 = pl)\l + pg)\g + )\3 (725)

The control strategy is found using Eq.7.20:

Umin Hl > O
ux = Umaz Hl S 0

Using H1 =0

At the singular arc, H; = 0, which implies that:

pl)\l + p2>\2 + )\3 =0 (727)

Now, taking the time derivative of the switching function:

Hl = ,01)\.1 + pg)\'g + Xg (728)

substituting Fq.7.12 - Eq.7.14 into Eq.7.28 yields:

0 0
g;f) + p2 éfg)) = p1+p2

(A1p1 + Aap2 + A37) (01
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Since H; does not result in an explicit solution for the optimal control problem,

now evaluate:

Hy = (Aip1 + A2p2 + A37)(p1 gil) + p2 g;z))
(7.29)
dof(x dof(x
+ (A1p1 + Aapa + )\37)(P1dt£;1> + chﬁgij)
Now evaluating:
dof(z) Pf(x) .  Fflz)
dt ox, 0x? T1+ 011074 T2 (7.30)
and
10f(x)  Pf@) ,  Pfa)
dt Oz Ox} T2+ 8x18x2m1 (7.31)
Recall from Eq. 7.5 that;
T =oaq + plf(l') + p1u
fg =9 + pzf(l‘) + pau
Now Eq.7.29 can be represented as:
UsingC(z) + B(x) =0 (7.32)

Where sy is the control input at the singular arc. Therefore, rearranging Eq.7.32

results in: (@)
T
Solving Eq.7.33 yields:

Remark: An interesting observation is made when performing an analysis on
singular arc. It is found that the control input for a singularity case is independent
of the mass of the locomotives. The control input is a function of f(x) where only
the length of the bar and the magnetic field act on the f(z).

Now applying the Legendre-Clebesch second optimality condition to verify the
correctness of the optimal control input on the singular arc, the following equation

is used:
0 d**H,

> .
ou at = (7.35)
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k is the order of the optimal control input at the singular arc. The order for this
system is 1. Therefore the Legendre-Clebesch condition is satisfied, making the

control input on the singular arc valid.

A Hamiltonian based optimal control formulation is presented and discussed. For
an optimal control formulation where a tandem pair of gravity fed LDCM locomo-
tives is evaluated, the optimal control input at the singularity arc is found using
Pontryagin’s maximum principle. The Legendre-Clebesch second optimality con-
dition is further applied to verify the existence of the control input on the singular

arc.

Remark: While this approach is similar to [99] yet a maximizing friction is not
needed as is done for [99] approach. In this case, the state function solves the

singularity problem.

7.4 Research contribution

The key contribution in Chapter 7 is; optimal control formulation, particularly,
singularity analysis for a pair of locomotives on an inclined plane. In this chapter,
a non-linear Hamiltonian based optimal control is formulated where the key focus
is on the singularity analysis of a pair of locomotives. From the formulations,
Using, the singular control is found. The singular control is found after applying

time derivatives to a switching function.

7.5 Simulation results

The current and velocity relations are observed on fig. 7.3 and fig. 7.4, respec-
tively. As it can be seen, the pair of linear DC machines have the same current as
expected. This same current is owing to the fact that the linear DC machines are
connected in series. The maximum current observed is 10A whilst the steady state
current appears to be OA. As it had been mentioned prior, the friction effects are
not taken into consideration hence, a steady state current of 0A. An illustration of
the velocity of the pair of gravitationally fed linear DC machines is found on fig.
7.4. Again, the velocities are found to be same for both the linear DC machines.
This means that both bars have the same velocities hence, the same displacement.

These illustrations are for a case where there is no external force applied to the
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linear DC machines. Results that will follow will show the effects of changing
the slope on which the bar moves along, effects of applying a force (gravity force)
on the linear DC machines, optimal control results where the performance index,

displacements and velocities of the linear DC machines will be shown.

Current for a pair of LDC's
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F1GURE 7.3: Current dynamics for a system of linear DC machines
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Velocity dynamics for a pair of locomotives
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FIGURE 7.4: Velocity dynamics for a system of mine locomotives

Now, consider a case whereby the one linear DC machine is at the top of the slope
whilst the other is at the bottom of the slope. Both the linear DC machines in
this setup are in steady state. When the linear DC machine at the top of the slope
experiences an external force due to gravity, the DC machine starts operating as
a generator. The generator at the top of the slope results in a reverse current
in the system of linear DC machines. The reverse current is shown in fig. 7.6.
The velocities of the bars of the linear DC machines are shown on fig. 7.7. When
this gravity force is applied to the one linear DC machine, the DC machine start
behaving as a generator hence, there is negative current in the system of linear
DC machines. While a gravity force is applied to the linear DC machine at the
top of the slope, the opposite force is applied to the linear DC machine at the
bottom of the slope. This means that at the bottom of the slope, the linear DC
machine behaves as a motor. This conclusion is made based on the fact that a
motor would result in a positive but equal current to the generator since a force
with the same magnitude is applied to the linear DC machine at the bottom of
the slope. On a general case; when a force is applied to the system of generators,
they either behave as motors or generators depending on whether the force is

in the direction towards or opposite the motion of the linear DC machines. It
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is of paramount importance to mention that the force is applied at two seconds.
But since there is a generator and motor in this system of linear DC machines,
the negative and positive current due to these different modes of operation cancel
each other completely. Hence, the current will remain at steady-state as can be
seen on fig. 7.5 (exponential graph). Also, to illustrate that a generator behaviour
is obtained when a force is applied to the system of linear DC machines, refer
to fig. 7.6. The explanation provided is for an uncontrolled pair of linear DC
machines. When an optimal control algorithm is applied on the system of linear
DC machines with the same conditions as the linear DC machines explained; i.e.
gravity force applied to the the pair of linear DC machines, the applied force is
equal in magnitude but opposite in direction and the linear DC at the top of the
slope is behaving as a generator whilst the linear DC machine at the bottom of the
slope is behaving as a motor. After applying the co-state initial conditions that
result in optimality by trial and error (transversality condition), the results are
represented by the black line on fig. 7.5. The steady-state current is maintained

for a controlled system.

o5 The current dynamics of a pair of LDC's

15

Current (A)

0 1 2 3 4 5 [+ 7 8 9 10
Offect=0 Time (seconds)

FIGURE 7.5: Optimal and uncontrolled current for a pair of linear DC machines
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Current for a pair of LDC's

13

Current (A)

Offset=0 Time (seconds)

FIGURE 7.6: Current dynamics for a system of linear DC machines

The velocity is also observed and it can be seen that for an uncontrolled system of
linear DC machines, the velocity starts at 0 until reaching a steady state at two
seconds. At exactly two seconds, a force is applied to the system of linear DC
machines and the linear DC machines accelerate in opposite direction. The afore-
mentioned is supported by fig. 7.7 where the linear DC machines have velocities
going in opposite directions. For a controlled system of linear DC machines, the
velocities are shown in fig. 7.8. The velocities are equal but opposite in direction
for a controlled system whilst for an uncontrolled system, there is an offset equal
to the steady state velocity. Thus, if the steady state was zero, the velocities would
be exactly the same in magnitude. This is because it is deduced that the veloci-
ties of the linear DC machines is the same gradient in magnitude but opposite in

direction.
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Velocity dynamics for a pair of locomotives
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FIGURE 7.7: Velocity dynamics for a system of mine locomotives
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The displacements of the linear DC machines are also shown. It is clear from
the simulations that the linear DC machines are moving in the opposite direction
hence, the displacement is in the opposite direction. For a case where the optimal
controller is applied, the displacements are equal but opposite in direction. More
details on the displacement will be shown in the performance index plot where
it will be verified that the optimal displacement is achieved. Therefore, this will
mean that an optimal control solution for the optimal control problem is found

and illustrated.

The performance index is shown on fig. 7.11. The performance index is also
described by Eq.7.7. It can be seen from this figure that displacements of the linear
DC machines have been minimized and both the linear DC machines have the same
displacement in magnitude. The performance index before applying the optimal
control algorithm is also illustrated on the same axis, fig. 7.11. The illustration
mentioned shows that before an optimal control is applied, the performance index
increases in a linear fashion until the bar has travelled the whole length along the
rail. If an infinite path is considered, the performance index will also approach
infinity.

The displacement for a pair of uncontrolled LDC's
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FIGURE 7.9: Displacement dynamics for mine locomotives
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Displacement of a pair of gravity-fed LDCs's

100

<

=100

Displacement (m)

_,..-""
——
“\\

TN

N

Offset=0

4 5 6

Time {seconds)

9 10

F1GURE 7.10: Optimal displacement for a pair of mine locomotives
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FIGURE 7.11: Performance index for a pair of linear DC machines
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7.6 Summary

A condition for singular optimal control for a tandem pair of gravity fed linear DC
machines is presented. A Chiasson mathematical model of the linear DC machine
is used. These linear DC machines are connected in series hence, share the same
current. Thereafter, an optimal control is formulated targeting; the singularity
analysis and also, aiming for the one of the linear DC machines operating as a
generator to drive the DC machine operating as motor. The results for a pair of
gravity fed linear DC machines are also shown and it can be deduced from the

results that a solution for the optimal control is found.



Conclusion and Future Work

7.7 Conclusion

Four key contributions have been demonstrated, highlighted and thoroughly dis-

cussed in the dissertation. These contributions are:

e Formulation of an magnetic field based, Lagrange analysis of a linear DC

machine.
e Optimal singularity analysis for a pair of linear DC machines.

e Extension of Pacejka’s, LuGre based friction model for rotating motion to

sliding translational motion.

e Demonstration of a Lagrange based model order reduction.

A Lagrange based linear DC machine has been formulated and presented. The
novelty of the Lagrange based linear DC machine formulation lies in the fact the
Lagrange has been applied on an electromagnetic circuit based on a magnetic field.
The challenge in the study has been identifying the type of energy (kinetic/po-
tential energy) associated with the magnetic field. The electromagnetic circuit
Lagrange formulations are compared with the formulations found by Chiasson for
the same model. The formulations from the Lagrange analysis and Chiasson are
found to be same, and the formulations also show that equations found using New-
tons laws, Faraday’s laws and Kirchhoft’s laws can be found using the Lagrange.
The linear DC machine in this study is further used for mining applications where
the linear DC machine is used to power a mine locomotive. A speed controller
based on the MIMO pole placement technique is developed to improve the perfor-
mance of the locomotive. The controller ensures that the speed of the locomotive
is maintained at 3 m/s and also that a settling time of 0.6s is achieved. A friction
model (for the locomotive) which is an extension of the work done by Pacejka is

formulated and presented. The friction model takes into consideration the static

108
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and kinetic regime. Also, the friction model is a function of a sliding friction op-
posing the motion of the bar of the linear DC machine, and the rolling friction
opposing the motion of the wheels of the locomotive on the rail. Practically, the
friction model makes sense. The velocity dynamics of the locomotive are repre-
sented and the locomotive is found to have a higher velocity when there is no
friction, and the locomotive has a low velocity in the presence of friction force.
The effects of loading the locomotive and friction force are also investigated. From
the investigation, it is found that the more loaded the locomotive, the higher the
friction and the lower the velocity of the locomotive compared to an unloaded lo-
comotive. Effects of variable voltages and friction force are also investigated. The
results show that the locomotives with a higher supply tend to have lower losses
compared to a locomotive with a lower voltage. The aforementioned necessitates

the need for a comprehensive friction model.

Model order reduction based on Lagrange is also presented. A reduced model is
achieved using Lagrange by taking advantage of transformation formulae, using
degrees of order analysis and conditions that make sense physically. The model or-
der reduction is performed on a pair of locomotives on an inclined plane. Practical
systems have constrained motion, the same applies to the locomotives which are
constrained to move down a slope. Identifying these constraints helps in identifying
the generalized coordinates. Moreover, imposing constraints on the locomotives
reduces the number of degrees of freedom which means, having reduced general-
ized coordinates. The aforementioned results in a lower order. The lowest order

achieved for the locomotives is three whilst the highest order is 14.

A Hamiltonian based optimal controller focusing on singularity analysis for the
pair of locomotives on an inclined plane is presented and developed. The opti-
mal controller should be able to minimize the relative displacement between the
machines. Mine locomotive dynamics results are also presented to show that the
differential velocity and displacement are minimized. The performance index and
Lagrangian are also minimized. The optimal control formulation is demonstrated
via switching function differential calculus. The solution is shown to improve mine

locomotive energy performance.
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7.8 Future Work

Future work in this study could include thermal modelling to extend the model
presented in the document. Also, the stick-slip effects will be incorporated in the
friction model. According to [105], the LuGre friction model does not address this
limitation. Including the stick-slip effects could result in a better approximation of
a real life linear DC machine model. Slip consideration are other factors that could
looked at when extending the work done on the friction model. Noise could also be
injected in the system of locomotives. Practical systems have non-linearities and
stochastic behaviour. It would be interesting to simulate and analyze the effects of
the non-linearities. After extending and improving the linear DC machine model
presented in this study, a complex model such as a diesel generator model could
be formulated based on the Lagrange analysis. In fact, the macroscopic view of a
synchronous machine based on the work done by [13] could be formulated using the
Lagrange analysis. A comprehensive diesel generator model could also formulated

in the future.
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