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". ABSTRACT

After an introdw:;;tiph defining b~lSic~·tructut'al aspects of near-rings. this report
') . . .. . .. . .

examines now the r-lng...theoretic notions of generation am:1 cogeneration can be

extended from m(~dUles over a rln.~ to. modulel~ OVer a near-dn~l. Chapter four

examines matrix :/near,.;.rings and cortnections. bletween the Jit and! ,JS radicals of

the near"'riC1g and the corresponding matrix "m~al"~ring.

8;'1 extending the conc~~ts of genel-ation ·and cogenerl$\tion from t~ing moit.iules

to near-ring modules. we are iI1Ve$~ti9ati.rtg how. important distribution ;;tr"d an abelian

additive structure are to these tW? concepts. ''the concept of gem1ratio'11 face~1lthe

obs~§'de that the image of a near"f'lng module homomorphisIT! is riot. neces$fjril'll a

subrnodule of the image space but only a subgroup, while the sum of two subgroups
::

need ~,ot even be a subgroup. In chapter two, generation. trace and socle are
Ii

definet! for near-rit19 modules and these ideas QY"elinked willh those of the essential

and 1110clulf~"essentlal suhgK'oups. Cogeneration, dealing with kernels which are always

submodu!~s proved easier to generalise. This is discussed in chapter three

t0geth~l wtlh the condept of the t'eject, and these ideas are ;Iinked to the J1I2
and J;z t::adiqals, The duality of the .'in9 theory case is lost. The results are less

simple than in the ring theory case due to the different type!s of near-ring module

substructures which give rise to several Jacobson-type radicals.

A near"rll1g of mau-lces can be obtained from an af'bitrary m~ar"ring by

'regardi.ng each rxr matrix as a mapping from Nr to Nr r : where N is the near-ring
II

from whic;h entries are t:t1keI1. rhe.tlrc;:)I.-Im~nt showin9 that. the neaY'''ring is

2"semisimpte if and only if the associated near"ring' of,.matrices Is 2"'semisimple

is presented and inVestigated In the case of s-semisiifiplicity.

Questt.::)ns ariSing from this re,~9~t ~.r'epresented In. .the final chapter.

o
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OHAPTER ONE

DEFINl'l'IOlYSAND (1ENERAL RESULTS

AJeft near-ritIKNis a system with two biu8JrYoperatious,+ and . such that

(~+) is a group

(N,.) is a semigroup

for any .,a,b,o e N, a(b+vJ ::::ab+ac
A ,near-ring differs. froin a ring in that the additive group need not be abelian and only one

distrfbptlve.law holds. Left near-rings, that is,those in which :the left distributive law

holds~w:i!1 be used throughout this work.Some authors,for example Pils [13] use fight

near-rings in which the right distributive law holds.and analogous reaults hold lor these.

'l'h,e s~udy of near-dngs was initiated in 1905 by Dickson [4},[5]who showed the

existence of near.,..fields,fields in, which only one distributive n~leholds. His main interest

was to apply near-nelds to geometry.They proved usetul in ~o'-'()rdiIl.atising Cel~taiUelassea

of geometric planes and today they are used in characterising doubly transitive

groups,incidence groups and Frobenius groups.Between 1930 aad 1952 n('~r-rings were

studied by WielMdt,Much of his work was unpublished until hl',sstudent G Betsoh

extended his results and started publishing them in the early 196Q's.In the early 50's,D

131a,,(,!kett,wQrki~g independently,researched. along the same line~i''i'l1rough his papers

published between 1958 and 19~2,A Frohlich increased interestd\n distribu:ively generated

near .....rings (,:rule :a: Neumann showed connections between reduced free grotl:ps and

near-:dn~~.

There a;remany. natural examples Qf near-r~1)gs.Among txt,ese are the. set of all

mappinga af a;rt'adgltive group into itaelf;with pOintWise additioIl(1and composition of
,

maps, the set .0£ ~l ~et()-~~Xi~gmaP~with the SAn,1e addition ancl ~p,ultiJ>lication and the set
\, . . ,t!

of all polynqn1ials over a co~pmutative rll}g with identity under ~~~ditio:nand

o
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substitution. Of course every ring is a near-ring;

In generaUt need :not be true that O•.n::; 0 fat every n in N, where 0 is the zero of the

near ....ring.Neat--.rings for which this does hold axe called zero--symmetric.We will assume
,

that the4~ar-ring which we US~ is zer()-'$ymmetric.We Will also assume that the. near-ring

possesses a multiplicative id,entit,y 1,80 that for any 11, e N, nt ....in - n,
Although only left distribution is assmned.to hold,it may. happen that certain

£!lements are also dlstributiYe from the right.These are called distributive elements of the

pea.r-ringJr the near- ..ring N is generated as an additive ~oup by a multiplicative

semigrQup of distributive elements M,then Nis called a distributively generated (dg)

near-ring.\Ve v)rit~'/(N,M) to denote s\1Ichnear-dng.1)g neat-rings are in fact natural

examples of zero-tl¥mrnetric near-rin.gs.

MODULES .ANJJJSUBSTRUOTURES

As ip, the ting theory C3$e we can define modules over a. near-ring N.

Definition 1.1: Let $be a (not necessarily abelian.) additive group.S is called. an N-module

if there. exists a mapping from 5<.N t.o S, (s)n)~· sn such that for any '.1
1
,n
2
e N and any s e

81

a) sen+n)·.=: an +sn
1 2 1 2

b) s(n
1
n
2
) == (ant)n2

We ahallalso aSSUl.Ilethat SOi$ unitary,tha.t is s.l·;:::.. $ for every sin S,where 1 is the

multiplicative identity of N.

The additive group (N,+) 1$·an N-luodul~)~asingth~ n.ea't-ring lnultiplication,and

.any additive group is 8, mod.Uleover the near......ring of the ae~ of zeto--f1~lllg maps from the

grou.p to itself.

N....rnodules axe~led N--groups by some authors.

Just M there ate hotnomorphisrns betwe~n11nbdu~~sover.a ringj\there are
::",

hOnlornorphistpS betY'oon modules over near:-!ings.Th~l:!eare iniportant i~.defining module
()
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substructures,

Definitilh~ 1.2: An additive gro,~p homomorphism! from the N-ji!lodule $1 to the

N-p:lOdule 8
2
is ,Ja,lled all N-hoifiOlllorphism if for any $1 f 8

1
a;nd any n eN, (an)f=: ($lJn.

• ... r

The ~ubstrucWres of a module ()"&tera ring ate the submodules arid' factor

modules.Everysubnloduleis itself a module over the ring andsinee the ad(litive group is

a.belian,submodules are norm.al in the mQdule.Every submodule T is also the kernel of the

canonical hornorh(~r.phlsmfrom the module S to the fa.ctor module SI T.m the case of

near-ring modules the situation Is less simple.! sUQstructure that is itself a module need

not be nOf-malin t~e,m.odule,a,nd those subsets tha.t are normal are not always kernels of

N-homomorphisms as the factor need not .,bean N-module because only one distributive

rule<hclds.We define two different substructures,the N...-subgroups and the N~11bmodules

and the latter will yield factor modules.

Definition 1.$:An N-$uofJroup TOl th<~N-module SJs a subgroup of the group Ssuch that

tn e T for every t t T and every n c No
Dejip,ition 1..4: T is an N--submov/ule of thu N-module SifT is the kernel 0: an
N-homomorphism of $.lI'his iseqmV:ilfe;ut to the conditions that Tbe both normal in Sand

satisfy (t+s)n-sn e Tior each te T, 8 ~Sand n E N.

N--submodules are also crA.ledN-kerneIIS.

We will occasionally q$'ethe terms mod.ule;Rubmodule and subgroup in place of

N-.; .nOdv,le)lY"'"Btrbm~auleand N....gub~r6up.
;" /

lJe./iniUoT1,1.5: A ~ormal subgroup 1 of tN,f) is called a left ideal oiN if Nl~ LA normal

subgroup tis c~J;leda right.idealo£ N.if(i+n)n'-nn' f: 1 for each i e 1, n.n' e N.So.the right
/, C', . " " ...., _(_~ideals of Na.t:~lthe iV"'-$ubmodulesof (Nj+),viewed',as an N....modnle.A .normal subgroup

}; ''''

\~\
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The existence of N-subgroups which are not N-Sll~im: lules also complicates the

extension of the concept of simple modules in rings to near-rings.This leads to the notions

of type--O,type--l and type--2 N-modules.Consequently,several different Jacobson-type

radicals may be defined.

Definition L'1: Ar;.lV-module S is called monogenic if there is some S e S such that

sN ...S.We ~allSa generator for S.

Definition 1.8: .Let Shea non-eero monogenic N-module.Then Sis said to be of

a)· type--O if S has no propep non-zero .lV -submodules

b) type-l ifS h?:s110 proper non-zerc N-tJubmodules and for each $ E S either aN::::: 0 or

aN:::::; S ,A monogenle N-module satisfyir~g this latter condition is called strongly

monogenic

c) type--2 if'S has no proper non....zero N-su.bgroups. .

So S--mQdt1lesof type-2 are of type-l and those of type-l are of type---O.Sincewe

assume that Nhas a multiplicative identity,type-l and type-2 modules are the same.and

they will generally be called type-2. We note that since 1 t Nand Sis unitary,SN:f. (0) If S

f. (0).

DIRECT SUMS
As in ring theory,we can define internal and external direct sums of submedules and

modules respectively.Unlike the ring~heory situatton though,for a. general near-ring these

will not alwa.ys he lsomo:rphic.!n out case howevei'~where we assume an near-rings to be

2ieto-syunnetric,the internal and external direct SU1XlS are isomorphic,as will be shown.

:Definition l.!k Let (8i) it:! be an. indexed collection of N-modulee.Then the external direct

f:>'Sum of (~i) ieI,denot~d,$rS'i,is, defined by

$18(== {fir.-l Ut8i : .fii.-l Sitor each ttl and j(i):f 0 for only finitely many i e I}

We wnl denote the elements offtiISi by' (8i) it!·where ai.;:::.j( i) and it is understood that only

~xutel~;,many sfare non-sere,
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$lSibecorues an N-module when operations are defined co-ordinate wise;that is,for

(8i)id and (si) iel in $JSi and any n e.vl

(s.). 1·+(8'.), 1;;;::(8.+· s'.) 'I and (s.)· 'In :::;;(5.,11,). I. l 1€ . ••••z u ..• z· . z ze' \ l U • . Z Z(

If we remove the restriction that only finitelylrlany 3i be non-zero, we have the external

direct product of the Si,denoted nIS~jalso an N~module with the same co-ordinate wise

adcUtion and multiplication.

For any i e I'(,i will denote the i-th injection map from Si to I'D IS'ii that is,for any si e

St· .,s.t,is define.d to be (v.'.,,).' I where v·:::: 5,.$. for eachJ' e twith o;,j. the kronecker delta.z, is. t z ... . l'J€, J ZJ .~ • Z.I •

an N-4.somol'pQ.isrnfrom Si to the set of all those members of$18£ who have all entries

eXGept the i-th co-ordinate zero namely HiLi'

Lemma 1.10

Let. ( S.Jit rhe an indexed collection of N-modules. Then for each i e I, sz.(,i is an

N-submo.d'ule of$ISi'

Proof

Si"i1s clearly normal in $13£,fo1'if (sljd CE9ISi and si e Si,then
($:\ ·'r·+SI.I,.-{S.'J. "1' == (S.+8'.-8,,)t, ( S"' ..J'Je t Z J J€ z· z Z s : n,.

Now let n e N.It remains to s-how that ((s}itI+sb)n-(si jeIn e Sz"'i,Now

((.8·j ··l+sl,/'.,)n~s J '1·n == ((8+s',)n-s.n)t, s S.L •.and hence S./.. is an N-submodule of$IS", ., JC!i t z .1'Jf. • Z Z l Z Z ~ . z z . . z

Si.nce each Si is isomorphic to Siti,each Siis isomorphic to an N-submodule ofG.'ISi'

Let S be an lV-module and let T be any non....empty subset of S,By the

N-submodule (N-subgroup) of S generated by '1',we mean the intersection of alI the

N-submodules (N-subgroups) ofScontaining T.An N-modrlle Sis called finitely

generatedi£ it contains a finite subset ~(suchthat Sis the N-submoduleof Sgenerated by

T.

" If!and-U are. two subsetscof.'@ N-module 8,hy T+U'we will mean the set of all
tt'u where t e 'JJ. ~d(,u € U.!nductively we then havejfor a~y collection of suhSetS/iOf S,

(I

" \";, ...,]
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k k-l
{Tj}~ ,where his a natural number, I.Tj =I 1. T.}+Tk.If lIs any index set,then by

j=O j=O .:k Ti,we will mean the set of all expressions of the form ti +ti +...+ti where ti. e Ti. and
id 1 2 -. n J J

, .~"

n is finite.

Note that while th,~sum of two submodules of a particular module is again a

submodmQ,the sum of two N-subgroups need no longer be an N-aubgroup.However we do

have:

Lemma 1.11

If .Tis an N-Sl1bgroup of the N-module Sand Uis an N-submodule of S,then T+U is an

N--subgroup of S.

Proof

Tliis follows easily ,since.if t e T, u ~ U and n 6 N,

(t+u)n::::; (t+u)n-tn+tn f V+T = T+U,sincc Uis an N-submodule of S.

Note that any finite Sum of submodules of an N-mlj1ule is again a submodule.

-
Let S be an N-module and {Si}iel a family of normal N-subgroups of S.!f 8:::; ,2: Si and~d
~~rSi) n 8j==. (O)for each j £ I then we say that 8 is the internal direct SUm of the Si and

#1
we write S ==. E' S. .We note that' the S. need not be U~submodules of S.The elements fromid 1 . 'It

different Si conullute with respect to additi()n,as iuthe standard group theory result.

Definition 1.12: A direct S.l1mE_i;';~i= lo£ideals of near-ring N is called d-istributi'l)eiffor

any '1ifandErijin 1,'01£i)(;i') == Er,ii)A d!;rect sum EjS,;- Tor Iv~ubmoduIesSi of Sis
called dis~5ibutive if lOr any ~lsi. e Taml 'fgd' any n e lv~(~ll!si)n= ~sin, where the si come

,) -_,,_"" ,', - _ .~y - _,~!'·:\l '''- ,',.
from. different S", , / \i. ..!
Ii . ..~ ! )

, \,1

We th~!lhave the fQllowing: '.~ /
i

,I

\\
\' \1

/
/
/
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Proposition 1.d8-

If (Si)id is aAamily of normal N-subgroups of S with ;Si - ErSi' then if L;iSls
d.ist111butive,each $,1s a submodule of S.Conversely,if each S· is an N-submodule of S, then" I . . . , I

the sum is distributive.

Proof

Suppose firstly that 1:·S. is,a distributive sum of normal N--subgroups.Then clearly each S,.I 1, , ' 1~e .' ~ , . '. ' ..
is an l\'-tll1th"fl0duleof.;Si since for any 8:::; (Si +si +",+si ) in hiSi ,(s+s.)n-sn e Si .since

1 2 k ~ .

elements from different Si commute.

To prove the converse.aote first that since N is zero-symmetrlc.any N--submodule T of Sis

also an N-subgroup of S,since for any t € T, n € N in - (O-H)irOn € T.Once this is known

we can prove the result.

Let S be an N-module such that S =: bjSi where each Si is an N-submodule of S.l,et

S+S +...+8 (S, n to N,We prove the result by induction on r.Certainly with r = 1 the
:t 2 r
result is true.

. .' k
Suppose that for any 1 < k < r, (s +s +...+s )11, == s s+s n+...+8 n.Now S aad E S are

- 1 2 k 1 2 k k+l. i, 1=1
N-submodule(~ of S,and so,

k
($+8 +.,,+8 +$ )n-s 11, EE' S and-(s +....+8 )n+(s +...+s +8 )11, e S .Hence

1 '2 ,II. 11.+1 k +1 • i 1 . k 1 , II. k+l .k+I, 1=1
" ' ,'II.. ,

-($ +8 +...+$ ).n+(s +s+...+8 +8 )n~,g 11, t (E' s.;)nS and so
1 2 le' 1 2 ,k k'l 11.+1 i=l " k+l, .

-($ +...+8 )11,+(8 +...+$ +8 )11,-9 11, - O.
1 II. 1 k k+l - k+.1

RemarksL18

8.)111the pt()ofof this result v,/esho,v~ that if N is ZE:lO--SY!l!metric,thenevery

N-submodule of an N-module is an'N-subgroup.

b) .If Nfs zero-symmetric and S. '! is an N~module with N-submodules (6'.) 'I such that S:::;, .". t ~e
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,
sum of its N-submodules (Sh) i~l'For these reasons. the internal direct sum is also usually

wLitten using the symbol$,
.'

c) A result similar to 1.13 holds for Ideals of.1}.near-ringjie if N is a zero~ymmettic

neat''-ring, then every direct $tUl:). or ideals of N is distributive.

JACOBSON-TyjJjj) RADIOALS

Several different Jacobson-type radicals have· been defined in near-ring theotY,and the

most welbkn.own will be described here. Recall that where R is a ring,J(R) is defined to be

the intersectiop. of allthe primitive ideals of R,an ideal Ibeing prhnitive if R/l has a

simple faithfuUnodule,and R itself being primitive "if the zero ideal is primitive.J( R)

annihilates every simple R module and can also be ch~.racterised by any of the following:

a} '£he intersection of all the maximal left (right) ideals of R

b) The ilJ,tersection of all left (right) primitive ideals of .R

c) {a; e R: rxs is quasi__regular for all f,S f R}

d) {x e R! .'('$ is quasi-regular for all r c Il}

e) {!li f R: !liS is quasi-regular for all S f R}

f) The unionof a1lthe.quasi-regu1arleft (dght) ideals of R

g)'The union of all the quasi.....regu1ar ideals of R

h) 'rhe Ull;que largest ..superfluous left (tight) ideal ofR.

We now indicate how these notions were extended to. near-rings.

Definition 1.15: A near-ring N is.called '1)-primitive on S if S is a faithful N-m.odule of

tYP<r"'I).(v e {O,2}).Nis ca11e.dv--pdtniti;ve if thereexiats an N-module S on which Nis
, .~' , . .. .< .., . '. " . . '.,' . ,-- ,

?J-l'rinrltiYe;rdeallof NIs. called 11-prinllti1f'e if NIl is .~v-prinrltive
,"-,.". )",' '. ./'" -:: ,\

near-tlIlg.Eqmvalently)ideallo:fN]s, ~primitive if and onlyif lis the annihilator in Nof
\\ .

an N-module of type-v;tha,.~ is,1 ::::AnnN(S)· wnere S is of type-v.
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Weca:n.now define the v-:-radicals oi.N,fot v t.{O,~}.
l)ef§nitio1h,1.16:Jfor ?J f {O,2}, Jv(1V) •.•....ntv-primitive ideals ofN}::::

..n{AnflN~8) :8 i~ an,~-modu]e of type:-v},I£ t~ere are. no N""'"modules of type--v,put J1)(N)

equal to N.Since. we are assuming that .!Vhas an identity,by horn'slelllIria !Vhas a proper

1J-ptfmitiveYJ.eaI and so JveN):/: Nin tne near'-ringswe a.teCGlloidering.
W:'have the relationship j (NYC .J' (NJ.

. 1) .. ~. ,- . ,

.. Ufllil<eln· iings,t'he intersection oian maXlh1al right ideals of a near-ring is not in

general a two Sid@d It;1eal,hut qnlSra righti)He?l.In the neat-ring case w~ denote this

interseCti9n·J1/,}N) anitcarlifth~quasl"",.~,d.lcal·of N.Jo(lV) c J11?(N) c J
2
(N),since any

O-Primitiveid.eal is contafn~d in a maxirnaLaght ideal. Forif Pis O-priImtive, then Pis
, " I,.

the annihilating ideal of an iV-module fl.+- "..A\where A is a maximal dght ideal. In fact P is
.,

the fargest 2-siued ideal con"~ned in A. We dow define another radIcal, the s-cadlcal

introduced by Hartney [6].

Definition 1,.17:Let She arl /lILmodule allQ l.et s,s' f S .s is said to be equivalert to Sf

written $N s' ,if
sN;::: s'N and

ANlN\S) ...•Anfl.c.. ,))' N is an equivalence relation on S.

Definition .1.18: .{\.nlV-module So! type-.{) is said to be of type---s if for each $ € S such that

sN=f. O,we have

at eN ;:: (9 l:t1!Where each. H. is an N-mOdule of type:-.o and a $ubm:odule of aNjet 1« . 1

b) there ~sta,atf s' e,:sNsuch that $N S'.
,'" . ,

:--. _ (", Q,' .".,' ., ': . _".' ,,' ,' .', \'( '-"''''~ _ ,if

Note tllat sill.ce N h..as 'a multiplicative ideu.tity, the ~secondconditicm.becomes redundant tl,S
." . ::.-'::> .' .... ",> <y

we can ctal\~ s' -- s.t,

£emm~~~~19
,'V'

If S is~{1V-crnodule oft;5'PH ss the previous dsfinitioIl,·then. the set I is finite.
~ 0 ~
Proof

''J,
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B.y the definition of a, type-2 N---m.odule;anytype--2 N-m.odule is also of type-s.
Definition 1..20:A nea:c-xing Nis v!tl1ed 8-primitiv~ if it has a faithful typH
N-module.IdeaJlo£ Nis called a-primitive if Nllis an s-primitive neal':-ring;that is,ii I

annihilates aa l\l'-m.oaule of typEH.

Definition.£. 2~:The intersec.tion.of all .thes-pd~ tive ideals ·ofa neat-ring. NJs called the

s....radicM of J"4J'aCN),~rNham~t>'s-prirnitlve idea!s,we define Js(N) = No
I~lout(case,Js(N)* NllAJsotweh~'Vethe inclusion

J2(N):J J$(N):> 3'1/2(1'1) :) Jo(N)
.In the ring theory case all of these coincide and Jl.iN) == J(N), v .0,1,2,8.

\1.

"
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GENERATION IN'NEAll-RING MODULES

In this c,i:\j;1ptervyeextend the concept of generation,froID modules over an arbitrary ring

with identity to modules over a near-eiag with identity, We. first briefly examine the

ring-theory situation.

Let S be a module. over a dng.A submodule T of S is called essential in S if for every

non'7Zero submcdule U (1£ 8, 1112'¥ (D). The symbol H~ II will mean "is a submodule of II lSO

that T ~ S means that ~ris a submodule of S.Then several results are easily proved:

Let Ti~ Sl·~ S I~ndT2s 8
2
s S where S is a module over R,a ring with identity. As S

is a module.over a ring;,both T and T are also submodules of B.Then T is essential in S if
! 2 1

land only if T is essentral in 8 and S is essential in S,while TnT is essential in 8 if and. 1 ..•. 1 1 . 12

only if both T and T are essential in S.rf S::::: 8(f)8 ,then T(f) T is essential in S if and
1 II 12 12

only if T is esaeutial In S and T is essential in S .t . 1 2 2

Using Zorn's lemma it can be shown that if T isa snbmodule of S,there exists

another submodule of S maximal with respect to having zero intersection with T,and the

SUIl1 Of this submodule and Tis ess~utial jl1 S.(Recall that the restricted sum of submodules

is alWs;ys again a submodule in the ring theory case.)

L~), 9t be any class of modules ov(~rthe ring.s is said to be generated by U if there is

an inde:x:eciset (tJi}id in U and an epimorphism h:.G>r Ui~ S.

We define the trace of 11in S, 'I'r:lv U) to he

'fl'jJIt) :::::E {Im li I h: U-4.8 and U s t[t} .'Then Tr i.'it) is th~ unique largest

submodule ofSgenerated by 'it.We note that Trf..1t) may he S itself,

These definitions canl1totbe directly appUI,dto neR4t·....ring modules as the image of a
; {\ . i-" __ ,_. _ _ ''''' ,,',_', ,," ."" _', " _',' __ .__ .",y::"homoniorphism of a near-ring module is .not ue-c"essarilyan N-aubrnodule of the Image

:;"/ - - - : -'

sf" J,but oidlyan N-su9$l'OUPiWptlst the sum of two N-aubgroups is not always an
" "\\ .
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N--subg~oup.Soll1e restrictions to the definition:;! of generatiotl and trace arc. therefore

necessary.

, With .J'ttie class of all simple modules over ring El,we define the sQc1e·0£ S, Soc( $),to

be Trs(3}.lt is ,the largest semisimple subrnodule of S.lt can be shown that Sac(S) is the

inters.ection of all the essenti~l submodules of S.Sinct:.'n,ear-:dng modules have several

substtucturea,tnere are several generalisations of the II~limple"concept,affecting ~he

definttion or a socle,

Lf:1tN del10te a zero ....rtyrnmettic left near-ring with identi~y .The concept of an essential

sub?lodule In l'ill.g the,ory must be adJ,usted to deat with the two main substructures

occurmg in modules over a near-ring.

Definition .2.1: Let S he an N-module.An No-subgroup T of S is called mcdule .o.)tientialin .

Sif, whenever V is a ~on-zero N"iSubmodnle of S,thell rnXi: {OJ.2' is ca'led essential in S if

for every non-zero N....~ubgroup (jor $, U1 Tf. (0).

The following lenuna.w1U be used uften in what·follows.

Lernma2.2

If '1' is any N-eubgroup of the N-module Sand U id a submodule ors maximal with

respect to 7n U == (O)[th.e existence of U is g'uaranteed by Zorn's lefp..maJ then T+ U is
'(

module essential in S. ,

Proof

If A is a non-aero suhrnodu1eof.Ssur.b. that Ar\(T+U) ·.(0) then (A+O)n T= (Q)

contradicting the maximality of U:

Olearly every essenti,al·N"'""$ubgroup is module--e~sen,tial.

These definitions ate due to Beidleman [2] and OS;Wald[12].
'I

Definition 2.8: An N-subgroup T of S is s~roicomplemented if there exists an N--subrnQdule

I)
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uof S such th~~) 11l T.= (0) and [1+T.=:, S. U is then. called a. semicolhplement of.T in S.If
o -_,.~

"
every element of a, set of N-subg:roupsis seinf(';OInplemented,then the set is called

iI \\,

\ \semicomplE?mented.

An N--module S will be called mlnlmal if it"yontains no proper non-zero

N--subgrou.ps",a;ntiirreducible if it contains no proper non-zero N-..submodules.We note

that/every typ&-'2 N-moduie is minimal,but the zero N-module is nll»imal but not of
,- . ~

type-2,M type-:.2 N....modules ate. by definition non--zero.Simila.rly every type-O N-module,
(1 .. .. I .,

is irreau~lble 'but an itr(3ducl~le N-module need not be o~ type-{) .

..Dejinition 2.J: Ail N-:module Sis called completely reducible if it is a direct sum of

,minimal N~'!lbmodules.

We now come to the definition of generation in near-ring modules.

Definition 2.0: Let N be a near-:-ring and let 9.t be any class of N-modules,and let S be an

lV-module.An. !:Hubmodulb l'of S is said ',\0 be generated by 'It in S if there is a subset
, ..

( Ui)id in U for Some index $et I and an epimorphism lJ,'$f)lUi-lT such that each image of

if is an N.-..submodule 0t 8,where t£'i is the l'estriction of h to .Ui .bi is of course the

injection map from 1Jitt}~ Vi'
3d

Npte that an N-.subinbdule of Sgenerateci by 'it in Sneed not be genetated by ~ in

every N""()fl0dule colltalmng $.This is·because,if S is prop~r1y. contained in N-module $I Ian

N--ilu.hmodule of S need not be an N-submodhle .of 8'.
.. \:' ::\ . .. :.'"

Definition ~.6;We dhline the trace of.tt in S, Tri/lt) to be,

.: " . ,~rs..U),= .~'.{rm h I h: U-I 5, (J t U and (U)h is an N1\~fX1odule of S}
,'" • ',' _,' _J, '_," ,', _,' .. ' " """ _ , " " ' .' .,_. _"_,, , ' , _ " ' , ,,' , , " l(~l"',, '.,', , _,", , .'
ThiS' l~st condition is necessary since (D)h 1s in, general ol'lly an N-subgroup of S and the

sum of N~ttbgfoups nee.d not be an i\Lsubi~'Oup.As ill the ling-theory case, we have:
\'" .:.. ... l_~ . .J ,•. _..

P'I'()pv8ition 2. '7
c

Trs(1t).is ~heuni~ue.1axg~s~N--subrnoaule of S generated by, ftin S.
(J G rz.

Ii

((



Pro 01
\~\
'\ First we show ,~hat 1''t~ U) is generated by U in S. There exists (Vi) if I in U and

\, ]If. ,homomorphisms (hi)id h([Jf' Swit~ ( Ui}h an N~ubmodule of 6(Jo:reach i f I,suali

that Tts('it) -;:::.;Im' [.,rio Defineh:G1rUr' Shy ((ui)id)1tJh ~ (u)hjfor all je I.Thenil~ == hi

and SO}(/i)ltih is an N--submodule of S for ea,~h i e I.Cl~arly Trf.U) = Im ti, so .that
Trj!1) is generated by, U'jn S. , .i'

j/ . '.i - ti1"_1 -_ c -;;

Next suppose'P is an N-Bubmodule of S generated by U in .~IThen we have
j'

~luiJ; TH (0) exact for soma family ( Vi)id in thec!/ass U and each (Ui)tih1s an

N-fjubmodule ofS.Then T- Etlm "ihand so '1'~ Ti·d.,U).

We now give some general results concerning: gen,eraHon and trace.

Proposition 2.8

a) If Sis an N-module generated by a class of N-modules i'll, then every epirnorphic Image

of S is also generated by 'ft,
It_·

oJ If (Si)id is an indexed. set of N-modules each generated by 9t~tbenIf)I5i is also generated

by ft.

Proo]

a) follows by taking the composition mapping

If) UH S-+ T
id 1 Ii

b) If for each! e Itwe have \,
\'

*G7£h Up, -+ Sj epicjcieflne p.,(f} ( (j~)-+'~ Si ~y.((UR,~B)I\}7rl::: . }]C(uR.O'·k)~),/; with 8
1'\ 1 ~.t I;un, "'1·. HI} flJ 1 (JaJB. "'J.1 J
\\ id? .1

the kronecker delta, . 1/.'

M ~eiJrollary to this result we h~ve the'r~~Wlng.
0, J1

Corolla!fY 2.9 u /1

If $is a class ~fN-mQ.dules each of wruqliS generated hy U,then' any/At-module generated

?y &'is gen~rated by 'It. • /..,

11
1./
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a.) 'If S is an N-mo~ ~enerated by a, class of N-modules 'tJ\.then every epimorphic image
of S is also g,enerated ljy U,

b) If (Si)ieIHran indexed set of .lV-modules each generated by U,then~ISi is also generated

by.U.

Pro 01,
a) follow,s by.taking the composition nlapping

C9 U, -4 S....T
id 1

b) If for eacbA e I we have

.~.:$B. U/3.~SLepic,definefi~:( U{J)~~~' Srby ((Up.)uB) litk'T: •.·~.:((~t{1.~·k)i<Mwitho
,: 1 1 ~-LEUE. 1 161·, J 1 J(.l1B. J J. J

. ifIi~' ",.1
" ,

the kronecker delta. 1
I'
\1
'I

As a corollary to this result we ~\iQe the folloWing.
1'"1 11 2 i'l "IIY~P/) an; .. ;:..:) 'l,
If $l~.a cl,¥,a01 At.nlOd~leSeac~! wbich 1$ generated by ft,th~ any N-mQd~le generated
by Uia generated :by 'ft. \

\~
~\
~,

\\

o
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.Pr(),positiQ.I}l'2.10

tet Tand S be N....;rnodules;'Then. T gene~ates S if alld Or4Y if there exists a. set of
N--lfomoxnotl~hisms H,frprn T to S with S:::: .~ .1m h and ea.ch Im 11, is an N--s1,lhmodule of S.

-, H'·
pr;()()t .,

E'iriauPP9~e"tha.~)S~ ~Jm hwhete each h is an N~h()mo:morphism from T to S sUCll~h,~~

~ •.~ I~~submn~leof S.Then the lQapplj)g ,.t<9)~. ·SWithC9.-or4i~teWi8e operations
deter~ned by .[{is,epic~d each Im "h!;::; Im h is a submoduleof S.

\bleadY.?i£ Sis generated by Ta,n.d we have .T-A)]f S~ (0) exact! th~n

cS ;;:.EAIm t..,}.

Corollary 2.1t ~)
Let :NAnq,,$ be N7"modul~s.rhen, Tgenerates S if and only iffor every non-sere

N4tolXlpnlOl'phism Jwi~hdomain. S,there exists all N-hornomorphisrn h: T~ S with Im h.a
.;)

submq4ufe ofS such that hit Q.
o Q

Proof

Let H be the set of all N-homQmorphlsnL'3 h from T to Swith tnl-Ita submodule of S,and

let X .... 2: Iin h. If f. 8"-1 (J, then hf,::::d) for each k ($ Jl if and only if X 5 ker f;
';c: If" , . . . •.•...' '. . 1.\ .• '. <,y

>' Now. suppose that TgeneJ;ates\',S.Byproposition 2.7 S - X:::; ~ Im k and so hf- .0

" . . . ." .' ... )1 II.. . . . ..' .• .

for .atilt Jllmplies that S == X ~ ker::i ie Jis the zero map;'This is false and so there exis.tsor' " " ,
h (.lIsl1ch i~at hf:f; .0. !i

a supp~~~hat for allYnon-zet~ifl$4. ,tthere exists-'n; Hsuch that hi:/; O. t~tibe
c '. ..,.?. ••... .: . Ii..... '.:

the natural t.napJromS:to S/X.TnenjWs kerl~~nd so hI .0 for all h ($ H.This contradicts
1) . • Ii : . ,.

the .hypo\hesis unl~ssliS the zero mal ie.S .' i,\x.
" ..' .... ..... i!n'

" ) 'Ii

.. Whi~eiii gener.lll. i:la not trull that If J1r•..$. ~ T4enJ'l'l: .s(..UJ)lt Tt~ 'It) , this dol$' hold if the
'<, ~'.. I·· •••••• . \1 ~

If"

11

II



mapjis an N-ePiI)lbrphiSlllSinCeifl\sfU) ..2 tlm~ where hi:Ur~S then (Tri7t»)F r
Im h/and each 1m. \fis a subrn.odule of T.

proposition 2'12

Let ($ihdbe a collection of N-modules.Then for. any class of N-module~ U,

T~·S.(U) .......$ TrS.(U) •
.I 1 leI 1i e

Proof

For each i f: 1 there $xists an epimorphism hi: eB ..Up. "1 TtS!( U) for some subset (Up)B. of
, 1 1 1 1· 1

2tsuch that each t~\is a submodule of SiJ3y letting C be the diSjoint union of the Bi .we,vi
_}lavean epiIrlOl;:phismfrom-y~GU-y to $1Trs/U) such that .the image of each U-y Is a

submodule Of'G3rSrHenceerTrSi(U)C Tr$lSi(U).

TtearB. .('U) :::::i1{Trm.(S. (U) )'lri1c ; '1'r s.cU) ll,since 11'1is epic from (BrSi to Sr
1 .1.1· 1

>;(Trs. (U)), ~~erTIS. (U) and so '1'r(l}S.('tt) c mITts, (U) and the proof ia complete.
\ 1 .' 1 11' 1

Now let U be the. class of all mi~jmalN-rnodules and let S be an. N-lllodule. "I'hen
s s

'Xr~)U) ,the Ja.rgest.N--'Submodule of S generated by U i~S<:~sjust the sum of all the

minimal, ;N..-suhmQdules of S~the image of aminimal submodule being minimal again. W!;

reiterate that thf:lzero module is considered to be minimal.

Definition 2.t$; For any N....module S, the socle of Sf Soc 8, is the.sum of all the minimal
n ~.

N-s~bmodules of S; that is SoetS == Tri-U).,

" W,e now investigate the structure of.the soele of a module furthel\ The folloW1tlglemma
, (

will be useful {or.this purpose,
""',. ',\ 1)

o Lemma 2.~4(OSWaldfl~])

G
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It Tis an N43~bgrotip of S and the'set of all N--subgrou.ps of 8\1J\ semicomplemel1ted in S,

then S(> is the set of all l\t--subgroups of T.rn particular,ifX is'an. ·N--sub1t~Q~)uleof Sand U

is:an N....subgroup of T,then there exists an N-submodllie lfof S such tll~t en V '. (0) and

T:;;:: U+V.

Proof

This fOllowa'~;sllYSinCe if.Uis.anN-subgroup of Tthen Uisan N-subgroup'of.$.and

hence there is(i submodule Wof S such that mw- (0) and U+ W:::: a.Putting .V::;: TM11'

we.have WV " (0) And. T:::;. .tl+ Von

COTollaryl 2.15

If T is a non.....ll'Jnimal N-subrnodule of S and the set of all N-subgroups of S ,is,

sexnicomplern.ented, then T is decompo~able as a direct Sum of non-zero submodules of S.

Theorem ~.16

Let Sbe an N-modul~.I,j"hen the following are equivalent:

a) $= S.ocS
0) S II, a.~irect Sum ot .mininutl iY-;-SUblllodules.

o),S contaiM no proper mociule--e13sential N-suhgroups.

d) The set of all N-sub~.otrps ofSissemicorn.plemented in S.

Proof

We prove that b}~c)* d)9 b) b):} a) and a)~ c).

If o} holds then any'N"'"'SubX11odule of S is a direct Sum of some of the minimal submodu1es
and so b) implies,lc).

NQWsuppose that S QQnt8lns nO proper trl,odule-.essentihl Ai ,subgroups and let T 'be
'1 .~ . . _. - . . , ')

an N~ubgroup of S:We apply Zorn's_ler.nma to ..9J, the BElt of all N-Bubmodules of Shaving

zero intersecti~n, with" T."(,O) is in 9J and we order 9J by s~t inclusion. The union of a chain

in fiJ is again '~. e1elnent of, 9) ~d is an. upper bound for the cha.ijJ,and so there exists, an
o:~ 'r

,.0



N-submodule r;·of Smaxii11al wHb r~spect t,o 1t\ U;::: (G)-By lemma 2.2 T+Uis
" . /i

module-€~sentialln S.'l'his contrad<;~t&t,hehypothesis unless S:; 1'+U and so d)Js implied
,~ .:;\.

by c).

Suppos~ that the set of N-subgtoups of Sis sernicompleroented..Let X be the sum of
" •..•...!J .."all theminiulal N-submodules of S.X exists as (0) is it minimal N-sub'lnodule ofS.IfXf. S

c ,

.we ~an ntt~~=:p.N-St!pmbdule /( such that .xt11<= (0) and S = X+K.L~t 0 f.. k e K.tJsing

.2om's lemma we can find·an N--submodtile L of Sma,.'>'37C):UVIith respect to Xc: L and k ~
(\ _"." . "_- ,_- -._, .-,

L.,;Bycondition d) thete is an N-submodule P su~h that S ~ L+P and In? = (O).If Pis

not minim~ th'en by COr91~~y2.15 i .''.');{D Z where Yand Z are non.-zero snbmodules of
S.then Lis properly contaJn~d in both L+ Yand L+Z, and so

k t {15qIW(~+z)~Now ft+}')1(L+Z} = £, eincelf I+U ~ l+z e (£+ Y)l(L+Z) then
" '. ." c..' 1 . ,2

~~+{=g;;.y 0) Si~c~1l11? .'(0).$0 {= {and y =z •••01 since mz= (a).Hence
(+Y =..,f\e Land W~har{~{£+Y)n(L+Z)c L.Clearly Lc (L+Y"f\(L+Z) and so equality

~. I, \

holds, .giviti~J e L:But. tMs contradicts the choice of L.80 P must be minimai,butthis

contradicts the f~ct that RlX::::: (O).Bence J =8; that is,.$ :;;.~.Si where each Sj is a
I

minimal N~-Sl,lbmodule of S. Now let Sbe the collection of all submodules of S which can

~Pwritten as a.direct sum of rn.i~mal submodules of S. 9)4= <F:Partially order>.0by set
" (X)

is 3., chain in !iJ, then U T.e .$since.if each T. :!,,:. Ii) S. . 1 1 . 1 . A ·a
, . 1== ae i

00 \.

thl!;1lU 1'};.... 1:'9. Sal Hence S has a submodule T maximal with respect to having a direct
i=l ". ad.)A, " ,

1

sum decOlhpOsiMm.l ~~t()IDlnirp.al sublno~ule$ of S..Since S:::::~ S. and all N-subgroups of S
If. ,. ' . ~j • id 1.. ,

axe semicornplemented in 5, we'hav~ T::::: S.ie.b} holds.

If 'I)) holds then a) clearly holds ..'

" Now suppose tha.t. a) holds and Soc S :.~S. Then S = £ S. where e-ach S, is a minimal... , . .,' h:l.} '. 1 .

$ub)'llQdule .of'S. Suppose that S has a mOdu1~ssentiaI'N41ubgroupl(.13ut th~n'£01' any
._;. ,

o

\1 CJ
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nOfl.~ero ~ we havel(n Slf (0) and so 8fC K as the Sl·.are minimffi •.Then.~ S.· 1(.·80·S
leI 1

has no proper module-el3sential N-subgroups, Ie c) holds.

Continue to let 'it<:}en.ote>the tIass of minimal1V-modules.
.:

(;

Proposition 2.17
Let T«ellote the intersection ofaIl the module-essennat N-S'llbgroups of B.Then Tis

generated by 'it; that is T is completely reducible as an N-modu1e.

prool
If X is an N-subgroup of T1 then X is an N-13ubgroup of S.T3y Zorn's lemma we. can find a

snbmodule Jo£81llaXimal with respect to Q1X:::: (G).Then X+Q is module-sssential in S

by lemma 2.1 and so Tc X+'Q and T:::: X+(:m Q) where 211Q is a submodule of T. T is

completely reducible by theorem 2.16.

Notice that we liave not proved that T is generated by 'it in 8,but only that T is generated

by 'it (in.· T.)From this result we cannot conclude that T is a submodule of S.What we can

deduce is that Soc SeT since if U is a minimal submodule of S, Ut: T.In the ring theory

ease,SBe S·~ T.ln our case, that is, the neat-ring case, we have:

Proposition 2.18
Let T be the intersection of all the :Q1odulAssentiaJ N"')'I.ubgl'oupsof Sorf 1'18 a submndule

of S then. Soc.s == T.

P~oot
Suppose there exists 0 f p e 1\80c S. ByZorxi1$lemm.a there exists a aubmedule Q of S

ma'ldma4. With l'e$p~ct to ,p ~ Q and Soc SC Q. L~tQ1 ;:: qtT.,,Again using Zorn's lemma
~ .
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. Ql+Uis xhodu1<Hsse~tiaJ.in Sand hence contains T. So T =. 211(Ql+D) · . Ql+(l11 f) :::

QIE9Utwhere O't= .W T..
Let X be .a. non-sere •N--subgrou~ Then.X is an N--suhgroup. of Sand so there

exists a. suhmodule .V bf Smaximal with respect to mx - (0). By lemma,2.1 X+ Vis

rnodule-essential in S and so lIfC Tc X+ll: Heno!;!,0'1 ;...lJ"tn(X+ 11} .... X+(ID 0'1)' If Xi:
O't t.hen VI =.cYfl U1¥ (0). Applying the same argument to VI as ha.sjust been applied to

X WE! see that there exists a submodule WI of S such that 0'1. V1+W1and vin WI -

(0).
',I" ' .'",' _.', _,' "',.' _'" , ,',_',_ <'", " ,," .,' :,,_." ,_ ,,' .i: ,'_"','Vl# (0) and since.x« (0) we must have WI:f:. (0) ISinceif Wl ;;(0),we must have

U1nQ =1(0)., v1nQ;} W1DQ- (0) and p qQ+ V1)(.Q+W1)· Writing p = t[1+?J:-- t[Z+w,

we have -([2+q1 £ (VI +w1)nQ -- t[l?Q ••(O) and so 7F'w==O,.contradicting theJact thlit p

¢ Q.
Hence}( :::"0'1 and' lli .~.~a minimAl submodule of S,from which we }lave? '

lJi S Soc ${Z Q. Ql1 (Jl'- (0) ~~dso Ul == (0). Then T == Ql:;::: lrlQ so Tc. Q .contrary to

P Ii! Q. It follows that T::: Soc S.
,I

Proposition 2.19
"

Let T be the intersection orall the module-essential N--subgroups of S. If T is not f1

sllbmodule ofB ·thenSoc Sis thela.rgest sllbmodule of S contained in T.

Proof

Suppose (Jis a submoduleof S such that SO~,Sr:Q~ T.tet·q c·.Q\SOcS.l~Y:Zorn's lemma
'tllere exist~o~suhmodule UofS'.maximaJ wfth respect to g ~;, Ua.nd Soc Sc lJ.Let 0' .....

~ .. 'I [~, 1

U1Q.Agaib,)using Zo!n's lemma there ~sts ~,JJUb:tp.b'au).~Vof Smaximal with respect to

T{n Xl ~. (~) ia,nd by lemma 2d U
I
+VIs modulHssential in S.Let VI :;:::Ul Q.Then ~ is

zero, bl' 8,'p~Qfvecy aftnilat t(I ;hat ablW¢, ,eplaeingcthe tll illptQt')sltmn 24$b» Vi'

Since.gl'+ Via module-essential in S~,Q - Q1( O:t+ 11} :;::: U1+(Ql V) :;:::C!l+Vl'

'vi ~ (0),. BO q:=; Vi ::;,urq, giving QC. Qi:' Thi\$ contradicts (~hefact that q ~ U and hence
, r:J:;:::Soc S. '

f)
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Fropo$ition ~,~(J

Let S he an N-mogule such that S - $rS'i where each Si is a iyuuimal (irreducible)

N-submodule oiS,Then any short exact. sequence
1\

(q) -I tJ.fSll T-I CO)

!1.plltsMd lland T ate sums of their minimal (irreducible) submodules.

P1~p(ll
:.1._ __ .: _ . \ : -__.'

ImJ- ker 9so Im lis a submodule ofS.Since S - $1"i whereeach .,$'i is minimal

(irreduCib!e), ttnl-$JSJ for.some J C land Im fis a direct summand of S.For any

e . (u)f+s') define h:.S,,", Uby (s).h .• u, Then jh ~ IU and SO. the left hand side of the

s~~uence splits.

Since Irn g-::.f. S/key g,' and IJ is epic, and Im. l= klJ1:9,;'T ~SlIm {and each i in .1' is

associated with a uni'que s+Irn jin SlIm t Define .1;.' T-t S by {t)k ~- s ~(4JM. Then

kg ;:::.1.1" ;:.mcf.. the r1911t hand stde splits.

U~Ilfi f;=:;$JSj while T~S/(Im j) ~$r\JSi'

We now"turn,.Qur attention to generation by $,'t' ~la.ssof an irreducible N-modules.A

module is generated by 81£ and only ifit'is tlie sum 1..,[ submodules each irreducible as an

N-module.Sincc. a subrnodul~ of a direct summand. 9! S is also a suo1l1Iod.l'le of S, Sis

generated by ,rtf and only jiit is the "sum of its irreducible submodu);es.Submodule Tof.S
L ; .' . . ,

is generat~~ by $'in S if and only if it is the sum of sub!l1odules of S!each irreducible as an

"
C .' __. ..' '.. ., ::" ' -.". O

u Let S be an N"'-roodule.The following are eq'Uivalent:

Proposition 2.18

a.)'S is a direct sum of irreducible subfuodules; ,

b) Sis generated by the class' .ofi!i~ducibJe N-modules.
(I . . .' -", . • . ~

C), S is the sum or some "set of h'tedudbt) aubmodrdes.
<:3:

()
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d) Sis' the G,}lmof.lts irreducible subrr;bdules.

e) E.~ery$~bttlocJule of S is a direct summand of S.
£) Every shott exact sequence (0) ... U--t8-4 1'+(0) splits.

Proof
Wehave a)* x):} eJ ,;b)~ a) and b) #>' c)R d).We need only show that e):? d).Suppose

t' .":' .'.)

theli that 'every '~abmodtlle of S is a direct summand ·of'B~Wefirst· show that. every

non-zero aubrnodtlle'of S contains an i~l:Mucible sllbmodule of S.

(;.tet 0 * e e S and let [$1be the submodule of S generat~a by s,Then Is] contains a
subrnodule of St U,maximal among $ub11lodules of S contained in [81:

Let gbe the set of all submodules of S properly c~)lltained in lJ).Ordel' 9J,by set

inclusion.(O) e J?J,The union of any chain in 'Blie .a.gain'a submodule of S and is

properly containeti in [s],si:nceif not there is some element in the chain containing

$ and hencers}, a. contradiction. Hence by Zorn's lenuna.; Uexists.
Uis a direct summand of S by hypothesis, So S = U9U for some submQdule of S, U. Then

Is] := [slrt(U9l1) ~/ V&{fs]nCJI) and so fs]ntJI !It [sIllJis an irred~cible sublpodule (lrs;
"':tet Xbe the union aLall the irreducible aubrXlodul;·esof s.n Xi: S,'9::= !A.'ffJX" where

)(J 'f (O).:But·,then by the previous part, ){l contains an irreducible submcdule of S,

contradicting the definition of XSl\ X:;~ '.1:

o

\1
\v

(J

\\



CHAPTER THREE

COGENERATION IN NEAR-RING MODULES

Since the kernels of.N-hOlnolllorpmsms are submedules of the domains,Lhe notion of

cogeneration,i~ extended to near-rings more eW)ilythan that of generation.Generation is

concerned with the sums of images of N-homomorphisms.Images, of N-homomorphisms are

not necessarily N-submodules but only N-subgroups of the image space.Very briefly we

nOW outline the conc!apt of cogeneration in ring theory.Unless otherwise specined,for any

module Sover it ring' R (over a near .....ring N),T~ .s wiJl mean that T is an II (respectively

IV) submodule of S.
let S be a module Over the ring R. T $ S is called superfluous or small in 8 if

whene'rer r;~ S such that. T+ U;: Sjwe have [J:::: S~Thisnotion is dual to that of the

esaential submodule,

If T
1

$ 81 s S and '1'2s S2 s Slthen 81is small in S if aud only if 1'1 is small in 81and

SIT is small in 51 r 1while T +T is small in S if and only if both T and T are small in
11 1 12 l' 2

8.

If fiS ...l 8 is an ll-homomorphism and T is small in S ,then j( T ) is small in S •
1~" 1 1 1 2

IrS:::: ~7$S,then ']lerT is small in S if and only if T is small in S and T is small in S .
. 12 12' 1 1 2 2

Let ?t be any ClMS of modules over the ring R .8 is said to be cogenerated by 'it it

there e'xists an indexed set (Ui)ieI in 'It and a monomorphism S~ nrDi.
We define thexeject of U'1n S)RejS(~t),hY

RejS( U) :::n{ker h Iss-. U, U e U}.

Then RejS( ~t)Is the unique smallest submodule Tof S such t~at. SI Tis cogenerated by U.

With 9'the class of all simple module~ over ring R,we defin.e the radical of

S,RadS,to be'e~al to::R~jsN7)..:aad.R)tlie Jacobson radical of R,ls also"equa1to:
''0

a) The intersection Ofiall the m8:ldxnal.left (right) .ideals of 11,
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b) Theilltersection ofa.111@ft (right) primitive ideals of R

c) The stlm oiall quasi-regular left (right) ideals of R
d) The sum 01 all quasi-regular ideals of R

e) Theun.\que largest superfluous left (r1ght) ideal of R

'llie .neafi-<ring case

Here w,:~.,investigate !feJS(U) and RejS( jJ. wh~te S is, a near-ring module and U and ~9"ate

the irreducible and minfmal near-ring modules respectively.

Definition 3.1:' Let U be a clm~sof N-modules.An N~mod:uJ.eS is said to De cogenerated by

U if there exists an indexed set (q)ie! in. U and a monomorphism

(O)..j S-li IIrlJij

If Sis. cogenerttted by U and 'there exists a monomorphism from S' to 8,then S· is

cogenerateg. by '21.1£ ris a class of N-modules)ea.ch cogenerated by .'2t,thellthe class of

modules {!ogenerated by ris contain~d in the class of modules cogenerated by U.

For any N-moduleS T and S,let l1oltlN( T,S) denote the class of ail
N-homomorphisms from 11 to .s.
Froposition 9.2
Let T and S be N-modules, r cogenerate.., S if and only if there mcists a subset

s« HOlnN($, T)With~~Hker h --,_(O~;:)

Proof
S)1ppose l' cO)gener~tea S and }.S -l' !is mpbiciFor each i ~I,iet it ";-ftri,Then Ii maps S to
f and is an N__hQmomOl'phlsmfog~(L~ ie 1 andnker Ii. =- ker J=- (9).

. .... 'id
& Oon){etsely /a-nppose Efe HornN( ~,TJ with ••~ lcer 47.=CO).Defi.~e f,S""t T"t by

I' h"",H
($)1 .....((s,)h1h.di i~r£1r's t S.r.Phen ils all. N-h6mpltlOrphlsm ~q Iter I.....n ker h= (O),ie./
>.: . '. . \\ . '. .' heH
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As a. corollary we have the following

Oorollary .$.3'
Let T and She N-modules.Then T.cogenerates S,\£ and only if for every non-sere

hotnomrphism fiV'-4 S, there exists h 6 HomN(S,1? such that :/174 (0).

Proof
Note firat that jh ~ (0) for all ti e HIWN(S, T) if and only if Im fe, n k e 1; h.

Ai~Hom(S, 'f)
Suppose that T'cogenerates,S.By propOSition &.2there exists He HotnN(S,T) such

that n ker,.h == (O).Then n ker h == (O),so if.fl'::'= 0 for every h 6 HOffiN(S,:\ then
hell luHoffiN(S, 1')

Im 1= (O).J3ut fis non-zero and so for some h~:aOtri~

Now suppose that for any non-sere fi U -4 P ilht., (va h.1; ,t'/.\~~;lN(S,T) such that dh
.=/: O.Let 1l:::; HOffiN(S, T) and let A = n ker h; 'Nlth fi/~o.t S the lncluslon map.if N 0 th<:ln

A heH
there exists h t H such that jh:f. O.But jh := (J for each h (( l~b~ the detlnltion of A unci. J,so

Jis the zero l~!.APie n ker h - (O),and by the previous voposition,T "ogenerates S.
hell

Notice that, while the previous propOSition and corollary are in some ways dual to 2.10 and
2.11,since we are dealing here with kernels,which are N-subrnodule8,we do not need the

restrictions on Itgiven in 2,,10 and 2.11.

In some sense dual to the notion of trace.we have the reject:

Definition 9.4: 1,Iet U be .8..(:18.$8 of N-In(hlules and let S be an. JV.....m.odule.Then the teject of

U in S,Rejs(U) :~ n{l<er hI h:So.t Uand U e U}.
, ,(, -_ " .. '

Proposition 9.5.

RejS(~) is the unlq}l~smallest eubmodule l' of S such that SI'!' is cogenera,ted by ?t.

Proof

Let (qJid be an indexed eet irl.~~with h:$-4 11x Vi an N-homomorphism.let
Ii
\i
\',



26

T· kar h.Then RejS( U') eli kel,'(h7l'i) ==ker h = T,and so if 81T is cogenerated by U,then
I

Rejs( U) C '1'.
Now there exists an indexed set (Ui)ieI in 21and N-homomorpltisms hi:$..." Uiwith

RejS(U) ==r ker hi' Then }.S..." IlIUi defined by ($)/== «s)'\)id has kernel RejS(U) and so
uI

S/Rejg(U) is cogenerased by 'it.

From thIs restU( and the fact that $~S/(O), we can deduce that 8 is cogenerated by itt if
and only if RejS( U) == (0). Also ,if T is a submodule of S,then T·:::: RejS( 91:) if and only if

T~ RejS(U) and Rejsl'r(U') ::::(0).

Let Sand f'be N-modules,with f.S-+ '1' an N-homomorphis1n.We have shown that
,

if fis epic,then"(Trs( 'it»)!c Trlf(~t).rl1the case of rejects however,fcan be any

N-homomorphism:

Propasition 3. (J

If f,S-+ Tis au N-hornolIlorphism,then (Ftejs(U»JC RejT(u),
Proof
Let :c (i RejS( U).Now Rej,r( U) ==n ket hi where each hi is an N-homornorphism from T to

.l I .
some (Ii e 'it.Then ($)jhi. == 0 for each i e I as]hi e HomN(S, l1i),and :# e RejS( U).Hence ($)/

e'RlejT(U')'

Proposition tJ. '1

Let Sbe an N:"'module.Then RejN(S) = AnnN(S)'So in paJ:ticulat,8 is a faithful N-module

if and only if S cogenel'at~R N.

P7yj~~f
()

Firat note ;hat ~ffiN-+ Sis a-q. N-hotl.lolnorpniarn,then fjuat multiplies each n e N on the

left by some fixed' s e s,tor:- if (1)/--; $~then Qn)!-- (1)~fu,== sn.We denote jby 'S.
'~'. .-.... ...~

SoRejN(S) ~n{ker fi Ie fl6mN(N~$)}==n{ker s I 8£ S} -'s~sAnnN(s}==
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Motivated by this propositiou,we can define,for any class 'It of N....modules,AnnN( 'it) to be

R.ejN(U)r

We nOW take '/1 to be the class of alllrredvcible N--mod11les and ..'1theclass of all minimal

N-m.odules.Since Jrc '/1,fo1'any N-module S we have RejS( '/1) c RejS( jJ .In fact we have
the following inequalities.
P'l'op()!)ition 8.8

R.ejs('U)C E {small submodules or t~:::::n {maximal submodules of S}

c: n {strictly maximal submodules of 8} == Rejs($J.
Proof
If T is a maximal submodul« of S/I'hen 8/1' is an irreducible N-lllodulejthat is Sf Tis
et'lgenerated by U'.Re:nce ItejS( '11) en {nlaximal submodules of S}.

Navy let U be any small submodule of S and let T be any maximal submodule of S.If

Vis not contained in T,we would have tr+~r.=8,implying that T =. S.Hence Ut: T and Ii

{small subrsodnles of S} c n {maximal submodules of S}.
On the other hand,let 0 f S eO {maximal submadules of S},and let [sldenote the

submedufe .of S generated by a.Suppose that Tis. a submodule of S such that [$]+T .....S.Dy
Zornls lemma there exists a aubmodule 11of S maximal with respect to s ¢ U and T c.
U.This contradicts the choice of s,and so we must have T::::: S ie Is] is small and so

n {maximal submodules of S} ~.I! {small submodules ofS}.

Tis a strictly maximal submodule of Sif and only if Spris a minimal N-rnodule if

and only if SIT is cogenerated by ~aJ1d consequently,

n {stri~~tlylllaximalirubmodules oiS} = ltejs(U).

Beidleman (2) defines a radlG..llf~r an N-rno.dule S to. be the intersection of all the



28

strictly maxhnal submodules of S.lle then shows that if this radical;RejS(8} is small.then it
I

is the inters~ction of all the maximal subrnodulea of S,and ~ontains all othet small :
J

submodules orS.The preceding proposition gives the .same results.We aJ.sphave \

Proposition 3d}
Let S be an N-module.If every r~oper submodule of S is contained in a, strictly maximal
Bub:r:noduleathen ReJS(.7) is the unique largest small submodule of S.

Proof
RejS( S) is small,since if 'f is a.proper submodule of S such that. RejS( .9}.+ T:::: S,then TIs

contained in. a stricly maximal submodule of 5, a.But ReJS( 8i) c U and so T:::: S.

Th.e uniqueness follows by proposition ::t8 which shows that all the small submodules of 5

arc contained in ReJg(;8j.

Beidleman proved the following necessary and sufficient condition for RejS( 8} to be

equal to the sum of all the small submodules of S.

Proposition 3. to
RejS( 8J is equal to the sum of all the small subrnodules of 5 if and only if every submodule

of S generated by a finite subset of RejS( f1J is small.

Proof

Let A == Ii{small submodules of 5}.!f every submcdule generated by a finite subset of

ReiS{$} is ,smaU,then RejS( $j C A.Now A c RejS(8} and so RejS(.9} == t {small submodules

of S}.

c.onversely,suPP')se RejS($J :::;t {small submodules of S}.Let The any suhmodule

of S generated by i), fini1;&subset of RejS( S) ,say {$1 ,$2" .·,:Clt} .Th~n there exist small
il I: .".".. . .. " J.i

subrnodules .:0£ 8, T) T ,ii••, T such that TeE T..Since a finite sum of small N-submodules
1 2'i n 1 ~

is again small, T is small in S.
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Let oS be any N-'module.

lJefjnZtion 3.11: S is called finitely generated if for any set nOf submodules of S such that S

:::: :E n,there exists a finite}t c [2 such that S == E R.

S Is called finitely cogenerated if for any set n of N-submodules of S such that

n n.....(O),there existe a finiteN c n such that n N == (0).

PrQ/ffllsition 8,12

Let S b<;:an N....module and let 'tt be the class of all irreducible N~modules. 'I'hen S is finitely

generated if and only if S!RejS( 'tt) is finitely generated and RejS( 'It) is small in S.

Pr·t)Of

Suppose that S is finitely generated, Then since any factor module of S is also finitely

generated, we need only show that RejS( U) is small in S.Suppose that Rejs( 26')+ T - S

where Tis an N--submodule.of B.Then with n:::: {small N-submodules.of S},

(Ii 0)+ T == B.As .s is finitely generated.there exiflts some finite Nc n such. that

(EN)+ T == S,Now :E~~ is small in S and hence 1':::: S.

OOllverselY,suppose that Sj'RejS( U) is finitely generated and RejS( 'tt) is small in

S.Suppose that n is a set of N-submodules of S such that E [2 == S.Then

E(n.+RejS(U))/RejS(U)·:::: S/RejS(U) and so there exists some finite ~ c n such that

8;: (E~)+ReJS('lt).RejS(U') is small in S and so S:::: E~.

When Sis the direct sum of minimal N-submodules,then S is finitely generated if and only

if S is finitely cogenerated,as shown in the following proposition,

Proposition 9.18 \
IJet S be the direct sum of minirl~al N-subrnodl.lies.Then the following ate equivalent:

a) Sis !init,ely c()~ene).'ated

b) S...., 1'
1
of :T

2
+...+1'n where each Ti is a tt:rlnimal N--suhrnodule of S

c) Sis finite,ly generated .

JJ'f()oj



a) '* b): As Sis aidirect sum of minimal. $ubmodules,there exists a monomorphism

j.$-i IIIUi where each (JiiS a minimal N-module ..n ker firi = (0) and since a)
I ,

holds, there exists c. finite F C I such that ~ !:er j7J"i = (0) and S = Ear Ti where each '.Pi is a

minimal N-submodu1e of S.

c)::} a); since Sis nnitely generated and a sum of minimal N-submodules,

S:::::T +T + ...+T ,where each T is a minimal N-submodule of.B.We show that Sis
1 2 n· i .

finitely generated by induction On n.

If n - 1 then.s is minimal and hence finitely cogenerated,

Suppose then that n > 1··and that any module that is the Sum of less than n of its

minimal submodules is finitely eogenerated.Suppose further that 0 is a set of

N-subrnodules of S with n 51;::;(a).Then for some B e Q, T nB ;::;(O),otherwise
n

T c n n =" (O).So B == S +8 +...+S where each S. is simple and $ < n.Let
n. 1 2 III J

0' = {AnSI A e OJ.Then nlis a set of N-submodules of B and n 01 = n (2 = (0).:8 is

finitely cogenerated and so by the induction hypothesis there is a finite set ~ C Of such that

n.~ == (o}.(n~) ;::;.81A nA n...nA for some A ,A ,... ,A e~,so Sis finitely cogenerated,
1 2 k 1 'A k

b)::} C): Suppose that S = TG.lT$ ...$ T where each T. is a minimal. N-submodule of S,and1 2 n _ 1

let n be a set of N-submoduies of S such that S;:: !:ftAs each T.' is minimal,for each i, T.
1 1

n
C A. fot' some A. e O.Then. S _. EA.-

I . 1 .. 1 1

Since Soc S is defined to be the sum of all the minimal N-subrnodules of S,from this

proposition we see that Soc Sis fin.itely generated if and only if it is finitely cogenerated,

When dealing wi~h moduleS over a ring,where submodules and subgroups COincide,:tnore

1.'esults concerning fln.ite generation and cogeneration can be proved.For ex,!lJrlple,there is 'a

dual to proposition 3..12:when S is a module over at x'ing,Tb,.en.s is finitely cogenerated if

and only i.£ Soc Sis finitely cogenerated and SocS iu. essential in S.This result is not true in
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modules C· ;"!t 3. near--ring,since submodules or Soc S are not necessarily submodules of

S.Both t,Ns result and that of proposition 3.12 will hold if Wewere to define finite

generation and finite cogeneration in terms of N-subgroups rather than. N-sub:rnodules but

this is not practical as the sum of two N-subgroups need not be an N-'-Subgroup again.and

subgroup summation is not comrrnitative,

In the case of modules over a ring,it can be easily shown that a module S is finitely

generated if and only.if every module generating S finitely generates S,while if S ill finitely

cogenerateu it is .true that every module cogene:ra,ting S finitely cogenerates S~butthe

converse of this is not true.(±)Z is not finitely cogenerated.but every module that
p p

eogenerates ED •. Z .tfinitely cegenerates it.p p
If S is a module over a near-dng~the implications in the case of both cogeneration

and gen~ration are one-sidedde

a) IfS is finitely cogenerated,then every N-mGiv,le cogeneratlng S finitely eogenerates S

b) If S is finitely generated, then ewry N-.r.nodule generating S finitely generates S.

ED Z .seen as a module over the integers)shows that the converse of a) does not hold.p p

Since for any near .....ring N,the additive group (N,+) is an N-module with right ideals

corresponding to N-suhmodules,the intersection of the m~Jdma.l N-submodules of (N,+) is

equal to the in.tersection of alLthe maximal right ideal$ of N, J1/2(N),So J',!2(N) is the

sum of all the small right idl:1alsof N by proposition S.S.Since N haa an identitY,we have a

stronger result:
t'/

Proposition ~.14
If N is a. nee._t'i-ring.with identfty,1(he J1riN) is t'he unique largest sxp.allright ideal of N.
Proof
We must show that J1/2(N) is small in N:Suppose. that Mis a tight ideal of Nsuch that

.M+%./2(1'V)' ":-.'N.Since Nhas an identity,by Zorn'$lentma~M can.be contained in a

lll~n1al rtght ideal PI iv, Ps&.y.Then J1/2(N)+P= .N:But J1/2(N) c F,so P == N.This is a
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contradiction and so M::; N.

Note that when Ndoes not hsve a multiplicative identity,it may not b~ .true that J1/2(N)

is sma11,sinceN may have no maJdmal right ideals,in which case we nave J1/2(N) -

N,which is not smalLin N.

.Definition 3.15: z € N is called (right) quasi-regular if the minimal right ideal containing

all elements of the form n-zn , n €. N, also contains z. Equivalently, z € N is quasi-regular

if the.minimal tight ideal containing alin-in l 'II, c N coincides with N. A subset o,~N is

called quasi-regular if every element is quasi-reguls»,

It is eas)ly Seen that lor any near .....ring N, J1/2(N) is quasr-regular. For let. z t J1/2(N) and

let ~z be the least right ideal of N containing {n-zn I n € N}. If pj~ llz> by Zozn's lemma

there exists ~dght ideal R. maximal with respect to z~ Rand Rzc R. But R is maximal in

Nand so we must have Z t R as Z t J1/2(N). Hence Z t Rz.

Propo$iti()n $.t6
Let Nbe a near-ring with identity. A r~ht ideal M of Nis quasi .....regular if and only if Mis

small in·N.

P1'OO!
Let !vI be a quasi-regular right· ideal of N and suppose that· 114+P« N where P is a right

ideal oiN. Since Nhas a multiplicative identity, 1 ,there exists some m eM and some

pcP such that 1 - m+p. Then for any n f N,
n-mn = 1.n-mn = (m+p)n-mn f P as P is a tig:ht ideal of N.

So the minimal right ideal contajuing all n-mn is coutalned in P. 'This right Ideal is N since

m is qnasi......regular and so N -~ P i tha.t is, Mis amall in N.

Conversely, J1/2(N)ciS qU~f~~lar, and since eyery small right ideal of Nis

contained in J1/2( f!J by proPositi~<~.~';~l,,~every.m:naUright ideal of N is quasi-regular.
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So if Nhas identity,J1!2(N) is the llniq~e largest quasi-regular and the unique largest

small right ideal of N.

Where N is a n~M-ril:igwithout identity,it does not follow that every quasl-regular

right ideal of N is small,even in tlle case where N.is finite. This is seen in the following

example.

E:to,mple9.17

Let N be the distrlbl.ltive,corrunutative,zero.,..symrnetric near-ring with the following

addition and multiplication tables:

~l!
b b c 0

o 0 0, b e
0 0 0 0 0
a 0 a 0 a
b 0 0 0 0
c 0 a (J a

c
b
a

c c b a 0

Then :A ~ {O,a} and B::::; {O,b} are ideals of N,with A+B::::; N.B is a quasl-regular right

ideal of N,but ~ Is not small in N as A:f.·M

Every small ide~tlis ~owevel'quasi....regular,since J1/2( N) is quasi-eegula; and .contains aU
the Ginall tight ideals.
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CHAPTER FOUR

MATRry NEAR-RINGS

In what follows we use results due to Meldrum,van der Walt [111 and Meyer [14J.We try to

extend these results to i)-primitive matrix,!)ep..r-rings.

For. any natural number n;the set of all Ti){ nomatrices with entries. from a ring is again a
ring.This is not generally true when dealing with near-rings,for the set of all 'rot n square

arrays with entries from an arbitrary near-ring,ib not necessarily .under normal matrix

multiplication and addition,again a.near-dng.sfnce multiplication of the arrays is.net

associat'Lve,ThiSis easily seen,for if Nis a non-distributive left ilear--ring and if a,o,c e N

such that (a+b)c~ ac+bc,then

{ [ ~ 6] t ~~]}[.~~]- [(a;b)C ~.] f [ aC;bC ~]

- [~ !J f[ ~.~][~:] }.
SLigh [9J gives a necessary and sufficient condition for this set of square arrays to become
a near2.;ing under the usual matrix addHion and ttlllltiplication.Let. Mr(l\0 denote the set

of~n,~'r square arrays with entries from the near-ring N.

J)e.jjnttfon 4. .1.. A near-ring Nis called n-distriputive, n a. positive integer, 1£for each

a)b;ic,d,e,ca.,b. e N;
1 1

iiab+cd ~ cd+ab
n II

and (I (libi)e e;; I:a1bie
i>:l h,!

Theorem 4.2

Let N be any neat-xing and let 'r > {tie a positive integ~J;.Then M (tv) is a near-ring if
o " .,.", " tr r

~. J~.

sad only if N is fl-distrlbt4tive;' c. ' }
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The proof is done by calculation. We give the foHowing example for the case r = 2 by way

of i11uatl'ation.

Suppose that Mr(N)la a near-ring.

Since A(B±O)::: A.8+AOfor any A,B1(J e Mr(N),we put

[
(! c] .[.0 0 1 .[ b 0 ]

A;:::, 0 0 13::: dO J and a := 0 0

Now let At,,1:1 :~JB' =[:\ :]
2

(.11'131)0 -::;:A'(B'Ojand soJa lJ +a b)e:= a b e+a be.
11 22 11 22

to obtain ab+cd = cd+ab.

and 0",I; ~l·ASMa(N) is a near-rlng,

It was eaa:l~",tthought (I-Ieatherly [e]),that whenever MlN) was a neal'-rlrlg, Nwas

distributive,The following example shows this to be untrue:
Let Nbe the near ....ring with a,ddition and multiplication tables as follows

+ 0 a L-£ 0 a b c
0 0 a c 0 0 0 0
a a 0 c. b a a a a a
b b e 0 a b 0 0 0 0
c c b a 0 c a a a a

Then M (N) is a near-sing since N is.•3-distributive by calc 'lation, but N is not
3

distl'ioutive as a(a+.a) =nl. while a.a+a,a:= 0, Note that Nis not zero-syrometric.,.

rrhe elMSof near-rings giving rise to near-rings of matrices under the usual matrix
multiplication and addition with the Ligh constraintp is small.Consequently Meldrum and

van derWalt (Ii] developed 3, dlfferel'f,_tway of looking at matrices, allowing a near-xing of
matriQe$ to be formed from ally neat-ring and lor any natural number r. p< rmatrices over

.';

aneru:-:dng Nate regarded as funct!ollS from Nt to!f.
For' any near ....ilng N, setM(N) denote the near-drug ofall mappings from (N,+) to

(M+).Wefirstdeflnethefllnctions 1ftf"'"} .lIf where n f Na.nd 1~ i,j$ r) which in the

Cr:::cD



ring case. correspond to matrices with n in position (£,3) and zero elsewhere. Let f: N.., N be

defined by f:s ....-sn,for all SIS l'\l:Thendefine ~i :- 7(rftj l-S ,i,iS r, n eN. ~i multiplies

the £--th entry ofan element of ]f. ~y n and then moves the result to position j, putting

zero in all othe'i' positions.
",#

Definition 4.9: The near-ring of rxrmatric(lS OV~r N, 1R~(lNry) is the aubn~r_'ring ofM(fif)

generated by {.,fjl n c Nand 15 i,js n}.The elements oflRr(N) are (Jailed 1'< rmatrices

over N.
Then lRICNJ is a leftnear ....ring with identity (since we Msutne that Nhas an identity) and if

R, is a ring with identity, then IRr(R) is the £3miliar ring of 1)( r m.atdces over .R.
The matrix units ~e the matrices Eij := 4j 1.$ i,jS. r and the identity matrix is

!. Ell +E22+ ..·+Err·
The i--th column of the matrix A is the function A1rj :N .....N:Denote it by

l.'

A(~}l'hen A ~# IA(i)tli'
i ::;1

Let A e IRr(N) and n e N.ThennA:::: (~1+~2+'''+4f)A. We have t.hat nEjj :;:~j'
r

An;::::, IA(i)ftli' Eijn - f¥j in our case, but note tha.t if n is not zero-B;!rtrmnettic then this

is not true in gerierM. ,

Alnatrix efthe form n El1+~ E22+...+n ~rl' if) called a di:tgonallllatrix.l£1 .., 2 . .. r .
n1=fI,C· ... :;:~1') t4e ~(_\~rix is called a scalar matrix a.C3 it is equal to nl

o
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, {Ek' it i~il
d) E.· Ek.1·•..::::.•• J
. lJ. '.0 ifi:J: 1
n , .n. n. nn

e) Ul~4- ~2k2+ + irk) Itj ::::~k~
1 2 r J

£) n is distdbutive ill. N if and only if It) is distributive in lRiN)·

Proof"
,

a) fora»Y!£ Ii #1 ~.Jfj+~j) ::;:~7iJfhi + 7(l~l)= (O,O,;.. ,xjn,O, ... ,o)+ (0,0,,,,,xJ8,O, ... ,0)
where botir $jn and xJs appear as the i-th entry,

.... (O",,,,$jn+xrs,O;~ .. ,O) ::;: (O, ... ,.Xj(11,+8),0, ... ,0)
::::x Jf-f;S,,- 1J

b).to 9 follow similarly .

.,,'

As corollaries to these results we have:

1) l"~sdistributivel' _ .:t.>.tatedhy 1) if and only if lRi N) is distributively generated by

rAj Ide D 1$ i,j$ r}.
2) If''1ds a llon"'-empt;Y subset of {1,2, ... ,r}, then CE Iii Inc 1V} is a subneac-dng of

1~'Y
lRiN) which 1s.isomorphic to N.

SinceIRr(N) is a subnear-ring of M(if) and by 2) ·just stated, IRrelY) has a

su.bnea.r-ring isomorphic to N, Nis abelian if and only iflRr(2V)is abelian.
"

R(lmIJ/rk4·5
\',

Our workdeaJ.s with z'ero-symmetric nea.r-:rings.For an arbitrarY1not necessarily

zerO-SYlnrnetric nelll'-ring X we have:

g) n;$ zero---aymmetticin Xifand OnlYlf"~JiS zero---sym;netrlc in mr(X),
,h) {n'~ X; IQn =::Q } is ~Hed tp.e z~r07aymmet,ric .patt of X and

\1" \'\, ',' • ,'" ,

{~·~XIV rt1 ~:X, n~~~;:=~.}ia~~e<l~4~conBtant'i>artofX.Theelernent ninXis constant
":, , , ,'", ,: l)'" '0 ,s, C;' , 'J, • (:_. ,''''~''' , :::,

i£~~~~OnlY,i£~JiS~9r:tgtmit in~~(X). '. ''',;
'_" }I,', , _~,(:_r)" -'. ".' ". . " ".", , '.' _ , ," ,,' ' .J) If. n.~,_;;s~is t~e st,~dard decompositi8n of n intQ, a zero-synunetdc part $ and a

()
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constant part t, then Jlj ;::;~j+4J is the corresponding decoqlpositiotl of.~j'
From g) we can. deduce that X is zero-symmetric if and only if lRiX) is

zero-symmetric. We now..return to. our zeto--symmet:i'ic.ooar-ringS.

B;y the definltion oflRr(N), any A dRr({Vj CaP berepresented as an eJcpression only.in terms

of .tYj'l'he length of such an. f9Xpressioll is the number qf ~j that appeatin it..The weight of

A, weAl is the length altha expression of minimal length for A.
The weight is. useful tot pl'ovjng results inductively. For if w(A) ~ 2, then A I;:::: B+C

orA ==.BO where both w(B) and wee) are less than w(A).The~a facts are used in the

following lemma,

Lemma 4.6
For any matrix A t: IRr(N)and any 1 S k$ r and. any x1IX2,.H,:t1' e ~ there exist

x x X a a a
al,a2,···)if~~'lVsuchthat (fl~+f2~ +...+Irk )A ='11~+ J2~+....+ ft.l~

Prool
This follows }.)yinductionon.the weight of A, w(A).lf w(A)::.; 1 then A.=:!tj for some
n e N and bye) of theorem 4.4 the result: is true.

Suppose then th~t the r~suit hq.lds for al~matrices wi~h weight less than m, m~ 2.1f

ui(A) ....m; «then A = )3+C or A =: Be where both w(B) and w(O) ate less than tn,By the
_~ ", J) ':', )) ~, )

induction hypothesis there.,ex.ist a ,a ,... ,a aJld 1),6 ,... ,0 in NSl.lch ~hat
, 1 2 r L.2 r:x: ~. x x.. x X X _0,

(fl~+ 12~+ + /1-1~)A;::;(,1~+ J2~+ H, +frl~)(B+C)
a. aa . .. 8. b. b . p. 11>. +b .. a +b~.('4~+ J2k + .,,'+ Jrk)+(!l~~f.12' .~ .¥. + Irk) = (1~ ~+...+ irk t)

or, c

",' _ II _ (

"X x x . .." x., . . x =: Xl
( / t....L ''Ii. 2 + (I ..L. .,' t\ h .:;.~V(~~(+ .t. 2,,+.JO . + .; t)BC· GJlk;ct" J2~ ~,":~.. T" J~i(lr-.'70 j i I: . J2lc ii" "tk .
,\) . v". v.... "" .. o '=... .0... b·.~. "b . 1,v, n :.JI... . .a. C; (!J';"... a. /J • ~.l • • .~. ,<

\) (I . ";:;; (Ji~+12~+...:+ ~{jO~,,(.ft{+~fc t,~/~!~clrP
,completing the prdof. '

o 'D

o
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001'(Jllar'fj 4. ,J)'
Fot' any·matrix A and allY x ,IX "",$ £ N, there exists n e N such that1 2 l' ' ,
x x x

ClJ.i + i2i + "~'..+fi.f)AEl1 --111'
Also, if a e II, there exis.ts (3 e IRr(N) such that t:¥ == tl/3 (cl is that element of N- with 1 in

the first position and zeros elsewnt;\te.) This follows since if (J1 ;::: (a ,a )•..,a ) we put
\ . 1 2 r

a a a
(J ~ (jiJ+12i+ ...+ irp·~ ". (\ . -' ,

Corollary 4.1l '

If xc IRr(N)ls left inva.riant, then N-X C fIX.
- . '\ - It

Prop()sztjon 4.9 ,)
If 1 is a tight ideal of N, then. f is a submodule ,of the ll\( N)-m.odu1a If.
Proof
Certainly f is a normal $'Ubgroupof Nt,

f/pw let (]::::((1. ,Il ,....,a ) e land let p;: (71. ,71, , ••• ,71, ), e If.We must show that for any
12·r 12 r. •

xna~ri~ A e IRr(·N), (p+qr)A .=:; (J1'+pAfor some at e I.We prove this by induction on. w(A).

1,1JfA. ll·J'.th.en (p+a)A::::: «(a.+n.)s)t.::::. (a.~+n..s)I,.. for some a.~f. I, since lis a right
i',' J J ~ J Jl J

iqehl,9LN.So (pt(])A ::::a'+pA.
ij'_."'\

+'he indu~tion. step fOllows by writing A ;:::B,+O or A ;;-:'Be,.· as in the proof of
"" "'i'l ' "

l~~la, il~6"'(J
·,'1

"';($orollary4.1.0
o '.>

" Iflls a .right ideal bf N, th~J1V':l):= {A dR"'{iVl_,1pA f f'i p ~ if} ia a two-sided ideal·.

of,~r(~' -, (j'

// ,"

o

tj

[I

c
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'l'hefol1owlng four results enable usto connect the ideals of N with.tnose of lRr(N).

Proposition 4.11
LE~t.] and I he two-sided ideals of N.Then 1 i:l'it' and only if (If:!):f: (N!!).

1 2" l' 2 . 1 ~ 2

Pi"OO/

Suppose I :f I andlet a t 1 \I.Then l e (ll:1) as I is a left ideal, :However 1: ¢ (d1)
1 2 21 11 2 2. 11 .,:

since e f: .;= (a,O,O""jO) (7 f.1 11 .... 1

Conversely, suppose (d:/) if: (if:f) and let A e (N:f)\(N:fy. Let p € Ii such1 2· . . 1 2
a a a

that pA'~ :f.•.Suppose pA= (a ,a ,,,.,a ) With Or ¢ L, Then t (l1 + J? + ..,+ J 1')AE1'k==2 1 2 .r . k ' 2 1 11 21 . rl
a . a

fa ,0,.",0)i by corollary 4.7 the matrix on the left is J1}NOW .iJJ t (N:I!) as :Elk isk .'- . 1
a

zero-symmetric, gut ~ris not in (Nr:i2).Therefore iZ
k
c 11\!2'and the result holds.

*. '. . . *Let() be the function defined on the set of two-sided ideals of Nby (v'?' = (f.il;)). :By

the previous proposition this map 'is injective.

Let Ibe,}l. two-sided id~tu in ~l(\~.Defi.ne.a map ( h from the set of two-sided ideals of

IRr(N) to tp.e set of two-sided ideals. 01Nby
/f

~ == {nep.1 n e'Irn(A7tj) for some A t land S01ne 1 $. .is t}. By proposition 4.9 this is a,

sutjectioll. u

.,

Lemma 4.12

" ,If Jis a,two-si~ed idea.t'of !RiN)) then a €. ,/* if and only if.ttl s -,~

f;roo/ i?

Let,tl e ~rThen there t:'JOstsso~e At /r p e Nand j E {lf~:, •..,r} such th~t (pA)rr. =: a.
,". . .' '.0' ••. ,. . •. . .. ..... . ,1<" . .' J

Then' by corollary 4.8.'there;~st~, B {)~e.uCh(;thatpA == e1E. Now
e£8 ~ El(hl+~r+ ...+gl)B alldso by le~ma.4.6 t~ere exist {Jl)a21... ,ar such,that
1 fJ Jj' ,;a. a . '''''a. .

" (Ii! 0+ 12L+,.<l+Jfl)B;= iiI+~f+ ...+ lr-t· It folldw~ that ,12. :-;:, a. But then

'(ttl +' ~1 + ...¥' ~l)BElj::; ~l E Jf.E1jb~ing zero-synunetric:
J

~@... . ~
0

0

()

v
0

\~ ~) (:)
0\

'I ~\
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The converse follows by the definition of ~.

Oorollary 4.1$ ...
If )is a two-sided i~eal oflRrCN) t then a ~ df.r. if and only if~j t .Ifor aflI ~ id~ r.

The proof follows since

.. {.~~. i£i-l
~J~". tf iV;! I

so j. tIl fl· = t·e JIJ 1 IJ

So a t '*!}, .fir t J .)is a two-sided ideal of lRiJVJ and

Proposition 4.14
xr./is a two-sided ideal oflR/N), then A·is a two-sided ideal of N.

Ptoo/
s« {itll n e 1V}, which is a sUhnear-ring oflR/N).

, .". . * .. :l(The following proposition gives the relationships bef,ween (A) and ;tand between ( Jf )*

and ...'l

PrQP()sitioit4·15

1£ lis ,8. t\vcHlicled ideal in lR.rC IV) and Jis a two-sided ideal in' N, then
"*a) (~) j ''#

(\ *~
b) ,(d' )*;:::: .7

(-)c) «(~J*)i .#-
Prf>o/

r~ *' ,', ' ","'" ,';:'.
a.).8upp.(jaeAjt~(t.~). . Then there exis~ssctfte·p llf such that pA ¢ (~}r,so there ,exists j,

t'S is rwith(pA}~j ¢ ;~ ~thisimpli~(tA~ g't

~).(l e « Jj*)* liand only if Ji. 1 t (.Jj'* 1£ and only if a t..x
(.) ,

"c)"l3lP'-lttlug' .7'='O,*" in b), we ham~~):
,_) u\\ o I
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*Dejiniti()n ,4.16; An idealpflR/N) is called faltif it is of the form ( .Jf for someldeal J'of N.

From this definition and p)feceding results we can stalte the following.

Proposition 4,17

Thete is a bijection between the set·of ideals of N and the set of full ideals of IR/N) given
* .. -. .. -.. * .. *by of....(Jj and.~ .,*. ,su~1_1that (( Jf )* ~. Jand (~) :::: Jfor. an ideal .)'0£N and a full

,.../, ..." .
'.-~'"

iqeal Jot~t(N).Also, (O)and iR/iV) are full ideals of lRiiV),

Proposition 4.18
Nis irreducible if an.d only if IRt(N) is irreducible.

Proof

First,suppose that Nis irreducible .and let .lhe a non-eero ideal oflRlZ\ry. Then ..rA is
. non-sere and so ~ - N. lly corollary 4.13 then, EiJ E .J! for all 1 5 i,j 5 r, and hence I -.~Jf
implying. that J. iRlN)·,so IRr(N) is irreducible.

Conversely, S\l"pOS.~ !RiN) is irreducible. Then fOr any non-sero-ldeal J'of N,
*. *(J} ::::lR:c(iV)....N and So by p~oposition 4.11 .!:= Nie Nis irreducible.

As a geMralisatioll {\~;the concept of a monogenfo module, we have the following
»»

~c:ftniUon 4·19: •An N....~i~~uleos is called connected if for everfl $1,$2 e S there exist nt' n
2
e

'\ ',';

Nand k. e S such tbat 8 ~. k)1;· and $ := kn .•
, '·-11. 22

Clearly every monogenic N-:mod~e is connected. The conversefs fa1se~even in the

ring Rase• Howevet,· if S is a connected N-module and satisfies the ascending chain

condition for· N.....gubgroups, them S is monogenic.
,_\ ..,.,.·.·,1

dtI'he follOWingletihna ahows that an iV-rnodule S is conn~eted if aJ:l!lonly if for ever.y
r--" I.'

o D

finite stlbaet ~telemelft~f $, there eXists s«..S such that all the elements of the subset. are
,"-_ .. (\ 0 .... (J

o o

(I
n

(J
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a)·.For any k >.•1)t) elements of S. -s .e .... ,s there are n,n ,•..,n e N and 8 e S such that s .:::;- "1i .... .. . 'r 2' . k ... 1 2 k • 1.

sni'

b) If d ia distributive in N, then. (8 +8 ) d :::::8 d+8 d for all .8 ,8 f' S.. .. . . . 1· 2 1 2 . ·12

Proof
a). follows easily by induction. on k: when k == 2 the result. holds by the definition of

cOl1l1ectedness.Suppose theIi that the result holds for any .t-l.elements of B.Then given

S ,8, ....,8 f B,there exist. n ,n ,....,17, f' Nand $ e S such that s, ;::;;81£, i - 1,2j ... ;t-1. Also121; 12·H· 11

there exist n ,n .f'Nand. s e S such that s =: 8 n and e ::;:;S 'f1, • Substituting thisto· o· '.. .., 00· t at
expression for $ intothe.expressio1lS for s, i :::;.1,2, •.•,t....l gives the result.

1

b) holds since~~ven,'sl's2 tt t 'opre exist 11,1,1£2 e Nand s .€ S such that 8i:::an;. Then
(.f+S. )d - s(n..I+n )d ::: 81£. d+sn d .. s d+s. d.
12 ',1. 2 1 ·'2 1 2

Every rnattL", has a.t least one e~ressjon in terms of Jh As SOIne matdees in IRr(N)

can have several expressions, we form EiN), the set of matrlx expresslons, a. subset of the

~~ semi-gr()up.ov@r the symbols {~jlU {( )»+h defined by:

Jij f' Er(N)V,n, f N 1~..i,j~ r
If k,B e ErCN}then A+B t E/N) .

~'A)B 'e Er(N) they. ~13 t ErClY).
"

\\,

We no.~ *ow"tha.t iiSis a. oonnectedN-module> then st can be regarded as a
u; .... ..~) " '0

connectedU~/N) module. Define the action of lRiN) on S as follows:
I) ,,',

If A dRX'.(N) anC~s)8 ,•••.s ) f: S, let n- ,n ,,,,,n ~Nand e e S such that s, == sn,
1 2 r 1.:t): 1, 1

i c= 1,2,... ,1'. Then. (8 ;$ ,... ,8),A ;' $[(n'rn >... ,ti' )Al1, where set ,t >".,t ) - (st ,st ,.",st ) for1 2 Ill' ,1 ..2 .". t.o' ,,1 2 • r 1 2 r
all (t ,t ,,,.,t1If: c "

;! ,) 1-:-_,2" ,r; I) _ , .

" [l Thls is a. cW$~..,defined ~ctio~'~inceits. == sn. and s, == $9~? i .~'1,2,..,..,r as Sis
o. i, 1 1 \ti 'c,

,;"c()nnected.thElf;exi~ts st e ~and 7tl~Jll(.N such th~i; s == slnl and sO == Slri} and so
=. \) " 1 2 Q C • .1. ..•:a

e.•. ..: Sl~~. == ./J17~!n,oi.'This means. that nln f n'n? +'r( whet~\\r(::;:An:o.N(s'). But then
,,'} 1 l." u " 1 ,1 2 ,,1 I

q

o
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s«n ,n ,... ,rt )A) :::;)s'n'«n ,•.. ,rt )A) == 8
'
«n112 ,: .. ,n'n )A)

1 2' r . .1 . 1 . r·. '. 11 1.r

== s'«(12'nO, •••,n'nO)A+k). where.k e 10
2 1 1 r

=·$'7t'(~nOl...•,nO)A) = sO«no, ... ,nO)A) and so we have:
2 l' r . ·1' r

Proposition 4JJ1
If Sis a.connected N..,.module then s: i$ a connectedlRr(N) module.

Proof
Tlle actionof~lN) on i is well defined, as shown above .

./ is connected: let (s,s ""18) e / and (t ,t ,...,t) e i.Then there exist
1 7 t 1 2 l'

n ,n ,.••,12 ,n + ,....;n e N}md s e S such that 8, == sn, and t. == sn +.t.". ,' i- 1,2p..,r. Put A -1 2 '1' <I: t 2r . ~ .1 1. r 1

n.n .... n •..•... 11.>. ll.' nIIi+ f2f'+·..+ fri and B:;;' fd+t +12{+2 + ...+ frr and $= (8,0, ... ,0). Then
($ IS ,.... 8) ....sA and (t ,t j ••• ,t) :::s:B, so .lis connected.
12 '1' 12 l'

(,.l)

COt(Jllacy 4.22

If 8'la a mono~enic N-mo,dule, then .st is a monogeniC IRr(N) module.

TWa foliows ~Y the above proof, shOWIngthat if S is generated by s, then g is generated by

(SiO, ... ,O).Notice ..that. this generator ror §. is not unique, since we could have put

S _, (8,$, ... ,8) in the above proof,
. I;" U

ITI' is any conneeted IRlN) module, then we can form an N-module G £Ibm r by

defining G:::;:; r~l t;;: {'i'~11 7 ePh Since AIlS distributive in 1R/lV) aJl~~is connected,
c ,'..' i !.. . i·····'c..

Gis laotnorphl9 to a subgrQup of I', bt!ernma 4.20 b). G becomes an.N ....module under

(7~l)n:~ (1~i~1}~1;;:1ftl~
Note that fOt arty 1 S i~ .rand anY')' c:f, 1~1 'YAil!l ~ G. G is called the N-module

" d7,n~ed£~o~ the connected IRlM-module r,

(,

Lemma 4.28

(J

()

Q
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Let .gibe a. connected N ....module. Then any IRr(N)-submodule (subgroup) of sr· is of the

form J}, where l is an N-auhmo':ule (subgroup) of S.
Proof
1£ 11.(18any IRr(N)-aubmodu1e of i,then L.....L..'l~ i,j$ rwhere L. := {'y1l". f "f £ R}, since

. . 1 J l 1

1(1. c 1(. It is easily shown that L is an N-Bubmodule of S and that 1(:.::;Lt. Similarly for1] .. . 1'· . . . . .' . ... 1

subgroups.

Oorollary 4.24
its is a COnnected N'::"module,then B is minimal (respectiv~ly irreducible) if and only if at
is a.minimal (irreducible) lRr(N)--mod\lle.

:i
Pr~)of

ThlB follows by lemma 4.23 and the observation that if L is an N-submodule of S, then £1'

i~Bf IRr(l\Q-aubmodule of st.

Oorollary 4.f!5
If N is v-prhnitive on S, then Ill/Mis v-primitlve on S·, v :::;0,2.
'Ip,"oo!

If the monogenic module Sisfaithi'ul, then! is faithful. By corollaries 4.22 and 4.24, 1£ S

is of type---v, then Sis oftype--v over lRr(N), v === 0,2.

Theorem 4.26
'N~s2-primitive ~~fand only iflRrCM is 2-ptimitive.

, ~
Proof

Suppose that I'is a faithf1l1lRlN) module of type-2,. and let G be the N-module derived

fromT ie G =.{7!rl1 .!E r}: Since n ~Ann).\!( G) if anq only if 1! G is a
(/ ~

t

faithful N mottule.
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To prove that G is a~) ,t'17-2N-rnodule we must show. that every non-zero element

of G generates a.Consequently, let 'j'Jil be a non-eero element of a. If 841 e aj then since

I'Is faithful oftype-2,there exists A dR/iV) such that (tftl)A - S~l' Now by lemma 4.6
n.n n

tP"1re e;cist nt,1i:{",nrsuch that !rIA ==!Ii + !2Y+·..·+/r1' SO

1(hl\Ahl) ;:: 'YJi~=('Y~l)nl ;::oAr So every non ...-zero element of a generates G

and G is of type--2.

Proposition 4.27
If N is a-primitive then IR/N) 1ss....prin1itive.

Proo],

Suppose that Nis a-primitive with faithful type-s N-module fJ. Ther~S is a faithful

type-O 1R1.'(lV)-1:p,oduleby co~oUary 4.24 and the f~ct that n t AnnN(S) if and only if It! t

Annm. (N}(S). [n fact S is a trPe-s iRrCN) module:
r
Let (s ,8i )'''.18) t $I such that (8 ,s ,... ,S )lRr(N') j:. _CO}.Then for .at. least one i,

1 2 r· . 1 2' ·r

$iN# (O),since I~/N) is generated bY{~J In e N}. For every i such that siNi: (0),
k. •... . . .. »)

s N:= ($)l LJ•where each L.J•. is an lX-iinodul.· e of type-O and an N-submodule of $.l,N,Let
i .' 1 . I • .. •J= .... '

;~'': ,'._ _ _ _ _ .~ TIl -_~
trt- £ . ki. We claim that (s ,$i,,,.,S) 1RJNJ= m LI..
i:g.N/:O 1.2 .. f~. .J':=l J..1 .. . v

(, ..... . '. . 111. , . ,.. .
First we show'tnat for allY A t'lRr(N}1 ($ jS i ... ,sjA ~ ~ L~) by inductionon'the weight of

.1 • 1 2. r j=;1 J
A. .,
"
If w(A) - ltheh A ;:: ~J'.for some n. t Nand (s ,$ ,,,.)$ )A == (O,..",(n,Ot ..,O)with S, n in the

. '. k... . , 1 2 r • J.. J..•. m .
i-th positl0n. (O,... ,s 7tjO~~"O) e G) J L~c •m L! and so the !e$ult is true with 1v(A) ;:;::1.

j " a::::1 a=l ..
. m "

oSuppose,then that ($ .s ,... ,s )13 €.m. LJ~for any B';t; 1RiN) with 'lL'(I3) < le, where
1 2 .~. ;:::::1

k~ ~!.Iiw(A) = kHt'hen A == 13+0 otA ==Be where w(B),w(C) < k. So either
t

c>
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" ' , "; ,m r
(S,'S ,••. ,s,.)A -" (S,i8 j,..,~s,J",,",(B+C)= (s,s" .•. ,s )B+(s,, ,S , ... ,s)O {e LJ• by the induction
1 2 ' r ~,2 r~, 1 2 r 1 ,2 r j=l

hypothesis,or ..
P' '

($ ,S, " e e,$ )A\;:::: (',S,,' l!S,. , ... ~s)BO «s ,8,' , ••• ,s )B)O e 'fJ,l",l]." ~~ by the induction hypothesis,
t2 r" \1>2 r 1·2 r j=-=l,' '

m ' '.
(8. ,$ ;"li" jJ3 € $ llJ•an,d. this is a~,IRr(N)-modUle. SO'we always have (s ,8 ,,,.,8 )fRr(N)
1 2 r j;::::l. C ',', 1 2 r

m reEl) c.
j..;;.1 J 1\

F6r any l~, j$ m Lj c si~for some 1$ 'i $ ,r. So Lj C (siN)t. Now

(s.N)t C (e,js ,•••,s )lRr(N) since if (s,n ,.9.n ,,,.,s.n) e (s.N/, (s,n ,s.n ,... ,s,n ) :=:
'1 12 r '1112 If 1 1112 II:'

n n" n., ,." ','" r '. ," , ", .(81~S2,..,,$r)(jjJtI2~+···+fri)f (Sl,sz"",sr)lRlN). S,o.LJ { (sl);s~'W!$r)lR/N) for every 1 $ J$
m r

tn and hence G) L
J
• C (8 ,8 ,... ,S, )lRiM,

j:=:l 1 2 r ,

E,ach LJ is an N-sti"lIlodule of SiN and so each LPs an lRr(N) submodule of (S/r)r.
k , k., ' m m

lVow SiN = $1 L,' and so (siN)r ,$ 1 L~ giving $ (SiMI . E!) IlJ•. ' (s ,$ ,.",s )lRlN). Since
j....J. J j:=:l J 1 1· 1 2 r

each (8.N)'£j$ t..,wtect summand oiCs ,s ,..•,$ )lRr.,(N),each .[lJ' is 8, submodule of
1 ,1 2 t .

(Sl,$21.~.,s)Rr(N). 'So ,ff, is a faithful type---s IRr(N)~1I1odule.
It is not lmown whether the converse of this proposition is true. In tryi~g a standard

pioof" converting between matrix module sUbstr~ctll~~S and supstructures of,the near .....ring

module? one frequently meets the questions: If I' is connected (lIl(Jnogeni~),is S, the
" . ,,:" . '. ' ,'. ' "', -: ,", ""'/

N-nwdule derived from l',connected (n;q~9geniC) a;ndwha'G is the re1atiQ~ahip between r
and' ff ? Also, are st1bmod~ys ant subgroups of connected modules always connected ?

We noW investigate the J2 radicals of Nand !Rr(N) fUrther, to find a connection
"~J:t~eenthem. Recallthat for all ideallof iV, /! :2.: (N:i) :::;{A f !RiN) IpA ~ f V p e

Nt}.
'fhe followinglenune.'Was proved by Meyer (14):
te1n)~a4.28

'0"
''\\,

c "\
~~" ~q

~,.
<:
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1£ r:f. (0» is a type--2 1Rf(}I)-module. and- I( == (P:Oj, then there exists an ideal I i1.t N such
* .that l ==1(,

Proof

First note that if A eIRr{N)and n ,n ,...,n eNthen (n,n ,...,n)A == (m ,m ,,,,,m ) if and
12 r 12 r ·12 t

n n . n ,m. m m
only if (/li+f2i+· ..+frI)A == 11 i+/2 i+· ..+fr l' since (n1,n2,,,·,nl')A ==

n n n
(l,o, ....,O)(fd+Jii+···+fa.l)A.

Now let. Gbe theN-module derived from I', G ==r~l' and let I== (G,O) ==
{n e N I 'YJil == 0 V "YeP}. We show that I( == l.

* .a) I c 1(: 'Suppose pA f l for all peN. We must show that for any "I c I', "fA = O. Let

'Y s r,For any non-zero 8~1 there exists B c lRiN) such that "f= (8~1)B - (8~1)(~1 B)

and so 1A== (8ftl)(~lB)A.
n n n

Now by lemma 4.6, ftlB == lli+J2f+·..+frf for some n
1
,1t2, ... ,nl' e N and so if

m m m
(~1B)A:::: f1i.+J21+· ..+fr 1; by the opening remark (n

1
,n2,· .. ,nl')A == (m

1
,m

2
, ... ,m) e f

(since pA f l for all p e ]i).
t rn m m

So 1A :::;(8jl1)(h {+/2 ~+...+ft P with each mx e I
m m m

:::;8(11i+f2j+"'+!r f) == 0 by e~finition of I, which proves that A e it
b) Oonversely suppose that. rA - 0 and let (n ,n l' ..,n )A == (m ,m ,...,m ). We must show

,'. . 1 ~ 1;" 1.2 r

that rni)m2,,,~,mre L But 0 ~ 1ftl {J;i+;;~+..·+f;VA~ 1hl(hi+hl+ ...+lrlv for any
*1e I', This implies that m ,m ,,,.,m e I and so I(C1 .

" . J. 2 f

Lemmt~4·29
*~fA is $.tl ideal of N) then ntiNJ A) ~ IRr(N)I(A ).

Proof
>'.. . .. . . *

We want an epirnorphisrn from. IR/N) to !R/NII~) with kernel equal to A . For every

~attix in 1R1'(1V), we want to change every Jtj to ~tA, to obtain a matrix in IR/N/A).

()
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H9weve):,.since a matd:x: in IRlN) tan hav~ several different representations in terms of !tj'
we proceed as follows:

If N is any near-ring and X e Er(NjA), let Xp denote .the matrix in IRr(N)

represented. by X.

Let 0: Et(NJ --t. E./NjA) be the map defined bY' changing every ~j in Er(N} to .etA
in. E/N/ A.). The~ p, and. (}are surjective and (X+lIl.O - XO+Y8 and (Xl') (J:::: (XO){ YO).

Define lp: IRr(lV)-I 1R,r(NIA)by BS<'::::(XOJ/ll where X::= BIt-t.for every B Ii IRt(N). To
shOw that so is well-definedt it is su,fficient to prove that (p+At:)(XO)J.t:::: p(Xp,)+At for all

X e.E/M and all fit~~l\jr:~,which is easily gone, by recursively following the definition of
\;

E,r(N). <p is a surjection and a'l1offiotno:rphisUl by the properties of 1" and O.

Ket SO=:, {B i': IRr(N) I Btp:'::! 0 in IRr(NjA)} == {B Ii IRlN) I pB Ii At for all peN} ~ A*.

Using lemmas 4.28 and 4~2,9and theofems 4.26.,a.nd 4.27) we have:

'l'1~e01'em4.90
, . *AIFideal vlin IRr(1\f) is 2-primit,ive if and on~y if 4= I and lis a 2-prhnitive Meal of N.

Proof
..,(, .~

Suppose "'" == f and 1is a 2·..primitive ide~, of N. then N7 I is 2-pri:tnitive and hence
* ". . . * <:'. '. '

fRr(N/1) ~ IR!.(N))(l ) is 2-primitlve Ie t ;;::;viis}), 2-pri;nitiv:e ideal of U{r(lV).

C~~~l:aely)s~pposeviis a 2-prinutiye ,~deaJ.Qf lRr(N). Then 1R./NJ/.AhM a. faithful
l;.• U.. . ." " .• ' *

type-2 module I',I' is a. type72IRiN) module and 4 = (r:O) ....1 for an ideall of N.
" .... .... *
'~r(N)ld=fRr(N)II ~ rRr(NIf) is 2-ptimltive.and henc~Nllia 2-prinlitive, so lis a

Theorem 4.91
""

~1 '

o

Q

II
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CQroliary 4.32

N is. 2-semish:nple if and only if tRr(N) is 2-semlsimple.
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,<III OHAPTER FIVE

SOME RELATED QUESTIONS

In this short cha.pter we mention some of-the ques~ions arlsing from concepts introduced in

the previol,lS chapters.

We $howed in chaptecthree that when Nis a zeto-symrnetric near-tiIng with

~dentity, then the sum of all the small right ideals of Nis equal to J
1
/2(N). J

1
//N) is in

general not an ideal of Nbut only a right ideal. The question that arises is: what is the

smallest ideal of N eonta.ining all the small right· ideals? Certainly this ideal contains

J/. (N). Let 0d.•enote the least ideal of N containing all the small right ideals of N.
t 2

B:a.rtney [7] showed that in the case where N satisfies the descending chain condition for

right ldeala, then 0,;;; Ja(N). What is the general characterisation of 0 and is 0a

Kuroscb-Armitsar type radical ?

Hartney shows that when the descending chain condition for right ideals hold« and

Jacm 1; (OJ, then ~here exists anideal A of N contained in Js(N) such that A is uniquely

minimal among all ideals B such that Js(N/ l3) is non-zero and nilpotent. Also,

Js(N/A) == J.s(N)/A. Then Je(N) = 31 (N)+A+B where J / (N) is nilpoteut and 13is an
.' .,. '" t 2 i Z

ideal at N. The structure ofEJ is not known and knowing this would perhaps be useful lor

finding O.

From the :tJ:M\trixllear-rings in chapter tour we get the question: what types of
." v,neat-rings are (iso,_lorphic ~(» rllatriXnear-rings ? If R is a dng with J(R) ;::;(0) and. R

has a desce~ding chain coudition on idea.ls, then ~ ~ IRn(End(R), thl~ring of matrices with

entriea from End(R). If Nis a near-ring with Js(NY;:::,(0) and with I~descending chain,
, " . ., r

condition on right ideals, t,hen we know that N =,$ l}i where 'each Xi is a right ideal of N
(; i)O .. 1=1- . . . .

and an N-module of type!s. Is Na matrix ne~r....ti~ '? We will now define the Neumann
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nelU'-'-rings, also candidates for matrix near-rings. The Neumann near-dugs have not been

extensively studied,

f)efinition 5.1: A subset X of an additive group G is called .3. relatively free basis for a if

G == <x> and every map nom x into G can be extended to an endomorphism of G.

Note that the extension of a map from X into (i to an endomorphism must be

unique since G == <X>.
A group may have several relatively free bases. We Can define a Neumann near-ring

0:1,1 any group ha'vi.ng a relatively free basis.

Dejini#fm 5.2: Let G be a group with relatively free basis X. Let N(Gj be the set of all

endomorphisms of a.Denne a 1l1ultiplication on.N( G) by composition of mappings. Let

lX,/1 ~ N( G) and $ c X.Defi,ne 11'+f3 to he t:te endomorphism of (J obtained by extending the

map :t(0!+f3):== :ta+x{J from X into G.We call (N(G),+,.) the Neumann near-ring on G

with respect to X.

Note that< this addition depends on the choice of the relatively free basis X.

It can be shown that (N(G),+,.) is a right near-ring. Although all the elements of

N(G) are endomorphisrns of 01 they are not all distributive.

If Xis a relatively free basis for a group G, and Y,~ f. G define f(Y,Z) E N(G) by

{
o i£u:~ y

ttE(Y,X) :==. z if x w: 11 .Thell it can be shown that ~(y)z). ..iSlii'ibutive element

of N( 0). Hence it can 0.e .~hownthat if {:c ':&2. , ... )$ } is.a finite relatively free basis for G
1. n

then N(G) is a dO near-ring with a dlstributive generating set given by

{ e(x.,a:) I 1~ i,j$ n]..
1 j

This result give$ us a large collection of dg N~1unann.near-rings. If X is infinite then

every clement of N(G) is not necessarily distributive.

Many ottieJ: matrix related questions arise. In chapt~ four we query the relationship

be~ween the Js radical of the near...,.rin&and' 'the associated matrix near-rlng, We also ask

(page 47) whether the N-module S derived from a connected near-ring module r is
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conn~cted and if so, what the relationship between 11 and r is.••
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