





k 'bstac & t,ha. the 1maga of a n"' ar-ring module homumorphnsm is r\ot necessranli,r a

: 'submodule af the lmage space but-_-only a subgrnup. whn!e the sum of two suhgrcups
| -'..'_';.:_'..‘--_need ﬂ}at eVen ba a subgroup In chapter two, generation,_traces and sacle are R

'-'_'_-_']?_'definet! fqr _naaf'-rtng modules and the.se sdeas ave hnked with thost- of the essentiat

. ”'.':_-'-""__.-5'-3_and mndulaﬂessentlal subgmupm Cagenerat:on, dealfng wlth kermels whlch are always_-'

_ '_ - submndu[ea prwed easler to generallse._ Thfs ls dnscussed m chapter thr-ee
o ’tcgath&,y‘ wfth the o::.oncépt of tha reject.\ and these ldeas are 4inked to the 3

£ 12
- Cand -_J

t’admals,_'f‘he duallty nf‘ the ring theory case is Ibst. Th& msults are §ess

'. "':"'-'_'.."'simp'_'e than in the ring theory case due to tha diff‘erent typas of near—rmg module

"":-f:'substru«:tures whmh gwe rtsa to sevet*al Jacobson-typa radicais.

| A near*'mng uf matr]ces can ba obtainad from an ar-bztrary near»rlng bY

' "-:;;-“?_regar‘dmg each rxr matrlx as a mapplng from N" to Nr, where M 13 the near-ring
frorr( which entﬂes are t‘aken. __ ‘l‘he ,gnrgument sh::wmc: that the near*rmg is __
2~semlsimple lf and only |f the assamated naar-ring uf matrices fs z-samisnmple

is prasented and invastigater.t in the nase uf s"samisuﬂplmity, SRR

Quesdnnﬁ ariﬁing fmm this raggrt qv-e present&d m{_th& fmal nhapter-






'AJaft nea:r—vnng: le a 4 y&tﬁm “mﬁh two bmw opera,mna,-l- a.nd such t.ha.t
. (N+) ma,gmnp B U

| _--',‘fnra,nyﬂa,b,cEN a{ﬁ-bc)msz-l-aa e L
| - "A nea.r-—rmg differs fwm anng in tha.t the additwe gmup need a6t be a.behan a,nd only one -
N | - diatnhuﬂwe law holds,Left nearmnngs that m,those in wb.lch the left dlsi.ﬁbutwe law o
© olds,wil be used throughont ths work Some suthorsfor example Pils 13] use right
o ' neam—rxngs m which the right dlstnbutwe Ia.w holda,a,nd a.nal@goue results hold for thesa
| The s&udy of near—rings was amuated in 1905 by Dxeksmn {4] {5} wha showed the
| iemstenee nf nea,r-p-ﬁelds ﬁelds m, whmh only oné dxsmbutive mle halds His ma.m mterest.

R was to apply neaz«ﬁelds ta geumetry They proved useful in wdmatiama cema.m 0133893 o

- | of geomstric Planea and toda.y t;hey are used in charaﬁtemsmg doubly tra»nmtlve
| o _- g]fﬂups,mamclence gmups and Frdbemua groups Between 1930 a,nd 1952 nm—nnga were
._ : :.-shudled by. W1dandt Much of h:s work was unpubhahed until his student el Betgch o
| i : __extended lua reSults a.ud starfed pubhshmg them i in the ea.ﬂy 19 60's Jn the emy 50‘3 D B ._ B
o 'Bmcke:t,warmg mdependently,reaeamhed along the same hneafrhro“sh Hopwpis |

o published bebween 1958 and 1962, Frdhlich increased interess d:stnbutwely genemteﬂ R

o "'nea.r-mngs While H Naumann showed cnnnemons betwem reduaaed fxee grou:ps a»nd

L : -'___"I'gAmang tﬁe&e aretheset ofa.ll

- A ';;:'mappl ngs gf a:rf aﬂdﬁm gmup mtn itself,mth po:nti}nse addltinm and compoeiuon of

8 :_’I.‘haré ag:e many na,tmal mrampl& af

:::.: r :;j;___j_._',;___maps,the st : . . all m&-ﬁmng mapa mth ;he snme nddit;on and imultzphcatmn and the seﬂ _. -' ;_ o

s Qfa,u polynbmmis aver a. mmmutaﬁva ring ’mth identlty undef ﬁﬁdiﬁoﬂ 3“‘1

B




'. : _Bubatitution‘t)f caurse every ﬂﬂg 1*I & ﬂe““fmﬁ S T R :
LUl :."_'In general it ne.ed nok he tmeﬂm 0, 7= u for every mn Mwhere ﬂ is the zero ofthe

B neavhnng Neur—rmgs for whach thaa does hold are t:alled zerMymmetrmWe wﬂi assume
| 7 that the‘ nm—nng whmh we use JB zem-ﬂsymmetnc.We mll a_sa assume that the near-—nng
- :i ""_Posaeasea 4 mnlmplica.twe 1dent1fv 1,,30 that for any ne N, nl = m = .
| Aithough mﬂy left dlstnbution is mumed to holdit ma,yhappen that certa.m

. elements are a.lsa dmtnbutwe from the nght These are called dlstnhutwe glgments of the - o

8 | '::”ﬁ B near—-nng If th&n'aar-n—rmg N is genemted a5 an add:t:we greup by a multlphca,twa
L g Bemigrqup of dxstnbutwe elements M then Ni s called 8 dlstnbutively generated (dg)
R _:"3':::'-..'“"3“"’1“5-‘”‘3 'WW(MM} to denete su)r.h nea:t——nng Bg nealshnngs are in iax:t natural
L R examplea m‘ zero—-s meetnc near—-rmgs ' : SR

o MODULE‘.B‘ ANQ SUBSTRUOTURES o
R ‘As n the rmg theory caae we can, deﬁne modules over & nean—rmg N

e Deﬁmtwn & 1Tt S be A (not necessanly abehan) addxtwe group S’ is ca.lled an N-module "
N if there e;q,f:ts ) mapping from -%N to S (s,n] - $n such tha.i. for a.ny % ,n. ¢ N and a.ny P e e -:' o

E a) a(n —Im) sn-i-sn
TN b)s(rm)‘“(ﬁn)n i R
R We ahall alsu aasuma that S 18 ﬁmtw;th&t iﬁ 8 1 = 3 fDI EVGW 8 in S,where 1 13 the
o u1t1p11¢3-t«ive idﬁﬁtlty OfN B IR A SRR

'I‘he sddifive gmup (N, } iﬂ ain ﬂ‘-mndlﬂ@;uaing thsa nea..—nng Imlltlpheation,a.nd S

L my a.ddxtive gmu:p isa mduie m'ret the f
o group“w :tself i o

.Iust; Py thera are hnmmnrphmms het;wegmmhdn{ea 'bver 3 ring;thera are

hnmomarphasms be@rean nmdnlea oi:er naa,t—rmga The}xe az:e xmpoxta,nt m deﬁmng madule' -'; o
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| | -D@ﬁmts"m 1.2 An addatwe group hcmnmorphxsm f from the Namedule S io the O
o N—-nmduie S m »a.xled an M—-honwmorphlsm i for aﬂy 8¢ .S‘ and any w'e N (.m)f-. (sj)fn. | R

- _The anbstmcwtes_of a module aver 3 rmg are the submudules a.ﬁd factor .

modtﬂes Every suﬁﬁoddlé fs 1tself a medule over the ting )md mnee the adchtxve g:oup is, L _': : |
o abehm,submodulea are m)rmal iz %he mudule Every submodnle T:a aiso the kemel of tha L o
' Ganonical homoiterphism .frorn the tmodule § 10 the factor module S/ Tin theease of
. - :-neam—mng medu]es the sit.uatmn ig less s:mple & suﬁ‘zatructure that is 1tse1f a mr.:dule need | o
) A ngt be normal, in the mcdule,and those subseta ﬂmt are ormial are ot always lemelsof
oy .:'_._"N-hommorphlsms ag the factor need not be &‘ﬂ N—module beca.use only dng d:smhutwe S
L rule helds Wa dEﬁﬂe twa dxffarent suhstmctum the Mbgroupﬂ and the N—-submadules

. and the latter vl yied factor modules. o SRS o
a Deﬁmtian I 3‘ An N—subyroup Tof nb:* N—moﬁﬂe S ia 2 subgruup of the group S such tha,t' o

ﬁ-_-.._“tne Tforeverytt: Tand every neN

o . Deﬁmﬂzon R .; Tls an N—wbmodme of the N—module Sn‘f Tls the kernel o‘

| : k At—homomorphmzn of 5 Thls is eqmment ta the cond:txons that T‘{ae both norma.l in S and . N
i '._::':'_'___"fsatlsﬁr (t+s)ne—sn ¢ Tfm: ea;ch e T,a d 8 a.nd n € N S o
- Mubmaduiea are also cﬁlled N*kemala

L e will oceasionally uﬁe tﬁe tefmﬂ m"d"le*““hm"dule anrl subgroup n pla.ce Of

. f:é_-'.__Nﬂnudule,i\ﬁf-auhmgﬁule and N—subgmup‘ R R
'j.:-ﬂeﬁm’tivn Lo 4 ' o

E 'f:f subgzoup I 15 caﬁe& a ﬁght edeul of N if [s+n)n*--rm' £ I for ea.ch i€ f, n.#s' €N So. the nghﬁ N
fm_a@ b both A left and a xighl: ideal of Mm ealled anidealof N. o .
mm au})gmug of (Net) such that MU' Mive call Ma,subneax»nngof N
Cr Deﬁniﬁo |

] Drmal subgraup I 0f (N,+) xs ca.lled a laﬁ zdeal of N if NI < I.A normal

2 the M*ﬂubmnduies of (NLI-) viawa&m an Madnie.A nbrmal aubgroup

§ n'm‘inoduh Sis callecll[fmthﬁﬂ if‘whanwen # e Na.nd su Gfi'or all sm |




‘I‘he e:ustence of N—subgroups wh:ch are not Z'Huisfe: :iules aLn comphcates the - o

e extensmn of the concept Uf s1mp1e modul,es m nngs to near-mngs “This leads to the notzons o

. ____-:_'-of type-n,cyp,e-l and type«:z N—modules Consequenﬂy,several different Jacabson-»aype |
o -md]msmy'be deﬁned S .:' S T e _' '_-,i’- o
| Dejimtzon L % An N—module st calleﬁ anOgemc xf t;here is some s € .S' such that
I'-_sN- .‘S‘Wecal] Bageneratar forS PR S o
o B - Deﬁmtzon 1 4 Laﬁ .5' be a ntmwzerc monagemc N—m@dule Then SIS smd tct be of
a) type—-o if Eha,s 1o propeﬁ non—zém A -submodules o '_ L
| L ‘h} type—l if 6' heg m proper non—zem N—submodules a:nd for each se Sexther sN 0 or :
o _. '.sN =5, A momganm N—muduie sa.tlsfymg this latter condltmn I8 called strc-uoly -
| | monngema " R S S B
_.'_c) type.ﬂ-z i .S' has no preper nonuzero N—suhgroups _ _ . - . S
N . 8o S—-mochﬂw of type-2 are of type-1 and those of typs—-l are of type—-o Since we
o _' :_'ﬁ.i.-':'assume tha.t N has 2 mu]tlplrcatwe 1dent11iYsWPﬁ-’1 and WD&-'? mod“leﬂ aIe the same,a.nd .
e - they wi!l generally he called type-z We note tha.t since 1 € N and Sis unitaxy,SN # (0) if .S‘ h
:w) | .

. Dmgcr SLIMS | ST T
S As in nng theury,we ca.n deﬁnﬁ mtemal and eachemal dxrect susns of submcsdules and
- -' _.: modules rwpectwely Unhke the ring tﬁheory sxtuahon though,ft)r a general nea.r-nng these
| - | '-wﬂl B0t alwayé ba iaomorphw,‘.tn out case howeva*,wher& we a.ssuma ail near—rings to be
: -_"zemﬂymmetric,the mtemal a.nd ea:ternal dlrect mzms are mommphc,as will be shown L :
. Dofnhtion 1.9: Let(S),; bo a0 indexed colleﬁtlon at’ N-modules Then the external duect g
5 /fﬁumaf(sgzd,demtﬁdelS jo defined by P |
98,2 _i"_ﬁI—rUISs 3634 .S‘ for each iel a,nd J{i}% 0 for omvﬁnitely many ie I}

We will deniote i:he elemeﬂts ofm}.S’ hy (3 ) ; ﬁ

where si = _;(z’} a.nd it 1§ underataad tha.t only o

| ey g,




(sz) ; eI a ._df;;(s A el méBIS and any % € N

::’_'-':_:-:_".'_(ﬁ,‘)%ﬁ(.s,‘)id (3 "]'si) ch a,nd w )teI"' __.f-_(s;n)%d

R If we remove the rest.rmnon that oni} ﬁmtely ma,ny 3; be non-zero.twe have the extema.l

; pmducﬁ nf th' ".S ,denoted IIIS &Iso a.n N-—madule w:th the sa.me c&-nrdmate wxse

F

IS becemes a,n N-nmudxﬂe v:hen s:peramons aa:e deﬁned co—-ardmate wxse tha.t 1s,for __ =

r: 4» is deﬁned *30 ‘GE ('0]) ,?EI where t; = 5 s f0r each 3 ¢ I with 5 the krrmecker delta..:. s K

_'-‘an N—-isemcrphxsm from 550 the sevof all those members of&BIS wha bave all entr&es S

_ _Lel; (s ] .ueI he an mdexed colIecj;mn of N-modules Then fm t,ach iec I, E ~a is a.n
.. ._ N-submu d’ule 5 ml S : o R L
Pz’oaf R B
= S ‘& 13 cmgﬂy normai mml 5fcr 1f (s]) J€I eeIS a,nd s ¢ S’tthen
_(""J)Jef"s"'{'(sj);eI {s e si)"ifs* |
) :)jnr et ne N.It remams to show that ( s]) f 51'” )n—{sj) ;,-el“‘ € S»& Naw o
B «3;7)35‘"" u—(s }) e eI"' ((s +3’)n—-s n)a €5 a.nd hence 54,5 13 an N—submodule of$r5‘

- 3-‘-_"'!_9__Smca each S 13 xsomorphxc tn S ai,ea.ch S 15 momorphxc to a.n N—submodule of@ IS.. :

s Let Sbe a.n ALmadu.le and Iez Tbe a.ny non~-empty subset nf 3 By the L '_ '_ _
N-«submudlﬂe (AL-subgroup) of 5'generated by T we mean the mtErsection of all the - N o

B ﬁ _ ubmodules ( N-ﬁubgruupsj of S mntazmng T An N*—module Sls ealled ﬁmtely




P e -f_k_:is' S N
'-.._{T }0 ,whereklaanaturalnumbera ‘"(Z TJ)""TkIf mﬁﬁwndmcset,thenby
| s j_’ E

-.'-_nxsﬁmﬁe. ' S e L B TP I

Nota tha,t wh:le thﬂ sum of two submodules of a partlmﬂa.r module w a.gam a

R | ___'submad ulo,t he sum of two N«-subgroups need no hnger he a.n N—»-aubgroup Eowever we do S

RN Lemma Lt

| - | B Tzs an N-_subgi‘OllP af t.he N—module S and U is an N.submodule uf .5‘ then T+ U s a.n
'-f--'_'-"ﬁff._N%bgmup of 8. e o )
- Proof . » - .
i _";‘"._Thmfoﬂows ea.ﬂﬁy,smce 1f te T uE Uand MN, S T
e ($+'u)n (t+u)n—tn+m£ U+T IP+U sirico Um an I&f—submodtﬂe of S o o

e Nomhatany ﬁﬁﬁf-}é 'smfisﬁbmhdfmesbf@u.M---ﬁiuiefisﬁfasaiﬂa_;subﬁnédule:‘ o

o -'Let s be an N~modu1e and {S }ml a faamly of !101'11131 M—ﬂubgmups °f s I 5= EI 5 3‘“‘1

- (’3 Sg)ns to)foreach:elthenwesaythatSwthem’ﬁemaldm"““m"“hes wd.

S we wnte 5 zéi s, Wa note tha,t tha S need not be MHHMDﬂﬂ% of 8 The elements fmm -

R - ) dlffemnt .S' cummut& mth xespect to a.ddmon,as in the sﬁanda.rd group theor:,r 1'33111‘5
e Deﬁmtwn 1 13: A dxrect mr’l 5 S -[of ideals nfneap-nng Nxs calleﬁ dwtv-zbutwaiffor

5 irom diﬁ*eren% Srse :_ '

any EIz and EI" in 5 (ZI’ )()31, y) zIWAdueetaum Ziﬂﬁ'a Tof Hubmndules S nfs xé  3 -

¢ called distributive if for any B

;E T a.nd-fmf-any as e N A B, n = 213 u,whete i-.he s !:.eme

\l :




SR __-'Praposstwnld&

If & hy Di I8 a.zfamily of normal N—suhgruups of § wit;h Z‘.IS' EIS then ﬁ‘ Saa

L _"dlstnﬁbutive‘ each S 1s a suhmndule of S Ccnversely,xf ea(:h S 13 a0 N—submodule of S i'.hen._'.__ L

o Pmaf .

o .-Suppose ﬁrstly tha.t 2 :S‘ 1& 3 dxstrihutive sum cf narmal Nﬂuhgroups "I.‘hen Ble&ﬂ? Eﬂﬂh 5' o

%el

o I"m A M—ﬁubmt}ulﬂeﬂfﬁls smr:e for a,ny 5= (s +s + +q }in. EIS ,(s+s n—~sn € S ,smcel o SIS
k

o elerneuts from mﬂerent S commute { -

. Tn prove the eonverse,note ﬁrst. t.hat. smf:e N 13 zem—-synmetnc,any N—snbmodule Tof S s S

- '3150 an N-subgmup of S,mnce for a.uy te T ne N tn = (ﬂ+t)ﬂ—-ﬂn € T,Once t.lns is known -

L wecanprovetheresult. e

o Lei; & be an J\L—module such t.hau S E[.S' where each S is &n N-submodule of & Liet -
o - 8 +s -{-. +s c .‘S‘, n e i‘! We pmve the re@ult by mductmn on r.Certaml_,r wzth r= 1 the

S reSUlt iB t.rue

o ﬁt-submcdule:% of S,and so, '

"""IT'(S{;T“.'-’*'S&)nﬂ“}.i'—hﬁ +3 +s )ﬂ“? n 9

- Suppnsetha,tforanyH }:<r,(s+s+ +s}ﬂ-’3n+sn+, -I-smNowS a,nd}JS ate

g |

(3+3+ 'f"3 +3 )ﬂ"‘\? ﬂ,gs S &nd‘-(S"f‘ +3 )ﬂ"]‘(&"}‘u +3 +3 JRGS Hence

"_:'—{x-n +,..+s )n+(.s +s +.. +s +.s )n—s M (3 S,)“S aﬂd w0 "
LB S .

L .'.Remaﬂ:s 1‘13

o

L jg,) In the pmot‘ of thls result vgshwed that if N zs

__Myxmnetnc then every SR

L _f-.'b) If Nis zero——symmetm ;md 5515 aﬂ N—m(:duie mth N-ﬁubmadules (S:)ml Such that S =




L wmten umﬁg ﬂle ﬂymb"m

o 31 athen .315%:3915 Alsa a.ny exﬁemai dxtect sum of N—madulesﬁzs s the mtemal direct'-'-j B

i sum nf 1ta ,!Hubmodulea (34;) &I.For these' 'feaaans ﬂxe mternal dsrect sum is also 11311&113’

B :c) A resu1+ mmﬂar fn 1 13 holds for 1deals of ! nea:v—«ung,xe 1f N s zem‘amem“
Sl -new— ﬁ ng,then every direct sum of 1dea!s of N is dlstnbutwe |

e JACQBSQI\LTYPE-RADIOALS e

L Severa.l d:fferant Jacobson~type radwals have heen d**ﬂned in nea**ﬁ“g the"”?‘:and *h&

RIS most well-—know:u ‘mll be deambed hera Recall that where R I8 3 nnEJ(R) is defined W be .- S

o the mtersectmn oi all the pnrmtwe i:ieals uf R,an 1&3&1 I bemg pnmitnre if Rj 1 has a.

. | . s;mpl& falthfni module,and R itself hemg prmut:wwf the zem ideal i m pnmitiv&.] ( R} |
FE anmhﬂates every simple R module and can also be fha:actensed by say of the fallomng
B : a) The mtemectiou of aJl the maximal left (nght) 1deals of R k ' '

o b] ’I‘he mtersectian of a.ll left (nght) pnrmtwe ldeals of R
__ i : c) {:z: € R. m 13 quam—a:egulam for aII r,s '3 R} '
_ _. : "_id) {xa:f R ms quam—rpgula.r for all re R}
- | .-'3::?e) {z € R, 2338 quasiﬁregularfo:' all ¢ £ R}
. DThe union of all the quasi-regular left (nght) J,deaia ofR
' g)'Th union of all the quasi~regular ideals of B
EE .-_'-_:-h) ’I‘he unique largeau 5uperﬂuous Iefh (nght) 1dea1 of R

L "We ncw mdlca.ﬁe how t.hese nntmns wera extended te near—-rmgs

C '_neawﬂng Eqmvalanﬁly,ldteai Iof Nis, @Fpmmxhv& if and 0n1y ;f Iis the, annihilatar in Nof o S

ot i = bamy (8 e St




' We_ caﬁ'na deﬂne the v—radmala of N for v e;{ﬂ,ﬁ’} i S

S geueral & two sidgd igiaal,hut iny a._'nghf: gteal_In'fhe neax—nngca.aem denote t}:us Lo
-:_._-mteraectxonJ /s {N] andt;alIi&_ _ quam mcg.ljofNJ (N)c J h(f\nc J (N],smceany S
o '_ﬁ'-pl‘lﬂnﬁ’il& J.deai is mn‘bai_"_ ed_inamammai ght ideal: Fﬂr 1f P1s O—pﬁimnve then Pls ST
- the annibifating ideal of an N-module ¥ _mre A'is » maximal vight ideal. Tn ac P;s S

the Iargest Mﬁ&d 1deai cﬁm“%med in A We* ﬁow deﬁne anothsr radmal,the sﬁradxcal S
__ ..,_'-..:.'.'.."_z'lntroduceﬁl hy Hartne? {ﬁ] . PO S PR T Coenl
R Deﬁmtwn 1.;.{?‘ Let Sbe a.ﬁ I\P-moéule and set s,s e’,S‘ k) m sa.zd ta be eqmvalert i s' _' _'f S
wiitten gn. ait " U BT R .

o ___:"'3N"- 3‘N aﬁd
SR Deﬁmtsan LI&* An
S sN# wae ha':__ _

‘) . 13 aneqmvalence re]atzen on S Y e
mnc‘iule S of iiype-ﬂ is_sazd to be ﬂf type-a 1f£or each s ¢ S such that' :




T &ﬁ_' on _Hem e H_am . ﬁs

By the defnition ufatﬁ’i}ﬁ“ﬁ Mmﬂ“lﬁw type-2 -modsle a0 °f Wp o

-"5f'.'.'ﬂeﬁnizfan 1:20: A vear-sing Nis @“ﬂﬂ Mﬁmsiwd lfiﬁ s a aithful s

- pmoduletdeat of Wis called s=primitive if /I1s a3 er-pnmitwe neammg,that ia,xf I

o ”'":".f:._:'__annihilatwaaN—vmuhlﬂeoftype-ﬂ T RO SR Ph T

: _:.;Deﬁﬂstfﬂn 1‘ 3 1 The intergéctiﬁn nf a.ll the &wpnn;gtive Jdea.la Qfa.nean—rmg Nis called tha

il of N 00 gt e e dn 1) = .

.':I}_:'._'_.";'-I"}fanﬂcaae, (N)# NuAlsojwe have the 11101“31011 S

e, (N)ﬁ i (N)a 31/3(1‘4)3 b (N) R e
i In ﬂm 1'1115 t;heory caae allaf theae comcidaa-nde(N) = J(N)s 1” U 1,2,3. Lo o




g emamommm..mg Mobms’}_ 50

B B In tlua qhapter m extend tha mﬁcepf. of genexation from mndules avet an aa:bm:m:y rmg

- withidentity to mhodules over a near-ing with idexmty We first bneﬂy eamitetle

. __-a:ing—-theory situation, B | .
Let Sbe a mndule over a nng A submodule Tof.S'xs called essem;xal in Szf for every PR

B :nuzmeru submndule U Qf S mT# ). 'I‘he symbol "< n wxll mean "xs a. submodule of ¥ 80 o

L ;i;hat 7 < .S' means that i 18 2 su’bnwdule of S.Then severa,l results are eagily proved* o |
Let T < S < ’S&nd T £ S 4 Swhe-:eSis a.module ovet R armg mthxdent:ty As S" "

o _:5515 3 module ovar: a nng,hoth T and T are also submodules oi S’I‘hen T is essentia.l ns if .

o _:iand oniy if ‘1’ is essential in S and S‘ is essentml in S,wlule Tn T is essentml in § if a.nd

| _' j" __ bnly if both T and T aa:e essenhal m S.If S SaS then TM‘ is e..senmal in Sxf and
'anly if :r 5 essentlal in s and T is estential n s |
; Using Zom’s Iemma it nan be shown that 1f T:s a snbmodule nf .S' there e:asts

- anothar su‘bznodule Of S mammal wsth respect iQ havmg zero mtersectmn thh T, and the

'- - Sum of this submodule and Tm esaeutla.l 8, (Reca.il that the reamcted sum of snbmodules . :

L ';ta alwa;ys aga.m a submodule in the rmg theory case.) L
S e ‘k’ be a.ny clasa of ma\iules oWt the ring Sm saud " be generated by ?hf t.here s .
L ansnﬂexed b (U}M i1 % and an epimorphiam lwIU ;5 o

Wedeﬁnethetra,ceof ftms Trs(m tobe Lt
’TJ. S(%} )3 {Itn hl fr..Uw Sand Uﬁ %}.Then Trs(ic) is thenmque Iargest

o submndlﬂe Gf s geﬁemed by %We mte izhat T: 3( ?z'} may be S xtself

Theaa deﬁmt‘ions camqot be dimctly applm;i m ng modules a8 the 1mage Df a o

T b oﬁ;omoiphlﬂm of a, nea,r—-rmg module is nat neﬁ'esaanly &u M—aubmodule of the ima.ge

mi\ J,bm‘. oKay s ALsu_ oup

whﬁat tke sum uf twu Nv-aubgroupa is not. alwa.ys an




S _Wxth m;he dlass of a.ll mmple modules over nng R,we deﬁne the sqcle of s Soc(.ﬁj,to

o -:'I\f-subg;coup Some restricbinns to zhe deﬁmtmns of generatmu and ﬁrace awe therefone | .

o o .he ‘I‘r,s('ﬁ It wthe largea{: semmmple sﬂbmoﬂlﬂe Of 5-1** Gan be Sh"‘m that 508[‘5'} e the
L _! mtersbtztmn of aii the essentiél Submodules of S Smfae nea:qmg mOd‘ﬂeS have several

e '.:{:':ﬂe@ﬁnition ufa. socle. Sl T e

0 j. : s Lq \ N denn te N wwmgmc 1eﬂ; near—nng mth 1dentréy ‘I‘he concept oef am essentm&
Lo submodtﬁa Jn rmg ﬂhﬁof? m“st' be mimmd t" &eal with the i;wa mm suhstrucwres
| _'__:..-_:'-._occuring in modules over anear—nng SR Fe

" Definition 2.4 Lot §'be an N-—mcdulesAn N-suhgroup Tume called madulw wntielin -
~ Sif;whenever U'ss 3 gon-zero N-submodile of s,then e ©.71 ca.‘ied es&entla.l msE

R _'for every nonuzero Mgubgmup U of S n Tf: {0).

. The fouomng lemma wm be used uftan in what follows

. Lemma2g

B :-_ R T m any Mubgmnp af the N-ﬂ-modwﬂe .5' a.mi Ulﬂ 3 submodaﬂe of S maaumal w:th

resspect to :mtr~ (G) [thee:ﬁstenceofifm gnaranteedby Zorn'slemma] then T—I—Uis. |
”"_.":'mduleeasenmms e SRR

_' "'_Praof wh o T e e

.  _ _”',IfAisa.non-—zerusubmnduieofSauchthat An(rw) (0) then (Awm {e}
S ’fﬁ':_--_oonaradmmngshemmuma.htynfzf e

o Olearly every essautml N—aubgroup is moduie--evsemxal
'I‘hese definitmns are due tn Bexdlema.n [2} aud Oswald [12]

S " Daﬁmtwn 8.3“ ﬁn N—-aubgmup 11‘ uf S ;s smnicmnplemauned if there existﬂ an N-subquuie ._ SRR




3 rfof Sauch thi g z:n fz'__~__-= (ﬁ] and mm 3 Uza then aalled a semlcomplement of T m SIf
every e‘rement of a, set af Mubgmups 13 semmomplemented,then the’set 1s called
O aenucmnpiemeutem ) o

M;subgréups, ,aml medmﬁble if it comams no proper nonwo I\Huhmodmes We note

| __ Deﬁmtiors %5* Let N be a, neamxng a.nd lef. %! he any cla.sa af N—-modules,a.nd let S be a.n
: | :-._:'_-N-module An &Laubmodmb .Tof 81 13 sa;d w0 be generated by %m 5 1f there f5a subset
v B I:‘( U,;)3 eI m % for some index set 1 and an epxmorphlsm {;:GIU =t T such that each unagé of
S -f_a Js is an M—aubmodule of SQ whem e is the restnction of & o U 418 of course the

Nete tha.t s.n mubmadule of sgenemed hy zin .S'need ot be generated by #in

- Be-oubmodule of Sneel not be an N-tubmodue of 5. SRl T
__:':_fneﬁniﬁnn 2.8 We_j cfma the trace of ?:: in s T;;S(%z) tobe - LT

L Igu=3gm "

‘I‘Jﬁs lpat cundition 1s necaasaxy smce (U}ﬁ ‘is in gener&l Qtﬂ,v an N—subgmup of S and ﬂae

__ ' J\Lmodule 3 mll be ﬁalled mmima.l zf 15 mﬁtmns no proper .non-zerg T ;'j:__ S RS

i every J\Lgnudule contéﬁnms SThza is because if S is pmperlyfaontamed m ALmadule S‘,an _ e

g smn uf At-subgroups need not he an mubstaup As in the nng*theory case,we ha.ve 'i o




| __._i_};ﬁl Ui-q T-+ (ﬂ) exact far aoma famlly (UBJ o1} in f.he c.ﬁass ztand each (U )a Ja 13 an :.- =
l"h‘suhmﬂdiﬂﬁﬂfSThen Ta: S[Imzhandso T( Trs,(g,:) R ST

We uow gwe some genex'a,l results cont:ermng generad;icn a.nd trace f LT

B Pmpamtwn z? 8

a) If S 1s a,n ﬁhmodule generateﬁ by a, i:lass of N—meduies w then every epl mOrphxc Jmage : o

ofsaaalsogeneratedbm o . T R S
b) 1f ( g )st 13 mmdexe& seb of N——modules each genera.ted hy ?Jthen mI.S rs a,lso gene.rat,ed N
s a}_ follﬁws by takmg the cnmpoaitmn mapping

o U'-* kX T
=

b) Ifforeachieiwehave s S B -
pe, 54 c,deﬁ B U‘ ms' = E i, h5
.ﬁ Bl\\g"* ; i31 Difu Pl( 5)‘* m %((“ﬁmg)ﬁk ]g( [,r Jk}'fk)f Wlﬁ
thekroneckexdelt&, Ll e |
ﬁs a. aoralla.ry tn tl:us resuit we ha.ve the fel ""wing

C’amﬂam 2. S g
3 If&’ia a.c‘ra,ss ofN—mad\ﬁes each of whic generated by ¥ _'
by .9"3 genera.ted by z. '




_ __ '".'-_ﬁ:'*:---._PWf L RN B

' First' wa show that. Tr_s(‘zt) i generated by %m .S' 'i‘here e:asts {U ) I m afa.nd )

L '_“_:At—homomarphmms (!z)m h U - .5’ wzth (Eq}han anubmoduie o Sfor eax:h : 3 I,such L

” '.3:tha.t 'I‘rs(w SIIm U Deﬁne hﬁIU .S'by ((“)zd}“j"' (u‘?}h for ally ¢ E.Than ;..h h

a.nd % (U }:.Jz is an N—csubmoduie of Sfor eax:h i eI Cle;n}y 'l‘rS(E:.') = Imh su that:' TP

| _::"'ﬁ‘zTrS('?&‘)xsgeneratedby?in.S’. FAREY L R -

L Next suppnse T:s an J\Lﬁubmodulé of S generated hy 2&' m .S’ Than w& have o

L U»’P T—i (9) exact for somafam:ly (U)wI m the class %’and each (U);Jns a.n
_‘N—eubmamfie of S.Then 7= Hlm iprandso T¢ sz(m D U RIS

2 S We now gwé some generai reSuIts m)nceming genera.tnou and tra,ce :

SRR _:'._'-‘-_.'.E”Proposztwn 2.8 R ST

R oyH Sisan At-mor.’ genera.zed EY 3 01455 "f N-—modules 9"" then every epimorphm 1mage o
"""'.___'_.__-j:_.f.:"'.":'_":ofSisa.lsﬂg,enera.ted’ﬁy?é'. L e e I TS
_. b) i (S )iex i anmdexed set of Nf-*mndules each E‘*ﬂemted by thhenQIS s BJBQ generated -
-_”'Proaf y S
U | :  a) foll nws hy taklng the compcaxtwn mappmg

s U«-}Sﬁ T
351 :

h) If fw e;mh -1 e I #:e have

L ﬁ ®, Ug - Siepm,daﬁne .f- "E\a { UBJW 51

1.1£I

y({tﬂ )L,B}fﬂkm Eﬁ(aﬁ gk)‘k)f mthﬁ

S 'f;.:"--thekroneckerdelta. T TR T TR R

N As &’ m:ullary fo' f.hxs result wﬂ‘-%&ve t.he i‘ollowmg | RN I St R R
L 'C‘mﬂaryea ' “ Y B FENERIE B ¢

L If 3’ia a clasa of N—mmdul eal

RAREE b.v ms genera.tedb %




o ’Mgosstsawﬂ.la |

R ;_'-:'_. I.et H be z’heaat of aIl N-—hum@morphisms h from Ttn S wn‘.h Yoy k a submedule af Sand '-
IR gc..-= Sho h. & ,f. Sw EI‘ then h;:«@ for ea.ch h . Hifami mﬂyff xs ker ,f B




'- _._:.._Fa:ea.clil eltthem" e:ustsaneplmorphmmhi B Uﬂlﬁ 'I'rg(?t) for;sam suhset (Uﬂ )B of-__ e

a s ___._havea.neplmnxphmm frcm mcU toﬁl’l‘rg{’?l) such tha.t: them:a.ge ofeach U ma S

e ‘:aubmnduleof'mls Hencemlﬁsi(ﬁf)c Tr@ %(50 R R Er o
B ;I__:I'-".'%Isi(‘?/) 31('»% s(%) iris- ¢ I:;‘I‘Jlt,s' (?‘)‘5 .sxnce "'i i epzc fromeIS- t S.. [
L '_ EI(T; 5 (72));] mGI‘I'r S (%) a,nd so '.l:‘rg S(?ﬁ}cmﬂl‘r S{ﬁ’) and the pfoof is completee L

i . Tr S( ?dj the mxgeat N—-eubmodnle uf 8 generaised by % 1{1 5 ls ;uat. the sum of all the o
mimmal N—snhmedules of 8, t.he m,ge of a. nummal suhmndule bemg mimmal agam~ We .
_'!reii;era,te that the zewmodule is considared to be minimal, S

;- %'su :'.'_that ea.ch " ,B ;,, 53, a. gubmod‘[ﬂe of S By Iettmg C be the dlsmmt union of the Bi ,we | :

" vow T be the dass fall m:nap;ml N~m0du1ea andlet $hes &0 N-modle. Then R

BT f.Beﬁmtsan .18 For any. Mmdﬂle 5, the 30“19_01“ 5 5"*’_ 3 Is f‘he 3“"‘1 "f “ﬂ th& mxmma.l e

. é_‘.“}\t-—submedxﬂes ofs; th,a.t is Sac.,.S‘ = szﬁt)

oo beuﬂeﬁﬂf“* s puose.

W;e now invesﬁgate the atruetum of the socle af a mudule further* Thﬁ following lem;m o R



1£ Tiaan Mubgmup of 3 a:nd the“aet of an At-an’bgmupa nf st mimplﬁmeﬁ‘ie‘i ing, S

S i ula ‘hat; uhefonawmgmequivaient R
: _;-a}S Sm:S Pl TN N |
o '13) S 1:, & direct sum of mmjma,l IJ—aumeduIes

g ._S'gontams no pIDPeF mﬂd“‘-e“‘em“ﬁal N—gubgroup 3

d) The Bet 0f all Mubgfﬂ“?ﬂ °f S i“ semmomp mented in S
St P?’a;’fﬁ _ SR T e e e
We prove tha.t b):} @4&);; h) h)=> a.) and a):; c)

_ in .@‘m a,gam an elamm of Eand 1s an upper bolmd far the cha.in,and 50 the:a e:usta-m - o




'-{ ;\holds, gwmg,}: E L Buﬁ‘ tl:ns. contra.dlcts thez chomé of L So P mush be n'umma.i,but th:s
’""-.-_mnt.radmts the fa:ct tha.t H‘iX (U).Hence X S' that ls, 3 }3 Si whe.re each S lS a.

._-.'3__.'numma1 N»submodule uf S. Now 1et Ebe the cuilectmn of aﬂ submo&ules of S whmh ca,n
"wmten as a dlrect_sum of rmmmal submndules of .S‘ .@% 4; Partla.lly Order Eby aet

1--1 1 anA a

& _e.re senﬁcomplementad m 5’ we hm T_ -"'311- &b} b

sum dewmposmion mtn zmmma.l submoﬁulea of S Since S S S and all N—eubgrnupa of S

1§I




on-2x0 § wa have K11 5 (0) and 50 5 € K a3 the 5 are Py

e genemtad hv %3 that zs T zs completely reduclble aa a,n N~mndule S

Then )3 s K Sn 3?".'; e

'_[_Let '.I:-yenom the interaection Df all'the mndul&essentza.l M—Bubgl'oupﬂ of S‘I‘hen T is o

| mf A’xs a.n N-eubgraup of T fhen X m a.n, I\Leuhgroup of S‘By Zom’s !emma. we can find a. B

S : 'submndule é of 8 ma.xmial mth respect 0 mx (0) The:; X+Q is moduleb@ssential in S S '.j

- .. by 1 2 i an d so Tc X +*Q and T= X+(’1ﬂ@) where Slh le a.snbmodtﬂe o'r‘ T Tm
__.":'f;-.__'__:‘_:__:'-._f-_mmpletely reduclble by thecxem‘z 16 e A

PR hy 2: (m T.)From t]:us result we cannot conclude tha.t T is 3 submodule of S Wh&t we can i o

- 3 deduce is that Snc 3 c T smca if U m 3 minimal Submoduia of S, Uc T In the nng theory
Tﬁ ouz aase, that is, the near—ring case, we have RET -

L 'caae Suc S” i

- 3 Pf'apasztzon 2‘ 18

B Le:r. T ‘be the intaraection nf a.ll thF modﬂes——esnenha.l N—?mbgmups of .S‘ If Tia B submndule S | _' |

. nf § then Sac S T

o Pwef LR T e S D
_ g ": Buppose theré mdats 0 % p e._I’\Soe S By Zom*‘s Iemma there emts a, aubmadtﬂe Q of S R
o maadmal wit:h respect tagﬁ Qand Soc 5cQ L@t Ql mr ,ekgain usmg an*a Iemma. 'f
"" ) them mrisi:a 3 aubmadule Uef S maxiﬁual wmh respect ta an U‘ = (0), and b;r lemm&? 1 o




y c Stm 3u Q c;ln;t:_r = (a) 'f_ % rfl.._ (0) Then :z' @1 m@sa Tc chntraxy to
o .*pgéQ Itfollmthat T:—:Sccs S TSR N R .
'"""":'f_'_i_j'_-___f‘Pmposstzon219 | S

e Suppoae Q i5a aubmueluie of S such that 'Suc Sr: q; TLei: q¢ Q\Sou &By Zam‘a lamma -
o -'-.Qhete existq-g submadﬁle U of ,S*“ ma.:nmal w{th respect to gﬁ.ﬁ« U and Soc Sc U Let; t} =y " '_:'__'
R mQAgm usmg Zum’s lemma there emta & smbmﬁdule VofS mmuma.l with respect 1;0




_ 5 "We n&w ‘ﬂlm mlr attentwn to gen&atmn br w *:Iass of all meducihle N—modnles A
V module is generated by ,?”f aa& 6n1y Jf 11; 15 tha sum t,f submodules eagh Irreducabie as an j o ._
Mndule Smce a. su‘bmoduie nf Y dxrecﬁ &umma.nd of S i aJGD asubm;oﬁvle of S S B _' _' | | : :
: ::enemted by .9" it a.nd only zf 1t is the ,Bum of its 1rr&duclb1$ Bﬁhmudu]as Sﬂbmodule T of s ':_ : N
g ,s generated by Fn S1f ahd on]y it it is the sum of &&ﬁmodules n,f Sma.ch mducibl o % an - L

; C : , Nnmbdule “The follnw d' g priapositm 'ves more equwaient condrzmns-iargenaratmn by .?‘ S |
T R B
o letSbean N*module"lthe oo die coiivalent:

o a} Sis s divect’ suim of 1rreducible aubmotiules LV

- B Sls genera.ted by the dasa ﬁf iﬁgﬂumble 'Mquodulea_'; . _
r;) .S' is the autn of some set of lrmciuc}b}} aubmnduies A L




4 : e) b):é a.) a.nd h) 5 a;) = d) We neerl uniy shnw that e):ﬁ d) Suppoae

i _'then“tha;t ‘hvery oubmodﬂle af S is ) direct aummand of-S’ We ﬁrst show that: every Do
SR -\_fnon-zerﬂ submcclﬂe of & cantains 8 ug:éducible subnmﬁula of S el

‘i’Let 0 % a 3 S and let [s} be the submodula of s generated by s.Then {3] contams a

A B _' -;__‘submodn,le of 3, U, maxim&l among aubmodulea at‘ S contmnad fn [s]

| Lk Q‘be the ses of all submﬁdulee uf S properly cbnftained in l.:] Order .@by set

SR : '"'"’:":'}:"-i’lduﬂi‘m (0) e .‘?l‘l’hé umon of &ny cham m .@Js agam 2 submodule of Sa.nd is -
R -pmpeﬂy Géntaimdﬁn [-ﬂ,‘éinoe if not there 1& same elemen‘[; in the cham contammg '. .

o gand hence 4 conl:ra.dmtion,ﬂenca by Zorn‘a 1emma., Uexists.

A '};': | U ia a direct summami of 8 by hypﬁthesm, 80 S Lm Zﬁ for some submodule of S, U' Then o

s]fl(wﬁ') ef l‘m(tsh U‘) a:nd au [a]n U [s]/ U is an ureﬁuc:ble suqudule of S

R Leiz }fbe the union afall thameducible submndnﬂeaofﬁf X $ S X where - ﬁ .
R :X‘ # (0) Buﬁ ﬁhen by the prcmoua pm, X contains an :rreducxble submﬂdule of .S', R
RS .:.;.nontmdi‘cting the deﬁnibmn ofXSn X-n o AT 0 R RN S,




S _f Smce the kemels af N—homomorphzsms are submndules af the domams,’ he notmn of

': '-f:ﬁ _flmgenemtion in euttended to near—:mgs more easily th&li that of generatinn Genera,tmn s

| -concerned with ﬁha sums of images of fv—-hom{)morphmms Imﬂ.gea af l\Lhnmnmo rphisms m : ; :
N no‘h necessamly N«-aubmeﬂtﬂes ‘buh only N—subgroups of the :mage spa.ce Very briefly we . I

C ;*lnow outhné the wn%p; of cogeneratlon m xing theory Uniess atherwxse BPBClﬁeﬂ for any |

: """;:'"'f-mo i ule S’over Mmg R (overanea.r-—ring N),T< Swﬂi mgantha,t T:s a.nR (respectwely

L :_.-:. N) 8me°d‘ﬂe°f3* '

let Sbe 8 chlule aver the rmg R T< Sia called superﬂuous or ama,ll in Sxf

: | “ 'whene’rer U < S' such that T—I— U= S we h&ve U= .S‘Thzs notmn is d‘ua.l to tha.l; of the
S ,'easentia.l submadiﬂa.

o HTgScSmdT 3 < SthenS 1asmallin31fau60nly1ff{' iosmallin S asd
---'__-_--'S/T issmallm S, 1' ,wmle T+T issmallmSifand onlyxfbﬂth T 40d 7, a.resma.llm

S( . ..

Iij ) .S' W an R—homomﬂrphiﬁm a.nd T ig sma.ll in S ,then J(T) ls 8ma11 in .5'
IfS fm.S‘ ,then TQT 18 small jn S:fa.nd 01113’ if T is srnallm 5; and T is ﬂm‘m mS o
o Lat % be sny class of modulea over f.he rmg R 818 said tn be cogenel-‘aﬁl%d bY 3‘ lf

| there e:dsta an mdexed seis (Ui)mI in % and 8 monomm:phlﬂm 3 B III

We deﬁn& the reject of mn S,Rejs(i’t) by
Rejscif) n{kerkik.SA U Uf ?t}

o Then RejS(%') 18 the tmique ama;llest. submodule T‘of Ssuch that .S‘f Tm cogenerated by 2( K e

W‘th &‘the class of all sxmple madules over rmg R We. deﬁna f.hn radical af

- &R&ds ta e eq@ial tu Re;s( ﬁ Ra.dR,the Jacobsoa mdical of R.zs also equal to
R a,) 'I‘he mtersectlun nf an the mammal left {:ight) 1deals of .R |

; ')

I

aaamzmmm NEAR-—RING‘ MODULES R



_ : h) Thé mtersectmn of all left (right) anlf'“’e 1dﬁ315 Uf R
| - “_c) The sum of aII quas1-:regular left (z‘lght) ideﬂlﬂ Df R L
&) The sumotall quasi-regular ideals of R L
. -'e) Tha umque largest. superﬂuous Ieft (nght) Ideal Of R

SRR ere W‘? 51“’33*13359 @is(%') Md 3913(55 Where .S‘ is 8 nea.r—-nng module a.nd ?e.‘ a.nd ?aga - :i_ .
e _.-the méduczble and m;mmal near—nng modules reﬂpectmly’ o _‘- j'-: : - G IR

o gg lf there SXIBtS B;ﬂ mdexed 331; (U)Iei
{O)ﬁsql‘[IUq _' ek S RS
__ | r_: . __If S is. cogenerated by ?1 a,nd there msta a monomorphism ﬁom S to 8, then .S“ 1s e
' mgenerateql hy ?JIf ?‘13 a ﬁlass of N—madules,aach cogenera.ted by mhen the clasa of |
__ - modules t:ogeuerated by 7" 1s con&mnad m the class of madules cagenerated by 2::
.- Torawy N-modules Tand S!et I—IomN( T,.S‘) denote the dasal
o I\F—homomarphmxrm from Tto S | L
| Propasztiansﬁ T .
| Lt T a.nd Sbe N—md&i@saTcogenerates Sif anu only 1f there eur;!sta 3 subset o
- HomN(ﬁ'Tj with nerr b= (cu o o
_.: .'.:meof | L St T
e f ._:_Suppcse ngener&tea S and fw’:’v‘—i TI is mﬁme-ﬁ‘or each & f I lﬁt f ﬁr«‘l‘hen f m&ps S tow. -

.

: _- ;  q(.a,nd is azz Nwhgmumorpmam fo:; éwch i e I a.nrln;kér an ker j_ (9)
S _' _ﬁ_._cmgerwlyﬁampow Ht: Hom;q(&lj mh hr;ﬂ kerf;zm (u) beﬂne ,s.s'-. zﬂhy __

m 2! a.mi a manomarp}nsm




As a corallaty we have the foliovnng e

g orallary 3 9 el e s S

. Let Tand S‘be N~modu1es Then T cogenmtea Sxf and only 1f for every nowzem
S ;_.'homom;:hism fU - S there axlsts h ¢ HomN(S,'Ij such t‘.hat ﬁne (0) )

"f_i:Nnte first tha.t ﬁ (o) for a.ll h ¢ HmnN(.s',T) 1f and only it Im fi o 1:%: b
E .

N(Ss

: Im f— (0) Bm‘, fis non-zexo a.nd so fm: &6311& he Homr

Now suppnse that fur any non--zerﬁ ,ﬁ U-r s nhls <tra Px £ 3o, ;aN[.S',T) such that &

_;[ % n Let H HomN(S, T) and let A= nHl‘er By With ,f A= 8 t&a incluaian 1ap.if fa! D fren

. _thare e:dsts k € If such tha.t Jh% 0 But ﬁ'a U for each h h,hv the deﬁnitxon of A ang fso
-__:fls tha zero map ie n kar g‘n (Ul,and by the previous ynposxtiun T wgenera,tae 5.

Notice tha.t whxle the prevmus propomtmn a.nd corollary a.re in some 6 wags dual to 2.10 ad-
) 2, 11,since we a.re dealing here with kernels,which are N—submodulea,we do not need the

RO reatrictmna on #) given in 2‘13 a.nd Al

Iu some sense dua.l to the nation of traae,we have the reject* .

._:-._Deﬁnitson :H I;et i{be ahclaas csz—moduias a,nd letSbeanNamodule Then the 1"3.!&(:(; Of... - |
"'.:.-f%msmejs(w ~.--~n{kermm vmvew :
f'.’.Propositionu?&’ R S A | S
”T‘S\jRﬂiSW} is the uniqne sma.lle.% aubmgdule Toszuch thah S/ Taa cugenerated by w . o
;__Proaf g T e L e

L ) Suppnaa %ha.t Tcogenerates,.? By pmpesxtmn 3.2 there e}uai:s H o HomN(,g,T) such B
s that n kerﬁs (0) ’I‘he:}t 1;_11 k%’ b= (0),301f e 0 for every h ¢ HomN(S N then -



B . '_"_'_Tuken h.Then Re;s(‘k‘) én kef(hvri) ker h Tand 80 if .5'/1 i cbgenexa.ted by mhen : -
. Now themes&stsanindexed set (Ui)ieim afa,nd Momomorphmmsh Gt U mth -
- _Re;s( 2:) nlker h..Then fS'—» IIIU deﬁned by (s)f- ((s)h) d _ha,_s_ kemgl B.ejs(ea)_a_nds_q
i _. S/B.els(?f) is mgeneratedhy ft’ Ll RUTE SRR

B From this resulf and the fa.ct ihat §x sf (U}f we can : deduce !shat gis cogenatated by wi lf -

R Praaf

. _?l m {)n],y if Rejs(it) (u) Alse,lf. .Pis asubmodule OfSthen T ReJS(‘it} ﬁaﬁd ml?lf

Let .S' and T he ntmodules,wmh f&’-r T a.n N—humumorphxsm We have shown that g e

. __zf f,s epxc,then I’I‘rsfﬂt)jfc ’]f‘rT[ %{) In the case af I‘BjBCtS however,fcan be any
' -:N-hnmomorphmm _ R _
_- Prapasatwns 5 T o |
o EgSe T:s i I\F—-homomorphiam,then "Rels(%’j)ﬁ: ReJT(s:)
S _'._-.-_-’Praaf s e - R
o _' I;et &e Rejs(?() M)w ReJT( ?t) -n ke.r h where each k is an N-homomurphlsm from T ta.'-_'- o
R -Bome U € %'I‘hen (:B}jh = ﬂfor ea.ch § ﬁ I aa ﬁz s HomN(S Ug) a.nd z eReJS(‘w) Hence (:r)f
e S

Y .

_*_':_-':_‘I:_.Prayaaataou37‘ o el S e & o
S Leks S‘baani\t—mndule Then RejN(S) AnnN(S] Sumpameular,s :safaathful N—madnle I
Lo and only ifS cogenera.tasN | - o RS - o

E’Y Lo

X Fxrsi; note that if ﬁNq S:s an N—homomnrphiam,then fjuat mumphes eauh n e N on the . R

3 - “ lefl; by aoma ﬁmed .s e S,f;sr if (1] f_ % ,then {n) f= (1)ﬁ,,_- su.We denme fby 3 o



e e Frda s

ST Motwated hy thl& proposztmn,we can deﬁne,for my claas izof N»mndnles,AnnN(w) 10 be :_
S e T

| We naw ﬁake 2:1:0 be tha class af alt meduc:ble N—moﬂules and .?the cla.sa uf all mlmmal i s

] ﬁkmudules Smce .‘?t ‘Zz,for a.ny N-—madule .S' we have Ra,;s(?() ¢ REJS(.% In fa.ct we have
the follomng meqlmlitles i SR - |
-. Pmpas ztum 3 3 _ o T T e
o Regmes {aman submedules of s;t n {mammal auhmodmes of 3}
e a {Btnctly maximal submodules nf 5} o Rs;s 33 | '
' H s a maximal submadls of 5Then §/Tis aa rveducble N~—m0clu1e,that is s;' T
L mgenerated by . Heﬁce Rejs(zd) c n{maaumal Submodules of S} | o

-~ Now let U'be any small subnmdule of § a.nd iet T be any mm:imal submodule ofSE

- e Um niot contained in Twe would have U‘vT= s,implymg tha.t T SHenue Uc T and %
R . {sma.!l aubmodules ui 5‘} c n {ma:dma.l submodules of 3} '

R : submaduie nf -S' genemted by 8 Suppose tha.t T ia Mubmodule of §such that [a]+ T : S, By -

011 the other ha.nd,lat 04 s s n {mamma.l subma&ules of S},a.nd let [s] denote the

s K zorn's lemm& there exlots auhmnduie Uof g maanmal mth respect tosg U and TC

e UThIS contradmts the choice Qf s,and 50 Wﬂ must bave T'= S fe [3] i small and 30

o | n {mmdmal submadules of 3} b {amall aubmdulea of 8

Tia a stncﬂy maxima:l submodu!e af S if andcnly if S/ ﬁ" m a. mimmal N~mdule it ._ .

heldleman [ ] deﬁnea & mdie:al f@r an Modﬂe Sto he the mtersieetmn of au t.he S




| B I"_'_:atncﬁly mmmal suhmodules of S Ha then shov.rs tha\ if thm radma.l,ReJS(.Sﬁ 1s small then at-"" '_ '_ o
R ': s thmntersectmn of a.ll the ma:nmal aubmoﬂules Uf S and uontams all nther sma]l S
kS y ; .-'submgdulea of S The preaeding propositmn gwes the aame resulf.s We alaa have { - | o
- __.._:"'.;._-Pmposﬁwn.?g S e
| _:\'_Lea Sbe am Modul&lf every r*oper submodule of S' I8 eoni:a.med in & atrictly mammai
- | | _submudule,then Re;s(ﬁj is the nmgue laxgest sma.li submodule of S
__'_'-:_-'_:-_'__ZPmaj B R T L S S
'.-'-REJS(-?} is small,mncezf ,Tza a,proper submodule of Ssut:h that Re]g(@l + T Sthen Tas .

R :_.-__mntamed in Mmg}y mammal aubmodule of S . But Rejs(.9j ¢ Uand so T 8

. The usiqueness follows by pmposmonaswhmh shcsws that allthasmall submodules ofS A
o '_'_.'ammntmnedmReJStﬂ o S o T

Bexdleman proved the followmg necessa.ry a.nd sufﬁcxent conditmn for Rejs(ﬂ to be :

L gqual to the aumofalltheama]l mbmodules oi‘S
o '. , .'r_Praposatmﬂ 3 213 AR : LR .
- Bajs( 98, equai tcf the sum of ail the small submodules of S if and onl.Y ite every Sme"d“le o
S 'of .5' genera.ted hy a ﬁnil%e auhset of Rels(ﬂ is small ST T

o Let A = 2 {ama.il submodules cf S} If every subnmdule generated by a,ﬁmte subset of o
S _*__.':_:'Re,ls(.?} s amaﬂ,then REjs(&‘J r: A Naw A £ Rajsfé?)' and 80 ‘Re;s(ﬁj B {small su‘nmodules .

Gonveraeiy,auppnse ReJS(.S) =. E {small su‘bmodule.s of ﬁ'} Let; The a.ny su‘bmodule |

B nf S genarated by g ﬁmtesubset‘ of Re]si-ﬂﬂ&&y { z r'ﬁ ity } Then them e’“”t small

o .aubmadxﬂesnfs T :P‘

S iB aga.u; S man‘ T iﬂ 51!1&11 .lﬂ S

w,T such that TC ﬁ T, Slnce a.ﬁmte su.m of Bmall N-ﬂubmd“le" | .



S ::'_.-_'Let Sbea,ny J\L-"mdule. o R RPN SN i
. Deﬁuitxm ) 11 S is called ﬁmtely generated iffor : 3“13’ set; ﬂ Of Submodulae Qf 3 such that S e
L = Z: ﬁ;thare exlsts a ﬁmteR C 9 such tha.t S Eﬁ S B

Sis called fmiﬁely cogenerated if fm: any set Q of I\L—subnmdules of S such tha.t

B [ _: __ _n n (ﬂ),there e:uste a ﬁmteﬁ c 0 such tha.t ﬂ N (0) B
i ";--Pmp'ositaan 318 S A - Ce o
e Let 8 h: ':'an_Nﬁ-mcdule a.nd let % be the class of all mredumble Aﬁmodules ‘1hen i is ﬁmtely E

- N genera,ted if and only if S/RBJS(%') 1 ﬁnjtely g&nera.ted and RBjS( 94') iy sm.a.il in S

o | S“PPGEB that 3 18 ﬁmtely generated Then aznce a.ny facto:: module of 81 a.lso ﬁmtely
o o : generated,we need only show that RGJS( ?J) is szna.ll in SSuppose that ReJS(?J)+T S |
| whete Tis a0 N—aubmodule Qf 5.Then with © = {small N-submodules of s,

= ﬂ)—leT S Aa S 15 ﬁmtely ganera,ted there ﬂxmts ﬁome ﬁmteR ' ) such that .

o (mt)-wf s,,Newzn i small in § and hence T'= 5.

S Conversely,suppose that S] ReJS(st) is ﬁmtely genera.ted a.nd Rejs( 24) 1s sma.l! in
o S Supposa tha.t S‘! 18 a se’o nf N-ﬂuhmodules of Ssuch th&t; 29 S Then _ :
2(9+B£35(3£))/R333(?£) S;‘REJS(%) and so the.re e:dsts some ﬁmteR c ﬂ such that

- S (I]R)-i-ReJS(?{)‘Ra,}S(ﬂ) is sma.ll in - § and 80. S ER o |

o When Sm the dmet:t som of mmimal Mubmodules,then st ﬁmtely genemted if aud only )

L - if 5‘ m ﬁmtely mgenemted,as shown in the fellcwing proposmmn

" Pf‘aziositsonﬁ‘w \ T e e

| f Leb S be the d.xrect aum of xmniﬁhal M—submodules Then the follow:ﬂs ﬁ»fe eqmvalent
. a.) S :s ﬁnitely mgenerated . b BT

b) S T-i-‘?’-l-* +T whereea.ch T zs mmmmal N—-submgdule ofS

e . : c] 51 is ﬁmtaly genera,tad




| _:'.ﬂ) » h}: Aa S 1& 8 d:rect sum of mxmmal Submndules,thene emsts a. mﬂnommphmm 5
va: HIU whe,re ea.ch U is amxmmal ﬁkmadlﬂe n ker ﬁr = (ﬁ) and since a)

o ff._,holdsthereemstsnﬁniachIsuch tha.tﬂ ;erfw ..(u) andS eFTiwhereea.ch T s

. -mmunal N-—subnm&ule of S

< c) s a) since 8i 13 ﬁmt«ely genera.ted and a sum of rmmma.l N—submodtﬂes, . o

8= T-{~T+ +Tiwhereeach T is amimmal N—aubmaduteafSWeshowthatSm

o ﬁnitely genera,ted by mductzon 011 m _
: If n= 1 then .5' :s n:urumal and hence ﬁmtely cogenerated | |
Suppuse then that rz > 1 and tha.t any module that 18 the ﬂum of less than n of 1ts .

o ;':_-menimal submodules is ﬁmtely cagenemted,Suppose further tha.t ﬂ isa set of

N—submod!ﬂes of .S'wlthn {1 = (n) Then for some B E ﬂ: T nB (U),othermse .. I

e T c n ﬂ (0) So B 8 +S+ +S where eath 8.1 smlple and §<¢ nLet |

» -' '-_proposltzon Wé sue tha,t Suc .5'13 ﬁ‘mtely generated 1f and only 1f it is ﬁnjtely mgenerated

{AnB |Aeq) Then I'?.'xs a setof N—submndulea of Bandn ' =n 0= (0).B%5

B "ﬁmt‘.ely cugenerated a.nd 50 by the mductlon hypothems there 13 & ﬁmte set R o ﬂ' such th&t SN

(0) (Mt) E‘lAnAn nA farsomeA A, ,A el\t,so Smﬁmtely cogenerated

' -'.--b)=> c.J Suppo%ethats TeTe ﬁT whereeach T is ammmal N—submoduleofs,and o |

o '.-__letﬂbeasetofl\’—submndnlesofﬁsuchthaﬁSaﬁﬂAaE&ch T 1sm1mma1forea.cha, T S

”_cAfarsomeA mrhen.s' EA

Slnce Soc S is deﬁned to he the sum of a,ll the mmma.I Nﬂubmodules af Sﬁ:om thls-_ : o

IR When dea.ling with mcduleﬂ over a. nng,where aubmndules a.nd subgroupa comcide,more

Sl "_f-remﬂts concernmg ﬁmte genmaimmnd cogeneratwn can be proved. Far exa,mple,there isa R

. : gl to pmpomﬁbn 3.&2 when. 5 B module aver 3 mng,Then §i ﬁmtely “033113’“&1 it

S _.?_and unly o0 S0 ﬁnitel}' cogenérated and Soa 13 esmentia in 5/This renul s 20t true fn _' B




g el g o g o i e e ot i Yt A5 T s s ot B s 1L e e e 2

SR modules oo near--rmg,smce submodu!es cxf Soc s are not necemmﬂy submndules of
s Boi;h t}us result and tha.t of proposmun 3. 12 w111 hold 1f we were to define ﬂmte

o genera.tmn a.t;d ﬁmte cugenera.ﬁmnm terms nf N—ﬁubg-mups ra.the;c than N-submndulm but. S

i thig 18 ot pra.ctlcal 28 the sum of two N—subgmups need not be an N—subgroup a:gmn,a.ud R

o subgroup summatmn 13 not co:nmuta.tw& SR

In the case of madules over a rmg,it can be eas:ly shown tha.t a mndule S ia f‘mtely B

R _}z'f?‘senerated 11-‘ and onlar :f every mudule generatmg 8 fimtely genera’ees S whlle lf S i ﬁmtely B -

SRR c}ogenera.tad it Is true that every module cogenerating 8 finitely cagenera.tes S,but. the

e eonverse nf this 13 not true.a Z is nnt ﬁmtely cegenerated buﬁ every mndule that

P cogenemteae Z, ﬁmtely cegenerates it,

If .9‘ is a module mrer & near——mng,the 1mphca.tmns in the case nf both oogeneratxon

I ”a,ud generatmn are. ona—sxded,le

W) EgE fintely t:ogenera,ted then every M—mn*lule cogeneratmg Sﬁmtely cogenetates S

L b) If gia ﬁmtely generated,than every At-module generatmg s fimtely generates S

S - a z ,aeen a8 & module aver the mtegers—,shows tha.f. the conver&e of a) doea not, hold

R j Since fm: auy near-ring &, the addltive group (N +) is an N—module wmh nght ldeals

o mrrespﬂﬂdiﬂg to N—-submodules,the mteraec.twn af the mammal M—submodtﬂea of (N +) B
s __--'-_:--__--equal 40 the insersection of ol the maximal right MealsofN JIIQ(N) S0 I3 isthe

| B sum of all the small nght ideala of N by pmpomtion 3 : Smce N ha.a an identity,we have s

7 strOngar result
o :';.:Propos'aisan % 14

I ; Praﬂf

CE Nisa ne;w-nﬁg ivith xdentztmhe J1 MN) i the umque largest small right ldeal GfN.

E We must show tha,t I 1(’2(N} is smau m N Suppuse tha.t M 1a a.rxght 1deal ot‘ N sunh tha,t S

e _j-'-‘M-l-Z(ﬂ fg()\i) e NSmce N has an idenﬁty,by Zom‘a Iemum,M can be cﬂntmned in a
L ma,;dmasl nght idea.l ﬂf N P Bay Then 1 h Iz(N]-i-«P N But J 1 !2{1\0 o] P,sa P N ‘I‘h:s is a N




_ - ; ;Note that when N dc&s :mt have a multlplic&ﬁve 1dent1t.y,it ma,y not betrue that Ji}'2( N) .' . : :
L i smail,mnce N may ha.ve no maaumal nght idﬂals,in wluch case We Ha.va Jl /2( N) e e e

o . . '”.;.N,whmhmnotsmallmm T R SRR |
. Defition8.15 3¢ Nis called (nght) quaﬂl-reg\ﬂaf lf the mlmm“* ngh“ ’deal m’““m“g

- all elementa of the form n—-zn n € N alsc cuntams z. Eqmvalenﬂy, z [3 N is quam-reg111a.r -

U 3 "'1f the mimmal Ilght 1deal contmmng all w«zn ne N cmncldes w1th N A subset 0; N is - -

R o called. quam-—regulan: 1f evew element is quasx——rpgm.r

Ii; 18 eamly seen tha.t fm: a.ny nea.p—nng N .}1 12( N) is quasl*reglﬂaz For let. 5 E 31{2@0 &nd 1 | : 5
g ;._._-._.._1et R be i;he least nght 1dea.1 of Nconta.lmng {n~zn[ neE N} i3 ;,yg R by zﬂmfs Iem.nna,
o _._..there e:usts a. mght ideal R maaumal with respect to 2¢ R and B, c R Buf; Ri 1s ma.zuma.l m -

_'...Nandsowemusthave 13 Ras zeJIﬂ(N) Henceze}?.z,

Propasstianﬂﬁ‘ co S S
e 'Let N be anear—ring thh identity A rqght adeai M of N is quas:—regular if a;nd only 11‘ M is

o '-Let M be a quaai*regular nght 1dea,l of N and auppose i;hat M+P N whare P]S a nght

i ideal of N Sinca N ha.e a, multlphcatwe 1dent1ty, _ ,f;nere e:usts aame me Ma.nd aome ) .' o

p ePsuch tha.t I=mip Thenforanyne®, )

n—manMnm(m-i-p)n—-mneP asPisa.nghtmealan_ :

B -.:.'_So the mimma.l nght ideal contmning all Mn 13 conta}ned m P ’i‘his nght Jdeai is N Bmee j’_ L

Gonversely, 31 2,3(1'\(,}&?: quaswqgﬂam a.nd smce every amall nght xdeal of N is’

XL ';:'uontained in 31 j:aw) by proposih*u 5 *ﬁvery ﬁmall rlsht ldeal °f Nis q“a‘*i"’eg‘ﬂ”

I




o _ﬁ."‘_'-’_idealof:vbutE:snot smallm Nas A%N N \L S

smce J 1 /2(N) is quasi——regu]ar a.nd Cﬁnta;m aJI:‘ .. .




K - In wha.t follaws we uae results due tn Meldrum,van der Wa.‘lt. [11] a.nd, Meyesr [141 We t,.y o
R mndthaeereaults towmn:tivemamx near-—nnga e :
o ._:.-::_-._._.; ch any natural nmnher Mhe st of alI w:n matncea mth entries from &‘rmg :s a.ga,m a.

PR _"'ring This 15 a0t generally true when dealms with ﬂeﬁ-’l"ﬂﬂ%f"f ﬁm ﬂe" otal i sq”*m

S .multiplicatmn and a.ddinon,agmn a, nemmg since multxpﬁcatwn of the arrays is nﬂt .' '. o

L asaociaﬁweﬁrhm 13 easﬂy seen,for xf N 13 8 non~disi;nbut1ve left aew—-nng a.nd 1f a,bsc £ N R

‘ .::-'_'isuchthat(wb)c% ae%ﬁc,&hen R ..
{[3 g] [; g] }[0 D] [ (ﬂ-;b)e ﬁ] *[“ﬁﬁ'“ﬁ] iy
[ ; 3} { [ ] [ ;ﬁ]} SRS D

j‘, R :;".‘3 ngh {91 sives anecessary and suﬁment cOndltion for thls set Of aquare 31“1‘3-3’9 t° be""’-“e -
- __a. near—-rmg under the usnal ma.tnx addztian and multxplicatmn Let M (N) demte the Set

E | at '_tr':msqua.re a.rraya mth em;nea from the near-'-ring N ' !. L

A \' D«ﬁmtson 4 A near—mg N i called n—dmtnbutwe, n a pomtrve mtegex, if fbr each

= "ab{-cd:: cd«i—aé and | (Z a.b )ec: Za be




i s

o The pmof 1s done hy calculatwn We gwe the followins mlﬂe for ﬂ“’ me r= 2 ‘by way

”':;'_-:'Gf:lllustrauon S
IR '-_Buppose that M, (N) i a nea.r-—mng

A # [ ac]B" [33] and 0 [ bﬁ] to Obta.lln ab+cd—-ad+@ -I

 Singe A(B+G) AB—!—AC’forany A,B G’eM cm, weput R

_' : (.rwja' A*(B- c') and 50 (a bte, 5 )e =0 5 ‘“‘ % f‘ -

. E -  :. :It was earliut thought (Heatheﬂy [S]) tha.t whenever M (N) was a near—-ring, N was
| o ) -' 'diatnbutive"l‘he foﬂowing exarnple shows th.ls ta be untme

Let N be the nean—ring w:th a.dchtian and mulhphca.tinn ta.bles & follows o

?maﬁcd*

Y
fﬁﬁﬁééff
3 P#-‘-‘?na-c.
-@gggg_
.maégg

o Then M (N) aa a near—rmg since N m 3--d.xstnbutwe by calc Iatmn, hut Ni is not = _' .

e K I{;_-:-dxstributive a3 a(a-i-a.] s a Whﬂe & 3,.1.“ 2 n. Note tha.t; N is not: zero—symmetrac

. o 3The clasa of near—mgs givmg rise to neawngs nf ma.trieea uuder the usual maznx B .; I
L multiplmatmn and aﬂdit.inn with the L:gh conatraintp 13 sma.u Consequently Meldrum and .
S :_.van dez Waiﬁ [111 devaloped a d:ffefe:;t way of looking a,t, m&ﬁrices,allomng a, 2 m__ ring 0 f o

e _matnees ta be. formsd fmm a,ny neam-—ring and for any natma! numher r wrmatrioes avar o

R o _'_a. neammg N axe regardnd 2 functmns ﬁ'ﬂm J\F o N"'

For a,ny neaming N ﬁet M(N} denate tha near-«-mmg af all mappmgs irom (N +) to‘ SRAL

SR "(N-h) We ﬁmt deﬁna the ﬁmtmns f‘a *Nr ? Nt Whe‘"" ey m 18 "3{ i wmhmhe

W i -



the :-—ath antry of an element uf N‘ by n. and then. moves the xesuli; to pas:tmn ;, puttiﬂg
__"_:.f_:_zeroina,llatherpoainons B B : IRRPEE R
__ _-'?{._--neﬁmtsan 4.9 The near- s
eratedhy{f‘jl neNand 1< z,y< n}.Theelementsuer(N) a.raca.lled mrmatmes L
over.N o S e e LT
s "rhen R, (N) is aleft naa.r-—rmg With identﬂ;y ainaa we aasume that Nhas an idénﬁity) a.nd ﬂ‘ y o
Rma,nugwithigiantimthmﬁ(R)isthefamiharnngnffxrma:bmeaoverﬂ B |
‘I‘he mat:ix umtsarethe matncea Flj J; 1< ;,Jr: ra.nd the idenmy matnx ia
En*Ezz“” AR S
Thes—-th column ofthemtnxAmthafunctmn Asr N"-t NDenotelt by

A(z‘) Then A - Eﬁ(%
Let i em (N) a.nd " ¢ NThen nA. (P1+J§2+ +;;.r)A We ha.ve tha.t nE ,glJ

An*- EA{:)}“@. El.l jmourcasa, but note that 1fmis not. zem-—aﬁmrmetnc then thls N
mnottmeingene:al T T P AL S A SR
A ma.tnx of the form :a E“-l-sa E22+. +n 1"::: iv calleﬁ 3 dm,gona.} mamx.!i

”1"”3""“ "-“ ﬂ}amatm is called aacalar matrzx % 1t 18 equal to nl s o

Thearem 4 4 Rulss for matﬁx mult;pkgaﬁ ot ._ .. : : o
Let N he & Ef&nea,n—-»nng Wiﬁh idemlty_']}hen | . S

Ao

. rmg casa correspond to ma,t.noes with n s pusztiun (z,;} a.ud zem elaawhere Let _P N-t N be
" defined by s~ snfor all o'¢ MThen define = m“a TR el e mzﬂtiphes

"'ofmrma.triwsuvarm r(ﬁ),istheaubnea.r—-—ﬁngofM(N") Coha



kS .' a) for any 2 e-N" E(.?a “"’s j) E_(Wf .‘i +:n3f@ (D

’ ,_m_-n,ﬁ, o ,0) + (0,0, .‘:r 3,0, ,0)

o "where botlyn and 238 appea#f 85 the #-th entiy,
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b
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Tﬁ vae tha!; G is a t,, ,e-ﬂ Nlemoﬂule we must show that every non%ro element S

nf G’ generate& G. Consequently, let 7}11 be a. ncsn-—azero element of G ¥ 5111 € G then sxnce s B
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." If w(A) = 1 then a f‘j for some n€ N and (s ,s ,s )A (0, ,s-a,ﬂ, ' ,D) wnth 8 & in the L
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S (1. ’O)(fn‘"&l"' +J§1‘A°,.-._:.-f
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' - %fll“"le"' +fr1] =0bydaﬁmtmn off wlxich proves that.A sK | |
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) '__the prewous cha,pters

n '._‘In tlus short cha.pter we mentmn some of the quesnona aris:,ng from concepts mtroduued in .
e We showed m chapter three tha,t wh.en Nas a. zer iy '_ms near-—nmg mth
- : ;clentlty, then the 3um of all the sma.ll right Adea.ls of N is equal tod i/ (N) I /z('N) is m
| | geneml not a:u 1deal af N but only & nght 1dea1 'I‘he questlon that axises is: what is the
| B smallest ;deal of N‘mni;mmng all the sma.ll nght :deals? Certmnly tius 1dea.1 contama f :
| : ; ] (N) Let C‘denote the Iea.st rdea.l of N contalmng all theamall right ideals ofN - o
_' - 'Hartney [7} shawed that-in the case where N satisfies the descenmng chain condltl{m for .
- right ideals, the.n Cx I (M. What is the general charactensa—.tion of Cand is Ca o

o 'Kurosch»Amutsar type radmal T R _ _
| Hactney shows tha.t when the descending chain cundxtxon for nght ideals hclds and .

o - B(N) f (8'), then there Bxists an 1deal AofN eorztained in J,(N) such that Als umq_uely
 mittmal amnng all ideals Banch that J (NfB) if nOn-zero and nilpotent, Also, N

s s(N/A) = JB(M{& Then JS(N) =1, ; (N)+A+B where 3 /2 (N) is mlpotent a.nd Bis an S

Fxom the mtnx near»—nngs in chapter four we get t.he quastl on what types of

o "_.j.nea.wingﬂ a.re (iao mr:phiﬁ b °) matrix ne““'mgﬂ tH Risa thag mh J(R) QiR

" un o descending chaln condition on ideals, then 5 R,(End(E)), th ring of matrics thh o

i _' entriaa from Enﬁ(R) If N is a neammg \mth {N)“- (0) and. thh a. deecending chmn

. - candxtinn on tight 1deals, then we knuw that N =i$ Ki where Wih f"fi iva nght ideal of N |

_ ._'_ and a.n N—mmilﬂ& of type-ns‘ 1‘3 N & ma.trix nea,r*mm ? Wa wdl now deﬁne the Neumann




| K __33" " | near—nngs, also t:and:dates far matnx nesa:rh-nngs The Neumann nearwrings hava aot been -
extensively studied _ . o DR L

L . -'Deﬁmtzan & 1’ A subset X af an. additwe gruup G‘m ca‘lled a relatwely free ba.s:a for G 1f

o G <X> a.nd evety ma.p i‘mm X mtu G can be ex*ended tn an enﬁomnrphlsm of G |

Note that the extensmn of a, map ﬁom X mtu G’ 1;0 an endomorphmm must be S

'":'_’-'.-'jumquesmceG <X>. e

A group ma,y have several re‘la,twely free bases 'We can def'me a Neuma:un nea.m-mg .

' -:.on any group h&"v’mg 2 relai.wely free basla

o Deﬁmtwn 5 2 Tet Ghe g gmup wii‘.h relatively free basm X. Let N(G} be the sat of ad

: ‘ | endamorphlams af G Deﬁne a multmhcation on N( G) by composztmn of mappmgs Let
af ¢ N(G) a.nd Te .X.Deﬁne a:+ﬁ fo be t..xe andcmorphmm of Gobtained hy extendmg the '_
map z(a+ﬁ) 1= m%:ﬁ from X into G' We ca.ll (N(G) +, ) the Neuma.nn near—rmg on G |

o _withreapectfox R ' o

Nate t;hat tlus addltmn depends on the chmce of the relatwely ﬁee basxs X
It can be Bhown that (N{G],+, Yisa nght. near-—»nng Alt;hnugh all the elements of -

b .. N(G) are endomnrphzsms of G, they are not a.ll dzstnbutwe

If X 1s 3 tela.tively fres basis for 5 group G a.nd 'y,.'a € G‘ deﬁne e(y,z) 3 N(G) by

i ¥ _
me(y,m) s { i 1£ P 3 Then it can be shown that e(y,z} Jsf-'ibutwe element :

U . :"of N( &) Hence it can he shown that if {J: ,.z' - ,::: } :a 3 finite rela,twely f,ree ‘basls for @

o than N(G) i8 4 dg neavxing wzf.h 8 diatributwe genemting sef glven by N

{ e(a:,w) 118438 nke

Thls reguls gived us a large collection of dg ’xsmmann near—-rmgs 5. If X is infinite then -

. wery aIement Of N(G) IB IIOt ﬁegessarily diatnbutlve.

Ma.ny othe.r ma.trix rela.ted questians anse In chapter fomr we query the relauonshm _

i '_:benweeﬁ the J, rodical of the neam-ring and the assotiated matrix near-ring, We also aSk o
R '-__(page 47) whether the N—-mdule Sﬂerived from & connected near-—mng mﬂd‘ﬂe T
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