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Figure 6.2: Typical spectra: coherent scenario.

Discussion

The results for the non-coherent scenario in Figure 6.1 show that when the two

sources are mutually independent all the three algorithms are able to resolve the

DOAs of the two sources. This is indicated by the sharp and narrow peaks at −40◦

and 30◦ in the spatial spectrum of each algorithm. However the three algorithms

have different levels of accuracy in estimation as investigated in later sections.

When the signals are coherent, the classic MUSIC algorithm completely fails to

resolve DOAs of the two signals as shown in Figure 6.2. The results in the same

figure also show that the CTOP and AVTOPMUSIC algorithms are able to resolve

DOAs of coherent sources as indicated by the two peaks in the spectra of each

algorithm. The peaks occur at around 30◦ and −40◦, corresponding to DOA of

the direct and reflected paths respectively.

The CTOP MUSIC yields nearly accurate estimates of the incident angles com-

pared to the AVTOPMUSIC, confirming the conclusion drawn by Bai et al. in [23].
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By observing the position of the peaks, it is clear that the AVTOP MUSIC DOA

estimates greatly deviate from the true DOA of both the direct and reflected com-

ponents. This agrees with the findings of the algebraic analysis in Section 5.3,

where it was found that the cause of the deviation in estimation was due to the

biased components which are a result of the interaction between the two sources’

DOA information.

The CTOPMUSIC has high accuracy in estimation because during Toeplitz decor-

relation, the DOA information of the coherent sources is retained as independent

sums without any interaction between the individual sources information, as ob-

served from the algebraic analysis. It was shown via applying MUSIC analytically

(Section 5.4) that if the DOA information is retained as independent sums or sim-

ply in a superposition form (the case of CTOP decorrelation), then accurate DOA

of the coherent sources can be obtained regardless of coherence.

Sections 6.2.3 and 6.2.4 present the performance evaluation results for the three

algorithms at different number of sensors and different levels of SNR. The RMSE,

average standard deviation and the probability of success (POS) values were com-

puted for each scenario. In order to compute each performance metric value, 200

independent trial simulations were run.

6.2.3 Performance at different number of sensors

In this test, the SNR was fixed at 2 dB and the number of sensors was varied from

3 to 13 sensors at an interval of one. The performance results obtained for each

signal scenario are presented in Figures 6.3 to 6.8 below.
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Figure 6.3: RMSE at different numbers of sensors: non-coherent scenario.

Figure 6.4: RMSE at different numbers of sensors: coherent scenario.
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Figure 6.5: Spread in DOA estimates at different numbers of sensors: non-
coherent case.

Figure 6.6: Spread in DOA estimates at different numbers of sensors: coherent
case.
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Figure 6.7: POS at different numbers of sensors: non-coherent case.

Figure 6.8: POS at different numbers of sensors: coherent case.
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Discussion

RMSE: Figures 6.3 and 6.4 show the RMSE in DOA estimation versus the number

of sensors for individual sources and algorithms.

The results for the non-coherent scenario presented in Figure 6.3 show that all the

three algorithms exhibit a low RMSE in DOA estimation. The highest recorded

RMSE value is 0.47 degrees at 3 sensors with the CTOP MUSIC algorithm. While

the AVTOP and classic MUSIC algorithms have the RMSE values of 0.33 degrees

and 0.34 degrees respectively at the same number of sensors. In general, the RMSE

for all the algorithms tend to decrease with increase in the number of sensors.

It can be seen that there is a low RMSE in the DOA estimates for source 1

throughout, in comparison to source 2 for each algorithm. This phenomenon

requires a thorough investigation in order to get an insight of why this happens.

The performance results for the coherent scenario shown in Figure 6.4 confirm the

superiority of the CTOP MUSIC algorithm over the AVTOP and classic MUSIC

algorithms in resolving the directions of coherent sources. The CTOP MUSIC

algorithm is superior because during the decorrelation stage, the CTOP technique

retains superimposed DOA information of coherent sources. Which according to

the “superposition claim” made in Chapter 5, is the reason behind recovering DOA

information of coherent sources without any spurious information.

With the least number of sensors, 3, the CTOP MUSIC algorithm has a RMSE

of approximately 0.2 degrees, while the AVTOP MUSIC has a RMSE of about 5

degrees and the classic MUSIC has the highest RMSE of approximately 23 degrees.

The RMSE for all the three algorithms slowly drops with increase in the number

of sensors. Take note that these results were obtained at SNR=2 dB. This means

that the CTOP MUSIC algorithm yields nearly accurate estimates even under

low SNR conditions and minimum number of sensors, making it a more robust

algorithm.
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The high RMSE in the AVTOP MUSIC estimates is attributed to retaining of

biased DOA information during decorrelation as it was found in the algebraic

analysis, which leads to deviations from the true DOA. The classic MUSIC al-

gorithm has the highest RMSE because its performance and resolution severely

degrade in a coherent source environment due to the rank deficiency of the signal

covariance matrix.

Although the RMSE for the classic MUSIC algorithm is decreasing with an increase

in the number of sensors, the resolution is very poor as shown in Figures 6.9 to 6.12

below. The spectra for the classic MUSIC algorithm do not have high and sharp

pointed peaks as in the case of the CTOP and AVTOP MUSIC algorithms. As

the number of sensors increases, the classic MUSIC spectra peaks become more

definite but still dome shaped (blunt) and with low power.

Figure 6.9: CTOP, AVTOP and classic MUSIC spectra at 3 sensors.
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Figure 6.10: CTOP, AVTOP and classic MUSIC spectra at 6 sensors.

Figure 6.11: CTOP, AVTOP and classic MUSIC spectra at 9 sensors.

Spread: The plots in Figures 6.5 and 6.6 present the spread among the DOA

estimates of each algorithm by means of average standard deviation versus the
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Figure 6.12: CTOP, AVTOP and classic MUSIC spectra at 13 sensors.

number of sensors.

In a non-coherent scenario all the three algorithms have a very low spread in

the DOA estimates as shown in Figure 6.5. At 3 sensors an average standard

deviation of 0.43, 0.30 and 0.31 degrees has been recorded for the CTOP, AVTOP

and classic MUSIC algorithms respectively. After 8 sensors the average standard

deviation in the DOA estimates of all the algorithms dropped to below 0.15 degrees

and remained almost constant throughout. It can be seen that in a non-coherent

scenario the average standard deviation for the CTOP MUSIC algorithm remained

approximately 0.1 degrees higher than that of the AVTOP and classic MUSIC

algorithms.

In the coherent scenario (Figure 6.6) the classic MUSIC algorithm has a very

high spread in DOA estimation. An average standard deviation of 22 degrees was

obtained at 3 sensors and sharply dropped to 10 degrees at 6 sensors. After 6

sensors the average standard deviation for the classic MUSIC algorithm gradually

dropped with increase in the number of sensors in a rise and fall pattern. The
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observed pattern in the results is due to the inconsistency or randomness in the

position of peaks in the spectra of the classic MUSIC algorithm when the incident

sources are coherent.

At a small number of sensors, a few random peaks positioned away from the true

DOA can be observed in the classic MUSIC spectra as shown in the results in

Figures 6.9 and 6.10, leading to a high spread from the mean DOA estimate. The

spread in the CTOP and AVTOP MUSIC DOA estimates is very low and close

zero degrees as in the case of a non-coherent scenario. Figure 6.13 gives a magnified

view of the graphs at the bottom of the plot in Figure 6.6. The graphs are for the

CTOP and AVTOP MUSIC algorithms results.

Figure 6.13: Magnified view.
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Probability of success: The Figures 6.7 and 6.8 show the results of the proba-

bility of success versus the number of sensors. The knowledge of the definition of

probability of success given in Section 6.2.1 is required in order to understand the

interpretation of these results.

The non-coherent scenario results presented in Figure 6.7 show that all the algo-

rithms attained a probability of success of 1 after 5 sensors. This means that after

5 sensors for each simulation trial, the highest of the absolute values of the differ-

ence between the DOA estimates and the corresponding actual DOAs for the two

sources is less than 0.8 degrees. According to the criteria defined in Section 6.2.1,

this indicates that all the algorithms have a high probability of detection when

the sources are independent.

The coherent scenario results in Figure 6.8 show that the CTOP MUSIC algorithm

has a probability of success of 1 throughout. The AVTOP MUSIC algorithm

attained a probability of success of 1 at 7 sensors. At 5 sensors and lower, it has a

probability of success of 0, this is due to a great deviation from the true DOA at

a lower number of sensors associated with the AVTOP MUSIC as shown by the

spatial spectra plot in Figure 6.9.

Figure 6.8 shows that the probability of success for the classic MUSIC algorithm

is approximately 0 at 5 sensors and below. After 5 sensors it gradually increased

with increase in the number of sensors to until 0.8 at 13 sensors. However the

increase is not monotonic, as indicated by the rise and fall pattern in the curve.

The rise and fall pattern in the curve is due to the inaccuracies in the estimates

as a result of coherence among the sources.

6.2.4 Performance at different levels of SNR

In this set of results the performance of each algorithm was evaluated at different

levels of SNR. The number of sensors was fixed at 4 and the SNR was varied from

−25 dB to 25 dB at an increment of 5 dB. The performance results are presented

in Figures 6.14 to 6.19 below.



Chapter 6. Numerical Simulations 85

Figure 6.14: RMSE at different levels of SNR: non-coherent case.

Figure 6.15: RMSE at different levels of SNR: coherent case.
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Figure 6.16: Spread in DOA estimates at different levels of SNR: non-coherent
scenario.

Figure 6.17: Spread in DOA estimates at different levels of SNR: coherent
scenario.
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Figure 6.18: POS at different levels of SNR: non-coherent case.

Figure 6.19: POS at different levels of SNR: coherent case.
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Discussion

RMSE: The results in Figures 6.14 and 6.15 show the extreme case where the noise

power is significantly higher than the signal power. In a non-coherent scenario, at

the SNR of −25 dB the algorithms have a RMSE between 24 and 27 degrees. As

the SNR increases, the RMSE for all the algorithms gradually drops almost at the

same rate to below 1 degrees after −5 dB as shown in Figure 6.14.

The results for a coherent scenario presented in Figure 6.15 show that at −25 dB,

the RMSE values of approximately 26, 25 and 29 degrees were obtained for the

CTOP, AVTOP and classic MUSIC algorithms respectively. After −15 dB the

RMSE in the CTOP MUSIC estimates gradually dropped with increase in the

level of SNR to below 0.2 degrees after 0 dB.

The RMSE for the AVTOP MUSIC algorithm remained constant at around 3 de-

grees after −15 dB irregardless of the increase in the level of SNR. This means

that 4 array sensors are not sufficient for an improved accuracy with the AV-

TOP MUSIC algorithm. Hence, to achieve a better accuracy both the SNR and

number of sensors should be high enough. The RMSE associated with the classic

MUSIC algorithm dropped to about 20 degrees at −15 dB and remained constant

throughout. The high RMSE in the classic MUSIC algorithm estimates is due to

the degraded performance as a result of coherence among the incident sources.

Spread: As the SNR increases the spread in DOA estimates of the CTOP and

AVTOP MUSIC algorithms exponentially drops at almost the same rate to ap-

proximately 0 degrees after 0 dB in both the coherent and non-coherent scenarios.

There is minimal variability in the position of the peaks in the CTOP and AVTOP

MUSIC spectra as it be seen in Figures 6.9 to 6.12, hence the low spread in the

DOA estimates.

The classic MUSIC algorithm has the same performance as the CTOP and AVTOP

MUSIC algorithms in a non-coherent scenario. However, in a coherent scenario it

exhibits a very high spread in DOA estimation which does not tend to improve

with the increase in SNR. On average the average standard deviation in the DOA
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estimates fluctuates around 20 degrees after −15 dB. The high standard deviation

is due to the inconsistency in the DOA estimates of the classic MUSIC algorithm

when subjected to coherent sources.

It has been observed that in a non-coherent scenario the average standard deviation

curves flatten out for the SNR values above 0 dB as it appear in Figure 6.16. In the

coherent scenario the same is only true for the curves of the CTOP and AVTOP

MUSIC algorithms as shown in Figure 6.17. The average standard deviation goes

to 0 degrees after 0 dB. This is because for the SNR values high than 0 dB, the

incident signals have more power than the noise. As a result the effect of noise

power on the signals is minimal hence there is less spread or error in the DOA

estimates.

Probability of success: The results of the probability of success at different

levels of SNR are shown in Figures 6.18 and 6.19 for the coherent and non-coherent

scenarios respectively. In a non-coherent scenario the probability of success of each

algorithm exponentially increases with increase in SNR. All the three algorithms

attained a probability of success of 1 at 5 dB as shown in Figure 6.18. In a coherent

scenario (Figure 6.19) the same trend is only true for the CTOP MUSIC algorithm

where the probability of success of 1 was attained 0 dB.

The AVTOP and classic MUSIC algorithms have a probability of success of ap-

proximately 0 throughout. This is because with a number of 4 array sensors,

regardless of the level of SNR the deviation in DOA estimation associated with

the AVTOP MUSIC algorithm is significantly high. Hence the DOA estimates

merely satisfies the probability of success criteria given in Section 6.2.1. The clas-

sic MUSIC algorithm too has a poor probability of success due to a high RMSE

and spread in the DOA estimates of the classic MUSIC algorithm in a coherent

source environment.
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6.3 CTOP from Different Rows

It has been stated in [50] that any row of the coherent covariance matrix can be

used to construct a new Toeplitz matrix for decorrelation of coherent sources. It

is shown here that although any row can be used, it is only from the first row that

one can accurately decorrelate coherent sources and achieve a better accuracy in

DOA estimation.

Based on the coherent scenario and simulation parameters described in Section 6.1,

a simulation was done to generate different CTOP MUSIC spectra. The spectra

were obtained by carrying out CTOP decorrelation using different rows of the

coherent covariance matrix. The SNR was fixed at 10 dB and the number of

sensors was 4.

Figure 6.20 shows four CTOP MUSIC spectra generated based on CTOP decorre-

lation using each row of a 4×4 coherent array covariance matrix. The two sources

have DOAs of −40◦ and 30◦.

Figure 6.20: CTOP MUSIC-using different rows.
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The results in Figure 6.20 show that decorrelation based on the first row yields

more accurate estimation compared to other rows of the coherent covariance ma-

trix. Decorrelation based on the first row also yields high power spectra with sharp

pointed peaks. In this particular case, row 4 resulted in the most deviation from

the true DOA. Again, these results confirm the findings and observations from

Section 5.3 of the algebraic analysis.

6.4 Summary

The numerical simulations conducted have confirmed the robustness and accuracy

in the DOA estimates of the CTOP MUSIC algorithm for coherent sources. The

performance evaluation results have shown that the CTOP, AVTOP and classic

MUSIC have high accuracy in DOA estimation of non-coherent sources, however

only the CTOP MUSIC algorithm maintains the same level of accuracy in a co-

herent scenario. It is again emphasised here that CTOP decorrelation using the

first row of the coherent covariance matrix yields more accurate DOA estimates in

comparison to using other rows. This is because, the first row has DOA informa-

tion of the individual sources organised as independent sums in each entry of the

row. This independence is the key to preserving DOA information in a coherent

scenario.



CHAPTER 7

Conclusion and Future Work

In this chapter, the conclusions and recommendations of this study are given.

The research objectives and the analysis approach taken to answer the research

question are summarised. The chapter also highlights the major findings of the

algebraic analysis as well as the performance evaluation of the two decorrelation

techniques that the study focused on. The recommendations for future works are

given at the end of the chapter.

7.1 Conclusion

The direction of Arrival estimation of coherent sources has been widely studied

in literature. The existence of coherent sources results in a rank deficiency of the

received signals covariance matrix, causing failure of the subspace-based methods

such as MUSIC. A pre-processing technique is applied on the coherent data in

order to alleviate the effect of coherence. Techniques based on Toeplitz matrix re-

construction offer a promising solution, however, the studies that employ Toeplitz

techniques do not provide more information on the working principles behind these

techniques.

Therefore, the main objective of this study was to carry out an algebraic analysis

in order to develop an understanding of the working principle behind the selected

Toeplitz decorrelation techniques, namely the correlation Toeplitz (CTOP) and

averaging Toeplitz (AVTOP) techniques. It has been stated in the literature re-

view that the CTOP technique has better accuracy than the AVTOP technique,

and that the AVTOP technique has deviation in DOA estimation. In order to

92
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meet this objective, an algebraic analysis approach was taken. Firstly, a coherent

array covariance matrix was derived based on a scenario of a 3-element ULA and

two coherent sinusoidal narrowband sources in a noiseless environment. The two

sources corresponds to a direct and reflected components of a multipath propaga-

tion effect. The CTOP and AVTOP decorrelation techniques were then applied

to reconstruct two new decorrelated Toeplitz matrices from the coherent array

covariance matrix.

The analysis focused on investigating the algebraic structure of the coherent and

the Toeplitz reconstructed matrices. Knowing that the signals DOA information is

contained in the array steering matrix elements, referred to as the “DOA phasors”

in the study, the analysis focused on the distribution and interaction between the

DOA phasors in the derived matrices. The following is a summary of the most

important observations made from the structure of the derived matrices:

(a) Coherent covariance matrix: In each entry of the first row or column of

the coherent matrix, the DOA phasors occur in a “superposition form” (as

independent sums). Every other row or column has one entry which is a sum

of independent DOA phasors and extra “biased ” (dependent) terms, which

are a result of the interaction between the two sources DOA phasors.

(b) CTOP reconstructed matrix: All the off diagonal entries are a sum of inde-

pendent DOA phasors without any biased term.

(c) AVTOP reconstructed matrix: The superdiagonal entries are a sum of the

independent DOA terms and biased terms. This means that every column

or row has one entry containing biased terms.

It is concluded that the accuracy of the CTOP decorrelation technique is attributed

to retaining the DOA information in a superposition form. This is because the

CTOP technique reconstructs a Toeplitz matrix from the first row of the coherent

covariance matrix, where there are no interactions between the DOA phasors. This

is referred to as the “superposition claim” in the study. The deviation in DOA
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estimation associated with the AVTOP technique is a result of additional biased

terms in the superdiagonal entries of the reconstructed Toeplitz matrix.

In order to verify the “superposition claim” the MUSIC algorithm was applied

analytically, taking noise into consideration. It was confirmed that if the DOA in-

formation is organised in a superposition form in the array covariance matrix, the

“exact” angle of arrival information of the sources can be obtained using the MU-

SIC algorithm. It was also found that if the exact data covariance matrix is known,

the AWGN has no influence on the source direction’s information. Further analy-

sis of the symbolic MUSIC results have shown that the MUSIC spectrum can have

secondary peaks around the main peaks (peaks at the source directions) depending

on the scenario and the positions of these secondary peaks are deterministic.

Numerical simulations were also carried out to verify the robustness of the CTOP

MUSIC algorithm over the AVTOP MUSIC in both coherent and non-coherent

scenarios. The performance of the classic MUSIC algorithm was also evaluated to

provide a baseline for comparison. The results have shown that the CTOP MUSIC

has more accurate estimation performance compared to the AVTOP MUSIC even

under low SNR conditions and minimum number of sensors. The CTOP MUSIC

algorithm maintains its accurate estimation performance irregardless of whether

the sources are coherent or non-coherent.

The AVTOP and classic MUSIC algorithms can only match the performance of

the CTOP MUSIC when the incident sources are not coherent. In a coherent

scenario, although the AVTOP MUSIC has a low spread in DOA estimation, the

method is less accurate and has a poor probability of success due to deviations

from the true DOA. The estimation performance of the classic MUSIC algorithm

is severely affected by the coherence among the sources. The peaks in the classic

MUSIC spectra are dome shaped and have a very low power in comparison to high

power and sharp pointed peaks associated with the CTOP and AVTOP MUSIC

spectra. This is an indication of a poor resolution in DOA estimation.
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Further simulations were also done to verify that CTOP decorrelation based on the

first row of the coherent covariance matrix results in a more accurate estimation

compared to the decorrelation based on using other rows.

7.2 Future Work

This study recommends the following:

(a) The noise model was assumed to be AWGN and it was found that it does

not have an influence on the source directions provided that the exact data

covariance matrix is known. The same analysis should be carried out using

other noise models such as colored noise to investigate how it influences the

directions of the sources.

(b) The analytic MUSIC approach was only studied for up to a maximum of four

elements ULA due to the algebraic limitation that polynomials of degrees

of five or higher cannot be solved. The study recommends that the analytic

MUSIC results for a 2×2, 3×3 and 4×4 array covariance matrices should be

used to generalise the analytic MUSIC approach in order to enable analysis

of ULAs of sizes lager than four elements.

(c) Future studies could also investigate the impact of array covariance matrix

approximation on the peak heights in the MUSIC spectrum and as well as

on the target directions (peak positions).



Appendix A

Background Theory

In this appendix, basic definitions and properties of Toeplitz and covariance matri-

ces are given after which the spectral theorem of Hermitian matrices is presented.

These concepts are very important for understanding the full derivation of the

MUSIC algorithm presented in the last section of this appendix.

A.1 Special Matrices

A.1.1 Toeplitz matrix

A Toeplitz matrix is a matrix with a specific characteristic that is, all elements

in each of its diagonals are equal. Let T represents a (N + 1)× (N + 1) Toeplitz

matrix, which is modelled as [21],

T =



t0 t1 t2 · · · t
N

t−1 t0 t1 · · · t
N−1

t−2 t−1 t0
. . . ...

...
... . . . . . . t1

t−N t−N+1
· · · t−1 t0


. (A.1)

96
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If the Toeplitz matrix is conjugate symmetric, it is called Hermite Toeplitz matrix

and has the form

T0 =



t0 t∗1 t∗2 · · · t∗
N

t1 t0 t∗1 · · · t∗
N−1

t2 t1 t0
. . . ...

...
... . . . . . . t∗1

t
N

t
N−1

· · · t1 t0


. (A.2)

A.1.2 Covariance matrix

Given that DOA estimation with subspace-based methods is solely dependent on

utilising the eigenstructure of the array data covariance matrix, it is worth noting

the following important properties of covariance and correlation matrices in general

as discussed in [80].

Definition: Let a stationary discrete-time stochastic process be represented by an

observation vector x(n) of sizeM×1 whereM is the total number of observations.

Vector x(n) is composed of zero-mean time series elements x(n), x(n−1), .., x(n−

M + 1) as given by

x(n) = [x(n), x(n− 1), ..., x(n−M + 1)]H . (A.3)

The expectation of the outer product of the observation vector x(n) with itself

generates what is called the covariance matrix. Let R represent the M × M

covariance matrix which is given by

R = E[x(n)xH(n)]. (A.4)

Substituting Equation (A.3) into Equation (A.4) the expanded form of the covari-

ance matrix is given as follows
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R =


r(0) r(1) · · · r(M − 1)

r(−1) r(0) · · · r(M − 2)
...

... . . . ...

r(−M + 1) r(−M + 2) · · · r(0)

 . (A.5)

The main diagonal element r(0) is always real. In a case where the vector x(n) is

complex-valued, R has complex off diagonal elements.

Properties of Covariance Matrices

The following are properties of the covariance matrix R:

(a) Hermitian

The covariance matrix is equal to its conjugate transpose also known as Hermitian

transpose. Complex-valued matrices of this nature are called Hermitian matrices.

The Hermitian property is expressed as R = RH .

(b) Toeplitz

The structure of the covariance matrix R in Equation (A.5) is such that the main

diagonal has all of its elements equal and each of the diagonals below or above

the main diagonal also has equal elements. Hence the wide-sense discrete time

stochastic process has a covariance matrix of a Toeplitz structure.

(c) Almost always positive definite and always nonnegative definite

Assume a complex-valued nonzero vector a. The expression aHRa is called Her-

mitian form. If the Hermitian form satisfies the condition aHRa ≥ 0 then R is

nonnegative definite and R is positive definite if aHRa > 0.
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(d) Nonsingular

The covariance matrix of a wide-sense stationary process is nonsingular, i.e. det(R) 6=

0, due to the presence of additive noise which cannot be avoided.

(e) Equivalence of backward rearrangement and transposition

If x(n) is an observation vector of a stationary discrete-time stochastic process,

transposition of the covariance matrix of x(n) is equivalent to backward rearrange-

ment of the elements of x(n).

(f) Concatenation

The covariance matrices RM and RM+1 of a discrete-time stochastic process for

M and M + 1 observations respectively, are related by

RM+1 =

 r(0) rH

r RM

 (A.6)

where r(0) is the autocovariance of the process for lag of zero and rH = [r(1), r(2), ..., r(M)].

A.2 Spectral Decomposition

The following definition of the Spectral theorem is taken from [81]. If R ∈ CM×M

is a Hermitian matrix, there exists a unitary matrix U ∈ CM×M and a diagonal

matrix Λ ∈ RM×M such that

Λ = UHRU , (A.7)

where the columns of U are the eigenvectors and the main-diagonal entries of Λ

are eigenvaluesR. From this theorem, the spectral decomposition ofR is therefore

given by
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R = UHΛU . (A.8)

The eigenvectors of R are orthonormal and linearly independent, and the asso-

ciated eigenvalues are real. Let u and λ be the eigenvector and corresponding

eigenvalue of R respectively. If one multiplies columns by rows in Equation (A.8),

then R can be written as a combination of one-dimensional projections, which are

special matrices uuH of rank 1 multiplied by λ [82]:

R =
M∑
i=1

λiuiu
H
i = λ1u1u

H
1 + λ2u2u

H
2 + ...+ λMuMu

H
M (A.9)

A.3 Derivation of the MUSIC Algorithm

Assume the data model presented in Section 3.3, where a ULA of M elements is

used to capture data from N incoming signals and the data captured by individual

array elements is linearly combined to give a vector x(t) where additive noise is

assumed to be of Gaussian distribution and is uniform at all array elements. As

given earlier in Equation (3.7) x(t) has a covariance matrix

R = ARssA
H + σ2

nI, (A.10)

where the equation parameters are as described in Section 3.3. The main principle

of the MUSIC algorithm is based on exploiting the eigenstructure of the covariance

matrix R. The following derivation of the MUSIC algorithm is borrowed from [4].

Eigendecomposition of R

Let λ1, λ2, ..., λM be the eigenvalues of the M ×M matrix R such that

|R− λiI| = 0 for (1 ≤ i ≤M). (A.11)
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Using Equation (A.10), Equation (A.11) can be rewritten as

|ARssA
H + σ2

nI − λiI| = |ARssA
H − (λi − σ2

n)I| = 0. (A.12)

Consequently, it can be seen that the eigenvalues of ARssA
H are

ψi = λi − σ2
n. (A.13)

Matrix A has a full column rank since it is composed of linearly independent

steering vectors and the signal covariance matrix Rss is non-singular matrix as

long as the incoming signals are not coherent. This guarantees that if the number

of sources is fewer than the number of elements in the array, that is N < M ,

then the rank of the M ×M matrix ARssA
H is equal to N , which is a positive

semidefinite matrix. Since ARssA
H is of M dimension this creates a null space

in the eigen-spectrum.

From linear algebra it is clear that M −N of the eigenvalues, ψi, of ARssA
H , are

equal to zero, that is

ψi = χi + 0 for i = 1, ...,M

=

χi + 0, for i = 1, ..., N

0, for i = N + 1, ...,M

. (A.14)

From Equations (A.10) and (A.11), this too implies that R hasM−N eigenvalues

identical to the noise variance σ2
n, that is

λi = ψi + σ2
n for i = 1, ...,M

=

ψi + σ2
n, for i = 1, ..., N

σ2
n, for i = N + 1, ...,M

. (A.15)

If the eigenvalues of R are sorted in a descending order such that λ1 is the largest

eigenvalue and λM is the smallest eigenvalue, then the following holds
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λN+1, ..., λM = σ2
n. (A.16)

Estimation of number of incoming signals

Practically, the covariance matrix R is approximated by taking samples of the

input data vector (see Equation (3.8)), this means that not all the M −N eigen-

values corresponding to noise variance are exactly similar. Instead they occur as

a closely spaced cluster where their spread has a variance that decreases with the

increase in the number of samples taken. By using the multiplicity K of the small-

est eigenvalue and the relationM = N +K, an estimate of the number of incident

signals, N̂ , can be given by

N̂ = M −K. (A.17)

Orthogonality of subspaces

The eigenvalue λi has a corresponding eigenvector vi such that

(R− λiI)vi = 0. (A.18)

For the eigenvectors corresponding toM−N smallest eigenvalues in Equation (A.16),

Equation (A.18) becomes

(R− λiI)vi = ARssA
Hvi + (σ2

nI − σ2
nI)vi = 0, (A.19)

hence

ARssA
Hvi = 0. (A.20)

Since A is full rank and Rss is nonsingular, the product ARss cannot be equal to

zero, for Equation (A.20) to be equal to zero it implies that
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AHvi = 0 (A.21a)
aH(θ1)vi

aH(θ2)vi
...

aH(θN)vi

 =


0

0
...

0

 . (A.21b)

From Equation (A.21) it can be seen that the N steering vectors of matrix A are

orthogonal to the eigenvectors corresponding to the M −N smallest eigenvalues,

{a(θ1), ...,a(θN)} ⊥ {v
N+1

, ...,v
M
}. (A.22)

Important Observation

This means that the steering vectors associated with the incoming sources can

be estimated by identifying steering vectors that are almost orthogonal to the

eigenvectors corresponding to the eigenvalues of R which are nearly equivalent to

σ2
n.

From the above analysis, it can be seen that the eigenvectors ofR belongs to either

of the two orthogonal subspaces: these are the non-principal eigen subspace (noise

subspace) and the principal eigen subspace (signal subspace). The DOA steering

vectors form part of the signal subspace thus orthogonal to the noise subspace.

An alternative proof is presented by Van Wyk in [83].

Search function and DOA estimation

The DOAs of the incoming signals are determined by locating steering vectors

that are orthogonal to the noise subspace in a continuum of all possible steering

vectors. Let the matrix containing the noise eigenvectors be

Vn = [v
N+1
v
N+2

, ...,v
M

] (A.23)
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Because the steering vectors corresponding to the DOAs of the incident signals

are perpendicular to the noise subspace, then

aH(θ)VnV
H

n a(θ) = 0, (A.24)

this is true for all θ corresponding to DOA of the incident signals. The θs are

obtained by finding N̂ largest peaks in the MUSIC spatial spectrum which is

given by

PMUSIC(θ) =
1

aH(θ)VnV H
n a(θ)

(A.25)

or, alternatively

PMUSIC(θ) =
aH(θ)a(θ)

aH(θ)VnV H
n a(θ)

. (A.26)

The peaks in the spectrum are generated as a result of the orthogonality between

a(θ) and Vn as indicated in Equation(A.24), which minimizes the denominator of

the spatial spectrum.
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MATLAB Codes

The following are MATLAB codes used in generating numerical simulation results

presented in chapter 6.

1 %UNIVERSITY OF THE WITWATERSRAND, JOHANNESBURG SOUTH AFRICA

2 %Name: Frans Shiwovanhu Shafuda

3 %MSc in Engineering (field: Sensor Array Signal Processing)

4 %Date first created: 12 February 2017

5 % In this program we simulate CTOP and AVTOP decorrelation

techniques with MUSIC for DOA estimation of highly correlated (

coherent) sources

6 close all

7 clc;

8 clear variables;

9 iteration=10;

10 for loop=1:iteration

11 %%%%%%%%%%% OBTAIN DATA COVARIANCE MATRIX %%%%%%%%%%%%%%%%%%%%

12 doa=[−40 30]/180*pi; %Direction of Arrival of incident signals

13 N=1024;%Number of Snapshots

14 f=[800000 800000]'; %Frequency Hz

15 w=2*pi*f; %frequency in radians

16 M=4; %Number of array elements

17 c=3e8; %speed of light in m/s

18 D=length(w); %The number of incident signal

19 lambda=c/max(w);%Compute average wavelength: Wavelength = c/w

105
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20 d=lambda/2; %Element spacing, half of wavelength

21 snr=10; %Signal to Noise Ratio

22 A=zeros(D,M); %Form a matrix with D rows and M columns

23 for h=1:D

24 A(h,:)=exp(−1i*2*pi*d*sin(doa(h))/lambda*(0:M−1)); %steering matrix

25 end

26 A=A'; % MxD Array Steering Matrix

27 s=1*exp(1i*(w*(1:N))); %Simulate signal

28 xx=A*s;

29 xn=awgn(xx,snr);%add AWGN to data

30 Rxx=(xn*xn')/N; % MxM covarivance matrix of xn

31 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

32

33 %%%%%%%%%%%%%%%%%%% CLASSIC MUSIC ALGORITHM %%%%

34 [V0,Dia0]=eig(Rxx); %Find the eigenvalues and eigenvectors of Rxx

35 [Dia0,Index0]=sort(diag(Dia0),1,'descend');%Sort the eigen values in

descending order

36 V0=V0(:,Index0);%Sort the eigenvectors

37 V0s =V0(:,1:D);%Get signal eigenvectors

38 V0n=V0(:,D+1:M);%Get noise eigenvectors(associated with M−D smallest

eigenvalues)

39 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

40

41 %%%%%CORRELATION TOEPLITZ (CTOP) MATRIX RECONSTRUCTION %%%

42 rc= Rxx(1,:);%row one of covariance matrix

43 RT= toeplitz(rc);%reconstructed Toeplitz matrix

44 [V1,Dia1]=eig(RT); %Find the eigenvalues and eigenvectors of RT

45 [Dia1,Index1]=sort(diag(Dia1),1,'descend');%Sort the eigen values in

descending order

46 V1=V1(:,Index1);%Sort the eigenvectors

47 V1s =V1(:,1:D);%Get signal eigenvectors
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48 V1n=V1(:,D+1:M); %Get noise eigenvectors(associated with M−D

smallest eigenvalues)

49 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

50

51 %%LOWER TRIANGLE AVERAGE TOEPLITZ (AVTOP) MATRIX RECONSTRUCTION %%

52 m=1;

53 k=1;

54 r= zeros(1,M); %Allocate size of vector to store averages of

elements in each diagonal

55 for i =1:M

56 m=i−k;

57 r(i)=sum(diag(Rxx,m))/(max(size(diag(Rxx,m))));

58 k=k+2;

59 end

60 % CONSTRUCT NEW TOEPLITZ MATRIX USING r

61 RTav= toeplitz(r);

62 RTr1=flip(RTav,1); %flip rows of RTav

63 RTav1=flip(RTr1,2); %flip columns of RTav

64 [V2,Dia2]=eig(RTav1); %Find the eigenvalues and eigenvectors RTav1

65 [Dia2,Index2]=sort(diag(Dia2),1,'descend');%Sort the eigen values in

descending order

66 V2=V2(:,Index2);%Sort the eigenvectors to put signal eigenvectors

first

67 V2s =V2(:,1:D);%Get signal eigenvectors

68 V2n=V2(:,D+1:M); %Get noise eigenvectors(associated with M−D

smallest eigenvalues)

69 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

70

71 theta=−90:90/1000:90; %Peak search

72 %GENERATE SPECTRUM SEARCH FOR CLASSIC MUSIC

73 Pmusic_spec0=zeros(length(theta),1);



Appendix B. MATLAB Codes 108

74 for zz=1:length(theta)

75 Svec=zeros(1,length(M));%Create a steering vector to multiply the

noise subspace

76 for yy=0:M−1

77 %Create a DOA search vector(continuum of all possible DOA)

78 Svec(1+yy)=exp(−1i*2*yy*pi*d*sin(theta(zz)/180*pi)/lambda);

79 end

80 Po0=Svec*(V0n*V0n')*Svec';%A single point in the spectrum

81 Pmusic_spec0(zz)=abs(1/ Po0);

82 end

83 %GENERATE SPECTRUM SEARCH FOR CTOP MUSIC

84 Pmusic_spec1=zeros(length(theta),1);

85 for zz=1:length(theta)

86 Svec=zeros(1,length(M));

87 for yy=0:M−1

88 %Create a DOA search vector(continuum of all possible DOA)

89 Svec(1+yy)=exp(−1i*2*yy*pi*d*sin(theta(zz)/180*pi)/lambda);

90 end

91 Po1=Svec*(V1n*V1n')*Svec';%A single point in the spectrum

92 Pmusic_spec1(zz)=abs(1/ Po1);

93 end

94 %GENERATE SPECTRUM SEARCH FOR AVTOP MUSIC

95 Pmusic_spec2=zeros(length(theta),1);

96 for zz=1:length(theta)

97 Svec=zeros(1,length(M));

98 for yy=0:M−1

99 %Create a DOA search vector(continuum of all possible DOA)

100 Svec(1+yy)=exp(−1i*2*yy*pi*d*sin(theta(zz)/180*pi)/lambda);

101 end

102 Po2=Svec*(V2n*V2n')*Svec';%A single point in the spectrum

103 Pmusic_spec2(zz)=abs(1/ Po2);
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104 end

105 %Normalised Spatial spectrum function

106 Pmusic_spec0=(10*log10(Pmusic_spec0/max(Pmusic_spec0))); %CLASSIC

MUSIC

107 Pmusic_spec1=(10*log10(Pmusic_spec1/max(Pmusic_spec1))); %CTOP MUSIC

108 Pmusic_spec2=(10*log10(Pmusic_spec2/max(Pmusic_spec2))); %AVTOP

MUSIC

109 %Plot the spectra

110 axis([−100 100 −80 1])

111 plot(theta,Pmusic_spec0,'−k','linewidth',1.2)

112 hold on

113 plot(theta,Pmusic_spec1,'−b','linewidth',1.2)

114 hold on

115 plot(theta,Pmusic_spec2,'−r','linewidth',1.2)

116 ylabel('Spectrum function P(\theta) /dB')

117 xlabel('Angle \theta/degree')

118 title('Spatial Spectrum estimation−CTOP, AVTOP and CLASSIC MUSIC')

119 legend('CLASSIC MUSIC','CTOP MUSIC','AVTOP MUSIC','Location','

SouthOutside')

120 grid on

121 end
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