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ABSTRACT

Several meetings of the Extremely Large Databases Community for large scale
scientific applications have advocated the use of multidimensional arrays as the
appropriate model for representing scientific databases. Scientific databases gradually
grow to massive sizes of the order of terabytes and petabytes. As such, the storage of
such databases requires efficient dynamic storage schemes where the array is allowed
to arbitrarily extend the bounds of the dimensions. Conventional multidimensional
array representations in today’s programming environments do not extend or shrink
their bounds without relocating elements of the data-set. In general extendibility of
the bounds of the dimensions is limited to only one dimension. This thesis presents a
technique for storing dense multidimensional arrays by chunks such that the array can
be extended along any dimension without compromising the access time of an element.
This is done with a computed access mapping function that maps the k-dimensional
index onto a linear index of the storage locations. This concept forms the basis for
the implementation of an array file of any number of dimensions, where the bounds
of the array dimension can be extended arbitrarily. Such a feature currently exists in
the Hierarchical Data Format version 5 (HDF5). However, extending the bound of a
dimension in the HDF5 array file can be unusually expensive in time. Such extensions,
in our storage scheme for dense array files, can be performed while still accessing
elements of the array at orders of magnitude faster than in HDF5 or conventional
array-files. We also present Parallel Chunked Extendible Dense Array (PEXTA), a
new parallel I/O model for the Global Array Toolkit. PEXTA provides the necessary
Application Programming Interface (API) for explicit data transfer between the
memory resident global array and its secondary storage counterpart but also allows
the persistent array to be extended on any dimension without compromising the
access time of an element or sub-array elements. Such APIs provide a platform
for high speed and parallel hyperspectral image processing without performance

degradation, even when the imagery files undergo extensions.
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INTRODUCTION

The first chapter introduces Extendible Arrays and highlights the motivation of the

research conducted in the thesis
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Large scale scientific data are most often stored as large multidimensional arrays.
Arrays are extensively used for scientific data management because they are well
understood and can easily be incorporated in other data structures. In [2], the
new science database system (called SciDB), that is being advocated as a common
platform for almost all scientific datasets, is based on a data model organised as
multidimensional array. In general k-dimensional arrays, represented in linear con-
secutive locations, cannot extend without reallocation of already stored elements.
The extendibility is limited to only one dimension. This degrades performance
of various array operations particularly in scientific and engineering applications
that sometimes undergo interleaved extensions. For instance, in data processing
applications of satellite imagery and remote sensing, the datasets captured along
defined swathes, spectral bands, time, etc., may require incremental tiling of adjacent
scenes and progressive inclusion of selected bands. In Multi-dimensional On-Line
Analytical Processing (MOLAP) of data warehouses, the basic data representation
is a multi-dimensional array where each dimension represents discrete valued at-
tribute. For example, the number of items Q7Y sold by a company that sells
many different items in different stores on any particular day, can be captured as
a multi-dimensional array QTY(Itemld, Storeld, Day). Itemld and Storld denote
unique identifiers for an item and a store respectively. Each cell is defined by a vector
of (Itemld, Storeld, Day) and the value stored in a cell represents the quantity
(QTY) sold. Extendibility of the dimension representing ItemlId is necessary if new
items are sold by the company. Similarly, the dimension representing Storeld will
be required to extend if the company increases its number of stores. The use of

coventional array to represent QTY() requires reorganising the allocated storage



whenever a dimension expands. Extendible arrays [3-9], on the other hand, can
handle dynamic growth of the bounds of the dimensions without reorganising already

allocated array elements.

Motivation

Modern programming languages provide native support for multidimensional arrays.

The mapping function F() is normally defined so that elements are allocated either
in row-magor or column major order. We refer to arrays whose elements are allocated
in this manner as conventional arrays. Conventional arrays limit their growth to only
one dimension. The consequence is that, since the dimensions cannot be extended
at run time, programs are forced to declare at compile time an array size that is
sufficiently large for running most applications. Recent compilers allow representation
of extendible array using an Iliffe vector [10]. Iliffe vectors use a one-dimensional array
of references to arrays of one dimension less. For two dimensions, the alternative
structure would be a vector of pointers to vectors, one for each row. Element accesses
are by pointer chasing. This approach is not suitable for storing elements of arrays in
a file. If we consider a mapping function that allows allocating an array of some small
size initially and then incrementally expanding it at run-time to accommodate just
the right size of the array, without abandoning the efficient address calculation, then
such a mapping function is exactly what is needed for the storage of multidimensional

array files.

Consider the maintenance of a very large array file. We desire extendibility of such

files by allowing the index range of any dimension to grow so that new array elements



that lie in the extended index range can simply be appended to the file without
reorganising the entire file. We present such a mapping function F*() and its inverse
F*~1() for addressing elements of an array that is allowed to extend arbitrarily.
The method simply carries over the mapping function for dense multidimensional
extendible arrays in main memory to addressing array elements in a file stored on

disk.

In conventional k-dimensional arrays, efficient computation of the mapping function
is carried out with the aid of a vector that holds k& multiplicative coefficients of the
respective indices. This is sometimes referred to as the dope vector. Consequently,
an N-element array in k-dimensions can be maintained in O(V) storage locations
and the computation of the linear address of an element, given its k-dimensional
coordinate index, is done in time O(k). We achieve similar efficiency in the man-
agement of extendible arrays by maintaining vectors of multiplicative coefficients
each time the array expands. The computation of the linear address, corresponding
to a k-dimensional index, uses these stored vectors of coefficients. The vectors of
multiplicative coefficients capture the history of the expansions and are organised as
the leaf nodes of a Leaf-Linked Red-Black Tree which we refer to as the Oa-Tree [11].
For a general schematic illustration of the Os-Tree, see Figure 4.2.2 in Chapter 4.
The Os-Tree allows us to compute the mapping function and its inverse function in
times comparable to that of a conventional array. Suppose a k-dimensional array has
N elements and after some arbitrary extensions, dimension j maintains &; expansion
records. Our approach computes the linear address of the k-dimensional index in time

O(k+ Z 2 log(€;)) using O(k Z;‘f’;é £;) additional space. The worst-case additional

storage occurs when, the array grows by cubical expansions and & = N 1k The



results then reduce to a computable access function in time O(k + log N) using
addition space of O(k2N 1/ k) for an N element array. Under such cubical expansions,

each expansion step adds N171/* new elements.

When arrays are allocated in files, we try to align the I/O of the array elements with
the paging schemes of the array file. As a consequence we organise the array cells
into chunks such that reading and writing of array elements are done as chunks of
array elements. Accessing array chunks can then be done through file caching as

well.

In this thesis, we present an efficient scheme for organising extendible arrays by
chunking. Note that the mapping function, previously used to directly address array
elements, is now used to address the array chunks. The function F*() is used to
compute the linear address locations of the chunks when given its k-dimensional
index. The input to this function is a data structure of azial-vectors that hold
the history of expansions of the extendible array. Instead of using a 1-dimensional
axial-vector for each dimension, we use the Os-Tree to organise the axial-vector for
each dimension (see Figure 4.2.2). The Oy-Tree is an augmented Red-Black Tree in
which the leaf nodes are doubly linked index blocks that store records of key-value
pairs. Thus, we store the records of our axial-vectors as the leaf nodes of the Oy-Tree

structure.

As high-end computing moves towards petascale and exascale, most scientific appli-
cations are adopting Message Passing Interface (MPI) [12] and Partitioned Global
Address Space (PGAS) programming models to combine the advantages of shared

and distributed programming models. For most parallel scientific applications that



use these programming models, the scalability limitation comes from the performance
of I/O operations. The Global Array Toolkit(GA) [13,14], which is one of the
early PGAS models, introduced Disk Resident Array(DRA) [15], to extend the GA
programming model to secondary storage (see Figure 1.1.1). The DRA is used to
persist the elements of memory resident global array. It provides user-defined virtual
memory by allocating arrays that are too big to fit in the global memory into disk
resident arrays and transfers sections into the aggregated memory for computations.
It provides a disk-based representation of arrays and the necessary functions to trans-
fers blocks of data between the memory resident global arrays and its counterpart
to disk storage. This gives programmers the needed utilities to access data on disk
but modelled as arrays, rather than files. In this thesis, we illustrate how chunked
extendible arrays [16,17], can be used as an efficient I/O for the global array toolkit.
The technique is to view PEXTA (Parallel Chunked Extendible Dense Array) as a
large array mapped into a file whose content can be read into the global memory.
A PEXTA file has two components: a principal array data file and a metadata file
of the axial vectors that are also stored on disk. We term these the principal array
file and the metadata file respectively. The principal-array file grows continuously
by appending new data elements (in chunks) whenever a dimension is extended.
Although the principal-array file is stored on disk, it is accessed in units of chunks
through an in-memory cache. The metadata file is usually memory resident but
stored on disk after every session and loaded into memory before any usage session

starts.

Our PEXTA I/O can be mapped to standard scientific and imagery file formats

such as NetCDF, GeoTIFF, CADRG, HDF5, etc. Such mapping enables near real-
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Figure 1.1.1: Global Array Memory Hierarchy

time image processing task such as hyperspectral unmizing. Spectral unmixing is a
computational estimation of the number of endmembers, their spectral signatures
and abundance fractions. This process is usually computationally intensive and
as such several techniques have been developed to automate and parallelize this
task [18—20] using MPI implementation. However, such techniques are not susceptible
to real-time processing due to the continuous tiling of swathes and spectral bands.
In this thesis, we present a model of computation and storage that achieves near
real-time processing. This is done by mapping standard imagery file formats onto
the PEXTA scheme. Once such mapping scheme is applied, PEXTA exposes all GA

basic array and linear algebra operations for high speed parallel processing.

Main Contributions

The major contributions of this thesis is in the development and implementation
of an efficient computed access scheme for chunked extendible dense array and its
integration with the Global Array Toolkit for parallel image processing. The main

results being reported here include:



e The implementation of a chunked computed access scheme for both memory
resident and disk resident dense extendible array but with emphasis on the

disk resident extendible arrays.

e An implementation of a tree-indexing structure, the Os-Tree, for the axial-vector

of extendible array.

e An analytical and experimental performance analyses of our approach compared

with the conventional array technique of organising extendible arrays.

e An implementation of the PEXTA API as a drop-in replacement for the Disk

Resident Array of the GA-Toolkit

e An application of PEXTA to hyperspectral image analysis

Organisation of Thesis

The remainder of this thesis is organised as follows. Chapter 2 gives the background
and related works that have been done on extendible arrays. In Chapter 3, we explain
the concept of In-Memory Extendible Dense Arrays. We give detailed descriptions of
our approach of organising extendible dense arrays and some performance analysis.
Chapter 4 discusses the chunking technique for extendible array and the tree-indexing
scheme, i.e., the Oo-Tree, for the axial-vectors. In Chapter 5, we illustrate various
allocation strategies at the chunk/block level and for the single elements within blocks.
We evaluate the impact that Space-Filling-Curve allocations within the chunks have
on the access time of our scheme. Chapter 7 describes translation functions that

map extendible arrays files to standard file formats such as HDF5 and NetCDF. We



also illustrate how the chunking scheme in HDF5 differ from ours. In Chapter 8,
we introduce PEXTA, a new parallel I/O model for the Global Array Toolkit. We
demonstrate how our parallel I/O scheme differs from parallel HDF5 file accesses.
Chapter 9 describes the application of PEXTA APIs for Hyperspectral Image Analysis.
We illustrate how to implement Parallel Pixel Purity Index (PPI), N-Findr and
Automated Morphological Endmember Extraction (AMEE) Endmember Extraction
using the PGAS models. We summarise the work of this thesis in Chapter 10 and
give some directions for future work; namely adopting our technique for Sparse

Multidimensional Arrays and their application in Data Warehousing.
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The issue of extendible arrays dates back to the era when high level programming
languages emerged. Until recently, there has not been any satisfactory technique for
handling scientific operations involving extendible arrays (i.e., arrays whose sizes
in various dimensions change in the course of executing an operation). However,
questions concerning how to manipulate and implement arrays have received much
attention. The array grammars described in [21], gave the theoretical foundation for
array representation. A thorough discussion of graph-oriented view of arrays was
given in [22]. This discusses a graph-oriented view of data structures in general. The
idea was to exploit the structural regularities in constructing storage mappings for

arrays which are usually expressed in mathematical models.

Computed Access Schemes for Arrays

In [5], two strategies for constructing readily extendible allocation schemes for arrays
were proposed. The allocation scheme by shells (shells are synonymous to array
chunks/blocks), assumes arrays expand in a regular manner. In that case, the array
grows by addition of shells and each shell is viewed as continuous in a specified
space and subsequently used to specify the shapes of the neighbourhood. The second
strategy, stencil and segmentation, viewed an array as being made up of blocks or
sub-arrays, rather than atomic elements, such as floating point numbers. The array
in this scheme is partitioned into blocks of equal sizes. Element access is performed
through a pair of functions; one giving the address of the header of the block and
the other giving a displacement within the block (compute access scheme). The

one-to-one infinite range map is given as the sum of the many-to-one infinite range
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blocks and the many-to-one finite range displacements.

There are two issues with these two schemes. Firstly, they depend on one’s ability
to identify exploitable characteristics of the array to be implemented, in order to
translate these peculiarities into the specification of the shells and to find ways
to enumerate the shells. The problem is that each scheme devised in this manner
works well only on specific classes of arrays; namely, those used in constructing
the shells. Thus, the importance of these strategies lies neither in their generality
nor in automating the process of array realization. It lies rather in establishing
a framework in which the construction of the extendible realization is rendered
systematic. Subsequent improved schemes for realizing extendible arrays have been
addressed in the literature, notably in [6]. These schemes may be classified as

computed access, linked allocations and hashing.

KDEA : K-Dimensional Extendible Arrays

In [3], an Index Array Scheme based on computed access was introduced. The scheme
perceives the storage as consisting of a k-dimensional rectangular array that is allowed
to extend by adjoining blocks of (k-1)-dimensional sub-array on any dimension. This
type of array was termed K-Dimensional Extendible Array (KDEA). An array was
kept for storing the multiplicative coefficients for indices in the KDEA and the block
starting address at the instant of extending a dimension. This array was called
Index-Array (IXA). The scheme considers the KDEA as being partitioned into blocks,
each block being a sub-array of £ — 1 dimensions. If the incremental step size at

each expansion is constant for each dimension, the Index-Array method achieves
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O(k) access cost with O(N) worst case storage requirement (where N is number of
elements in array). However if the step size is not constant, then the element access

cost is O(log N) in the worst case scenario.

Karnaugh Representation of Extendible Arrays

In [23], the Karnaugh Representation of Extendible Array (KEA) which is based
on mapping function [3] was introduced. In this scheme, a k-dimensional array is
represented by a set of 2-dimensional arrays based on the idea of Karnaugh maps.
The scheme considers extendible arrays as a combination of sub-arrays, just as in [3].
If the array is k& dimensional, then the sub-array is k£ — 1-dimensional, similar to the
concept in [3]. Instead of axial vectors, this scheme uses three types of auxiliary
tables namely, history table, coefficient table, and address table. For each dimension,
three tables are kept, which take up a lot of disk or memory space as compared
to a single axial vector for each dimension in [4]. The address table contains the
first address of the sub-array, just as the axial vector; history table contains the
construction history of sub-arrays and the coefficient table contains the coefficients

of the k — 1 dimensional sub-array.

Other Representations of Extendible Arrays

A number of research works has been done with the mapping function introduced
in [3]. One such work is an index structure that keeps track of the extensions of disk

resident arrays for Online Analytical Processing (OLAP) [24]. The technique in the
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scheme is to build a tree-based index that will keep track of the growth of the array
in any dimension and even allows adding new dimensions. The index in this case is
a search tree (implemented as a B-tree) based on a compound key (D, V'), where D
represent the dimension and V' the new range this dimension achieves after growth.
Each key will point at an associated record containing some information about the
extension. Extending the number of dimensions of an array is not addressed in this

thesis.

Parallel Hyperspectral Image Analysis

Extraction of spectral endmembers from hyperspectral datasets is computationally
complex and intensive, in particular, for very high-dimensional datasets [25]. However,
the structural properties of hyperspectral datasets is amenable to parallel processing.
This has led to a number of parallel implementations for endmember extraction
algorithms. In [25], parallel implementation of N-FINDR and pixel purity index (PPI)
endmember extraction algorithms were given. These two algorithms are susceptible
to direct parallel implementation because the input dataset can be divided into
multiple blocks made up of entire pixel vectors. This is known as spatial-domain
partitioning. This approach has less data dependencies and a reduced inter-process
communication. Their implementation was MPI (Message Passing Interface) based

using AVIRIS Cuprite scenes.

Similar parallel implementations of hyperspectral image analysis have been proposed
in [20,26-28]. The motivation for such implementations is to speed up the processing

in order to achieve near real-time analysis. Recently, there have been a number
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of efforts towards GPU parallel endmember extraction implementations [29-31] for
further speed-ups in processing time. However, one pending problem is the challenge
of performing hyperspectral analysis whiles continuously tiling swathes/spectral
bands from airborne scenes. Such datasets usually get appended to already allocated
datasets. In this thesis we address this problem by providing a storage scheme that

allows interleaving processing/analysis with continuous tiling.

Summary of Literature Review

There has been quite a number of efforts towards extendible arrays structures;
from Compute Access Schemes to Generalized Mapping Functions. However, the
problem of efficiently manipulating extendible array files still remains a challenge.
Current compilers and programing environments do not have APIs and libraries
that implement extendible array files. Extendibility of arrays in languages such as
C/C++ is done by memory reallocation. This research contribution is in developing
and implementing these APIs for both memory resident and disk resident extendible
arrays using mapping functions. The implementation for the disk resident extendible
array is extended to allow easy integration into other platforms and APIs such as the
Global Array Toolkit. This extension enables array files of different formats (such as
NetCDF, CADRG, BIL, GeoTIFF, HDF5) to be read into Global Array. Once they
are read into Global Array, they will readily have the extendibility feature provided

by disk resident extendible array scheme.
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MEMORY RESIDENT EXTENDIBLE

DENSE ARRAYS

This chapter explains the concept of In-Memory Fxtendible Dense Arrays
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The multidimensional dense array structure is one of the most widely used and
fundamental data structure and has wide applications in engineering and mathe-
matical sciences. Computed access techniques for mapping elements of dense arrays
onto contiguous storage location have the advantages of fast element access and
efficient storage utilization [3]. In this chapter, we present the basic foundation for
the multidimensional dense array structure and the mapping functions that describe

extendible dense arrays.

Conventional Array Mapping Function

The mapping function for conventional array is first examined. Consider a k-
dimensional array A[Ug|[U;][Us]...[Ug—1] where [U;],0 < j < k — 1, denote the
bounds on the index ranges of the respective dimensions and k denotes the num-
ber of dimensions. Let L[n] = {L(0), L(1),...L(n — 1)} where n = H?;é Uj, be a
set of consecutive storage locations with the base location being L(0). If an ele-
ment of a k-dimensional array is denoted by A(ig, 1,12, ...,i,—1) (alternatively by
Alio][i1][i2)---[ix—1]), then an allocation function F : R* — R, is a mapping that
assigns to each element, A(ig,i1,12,...,ix—1), a distinct location L{g) where ¢ is
derived from the array index as ¢ = F(ig, 41,2, ...,ik—1). The function F() is said
to realise A. The mapping function F() maps the k-tuple of indices, one-to-one,
onto n consecutive locations. This method of array realisation is referred to as a
computed access method [5]. Other methods of realisation that have been used for
array representations are link lists, orthogonal list and hashing techniques [6]. What

makes the computed access method attractive is the advantages it exhibits and its

17



applications compared to other realisation methods or data structures. These are

that it:
e provides easy probing of the array, which are lacking in linked list schemes.

e allows easy traversal along rows and columns of the array, which are not present

in hashing schemes.

Definition  3.1.1. A realisation of the array A[Up][U1]...[Ug—1] in
{L{0), L(1), ..., L(n—1)} forn = H?;& Uj, is a mapping function, F : U¥ — L, of the

elements of A, one-to-one, onto the address, L = {0,1,...,n} with F(0,0,...,0) =0

Examples of this realisation of bounded arrays are the row-major (called lexicographic
order) and column major order function. These are defined as follows:
(a) Row major realisation

Given an array element Alip][i1]...[ix—1] , the location ¢ is computed as

qg = .F(io,il,ig,...,ik_l) = 59 + i9gCy + 11Cy + ... + 10k (3.1.1)
k—1
where Cj= H U,
r=j+1

0<j<k—1land Cy=1

(b) Column major realisation
Given an array element Alip][i1]...[ix—1] , the location ¢ is computed as

q = f(io,il,ig,...,ik_l) = sy + i9gCy + 11C1 + ... + 11_1Ck_1 (3.1.2)

j—1
where Cj = H Ur,
r=0

0<j<k—1land Cy_1=1
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so is the base location address and the convention is that an empty product is
taken as 1. For any k-dimension index, the computations of the linear address using
Equation 3.1.1 and Equation 3.1.2 take O(k) elementary operations of multiplications
and additions. The limitation imposed by F() is that extensions of the array can
only be done on one dimension; that is dimension 0 (in the case of row major), since
the evaluation of the function does not involve Uy. This constraint imposed by F ()
is usually exploited by rearranging the order of the indices whenever computing
the linear addresses of the location when an array is extended along any dimension.
For example, suppose the array is extended along dimension j. Then the address
calculations of the newly allocated (k — 1)-dimensional hyperslab is done as if

dimension j is constrained to be dimension 0.

Conventional Array Inverse Mapping Function

A little used inverse computation function F~!, is the inverse calculation from a
linear address ¢ to a k—dimensional index (ig,i1,...,7t_1). This is defined as

f_l(q) — <i0, il, Ce ,Z‘k,1>

Such an inverse function is handy when computing the neighbouring cells of an array

element given the linear address of a specific one. This is illustrated in Algorithm 1.
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Algorithm 1: Computing the k-dimensional indices, given the linear address q.

input :gq, the linear address of the k-dimensional index, and Ug, Uy, ..., Ug_1, the
bounding values of the respective dimensions of the array.

output: (ig, i1, 42, ..., ix_1), k-dimensional indexes
begin

for j < k—1 down to 1 do

L ij <= q mod Uj ;
g« q/Uj;
o < q;

Extendible Dense Arrays Mapping Function

In this section we present the mapping function of extendible arrays that forms
basis of the main contribution of this thesis. We discuss the mapping function for
in-memory extendible dense arrays. We require a mapping function with the following

properties:

simplicity of arbitrary element access

simplicity of traversal along a path

simplicity of extension and

efficiency of storage utilization.

If A[UG][U7][U3]...[U_4] represents a k-dimensional array, then U} denotes the bound
that has the ability to grow as opposed to a fixed bound U; given in the conventional
array discussed in Section 3.1. Similarly we employ the notation () when referring to
conventional array mapping function that allows extendibility in only one dimension
and F*() when referring to a mapping function that allows extendibility in any

dimension.
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Definition 3.3.1. A k-dimensional extendible array is a k-dimensional array
A[UE[UT[U3)...[Uf_,] in which the upper bounds of the various dimensions are

allowed to increase indefinitely and in any order.

The superscript star sign (‘“*’) is used to denote the fact that the upper bounds of

the index ranges are allowed to vary.

Definition 3.3.2. An extendible array in which the dimensionality k, is also allowed
to vary by taking increasing values of positive integers, is referred to as an extendible

array of varying dimensions and is denoted by A*[Ug][U7][U3]...[Us_4]

We use the superscript "*" in A* to reflect the fact that the dimensionality is allowed to
vary. In this thesis however, we do not address such extendibility of the dimensionality

of an array.

Definition 3.3.3. A realisation of an extendible array A[Ug][U7][U3]...[U;_4] , s
a mapping function, F* : R¥ — R, that maps elements of A, one-to-one, onto
storage locations {L(0), L(1), ..., L{n — 1)} such that with F*(0,0,...,0) = 0 where

n= H?;& U3, and also varies with changing values of UJ’s..

The mapping function for extendible array uses axial-vectors to store information
needed to compute the function. Let A[U§][U7][U5] be an arbitrary 3-dimensional
array. Figure 3.3.1 shows an initially allocated 3-dimensional array of dimensions
A[3][3][2]. This in general is denoted by A[U{][U7][U%], where, Uj = 3, U} = 3 and
U5 = 2, are the upper bounds. The array was extended along dimension 1 by
increasing the index range from 3 to 5; i.e. by adjoining 2 columns to the original

array.
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Figure 3.3.1: Storage Location for a 3-Dimensional Extendible Array
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Figure 3.3.2: Axial-Vectors of Figure 3.3.1

With this extension, an element A(1,4,0) is assigned to location 26 and A(2,4,1),
location 29. The array was thereafter extended along dimension 0 by increasing the
index range from 3 to 5 and finally on dimension 2, from 2 to 3. For generalisation,
suppose that in a k-dimensional extendible array A[U][U}][U3]...[U;_,], dimension [
is extended by );, then the index range increases from U; to U; + ;. The idea is
to allocate a k-dimensional block of array elements which we refer to as a hyperslab
or segment, so that addresses are computed as displacement from the location of

element A(0,0, ..., U}, ..., 0). Let the location A(0,0,...,Uj,...,0) be denoted as {z:
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where Z; = Hff;é Uf. The desired mapping function F*() that computes the address

of ¢* of an element A((ig,1,12,...,1x—1)) is given by:

k—1
¢ = F(lioyir,iz, i) = L + (0 — UNCF + Y 405 (3.3.1)
=0
J#l
k—1
where o = HU;k
=0
J#l
and . k-1 .
r=j+1
r#l

Z%f denotes the maximum starting address of the hyperslab that is adjoined. [
denotes the dimension that was extended. U] denotes the bound of the index range
before the expansion. All these values and the multiplicative coefficients needed
to address elements in the adjoined hyperslab must be maintained in some data
structure that will allow easy retrieval of them for the computation of an element’s

address within the adjoined hyperslab. The axial-vector is used for this purpose.

Entries into the axial-vector consist of a 1-dimensional vector, v[k + 3] of k + 3
values and a pointer, denoted by s;, to the allocated memory for the hyperslab.
It is noteworthy that, for in-memory allocations, the entire extendible array being
allocated need not be in contiguous locations. However, each hyperslab that is
allocated will be in contiguous locations. The starting address of such a contiguous
sequence of locations is what is stored in s;. The values v(2),v(3),...,v(k + 1) are
the respective multiplicative coefficients and v(0) and v(1) are the starting index and

n

the starting linear address of hyperslab respectively. The value "—1" denotes null

entries. The corresponding axial-vectors of Figure 3.3.1 is given in Figure 3.3.2.
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To compute the address of a given k-dimensional index (ig, 1, 42, ..., ix—1), the hyper-
slab that contains the element needs to be determined first. The hyperslab whose first
elements are (i, 0, ...,0), (0,141,0,...,0)...(0,0, ..,ix_1) give the candidate hyperslabs
that should contain the element whose index is (ig,#1,...,ix—1). The element of
(i0,11,12, ..., 1k—1) always belongs to the hyperslab with the maximum starting
address of the candidate hyperslabs. This is determined by comparing the starting
addresses of the corresponding elements of the axial-vectors. Let the vector of records
of dimension j be denoted by I';. The starting addresses of the axial-vectors are given
by I';(i;),0 < j < k. For instance, the linear address of A(3,3,1) can be determined

as follow;

28 = maz(To(3)0(1),T1(3).0(1),Ta(1).0(1)) = max(30,18,0) = 30

Thus Z%; =30, I =0, and U} = 3. The computation F*((3,3,1)) =30 + 10 * (3 —
3)+2%3+1%x1=30+0+6+1=37. The value 37 is the linear address relative to

the starting address 0.

When extendible arrays have some structural regularity in their growth pattern, the
realization functions may be simplified. The structural regularity may take the form

of a:
e Uniform extendible array with linear expansion or
e Uniform extendible array with exponential expansion.

Definition 3.3.4. Let U, 7 =0,1,....k — 1 denotes the respective instantaneous
upper bounds, such that 0 < U7 < X;, where X;’s define the limiting mazimum values

of the upper bounds U3, of the respective dimensions. An array Ap[Ug][U7][U3]...[U;_ ]
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is said to be a uniform extendible array of linear expansion, <= , Vj, for which

U3 < X, the index range is incremented by 0 values, from Uj to U; 46, at each step.

Figure A.1.1 in Appendix A.1 illustrates a schematic storage layout for a 3-dimensional
uniform extendible array with linear expansion where # = 2. The extension in the
figure is also termed cyclic interruptible extension. In cyclic interruptible extension,
after each extension of the bound of a dimension D;, the next expansion occurs on
another different dimension D, thereby interrupting the expansion on dimension
D;. This happens in a cyclic or round-robin fashion. For uniform extendible array

with linear expansion, the mapping function (Equation 3.3.1) becomes:

70 k—1

¢ = Flioinin i) = Z + (- U)ot + Y405 (332)
| o) T &
J#l

where v(0) is the starting index of candidate hyperslap. C7 is the same as in

Equation 3.3.1

In case of exponential expansion, the increments are by some factor e as illustrated
in Figure A.1.2. The mapping function for cyclic exponential expansion is the same
as in Equation 3.3.2 with the index range incremented by a factor of e, i.e., from Uj

to U7 x e at each cyclic step.

RWE [nverse Function of Extendible Arrays

Although inverse mapping function of extendible dense arrays are not frequently used
in scientific applications, in certain specific scenarios such as nearest neighbourhood

search, it is useful and handy. As part of the contribution of this thesis we present
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a function F*~! similar to the one discussed in Section 3.2. This function can
be computed after the array has undergone a series of arbitrary expansions. The
principal cost is in identifying which dimension and consequently the axial-vector
component of the dimension that contains the relevant coefficients to be applied to
compute the k-dimensional indexes. Let ¢* be the given linear address. We need
to find a dimension [ such that an axial-vector component of this dimension has
a starting address of a hyperslab that is the minimum upper-bound of ¢*. If we
denote such an axial-vector as I';(z;).v(1), then the axial-vector components can be

interpreted as follows:

[: is the dimension where a vector component was found with the minimum upper-

bound for ¢*, i.e., ¢* < T'i(z).v (1),
z;: The index of the axial-vector where this occurred,
['y(z;).v(1): The actual minimum upper-bound found.

From the above definitions, we have the algorithm for an inverse calculation function
F*~! as Algorithm 2. Note that the elements stored in the entries 2,3, ...,k + 1 of

vector v of I'j(z;).v[], are the multiplying coefficients used in computing ¢*.

To illustrate Algorithm 2, we employ the extendible array used in Section 3.3 (see
Figures 3.3.1 and 3.3.2). Suppose we wish to find the 3-dimensional index of the
linear address 27 (i.e.,¢* = 27), then the axial-vector of the hyperslab that satisfy
g <Ty(z).v(1) is (3;30;10,2,1). @ is initialized to ¢* and the initial correspoding

multiplying coefficients are Cy = 10, C1 = 2 and Cs = 1.

We update @ as @ = 27 — 18 = 9. The number 18 corresponds to I';{(i;).v(1) which
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Algorithm 2: Computing the k-dimensional indices, given the linear address ¢*
input :g¢*, the linear address of the k-dimensional index
output: (ig, i1, 2, ..., ix_1), the k-dimensional indexes
begin
Determine the dimension [ and the component axial-vector I';(z;).v[], with the
minimum upper bound on ¢* ;
Q—q";
for j < k—1 down to 0 do
L Cj — Fl<zl>.v<j + 2> 3
Q + Q —Iy(i).v(l) ;
for j «+ k—1 down to I do
if j # [ then
L ’L'j — Q mod Cj,1 5
Q<+ Q/Cj-1;
for r <+ 0 to j-2 do
L CT — Cr/Cj_l )
if [ > 0 then
| G+ C/Cjy;

’io(*Q modC’l;
| i+ Q/Co;

is the starting address of the hyperslap that contains the linear address. Within the
second for loop, we start with j =2 and [ = 0, hence 19 =9 mod 2 =1 and @ is
updated as @ = 9/2 = 4. C, becomes Cy = 10/2 = 5. In the second iteration, j =1
and [ = 0, hence i1 =4 mod 5 =4 and @ is updated as @ = 4/5 = 1. Quotients of
fractions in the algorithm is regarded as 1. The loop is existed and ip =1 mod 2 = 1.
The index value, ;, which in this case is also iy, becomes iy = 1/5 = 1. Hence iy = 1,

i1:4andi2:1.
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Figure 3.5.1: Average Access Cost without Extensions (in Memory)

Performance Analysis

To ascertain the performance of our extendible array compute access scheme, we
conducted performance experiments. These experiments were conducted on a 64-bit
Intel Core 2 Quad Q9650 processor with L2 Cache size of 2 x 6 MB and a frequency
of 3 GHz as well as 12GB of RAM running Ubuntu Linux 12.04 LTS. We used
GCC 4.6.3 compiler for the experiments enabling the following option flags; —02
-Wall -Wextra —-ftime-report. All array elements are double floating point
numbers. The expected times for random accesses of array elements for memory
resident extendible arrays (with array size of 10°) when there are no expansions (what

we called Static Arrays) were compared with conventional arrays for k = 2,3, ..., 7.
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The total cost for random element accesses, when there are random requests to

extend the index range of a dimension were compared with similar operations on a

conventional array, for k = 2,3, 4. For each k, we performed 1000 random accesses.
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Figure 3.5.2: Total Access Cost for Interleaved Extensions in Memory

Figure 3.5.1 shows a comparison of the average access cost of an array element of

our in-memory extendible array and the average access cost for the conventional

array for static arrays. The graph shows that the extendible array access function

varies significantly with the dimension or rank of the array. This dependency on

dimension k is due to the fact that we perform k-binary search on the axial-vectors

for access operations. The conventional array in this case performs better because

of the traversals within axial-vectors even when there are no expansions. But with

interleaved extensions as illustrated in Figure 3.5.2, the extendible array performs
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considerably better than the conventional array. The high average access cost of
conventional array is the result of the reorganisation of array elements each time an

arbitrary dimension is extended.
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CHUNKED EXTENDIBLE

MULTIDIMENSIONAL ARRAY FILES

This chapter gives a description of the chunking technique for extendible array files
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Although scientific application and simulation algorithms processing sessions occur
in memory, the datasets these algorithms operate on reside on secondary storage.
I/O has been a limiting factor for extreme scale computing particularly when there
are substantial growth in the amount of data produced by these applications. In
this chapter we address this challenge for extendible dense arrays that reside on
secondary storage. The primary contributions of this thesis is presented in this
chapter. In Section 4.1, we illustrate how allocating data elements in chunks on disk
can improve I/O performance. In Section 4.2 we introduce a new data structure, the
Os-Tree [11], for indexing the axial-vectors to reduce the search-time for an array
element. In Section 4.3 we conclude this chapter by providing analytical evaluation

and the theoretical foundation of our allocation scheme.

Chunked Extendible Arrays

The use of the axial-vector can be expensive and depends particularly on the inter-
ruptible expansions. The number of the axial-vectors per dimension are maximum
when we have cubical extensions (see Lemma 4.3.1). A perfect cubical extension is
the scenario where for a given initial extendible array Ag[Uj][UT][U3]...[Us_,] where
U; =1 (0 <j <k—1) (see Definition 3.3.4), the array undergoes cyclic interruptible
linear expansion with 6 = 1. The explanation of linear expansion and cyclic interrupt-
ible has been given in Section 3.3. Generally, in interruptible extension/expansion,
after each extension of the bound of a dimension s, the next expansion occurs on
another different dimension ¢ thereby interrupting the expansion on dimension s.

Such interruptible expansion causes the addition of a new entry in the axial-vectors
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each time it occurs.

Chunking the array gives some additional advantages. Firstly, it gives contiguous
storage allocations for the elements of the chunks. Secondly, when arrays are allocated
onto secondary storage, I/O can be made in multiples of the chunk size. Hence we
introduce an approach of chunking the extendible array. The allocation is done in
chunks as opposed to the single index extension described in Section 3.3. A chunk of
an array, () is denoted as Q[xo][x1][x2]..-[xk—1] where x; is the size, in number of
indices, of dimension j. The first task in our approach is to determine the chunk-size
of each dimension. In this approach, we allocate enough chunks just to contain the
initial allocated array. In Figure 4.1.1, we illustrate our chunking approach with a
2-dimensional extendible array. For a chunk size of 3 x 3, an initial array, A[4][5]
will need 2 chunks on dimension Dg and D respectively. Similarly, for a chunk size
of 3 x 3 x 3 in Figure 4.1.2, an initial array, A[4][4][2] will need 2 chunk sizes on

dimension Dy and D1 respectively and 1 on Ds.

Given a k-dimensional extendible array A[Uf][U7][U3]...[U;_,], and a chunked block
Q[xollx1][x2]---[xx—1], the number of chunk indices, p; for a given dimension i, is

given by:

i = Fiﬂ (4.1.1)

The allocation of chunks, denoted by A., becomes A.[po][p1][p2]...[pr—1]-

The entry into the respective axial-vector is based on A.. In Figure 4.1.1, the initial
axial-vector for Dy is (0;0;2, 1; Sp) because it is based on A.[2][2] instead of A[4][5].
Similarly, in Figure 4.1.2, the initial axial-vector for Dy is (0;0;2, 1, 1;.Sp) because it

is based on A.[2][2][1] instead of A[4][4][2]. If the range of index values of a given
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Figure 4.1.1: Chunking Extendible Dense Array-2D

dimension [ of the array A[Uj][U7] [U5]...[U;_,] is extended by say A;, then the bound
of the index range, increases from U; to U] + A;. An entry is made to the requisite

axial-vector only if the condition

(U7 + X > [ x xil (4.1.2)

is met. As long as the inequality 4.1.2 is not satisfied, it implies that there is enough
gray region (ghost region) to contain \; (i.e. [p; x xi] > [Uj + A;]). On the other

hand, if the condition 4.1.2 is satisfied, then there is a need for allocation of more
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chunks. The number of additional chunks p, to be allocated is given by:
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Figure 4.1.2: Chunking Extendible Dense Array-3D

(4.1.3)

Increasing the index bound on D; in Figure 4.1.1 by 1 (i.e. from U} =5 to U} = 6),

will not satisfy the inequality 4.1.2 since [p; x x;] > [U;+X;]. However, with additional

expansion of \; = 2 (i.e. from U; =6 to Uy = 8), [p; x xi] # [Uf + N\j]. The number

of chunks to be allocated on Dy is [([6 4+ 2] — [2 x 3])/3] = 1. The entry (2;4;1,2;57)



is made on the axial-vector for D;. The initial and chunk array bounds are updated

as A[5][8] and A.[2][3] respectively.

Accessing an element given its k-dimensional indices requires two simple translations of
indices and two mapping schemes. To access an array element A(ig, i1, 42, ..., ig—1), the
input indices (ig, 11,12, ...,i,—1) are translated into chunk indices (jo, ji,j2, .- s jk—1)

where

ji— VJ (4.1.4)

Xi
Once (ig, 41,12, ...,i%k—1) has been translated to chunk indices (jo, j1, j2, .-, jk—1), the
starting address, ¢¢ of the chunk containing A(ig, 1,42, ...,ixk—1) can be found by

using the following:

k—1
¢ = F(Godriede-1) = Zy + G — p)CF + Y jmCry (4.15)
s
k—1
where Cf = H Pm
m=0
m##l
and . k-1
Cm = H Pr
r=m+1
r#l

The mapping function, F* in Equation 4.1.5 is based on A.[po][p1][p2]---[Pr—1]
instead of A[Ug][U7][U35]...[U;_,]. Zgl denotes the maximum starting address of
candidate chunks, p; is the bound of the chunk index range just before the ex-
tension on dimension [ and j; denotes the translated chunk index corresponding
to dimension [. To compute the address of A(ig,i1,1i2,...,ik—1) within the local

chunk, the input indices (ig, i1, 2, ..., ix—1) need to be translated to local indices as
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