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Laminar wake flow behind a hump on a wall

by Jonathan Julyan

The laminar wake flow behind a hump on a solid wall boundary is investigated. A Blasius
boundary layer flow is perturbed by the hump and a wake forms directly downstream.
Triple deck theory is applied to the wake region and the flow is divided into three decks.
The governing equations are derived for each deck for both the near and the far wake.
Particular attention is paid to the role of the boundary layer displacement effect. The
conservation laws and conserved quantities for the governing equations are derived. The
multiplier method is applied to the linearised governing equations for small humps and
a basis of conserved vectors is constructed. Since, in general, the problem contains an
unknown non-homogeneous boundary condition, each conserved vector needs to be care-
fully chosen and additional restrictions need to be applied to ensure that each conserved
quantity, which is obtained by integrating the corresponding conservation law across the
wake and imposing the relevant boundary conditions, has a finite value. Four non-trivial
conserved quantities are found; three of which have only now been identified. The four
conserved quantities relate to the conservation of mass, drag and the first and second
moments of the momentum deficit. For each case the existence of a solution that satisfies
the governing equations, boundary conditions and a finite valued conserved quantity is
discussed. The solution corresponding to the near wall-wake flow is further discussed.
Although the far wall-wake does not satisfy a conserved quantity, for completeness, it is

included in this work.
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Chapter 1

Introduction

The two-dimensional laminar wake flow behind a hump situated on a solid wall bound-
ary, is also known as the laminar ‘wall-wake’. Here a boundary layer is perturbed by
a small hump on an otherwise flat plate. The first study conducted on wall-wake flows
was by Hunt [1]. The main motivation for Hunt’s research is to better understand the
flow behind boundary layer trip wires. Although these flows are generally turbulent, an
understanding of the laminar counterpart is necessary. Hunt’s approach [1] was to divide
the flow behind the hump into two regions: an inner viscous flow region near to the wall
and an intermediate inviscid region that matches to the unperturbed boundary layer
flow. It is assumed that the hump is small enough so that the unperturbed boundary
layer is not displaced by its presence. At the time of the study, it was believed that
Hunt had solved for the far wake flow.

A different approach to solving for the laminar wall-wake flow was provided by Smith
[2]. Smith [2] applied triple deck theory [3, 4], to the problem of the wall-wake. The
formulation of this theory is largely accredited to Stewartson [3, 5] and Messiter [4].
In this theory the flow behind the trailing edge of a flat plate is divided into three re-
gions known as decks. Each deck has its own flow properties. Many extensions to triple
deck theory have been developed [6-13]. Numerical approaches have been presented in
these papers. A review on triple deck theory is provided by Nayfeh [14]. Triple deck
theory has proved to be very successful in describing perturbed boundary layer flows.
For the wall-wake, in addition to the two main regions or decks of flow that Hunt [1]
defined, Smith [2] identified a third deck of inviscid flow outside of the boundary layer.
This third deck is required because the flow outside of the boundary layer is displaced
by the presence of the hump [2]. This is known as the boundary layer displacement effect.

At first appearance the results by Hunt [1] and Smith [2] are contradictory. Upon further

1



Chapter 1. Introduction 2

investigation however, the results can be reconciled by applying triple deck theory which
considers three main regions or decks of flow [15]. It was argued that Hunt’s approach
[1] solved for the near wake on the triple deck scale where only two decks are needed
because the boundary layer displacement effect is negligible in this case [15]. Smith’s
solution [2] described the far wall-wake on the triple deck scale where all three decks
are needed in order to include the boundary layer displacement effect [15]. For both
the near and far wall-wakes, the wake is confined to the lower deck which is bounded
on one side by the flat plate. The governing equations for the wake are solved subject
to the no-slip condition at the solid wall interface, the matching conditions between
the lower and intermediate decks which differ for near and far wakes, and if applicable,
a conserved quantity. Inclusion of the boundary layer displacement effect results in a
non-homogeneous boundary condition at the interface between the lower and interme-
diate decks. In the case of the near wake where the function describing the boundary
layer displacement effect is set to zero, the boundary conditions between the lower and

intermediate decks are homogeneous.

The governing equations for the wall-wake are non-linear. However, for very small
humps, the governing equations can be linearised [2, 15]. When the boundary layer dis-
placement effect is included, the governing equations and the boundary conditions are,
in general, not homogeneous [2]. For the far wall-wake, the boundary layer displacement
effect is specified which determines the non-homogeneous boundary condition [2]. Since
the governing equations and boundary conditions are not homogeneous, a conserved
quantity is not needed to complete the solution [2, 15]. For the near wall-wake, be-
cause the boundary layer displacement effect is negligible, the governing equations and
boundary conditions are homogeneous and a conserved quantity is required to complete
the solution [1]. For both the near and far wall-wakes, the boundary layer displacement
effect is specified. If, however, the boundary layer displacement effect is not known then
the governing equations need to be solved subject to an unknown non-homogeneous
boundary condition. There is insufficient knowledge on this problem in the current
literature to ascertain as to whether a conserved quantity is required to complete the

solution when the boundary layer displacement effect is unknown.

In [16], various approaches to finding the conservation laws for partial differential equa-
tions are discussed. Once a conserved vector has been obtained, the Lie symmetry
associated with this conserved vector can be calculated and then used to generate the
invariant solution [17, 18]. For problems where a conserved quantity is required to
complete the solution, the double reduction theorem can be used [19]. Other works on
symmetries and conservation laws for differential equations are given in [20-32]. In this

work the multiplier method [20, 33] is used to calculate a basis of conserved vectors



Chapter 1. Introduction 3

for the governing equations of the wall-wake when expressed in terms of the velocity
components and when expressed in terms of the stream function. This method has
been used to calculate the conservation laws for the radial and two dimensional free
jets [34] and for the classical wake and the wake of a self-propelled body [35]. For the
governing equations pertaining to the wall-wake problem, four conservation laws are
obtained. One of these corresponds to the near wall-wake whilst the rest are newly
discovered. Each conservation law is then integrated across the wake and the relevant
boundary conditions are imposed in order to generate the required conserved quantity.
Much consideration needs to be taken when deriving the conserved vectors. As there is
a possibility of an unknown non-homogeneous boundary condition, convergence of the
integrals arising from integrating a conservation law across the wake is not guaranteed.
However, it is shown how this issue can be overcome. The conserved quantity for the
near wall-wake, which is the moment of momentum deficit, is re-derived in a systematic
way. It is discovered that each of the three remaining conserved quantities correspond

to the conservation of mass, drag and the second moment of the axial momentum deficit.

In this dissertation, the governing equations and boundary conditions for the wall-wake
are derived using triple deck theory. Existing theory on conservation laws is adapted
and applied to the governing equations of the wall-wake in order to derive a basis for the
conserved vectors and to determine the conditions for which a finite conserved quantity
corresponding to each conservation law exists. If the boundary layer displacement ef-
fect is not specified which then results in a non-homogeneous boundary condition, it is
shown that under certain conditions finite conserved quantities can be found and that the
boundary layer displacement effect can be determined. One of the conserved quantities
corresponds to the near wall-wake flow. Subsequently, the solution for the near wall-
wake flow is derived and compared to the solution obtained by Hunt [1] whose approach
is also discussed. Although the far wall-wake does not require a conserved quantity to

complete the solution, a brief review of Smith’s work [2] on this problem is also provided.

This thesis is outlined as follows. In Chapter 2, a detailed description of the math-
ematical model is provided. The governing equations and boundary conditions for small
humps are derived using triple deck theory. Chapter 3 investigates the conservation laws
and conserved quantities associated with the governing equations of the wall-wake prob-
lem. In Section 3.1 the general theory for the multiplier method is presented. It is dis-
cussed how conserved vectors are chosen for problems with unknown non-homogeneous
boundary conditions. The conservation laws for the governing equations for the wall-
wake are derived in terms of the velocity components in Section 3.2.1 and in terms of
the stream function in Section 3.2.2. In Section 3.3 the conservation laws are integrated

across the wake to obtain the conserved quantities. Additional conditions that need to
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be imposed in order to generate finite conserved quantities are discussed. The conserved
quantities in terms of the velocity components are given in Section 3.3.1 and in terms
of the stream function in Section 3.3.2. In Section 3.3.3 a summary of the findings on
conserved vectors is given including the requirements for the corresponding conserved
quantity to exist. The physical significance of each conserved quantity is analysed in
Section 3.3.4. In Section 3.4 similarity solutions of the governing equations are studied.
Invariance of each conserved quantity enables the form of the similarity solution to be
identified. The similarity solutions are then solved and it is shown that finite conserved
quantities can be obtained. In Chapter 4 the near wake solution for the laminar wake
flow behind a hump on a wall is discussed. Section 4.2 examines the approach used
by Hunt [1], while the triple deck approach is considered in Section 4.3. The solutions
obtained from each approach are shown to be equivalent. In Chapter 5 the far wake is

discussed and conclusions are given in Chapter 6.

A large portion of Chapters 2 and 3 can be found in [36].



Chapter 2

Mathematical model

2.1 Description

Consider a laminar stream of viscous incompressible fluid flowing past a small symmetric
hump on an otherwise smooth boundary. A Cartesian coordinate system (z*, y*) is used.
The line y* = 0 lies along the solid wall boundary and the line z* = 0 lies along the
axis of symmetry of the hump. The constant mainstream speed, density and kinematic
viscosity of the fluid are given by u’_, p, and v = p/p respectively, where p is the dynamic
viscosity. The flow transitions through four different stages as shown in Figure 2.1. In
stage A, the far upstream Blasius boundary layer flow is unaffected by the presence of
the hump. Stage B represents the flow over the hump and the flow near to the leading
and trailing edges of the hump. Once the boundary layer flow comes into contact with
the hump, it is perturbed and a wake forms directly downstream of the hump as shown
in stage C. Sufficiently far downstream, the flow reverts to its upstream configuration

as shown in stage D.
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*

Yi
(A) upstream (D) downstream
boundary layer boundary layer
u*, u,

-/ |

>

(B) flow over hump

(C) wake region

N i

FIGURE 2.1: Stages in a wall-wake flow

Triple deck theory can be used to derive the governing equations for the wall-wake flow
for both the near and far wall-wakes which satisfy the same governing equations, but
different boundary conditions [2, 15]. The near wake flow applies for small z* and the
far wake flow is relevant for large z*. The x*- and y*- velocity components and the fluid
pressure in the wake are denoted by u*(z*,y*), v*(z*,y*) and p*(z*,y*) respectively.
The Reynolds number Re for the flow is defined in terms of the upstream boundary

layer flow [2]:

Re = -2~ (2.1.1)

where L is the development length of the oncoming boundary layer which determines
the boundary layer thickness § = LRe™3. The implementation of triple deck theory to

this problem relies on the assumption that the parameter, €, where [3]
e = Res, (2.1.2)

is small which is true for very large Reynolds numbers. The flow is further divided into

three sub-regions or decks as shown in Figure 2.2.
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upstream boundary layer

Upper Deck

O(L/ €°)

O(L €%)

FIGURE 2.2: The length scales used for each deck

4O(L 63)

4O(L €*)

The x* and y* components of the Navier-Stokes equation and the continuity equation

are, respectively,

ou* ou* 1 Op* Pu* 0%u*
* * = —— 2.1.3
Y o Tt oy* p Ox* v (8:1:*2 + oy*2 )’ ( )

ov* ov* 1 op* 0%v*  9%v*
* * = —— —_— 2.14
Y ox* Tt oy* p Oy* Tt (83:*2 + oy*2 )’ ( )

ou*  ov*
=0. 2.1.5
ox* = Oy* ( )
The dimensionless variables
= Ean, y* _ EmLy,

u* = ulu, vt = ulv, p* =l + pup, (2.1.6)

are defined where n and m are positive integers. Here p% =

(2.1.6) into equations (2.1.3)-(2.1.5) results in

Jp

2
8—&-m—2n8 U

9%u

p*(z,00). Substituting

m-n, ~ 7% - _men 8—m_~_~ 2.1.
< Y + U@y ¢ o Ox? oy?’ (2.1.7)
., Ov  Ov W gimom0*v g, 0%
m—n, “Y 7 _ZF m—an_= m___ 2.1.
" Mum + ’Uay By +e€ 92 95’ (2.1.8)
ou  Ov
mTn__ 4 — = 2.1.
Jdr Oy 0 (2.1.9)

In the triple deck approach the horizontal length scale is O(Le3) which gives n = 3

[2, 3, 15] and therefore 2* = ¢3Lx. For the vertical length scale, m can take on the
values 3,4 and 5 depending on the deck under investigation. In the lower deck m = 5.

The middle deck requires m = 4 and for the upper deck m = 3. The choice of length
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scales ensures that the flow in the lower deck is dominated by viscous forces and the
flow in the middle deck is inviscid. A full justification of the choices for the length scales

can be found in [2-4].

2.2 Blasius boundary layer flow and boundary conditions

The classical boundary layer coordinates in the context of the triple deck scale are given
by

* *

_* Oy
- SL’ Y= ar

x (2.2.1)

and therefore n = 3 and m = 4. As x — oo, the wake flow must match with the

Blasius boundary layer flow. Equations (2.1.7)-(2.1.9) become

Ou  Odu Op 6@ 10%u

Gu% =+ Uay = —68758 + € ax2 € 873/2, (222)
ov ov op 0% 0%
i = _ZF i - 2.2,
" +U8y oy “ 2T oy?’ (2:2:3)
ou  Ov

The perturbation expansions in terms of the dimensionless classical boundary layer co-

ordinates are, as z — oo [3]

u(z,y) = up(y) + Sui(z,y) + tua(z,y) + ..., (2.2.5)
v(z,y) = vy (z,y) + Eva(z,y) + ..., (2.2.6)
p(z,y) = Epi(z,y) + ' palw,y) + ... (2.2.7)

These expansions are required to merge the triple deck regions with the upstream Blasius
flow when expressed in terms of the classical boundary layer coordinates [3]. Here, up(y)
is the dimensionless x-component of the velocity in the Blasius flow region. Substituting

(2.2.5)-(2.2.7) into (2.2.3) gives

P1 = pl({L‘). (2.2.8)
Substituting (2.2.5)-(2.2.7) and (2.2.8) into equation (2.2.2) gives

8u1 duB dp1 dQUB
UBai +v— -

x dy ~ dx dy? -

(2.2.9)
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However, at y = 0 the no-slip and no cavity conditions give
up(0) =0, ui(z,0) =0, vi(z,0) =0. (2.2.10)

For small y, up, u1, v1 — 0 and equation (2.2.9) reduces to

d;;f - %. (2.2.11)
Using separation of variables,
d;;B =b, (2.2.12)
d
% = b, (2.2.13)
where b is a constant. Solving for p;(z) in (2.2.13) gives
p1(x) = bx + ¢, (2.2.14)
where ¢ is a constant. Since p;(x) is finite as © — oo
b=0, (2.2.15)
and therefore,
pi(x) =c. (2.2.16)

Solving equation (2.2.12) for up(y) with b = 0, subject to (2.2.16) and the condition in
(2.2.10) gives

up(y) = Ay, (2.2.17)
where A is the scaled skin friction. Thus up is defined as

Ay asy — 0,
up(y) = (2.2.18)
1 as y — 00.

Stewartson argued that p; = 0. Since pj(z) is a constant its value can be obtained by

matching the flow in the triple deck regions with the upstream Blasius boundary layer
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flow. This gives pi(x) =0 [3]. As y — oo, up(y) — 1 slowly. Hence

d
dLyB =0 asy— oo, (2.2.19)
d2
d;j?B =0 asy— oo. (2.2.20)

Consider now the limit ey — oo. It is assumed that in this region outside of the boundary

layer, the following is true [3]:

u(z,y) =1+ O(eh), (2.2.21)
v(z,y) = O(eh), (2.2.22)
p(z,y) = O(e*). (2.2.23)

The terms of O(e?) are as a result of the hump displacing the fluid outside of the bound-

ary layer.

It is also important to note that at the solid wall boundary, the no slip condition and

the no cavity condition

u(z,0) =0, (2.2.24)
v(z,0) =0, (2.2.25)

must be satisfied.

2.3 Shape of the hump

The size and shape of the hump need to be examined as these factors have an influence
on the resulting wake flow. A smooth symmetric hump is considered. The hump is
initially chosen to have a horizontal scale of O(L{e3) where £ is the dimensionless length

factor and a vertical scale of O(Lhe®) to consider a range of hump sizes. First let

*

x
= . 2.3.1
Z ESL ( )
A general equation for the surface of the hump is given by [2].
y* _ 5 *

where h is the dimensionless height factor and F is dimensionless with F'(0) = 1, which

is where the height of the hump is maximum. The cross-sectional area of the hump is
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finite and therefore

Il

fo= /2 F(z)dz < co. (2.3.3)

Nl

From (2.3.2), the hump is confined to the lower deck. The vertical coordinate used in

the lower deck is

*

Y

= . 234
2= (2.3.4)

Substituting (2.3.4) into equation (2.3.2) gives
z = hF(z). (2.3.5)

2.4 Middle deck

In the middle deck, the classical boundary layer coordinates given by (2.2.1) are used.
Letting n = 3 and m = 4 in equations (2.1.7)-(2.1.9) and neglecting terms of O(e¥),
k > 4, results in

EU— +V— = —€—, (2.4.1)

— — = 2.4.2
eum + v@y 2y’ ( )
Oou  Ov
—+ —=0. 2.4.
. + 3y 0 (2.4.3)

From (2.4.1) and (2.4.2) it is clear that the viscous terms play no role in the middle deck
equations. The expansions for the middle deck which results in the flow being inviscid
are [3]

u(z,y) = up(y) + eur(z,y) + Cua(@,y) + ... , (2.4.4)
v(x,y) = vy (z,y) + Evg(z,y) + ..., (2.4.5)
p(z,y) = ep1(z,y) + Epalx, y) + ... (2.4.6)

where up is defined in (2.2.18). Substituting expansions (2.4.4)-(2.4.6) into equation

(2.4.2) and ignoring terms of O(e?®) results in

0 0
On 20

=0. 2.4.
2y oy (2.4.7)
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From equation (2.4.7) it is clear that

p1 = pi1(z), (2.4.8)
p2 = p2(x). (2.4.9)

Stewartson’s argument that p; = 0 [3] is adopted in this paper.

Substituting expansions (2.4.4)-(2.4.6) into equations (2.4.1) and (2.4.3) and ignoring

terms of O(€®) results in

ou dup

1
—_— — =0 2.4.10
up O + v1 dy ; ( )
8U1 81)1
—_— = 2.4.11
5 oy ( )
respectively. Now substituting equation (2.4.11) into equation (2.4.10) gives
31)1 duB
—Up—— — =0. 2.4.12
uB oy + 1 dy ( )
Solving equation (2.4.12) and then using (2.4.11) yields
ER p—— (2.4.13)
ui(@,y) = up(y)Ai(z) + B(y), (2.4.14)

where Aj(x) is an arbitrary function of x and B(y) is an arbitrary function of y. As
x — t+o00, the wake flow merges with the Blasius boundary layer flow, the expansions

for which are given in (2.2.5)-(2.2.7). Therefore,
ui(+oo,y) =0, v1(Fo0,y) = 0. (2.4.15)
From (2.4.15), it is seen that
B(y) = —uy(y) A1 (o0). (2.4.16)
Letting
A(z) = Ai(z) — Ai(00), (2.4.17)
where

A(£o0) = 0, Al(400) =0, (2.4.18)
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gives

vi(z,y) = —up(y)A'(z), (2.4.19)
ui(z,y) = up(y)A(@). (2.4.20)

The expression for u; in (2.4.20) does not satisfy the no-slip condition given in (2.2.24).
Therefore, a lower deck region must be inserted. Also, for A’(z) # 0, matching with the
expansions in (2.2.21)-(2.2.23) is not possible and an upper deck needs to be added. For

A'(z) = 0, only two decks are required.

For the upper and lower deck expansions, equations for us, vo and po are required.
Substituting the expansions (2.4.4)-(2.4.6) and the result (2.4.9) into equation (2.4.1)

and excluding terms of O(e*) results in

0 0 0 d d
up 22 o 2y, O s s

= 0. 2.4.21
ox 0 y dy dx 0 ( )

Introducing the expansions (2.4.4) and (2.4.5) into equation (2.4.3) and excluding terms
of O(e*) gives

8u2 5'1)2
— + ——=0. 2.4.22
oz + oy ( )
As x — Fo00, the wake flow merges with the Blasius boundary layer flow, the expansions

for which are given in (2.2.5)-(2.2.7). Therefore,

ug(£o0,y) =0, va(£o0,y) =0, pa2(£o0) = 0. (2.4.23)

2.5 Upper deck

The upper deck is used to determine p in the cases where the other decks where not
sufficient. Since p is continuous across the decks solving for p in the upper deck will give

the result for po in the middle deck.

In order to obtain the required perturbation expansions for the upper deck, the middle

deck expansions must be evaluated as y — co.

From (2.2.18), the solutions for u; and v; in (2.4.19) and (2.4.20) reduce to

v = —A'(z), (2.5.1)
up =0, (2.5.2)
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as y — oo. It is also necessary to derive the solutions for ug and vo in the limit y — oo.
Using (2.2.18), (2.5.1) and (2.5.2), equation (2.4.21) becomes

8’11,2 dpg
-t = 2.5.
Oxr  dx 0 (2.5.3)
which gives
uz(z,y) = —p2(x) + S(y), (2.5.4)

where S(y) is an arbitrary function of y. As z — +oo, from (2.4.23), ug, p2 — 0 and
therefore S(y) = 0. Thus

u(z,y) = —p2(2). (2.5.5)

From the continuity equation (2.4.22), the solution for vy can be calculated. It is given
by

va(x,y) = %y + b(x). (2.5.6)

Therefore, the expansions in the main deck as y — oo are

u(z,y) =1 — 2py(z) + O(3), (2.5.7)
v(z,y) = —2A'(x) + O(%), (2.5.8)
p(z,y) = 2pa(z) + O(€3). (2.5.9)

In the upper deck the required coordinates are

* - y*
_ _ 2.5.1
TT L = (2:5.10)
With n = 3 and m = 3, equations (2.1.7)-(2.1.9) become
ou  Ou op  ;0%u 0%
- e - — 2.5.11
u8x+vc7g 8x+68x2+6 ek (2.5.11)
ov ov op 0% 0%
il — =X — — 2.5.12
u8x+vagj 6g+68m2+68ﬂ27 ( )
Qu v _y, (2.5.13)

oz "oy
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The expansions used in the upper deck must match with the expansions given in (2.5.7)-
(2.5.9). Therefore

u(z,g) = 1+ EUs(x, ) + EUs(x, §) + ..., (2.5.14)
v(z,q) = EVa(z,g) + €Va(z, ) + ... (2.5.15)
p(,9) = €Pa(z,§) + € Py(,9) + ... . (2.5.16)

From (2.5.7)-(2.5.9) and (2.5.14)-(2.5.16), for y = 0, the matching conditions
Py(z,0) = pa(z), Va(x,0) = —A'(z), Uz (z,0) = —pa(z), (2.5.17)
must be satisfied. Also from (2.2.21)-(2.2.23), as y§ — oo, the following must hold:
Py(z,00) =0, Va(z,00) =0, Us(z,00) = 0. (2.5.18)
Matching with the Blasius boundary layer flow (2.4.23) gives
Py(£00,7) = 0, Va(to0, ) = 0, Us(£00,7) = 0. (2.5.19)

Substituting the expansions (2.5.14)-(2.5.16) into equations (2.5.11)-(2.5.13), gives

oU, 0P,
. 2.5.20
ox ox’ ( )
A% 0P,
—_— = 2.5.21
ox oy’ ( )
oUs oVa
_— = 2.5.22
ox o] ( )
Equations (2.5.20)-(2.5.22) can be written as the single equation
0*Vy 0%V,
=0 2.5.23
ox? 02 ’ ( )
which is Laplace’s equation. Solving equation (2.5.23) gives [3]
_ 1> gA(z)
Vs =—— —————dx. 2.5.24
2(x7y) ﬂ-/;oo (x_x1)2+g2 Z1 ( )
Equation (2.5.21) gives
or, _ v,
oy  Ox’
2 [ ylo—x)A
_ _/ ylz — 1) <m1)2da:1. (2.5.25)
T Jco [(x = 21)* + 7]
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Solving (2.5.25) gives

Py, 7) = 71T/_°0 Hmdm + file). (2.5.26)

The condition in (2.5.18), Pa(x,00) = 0 gives
filz) =0. (2.5.27)

The solution for P(x,y) is therefore

Po(z,g) = © /Oo del. (2.5.28)

TJ)ooo (@ —21)* 47

From (2.5.17), Pa(x,0) = pa(x). Therefore

Py(2,0) = pa(z) = 1][00 Al(wl)dwl. (2.5.29)

T) o T — 21

Since there is a singularity at x = z; the principal value of the integral needs to be taken
[15]. This is defined as

1][00 Arn) p i & [/m_e Alzn) o o /xoo A/(“)dm] . (2.5.30)

T)_oo T — 1 e—=0 T o T — 1 1+e T — X1

2.6 Lower deck

Consider the middle deck expansions given in (2.4.4)-(2.4.6). In the limit y — O these
expansions are from (2.2.18), (2.4.19) and (2.4.20)

u(z,y) = My + eXA(z) + O(€?), (2.6.1)
v(z,y) = My A (z) + O(e%), (2.6.2)
pla,y) = Ep2(z) + O(€). (2.6.3)

In the lower deck m = 5. The required independent variables are

_ _ Y
T= T3 P=T5 (2.6.4)
In terms of (2.6.4), the expansions (2.6.1)-(2.6.3) can be written as
u(z,2) = Az + eAA(z) + O(e?), (2.6.5)
v(z,2) = = (A2 A (x) — va(x, 2)) + O(e%), (2.6.6)

p(z,2) = 2pa(z) + O(€3). (2.6.7)
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It is crucial that vy is calculated as y — 0 since in (2.6.6) €3 appears in front of vs.

Equation (2.4.21) as y — 0 gives

va(z,0) = —i% LA A (). (2.6.8)

Guided by the expansions in (2.6.5)-(2.6.7), the lower deck expansions are

u(z, 2) = ety (z, 2) + ug(z, 2) + ..., (2.6.9)
v(x, 2) = 0y (x, 2) + Doz, 2) + ..., (2.6.10)
p(z,2) = 2p1(z, 2) + Epa(, 2) + ... . (2.6.11)

The conditions as z — oo are obtained from (2.6.5)-(2.6.7). These are

ui(x, z) = Az + ANA(z), z — 00, (2.6.12)

01 (2, 2) = —AeAl(z) — %% M)A (), 2 — 0, (2.6.13)
X

p1(z, z) = pao(x), Z — 00. (2.6.14)

The no slip condition and no cavity condition must be satisfied. Hence
up=v1=0 onz=~hF(x). (2.6.15)
Using (2.4.15), the conditions as x — +oo in the lower deck are given by
u1(+o0, z) = Az, v1(x00, 2) = 0. (2.6.16)

Substituting expansions (2.6.9)-(2.6.11) into equations (2.1.7)-(2.1.9) with m = 5 and

n = 3 and neglecting terms of O(e) gives

_Ouy | _ 0w op 0%y

U187+U1 02 = _%—FW, (2.6.17)
op1
- = 2.6.1
92 0, (2.6.18)
ouy o0v1
- t 5 =U 2.6.1
B + a2 0 (2.6.19)
From (2.6.18)
pi(w,2) = p1(x). (2.6.20)

From (2.6.14) and (2.6.20)

p1(z) = pa(z). (2.6.21)
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Using (2.6.21), equation (2.6.17) is given by

0wy 0wy o dps 82ﬂ1
“or T 9z  dx + 022"

(2.6.22)

2.6.1 Linearised lower deck

The lower deck equations can be linearised for small humps where h < 1. The following

expansions are introduced

u1(z,2) = Az + hig(z,2) + ..., (2.6.23)
v1(x, 2) = hoy(z,2) + ..., (2.6.24)
po(x) = hpa(z) + ..., (2.6.25)
A(zx) = hA(z) + (2.6.26)

Substituting expanisions (2.6.23)-(2.6.26) into equations (2.6.22) and (2.6.19) gives

0ty . dps 0%y
= _ 2= 2.6.2
Az o + Ay . + 5.2 (2.6.27)
Juy 0N
—+ —=0. 2.6.28
Ox * 0z ( )

The matching conditions obtained from (2.6.12) and (2.6.13) using the expansions (2.6.23)-
(2.6.26) are

Uy(x,2) = MA(z)  as z — oo, (2.6.29)
- - 1dp
01(z,2) = =Xz A (z) — X% as z — 00. (2.6.30)

If the boundary condition (2.6.29) is satisfied, then (2.6.30) is automatically satisfied
[3]. These conditions are imposed at the interface between the middle and lower deck
and must be satisfied in order for the solution to be consistent across both decks. Since
the displacement effect does not play a significant role in the near wake A(x) = 0.
In this case equation (2.6.30) is used to calculate the pressure gradient p’(x) which is

independent of z [1]:
dps
dz
The conditions at the wall boundary must now be considered. The no slip and no cavity

conditions (2.6.15), lead to [2, 15]

= — Ay (z, 00). (2.6.31)

u1(x,0) = =AF(z), (2.6.32)
31 (z,0) = 0. (2.6.33)
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Sufficiently far downstream from the object the flow reverts to its upstream configura-

tion. This condition gives rise to the requirements [2, 15]

(ﬂ17617ﬁ2,A) — (0,0,0,0) as r — o0, (2634)

which are obtained from (2.4.15), (2.4.18) and (2.4.23). Lastly, as z — oo the change in
u is gradual and hence
0ty
8—(30, z) =0 asz— oo. (2.6.35)
z

In the work that follows, the stronger conditions

(1 (z,2) — MA(x)) = 0 as z — oo, (2.6.36)
2" (171 (z,2) + N2 A (z) + iﬁé(m)) —0 asz— oo, (2.6.37)
o (8;1(35, z)) —0 asz— oo, (2.6.38)

2

will be required for n = 0,1, 2,3, in order to derive the conserved quantities.



Chapter 3

Conservation laws and conserved
quantities of the governing

equations for the wall-wake

In this chapter the conservation laws and conserved quantities of the governing equations
are investigated. In Section 3.1 the general theory for the multiplier method, which is
used to derive the conservation laws for the system, is discussed in detail. The conser-
vation laws for the governing equations of the wall-wake are derived using the multiplier
method in Section 3.2. The conservation laws are given in terms of the velocity compo-
nents and in terms of the stream function. In Section 3.3 the conserved quantities are
calculated from the conservation laws obtained in Section 3.2. The physical significance
of each conserved quantity is then examined. In Section 3.4 similarity solutions of the
governing equations are studied. Invariance of each conserved quantity enables the form
of the similarity solution to be identified. It is shown that finite conserved quantities can

be derived. For convenience @, 01, p2 and A are replaced by u, v, p and A respectively.

3.1 The multiplier method

Consider an r-th order system of partial differential equations (PDEs) of two independent

variables, z and z, and two dependent variables, u(z, z) and v(z, z):
Fj(%,Z,U,U,U(l),’U(l),...,U(T),’U(r)) :O, ] = 1,2, (3.1.1)

where u ;) and v(;) denote the collection of i-th order partial derivatives of the dependent

variables v and v.

20
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The multiplier method [20, 33] can be used to calculate conservation laws for a sys-
tem of PDEs. The suffix notation ug, u,, vz, Vs, Ugg, Ugs, Usz, ..., 1S used to denote
partial derivatives of u and v when z, z, u, v and all partial derivatives of v and v are
regarded as independent variables. The notation g—g, %, %, %, ‘32772‘, ..., is implemented
when v and v and the partial derivatives of v and v are regarded as dependent variables

which are functions of the independent variables x and z.

Consider a multiplier of the form A = (Aj, A2) where A;, i = 1,2, can depend on z, z,
u, v and all partial derivatives of u and v of at most up to r-th order. The multiplier

A = (A1, Ay) satisfies the equation

N Fj(, 2,1, 0,001y, V(1) ooy Uy Vry) = DjTj, (3.1.2)

for all functions u and v. The vector T' = (T, T?) is known as a conserved vector. The
components of the conserved vector T%, i = 1,2, can depend on z, z, u, v and all partial
derivatives of u and v of at most up to r-th order. The total derivative operators, D

and Ds, are given by

0 0 0 0 0
D, = Dx = a_ T TS Tx Tx Tz N Tz cee 1
1 3 —I—ua +v (%—I—u 8%—1—@ 8vm+u auz—i—v 6v2+ (3.1.3)
0 0 0 0 0
Dy = Dz = a_ z A 2z 2z F7 v~ P2 v~ cee e 1.4
) By T UGy T UGy T U gt Vgt s T Vg - F (3.1.4)
The Euler operators, E, and E,, where
0 0 0 5 0 0 9 0
= — — ——D,— _— - 1.
Eu ou De Ouy D: Ou, +D; OUgy + Da D Oy, +D; U, ’ (3.1.5)
0 0 0 0 0 0
E,=——-D,— —D,— + D? D,D,—— + D? — ... 3.1.6
Ov Ovy, Ov, + T OVpa + OV, + Z 00, ’ ( )

which annihilate divergence expressions, are applied to equation (3.1.2) in order to obtain

the determining equations for the multiplier A = (A1, Ag). The resulting equations are

E, [A’ka} —0, (3.1.7)

E, [A’ka} —0. (3.1.8)

Once a multiplier A = (A, A2) has been found, equation (3.1.2) is used to calculate the
conserved vector 7' = (T, T?) corresponding to this multiplier. If v and v are solutions

to equations (3.1.1), equation (3.1.2) becomes

D, T' +D.T? =0, (3.1.9)
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and T = (T*,T?) is known as a local conserved vector.

For the problem of the wall-wake, F; and Fy are defined as

ou dp 0%u
_ A 1.1
F =)z o + v+ Ir 9.2 0, (3.1.10)
ou  Ov
7 _ 111
S + 0z 0 (3 )

which is equivalent to the system in (2.6.27) and (2.6.28). This work focuses on (3.1.10)
and (3.1.11). In order to derive the conservation laws, equations (3.1.10) and (3.1.11)

are written as

Fy = Azug + Mo+ p'(x) — uyy = 0, (3.1.12)
=, +v, =0. (3.1.13)

For the particular fluid flow problem governed by equations (3.1.10) and (3.1.11), the
domain of interest is 0 < z < co. The conserved quantity corresponding to the conser-
vation law T' = (T, T?) is obtained by integrating (3.1.9) from 2z = 0 to z = oo:

d/ T'dz +T?
d.T 0

o0

—0. (3.1.14)

0

A conserved quantity exists provided fooo T'dz converges and T?2| 2250 = 0. If these two

conditions hold, then from equation (3.1.14)
oo
/ T'dz = ¢, (3.1.15)
0

where c¢ is a finite valued constant.

The boundary conditions as z — oo play a crucial role in determining whether these
two conditions hold. In the case where T' — f(z) # 0 as z — oo, the integral will
diverge. If T' — 0 as z — oo, there is no guarantee that the integral fooo T'dz con-
verges. However, if this condition does not hold, the integral fooo T'dz will certainly
diverge. In the case where T' 4 0 and/or T? /4 0 as z — oo, the choice for the con-
served vector T' = (T*,T?) can be modified so that T* — 0 and T2 — 0 as z — 0.
Each conserved vector T = (T, T?), is only defined up to an arbitrary vector, say

(f(x, z,u, v, Uy, Uz, Vg, ...), g(T, 2,0, U, Ug, Uy, Vg, ... )) that satisfies

Dyf + D.g =0, (3.1.16)
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identically without imposing the partial differential equations (3.1.12) and (3.1.13). The
functions f and ¢ can be chosen so that 7' — 0 and 72 — 0 as z — co. An illustration

of this is given in Section 3.2 for the governing equation for the wall-wake flow.

3.2 Conservation laws

In this section the multiplier method is used to obtain the conserved vectors for the
governing equations when expressed in terms of the velocity components and when
expressed in terms of the steam function. The conserved quantities are then derived by

integrating each conservation law from z = 0 to z = oc.

3.2.1 Conservation laws in terms of the velocity components

Consider multipliers of the form A; = Ay(z,z,u,v) and Ay = As(z,z,u,v). Using
(3.1.12) and (3.1.13), equation (3.1.2) becomes

Ay ()\zum + M+ p'(z) — uzz) + Ao (up +vy) = DiT' + D,T?, (3.2.1)

for all functions v and v. Once a conserved vector has been obtained, equation (3.2.1)
is evaluated for u and v that are solutions to (3.1.12) and (3.1.13). The left-hand-side is
then zero and T = (T, T?) is now a local conservation law. The governing equations for
Ay and Ag are obtained by applying the Euler operators E,, and E, given by (3.1.5) and
(3.1.6) respectively, which annihilate divergence expressions, to equation (3.2.1) which

results in the two equations

Ey [A (Azug + Mo+ 9 (2) — uzz) 4+ Az (ug +0v2)] =0, (3.2.2)
By [A1 (Azug 4+ Av + p' () — uzz) + Ag (ug +v2)] =0 (3.2.3)
Equation (3.2.2) becomes
oM (Azug + Av +p'(z) — uzz) + Ohy (uz +v5) — Dy (AzA1 + Ag) — D2A; = 0,
ou ou
which leads to
oM , Ao oA O\ oA,
0= 5 (Azuz + v +p'(x) — uzz) + 9 (ug +v,) — Az " Br A2y 50
0o oM 0\, 0Aq oA 0Aq
TUs gy T Mg, ~ Vg, D ( R P ) !
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and after expanding the final term, the result is

aAl A2 6A1 8/\2 01\1
0= mn ()\zuer)\v +p'(z) — uzz) +%(ux+vz) ,)\Z%,% )\ZUI%
u % e oA . OAs B 9%\ 9 0%\, _ 9 0%\, _u282A1
* Ou v v 022 *0z0u 0200 F Ou?
B O VR (R
7 ov? 7 Oudv = ou = ov
Simplifying gives
O\ OAq (9 Aq 2 0%\, .2 0? A1 9%\
=-2 - —2 B b
0 ou T oe T ou? T a0 T Coude T T9zou
O\, 9%\, 8A2 8A1 8A1
Jr((’)zLQ@z@U)UZ( vx+)\
Ny OA1  OAs aQAl
/ p— — —
+ (p( ) o Az e o 5.2 ) . (3.2.4)
Setting the coefficients of u,, and v,, to zero gives
8A1 aAl
2 - = 2.
and therefore
A=A (z, 2). (3.2.6)

Using (3.2.6), equation (3.2.4) reduces to

0\, 0\

0=30 " a0

0Ny 0Ny O%A4
Vg — AZ e 9r 92 (3.2.7)

Setting the coefficients of v, and v, to zero in equation (3.2.7) results in

04 oA

and therefore
A2 = Ag(x, Z). (329)

Equation (3.2.7) simplifies to

02, N1 DA,
5 TAg o =0, (3.2.10)
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Now consider equation (3.2.3). Using (3.2.6) and (3.2.9), it is simply

O\s
AN — —==0. 2.11
! 0z 0 (3 )

Differentiating equation (3.2.11) with respect to x gives

9% A, OAq
= \— .2.12
0x0z A oz’ (3 )

and differentiating equation (3.2.10) with respect to z gives

93N, ON, 02N 0%A,
05 T s T a00: Toma: (3.2.13)

Substituting (3.2.12) into (3.2.13) enables the two equations to be combined into one
equation:
03Ny 0?Ay O\

58 T Ao 2 =0, (3.2.14)

It is difficult to derive definite results when A; depends on x. In order to proceed, as-
sume A; = Aj(z). It will be shown that the conserved quantity for the near wall-wake

can be obtained by considering a multiplier of the form A = (A1(2), Aa(z, 2)).

With Ay = Ai(z), equation (3.2.14) reduces to

03Ny
—— =0. 3.2.15
5.3 ( )
The solution to equation (3.2.15) is
A(z) = c12% + coz + 3, (3.2.16)

where c1, co and c3 are arbitrary constants.

The solution for Ag is obtained from equation (3.2.11):

oA,

5, = Mer2? + eaz + c3), (3.2.17)

which upon integrating with respect to z gives

1 1
Ao(z,2) = g)\012’3 + 5)\0222 + Aesz + f(x), (3.2.18)
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where f(x) is a function of z. Equation (3.2.10) yields

o o
oz 922
and therefore
f'(x) = —2¢1, (3.2.19)
which is used to solve for f(z):
f(z) = —2c17 + ca, (3.2.20)

where ¢4 is an arbitrary constant. Hence the solution for As is given by
1 3, 1 2
Ao(z,2) = §>\012’ + 5)\022' + Aegz — 2c1x + ¢4. (3.2.21)
Equation (3.2.1) becomes

(clz2 + coz + ¢3) (Azug + Av + p'(z) — usz)

1 1
- <3)\clz3 + §A02z2 + Aezz — 2c1x + C4> (ug +v,) = DT + D,T?. (3.2.22)

Since there are four arbitrary constants, four cases arise. With ¢y =1, co =c3 =¢c4 =0

equation (3.2.22) gives
1
22 ()\zux + v+ p/(z) — uzz) + (3)\733 - 2x> (uy +v,) = D,T' + D.T?. (3.2.23)
One seemingly obvious choice for T and T2 is
1 4, 3
T = g)\z -2z | u, (3.2.24)
1 1
T? = <3)\z3 - 2x> v — 2%u, + 2zu + gz?’p/(m). (3.2.25)

With T' = (T, T?) defined by (3.2.24) and (3.2.25), as z — 00, it is clear that for non-zero
boundary conditions on u and v, T* 4 0 and T2 4 0. Therefore, from (3.1.14) it is seen
that a conserved quantity cannot be obtained because fooo T'dz diverges and T2 |Z2=5° # 0.
In order to address this issue, define an equivalent conserved vector T* = (T**,T?*) as

follows:

™ =T+ f(x,2), (3.2.26)
T =T? + g(x, 2), (3.2.27)
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where T! and T? are given by (3.2.24) and (3.2.25) and f(z,2) and g(z, 2) identically
satisfy

D,f + D.g = 0. (3.2.28)
Consider the functions
4 1 2
f=- (3)\z3 - 2x> M(z), g= (3/\23 — 2x) Az A (z) — Txp’(x) — 220 A(x),
(3.2.29)

which satisfy (3.2.28). The new conserved vector T* = (T1* T%) is

T = (gw - 2x> (u—A@)), (3.2.30)

T2 = <;)\z3 — 2:v> (v + AzA'(z) + ip'(:c)) — 22u, + 22 (u— M(x)),  (3.2.31)

where the * has been omitted for convenience. From (2.6.36)-(2.6.38) T' — 0 and
T? - 0 as z — oo. Now as z — 0, T? — —(2/\)xp/(z) and so for T?|?=5° = 0, the
condition p'(x) = 0 must hold. For the remainder of this section, the conserved vectors
will be constructed so that 7% — 0 and 72 — 0 as z — oco. The additional restrictions
imposed for 72 — 0 as z — 0 will be derived and discussed in Section 3.3. In Section
3.4 it is verified that solutions for v and v exist and that for these solutions the integral

00 1 .
Jo " T'dz converges.

A similar analysis to the case provided above is used for the remaining cases. It is

seen that for ¢; =0, ca = 1, ¢3 = ¢4 = 0, equation (3.2.22) gives
1
z ()\zux + M+ p'(z) — uzz) + 5)\22 (ugp +vy) = D,T' + D,T?. (3.2.32)

A simple choice for 7! and T2 is

T = gwu, (3.2.33)
2 1 2 1 /
T = 5)\z v+ 3P (x) | — zuy + u. (3.2.34)

The functions f and g which are chosen to satisfy (3.2.28) are

3

U

A222 A(z), 9= %AQZB'A'(Q;) _\(2). (3.2.35)
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From (3.2.26) and (3.2.27) the equivalent conserved vector T* = (T1*, T?*) is

T = gw (u — NA(z)), (3.2.36)

1 1
T? = 5)\22 <v + Az A (z) + Ap'(m)) — zuy + (u— NA(z)), (3.2.37)
where the % has been omitted for simplicity.

For ¢y =c2 =0, c3 = 1, ¢4 = 0, equation (3.2.22) gives
()\zux + v+ p'(z) — uzz) + Az (ug + v,) = D,T' + D,T?. (3.2.38)

An obvious choice for the conserved vector is

T! = 2)\zu, (3.2.39)
1
T% = Xz <’U + )\p'(:v)) — Uy. (3.2.40)
Defining f and g as
f=—2)\22A(x), g=\222A(2), (3.2.41)

gives the equivalent conserved vector T* = (T*, T%*):

T' = 2)\z (u — MA(x)), (3.2.42)

T? = Mz <U + Az A (x) + i\p'(m)) — Uy, (3.2.43)
where the * has been omitted.
Finally, for ¢; = ¢ = ¢3 = 0, ¢4 = 1, equation (3.2.22) gives
(ug +v,) = D, T + D,T?, (3.2.44)
and a likely choice for the conserved vector is

T' = u, (3.2.45)
T2 = . (3.2.46)

The functions f and g are chosen as

f=-MA(2), g=XzA'(z) + p/ (), (3.2.47)
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which clearly satisfies (3.2.28). The equivalent conserved vector T* = (T'* T%) is

T' = u — \A(x), (3.2.48)

1
T? = v+ MzA(z) + Xp'(a:), (3.2.49)

where the * has been omitted for notational convenience. This conserved vector was

derived by using only equation (3.1.13).

3.2.2 Conservation laws in terms of the stream function

The governing equations can be formulated in terms of the stream function v defined
by

oy

_ oY _9%
a ’ ox’

5 (3.2.50)

u(z, z) v(z,2) =

When x, z, ¥ and the partial derivatives of 1 are regarded as independent variables,

equation (2.6.27) can be written as

A2y — Mg + P/ (€) = a2z = 0, (3.2.51)

and the continuity equation, (2.6.28), is identically satisfied. Therefore, by introducing
the stream function v the two governing equations, (2.6.27) and (2.6.28), can be ex-
pressed as the single third order equation, (3.2.51). The boundary conditions (2.6.29),
(2.6.30) and (2.6.32)-(2.6.35), are in terms of the stream function,

Ya(z,0) =0, (3.2.52)
V2(7,0) = —=AF(z), (3.2.53)
Va(@, 2) — A A(z) + %p/(x) as 7 = 0o, (3.2.54)
Vo (x, 2) = AA(z) as z — 00, (3.2.55)
(Y2, %s,p, A) — (0,0,0,0) as T — 00, (3.2.56)
V.2 (x,2) = 0 as z — 00. (3.2.57)

The stronger conditions (2.6.36)-(2.6.38) are given by
2" (Ya(z,2) = AA(2)) = 0 as z — 0o, (3.2.58)
1
2" <1/Jx(:1:, z) — )\ZA’(Q:) — Ap'(m)) —0 as z — 00, (3.2.59)

2" (Yzz(z,2)) = 0 as z — 00, (3.2.60)
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where n = 0,1, 2, 3.

Consider a multiplier of the form A = A(z,z,v). The conserved form of equation
(3.2.51) is

A (A2thge — Mg + P/ (%) — zzz) = DyT' + DoT?, (3.2.61)

where T = (T, T?) is the conserved vector with components T and T2. The total

derivative operators are defined by

8 0 0 0

Di=D,=— + wg; %0 + Vpw o a0 + o 90 + (3.2.62)
8 KA 0

The determining equation of the multiplier A is obtained by applying the standard

Euler-operator Ey, where

0 0 0 0 0 0
Ey=—-—D,— —D, D? D,D, D? 2.64
¥ =05 Prag, g, T Pag,, T PP 0g, Y g, T 3200
to equation (3.2.61). The resulting equation is
Ey [A (Azthez — Apy + 9/ (2) — ¢222)] = 0, (3.2.65)

which yields

oA

0= W(

A2ty — My + P/ (2) = P222) + Dy (M) + DD, (AzA) + D3 (A) .

Expanding the last three terms gives

OA , OA OA OA OA
Tz x - Yzzz a_ AT Dz a_ AP
0= 6¢(Azw — X + () = )+/\6x+w 8¢+ <)\zax+)\zw 61/})

oA\ oA
D — .
- < v w)

and after expanding the last two terms, the result is

8A ; OA A 8A 82A
OA 02\ 2\ 82A BA
+ /\wm 90 + Azwma 90 )\zwza 90 + A2, —— 902 + sz,bzz%

8% 2N ,0%A oA
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Finally,
oA / oA oA a2A
0=5- 5 (A2thgz — My 4+ P/ () — 2zz) + 2)\8— + 20\py — (w
9°A %A 52 DA 83A
+ /\zwxm + )\zz/JZa 90 + )\zwmwzawz + )\qum% + 5
oA » OOA PN PN 9°A oA

Simplifying gives

oA 927 PN, BN
1/}2 wzwzz + 38 (%pwzz +2Xz 1/}¢$Z 1/}3 I/JZ 8 81/12 wz

0 PA 92N OA DA
+Azwwwz+<38 28w+)\zaxa¢>¢z+< 8¢—|—)\z zl))%

OA 0?N  O3A
"(2)=— + 22— —t+ == . 2.
+<p(:v)8¢+ )\8$+)\28 8z+8z3> (3.2.66)
Setting the coefficient of ¢, to zero gives
OA
=0 3.2.67
8¢ Y ( )
and therefore A = A(z, z). Equation (3.2.66) reduces to
3A 2A A
A TN L0 (3.2.68)

023 0202 Ox

Equation (3.2.68) is the same as equation (3.2.14). In order to derive definite results,
assume that A = A(z). Then equation (3.2.68) reduces to

PA
p— | 3.2.69
which has the solution
A(2) = e52% 4 co2 + 7, (3.2.70)

where ¢, cg and ¢7 are arbitrary constants. Equation (3.2.61) becomes
(0522 + cgz + 07) ()\Z¢xz — M + 9 (x) — wzzz) = DiT' + DyT2. (3.2.71)

A similar analysis to that in Section 3.2.1 is used for the stream function approach.

Since there are three arbitrary constants, three cases arise. Setting c¢s =1, cg =c7 =0
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in equation (3.2.71) gives
22 (Aetpy, — My + 9/ (2) — ¥2zz) = DT + DT (3.2.72)

A simple choice for T' and T? is

T' = (;1)\23 - 2:1;) V., (3.2.73)
T2 — _ <;)\z3 — 2x> <¢Z — ip’(x)) + 2210, — 2%, (3.2.74)

The functions f and g are chosen as
4,3 L3 /
f==A g)\z — 2z | A(x), g=Az g)\z — 2z ) A'(z) — 2AzA(x), (3.2.75)

which clearly satisfies (3.2.28). The equivalent conserved vector T* = (T'* T?*) with

the x omitted for convenience is
1 4, 3
T = (3)\2 — 233) (Y, — NA(x)), (3.2.76)
1 1

T2 = — (3)\z3 - 2x> <¢z —AzA(z) — Ap'(m)) + 22 (¢, — NA(z)) — 2%9... (3.2.77)
From (3.2.58)-(3.2.60) T* — 0 and T? — 0 as z — oo.
It is seen that for ¢ = 0, ¢g = 1, ¢ = 0 equation (3.2.71) gives

2 ( A2ty — ANy + 9 (2) = ¥222) = DT + D, T (3.2.78)

An obvious choice for T1 and T2 is

T! = ;AZ%Z, (3.2.79)
T? = —%)\22 (1/& - }\p/(ﬂf)) — 2y, + . (3280)

The functions f and g which satisfy (3.2.28) are chosen as
1
f= —%AZZQA(QJ), g= G4 (@) ~ M), (3.2.81)

The equivalent conserved vector T* = (T*, T?%*) is

3
2
T2 = —%)\22 <wx - )\ZA/(.T) - /l\p,(&")> - szz + (¢z - )\A(:U)) ’ (3283)

T = 2022 (¢, — MA(x)), (3.2.82)



Chapter 3. Conservation laws and conserved quantities 33

where the * is omitted for convenience.

For ¢5 = ¢ = 0, ¢; = 1 equation (3.2.71) gives
(Aetps — My + P/ (%) — 1222) = DT + DT, (3.2.84)
and a likely choice for 7! and T2 is

T = 22290, (3.2.85)

T? = —)\z <¢w — ip’(m)) — 1. (3.2.86)
The functions f and g which satisfy (3.2.28) are chosen as
f=—2)\2A(x), g=N22A(2). (3.2.87)
The equivalent conserved vector T* = (T T?*) is

T =2)z (¢, — AA(2)), (3.2.88)

T2 = _)s <¢x A () — ip/(x)> — (3.2.89)

Once each conserved vector is obtained, equation (3.2.71) is evaluated for 1 that solves
(3.2.51). The left-hand-side of equation (3.2.71) is then zero and T = (T*,T?) is now

known as a conserved vector.

3.3 Conserved quantities

In this section the conserved quantities corresponding to the conservation laws of the
governing equations for the laminar wall-wake are derived. When x and z are regarded

as the only independent variables, equation (3.1.9) can be written as

ot o912

D,T'+D,T? = — + . 3.3.1
1+ D, 6x+8z ( )

When T = (T',T?) is a conserved vector, the left-hand-side of equation (3.3.1) is zero
which gives

oTt 912
2wt e = 0. (3.3.2)
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3.3.1 Conserved quantities in terms of the velocity components

By making use of the results obtained in Section 3.2.1 the conserved quantities can be
derived in terms of the velocity components. In order to achieve this the boundary
conditions (2.6.32), (2.6.33) and (2.6.36)-(2.6.38) are required.

3.3.1.1 Casel

In order to derive the conserved quantity corresponding to the conserved vector T' =
(T',T?) where T' and T? are given by (3.2.30) and (3.2.31) respectively, equations
(3.2.30) and (3.2.31) are substituted into (3.3.2) which is then integrated with respect

to z from 0 to oco. This leads to

0 :/OOO ai [(;ﬁzi” _ 2x) (u(z, 2) — )\A(x))} i
4 /O h % [ <;>\z3 - 2m> (v(:n, 2) 4 A A (2) + ip'(x))

— 22, (x, 2) + 22 (u(z, 2) — NA(x)) ] dz,
which can be simplified to give

0 :% 000 <;l)\z3 - 2:U> (u(z, z) — NA(x)) dz

o0

! K;,w - 21:) <”<w,z> + XA (z) + ip'(:”)ﬂo

— [FPu.(z, z)]go + 2z (u(z, z) — MA(2))]g° - (3.3.3)

Using the boundary conditions given in (2.6.33) and (2.6.36)-(2.6.38), equation (3.3.3)

can be written as

d >[4 2
| (3)\23 - 2x> (u(z, 2) = NA(z))dz = —;p'(:r). (3.3.4)
From (3.3.4) it is clear that in order for there to be a conserved quantity it is required

that the pressure p(z) be constant and that the integral fooo T'dz converge.
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3.3.1.2 Case 2

For this case, the components of the conserved vector T = (T%,7T?) are defined by

(3.2.36) and (3.2.37). Integrating (3.3.2) with respect to z from 0 to co gives

0— /0 h ;@ [2Az2 (u(z, 2) — AA(x))} i
4 /O b (,fz BM (v(x, 2)+ A2 A (2) + iﬂ@:))

— zuy(z, 2) +u(x, z) — )\A(a:)} dz,

which, after simplifying, results in

d o
= ; 5/\2'2 (u(x, z) — NA(x)) dz
+ B)\ZQ <v(m, 2) + X2 A (z) + ip'(m))] )
— [zuz(z, 2)|g” + [u(z, 2) — AA(2)])”, (3.3.5)

and imposing the boundary conditions (2.6.32) and (2.6.36)-(2.6.38) yields

d o0
e 5)\,22 (u(x, z) — NA(x)) dz = =X (A(z) + F(x)) . (3.3.6)
0
A conserved quantity exists provided A(z) = —F(z) and that the integral [j*T'dz

converges.

3.3.1.3 Case 3

The components of the conserved vector 7' = (T, T?) where T! and T? are defined by
(3.2.42) and (3.2.43), are substituted into (3.3.2) which is integrated with respect to z

from 0 to oco. This results in

0
0 :/0 2 2z (u(z, z) — NA(z))] d=z

+ /0 % [)\z (v(:v, 2) 4 A2 A (z) + i\p'(x)> (e, z)] dz,

which after simplifying gives

d o0
0=— 20z (u(z, z) — AA(x)) dz
dx 0

4 [)\z <v(x, )+ A2A(2) + ip’(x)ﬂ:o s ) (3.3.7)
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Using the boundary conditions given in (2.6.37) and (2.6.38), equation (3.3.7) can be

written as

d

dl‘/0 20z (u(x, z) — MA(x)) dz = —u,(z,0). (3.3.8)

A conserved quantity is obtained if u,(z,0) = 0 and fooo T'dz converges.

3.3.1.4 Case 4

Lastly, substituting the components of the conserved vector T = (T%,T?) defined by
(3.2.48) and (3.2.49) into (3.3.2) and integrating with respect to z from 0 to oo results

0= /0 h a%[u(:c, 2) = AA()|dz + /0 h % [v(w, 2) 4 A2 A () + i\p'(:ﬂ)} iz,

which leads to

(u(x, z) — NA(x)) dz + [v(w, 2) + Az A (z) + i\p'(m)} . (3.3.9)

_d [%
_dl‘o

which after using the boundary conditions (2.6.33) and (2.6.37) yields

d [~ 1
@ /. (u(z,z) — NA(x))dz = Xp/(x). (3.3.10)
From (3.3.10) it is clear that in order for there to be a conserved quantity it is required

that the pressure p(z) is constant and fooo T'dz converges.

3.3.2 Conserved quantities in terms of the stream function

By making use of the results calculated in Section 3.2.2 the conserved quantities can be
obtained in terms of the stream function. In order to do so, the boundary conditions
(3.2.52), (3.2.53) and (3.2.58)-(3.2.60) are needed.
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3.3.2.1 Casel

The components of the conserved vector T = (T!,T?) are defined by (3.2.76) and
(3.2.77). Now integrating equation (3.3.2) with respect to z from 0 to co gives

0 :/OOO ai [( A2 — 2x> (¥(z, 2) —)\A(a:))] dz—

/0 b 882 [( A 2;1;) <w$(x,z) A7) — ip'(x))

+ 22 (. (z, 2) — MNA(z)) — 229 (, z)} dz,

which leads to

Z% Ooo <§Az3 - 2x> (V(z, 2) — NA(x)) d=z

(8- (v )

+ [22 (Y (x, 2) = AA@))] — [2¢22(2, 2 ]go, (3.3.11)

and using the boundary conditions (3.2.52) and (3.2.58)-(3.2.60) yields

2z

% Ooo (i)\z?’ - 2:c> (Vo (x,2) — NA(x)) dz = 5P (z). (3.3.12)

For p/(x) = 0, the conserved quantity calculated from (3.3.12) matches that of (3.3.4)
provided that [;°T'dz converges.

3.3.2.2 Case 2

For this case, the components of the conserved vector T = (T%,7?) are defined by
(3.2.82) and (3.2.83). Substituting (3.2.82) and (3.2.83) into (3.3.2) and integrating

with respect to z from 0 to oo results in
O—/OO 0 )\z (Yz(x,2) — NA(x)) | dz
- 0 ax z b

i /OOO ;Z { _ %M (%(x, 2) = AzA(z) — ip/(w)>

— 2., (2, 2) + (2, 2) — )\A(ac)] dz,
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which gives

d

0 = /000 5)\22 (Yz(x,2) — AA(x)) d=z

. BAJ (%(x, 2) = Aad(2) - ip'“”))] )

0
— [2thaz (2, 2)]g° + (W2, 2) — MNA(2)]5° (3.3.13)

Using the boundary conditions in (3.2.53) and (3.2.58)-(3.2.60), equation (3.3.13) can

be written as

% 00 5)\22 (V. (x,2) — NA(x)) dz = =\ (A(z) + F(x)) . (3.3.14)
0

For A(x) = —F(z), it can be seen that the conserved quantity derived from (3.3.14) is
equivalent to that of (3.3.6) on condition that fooo T'dz converges.

3.3.2.3 Case 3

Substituting the components of the conserved vector T' = (T}, T?) where T' and T? are
defined by (3.2.88) and (3.2.89), into (3.3.2) and integrating with respect to z from 0 to

00 gives

0
0 :/0 E 22z (Y2(z, 2) — ANA(x))] dz

# 7 [ (v - 2 @) = 3/ @)) = o)

which can be simplified, resulting in

0 _4 b 20z (Vy(x, z) — NA(x)) dz — [)\z (@bz(az, 2) — X2 A'(z) — 1p'(x)>] h
dx 0 A 0
- [¢zz(xv Z)]goa (3.3.15)
and using the boundary conditions (3.2.59) and (3.2.60) yields
d [~ 2\ AA dz = 0 3.3.16
& | a0 - 24@) = <0 (3.3.16)

For v,,(x,0) = 0, the conserved quantity evaluated from (3.3.16) is the same as that
from (3.3.8) provided [;°T"'dz converges.
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3.3.3 Summary

The Table below shows the multiplier along with the corresponding conserved vector for
each case in terms of both the velocity components and the stream function. The condi-
tions required other than convergence of the integral fooo T'dz to obtain the conserved

quantity associated with each conserved vector are also provided.

‘ A= (A1, A2) ‘ T=(TY,T? ‘ Condition ‘ Conserved Quantity ‘
Velocity Components
Case 1
A =22 T = (3223 — 22) (u — NA), p(z)=0 I (BXz% —22) (u—AA)dz=¢
Ay = %)\z?’ -2z | T2 = (é)\z3 —2z) (v+ AzA + %p’)
—2%u, + 22 (u — A\A)
Case 2
AL =2z, T = 3022 (u— AA), Alm)=-F(z) | [73N2(u—MA)dz =c
Ay =12 T? = 1227 (v+ AzA + 1)
—zuy + (u — AA)
Case 3
A =1, T =2z (u — \A), uy(z,0) =0 5720z (u—AA)dz =c
Ay = Nz TQZ)\Z(U-"-)\ZA/-F%}?,)—UZ
Case 4
A1 =0, T! = u — \A, p(z)=0 oo w=MA)ydz=c
Ay = T? =v+ M\2A + 1y
Stream Function
Case 1
A =22 T = (3223 — 22) (¥, — AA), p(z)=0 Jo7 (BA23 —22) (Y. — M) dz = ¢
T2 = — (%)\23 —2z) (Yp — AzA — %p’)
+2z2 (1, — AA) — 224,
Case 2
A==z Tt = 3022 (¢, — AA), Alx) =—F(z) | [;7 3122 (. — M) dz=c
T? = 1222 (¢, — A2A' — 1)
—a.. + (4. — M)
Case 3
A=1 T = 2)z (1, — AA), Yoo(2,0) =0 | [7720z (¢, —AA)dz =¢
T2 = =Xz (Yo — A2A' — 3p') — Y.z

TABLE 3.1: Multipliers, conserved vectors and conserved quantities

Each conserved quantity that was obtained when the stream function formulation was
used relates directly to a case when the velocity components were used. An additional
conserved quantity was obtained when the governing equations were expressed in terms
of the velocity components. This conserved quantity arose from the continuity equation
which is identically satisfied when the stream function is used. In terms of both the
velocity components and the stream function, Case 2 applies to the near wall-wake.
Interestingly, for Cases 1 and 4 in terms of the velocity components, the same condition

p'(z) = 0 must hold in order for a conserved quantity to exist.
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3.3.4 Physical significance of the conserved quantities

In this section the physical meaning of each conserved quantity is analysed. Consider first
a wake behind a body in a uniform flow. Let U and u be the dimensionless mainstream
speed and velocity deficit respectively. For the classical far wake the drag is conserved.

The conserved quantity is given by [37]
D :/ Uu dy, (3.3.17)

where D is a dimensionless constant proportional to the drag on the body. For the
far wake of a self propelled body, the second moment of the axial momentum deficit is

conserved. The conserved quantity is [38]

K:/ yv*Uu dy, (3.3.18)

where K is a dimensionless constant proportional to the second moment of the axial

momentum deficit.

Now consider the conserved quantities pertaining to the governing equations of the
wall-wake when expressed in terms of the velocity components. The domain of interest
is 0 < z < 0co. The mainstream speed, U, is given by U = Az and the velocity deficit is
u(x,z) — AMA(x). Comparing the conserved quantity obtained in Case 3 in Table 3.1 to
equation (3.3.17) with U = Az and u(z, z) — AA(z) in place of u, it is seen that the drag
is conserved. The conserved quantity in Case 1 is of a similar form to the conserved
quantity in (3.3.18). It may be that this conserved quantity also corresponds to the sec-
ond moment of axial momentum deficit. The conserved quantity in Case 2 is required
to complete the solution to the near wall-wake. Here, the moment of the momentum

deficit is conserved. The last case, namely Case 4, represents the conservation of mass.

3.4 Similarity solutions

The existence of a finite conserved quantity relies on whether the integral fooo T dz
converges and if the condition T??=5° = 0 holds. In Section 3.2, the conserved vectors
were constructed in order to ensure that as z — oo both 7' — 0 and 72 — 0. In most
cases, T? 4 0 as z — 0 and additional restrictions were imposed so that 72 — 0 as
2z — 0. Although T' — 0 as z — oo, convergence of the integral fooo T'dz is still not
guaranteed. Convergence can be verified by solving the governing equations subject to

the boundary conditions, and then evaluating the integral fooo T'dz. In this section it is
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shown that similarity solutions that satisfy the relevant governing equations, boundary

conditions and finite valued conserved quantities can be found. The conservation laws

in terms of the velocity components will be used.

3.4.1 Similarity solutions for cases 1 and 4

For cases 1 and 4, the restriction p’(x) = 0 is imposed. The governing equations (2.6.27)

and (2.6.28) are

ou 0%u
Az— + A v=—
o A 022’
ou n ov 0
ox 0z
Introduce scaling transformations as follows:
xr = KT, z = Kz, u = k1, v=rlv
Substituting (3.4.3) into equation (3.4.2) gives
ou  Ov
btc—a—f2% | T 0.
§ oz oz
For invariance, it is required that
a=b+c—f.

Substituting (3.4.3) into equation (3.4.1) and using (3.4.5) gives

O ey 0%
AZ% + A=k f@.

For invariance
c=2b+f,
must hold. Simplifying (3.4.5) using (3.4.7) gives
a = 3b.
Hence the scaling transformations in (3.4.3) can be written as

Tr = /<a3b§;, z = /@bz, U = /inJrfﬂ,

<

(3.4.1)

(3.4.2)

(3.4.3)

(3.4.4)

(3.4.5)

(3.4.6)

(3.4.7)

(3.4.8)

(3.4.9)
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Now let

u=Gi(z,z2), (3.4.10)
W= Gy(z,2). (3.4.11)

There is no bar on G in (3.4.11) since the solutions (3.4.10) and (3.4.11) need to be
of the same functional form. The only difference is that the variables are replaced by

barred variables. This gives
K2 IG (x, 2) = Gr(k ™30, k702). (3.4.12)

Differentiating (3.4.12) with respect to k gives

oG oG
9 —2h—f—1 _ oy —3b—1_9G1 —b-1, 971 4.1
(2b+ f)k Gi(z,z) = 3bk T + bk e (3.4.13)
Setting x = 1 gives
z=u, zZ =z, (3.4.14)
and (3.4.13) becomes
., 0G 0G4

From (3.4.15), the general case in which 2b + f # 0 is considered and the differential

equations of the characteristic curves are

dzx dz dG1
— == 3.4.16
3br bz (2b+ f)Gy ( )
Solving the first pair of equations in (3.4.16) gives
fzéy (3.4.17)
3
and solving for the first and last pair of terms results in
2
u(z, z) = o3 TF(€), (3.4.18)
where
a=L (3.4.19)
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Now let
v = hi(z, 2),
v = h(Z, %)
This results in
k= (x, 2) = hi(k—%02, k70%2). (3.4.20)

Differentiating (3.4.20) with respect to k results in

h h
fe I hy (2, 2) = 30k 1 881 + bkt aazl (3.4.21)
and letting k = 1 gives
ohy Ohy

= - Z—. 4.22
fhi(z,z) = 3bx o + bz 5, (3 )

The characteristic curves obtained from (3.4.22) are
do_ dz _ dn (3.4.23)

3 bz fhn

Solving the first pair of equations in (3.4.23) results in (3.4.17) and solving for the first

and last pair of terms gives
v(z, z) = x*G(E), (3.4.24)
where « is given by (3.4.19).

Substituting (3.4.18) and (3.4.24) into equations (3.4.1) and (3.4.2) gives

d’F 1 ,d _
et ¢ A (G a) o -6 -0 (3.4.25)
dG 1 _dF 2
T3t < + a) F(g) =0. (3.4.26)
Equation (3.4.26) results in
d
G(e) = 3¢ g — 1+ QM(E). (3.4.27)

where

13
M(E) = /0 Fla)da, (3.4.28)
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and G(0) = 0 was used. Equation (3.4.25) becomes

dB3M 1 ,d*M aM
— + -A¢? -1 — + A1+ a)M (&) = 0. 3.4.29
Introducing the transformation
¢ = B¢, M =M, (3.4.30)
into equation (3.4.29) gives
M 1 d*M ~dM o
— + ABY—— — A1+ a)B3—= + A1+ a)B*M({) = 0. 3.4.31
P AL B £ AL ) BN (3:431)
Hence B is given by
1
B = 1y 3.4.32)
=\x) - (3.4.
The similarity solutions are
dM
u(z, z) = A3 —_:U%'m, (3.4.33)
dg
1_.dM .
vz, z) = [3Ed£_ —(1+ a)M] x®, (3.4.34)
p(z) =0, (3.4.35)
where « is a constant,
1
— )\3
£=0, (3.4.36)
xr3
and M satisfies
BN 12N NI i}
-yt (1 — + (1 M = 0. 3.4.37

In this section a very small hump with a length of, say, 2¢ is examined. Small humps are
considered in order to obtain the conserved quantity for the near wall-wake [15]. Since

the axis of symmetry of the hump is the line = 0, for > €, equation (2.6.32) becomes
u(z,0) = 0. (3.4.38)

In the analysis that follows, the region 2 > € will be examined and equation (3.4.38)
will be used in place of (2.6.32).
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Now using (2.4.19) and (2.4.20), the boundary conditions (3.4.38), (2.6.35) and (2.6.33)

become

M'(0) =0, (3.4.39)
M" () =0, (3.4.40)

and if o # —1
M(0) = 0. (3.4.41)

Equation (3.4.37) and the boundary conditions (3.4.39)-(3.4.41) are homogeneous. There-
fore, although three boundary conditions are specified for an ordinary differential equa-
tion of order three, because the governing equation and all the boundary conditions are
homogeneous, a conserved quantity is required to complete the solution. Thus far no
mention of the boundary conditions (2.6.34) and (2.6.29) has been made. For (2.6.34)
to hold, o must satisfy a < —%. The solution for M, and hence u(z, z), can be obtained
using the three boundary conditions (3.4.39)-(3.4.41) and a conserved quantity. No other
information needs to be specified to find u(z, z). Equation (2.6.29) is important because

once the solution for u(z, z) has been found, equation (2.6.29) can be used to determine

A(x):
A(z) = A5 M (00) 23, (3.4.42)

and the boundary layer displacement effect A(x) can now be obtained from this result.

3.4.1.1 Casel

In terms of the similarity variables defined in (3.4.33)-(3.4.35) the conserved quantity
calculated from (3.3.4) with p/(z) =0 is

/Ooo <§)\z3 - 2x> (ufe, 2) — \A(x)) dz = 2>+ /OOO <§€3 - 2) (M(€) = M'(0)) dE

= B;. (3.4.43)
Since Bj is a constant independent of x, & = —2. The similarity solutions (3.4.33) and
(3.4.34) with a = —2 are
dM
u(x,z) = A3 i 273, (3.4.44)

(3.4.45)



Chapter 3. Conservation laws and conserved quantities 46

Equation (3.4.37) becomes

d2M .M
— — — M =0. 3.4.46
s +¢ s ( )

M 1
e s

Solving equation (3.4.46) subject to (3.4.39)-(3.4.41), using Mathematica, gives for M
M(g‘)—a—g r[_p[L € (3.4.47)

33 3 379/ o

Here, T'[c, 2] is the upper incomplete Gamma function
(e}

Lle, 2] = / tletdt. (3.4.48)
Also

vle, 2] + Tle, 2] = T'¢], (3.4.49)

where 7[c, z] and I'[¢] are the lower incomplete Gamma function and the Gamma function

respectively

v[c,z]:/ tte~tat, (3.4.50)
0

Tl = / tle~tdt, (3.4.51)
0

and ¢, z € R. The constant a > 0 is determined from the conserved quantity (3.4.43):

By
or 3]

(3.4.52)

which proves that a finite valued conserved quantity is obtained. Substituting (3.4.52)
into (3.4.47) gives

M(¢§) = : (3.4.53)

M'(€) = s3I 7] : (3.4.54)

Figure 3.1 displays the solution for M’(£) with By = 1.



Chapter 3. Conservation laws and conserved quantities 47

¢
10 -
gl
61
Jl
ol
dM
0.05 0.10 0.15 0.20 dé
FIGURE 3.1: Solution for case 1
The similarity solutions (3.4.44) and (3.4.45) become
ERVAN!
N5 By <3§e—%w <\3> +I[5]-T [é%]) .
u(z,z) = 2 x 3, (3.4.55)
6 330 [2]
RN
AiB2 <3§e—éz (f’f) +4r [§] —4r |3, gj}) 7
vz, z) = s xs. (3.4.56)
6390 3

3.4.1.2 Case 4

With p/(x) = 0, (3.3.10) gives a conserved quantity, which when written in terms of the
similarity variables defined in (3.4.33)-(3.4.35) is

| w2 - na@) ds ot [T (011(@) - 31'(00)) g
0 0

= By. (3.4.57)

Since By is a constant independent of z, « = —1. With a = —1, the similarity solutions
reduce to

1 dM 1
,2) = A3 —27 3, 3.4.58
u(zx, z) s T ( )
1.dM
v(z,z) = Zé—=z 1, (3.4.59)
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and a condition on M is not required. Equation (3.4.37) becomes

P 1o
des 3% g2

= 0. (3.4.60)

Solving equation (3.4.60) subject to (3.4.39) and (3.4.40), using Mathematica, gives for

i
M (¢) = 32 <F Lﬂ -T B E;D : (3.4.61)

The constant b is determined from the conserved quantity (3.4.57)

By

b=t
35T [3]

; (3.4.62)

and again, a finite valued conserved quantity is calculated. Substituting (3.4.62) into
(3.4.61) gives

g %D : (3.4.63)

Figure 3.2 displays the solution for M’(£) with By = 1.

¢
100
8 L
6 L
Jl
ol
L dm
~1.0 ~0.8 ~0.6 ~0.4 ~0.2 T

FIGURE 3.2: Solution for case 4
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The similarity solutions can now be written as

u(z,z) = — 3%“[%] x” 3, (3.4.64)
AsByz (D [3] =T |1, 22
v(z,z) = — - ( [s] 5 {3 gx})x_é. (3.4.65)
33T [5]

3.4.2 Similarity solution for case 3

Since u,(z,0) = 0 for 7% — 0 as z — 0, this case is not studied as this condition alters
the fluid flow problem. The condition u,(x,0) = 0 implies that the wall is frictionless.
Contextually this problem may correspond to the behaviour of the fluid flow behind a
hump on a solid frictionless wall boundary. However, when linearising the governing
equations it is assumed that the wall is not frictionless when Az is used to approximate
the boundary layer or Blasius plate flow. Further investigation is required in order to

ascertain as to whether this particular problem has any physical usefulness.

3.4.3 Similarity solution for case 2

In order for T2 — 0 as z — 0, the condition A(x) = —F(x) must hold. For a small
hump of length 2¢, F(z) = 0 for x > € and therefore A(x) = 0. This case describes the
physical fluid flow problem known as the near wall-wake. The pressure gradient p/(z)

obtained from (2.6.31), is substituted into equation (2.6.27) to give

0 0?
)\za—z + Av —v(z,0)) = a—;; (3.4.66)
The governing equation (2.6.28) is given by
ou Ov
—+—=0. 3.4.67
ox * 0z ( )
Introduce the scaling transformations
T = KT, 2 =K'z, u = KU, v=r'". (3.4.68)

Substituting (3.4.68) into equation (3.4.67), for invariance, (3.4.5) must hold. Substi-
tuting (3.4.68) into equation (3.4.66) and using (3.4.5) gives

2
)\z% + Av —v(z,00)) = /@C_Qb_fg;;.

o (3.4.69)
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For invariance, the condition
c=2b+ f, (3.4.70)
must hold. Solving (3.4.5) and (3.4.70) gives
a = 3b, c=2b+f. (3.4.71)
Hence the scaling transformations in (3.4.68) can be written as
z = Pz, z =K'z, u= K2+, v=r'D. (3.4.72)

From the scaling transformations (3.4.72), the results obtained in (3.4.18) and (3.4.24)

are re-derived. From (2.6.31),

dp

I —v(zx,00),
= - \zG(0).
However equation (3.4.27) gives
1 dM
G(¢) 5575 — (1 +a)M(E),

where

However since A(x) = 0, equation (3.4.42) results in the boundary condition

M'(c0) = 0.
Given condition (3.4.76) it is clear that (3.4.74) gives
G(0) = —(1 + a)M(0).

Therefore, (3.4.73) becomes

d
£ = A1+ a)x*M(c0).

Integrating (3.4.78) with respect to x gives

(3.4.73)

(3.4.74)

(3.4.75)

(3.4.76)

(3.4.77)

(3.4.78)

(3.4.79)
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Substituting (3.4.18) and (3.4.24) into (3.4.67) gives (3.4.26). Substituting (3.4.18),
(3.4.24) into (3.4.66) gives

d’F 1. ,dF
—— oA
de? t3 ¢ de¢ <

Substituting (3.4.74), (3.4.75) and (3.4.77) into equation (3.4.80) gives

2

5+ a> EF — \G + AG(00) = 0. (3.4.80)

M 1 ,d®M dM _
e T - A1+ oz)éd—g FAL+a)M(E) = M1+ a)M(c0) =0.  (3.4.81)

Introducing the transformation (3.4.30) into (3.4.81) gives

d>M
de2

BM 1
- *)\33_2
dgs + 3 ¢

— A1+ 04)33562? + A1 4 a)B3M(€) — M(1 + o) B3M (c0) = 0.

(3.4.82)

From the transformation given by (3.4.30), B is chosen as in (3.4.32). The similarity

solutions are

u(z,z) = A3 i DRI (3.4.83)
v(x,z) = ;f_dj\g —(1+a)M| 2%, (3.4.84)
p(z) = AM (00)z T, (3.4.85)

where « is a constant, ¢ is given by (3.4.36) and M satisfies

M 1 ,d*M ~dM _ _

— + = — — (1 — +(1 M=((1 M . 3.4.86

€ L E N = (). (3480
With A(x) = —F(x) the conserved quantity calculated from (3.3.6) in terms of the

similarity variables is

>*3 3.1 5 X o
/0 §Az2 (u(z,2)) dz = 2A3x3+0‘/0 E2M'(€)dE
= B;.

(3.4.87)
Since Bs is a constant independent of z, a = —%. The similarity solutions become
L dM
=\s—a 1, 3.4.88
1.dM 2 - 5
=|={—+-M|z"3 3.4.89
oo 2) = | 3€5 + 3] a4, (3.4.89)

p(z) = \M (00)z ™3, (3.4.90)
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where from equation (3.4.86), M satisfies

&M 1,d*M  2.dM 2 _ 2
= L e i R (N ) 4.91
i 3% a@ T3t T3 M (=) (3.4.91)

Solving equation (3.4.91) subject to (3.4.39), (3.4.41) and (3.4.76) (noting that (3.4.40)

is redundant), using Mathematica, gives for M’(£):

1 8 3 £3
e (@) e RER (L]

r[§] ’

(3.4.92)

where K [v,n] is the modified Bessel function of the second kind which satisfies the
differential equation
7y +my = (1 + %)y =0, (3.4.93)

and is given by

K[”?”] =

Llv + 5)(20)" /°°( cos(t) (3.4.94)
0

Nz 12 +n2)u+%

where v, € R. The constant ¢ is solved by substituting (3.4.92) into the conserved

quantity. The solution is

(3.4.95)

M'(€) = : (3.4.96)

This solution is investigated further in Chapter 4 as it is the solution to the near wake

problem.

3.5 Conclusions

The conserved quantities in terms of both the velocity components and the stream func-
tion have been derived. The conserved vectors, derived using the multiplier method, are
chosen carefully to ensure the conserved quantities relating to them are finite valued.
The three conserved quantities obtained in terms of the stream function each corre-
spond to one of the conserved quantities obtained in terms of the velocity components.

However, when using the stream function the continuity equation is identically satisfied
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whilst when using the velocity components, an extra conserved quantity arises.

An ODE can be integrated at least once if the related PDE has a conserved vector
associated with it. The integration of equations (3.4.46), (3.4.60) and (3.4.91) is an
application of the double reduction theorem [19]. Similarity solutions that satisfied the

relevant governing equations and boundary conditions are obtained for each case.



Chapter 4

The near wake

4.1 Hunt’s approach

Hunt [1] was the first researcher to tackle the problem of a laminar flow past a hump
situated on a solid wall boundary. In his initial study, he considered small humps. At
the time of the study, it was believed that Hunt had solved for the laminar far wall-wake.
Later studies [2, 15] used triple deck theory to solve for the wall-wake flow. It was shown
that Hunt’s approach solved for the near wake on the triple deck scale and Smith’s [2]

approach solved for the far wake on the triple deck scale.

This chapter is devoted to Hunt’s initial approach. A discussion on how Hunt’s re-

search fits in with the triple deck approach is also provided.

4.2 Hunt’s derivation of the wall-wake

Hunt [1] studied small humps and neglected the boundary layer displacement effect due
to the presence of the hump and therefore only saw need for two decks as opposed to
the triple deck structure developed by Stewartson [3, 5] and Messiter [4] which was
implemented by Smith [2]. The flow variables that Hunt [1] used are defined as follows:
The undisturbed boundary layer flow variables upstream of the hump are given by U and
V for the x and y velocity components respectively, and P denotes the fluid pressure.
In the wake behind the hump, u; and vy denote the z and y velocity components
respectively and p; denotes the fluid pressure. The wake flow variables can be expressed

in terms of perturbation flow variables u, v and p as follows:

up =u+U, vn=v+7V, p1 =P +p. (4.2.1)

54
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Small humps are considered and it is assumed that the wake occupies the lower part of

the boundary layer close to the wall. It can be shown that, for small y,

U=uay,

where « is the shear rate.

Hunt [1] used two different sets of dimensionless variables. For the lower deck

x
J;*:Z7 y*:Re%%,
u v
u*:Reéi, ’U*:Regiv p*:Re
eal €Q
and for the middle deck
€x Yy
[L‘** = *ok Z
¢ YT
utt = Re%i, v = Re%L, P = Re
eal eal
where the Reynolds number Re is given by
62
Re = o
v

(4.2.2)

(4.2.3)

(4.2.4)

(4.2.5)

Here € < 1, £ is the distance in which the wake decays and v is the kinematic viscosity.

The dimensionless variables in the middle deck were chosen so that the y-component of

the velocity is continuous across the two decks. Neglecting terms of O(Refg) and O(e),

the x and y components of the Navier-Stokes equation and the continuity equation in

the lower deck become

Lou* . op*  O*u*
Y =- + o
oz* dx*  Oy*
8 *
o 90"
oy*
ou* N o 0
oz*  y*
The no-slip and no-cavity conditions are given by
u*(z,0) =0, v*(z,0) = 0.

(4.2.6)
(4.2.7)

(4.2.8)

(4.2.9)
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As x — oo the flow must match with the Blasius flow resulting in the conditions

u*(oc0,y) =0, v*(00,y) = 0. (4.2.10)

As y — 0o, u* — 0 slowly, which gives

u*(x,00) =0, (4.2.11)
ou*
oy (x,00) = 0. (4.2.12)

In the middle deck, the x and y components of the Navier-Stokes equation and the

continuity equation become

**gzz +o* = —gi:, (4.2.13)
ygz = —gz (4.2.14)
gz + gz =0, (4.2.15)
which must be solved subject to the boundary conditions
v (z,0) = v (x), (4.2.16)
u vt — 0 as (z**? + y**?) — oco. (4.2.17)

It is clear that upon comparison of the middle and lower decks, the viscous flow is con-

tained within the lower deck while the middle deck is largely inviscid.

Equation (4.2.7) gives
p* =p*(x). (4.2.18)

As y** — 0, equation (4.2.13) subject to the boundary condition (4.2.16) becomes

so(?) = =5 (,0). (4.2.19)

v

However, p is continuous across the middle and lower deck, therefore

- = . 4.2.20
From equations (4.2.19) and (4.2.20) it is clear that
d *
P~ (a). (4.2.21)

dx* &
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Upon substitution of (4.2.21) into equation (4.2.6) the following equation is obtained:

ou* b ot — ot (2) = 0u*
Ox* N gy

y* (4.2.22)

Differentiating equation (4.2.22) with respect to y* and using the continuity equation
results in

O3u* 0*u*

(4.2.23)

Multiplying equation (4.2.23) by y*? and integrating with respect to y* from 0 to oo

gives

0o a3u* 0 a2u*
*2 * *3 *
dy* — dy® = 0. 4.2.24
/0 Yooy /0 Y owray ( )

Using integration by parts, subject to the boundary conditions (4.2.9), (4.2.11) and
(4.2.12), (4.2.24) reduces to
° Ju* 3d [

dy* + = — 2y dy* = 0. 4.2.25
an*y+2dx0yuy ( )

Since the first term subject to the boundary conditions (4.2.9) and (4.2.11) is zero,
(4.2.25) simplifies to

3d [*

*2 % *
° dy* =0 4.2.26
par ), VW ; ( )

which results in the conserved quantity

3/ y*2ur (o, g dyt = I, (4.2.27)
0

where I* is a constant. Hunt [1] instead integrated (4.2.22) with respect to y* from y*
to oo, and then again with respect to y* from 0 to co. However, both approaches result

in equation (4.2.27).

Introducing the scaling transformations
5 = \g, y* = Ay, u* = \u, (4.2.28)

into equation (4.2.23) gives

)\C—3b@_ c—ay 82” —_
oy3 Ox0y

(4.2.29)
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For invariance it is clear from equation (4.2.29) that a = 3b. The scaling transformations

in (4.2.28) become

z* = g, y* = Ay, u* = \u.
Let
ut = f(z%,y"),
u=f(z,y).
This gives

A Cut = f()\f?)bx*,)\fby*)'

Differentiating (4.2.31) with respect to A leads to

C)\icilf(x*, y*) — 3b673b71x*87f + b)\fbfly*
ox Yy

and setting A = 1 gives #* = x and y* = y, which results in

of of
Ox* oy’

cf (", y") = 3bz" = + by

The characteristic curves obtained from (4.2.32) are

de* _dy* _df
3ba* byt cf

Solving the first pair of equations in (4.2.33) gives

(4.2.30)

(4.2.31)

(4.2.32)

(4.2.33)

(4.2.34)

Hunt [1] defined 7 as y*3/x*, which results in the same solution. However with the choice

of n in (4.2.34) it is simpler to compare Hunt’s approach with the triple deck approach.

Solving for the first and last pair of terms in (4.2.33) results in

u* =« F(n),

where

(4.2.35)

(4.2.36)
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Equation (4.2.23), written in terms of n and F(n) is given by

S —k) = =0. 4.2.37
3 a7 (4.2.37)

d3F+12d27F+ 1 dF
dn? 3" dn? K

In order to solve for k the conserved quantity in equation (4.2.27) is written in terms of
n and F(n):

3

o
23[;*’“*1/ n?F(n)dn = I*, (4.2.38)
0

which differs from Hunt’s [1] result due to the choice of 1. However from equation

(4.2.38), k = —1 which is equivalent to Hunt’s value. Equation (4.2.37) now becomes

BFE 1 ,d*F 4 dF

=0
dn? +3 dn? +3nd77 '

which is again different from Hunt’s result due to the choice of n in (4.2.34), but yields
the same results. This is multiplied by 37? to give

dF
+4nP— =0. (4.2.39)

32 -z

Z3F L d*F
dn? n?

The aim is to write equation (4.2.39) in a form which is directly integrable in terms of

n. From (4.2.39) the last two terms can be combined to give

BF  d dF
2% & Bl 49 —
31 dn? * dn (17 dn) 0

Using the chain rule on the first term gives

d ([ ,d*F d2F\ d [ ,dF
3<d77 <" dnz)””dnz)*dn(” dn) =0 (4.2.40)

Equation (4.2.40) is not yet in the form required. By again making use of the chain rule

(4.2.40) becomes

3 b 261271? —9 d ([ dF\ _ dF _|_i 108 =0
dn \" dn? dn \"dy dn an \"dn) ="

which can be simplified to give

d [ ,d*F d ([ dF dF d ([ 4dF
L2 ) gl (42 a2 () =o. 4.2.41
Sdn(n d772> 6d77 (ndn>+6dn+dn<n d77> 0 ( )



Chapter 4. The near wake

60
Integrating (4.2.41) with respect to n gives
d*F dF dF
30— — 6n— +6F = 4.2.42
The boundary conditions (4.2.9)-(4.2.12) in terms of  and F(n) give
F(0) =0, (4.2.43)
F(o0) =0, (4.2.44)
F'() = 0. (4.2.45)
However as n — 0 the boundary condition in (4.2.43) is applied and ¢ = 0. Therefore,
d’F dF dF
2 4
— — 6n— F — =0. 4.2.4

The conserved quantity is given by

o 2
/ n?F(n)dn = gl*. (4.2.47)
0

Equation (4.2.46) is solved subject to the boundary conditions (4.2.43)-(4.2.45) and the
conserved quantity (4.2.47) using Mathematica, which results in

A~ F i KL, B T[2]
F(n) = 1

¢ , (4.2.48)
3237

where K[n, z] is the modified Bessel function of the second kind. In order to solve for A

in (4.2.48), the conserved quantity (4.2.47) is used. The solution for A is

e 37 I*

I (4.2.49)
2573 T [%]
Substituting (4.2.49) into (4.2.48) results in

(4.2.50)
From the result in (4.2.50) the solution to u* is

_y .3
w2, y*) = I"em sy 2 K|

13,
232m2x

(4.2.51)

Figure 4.1 displays the solution (4.2.51) at * = 1 with I* = 1 and is useful in identifying
the behaviour of the wake near to the hump.
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FIGURE 4.1: Near wake solution obtained by Hunt

In Figure 4.1 the presence of the hump effects the flow near to the wall. The z-component
of the wake velocity is at a maximum at y* = 1.16615. The width of the wake is ap-
proximately 3.5 with the velocity deficit tending to zero for y* greater than 3.5.

The problem with Hunt’s approach is that the velocity «** cannot be specified from
u* because u* — 0 as y* — oo. Therefore the z-component of the velocity is not

continuous across the two decks. This problem is resolved in the triple deck approach.

4.3 Triple deck approach

The displacement effect A(z) does not play a significant role in the developement of the
near wake. The near wake has an effective width of the same order as the height of the

obstruction, which is much less than the height of the lower deck. Hence to first order,
A(x) = 0. (4.3.1)

In this case there is no need for an upper deck. It is then required that the result for p

needs to be calculated from (3.4.90).
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From Section 3.4.3 the solution for the near wake problem is given in (3.4.96) as

3

I
12

) By e &K |1
M'(€) = e A[G - ] (4.3.2)

oo
o]

Njw

ol
ol

Therefore the solution for u given in (3.4.88) becomes

23
By )\%z%ef?TzK [%,%}
u(z, z) = . (4.3.3)

1 3
232m2x

(NI

Figure 4.2 displays the solution with x =1, A =1 and By = 1.

0.05 0.10 0.15 B2

FIGURE 4.2: Triple deck theory solution for the near wake

4.4 Conclusions

The solution displayed in Figure 4.2 matches the solution obtained by Hunt [1] given
in Figure 4.1. The near wake is situated well within the lower deck. Due to this, the
development of the wake is not dependent on the boundary layer displacement effect.
The near wake has a conserved quantity given in (3.4.87). There was no need for an

upper deck.

It is clear from this comparison of Hunt’s [1] approach to the triple deck approach
that Hunt solved for the near wake on the triple deck scale. Smith [2, 15] gives the

solution for the far wake, which is discussed in Chapter 5.
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The far wake

5.1 Smith’s approach

Smith [2] considered the problem of the wall wake proposed by Hunt[1] and used triple

deck theory to solve for the far wake flow. As mentioned previously, further work on

wall-wake flows was conducted [15]. It was shown that Smith’s solution corresponds to

the far wake flow on the triple deck scale. In this chapter, the work done by Smith on

the far wall wake is discussed.

5.2 Smith’s derivation of the far wall-wake

The similarity solution for the far wake is considered. The governing equations (2.6.27)

and (2.6.28) are repeated here for convenience:

ou dp
Oox 0z

0?u
+ 5 (5.2.1)
(5.2.2)
z = K%z, (5.2.3)

Similarity solutions were calculated in Section 3.4.1 for the case p/(x) = 0. It is easily

shown that the scaling transformations in (5.2.3) must have the properties

a:3b, C:2b+f7
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g=3b+f, (5.2.4)
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for equations (5.2.1) and (5.2.2) to be invariant. Hence the scaling transformations in

(5.2.3) can be written as

x = r¥F, z =Kz, (5.2.5)
u = /Q%Jrfﬂ, v=rlD. p= m3b+fﬁ.
The results from Section 3.4.1 can be used to show that
dM
u(zx, z) = :L‘%'H"F(f) = x§+o‘d—§, (5.2.6)
1 .dM
v(z,z) =x“G(€§) = = géd—g —(1+a)M()]. (5.2.7)
The solution for p now needs to be calculated. Let
p = K(x),
p = K(z)
This results in
kT K (2) = K (5 %2). (5.2.8)
Differentiating (5.2.8) with respect to & gives
dK
(3b+ f)rPH LK (2) = 3br 73071 =,
dzx
and letting k = 1 gives
dK
(3b+ f)K(x) = 3b—. (5.2.9)
dx
Simplifying equation (5.2.9) gives
d dK
(1+ a)% == (5.2.10)
where
f
= . 5.2.11
a=g ( )

From the equation in (5.2.10)

p(x) = 2" Hy. (5.2.12)
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Substituting (5.2.6), (5.2.7) and (5.2.12) into equation (5.2.1) gives

a0+ oz)&cg\g FAL 4+ a)M(E) — (1 +a)Hy=0.  (5.2.13)

Introducing the transformations (3.4.30) into equation (5.2.13) gives

M 1 d*M —dM S B3
—— + ABEP— — A1+ a)B*— + A1+ a)B*M(§) — (1 + a)—Hy = 0.
T P M1 )BT A1+ ) B — (1+a) L Hy
(5.2.14)
Hence
1\ s H
B=(< A==2 5.2.15
(5)" ! (5.215)
The similarity solutions are
dM
u(z, 2) = Ho\"3 ——g5 7, (5.2.16)
dg
1_dM -
v(z,2) = HA ' | =é—= — (1 + a)M| z°, (5.2.17)
37 d¢
p(z) = Hox' T, (5.2.18)
where Hp and « are constants, £ is defined as in (3.4.36) and M satisfies
BN 1 d? N il )
— 4 = — — (1 — 1 M= (1 . 5.2.19
e (i = (). (5219)

In order to obtain the result for the pressure and solve for the constant «, the upper
deck needs to be considered. Linearising the upper deck solution (2.5.29) based on the
expansions (2.6.25) and (2.6.26) gives

p(z) = 1][00 Md:cl. (5.2.20)

TS oo T — T1

Assuming that in the far wake region the hump can be described as a point disturbance,
A(z) = —Fodé(x), (5.2.21)

which allows (5.2.20) to be solved. Substituting (5.2.21) into (5.2.20) gives

plx) = —FO][OO del. (5.2.22)

T ) o —T1



Chapter 5. The far wake 66

Integration by parts leads to

p(z) = —% <[;(_xlx>1]io _][_Z mdm> ,
_ FO][OO Md:}:h

T ) oo (x—21)?
_ 1
o a2

(5.2.23)

The solution for the pressure given by (5.2.23) must match the similarity solution for

the pressure in the linearised lower deck given by (5.2.18). From (5.2.18) it is clear that

o= -3, Hy = -2 (5.2.24)
T

Therefore, the similarity solutions in the lower deck given by (5.2.16)-(5.2.18) are

2 _
o3 dM
u(z, z) = —2 ’ —_:U_g, (5.2.25)
T d
Fod= ! [1.dM -
v(z,2) = = [3£df_ + 2M] 73, (5.2.26)
F
p(z) = a2, (5.2.27)
T
Using (5.2.24), equation (5.2.19) becomes
M 1,d*M  _-dM _
— - — 26— —2M = 2. 5.2.28
@ T3t e TR (5:2:28)
The boundary conditions
M'(0) =0, (5.2.29)
M"(c0) =0, (5.2.30)
M(0) =0, (5.2.31)

derived in Section 3.4.1 still hold for the far wake problem. However, the condition
M" (o) is identically satisfied and a solution for M cannot be obtained from the three
boundary conditions given in (5.2.29)-(5.2.31). In this work, the following approach is
adopted: Consider the boundary condition

u(x, z) = NA(z), zZ — 00. (5.2.32)
For A(z) = —Fyd(x), condition (5.2.32) becomes

u(z,00) =0, x > 0. (5.2.33)
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Because the far wake flow holds for large z, the boundary condition (5.2.33) can be used.

In terms of the similarity variables this is
M'(c0) =0, (5.2.34)

Smith [2] did not consider this approach. A detailed analysis of his approach is given in
[2]. The solution for M’(£) derived using Mathematica is

M’(f) - 1 —
933 ¢
3 - _
2 (96% (@-15)B[3,-§| -83i £ [-2]"+ 81>
a 243 €
By [{-12};{ 2} _e
21472 3 » 1323 9
- _ : (5.2.35)
£
where E [n, z] is the exponential integral function defined as
00 efzt
Eln, 2] = / " (5.2.36)
1

where n,z € R and ,F,[a;b; c] is the generalized hypergeometric function and has the

series expansion

X (a1)k(a2)g--(ap)x c*
kzzo (1) (b2) g (bg)i K (5.2.37)

where (a)y is the Pochhammer symbol given by

I(a+ k)

(a)k ()

. (5.2.38)

The results for the far wake for M’(£) are displayed in Figure 5.1
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FIGURE 5.1: Triple deck theory solution for the far wake

In Figure 5.1 the region close to the wall where the wake velocity is a maximum is
at approximately & = 0.883758. In the far wake there is a region of back flow with
a maximum at approximately ¢ = 2.51393. The velocity deficit approaches zero for &

greater than approximately 3.5.

5.3 Concerns

The assumption taken for A(x) in (5.2.21) is obtained by considering the hump as a
point disturbance and in the far wake this gives F'(x) = Fypd(z). If this is the case then
A(z) = —F(x) and from Section 3.3.1.2 a conserved quantity does exist. Further work

would need to be conducted in order to resolve this apparent contradiction.



Chapter 5. The far wake 69

5.4 Conclusions

Smith’s approach solved for the far wake on the triple deck scale where the boundary
layer displacement effect is of central importance. Because the boundary layer displace-
ment effect is negligible for the near wake, it can be concluded that Hunt’s approach
is applicable to near wall-wake flows. A clearer understanding of the boundary layer
displacement effect may allow for the relationship between the near and far wake to be

found and a possible intermediate wake could be identified.
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Conclusions

A complete and accurate description of the laminar flow behind a hump on an otherwise
smooth boundary, can be achieved by using triple deck theory. In Chapter 2, triple
deck theory was used to derive the governing equations and the boundary conditions.
The governing equations for small humps were obtained. The governing equations were
shown to be the same for both near and far wakes. However, the boundary conditions
were different and a conserved quantity was required to complete the solution for the near
wall wake. It was shown that for the near wake, the boundary layer displacement effect

has no influence on the near wake solution, whilst for the far wake it cannot be neglected.

In Chapter 3 an investigation into the conserved quantities pertaining to the govern-
ing equations describing a wall-wake flow has been undertaken. The multiplier method
was used to derive the conserved vectors when the governing equations were expressed
in terms of both the velocity components and the stream function. The conservation
laws corresponding to each conserved vector were then integrated across the wake in
order to obtain the conserved quantities. Because, in general, the boundary conditions
were non-homogeneous, careful consideration when choosing the conserved vectors was
required in order for the conserved quantities to be finite valued. To achieve this, addi-

tional restrictions needed to be imposed.

In terms of the velocity components, four conserved quantities were found. One of
the conserved quantities corresponded to the moment of momentum deficit which was
required to complete the solution for the near wall-wake flow for very small humps. Two
of the conserved quantities could only be obtained by assuming that the fluid pressure
gradient is zero. These conserved quantities corresponded to the conservation of mass
and the second moment of the axial momentum deficit. The last conserved quantity,

namely the conservation of drag, existed provided that there is zero shear at the solid
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wall. The condition of zero shear at the solid wall boundary completely alters the fluid
flow problem which relies on the interpretation that a boundary layer is perturbed and

thus this case was not investigated further.

In terms of the stream function, only three conserved quantities were found. Each
of these corresponded to one of the conserved quantities that were obtained in terms
of the velocity components. When using the stream function, the continuity equation
is identically satisfied and one of the conserved quantities is not accounted for and can

only be obtained when using the velocity components.

Similarity solutions that satisfied the relevant governing equations and boundary con-
ditions and that admitted a finite valued conserved quantity were found for each case
that had possibly plausible physical significance. Although an in-depth physical inter-
pretation of the results was not conducted, it was proved that the solutions do in fact
exist. It was also shown that for the two cases which had a zero pressure gradient, the

unknown non-homogeneous boundary condition could be evaluated.

In Chapter 4, the near wake solution has been investigated in detail. It was shown
that the solutions obtained from the triple deck approach [2] and from Hunt’s approach
[1] were equivalent. Since the boundary layer displacement effect is negligible for near
wall-wake flows, only two decks were required. The governing equations for the lower
deck were identical for both approaches. However, the governing equations and bound-
ary conditions for the middle deck were different. The dimensionless variables used by
Hunt [1] where chosen to ensure the y-component of the velocity is continuous across the
middle and lower deck. The problem with Hunt’s approach is that the z-component of
the velocity in the middle deck cannot be specified from the z-component of the velocity
in the lower deck. This problem does not occur using the triple deck approach and

consistency between the decks is maintained.

The approach taken by Smith [2] is investigated in Chapter 5 and the solution for the
far wall-wake is obtained. Here the hump is assumed to be a point disturbance which
allows for the boundary layer displacement effect to be defined by a delta function. The
pressure in the upper deck is solved and compared to the similarity solution in the lower
deck, allowing for a solution to be obtained. From Smith [2] a conserved quantity was
not required and does not exist. However by assuming that the hump is a point distur-
bance the result A(x) = —F(x) is obtained which was the condition from Section 3.3.1.2
for a conserved quantity to exist. Further investigation is required to fully understand

the far wake and the wall-wake problem.
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