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Abstract

The initial objects (in the category of Frolicher spaces) being studied are Frolicher
subspace, product and equalizer’s domain; and the final objects are Frolicher quo-
tient, coproduct and coequalizer’s codomain. For each object a canonical topology
(from the category of topologies) is induced on the underlying set of the object,
and Frolicher topologies are induced from the Frolicher structure. There are two
Frolicher topologies for each object: a Frolicher topology induced from structure
curves and a Frolicher topology induced from structure functions - it’s shown that
the former Frolicher topology is finer than the latter Frolicher topology for any
Frolicher space. It’s shown that for each initial object the canonical topology is
coarser than the Frolicher topology induced from structure functions, and for each
final object the canonical topology is finer than the Frolicher topology induced
from structure curves. Furthermore we establish that the building structure for
each object is constant and algorithmic.
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Chapter 1

Introduction.

Alfred Frolicher, a Swiss mathematician, is the father of Frolicher spaces, that is
he was the first to work with and the one who discovered these spaces - Frolicher
spaces. But at the time Alfred Frolicher called these spaces smooth spaces (see
[12]). Frolicher spaces are sets endowed with a smooth structure - the Frolicher
structure. They [Frolicher spaces| were called Frolicher spaces for the first time
by P. Chereneck [10] in his paper (submitted in 1996) titled: Frélicher versus
differential spaces: a prelude to cosmology.

Since Frolicher spaces are endowed with a Frolicher structure, which is a smooth
structure, then the morphisms between Frolicher spaces are smooth maps. A col-
lection of Frolicher spaces and smooth maps between the Frolicher spaces build
the category of Frolicher spaces. In this dissertation we are ”"working” in the
category of Frolicher spaces. A category can posses initial and final objects
[1],[2],[4],[14] and thus from literature there are initial and final objects in the
category of Frolicher spaces (see [5],[6],[7] and [10]). Since initial and final ob-
jects in the category of Frolicher spaces are themselves Frolicher spaces, then
topologies [3],[15] can be induced on the underlying set and from the Frolicher
structure of these objects. This dissertation aims to study and investigate to
determine the topological relation of topologies in, and the building structure of
initial and final objects in the category of Frolicher spaces.

The first chapter is the introduction as usual. The second chapter is prelimi-
naries. In the second chapter we introduce concepts from category theory and
general topology which will be used and are needed for the advancement and
understanding of this dissertation; and then we build on Frolicher theory - that
is we build on the theory of Frolicher spaces and Frolicher topologies, and build
the category of Frolicher spaces.

The third chapter is on initial objects, with sections as the initial objects un-
der our study, that is Frolicher subspace, Frolicher product and the domain of
Frolicher equalizer. Similarly the fourth chapter is on final objects, with sections



as Frolicher quotient, Frolicher coproduct and the codomain of Frolicher coequal-
izer - the final objects under our study. For each of the sections in the third
and fourth chapter, we have the structure, where we build the object, then the
inducing of Frolicher topologies from the Frolicher structure of the object, then
the inducing of a canonical topology on the underlying set of the object, and then
we have topological relation where we determine the relationship of the canonical
topology and the Frolicher topologies of that object.

The main result of this dissertation is the building structure and the topolog-
ical relations for initial and final objects to be attained from the third and fourth
chapters. For whatever topological relation and building structure is attained
from these chapters, we then test these results on Frolicher tangent bundles, that
is in the fifth chapter.



Chapter 2

Preliminaries.

2.1 Basic concepts from category theory.

Category theory is a broad theory. Thus we are hereby not discussing the whole of
category theory but only limited to concepts of category theory that are relevant
and useful to this dissertation. These concepts of category theory to be discussed
are important towards the formation of, and the understanding of the category
of Frolicher spaces, of which is the category we are working on and working with.

2.1.1 Functions on a set.

We thereby assume that the concept of sets is understood from set theory. We
hereby consider functions of sets.

Let A; and As be non-empty sets. The arrow f : A; — A, is a function if all
elements of A; are assigned to an element of Ay, thus for every x € A; there exists
f(z) € As. The set A; is called the domain of f and the set A; the codomain of
f, denoted dom(f) and cod(f) respectively. The image of f : A} — Ay is given
by the set f(A;) = {f(x) € Ay |z € Ay}, thatis f(X) C Ay, while the pre-image
is given by the set f71(Ay) = {z € Ay | f(x) € Ay}, that is f71(Ay) C A;.

Suppose now that As is also non-empty and that g : A, — Ajz is a function.
Note that cod(f) =Y = dom(g). Then there exists a composition function
gof: A — Az given by (go f)(z) =g(f(z)) V = € A;. That is the trian-
gle

By

commutes. That is for every pair of functions f and ¢ such that
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cod(f) = dom(g) there exists a composition function go f : dom(f) — cod(g).

Let A4 be another non-empty set and h : A3 — A; a function. That is we
have functions f: Ay — Ay, g: Ay — Az and h: A3 — A4. Note that

cod(f) =Y = dom(g) and cod(g) = Z = dom(h). Then go f : Ay — A
and hog : Ay — A, are defined by (g o f)(z) = g(f(x)) V x € A; and
(hog)ly) =hg(y)) ¥y € As.

Then
[ho(go f)l(x) =ho(go f)(z)
= ho(g(f(2))) (2.1)
= h(g(f(z)))
and

[(hog)o fl(x) = (hog)o f(x)
= h(g(f(x)))

That is [ho(go f)](x) = [(hog)o f](x),V x € A;. Therefore ho(go f) = (hog)o f.
Thus the operation o of composition of functions is associative. That is the
diagram

(2.2)

A1—>A2

PN

Ag T) A4
commutes.

For every non-empty set A; there exists an identity function I, : A1 — A
such that I4, (z)=x for every x € Ay. Thus for every f : A; — Ay we have that
foly,=fand Is, o f=f where I4, : Ay = Ay and 14, : A, — A, are identity
functions on A; and Aj respectively. That is, in the sense of abstract algebra,
identity functions act as units for the operation o of composition of functions.
The diagram

IAl
A1 — Al

lf IA2 of
fofk \

A2 —_— A2
IA2

illustrate this phenomenon, and reckon that the [above| diagram is commutative.

2.1.2 Category

Definition 2.1.1 Morphisms.
A morphism is an arrow between two objects. Objects in this case refers to math-
ematical objects, for example sets, groups, topologies, algebras, spaces etc. That
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is, for every morphism (or arrow) there exist a domain and a codomain, that is
the object where the arrow starts and the object where the arrow ends respectively.

For example let g be an arrow from object A to object B, that is g is a morphism
from object A to B. Then the morphism g can be represented as g : A — B or
A % B. In this case object A is the domain and object B is the codomain. A
function or a mapping is an example of a morphism.

Definition 2.1.2 Category.

A category is a collection of mathematical objects and associated morphisms be-
tween these mathematical objects. That is a category consists of mathematical
objects X1, X, X3, .... and morphisms f1, fo, f3,.... between these mathematical
objects such that the following are satisfied:

1. Identity: For each mathematical object X; there exists a morphism

Ix, : X; — X, called the identity morphism.

2. Composition: For each pair of morphisms f; and f; (i # j) with
cod(f;) = dom(f;), there exists a composition f;o f; : dom(f;) — cod(f;).

The above conditions are subject to the following conditions:

1. Associativity: For every morphisms f;, f; and fi (i # j # k # i) such that
fi X — XQ, fj : Xo = X3 and fk : X3 — Xy where Xl, XQ, X3 and X,
are mathematical objects, we have that fi, o (fj o fi) = (fx o f;) o fi.

2. Unity: For any morphism f, : Xi, — X; we have that f, o Ix, = f, and
Ix; o fn = fu where Ix, : X}, — X and Ix, : X; — Xj are idenlity
morphisms on X, and X; respectively.

From now onwards objects will refer to mathematical objects and morphisms will
refer to morphisms between the aforementioned mathematical objects.

The following are examples of categories:

Example 2.1.1 The category of sets.

Let Ay, As and As be sets such that f : A1 — As and g : Ay — Az are functions.
We have seen from Subsection 2.1.1 that there exists a composition function

go f: Ay — Az, and that for any set Ay there exists an identity function

Ia, : Ay — Ay defined as 14, (x) = x, Vo € Ay. Therefore the collection consisting
of sets and functions on sets form a category - the category of sets.

Example 2.1.2 The category of posets.
Let X be a non-empty set with the relation o <x [ for all a, 8 € X such that:
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1. a <x « for every a € X (reflexivity).
2. a<x B and f <xv= a <x vy Va,B,v€ X (transitivity).

3. a<x pfand f <x a = a = [ Va, € X (antisymmetry).
Then X s called a poset - a partially-ordered set.

Let X and Y be posets, then the morphism p : X — Y is a monotone func-
tion, that is x <x y implies that p(x) <x p(y) for every x,y € X. Let X be a
poset and Ix : X — X be an identity function defined by Ix(x) = x for every
x € X. Note that v <x x implies that x <x x for every x € X. That isx <x x
implies that Ix(x) <x Ix(x) for every x € X. Thus Ix is the identity monotone
function. Let Z also be a poset and f : X — Y and g : Y — Z be monotone
functions. That is o <x [ implies that f(a) <y f(B) for every o, € X and
a <y b implies that g(a) <z g(b) for every a,b € Y. Now consider the function
gof: X —Z. Let a, € X such that « <x (. Since f(«), f(5) € Y then

(go f)la) =g(f(a))
<z 9(f(B)) (2.3)
= (g0 1))

That is go f : X — Z 1is a monotone function. Thus the category of posets
consists of posets as objects and monotone functions as morphisms.

Example 2.1.3 Categories of structured sets.

A poset is a set endowed with a structure. That is a poset is a structured set
where monotone functions preserve the structure. Thus the category of posets
s a category of a structured set. Structured sets are sets of which a structure
is defined on with functions that preserve that structure (see [4]). Ezamples of
categories of structured sets include but are not limited to:

1. The category of differential manifolds: Objects are differential manifolds
and morphisms are smooth functions.

2. The category of groups: Objects are groups and morphisms are group ho-
momorphisms.

3. The category of graphs: Objects are graphs and morphisms are graph homo-
morphisms.

4. The category of topological spaces: Objects are topological spaces and mor-
phisms are continuous functions.

5. The category of vector spaces: Objects are vector spaces and morphisms are
linear mappings.
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2.1.3 Initial and final objects.

Definition 2.1.3 Initial object.
An object I in the category C is an initial object if the morphism I — X is unique
i C for every object X in C.

The algebraic dual of initial objects are final objects.

Definition 2.1.4 Final object.
An object F' in the category C is a final object if the morphism Y — F' is unique
in C for every object Y in C.

In other texts final objects are being referred to as terminal objects (see [1], [2]
and [4]). Following are examples of initial and final objects in the category of
sets and the category of posets:

1. In the category of sets the initial object is the empty set and any singleton
is a final object. That is the category of sets has only one initial object and
multiple final objects.

2. In the category of posets an object is an initial object if and only if it is the
least element, that is the infimum, and an object is a final object if and only
if it is the greatest element, that is the supremum. That is the category of
posets only has one initial object and one final object.

From these two examples we observe that a category can have at least one initial
object and at least one final object. Also a category can have neither an initial
and a final object (see [1] and [4]). That is not all categories have initial and
final objects. There are categories that have neither initial nor final objects. For
example the poset (Z, <) has no initial object and no final object. Also note that
there are certain objects which are both initial and final objects. Such objects
are called zero objects (see [1]).

Remark 2.1.1 In this dissertation the initial and final objects are objects with an
initial and final structure respectively, not as per definition, this will be illustrated
later.

2.1.4 Functors.

Definition 2.1.5 Functor.

A functor is a morphism between categories. Let X and Y be categories and
F:X — Y. Then F : X — Y is a functor if F' preserves composition and
identity morphisms. That is F(Ix) = Ipx) where Ix and Ipyy are the identity
morphism on X and F(X) respectively, and F(f o g) = F(f) o F(g) for any
morphims f and g of X.
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The functor F' : X — ) consists of the object function and the morphism func-
tion. The object function assigns every object in X to an object in ), and the
morphism function assigns every morphism in X’ to a morphism in ). Thus every
functor consists of an object and morphism function.

Following are examples of functors:

1. The identity functor: For any category C, there is an identity functor
ide : C — C where the object function is given by id¢(c) = ¢ for every
object ¢ of C, and the morphism function is given by idc(f) = f for every
morphism f of C.

2. The forgetful or faithful functor: For any construct C (that is a cat-
egory of a structured set and structure preserving functions, see [1], [2],
[4] and [14]), there is a forgetful functor (also called the faithful functor or
underlying functor) U : C — Set where Set denote the category of sets,
where in each case U(c) is the object of Set and is the underlying set of
C, and U(f) is a morphism in Set, and is the underlying function of the
morphism f.

2.1.5 Sources and sinks.

Definition 2.1.6 Source.

Let C be a category and let X and {Y;}ier be an object and a family of objects of
the category C respectively. The pair (X, {f;}icr) where f; + X — Y; is a family
of morphisms in C is a source in C. The family {Y;}icr is called the codomain of
the source.

The algebraic dual of a source is a sink.

Definition 2.1.7 Sink.

Let C be a category and B and {A;}jes be an object and a family of objects in
the category C respectively. The pair ({gj}jes, B) where g; : Aj — B is a family
of morphisms in C is a sink in C. The family {g;};es is the domain of the sink.

2.1.6 Limits and colimits.

Definition 2.1.8 Diagram.

A diagram in a category C is a functor D : A — C where C is the codomain of D
and A is the domain of D. The category A is called the scheme of the diagram
D.

There is absolutely no technical difference between a diagram and a functor, in
actual fact a diagram is a functor but a functor is not necessarily a diagram, and
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there is also no difference between a scheme and a category, that is a scheme
is a special type of a category, and a category is not necessarily a scheme of a
diagram. We however opt to use the aforementioned terminology when treating
limits and colimits for reasons of their [limits and colimits| historical development
(see [1]). We denote the image of morphism f under diagram D by Dy.

Definition 2.1.9 Limat.
Let D : A — C be a diagram.

1. A C-source (that is a source in C) f; : C — D;, i € Ob(A), that is i is
an object of category A, is said to be natural for D provided that for each
A-morphism (that is a morphism in the category A) d : i — j we have that
fi=Dgo fi (i #j) where f; : C — Dj, j € Ob(A). That is the triangle

N lDf‘
D
commutes.

2. A limit of diagram D is a natural source l; : L — D;, i € Ob(A), for D
with the property that each natural source f; : C — D;, i € Ob(A), for D
uniquely factors into it, that is for every such source there exists a unique
morphism f : C — L such that f; =1; 0 f. That is the triangle

B!

commutes.
The algebraic dual of limits is colimits.

Definition 2.1.10 Colimits.
Let D : A — C be a diagram.

1. A C-sink (that is a sink in the category C) f; : D; — C where 1 is an object
of the category A, is said to be natural for D provided that for each A-
morphism (that is a morphism in the category A) d : i — j, we have that
fi = fj o Dq, that is the triangle

Cii

commutes.
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2. A colimit of D is a natural sink ¢; : D; — K where i is an object of the
category A, for D with the property that each natural sink for D uniquely
factors through it.

2.1.7 Cartesian-closed categories and exponential law.

Definition 2.1.11 Let X and Y be categories, F : X — Y be a functor, and x
and y be objects in the category X and ) respectively.

1. The morphism f : y — F(x) is called an F-structured morphism with
domain y.

2. An F-structured morphism f : y — F(x) with domain y is called an F'-
universal morphism for y given that for each F-structured morphism

Iy — F(Z) with domain y there exists a unique morphism f: x — & in
the category X such that f = F(f)o f. That is the triangle

y —— F(z)

X lF(ﬂ
F(z)
commutes.

Definition 2.1.12 Adjoint and co-adjoint functors.

A functor F' : X — ) is an adjoint functor provided that for every object y in
the category Y there exists an F-universal morphism with domain y. Dually, a
functor F : X — Y is a co-adjoint functor provided that for every object y in the
category Y the exists an F-universal morphism with codomain y.

In other texts adjoint and co-adjoint functors are refered to as left-adjoint and
right-adjoint functors respectively.

Definition 2.1.13 Cartesian-closed categories.

A category C is said to be cartesian-closed provided that it has final objects and
finite products and for each object ¢ in C the functor (cx—) : C — C is a co-adjoint
functor.

The following are special morphisms and functor isomorphisms in category the-
ory:

Definition 2.1.14 Isomorphisms.

Let C be a category, the morphism u : A — B in C is said to be an isomorphism in
C if there exists a morphism v : B — A in C such that vou = I, and uov = Ip,
where 14 is the identity morphism on A and Ig is the identity morphism on B
in the category C.
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Definition 2.1.15 Isomorphic objects.

The objects A and B in the category C are said to be isomorphic if there exists
an isomorphism u : A — B in C. We write A = B to say that A and B are
1somorphic.

Definition 2.1.16 Sections.
A morphism v : A — B in a category C is called a section if there exists a
morphism v : B — A in C such that vou = 14.

Definition 2.1.17 Retractions.
A morphism u : A — B in a category C is called a retraction if there exists a
morphism v : B — A in C such that uov = Ip.

Following from the definitions of isomorphism, section and retraction we attain
the following proposition:

Proposition 2.1.1 Ifu : A — B is an isomorphism in a category C then u is
both a section and a retraction.

Definition 2.1.18 Monomorphism.

A morphism u : A — B in a category C is said to be a monomorphism or an
ingection if for all pairs h,k : C — A of morphisms in C we have that uoh = uok
implies that h = k.

Proposition 2.1.2 FEvery section is a monomorphism.

Proof: Let u: A — B be a morphism in the category C such that u is a section.
That is there exists a morphism v : B — A such that vou = I4. Let h,k: C' — A
such that wo h =wo k. Then
h=140h

=(vou)oh

=wvo(uoh)

=vo(uok) (2.4)

=(vou)ok

=1 0k

=k

Hence u : A — B is a monomorphism. U

Definition 2.1.19 Epimorphism.

A morphism u : A — B in a category C is an epimorphism or a surjection given
that for all pairs m,n : B — C of morphisms in C m o u = n o u implies that
m =n.
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Proposition 2.1.3 FEvery retraction is an epimorphism.

Proof: Let v: A — B be a retraction in a category C such that mov =now
where m,n : B — C'is a pair of morphisms in C. Since v : A — B is a retraction
then there exists a morphism z : B — A in C such that vo z = Ig. Then

m=molp
=mo(voz)
=(mow)oz
= (nowv)oz (2.5)
=no(voz)
=nolp

=n
Hence v : A — B is an epimorphism. O

Then following from propositions 2.1.1, 2.1.2 and 2.1.3 we attain the following
proposition:

Proposition 2.1.4 Any isomorphism in a category is simultaneously an epimor-
phism and a monomorphism.

That is by Proposition 2.1.4, any isomorphism is a bijection since any isomor-
phism is simultaneously an injection and a surjection.

Definition 2.1.20 Functor isomorphism.

Let X and Y be categories, the functor F': X — Y is said to be an isomorphism
provided that there exists a functor G : Y — X such that G o F = idy and
F o G=idy, where idy and idy are identity functors on X and Y respectively.

Definition 2.1.21 Isomorphic categories.

The categories X and Y are said to be isomorphic if there exists a functor

F X — Y such that F' is an isomorphism. If X and Y are isomorphic we write
xX=y.

The property of cartesian-closure is linked with the exponential law in category
theory. We thereby start with the concept of exponential law.

Definition 2.1.22 Let C be a category, for every pair (A, B) of objects in C, BA
is the set of all morphisms from A to B. That is
BA={u:A— B | uisamorphism in C}.
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Definition 2.1.23 Exponential objects.

Let C be a category with products and let A and B be objects in C. We say that
the exponential of A and B exists, that is A and B are exponential objects if there
is a canonical isomorphism BA*¢ = (BA)C,

The canonical isomorphism BA*¢ = (B4)¢ implies that there is a bijective cor-
respondence between the morphisms f : A x C — B and g : C — B* and is
called the exponential law. That is if the pair (A, B) of objects in a category C
satisfies the exponential law then the objects A and B are called exponential ob-
jects or are said to be exponentiable. Furthermore a category is cartesian-closed
if all objects in that category are exponential objects. Thus a category with finite
products and final objects is cartesian-closed if and only if for each pair (A, B)
of objects there exists an object B4 and a morphism e : A x B4 — B with the
following universal property:

For each morphism f : A x C' — B there exists a unique morphism g : ¢ — B4
such that f =eo (I40g), that is the triangle

AxC 2% A x BA

€
B
commutes.

We call objects B4 power objects, the morphism e : A x B4 — B the evalu-
ation morphism and the morphism ¢ : C' — B4 associated with f: A x C — B
the exponential morphism for f.

Following are examples of cartesian-closed categories:

1. The category of sets: The category of sets is cartesian-closed with B4 being
the set of all functions from A to B where (A, B) is any pair of objects in
the category of sets; e : A x BA — B is the usual evaluation map; and
(g9(c))(a) = f(a,c) where g : C' — B# is the exponential morphism associ-
ated with f : A x C' — B with A, B and C being objects in the category
of sets and a € A and c € C.

2. The category of posets: The category of posets is cartesian-closed with
(B, <p)“=4) being the set of all order-preserving functions from A to B
with the order as follows: x <4 y if and only if h(z) <p h(y) V z,y € A
and h € (B, <p)“=4) where ((B,<p),(A,<,4)) is any pair of objects in
the category of posets; e : (4, <4) X (B, <p)A=4) — (B, <p) is the usual
evaluation map; and (g(c))(a) = f(a, c) where
g:(C,<¢) = (B,<p)=4) is the exponential morphism associated with
fi(A <) x(C,<¢) — (B,<p) with (C, <¢) an object in the category of
posets.
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2.2 Basic concepts from general topology.

Definition 2.2.1 Topology.
Let X be a non-empty set and T be a collection of subsets of X, that is T C P(X).
The collection T is a topology on X if:

1. X,90er.
2. Ul,UQ,....,Un cT— m?zl U,er.

3 User,acl =], ,U,€rT.

ael

If T is a topology on X then the pair (X, T) is called a topological space. For
simplicity and that is if there is no confusion X oftentimes is used to represent
the topological space (X, T).

Following are examples of topologies:

Example 2.2.1 Trivial topology.
Let X be a non-empty set and consider the collection { X, ¢} where ¢ is the empty
set. Then:

1. X,¢€{X, ¢}
2. XNo=¢ e {X, ¢}
3. XUUo=Xe{X, o}

Therefore {X, ¢} is a topology. It is called the trivial topology.

Example 2.2.2 Dziscrete topology.
Let X be a non-empty set. Consider P(X), the power set of X, that is all subsets
of X. Thus P(X)={U | U C X}. Then:

1. ¢, X € P(X) since ¢, X C X.

2. Let Uy, Us,....,U, € P(X), then Uy,Us,....,U, C X, that is U; C X for all
i=1,2,...,n. Therefore (\;_, U; € X which implies that (_, U; € P(X).

8. Let Joe; Ua € P(X) forael, then U, € X V a € I. Therefore
Uaer Ua € X, which implies that |, Ua € P(X).

Therefore P(X) is a topology on X and is called the discrete topology.

Example 2.2.3 Finite complement topology.
Let X be a non-empty set and let 7y := {U C X | X —=U is finite or X —U = X }.
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1. Since ¢, X € P(X) then ¢, X C X and we have that X — ¢ = X and
X — X = ¢. Therefore ¢, X € 1.

2. Let Wy, Wy, ..., W, € 7, therefore W; C X and X — W; is finite or
X—-W;=X forallj=1,2,....m. Since W; C X forallj=1,2,....m
then ﬂZZl W; CX. Also X — (o, Wy = (;2,(X — Wj). Therefore
X — (2, Wj is finite or all of X.

3. LetW, € 14, k € K, then W, C X such that X —W,, is finite or all of X for
all k € K. Therefore U, e Wi € X and X — U, .cx Wi = U (X = Wa).
Thus X — U,.cxx Wi is finite or all of X.

Hence 74 is a topology on X and is called the finite complement topology.

Definition 2.2.2 Continuous morphism between topological spaces.
Let (X,7x) and (Y, 1y) be topological spaces, then the morphism f : X — Y is
continuous if f[~H(U)={z € X | f(x) e U} C 7x for every U € 7y.

Definition 2.2.3 Basis of a topology.
Let X be a non-empty set. A collection B of subsets of X, that is 5 C P(X), is
a basis for a topology on X if:

1. For every x € X there exists B € 8 such that v € B.

2. If v € By N By where By,By € 3, then there exists By € (3 such that
r € By C By N Bs.

The topology 15 generated by the basis B of a topology on X is defined as
73 ={U C X |Vx € UIB € § such that x € BC U}

A basis of a topology can be viewed as the building block or the DNA of that
topology since a basis generates a topology. Thus every topology has a basis.

Following are examples of bases:

Example 2.2.4 Consider the open interval (a,b) = {x | a < x < b} in the real
line R. Let p ={(a,b) | a,b € R}, then the topology generated by B is called the
standard topology on the real line, denoted 7. Thus (3 is the basis of the standard
topology Tg.

Example 2.2.5 Consider the half-open interval [a,b) = {z | a < x < b} in
the real line R. Let B = {[a,b) | a,b € R}, then the topology generated by B is
called the lower limit topology. When R is endowed with the lower limit topology
is denoted Ry. Thus we denote the lower limit topology by Twr,. Thus B 15 the
basis of the lower limit topology Tr,. The topological space (Ry,Tr,) is called the
Sorgenfrey line.
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Example 2.2.6 Let K = {% | n€Z"}, and let a,b € R and B be the collection
of all open intervals (a,b) along with all sets of the form (a,b) — K. The topology
generated by K 1is called the K-topology on R. When R is endowed with the K-
topology is denoted Ry. Thus we denote the K-topology on R by w,.. That is B
is the basis of Tr,, and K is the basis of the K-topology on R.

2.3 Frolicher structures and spaces.

Let X be a non-empty set and let RX be the set of all real-valued functions on
X and X® be the set of all curves into X. That is

R¥ ={f: X = R| fisafunction} and X® = {c: R — X | cis a curve}.
Now consider the power sets P(RX) and P(X®), that is all the subsets of R* and
X® respectively. We consider the inclusion maps in P(R¥) and P(X®).

Let {A, B,C} € P(RY)U P(X®), that is {A, B,C} C R* U X®. Thus {4, B,C}
is a collection of sets of real-valued functions on X or sets of curves into X. Let
F: A< Band G : B < C be inclusion maps. This implies that A C B and
B C C. Note that cod(F)=B=dom(G). Since A, B and C are sets such that
A C B and B C C, then by transitivity we have that A C C'. That is we have
the composition function Go F : A < C. Now consider any D € P(R*)UP(X¥)
and let Ip : D — D be defined by Ip(d) = d for all d € D. That is d is some
function d : X — R or some curve d : R — X. Then Ip : D — D is an inclusion
map since D C D. That is Ip is the identity map in P(R*)U P(X®). That is the
power sets P(R¥) and P(X®) ordered by inclusion are categories with subsets of
R¥X and X* as objects respectively, and inclusion and identity maps as morphisms.

Let I' : P(RY) — P(X®) and ® : P(X®) — P(R¥) be defined by
'F:={c:R—= X | foce C®R,R),VfeF}

and
PC:={f: X >R | foce C®°[R,R),Vce C}

where C*(R,R) is the set of all differentiable maps from R to R. That is
C>*(R,R) is a set of all smooth maps from R to R. Note that F'is a set of
real-valued functions on X and C is a set of curves into X since F' € P(R¥)
implies that F/ C R¥ and C' € P(X®) implies that C C X%, respectively. That is
the rule I' determines a set of curves I' F' into X for any set of real-valued functions
F on X, and similarly the rule ® determines a set of real-valued functions ®C
on X for any set of curves C into X. That is T'(Ob(P(R¥))) = Ob(P(X®)) and
D(Ob(P(X®)))=0b(P(RX)) where Ob(P(R¥X)) and Ob(P(X®)) denotes objects
of categories P(R™) and P(X®) respectively.

Definition 2.3.1 Froélicher structure.
Let X be a non-empty set. A Frolicher structure on X is the pair (Cx, Fx) where
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Cx € P(X®) and Fx € P(R™) with the duality or compatibility condition that

FFX:CX
and
OCy = Fx
That is
Cx=TFx={c:R—> X | foce C*R,R),Vf € Fx} (2.6)
and
Fx =0Cx ={f: X >R | foce C®R,R),Vc e Cx} (2.7)

where T' : P(RY) — P(X%) and ® : P(X®) — P(RX). Frolicher spaces were
previously called smooth spaces (see [12])

Definition 2.3.2 Frolicher space.

Let X be a non-empty set. A Frélicher space is the triple (X,Cx, Fx) where
(Cx, Fx) is a Frélicher structure on X. That is a Frélicher space is a non-empty
set endowed with a Frélicher structure.

That is if (X, Cx, Fx) is a Frolicher space, then the diagram
R—— X

N

commutes, for every f € Fx=®Cyx and ¢ € Cx=I"FYy.

Remark 2.3.1 For simplicity and that is if there is no confusion, we write X
for the Frolicher space (X,Cx, Fy).

Lemma 2.3.1 Let (X,Cx, Fx) be a Frélicher space. Then
c€Cx < FxocCC®R,R) and f € Fx < foCx C C*([R,R). And
Fx oCx C C*(R,R).

The proof of Lemma 2.3.1 follows from the definition of Frolicher structure and
Frolicher space.

Lemma 2.3.2 Let (X,Cx, Fx) be a Frolicher space and RX and X® be the set
of all real-valued functions on X and the set of all curves into X respectively.
Given Fy, Fy € P(RY) and Cy,Cy € P(X®).

1. [fF() Q F1 then FFl g FF(), F() Q CI)FFO and FFO = F(I)FFO
2. [f OO - Cl then (I)Cl - (I)Co, CO - F(I)CO and (I)CO = (I)F(I)CO
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Proof: See proof in [12]. O

Let T' : P(RY) — P(X®) and & : P(X®) — P(R¥X) be morphisms between
the cartegories P(RY) and P(X®) as defined in Section 2.3, that is

l'F:={c:R—> X | foce C®R,R),Vf € F}

and
OC:={f: X >R | foce C®R,R),Vce C}

Let C,Cs,C5 € P(X®) such that C; € Cy C C3. That is Cy, Cy and Cj are
sets of curves into X. Then we have that ® : C; — ®C; where ®C; € P(RYX) for
1 =1,2,3, that is ®C, (5 and ®C5 are sets of real-valued functions on X. Now
since C; C Cy C (O3 in P(X®), then we have the inclusion maps 2; : C; < Co
and 15 : Cy — C3 in P(X®). Observe that ¢; and 1, are morphisms in P(X¥)
since P(X®) is a category. But since C; C Cy C C3 then by Lemma 2.3.2

OC5 C Oy C OCY, that is we have the inclusion maps ®(z;) : Cy — PC; and
B (15) : ®C3 — ®Cy as morphisms in P(X®). Seeing that cod(1,) = dom(1,), that
is the codomain of ¢; is equivalent to the domain of 25, then we have the inclusion
15011 : C7 < C5. Then since C} C (5 then we have that ®C3 C ®C; by Lemma
2.3.2, that is the inclusion ®(z3 011) : ®C5 — P} is the corresponding mor-
phism in P(R¥). But also cod(®(12)) = dom(®(21)), then we have the inclusion
®(11) 0 B(1) : ®C3 — ®C}, which is a morphism in P(R¥). Then it follows that
D13 0121) = P(17) 0o P(22). The whole phenomenon is illustrated in the diagram
below:

72 O 11

Ch > O
\ /
Cy

d lq) d
Py
/ X
<I>Cl ~ dCYy

ZQOZl Zl O(I)ZQ

with the arrows 21, 12, 22 021, ®(21), ®(22) and (15 0 19) as inclusion maps.

In the same vein, let C' be any element in P(X®), consider the identity map
¢ : C — C. Note that Ir : C — C is a morphism in P(X®) since C C C.
Also @ : C — ®C and since C' C C then by Lemma 2.3.2 ®C' C &C' and thus
we have the identity map Ipc : ®C — ®C in P(RY). Therefore it follows that
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®(Ic) = Ipc. The diagram

Ic
C C
) )
oC oC
Isc

summarizes the aforementioned phenomenon.

The same process can be applied for I' : P(RY) — P(X®), hence ® and T
are functors.

Theorem 2.3.1 Let f: R™ — R be a function. Then f is smooth on R™ if and
only if foc:R — R is smooth for each curve ¢ : R — R™. That is
f e C®R"R) if and only if f oc € C®°(R,R) for each curve c € C*(R,R").

Theorem 2.3.1 is the result of the work by Boman in [8], and thus for the proof
of this theorem refer to [8].

Following are examples of Frolicher spaces:

Example 2.3.1 The canonical Frolicher space.

Let (R)®" with n € N be the set of all functions from R™ to R and (R™)® be
the set of all curves into R™. Let f : R — R be a real-valued function on R"
and ¢ : R — R" be a curve into R, and let Trn : P((R)®") — P((R™)®) and
Prn : P(RMF) — P((R)E") be functors, that is P((R)®") and P((R™)%) are
categories (refer to Section 2.3) where T'gn and ®gn are defined by

TenF = {c:R 3 R" | foce C°(R,R),Vf € F}
and
OpnC ={f:R" >R | foce C*[R,R),Vce C}

Let FF = C*(R,R). Then since foc e C®(R,R) for each f € FF = C®(R,R),
then ¢ € C*(R,R"™) by Theorem 2.3.1. Similarly let C' = C*(R,R"), then since
foce C®(R,R) for each c € C*(R,R"), then f € C*°(R",R) = F. That is
rnCC(R"R)={c: R—=R" | foce C*[R,R),Vf e C°R",R)} 28)
= O°(R,R") '

and

e C¥(R,R") = {f : R" 5 R | foce C®(R,R),Vec e C®(R,R")}

— C*(R",R) (29)
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Therefore (C*(R,R"™),C*(R",R)) is a Frilicher structure. Hence the triple
(R, C*(R,R™),C>*(R",R)) is a Frélicher space. That is the diagram
R —— R"

N/

commutes, for every f € C*°(R™/R) and ¢ € C*°(R,R™). The Frélicher space
(R™, C>*(R,R™), C*(R™,R)) is called the canonical Frélicher space.

Example 2.3.2 Manifolds.

Let RM and M® be the set of all real-valued functions on M and a set of all curves
into M respectively, where M is a manifold. Let f: M — R andc: R — M be a
smooth real-valued function on M and a smooth curve into M respectively. Then

foc:R — R is a smooth map since M is (that is manifolds are) smooth. Let
Ly P(RM) — P(M®) and @y : P(M®) — P(RM) be functors defined by

TyF={c:R— M| foceC®R,R),Vf e F}

and

O C={f:M—-R| foceC®R,R),VceC}

Then since ¢ € C*(R, M), f € C*°(M,R) and f oc € C®°(R,R), then we have
that

FyC*(M,R)={c:R— M| foce C®R,R),Vf e C®M,R)}

_ ORI} (2.10)
and
Oy C¥(R,M)={f: M —=-R| foce C°R,R),Yc e C(R, M)}
(2.11)
= C>*(M,R)

Therefore the pair (C*(R, M),C*(M,R)) is a Frolicher structure, and thus the
triple (M,C®(R, M), C*°(M,R)) is a Frolicher space. That is the diagram
R —— M

N

commutes, for every f € C*°(M,R) and c € C*(R, M).

2.4 The category of Frolicher spaces

Definition 2.4.1 Smooth maps.
Let pn: X — Y be a mapping where (X,Cx, Fx) and (Y,Cy, Fy) are Frélicher
spaces on X and 'Y respectively. The mapping i : X — Y 1is a smooth map if

{poc|ceCx} CCy
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and
{fopl| feFy}CFx.

That is p : X — Y is a smooth map if fou: X - R, poc: R — Y and
fopoc:R — R are smooth, that is fou € C°(X,R), poce C®(R,Y) and
fopoce C®(R,R) where f € Fy € P(RY) and c € Cx € P(X®) where RY is
the set of all real-valued functions on'Y and X® is the set of all curves into X.
Then we have the diagram

x " .y
h
R - R

fopoc

with h == fop and k:=poc.

Let X, Y and Z be Frolicher spaces, that is X = (X,Cx, Fx), Y = (Y, Cy, Fy)
and Z = (Z,Cz,Fz). Let p: X - Y and p: Y — Z be smooth maps, that is
pi={poc|c€Cx} CCy, pp:={fop| feFy}CFx,

pr :={fop|f € Fz} C Fy and py := {poc | ¢ e Cy} C Cy. Note that
cod(p) = dom(p), therefore po pu: X — Z. We have to show that pop: X — Z
is a smooth map. Let ¢ : R — X and f : Z — R be such that ¢ € Cx and
fEFZ, andletf:fOpandE:uoc'wherefEFy and ¢ € Cy. Then

folpop)=(fop)op

(2.12)
=fopu€p CFly

Therefore f o (pou) € Fx. And

op)oé=po(uod

(pon) p Eu ) (2.13)
=pocep CCy

Therefore (po p)oé € Cy. Thatis {fo(popu)| f e Fz} C Fx and

{(pop)oé|éeCx} CCy Hence pop: X — Zis a smooth map.

Let W be a Frélicher space, that is W = (W, Cy, Fy), such that

Iy : W — W is defined by Iy (w) = w, for all w € W. Let f € Fy and
c € Cyw, then foly = fand Iy oc=c. Thatis {folwy | f € Fw} C Fi and
{Iwoc|ceCy} CCw. Thus Iy : W — W is an identity smooth map.

Therefore Frolicher spaces and smooth maps form a category. We have hereby
defined all the tools necessary for the category of Frolicher spaces. The category
of Frolicher spaces consists of Frolicher spaces as objects and smooth maps as



2.4 The category of Frolicher spaces 22

morphisms (see [6], [7], [17], [18] and [19]).

The category of Frolicher spaces possesses some interesting properties (see [12]).
The main properties are:

1. The category of Frolicher spaces is complete and cocomplete. That
is the category of Frolicher spaces has limits and colimits (see definitions
2.1.9 and 2.1.10).

2. The category of Frolicher spaces is Cartesian closed (see [6] and
[13]). Consider the set C*°(Y, Z) of all smooth maps from the Frolicher
space Y to the Frolicher space Z. For any Frolicher spaces X, Y and Z,
the set C>°(Y, Z) satisfies the isomorphism

O®(X x Y, Z) = C®(X,C®(Y, Z)).

If X =R, that is C*(Rx Y, Z) =2 C*(R,C>(Y, Z)), then we construct the
set Cy.z of curves ¢ : R — C*(Y, Z) by requiring that the map

¢:R XY — Z defined by é(t,y) := c(t)(y) is smooth.

Let Fy; be a set of real-valued functions f : C*(Y,Z) — R such that
foce C®R,R) for all ¢ € Cyz. Let RE“¥2) and (C=(Y, Z))¥ be the
set of all real-valued functions on C*°(Y, Z) and the set of all curves into
C>(Y, Z) respectively, and let T, : P(RE™(}2)) — P((C*(Y, Z))®) and
o : P((C=(Y, Z))R) — P(RE™2)) be functors defined by

Il :={c:R—=C®Y,Z)| foce C*(R,R),Vf € F}

and

P C:={f:C°(Y,Z) >R | foce C*[R,R),Vc e C}
Now let F' = Fy @nd C = Cy,z, then since fo c € C*(R,R) for all
c € Cyy = C with f € Fyy, therefore @, (Cy z) = Fy,z. Then it follows
that

F<>o}71Y,Z = {C ‘R — COO<Y, Z) ‘ f_O c e COO(R,R),Vf_ S Fy7z}

2.14
_ ¢y (2.14)

That is the duality or compatibility condition holds. Therefore (Cy. z, Fy z)
is a Frolicher structure on C*(Y, Z). Thus the triple (C*(Y, Z), Cy.z, Fy z)
is a Frolicher space. Then the canonocal isomorphism

O%(X x Y, Z) = C%(X,0%(Y, Z))

is an exponential law for the category of Frolicher spaces and it holds for
every Frolicher space X, Y and Z. Therefore the category of Frolicher
spaces is cartesian-closed.
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3. The category of Frolicher spaces is topological over the category
of sets. That is the faithful (forgetful or underlying) functor from the
category of Frolicher spaces to the category of sets is faithful (see Subsection
2.1.4) and the category of Frolicher spaces is contained in the category of
topological spaces since Frolicher spaces are topological spaces.

4. Initial and final objects exist in the category of Frolicher spaces
(see [3], [6], (7], [9], [10], [12], [17], [18] and [19])

2.5 Frolicher topologies.

Let (X, Cx, Fx) be a Frolicher space and consider the collection
e, ={UCX |U=f*V),f€Fx,VEm}

Since ¢, X € P(X) then ¢, X C X. We have that f € Fy, therefore f(z) € R
for every x € X. Then there exists an open interval V' on R such that

Ve B ={(xy) | z,y € R} where 3 is a basis for a topology on R such that
f(z) € V for every z € X. Therefore f1(V) = {zr € X | f(z) € V} = X. Recall
that 7 is a topology, that is a standard topology on R, therefore ¢ € 7 and
[7Y¢) = ¢. That is ¢, X € 7p,.

Let Uy, Us, ...., U, € Tp,, therefore U; C X such that U; = f~(V;) where V; € ¢
for all i = 1,2,....,n and f € Fx. Then ()., U; C X since U; C X for all
i=1,2,..,nand N, Ui =Ny [ (Vi) = YN, Vi). But (), Vi € 7w since
Vi € mg for all i = 1,2, ..., n, therefore (,_, U; € 7p,.

Now let A, € Tr,, n € N. Therefore A, C X such that A, = f~(V,) where
V, € m,n € N and f € Fx. Then UneNA77 C X since A4, € X, n € N.

Also Uyen Ay = Uyen F71(V)) = f7H (U, en Vo) and U, ey Vi € 7 since V) € 7,
n € N. Therefore U,y Ay € Try.

Hence the collection
T ={UCX |U=f'V),f€Fx,VEm}
is a topology from the Frolicher space X.
We now consider the collection
Tox ={UC X | ¢ (U) € ,c € Cx}

We have that ¢, X C X since ¢, X € P(X). Also )
¢ (X)={z € R| ¢(r) € X} C R. Then there exists an open interval V on R

~

such that ¢ (X) C V. But V € 8 := {(x,y) | 2,y € R} where § is the basis of a
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topology on R. That is V € 7r. Therefore ¢ 1(X) € 7r. Recall that ¢ € 7 since
7 is a topology, that is the standard topology on R, and ¢~ !(¢) = ¢. Therefore

¢,X € Toy -

Let Ry, Ry, ...., Ry € ¢y, then R; C X such that ¢7'(R;) € 7x for all
j=1,2,....,kand c € Cx. Also ﬂ?zl R; C X since R; C X forall j =1,2,...., k.
Also c‘l(ﬂf:1 Rj) = ﬂle ¢ Y(R;) € Tr since ¢ H(R;) € g for all j =1,2,...., k.
Therefore ﬂ;?:l R; € ¢y

Let Q, € 7oy, ¢ € I, then @, € X such that ¢ (Q,) € ® and ¢ € Ckx.
Also ¢ (U, e; Qq) = Uper c71(Qq) € 7r since ¢7(Q,) € &, ¢ € I. Therefore
Uyer @q € Tox since U e; @y € X.

Thus
TCx = {U C X | C_l(U) € TR, C € Ox}

is a topology from the Frolicher space X.

That is 7w, and 7¢, are topologies from the Frolicher space X. That is (X, 7x, )
and (X, 7¢, ) are topological spaces. We call 7p, and 7¢, Frolicher topologies.
That is a Frolicher topology is a topology induced from the Frolicher space.

Definition 2.5.1 Frolicher topologies.
Let (X,Cx, Fx) be a Frélicher space. The topology induced by all structure func-
tions on X 1s the collection

Try = {U - X | U= fﬁl(V),f - FX,V - TR}
and the topology induced by all structure curves into X is the collection

Tor ={UC X | ¢ '(U) € ,c € Cx}

where g is the standard topology on R. The topologies Tr, and 1¢, are called
Frélicher topologies.

Remark 2.5.1 All structure functions and structure curves, of which are smooth,
are continuous in Tp, and Tc, respectively.

Remark 2.5.2 The standard topology T on R s generated by the basis
{(z,y) | 7,y e Ryx <y} on R.

Lemma 2.5.1 For any Frélicher space (X,Cx, Fx), Try C Toy-

Proof: Recall that
TFx :{UQX | U:f71<V),fEFx,V€TR}
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and
oy ={U C X | ¢ U) € mr,c € Cx}

where 7 is the standard topology on R. We have to show that A € 7p, implies
that A € TCx -

Let A € 7p,, then A C X such that A = f~%(V), f € Fx and V € 7. Let
c € Cx be arbitrary, then

S =)
= (foo) (V) (2.15)
={zeR|(foc)(z) eVem}CR

Since f € Fx and ¢ € Cx then foc: R — R and f o ¢ is smooth, that is
foce C®(R,R). Then there exists an open interval W on R such that

We{(x,y) | z,y e R,z <y}
with
{reR|(foco)(x) eV e} CW.

That is ¢ '(A) C W. But W € 7g since {(z,y) | x,y € R,z < y} is a basis for
the standard topology 7r on R. Therefore ¢™'(A) € 7. Thus A € 7¢,. Hence
Try C Tox- O



Chapter 3

Intial objects.

3.1 Frolicher subspace.

3.1.1 Structure.

Let X be a Frolicher space, that is X = (X,Cx, Fx) where the pair (Cx, Fy)
is Frolicher structure (see Definition 2.3.2). Let S be such that ¢ # S C X.
We hereby induce a Frolicher structure on S generated by the Frolicher structure
(Cx, Fx) on X. Now consider the inclusion map g : S <— X and

F*:={fous | f € Fx} where f oug is the restriction of the function f on the
set S denoted by f |s. Since foc: S — R then F* C RY = F* € P(R®) where
RS is the set of all real-valued functions on S and P(R®) is the power set of RY.
Let S® be the set of all curves into S and P(S®) the power set of S¥. Then P(R?)
and P(S®) are categories with subsets of R® and S® as objects respectively, and
inclusion maps as morphisms (see Section 2.3).

We now start with the process of building a Frolicher structure on the subset
S of X. Consider the inclusion 15 : S < X and let F* :={foug | f € Fx}. Let
f e F* thatis f = f oug with f € Fy, and I's : P(R%) — P(S®) be a functor
defined by

[gF*={¢:R— S| focec C®R,R),Yfe F}:=Cs (3.1)

With ¢ € Cy, that is ¢ : R — X, then we have that ¢ = 15 o ¢. Thus
= (fols) oc (32)
And foc e C®(R,R) since X is a Frolicher space (see equation (2.6) and (2.7)),

therefore f o & e C™(R,R). That is f o c € C®°(R,R) if and only if

26
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fo ¢ € C*(R,R).

Let @5 : P(S®) — P(R®) be a functor. Then it follows that

dsCg = PgI'gF*
—{f:SoR|foie C®[R,R),Vée sF* = Cg} (3.3)
= FS

Since foug: S — Rand (foig)oé = foée C°R,R) (by (3.2)) for every
¢ € I'gF™* = (g, therefore
" Cc &4Cq = Fg (34)

Therefore by Lemma 2.2
LgF* =TgPsl'gF* (3.5)
Then by using (3.1), (3.3) and (3.5) we have that

T4Fs = Ts®sCy
= Tg®sTsF*
=TgF"
= CS

(3.6)

Note that f € Fg since f € F* and F* C Fg. Then with (3.3) and (3.6) we have
that
IsFs={¢:R— S| foée C®R,R),Yfec Fs} =Cg

and
PsCs={f:S =R | foie CR,R),Véec Cs} = Fy

That is the compatibility or duality condition hold and thus the pair (Cs, Fy) is
a Frolicher structure on S. That is F* = {f o1g | f € Fx} generates a Frolicher
structure on S. Hence the triple S = (5, Cg, Fg) is a Frolicher space.

It is established that S C X is a Frolicher space with X also being a Frolicher
space. That is S and X are objects in the category of Frolicher spaces since they
are both Frolicher spaces, then the inclusion 75 : S < X is a morphism between
Frolicher spaces. We have seen by (3.4) that F* C Fs. Now let

C*:={igoc | ¢ e Cg}. Note that C* € P(X®). Let f € Fy then

foligod) = foée C®°(R,R) (by (3.2)), therefore 150 & € Cx. Hence C* C Cy.
That is we have that F* C Fg and C* C Cx, therefore the morphism 15 : S <— X
is a smooth map (see Definition 2.4.1). That is we have the diagram
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s 80X
e N
R T R

fouwgoc

with f = foug and ¢ = 15 0 C.

Remark 3.1.1 The inclusion 15 : S — X is only unique for every Froélicher
space X such that S C X. Therefore by definition (see Definition 2.1.3) S is not
an nitial object in the category of Frélicher spaces. The inclusion 1g : S — X is
used to generate the Frélicher structure (Cs, Fs) on S, and since S is the domain
of 15 then we call the Frolicher structure (Cs, Fs) on S an initial structure. We
therefore refer to S as an initial object on the virtue that it is endowed with an
initial (Frélicher) structure (see Remark 2.1.1), only for the purpose and work of
this dissertation.

Definition 3.1.1 Froélicher subspace
Let X = (X,Cx, Fx) be a Frolicher space and (Cg, Fs) a Frélicher structure on
SCX,S#¢. Thetriple S = (S,Cs, Fs) is a Frolicher subspace of X.

Simply, by Frolicher subspace we are refering to the subspace of a Frolicher space.

3.1.2 Frolicher subspace topologies.

Let S = (5, Cs, Fs) be a Frolicher subspace of the Frolicher space X = (X, Cx, Fx).
Since S is a Frolicher space then we have Frolicher topologies on .S, that is topolo-
gies induced from the Frolicher structure (Cg, Fs) of S (see Section 2.5 in partic-
ular Definition 2.5.1). That is the Frolicher topologies induced from the Frolicher
structure (Cg, F) are denoted 7¢, and 7, and are induced respectively by struc-
ture curves and structure functions on S, that is being induced from Cs and Fjg
respectively. Since S is a Frolicher subspace, that is S is also a Frolicher space,
then by Definition 2.5.1 the topology induced by all structure functions of S is
the collection

Tre ={U CS|U=fYV),f€Fs,VEm}
and the topology induced by all structure curves of S is the collection
Tog = {U cSs ’ 571(U) € Tg,C € Cs}

where 7r is the standard topology on R. The Frolicher topologies 77, and ¢,
are being referred to as Frolicher subspace topologies, and by Lemma 2.5.1

Trs C Tog-
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Definition 3.1.2 Let X = (X, Cy, Fx) be a Frélicher space and
(S,Cs,Fs) = S C X = (X,Cx, Fx). The collection {g~'(0,1) | g € Fs} and
{971(0,00) | g € Fs} is the basis and subbasis of Tr, respectively.

3.1.3 Subspace topology.

The Frolicher subspace topologies 7p, and 7¢, make the Frolicher space X a
topological space, and since S is a Frolicher subspace of X, that is S C X, then
we have the subspace topologies

Tre () ={SNU | U € 1p,. }

and

Tox (S) ={SNU | U € 70, }

on S (see [3], [7] and [15]) . The subspace topologies are canonical topologies on
S since they’re induced canonically on S and they make the inclusion 1 : S — X
continuous.

3.1.4 Topological relations on Frolicher subspace.

Let (S,Cs,Fs) =S C X = (X, Cx, Fx) where X = (X, Cx, Fx) is a Frolicher
space, that is S is a Frolicher subspace of X. We have defined the topologies
induced from the Frolicher subspace structure (Cg, Fyg), that is 7o, and 7p, -
these topologies are called Frolicher subspace topologies. We also reckon that
Try C Tog by Lemma 2.5.1, that is the topological relation between 75, and 7¢,.
We also defined the canonical topologies induced on S, and that is the subspace
topologies (also called trace or relative topologies, see [3], [7] and [15]) 7, (5)
and 7o, (5).

Lemma 3.1.1 Let S be a Frolicher subspace of the Frolicher space X, then
Try (S) C 704 (S).

Proof: Let SO\U € 75, (5), then U € 7p,. But by Lemma 2.5.1 7, C 7¢y,
therefore U € 7¢,, and hence S(\U € 7¢, (S). Thus 75, (S) C 70 (5). O

Lemma 3.1.1 gives the topological relation between the subspace topologies ¢, (.S)
and 7g, (5) on S. We now focus on the relationship between the subspace topolo-
gies and Frolicher subspace topologies.

Theorem 3.1.1 Let S be the Frélicher subspace of the Frolicher space X, then
TFX (S) - TFS .

Proof: We have to show that if U € 75, (5) then U € 7p,. Recall that
Ty (S) = {SNV | V € 7r, } and the inclusion map 25 : S < X is a morphism
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in the category of Frolicher spaces, that is, it is a smooth map. Let U € 7p, (.5),
then U = SV where V € 7p,. Let V = {J,; f3'(0,00), fo € Fx. Note that
f31(0,00), o € I, is in the basis of 75, therefore V. = (J,; fa'(0,00) € 7p,.
Then

U=SV
=S f2'(0,00))

- UM 0.0) .
— J 05" (7:(0,50)))
— J((fu015) ' (0,00))

But since f, € Fx then f, : X — R and f, oc € C*°(R,R) for every ¢ € Cx.
Therefore f,o015:S — R. Let ¢ € Cg be arbitrary, then (f, 015)oé € C*(R,R)
(by (3.2)). Therefore f, 015 € Fs, and thus (f, o25)7'(0,00), a € I, is an
element of the basis of 7g,. Hence U = SV = J,c;((fa 025)71(0,0)) € 75y,
thus 7, (S) C 7p. O

Proposition 3.1.1 Let S be a Frolicher subspace of the Frolicher space X, then
TFX<S) C Trg C Ty

Proof: Theorem 3.1.1 gives that 75, (S) C 7p, and by Lemma 2.5.1 7, C 7¢,.
Hence 75, (S) C 7py C 7. O

Theorem 3.1.2 Let S be the Frélicher subspace of the Frolicher space X, then
TCx (S) C Tog-

Proof: We have to show that V' € 7¢, (S) implies that V' € 7¢. Let V € 7¢, ()
then V = S(U where U € 7¢,. Since U € 7¢, then U C X and ¢ '(U) € 1
where ¢ € C'x and 7y is the standard topology on R. Observe that

V =SNUCS, and let & € Cg, that is ¢ : R — S such that foé e C®(R,R) for
every f € Fg. Then ¢ (V) ={reR | &(r) eV =SNU C S C X}, then there
exists T € {(y,2) | y,2 € R,y < z} such that ¢™}(V) € T where (y,z) € R x R.
But {(y,2) | y,2z € Ry < z} is the basis of the standard topology 7z on R.
Therefore ¢~1(V) € 7 and hence 7¢, (S) C Tey. 0O

Proposition 3.1.2 Let S be a Frolicher subspace of the Frolicher space X, then
TFX<S) C TCX(S) C Tog-

Proof: By Lemma 3.1.1 we have that 7z, (S) C 7¢,(S) and by Theorem 3.1.2
Ty (S) C Ty, therefore 7p, (S) C 70, (S) C Tes- O
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The topological relation between the Frolicher subspace topologies 7, and ¢
and the subspace topologies 7p, (S) and 7¢, (S) is summarized by the diagram

TFx (S)

TFS

TCX(S)

TCg
with the arrows representing inclusion maps.

Proposition 3.1.3 Let X be a Frolicher space and S be a Frolicher subspace X .
Then the following hold:

1. If S € 1p,, then Tp, = 75, (S).

2. If S € 1¢y, then Toy = T, (S).
Proof:

1. Let S € Tpy, then S C X. By Theorem 3.1.1 75, (S) C Tp,. Then it is
sufficient to prove that 7p; C 7p, (S). Let U € 7p, such that
U =U,er((fao1s)71(0,00)) where f, € Fx, a € I. Then it follows that

U =15"15(U)
= 1505 ({J (fa 015)71(0,00)))

acl

= 15" (s (fa 025)7(0,00))

aecl

— o (g[(m(zg (f21(0,00)))) (3.8)

= 15" £21(0,00)

ael

= J 15" (£21(0,00))

ael

= JS ) £21(0,00))

acl

Since f,,;'(0,00) is an element of the basis of 7, then
U=U,c;(SNf3'(0,00)) € 7 (S). That is U € 75, implies that
U € 7r, (5), therefore 7p, C T, (5), and since 75, (S) C 75 hence
Trg = TEFx (S)
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2. Since by Theorem 3.1.2 7¢,(S) C 7¢g, then it is sufficient to show that
Tcy C Tey (S). That is we have to show that U € 7¢, implies that
U € 7¢,(S). Let S € 7¢,, and let U € 7¢,. That is S C X, ¢71(S) €
where ¢ € Cx and U C S, ¢ }(U) € g where ¢ € Cg, and 7 is the standard
topology on R. Then it follows that

EHU) = &g (15(0)))

— (1508 15(0) (3.9)

Note that ¢ = 15 o ¢, and since 12g is an inclusion map then 15(U) = U.
Therefore ¢~ (U) = ¢ }(U). Then since ¢ }(U) € g, therefore ¢ (U) € 7.
Since U C S and S C X then U C X and we have that ¢ '(U) € 7 where
c € Cx, therefore U € 7¢,. We also have that

U =g (1s(U))
= S us(U) (3.10)
=S(U

Then U = S\U € 71¢,(S) since U € 7¢,. Therefore 7¢, C 70, (5), and
since we also have that 7¢, (S) C 7¢, hence 7, = 70, (5).

g

3.2 Frolicher product

3.2.1 Structure.

Let X; be non—empty sets for ¢ € N, 1 < ¢ < n, be Frolicher spaces, that is
X; = (X;,Cx,, Fx,), and let X be the product of the Frolicher spaces X; in the
cartegory of sets. That is X is the cartesian product of X;, thus X = 1T, X

From now onwards every subscript ¢ implies that it is for every i € N
such that 1 <17 < n, only for this section.

Let f; : X; — R be a real-valued function on X; and ¢; : R — X, be a curve into
X;. Since X; = (X;, Cx,, Fx,) is a Frolicher space we have that

OXi = FZ(FXZ) = {Ci R — Xz | fz o¢ € OOO(R, R),Vfl S FXZ}

and
Fx, =9,(Cx,):={fi : Xi = R | fioc € C*(R,R),V¢; € Cx,}

where I'; : P(RY?) — P(X;®) and ®; : P(X;*) — P(R%) are functors with R*X:
and X;® the set of all real-valued functions on X; and the set of all curves into
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X; respectively, where P(RX¢) and P(X,;*) are the power set of RY and X;*
respectively, and they [the power sets] are categories with subsets of R*: and X;®
as objects respectively, and inclusion maps as morphisms (see Section 2.3).

Let f : HZ . X; = X — R be a real-valued function on X = Hl 1 X,

¢ R— X = 1= XbeacurvelntoXandpZ M-, X; = X — X, be a projec-
tion in the category of sets. Thus is p; : X = [T, Xi 2 (w1, 29, .y wy) — 2 € X5,
and since f; : X; — R is a function, then every x; € X; is assigned to an element
in R. Therefore by using pullback every (z1,zs,...,2,) € X is assigned to an
element in R, thereby making f; o p; : X — R a function.

We now start with the process of building a Frolicher structure on X = I,

Let Fr :=={fiopi | fi € Fx,} and R¥ be the set of all real-valued functlons on
X. Then F, C R¥, implying that /7 € P(RX) where P(RX) is the power set of
RX. Subsequently let X® be the set of all curves into X and P(X ®) the power

set of X®. Then P(R¥X) and P(X®) are categories with subsets of RX and X
as objects respectively, and inclusion maps as morphisms (see Section 2.3).

Now let f € F,, that is f = f; op; with f; € F, and let I' : P(RX) — P(X®) be
a functor defined by

[F,={¢:R—>X|foéeC®R,R),VfeF}:=Cy (3.11)

With ¢; € Cx, we have that ¢; = p; o ¢, thus
(3.12)

Since X; is a Frolicher space then f; oc¢; € COO(R,A]R) as per the definition of
Cx, and Fy, above, then by (3.12) we have that fo¢ € C°(R,R). That is
fioc € C*(R,R) if and only if foé¢ e C®(R,R).

Let & : P(X®) — P(RX) be a functor. Then it follows that
OC = ci>fF

) (3.13)
—{f: X > R|foeeC®R,R),Vée'F,=Cy}:=Fy

Since f = fiop; : X = Rand (fiop;)oé = foé e C=(R,R), then it follows that
F, C®Cy = Fy (3.14)

Therefore by Lemma 2.3.2 A
I'F, =T®oI'F; (3.15)
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Then by using (3.11), (3.13) and (3.15) we have that

A

IFg

IE,
Fr

(3.16)

[
[y Py Py Y

I
<

Note that f € Fy since f € Fy and F, C Fy (by (3.14)). Then by (3.13) and
(3.16) we have that

Ce=TF;={¢:R—>X|foeec C®R,R),Vf e Fy}

and
Fe=8Ce={f: X >R| foie C®R,R),Vée Cyg}

That is the compatibility or duality condition holds and thus the pair (Cy, F) is
a Frolicher structure on X =[], X;. Thatis F, = {f;op; | fi € Fx,} generates
a Frolicher structure on X. Hence the triple X = (X ,Cx, F) is a Frolicher space.

We have seen that F, C Fy (by (3.14)). Now let C; = {p;oé¢ | ¢ € Cy}.
Note that p;oc¢: R — X,. Let f; € Fy,, that is f; : X; = R a function such that
fioc € C*(R,R) for every ¢; € Cx,. Then by (3.12)

fio(p;o¢) € C°(R,R). Therefore p; o ¢ € Cy, and thus C, C Cx,. That is we
have that F, = {fiop; | fi € Fx,} C Fy and Cr = {p;o¢ | ¢ € Cy} C Cyx,.
Therefore the projection p; : X — X; is a smooth map (see Definition 2.4.1).
That is we have the diagram

X Di X,
R - R

fiopioc

Withf:inpi and ¢; = p; ocC.

Remark 3.2.1 The canonical projection p; : X = X is unique for every Frolicher
space X; such that X = [T=, Xi;. Therefore by definition (see Definition 2.1.3)
X is not an initial object in the category of Frolicher spaces. The projection
pi+ X — X, is used in generation of the Frélicher structure (Cx, Fy) on X, and
since X is the domain of p; then we call the Frolicher structure (Cx, Fy) on X

an initial structure. We therefore refer to X as an initial object on the virtue that
it is endowed with an initial (Frolicher) structure (see Remark 2.1.1 and 3.1.1).
This only for the purpose and work of this dissertation.
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Definition 3.2.1 Frolicher product. )
Let X; = (X;,Cx,, Fx,), with X; # ¢, be a Frolicher space and X = [[;_, X; in
the category of sets with the Frélicher structure (Cg, Fy) on X, then the triple

X = (X’, Cy, Fy) is called the Frolicher product of X;, that is to say the product
of Frolicher spaces X;.

3.2.2 Frolicher product topologies

Let X = (X', Cy, Fy) be a Frolicher product of X;. That is X; = (X;, Cx,, Fy,) is
a Frolicher space and X =[]"_| X is the cartesian product of X; in the category of

sets. Since X is a Frolicher space then Frolicher topologies can be induced from
the Frolicher structure of X, that is from (Cg, Fy). We call these topologies
[that is Frolicher topologies induced from (Cy, Fx )] Frolicher product topologies.
The Frolicher product topologies are denoted 7¢, and 7r_, that is the topology
induced from Cy and Fy respectively. By definition (see Definition 2.5.1) we
have that X

T, ={UCX|U=f'(V),feFgVem}

and R
o, ={U C X | ¢ H(U) € ,¢ € Cg}

where 7R is the standard topology on R. By Lemma 2.5.1

Try C Toy

since X is a Frolicher space.

Definition 3.2.2 : Let X = (X, Cy, Fy) be the Frolicher product of the Frélicher
spaces {X; = (X;,Cx,, Fx,)}. The families {f~1(0,00) | f € Fg} and
{f750,1) | f € Fg¢} are the basis and subbasis for T, respectively.

3.2.3 Product topology.

Since we have the Frolicher topology 7p, induced from FY,, then we have the
topological space (X;, Tr, ), that is the Frolicher space X; = (X, Cx,, Fy,) is a
topological space. And with the Frolicher product X = [T}, Xi we have the
canonical projection p; : X = X;, 1 € I. The product topology on the product
X = IT-, X;, which we denote by 7, is generated by the basis

B={\p "(U) | Ui € Ty, Vi € I}
=1

(see Lemma 2.6.1 in [19]). The product topology 7, is canonical on X and makes
the projection p; : X — X, continuous.
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3.2.4 Topological relations on Frolicher product.

Let X; = (X;, Cy,, Fx,) be a Frolicher space and

X=]]Xi=X=]]x:Cx Fg)
i=1 i=1
be the Frolicher product of X;. We have defined the Frolicher product topologies
on Subsection 3.2.2, that is the topologies 7¢. and 7p, - topologies induced
from the Frolicher structure (Cg, Fx) of Frolicher product. Thus 7o, and 7,
are induced from Cy and Fg respectively. We have also induced the product
topology 7, on X (see Subsection 3.2.3). Now we focus on and determine the
relationship between the product topology and Frolicher product topologies.

Theorem 3.2.1 : Let 7 be the Frolicher product topology on the cartesian

product X = [T, X of Frolicher spaces. Let T, be the product topology on X.
Then 7, = TPy -

Proof: We have to show that 7, C Tre and that Tre C Tr. We first show that
Tr C Tpy- Consider the cartesian product H?Zl U; where U; € TFy, - Then U; C X;
such that U; = f;" (V) where f; € Fx, and V € 7 where 7g is the standard
topology on R. We have that [[_, U; C [[i_; X; = X since U; C X;. Also
12, Ui = {(u1,uz, ..., un) | u; € U; C X;}, and consider the functionf € Fy, that
is f [T, X; = X — R. Then there exists V € 7 such that flug, ug, ..yun) € V.
Then

FHV) = {(ur, u, ... upn) € ﬁxi = X | f(u,ug, ..., up) € V}

i=1

= {(uy,ug,...,u,) € EUi | fur, uz, .o up) €V (3.17)
{

- (u17u27"'7un) | U S UZ}

We have that if f;(z;) € V where V € 7g, then by using pull-back
flxy, 2o, ) = (fiopi) (21, 22, ..., x,) €V, where p; : H?zl X=X — X,isa
projection onto X;. Furthermore, since U; = i '(V), f; € Fx, for some V € 73
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therefore

n n

H U; = H fim'(V)

_ ll{x € Xi | filz:) eV} (3.18)

~

:{<£L'1,.T2,...,£L’n) EHXZ:X | (xl,mg,...,l'n) GV}
i=1

- 7w

Thus [[,U; € Tr,. But note that [I;-,U; is a basis element of the basis

B={T,U: | U € Try,, Vi € N} of the product topology 7. Therefore we have
that [[_, U; € 7. That is [[;_, U; € 7 implies that [[}_, U; € Tr,, therefore
Tr C TFy -

Now we have to show that 77 C 7. Let U € 75, then U C X = T, X,
and therefore U = H?:l Y; where Y; C X;. Now consider the projection

i - H?:l =X - X; and f; € Fx, where X, is a Frolicher space. Then

fi7H (V) C X, for every V € 1 and recall that f = f; o pi- Since

H?:lAYi = U € 7p,, then we have that [[_,Y; = U = f~"(W) where W € 7
and f € Fg. Therefore

p
= {($1,.T2, ,.an) € HXl = X | pi(:nl,xg, ,an) S fiil(W),W € TR}

i=1

= {(z1, 22, ..., 7) € HXi =X | € f7 (W), W € &}

=1

(3.19)

Thus Y; = £, (W) where W € 73, therefore Y; € Try,. Hence

MM, Yies={1-U|Uce Try, | and 3 is the basis for the product topol-
ogy 7, on X, therefore [[i.,Yi € 7. That is U = [[;L, Y; € 7p, implies that
U = H;L:1Yi € T., therefore Try C Tr Since 7, C Tre and TPy C Tr, hence
T = TR, - O
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The relationship between the Frolicher product topologies, that is the topolo-
gies 7¢, and 7p_ is given by Lemma 2.5.1. That is since X is a Frolicher space,
then by Lemma 2.5.1 7p, C 7¢,. This gives the following proposition:

Proposition 3.2.1 : Let 7p, and 7c, be Frolicher product topologies induced
from the Frolicher structure (C'y, Fy) of Frolicher product, and let T, be the

product topology on X. Then 7, = Try C Toy -

3.3 Frolicher equalizer.

3.3.1 Structure.

Definition 3.3.1 Equalizer.

Let (f,g) be a pair of morphisms in the category C such that f,g: X — Y. The
morphism e : E — X in the category C is called an equalizer of f and g provided
that the following conditions hold:

1. foe=goe.

2. For any morphism e : E — X in the category C such that foé = goe there
exists a unique morpism e : E — E in the category C such that e = eo e,
that is such that the triangle

NG
X

commutes.

Proposition 3.3.1 Let f,g : X — Y be a pair of morphisms in a category C,
then the following hold:

1. Ife: E— X and e : E — X are both equalizers of f and g in the category
C then there exists an isomorphism e : E — E with e = eoe.

2. If e: B — X 1s an equalizer of f and g in the category C and if u : E—E
is an isomorphism the eowu : E — X 1is also an equalizer of f and g in C.

Proof:
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1. Let bothe : E — X and ¢ : F — X be equalizers of f and ¢ in the
category C, then by definition foe = goe and foé = goe, and there exists
morphisms € := é; and e, where ¢, : E — E and é; : E — FE such that

e=coe (3.20)

e=208 (3.21)
Then by substituting (3.20) into (3.21) we obtain that

€ = (6 e} él) OEy=¢0 (él ©) éQ) (322)

which implies that
gloéy=¢c loe=1Ig (3.23)

where Ip : ' — FE is the identity morphism on E.
Similarly, by substituting (3.21) into (3.20) we obtain that

e = (éOéQ)Oél :éO(éQOél) (324)

which implies that

eroé; = (&) loe =1 (3.25)
where I : E — F is the identity morphism on E.
Then from (3.23) and (3.25) it follows that € = &, : £ — E is an isomor-
phism.

2. Let e : E — X be an equalizer of f and g in the category C and let
u : E — FE be an isomorphism in C. Since e : £ — X is an equalizer
then there exists a unique morphism € : ' — E such that ¢ = e o e where

B - X is a morphism in C such that foe_goe and foe=goe.
Smce e:E— Eis unique the u=toe: E — E is also unique in C. But
(eou)o(utoé)=co(uouoe
= (eolg)oe
( i 5) (3.26)
=eoe€
=e

Hence e ou: E! — X is also an equalizer of f and ¢ in the category C.

Proposition 3.3.1 gives that equalizers are essentially unique.

Let M and N be sets and u,v : M — N be a pair of morphisms in the cat-
egory of sets, and consider the collection

T:={meM|ulm)=uv(m)}.
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By definition T" C M, thus we have the inclusion ¢« : 7' — M. Also by the
definition of the inclusion map for every m € T" we have that

(uor)(m) = u(u(m)) = u(m) = v(m) = v(u(m)) = (vor)(m),

that is w o2 =wv o1 Let P be another set such that ¢ : P — M is a morphism in
the category of sets such that woq=1wvogq. Let p € P, then ¢(p) € M, then

u(q(p)) = (uoq)(p) = (voq)(p) =v(q(p))-

Therefore q(p) € T C M, giving that the morphism € : P — T is uniquely defined
by € : p+— q(p). That is the diagram
P——T

N
M
commutes
Thus the inclusion map ¢ : T < M is an equalizer in the category of sets (see [1]).

We now use the equalizer in the category of sets to determine the equalizer in the
category of Frolicher spaces. Let X and Y be Frolicher spaces with f,g: X — Y
where f and g are morphisms in the category of Frolicher spaces, and let

E:={reX | f(z)=g(x)}

By definition £ C X, so since X is a Frolicher space then E is a Frolicher subspace
(see Section 3.1), then the inclusion map e : F < X is a morphism in the
category of Frolicher spaces (see Subsection 3.1.1). Following from the structure
of an equalizer in the category of sets, and that the category of Frolicher spaces
is topological over the category of sets (see Section 2.4), then the inclusion map
e : F— X is an equalizer in the category of Frolicher spaces.

Definition 3.3.2 Frolicher equalizer.
We call an equalizer in the category of Frolicher spaces a Frolicher equalizer.

By Proposition 3.3.1 Frolicher equalizers are essentially unique, that is Frolicher
equalizers are equal up to isomorphism in the category of Frolicher equalizer.

Remark 3.3.1 Since E = {x € X | f(z) = g(x)} is a Frélicher subspace of X
then E is not an initial object by definition in the category of Frélicher spaces,
however we refer to it as an initial object since it is endowed with an initial
(Frélicher) structure (see Remark 3.2.1).

3.3.2 Topological relations on the domain of Frolicher equal-
izer.

Having the Frolicher equalizer e : E — X, we have alluded that the domain
E ={zx e X | f(z) = g(x)} is a Frolicher subspace of the Frolicher space X.
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That is E' is a Frolicher space with the Frolicher structure (Cg, F) defined by
Cg = {CE R—> F | fE OCE € COO(R,R),V]CE € FE}

and
Fr = {fE EF—>R | fEOCE € COO(R,R),\V/CE € CE}

(see Definition 2.3.1 in particular equation (2.6) and (2.7), and see Subsection
3.1.1) and (Cg, Fg) is an initial Frélicher structure. Then by Section 2.5 Frolicher
topologies, which we denote by 7¢,, and 7p,, are induced from Cg and Fg, respec-
tively. By definition

70, ={U C E| ;' (U) € m,cr € Cr}

and
T ={UCE|U=f;'(V), fr € Fp,V € 1=}

and by Lemma 2.5.1
Try C Tog-

Since F is a Frolicher subspace of the Frolicher space X then the canonical topol-
ogy on F is the subspace topology

ey (E) ={ENU |U € 7p, }

(see Subsection 3.1.3). By Theorem 3.1.1 75, (E) C Tr,, then in conjunction with
Lemma 2.5.1 we have the topological relation between the canonical topology
Try (E) and the Frolicher topologies 7r, and 7¢,, and that is

TFX(E) CTry C Top-
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Final objects.

4.1 Frolicher quotient.

4.1.1 Structure.

Definition 4.1.1 Equivalence relation.
Let M be a non-empty set. The relation ~ is an equivalence relation on M if the
following conditions hold ¥ m,n,p € M:

1. Reflexivity: m ~ m.
2. Symmetry: m ~ n implies that n ~ m.

3. Transitivity: m ~ n and n ~ p implies that m ~ p.

Definition 4.1.2 FEquivalence class.

Let ~ be an equivalence relation on the non-empty set M. An equivalence class
of an element m € M, denoted [m], is a set of all elements in M that are related
to or are equivalent to m, that is [m] ={n € M | m ~ n}.

If M is a non-empty set and ~ is an equivalence relation on M and m,n € M,
then we say that m is related to or equivalent to n and vice versa if m ~ n. With
an equivalence relation ~ on the non-empty set M, the equivalence classes are
subsets of M, that is for m € M we have that [m] C M. Infact the equivalence
classes partition M, that is (J,,c,,[m] = M.

Definition 4.1.3 Quotient set.
If ~ is an equivalence relation on M, the quotient set, denoted M/.. is a set of
all equivalence classes of order ~, that is M/ = {|m| | m € M}.

Let X = (X,Cx, Fx) and Y = (Y, Cy, Fy) be Frolicher spaces and let f : X — Y
be a morphism in the category of Frolicher spaces, that is f : X — Y is a smooth

42
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map. Consider the relation ~; on X defined by  ~y y <= f(z) = f(y) for
every z,y € X. Since f(z) = f(x) is trivial for every x € X, then x ~; z for
every x € X. Therefore the relation ~; is reflexive on X. Also f(z) = f(y)
implies that f(y) = f(z) and y ~;y v <= f(y) = f(x) then x ~; y implies
that y ~; = since x ~; y <= f(z) = f(y). Thus the relation ~ is symmetric
on X. Let © ~; y and y ~¢ z for every z,y,z € X. That is f(z) = f(y) and
f(y) = f(2), therefore f(x) = f(2) and f(x) = f(2) <= = ~; z. Giving that
the relation ~ is transitive on X. Since the relation ~ is reflexive, symmetric
and transitive on X therefore it is an equivalence relation on X.

Since ~¢ is an equivalence relation on X then we have equivalence classes of
elements of X. That is

Zl={ye X |z~pyt={ye X | f(z) = fy),Vf € C(X,Y)}

is an equivalence class of z € X. The equivalence classes partition X, that is
X = U,exlz]. The quotient set of X, denoted X/., is the set of all equivalence
classes on X, that is X/ = {[z] | » € X}.

Remark 4.1.1 As per definition of the relation ~ ¢ with relation to the morphism
f: X =Y in the category of Frélicher spaces, that is x ~¢ y <= f(z) = f(y),
then we say the relation ~¢ is consistent with f. Thus the relation ~; is called
the kernel equivalence of f (see [7]).

Let X = (X, Cy, Fx) be a Frolicher space and X = X/~, be a quotient set of X.
Consider the canonical projection 7. : X — X defined by m(z) = [z] for every

v € X. Let C:={r.oc|ceCx}andlet X® and R¥ be the set of all curves
into X = X/, and the set of all real-valued functions on X = X/ respectively.
Since . o ¢ : R — X therefore C' C X® which implies that C' € P(X®) where
P(X®) is the power set of X®. The power set of RX, that is P(R¥), and the
power set P(X R) are categories with subsets of RX and XE as objects respec-
tively, and inclusion maps as morphisms (see Section 2.3).

We now start with the process of building a Frélicher structure on X = X/ ;e

Let ¢ = m. oc with ¢ € Cy, and let @ : P(X®) — P(R¥) be a functor defined
by
D.C={f.: X >R | fooc. € C®[R,R),Ve. € C} = Fy (4.1)

With f € Fx we have that f = f. o7w., then we have that
fee=(fiom)oc
= f.o(mwoc) (4.2)
= f.oc.

Since X is a Frolicher space then foc € C*(R,R) (see equation (2.6) and (2.7)),
therefore also f. oc. € C*(R,R) . That is

foce C®(R,R) < f.oc. € C*(R,R).
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Let T'. : P(RX) — P(X®) also be a functor. Then it follows that

- ~ 4.3
=T {fe: X—=>R| fooc. € C*(R,R),Ve. € C} (4.3)

={c.:R—= X | fooc. € C°(R,R),Vf. € ®.C = Fy}

Since c.

=n.oc:R— X and f.oc. € C®(R,R) for every
foed C =

'+, therefore C' € T.Fy = Cz. Therefore by Lemma 2.3.2
>.C=0.1.0.C (4.4)
Then by using (4.1), (4.3) and (4.4) we have that

. .C; =d. I Fy
=3 I.0.C
=o.C
=Fy

Since C' € Cg and c. = m.oc € C therefore c. € Cgz. Then from (4.3) and (4.5)
we have that

I Fy=C;={ce:R—= X | fooc.cC®R,R),Vf. € Fg}

and

®.Cy=Fg={f.: X > R| fuoc. € C°(R,R),Ve. € C}

That is the compatibility condition hold (see Definition 2.3.1), of which makes
the pair (Cg, Fg) a Frélicher structure on X. That is C' = {mreoc|ce Cx}
generates a Frolicher structure on X. Hence the triple X = (X,Cy, Fy) with
X=X/ ; is a Frolicher space (see Definition 2.3.2).

With X and X Frolicher spaces then the canonical projection 7. : X — X
is a morphism between Frolicher spaces. With f. € Fz, that is f. : X — R and
fuoco € C®(R,R) for every c., € Cg, then f. om. is a real-valued function on
X, that is foom. : X — R is a function. Then for any ¢ € C'x we have that
(fN oc.)oc e C®R,R) by (4.2). Therefore f. om. € Fx, implying that
={f.om. | fu € F¢} C Fx. We have also shown that

C’ {r.oc|ceCx} C Cy. With F C Fx and C C Cy, therefore the canonical
projection 7. : X — X is a smooth map, and thus a morphism in the category
of Frolicher spaces. That is we have the diagram
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T

X X
f
R - R

fuomooce

with co =nm.ocand f= f.om..

The morphism F — X is not unique for every Frolicher space F. That is
7. : X — X is unique only for X and the quotient set X = X /~; of X. For
example, consider the Frolicher spaces X and Y such that Y C X, then the
cartesian product X x Y is also a Frolicher space (see Section 3.2). Then

™ : X xY — X is a morphism between Frolicher spaces. Let f. € Fg, then
we have that foo7* : X xY — R. Since X x Y is a Frolicher space then
(fuom*)oc € C*(R,R) for every ¢ € Cxyy, therefore f_on* € Fyyy. Similarly,
we have that 7*oc: R — X for ¢ € Cxxy. Then since X = X/Nf is a Frolicher
space f. o (m*o¢) € C®(R,R) for every f. € Fy, therefore 7* o ¢ € Cg. Hence
the morphism 7* : X x Y — X is a smooth map and thus a morphism in the
category of Frolicher spaces. But 7 : X xY — X can be defined as 7*(x, y) = [z]
or m(z,y) = [y], [z] # [y], for (x,y) € X x Y. Therefore 7* : X x Y — X is not
unique.

Remark 4.1.2 The morphism .. : X — X is used in generation of the Frélicher
structure (C'z, F5) on X, and since X is the codomain of 7. then we call (C'y, F)
a final structure. The Frélicher quotient X is not a final object in the category
of Frélicher spaces by definition (see Definition 2.1.4) but we refer to it as a fi-
nal object on the virtue that it is endowed with a final (Frolicher) structure (see
Remark 2.1.1), only for the purpose and work of this dissertation.

Remark 4.1.3 For any f € Fx there exists a unique map g. € Fyg such that
f=gwom..

Definition 4.1.4 Frolicher quotient.
Let X = (X, Cx, Fx) be a Frélicher space, ~¢ a kernel equivalence of
f e Fx and X = X/Nf the quotient set on X, with the Frolicher structure

(Cg, Fy) on X. The triple X = (X, Cx, Fg) is called a Frolicher quotient.
4.1.2 Frolicher quotient topologies.

Since the triple X = ()~(, Cy, Fy) with X = X/~,, is a Frolicher space, that is a
Frolicher quotient, then we have that the pair (C'y, F'y) is a Frolicher structure
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as alluded before - the Frolicher quotient structure. Frolicher quotient topolo-
gies are topologies induced from the Frélicher quotient structure (C'g, Fig) (see
Section 2.5). The Frolicher quotient topologies are denoted 7o, and Tr, and
are induced respectively by structure curves and structure functions on X , that
is being induced from Cg and Fy respectively. With the Frolicher quotient
X = (X Cy, Fg), by Definition 2.5.1 the topology induced by all structure curves
of X = X/ ; is the collection

Tcy = {U - X | CNil(U) € TR, C~ € CX}
and the topology induced by all structure functions of X=X [~ ; is the collection
T, ={UCX|U=f.'(V), fo € Fg,V €}

where 7g is the standard topology on R. By Lemma 2.5.1 7¢_ is finer than 7x_,
that is
Try C Tog-

Definition 4.1.5 Let X = (X,Cx, Fx) be a Frilicher space and ~; a kernel
equivalence of f € Fx on X and the Frolicher quotient X = (X Cx, Fg) with
X = X/~, a quotient set on X, then the collection {f.~'(0,1) | fo € Fg} and

{f~71(0,4+00) | fu € Fg} are the basis and subbasis of Tr, respectively.

4.1.3 Quotient topology.

Since (X, 7r, ) is a topological space and we have the relation ~; on X, that is
the equivalence kernel of f € Fx, the quotient set X = X/. and the canonical
projection 7. : X — X, then the collection

. ={V C X | 7r:1(V) € Try

is a quotient topology on X (see [3] and [15]). The quotient topology 7.

a canonical topology on X and makes the canonical projection 7 : X — X
continuous. That is the quotient topology is the largest, that is the finest topology
on X for which 7. is continuous.

4.1.4 Topological relations on Frolicher quotient.

With X = (X, Cx, Fx) a Frélicher space and ~ a kernel equivalence of f € Fx
we have the quotient set X = X/ ~, and the Frolicher quotient X =(X,C¢, Fg).
In Subsection 4.1.2 Frolicher quotlent topologies were defined, that is 7¢, and 7r,
of which are topologies induced from the Frolicher quotient structure (C'y, Fg). In
Subsection 4.1.3 the quotient topology 7. was induced on X - this is the standard
or canonical topology on X . This subsection determines the relationship between
Frolicher quotient topologies and the quotient topology. Lemma 2.5.1 gives the
relationship between the Frolicher quotient topologies, that is the relationship
between Tog and Trg, glven as thus Tre C Tog-
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Lemma 4.1.1 Let X = (X, Cx, Fx) be a Frolicher space, ~; be the kernel equiv-
alence of f € Fx, X = X/, be the quotient set on X and X = (X,Cx, F) the
Frolicher quotient, then Tp, C T..

Proof: Let U € 7, then U C X such that U = V), foe € Fyand V € 1
where 7g is the standard topology on R. Recall that f = f. om. where f € Fx
and 7. : X — X (see Subsection 4.1.1). Therefore

. N U) =

(4.6)

Since 7.~ (U) C X, therefore 7.~ ' (U) € 7p,. Thus U € 7., and hence 7p_ C 7...
U

Lemma 4.1.2 Let X = (X,Cx, Fx) be a Frélicher space, ~ the kernel equiv-
alence of f € Fx, X = X/, the quotient set on X and X = (X,Cx, Fg) the

Frolicher quotient, then 7c, C 7.

Proof: Let U € 7o, then U C X such that ¢~ (U) € 7g for ¢.. € Oz where
7w is the standard topology on R. Since f = f.on. then f. ™' = 7.0 fL.
Therefore

(fom . H)(U) = (meo f7)7H(U)

—-1\—1 U
(W) -
= [~ (U)
v
for some V' € 7g. Thus n.~Y(U) = f~1(V) with f € Fx. Therefore
7.~ '(U) € Tp, which implies that U € 7., hence 70, C 7. O

Corollary 4.1.1 Let 7p, be defined as usual, then the collection
B ={m(U) | U € 1p. } is a basis for the quotient topology T...

Proof: Let V = 7. (U) where U € 75, that is V € X since 7. : X — X. Then
7. (V)= (r"t o )(U) =U € 7p,. Thus S. = 7 is a trivial basis. O

Lemma 4.1.3 Let 77, and 7c, be defined in the usual way, then 7o, C Tr,.

Proof: Let U € 10, the U C X such that ¢. " (U) € 7 with ¢. € Cy where
Tr is the standard topology on R. Let f. € F'y and V € 7 then we have that

V) = (e T o fTH(V)
= (feocl) (V)

(4.8)
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Since f.oc. € C®(R,R), that is fooc. : R — R is differentiable and thus
smooth, then f. oc. : R — R is continuous on R, therefore

T3 (froc) (V) = e (S TH (V).

From the definition of To, We have that ¢ 7' (U) € 7, then there exists V € 1
such that U = fN’l(V). Therefore U € 7p_ of which implies that 7o, C 7 . [

Corollary 4.1.2 Let 7, and 7c, be defined as usual, then 7c, = Tp,.
Proof: Lemma 2.5.1 gives that Try C Tog, and Lemma 4.1.3 gives that
TCx CTFX- Hence TCy = TFy- O

Lemma 4.1.4 Let the quotient topology 7. and the Frolicher topology Tr. be
defined as usual, then 7. C Tr_.

Proof: Let W € 7., that implies that W C X such that 7.~'(W) € 7p,. That
is 7. (W) C X such that 7.~ *(W) = f~1(V), f € Fx and V € 7 where 73
is the standard topology on R. Since m. '(W) = f~}(V), then we have that
W =n.(f"YV)) = (m.o f7H)(V). By Remark 4.1.3 there exists a unique map
g~ € Fg such that f = g. om.. Therefore

W= (.o f7)(V)

(o g (V) (4.9)

=g.7(V)
That is W C X such that W = g.~%(V) where g. € Fy and V € 7 where 73 is
the standard topology on R. Therefore W € 7. and hence 7. C 7p,. U

Corollary 4.1.3 Let the quotient topology T.. and the Frolicher topology T, be
defined as usual, then 7. = Tp_.

Proof: Lemma 4.1.1 gives that Try C Ta and Lemma 4.1.4 gives that 7. C TFes
hence 7. = TRy - O

Lemma 4.1.5 Let the quotient topology T.. and the Frolicher topology Tc. be
defined as usual, then 7. C Tc. .
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Proof: Let W € 7., that is W C X such that 7.~'(W) € 7, and

7. Y (W) € 7p, implies that 7. '(W) C X such that 7.7 ' (W) = f~ V),
f € Fx and V € g where 7y is the standard topology on R, and

7. Y W) = f~1(V) implies that W = m..(f~'(V)). By Remark 4.1.3 there exists
a unique map g. € Fy such that f = g. om., thus

FHV) = (guom ) (V) = (ma 7t o g H)(V).
Therefore

(4.10)

Then for c. € C'; we have that

e (W) =co 1(9~_1(V))
= (e~ og (V) (4.11)
= (g~0cu) (V)
But g. oc. : R — R is continuous since g. € Fg, c. € Cg and

g~oc. € C®(R,R). Therefore (g.oc.) (V) € 7z implying that .~ (W) € 7.
Therefore W € TOg and hence 7., C TOg - O

Corollary 4.1.4 Let the quotient topology 7. and the Frolicher topology 7c. be
defined as usual, then 7. = 7o, .

Proof: Lemma 4.1.2 gives that Toy C Tn and Lemma 4.1.5 gives that 7. C TOg»
hence 7. = 7¢. O

By Corollary 4.1.2, Corollary 4.1.3 and Corollary 4.1.4 we attain the following
Proposition:

Proposition 4.1.1 Let the quotient topology T.. and the Frolicher topologies Try
and 1o, be defined as usual, then Tr, =10, = To.

4.2 Frolicher coproduct.

We hereby foremost define the notion of coproducts from set theory, that is
coproducts as objects in the category of sets.

Definition 4.2.1 Let A and B be non-empty sets, the coproduct of A and B
denoted A® B, or A+ B or A[] B is the disjoint union of A and B defined as
Al B ={(a,1) | a € A}U{(b,2) | b € B}.
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That is in set theory the disjoint union of a family of non-empty sets is a union
operation that takes the union of indexed cartesian products which indexes the
elements according to which set they are an element of. Thus let {A; | i € I}
be a family of non-empty sets indexed by I, then the coproduct of the sets A;,
it € I, that is the disjoint union of the aforementioned family of sets is the set
[Lic; A = Ui, {(2,4) | 2 € A;}. In actual fact [[,., A = A x 1.

4.2.1 Structure.

Let {X; | i € I} be a family of Frolicher spaces, that is X; = (X;, Cx,, Fx,) where
(Cx,, Fx,) is a Frolicher structure, ¢ € I, on X;. Let {f; : X; = R |i € I} and
{¢; :R — X; | i € I} be a family of real-valued functions on X; and a family of
curves into X, ¢ € I, respectively. Then since X; = (X;, Cx,, Fy,) is a Frolicher
space then

CX, = Fz(FXZ) = {Ci R — Xz ’ fz oc¢; € COO(R,R),VfZ € FX”i S I}

(3

and
FXZ' = q)z<CXZ) = {fz : Xz —R ‘ fz oc¢ € COO(R,R),VCZ € CX”i € [}

where T; : P(RY¢) — P(X;®) and ®, : P(X;®) = P(RX) are functors with RX:
and X;® the set of all real-valued functions on X; and the set of all curves into
X, respectively. The power sets P(RY) and P(X;®) of R¥: and X;* respectively
are categories with subsets of RY and X;® as objects respectively, and inclusion
maps as morphisms (see Section 2.3).

Consider the coproduct X := [[,.; X; of the family {X; | ¢ € I} of Frélicher
spaces, and consider the canonical inclusion map ¢; : X; — X, ¢ € I. We now
start with the process of building a Frolicher structure on X. Let X® and R¥ be
the set of all curves into X and the set of all real-valued functions on X respec-
tively. Then the power sets P(X®) and P(R¥) are categories with subsets of X®
and R¥ as objects respectively, and inclusion maps as morphisms (see Section
2.3).

Let Ci = {y; ¢ | ¢; € Cy,}, then since g; oci : R —>_X, 1 € I, then we

have that Ciy € X® which implies that Cy € P(X ®). Let f = ; o ¢; such that

¢; € C,, that is f € Cyp, and let @ : P(X®) — P(R¥) be a functor defined by
PC:={f: X >R | foce C®R,R),Vc € Cy} := Fyx (4.12)

With f; € Fx, we have that f; = f o y;, ¢ € I, therefore

inCz’Z(

|

0 ;) 0 ¢
o (pioc) (4.13)
ocC

I
k| T
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Since X; is a Frélicher space then f;j o ¢; € C*°(R,R) (see the definition of Cly,
and Fl, ), therefore f oc € C*°(R,R). Hence by (4.13)

fioc; € C°(R,R) <= foce C*(R,R).
Let T': P(RY) — P(X®) be a functor, then it follows that

[Fy =ToCy
={¢:R— X | foceC®R,R),Vf e dCy=Fg} (4.14)
=Cyx
Since ¢ = p; 0¢; € X® and foé € C°(R,R) then it follows that
Cy CTFy =Cx (4.15)
Therefore by Lemma 2.3.2 B o
OCy = PI'OCY (4.16)
Then by using (4.12), (4.14) and (4.16) we have that
dCx = T Fy
= ety (4.17)
= dCyy
= Iy

And ¢ € Cx since ¢ € Cyy and Cyp C Cx by (4.15), then by (4.14) and (4.17) we
have that

Cy=TFy={¢:R—= X | foceC®R,R),Vfc Fyg}

and

Fy = (T)CX = {f X >R | foé € COO(R,R),VE € CX}
That is the compatibility or duality condition holds and thus the pair (C'g, Fz)
is a Frélicher structure on X = [[,.; X; (see Definition 2.3.1). Thus
Chy={pioc | ¢; € Cx,,i € I} generates a Frolicher structure on X. Hence the
triple X = (X,Cy, F) is a Frolicher space. Therefore the canonical inclusion
©; » X; = X, i € I, is a morphism between Frolicher spaces. Now let
Fii :={fop; | f € Fg}, then foyp, : X; — Ris areal-valued function on X; and by
(4.13) we have that (fop;)oc; € C®°(R, R) for every ¢; € Cl, , hence foy; € F, ,
therefore Fi; C F,. Thus since we have that C; = {p;o¢; | ¢; € Cx,,i € I} C Cx
and Fy; C Fl, then the canonical inclusion map ¢; : X; — X, i €1, is a smooth
map (see Definition 2.4.1). That is we have the diagram
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where ¢ = p; 0¢; and f; = fo;, i € I. Therefore 0 X; > X, i€, isa
morphism in the category of Frolicher spaces.

The morphism ¢; : X; — X is unique only for the Frélicher space X; and the
coproduct X of X;, i € I. That is to say the morphism F — X is not unique
for every Frolicher space F. For example let {Y; | j € J} be a family of Frolicher
spaces and suppose that Y is a group under the binary operation * for every
J € J. That is Y} is closed and associative under the operation *, and there’s an
inverse and an identity in Y; under the operation *. Thus for every j € J

1. axbeYj for every a,b €Y].
2. ax* (bxc)=(axb)x*cfor every a,b,c €Yj.

3. For every a € Y there exists an element e € Y such that
axe=ex*xa=a.

4. For every a € Y; there exists a™! € Y; such that a ' xa =ax*a™!

Consider the Frolicher product Y,, x Y,, and the morphism

V1Y X Yo = [1e; V). Let 2,y €Y, then ) can be defined as

U(z,y) = (x,m) , Y(x,y) = (y,m) and ¢¥(x,y) = (x * y,m). Therefore 9 is not
unique. Thus [],.; X; = X = (X, Cx, Fx) is not necessarily a final object in the
category of Frolicher spaces.

Remark 4.2.1 The morphism o; : X; — X is used in generation of the Frélicher
structure (Cg, Fg) on X, and since X is the codomain of @; then we call the
Frélicher structure (Cg, Fg) on X a final structure. The Frélicher space X is
not a final object in the category of Frolicher spaces by definition (see Definition
2.1.4) however we refer to it as a final object on the vitue that X is endowed with
a final (Frélicher) structure (see Remark 2.1.1). This is only for the purpose and
work of this dissertation.

Definition 4.2.2 Frolicher coproduct.

Let {X; = (X;,Cx,, Fx,) | i € I} be a family of Frélicher spaces with the coproduct
X =11.c; Xi, and (Cx, Fx) be a Frolicher structure on X. The triple

X = (X,Cx, Fg) is called the Frélicher coproduct.

4.2.2 Frolicher coproduct topologies.

In the previuos subsection we have built a Frolicher structure (Cx, Fx), that is
the Frolicher coproduct structure on the coproduct X = [L;c; Xi of the family
{X; | i € I} of Frolicher spaces, giving the Frolicher space X = (X,Cx, Fx)
called the Frolicher coproduct. As such we can induce Frolicher topologies from
the Frolicher coproduct structure (Cg, F'z), these are the Frolicher coproduct
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topologies denoted 7¢, and 7p, induced from Cx and Fy respectively and they
are defined as )
Togy = {UCX| 5_1(U) € mr,c€Cyg}

and B B B
e, ={UCX |U=f"(V),f€Fx,Vem}

where 7 is the standard topology on R. Since X = (X,Cyx, F%) is a Frolicher
space, then Lemma 2.5.1 gives that

TFy C TCx

that is the topology 7¢, is finer than the topology 7.

Definition 4.2.3 Let {X; = (X;,Cx,, Fx,) | i € I} be a family of Frélicher
spaces and X = (X, Cx, Fx) be the Frolicher coproduct with X = [],.,; X; , the
families {f~1(0,00) | f € Fx} and {f~(0,1) | f € Fx} are the basis and subbasis
Jor the Frolicher topology Tr, respectively.

4.2.3 Coproduct topology.

Let X = [L;c; Xi be the Frolicher coproduct, then with the Frolicher topology
Tr, induced from structure functions Fix we have the topological space (X, 7p, ).
The coproduct topology on X is the finest topology on X to which the canonical
morphism ¢; : X; — X is continuous. That is the coproduct topology is given
by the collection

m={UCX | Y U)€ Try,,0 € I}

(see [3] and [15]).

4.2.4 Topological relations on Frolicher coproduct.

Lemma 2.5.1 gives the relationship between the Frolicher coproduct topologies
Tr, and 7o, and that is that 7o is finer than 7p,. In this subsection we
determine the relationship between the Frolicher coproduct topologies and the
coproduct topology.

Lemma 4.2.1 The coproduct topology Tu is the finest topology in which all canon-
ical inclusions ¢; : X; — X = ]_L.e[ X are continuous and 7o, C Ti1.

Proof: Let 7 be an arbitrary topology on X = [1;c; Xi for which

w; + X; = X is continuous for every ¢ € I. That is for every open set V € 7 we
have that ¢;"'(V) = U; € Try,, that is ;" *(V) is open in Try,, @ € 1. Then by
applying ¢; on both sides of U; = ¢; 71 (V) we have that

0i(Ui) = @il (V) = V() @i(Uh).
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Since U; € Tr,, then U; C X; implying that ©:i(U;) € X since p; : X; — X, i € 1.
But ¢, (¢i(U;)) = U; € Try, , therefore o;(U;) € mir. Thus

mm 2 pi(U;) = VN ¢i(U;). Since 7 is a topology and thus closed under finite
intersection therefore V € m1. Hence 7 C 71 which verifies that mp is the finest
topology in which ¢; is continuous. Since 7 was arbitrary then by letting 7 = 7¢,
then we have that 7o, C 7i1. OJ

Lemma 4.2.2 Let the Frolicher coproduct topologies 7c, and Tp, and the co-
product topology T be defined as usual, then Tp, C 7o, C T

Proof: By Lemma 2.5.1 we have that 70, C 7¢, and Lemma 4.2.1 gives that
7cy C T, therefore 7p, C 70, C m11. O

Lemma 4.2.3 Let the Frolicher coproduct topology T, and the coproduct topol-
ogy i be defined as usual, then Tr, = 1.

Proof: From Lemma 4.2.2 we have that 7p, C 71 since 7, C 7¢, C 7i1. Recall
that B B B
e, ={UCX|U=f"'(V),f€Fx,Vem}

where 7 is the standard topology on R, and

TH:{UQX | QOZ_l(U) GTFXi,iGI}

with the canonical inclusion ¢; : X; — X = [Lic; Xi i€ 1. B
It is sufficient to show that 71 C 7p,. Let U € 7y, that is U C X such that
@i '(U) € Try, i € I. Recall also that

TFX,L- = {W - Xz | W = fi_l(v)7fi S FXwV € TR}

Then ;' (U) € 75, implies that ¢;~'(U) C X; such that

0 Y(U) = fi7Y(V), fi € Fx,,i € I and V € 7. Applying ¢; on both sides of
©0; Y (U) = f; (V) we have that U = @;(f;"*(V)). But since f; = foy;, f € Fg,
then we have that

(
=wi((fo %‘)il(v))
= el(e o W) (4.18)
= oo (V)
- F'v)
Since U C X therefore we have that U € Tr, and hence 11 C 7p, . O

Theorem 4.2.1 Let the Frolicher coproduct topologies 7¢, and Tp, and the co-
product topology i1 be defined as usual, then Tp, = 10, = 1.

Proof: Since 7r, C 7¢, C 11 by Lemma 4.2.2, and 7p, = 711 by Lemma 4.2.3
then it follows that 77, = 70, = 1. O
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4.3 Frolicher coequalizer.

4.3.1 Structure.

Definition 4.3.1 Coequalizer

Let C be a category and (u,v) be a pair of morphisms in the category C with
u,v : X — Y, then the morphism ¢ : Y — K in the category C is called a co-
equalizer of u and v provided that the following conditions hold:

1. cou=-cow.

2. For any morphism ¢ 1Y — K in the category C with ¢ ou = ¢ ow, there
exists a unique morphism ¢ : K — K in the category C such that ¢ = ¢ o c,
that is the triangle

Y 5 K
K
commutes.

Proposition 4.3.1 Coequalizers are essentially unique. That is given
u,v: X =Y as morphisms in the category C, then the following hold:

1. Ifc: Y - Kandé¢:Y — K are both coequalizers of u and v in the category
C then there is an isomorphism ¢ : K — K with ¢ = coc.

2. Ifc: Y — K is a coequalizer of u and v in the category C and if k : K — K
15 an isomorphism then koc: Y — K s also a coequalizer of u and v in
the category C.

Proof:

1. Letc:Y — Kand ¢:Y — K be coequalizers of u and v in the category C,
then by definition there exist morphisms ¢ := ¢; and ¢; where ¢; : K — K
and & : K — K such that

¢=¢coc (4.19)

and

c
Then by substituting (4.19) into (4.20) we obtain that
C:EQO(EIOC) = (EQOEl)OC

Which implies that
Gloéy=coc =1k (4.21)
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Where [ is an identity morphism on K.
Similarly by substituting (4.20) into (4.19) we obtain that

0/2610(5206):(61062)00/

Which implies that
Gilo=7¢o(6) =1y (4.22)

Where I is an identity morphism on K.
Then from (4.21) and (4.22) it follows that ¢ := ¢; is an isomorphism in the
category C.

2. Let ¢ : 'Y — K be a coequalizer of v and v and x : K — K be an
isomorphism in the category C. Since ¢ : Y — K is a coequalizer of u
and v then by definition there exists a unique morphism ¢ : K — K in
the category C such that ¢ = ¢oc where ¢ : Y — Kisa morphism in the
category C such that ¢ou = ¢éow. Sincec: K — K is unique then it follows
that ¢or~1: K — K is also unique. But

(o) o(koc)=co(ktok)oc=colxoc=coc=¢
Hence koc:Y — K is also a coequalizer of u and v in the category C.

4

Let A and B be sets and let (m, n) be a pair of morphims in the category of sets
such that m,n : A — B, that is dom(m)=A=dom(n) and cod(m)= B =-cod(n).
Let ~ be the smallest equivalence relation (see Definition 4.1.1) on B such that
m(a) ~ n(a) for all @ € A. We now consider the quotient of B by the re-
lation ~, that is the quotient set B/. (see Definition 4.1.3), and the morphism
o : B — B/. defined by o(b)=[b] for every b € B. We have com,con: A — B/,
and since m(a),n(a) € B for every a € A, therefore

(0 om)(a) = a(m(a)) = [m(a)] (4.23)
and

(0 0n)(a) = o(n(a)) = [n(a)] (4.24)
But since m(a) ~ n(a) for every a € A, then [m(a)] = [n(a)], that is

)
(4.23) =(4.24), thus we have that (com)(a) = (con)(a) for every a € A, therefore
gcom=ocon.

Let 6 : B— Bbea morphism in the category of sets such that 6 om=3don and
=0 oc. By right-multiplying 6 =6 o o both sides by ¢~ we obtain 6=6 oo

Since [m(a)] € B/~ then

o ([m(a)))=(6 0o~ ")([m(a)])=6(o~" ([m(a)])) =6 (m(a)) € B
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and furthermore ([m(a)])=a([n(a)]) since 6(m(a))=6(n(a)). Thus the triangle
B —— B/..

N

commutes. Therefore the morphism ¢ : B — B is unique, which makes the mor-
phism o : B — B/. a coequalizer in the category of sets.

We now translate from the coequalizer in the category of sets to a coequalizer
in the category of Frolicher spaces and we use the coequalizer in the category of
sets to determine the coequalizer in the category of Frolicher spaces. Let X and
Y be Frolicher spaces, (f,g) be a pair of morphisms in the category of Frolicher
spaces such that f,g : X — Y, and ~ be the smallest equivalence relation on
Y such that f(z) ~ g(z) for every x € X. The quotient set Y/. is a Frolicher
quotient since Y is a Frolicher space, and the morphism e : Y — Y/ is a mor-
phism in the category of Frolicher spaces (see Subsection 4.1.1). Following from
the structure of the coequalizer in the category of sets and since the category of
Frolicher spaces is topological over the category of sets (see Section 2.4) then the
morphism e : Y — Y/_ is a coequalizer in the category of Frolicher spaces.

Definition 4.3.2 Frolicher coequalizer.
We call the coequalizer in the category of Frolicher spaces the Frolicher coequal-
1zer.

By Proposition 4.3.1 the Frolicher coequalizer e : Y — Y/ is unique up to
isomorphism in the category of Frolicher spaces.

Remark 4.3.1 Since Y/ is a Frélicher quotient then Y/ is not a final object
by definition in the category of Frolicher spaces, however we refer to it as a final
object since it is endowed with a final (Frélicher) structure (see Remark 4.1.2).

4.3.2 Topological relations on the codomain of Frolicher
coequalizer.

Let K :=Y/.. We have alluded that K is a Frolicher quotient, therefore K is
endowed with a final Frolicher structure (Ck, Fi) defined by

Cx={¢:R—> K| foieC®R,R),Vf e Fx}

and

Fx={f:K—R|foceC®R,R),Vee Ok}

(see Definition 2.3.1 in particular equation (2.6) and (2.7), and see Subsection
3.1.1). Frolicher topologies, which we denote by 7¢, and 7p, are induced from
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the Frolicher structure (C, Fi ), that is induced from Cf and Fk respectively
(see Section 2.5). By definition (see Definition 2.5.1)

o, ={W C K| &Y W) € mr,é € Cg}

and
Tre = {WCK|W=fYV),fecFxg,Vem}
and by Lemma 2.5.1
T C TOg-
With K a Frolicher quotient then the canonical topology on K is the quotient
topology
T ={UCK|e " U) € 1r,}
(see Subsection 4.1.3). By Proposition 4.1.1 the topological relation between
the quotient topology 7x and the Frolicher topologies 7¢, and 7p, is given by
TFK = TCK =TK.



Chapter 5

Application: Frolicher tangent
bundles.

5.1 Structure.

Definition 5.1.1 Operational tangent vector.

Let (X,Cx, Fx) be a Frélicher space and x € X. The operational tangent vector
on X at the point x € X is the mapping v, : Fx — R such that for all f,g € Fx
and o € R we have that:

1. v (f 4+ 9) = va(f) +v2(9)
2. ve(af) = av.(f)
8. v (fg) = ve(f)g(x) + va(g) f(2)

Conditions 1 and 2 indicates that the mapping v, : F'x — R is a linear map or
linear operator, and condition 3 is called the Leibniz rule, that is v, : Fix — R
satisfies the Leibniz rule. Also recall that if (X, Fix, Cx) is a Frolicher space then
Fx and Cx is the set of smooth real-valued functions on X and the set of smooth
curves into X defined as

Fx={f: X—>R| foce C®R,R),Vce Cx}

and
Cx={c:R—= X | foceC®R,R),Vf € Fx}

Definition 5.1.2 Operational tangent space.
Let (X,Cx, Fx) be a Frolicher space and v, be an operational tangent vector on
X at the point v € X. The set of all operational tangent vectors on X at the
point x € X, denoted T, X, is called the operational tangent space and thus is
defined as

T,X = {v,: Fx = R | v, € (LIN) N (LBNIZ)}

29
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where LIN is the set of all linear mappings and LBNIZ is the set of all linear
mappings satisfying the Leibniz rule.

The expression v, € (LIN) N (LBNIZ) means that v, € (LIN) and v, € (LBNIZ),
that is v, : Fix — R is linear and satisfies the Leibniz rule, thus v, : Fix — R is
an operational tangent vector.

Definition 5.1.3 Tangent bundle.
Let (X,Cx, Fx) be a Frélicher space and T, X be the operational tangent space,
then the operational tangent bundle on X denoted T'X is defined as

TX = H T,X

reX

= |J{o} x X (5.1)
:?e(x,vx) | z € X,v, € T, X}

We now build a Frolicher structure on the tangent bundle T'X. The morphism
t: TX — X is a canonical projection defined by t(z,v,) = z for every x € X,
then we have that fot:TX — R for f € Fx. We also have a smooth derivation
d: Fx — Fx such that df : TX — R for f € Fx (see [19], in particular Remark
4.1.2). Consider the collection

Goz{dfTX—>]R|f€Fx}U{fOtTX—)R’fEFx}

Let R™Y and TX® be the set of all real-valued functions on TX and the set of
curves into T'X, respectively. The power sets P(R7X) and P(TX™) are categories
with objects as subsets of RTX and subsets of TX®, respectively, and inclusion
maps as morphisms (see Section 2.3).

Let T'rx : P(RTX) — P(TX"®) be a functor defined by
I'rxGo = {S R—TX | goseE COO(R7 R),Vg € Go} = COrx (52)
Let ®px : P(TX®) — P(RTX) be a functor. Then it follows that

®TXCTX = ®TXFTXGO
:{gTX%R | gOSGCOO(R,R)7\V/S€FT)(G0:CT)(} (53)

= Frx

Let g € G and s € Crx then by definition go s € C°(R, R), therefore g € Fry,
hence
Go C PrxCrx = Frx (5.4)

Following from (5.4) then Lemma 2.3.2 gives that

1_\TXCTYO = 1—‘TX(I)TXFTXGO (55)
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Then by using the equations (5.3), (5.2), (5.4) and (5.2) in that order, we obtain

IrxFrx =Trx®rxCrx
=IpxPrxT'rxGo
=I'rx Gy

= CTX

(5.6)

Equation (5.3) and (5.6) gives the compatibility condition (see Definition 2.3.1).
That is (Crx, Frx) = (DrxGo, PrxT'rxGo) is a Frolicher structure on T'X, thus
Gy generates a Frolicher structure on T'X. Then the triple (T'X, Crx, Frx) is a
Frolicher space.

Definition 5.1.4 Frolicher tangent bundle.
Let TX be a tangent bundle with the Frélicher structure (Crx, Frx). The Frélicher
space (TX,Crx, Frx) is called a Frélicher tangent bundle.

Let g € Frx such that h = g|r, x, that is h is the restriction of g on 7, X, then
the collection

Fr.x ={h=glr.x | 9 € Fr,x}

is a set of structure functions on 7,,.X, and is a restriction of Fry on T, X. There-
fore (Fr,x, ®rx Fr,x) is a Frolicher structure on T, X and thus (T, X, Fr,x, ®rx Fr, x)
is a Frolicher space.

By (5.4) we have that
{fot:TX >R |t:TX = X,f € Fx} C Frx (5.7)

Let s € Crx, and since t : TX — X then we have tos: R — X. Let f € Fx
then fo(tos) = (fot)os, but fot € Frx by (5.7), and s € Crx, therefore
C>*(R,R)> (fot)os= fo(tos), hence tos € Cx which implies that

{tOS|SECTX7tITX—>X}CCX (58)

Then by (5.7) and (5.8) it follows that the canonical projection ¢ : TX — X is
a smooth map, that is £ : TX — X is a morphism in the category of Frolicher
spaces.

Remark 5.1.1 The projection t : T'X — X is unique and is used in generation
of the Frélicher structure (Crx, Frx) on TX, then since TX is the domain of t
then we call (Crx, Frx) an initial structure. The Frolicher tangent bundle TX
is not an initial object by definition (see Definition 2.1.4) but we refer to it as an
initial object on the virtue that it is endowed with an initial (Frélicher) structure
(see Remark 2.1.1), only for the purpose and work of this dissertation.



5.2 Frolicher tangent bundle topologies. 62

5.2 Frolicher tangent bundle topologies.

Consider the Frolicher tangent bundle (T'X, Crx, Frx ), then by Section 2.5 Frolicher
topologies can be induced from the Frolicher structure (Cry, Frx). We call these
topologies Frolicher tangent bundle topologies, denoted 7¢,., and 7g,,, induced
from Crx and Frx respectively. By definition (see Definition 2.5.1)

TCrx = {U CcCTX ’ Sil(U) € TR, S € CT)(}

and
TPrx — {U cTX | U:g_l(V),g € FT)(,V S TR}

where 7 is the standard topology on R, and by Lemma 2.5.1

Trrx € TOpx-

5.3 Canonical topology on Frolicher tangent bun-
dle.

Lemma 5.3.1 Let
mrx = {tTHU) | U € 7yt : TX — X},
then Trx is a topology on TX.

Proof: Since ¢, X € 7, [7r, is a topology] then t~1(¢) = ¢ € 7rx and
til(X> =TX € mrx.

Let t7Y(U;) € 7p,, for all i = 1,2,...,n, thus U; € 75, for i = 1,2,....,n. But
N tHU) = 7N}, Us), and since 7, is closed under finite intersection then

ﬂ?:l Uz € Tpy =— t71<ﬂ?:1 Uz) c Trx — ﬂ?:l til(Ui) € Trx-

Let t71(U,) € 7rx, a € I, therefore U, € Tr, for all @ € I. Since 7p, is closed
under infinite union then | J,.; Uy € Try = Trx 3 t‘l(Ua€I Ua) = Uner t=4(U,)

Therefore 7rx is a topology on T'X. 0

5.4 Topological relations on Frolicher tangent
bundle.

We now determine the topological relation between the canonical topology 7rx
and the Frolicher tangent bundles topologies 7¢,, and 7p,,. Following from
the topological relation on initial objects (on Chapter 3) we have the following
Lemma:
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Lemma 5.4.1 Let T'X be the Frolicher tangent bundle, and trx, T, and Tc,
be defined in the usual way, then Trx C Tp,y C Topy-

Proof: It suffices to show that 7px C 7p,, since 7p,, C 7¢, by Lemma 2.5.1.
Let t71(U) € 7rx, therefore U € 7p,. But U € 7p, implies that U C X such
that U = f~Y(V), f € Fx and V € 7z where 7 is the standard topology on R.
Therefore since U = f~1(V), f € Fx then

V) = (V)
(t o V) (5.9)
— (fot) (V)

By (5.7) we have that f ot € Fry, therefore t 1(U) € Tp,,. Thus 7rx C Tr,y-
Hence 77x C Tp,y C Topy- U



Conclusion

Frolicher spaces are structured sets, that is sets endowed with a structure -
the Frolicher structure (see Definition 2.3.1), and the Frolicher structure is a
smooth structure. Given a Frolicher space (X, Cx, Fix) then the pair (Cx, Fx)
is a Frolicher structure where X is a non-empty set, C'y a set of all curves into
X and Fx the set all real-valued functions on X. We have built the category of
Frolicher spaces, and it consists of Frolicher spaces as objects and smooth maps
as the associated morphisms. From literature (see [5],[6],(7],[9],[10],[11],[12]) the
category of Frolicher spaces possesses initial and final objects (see Definition 2.1.3
and 2.1.4), and furthermore it [the category of Frolicher spaces] is complete, co-
complete, cartesian-closed and topological over sets (see [6],[10]). Intial and final
objects in the category of Frolicher spaces are themselves Frolicher spaces, that is
they are structured sets, thus topologies were induced on initial and final objects.
Our research title aimed at studying and investigating the building structure of,
and the topological relations or the relations of topologies on initial and final
objects in the category of Frolicher spaces.

The initial objects in the category of Frolicher spaces under our study were
Frolicher subspace, Frolicher product and the domain of Frolicher equilizer. The
final objects were Frolicher quotient, Frolicher coproduct and the codomain of
Frolicher coequalizer. It should be noted that the aforementioned objects are
not the only initial and final objects in the category of Frolicher spaces, and by
definition (see definitions 2.1.3 and 2.1.4) are not initial and final objects in the
category Frolicher spaces, however for the purpose and work of this dissertation
we refer to them as initial and final objects in the category of Frolicher spaces on
the virtue that they are endowed with an initial and final structure respectively
(see Remark 2.1.1).

The Frolicher structure on each object is generated from an existing Frolicher
space - we’ll call this Frolicher space the generating Frolicher space. For each
object there’s a generating set and a canonical morphism used in generation of
the Frolicher structure on the object. For initial objects, the initial object is the
domain and the generating Frolicher space is the codomain of this canonical mor-
phism, and contrary for final objects this canonical morphism has the generating
Frolicher space as the domain and the final object as the codomain. The gener-
ating set generating a Frolicher structure on the initial objects is built from the
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structure functions of the generating Frolicher space, and the generating set for
final objects is built from the structure curves of the generating Frolicher spaces.

For each initial and final object, Frolicher topologies were induced from the
Frolicher structure, and there are two Frolicher topologies for each object: a
Frolicher topology induced from the structure functions of the object and a
Frolicher topology induced from the structure curves of the object. Also for
each object a canonical topolgy was induced from the underlying set of the ob-
ject. Thus for each object we have three topologies.

For any Frolicher space the Frolicher topology induced from the structure func-
tions is contained in the Frolicher topology induced from the structure curves (see
Lemma 2.5.1). The topological relation between the canonical topology and the
Frolicher topologies can be summarised as follows: If (X, Cy, Fix) is any initial
object (under our study) in the category of Frolicher spaces, and let 7x, 7¢, and
Tr, denote the canonical topology on X, the Frolicher topology induced from
structure curves into X and the Frolicher topology induced from the structure
funtions on X, then 7x C 7, C 7¢y; and if (Y, Cy, Fy) is any final object (un-
der our study) with 7y, 7¢,, and 7g, the canonical topology on Y, the Frolicher
topology induced from the structure curves into Y and the Frolicher topology
induced from the structure functions on Y respectively, then 7, = 70, = 7y

The aforementioned topological relation only hold for the initial and final ob-
jects under our study, and these objects are or might not be the only initial and
final objects in the category of Frolicher spaces, thus a further study can be con-
ducted to determine whether the aforementioned topological relation holds for
any initial and final object in the category of Frolicher spaces. For application we
used tangent bundles in the category of Frolicher spaces and the aforementioned
topological relation does hold, and a further application can be applied on the
cotangent bundles in the category of Frolicher space. The initial and final objects
under our study are not initial and final objects as per categorical definitions
(definitions 2.1.3 and 2.1.4), however we refer to them as initial and final objects
since they are endowed with an initial and final structure respectively, as in liter-
ature ([6], [7]). Therefore a topological relation can be investigated on real initial
and final objects (as per definition) in the category of Frolicher spaces. At this
point real initial and final objects in the category of Frolicher spaces are unknown
to us.
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