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Abstract

This research report uses cosmological N-body simulations to examine the the large

scale mass distribution of the Universe, known as the cosmic web. The cosmic web can be

classified into nodes, filaments, sheets and voids - each with its own characteristic density

and velocity fields. In this work, the author proposes a new Lagrangian cosmic web classi-

fication algorithm, based on smoothed particle hydrodynamics. This scheme offers adaptive

resolution, resolves smaller substructure and obeys similar statistical properties with existing

Eulerian methods. Using the new classification scheme, halo clustering dependence on cos-

mic web type is examined. The author finds halo clustering is significantly correlated with

web type. Consequently, the mass dependence of halo clustering may be explained by the

fractions of web types found for a particular halo mass. Finally, an analysis of dark matter

halo spin, shape and fractional anisotropy is presented per web type to suggest avenues for

future work.
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1. Introduction

“Cosmology is among the oldest subjects to

captivate our species. And it’s no wonder. We’re

storytellers, and what could be more grand than

the story of creation?”

Brian Greene

Cosmology is the study of the origin, evolution and eventual fate of the Universe. One

looks to understand the how the Universe came to be, its dynamical structure and its evo-

lution into the future. Cosmological numerical simulations have played a significant role

in the development of the well established ΛCDM cosmological theory, particularly in the

case of structure formation models, as they bridge the gap between theory and observa-

tion (Bertschinger 1998). Models of structure formation begin with initial conditions (i.e.

a given cosmological model and a set of cosmological parameters) and are typically solved

using gravitational N-body simulations.

The first gravitational N-body simulation was performed by Holmberg (1941) using

the flux of 37 light bulbs and an optical computer to display the gravitational interactions

between galaxies. With the advent of the digital computer came the numerical revolution,

allowing von Hoerner (1960) and Aarseth & Hoyle (1963) to perform N-body simulations of

∼100 particles, exploring stellar dynamics and galaxy clustering respectively.

As technology progressed with Moore’s law, so too did the size of the simulations. Larger

simulations to test clustering and structure formation were performed by Peebles (1970), who

observed the interactions of galaxies within a cluster resemble a simulated cloud of particles

with no initial velocities undergoing gravitational collapse. White (1976) proved that dark

matter cannot reside inside galaxies by simulating the collapse of 700 particles with unequal

mass. The results showed that if one assigns the mass of the cluster to individual galaxies,

two-body scattering takes place that prevents the natural clustering one expects.

The seminal work of Press & Schechter (1974) offered new ideas about cosmological

evolution. By using a simulation of 1000 bodies, Press & Schechter (1974) found one is able

to describe the number of objects (e.g. galaxies, clusters) within a given mass bin, within

a Universal volume through hierarchical structure formation. Structure formation models

rely on the ability to adequately set up initial conditions and solve the N-body interactions

through time.



– 2 –

1.1. The Cosmic Web

The early Universe is said to be homogeneous and isotropic with small density pertur-

bations that undergo gravitational collapse producing the web-like structure one observes

today. This process can be described using the Zeldovich theory (Zel’dovich 1970) of pan-

caking whereby the medium undergoes gravitational collapse into planar sheets or pancakes.

These sheets flow into filaments, finally intersecting in the nodes. The baryonic matter traces

the DM distribution with galaxies flowing through the sheets and filaments. Galaxy clusters

form where these flows coalesce within the nodes.

Fig. 1.— The equatorial distribution of 85 000 galaxies up to redshift z = 0.15 projected onto

the declination axis. The large scale structure of the Universe is evident as darker regions

signal overdensities while lightly-shaded regions devoid of galaxies signify underdense regions.

Regions of over and underdensity can be classified into distinct web types. Data is provided

by Ivezić et al. (2014).

Bond et al. (1996) coined the term ‘cosmic web’ to describe the large scale distribution

of matter in the Universe. The cosmic web is characterised by its filamentary structure with

regions of increasing density, classified as voids, sheets, filaments and nodes respectively.



– 3 –

N-body simulations can be used to replicate the gravitational collapse of Dark matter (DM)

particles in accordance with the ΛCDM model through which one gains an understanding of

structure formation and the role the environment plays on galaxy formation and evolution.

N-body simulations and galaxy redshift surveys such as the cfA (Huchra et al. 1983), 2dF

(Colless et al. 2001) and SDSS (York et al. 2000) show a remarkable statistical correlation in

the distribution of matter. Observe Fig. 1, a spectroscopic sample of 85 000 SDSS galaxies

between a declination angle of -0.17 and 1.12 degrees, taken from the SDSS Data Release 8.

Data is provided by Ivezić et al. (2014).

One is able to observe the distribution of galaxies out to a redshift of 0.15 in Figure

1. This shows the large scale structure of the Universe with very overdense (dark) regions

being classified as filaments and the lightly-shaded regions signal underdense web types such

as sheets and voids. Visually, moving from z = 0.15 → z = 0 in Fig. 1 is very similar to the

evolution of the Gadget-2 simulation seen in Fig. 4, albeit on a much smaller evolution

scale. Galaxies are significantly more clumped together in darker regions at smaller redshifts

while sparsely distributed at higher redshifts.

Galaxy properties have already been shown to vary with environment (e.g. Dressler

1980; Blanton et al. 2005; Gao et al. 2005b; Faltenbacher et al. 2009) and classifying the

cosmic web allows one to explore further how different web types affect halo properties (Hahn

et al. 2007b,a; Aragón-Calvo et al. 2007b; Libeskind et al. 2012b,a) and the galaxies within

the halos (Nuza et al. 2014; Metuki et al. 2014) to probe the poorly understood processes

underlying how galaxies are formed from a homogeneous Universe and how galaxies then

evolve over time.

1.2. Classification Algorithms

Classifying the cosmic web using dynamical information was first proposed by Hahn

et al. (2007b) and Aragón-Calvo et al. (2007a), later elaborated by Forero-Romero et al.

(2009). The basic algorithm constructs a mesh inside the cosmological volume and for each

cell calculates the tidal tensor

Tij =
∂2φ

∂ri∂rj
(1)

The tidal tensor is constructed using the Hessian of the gravitational potential and fully

describes the linear dynamics of the local density field (Hahn et al. 2007b). Since Tij is sym-

metric, the eigenvalues of the the tidal tensor are real and the number of positive eigenvalues

greater than zero allows one to classify the cosmic web. Void, sheet, filament and node mesh

cells have 0, 1, 2 and 3 positive eigenvalues respectively Hahn et al. (2007b).
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More complex and sophisticated algorithms have since been developed. Aragón-Calvo

et al. (2010a) used the SpineWeb Framework to identify topologically substructure using

the Watershed algorithm (Platen et al. 2007), tracing the density field between voids, known

as ‘watershed basins’.

The Origami phase space classifier, given by Falck et al. (2012), is Lagrangian in nature

and counts the number of folds that a three dimensional Lagrangian manifold undergoes in six

dimensional phase. Aragón-Calvo et al. (2007a, 2010b) and Sousbie (2011) have borrowed

techniques from discrete Morse theory (Colombi et al. 2000) and Delaunay Tessellation

(Schaap & van de Weygaert 2000) to classify cosmological density fields into its constituent

substructures.

This research report will concentrate on the classification algorithm given by Hoffman

et al. (2012) who compared the classification scheme based on tidal torque theory, dubbed

the ‘T-web’, versus a new classification method based on velocity shear tensor, also known

as the ‘V-web’.

Hoffman et al. (2012) based the analysis on the mass conservation equation1 seen in Eq.

2, and showed that the two fields that characterise the simulation, namely the density and

velocity field are intimately related.

1

ρ

Dρ

Dt
= −(∇·v) (2)

The divergence is defined as the flux of some medium, per unit volume, through a closed

surface. A cubic fluid element that has a outward flow or positive divergence can be seen by

the black arrows in Fig 2. Conversely, a negative divergence results in an inward flow shown

by the red arrows so that negative divergence results in compression of the fluid element

while positive divergence is associated with an expansion of the fluid element.

Hoffman et al. (2012) provides evidence for a one-to-one correspondence between voids

and a positive divergent velocity field. Velocity divergence is demonstrated to strongly

trace the density field. The seminal work by Bond et al. (1996) showed that the filamentary

structure of the cosmic web is a result of the strain of the DM fluid. The velocity shear tensor

is of particular interest as the diagonal elements represent the strain (rate of compression or

expansion) along a given eigenvector. The ‘V-web’ classification method is a similar mesh

based construction as the tidal based scheme. It differs in that one obtains the eigenvalues

of the velocity shear tensor. The classification is then performed using a visually defined

threshold value, often chosen to be greater than zero.

1 Dρ
Dt = ∂ρ

∂t + v· ∇ρ is the comoving derivative
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Fig. 2.— Positive (black arrows) and negative (red arrows) divergence showing the outward

and inward flow respectively.

1.3. Aim & Objectives

The aim of this research report is to to reproduce the cosmic web classification ‘V-web’

results found by Hoffman et al. (2012) using Eulerian mesh based techniques. This is to offer

comparison for a newly proposed Lagrangian classification scheme using techniques borrowed

from smoothed particle hydrodynamics (SPH).

The research report is organised as follows: A description of the background informa-

tion regarding N-body simulations and their methods, including the Gadget-2 and halo

finding codes used for cosmological simulations within, can be found in Section 2.1. A brief

introduction into the SPH formalism can be found in Section 3. In Section 4, the SPH

based velocity shear tensor classification scheme is developed and the results are compared

with the Eulerian based ‘V-web’ classification scheme.

N-body simulations have long since been used to test cosmological theories of formation

of structure formation and clustering (e.g., Klypin & Shandarin 1983; Davis et al. 1985).

Section 5 explores the clustering relationships for the various web types which are classi-
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fied using the Lagrangian based classification scheme. Halo properties such as sphericity,

triaxality, fractional anisotropy and spin have been shown to vary with web type (e.g. Hahn

et al. 2007b,a; Aragón-Calvo et al. 2010b; Libeskind et al. 2012b). The goal of Section 6

is to examine said properties under a Lagrangian classification scheme that incorporates the

properties of the local environment. This section sets the foundation for an outlook into

future work. Concluding remarks are offered in Section 7.
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2. Background

“And thus Nature will be very conformable to

her self and very simple, performing all the great

Motions of the heavenly Bodies by the

Attraction of Gravity which intercedes those

Bodies, and almost all the small ones of their

Particles by some other attractive and repelling

Powers which intercede the Particles.”

Sir Iaasc Newton

2.1. N-body Simulations

The N-body problem was first discussed by Isaac Newton and it attempts to predict

the orbital motions of N celestial objects under forces of mutual gravitation. While the case

for N=2 was completely solved by Johann Bernoulli, for N ≥3 we have a dynamical system

with no analytical solutions and hence problems of this nature must be studied numerically

(Aarseth 2003).

For cosmological simulations, where the large scale density field is modelled with N ≤
1011 particles, the force per unit mass for the ith particle is given by (Aarseth 2003) as:

r̈i = −G
N∑

j=1;j 6=i

mj(ri − rj)

|ri − rj|3
, (3)

where mj is the mass of the jth particle and ri, rj are the coordinates of the ith and jth particle

respectively. Calculating Eq. 3 using the direct summation can prove to be computationally

intensive for billions of particles. Various codes now exist that use different methodologies

to solve the N-body problem. These include the Particle Mesh (PM) code (Hockney &

Eastwood 1981); which interpolates the particles onto a 3D mesh. The density and velocity

of each mesh cell is then evaluated using a clouds in cells (CIC) assignment. This method

is extremely efficient, with a computational complexity of O(Ng logNg), where Ng is the

number of grid points, however the resolution is limited by the grid size (Klypin 2000). The

particle mesh assignment is easily implemented in Fourier space where derivatives are trivial

to calculate using a finite difference scheme, while also inducing automatic periodic boundary

conditions (Bertschinger & Gelb 1991) (see Sec. 2.1.1).

The CIC scheme interpolates the mass density between mesh cells by uniformly dis-

tributing the particle mass within a cubical cloud. When the particles move, the mass of the
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cell is then distributed among its neighbours according to how much overlap exists between

the current cell and its surrounding 8 mesh cells (Hockney & Eastwood 1981).

P 3M or PPPM (Hockney & Eastwood 1981; Efstathiou et al. 1985) uses a PM code for

long range forces and a Particle-Particle algorithm for small scale forces. This improves the

resolution when compared to an ordinary PM code however the direct sum calculation for

the Particle-Particle interactions become computationally expensive at small redshifts where

the collapse of structure is prominent Bertschinger & Gelb (1991).

Another common solution for gravitational N-body evolution is the hierarchical Barnes-

Hut Tree Algorithm (Appel 1985; Barnes & Hut 1986). The tree algorithm calculates the

nearest neighbours by dividing the simulation space into eight child cubes by planes parallel

to the 3 axes passing through the middle of the cube, yielding an ‘octree’. The child cubes are

recursively subdivided until a predefined distance d is reached. The algorithm then groups

neighbouring particles into increasingly larger cells so that the gravitational potential is

accounted for using a hierarchical multipole expansion, ‘walking up the tree’, reducing the

computation from O(N) interactions to just O(logN) interactions per particle (Barnes &

Hut 1986; Bertschinger 1998; Springel 2005).

The Adaptive Refinement Tree (ART) code, given by Kravtsov et al. (1997), has also

been a staple mainstream cosmological N-body algorithm as it has a high force resolution

and is extremely fast, i.e. CPU time scales with the number of cells - O(Nc) Kravtsov

et al. (1997); Bertschinger (1998). The algorithm begins by using a PM assignment (whose

cells do not necessarily have to be square) and recursively creates a finer mesh refined on

the highest density regions creating a sequence of meshes that have a resolution hierarchy

covering the densest areas of the simulation. Each cell in the ART mesh is evaluated in a

recursive manner and a decision to refine or de-refine the cell is made based on some density

threshold. In each iteration, the density fields are then evaluated using a CIC algorithm

(Kravtsov et al. 1997).

Current ΛCDM theory suggests that dark matter constitutes ≈ 85% of the gravitating

mass in the universe (Peter 2012), thus understanding the kinematics of DM alone (neglecting

baryonic matter) will give one insight into structure formation and the galaxy environment.

DM is said to be cold, dark and collisionless due to the fact that it only interacts gravita-

tionally (not interacting electromagnetically) and moves at non-relativistic speeds (Springel

et al. 2005a). One may represent DM particles in a cosmological simulation by sampling the

phase space through the evolution in time at regular intervals. DM particles evolve according
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to Newtons laws given in comoving coordinates by Peebles (1980) in Eq. 4.

ẋ =
1

a
v

ẍ + 2Hẋ = − 1

a2
∇φ (4)

∇2φ = 4πGa2[ρ(x, t)− ρ̄(t)] =
3

2
Ω0H

2 δρ

ρ

where x and v are the position and peculiar velocity of the particle respectively, a = (1+z)−1

is the cosmic expansion factor and H = ȧ/a is the Hubble factor. ρ and ρ̄ are the density

and mean spatial cosmic density respectively and φ is the gravitational potential.

Ω0 = 8πGρ̄/3H2 is the cosmological density parameter and determines the geometry of

space. Ω0 < 1 implies a negatively curved open Universe or hyperbolic shape whose eventual

fate will expand forever while Ω0 > 1 implies a closed or spherical shaped Universe that will

eventually collapse. Ω0 ' 1 implies a Euclidean Universe that will continually expand at a

decelerating rate (Bertschinger & Gelb 1991).

The simulations begin with setting up the initial conditions by specifying the initial den-

sity power spectrum P(k), assigning a random density field to a cubic mesh (Bertschinger

& Gelb 1991). P(k) statistically describes the Gaussian random field with small amplitude

fluctuations mimicking the distribution of the early Universe (Bertschinger & Gelb 1991).

The positions and velocities of the DM phase space elements can then be obtained from the

density fluctuations using the Zeldovich approximation (Zel’dovich 1970). Given a homo-

geneous and collisionless matter distribution, the Zeldovich approximation states that the

Eulerian coordinates of particles can be described at time t as:

r(q, t) = a(t) (q + s(q, t))

≈ a(t)[q + b(t)s0(q)] (5)

where q are the Lagrangian coordinates, a(t) is again the Hubble expansion factor, b(t) is

the growing rate of linear fluctuations and s(q) is the particle displacement with respect to

the the Lagrangian initial conditions. If φ0(q) is the potential originating from the initial

linear fluctuations then we have that the displacement is related to φ0(q) by:

s0(q) = ∇φ0(q) (6)

For a flat universe b(t) ∝ a(t) ∝ t2/3 and the displacement field s(q) is related to the density

perturbation field by
δρ

ρ
= −∇ · s ∇× s = 0 (7)
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The vorticity of the displacement field is zero as it is thought any primordial rotation van-

ishes as the Universe undergoes expansion, meanwhile gravitational collapse at later times is

responsible for a divergent field (Bertschinger & Gelb 1991). Typically the linear displace-

ment equation (Eq. 7) is computed in Fourier space using a Fast Fourier Transform (FFT)

and the particle positions and velocities are perturbed using Eq. 5.

The phase space is then allowed to evolve under self gravitation. To describe the phase

space density distribution for the DM clustered component, one combines the collisionless

Boltzmann equation, known as the Vlasov equation, with the Poisson equation to numerically

yield the matter density in six dimensional phase space. The density distribution function

is described by the function fi(x, ẋ, t) and the Vlasov Poisson equations are a 6N system of

first order differential equations given by Klypin (2000) as:

0 =
∂fi
∂t

+ ẋ
∂fi
∂x
−∇φ∂fi

∂p

∇2φ = 4πGa2(ρ(x, t)− 〈ρDM(t)〉)) = 4πGa2ΩDMδDMρcr,0 (8)

δDM(x, t) = (ρDM − 〈ρDM〉)/〈ρDM〉

ρDM(x, t) = a−3
∑

i

mi

∫
d3pfi(x, ẋ, t)

where the momentum is given by p = a2ẋ. ΩDM is the density of the dark matter within

the universe and ρcr,0 denotes the critical density at z=0.

2.1.1. Periodic Boundary Conditions

Cosmological simulations are somewhat different from ordinary N-body simulations in

that they need to account for an infinite Universe. Since simulating an infinite Universe is

impossible, periodic boundary conditions (PBC) are used to achieve a smooth gravitational

potential as well as to obtain the isotropic nature of the universe within a cube (Bertschinger

& Gelb 1991; Sousbie 2011).

As a result of PBCs, there are no interactions between particles that are separated

by more than half the length of the box one is simulating in. This is accomplished by first

considering the distance between two particles xji = xj−xi and testing for if |xji| > 0.5Lcube.

If it is the case that the interaction is occurring over more than half the length of the box

then one applies the following algorithm:

if xji > 0.5Lcube → xji = xj − xi − Lbox
else if xji < −0.5Lcube → xji = xj − xi + Lbox (9)
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Fig 3 shows a simple 1D example of periodic boundary conditions. If the length of the cell

is given as 5Mpc, one observes the distance between the two particles is larger than half

the length of the box (3.7 > 2.5 to be exact). Applying Eq. 9, |xji| is now modified to

a value of 1.3, which gives xi = −0.3 = xj − xji,2 a position outside the cell. This is not

a problem as one is attempting to simulate an infinite Universe and PBCs have the effect

of replicating the cells in all directions to artificially construct an infinite Universe (Bagla

& Padmanabhan 1997). Neglecting PBCs will, in effect, lead to all the matter collapsing

inwards, exaggerating the growth rate of perturbations (Bagla & Padmanabhan 1997).

Fig. 3.— An example of periodic boundary conditions in the 1D case. The distance between

particles is too great, one applies the PBC algorithm to find a new distance |xji,2|, effectively

moving xi to a new cell attached the left of the old cell. Done for many particles in 3

dimensions, this artificially constructs cells around cells simulating an infinite Universe.

2.2. GADGET-2 Code

Galaxy and Dark Matter Gas Interact - 2 (Gadget-2) (Springel 2005) is a TreeSPH

(Hernquist & Katz 1989) N-body cosmological simulation code used to follow a collisionless

fluid undergoing gravitational evolution, combined with a SPH method to follow an ideal

gas (Springel 2005).
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Gadget-2, computes the forces between particles using a hybrid algorithm combining

the Particle Mesh (PM) method for long range forces, with a Tree algorithm for short range

forces resulting in an aptly named TreePM method (Xu 1995). A synthesis of the PM and

Tree algorithm improves the spatial resolution in the short range forces while using the

faster PM scheme for the long range forces (Springel 2005). The details of the Tree and PM

schemes can be found in Sec. 2.1.

In order to integrate Eq. 8 with respect to time, Gadget-2 employs a second or-

der symplectic leapfrog integration, preserving the energy of the system. The integration

equations that update the particle positions and velocities are given by Eq. 10 & 11

respectively.

xi+1 = xi + ∆tv(i+1)/2 (10)

vi+3/2 = vi+1/2 + ∆tF (xi+1) (11)

F (x) is given as the acceleration parameter dv/dt. These equations may be incremented

in time provided one knows x0 and v1/2. When deciding on a time-step ∆t, Gadget-

2 uses two different time-steps; one for the long range force and one for the short range

force as in the TreePM method. The PM integration uses a much larger time-step as the

time evolution for this force is comparatively small while the short range forces require much

smaller time-steps as this force varies significantly on shorter time scales (Springel 2005). The

leapfrog integration is not symplectic when using two different time-steps however Springel

(2005) argues that collectively computing the force in this manner produces accuracy levels

comparable with symplectic integration (i.e. phase space conserving).

Fig. 4 shows a sample Gadget-2 simulation using a 64Mpc length box and 2563

particles beginning when the Universe was ∼ 36 million years old. The cosmology uses

Planck 2013 parameters. A 1Mpc/h slice of the simulation volume has been taken along

the z axis, projected onto the x-y plane. At z=60, one is able to clearly observe the DM

particles are homogeneously distributed upon a mesh with faint seeds of structure. The

evolution is subdued from z = 60→ 20 as particles are still largely separated by their initial

mesh positions. The gravitational forces (∝ 1/d2) are still very weak between particles due

to the large separations and very few particles are collapsing into structures.

Between z=20 and z=7 there exists a high degree of large scale structure formation.

At z=7, the collapse of particles into the filamentary web like structures are seen by the

the darkest regions forming the ‘skeleton’ of the Universe. Indeed, these structures only get

darker and denser as the simulation progresses. Zeldovich pancaking (Zel’dovich 1970) is

evident through the evolution of the middle of panel of Fig. 4. Planar sheets are forming

and flowing into long thread-like structures known as filaments. The gravitational collapse

leaves behind growing underdense regions known as voids.
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Fig. 4.— A 1Mpc/h slice from a Gadget-2 simulation using a cube length of 64Mpc, 2563

particles and Planck 2013 cosmological parameters. The legend indicates the time (redshift)

of the simulation. At early times (large redshifts), one is able to see a relatively homogeneous

distribution of DM particles. As time progresses, one is able to observe clustering and

structure formation take place.

Voids become increasingly apparent at z=2 and grow larger moving left to right in the

bottom panel of Fig 4. Many filaments begin to intersect at z=2, coalescing to form node

structures. These nodes become extremely detailed by z=0 with small dense clumps of DM

embedded in the filament intersections. A full compliment of increasingly dense substructure

collectively known as voids, sheets, filaments and nodes may be seen at z=0.
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2.3. Galaxy Halo Identification

The DM particles used in simulations constitute the building blocks for DM halos, which

are thought to contain galaxies. The goal of a halo finder is to identify halos within the

dense clumps of DM particles that have undergone gravitational collapse. The identification

of halos is no trivial task and rely on more than just the overdensity within a given region.

Detecting gravitationally bound objects in the phase space may be done using a variety

of methods however halo finders generally take on two distinct methodologies namely; (i)

the Spherical Overdensity (SO) method (Press & Schechter 1974) also known as density

peak locators and (ii) the Friends of Friends (FOF) algorithm (Davis et al. 1985) or particle

collectors (Knebe et al. 2011).

Density peak locators construct a sphere around each particle - the radius of which is

determined by how big the sphere needs to be to include a number particles that satisfy

some predefined density limit (Knebe et al. 2011).

Particle collector codes rely on connecting and linking particles, either in 3D Eulerian

coordinates or 6D phase space by constructing a sphere around each particle of size bd/2,

where b is known as the linking parameter and is equal to 0.2 by convention. d is known as

the mean distance between particles e.g if a simulation has a cube length given by 500Mpc

and 2563 particles, then b = 500/256 Mpc ∼ 1.95 Mpc. The particles within each sphere of

radius bd/2 are collected and the halo is identified by linking particles within spheres that

overlap.

Fig 5 shows a 2D example of the FOF algorithm. Beginning with the particle at the

centre of the red circle, one construct a circle with hypothetical radius bd/2 = 0.5Mpc. All

the particles within the red circle are then linked, becoming friends. The same is done for

the blue circle. Notice that the blue circle and the red circle overlap so that there exists

particles that belong in both friend groups. This allows one to link the particles between

groups, creating friends of friends particles, and defines the basic groups and subgroups for

halo identification.

2.3.1. Rockstar Halo Finder

The halo identifier used in this project is the Rockstar halo finder. This algorithm and

its details below are taken from Behroozi et al. (2013). Rockstar halo finder relies on the

FOF algorithm to initially separate the groups of particles, before normalising the particle

positions and velocities according to their group properties. This helps define a phase space
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Fig. 5.— A 2D example of the FOF algorithm with a radius of 0.5Mpc. The overlapping

blue and red circles indicate particles that have been linked together within their respective

groups (the friends) as well as with the particles in the overlapping circle (the friends of

friends).

metric d(p1, p2) between two particles p1 and p2, given by Gottloeber et al. (1998) in equation

12.

d(p1, p2) =

( |x1 − x2|2
σ2
x

+
|v1 − v2|2

σ2
v

)1/2

(12)

where σx and σv are the particle position and velocity dispersions with respect to their FOF

groups respectively. The algorithm progresses by partitioning the FOF groups into sub-

groups using a variable phase space linking length to ensure 70% of the groups particles are

assigned a sub-group.

To find further substructure, the process outlined above is repeated so that for each

sub-group one renormalises the particle positions and velocities and identifies sub-sub-groups

using a new linking length, moving to a lower level of substructure.

Seed’ halos are assigned to the lowest levels of substructure and particles are assigned to

their nearest seed halo based on the shortest distance in the phase space. Unbound particles

are removed and the halo finder calculates halo properties.

Fig. 6 shows the same Gadget-2 simulation slices as in Fig. 4, however now the halos

identified by the Rockstar halo finder are over-plotted in red. Immediately one observes
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Fig. 6.— The same slices of the simulation cube as in Fig. 4 over-plotted with the halos

(in red) identified using the Rockstar (Behroozi et al. 2013) halo finder. The halos clearly

trace the densest regions of the cosmic web

that halos trace the densest regions of the cosmic web. The number of halos increase as

redshift decreases (i.e. as substructure forms). A few, small, sparsely distributed halos can

be seen at a redshift of ∼ 7. Moving to a redshift of 0, the halos increase in number and

size, extending through the elongated filaments and clumping in the node regions where

substructure is fully developed.
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3. Smoothed Particle Hydrodynamics

“My goal is simple. It is a complete

understanding of the universe, why it is as it is

and why it exists at all.”

Stephen Hawking

Examining the methods set out in Sec. 2.1 one observes that all methods use some

variation of an Eulerian mesh to define the density and velocity fields. Conversely, smoothed

particle hydrodynamics (SPH) is a Lagrangian mesh-free particle method, pioneered by Lucy

(1977), Gingold, R. A. and Monaghan (1977), to analyse fluid flows. In the SPH approach,

one follows the set of particles representing the state of the system while under the laws of

hydrodynamics.

Since its inception, this technique has been used to study a wide range of astrophysical

problems such as the collision of binary stars (Benz 1988), supernova (Hultman & Pharasyn

1999), galaxy formation and evolution (Monaghan & Lattanzio 1991) as well as the coalescing

of black hole-neutron star binaries (Kluźniak & Lee 1998).

Eulerian meshes are fixed in space and transfer physical properties (e.g. mass, energy,

momentum) through the cell boundary (Liu & Liu 2003). The SPH approach is Lagrangian in

nature as it follows individual particles. The SPH method has good conservation properties,

is Galilean invariant and does not possess any advection errors (Springel 2010). Unlike

mesh based methods, the resolution in the SPH approach is adaptive when using a constant

neighbour number. Regions of significant gravitational collapse have many particles located

in a small region with plenty of neighbour numbers. This ensures a small smoothing length.

In contrast, underdense regions will require large smoothing lengths to obtain the required

neighbour number. This ensures the resolution follows the mass of the simulation (Liu &

Liu 2003).

3.1. SPH Formulation

The following definitions and formulation are based on the ideas found in Lucy (1977);

Gingold, R. A. and Monaghan (1977); Monaghan (1985). The basis for the mathematical

definition of the SPH method, relies on the integral representation of a function f = f(x)
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defined using the following identity:

f(x) =

∫

Ω

f(x′)δ(x− x′)dx′ (13)

where Ω is the integrable volume surrounding a 3 dimensional position vector x and δ(x−x′)

is the Dirac delta function defined as:

δ(x− x′) =

{
1 x = x′

0 x 6= x′
(14)

Replacing the Dirac delta function with a smoothing kernel function W (x−x′, h), where

h is given as the smoothing length, yields the definition of the smoothed function < f(x) >

in Eq. 15

< f(x) >=

∫

Ω

f(x′)W (x− x′, h)dx′ (15)

One is able to show that the SPH method is second order accurate by Taylor expanding

f(x′) about the point x shown in Eq. 16 (Benz 1990; Monaghan 1992)

< f(x) > =

∫

Ω

[
f(x) + f ′(x)(x′ − x) +O((x′ − x)2)

]
W (x− x′, h)dx′ (16)

= f(x)

∫

Ω

W (x− x′, h)dx′ + f ′(x)

∫

Ω

(x′ − x)W (x− x′, h)dx′ +O(h2) (17)

W is typically taken as an even function (Liu & Liu 2003) with respect to x, so that (x′ −
x)W (x − x′, h) is an odd function and thus the integral over the odd function is zero.

Exploiting a kernel property, known as the unity condition ,
∫

Ω
W (x − x′, h)dx′ = 1, one

obtains the following result:

< f(x) >= f(x) +O(h2) (18)

Eq. 15 defines an averaged field over the support function W and it is then assumed

< f(x) >≈ f(x). The particle representation of the SPH method is found by discretising

Eq. 15 (i.e. the integral becomes a sum over N particles in the volume of the kernel). This

takes the form:

< f(x) >=
N∑

j=1

f(x′j)W (x− x′j, h)∆Vj (19)

where ∆Vj = mj/ρj is the finite volume of the particle defined as the ratio of the mass and

density of the jth particle. Assuming particle i is located at x and particle j is located at x′,
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rij = |xi − xj|, then we may define some particle properties such as the smoothed particle

density and velocity in Eq. 20 and Eq. 21 respectively.

< ρi > =
N∑

j=1

ρjW (rij, h)
mj

ρj
=

N∑

j=1

mjW (rij, h) (20)

< vi > =
N∑

j=1

mj

ρj
vjW (rij, h) (21)

Finally, a note on the spatial derivatives of SPH defined quantities. Taking the gradient of

Eq. 15 with respect to the ith particle, one observes that the derivative of the function

results in the derivative just being applied to the kernel (i.e. considering the derivative with

respect to x, the jth particle is a function of x′ and only the kernel is a function x), as seen

in Eq. 22 (Price 2012). This is very useful as the derivative of the kernel can be calculated

analytically and no numerical differentiation is required.

< ∇f(x) > =
∂

∂x

∫

Ω

f(x′)W (x− x′, h)dx′ +O(h2) (22)

=
N∑

j=1

mj

ρj
fj∇W (rij, h) (23)

3.2. Kernel Interpolants

Smoothing kernels are chosen with a few important properties in mind. As mentioned

above, one defines the kernel so that the integral over the domain is one. Eq. 15 demands

that

lim
h→0

W (x− x′, h) = δ(x− x′)

This is known as the Delta function property (Liu & Liu 2003). The final condition a

kernel interpolant must satisfy is the compact condition which states W (x−x′, h) = 0 when

|x−x′| > κh for some constant κ related to the kernel definition. κh is known as the support

domain for the smoothing kernel (Liu & Liu 2003).

Fig. 7 shows the support domain of the kernel defined by κh and the kernel interpolant

W is shown by the green Gaussian shaped curve. The particle in question sits at xi and one

compares the distance between the given particle and all its neighbours within the support

domain. The contribution of the neighbouring particles to f(xi) is then weighted by the

smoothing kernel.
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Fig. 7.— The SPH kernel support domain, adapted from Liu & Liu (2003). All particles

within κh are weighted by W according to the distance rij between xi and xj.

Smoothing kernels should satisfy 3 main properties to offer accurate approximations for

smoothed fields, these are given as (Price 2012):

i Kernels should be monotonically decreasing as rij increases and the weighting should be

positive

ii Kernels should be symmetric (i.e. W (x− x′, h) = W (x′ − x, h) = W (|x− x′|, h))

iii Kernels should posses a flatter central region so as to reduce the impact of small changes

in positions of near neighbours

A Gaussian kernel may seem a natural choice, however this kernel has a radius that extends

out infinitely thus one needs to account for all the particles in the box. Better is to choose a

similar Gaussian shape that, at a finite radius, is truncated to zero. Popular kernels include

the B-spline functions (Mn) (Monaghan & Lattanzio 1985; Monaghan 1985), where n is the

order of the kernel. Higher order kernels result in better Gaussian approximations. Letting
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q = rij/h, W (rij, h) = w(q) the M4 cubic B-spline is given as:

w(q) =
σ

hd





1
4
(2− q)3 − (1− q)3 0 ≤ q < 1

1
4
(2− q)3 1 ≤ q < 2

0 q ≥ 2

(24)

where σ = [2/3, 10/7π, 1/π] for dimensions d = 1, 2, 3 respectively. The M5 quartic kernel is

defined by (Morris 1996) as:

w(q) =
σ

hd





(5
2
− q)4 − 5(3

2
− q)4 + 10(1

2
− q)4 0 ≤ q < 1/2

(5
2
− q)4 − 5(3

2
− q)4 1/2 ≤ q < 3/2

(5
2
− q)4 3/2 ≤ q < 5/2

0 q ≥ 5/2

(25)

where the normalisation factor σ = [1/24, 96/1199π, 1/20π]. The final kernel this research re-

port will look at it theM6 quintic (Eq. 26) with normalisation factors σ = [1/120, 7/478π, 1/120π](Morris

1996). Again this kernel is progressively more representative of a Gaussian compared to the

cubic and quartic kernels respectively.

w(q) =
σ

hd





(3− q)5 − 6(2− q)5 + 15(1− q)5 0 ≤ q < 1

(3− q)5 − 6(2− q)5 1 ≤ q < 2

(3− q)5 2 ≤ q < 3

0 q ≥ 3

(26)

The B-spline kernels mentioned above can be seen in the top panel of Fig. 8. Observe

the effect of increasing the order: the kernels’ peaks fall and the tails become fatter, extending

out further, more representative of a Gaussian kernel. Derivatives of the kernels are shown

in the bottom panel of Fig. 8. The derivatives of the respective kernels are not symmetric

about q=0. Applying gradients to smoothed quantities as in Eq. 22 may result in a negative

contribution to the gradient of the smoothed field, from the derivative of the kernel weighting.

Increasing the order has the same effect as in the top panels. Peaks and troughs become

flatter and the curves tend to zero at a slower rate.
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Fig. 8.— The cubic (M4), quartic (M5) and quintic (M6) B-spline kernels as well as their

derivatives.
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4. Lagrangian Classification Scheme

“Nature uses only the longest threads to weave

her patterns, so that each small piece of her

fabric reveals the organization of the entire

tapestry.”

Richard Feynman

In this chapter, the Eulerian ‘V-web’ classification scheme is developed on a state of

the art Gadget-2 Springel (2005) simulation. The results are shown to be consistent with

those found in Hoffman et al. (2012). The SPH velocity shear tensor is then defined and the

Lagrangian classification scheme is employed on the same simulation, first on dark matter

particles and subsequently on dark matter halos. Finally a comparison is drawn between the

two classification methods. The full development of this chapter is presented in the paper

published in Fisher et al. (2016).

4.1. Velocity Shear Tensor Background

Initial attempts to classify the the cosmic web, given by Hahn et al. (2007b); Aragón-

Calvo et al. (2007b); Forero-Romero et al. (2009), used Tidal Torque Theory to calculate

the Hessian of the density field to obtain the tidal tensor. Classification of the cosmic web

is done by counting the number of positive eigenvalues of the tidal tensor greater than zero.

This has come to be known as the T-web approach. Later, Hoffman et al. (2012) showed that

the V-web velocity shear tensor is able to improve on the resolution of the T-web, resolving

smaller structures, to better study halo properties. The velocity field, when compared to

the gravitational field, retains a better memory of the initial conditions of the early Universe

and as a result traces the underlying mass distribution better Kitaura et al. (2012).

The deformation a fluid undergoes is a result of velocity gradients. Following the analysis

by Libeskind et al. (2014), one may Taylor expand the peculiar velocity field v(r) about the

point r0 to first order obtaining Eq 27.

vα(r) = vα(r0) +

[
∂vα
∂rβ

]

r0

drβ (27)

where dr = r − r0 and α, β = x, y, z. ∂vα/∂rβ is known as the rate of deformation tensor

and represents velocity gradients. The deformation tensor can be further decomposed into

its shear rate (symmetric) and vorticity (anti-symmetric) components respectively, show in
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Eq 28.
∂vα
∂rβ

=
1

2

(
∂vα
∂rβ

+
∂vβ
∂rα

)
+

1

2

(
∂vα
∂rβ
− ∂vβ
∂rα

)
(28)

Hoffman et al. (2012) defines the symmetric component of the deformation tensor, or rate

of strain tensor, as the V-web velocity shear tensor, Σαβ, scaled by the Hubble constant as:

Σαβ = − 1

2H0

(
∂vα
∂rβ

+
∂vβ
∂rα

)
(29)

The velocity shear tensor is scaled by the Hubble constant to make the units dimensionless

and may be diagonalised to obtain the eigenvalues λi. Defining the shear tensor in Eq 29

with a negative sign and sorting the eigenvalues so that λ1 ≥ λ2 ≥ λ3 allows for a useful

interpretation as now the largest eigenvalue of the shear tensor corresponds to the eigenvector

with the fastest rate of collapse. This provides an explanation for the formation of nodes,

sheets, filaments and voids. Various web types will collapse with varying strengths along a

different number of axes. The classification algorithm given by Hoffman et al. (2012) uses

the eigenvalues of the shear tensor to examine the collapse or expansion of the fluid at a

given point.

4.2. Classification Algorithm

Hoffman et al. (2012)’s algorithm to classify the cosmic web consists of constructing

the shear tensor at a given point, finding the eigenvalues, λi and for the shear tensor and

comparing the eigenvalues to a given threshold value λth to obtain four cases:

Web Type =





Node λ1 ≥ λ2 ≥ λ3 ≥ λth

Filament λ1 ≥ λ2 ≥ λth ≥ λ3

Sheet λ1 ≥ λth ≥ λ2 ≥ λ3

Void λth ≥ λ1 ≥ λ2 ≥ λ3

The eigenvectors ei define an orthonormal basis preserving the linear and metric properties of

R3 . Historically, λth has been chosen by visual inspection of the cosmic web with a popular

value being λth = 0.44 (Hoffman et al. 2012; Libeskind et al. 2012b,a) however this value

may vary with different simulation parameters. Observe that when all three eigenvalues

are greater than λth, all 3 axes are collapsing yielding a node classification while voids are

classified with zero eigenvalues greater than λth indicative of an expansion along all 3 axes.

Filaments exhibit a characteristic collapse along 2 axes with an expansion along the third

while sheets collapse along 1 axis and expand along 2 axes.
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4.3. Paper Credit

Credit for the work appearing in Fisher et al. (2016) must be assigned as follows. The

idea of a new mesh-free method defined in SPH terms was a result of fruitful discussions

between Faltenbacher and Fisher, based on previous work. The Eulerian mesh code was

developed by Faltenbacher however all subsequent analysis code was done by Fisher.

The basic Lagrangian classification code was developed in tandem with Faltenbacher and

Fisher. The computation of the kd-tree was done by M. Johnson. Fisher is responsible for the

theoretical development of the SPH velocity shear tensor as well as all analysis code relating

to the Lagrangian classification. The research paper was also drafted by Fisher. The paper

that follows has been compressed for the online version of the research report due to the file

constraints imposed. Should one wish to view the online version, please visit http://mnras.

oxfordjournals.org/cgi/content/full/stw370?ijkey=h2D8qsBAnAIrK1X&keytype=ref

http://mnras.oxfordjournals.org/cgi/content/full/stw370?ijkey=h2D8qsBAnAIrK1X&keytype=ref 
http://mnras.oxfordjournals.org/cgi/content/full/stw370?ijkey=h2D8qsBAnAIrK1X&keytype=ref 
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ABSTRACT

The cosmic web defines the large-scale distribution of matter we see in the Universe today.

Classifying the cosmic web into voids, sheets, filaments and nodes allows one to explore

structure formation and the role environmental factors have on halo and galaxy properties.

While existing studies of cosmic web classification concentrate on grid-based methods, this

work explores a Lagrangian approach where the V-web algorithm proposed by Hoffman

et al. is implemented with techniques borrowed from smoothed particle hydrodynamics. The

Lagrangian approach allows one to classify individual objects (e.g. particles or haloes) based

on properties of their nearest neighbours in an adaptive manner. It can be applied directly

to a halo sample which dramatically reduces computational cost and potentially allows an

application of this classification scheme to observed galaxy samples. Finally, the Lagrangian

nature admits a straightforward inclusion of the Hubble flow negating the necessity of a

visually defined threshold value which is commonly employed by grid-based classification

methods.

Key words: hydrodynamics – methods: numerical – dark matter – large-scale structure of

Universe.

1 IN T RO D U C T I O N

The large-scale distribution of matter throughout the Universe is

originally described by Bond, Kofman & Pogosyan (1996) as the

cosmic web, exhibiting a filamentary structure with regions of in-

creasing density classified as voids, sheets, filaments and nodes.

Cosmological numerical simulations are used to explore the large-

scale structure and have contributed significantly to the establish-

ment of the �CDM model of structure formation. Cold dark matter

(DM) is said to constitute ∼85 per cent of the gravitating mass

within the Universe, thus understanding the kinematics of DM al-

lows one to probe into the evolution of the Universe in both the lin-

ear and non-linear regime. We use pure DM simulations, neglecting

the baryonic matter component, to represent the N-body problem

as a fluid under gravitational evolution using the Vlasov–Poisson

equations (Kuhlen, Vogelsberger & Angulo 2012).

Galaxy morphology has been shown to vary with the cosmic en-

vironment (Dressler 1980; Blanton et al. 2005; Gao, Springel &

White 2005; Faltenbacher 2010) and exploring this link is crucial

to the development of a consistent cosmological theory of galaxy

formation and evolution. Galaxy redshift surveys and DM N-body

simulations have shown a significant statistical correlation in fil-

amentary structure with the different web types thought to be a

result of small density perturbations in the early universe that have

undergone gravitational collapse.

⋆ E-mail: 302186@students.wits.ac.za

Initial attempts to classify different web types with kinematical

information were presented in Aragón-Calvo et al. (2007a), Hahn

et al. (2007a) and Forero-Romero et al. (2009) using tidal torque

theory, evaluating the Hessian of the gravitational potential. Since

then, more sophisticated algorithms have been introduced to de-

scribe the topology of the phase space and identify substructure.

Aragón-Calvo et al. (2010b) used the SpineWeb framework based

on the watershed algorithm (Platen, Van De Weygaert & Jones 2007)

to segment the density field.

Falck, Neyrinck & Szalay (2012) showed that one is able to clas-

sify morphological structures using the ORIGAMI method: count-

ing the number of orthogonal folds in the Lagrangian phase space

sheet. Various methods have borrowed techniques from discrete

Morse theory (Colombi, Pogosyan & Souradeep 2000) using the

Delaunay Tessellation Field Estimator (Schaap & van de Weygaert

2000) to identify substructure in the cosmological density fields

(Aragón-Calvo et al. 2007a, 2010b; Sousbie 2011).

Hoffman et al. (2012) introduced a classification scheme based

on the shear of the velocity field (V-web) and showed it is able

to improve on the resolution of the tidal tensor-based method

(T-web), resolving smaller structures, to better study halo proper-

ties. DM simulations are characterized by the density and velocity

fields with these two fields being related by equation (1), the familiar

mass conservation equation:1

1

ρ

Dρ

Dt
= −(∇· v) . (1)

1 Dρ
Dt

=
∂ρ
∂t

+ v· ∇ρ is the comoving derivative.
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Hoffman et al. (2012) provide evidence of the velocity divergence

field tracing the density field; a divergent velocity field being asso-

ciated with underdense regions. The velocity field can also be used

to trace the cosmic web backwards throughout time providing one

with better insights into the initial conditions of the early universe

(Frisch et al. 2002). Bond et al. (1996) showed that the strain field of

the fluid is directly related to the filamentary structure of the cosmic

web. Thus, the velocity shear tensor is closely related to the density

field as it is a measure of the strain of the DM fluid, represented

by the diagonal elements of the shear tensor. The classification al-

gorithm given by Hoffman et al. (2012) uses information regarding

the strain of the fluid, given by the shear tensor, to classify the cos-

mic web according to the number of eigenvalues of the symmetric

shear tensor greater than a given threshold value. Classifying the

cosmic web allows one to explore how different web types affect

halo properties (Aragón-Calvo et al. 2007b; Hahn et al. 2007a,b;

Aragón-Calvo, Van De Weygaert & Jones 2010a; Cautun, van de

Weygaert & Jones 2012; Libeskind et al. 2012a,b; Cautun et al.

2014) and the galaxies within the haloes (Metuki et al. 2014; Nuza

et al. 2014).

The aim of this paper is to compare existing cosmic web clas-

sification methods with a new approach using a smoothed particle

hydrodynamics (SPH) formalism borrowed from the SPH simula-

tion technique that incorporates information from locally defined

neighbours to construct the velocity shear tensor. The approach can

be applied to haloes directly and produces statistics consistent with

current literature (Cautun et al. 2012; Hoffman et al. 2012; Libe-

skind et al. 2012a,b; Metuki et al. 2014; Nuza et al. 2014). The

method allows one to easily incorporate the Hubble flow, which

is difficult to account for in grid-based approaches. Thus, by ac-

counting for the expansion between particles, it is shown that a

natural explanation can be given for the threshold value adopted in

grid-based approaches.

2 T H E S I M U L AT I O N

The following analysis is based on an N-body simulation employ-

ing the GADGET-2 simulation code (Springel 2005) with a cube

length of 64 h−1 Mpc, a total of 10243 particles and a particle mass

mp = 2.1 × 107 h−1M⊙. Each particle is comprised entirely of

DM and the collisional component is ignored. A �CDM cosmo-

logical model with Planck 2013 parameters was used such that

at z=0 the total matter density �m = 0.31, cosmological con-

stant �� = 0.69, baryon density �B = 0.049, Hubble constant

H0 = 100 h km s−1 Mpc−1 and Hubble parameter h = 0.678. The

primordial power spectrum index, n = 0.961 with a normalization

value σ 8 = 0.826. Classifications were performed at a redshift of 0.

3 M E T H O D

This section revises the cosmic web classification scheme based

on the velocity shear tensor given by Hoffman et al. (2012) and

discusses the implementations for the Eulerian and the Lagrangian

methods using the full set of simulation particles. Subsequently, we

demonstrate that the Lagrangian method can be easily applied to

the halo sample, forgoing the need to interpolate the halo classifica-

tions from the grid cells. The section concludes with a discussion on

the implementation of the Hubble flow which effects a shift of the

eigenvalues and, by extension the threshold value needed, permit-

ting a more natural interpretation of the eigenvalues of the velocity

shear tensor.

3.1 Web classification using the velocity shear tensor

The rate of deformation of a fluid is a result of velocity gradients.

In three-dimensional Cartesian coordinates, the deformation tensor

can be expressed as ∂vα/∂rβ for α, β = x, y, z. One is able to

decompose the rank 2 deformation tensor into its shear (symmetric)

and vorticity (antisymmetric) components, respectively, to obtain

equation (2).

∂vα

∂rβ

=
1

2

(
∂vα

∂rβ

+
∂vβ

∂rα

)
+

1

2

(
∂vα

∂rβ

−
∂vβ

∂rα

)
. (2)

The shear tensor is of particular interest as the diagonal elements

represent the strain (rate of compression or expansion) along a

given eigenvector. Hoffman et al. (2012) defines the symmetric

component of the deformation tensor as the V-web velocity shear

tensor, 	αβ , scaled by the Hubble constant as

	αβ = −
1

2H0

(
∂vα

∂rβ

+
∂vβ

∂rα

)
. (3)

Exploiting a mathematical property of tensor symmetry, the trace of

shear tensor is equal to the sum of the eigenvalues and is proportional

to the rate of change of density within the simulation for a comoving

observer, since

	α
α = λ1 + λ2 + λ3 = −

1

H0

∂αvα =
−(∇· v)

H0

∝
Dρ

Dt
, (4)

where here we have denoted ∂αvα = ∂vα/∂rα while employing

summation notation. Defining the V-web shear tensor with a nega-

tive sign (equation 3) and sorting the eigenvalues so that λ1 ≥ λ2 ≥

λ3 allows for a useful interpretation as now the largest eigenvalue

corresponds to the eigenvector with the fastest rate of collapse.

Classification of the cosmic web into four possible environments

for DM phase space elements is done by counting the number of

eigenvalues above a threshold value λth. Historically, λth has been

chosen by visual inspection of the cosmic web with a popular value

being λth = 0.44 (Hoffman et al. 2012; Libeskind et al. 2012a,b);

however, this value may vary with different simulation parameters.

Voids, sheets, filaments and nodes correspond to 0, 1, 2 or 3 eigen-

values greater than the threshold value, respectively. Observe that

when all three eigenvalues are greater than λth, all three axes are col-

lapsing yielding a node classification while voids are classified with

zero eigenvalues greater than λth indicative of an expansion along

all three axes. Filaments exhibit a characteristic collapse along two

axes with an expansion along the third, while sheets collapse along

one axis and expand along two axes.

3.2 Grid-based method

In order to obtain a benchmark model for the subsequent develop-

ment of the Lagrangian-based approach, we first present a classifi-

cation based on the traditional grid-based method. For that purpose,

the velocity and density fields are constructed on 1283, 2563 and

5123 grid sizes using ‘clouds in cells’ (CIC) interpolation over 2

cell lengths.

Increasing the grid size for a fixed particle number inevitably

causes empty cells within the grid, particularly at a redshift of zero.

The empty cells have an associated zero velocity and impact the CIC

algorithm significantly at large grid sizes. For the 2563 grid, we find

one empty cell in the entire simulation volume whereas for the 5123

grid there are ∼2 × 106 empty cells. This is remedied by assigning

a mass averaged velocity to the empty cell using the neighbour-

ing cells contained within a sphere of 3 cell lengths. Empty cells

MNRAS 458, 1517–1528 (2016)
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Lagrangian cosmic web classification 1519

are generally located in underdense regions where the fluid experi-

ences little or no turbulence, thus, the solution is believed to be a

reasonable approximation for laminar-like flow.

To remove numerical artefacts introduced by the CIC interpola-

tion, the fields are smoothed with a Gaussian kernel using σ = 1 cell

length. For simplicity, the derivatives are evaluated in k-space after

employing a fast Fourier transform of the velocity field. Each grid

cell then has an associated shear tensor and a set of three eigenvalues

for classification.

3.3 Lagrangian method applied to DM particles

An alternative to grid-based, Eulerian methods for analysing fluid

flows is the Lagrangian SPH approach first pioneered by Lucy

(1977) and Gingold & Monaghan (1977) whereby the continuous

fluid is divided into a set of N discrete fluid elements that are

followed throughout the simulation while under the laws of hy-

drodynamics. SPH methods have long been used for a wide range

of astrophysical problems and, due to its Lagrangian nature, the

numerical solutions do not suffer from advection errors, possesses

good conservation properties and overdensities can be dynamically

resolved, see Hernquist & Katz (1989), Valdarnini (2012), Springel

(2010) and references within. By analogy one may use a Lagrangian,

grid-free, SPH-kernel-based method instead of a grid-based, Eule-

rian method for computing the gradients of the velocity field. In

the following, we will address this method as the smoothed particle

dynamics (SPD) approach which uses SPH-kernels exclusively for

the computation of dynamical quantities.

The SPH-approach employs a particle representation of the fluid

where each particle has a given mass and an associated volume.

The physical properties of the fluid at a given position r , which

may be the location of a particle itself, is then given as a function of

the properties of the neighbouring particles located at r
′ within the

smoothing length, h. The smoothing length is an adaptive quantity

in that it is commonly chosen to be distance to the nth neighbour.

The neighbouring particles’ properties are weighted by a kernel

function W(r, h) with r = |r − r
′|. Any smoothed interpolated field

Fs(r) of some field F (r) in x dimensions is defined as

Fs(r) =

∫
F (r

′)W (|r − r
′|, h)dx

r
′ , (5)

where W (r − r
′, h) → δ(r − r

′) in the limit as h → 0. This is

essentially a convolution of the neighbouring particle properties

with the kernel.

In this work, we adopt the cubic spline given by (Springel 2010)

with W(r, h) = w(q)/hd, d is the dimension and q = r/h. In three

dimensions the kernel is given by

w(q) =
8

π h3

⎧
⎪⎨
⎪⎩

1 − 6q2 + 6q3, 0 ≤ q ≤ 1
2

2(1 − q)3, 1
2

< q ≤ 1

0, Otherwise

(6)

with the kernel dropping to zero at r = h. The kernel has the

important property of being normalized to 1.

Each particle has an associated mass mi and one can approximate

the volume of the kernel occupied by the particle as d3
r = mi/ρi .

Discretizing equation (5) and using the ‘gather approach’, one may

approximate the smoothed field with j neighbours as

Fs(r i) ≃

N∑

j=1

mj

ρj

FjW (|r i − rj |, hi). (7)

Thus, for the density field, F (r) = ρ(r) = ρi and F (r
′) =

ρ(r
′) = ρj so that the SPH density for the ith particle is given

by

ρi ≃

N∑

j=1

mjW (|r i − rj |, hi) . (8)

To obtain an expression for the smoothed velocity field, substitute

F (r) = vi into equation (7) for the ith particle to obtain

vs,i ≃

N∑

j=1

mj

ρj

vjW (|r i − rj |, hi). (9)

Continuing with our analysis of cosmic web classification, it is

noted in equation (3) that the shear tensor can be calculated using the

gradient of the velocity field. The SPD approach exploits a unique

property in calculating the velocity gradients; the spatial derivative

of a smoothed field results in the derivative only being applied to

the kernel, shown in equation (10), for which analytical solutions

exist.

∂Fs(r i)

∂r i

≃

N∑

j=1

mj

ρj

F (rj )
∂

∂r i

W (|r i − rj |, hi), (10)

where ∂/∂r = ∇. For a constant field equation (10) is generally

non-zero; however, using the fact that ρ(∇v) = ∇(ρv) + (∇ρ)v one

may obtain equation (11) for the velocity gradient which evaluates

to zero for constant velocity fields.

∂vs,i

∂r i

≃
1

ρi

N∑

j=1

mj (vi − vj )
∂

∂r i

W (|r i − rj |, hi) (11)

With the SPD techniques, the velocity shear tensor can be defined

in terms of neighbouring particle quantities and kernel derivatives.

This Lagrangian representation allows one to resolve and classify

individual DM particles based on the properties of its neighbouring

particles. More generally, it can be applied to any point set, for

instance, below we will use DM haloes as the basic point set.

The smoothing length for the ith particle, hi, is determined as

the distance to the furthest of the n nearest neighbours (therefore

q ≤ 1 in equation 6). The smoothing length for a fixed neighbour

number makes this quantity adaptive in the sense that high-density

environments will generate short smoothing lengths and low-density

regions will cause long smoothing lengths. An adaptive smoothing

length reduces the sampling error for regions of varying density.

The variation of nearest neighbour number, n, allows one to explore

the effect of the smoothing length on the classification of the cosmic

web, akin to variable grid sizes (Section 3.2).

Using a three-dimensional Cartesian coordinate system such that

α, β represent coordinates (x, y, z) and i, j as reference to particles

to avoid confusion, the α component of the velocity gradient in the

β direction for the ith particle can then be expressed as

∂vα
s,i

∂β
≃

1

ρi

N∑

j=1

mj (vα
i − v

α
j )

∂

∂β
W (|r i − rj |, hi). (12)

A k-d tree (Kennel 2004) is used to find the nearest neighbours for

each particle and the shear tensor is constructed using 16, 32 and 64

neighbours as in equation (3) by taking the spatial derivatives of the

relevant velocity components defined in terms of the SPD quantities

and the spatial derivatives of the cubic spline kernel interpolant in

equation (6) (see Appendix A).
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1520 J. D. Fisher, A. Faltenbacher and M. S. T. Johnson

3.4 Lagrangian method applied to DM haloes

To locate individual haloes the ROCKSTAR halo finder (Behroozi,

Wechsler & Wu 2013) is employed. For the halo density calculation

in equation (8), we avoid ambiguities introduced through halo and

sub-halo mass determinations by using a kernel weighted halo num-

ber density instead of a mass density. Plugging halo positions and

velocities into equation (12) allows one to construct the shear ten-

sor based on the halo sample. In the same manner as for simulation

particles, each halo can be classified using the velocity shear tensor

(Hoffman et al. 2012). With the intention of applying the new La-

grangian method to observed galaxy samples, a maximum circular

velocity (vmax) cut-off of 50 km s−1 is employed for the haloes and

subhaloes. A vmax limit applied to the halo catalogue can be used

instead of a mass limit as it avoids the ambiguous calculation of the

virial mass for both haloes and subhaloes and is more robust with

regards to the central dynamics within haloes where galaxies are

thought to be found (Kravtsov et al. 2004; Klypin, Trujillo-Gomez

& Primack 2011). One may adopt the Tully–Fisher relation (Tully &

Fisher 1977) to deduce a near-infrared limiting magnitude of ∼−17

(Bell & de Jong 2001; Pizagno et al. 2007; Torres-Flores et al. 2011),

corresponding to a galaxy sample luminosity limit of ∼109 L⊙. Re-

stricting the sample to a vmax ≥ 50 km s−1 range may neglect small

faint dwarf galaxies however the majority of spirals and early-type

galaxies are well within this range (Trujillo-Gomez et al. 2011).

Locating and classifying haloes naturally skews the sampling to the

denser web types, such as filament, sheets and nodes, as haloes are

a biased tracers of the mass distribution in the cosmic web. Classi-

fying individual haloes using the halo-based Lagrangian approach

is computationally very cheap as halo catalogues are small relative

to particle numbers.

3.5 Hubble flow

An aspect intrinsically difficult to accommodate in the grid-based

approach is the inclusion of the Hubble flow. Cosmological N-body

simulations utilize comoving coordinates thus the velocities of the

simulation particles only reflect peculiar motion. As a consequence,

virialized haloes which are expected to show a mean radial velocity

equal to zero always show a mean inward motion proportional to

the radius. In other words, virialized haloes shrink if only peculiar

velocities are considered. This spurious effect can be easily cor-

rected for by adding the radially outwards pointing Hubble flow,

∝Hd, with respect to an arbitrary centre (naturally the position of

the central object).

The local nature of the Lagrangian approach effortlessly permits

the inclusion of the Hubble flow between a given particle and its

neighbours. Incorporating the Hubble flow naturally counteracts

the artificial contraction between particles which may explain why

λth has to be set to some arbitrary value greater than zero when

failing to account for the radially outward flow. Doing so, using

λth = 0, leads to very similar results when compared to classification

without the inclusion of the Hubble flow and setting λth > 0. This

allows for a straightforward interpretation of the eigenvalues as

now negative eigenvalues correspond to expansion and positive

eigenvalues indicate contraction along a specific eigenvector.

4 R ESU LTS

In this section, we fist discus the results obtained with the grid-

based method. This serves as benchmark model which is to be

compared with the literature on the one side and with the results

based on the SPD method on the other side. Subsequently, the SPD

method is applied to the simulation particle distribution and the halo

sample. Finally, the results effected by the Hubble flow correction

are discussed.

4.1 Grid-based method

The normalized distribution of eigenvalues for the grid-based veloc-

ity shear tensor can be found in Fig. 1 (top), using various grid sizes.

The distributions are consistent with the results found in Libeskind

et al. (2012b), following an approximate lognormal distribution.

Probability density functions (PDFs) for the 1283 and 2563 grids

display the characteristic peaks (widths) increasing (decreasing)

from λ1 → λ3. Wider widths in λ1 relative to λ3 suggest there is

more variation in the strength of expansion (collapse) along the

corresponding eigenvector.

A finer grid increases the proportion of λ3 eigenvalues found

in the lower limit of the range, evident in the decreasing peaks.

Distribution peaks for λ2 steadily rise for a finer grid, the PDFs for

λ1 are relatively unchanged. The effects of constraining or relaxing

expansion (collapse) through varying grid size is purely numerical.

Volume filling fractions (Vff) and mass fractions (Mf) for the

various grid sizes can be found in Table 1. The fractions are in

agreement with current literature (Hoffman et al. 2012; Metuki et al.

2014) and show voids occupy the largest volume of the cosmic web

followed by sheets, filaments and nodes. Filaments and sheets are

shown to be the most massive web types with nodes and voids

making up the balance.

A finer grid results in lower mass fractions for voids and nodes.

This may be explained by the fact that a higher spatial resolution

tends to ‘de-homogenize’ the eigenvalues, i.e. if all three eigenval-

ues are above (below) the threshold for a cell at low resolution then

the fine structure within the cell resolved by the finer grid causes

one or two eigenvalues to shift below (above) the threshold within

the new cells transforming voids or nodes into sheets and filaments.

This would naturally account for the behaviour of the mass frac-

tions of sheets and filaments which are observed to increase with

grid size. The volume filling fractions are relatively consistent for

all grid sizes. We use the results based on the 2563 grid as the

benchmark.

4.2 DM particles: Lagrangian method

Fig. 1 (middle) shows the distribution of eigenvalues for the

Lagrangian approach for all 10243 DM particles neglecting the

Hubble flow. The normalized distributions obey similar statistical

properties as the PDFs for the grid-based method with a lognor-

mal representation and the same eigenvalue width dependence. One

observes a similarity between the distributions of finer grids and

smaller neighbour numbers; a low neighbour number requirement

enforces shorter smoothing lengths, a smoothing scale that is com-

parable with a very fine grid. Conversely, a coarser grid is a result

of a larger smoothing scale, or more neighbours.

Comparing the grid-based eigenvalues with the Lagrangian-based

eigenvalues excluding Hubble flow, one notes that the peaks for the

SPD formulated eigenvalues are shifted slightly towards larger val-

ues when compared to their grid-based counterparts for any neigh-

bour number or grid size. The SPD-based PDFs tend to have more

extended tails with a larger proportion of eigenvalues with absolute

values |λi| > 1.

SPD results based on 16 neighbours need to be treated with cau-

tion due to the low number statistics. Even if the overall trends are

MNRAS 458, 1517–1528 (2016)
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Lagrangian cosmic web classification 1521

Figure 1. Top: the PDFs for eigenvalues using varying grid sizes: 1283 (left), 2563 (middle) and 5123 (right). λ1 is given by the green solid line, λ2 is given

by red dashed line and λ3 is given by the blue dot–dashed line. Middle: the PDFs for Lagrangian-based eigenvalues using a varying number of neighbours: 16

(left), 32 (middle) and 64 (right) with the same line properties as above. Bottom: Lagrangian-based PDFs for the 10243 particles incorporating the Hubble flow

into the velocities before the shear is determined, using the same neighbour numbers and line properties as above. Distributions are approximately lognormal;

a finer mesh is attributed with shorter smoothing lengths or fewer neighbours (neglecting the Hubble flow).

similar to the grid-based approach, we mainly use the 16 neighbour

PDFs to explore the impact of small neighbour numbers on the

eigenvalue distribution. The 16 nearest neighbour results are not

discussed further.

Using 64 neighbours leads to a spurious behaviour for the PDFs,

which is most obvious for the λ2 eigenvalue distribution and is ev-

ident by a bump around zero. The effect is even more pronounced

in Fig. 1 (bottom right) using 64 neighbours incorporating the

Hubble flow. This is believed to be a non-physical artefact as a

result of known integral interpolant errors, O(h2), associated with

larger smoothing lengths due to larger neighbour numbers (Mon-

aghan 2005).

The Lagrangian method, without Hubble flow, using 32 neigh-

bours produces eigenvalue distributions and mass fraction statistics,

seen in Table 2, that best match current literature (Cautun et al. 2012;

Hoffman et al. 2012; Libeskind et al. 2012b; Metuki et al. 2014).
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Table 1. Volume and mass filling fractions: mesh-based method using λ = 0.44.

Mesh Voids Sheets Filaments Nodes

Vff 1283 67.80 % 26.27 % 5.40 % 0.53 %

2563 67.46 % 27.28 % 4.87 % 0.39 %

5123 68.93 % 26.81 % 4.02 % 0.24 %

Mf 1283 17.88 % 31.96 % 34.28 % 15.88 %

2563 13.80 % 36.28 % 38.18 % 11.74 %

5123 12.47 % 40.63 % 38.73 % 8.17 %

Table 2. Mass fractions: SPH particle method with and without Hubble flow comparing λth = 0.44 & λth = 0.0 for 32 neighbours.

Without Hubble flow Voids Sheets Filaments Nodes

λth = 0.44 10.62 % 50.70 % 37.53 % 1.15 %

λth = 0.0 2.92 % 51.36 % 44.31 % 1.42 %

With Hubble flow Voids Sheets Filaments Nodes

λth = 0.44 14.77 % 49.50 % 34.70 % 1.04 %

λth = 0.0 10.61 % 50.81 % 37.50 % 1.13 %

PDFs for 32 neighbours display the properties of decreasing peaks

and increasing widths for λ3 → λ1 which can also be observed in

the benchmark grid-based PDFs. In addition to this, the choice of

32 particles is a standard number of neighbours in SPH simula-

tions. For this reason, the SPD halo analysis will resume using 32

neighbours as the benchmark.

Fig. 1 (bottom) shows the normalized eigenvalue PDFs for the

Lagrangian method taking into account the Hubble flow. The ex-

pansion (collapse) is again more relaxed relative to the grid-based

approach, exhibiting more pronounced tails and a larger range.

Other statistical properties, such as lognormality and decreasing

widths still hold, however, these features are far less obvious. One

may observe an approximate symmetry using 32 and 64 neighbours

whereby λ3 is a negative reflection of λ1 around λi ∼ −0.5. Libe-

skind et al. (2012b) suggests this relation would imply expansion

and collapse are equivalent processes but in opposite directions.

The mass fraction for each web type is shown in Table 2 with and

without Hubble flow using λth = 0.44 and 0.0. Using λth = 0.44

without Hubble flow results in mass fractions for voids and filaments

that are similar to those for the grid classification; however, sheets

occupy a larger proportion of the total mass within the cosmic web

while nodes are responsible for a very small amount of the web

mass. The low node fractions for all SPD classifications may be

attributed to the fact that for a given particle, collapse along all

three axes is quite difficult to achieve. Each particle experiences a

range of tidal forces, due to its neighbouring particle distribution,

which in turn will mitigate a complete gravitational collapse inward.

Mesh-based approaches do not suffer from this problem as particles

are enclosed in individual cells and the CIC interpolation smooths

out the gravitational tidal forces to a large degree.

Accounting for the Hubble flow naturally introduces an expan-

sion in all directions, increasing void classifications at any given

threshold. Using λth = 0.0 with Hubble flow produces almost iden-

tical mass fractions to λth = 0.44 without Hubble flow, validating

the inclusion of the Hubble flow in the classification calculation.

This also explains why it is necessary to introduce a threshold value

greater than zero in the grid-based approach.

The top panels of Fig. 2 show the number fraction, Nf, for web

types as a function of the threshold value λth. On the left we find the

results without Hubble flow. On the right-hand panel, the Hubble

flow is added, i.e. each neighbour particle is attributed with an

additional radial velocity according to the Hubble law before the

shear tensor is computed. The number fraction curves with and

without Hubble flow are almost identical, except that inclusion of

the Hubble flow requires a shift of the threshold value towards the

left by approximately 0.44. This value roughly corresponds to the

threshold value employed for the grid approach. Consequently, the

curves show very similar number fractions when a threshold values

of 0.44 and 0 are used for the data without and with Hubble flow,

respectively.

The bottom panels of Fig. 2 show the same curves for the halo

sample. Details will be explored further in Section 4.3. Here we

only remark that the shapes of curves without (left) and with (right)

the Hubble flow are very similar if shifted by ∼−0.44, exactly as

observed for the particle sample.

Volume filling fractions are not straightforwardly extractable us-

ing the Lagrangian method as one does not classify the entire cos-

mological volume composed of individual cells but rather individ-

ual particles, which does not allow for a trivial summation of the

volume.

The top panel of Fig. 3 shows the contoured DM distribution

within a slice of 0.5 h−1 Mpc thickness projected along the z axis

on to the x–y plane. The filamentary web structure is highlighted by

the grey-scale contours whereby regions of increasing density are

clearly identifiable by the lighter shades of grey. The lightest con-

tours enclose the densest regions of the slice where many particles

have collapsed to form nodes, while less dense elongated filaments

are captured by the light grey contours forming the web-like struc-

ture in the space between the nodes. The darker shades of grey to

black indicate lower density regions where one expects to observe

sheet and void web types.

The middle and bottom panels of Fig. 3 display the same slice

classifying each particle using a 2563 grid-based method (middle)

and 32 neighbours Lagrangian method with Hubble flow (bottom),

using λth = 0.44 and 0.0, respectively. The SPD-based classifica-

tion scheme (bottom) resolves more details, for example many more

small DM particles within the filaments are identified as nodes. The

very same particles are classified as filaments or sheets by the grid-

based approach. This result is due to the adaptive nature of the

SPD approach. Despite the larger number of classified nodes de-

picted here, the mass fraction for nodes derived from the Lagrangian

method is lower compared to the grid-based approach.
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Lagrangian cosmic web classification 1523

Figure 2. Changing λth and its effect on the Nf of classified web types for the DM particles (top) and haloes (bottom) without (left) and with (right) Hubble

flow. Threshold values are given by the black vertical lines at λth = 0.44 and λth = 0.0 excluding and including the Hubble flow, respectively. Nodes are shown

by the solid blue line, filaments are dashed green, sheets dot–dashed red and voids dotted magenta. Number fractions are very similar at any threshold value

both with and without Hubble flow when shifting the Hubble flow threshold value by ∼− 0.44.

4.3 Lagrangian application to haloes

The goal of the cosmic web classification discussed above is to de-

termine the environment that the galaxies inhabit. This allows one

to investigate the impact of the environment on galaxy evolution

which is crucial to understanding the diversity of galaxy popu-

lations. Galaxies are thought to be hosted by DM haloes. Thus,

once the web classification (independent of whether grid or particle

based) is completed the various web types have to be assigned to

DM haloes (i.e. galaxies). This is accomplished with interpolation

schemes which allow for the transition between the grid or particle

distributions to halo locations.

Alternatively, the Lagrangian method introduced above can be

directly applied to the halo sample, i.e. the velocity shear tensor and

its eigenvalues can be computed for an individual halo by utilizing

the positions and velocities of its nearest neighbour haloes. For the

subsequent analysis, the velocity shear tensor was computed based

on the 32 nearest neighbour haloes.

The two bottom panels of Fig. 2 show the fraction of haloes

belonging to a particular web type as a function of the threshold

value λth. The bottom-left panel of Fig. 2 displays the halo classifi-

cation without Hubble flow; nodes and filaments are monotonically

decreasing with nodes making up a very small percentage as λth in-

creases. Voids are underrepresented at low threshold values. Sheet
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1524 J. D. Fisher, A. Faltenbacher and M. S. T. Johnson

Figure 3. A slice 0.5 h−1 Mpc thick showing the log scaled DM density

distribution (top). Contours enclose increasingly overdense regions with a

lighter grey-scale. The mesh-based classification using λth = 0.44 is shown

in the middle subfigure and the Lagrangian classifier including Hubble flow

using λth = 0.0 is shown in the bottom subfigure. Voids, sheets, filaments

and nodes are represented by the light, medium, dark grey and black dots,

respectively.

fractions initially rise when moving to a higher threshold value but

begin to decrease after λth � 0.15.

The addition of the Hubble flow in the bottom-right panel of

Fig. 2 does not drastically change the shape of the number frac-

tion curves for different web types but seems to just shift the

curves leftwards. Observe the similarity of the curves to the right

of the given threshold values (black vertical line) with and without

Hubble flow. The threshold values at λth = 0.44 without Hubble flow

and λth = 0.0 with Hubble flow offer very similar number fractions

which is further confirmed in Table 3. As already discussed for the

particle-based classification scheme, one is compelled to conclude

that the determination of λth = 0.44 by visual inspection (Hoffman

et al. 2012) can be understood as an effective quantity accommo-

dating for the Hubble flow lacking in the grid-based method.

The halo eigenvalue PDFs are presented in Fig. 4 both with

and without Hubble flow. The left-hand panel of Fig. 4 neglects

the Hubble flow. The results are in agreement with both the grid-

based as well as the SPD particle-based distributions in Fig. 1

(top and middle), obeying similar statistical properties. Including

the Hubble flow produces the distributions displayed in the right-

hand panel of Fig. 4). These curves exhibit a reversal of properties,

the widths are increasing and peaks are decreasing moving from

λ1 → λ3. Although the method is still SPD based, the wide tails

seen in the particle distributions of Fig. 1 (middle and bottom)

have vanished. This has the effect of constraining the strength of

expansion (collapse) in the halo-based regime.

Maximum circular velocity, vmax, is a measure of the gravitational

potential well for each halo and serves as a proxy for galaxy lumi-

nosity. Fig. 5 shows the maximum circular velocity function for the

different web types. Haloes classified as nodes are higher density

web types and as such make up the majority of high vmax haloes

extending to ∼1200 km s−1. Underdense web types such as voids

are associated with lower vmax values � 450 km s−1. The majority

of haloes between 400 and 1000 km s−1 are classified as filaments

which are followed by sheets. We observe a correlation between

web type and vmax using the SPD approach similar to the mass–web

type relation found in Hahn et al. (2007b), Cautun et al. (2012) and

Metuki et al. (2014).

Fig. 6 shows a 5 h−1 Mpc slice of the haloes classified using

the SPD approach with Hubble flow and λth = 0.0. The halo size

is plotted proportional to the maximum circular velocity. The ap-

parent structure further supports the vmax–web type correlation.

Voids are generally relatively small circles increasing for sheets,

filaments and nodes, respectively. Fig. 6 establishes the success of

the Lagrangian, halo-based, web classification approach. It is an

effective way to determine the environment within which haloes

reside.

Finally, we examine the density–web type relation via the frac-

tional density � = ρ/ρ̄ for each halo by constructing spheres of

radius 0.5 h−1 Mpc around the centre of each halo and calculat-

ing � within that sphere, referred to as background density in the

following. The eigenvalues of the velocity shear tensor were calcu-

lated by incorporating the Hubble flow and the classification was

performed using a threshold value of zero. The normalized distri-

bution of halo background densities classified by web type can be

seen in Fig. 7, left-hand panel.

For � � 10 the behaviour meets one’s expectations. The web

types are tiered with void haloes being found at the lowest back-

ground densities followed by filament, sheet and node type haloes,

respectively. However, the behaviour at high background densities

is counterintuitive. Akin to the background density problem dis-

cussed in Hoffman et al. (2012), we find that at high background
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Lagrangian cosmic web classification 1525

Table 3. SPH halo number fractions (Nf) using 32 neighbours with and without Hubble flow comparing λth = 0.0 & λth = 0.44.

Without Hubble flow Voids Sheets Filaments Nodes

λth = 0.44 40.25 % 43.96 % 15.37 % 0.41 %

λth = 0.0 0.82 % 35.04 % 59.03 % 5.01 %

With Hubble flow Voids Sheets Filaments Nodes

λth = 0.44 58.52 % 31.76 % 9.52 % 0.20 %

λth = 0.0 31.31 % 46.50 % 21.44 % 0.74 %

Figure 4. Left: the normalized PDFs for halo eigenvalues using 32 neighbours without Hubble flow. Colour codes and line styles are defined as in Fig. 1.

Right: PDFs for halo eigenvalues taking into account the Hubble flow for 32 neighbours. Including the Hubble flow reverses the statistical properties previously

observed, a more varied strength of expansion (collapse) is seen along the respective eigenvectors moving from λ1 → λ3.

Figure 5. Maximum circular velocity as a function of web type for nodes

(blue dash–double dotted), filaments (green dashed), sheets (red dash–

dotted) and voids (dotted magenta). The computation of the shear tensor was

based on the 32 nearest neighbour haloes with the Hubble flow added to the

halo velocities. For the separation of the eigenvalues (collapsing/expanding)

a threshold value of 0.0 was implemented. The velocity function for voids is

very steep indicating that there are no high-velocity haloes in voids. On the

other hand, the node velocity function is quite flat allowing for the highest

circular velocity haloes to be classified as node haloes.

Figure 6. A 5 h−1 Mpc slice showing the classified haloes using 32 neigh-

bour haloes accounting for the Hubble flow. The size of the markers are

scaled according to the vmax of each halo. Larger haloes are generally clas-

sified as residing in a denser web type, the smallest haloes classified as void

haloes and the largest as filament and node haloes.

densities, the PDFs for haloes associated with sheet, filament and

node web types show only week differences. In addition, a small

number of instances can be observed where void type haloes are

associated with high background densities.
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1526 J. D. Fisher, A. Faltenbacher and M. S. T. Johnson

Figure 7. The PDFs for halo fractional density, measured in halocentric spheres of 0.5 h−1 Mpc, per web type possessing the same line properties as in Fig. 5.

Contrary to expectations, the left-hand panel shows very similar behaviour for sheet, filament and node web types at high fractional densities. Also, the (small

number) of high densities for void haloes is counterintuitive. The right-hand panel shows the PDFs of the halo fractional densities after reclassification -

assigning the densest web type in the parent-subhalo system to all haloes within the system. This correction offers a more intuitive density–web type correlation

as lower density web types (voids, sheets) are now severely restricted in the fractional density domain and only high-density web types (nodes, filaments)

exhibit large fractional densities.

The classification problems may be largely due to the inclusion

of subhaloes in classification scheme. The dynamic resolution of

the SPD approach captures the small-scale dynamics between host

and subhaloes, negating the gradient of the velocity field seen on

larger scales.

Misclassifications may be remedied through a reclassification

process by adopting the following modification: assign to a given

main halo and all its subhaloes, the highest density web type found

within that particular halo–subhalo system. This correction assigns

the classification of the parent halo to its subhaloes only 20 per cent

of the time indicating that the classification of the main halo is

strongly influenced by small-scale dynamics. With this scheme, an

improvement in the density–web type relation can be achieved as

demonstrated in the right-hand panel of Fig. 7.

Corrected background density PDFs exhibit more favourable

properties as the higher density web types now possess the largest

background densities. Void haloes exhibit maximum overdensi-

ties of ∼100, increasing for sheets (� � 3600), filaments (� �
3800) and nodes (� � 4000), respectively. Correcting the classifi-

cation also improves overall number fractions for the haloes; nodes,

sheets, filaments and voids now contribute 5.50, 33.41, 42.51 and

18.59 per cent to the number fraction, respectively, compared with

Table. 3 with Hubble flow, λth = 0.0. Since haloes trace the densest

regions of the cosmic web, an increase in higher density web types

such as nodes and filaments and a decrease in underdense voids and

sheets is a welcomed result following the reclassification. It must

be noted that computing the fractional densities using a more trivial

grid-based approach yields very similar results.

Using vmax as the limiting quantity for the halo catalogue serves

to ensure the halo sample resembles galaxy surveys. To observe

the background density for web types of main haloes only, we

recompute the shear tensor eigenvalues using the existing vmax limit.

The results of which may be found in Fig. 8. The density–web type

correlation, for main haloes only, shows a significant improvement

Figure 8. Recomputing the shear tensor using parent haloes only. Voids,

sheets, filaments and nodes are identified using the same line properties as

in Fig. 5. The background density–web type relation is largely improved by

further limiting the sample. As expected, the majority of low-density web

types are assigned smaller densities ρ � 10ρ̄. Meanwhile, the main haloes

exhibit a more tiered effect at higher background densities comparable to

the right-hand panel of Fig. 7.

when compared to the left-hand panel of Fig. 7. Low-density web

types dominate the fraction of background densities found below

� � 10, while node haloes are seen to occupy the majority of mid-

to-high background densities. A few outlying haloes classified as
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Lagrangian cosmic web classification 1527

sheets and filaments extend out to the maximum background density

of � ∼ 103.5.

5 C O N C L U S I O N S

Galaxy formation and evolution is a poorly understood topic and

classifying the cosmic web serves as a crucial step in the analysis of

the galaxy–environment relationship. Existing methods of cosmic

web classification have used Eulerian, grid-based, techniques to

classify the cosmic web using a visually defined threshold value.

Here we have proposed a new Lagrangian, SPD-based, method

for the classification of the cosmic web. The SPD approach offers

an alternative numerical method for classifying the cosmic web

that benefits from the SPH implementation used to define particle

quantities. The SPD-based classifier draws on the local properties

of the underlying discretized density and velocity field to calculate

the shearing rate of a fluid in the kernel volume for a given particle

or halo.

The variable smoothing length allows for greater adaptivity, as is

evident by the methods’ ability to resolve and classify smaller sub-

structure compared to grid-based methods. This capability may be

an advantage or disadvantage, depending on the problem envisaged.

Our analysis set out to reproduce results obtained with the Eule-

rian approach as a benchmark. Good agreement between (particle-

based) Eulerian and Lagrangian classification schemes is demon-

strated. The distribution of eigenvalues for the Eulerian approach

and the Lagrangian approach possess similar statistical properties.

The mass and number classification fractions in the SPD approach

are underestimated for nodes but are otherwise very similar for the

remaining web types. The lack of node classifications may be due

to the nature of the SPD approach as it captures tidal forces that

may prevent a complete collapse along all three eigenvectors.

The Lagrangian representation classifies individual DM particles

according to the properties of the nearby particle neighbourhood and

allows for an easy inclusion of the Hubble flow between neighbour-

ing particles or haloes. The addition of the Hubble flow removes the

need for an arbitrary threshold value and sets the threshold value to

zero irrespective of simulation parameters.

Classifying the cosmic web using the new SPD scheme is ideally

suited to studying galactic properties as galaxies and the haloes in

which they reside are a function of the external environment and

trace the densest regions of the DM phase space. Directly applying

the new technique to the halo sample yields good agreement with

halo classifications based on the interpolation of the particle-based

Eulerian approach. High maximum circular velocity haloes are more

likely to be classified as a denser web type. Haloes in high-density

regions, classified as nodes and filaments, exhibit large vmax values

whilst underdense regions such as voids are typically endowed with

much smaller vmax values.

The fractional density distribution initially showed a poor corre-

lation with web type largely due to misclassified subhaloes, however

by modifying the classification routine, so all halo–subhalo systems

are assigned the highest density web type within the system, helps

to correct for the misclassified haloes. This reduces the upper limit

of the fractional densities in lower density web types and improves

the number fractions for node and filament haloes.
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APP EN D IX A : SPD-BASED SHEAR TENSOR

The expression for the velocity shear tensor can be derived by

rewriting the deformation tensor ∂vα/∂rβ as

∂vα

∂rβ

=
∂vα

∂rβ

+
1

2

∂vβ

∂rα

−
1

2

∂vβ

∂rα

=
1

2

(
∂vα

∂rβ

+
∂vβ

∂rα

)
+

1

2

(
∂vα

∂rβ

−
∂vβ

∂rα

)
, (A1)

where α, β = x, y, z. The first, symmetric part is used to define the

velocity shear tensor scaled by the Hubble factor as

	αβ = −
1

2H0

(
∂vα

∂rβ

+
∂vβ

∂rα

)
. (A2)

For a smoothed field using the SPH approach, we have for the ith

particle and j neighbours, r is the position vectors so that

Fs(r i) ≃

N∑

j=1

mj

ρj

FjW (|r i − rj |, hi), (A3)

where h = hi for the ‘gather’ method and h = hj for the ‘scatter’

method. For the smoothed velocity field

vi ≃

N∑

j=1

mj

ρj

vjW (|r i − rj |, h) , (A4)

the velocity can also expressed as in equation (11) using ∇(ρv)i =

ρi(∇vi) + vi(∇ρi). Applying the gradients, the derivatives only act

on the kernel so that

∇(ρiv) ≃

N∑

j=1

mjvj∇W (|r i − rj |, h) (A5)

here we use the fact that ρi =
∑N

j=1 mjW (|r i − rj |, h). Applying

the gradient yields ∇ρi =
∑N

j=1 mj∇W (|r i − rj |, h). By rearrang-

ing terms in the chain rule equation and substituting the gradient

and divergence terms into the equation and solving for (∇v)i one

obtains

∇vi ≃
1

ρi

⎡
⎣

N∑

j=1

mjvj∇W (|r i−rj |, h)−vi

N∑

j=1

mj∇W (|r i−rj |, h)

⎤
⎦

≈
1

ρi

N∑

j=1

mj (vj−vi)∇W (|r i−rj |, h).

(A6)

The partial derivatives of one component, say the x-component of

the ith particle vx, i, of the velocity is given by

∂vx,i

∂xi

=
1

ρi

N∑

j=1

mj (vx,j − vx,i)
∂

∂xi

W (|rj − r i |, h). (A7)

Since the kernel is evaluated using W (|r i − rj |, h), we let r =

|r i − rj | =
√

(xi − xj )2 + (yi − yj )2 + (zi − zj )2 and q = r/h,

then for the x component we have the partial derivatives of the

kernel function given by the following expressions. The y and z

components follow accordingly. First, we note that

∂W (r, h)

∂x
=

∂W (r, h)

∂r

∂r

∂x
. (A8)

So we may evaluate equation (A7) using equation (A8) to obtain

∂

∂xi

W (|r i − rj |, h) =

⎧
⎪⎨
⎪⎩

8

πh5 (18q − 12)(xi − xj ) 0 ≤ q ≤ 1
2

− 8

πh5
6
q

(1 − q)2(xi − xj ) 1
2

< q ≤ 1

0 Otherwise

.

(A9)

This paper has been typeset from a TEX/LATEX file prepared by the author.
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5. Halo Clustering in a Lagrangian Cosmic Web

“The most beautiful thing we can experience is

the mysterious. It is the source of all true art

and science.”

Albert Einstein

5.1. Halo Clustering

The current galaxy formation paradigm suggests galaxies form inside dark matter halos

(see Kauffmann et al. 1993; Steinmetz & Navarro 2002, and references within) and that the

distribution of galaxies can be understood through how galaxies populate halos as well as

the clustering of halos themselves (Springel et al. 2005b). Halo clustering is independent of

baryonic physics and allows one to test cosmological models of structure formation. Initial

indications that galaxy formation is biased was first given by Kaiser (1984) who suggested,

using Abell clusters, that clustering was due to peaks in the primordial Gaussian density

distribution. This was later supported by Bardeen et al. (1986), concluding bias prevails

under these high peak conditions.

The degree of halo clustering is measured using the spatial two - point correlation func-

tion (2PCF) (Peebles 1980), which determines the excess probability dP of finding a pair of

galaxies with a separation distance r = |x1 − x2|, when compared a random distribution.

Eq. 30 below gives the mathematical description of the 2PCF ξ(r), where n̄ is given as the

mean galaxy density and dVi is the volume element surrounding galaxy i = 1, 2.

dP = n̄2[1 + ξ(r)]dV1dV2 (30)

If clustering is no different from a random distribution, ξ(r) = 0. Any value for which

ξ(r) > 0 indicates galaxies are more clustered and ξ(r) < 0 would suggest galaxies are

underclustered, when compared to a random distribution. The 2PCF is related to the

power spectrum P (k) by the Fourier transform (Eq. 31) and fully describes the statistical

properties of Gaussian random fields (Bardeen et al. 1986).

ξ(r) =
1

2π2
dk k2P (k)

sin(kr)

kr
(31)
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It has been observed that halo clustering is dependent on both the large scale mass

distribution as well as the halo assembly history (Kaiser 1984; Cole & Kaiser 1989; Mo &

White 1996; Gao et al. 2005a; Gao & White 2007; Croton et al. 2007; Dalal et al. 2008;

Faltenbacher & White 2010). The assembly history incorporates all known properties of the

halo such as shape, spin, concentration, merger history and formation time.

Cosmic web type has also been shown to vary with the density field as well as the

assembly history of halos classified as node, filament, sheet and void halos (Hahn et al.

2007b,a; Aragón-Calvo et al. 2007b; Hoffman et al. 2012; Libeskind et al. 2012b,a, 2014).

This leads to the question of whether or not halo clustering is web type dependant, and if

so, can halo clustering be explained by the manifestation of the web type properties imposed

on halos.

5.2. Section Outline & Credit

In this section, the web type dependence of halo clustering is explored. The chapter

is presented as an arxiv preprint paper that has been submitted to Monthly Notices of the

Royal Astronomical Society. Credit between Faltenbacher and Fisher is assigned as follows.

The creative element of the preprint was an idea of Fisher as is the initial work checking the

viability of the results. The cross-correlation functions and matter auto-correlation functions

were computed using data provided by Fisher and Fortran code supplied by Faltenbacher.

Finally the drafting of the preprint was the responsibility of Fisher.
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ABSTRACT
We use the Millennium simulation to show that halo clustering varies significantly with cos-
mic web type. Halos are classified as node, filament, sheet and void halos based on the eigen-
value decomposition of the velocity shear tensor. This classification allows us to examine the
clustering of halos as a function of web type in different mass ranges. We find that node halos
show positive bias for all mass ranges probed, even for 1011 and 1012 h−1M� mass bins where
the clustering of the entire halo sample is anti-biased. In all mass bins filament halos show
negligible bias, whereas void and sheet halos are anti-biased. The zero-crossing of the void
and sheet correlation functions occur at much smaller scales & 5h−1Mpc when compared to
the same correlation functions for the entire halo sample. Our results suggest that the mass
dependence of halo clustering is rooted in the composition of web types in the mass bin. The
substantial fraction of node type halos for halo masses & 2× 1013h−1M� leads to positive
bias. Filament type halos prevail at intermediate masses, 1012−1013h−1M�, resulting in un-
biased clustering. The large contribution of sheet type halos at low halo masses . 1012h−1M�
generates anti-biasing.

Key words: cosmology: dark matter - large-scale structure of Universe – methods: numerical

1 INTRODUCTION

For a long time, N-body simulations have been used to test cosmo-
logical theories of clustering evolution and the formation of struc-
ture (e.g., Centrella & Melott 1983; Klypin & Shandarin 1983;
Davis et al. 1985; Frenk et al. 1988). Comparison of the N-body
results to the observed galaxy redshift surveys such as 2dF (Colless
et al. 2001) & SDSS (York et al. 2000) has contributed substan-
tially to the present understanding of the clustering behaviour of
galaxies.

Galaxy formation and evolution can be understood through
two main processes: how galaxies populate dark matter halos and
the clustering of halos themselves. The clustering of dark matter
halos is thought be largely independent of baryonic physics and
can therefore be studied using state-of-the-art N-body simulations.
The clustering of halos was initially thought to be dependant on the
large scale density fields (Kaiser 1984; Cole & Kaiser 1989; Mo
& White 1996). Subsequent studies on the shape, concentration,
content, spin and formation time of halos displayed similar mass
dependencies (Frenk et al. 1988; Dubinski & Carlberg 1991; Franx
et al. 1991; Warren et al. 1992; Cole & Lacey 1996; Bullock 2002;
Jing & Suto 2002; Bailin & Steinmetz 2005; Allgood et al. 2006;
Bett et al. 2007; Macciò et al. 2008). Both clustering and halo prop-
erties exhibit a correlation with the mass of the halo. Therefore, it
was a natural progression to confirm the clustering dependence on
the aforementioned halo properties (Gao et al. 2005; Harker et al.
2006; Wechsler et al. 2006; Gao & White 2007; Allgood et al. 2006;

? E-mail: justindavidfisher@gmail.com

Bett et al. 2007; Faltenbacher & White 2010). For example: low
mass halos tend to be more spherical, as do halos for a given mass
formed at a higher redshift; low mass halos that have formed earlier
then exhibit a higher degrees of clustering (Gao et al. 2005). How-
ever, the problem of identifying the most important properties for
halo clustering is problematic. This led to the notion of assembly
bias, by incorporating all halo properties into the assembly history
allowed for a second parameter to describe clustering (Croton et al.
2007; Gao & White 2007; Hahn et al. 2007a,b; Dalal et al. 2008; Li
et al. 2008; Faltenbacher & White 2010). In this analysis we intro-
duce the cosmic web type of the halo as sub-dividing criterion for
an “assembly bias” study.

The large scale filamentary structure of the Universe, initially
described by Bond et al. (1996) as the cosmic web, consists of
increasingly dense substructure known as voids, sheets, filaments
and nodes. The cosmic web is characterised by the large scale tidal
fields induced by these substructures, correlating the properties of
dark matter halos residing within them (Bond et al. 1996; Col-
berg et al. 1999; Kauffmann et al. 1999; Altay et al. 2006; Fal-
tenbacher et al. 2009). Various algorithms now exist to classify
the large scale structure of the Universe into its constituent web
types (e.g., Aragón-Calvo et al. 2007; Hahn et al. 2007a; Forero-
Romero et al. 2009; Aragón-Calvo et al. 2010; Falck et al. 2012;
Hoffman et al. 2012). Using the Millennium simulation, we wish
to describe the dependence of halo clustering on web type by clas-
sifying the cosmic web with the algorithm proposed by Fisher et al.
(2016), based on the ‘V-Web’ algorithm given by Hoffman et al.
(2012). Faltenbacher & White (2010) demonstrated that the struc-
ture of the velocity field is tightly correlated with the environment

c© 2015 The Authors
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2 J. D. Fisher, A. Faltenbacher

and this classification scheme naturally incorporates the dynamics
of the velocity field in its definition through the velocities of the
neighbouring halos.

The outline of this paper is as follows: we list the simulation
methodology and classification procedure in Sec. 2. We then ex-
amine the clustering properties of the 2PCF, as well as the mass
dependence of this clustering for the different web types in Sec. 3.
Finally, we offer some concluding remarks in Sec. 4.

2 METHOD

In this section we give some details about the publicly available
Millennium simulation (Lemson & Virgo Consortium 2006) used
for this analysis. We decided to use the original Millennium simula-
tion, which is now over 10 years old, for two reasons: 1) our results
are generic, i.e. they should not depend on the exact cosmological
model; 2) for comparison reasons we wanted our analysis to be as
close as possible to the seminal work by Gao et al. (2005). Subse-
quently, auto and cross-correlation functions are reviewed. Finally,
core elements of the Lagrangian web classification algorithm intro-
duced by Fisher et al. (2016) are discussed to the extent needed for
the understanding of the analysis.

2.1 Simulation & Halo Sample

The following analysis is based the Millennium simulation
(Springel et al. 2005). The first in a series of publicly available, high
resolution, cosmological N-body simulations performed within
the Millennium Simulation Project (Lemson & Virgo Consortium
2006). A ΛCDM cosmological model is adopted with CDM and
baryonic density Ωdm = 0.205 and Ωb = 0.045 at z=0 respectively.
The Hubble parameter is set to h= 0.73 (H0 = 100 kms−1 Mpc−1).
The primordial power spectrum index is n=1 and a normalization
value is σ8 = 0.9. The evolution of 21603 particles in a 500 Mpc/h
cube is followed resulting in a mass resolution of 8.6×108 h−1M�.

To identify the halos, a friends-of-friends (FOF) (Davis et al.
1985) group finder with a linking length b=0.2 is employed and
a minimum number limit of 20 particles is imposed. FOF groups
are then decomposed into a distinct set of self-bound subhalos us-
ing SUBFIND (Springel et al. 2001), the most massive of which
is then assigned as the main halo. The current analysis will be re-
stricted to main halos.

2.2 Quantifying Halo Clustering: The Two-Point Correlation
Function

The degree of clustering is quantified using the spatial two - point
correlation function (2PCF) (Peebles 1980). Commonly one dis-
tinguishes between two variations of the 2PCF: (i) the two-point
auto-correlation function which compares counts of pairs of points
drawn from the same sample with the counts drawn from a corre-
sponding random sample, while (ii) the two-point cross-correlation
function compares counts of pairs drawn from a main and a ref-
erence sample with the counts from the main and a correspond-
ing random sample. In this paper, we utilise halo samples, defined
by mass and web type, as main samples (Q-sample) and an a ran-
dom subset of 10 million simulation particles as reference sample
(R-sample). For symmetry reasons, the random sample counts (R-
sample) can be determined analytically. We compute the auto cor-

relation function for the R-sample:

ξ (r)mm =
RR(r)
RR(r)

−1 , (1)

where RR(r) indicates the number of pairs from the reference sam-
ple with a spatial separation of r. RR(r) is the correspondingly
normalised number of counts of pairs drawn from a random sam-
ple (computed analytically). The cross correlation is computed for
pairs from the Q and the R sample:

ξ (r)hm =
QR(r)
QR(r)

−1 , (2)

where QR(r) are the counts of mixed pairs drawn from the halo
sample (Q) and the reference sample (R). As for the auto correla-
tion function, the correctly normalised counts for the main and the
random sample, QR(r), can be computed analytically.

We will present the halo-matter cross correlation on distance
scales from 0.1 h−1Mpc to 50 h−1Mpc. This range covers two dis-
tinct regimes for the mass range of halos analysed here, namely: the
one halo term and the two halo term. The one halo term is based on
the halo-particle cross pairs within the halo, yielding information
about the internal structure of the halos. The two halo term is based
on cross halo-particle cross pairs with the particles lying outside
the virial radius of the halo and possibly inside the virial radius of
a second, distant halo. Halo clustering is usually measured in the
linear regime at distances around 10 h−1Mpc.

The comparison of the matter auto-correlation function,
ξ (r)mm (Eq. 1), and the halo - matter cross-correlation function,
ξ (r)hm (Eq. 2), determines the clustering strength of the halo sam-
ple relative to the overall clustering of matter. If the amplitudes of
the halo correlation function are larger than that of the mass cor-
relation function, the halo sample is said to show positively biased
clustering. The reverse behaviour is referred to as anti-biased halo
clustering.

2.3 Cosmic Web Classification Algorithm

Classifying individual halos into web types is done using the La-
grangian classifier given by Fisher et al. (2016). This is accom-
plished by constructing the velocity shear tensor (see Hoffman et al.
2012) using techniques borrowed from smoothed particle hydrody-
namics (SPH) given as:

∂vα
s,i

∂β
' 1

ρi

N

∑
j=1

m j(vα
i −vα

j )
∂

∂β
W (|ri− r j|,hi) . (3)

where the Greek indices refer to the coordinate system (x,y,z) and
the Latin indices represent the particle labels. m j is mass of the jth

particle1, v is the velocity and W (|ri−r j|,hi) is the smoothing ker-
nel. We adopt a cubic spline kernel (Monaghan & Lattanzio 1985),
given by Springel (2010) as:

w(q) =
8

πh3





1−6q2 +6q3, 0≤ q≤ 1
2

2(1−q)3, 1
2 < q≤ 1

0, Otherwise

(4)

with the kernel dropping to zero at r = h. h is known as the smooth-
ing length and is defined as the distance to the furtherest neighbour.
The adaptive smoothing length, ensuring exactly 32 neighbours are

1 In this work, we use the number density instead of the mass density.
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Clustering in the Cosmic Web 3

accounted for, prevents local density and velocity field sampling
errors.

Once Eq. 3 has been constructed, the velocity shear tensor is
diagonalised to obtain its eigenvalues which are then sorted. Defin-
ing an eigenvalue threshold value λ th allows one to classify the
halo web type by counting how many of its eigenvalues are greater
than the threshold value. Nodes, filaments, sheets and voids have 3,
2, 1 and 0 eigenvalues greater than the threshold value respectively.

An eigenvalue greater than the threshold value is interpreted
as a collapse along its corresponding eigenvector (Hoffman et al.
2012). Expansion along a given eigenvector then occurs when the
corresponding eigenvalue is less than the threshold value. Nodes
collapse and voids expand along all 3 axes. Sheets collapse along
one of its axis and expand along two axes while filaments are ob-
served to collapse along two axes and expand along the third. In
this work we adopt a threshold value of zero.

Hoffman et al. (2012) concluded that the threshold value be
taken as a free parameter, determined visually as λ th = 0.44. Fisher
et al. (2016), introducing a Lagrangian approach for the determina-
tion of the velocity shear tensor, showed that adding the Hubble
flow to the peculiar velocity field (Hoffman’s analysis is based on
the peculiar velocity field) allows one to set λ th = 0. Zero seems
to be the most natural discriminator between contraction (λ th > 0)
and expansion (λ th < 0) along the eigenvectors of the velocity shear
tensor.

2.4 Hubble Flow

One subtle aspect of the classification algorithm that needs clar-
ification is the in/exclusion of the Hubble flow. It was shown in
Fisher et al. (2016) that the inclusion of the Hubble flow prevents
contamination of the classification scheme by the artificial shrink-
ing of virialised structures. Therefore, inclusion of the Hubble flow
is particularly important if the classification scheme allows for one
to include dynamical information from within virialised structures.
This is the case if simulation particles or subhalo populations (i.e.
not only main halos) are employed for sampling the velocity field.

If the velocity field is sampled by main halos only, the dynam-
ics within the virialised regions do not contribute to the classifica-
tion scheme. In this case the inclusion of the Hubble flow may not
be necessary. On the contrary, the restriction of the sample to main
halos causes sph-kernels to extend to rather large distances where
the Hubble expansion begins to dominate. The expansion measured
this way is not a result of the local gravitational field. Therefore, the
current analysis is based on the peculiar velocity field without Hub-
ble flow as we use main halos only to sample the velocity field.

The utilisation of peculiar velocities in combination with the
sampling of the velocity field over relatively large distances allows
the threshold value for the classification, defining collapse or ex-
pansion, set to λ th = 0. A zero threshold value permits a natural
interpretation as positive and negative eigenvalues correspond to
collapse and expansion respectively.

3 RESULTS & DISCUSSION

The results reported here are based on the main halo sample with
top-hat masses above 9× 1010 h−1M�. The peculiar velocities of
the these halos are used to sample the large scale velocity field
and to determine the velocity shear tensor at the halos’ location.
According to the number of positive and negative eigenvalues, the
halos are classified as node, filament, sheet and void halos. In the

Figure 1. The halo-matter cross-correlation function per web type com-
pared to the matter auto-correlation function (solid line) and the halo-matter
cross-correlation for the entire halo sample (thin dotted line with ’+’ mark-
ers). All halos with top-hat masses ≥ 9× 1010 h−1M� are included. The
matter distribution is sampled by a subset of 10 Million randomly selected
simulation particles. Note: the y-scale is logarithmic for ξ > 1 and linear for
ξ < 1 indicated by the shaded region. The dashed gray line indicates ξ = 0.
A value of ξ < 0 indicates less clustering than the random sample. Nodes
(large dashes), filaments (dash-dot), sheets (small dashes) and voids (dot-
ted) exhibit very different clustering behaviour. The effect is largely tiered,
with the web types of higher infall dimensionality demonstrating signifi-
cantly more clustering. Voids are under-clustered at larger scales.

first part of this section we discuss the overall number statistics of
the various halo types. The second part compares the matter cross-
correlation functions of halo samples for the different cosmic web
types. Finally, we present the mass dependence of the clustering of
halos for a given web type. Therefore, the clustering behaviour is
investigated for halos in narrow mass bins (same as used in Gao
et al. 2005)

3.1 Classification results

The web type number fractions for the classification of the Mil-
lennium main halo sample, including all main halos with top-hat
masses ≥ 9× 1010 h−1M�, are: 8.76% node, 62.38% filament,
28.14% sheet and 0.72% void halos. The statistics indicate a skew-
ness towards web types with a larger number of positive eigenval-
ues of the velocity shear tensor. It is self evident that environments
of higher infall dimensionality are more conducive to the formation
of halos. One does not expect to find many halos in void regions as
shear forces are causing an expansion along all 3 dimensions. On
the other hand, the relatively small number of node halos may indi-
cate that only a small volume fraction of the universe shows infall
along all three dimensions. It can be concluded that filament halos
constitute the largest subset of halos in the mass range considered
here.

MNRAS 000, 1–7 (2015)
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3.2 Halo clustering dependence on web type

Fig. 1 shows the two point cross and auto-correlation functions for
the halo and the overall matter distributions, respectively. The mat-
ter distribution is sampled by a subset of 10 Million randomly se-
lected simulation particles. The classification is based on the veloc-
ity field sampled by all main halos with masses≥ 9×1010 h−1M�.
We use a linear scale below ξ = 1 to show any under-clustering
that may be present. The level of clustering varies significantly with
web type as the cross-correlation functions are staggered according
to the infall dimensionality of the web type.

The halo-matter cross correlation functions are computed for
distances from 100h−1kpc to 50h−1Mpc. This allows one to sam-
ple the one halo term (inside the virial radius of the main halos)
and the two halo term (outside the virial radius) for all halo masses
considered here. The tiered behaviour observed on small scales
. 1h−1Mpc reveals a size and mass segregation of the halos cor-
responding to web type. Void halos are preferentially found among
the smallest, least massive halos in the entire sample. The opposite
holds for node halos which occupy the largest and most massive
halo ranges. Filament and sheet halos occupy the intermediate mass
and size ranges.

The staggered arrangement observed for the two halo term
at distances & 1h−1Mpc is a seamless continuation of the be-
haviour on small scales. Halos residing in low infall dimensionality
web types exhibit large anti-bias with respect to the matter auto-
correlation function. Void halos are shown to be the least clustered
web type, the degree of clustering observed to be less than a random
distribution (i.e. ξ (r)void < 0 for r > 1h−1Mpc). The dashed hor-
izontal line allows one to easily read off the zero-crossing scales.
The anti-bias largely decreases for filaments and nodes on larger
scales. This behaviour is to be expected as clustering has been
shown to depend on the halo mass with higher mass halos show-
ing stronger clustering.

The thin dotted line with the ’+’ markers in Fig. 1 shows the
halo-matter cross-correlation function for the entire halo sample.
The similarity to the filament halo cross-correlation function is ob-
vious. It is caused by the dominant fraction of filament type halos in
the halo sample (62.38%). The entire halo sample shows a marginal
anti-bias which is a result of the mass distribution within the entire
sample, i.e. in numbers the anti-biased halos at the lower end of
the mass range dominate over the strongly biased halos at the high
mass end.

The tiered behaviour of the halo-matter cross-correlation func-
tions on all scales indicates that halos residing in web types with the
highest infall dimensionality are usually found in higher density en-
vironments. Similarly, low infall dimensionality corresponds to low
density regions. Thus, as expected, there is a direct correlation be-
tween infall dimensionality and density of the environment. It is,
however, the working hypothesis of this analysis that the velocity
shear tensor analysis is capable of dissolving degeneracies inherent
in the determination of cosmic web type based on density criteria
alone.

So far the sampling of the velocity field, and ultimately the
computation of the eigenvalues of the velocity shear tensor, is
based on the entire halo sample, comprised of all main halos ≥
9×1010 h−1M� in the simulation box. The determination of the ve-
locity gradient uses the 32 nearest neighbour main halos. The most
massive halos in the simulation show masses above 1015 h−1M�.
It is expected that they are surrounded by a plethora of low mass
halos with a few times 1011 h−1M�. Thus, the velocity shear tensor
associated with high mass halos may frequently be based on a set

Figure 2. The cross-correlation functions for halos in each mass bin and
the matter auto-correlation function. Higher mass halos are more strongly
correlated relative to low mass halos and halos above the characteristic mass
M∗ tend to be more bias while less massive halos exhibit more anti-bias.

of low mass halos a factor of 104 less massive than the main halo,
close to the virial radius.

These regions are know to be contaminated by backsplash ha-
los, i.e. halos which have been part of the main halo before being
ejected (e.g., Moore et al. 2004; Warnick et al. 2008). To check the
effect of the backsplash halos we have computed the shear tensor
excluding neighbour halos within two times the virial radius and
obtained very similar results, with the encouraging exception that
the very high mass void halos disappear. In the following section,
which presents the main results, we only use narrow mass bins for
the sampling of the velocity field and calculation of the velocity
shear tensor (the same mass bins used for the computation of the
correlation functions). We do not investigate the impact of back-
splash halos any further. The impact of backsplash halos for the
narrow mass bin samples should be negligible as the backsplash
halos usually are orders of magnitude less massive than the main
halos.

3.3 Mass Dependence of Web Type Clustering

Akin to the work in Gao et al. (2005), we examine the mass depen-
dence of halo clustering in four narrow mass bins to accurately ob-
serve the bias. The sampling of the velocity field and consequently
the determination of the cosmic web type is confined to halos in the
same mass bin. For the highest mass bin the velocity shear tensor
is computed based on halos more massive than 2×1013 h−1M� re-
sulting in an average distance to the 32nd neighbour of 35h−1Mpc.
To a certain extent, this takes the different sizes of the halos into
account but results in a small fraction, 0.3%, of void halos in the
highest mass bin. Therefore, we also have used the entire halo sam-
ple to compute the web types of halos in the various mass bins and
find qualitative agreement despite the contamination by backsplash
halos (see discussion above). Since the former approach determines
web type and clustering based on the same halo sample we have de-
cided to present the results of this, more consistent approach.

MNRAS 000, 1–7 (2015)
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Figure 3. The halo correlation function per web type and the matter autocorrelation function in four increasing mass bins. Clustering is seen to vary significantly
with web type for all mass bins. Low mass halos differ considerably in size, density and exhibit a large anti-bias on smaller scales. For all masses at large radii,
void and sheet halos are under-clustered and node halos are consistently bias.

Fig. 2 shows the halo-mass cross-correlation functions for all
halos in the indicated mass bins, again on linear scales for ξ (r)≤ 1.
As expected, clustering increases with mass. The correlation func-
tions are tiered. Gao et al. (2005) defines the characteristic mass
M∗ = 6.15×1012M� as the bias anti-bias limit. In the lower mass
bins, less than the characteristic mass, a anti-bias, measured at
scales from 5 to 20h−1Mpc, can be observed. Conversely, the high-
est mass bin is defined greater than M∗ and one observes a large bias
factor. Halos in the second highest bin have masses most similar to
M∗ and they display very little bias on the two halo term scales.

In Fig. 3, we calculate the web type clustering per mass bin.
All panels of Fig. 3 display the same behaviour as in Fig. 1 whereby
the web type cross-correlation functions are tiered by web type. At
small scales, the halo-matter cross-correlation function measures
the average density profiles of the halo sample and it can be seen
that the profiles converge independent of web type. The deviation
seen in the highest mass bin is a result of the large mass range
covered by this mass bin, which causes a behaviour reminiscent of
Fig. 1 where the correlation function for the entire mass range is
displayed.

Arguably the most striking feature in Fig. 3 is the similarity of
the correlation functions for a given web type independent of mass.
In all four mass bins the node halos are strongly biased at scales
& 5h−1Mpc, the filament halos seem to follow the matter auto-

correlation function closely and sheet and void halos are strongly
anti-biased with the zero-crossing occurring at much smaller scales,
when compared to the entire halo sample. The exact scale of the
zero-crossing seems to be influenced by the average halos radius in
the specific sample but the negative amplitudes are very similar for
a given web type independent of mass.

On larger scales, the clustering of low mass halos (. 1013M�)
has been shown to depend substantially on halo formation time
(Gao et al. 2005), that is, less massive halos formed at higher red-
shifts have lower concentrations, more substructure and a higher
degree of clustering (Gao & White 2007). The top panels of Fig 1
would then suggest highly clustered node halos formed first, fol-
lowed by filaments, sheets and nodes. This is in agreement with
the results found in Harker et al. (2006); Hahn et al. (2007a,b) and
may follow from the hierarchical structure formation paradigm: as
primordial over-densities begin to collapse at higher redshifts they
will form halos earlier on and will continue to attract objects (par-
ticles and halos) throughout the halo evolution. It may then also be
inferred by the relatively poor clustering of void halos that these
halos formed at later times.

MNRAS 000, 1–7 (2015)
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Figure 4. Normalised halo web type fractions as a function of the four mass
bins. Lines have been added to guide the eye. The highest mass bin has
an infinite upper limit so the abscissa values for these points are chosen
arbitrarily. Filament halos dominate for all halo masses with a relatively
high contribution of sheet halos at lower masses. For the highest mass bin,
node halos account for a substantial fraction of the overall halos. Void halos
do not contribute more than 1% at any mass bin.

3.4 Dependence of Web Type Fractions on Mass

The above analysis has revealed that same mass halos show differ-
ent clustering behaviour depending on their web type. In order to
gain insight into the mass dependence of the bias for the entire halo
sample, as seen in Fig. 2, we now investigate which web types are
responsible for the overall clustering per mass bin.

Fig. 4 illustrates the web type fractions per mass bin (for vi-
sual impression, the last bin mass value is set to 1014, otherwise
plotted using the midpoint of the respective bin). The fraction of
halo web types is largely mass dependant. Node halo fractions are
monotonically increasing with mass so that in the highest mass bin
they account for the second largest fraction of all halos, followed
by sheets and voids. Filaments are dominant in all mass bins. In
the low mass regime, filament halos are seen to occupy the largest
fraction of halos followed by sheet halos. Sheet and void fractions
decrease with mass, the latter being less than 1% for all mass bins.

Fig.4 suggests that filaments and sheets determine the overall
clustering in the lower mass ranges ( ∼ 1011 to ∼ 1012 h−1M�)
causing anti-bias. For intermediate mass ranges ( ∼ 1012 to ∼
1013 h−1M�), filament halos dominate which results in marginal
bias. Finally, the substantial fraction of node halos along with fila-
ment halos in the high mass ranges (& 5×1014 h−1M�) generates
positively biased halo clustering.

4 CONCLUSIONS

We have employed main halos, with top-hat masses
≥ 9 × 1010 h−1M�, to sample the cosmic velocity field and
compute the velocity shear tensor. Based on the infall dimension-
ality (i.e. the number of positive eigenvalues , indicative of infall,
for the associated velocity shear tensor) halos are classified into

cosmic web types, namely node, filament, sheet and void halos.
With the classification scheme in place, the clustering of different
web type halos can be analysed.

Our main findings are summarised here:

1) The overall number fractions are: 8.76% node, 62.38%
filament, 28.14% sheet and 0.72% void halos. The expansion in all
three directions inhibits the formation of void halos. Node halos
are rare because a converging velocity field may be restricted to
very small volumes. Filament and sheets occupy a relatively large
cosmic volume and can provide sufficient matter supply to host a
large number of halos.

2) The halo-matter cross-correlation functions for different
web types show tiered behaviour on all distance scales probed
(0.1 - 50 h−1 Mpc). There is a direct correlation between infall
dimensionality and density of the environment, i.e. on average
nodes, filaments, sheet and void halos live in environments with
decreasing density. However, it is expected that the velocity shear
tensor allows for a more unique determination of the web type as
compared to classification schemes based on the environmental
density alone.

3) The halo-matter cross-correlation functions for different
web types computed in narrow mass bins: ∼ 1011; ∼ 1012;
∼ 1013 and > 2× 1011 h−1M� reveals strong differences in the

bias of the considered halo sub-sample. Node halos in all mass
bins show positive bias. Filament halos in all mass bins display
marginal bias on scales from 5 to 50 h−1 Mpc. Sheet and void
halos are anti-biased in all mass bins. The clustering behaviour of
the different web types seems almost independent of mass.

4) Inspired by the findings reported under point 3, we deter-
mined the number fraction of halos of a given web type per
mass bin in order to understand the structure of the clustering
for the entire halo sample. We find that filament and sheet halos
dominate at the low mass range (1011 − 1012 h−1M�) causing a
marginal anti-bias of the entire halo sample. In the mass range
1012 − 1013 h−1M� the contribution of sheet halos decreases
and node halos become more frequent. This is reflected in the
diminishing bias of the halo clustering in this mass range. Finally,
for halo mass above few times 1013 h−1M� node and filament
halos prevail causing positive bias of the overall halo sample.

In conclusion, the isolated clustering analysis of halos for a
given web type provides general insight into halo clustering be-
haviour. At the same time it builds confidence in the Lagrangian
classification scheme which has been introduced recently in our
foregoing paper. Further analysis into the evolution of halo bias
with this approach may prove interesting and is left for future pub-
lications.
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6. Future Work and Outlook: Properties of Halos in a Lagrangian Cosmic

Web

“In first place we must observe that the universe

is spherical. This is either because that figure is

the most perfect, as not being articulated, but

whole and complete in itself; or because it is the

most capacious and therefore best suited for that

which is to contain and preserve all things.”

Nicolaus Copernicus

The first studies on the formation of dark matter halos using simulation data began

with (Frenk et al. 1988). It was found that halo evolution is largely governed by the merger

history of halos. Halos on galactic scales were shown to only have formed after z ∼ 3 and

the central regions of dark matter halos exhibited a constant circular velocity - as observed

in spiral galaxies.

The shapes of halos are thought to be maintained by the halos’ velocity dispersion

(Warren et al. 1992) and have been shown to be flat and triaxial, with a slightly larger

fraction of halos more prolate than oblate (Frenk et al. 1988; Dubinski & Carlberg 1991;

Cole & Lacey 1996). A thorough investigation into the dependence of the sphericity of halos

on mass and redshift is given by Bullock (2002). These results concluded that low mass halos

are more spherical than high mass halos and, for a given mass, halos are more spherical at

low redshifts.

An examination of halo properties under the Lagrangian classification scheme proposed

in Chapter 4 is undertaken. An analysis of the shapes of halo web types can be found in

Subsection 6.3, following which the fractional anisotropy of the velocity shear is presented

in Subsection 6.4. Finally, the web type correlation with halo spin is given in Subsection

6.5. The analysis is done per web type in an attempt to understand how halo properties are

correlated with the environment. This work sets the scene for future study.

6.1. Outlook

In Chapter 5, it has been shown that halo clustering varies with web type so that the

mass dependence of halo clustering can be explained by the fraction of web types found at

a given mass. The ultimate aim of this section is to explore three halo properties that are

included in the halo assembly model with a view to investigating whether any web type
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assembly history correlations exist. If conclusive, this may suggest halo clustering can be

explained entirely by the properties of the halo environment within the cosmic web.

6.2. Method

The method followed in this section uses the same Gadget-2 simulation and Rock-

star halo finder as in Section 4. The Lagrangian velocity shear tensor is computed using

main halos only, 32 neighbours and no Hubble flow. However, as in Section 5, the threshold

value is set to zero since only main halos are used to sample the velocity field. The clas-

sification is performed at z=0. All halo parameters (spin, shape, angular momentum etc),

unless otherwise indicated, are given straight forwardly from the output of the Rockstar

Halo Finder (Behroozi et al. 2013).

6.3. Halo Sphericity and Triaxality

Triaxial halo shapes can be classified in the family of Ellipsoids characterised by their

3 axes: (a, b, c) and are generally expressed using the following ratios: s = c/a - commonly

referred to as sphericity, p = c/b and q = b/a (Allgood et al. 2006). s, p and q can fully

describe the three main classes of ellipsoids given by Allgood et al. (2006) as:

• Prolate: a > b ≈ c → s ≈ q < p (Sausage shaped)

• Oblate: a ≈ b > c → s ≈ p < q (Pancake shaped)

• Triaxial: a > b > c → s < q < 1

One also observes the special case of the sphere where a = b = c. Spherical, oblate and

prolate shaped halos can be seen in the left, middle and right panels of Fig. 21 respectively.

The halos are modelled by constructing and diagonalising the inertia tensor (Eq. 32) as the

orientation of the halo (at position x) can be expressed using the eigenvectors (a,b, c) and

eigenvalues of the inertia tensor, corresponding to the 3 axes (
√
|a|,
√
|b|,

√
|c|) = (a, b, c)

(Bullock 2002; Allgood et al. 2006).

Iij =
∑

n

xi,nxj,n (32)

In the calculation of the halo inertia tensor seen in Eq. 32, xi,n is the ith coordinate of the

nth DM particle within the given halo.
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Fig. 21.— Spherical (left), oblate (middle) and prolate (right) shaped halos governed by

their principal axes (a, b, c)

Franx et al. (1991) classified halos into the 3 families of ellipsoids by defining the triax-

ality parameter (Eq. 33).

T =
1− q2

1− s2
(33)

0 ≤ T < 1/3 suggests the halo is oblate in shape, 1/3 ≤ T < 2/3 indicates a triaxial shape

while 2/3 ≤ T ≤ 1 suggests the halo is in fact prolate (Allgood et al. 2006). Fig. 22 shows

the mean sphericity and triaxality distribution for nodes, sheets, filaments and voids as a

function of mass. Results are shown for every mass bin that has a halo count greater than

ten. The results are consistent with Allgood et al. (2006); Bett et al. (2007) and Hahn et al.

(2007b). Higher mass halos are less spherical and tend towards prolate shapes. The sphericity

fit given for all halos by Allgood et al. (2006) as < s > (Mvir, z = 0) = α(Mvir/M∗)β, where

α = 0.54 and β = −0.05, is shown by the black dashed line.

Void halos are less massive and posses low sphericities relative to other web types. One

observes, in the low mass regime, higher density web types are more spherical, however, after

crossing the characteristic mass limit M∗ ≈ 6×1012 h−1M� (Gao et al. 2005a) the relation is

reversed. In the high mass regime, lower density web types become more spherical. Node and

filament halos occupy a higher proportion of high mass halos per bin and, as the sphericity

is mass dependent, one finds higher density web type halos exhibit less sphericity by virtue

of their mass.

A similar result is found for the triaxality of the halos. At low masses, halos that have

a higher infall dimensionality (see Section 5) such as nodes and filaments are less triaxial

in shape and more oblate relative to the other web types. Between 1012h−1M� . Mvir .
1013h−1M� one finds that higher density web types become more triaxial tending towards

prolate shapes while sheets remain relatively triaxial at higher masses.
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Fig. 22.— Mean sphericity (left) and triaxality (right) for nodes (large blue dashes), filaments

(green - dash dot), sheets (red - dashed) and voids (cyan - dotted)

6.4. Fractional Anisotropy

A novel idea borrowed from the field of brain imaging is the fractional anisotropy (FA),

which describes the diffusion anisotropy of a given process (Basser & Pierpaoli 1996). FA

was later adopted by Libeskind et al. (2012a) to describe the degree of shear anisotropy for

a given halo. The classification scheme relies on constructing the velocity shear tensor and

obtaining the eigenvalues which then describe a collapse or expansion along a given axis.

The FA of the shear tensor describes the uniformity of the expansion or collapse for a given

halo (Libeskind et al. 2012a). FA is given by Eq. 34 and is bounded between 0 and 1. A

FA value of 1 indicates the expansion or collapse is largely anisotropic while an FA of zero

indicates a completely isotropic process.

FA =
1√
3

√
(λ1 − λ2)2 + (λ1 − λ3)2 + (λ2 − λ3)2

λ2
1 + λ2

2 + λ2
3

(34)

The fractional anisotropy distribution for the different web types is shown in Fig. 23. As

mentioned in Section 4, nodes collapse (λi > λth ∀i = 1, 2, 3) and voids expand (λth >

λi ∀i = 1, 2, 3) along all three axes. Also, it was suggested, by the symmetry of the λ1 and

λ3 halo eigenvalue PDFs, that expansion and collapse appear to be the same process, just

in reverse. This is confirmed in Fig. 23. FA values for node and void halos appear to
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be distributed similarly over a lower FA range indicating collapse and expansion is more

isotropic. These results are in contrast with Libeskind et al. (2012a), who, using Eulerian

techniques, suggested that collapse and expansion are different processes. Libeskind et al.

(2012a) found that while node halos experience largely isotropic collapse, void halos undergo

significant anisotropic expansion.

Fig. 23.— The fractional anisotropy for the different web types. Colours and linestyles

are as in Fig 22. Nodes and voids exhibit significant isotropic collapse and expansion

respectively, possessing similar FA distributions. Sheets and filaments expand and collapse

along their respective axes very anisotropically. These findings suggest the expansion process

experienced by voids is just the reversed process of collapse by nodes.

Fig. 23 demonstrates sheets and filaments are the most anisotropic halos. This is

intuitive as these web types are very unstable. Filaments expand along 1 axis and collapse

along 2 axes while sheets expand along 2 axes, collapsing along the third. Eulerian based

techniques describe the FA filament probability density more uniformly across the entire FA

range while the distribution of sheet halos is moderately anisotropic (Libeskind et al. 2012a).

The mass dependence of shear FA can be found in Fig. 24. The median FA for each web

type is shown for all mass bins that have a halo count greater than ten. The error bars show

a 1σ deviation from the median. Per web type, FA values for low mass halos are observed to



– 52 –

Fig. 24.— Median FA values as a function of mass for all web types. For low mass halos, a

weak mass dependence is found. For more massive halos, filament halos have higher median

FA values suggesting a more anisotropic shear. High mass node halos experience a more

isotropic collapse.

show little mass dependence as is indicated by the constant FA for all web types. Nodes and

voids exhibit similar FA values throughout the void mass range. In the high mass regime,

the shear for filament halos is more anisotropic as indicated by the increasing median FA

values. Node halos exhibit decreasing FA values at higher masses, suggesting a more isotropic

velocity shear.

It must be noted that further exploration of the FA measure suggests it is an extremely

sensitive measure for such a noisy ‘signal’. It is believed that comparing the eigenvalues

with those from a random distribution, similar to the computation of the two-point cross-

correlation function, would help extract a more robust measure of the velocity shear FA.
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6.5. Halo Spin Parameter

The halo spin parameter (λ), first given by Peebles (1969) describes the excess amount

of ordered coherent rotation relative to random motions (Bett et al. 2007). λ is dimensionless

and defined for each halo as:

λ =
J
√
|E|

M5/2G
(35)

where J is the magnitude of the angular momentum vector J, M is the mass of the halo, G

is the gravitational constant and E is the total energy. In the linear regime, halo spin can be

explained through tidal torque theory and the gravitational collapse of protohalos (Porciani

et al. 2002). The acquisition of angular momentum originates due to tidal torques from local

overdensities. However, this explanation is insufficient (Porciani et al. 2002). It has been

shown by Vitvitska et al. (2002) that the origin of angular momentum may also be a result

of halo satellite accretion and merging with other halos.

Fig. 25.— Probability density functions for node, sheet, filament and void halo spin. The

black line is the log-normal fit given by Hahn et al. (2007b) with best fit parameters λ0 =

0.035 and σ = 0.7.

The halo spin parameter has shown little dependence on mass or cosmology (Macciò

et al. 2008). However, since it is a function of the merger history of the halo it would be

natural to assume an environmental dependence. Fig. 25 shows the probability density
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functions for the spin parameter as a function of web type. The distribution can be fitted

using a log-normal distribution of the form:

P (λ) =
1

λσ
√

2π
exp

[
− ln

2(λ/λ0)

2σ2

]
(36)

where the best fit parameters are determined by the shape parameter λ0 and the scale

parameter σ. For the halo sample in this analysis, the best fit parameters are found by

Maximum Likelihood Estimates with λ0 = 0.032 and σ = 0.6. The black dotted line in Fig.

25 shows the fit determined by Hahn et al. (2007b) with λ0 = 0.035 and σ = 0.7.

Fig. 26.— Left panel: sphericity as a function of median spin for the different web types.

Right panel: triaxality as a function of median spin for cosmic web types. Higher spins

are associated with a less spherical and more oblate halo shape. Spherical, prolate halos are

correlated with low spins.

Fig. 25 shows little spin dependence on web type for low spin values. High spin halos

are more associated with sheet and filament halos respectively. There are no node or void

halos with a spin greater than ∼ 0.3. These results echo the relationship found for the FA

in Section 6.4. It has been established that halo properties depend greatly on the internal

velocity structure of the halo itself (e.g. Faltenbacher & White 2010). Here one observes a

manifestation of this dependence; it is suggested here that isotropic velocity shear negates

the growth of linear angular momentum.
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These results are in disagreement with Hahn et al. (2007b) who demonstrated, using

the tidal tensor classification scheme and a low mass range (M < 5× 1011 h−1M�), that the

highest spin halos in decreasing order are: nodes, sheets, filaments and voids. There was also

a very weak web type-spin dependence for halos in the high mass range (> 5× 1012 h−1M�).

Finally, the correlation between spin and shape can be found in Fig. 26. Again, median

sphericity and triaxality values are only shown where the bin particle count is greater than 10.

Higher spin halos are less spherical and more oblate. Conversely, low spin halos are correlated

with a more spherical but prolate halo. Voids show little spin-sphericity correlation while

nodes, sheets and filaments exhibit increasingly stronger correlations. Prolate halos would be

observed in instances where shearing rates on the major axis of the spheroid are significantly

higher. Thus, low spin halos are expected to be more spherical.

There exists a weak correlation between web type spin and triaxality. All web types

exhibit the same behaviour whereby high spin halos are more oblate while low spins are

correlated with more prolate shapes. There are very few oblate void and node halos as is

confirmed in Fig. 22. The strength of the divergent velocity field as well as the isotropic

nature of the velocity shear ensures node and void halos have a relatively limited upper spin

limit, which is then directly correlated with more prolate shapes. Sheets and filaments exhibit

significant shear anisotropy, yielding strong tidal torques and higher spin, less spherical and

more oblate halos.
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7. Conclusion

“Not only is the Universe stranger than we

think, it is stranger than we can think.”

Werner Heisenberg

Nodes, sheets, filaments and voids are the components of the cosmic web that define

the mass distribution of the Universe. These substructures are characterised by their regions

of varying density, as well as the velocity structure of the objects found within these web

types. Halo, and hence galaxy, morphology has been shown to vary significantly with the

environment, therefore, understanding the link between morphology and environment is

needed to establish a consistent theory of galaxy formation and evolution.

In an effort to explore the cosmic environment, various cosmic web classification algo-

rithms have been proposed. This work details a new classification algorithm unique in its

Lagrangian approach that uses SPH defined quantities to calculate the velocity shear expe-

rienced by particles or halos. The classification method is based on the approach given by

Hoffman et al. (2012), who showed that a velocity shear based classification scheme offers

better resolution and traces the density field better compared to other tidal torque based

schemes.

This research report begins by looking at cosmological N-body simulations and how they

are are used to simulate the gravitational collapse of dark matter particles. Various methods

and algorithms are discussed with particular reference to the Gadget-2 simulation code

and Rockstar halo finder. The mathematical formalism of SPH is introduced in reference

to the SPH defined shear tensor defined in the subsequent chapter.

Section 4 introduced the SPD classification methodology based on particles and halos.

Compared to Eulerian based techniques, the newly proposed classification scheme has an

adaptive resolution well suited to following the most massive regions of the simulation. The

SPD approach calculates the velocity shear for a given object by incorporating information

from an objects local neighbourhood that is defined within the kernel volume. The results

exhibits comparable statistics with current literature.

A Lagrangian definition negates the use of a grid and can be directly applied to observed

galaxy samples. When subhalos are included, one observes a few misclassified halos that

contribute to low node fractions and background densities that are poorly correlated with

web type. These background densities may be corrected for by assigning the highest density

web type of a given halo-subhalo system to the entire system. Using main halos only improves

the misclassification rate, higher infall dimensionality web type fractions and background
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densities significantly.

Theories detailing structure formation use the degree of halo clustering to test cosmo-

logical models. Halo clustering dependence on mass and assembly history has been well

established. Section 5 uses the Millennium simulation data to look at the correlation be-

tween halo clustering and web type. It has been shown that higher infall dimensionality web

types are associated with higher clustering statistics. Particularly for low mass halos, sheets

and voids are underclustered at large separation scales. In the high mass regime, node halos

exhibit strong bias while filaments show almost no bias. Sheets and voids are associated

with more anti-bias respectively. Halo clustering has been shown to be dependant on the

fraction of web types, at a given mass.

Finally, the web type dependence on halo shape, spin and fractional anisotropy is ex-

amined. At high masses, node and filament halos were shown to to be less spherical and

more prolate relative to other lower density web types. This may be explained by the well

established mass sphericity dependence, i.e. filament and node halos occupy the highest frac-

tion of high mass halos per bin. Less spherical, more triaxial shaped halos have lower spins

confirmed by the overall spin distribution for each web type. Web types with the highest

spin in increasing order are given as: nodes, voids, sheets and filaments. Nodes and voids

have similar, relatively low upper spin limits. It is suggested here this may be explained by

the relatively isotropic collapse and expansion of the velocity shear for node and void halos

respectively. Sheets and filament halos have a largely anisotropic velocity shear which may

contribute to the growth of linear angular momentum and as a result halo spin.

The results hint that both the mass and assembly history (e.g. spin, shape, formation

time) dependence of halo clustering may manifest itself in the properties of the halos clas-

sified as a particular web type. For example: nodes and filaments exhibit higher degrees of

clustering in all mass ranges. Clustering in the low mass regime has been shown to be tightly

correlated with formation time. Thus, in the low mass regime, nodes and filaments can be

associated with halos that have formed earlier. This concurs with the idea of hierarchical

structure formation; small overdensities in the early Universe will collapse at higher redshifts,

forming substructure earlier on. The overdense regions will continue to attract matter as

structures flow into one another becoming more dense and clustering more strongly.
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Hoffman, Y., Metuki, O., Yepes, G., Gottlöber, S., Forero-Romero, J. E., Libeskind, N. I.,

& Knebe, A. 2012, Monthly Notices of the Royal Astronomical Society, 425, 2049

Holmberg, E. 1941, The Astrophysical Journal, 94, 385



– 61 –

Huchra, J., Davis, M., Latham, D., & Tonry, J. 1983, The Astrophysical Journal Supplement

Series, 52, 89

Hultman, J. & Pharasyn, A. 1999, Astronomy & Astrophysics, 347, 769

Ivezić, v., Connolly, A. J., VanderPlas, J. T., & Gray, A. 2014, Statistics, Data Mining,

and Machine Learning in Astronomy: A Practical Python Guide for the Analysis

of Survey Data, Princeton Series in Modern Observational Astronomy (Princeton

University Press)

Kaiser, N. 1984, The Astrophysical Journal, 284, L9

Kauffmann, G., White, S. D. M., & Guiderdoni, B. 1993, Monthly Notices of the Royal

Astronomical Society, 264, 201

Kitaura, F.-S., Angulo, R. E., Hoffman, Y., & Gottlöber, S. 2012, Monthly Notices of the
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A. Appendix A: Coursework Information & Funding

Masters coursework was undertaken at the National Astrophysics and Space Science

Programme (NASSP) hosted at the University of Cape Town. Subjects included:

• Computational Astrophysics

• Advanced General Relativity

• Theoretical Cosmology

• Observational Cosmology

• Extra-galactic Astrophysics

The final average was given as 90%. The official transcript can be found in the following

pages. The student was generously supported by NASSP and is awaiting the final bursary

payment for fees owed to the University of the Witwatersrand. A letter from NASSP detailing

the funding arrangement as well as the fee statement can be found in the following pages as

well.
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