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1 Introduction

The AdS/CFT correspondence has generated significant progress in understanding both
quantum gravity in negatively curved spacetimes, as well as strongly coupled Yang-Mills
theory [1-3]. For observables with a dimension that is fixed as we take N — oo integrability
was discovered [4, 5] giving unprecedented control, at both weak and strong coupling, over
the planar limit of the theory. For these observables, a complete matching with the dual
string is evident (see, for example, [6]) and we now know an exquisite matching between
string states in the gravity Hilbert space and single trace gauge invariant operators in super
Yang-Mills theory.

There are many observables whose bare dimensions scale with a power of N as we
take N — oo, that are of interest in holography. These operators are very heavy states



and they probe non-perturbative aspects of the dual string theory. Nice examples include
giant gravitons [7—9] which are dual to operators constructed with order N fields [10-12],
and new spacetime geometries which are dual to operators constructed using order N2
fields [13]. The construction of the large N expansion for these operators is not straight
forward. We don’t have a nice analogue of the statement that Feynman diagrams become
ribbon graphs and that the genus of the graph determines the dependence on N. The basic
problem is that the number of ribbon graphs of a given genus is now dependent on N so
that the N dependence is no longer determined by the genus of the ribbon graph being
summed. The combinatorics is much more involved and there does not seem to be a nice
subset of diagrams that, if summed, produce the leading effect at large V.

Without a better understanding of how to perform a systematic approximation, one
could try to sum everything, producing results that are exact to all orders in % Remark-
ably, the paper [11] showed that this can actually be done in practice, for the free theory.
A key insight of [11] was to show that the combinatorics of ribbon graphs can be reformu-
lated using symmetric groups and their characters. This initiated an active area of research,
opening new directions that are still being developed. The original paper [11] showed that
Schur polynomials provide a basis for the local gauge invariant operators, that they diago-
nalize the free field two point function and that the free field two point function can be ex-
plicitly computed, to all orders in % In addition, all extremal correlators were also explic-
itly computed, again to all orders in % Schur polynomials are labelled by Young diagrams,
which may have columns with a maximum length of N as well as rows that are arbitrarily
long. In the same way that there is a beautiful matching between the Hilbert space of strings
and single trace operators in the planar limit, [11] argued for a matching between long
columns and sphere giant gravitons, as well as between long rows and AdS giant gravitons,
generalizing and completing the observations of [10] which related single sphere giant gravi-
tons to subdeterminant operators. See also [14, 15]. These results were quickly generalized
to multi-matrix models in a series of papers [16-20], as well as to other gauge groups [21-29).

Giant gravitons branes can be excited by attaching open strings to them. The gauge
theory operators dual to these states are described using decorated Young diagrams [30, 31].
The spin chain language that worked so well for closed strings in the planar limit has to
be modified when describing the open strings attached to giant gravitons. The new effect
that needs to be included is that single fields can hop between the giant graviton and
onto the string, so that we are forced to consider the dynamics of a spin chain defined on
a dynamical lattice. A creative solution to this problem was put in place in [32, 33] for
strings attached to single sphere giant gravitons, and then extended to more general brane
bound states in [34, 35]. By now, a compelling physical picture is evident [36-41].

As we have just discussed, combinatorial approaches based on permutation groups
and their characters, compute correlation functions exactly to all order in % This is a
valuable source of information and has stimulated a lot of progress, but it hasn’t given
any guidance into how to develop a systematic % expansion to the physics of excited giant
graviton systems. Since we don’t expect any except the most symmetric problems to be
exactly solvable, this is an obstacle to progress. One attempt at a simplification has been
to use a displaced corners approximation [42, 43]. The idea is that the physics of the



open strings should simplify in the limit in which the giant gravitons are well separated in
spacetime. This corresponds to a limit in which the lengths of distinct rows (or columns) of
the Young diagram differ by an amount ~ N. In this limit one can simplify the description
of the operators considered, at large N [42, 43|, and some mixing problems can be solved
exactly [44, 45]. There is a nice harmony between these results and another complimentary
approach, based a coherent state description of the giant gravitons [46-49]. However, these
small steps do not really improve the situation and a systematic % expansion of the giant
plus open string physics, in which, for example, we see the splitting and joining of open
strings, remains to be developed.

An important recent development for the case of maximal giants was reported in the
series of papers [50-52]. The maximal giant graviton is described by a determinant. The
idea of [50-52] is to write the determinant as a fermionic integral. The rewriting replaces
the symmetric group projector onto the representation given by a column of length N,
written in terms of symmetric group characters, with an integral over some new auxiliary
Grassmann fields. By writing the symmetric group projector as an integral one opens the
possibility of performing a saddle point analysis which can provide the starting point for
a systematic % expansion. Similar integrals have been constructed for the projectors onto
representations labelled by a single column or row, with an arbitrary length [53, 54]. An-
other development [55-58], which is closely related, has shown that many of the results from
the combinatorial approach can be reproduced by writing suitable generating functions of
coherent states as a matrix integral. In some cases these matrix integrals are related to
the well known Harish-Chandra-Itzykson-Zuber integral and can be computed using lo-
calization. In this approach, non-trivial combinatorial information is repackaged in the
manipulations of the coherent state generating function. This is a promising development,
relevant to systematic % expansions for heavy operators.

The central question motivating us in this paper, is the systematic % expansion for gi-
ant graviton systems. Physically this expansion is naturally described in terms of splitting
and joining interactions of open strings. Towards this end, we develop integral representa-
tions for generating functions of Schur polynomials labelled by Young diagrams that have
two rows (corresponding to a boundstate of two AdS giants) or two columns (corresponding
to a boundstate of two sphere giants). Our approach to the % expansion entails developing
a saddle point expansion of these integral representations [59]. Apart from this applica-
tion, we will see that the new representations provide a dramatically simpler description
of excited giant graviton systems. To demonstrate this, we explain how to recover known
results in what follows. The class of problems we focus on is rather rich because a bound
state of two giant gravitons is described by interesting dynamics. The world volume the-
ory of p branes is a U(p) gauge theory [60], so in this situation with p = 2 the effective
Hamiltonian coming from the dilatation operator should reproduce a U(2) non-Abelian
gauge theory [30, 61]. To verify this expectation, we must necessarily correctly describe
the splitting and joining of open strings, suggesting that this two giant bound state system
is a good testing ground for the methods we are trying to develop.

Constructing the operators dual to a bound state of two giant gravitons requires sym-
metric group projectors labelled by Young diagrams that have two columns or two rows.



The key new progress reported in this paper starts with the construction of an integral rep-
resentation for these projectors. To motivate the construction, in section 2 we describe how
Schur polynomials are constructed using Young projectors. It is the Young projectors that
can be given an integral representation. Since there is a direct connection between Schur
polynomials and characters of the symmetric group, the same integral representations also
provide new formulas for character generating functions. A simple generalization beyond
the case of a single matrix produces integral representations for operators that are dual to
excited giant graviton bound states. A detailed comparison of the operators constructed
show that they correspond to the Gauss graph operators discovered in [44, 45]. We further
develop this connection in section 3, where we evaluate the action of the dilatation operator
on the excited giant graviton bound states. We discuss our results and suggest how they
might be extended in section 4. The appendices collect technical details needed to perform
the computations discussed in the body of the paper.

2 Projectors and generating functions

Half BPS operators in N' = 4 super Yang-Mills theory, dual to a system of giant graviton
branes, are given by Schur polynomials xr(Z). The label R is a Young diagram with at
most N rows. Each long column® in the Young diagram corresponds to a sphere giant
graviton and each long row to an AdS giant graviton.? An innovative framework for think-
ing about the construction of these Schur polynomials and their correlation functions, was
developed in [62] where the role of projection operators was stressed and an elegant dia-
grammatic formalism was established. The relevant projection operators used to construct
an operator composed of n Z fields can be written in terms characters of the symmetric
group S, as well as permutations acting on V®" where V is the vector space that the ma-
trix Z acts on. These characters and permutations are determined by the Young diagram R
of the Schur polynomial as well as the number n of fields in the operator. The parameter N
does not enter transparently in the construction.? Consequently, simplifications as N — oo
are not immediate and it is not clear how one would pursue a systematic % expansion.
To go beyond the half BPS operators, we need to go beyond the single matrix Z sector.
The simplest way to do this is by constructing operators which are systematically small
deformations of the half BPS operators. These are nice systems to study as we expect that
they will be simpler than the generic system that might be considered. In the dual gravity
description, the giant graviton system is excited by attaching open strings to the giant
gravitons. These generalizations also have a nice description in terms of projectors which
proves useful when evaluating correlation functions and matrix elements of the dilatation
operator, but again it is not obvious how a systematic large IV expansion can be developed.

!By a “long column” of a Young diagram R, we mean a column that has order N boxes in it. The
number of boxes in each column is bounded by N. Similarly, a “long row” refers to a row with order N
boxes. Row lengths are unbounded.

2Recall that a giant graviton is a spherical S® brane that carries a D3-brane dipole moment and the
same quantum numbers as a point graviton. A sphere giant graviton is one for which the world volume
S3 cS®, while an AdS giant graviton is one for which S C AdSs.

3N does appear as a cut off on the number of rows of R.



In this section we briefly review the projection operator construction and its relation
to Young symmetrizers. The language of Young symmetrizers gives a construction of the
projectors which employs simple symmetrization and antisymmetrization operations on the
indices of the Z fields appearing in the operator. Since these operations can be realized
by introducing extra fermionic and bosonic auxiliary fields, we are able to construct an
integral representation for the projection operators. More precisely, the integral represen-
tation gives a generating function for all Schur polynomials with two rows or two columns.
This novel generating function provides a starting point for a systematic saddle point ap-
proximation. The generating function can also be interpreted as a generating function for
characters, suggesting that one might be able to generate a systematic % expansion of the
characters themselves. There are natural ways to generalize the generating functions of
Schur polynomials, to generating functions describing the Schur polynomials with strings
attached. Remarkably, as we will demonstrate, the operators constructed in this way have
an immediate and direct connection to other constructions of excited giant graviton oper-
ators based on restricted Schur polynomials and Gauss graph operators. We will develop
this connection in the section 3 where we evaluate the action of the dilatation operator on
the excited giant graviton states.

2.1 Young symmetrizers

Consider the construction of a Schur polynomial xr which is a function of a single complex
adjoint scalar Z. The Young diagram R labelling the Schur polynomial specifies the system
of D-branes as well as an irreducible representation R of the symmetric group S,, where
n is the number of boxes in the diagram R, which is also the number of Z fields used to
construct the operator. A simple formula for the Schur polynomial employs a projection
operators Pp as follows [62]

XR(Z) = Trv®n(PRZ®n) (2.1)

Here Z acts on the vector space V and both Pg and Z®" are linear operators mapping V&"
to itself. The image of the projector corresponds simultaneously to a representation of the
symmetric group S, and a representation of the unitary group U(V), both labelled by the
same Young diagram® R. A concrete expression for the projection operator is given by®

1
PR = a Z XR<O')J (2.2)
: O'ESTL

where the matrix elements of the permutation ¢ are given by

1192 +ln __ §i1 2 .. Sin
Tj1g2jn — 5]&(1)5%(2) 6j0(n) (2'3)
so that
®@ny _ i 2 . 7in
Tr(cZ®™) = Ziou) Zio(z) Zia(n) (2.4)

4The projector projects to a subspace of dimension dgDimpg, where dr is the dimension of symmetric
group representation R and Dimp is the dimension of U(NN) representation R. States in this subspace carry
both an S, state label and a U(N) state label.

5As written Pg is proportional to a projection operator. For a correctly normalized projection operator
obeying PrPs = drsPr the right hand side of (2.2) must be multiplied by dr.



Thus, given the characters of S,, a formula for Pg easily follows. These formulas can be
extended to study operators constructed using more than one matrix, making it possible to
consider perturbations of these half BPS operators. The characters that are needed are less
well known and the combinatorics quickly becomes complicated. Nevertheless, at the level
of two point functions we obtain a complete generalization of the Schur polynomial results
i.e. we are able to construct a complete basis for the local operators, this basis takes finite N
effects into account and this basis diagonalizes the free field theory two point function [19].

An alternative (but completely equivalent) approach uses the Young symmetrizer as-
sociated to R to construct the projector Pr. A Young symmetrizer is an element of the
group algebra of the symmetric group. It is an endomorphism of the vector space V&"
which uses the action (2.4) of S, on V®" given by permuting indices. We illustrate the
Young projectors making use of a specific example. Consider a Young diagram R that has
two rows, with three boxes in the first row and two in the second. Each box corresponds
to a field. The boxes in R are labelled, with a unique integer, as follows

1/2]3]

L (2.5)

There is no rule for the placement of integers in boxes, except that each box should be
assigned a unique integer. Each box corresponds to the indices of a field in Z%® as shown
below

ATAVAV AV A (2.6)

37J47J5

For every labelled Young diagram R we can define a “row group” for each row and a
“column group” for each column. Each row group permutes the indices in the row, in all
possible ways. Thus, for the example given in (2.5) the two row groups are

growl = {17 (12)7 (13)7 (23)7 (123)7 (132)} grow? = {17 (45)} (27)

where we have written the permutations in cycle notation. The product of these groups is
denoted G,ow. For the example we consider here G,qy is of order 12. Similarly, the column
groups are given by

Geont = {1, (14)} Geot2 = {1,(25)} (2.8)

and their product, denoted G|, has order 4. The Young symmetrizer is now given by

YHEF‘ = Z Z sgn(ag)alag (2.9)

01€Grow 02€Gcol

where sgn(o) is the parity of o. A cycle of length 2 is called a transposition. Any per-
mutation can be written as a product of transpositions. A particular permutation is even
or odd if it can be expressed using an even or an odd number of transpositions. For an
even permutation sgn(o) = 1 and for an odd permutation sgn(c) = —1. When applied to
the tensor product (2.6) we find the o9 factor above antisymmetrizes over the pairs i1, i4
and 49,5 of indices (i.e. the indices appearing in the columns of (2.5)) while the o; factor



symmetrizes over the i1, 12,73 indices and over the iy, i5 indices (i.e. the indices associated
to the rows of R). After a simple sum we find that

Tr(YHEPZ®5) = Tr(Z°) + 2Te(Z*)Te(Z)3 — 4 Tx(2)?Tx(Z3) 4+ 3 Te(Z) Tr(Z%)?
—6Tr(Z)Tr(Z*) + 4 Te(Z2%)Te(Z?) (2.10)
The Schur polynomial corresponding to this Young diagram is given by
XBHH(Z) 5 (5 Tr(Z%) 4 10 Te(Z?)Te(2)? — 20 Te(Z2)*Tr(Z3) + 15 Tr(Z) Tr(Z2)?
=30 Te(Z) Te(2") + 20 Te(22) Te(2%)) (2.11)

which illustrates the general formula
dr ®5
Xr(Z) = o Tr (YH}jZ > (2.12)

Thus, up to an unimportant overall constant, we can construct Schur polynomials by using
Young projectors. This observation can be used to give an integral representation of the
Young projectors needed to construct the two giant graviton bound states.

2.2 Bound states of two AdS giants

A bound state of two AdS giants, one of momentum p; and a second of momentum ps with
p2 < p1, corresponds to a Schur polynomial labelled by a Young diagram with two rows.
There are p; boxes in the first row and py boxes in the second. Denote this Young diagram
by listing row lengths, i.e. R = (p1,p2). To describe a system of two giant gravitons, both
p1 and po are of order N. The Young projector must symmetrize over all indices in row
1 and all indices in row 2, as well as antisymmetrize the pair of indices belonging to each
column. The symmetrization to be performed represents the bulk of the work. Fortunately,
this symmetrization of indices is easily accomplished with the help of a Gaussian integral.
Indeed, a simple application of Wick’s theorem implies that

1 7 —¢%pa Ti1 Ti Ti i i i
ﬁ/d%/d%e POGGE s Gy by = D SR Ok (213)

oESK

N N
d"¢ =[] déa d¥¢ = ][ do* (2.14)
a=1 =
To construct the generating function, we perform the anti-symmetrization in each
column by hand and use (g;,@') to symmetrize indices in the first row and (¢, ¢') to
symmetrize indices in the second row. The two giant graviton bound state generating
function can then be written as follows (as usual, repeated indices are summed)

+
ZAdS(tl,tQ) _ Z Z t2p2tp1 pzd (pl p2) X(pl,pz)(Z)

D1 P2p2 1 (p1,p2)P2: l(p1 — p2)!
e~ P Pim Gt 5 7] o+ 366 (2 2~ 2 28 ) ortn (2.15)



The coeflicient of the Schur polynomial in the first line above combines factors arising from

power expanding the exponential on the second line above (so that t%p 2

pP1—p2
tl

comes with 1/ps!
and comes with 1/(p; —p2)!), as well as from the coefficient in (2.12). In appendix A
we check this result by performing the integral to second order in ¢; and ¢ and show that
we reproduce the correct formulas for the relevant Schur polynomials.

This generating function can also be interpreted as a generating function for char-
acters of the symmetric group Sp,4+p, in the representation labelled by Young diagram
R = (p1,p2). Permutations with a given cycle structure all belong to the same conjugacy

class and the character is a function on these classes. We follow the standard notation

(1m,2m2 ... [(py + pa)"P1tr2) to denote the cycle structure of the permutation which has
ny k-cycles. In what follows we use the shorthand {i"*} for this cycle structure. As usual
we have
p1+p2
> kng =p1+po (2.16)
k=1

for permutations o € S, 45,. Denote the symmetric group ), 4+p, character, of a permuta-
tion with cycle structure {i"} in irreducible representation R = (p1,p2) by X(p, ps) (17" })-
The number of permutations with this cycle structure is given by

(p1 + p2)!
1m0 1272051373 03! - - - (p1 + p2)"P1P2 0, 4o

(2.17)

We can then write the generating function for characters of the irreducible representations
R = (p1,p2) as follows

S S t2p2tp1*p2 4 1)!
Zaas(ti, t2) = Z Z Z 2 h (p1 )

P e [} 1n1n1[2n2n2! . (pl _|_p2)np1+p2 N (p+po)! (pl —p2 + 1)'

XX(pr.po) ([ 1) Te(Z) " Te(Z2)"2 - Te(ZPHP2 ) et (2.18)

where } 1,y denotes a sum over the conjugacy classes of Sp,p,. As a simple illustration
of this formula, expanding to linear order in t; and t3, we find

Zaas(ti,t2) = 1+ tix(())Tr(2) + @XH((')('))TF(Z)2 + t%XH((“))Tr(Zz) +
=1+ tT0(2) + 3Te(Z2)* — 3Tx(Z2) + - - - (2.19)
reproducing the correct characters for S; and S

x(() =1 XH((‘)(‘)) =1 XH((“)) =-1 (2.20)

This integral representation is a nice repackaging of the computation of characters using
Young symmetrizers. Since the computation of the power series expansion of Zaqs(t1,t2)
involves evaluating moments of a Gaussian integral, there is no obstacle to computing
characters for any reasonable value of p; and po. Evaluating Zags(t1,t2) explicitly is
frustrated by the fact that the term with coefficient #2 is quartic in the integration variables.



By using the simple identity

1/00 dxl /OO d$267(x1+ix2)(z1fix2)+A(z1+i:1:2)+B(z1fixg) = /da:/d:z:e x4+ Az+ BT

T J—00
= (2.21)
we find
1 _ - _ _
Zags(ty,to) = m/d]vgo/dN<p/dN¢/dN¢/dx/da:/dy/dy
—¢i¢i—$i¢i—xi—y§+t1¢izf ©j+Htax @ ZF pp+tazd? Zjl' brttoy@ Ztdy—taijd? Z]I'CSDk-

xXe

Notice that after this rewriting the integral over both ¢;, @* and ¢;, ¢* are Gaussian so that
we can do these integrals exactly. The result is

e~ TT—YY
Zags(t1,t2) = /dx/dx/dy/dy ot (2.22)
where
M=181y-m®Z tl_t;;x Z;} (2.23)
and 1j is the k£ x k identity matrix. The eigenvalues A\, with a = 1,2 of m are given by
Ao = % (t1 +ta(x +7) £ \/(tl +to(z + 7))2 — 4(Tt1ty + t3(zx + yz?))) (2.24)

Denote the eigenvalues of Z; by z;. A straight forward computation now shows that

1
.]‘_[1 (1 — )\12:1')(1 — /\QZZ')

AT+ NS
= exp <Z a2 :; 2 Tr(Z”))

det M =

n=1
= exp <Z fnTr(Z”)) (2.25)
n=1
where f,, is the following polynomial
int(5) -2
(_/B)T‘ a'ﬂ s
n = —7r—1)!
f 7; r! (n—2r)!(n r—1)
a =t +to(x + ) B = titoT + t3(2T + y7) (2.26)

where int (%) is an instruction to take the integer part of 5. Thus, we have

Zags(ti,t2) = /dx/dx/dy/dy PR LA DRSELLLC (2.27)

This implies the following formula for the character

_ 1 | P1+D2
R e Y I I a9 (%
T ()



where [2"]p(z) stands for the coefficient of 2™ in the power series expansion of the poly-
nomial p(x). This integral formula for characters of the symmetric group is a new result.
Lets test this for the case that po = 0, in which we case we know that

X(pr,0)({i"}) =1 (2.29)

When t3 = 0 we easily find f,, = t]/n and it is possible to compute (2.27) explicitly
Zaas(t1,0) = eXoncs Trv(zm)

-S>

1
ny! 2n2 ng' 9nm Np, !

Tr(Z)M Tr(Z%)™2 ... Tr(ZP1)"

p1=0{n;}
= i Z P 1 1 1 X ({i”"})Tr(Z)mTr(Z2)n2--~Tr(Zp1)”P1
p1=0{n;} nl' 2n2n2' 2””1” (p1,0)

which immediately implies (2.29). As a second example, consider p; + pa = 6 and choose
a character from the conjugacy class (23). We easily find

% / da / dz / dy / dij e 7YY (fy)3 = 1§ — 6t{t3 + 60t3t5 — 72t5 (2.30)
Thus we find
2D = 18] (557 [ o [ ds [ay [ a7 () = =3
XH}E([Q:S]) = [tat]] (20 S /dx/da:/dy/dye TT=YY 2)3> =3
X)) = ( /d:c/d:r/dy/dye wEyT (f,) ) _
1 (2%]) = ( /da:/d:c/dy/dye TEYY (fy) ) =1 (2.31)

which are indeed the correct results. This demonstrates that the computation of characters

of S, is reduced to evaluating moments of a Gaussian integral.

An interesting extension of these ideas would be to consider characters for R = (p1, p2)
with both p; — p2 and py of order N. The relevant character can be extracted from
Zaas(t1,t2) by performing the following contour integrals

dtq dts
]ioo (I Fpipa ]{16 17 Zpas(t1,t2) (2.32)

Employing a saddle point evaluation would give a % expansion of the characters. The

leading term in this expansion should agree with the results of [63].

2.3 Excited bound states of two AdS giants

To extend the analysis of the previous subsection we consider excited giant graviton bound-
states obtained by attaching open strings to the brane system. Open strings are described
by words composed of O(v/ N) letters [64]. The letters can be any of the scalar or fermion

~10 -



fields of N' = 4 super Yang-Mills theory, the field strength tensor or covariant derivatives
of them. Attach mj; open strings described by the words Wa,, Wa,,--- ;Wa,,, to the
first brane (of momentum p;). Since indices of the first brane are symmetrized by the @,

; fields attaching these strings is achieved by including the factor

mi1

I & (Wa )i, (233)
r=1
in the integrand of the generating function. We also attach mos open strings, described
by the words Wg,,Wg,,---,Wg,,,, to the second brane (of momentum py). Since these
fields are in the second row of the Young diagram describing the brane system, we must
anti-symmetrize these words with the Z field that lives in the same column but in the first
row. Thus, attaching these strings is achieved by including the factor

ma2

116" 2] o1, 0% W) v, — 8 265, 5 (W) 1) (2:34)

s=1
in the integrand. We can also attach strings that stretch between the two branes. To do this,
we start with the product of a factor which attaches a string to the first brane and a factor
which attaches a string to the second brane. From this we obtain a pair of strings stretched
between the branes by permuting column indices, thereby swapping the endpoints of the
two strings. There is a non-trivial fact [30] about the Hilbert space of states on a two giant
graviton brane bound state that this construction must respect. The world volume theory
of a system of p branes is a U(p) gauge theory. One consequence of this gauge symmetry
is the Gauss Law, which states that for a giant graviton brane, which has a compact world
volume, the total charge on the brane vanishes. In the open string language, this forces
the number of strings leaving any particular brane to be equal to the number of strings
terminating on the brane. We implement the Gauss Law constraint by adding open strings
in pairs, one stretching from 1 to 2 and one from 2 to 1. Describe the mio open strings
stretching from the first to the second brane using the words We,, Wy, -+, We,, , and
describe the mga; (= mj2) open strings stretching from the second to the first brane using
the words Wp,, Wp,,---,Wp,,, . Thus the generating function for this class of excited
bound states, using an obvious dot product notation, is

1 _ " —Gpo—
Znas(t 2 AWY) = oy [ ¥ [a¥p [a¥6 [aVg oot

<P DD TS T 95626570 [] - Wi, -
r=1
m22 _ _
x[[(@-Z2 ¢6-Wp, -0 —¢-Z-¢6-Ws, -9) (2.35)
s=1
mi2 _ _
x[[@-Z-06-Wp, - 06-We, ¢ —@-Z-0¢-Wp, - ¢3We, ¢)
t=1

A graphical representation of this generating function is given in figure 1. The dependence
on t; and t9 continues to tell us about the brane bound state with no open strings attached,
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Figure 1. This figure gives a graphical representation of the excited brane bound states described
by the generating function (2.35). The node on the left represents the brane with momentum p;
while the node on the right is for the brane of momentum ps.

i.e. the coefficient of the term ' "P2¢372 is a two giant bound state for which the first brane
has momentum p; and the second momentum ps. To simplify our discussion, we focus on
the su(2) sector, in which case the open string words are constructed using two complex
adjoint scalars, Z and Y. Further, the last and first letter of the word are both Y.
By acting on these operators with the dilatation operator, the dynamics of the open string
words is described by a Hamiltonian for a spin chain, with non-trivial boundary conditions.
In section 3 we consider this Hamiltonian.

Operators dual to a giant graviton system with strings attached were constructed
in [31]. For operators constructed using n Z fields and ¢ open string words, the construction
of [31] starts with a chain of subgroups S;, C Sp4+1 C Sp42 C - -+ C Sp4q. Using this chain of
subgroups, we can define a restriction of a representation R of S, to a representation r of
Sn, by giving the representation obtained as one successively restricts to each subgroup in
the chain. The sequence of representations of the subgroups specify where the open strings
are attached, and the representation r defines the giant graviton bound state. All of this
information can be summarized by decorating the Young diagram label of the operator.
For example, a two AdS giant graviton bound state with four strings attached to the first
giant graviton is given by the operator

(2.36)

The chain of representations used to define the operator are obtained by dropping the
numbered boxes in order. For the example above, we have the following 5 representations
defining the restriction from the original Young diagram R to the Young diagram® R"”
defining the giant bound state

_ TTEEED _, [T TEEE _, [ TTEE ., (T T _, [T T pw
R=p1 = T Edunnn ~ o o =8

5The number of primes appearing on R tells us how many open string boxes were dropped from R.
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Using this set of restrictions the restricted Schur polynomial of [31] is given by
X (2 0) = 00 3 Do (CRONZ 2 (W (W)L (W), (W,
o 14
(2.37)
In [31], Trrwm (T'r(0)) is called a restricted character because the trace over R to define

the character has been restricted to the subspace R””. We could also attach two strings to
each giant graviton brane

(2.38)
by making use of the following restrictions
— — /11
R = s = Ol — Ha - — fa = o =’ (2:39)

To stretch the strings between the branes we use a different restriction for the row and
column index of the restricted character. The row restriction specifies the open string start
points while the column restriction specifies the end points.

What is the relation between the operators of [31] and those constructed above? In
appendix A we explicitly evaluate the form of the operators constructed in [31] and compare
them to the operators which follow from the generating function (2.35). Simple examples
immediately confirm that

1. In the case that mas = 0, mi2 = 0 = mo; with mq; arbitrary, the generating func-
tion (2.35) precisely reproduces the restricted Schur polynomials constructed in [31].

2. In the case that mi; = 0, mio = 0 = mo; with mgo arbitrary, the generating func-
tion (2.35) again precisely reproduces the restricted Schur polynomials constructed
in [31].

This agreement is not an accident and we can prove that, for the cases described in 1. and
2. above, the two constructions agree. A central result of [31], is a rule for the derivative
of a restricted Schur polynomial with respect to an open string. The idea behind the proof
is to show that the operators constructed from the generating function (2.35) obey this
derivative rule.

To state the derivative rule of [31] we need to review a few facts. When strings are
added to the giant system, the order in which strings are added matters.” Bearing in
mind how the operator was constructed, this is not surprising: changing the order in
which open strings are attached changes the set of restrictions used to define the restricted
character and the restricted character depends sensitively on which subspace is traced. If
we differentiate with respect to the last open string added, the open string together with
its box is removed from the restricted Schur polynomial and the remaining polynomial is
multiplied by the factor ¢ of the box removed. Recall that the factor of a box in row ¢ and
column jisc= N —i+j.

"For the specific case that we attach all the open strings to a single giant, as in (2.36) it turns out that
attaching the strings in different orders gives the same operator. In this case and only this case the order
in which strings are attached does not matter.
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The proof of this result, given in [31, 65], uses results from the representation theory
of symmetric groups. The derivative with respect to the open string word restricts the sum
over Sp4q to a sum over Sy,y,—1 and its cosets. A simple rewriting of the sum produces
the Jucys-Murphy elements in the group algebra C[S,14| of the symmetric group Sy
They generate a commutative subalgebra of C[S,] and they commute with all elements
of C[Sp4¢—1] with Sp14—1 the subgroup we are summing over. The factor that appears
multiplying the polynomial reflects the eigenvalues of the Jucys-Murphy elements on the
subspace used in the construction of the restricted Schur polynomial. The derivation of
this formula is an exercise in the representation theory of finite groups [31].

The operators constructed using the generating function obey exactly the same deriva-
tive rule. The proof uses only elementary manipulations. Consider a two giant graviton
bound state, with ¢ open strings attached to the first row. An example of the operator we
consider is given in (2.36), which has ¢ = 4. The box labelled i stands for the open string
Wy, for i =1,2,3,4. The rule that we are trying to reproduce says

0
AWy T e = (

N+pi+q— DX rrrrrrase (2.40)
EEEEEE

To derive this rule for the operators defined by the generating function, consider (Sy =
—'pi — ¢'¢i and 81 = 19" Z]p; + 136' ¢ (21 2} — Z1Z7)pr)

o e f 5 5 ©
/d%/d%/d%/dfv L Hso Wa, ¢ 3¢

=~ [a¥ [ [@¥6 [0 o a(“)eslfq[so-wm-so

= [a% [a¥e [a¥5 [ aVo (;V) (V4 a6 i@'WAT'SO]

The operator gpa% counts how many boxes there are in the first row, after the box for Wy

is removed. This follows because boxes in the first row represent fields with their upper
index contracted with a ¢ field. Thus, we obtain

WA1 /dN@/dN¢/dN¢/dN¢ o e H<P Wa, ¢ (2.41)

So

_ n € _
(N mra-1) [a% [d¥ [ [0 G e T[6-Wa, ¢
r=2

which is indeed the correct rule. Using derivatives which remove all open strings we obtain
a Schur polynomial. Given the discussion of section 2.2, we know that the generating
function reproduces this operator correctly. Alternatively, since there is no term in the
operators considered that is independent of the open string word Wy,, the equality of
these derivatives implies the equality of the operators.
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We can extend this result to operators corresponding to a bound state of two giant
gravitons with all strings attached to the second brane. In this case the derivative rule is

(W, )2 =(N+4patqg-2 2.42
5w, I ™ ~ W P g #)

Note that the coefficient on the right hand side is the coefficient of (2.40) with p; replaced
by p2 minus one. The extra minus one is because the open string now occupies the second
row. To derive this rule for the operators derived from the generating function, consider

svp ] %) e
xﬁ@ZWJBWBQQS o-Z-9d-Wpg, - )
/dN /dN /dN¢/dN - NG Z-0p-0—@-Z- G- )

H(w Z-0p-Wp,-d—¢-Z-9¢ - Wpg, - )

= (N+p2+q—1)/dN¢/dN<p/dN¢3/dN¢ vaesl
X@-Z-p ﬁ(@ Z-0p-Wp,-¢6—¢-Z-¢6-Wpg, - ¢)
Jate e[ (

0 _
Z - e 5 L O—@-Z-dpp-Wg, - 2.43
a%{w e SZH2(s0 @ B @)} (2.43)

XPq

Using the obvious facts

o _ _

Paggo |12 00 Wn, - 6=5-2-06- W, 0| =0 (2.44)
0 - _

Pagy B2 007697662 )] =0 (245)

we find

ng /dN /dN /qub/dN¢ €2N sls 1(<P'Z'80¢_5‘WBS‘¢—¢‘Z‘¢$‘WBS.¢)
Z(N+p2+q—2)/dN@/dN¢/

q - -
xo-Z-p [[(p-Z-00-Wp,-0—3-Z-¢¢-Wg,-¢) (2.46)
s=2

€50

The extra factor of - Z - ¢ is simply adding one box to the first row of the Young diagram
labelling the operator. The open string Wp, was located in a column of length 2, with the
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other box in the column occupied by a Z field. After we differentiate with respect to Wp,
the second box in the column is left over and this is precisely the extra factor ¢-Z- . This
reproduces the correct derivative rule in complete detail. As above, since there is no term
in the operators considered that is independent of the open string word Wp,, the equality
of these derivatives implies the equality of the operators. Thus, as long as we attach strings
to a specific giant, the generating function we have written down is exactly reproducing
the restricted Schur polynomials constructed in [31].

This agreement between the operators obtained from the generating function (2.35)
and those constructed in [31] does not hold in general. Indeed, it is simple to verify that

3. In the case that mis = 0 = mg; with both my; # 0 and msyy # 0 but otherwise
arbitrary, the operators defined by the generating function (2.35) do not agree with
the restricted Schur polynomials constructed in [31].

As a simple example, the operator with p; = 1 and py = 0, with a single string attached
to each row, is given by

- So - -
Ja¥e [a¥e [0 [0 S 6 Wao 6200 Wa 6= 3-2-66-Wa- )
= Te(Wa)Te(Wg)Tr(Z) + Te(ZWa)Te(Wg) — Te(Wa)Te(WpZ) — Te(WaZWg) (2.47)

while the construction of [31] gives

5. = Tr(W)Tr(Wp)Tr(Z) + %Tr(WAWB)Tr(Z) —Tr(Wa)Tr(WgpZ)

+%T&"(ZWA)T&“(WB) - %TT(WAZWB) - %T&"(WAWBZ) (2.48)
This proves that the restricted Schur construction of [31] and the construction using the
generating function (2.35) are not the same. There is a simple and general way to see
that these two sets of operators are different. The operators produced using the generating
function (2.35) treats all open strings with the same orientation identically. Thus, we can
permute any of the strings of the same letter® and this is a symmetry of the operator. This
symmetry is not present in the restricted Schur polynomial construction of [31].
Describing open string excitations of the giant graviton system in terms of open strings
has the advantage that we can make contact with a worldsheet description of the open
string [32]. Another possibility is that we excite of the half BPS giant graviton bound
state by including a second field Y in the description of the operator.” This description
is naturally related to the restricted Schur polynomial construction developed in [19, 20].
Consider operators constructed using n Z fields and m Y fields. The restricted Schur poly-
nomial X g (rs)ap(Z,Y) construction of [19, 20] uses a representation R - m +n to organize

8By this we mean that we can permute the Wa,’s among themselves, the Wg,’s among themselves and
SO on.

9We can include the complete set of fields in ' = 4 super Yang Mills theory. This restriction to a single
field Y is for simplicity only.
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the complete set of fields, as well as a representation r - n for the Z fields and a representa-
tion s - m for the Y fields. In addition, there are multiplicity labels a, 8 needed!'® because
in general there is more than one way in which the S, x S, representation (r,s) can be
obtained after restricting the S, 1, representation R to the S, xSy, subgroup. This descrip-
tion of the local operators does not immediately have a visible open string interpretation.
By diagonalizing the one loop dilatation operator, the studies [42-45] discovered an alterna-
tive basis, known as the Gauss graph basis. The operators of this basis, called Gauss graph
operators, are eigenstates of the one loop dilatation operator. These eigenstates are labelled
by graphs, which provide a diagrammatic picture of the open strings stretching between the
different giant graviton branes. The complete basis of operators manifestly obey the Gauss
Law of the brane world volume theory, motivating the terminology “Gauss graph basis”. We
will now argue that it is the Gauss graph operators that correspond to the operators con-
structed from our generating function. Towards this end, consider the generating function

1 _ o
Zaas(t,t2,Y) = 7/dN@/nga/dN¢/dN¢ o P

t1soZe0+tsDZ<p¢Z¢ t<pZ¢¢Z<p( mi1

ED ")
x(@-Z-¢¢-Y.¢_¢.Z.¢q_5_y.(p)m22
X(@-Z-cpgg-Y-go@-Y-QS—@.Z.¢¢§.Y.¢¢.y,gp)m12 (2.49)

which is obtained by replacing W, — Y in (2.35). The bound states described by this
generating function have my; strings attached to the brane corresponding to the first row,
mao strings attached to the brane corresponding to the second row, mio strings stretching
from the first to the second branes and mg; = m2 strings stretched from the second to the
first. The Gauss Law is clearly manifest in this description since the above expression is
only defined for mqs = mo1. In addition, the construction is symmetric under swaps of any
strings that have the same orientation. This is a symmetry that the Gauss graph operators
enjoy and this agreement of the symmetry enjoyed by the two constructions is a key piece of
evidence suggesting that the operators constructed from the generating function (2.49) are
the Gauss graph operators. The Gauss graph operators with all strings attached to a single
brane agree with the restricted Schur polynomials [43, 45] with all open strings attached
in a given row. Consequently, the results we have obtained above already establish that
restricted Schur polynomials and Gauss graph operators coincide when the open strings
are all attached to a single brane, i.e. when there are no strings stretching between branes.

For a detailed comparison of operators that involve stretched strings, study the simpler
expression obtained for mi1; = 0 = mogg and mio = 1 = mo

Gaas(tr, t2) / ¥ [a¥e [a¥6 [a¥s S

X(@-Z-0p-Y - 00-Y - ¢0—¢-Z-¢6d-Y -0p-Y-p) (250)

1076 define the relevant restricted character, we need one multiplicity label for the row index and one for
the column index, that we restrict to.
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The dependence on t; and to continues to keep track of the momentum carried by each
brane, exactly as above. A simple computation proves that

Gaas(ti,t2) = Te(2)Te(Y?)—Tr(ZY)Tr(Y)+t1 (Tr(Z2)*Te(Y?)+Tr(Z2%) Tr(Y?)+Tr(Z) Tr(ZY ?)
+Tr(Z%Y?)-Te(ZY)Tr(Z)Te(Y)-Te(Z?Y)Te(Y)-Tr(ZY )*—Tx(ZY ZY))
+to (Tr(Z)3Tr(Y2)+2Tr(ZQ)Tr(Y2Z)fTr(Z)2Tr(Y)Tr(YZ)+2Tr(Z)2Tr(Y2Z)
~Tr(YZ)Te(Y Z3)=Tr (Y Tr(Z23)—2Te(2) Tx (Y Z)* —2Tr(Z) Te(Y) Tr (Y Z?)
—2Tr(Z)Tx(Y2Z?)+Te(2)Te(Y ZY Z)+2Te(Y) Te (Y Z) Tr(Z%)+ Te (Y ) Tr (Y Z°)
—m(y2z3)+m(yzyz2))+--- (2.51)

In the appendices we prove that the Gauss graph operators are given by

)

s} Tr(Z)Tr(Y?) = Tr(ZY)Tr(Y)

(Dj(jo) = Tr(Z)*Te(Y?) + Tr(Z3)Te(Y?) + Te(2) Te(Z2Y ) 4+ Tr(Z2%Y ?)

—Tr(ZY)Te(Z)Te(Y) = Te(Z2Y)Te(Y) = Te(ZY)? = Te(ZY ZY)

Tr(Z)3Tr(Y?) +2Te(Z3)Te(Y2Z) — Tr(2)°Te(Y) Tr(Y Z) 4+ 2Tx(Z2)? Te (Y2 Z)

e

—Tr(YZ)Tr(Y Z%) = Te(Y*)Tr(Z3) — 2Te(2) Tx(Y Z)? — 2Tx(Z)Tre(Y ) Tr (Y Z2)
—2Tv(Z)Te(Y2Z?) + Te(Z2)Te(YZY Z) +2Te (Y ) Tr (Y 2)Te(Z22) + Te(Y) Tr (Y Z°)
—2Tr(Y2Z3) 4+ 2T (Y ZY Z?) (2.52)

in complete agreement with (2.51).

With this encouraging evidence in hand, we would now like to prove that the operators
generated by (2.49) are indeed identical to the Gauss graph operators. First in appendix C
we prove that, at large IV, operators derived from the generating function for arbitrary
m11 and mos agree with the Gauss graph operators. Thus, all that is left is to consider
operators with non-zero mj2. The proof introduces a graph changing operator: acting on
a given Gauss graph, we can easily generate any other Gauss graph operator. Then, given
the equality between our operators and the Gauss graph operators when all strings are
attached to a definite brane (i.e. there are no stretched string states), and the fact that
we can generate any boundstate with any number of strings stretched between the giants
with the graph changing operator, the proof is complete.

For the proof that follows, it is necessary to briefly review the construction of the Gauss
graph operators. The restricted Schur polynomial X g (,s)a3(Z,Y) constructed using n Z
fields and m Y fields is labelled by three Young diagrams R+ m +n, r - n and s Fm
and two multiplicity labels a, . The Gauss graph operators Op,(c) have the same R
and r labels, but the s label and the multiplicity labels are replaced by a permutation o.
If we think about each individual Y field as an open string, to specify a state of the Y
fields we need to specify a configuration of the open strings. This can be achieved with a
permutation, as illustrated in figure 2. This is the permutation ¢ labelling the Gauss graph
operator. From the figure it is clear that swapping endpoints of open strings terminating on
the brane and swapping endpoints of open strings originating from the brane is a symmetry
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Figure 2. Any open string configuration can be mapped to a labelled graph as shown. The two
bold horizontal lines in the figure on the right are identified. Rows of R form nodes in the graph.
For the graph shown, R has three rows. There are 7 open strings, so the operator is constructed
using 7 Y fields. The graph determines a permutation, so each open string configuration maps
to a permutation. For the graph shown the permutation, in cycle notation, is o = (24)(536). A
nice example is the configuration in which all open strings loop back to the brane they start from,
described by the identity permutation.

of the open string configuration. To correctly enumerate distinct physical states we must
divide out this symmetry so that each configuration corresponds to an element of a double
coset. For the configuration shown in figure 2 the relevant double coset is H \ S7/H where
H is the group of symmetries for the end points, given by H = 53 x Sa x So.

The transformation to the Gauss graph basis is given by

OR 7" Z Z C XR (rys)ap (253)

skFm o,

where

d
d S
) = HN 5> T BBy (2.54)
T okJ=1

This last formula makes use of branching coefficients, which are defined as follows

Z i Z By By (2.55)

veH
where the index p on the right hand side is a multiplicity label.

As we have just reviewed, the Gauss graph operator is labelled by a permutation o
that specifies how the open strings are stretched between the giant gravitons. We can easily
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rewrite the formula (2.49) in terms of o as follows (m = my; + mia + may + ma2)

1 _ < — B
Znas(tiitnY.0) = — [ @V [V [a¥6 [a¥g emoemto

o kg ik mi1+mi2
w et19 2ot 202725227 ) o H Qbiylsz(‘pao(i)

m

— 7b . a; b
x I (0206 bu,,, — 2208”00, ,)
Jj=mii1t+miz+1
It is clear that o specifies the row to which the upper indices of the Y fields belong i.e. o
specifies how the Y excitations connect to the giants. The graph changing operator, acting

on a system with a total of m Y excitations, has the form

. , . o 9

—yYa .. Ym -
G(U) - Yja'(l) de(m) 8Y7fl aY’Lm (256)
J1 Im
It is simple to verify that
G(01)Zaas(tr, t2, Y, 02) = Zaas(ti, t2, Y, 0109) (2.57)

We will now argue that this graph changing operator has exactly the same action on

the Gauss graph operators. When R has only two rows we have no multiplicity labels so

IH\

that, up to a normalization factor of which we drop, we have'!

Z \/>1—\§'Z: BS—)].H BS—)].H OR (T s)

s)—m
= il Z Z \/>F )OR (r,s)
T S e, S,
H m.! Z Z \/7Xs UO‘ OR (r,s) (258)

skm O‘EHZ sz

where x;(0) is the character of o € S,, in irrep s. Now, again up to a normalization that
plays no role in this proof, we have

Rins) = 2. . X \ﬁxr a1)xs(02)xr(01 0 02 p) Tr(pZZ"YE™)  (2.59)
pPESn4+m 01€Sn 02€Sm

In writing this formula we have explicitly used the crucial fact that restricted Schur poly-
nomials with only two rows carry no multiplicity labels.!? Using this formula, as well as
the character orthogonality identity, which says

> xs(@)xs(h) = (g[8 (2.61)

skm

"For a detailed discussion and derivation of this formula, see [45].
12Tn the case that there are no multiplicities we can write the projection operator, which projects to the
(r, s) irreducible representation of S, X Sm7 within the carrier space of R as

PR—>(r,s) n'm' Z Z Xr g1 Xs g2 FR(Ul 00'2) (2.60)

01€Sp 02€Sm

—90 —



we have

> > > xelo1)xr(o1 0 oap)Tr(pZ®"Ye™) (2.62)

PESnt+m 01€Sn A€Smq XSmy

Using this last formula it is simple to verify that
G(01)0(03) = O(0107) (2.63)
In appendix C we argue that

> T2 0 5y (1) = Zaas(ty, t2,Y, 1) (2.64)
P1,P2

and since the graph changing operator acts in the same way on both sides of this equation,
the proof is complete.

2.4 Bound states of two sphere giants

A bound state of two sphere giants, one of momentum p; and a second of momentum po with
p2 < p1 corresponds to a Schur polynomial labeled by a Young diagram with two columns.
There are p; boxes in the first column and ps boxes in the second. To describe giant gravi-
tons, both p; and po must be order N. The Young symmetrizer must antisymmetrize over
all indices in column 1, and all indices in column 2, as well as symmetrize the pair of indices
belonging to each row. In contrast to the AdS giants, it is now the antisymmetrization
to be performed that represents the bulk of the work. This antisymmetrization of indices
can again be accomplished with the help of a Gaussian integral, but now we integrate over
Grassmann variables. Again it is a simple application of Wick’s theorem to learn that

/ng/dN5 e GG G = D sen(o )5;1(1>5;i<2) 5;k(k) (2.65)

oESk
dVe = deydéy - - - déy dVe = del .. dgtdg? (2.66)

To write down the generating function for Young diagrams R = (2P2, 1P17P2) that have two
columns, one of length p; and one of length ps, we perform the symmetrization in each
row by hand and use (¢;,7") to antisymmetrize indices in the first column and (&;,£%) to
perform the antisymmetrization of indices in the second column. The two giant graviton
boundstate generating function can then be written as follows

o~ N P2 pi—p2 (p1 + p2)!
Zs(tr,tz) = plgm p;l Lh d(gpa1p1-2)D2!(P1 — P2)! Xz (2)
e
—w i — 1€ —t1 0 Z] 3 ET (ZFZ+ZLZF )& (2.67)

In appendix A we check this result by performing the integral to second order in ¢; and ¢,
and show that we reproduce the correct formulas for the relevant Schur polynomials.
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As was the case as for the AdS giants, this generating function can also be interpreted
as a generating function for characters of the symmetric group Sy, 45, in the representation
labelled by Young diagram R = (2P2,1P17P2). The generating function is

(i) = > 3 Y A o
17 2
P2 ol {m) 1mng12m2n! - - (p1 + p2) 17200 oy (1 — P2 + 1) (p1 — p2)!

XX (a2 1919y ({ } TE(Z) W T(2%)" - - Te(ZP2 P2 ) oo (2.68)

where Y {n;} denotes a sum over the conjugacy classes of Sy, 4p,. To build some intuition
for this formula, expand to linear order in ¢; and to to find

Zs(t1,t2) = 1+ tixy((-) Te(Z) + t5x( () (D) Te(2)? + t5x () Te(Z2%) +
= 1+4Te(2) +3Te(2)? + 3Tx(Z2%) + - - (2.69)

reproducing the correct characters for S; and S

() =1 xg(OC) =1 x((-) =1 (2.70)

Following our discussion for characters with long rows, we could easily use the re-
sult (2.68) to develop a formula for characters in representations labelled by Young dia-
grams with two columns.

2.5 Excited bound states of two sphere giants

In this section we extend the results obtained above, constructing generating functions
for operators dual to excited sphere giant gravitons. Again consider a boundstate of two
sphere giant gravitons, the first with momentum p; and the second with momentum ps.
The boundstate is excited by attaching open strings. The generating function for this class
of bound states is

Zs(t1,t2,{W}) = /qu[)/de/ng/ng o b—EE

- — = mi1
x e VGO (ZILA LIS T - Wa, -

r=1
x [[W-Z-p&-Wp, 6= Z-£6- W, -9) (2.711)
s=1

mi2

x [[W-Z-p&-Wp, - We, -+ Z-£E-Wp, - ppWe, )
t=1

The signs in the final two lines would both have been positive if we had kept all barred
variables to the left with 1’s before ¢’s and all unbarred variables to the right with ¢’s
before £’s. . The dependence on t; and ty again tells us about the quantum numbers of
the brane boundstate with no open strings attached: the coefficient of the term ' 2t2p 2
describes the case that the first brane has momentum p; and the second momentum po. We

again focus mainly on the su(2) sector in which case the open string words are constructed

- 29 —



using two complex adjoint scalars, Z and Y, with the last and first letter of the word
both Ys. The Gauss Law is again respected because the open strings are added to the
bound state in pairs, with one string (W, ) stretching from brane 1 to brane 2 and another
(Wp,) stretching from 2 to 1. In a discussion which closely parallels the discussion for the
AdS giant bound state, we can again prove that the operators with strings attached only
to brane 1 or only to brane 2 agree with the construction given in [31]. The proof again
proceeds by verifying that derivatives with respect to open strings words agree with the rule
derived in [31]. We will sketch the case that strings are attached to the giant of momentum
p1 since it is interesting to see the role of the Grassman nature of the integration variables.
Recall that in the case of the AdS giant (a long row), the factor of the box containing
Wa, is N + (¢ — 1), since each time we move along the Young diagram, to the right, we
add 1 to the factor. In the case of the sphere giant (a long column), the factor of the
box containing W4, is N — (¢ — 1), since each time we move down the Young diagram
we subtract 1 from the factor. It is the change in the sign of the ¢ — 1 contribution to
the factor that we want to demonstrate. Towards this end, consider (Sop = —1 - — £ - €,
S1 =t Z -+ 50 (ZFZL + Z[ZF) &)

i [ 40 [ [ [ e Lo,

/dN«L/de/dNé/ngeSOeSl b f[Qw-Wm X
q

- [ fa¥e [V [ e (9o ) e T Wa, v

r=2

q

= (wei) f e [ v [ae [ e [Lbwa 0

r=2

where the negative sign in the expression in brackets on the last line above is exactly what
is required to get the correct factor. This sign comes from the Grassman nature of ¢’ since

o - _71.8
61/3i¢_N ¢81Z’

(2.73)

Again, exactly as we found for the excited AdS giant bound states, by constructing and
comparing operators we learn that the restricted Schur construction of [31] is in general
not the same as the construction using the generating function (2.71).

The operators constructed using the generating function (2.71) are again symmetric
under swapping strings of the same orientation. This is a strong hint that they are closely
related to the Gauss graph operators. This expectation turns out to be correct. The
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relevant generating function is

Zg(t1,t2,Y) = /dN@Z/de/ng/ng o —E€

% eftuzv-Z-ert%iZif_j(ZfZJl.+Zfo)¢k§l T‘l[ldj Y -y
r=1
ma2 _ _ _ _
x [[W-Z- &Y &= Z-£E-Y 1)
s=1
mi12

x[[W-Z-9&-Y 9 Y 49 Z-£6-Y YY)  (2.74)
t=1

The bound states described by this generating function have mq; strings attached to the
brane corresponding to the first column, mss strings attached to the brane corresponding to
the second column, mi9 strings stretching from the first to the second branes and mo; = m12
strings stretched from the second to the first. The construction is manifestly symmetric
under swaps of any strings that have the same orientation. In appendix B we give detailed
checks of the construction of operators coming from (2.74), as well as detailed examples
demonstrating their equality to the Gauss graph operators. It is possible to generalize
the proof given in appendix C to the case of operators labelled by Young diagrams with
long columns, and then to repeat the argument that worked for the AdS giant graviton,
making use of the graph changing operator. The details are an obvious generalization of
the discussion for the AdS gaint graviton.

3 Action of the dilatation operator

In the previous section we have obtained an integral representation of the operators dual
to excited giant graviton bound states. Our goal in this section is study the action of
the dilatation operator on these integral representations. We will restrict to the SU(2)
sector, which corresponds to studying open string words constructed using two complex
matrices Y and Z. The one loop dilatation operator in the SU(2) sector (up to overall
normalization) is [66]

D = —gynTe ([Z,Y][0z,0v]) (3.1)

When the open strings are described using words, one can derive a Hamiltonian [32, 33]
for particles (representing the Z fields) hopping on a lattice (defined by the Y fields). The
Z fields can hop between the open string world sheet and the giant graviton bound state.
A key physical question is the description of this hopping, relevant for the dynamics of the
string endpoints. We take this up in section 3.1. For the description in which the open
strings are described using the Y field, we have argued that the operators we construct
are the Gauss graph operators. The Gauss graph operators are eigenstates of the one loop
dilatation operator at large N. We will define an integral representation for the action of
the dilatation operator D on the generating function (2.49) in section 3.2. This integral
representation is a natural starting point for a systematic % expansion.
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3.1 Open string boundaries

Our goal is to work out the action of the dilatation operator, in the large N limit. Con-
cretely, this amounts to constructing a lattice Hamiltonian for each of the four types of
open strings (attaching to brane 1 or 2, and stretching from 1 to 2 or from 2 to 1) we can
consider. What is of most interest is the boundary conditions for the strings. There are
two derivatives in D, so it is possible that the two derivatives will act on different open
strings. However, these effects are subleading at large N and we ignore them.™® In this
case, we are not losing any information by simplifying the discussion to a single (for Wy
and Wp) or pair (for W and Wp) of open strings.

The number of fields in the giant graviton is O(NN), the planar approximation fails and
to obtain the correct large N limit we need to sum all possible contractions of fields in the
two giant gravitons. The number of fields in each open string is ~ L with L ~ O(\/N ). If we
take LWQ < 1, then at large N it is accurate to contract the open string words planarly [31].

We restrict to the su(2) sector which amounts to constructing all open string words W,
from the pair Z,Y of matrices. To obtain the world sheet description of the open strings,
following [33], we interpret the Y fields in W, as a “lattice” which can be populated by
inserting excitations (in this case Z’s) into the lattice (gaps between the Y’s). We will refer
to the Z’s as impurities. For a word containing L Y fields, there are L —1 sites in the lattice

W, =YZMYZ"™Y ... YZ'-1Y (3.2)

The {n;} are lattice site occupation numbers. The one loop dilatation operator preserves
the number of Y’s (the lattice is not dynamical) and allows impurities to hop between
neighbouring sites (Z’s and Y’s can swap their order in W,). This interpretation maps
the problem of determining the anomalous dimensions of operators in the super Yang-
Mills theory into the dynamics of a Cuntz oscillator chain [33]. The bulk interactions are
described by the Hamiltonian

L L—-1
Hyue = 20> afa — A (@fages + @al, ), (3.3)
=1 =1

where A\ = g2 ,,N is the 't Hooft coupling and the Cuntz oscillators obey

To obtain the full Hamiltonian, we need to include boundary interactions arising from the
string/brane system interaction. This interaction, which introduces sources and sinks for
the impurities at the boundaries of the lattice, was first derived in [33] for a string attached
to a single sphere giant graviton, and then derived in [34, 35] for strings attached to an ar-
bitrary bound state. One such interaction allows a Z to hop from the first or last site of the
string onto the giant, or from the giant into the first or last site of the string. In this process

13Here we are simply alluding to the fact that at large N string interactions are suppressed and hence
open string words do not mix. In the closed string sector the analogous statement is that in the planar
limit, different trace structures do not mix.
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the string exchanges momentum with the giant graviton, so that the giant graviton is exert-
ing a force on the string. There is also a boundary interaction in which a Z belonging to the
giant “kisses” the first (or last) Y in the open string word. In this case, no momentum is ex-
changed, and the string does not feel a force. The logic developed in [34] derives the interac-
tion for the “hop off” process, in which a Z hops off the string and onto the giant. Requiring
that the Hamiltonian is hermitian then fixes the “hop on” interaction. The momentum con-
serving boundary interaction follows by expressing the kiss as a hop on followed by a hop off.
The hop off boundary term for open string W, is given by [34, 35]

[c s, [ .
Hhop off = A NATal + A NATCLL (34)

where c is the factor of the box occupied by the open string word W, G; and ar, annihilate
a Z from the last and first sites of the open string word W, and At adds a Z to the giant
graviton i.e. it adds a box in the Young diagram label of the operator. The key step in
the derivation of this hop off boundary term is an identity obeyed by the restricted Schur
polynomials. When a string hops out of the first (or last) site we obtain an open string
word of the form ZW, (or W.Z). The identity expresses the restricted Schur polynomial
with words ZW, or W,Z in terms of restricted Schur polynomials with word W,. This
identity is derived by writing the sum over o in (2.37) as a sum over a subgroup and its
cosets and again using known results about the eigenvalues of the Jucys-Murphy elements.
This is how the factor of the box appears in (3.4). In terms of the generating function
the derivation of this identity is a trivial exercise. Indeed, the identity of [34] is given by

(So=—¢-0—¢-pand S\ =t1¢-Z-o+13(¢p-Z -0 Z - ¢—@-Z-¢p-Z-p))

_ ! No [ aN NG [Ny 0 So+51 Hi117d
:TF;N/dN@/dNSD/dNQZ)/dNQZ)GSOJFSl(TI“(W)—@'W'SO‘FH@'W'Z-QO
+t%(g5-W-Z-g0q§-Z-¢—¢.W.Z.¢q§.z.(p)> (3.5)

This is identical to the identities given in appendix C.1 of [35]. The term proportional to
Tr(W) describes gravitational radiation, whereby the open string W is emitted as a closed
string Tr(W) from the excited giant bound state. It represents a subleading contribution
at large N. The term proportional to ¢ - W - ¢ produces restricted Schur polynomials
constructed with open string word W. The remaining terms produce restricted Schur
polynomials constructed with open string word W - Z. The generating function provides a
remarkably simple derivation of this formula.

The identity above describes hopping out of the last site of the open string word. To
obtain the identity needed for hopping out of the first site we consider

1 _ . 0 :
0= 7T2—N/dNap/sto/dN<z5/dN<;5 o (25 We)) (3.6)

The identities needed for the sphere giant are equally easy to derive.
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3.2 (Gauss graph operators

We have already argued that when each open string word is replaced by a single letter, the
operators we generate are the Gauss graph operators. From the results obtained in [45] we
know that these are eigenstates of D, in the large N limit. In [43, 45] the simplifications
of large N were implemented by exploiting simplifications in the action of the symmetric
group. This analysis, known as the distant corners approximation, is clumsy. In particular,
it is not obvious exactly what has been discarded in this approximation and, consequently,
it is not easy to systematically correct and improve the approximation. It is interesting
to reconsider this computation using the generating function where we should have better
control over the large N expansion. Indeed, a systematic large N expansion should follow
from a saddle point approximation of the integral representations we have obtained. To
carry out this analysis we need to apply D to the operators defined by (2.49). In this
subsection we study some illustrative examples. Return to (2.49) which we write as

1 _ _ -
Zaas(tit2,Y) = / dN e / Ve / Ve / AN e P09 P12 I 22 G2

where we have introduced the new variables

Qo =9-Z-p

Or=0¢- 2902 0—p-Z-¢¢-Z-¢

P3=0-Y-p

Sy=¢-Z-06Y - 0—¢-Z-¢0¢-Y ¢

O5=¢-Z-00-Y - 00-Y - 0—0-Z-0¢-Y -0p-Y - (3.7)

Our operators are constructed using a large number of Z fields (order N) and very few Y
fields (order 1). It proves helpful to remove the Y fields, as much as possible, from the
manipulations that follow. With this in mind, introduce sources for the fields ¢, ¢, ¢ and
¢ and write

~ ~ ~ 1 _
Zags(ti,t2,Y) = <I>§“1<I>T22<I>g’“2(7r2N/dN@/ngo/ngb/ngb X

oG 1 ®1HEP 63“"~¢+@-j“’+§¢-¢+¢3~j¢>

j=0
= ‘/IS:T“&)T” ‘5?12 ZAdS,reduced (tla t2)|j:0 (38)
where |j—g is an instruction to set all sources to zero and
= 0 0
Po= 2 yv. L
BT
~ 0 0 0 0 0 0 0 0
o) = — . 4 — Y. g Y.
1T e 95° 0% 9j°  0j¢ 9j¢ 959 95
5 = iziiyiiyi
0j% 0j% 8]4’ 0j¢ 03¢ a]¢
0 0
Z-—(9 Y-i 9 'Y-i (3.9)

Coje T 0000 00 0j0 0y
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The integration is not a Gaussian integral because ®9 introduces terms that are quartic in
the integration variables. To proceed perform a Hubbard-Stratanovich like transformation,
introducing two new complex fields, and rewrite Zads reduced (t1,t2) as follows

Znas redveed(t1,12) = —37 / N / Vo / a5 / Vo / dz / di / dy / dj

« o P Y= O—TT—yYTHt1 Z-pttax G Z-pttale Z-¢ttayp Z-¢—t2fd-Z- 0+ o+ @ +50 p+6-j?

We can streamline this expression as follows

ZAdS,reduced(tlth = 2N+2 /dN /dN /dN(Z)/dN(Z)/d.Z‘/d.’L‘/dy/dy

eV M-v—xZ—yj+v-j+5-v 3 10)

where

v; = [%’ ¢¢} v’ =

% . . _ G
él] Ji []f Ji } ]Z lﬂ”

1y —t1Z4 — Z  —toyZ
M = N tl_ tQ.’L‘ to_ :12®1N— t1+t%$ t2% ®Z
toyZ 1y —tox”Z —toy toX
=1LRIy-M®eZ (3.11)

The integrals over ¢, @, ¢ and ¢ are Gaussian and can be done exactly. The result is

el (M™1)j—ai—yy
ZAdS reduced (t1,t2) = /dﬂE/dI‘/dy/dy ot L (3.12)

The eigenvalues of Z are z;. The eigenvalues of M are given in (2.24). In terms of these
eigenvalues we can write

2
det H H 1— /\ aZi (3.13)

a=1i=1

The Cauchy-Littlewood identity [67] is

L M
I = >l mxaly - ym) (3.14)

where the sum on the right hand side only includes Young diagrams A with less than the

smaller of L, M rows, and xp is a Schur polynomial. Applying this formula to our problem
we find

e = (3.15)

so that

ZAdS ;reduced tl;tQ Zf/\ j j XA(Z) (316)

) = % [z [az [ay [ ag #0530 0) )

The sum over A is only over Young diagrams with at most 2 rows.
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We can perform a convincing check of (3.16) after we set j = j = 0. When the sources
vanish we know that the generating function produces the Schur polynomials with two
rows. Further, the Schur polynomial labelled by a Young diagram with r; boxes in the first
row and r boxes in the second is multiplied by a monomial ¢]*~"2¢2"2. Using the usual
formula for the Schur polynomials, we find

XD(M) = t1 + tox + tox (3.18)

X(M) = 11 + 2titax + 1327 + titad + 1327 + t32° — t3yy (3.19)

XH(M) = t11oT + t32T + t2yy (3.20)
XTTI(M) = 8 + 3ttax + 3t1t32° + tha® + tted + 2411327 + tha’

11252 + thaz? + 575 — 2t1t2yy — 23xyy — 23TyY (3.21)
XH](M) = t%tgﬂ? + 2t1t2xx + t2$ T+ tlt T2 + tgazx + t1t2yy

3Ty + Ty (3.22)
We then easily obtain
fa=t =1 fH =25 form=1t] ij = 3t1t5 (3.23)

which are the correct results. We have also tested that the integer coefficient of each
monomial is correct.
If we work in a basis in which Z is diagonal, after a little work we can rewrite (3.12) as

Z AdS reduced (t1,t2) = /dw/dm/dy/dy exp [—ma: —yy + Z faTr(Z™)

+ip - (Z X" (1 —t25;Z)> G — G (Z X”t2y2> “Jo+ s (Z X%M) Jo

+]¢ . <§ Xn(l — tQ.’fZ — t1Z)> . 5¢] (324)

n=0
where f,, has been defined in (2.26) and

X = (t1 + to(x + 7)) Z — (t1toZ + 13 (2T + y7)) Z> (3.25)

This formula is exact. We are now ready to apply the operators defined in (3.9) to this
expression. We evaluate the result at j = j = 0. One derivative acting produces a term
linear in the sources. To get a non-zero result we need to differentiate this again, with
respect to the source that appears. Consequently, a pair of derivatives must act before we
get a non-zero result. The combinatorics is therefore identical to the combinatorics from
Wick’s theorem and we only need to know what the basic pairings are. It is easy to read
off from the above expression what each possible pairing gives.

It is instructive to consider the case that to = 0. This corresponds to a single giant

system, which we know is a %—BPS operator. A simple computation shows that

ZAdS,reduced(tla 0) = €xp < Z fnTr( + ]90 <Z tl ) : jcp + .](i) : 5@5) (326)

n=1
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For two strings attached to the giant graviton, the generating function is

0 0 \2
Zpas(t1,0,Y) = <3.7'“D Y- (9]'“9) ZAdS reduced (t1,0)
o
D Dl & ) Yo gt (Tr(YZ"l)Tr(YZ”Q)+Tr(YZ"1YZ”2))
ni,na2=1

— Z 10(2) (3.27)

qlq'

For k strings attached to the giant graviton, the generating function is
oo

oo 1f n
Zaas(t,0,Y) = e2an=t w 2™ Z gprtnet

ni, - np=1

X 3 (YZM)E (YZ"2)2 (Y 2Rk

Z(U to(2) o (k)
O'ESk

o0

= Z 4 Lo (3.28)

— ¢!

This gives a very explicit description of the Gauss graph operator, for a single giant graviton
with k strings attached. It is straight forward to verify that
o) _ Z g gl ylatr | ylatk

q to(1) Yo(q) " to(g+1) Lo (q+k)
O’GSkJrq

= k4! X(k+9),0(0) (£, Y) (3:29)

where X(i1q),(k)(q)(Z,Y) is a restricted Schur polynomial. The corresponding projection
operator P(iiq) (k)(q) needed to define the restricted trace is trivial since the carrier space
of representation (k + ¢) is one dimensional. The results of [68] then imply that

k) _
DOPM =0 (3.30)

to all orders in %

As an example of a non-trivial eigenstate of the dilatation operator D, consider a pair
of stretched strings, i.e. mi; = 0 = mgo and mio = 1 = mg;. To obtain a manageable
problem, consider the coefficient of ¢} in the expansion of (3.8), which is given by

_ i1, pintl 2)\in+2
O - Z Zid(l) Z/Lo'(n-&-l) (Y )Zo'(n+2)

oESh42
- Z gyl (zy)ies
Z Lo(1) Lo (n) 7’0’(n+1)( )Zo'(n+2)
UGSn+2
=0, -0, (3.31)

We work at the leading order in a large NV expansion and we take n to be of order N. In this
limit O simplifies. Recall that in any conformal field theory, we have the operator/state
correspondence, which associates a state to every operator. Thus associated to the two
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operators above, we have the states |O;) and |O3). Norms of states map to correlation
functions of operators

(01]01) = (010])  (04]03) = (0,04) (3.32)
In appendix D we show that
(02]02) .
——— = =0(N 3.33
(1[0 (N7) (3.33)
so that at large N we can simplify
7 ln+1 2\in+2
O=01+0N = Z3 o 2 (YR (3.34)
cESh42

It is interesting to trace this simplification back to the generating function Zaqs(t1,%2,Y).
This simplification amounts to dropping the second term in

O5=0-Z-96-Y - 9p-Y - 6—¢-Z-66-Y -0p-Y ¢ (3.35)
which is intuitively appealing. Indeed the factor ¢ -Y - @ -Y - ¢ has the very natural
interpretation that the two Y fields have endpoints on different branes. Acting on O with
D given in (3.1) we obtain

DO = —ghy(n+1) Y 22, -2zt (YR IZ Y] Y2, Y]

L5 (2) Lo(n+1) Lo (n+2) 2o(1) ( o(1) lv(n+2)

O'ESTL+2

—[Z, YY) s -y 7, Y] ) (3.36)

lo(n+2) o(1) 1o(1) o (n+2)
To simplify this expression we need a few identities. The most basic of these follow by
simply changing variables in the sum. For example

Zi2 gient yh gyt Z2 gt yi 7y
Z to(2) to(n+1) Z0(n+2)[ ’ ]’0(1) Z tp(2) tp(n+1) Zp(l)[ ’ ]Zp(n+2)

TESn+2 PESnt2
= Zh g yinil 7y
Z Lap(1) Lap(n) w(n+1>[ ’ ]Zw(n+2)

YESn42

where for the first equality o = p(1,n + 2) and for the second p = (1,n + 1)¥(1,n + 1).
Another useful trick is to write sums in terms of cosets of a subgroup. For example, examine
the sum

. Zn+l 'in+2 47;n+3
Z Z 1o (1) U(n+1)YZ0(n+2)YZ0(n+3) (3‘37)
oc€Sn+3

Consider the subgroup S, 2 defined by p(n + 3) = n + 3 for p € S,,42, i.e. the subgroup
leaves n 4+ 3 inert. Now rewrite the above sum in terms of the right cosets, labelled by the
integer : = 1,2,--- ,n + 3 defined by

o=p(i,n+3) 0 € Spys pE Snio (3.38)
The sum over ¢ is equivalent to separately summing over p and i. After rewriting we find

S = Z le - Z,inJrl Yin+2 TI(Y) + Z Zu . Z?erl (Y2)l:n+2

tp(1) tp(n+1) " tp(n+2) tp(1) tp(n+1) lo(n+2)
PESni2 PESni2
%1 . Zn+1 7En+2
n+ 1 Z Z’ o(1) Z o(n +1)(ZY)ZG(n+2) (3-39)
PESn+2
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If we use left cosets we find

— Z“ e Z?”Jrl Yi”+2 ZZI . anrl Y2 l:n+2
S Z tp(1) Lp(n+1) %(n+2> + Z tp(1) p(n+1)( )’o(n+2>
PESn+t2 PESni2
i1 . 'Ln+1 7{n+2
Hn+1) Yo Z Yt (Y2 (3.40)
PESn+2

Comparing (3.39) and (3.40) we have

i ’"H Zn+2 iyl In42

Z ZZ (1) lo(n +1)(ZY i (n+2) Z ZZ o (1) l o(n +1)(YZ)Zg(n+2) (3'41)
pPESn2 Snt2

Making use of these identities we find

DO =—gipy(n+1) Y Zjlm Z;"( (@vzy - Y27 - ZY2)§"(+1+1)5§:(:2+ )
O'GSn+2

Next, introduce the S, 11 subgroup defined by p(n + 2) = n + 2. By making use of right
cosets exactly as above, we find

DO =—giy(N+n+1)(n+1) Y Zl?i(l) Z;n( (2vZzYy - Y27 — ZY2)z:(+nl+1)
0ESH+1

The next identity we need is obtained by starting from the sum which defines O

_ 7,1 - Zn ?n+1 2 Z:n+2
0= Z Z; o(1) Zla(n)Zla(nH)(Y )7'0(n+2) (3.42)
0ESh+2

and writing in terms of cosets of the subgroup S,4+1 which leaves n 4 2 inert. We learn
that
i ?n+1 2 i zn 2 ?n+1
o= Y 2z Z;) L (Y (1) DD 2 (ZY?)

1o(1) U(n) o (n+1) cr(n) o (n+1)
UGSn.H UGSn+1

when using right cosets, and
_ i1 .. ?'n ?n+1 2 ?1 in 2 'Lin-ﬁ—l
o= > Z Zin 7 Te(Y?) + (n+1) Y Z 2 (YPZ)

to(1) to(n) to(n+1) to(n) to(n+1)
Ueanrl UESnJrl

when using left cosets. Recalling that n is of order IV, it is clear that the first term on the
right hand side of these last two formulas can be dropped at large N. We then find

DO =2¢} (N +n+1)0 +20' (3.43)
where
/I 11 in Int1
O'= > Z! -z YZY)" (3.44)
0ESH+1

In appendix D we show that
(O010)
(0|0)
so that the O’ contribution can be dropped at large N. Thus, in the end we have

=O(N™h (3.45)

DO =2¢% (N +n+1)O (3.46)

proving that our operators are indeed eigenstates of D at large N. There are a few points
worth stressing:
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1. The above calculation has summed a lot more than just the planar diagrams.
2. The operator O is a sum of many different trace structures.

3. Tt is not the usual 't Hooft coupling g3 ,,N that appears, but rather g2 ,,(N +n+1).
This is also fixed in the large N limit so that we have a finite renormalization of the
't Hooft coupling. Notice that IV 4+ n 4+ 1 is the factor of the last box in the first row
of the R label of the Gauss graph operator. The same renormalization is evident in
the results of [61, 68], obtained using very different methods.

4. The above result is another nice check of the equivalence of the operators defined by
the generating function and the Gauss graph operators.

4 Discussion and conclusions

The spectrum of type IIB string theory on AdSsxS?® includes giant graviton branes. These
are %—BPS solutions. Superposing a collection of giant graviton branes gives a %—BPS bound
state of giant gravitons. The CFT operators dual to these bound states are given by Schur
polynomials [11]. Excitations of these bound states, which are in general not BPS states, are
obtained by attaching open strings to the branes. CFT operators describing these excited
giant graviton bound states, known as Gauss graph operators, were described in [44, 45].
Their construction employs group representation theory and a Fourier transform on a
double coset. The construction is technical which obscures many details. For example, it is
not easy to see how the description simplifies at large N or how systematic % corrections
can be computed. The discussion is general in the sense that it applies to arbitrary bound
states of giant gravitons. An important assumption is that the number of open strings
that are attached is limited so that we are considering a small deformation of the original
1

5-BPS operator.

The question of developing a systematic % expansion for excited giant graviton systems
is the central motivation for our study. A standard way of generating a % expansion is
through a saddle point evaluation of the path integral. Consequently, a promising starting
point is an integral representations for the relevant operators. This philosophy was recently
employed, in a very similar setting, in [55]. In this article we have obtained these integral
representations, for operators dual to a boundstate of two sphere giant gravitons or two
AdS giant gravitons. These representations provide a simple description of the relevant
operators.

The starting point for the construction is the observation that Schur polynomials can
be written using Young symmetrizers. These Young symmetrizers symmetrize and anti-
symmetrize indices of matrix fields from which our operator is composed. Motivated by the
results of [50-54] these symmetrization and anti-symmetrizations can be implemented as
integrals over ordinary (for symmetrization) and Grassman (for anti-symmetrization) vari-
ables which carry a single U(N) index. In this way one obtains an integral representation for
Schur polynomials with two rows or two columns. One consequence of this representation is
a simple integral formula for characters of the symmetric group, in irreps labelled by Young
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diagrams with two rows, or two columns. There is a natural proposal for operators dual to
excited giant graviton boundstates. One of our most important results has been the demon-
stration that this gives an integral representation for the Gauss graph operators themselves.

We have considered the action of the dilatation operator on these novel generating
functions. In the case that the open strings are described using an open string word, a key
physical question is the boundary condition imposed on the string endpoints. The dilatation
operator translates into a world sheet Hamiltonian as usual. The open string endpoints are
represented by sources and sinks in this Hamiltonian, allowing the brane and open string to
exchange momentum, i.e. to exert a force on each other. The form of this interaction was
first obtained in [32, 33| for a single brane, and in [34, 35] for a general brane boundstate.
In the case of the general brane boundstate, the discussion makes use of identities obeyed
by restricted characters and these identities were derived using sums over cosets of the
group and properties of Jucys-Murphy elements. We have recovered these known results,
but with much less effort: the restricted character identity follows from the statement that
the integral of a total derivative vanishes! In the case that each open string is described
by a single Y field, we are considering the Gauss graph operators which are eigenstates
of D [44, 45]. By introducing a set of sources we have written down a set of differential
operators (3.9) which create the open strings when applied to the generating function (3.24).
In (3.24) there are only 4 integrals left to do and consequently, this is a promising starting
point to generate a systematic % expansion through a saddle point evaluation.

Our analysis has been specialized to the case of a boundstate of two giant gravitons.
A natural extension is to boundstates of more giant gravitons. The extension is straight
forward, if a little tedious. To sketch what is involved, we will give some of the details
relevant to describe bound states of three AdS giant gravitons. Since there are three rows,
and the indices belonging to each row must be symmetrized, the description will involve
three sets of fields, ¢;, @, ¢i, ¢' as well as 1;, 7. There is also a new antisymmetrization,
associated to the new columns of length three. As usual, we list row lengths so that
R = (p1,p2,p3) denotes a Young diagram with p; boxes in the first row, ps in the second and
p3 in the third. The generating function for Schur polynomials with three rows is given by

00 tp3tp2—P3tP1—p2 (pl + Do + pS)'

Zaas(ti,to,t3) = paps)(Z)
p1—§+p5 P2¥p3 p3=1 dpl,pz,Ps)p3 (p2 = p3)!(p1 — p2)! (P1p2ps)
_ W3N/ngp/de/de)/ngb/dNn/dN
x e~ P Pi— ' Gi—T mi+t1S1+5 52 +3 53 (4.1)

where

2
|
L L
N

J, .
iPj
_ igj kol ok
Sy = ¢'¢' (Z] Zj — Z Z3 )i
Sy = @'l (Zéz;”zz ~ I L0~ 2N 7y~ 2 T
2RI+ 22 2 o (4.2)
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When considering excited bound states, we now have many different possibilities for the
open strings that can be attached, since the open string can start on any brane and termi-
nate on any brane. Factors that attach strings to brane 1, brane 2 and brane 3 respectively,
are given by

Yo, P (ZY] - ZIY] ) ey
G SN Z 2V — 2 I — 202 - 2L 2y
+ 22+ 2 20 e1bmnn (4.3)

To describe strings that stretch between branes, we again use a product of the above fac-
tors and simply swap column indices. It is no longer necessary to attach pairs of strings.
We can for example define a factor with three Y fields, corresponding to a configuration
in which a Y stretches from the first to the second brane, another from the second to the
third and the last from the third to the first.

We can also attach strings that stretch between the two branes. To do this, we start
with the product of a factor which attaches a string to the first brane and a factor which
attaches a string to the second brane. From this we obtain a pair of strings stretched
between the branes by permuting column indices, thereby swapping the endpoints of the
two strings. The resulting generating function is again consistent with the Gauss Law
arising from the world volume theory of the giant gravitons. Further, it is manifestly
invariant under swapping strings of the same orientation. This again suggests that these
operators are identical to the corresponding Gauss graph operators, something that we
have checked in some examples. It is equally easy to consider bound states with even more
AdS giant gravitons, or to consider bound states of more than two sphere giant gravitons.

The world volume dynamics of a bound state of p giant gravitons is described in terms
of the open string excitations of the branes [69]. At low energy this should become a
non-Abelian Yang-Mills theory with gauge group U(p) [60]. Attempts to construct this
emergent Yang-Mills theory starting from a description of the giant graviton bound state
in conformal field theory have been given in [30, 61, 70, 71]. Although these initial re-
sults are encouraging, they are frustrated by the technical difficulty of the combinatorics.
Perhaps the simpler description of giant graviton bound states obtained in this paper will
allow progress. Specifically, a systematic % expansion, through a saddle point evaluation
of (3.24), should lead to % interactions which allow open strings to split and join. These
interactions should then match those of the expected emergent Yang-Mills theory.
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A Check of the generating function for a bound state of two AdS giants

In this appendix we expand the generating function for the bound states of two AdS giant
gravitons, in a power series in t; and t5. This allows us to test their correctness since,
for a small number of fields, the construction of the relevant Schur polynomials is entirely
straightforward.

A.1 Operators constructed from the generating function

No open strings attached. To start, consider the two AdS giant graviton bound state
generating function, which is given by

_l’_
Znas(t1, ts) = Z Z t2p2tp1 p2d (p1 + p2)! X(prQ)(Z)

Pl =p2 p2=1 (p1,p2)P2° l(p1 — p2)!
o~ Ploi— b bit 165 Z] 0y i35 B (2} 25— 2L ZF ) (A.1)

where d(,, ,) is the dimension of the symmetric group Sj,p, representation labelled by
a Young diagram with p; boxes in the first row and ps boxes in the second row, p; > ps.
After a simple computation we have

_ (prAp)pr—p2+1)
p1.p2) (p1 + 1)!pa!
(p1+1)!

(p1 + p2)!
M = = A2
PEP T d iy P2 (1 — p2)! (p1—p2 4+ 1)! (4.2)

d

Power series expanding the integrand of (A.1) in the parameters t; and to, we generate a
sequence of polynomials in the variables @', ¢;, ¢* and ¢;. The resulting integrals are all
easily performed using (2.13) and the obvious analogous formula for integrals over @* and
;. The result is

Z(tr,to) = 1+ 1 TZ + 8 (Te(2)? = Te(2?)) + 113 (Tx(2)° — Te(2°)) (A.3)
Gi 2 2 3 4 212 3
+o (Te(2)* + Te(2%)) + 5 (Tx(2)* +3Tr(2%)? — AT 2Te(2°)) +
In the first column below we show the value of M, ,,, in the second we show the Schur

p1p2)(Z) and in the third we show the coefficient of #)* ™" 2272 The fact that
the product of the first two entries on any row reproduces the third entry shows that the

polynomial x(

— 36 —



result (A.3) has indeed confirmed the formula (A.1).

MI,O =1 XD:TI"Z TrZ
Mii=2 = %((TrZ)Q —Trz?) (Te(2)? - Tr(2?))
Mo1=3 XHj = %((TrZ)?’ —TrZ%) ( — T( Z3)) (A.4)
1 1
Moo=1 x= 5((T1~Z)2+T1~22) 5 ( )2 4T Zz))
-  (TrZ)*—ATrZTeZ% 4 3(Tr Z2)?) 1ip ) 5
Mz2=6 xj= 5 5 (Tr(2)"+310(2%)? —4Te2Tx(2°)

This example nicely illustrates how the checks that follow will be performed. We will
not however quote the explicit formulas for all of the operators we produce, since these
become rather lengthy expressions that are not very illuminating.

Two open strings attached, to the giant of momentum p;. Next consider the
generating function obtained when we attach two open strings to the giant graviton with
momentum p;. We employ the description in which each open string is described with a
word. The relevant generating function is

Z(t1,ta) = /dN /dN /dN¢/dN¢ R N A AR AV A
X etuo Zi ¥i 95 (WAl)bl Pay 95 (WA2)b2 Pay <A5)

Expanding to second order in t; and 3 we obtain
4

t
Z(tl, tg) =ag+ a1t1 + G/Qt% + t%ag + tlt%a4 + 520,5 =+ ... (AG)

where,'* for example
ag = Tr(Wy, )Tr(Wa,) + Tr(W4, Wy,)

a; = Tr(Z)Te(Wa,)Te(Wa,) + Tr(Z2)Te(Wa, Wa,) + Tr(ZWa, ) Tr(Wa,)
+TI“(WA1)TI“(ZWA2) + Tr(WAlwAQZ) + TI“(VVA1 ZWAQ) (A.7)

Two open strings attached, to the giant of momentum ps. Next consider the
generating function obtained when we attach two open strings to the giant graviton with
momentum py. The relevant generating function is

1 - BB —i 7 _
Z(ty,t2) = m/dN@/ngodegb/ngb o~ PP bt (2 2L~ ZL Z]) prd

% 1?2 p; @-Z-0¢p-Wp,-d—@-Z-¢¢-Wa, - )
X(@p-Z-0pp-Wp,-¢0—¢-Z-¢¢-Wpg, - ¢) (A.8)

MWhen writing Z; the upper ¢ index is a row index and the lower j index is a column index.
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Expanding to second order in t; and t3 we obtain
4
Z(tl, tg) =by + bit1 + bgt% + t%bg + tltgbgl + 52135 + ... (Ag)

where, for example

bo = Tr(Wp,)Tr(Wg,)Tr(Z)? +Tr(Z)*Te(Wp, Wa,) — Tr(Wg, ) Tr(Z) Tr(Wp, Z)
~Tr(Wg,)Tr(Z)Te(Wp, Z) +2Te(Wg, Z)Tr(Wp, Z) +Tr(Wp, ) Tr(Wg, ) Tr(Z?)
+Tr(Wp, Wg,)Tr(Z%) = Tr(Z)Tr(Wp, Wg, Z) — Tr(W, ) Tr(Wg, Z%) — Tr(Wp,Wg, Z?)
~Tr(Z)Te(Wp,Wg, Z) — Tr(Wg, ) Tr(Wp, Z%) — Tr(Wg, Wg, Z*) +2Tr(Wp, ZWg, Z)

by = Tr(Wp,)Tr(Wg,)Tr(Z)3 + Tr(Z2)>Te(Wp, Wa,) — Tr(Wg,)Tr(Z2)*Tr(Wp, Z)
~Tr(Wg,)Tr(Z)*Tr(Wp, Z) +2Te(Z) Tr(Wp, Z)Tr(Wp, Z) +3Tr(Wg, ) Tr(Wg, ) Tr(Z)Tr(Z?)
+3Tr(Z2)Tx (W, Wp,)Tr(Z?) — Te(Wp, ) Tr(Wg, Z)Tr(Z?) — Te(Wp, ) Tr(Wp, Z) Tr(Z?)
~Tr(Z)*Te(Wg,Wg,Z) — Tr(Z*)Tr(Wp, Wg, Z) — 2Tr(Wg, ) Tr(Z) Tr(Wg, Z?)
+2Tr(Wp, Z)Tr(Wp, Z2) — Te(Z)*Te(Wp,Wp, Z) — Tr(Z*)Tr(Wp, W, Z)
—2Tr(Wp, ) Tr(Z2)Te(Wg, Z?) + 2Tr(Wp, Z)Tr(Wg, Z2) + 2Tr(Wg, ) Tr(Wg, ) Tr(Z?)
+2Tr(Wg, Wg,)Tr(Z3) = 2Tr(Z) Te(Wp, Wg, Z%) +2Tr(Z) Tr(Wg, ZWg, Z)
—2Tr(Wp,)Tr(Wg, Z%) — 2Tt (Z) Tr(Wg,Wg, Z*) — 2Tr(Wp, ) Tr(Wg, Z°)
—2Tr(Wp, Wg, Z3)+2Te(Wp, ZWg,Z?) — 2Te (W, Wg, Z3)
+2Tr(Wp, ZWg, Z?) (A.10)

A pair of strings attached, one to each giant. The generating function for two
strings attached, one to each of the two giants in the bound state, again employing a
description in which each open string is described with a word, is given by

Zltnte) = g [0 [ @ [ a5 [ g e#onFoie P OrA Ao A,
X oWa o (@p-Z-00-Wp-¢6—0-Z-¢¢-Wp-¢) (A.11)
Again expanding to second order in t; and to we obtain
Z(t1,t9) = co + t1e1 + t3ca + tieg + tithes + thes + - - (A.12)
where, for example

co = Tr(Wa)Tr(Wp)Tr(Z) — Te(Wp)Tr(WaZ) + Te(Wa)Tr(WpZ) — Te(WaWBZ)
c1 = Tr(Wa)Te(Wg)Tr(2)? — Te(Wg)Tr(Z2) Te(WaZ) + 2Te(Wa)Tr(Z2)Tr(WgZ)
—Tr(WAZ)Tr(WgZ) 4+ Tr(Wa)Te(Wp)Tr(Z2?%) — Tr(Z) Te(WAWRZ) (A.13)
—Tr(Wg)Tr(WaZ?) 4 2Te(Wa) Tr(WZ?) — Te(WaWpBZ?) — Tr(WAZWgZ)
A pair of strings stretched between the giants. Finally, consider the generating

function for two strings stretched between the two giants in the bound state, again em-
ploying a description in which each open string is described with a word

Zitnta) = g [ [a¥e [ ¥ [ o P oS-z anns e,

(90'Z'SD¢‘WC“P¢'WD’¢_SO'Z'¢¢‘WC'SOSO'WD'SO) (A.14)
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Again expanding to second order in t; and t we obtain
Z(tl,tz) = sg +t181 + t%SQ + t%$3 + t1t334 + t385 =+ - (A.15)
where, for example

so = To(2)Te(WeWp) — Te(Wp)Tr(We Z) — Te(WeWpZ) + Te(WpWe Z)

51 = To(Z2)*Tr(WeWp) — Tr(Wp)Te(Z2)Te(We Z) — Tr(We Z)Te(Wp Z) + Tr(WeWp)Tr(Z2)
~Tr(2)Te(WeWpZ) — Te(Wp)Tr(We Z?) + 2Te(Z) Te(WpWe Z) — Te(WeWp Z?)
~Tr(WeZWpZ) + 2Te(WpWe Z?) (A.16)

A.2 Comparison to restricted Schur polynomial and Gauss graph operators

The formulas derived above, in terms of open string words W, are extremely useful. As
written, they describe the operators obtained when each open string excitation is described
using a word. These are the operators we use in section 3 to determine the lattice Hamil-
tonians describing the dynamics of open strings attached to giant gravitons. Alternatively,
we can set all open string words equal to a single letter W, = Y and compare to the Gauss
graph operators. It is this second exercise that we will carry out in this appendix.

To construct the Gauss graph operators, we need to construct the restricted Schur
polynomials. There are a number of simplifications that arise when we consider restricted
Schur polynomial operators labeled by a single row (this is the case for the coefficients
ap, a; and a3 in (A.6)). In this case the Gauss graph operators and the restricted Schur
polynomial bases coincide. Further, since the representation R is one dimensional, the
subspace we restrict to when defining the restricted characters is not a proper subspace
and the restricted characters simply reduce to ordinary characters. In this case it is simple
to check the following equalities

ag = 2Xm(.,m)(zay) = ( »@)
a1 = 2y (4 Y) = (D , @)
b= (2 6)

The equality above is between (1) the coefficient a, appearing in (A.7)), (2) the restricted
Schur polynomial with three Young diagram labels and (3) the Gauss graph operator which
has both a Young diagram label and a graph label. The graph is the same in all three cases
because in all three we have a single brane with two strings attached to it. The equalities
above are explicit checks of the equality between Gauss graph operators with all strings
attached to a single brane, and our generating function for excited bound states with all
excitations associated to a given row. Here we are, of course, using the fact that these
equalities are meant to be exact and not just large N identities.

The remaining terms in (A.6) should be compared to Gauss graph operators con-
structed from restricted Schur polynomials that are labelled by Young diagrams that have
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two rows. The two row restricted Schur polynomial is still simpler than the general case,

since with only two rows we do not need to introduce multiplicity labels. However, the

representation R is no longer one dimensional and the subspace we restrict to when defining

the restricted characters is usually a proper subspace. Thus, the restricted characters are

not equal to ordinary characters, and they must be computed. Since we are attaching both

strings to a single brane, it is again true that, for these operators, the Gauss graph opera-

tors and the restricted Schur polynomial bases coincide. This is again an exact statement.

The restricted Schur polynomials that we need are given by

HoEm' ) -

FoEm 4T

T @m >

i(Tr(Z)zTr(Y)Z + Tr(Y?)Tr(2)? 4 2Te(Y Z2) Tr(Z2) Tr(Y)

~Tr(Z*)Tr(Y)? = Tr(Y?)Tr(Z%) — 2Te(Y Z*)Tr(Y)
FoTY(ZY?)T(Z) — 2Tr(Y222))

) = é(Tr(Z)3Tr(Y)2 + AT (Z)*Te(Y)Te(ZY) 4 4Te(Z)*Tr(ZY ?)

+2Tr(Z)Te(Y)Te(Z2Y) + Te(Z2)*Tr(Y?) + 2Te(Z) Te(ZY)?
+2Tr(Z)Te(Z2Y?) 4+ 2Te(Z)Te(ZY ZY) — 2Te(Y Z) Tr(Y) Tr(Z?)
—Tr(Y)*Tr(Z3) — Te(Y?)Tr(Z23) — 2Te(ZY) Te(Z%Y)
—2Tr(ZH)Tr(ZY?) — 4Tr(Z3Y)Te(Y) — 4Tr (Y2 Z3)
—2Tr(YZYZQ))

1

) = —Tr(Y)?Tr(2)* + 2—14Tr(Z)4Tr(Y2) + %Tr(Y)Tr(Z)STr(YZ)

24
+1—12Tr(2)2Tr(YZ)2 + %Tr(YZ)zTr(ZQ) + éTr(Y)zTr(Z%2

+éTr(Y2)Tr(ZQ)2 + éTr(Z)3Tr(YQZ) - éTr(Z)Tr(YZ)Tr(YZQ)
+%TT(Y)T1~(ZQ)T1~(YZ2) + éT&r(YZQ)z - %Tr(Y)zTr(Z)Tr(Z?’)
—%Tr(Z)Tr(YQ)Tr(Z?’) - éTr(Y)Tr(YZ)Tr(Z?’) - %Tr(Y2Z)Tr(Z3)

+%Tr(Z2)Tr(Y2Z2) + %Tr(Z)ZTr(YZYZ) + 1—12Tr(Z2)Tr(YZYZ)
—%TT(Y)Tr(Z)Tr(YZ3) - éTr(YZ)Tr(YZ3) —1/2Tx(2)Tx(Y?Z?)

—éTr(Z)Tr(YZYZQ) - %Tr(YZYZ?’) - éTr(YZ2YZ2) (A.17)

It is now a simple exercise to check the following equalities

a2_4XHjjBDj (Z,Y) (H@ )
a4—6XHEHij (Z,Y) (Bﬂ@ )
a5_12XBﬂjoﬂDj (Z,Y) @3@ )

after setting W1 = Wo

=Y in a9, a4 and as.
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It is equally easy to test the results for strings attached to the second giant graviton,
given in (A.9). In this case, again because all strings are attached to a single giant, there is
an exact equality between the restricted Schur polynomials and the Gauss graph operators.
We have tested the equalities

bo = X (Z,Y) = (Dj, . @)

by = 12"5}3(53353) (Z,Y) = (Djj . @)
by = 16XHE Bjjm (Z,Y) (Hﬂj @)
b3 = 24"5}33(533353)(2’ Y) = (]:\:\:\j . @)

after setting W1 = Wy =Y in by, b1, bo and bs.

Testing the results when there is a string attached to each giant graviton is also in-
teresting. In this case we gave a proof that the two sets of operators agree at large N,
but have not proved an exact statement. These results are given in (A.12). For this class
of operators it is no longer true that the Gauss graph operators and the restricted Schur
polynomials coincide. Recall that from (2.58) we have

Z Z \FXs (0a)ORg,(r.s) (A.18)

skm O‘GH Sm;

O(o) = T mz'

where ys(o) is the character of o € S, in irrep s. Since we only have a single Y box in
each row, the groups Sy,, are trivial we have the lovely simple formula

Z \/>X5 OR (r,s) (Alg)

skm

To obtain the state with a string attached to each of the two branes we need to choose o
equals the identity in (A.19). We then have x5(1) = ds and hence

O1) = Og,;r1) + OR,(ﬂH) (A.20)

Using this formula, we can test the polynomials defined in (A.12). A subset of the restricted
Schur polynomials that we need are

XPom = %(TT(Y)QTF(Z) + Te(YH)Tr(Z) — Te(Y)Te(Y Z) — Tr(y22)>
XPap = % (Tr(V)*Tr(2) — Te(Y2)Tr(2) + Tr(YV)Ta(Y Z) — Tr(V?Z))

MO mm ~ %(TT(ZQ)TY(Yz) + Te(Z2)Te(Y)? + Te(Y2)Tr(2)?

— 2Te(Y 2Y Z) + Tr(Y2) Te(2°) — 2Te(Y 2)?)
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NERRpEREE %(T&"(Z)QTr(Y)Q +TH(Z2)Tr(Y)? — Te(Y2)Tr(2)?
—2Tr(Y?Z?) — Tr(Y?)Tr(Z?) 4 2Te(Y Z%) Te(Y)
— 2Tx(ZY ) Tx(Z) + 2Ta(Y Z) Tr(Z)Ta(Y)) (A.21)

We have tested the equalities

=P @) epeg @) - (0 O0)

= B @) R @ = (0 O0)

cr = BXHﬂj EEERICACE: BXHHH p @) @3 QQ) (A.22)
= PP Tmm 41 pgamp %Y = ([ O0)

« =T @Y + g @ = (FPO0)

after setting W1 = Wy =Y in ¢, c1, ¢2, ¢ and ¢4. The fact that we obtain exact agreement
is not expected, suggesting we should attempt to extend the proof given in appendix C to
finite N.

We would now like to test the results for the stretched string operators, summarized
in (A.16) above. Since the operators with a string on each brane are related to the stretched
string operators by the action of the graph changing operator, the results (A.22) suggest
we should again find exact agreement. To obtain the state with strings stretching between
the two branes we need to choose ¢ = (1,2) in (A.19). Thus, in the end we have

0((1,2)) = Or,r 1) — R(TH) (A.23)

Using this formula, we have argued for and tested the equalities

o =3Py &Y g @ = (0:5)
mez”xwmﬂy(‘ﬁ
82_3X5335353 (Z,Y) =3 (Z,Y) (Hﬂ (ﬂ)
= PPToEnm %Y - e @ = (0 6)
W%ﬁ@@”g@%wzyﬁmﬂ

after setting W1 = Wy =Y in sq, s1, s2, s3 and s4.

Our final comparison is between operators for which the open string excitations are
described using open string words. A simple example is given by attaching two strings to
the first brane and setting p; = p2 = 1. As above, each row of R is, of course, not a giant
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graviton, but this simple example allows us to compare the construction of [31] with the
construction developed above. From the above construction this operator is given as the
coefficient of 2 in the power series expansion of the expression

_ —po—¢-¢ _ - o 2
/dN@/dN¢/dN¢/dN¢ eﬁiN Mo 2ot 3e 2 2050 20020 T - W, - ¢
r=1
(A.24)
The result is

O11(ZWa,,Wa,) = Tr(Z)2Tr(Wa,) Tr(Wa,)—Tr(Z3) Tr(Wa, ) Tr(Wa, )+ Tr(ZWa, ) Tr(Z) Tr(Wa,)
+Tr(ZW ) Tr(Z) Te(Wa, ) +Tr(Z2) > Te(Wa, Wa,)—Tr(Z) Tr(Wa, Wa,)
—Tr(Z2Wa, ) Tr(Wa,)—Tr(Z*Wa, ) Tr(Wa, )+Tr(ZWa, WA2)Tr(Z)
+Tr(ZWa, WA T (Z)=Tr(Z2W A WA2) —Tr(Z2WA2 W4, ) (A.25)

We want to compare this to the construction given in [31], which makes use of projection
operators. For the operator that we are studying, we define a representation R by removing
two boxes from representation R, as follows

-l 11 _, [ Rg:H (A.26)

We use the notation R} to match the notation of appendix C1 of [31]. The projection
operator that acts within the carrier space of R and projects from R to RY is denoted by
Pp RY- In terms of this projector, the giant bound state with two strings attached is given by

1 i i i
XR,R’{(Z> Way, Wa,) = 9 Z Zit 2, (Way); 2 (Wa,);! Tr(PR,R’I’FR(U)) (A.27)

Lo(1) " Yo (2) 15(3) Lo (4)
ogESy
Using the results of appendix C1 of [31] and the explicit expression (A.25) it is simple to

verify that
O(Za WA1> WA2) = 2XR,R’1’(Z7 WA1 ) WAQ) (A'28)

so that our generating function has correctly reproduced the restricted polynomial con-
structed in [31]. In section 2.3 our arguments for the equality of restricted Schur polyno-
mials and the operators obtained from the generating function made extensive use of the
derivative rule proved in [31]. It is worth reviewing this rule with the formula (A.25) in
hand. Towards this end, we employ a convenient graphical notation (for this example, when
defining the restrictions, string Wy, is removed first and then Wy, is removed) as follows

XR,Ry (2 Way, Wa,) = X[z (A.29)

More details about this notation are available in [31]. For this example, the derivative
rule of [31] states that

0 0
(N +2)x (N +1)x A.
(W, e Xz = (W r sV =W H (A.30)

It is a simple matter to verify these formulas using (A.25).
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Finally, consider the case that a pair of strings are stretched between the two giant
gravitons. Giant graviton bound states with a single pair of stretched strings are generated
by the integral

fors foef

UG- Z-pd-Wp-9p-Wo-o
- Z-¢d-Wp-pp-Weo-p)

The term independent of ¢; and 9 in the power series expansion of integral is
Oss = Te(Z2)Te(WeWp) + Te(ZWeWp) — Te(ZWp)Tr(We) — Tr(ZWpWe)  (A.31)
which is in precise agreement with the construction of [31]. To see this, note that the

restricted character needed to construct the restricted Schur polynomial is given by a
single matrix element (we use the Young’s orthonormal basis)

Xss(0 \FBJ(U)!> (A.32)

The complete set of restricted characters are now easily evaluated

V3

WMEE) =0 xe(2)= % xe((13) = -2
Xss((23)) =0 Xss((123)) = _\ég Xss((132)) = \ég (A.33)
It is now trivial to verify that
Xss(Z, WC,WD Z Xss WD Z o(1) (WC)?@)Z;?(S) = \23055 (A34)

oES3

It is again interesting to explore the derivative of this operator. The derivative rule of [31]
states that the derivative with respect to string D, stretching between the two branes,
vanishes.'® It is a simple exercise to verify that this is indeed the case

0

————— 04 =0 A.35
AW (A.35)

B Check of the generating function for a bound state of two sphere giants

In this appendix we expand the generating functions for the bound states of two sphere
giant gravitons, in a power series in t; and to, in order to test their correctness.

15The thing that is special about string D is that it occupies slot 1, i.e. its upper index is ;.
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B.1 Operators constructed from the generating function

No open strings attached. The two sphere giant graviton bound state generating
function is given by

Z(tl tg) _ i i t2p2tpl—p2 (pl +p2) X(2p2. 191> (Z)
p1>p2 p2=1 d2p21p1 —r2)P2: (pl p2)' ( )

:/de/de/ng/ng

—Pipi—E &~ 2] 3 (2F 2+ 2L 28 ek (B.1)

where d(gp;1p1-r2) IS the dimension of the symmetric group Sp,+p, representation labelled
by a Young diagram with p; boxes in the first column and p; < p; boxes in the second
column. After a simple computation we have

(p1 +p2)l(p1 —p2+1)
(p1 + 1)!po!
(p1 + p2)! (p1 + 1)!
PUP2 T digpa o -peyp2!(p1 — p2)! (p1 —p2 + 1)) (B:2)

d(2p2 1P1—P2) —

Power series expanding this integral in the parameters ¢; and t3 we find a sequence of
polynomials in the variables ¥, ¢, € and &;. These are all easily performed using (2.65)
and the obvious analogous formula for integrals over £ and &;. The result is

Z(t1,to, {W}) = 1 4 t1dy + tidy + t3ds + t1t3dy + tads + - - - (B.3)
where
Cl1 = TI‘(Z) = MI,OXD
dy = Tr(Z)? + Tr(Z?) = MaoxT
ds = Tr(2)? — Te(Z?) = M1,1XH
dy = Te(Z)? — Tx(23) = M2,1XB:|
ds = Tr(Z)* 4 3Te(Z2%)? — 4Te(Z2)Tr(Z23) = My, 2 (B.4)

confirming (B.1).

Two open strings attached, to the giant of momentum p;. Next consider the
generating function describing bound states of two sphere giant gravitons, with two strings
attached to the first giant graviton. The generating function is given by

Z(t1, b2, {W}) = /dN&/de/dNédeg —Pivi-Eic;
xe "t A BPO LA LIS (W NG, (W, )20
= fo+tifi+t3fo+tifs +tatafs +t5fs + - (B.5)
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where, for example

Jo = Tr(Wa,)Tr(Wa,) — Tr(Wa, Wa,)
fi = Te(Wa,)Tr(Wa,)Tr(Z) — Tr(ZW 4, ) Tr(Wa,) — Tr(ZW 4,) Tr(Way,)
—Tr(WA1 WA2)TI‘(Z) + TI"(WA1 WAQZ) + Tr(WA2 WAI Z) (B.G)

Two open strings attached, to the giant of momentum ps. Next consider the
generating function describing bound states of two sphere giant gravitons, with two strings
attached to the first giant graviton. The generating function is given by

Z(tr, 12, {W}) = / Ny / ™y / a¢ / ANg ¢tV N~ (2L 2 2 2k

xe V(). 2 WE W, £~ Z €€ W, )
X(lszEWBZ£_1EZ€gWB2¢)
= go +t1g1 + 1592 + t1gs + t1tsga + tags + - - (B.7)

where, for example

Tr(Wp,)Tr(Wg,)Tr(Z)? — Te(Z)*Te(Wp, Wa,) + Tr(Wg,)Tr(Z)Tr(Wp, Z)

+Tr(Wg,)Tr(Z)Te(Wp, Z) + 2Te(Wp, Z)Tr(Wg, Z) — Tr(Wp, ) Tr(Wa, ) Tr(Z?)

+Tr(Wp, Wg,)Tr(Z?) — Te(Z2)Te(Wp, W, Z) — Tr(Wg,)Tr(Wg, Z2) — Tr(Z)Tr(Wp,Wg, Z)

~Tr(Wp,)Tr(Wg,Z?) + Tr(Wp, Wg, Z?) — 2Tv(Wp, ZWg,Z) + Tr(Wp,Wg, Z?)

g1 = Tr(Wg,)Tr(Wg,)Tr(2)? — Te(Z)* Tr(Wg, Wg,) + Tr(Wg,)Tr(Z)*Tr(Wg, Z)
+Tr(Wg,)Tr(Z)*Te(Wp,Z) + 2Te(Z)Tr(Wp, Z)Tr(Wp, Z) — 3Te(Wp, ) Tr(Wg, ) Tr(Z) Tr(Z?)
+3Tr(Z2)Te (W, Wa,)Tr(Z?) — Tr(Wp,)Tr(Wp, Z)Tr(Z?) — Te(Wp, ) Tr(Wg, Z)Tr(Z?)
~Tr(Z2)*Te(Wp,Wg,Z) + Te(ZH)Te(Wp, Wg, Z) — 2Tr(Wp,)Tr(Z2) Tr(Wg, Z?)

—2Te(Wg, Z)Tr(Wp, Z%) — Te(Z2)*Te(Wp,Wg, Z) + Tr(Z3)Tr(Wp,Wp, Z)

—2Te(Wp,)Tr(Z2)Tr(Wp,Z?) — 2Tx(Wp, Z)Tr (W, Z?) + 2Tr(Wp, ) Tr(Ws, ) Tr(Z3)

—2Tr(Wp, Wg,)Tr(Z3) + 2Tr(Z) Te(Wg, Wg, Z%) — 2Tr(Z2)Tr(Wp, ZWp, Z)

+2Te(Wp,)Tr(Wg, Z2) + 2Tr(Z2)Te(Wp, W, Z2) + 2Tr(Wg, ) Tr(Wg, Z%)

—2Tr(Wp, Wg,Z?) + 2Tv(Wg, ZWp, Z%) — 2Tt (W, W, Z3) + 2Tv(Wp, ZWg, Z?) (B.8)

90

A pair of strings, one attached to each giant. The generating function describing
bound states of two sphere giant gravitons, with a string attached to each of the two giant
gravitons, is given by

Z(tr, 12, {W}) = / "y / "y / 3 / dNg Vg
><e_tliizgwﬂ'_tgiigj(zfzé_zfzf)%& Wyt

XW-Z-p&-Wp-§—0-Z-66- W)
= ho + t1hy + t3hy + t2hs + t1t3hy + tahs + - - - (B.9)
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where, for example

ho = Tr(Wa)Tr(Wg)Tr(Z) + Tr(WE)Te(WaZ) — Tr(Wa)Tr(WgZ) — Te(WaWpZ)

hy = Tr(Wa)Te(Wg)Tr(2)? + Te(Wg)Tr(Z2)Tr(WaZ) — 2Te(Wa) Tr(Z) Te(Wg Z)
~Tr(WaZ)Tr(WgZ) — Te(Wa)Te(Wg)Tr(Z2%) — Te(Z) Te(Wa.WpZ) + Te(WaWpZ?)
~Tr(Wg)Tr(WaZ?%) + 2Te(Wa)Tr(W Z?) + Te(WaZWpZ) (B.10)

A pair of strings stretched between the giants. Finally consider the generating
function describing bound states of two sphere giant gravitons, with two strings stretched
between the two giant gravitons. The generating function is given by

Z(t1,te, {W}) = /dN@Z/qup/ng/ng o Vi—EG

—1 9 2] —t34°E0 (2F 2L~ 2L 28 i

Xe
X(-Z-pE-We - Wp-€—p-Z-6€ W -pypWp )
= jo + t1j1 + taja + 113 + titsia + tjs + - (B.11)

where, for example

jo = Te(Z2)Te(WeWp) — Te(Wp)Tr(We Z) + Te(WeWpZ) — Te(WpWe Z)

g1 = Te(Z2)*Te(WeWp) — Te(Wp)Te(2)Te(We Z) + Te(Z2)Te(WeWp Z) — 2Te(Z)Te(WpWe Z)
+Tr(WeZ)Tr(WpZ) — Te(Z*) Te(WeWp) + Tr(Wp)Tr(We Z2) — Te(WeWpZ?)
~Tr(WeZWpZ) + 2Te(WpWe Z?) (B.12)

B.2 Comparison to restricted Schur polynomial and Gauss graph operators

Our goal is again to compare the operators we have obtained above to the Gauss graph
operators, after setting the open string words equal to Y. As for the case of the AdS giants,
the simplest possibility to consider is when the Young diagram labelling the operator has
a single column, corresponding to a single giant graviton. In this case, the restricted Schur
polynomial basis and the Gauss graph basis coincide, and restricted characters reduce to
ordinary characters. It is simple to verify that

h=2g e = (£)
()

o ZXE@H)(Z’Y) -BO))

The remaining terms in (B.5)) correspond to restricted Schur polynomials that are
labelled by Young diagrams with two columns. Since we are attaching both strings to
a single brane, it is still true that the Gauss graph operators and the restricted Schur
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polynomial bases coincide. The restricted Schur polynomials that we need to evaluate are

given by
Xﬁj@j@ B
X =
EIEJH)

XEHE}@ :

(Tr(Z)?Tr(Y)2 +2Tr(Y?Z?) — Te(Y)Tr(Z?) — 2Tr(Y Z2) Te(Y)

o~ =

+2Tr(ZY?)Tr(Z) — Te(Y)Tr(2)? — 2Te(Y 2)Te(2)Te(Y) + ﬂ(ZQ)ﬁ(Y)Q)

é(Tr(Z)STr(Y)Q —ATe(Z2)*Te(Y)Tx(ZY) — Te(Z)3Tr(Y?)

—2Tr(22)Tr(ZY)Tr(Y) +2Tr(Z2Y)Tr(Z) Te(Y) — Tr(Z3) Tr(Y)?
+ATr(Y2Z)Tr(2)? 4+ 2Te(ZY)*Te(Z) + Tr(Y?) Tr(Z3)
+2Te(ZY)Te(Z2Y) — 2Te(ZY ZY)Tx(Z) 4 2Te(Z) Tr(ZY?)
—2Tr(Z2YA)Tr(2) + 4Te(Z3Y)Te(Y) — 2Te(Z2Y ZY) — 4Tr(Z3Y2))
1

ﬂTlr(y) Tr(Z)* - iTr(Z)“Tr(YQ) — éTr(Y)Tr(Z)3Tr(YZ) + %Tr(Z)QTr(YZ)Q

—%H(YZ)QTT(ZQ) + éTr(Y)QTr(ZQ)Q — %Tr(YQ)Tr(ZQ)Z + %Tr(Z)ffTr(YQZ)

+éTr(Z)Tr(YZ)Tr(YZz) - %Tr(Y)Tr(ZQ)Tr(YZQ) + %Tr(YZz)z

—éTr(Y)2Tr(Z)Tr(Z3) + éTr(Z)Tr(Y2)Tr(Zg) + éTr(Y)Tr(YZ)Tr(Z?’)

—%Tr(yzzm(zf’) + %Tr(ZQ)Tr(YQZQ) - 1—12Tr(Z)2Tr(YZYZ)

+%Tr(ZQ)Tr(YZYZ) + %Tr(Y)Tr(Z)Tr(YZ3) - éTr(YZ)Tr(YZ?’) (B.13)

1 1 1 g 1
—§Tr(Z)Tr(Y2Z3) - 6Tr(Z)Tr(YZYZQ) + 6Tr(YZYZd) - 6Tr(YZWZ?)

It is now a simple exercise to check the following equalities

fo— 4X@3(mﬁ) (Z,Y) = (Dj, @ .)
e 6

fs = HEH(H}H)(Z’ Y) = <B} @ . )

after setting W1 = Wy =Y in fo, fy and f5.
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Using the results for strings attached to the second giant graviton, given in (B.7) we
have checked that the identities

are obeyed. To test the results when there is one string attached to each giant graviton,
we again have to compare to a linear combination of restricted Schur polynomials. The
discussion is parallel to the discussion for the AdS giants, so we simply quote the results.
We have verified the identities

XBij(ZY +XH]DH (2,Y) ( OQ)
hl:%ﬁj@ (2,Y) +2X@3 HH Y)= @OQ)

;X@E‘(Bj (Z2,Y)+ X@ﬂ BjH Y) = <@j7OO)
(2,Y)+ 3XE@H) (2,Y)= @ )

@jm (Z,Y) +8X§3@j@(z,y) - @QQ)

h3:3X

]
[T
g

h4=8X

Note once again that we have a complete match, even at finite N. Finally, for the operators
corresponding to the stretched string states we have verified the identities

' =T iam) )~ pen @0 = (0:53)
j1_2xﬁj@» (Z,Y) 2)@355 (Z,Y) (ﬁ (ﬂ)

1
go ™ 7EFp*” "6 )
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C A Gauss graph identity

In this appendix we will prove an identity for Gauss graph operators which do not involve
any stretched strings. This corresponds to setting o =1 in Og(c). We choose r to have
p1 boxes in the first row and py boxes in the second and take both p; and py to be O(N).
R has p1 + mq boxes in the first row and mo 4 ps boxes in the second row so that m; of
the boxes in the first row and msg in the second row correspond to Y’s. We take m and
ma to be O(1). Recall formula (2.62) which, after setting o to the identity, says

Or ()= > > > xelo1)xr(o1oap)Tr(pZ="Ye™) (C.1)

PESntm 01E€Sn AESmy X Smy

There is a nice interpretation of this formula that follows after recalling that the projection
operator onto representation ¢, within a vector space V, is given by

Py = |g| Z Xq(o (C.2)

oeg

Here o is the action of group G on the space V, x4(o) is the character of group element
o in representation ¢, d, is the dimension of representation ¢ and |G| is the order of the
group G. If there is more than one subspace of V' that carries representation ¢, P, will
project to their direct sum. Using (m) to denote the trivial representation of S,,, labelled
by a Young diagram with a single row of length m, we can write (up to an unimportant
constant which we drop)

Orr(1) = > X&(PrPuny)Pony) ) Tr(pZ%" @ YE™) (C.3)
p€5n+m

We are going to work out a formula for the derivative of this operator with respect to Y.
This analysis is motivated by appendix C of [31] and we recommend that the reader consult
this source for further details that we do not spell out here. It is useful to generalize the
operators we consider by including a third field

O (1) = 3 XR(Pr P,y Piny) 0)Tr(pZ%" @ XO™2 @ Y &™) (C.4)
PESn+m

Describing the states in the carrier space of R - m—~+n using Young-Yammanouchi patterns,
the indices of the fields Y correspond to boxes with labels from 1 to mq, the indices of
the fields X to boxes with labels from m; + 1 to my + mo = m and Z to labels from
m+1tom+n. The Y fields are in representation (m;) and the X fields in representation
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(mg). The Y fields populate boxes in the first row, while the X fields populate boxes in
the second row. Now, consider the derivative

d_ 5@
dy g On.r

W) =m1 D> XR(P-Piny)Pomy) p)Te(pZ®" @ X2 @ Y®™ 1) (C.5)
PESntm

where a is summed on the left hand side. Here we have chosen the index of 1 to correspond
to the box in R labelled 1 and we have used the fact that we can differentiate any of
the Y fields and then cycle the identity 1 into slot 1, possible because the Y fields are in
representation (my). Writing the indices more explicitly we have

d_@3)

_ Int+m Int1 Tmq+m Tmq+1
aya Orr(1) = m 2 X&) P V271 ity K ama) * Kipmgat
a pesn+m
my |y g
Y;P(ml) }/Zp(Q) 5%(1) (CG)
To proceed, write the sum over S, ., as a sum over the subgroup Sy, +,,—1 which permutes
2,3,--- ,m+n but leaves 1 inert. The result is
d (3) 7;n+m in+1 im —+m im —+1
dyge OR’T(l) - Z XA(Pr Plons) Pm) pC)ZZ-p(ner) “.Ziﬂ(nJrl)XiP('rln1+72n2) '“Xip(vlnﬁl)
a P€5n+m—1
iml e ,i2
Yip(ml) sz) (C.7)
where
n+m
C=N+)> (Li)=N+j (C.8)
i=2

In this formula, ; is a Jucys-Murphy element. Denote the representation obtained after
dropping the box labelled 1 from R by R’. The box that is dropped is from the first row
of R. Acting on this representation ; gives the content of the dropped box and we have

d 3
20l (1) = micrrOp (1) (C.9)
a
This is an exact result. Now consider the derivative with respect to X. A simple calculation
gives
d (3) Intm In+1 im1+m2 im1+1
dXg Op,(1) = ma ESZ XR(Pr Pny) Poms) p)Zip<n+m> "'Zip<n+1>Xip(m1+m2> "‘6ip(m1+1>
14 n+m
iml “ e ,i2 ,il
Yiﬁ(ml) an(2)YZﬂ(1) (C.lO)
To proceed, we write the sum over Sp,4+,, as a sum over the subgroup S;4+m—1 which
permutes 1,2--- . mqy,m1 + 2,---m + n but leaves my + 1 inert. The result is
d (3) Z'n—‘rm in+1 iml-‘rmg im1+2
ng R»T<1) o GSZ XR(PTP(ml)P(mQ) pC)ZiP("+7'L) o Ziﬂ(n+1)XiP(WL1+m2) o Xip("’flJrQ)
PEON+m—1
y/moyh (C.11)

ip(my) ip(1)
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where

C = K1+ K (C.12)
n+m mi

i=N+ > (mi+1,4)  ky=)Y (mi+1,i) (C.13)
i=m1+2 =1

We will now argue that at large N, the terms collected in k3 can be ignored. Above we are
summing transpositions (2-cycles). Transpositions square to the identity matrix, so that
their eigenvalues square to 1. Consequently, the matrix elements of the transpositions are
bounded, independent of N. In the term k2 we sum only m; = O(1) terms, while in x; we
sum mg +n = O(N) terms. In addition, the first term in x; is N. This certainly bounds
the eigenvalues of k2 to be O(1) at most. One might worry that there are cancellations
between terms summed in k1, which might in the end imply that x; itself has eigenvalues
of order 1. This is not the case: it is clear x; = N + J. For the case that we consider here,
5 gives the content of the last box in the second row, which is ps — 2. Thus, k1 has all
eigenvalues of order N and we can safely ignore ko at large N. In this case we have

d

axi Ot

(1) = mocrr Op (1) (C.14)

In this formula the box dropped to obtain R’ from R is the right most box in the second
row. The formula we want to derive, is for the derivative of Og,(1). This can be written as

d d 3) d 3)
Ty 0nr(1) = g0 (Wlxay + 7 0f) (Dlx=y
= micgp, Og; (1) + macrr,Ory »(1) (C.15)

where we have used the notation R to denote the representation obtained by dropping a
box from row i of R.

It is a much simpler exercise to show that this is the rule obeyed by operators obtained
from generating function. The relevant generating function is

1 _ - _Go—o
Zaas(t,t2,Y) = m/dN¢/dN¢/dN¢/dN¢ e P
Xetl@'Z'SO'H%@‘Z“P&‘Z‘¢—t§@‘z'¢$'z'<ﬂ(()5 Y - (P)mn
X2 98 Y 6-5 266V g (C.16)

Setting m1; equal to m; and mag equal to ma, and extracting the coefficient of (¢3)P2¢f! 72
gives the operator Og (1) with m; Y boxes in the first row, mg Y boxes in the second and
r a Young diagram with p; boxes in the first row and ps boxes in the second row. Differen-
tiating with respect to Y,* and using the arguments of section 2.3, we easily recover (C.15).

This proves that the derivative with respect to Y of the Gauss graph operator matches
the derivative with respect to Y of the operators defined by our generating function. Since
there are no contributions to either operator that is independent of Y, this proves their
equality.

There is an obvious extension of these arguments to the case of Gauss graph operators
for sphere giant gravitons.

~52 -



D Correlation functions

In this section we evaluate the correlation functions that were used in section 3.2. Consider

_ 21 . Z‘n+1 2 in+2
01 = Z Zl o(1) Zia(n+1)(y )ia(m-z) (D'l)
O'GSn+2
We would like to evaluate the correlator <(91(91>. The Y fields only contract with YT fields.
Note that
(Y2)L(YT)F) = 6f 8% + Nojok (D.2)
At large N we need only keep the second term on the right hand side. This gives
(Y2;(Y™)F) = N A +oW ) (D.3)

We will not display the O(N~!) correction in what follows. Using this formula we have
(the operator P, o) is defined in (2.2) above)
Ty i int1 in42 TJ Tint1 v Tint2
(0:0]) = N Z <Zii1(1)'”Z' yint2  gitin L glin+t ylint ))

oy (n+1) loy(n+2) Jog(l) Jog(n+1) ~ Jog(n+2
01,02€Sn42

=N > > Tr(oipoap™t)

01,02€8n+2 PESn+1

= N(n+1)! Z Tr(oy02)

01,02€Sp 42

= N(n+1)!(n+2)! Z Tr(oq)

01E€ESn+2
= N(n+1(n+ 2))*Tr(Pp2)
n+1
= Nmn+Dn+2)! T (N +1) (D.4)
1=0
Next, consider ' .
= > Al Al Y, (A (D.5)
a(1) o(n) " lo(nt1) o(n+2)
G€S7L+2

Our previous strategy of performing the Y contractions by hand is not very useful when
evaluating the ((’)2(’)£> correlator. A better approach is to start from the identity

Z . 1n+1 Yin+2 1n+3 _ Z . Zn+1 Yin+2 Tr(Y
Z a(l) o'(n+l) lo(n+2) Zo‘(n+3) Z a(l) o(n+l) o (n+2) ( )
UES»,L+3 U€S7L+2
Zzl . 'Ln+1 Y2 l:n+2
+ Z ? (1) o'(n+1) ( )Zo(n+2)
UESn+2

) S oz Y/t (Zy)ine
1o(1) a(n+1) lo(n+2)

O‘ESn+2

which follows after summing, on the right hand side, over the subgroup and its cosets. The
first two terms on the right hand side can be neglected at large N so that

_ 1 . .n+1 .zn+2 ‘zn+3
02 - n -+ 1 Z Zio—(l) Zla(n—Q—l) Y7‘c7(n+2) Yla(n+3) (DG)
O'eSn+3
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A simple computation now gives

n+2
(0,08 = 2(n!)*(n + 2)(n + 3) [T (N +14) (D.7)

i=0

and hence we have :
(0205) 2(n+3)(N+n+2) _1
= = O(N D.8
Finally, consider
/I 7 . in Int1
O = Z Zii(n Zio<n) (YZY)ia(n+1) (D.9)
UESn+1

A very similar argument to the one just given establishes that

(oo

_ —2
000 = O(N7?) (D.10)
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