
ABSTRACT

A derivation is given of the constitutive equation for an incompressible transversely
isotropic hyperelastic material in which the direction of the anisotropic director is
unspecified. The field equations for a transversely isotropic incompressible hypere-
lastic material are obtained.

Nonlinear radial oscillations in transversely isotropic incompressible cylindrical
tubes are investigated. A second order nonlinear ordinary differential equation,
expressed in terms of the strain-energy function, is derived. It has the same form
as for radial oscillations in an isotropic tube. A generalised Mooney-Rivlin strain-
energy function is used.

Radial oscillations with a time dependent net applied surface pressure are first
considered. For a radial transversely isotropic thin-walled tube the differential equa-
tion has a Lie point symmetry for a special form of the strain-energy function and
a special time dependent applied surface pressure. The Lie point symmetry is used
to transform the equation to an autonomous differential equation which is reduced
to an Abel equation of the second kind. A similar analysis is done for radial oscilla-
tions in a tangential transversely isotropic tube but computer graphs show that the
solution is unstable. Radial oscillations in a longitudinal transversely isotropic tube
and an isotropic tube are the same. The Ermakov-Pinney equation is derived.

Radial oscillations in thick-walled and thin-walled cylindrical tubes with the
Heaviside step loading boundary condition are next investigated. For radial, tan-
gential and longitudinal transversely isotropic tubes a first integral is derived and ef-
fective potentials are defined. Using the effective potentials, conditions for bounded
oscillations and the end points of the oscillations are obtained. Upper and lower
bounds on the period are derived. Anisotropy reduces the amplitude of the oscilla-
tion making the tube stiffer and reduces the period.

Thirdly, free radial oscillations in a thin-walled cylindrical tube are investigated.
Knowles(1960) has shown that for free radial oscillations in an isotropic tube, ab = 1
where a and b are the minimum and maximum values of the radial coordinate. It
is shown that if the initial velocity v0 vanishes or if v0 6= 1 but second order terms
in the anisotropy are neglected then for free radial oscillations, ab > 1 in a radial
transversely isotropic tube and ab < 1 in a tangential transversely isotropic tube.

Radial oscillations in transversely isotropic incompressible spherical shells are
investigated. Only radial transversely isotropic shells are considered because it is
found that the Cauchy stress tensor is not bounded everywhere in tangential and lon-
gitudinal transversely isotropic shells. For a thin-walled radial transversely isotropic
spherical shell with generalised Mooney-Rivlin strain-energy function the differen-
tial equation for radial oscillations has no Lie point symmetries if the net applied
surface pressure is time dependent.

The inflation of a thin-walled radial transversely isotropic spherical shell of gen-
eralised Mooney-Rivlin material is considered. It is assumed that the inflation pro-
ceeds sufficiently slowly that the inertia term in the equation for radial oscillations
can be neglected. The conditions for snap buckling to occur, in which the pressure
decreases before steadily increasing again, are investigated. The maximum value of
the parameter for snap buckling to occur is increased by the anisotropy.
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Chapter 1

Introduction

1.1 Introduction

Although a large amount of research has been done on nonlinear radial oscillations in
incompressible isotropic cylindrical tubes and spherical shells, comparatively little
research has been done on nonlinear radial oscillations in anisotropic cylindrical
tubes and spherical shells.

In this thesis nonlinear radial oscillations in incompressible transversely isotropic
cylindrical tubes and spherical shells are investigated. The inflation of a transversely
isotropic spherical shell in which inertia effects can be neglected is also considered.
An elastic material is transversely isotropic with respect to a direction h if its
strain-energy function is invariant under rotations about h and reflections in any
plane containing h. The unit vector h is the anisotropic director. Effects due to the
anisotropy of the cylindrical tube and spherical shell will be investigated.

1.2 Transversely isotropic cylindrical tube

Radial, tangential and longitudinal transversely isotropic cylindrical tubes will be
considered. In a radial transversely isotropic tube the anisotropic director h is a unit
vector in the radial direction in the undeformed tube. In a tangential transversely
isotropic tube the anisotropic director is in the tangential direction in the unde-
formed tube. In a longitudinal transversely isotropic tube the anisotropic director
is in the direction of the axis of the tube in the undeformed tube

Nonlinear radial oscillations in a longitudinal transversely isotropic cylindrical
tube are the same as in an isotropic tube. Free radial oscillations in an incom-
pressible isotropic tube were first considered by Knowles(1960). Knowles(1962) also
considered radial oscillations with the Heaviside step loading boundary condition for
the net applied surface pressure and derived upper and lower bounds for the period
in a thick-walled tube. Shahinpoor and Nowinski(1971) considered a thin-walled
tube and showed that the radial oscillations satisfy the Ermakov-Pinney equation.
The solution of the Ermakov-Pinney equation can be expressed as a nonlinear su-
perposition. Higher order effects in the thickness parameter of a thin-walled tube
have been investigated by Mason and Roussos(2000). Nonlinear radial oscillations
in a thin-walled double layer tube were considered by Roussos and Mason(1998).
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References to further work on radial oscillations in an isotropic tube will be given
later.

Nonlinear radial oscillations in an incompressible transversely isotropic cylindri-
cal tube were first considered by Huigol(1967). Huigol considered a radial trans-
versely isotropic tube and derived the conditions on the strain-energy function for
the existence of periodic solutions. He also briefly considered radial oscillations
in a tangential transverse isotropic tube and outlined the changes that have to be
made. Shahinpoor(1974) kept the anisotropic director unspecified and derived the
equations for radial oscillations in an incompressible transversely isotropic tube. He
then considered a thin-walled longitudinal transversely isotropic tube. The equation
reduced to the Ermakov-Pinney equation which is the same as for nonlinear radial
oscillations in an isotropic tube.

1.3 Transversely isotropic spherical shell

Radial, tangential and longitudinal transversely isotropic spherical shells will also be
considered. In a radial transversely isotropic spherical shell, the anisotropic director
h is a unit vector in the radial direction of the undeformed shell. For a tangential
transversely isotropic spherical shell we define the anisotropic director to be tangen-
tial to a line of latitude in the undeformed shell and for a longitudinal transversely
isotropic spherical shell we define the anisotropic director to be tangential to a line
of longitude in the unstrained shell.

A large amount of research has been done on radial oscillations in an isotropic
spherical shell (Guo and Solecki 1963, Wang 1965, Roussos, Mason and Hill 2002).
We find that for radial oscillations in tangential and longitudinal transversely isotropic
shells the stress tensor is unbounded at the end points, θ = 0 and θ = π. We there-
fore consider only a radial transversely isotropic spherical shell.

Since the analysis of radial oscillations in a spherical shell is similar to radial
oscillations in a cylindrical tube we consider instead of radial oscillations the re-
lated problem of inflation of a spherical shell. The inflation is assumed to proceed
sufficiently slowly that the inertia term in the equation for radial oscillations can
be neglected. The inflation of an isotropic spherical shell has been reviewed by
Beatty(1987). Snap buckling( Holzaphel, 2000 ) can occur in which the pressure
decreases during inflation before increasing. Anisotropic effects in the inflation of a
radial transversely isotropic spherical shell will be investigated.

1.4 Outline of thesis

The notation of finite elasticity of Green and Zerna(1968) and Green and Ad-
kins(1970) is used throughout the thesis.

In Chapter 2, an outline is given of the derivation of the field equations for an
incompressible transversely isotropic hyperelastic material. A hyperelastic material
is an elastic material with a strain-energy function. Green and Adkins(1970) only
considered the case in which the anisotropic director is along the 3-axis. A derivation
is given of the constitutive equation for an incompressible transversely isotropic
material in which the direction of the anisotropic director is unspecified.
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In Chapter 3, a second order nonlinear ordinary differential equation is derived for
radial oscillations of a transversely isotropic incompressible hyperelastic cylindrical
tube. The equation is expressed in terms of the strain-energy function and applies
for radial, tangential and longitudinal transversely isotropic cylindrical tubes. It
has the same form as the differential equation for radial oscillations in an isotropic
tube. It is quite general and applies for a thick-walled tube and for any strain-
energy function for a transverse isotropic material. The generalised Mooney-Rivlin
strain-energy function for a transversely isotropic material is introduced.

In Chapter 4, nonlinear radial oscillations in transversely isotropic cylindrical
tubes with time dependent net applied surface pressure are investigated. Thin-
walled cylindrical tubes with a generalised Mooney-Rivlin strain-energy function are
considered. The second order ordinary differential equation for radial oscillations in
a radial transversely isotropic tube has a Lie point symmetry generator for a certain
relation between the constants in the Mooney-Rivlin strain-energy function and
provided the time dependent net applied surface pressure has a special form. The
Lie point symmetry is used to transform the differential equation to an autonomous
equation which is reduced further to an Abel equation of the second kind. A similar
analysis is done with the differential equation for radial oscillations in a tangential
transversely isotropic tube. The differential equation is transformed to another Abel
equation of the second kind. The results are compared with those of Roussos and
Mason(2005) for radial oscillations in an isotropic tube with time dependent net
applied surface pressure. Radial oscillations in a longitudinal transversely isotropic
tube are the same as in an isotropic tube.

In Chapter 5, nonlinear radial oscillations in a transversely isotropic cylindrical
tube with Heaviside step loading boundary condition are investigated. Both thick-
walled and thin-walled tubes are considered. A first integral of the second order
differential equation for radial oscillations is derived. Effective potentials for radial
oscillations in radial, tangential and longitudinal transversely isotropic tubes are
obtained. The effective potential determines when the oscillation is bounded and
the end points of the bounded oscillations. Upper and lower bounds on the period
are derived using inequalities introduced by Knowles(1962) for the isotropic tube.

In Chapter 6, free nonlinear radial oscillations in transversely isotropic thin-
walled cylindrical tubes are considered. Knowles(1960) has shown that for free
radial oscillations in a thin-walled isotropic tube and for all strain-energy functions,
ab = 1 where a and b are the minimum and maximum values of the radial coordi-
nate. The extension of this result to free radial oscillations in radial and tangential
transversely isotropic tubes with generalised Mooney-Rivlin strain-energy function
is investigated. It is shown that if either the initial velocity v0 vanishes or if v0 6= 0
but second order terms in the anisotropy can be neglected, then ab > 1 for a radial
transversely isotropic tube and ab < 1 for a tangential transversely isotropic tube.
The effect of the anisotropy on the period of free oscillations is also investigated.

In Chapter 7, radial oscillations in a transversely isotropic incompressible hyper-
elastic spherical shell are investigated. It is found that the Cauchy stress tensor is
not bounded everywhere for radial oscillations in tangential and longitudinal trans-
versely isotropic spherical shells. Only radial transversely isotropic spherical shells
are therefore considered. It is found that the differential equation for radial oscilla-
tions in a thin-walled radial transversely isotropic spherical shell has no Lie point
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symmetries for a time dependent net applied surface pressure.
In Chapter 8 the inflation of a thin-walled spherical shell is investigated. The

condition for snap buckling to occur in an isotropic spherical shell is reviewed. Snap
buckling is then investigated in the inflation of a radial transversely isotropic spher-
ical shell and the modifications to the results for an isotropic shell are obtained
using perturbation methods. The maximum value of the parameter for which snap
buckling can occur in an isotropic shell is increased for a radial transversely isotropic
shell.

Finally, the conclusions are summarised in Chapter 9.
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Chapter 2

The Equations of Finite Elasticity
for Transversely Isotropic
Incompressible Elastic Materials

2.1 Introduction

In this chapter the derivation of the field equations for transversely isotropic incom-
pressible materials is outlined.

The strain tensor is first introduced and the three strain invariants are de-
fined. The stress vector is defined and the Cauchy stress tensor is then introduced.
Cauchy’s formula relating the stress vector to the stress tensor is stated.

The principle of linear momentum for a continuum is stated. An outline is then
given of the derivation of Cauchy’s first law of motion by starting from the principle
of linear momentum.

The principle of angular momentum for a continuum is stated and Cauchy’s
second law of motion is then considered.

The constitutive equation for transversely isotropic incompressible elastic mate-
rials is considered. Green and Adkins (1970) considered only the case in which the
anisotropic director h is along the 3− axis. The constitutive equation for the gen-
eral case in which the anisotropic director h is unspecified is derived. Constitutive
equations for radial, tangential and longitudinal transversely isotropic materials can
then be obtained as special cases. By substituting the constitutive equation into
Cauchy’s first law of motion, the field equations for transversely isotropic incom-
pressible elastic materials are derived.

The strain energy function for a transversely isotropic incompressible material
is considered. The generalised Mooney-Rivlin strain energy function introduced
by Shahinpoor (1974) is discussed. A relation between the constants in the strain
energy function is determined from the condition that the undeformed body B0 must
be stress free.

The notation of Green and Zerna (1968) and Green and Adkins (1970) will be
used. A review of the equations of finite elasticity for isotropic elastic materials
using the notation of Green and Zerna (1968) has been given by Mason (1996).
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2.2 Coordinate systems and base vectors

An elastic body is defined as a deformable body which recovers its original shape
when the forces causing the deformation are removed. If a body undergoes geomet-
ric changes, we need in addition to the reference rectangular cartesian coordinate
system, a coordinate system that follows the deformed shape. Such a coordinate
system is called a Lagrangian or material coordinate system.

The position vector relative to the origin of a typical material point P0 of an
undeformed body B0 is defined by

r = xn in (2.1)

as shown in Figure 2.2.1. The fixed rectangular cartesian base vectors i1, i2, i3 satisfy

in · im = δnm =

{
1 n = m
0 n 6= m

. (2.2)

At time t the material point P0 in B0 has moved to the point P in the deformed
body B with position vector

R = yn in. (2.3)

The reference rectangular cartesian coordinate system is R =
(
y1, y2, y3

)
. The La-

grangian coordinate system is r =
(
x1, x2, x3

)
. In the Lagrangian coordinate system,

r =
(
x1, x2, x3

)
and t are regarded as independent variables and r is independent

of time.
The material time derivative D

Dt
is defined as

D

Dt
=

∂

∂t

∣∣∣
r kept fixed .

(2.4)

The partial derivative D
Dt

is the time rate-of-change following the motion of the
material particle initially at position r in the undeformed body B0 . Since r and t
are independent in the Lagrangian coordinate system, D

Dt
commutes with ∂

∂xi .
The velocity v(r, t) of a material particle is defined as

v(r, t) =
D

Dt
R(r, t). (2.5)

The velocity v(r, t) is referred to as the Lagrangian velocity. Also

v(r, t) = v(r(R, t), t)

= V (R, t). (2.6)

The velocity V (R, t) is referred to as the Eulerian velocity.
We assume that each material point P at time t is related to its original position

P0 at time t0 by

yi = yi
(
x1, x2, x3, t

)
,

xi = xi
(
y1, y2, y3, t

)
, (2.7)

where yi and xi are single-valued and continuously differentiable with respect to
each of their variables. For the deformation to be possible it is necessary that

det
[ ∂yi

∂xj

]
> 0. (2.8)
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Figure 2.2.1
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Condition (2.8) ensures that the basis vectors at P in the deformed body form a
right-handed system of axes.

The undeformed body B0 may also be described by curvilinear coordinates(
θ1, θ2, θ3

)
. Then

xi = xi
(
θ1, θ2, θ3

)
, i = 1, 2, 3. (2.9)

It is assumed that the transformation (2.9) can be inverted to give

θi = θi
(
x1, x2, x3

)
, i = 1, 2, 3. (2.10)

The coordinate surfaces are given by the equations

θi
(
x1, x2, x3

)
= constant, i = 1, 2, 3. (2.11)

The curves produced by the intersections of the three coordinate surfaces at a point
P0 are called the coordinate curves.

The covariant base vectors, gi, i = 1, 2, 3, at a point P0 of the undeformed body
B0 are given by

gi =
∂xn

∂θi
in = r,i (2.12)

where a comma denotes ordinary partial differentiation. The base vector gi is di-
rected tangentially along the θi coordinate curve. The covariant base vectors of the
undeformed body B0 are shown in Figure 2.2.2.

The contravariant base vectors, gi, i = 1, 2, 3, are defined by

gi =
∂θi

∂xn
in. (2.13)

It is readily verified that
gi · gj = δi

j. (2.14)

The covariant and contravariant metric tensors of the undeformed body B0 are given
respectively by

gij = gi · gj (2.15)

and
gij = gi · gj. (2.16)

The curvilinear coordinate system
(
θ1, θ2, θ3

)
moves continuously with the body

as it deforms from the original configuration B0 at time t0 to the configuration B
at time t. The values of

(
θ1, θ2, θ3

)
which define the material point P0 in B0 remain

fixed with the material point as it moves from position P0 in B0 to position P in B.
Thus

yi = yi
(
x1

(
θ1, θ2, θ3

)
, x2

(
θ1, θ2, θ3

)
, x3

(
θ1, θ2, θ3

)
, t

)
(2.17)

= yi
(
θ1, θ2, θ3, t

)
(2.18)

where the functional forms of yi in (2.17) and (2.18) are generally different. It is
assumed that the transformation (2.18) can be inverted to give

θi = θi
(
y1, y2, y3, t

)
, i = 1, 2, 3. (2.19)
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Figure 2.2.2
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The covariant base vectors of the deformed body B are

Gi =
∂yn

∂θi
in = R,i (2.20)

and they are directed along the coordinate curves at point P in the body B. The
covariant base vectors of the deformed body B are shown in Figure 2.2.2.

The contravariant base vectors of the deformed body B are given by

Gi =
∂θi

∂yn
in. (2.21)

It is readily shown that
Gi ·Gj = δj

i . (2.22)

The covariant and contravariant metric tensors of the deformed body B are
respectively

Gij = Gi ·Gj (2.23)

and
Gij = Gi ·Gj. (2.24)

The Christoffel symbols calculated for the undeformed body B0 from the metric
tensors gij and gij are given respectively by

0Γijk =
1

2
(gik,j + gjk,i − gij,k) (2.25)

and

0Γ
k
ij =

1

2
gks(gis,j + gjs,i − gij,s), (2.26)

with
gi,j = 0Γ

k
ijgk (2.27)

and
gi

,j = −0Γ
i
jkg

k. (2.28)

A single vertical line denotes covariant differentiation with respect to the metric
tensor of the undeformed body B0. Hence

Ai
|j = Ai

,j + 0Γ
i
jkA

k, (2.29)

Ai|j = Ai,j − 0Γ
k
ijAk. (2.30)

The covariant derivative of all components of the metric tensor in B0 vanish:

gij|k = 0, gi
j|k = 0, gij

|k = 0. (2.31)

Similarly, the Christoffel symbols calculated for the deformed body B from the
metric tensors Gij and Gij are respectively

Γijk =
1

2
(Gik,j + Gjk,i −Gij,k) (2.32)
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and

Γk
ij =

1

2
Gks(Gis,j + Gjs,i −Gij,s), (2.33)

where
Gi,j = Γk

ijGk (2.34)

and
Gi

,j = −Γi
jkG

k. (2.35)

A double vertical line denotes covariant differentiation with respect to the metric
tensor of the deformed body B. Thus

Ai
||j = Ai

,j + Γi
jkA

k, (2.36)

Ai||j = Ai,j − Γk
ijAk. (2.37)

The covariant derivative of all components of the metric tensor in B vanish:

Gij||k = 0, Gi
j||k = 0, Gij

||k = 0. (2.38)

2.3 Strain tensor and strain invariants

The strain tensor γij is defined in terms of the covariant metric tensors of the
deformed body B and undeformed body B0 and is

γij =
1

2
(Gij − gij). (2.39)

We now show that the strain tensor determines the difference of the squares of
the line elements in the bodies B and B0. The line element at the point P0 in the
undeformed body B0 at r

(
θ1, θ2, θ3

)
is given by

dr =
∂r

∂θi
dθi =

∂xn

∂θi
indθi = gi dθi. (2.40)

Then
ds2

0 = dr · dr = gij dθi dθj. (2.41)

In the deformed body B, the line element at the same material point P at R
(
θ1, θ2, θ3, t

)
is

dR =
∂R

∂θi
dθi =

∂yn

∂θi
indθi = Gi dθi. (2.42)

Then
ds2 = dR · dR = Gij dθi dθj. (2.43)

Hence
ds2 − ds2

0 = 2γij dθi dθj. (2.44)

The strain tensor is therefore explained as a measure of the difference of the squares
of corresponding line elements in the deformed and undeformed bodies.
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The strain tensor can be written in a more familiar form in terms of the dis-
placement vector u defined by

u(r, t) = R(r, t)− r. (2.45)

For
u,i = R,i − r,i = Gi − gi, (2.46)

and eliminating Gij from (2.39) gives

γij =
1

2
(gi · u,j +gj · u,i +u,i ·u,j ). (2.47)

But
u,i = un|ig

n (2.48)

and (2.47) can be written as

γij =
1

2

(
ui|j + uj|i + um

|ium|j
)
. (2.49)

Equation (2.49) gives the strain tensor γij in terms of the displacement vector u.
In order to introduce the strain invariants, consider first a general second order

mixed tensor, Ai
j . Then the characteristic polynomial of Ai

j is of the form

det[Ai
j − λδi

j] = −λ3 + I1λ
2 − I2λ + I3, (2.50)

where

I1 = Ai
i = traceA, (2.51)

I2 =
1

2
[Ai

iA
j
j − Ai

rA
r
i]

=
1

2
[(traceA)2 − trace(A2)], (2.52)

I3 = det[Ai
j]. (2.53)

Further, I1, I2 and I3 are invariants under transformations of curvilinear coordinates
θi → θ̄i where

θ̄i = θ̄i(θ1, θ2, θ3). (2.54)

Consider now the strain tensor. Mixed tensors can be formed from γij in two
ways dependng on whether the metric tensor gik in B0 or the metric tensor Gik in
B is used to raise the index. Following Green and Zerna (1954) we use the metric
tensor gik. Define

γi
j = gikγkj =

1

2
gik(Gkj − gkj) =

1

2
(gikGkj − δi

j). (2.55)

Thus
gikGkj = 2γi

j + δi
j. (2.56)
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We work with the invariants of gikGkj instead of the invariants of γi
j. The invariants

of gikGkj are denoted by I1, I2, I3 and are called the strain invariants. The strain
invariants are

I1 = trace[gik Gkj], (2.57)

I2 =
1

2
[(trace[gik Gkj])

2 − trace([gik Gkj]
2)], (2.58)

I3 = det[gik Gkj]. (2.59)

The strain invariants can be expressed as follows:

I1 = gik Gik, (2.60)

I2 =
1

2
gik grs[Gik Grs −Gis Gkr], (2.61)

I3 =
G

g
, (2.62)

where

G = det[Gik], g = det[gik] =
1

det[gik]
. (2.63)

If the invariants of γi
j are denoted by J1, J2 and J3, then

J1 =
1

2
(I1 − 3), (2.64)

J2 =
1

4
(I2 − 2I1 + 3), (2.65)

J3 =
1

8
(I3 − I2 + I1 − 1). (2.66)

Hence, once I1 , I2 and I3 have been determined, the three invariants of γi
j can be

obtained if required.
The following result is useful in calculating the strain invariant I2 :

I2 = Gik gik I3. (2.67)

Because of its importance a brief outline is given of the derivation of (2.67). Let

Ai
j = gik Gkj. (2.68)

The characteristic polynomial of Ai
j is given by (2.50) and therefore its characteristic

equation is
λ3 − I1λ

2 + I2λ− I3 = 0. (2.69)

By the Cayley-Hamilton theorem, a matrix satisfies its own characteristic equation.
Thus

A3 − I1A
2 + I2A− I3 = 0. (2.70)

Multiplying (2.70) by A−1 gives

A2 − I1A + I2I − I3A
−1 = 0. (2.71)
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Thus, by taking the trace of (2.71), we obtain

Ai
sA

s
i − I1A

i
i + 3I2 − I3A

−1i
i = 0. (2.72)

But from (2.51) and (2.52),

Ai
i = I1, Ai

sA
s
i = I2

1 − 2I2, (2.73)

and therefore (2.72) becomes
I2 = I3A

−1i
i. (2.74)

But
A−1i

j = Gikgkj (2.75)

and substituting (2.75) into (2.74) gives (2.67).
An incompressible elastic material is one for which the volume of all material

elements is conserved during all deformations.
We now outline the derivation of the result that for an incompressible elastic

material,
g = G, (2.76)

where g and G are defined by (2.63). In order to establish (2.76), consider a volume
element dτ0 at P0 in the undeformed body B0 with edges along the coordinate curves
at P0. Now, the material line elements along the coordinate curves are

ds1 = g1dθ1, ds2 = g2dθ2, ds3 = g3dθ3 (2.77)

and therefore

dτ0 = ds1 · (ds2 × ds3) = g1 · (g2 × g3)dθ1dθ2θ3. (2.78)

But
g2 × g3 = ε231 g1 =

√
g e231 g1 =

√
g g1 (2.79)

where εijk is the alternating tensor and eijk is the permutation symbol :

εijk =
√

g eijk. (2.80)

Hence
dτ0 =

√
g g1 · g1 dθ1dθ2dθ3 =

√
g dθ1dθ2dθ3 (2.81)

since
gi · gj = δj

i. (2.82)

Now the material line elements g1dθ1, g2dθ2 and g3dθ3 in B0 deform into the ma-
terial line elements G1dθ1, G2dθ2 and G3dθ3 in B, consisting of the same material
particles. Thus the material volume element dτ0 in B0 deforms into the material
volume element dτ in B where

dτ = G1 · (G2 ×G3) dθ1dθ2dθ3 =
√

Gdθ1dθ2dθ3. (2.83)

Thus from (2.81) and (2.83),

dτ =

√
G√
g

dτ0. (2.84)

14



But for an incompressible material, material volume elements are conserved. Hence

dτ = dτ0 (2.85)

and therefore from (2.84) √
G =

√
g. (2.86)

Hence G = g.
It therefore follows from (2.62) that for an incompressible elastic material,

I3 = 1. (2.87)

For an incompressible elastic material there are only two strain invariants which
from (2.60) and (2.67) are

I1 = gik Gik, (2.88)

I2 = Gik gik. (2.89)

The strain invariants, I1 and I2, are in general not equal because the metric tensor
gik cannot be used to raise or lower the indices of Gik and similarly Gik cannot be
used to raised or lower the indices of gik.

2.4 Stress vector and stress tensor

The stress vector, t(R, t, n), is defined as the force per unit area on a surface
element in the current configuration at R at time t with unit normal n.

We see that t depends on position R, time t and orientation n of the surface
element. The stress vector t(n) describes the stress exerted by the material on the
side to which n points, on the material on the side n points away from. At any
given point, the stress vector acting on one side of a surface balances that on the
other side of the surface. Thus for any surface in the continuum, ( Green and Zerna
(1968) )

t(R, t,−n) = −t(R, t, n). (2.90)

Cauchy’s formula is ( Green and Zerna (1968) )

tiGi = nkτ
kiGi, (2.91)

where ti = ti(R, t, n) is the stress vector acting on a surface element at R at time
t with unit normal n in the current configuration and the contravariant tensor
τ ki(R, t) is called the Cauchy stress tensor. The Cauchy stress tensor is indepen-
dent of the orientation, n, of the surface.

The force per unit area, denoted by P , applied to the surface of the continuum
by an external agency is called the surface traction.

The surface traction occurs in the boundary condition. By making use of Cauchy’s
formula (2.91), the boundary condition at the surface is given by

P iGi = nkτ
kiGi. (2.92)

If the surface traction vanishes, the surface is said to be traction-free and such a
surface is referred to as a free surface.
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2.5 Balance laws and field equations

A material volume and a material surface consist at all times of the same material
particles. They move with the continuum as the continuum evolves.

The linear momentum per unit volume of a continuum at position R at time t
is ρV , where ρ is the density of the continuum and V (R, t) is the velocity of the
continuum. The total linear momentum of a given part P of the continuum is

∫
τ
ρV dτ ,

where τ is the material volume consisting of part P .
The principle of linear momentum states that the rate of change of the linear

momentum of an arbitrary part P of the continuum is equal to the resultant force
on part P .

The principle of linear momentum can be written as

d

dt

∫

τ

ρV dτ =

∫

S

t(R, t, n)dS +

∫

τ

ρF (R, t)dτ, (2.93)

where S is the closed material surface bounding the material volume τ and F (R, t)
is the body force per unit mass. The principle of linear momentum is motivated by
the corresponding result for systems of particles in classical mechanics. However, in
continuum mechanics, the principle of linear momentum is a fundamental principle.
Its justification does not depend on particle mechanics. It depends entirely on the
usefulness of the theories based on it.

The divergence theorem states that, if τ is a volume bounded by a closed surface
S, then ∫

S

TnidS =

∫

τ

1√
G

(
√

GT ),i dτ, (2.94)

where T is any tensor field and n is the unit normal vector along the outward normal
to S.

We will also require the Reynolds transport theorem which states that if C is
any tensor field and mass is conserved then

d

dt

∫

τ

ρCdτ =

∫

τ

ρ
DC

Dt
dτ, (2.95)

where τ is a material volume consisting at all times of the same material particles.
We now derive from the principle of linear momentum, (2.93), a partial differen-

tial equation which holds at each point of the continuum.
Suppose that part P of the continuum occupies volume τ and is bounded by the

closed surface S at time t. Since it is assumed that mass is conserved, it follows
from the Reynolds transport theorem that

d

dt

∫

τ

ρV dτ =

∫

τ

ρ
DV

Dt
dτ. (2.96)

Also using Cauchy’s formula (2.91) and the divergence theorem (2.94) it follows that
∫

S

t(R, t, n)dS =

∫

τ

nkτ
ki GidS =

∫

τ

τ ki
||k Gidτ, (2.97)
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where ||k denotes the covariant derivative with respect to the metric tensor Gik.
Substituting equations (2.96) and (2.97) into the principle of linear momentum,
equation (2.93), gives

ρ
DV

Dt
= τ ki

||k Gi + ρF . (2.98)

The partial differential equation (2.98) is called the momentum balance equation.
It is also known as Cauchy’s first law of motion.

The angular momentum per unit volume of a continuum at position R at time
t about a fixed point, which is taken to be the origin of the rectangular cartesian
coordinates, is R×ρV . The total angular momentum of the part P of the continuum
about the origin is

∫
τ
R× ρV dτ .

The principle of angular momentum states that the rate of change of angular
momentum of an arbitrary part P of a continuum about a fixed point, which is
taken to be the origin of the rectangular cartesian coordinate system, equals the
total torque on P .

The principle of angular momentum can be expressed as

d

dt

∫

τ

R× ρV dτ =

∫

S

R× t(R, t, n)dS +

∫

τ

R× ρF (R, t)dτ, (2.99)

where S is the closed material surface bounding the material volume τ . Equation
(2.99) is sometimes referred to as Cauchy’s equation of moments. The principle of
angular momentum can be used together with the Reynolds transport and divergence
theorems to derive Cauchy’s second law of motion, which states that if there is no
distributed body or surface couples, and mass is conserved, then

τ ik = τ ki. (2.100)

We will assume throughout this thesis that there are no distributed body or surface
couples so that the Cauchy stress tensor is always symmetric.

2.6 Strain-energy function

We first introduce a strain-energy function and then derive an expression for the
stress tensor in terms of the derivative of the strain-energy function with respect to
the strain tensor.

Consider an arbitrary volume τ bounded by a closed surface S in the strained
body. Then the rate of work of surface forces over S plus the rate of work of body
forces throughout τ equals to the rate of increase of kinetic energy of the material
in τ plus the rate of increase of the strain-energy of the material in τ . This can be
written as

∫

S

t(n) · V dS +

∫

τ

ρF · V dτ =
d

dt

∫

τ

1

2
ρV · V dτ + R, (2.101)

17



where R is the rate of increase of the strain-energy of the material in τ . Equation
(2.101) can be rewritten as

R =

∫

S

t(n) · V dS +

∫

τ

ρF · V dτ − d

dt

∫

τ

1

2
ρV · V dτ. (2.102)

But, by applying Cauchy’s formula (2.91) and the divergence theorem (2.94), it can
be shown that

∫

S

t(n) · V dS =

∫

τ

[
τ ki

||kGi · V + τ kiGi · V ,k
]
dτ. (2.103)

Also, using the Reynolds transport theorem (2.95) which applies since mass is con-
served, it follows that

∫

τ

1

2
ρ V · V dτ =

∫

τ

V · ρ DV

Dt
dτ. (2.104)

Substituting (2.103) and (2.104) into (2.102) gives

R =

∫

τ

[(− ρ
Dv

Dt
+ τ ki

||kGi + ρF
) · V + τ kiGi · V ,k

]
dτ (2.105)

and hence, using Cauchy’s first law of motion, we obtain

R =

∫

τ

τ kiGi · V ,k dτ. (2.106)

But since D
Dt

and ∂
∂θk commute,

V,k =
∂

∂θk

(DR

Dt

)
=

D

Dt

(∂R

∂θk

)
. (2.107)

Now
R,k = Gk (2.108)

and therefore

V,k =
D

Dt
Gk. (2.109)

Thus, since τ ik is symmetric,

τ kiGi · V,k =
1

2
τ ik D

Dt

(
Gi ·Gk

)
=

1

2
τ ik D

Dt
Gik (2.110)

and by using the definition (2.39) for γik and also

D

Dt
gik = 0 (2.111)

it follows that

τ kiGi · V,k = τ ik D

Dt
γik. (2.112)

Thus

R =

∫

τ

τ ik D

Dt
(γik)dτ. (2.113)
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In this thesis we consider only elastic bodies for which

R =
d

dt

∫

τ0

Wdτ0, (2.114)

where τ0 is the volume in the unstrained body occupied by the material in volume
τ in the strained body at time t and W is the elastic strain − energy function
measured per unit volume of the unstrained body. An elastic material which pos-
sesses a strain-energy function is called a hyperelastic material. It is assumed that
W depends only on the state of strain of the strained body at time t and therefore

W = W (γik). (2.115)

Equating (2.113) and (2.114) and using the Reynolds transport theorem (2.95) gives

∫

τ

(
τ ik D

Dt
γik − ρ

ρ0

DW

Dt

)
dτ = 0, (2.116)

where ρ0 is the density in the undeformed body B0. Later we will consider only
incompressible materials for which ρ = ρ0. We assume that the integrand in (2.116)
is continuous. Since τ is an arbitrary material volume in the deformed body B, it
follows that the integrand must vanish. Hence

τ ik D

Dt
(γik) =

ρ

ρ0

DW

Dt
. (2.117)

Since W = W (γik), equation (2.117) becomes

(
τ ik − ρ

ρ0

∂W

∂γik

) D

Dt
γik = 0. (2.118)

When performing differentiation with respect to γik it is understood that all other
components of the strain tensor are held constant including γki if k 6= i. Now

∂W

∂γik

=
∂W

∂γki

(2.119)

only if W is expressed symmetrically in the suffices of γik. We do not assume that
W is expressed symmetrically in the suffices of γik. Hence we decompose ∂W

∂γik
into

the sum of its symmetric and skew-symmetric parts

∂W

∂γik

=
1

2

( ∂W

∂γik

+
∂W

∂γki

)
+

1

2

( ∂W

∂γik

− ∂W

∂γki

)
. (2.120)

Since D
Dt

γik is symmetric, equation (2.118) becomes

[
τ ik − 1

2

ρ

ρ0

( ∂W

∂γik

+
∂W

∂γki

)] D

Dt
γik = 0. (2.121)

We will introduce the notation that an overhead dot denotes the material time
derivative D

Dt
. Hence

γ̇ik =
D

Dt
(γik). (2.122)
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Consider now an incompressible hyperelastic material. For an incompressible
material, ρ = ρ0. Further, the components γ̇ik are not independent. For, if dτ is a
material volume element

(dτ)· = Gikγ̇ikdτ. (2.123)

This result does not appear to have been given by Green and Zerna (1968). The
derivation of (2.123) given by Mason (1996) is outlined in Appendix A. Now, if the
material is incompressible, the volume of any material element remains constant as
it moves with the material and therefore (dτ)· = 0. Hence, for an incompressible
material, the components ˙γik must satisfy the relation

Gikγ̇ik = 0. (2.124)

We therefore cannot deduce from (2.121) that the coefficient of γ̇ik in (2.121) van-
ishes.

Now suppose that τ ik satisfies (2.121) . Then

τ̂ ik = τ ik + pGik, (2.125)

where p is an arbitrary scalar function, also satisfies (2.121). Thus τ ik does not
depend only on γrs. We therefore make the constitutive assumption

τ ik = pGik + F ik(γrs), (2.126)

where p is a scalar function undetermined by the local strain. Substitute equation
(2.126) into (2.121). Thus

P ikγ̇ik = 0, (2.127)

where

P ik = F ik(γrs)− 1

2

( ∂W

∂γik

+
∂W

∂γki

)
. (2.128)

In order to obtain P ik from (2.127) the method of Lagrange undetermined mul-
tipliers is used as described by Atkin and Fox (1980) and Mason (1996). Green and
Zerna (1968) did not follow this procedure. These authors took the incompressible
limit of the constitutive equation for a compressible material. Multiply (2.124) by a
scalar function p̄ which is not yet specified and subtract (2.124) from (2.127) . This
gives (

P ik − p̄Gik
)
γ̇ik = 0. (2.129)

The scalar p̄ is the Lagrange undetermined multiplier. Choose p̄ to satisfy

P 33 − p̄G33 = 0. (2.130)

Then γ̇33 is absent from (2.129). The remaining components of γ̇ik may be chosen
arbitrarily subject to γ̇ik = γ̇ki while the components P ik − p̄Gik, which do not
depend on γ̇ik , remain fixed. Thus since P ik − p̄Gik is symmetric, it follows that

P ik − p̄Gik = 0 (2.131)

for all values of i and k except i = k = 3. But from (2.130) it follows that (2.131)
also holds for i = k = 3. Hence (2.131) is satisfied for all 1 ≤ i ≤ 3, 1 ≤ k ≤ 3.
Thus

20



F ik(γrs) =
1

2

( ∂W

∂γik

+
∂W

∂γki

)
+ p̄Gik (2.132)

and therefore

τ ik =
1

2

( ∂W

∂γik

+
∂W

∂γki

)
+ (p + p̄)Gik. (2.133)

But p̄ may be incorporated in p since p is an undetermined scalar function. Thus

τ ik =
1

2

( ∂W

∂γik

+
∂W

∂γki

)
+ pGik. (2.134)

The constitutive equation (2.134) holds for all incompressible hyperelastic materials.

2.7 Constitutive equation for a transversely isotropic

incompressible elastic material

Consider now transversely isotropic elastic materials ( Ericksen and Rivlin (1954),
Green and Adkins (1970) ) .

A material is said to possess transverse isotropy with respect to the direction
h if its strain-energy function is invariant under rotations about h and reflection in
any plane containing h .

The anisotropic director h is a unit vector. Green and Adkins (1970) derived
the constitutive equation for a transversely isotropic elastic material for the special
case when the anisotropic director h is along the i3 direction. We will derive the
generalisation of the constitutive equation which applies when the direction of h is
unspecified.

Let H1, H2, H3 denote the components of the anisotropic director h when the
curvilinear coordinates θ1, θ2, θ3 are the rectangular cartesian coordinates x1, x2, x3

of the undeformed body B0. Then

h = Hnin = higi, (2.135)

hi =
∂θi

∂xn
Hn, (2.136)

h · h = δikH
i Hk = gikh

i hk = 1. (2.137)

Let eik denote the components of the strain tensor γik when the curvilinear coordi-
nates θ1, θ2, θ3 are the rectangular cartesian coordinates x1, x2, x3 of the undeformed
body B0. Then

γik =
∂xr

∂θi

∂xs

∂θk
ers. (2.138)

Green and Adkins (1970) have shown that if an incompressible material possesses
transverse isotropy with respect to the direction with cartesian components,

H1 = 0, H2 = 0, H3 = 1, (2.139)

then the strain-energy function W is of the form

W ∗ = W (I1, I2, K
∗
1 , K

∗
2), (2.140)
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where from (2.88) and (2.89)

I1 = gikGik, I2 = gikG
ik (2.141)

and
K∗

1 = e33, K∗
2 = e3αe3α, (2.142)

where the Greek index α is summed over the values of 1 and 2. The third strain
invariant I3 does not occur in W because when the material is incompressible, I3 = 1.
Equation (2.140) is a generalisation of the result for an incompressible isotropic
hyperelastic material that W = W (I1, I2). When Hn = δn

3 , (2.142) for K∗
1 and K∗

2

can be written as

K∗
1 = ersH

rHs, (2.143)

K∗
2 = eirejsH

iHjδrs −K∗2
1 . (2.144)

We now transform from cartesian coordinates (x1, x2, x3) to the curvilinear coordi-
nates (θ1, θ2, θ3) by using the inverse transformations

ers =
∂θi

∂xr

∂θj

∂xs
γij, (2.145)

Hr =
∂xr

∂θa
ha, (2.146)

δrs =
∂xr

∂θi

∂xs

∂θj
gij. (2.147)

Then (2.143) and (2.144) become

K∗
1 = γijh

ihj, (2.148)

K∗
2 = γabγcdg

bdhahc −
(
γabh

ahb
)2

. (2.149)

Since the strain invariants I1 and I2 are expressed in terms gik and Gik instead of in
terms of γik, we express K∗

1 and K∗
2 in terms of gik and Gik. Since

γik =
1

2
(Gik − gik), (2.150)

(2.148) and (2.149) may be written as

K∗
1 =

1

2
(K1 − 1), (2.151)

K∗
2 =

1

4
(K2 −K2

1), (2.152)

where

K1 = Gabh
ahb, (2.153)

K2 = GabGcdg
bdhahc. (2.154)

We will work with K1 and K2 instead of with K∗
1 and K∗

2 . The strain energy function
becomes

W ∗(I1, I2, K
∗
1 , K

∗
2) = W (I1, I2, K1, K2). (2.155)
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In the undeformed body, B0,

I1 = I2 = 3,

K1 = K2 = 1. (2.156)

Substitute (2.155) into the constitutive equation (2.134). This gives

τ ik =
1

2

[∂W

∂I1

( ∂I1

∂γik

+
∂I1

∂γki

)
+

∂W

∂I2

( ∂I2

∂γik

+
∂I2

∂γki

)

+
∂W

∂K1

(∂K1

∂γik

+
∂K1

∂γki

)
+

∂W

∂K2

(∂K2

∂γik

+
∂K2

∂γki

)]
+ pGik. (2.157)

Since gik is the metric tensor in the undeformed body B0 and hi is the anisotropic
director in the undeformed body B0, they are independent of the state of strain γik.
Hence

∂grs

∂γik

= 0,
∂hr

∂γik

= 0. (2.158)

Also, since
Grs = 2γrs + grs, (2.159)

it follows that

∂Grs

∂γik

= 2δi
rδ

k
s . (2.160)

Hence using (2.141) for I1, (2.61) for I2, (2.143) for K1 and (2.144) for K2 we obtain

∂I1

∂γik

+
∂I1

∂γki

= 4gik, (2.161)

∂I2

∂γik

+
∂I2

∂γki

= 4Bik, (2.162)

∂K1

∂γik

+
∂K1

∂γki

= 4M ik, (2.163)

∂K2

∂γik

+
∂K2

∂γki

= 4N ik, (2.164)

where

Bik =
(
gikgrs − girgks

)
Grs, (2.165)

M ik = hihk, (2.166)

N ik =
(
higkr + hkgir

)
Grsh

s. (2.167)

Substituting (2.161) to (2.164) into (2.157) gives

τ ik = 2
∂W

∂I1

gik + 2
∂W

∂I2

Bik + 2
∂W

∂K1

M ik + 2
∂W

∂K2

N ik + pGik, (2.168)
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which may be written alternatively as

τ ik = Φgik + ΨBik + ΘM ik + ΛN ik + pGik, (2.169)

where

Φ = 2
∂W

∂I1

, Ψ = 2
∂W

∂I2

, Θ = 2
∂W

∂K1

, Λ = 2
∂W

∂K2

. (2.170)

The scalar p is not determined by the deformation. It is determined from the field
equations and boundary conditions. Equation (2.168) is the constitutive equation
for an incompressible hyperelastic material which possesses transverse isotropy with
respect to the direction h.

The field equations for a transversely isotropic hyperelastic material are obtained
by substituting the constitutive equation (2.168) into the momentum balance equa-
tion

ρ
DV

Dt
= τ ki

||kGi + ρF . (2.171)

2.8 Strain-energy function for a transversely isotropic

material

Shahinpoor (1974) considered the following strain-energy function for an incom-
pressible hyperelastic material that possesses transverse isotropy :

W (I1, I2, K1, K2) = C1(I1 − 3) + C2(I2 − 3) + C3(K1 − 1) + C4(K2 − 1), (2.172)

where C1, C2, C3 and C4 are constants. When C3 = C4 = 0, (2.172) reduces to the
Mooney-Rivlin strain-energy function for an incompressible isotropic material. We
will use the strain-energy function (2.172) when we need to specify a strain-energy
function.

A strain-energy function must satisfy the following two conditions.
Firstly, the strain energy W must vanish in the undeformed body B0. Now in

B0,
I1 = I2 = 3, K1 = K2 = 1. (2.173)

Thus W = 0 in B0 as required.
Secondly, the undeformed body B0 must be stress free. Now, in B0,

Gik = gik (2.174)

and therefore in B0,

Bik = 2gik, M ik = hihk, N ik = 2hihk. (2.175)

Thus, in the undeformed body B0, (2.168) reduces to

τ ik =
(
2
∂W

∂I1

+ 4
∂W

∂I2

+ p0

)
gik + 2

( ∂W

∂K1

+ 2
∂W

∂K2

)
hihk, (2.176)
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where p0 is the value of p in B0. Thus, for arbitrary anisotropic directors hi, B0 will
be stress free provided

2
∂W

∂I1

+ 4
∂W

∂I2

+ p0 = 0, (2.177)

∂W

∂K1

+ 2
∂W

∂K2

= 0. (2.178)

Using the strain-energy function (2.172), conditions (2.177) and (2.178) become

2C1 + 4C2 + p0 = 0, (2.179)

C3 + 2C4 = 0. (2.180)

Equation (2.179) determines p0. Equation (2.180) is a condition on the constants
C3 and C4 :

C3 = −2C4. (2.181)

2.9 Summary

In this section the results derived in Chapter 2 which will be used in the remaining
chapters are listed.

The constitutive equation for an incompressible hyperelastic material with strain-
energy function W (I1, I2, K1, K2) which possesses transverse isotropy with respect
to the direction h is

τ ik = Φgik + ΨBik + ΘM ik + ΛN ik + pGik, (2.182)

where

Φ = 2
∂W

∂I1

, Ψ = 2
∂W

∂I2

, Θ = 2
∂W

∂K1

, Λ = 2
∂W

∂K2

, (2.183)

and

Bik =
(
gikgrs − girgks

)
Grs, (2.184)

M ik = hihk, (2.185)

N ik =
(
higkr + hkgir

)
Grsh

s, (2.186)

I1 = gikGik, I2 = gikG
ik, (2.187)

K1 = Gabh
ahb, K2 = GabGcdg

bdhahc. (2.188)

The anisotropic director h is the unit vector

h = Hnin = higi, (2.189)

h · h = δikH
iHk = gikh

ihk = 1, (2.190)

hi =
∂θi

∂xn
Hn. (2.191)

A specific strain-energy function is

W (I1, I2, K1, K2) = C1(I1 − 3) + C2(I2 − 3) + C3(K1 − 1) + C4(K2 − 1), (2.192)

where
C3 = −2C4. (2.193)
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2.10 Conclusions

In this chapter we reviewed the formulation of the equations of finite elasticity as
given by Green and Zerna (1968) and Green and Adkins (1970). We derived the
constitutive equation for a hyperelastic material that possesses transverse isotropy
with respect to a direction h where h is unspecified . Green and Adkins (1970)
considered only the case in which the anisotropic director h is in the direction of the
3-axis. We also reviewed a strain-energy function which will be used in subsequent
chapters when the strain-energy function needs to be specified.
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Chapter 3

Nonlinear Radial Oscillations of a
Transversely Isotropic
Incompressible Cylindrical Tube :
General Results

3.1 Introduction

In this chapter a second order ordinary differential equation is derived which de-
scribes radial oscillations of a transversely isotropic incompressible hyperelastic
cylindrical tube. The differential equation is expressed in terms of the strain-energy
function and applies for radial, tangential and longitudinal transversely isotropic
cylindrical tubes.

Nonlinear radial oscillations of an isotropic incompressible hyperelastic cylindri-
cal tube were first considered by Knowles (1960, 1962). Shahinpoor and Nowinski
(1971) then considered nonlinear radial oscillations in a thin-walled cylindrical tube
and showed that the radial oscillations were governed by the Ermakov-Pinney equa-
tion. Mason and Roussos (2000) investigated the solution to higher order in the
small parameter defined in terms of the thickness of the wall of the cylindrical tube.
Roussos and Mason (1998) also investigated nonlinear radial oscillations in a thin-
walled double-layer isotropic cylindrical tube.

Nonlinear radial oscillations in a transversely isotropic cylindrical tube were first
considered by Huigol (1967). Huigol derived the equation describing nonlinear radial
oscillations in a cylindrical tube with radial transverse isotropy and investigated the
conditions on the strain-energy function for periodic solutions to exist. Huigol also
outlined the modifications that have to be made to the equations if the anisotropy
is in the tangential direction. Shahinpoor (1974) derived the equations for nonlinear
radial oscillations in a transversely isotropic cylindrical tube and kept the compo-
nents of the anisotropic director general. He then considered a thin-walled tube with
longitudinal transverse isotropy. The equation describing the oscillations reduces to
the Ermakov-Pinney equation which is the same as for nonlinear radial oscillations
in an isotropic cylindrical tube.

An outline of the chapter is as follows. The mathematical model is described in
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Section 3.2. In Section 3.3 the base vectors and the metric tensors in the strained
and in the unstrained bodies are derived. The condition that the elastic material is
incompressible is imposed. In Section 3.4 the anisotropic directors for radial, tan-
gential and longitudinal transversely isotropic cylindrical tubes are calculated. The
strain invariants are then obtained in Section 3.5. In Section 3.6 the components of
the Cauchy stress tensor for cylindrical tubes with radial, tangential and longitudi-
nal transverse isotropy are calculated. The boundary conditions are considered in
Section 3.7. In Section 3.8 Cauchy’s first law of motion is applied for the three cases
of radial, tangential and longitudinal transversely isotropic tubes. In Section 3.9 a
second order ordinary differential equation for the dimensionless inner radius of the
cylindrical tube is derived from Cauchy’s first law of motion. It is shown that when
expressed in terms of the strain-energy function this equation has the same form for
radial, tangential and longitudinal transversely isotropic tubes.

The equations derived in this chapter are quite general. It is not assumed that
the cylindrical tube is thin-walled.

3.2 Mathematical formulation

The radial oscillations of an infinitely long cylindrical tube of incompressible trans-
versely isotropic hyperelastic material are considered. Three cases of anisotropy are
studied : radial, tangential and longitudinal transverse isotropy.

The coordinate systems in the unstrained body B0 and the strained body B are
shown in Figure 3.2.1.

Rectangular cartesian base vectors i1, i2, i3 are chosen with origin at the centre
of the cylinder and with i3 along the longitudinal axis of the cylinder. The cartesian
coordinates of a material point P0 in the unstrained cylinder are (x1, x2, x3) and the
position vector of P0 is

r = xnin. (3.1)

Cylindrical polar coordinates (ρ, θ, z) in the unstrained cylinder are defined by

x1 = ρ cos θ, x2 = ρ sin θ, x3 = z. (3.2)

The inner radius of the unstrained cylinder is ρ1 and the outer radius is ρ2. Hence

ρ1 ≤ ρ ≤ ρ2. (3.3)

The material particle at P0 in the unstrained body B0 is displaced to the point
P in the strained body B with position vector

R = ynin. (3.4)

Cylindrical polar coordinates (r, θ, z) in the strained body B are defined by

y1 = r(ρ, t) cos θ, y2 = r(ρ, t) sin θ, y3 = z. (3.5)

At time t, the inner radius of the strained cylinder is r1(t) and the outer radius of
the strained cylinder is r2(t). Hence

r1(t) ≤ r ≤ r2(t). (3.6)

A pressure P1(t) is applied to the inner surface r = r1(t) of the cylindrical tube
and a pressure P2(t) is applied to the outer surface, r = r2(t).
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Figure 3.2.1
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Consider now the ends z = ±∞ (Knowles , 1960). For the motion to be axisym-
metric there must be vanishing radial shear stress τzr and vanishing tangential shear
stress τzθ on the ends z = ±∞. Also, for the motion to be independent of z, the
displacement in the z− direction must vanish on the ends z = ±∞. Thus a suitable
axial stress τzz must be applied on the ends z = ±∞ such that the displacement
vanishes on the ends.

We consider coordinates of points in the strained body B as reference points
since the form of B is known (Green and Zerna, 1968, p83). Cauchy’s first law of
motion is simpler in these coordinates. The curvilinear coordinate system (θ1, θ2, θ3)
is therefore taken to be the cylindrical polar coordinate system in the strained body
B ( Rogers and Ames , 1989 ). Thus

θ1 = r, θ2 = θ, θ3 = z. (3.7)

We summarise the coordinate systems in B0 and B. In the unstrained body B0:

x1 = ρ(r, t) cos θ, x1 = ρ(θ1, t) cos θ2,

x2 = ρ(r, t) sin θ, x2 = ρ(θ1, t) sin θ2,

x3 = z, x3 = θ3. (3.8)

In the strained body B:

y1 = r cos θ, y1 = θ1 cos θ2,

y2 = r sin θ, y2 = θ1 sin θ2,

y3 = z, y3 = θ3. (3.9)

This completes the mathematical formulation of the problem.

3.3 Base vectors, metric tensors and

incompressibility condition

Consider first the strained body B.
The covariant base vectors, Gi, are defined by

Gi =
∂yn

∂θi
in. (3.10)

From (3.9) it is readily shown that

G1 = cos θ i1 + sin θ i2,

G2 = r(− sin θ i1 + cos θ i2),

G3 = i3. (3.11)

The base vectors G1 and G2 are drawn in Figure 3.3.1. The covariant components
of the metric tensor, Gik, are

Gik = Gi ·Gk (3.12)
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Figure 3.3.1.
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and therefore

[Gik] =




1 0 0
0 r2 0
0 0 1


 . (3.13)

The contravariant base vectors, Gi, are defined by

Gi =
∂θi

∂yn
in. (3.14)

Hence, from (3.9),

G1 = cos θ i1 + sin θ i2,

G2 =
1

r
(− sin θ i1 + cos θ i2),

G3 = i3. (3.15)

The base vectors G1 and G2 are drawn in Figure 3.3.1. The contravariant compo-
nents of the metric tensor, Gik, are

Gik = Gi ·Gk (3.16)

and therefore

[Gik] =




1 0 0
0 1

r2 0
0 0 1


 . (3.17)

Consider next the unstrained body B0.
The covariant base vectors, gi, are defined by

gi =
∂xn

∂θi
in. (3.18)

From (3.8) we therefore obtain

g1 =
∂ρ

∂r
(cos θ i1 + sin θ i2),

g2 = ρ(− sin θ i1 + cos θ i2),

g3 = i3. (3.19)

The covariant components of the metric tensor, gik, are

gik = gi · gk. (3.20)

Hence

[gik] =




(
∂ρ
∂r

)2
0 0

0 ρ2 0
0 0 1


 . (3.21)

The contravariant base vectors, gi, are defined by

gi =
∂θi

∂xn
in. (3.22)
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From (3.8) it follows that

g1 =
1
∂ρ
∂r

(cos θ i1 + sin θ i2),

g2 =
1

ρ
(− sin θ i1 + cos θ i2),

g3 = i3. (3.23)

The contravariant components of the metric tensor, gik, are

gik = gi · gk (3.24)

and therefore

[gik] =




1(
∂ρ
∂r

)2 0 0

0 1
ρ2 0

0 0 1


 . (3.25)

Now, the elastic material is incompressible. Hence from (2.62) and (2.87),

I3 =
G

g
= 1. (3.26)

But

G = det[Gik] = r2, g = det[gik] = ρ2
(∂ρ

∂r

)2

(3.27)

and condition (3.26) becomes
∂ρ

∂r
=

r

ρ
. (3.28)

Integration of (3.28) gives
ρ2 − r2 = f(t), (3.29)

where f(t) is an arbitrary function of t. But r = r1(t) when ρ = ρ1 and therefore

ρ2 − r2 = ρ2
1 − r2

1(t). (3.30)

Also, r = r2(t) when ρ = ρ2 and hence

ρ2 − r2 = ρ2
2 − r2

2(t). (3.31)

Thus, from (3.30) and (3.31) ,

ρ2 − r2 = ρ2
1 − r2

1(t) = ρ2
2 − r2

2(t). (3.32)

Further, using (3.28), the base vectors and metric tensors in the unstrained body
B0 can be written as

g1 =
r

ρ
(cos θ i1 + sin θ i2), g1 =

ρ

r
(cos θ i1 + sin θ i2),

g2 = ρ(− sin θ i1 + cos θ i2), g2 =
1

ρ
(− sin θ i1 + cos θ i2),

g3 = i3, g3 = i3 , (3.33)

and

[gik] =




r2

ρ2 0 0

0 ρ2 0
0 0 1


 , gik =




ρ2

r2 0 0
0 1

ρ2 0

0 0 1


 . (3.34)
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3.4 Anisotropic directors

Consider now the anisotropic directors, h, for cylindrical tubes that possess a radial,
tangential or longitudinal transverse isotropy. The anisotropic director is a unit vec-
tor with cartesian components Hn and curvilinear components hi in the unstrained
body B0 :

h = Hn in = hi gi, (3.35)

hi =
∂θi

∂xn
Hn, (3.36)

h · h = gik hihk = δikH
iHk. (3.37)

Consider first a radial transversely isotropic cylindrical tube. Then h is a unit
vector in the radial direction in the unstrained body B0 as shown in Figure 3.4.1 :

h = cos θi1 + sin θi2. (3.38)

The cartesian components of h in B0 are therefore

H1 = cos θ, H2 = sin θ, H3 = 0. (3.39)

The curvilinear components, hi, in B0 are given by (3.36). Now, from (3.8) and
using the incompressibility condition (3.28) it can be verified that

∂θ1

∂x1
=

ρ

r
cos θ,

∂θ1

∂x2
=

ρ

r
sin θ,

∂θ1

∂x3
= 0,

∂θ2

∂x1
= −sin θ

ρ
,

∂θ2

∂x2
=

cos θ

ρ
,

∂θ2

∂x3
= 0,

∂θ3

∂x1
= 0,

∂θ3

∂x2
= 0,

∂θ3

∂x3
= 1. (3.40)

Hence, from (3.36), (3.39) and (3.40), the anisotropic director in the radial direction
has components :

h1 =
ρ

r
, h2 = 0, h3 = 0. (3.41)

Consider next a cylindrical tube with tangential transverse isotropy. Then the
anisotropic director is a unit vector in the tangential direction in the unstrained
body B0 as shown in Figure 3.4.1 :

h = − sin θi1 + cos θi2. (3.42)

Thus the cartesian components of h in B0 are

H1 = − sin θ, H2 = cos θ, H3 = 0. (3.43)

The curvilinear components hi in B0 are given by (3.36) with (3.40) and (3.43) :

h1 = 0, h2 =
1

ρ
, h3 = 0. (3.44)
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Figure 3.4.1
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Consider finally a cylindrical tube with longitudinal transverse isotropy. The
anisotropic director, h, is a unit vector in the direction of the axis of the cylinder in
the unstrained body B0 as shown in Figure 3.4.1 :

h = i3. (3.45)

Hence the cartesian components of h in B0 are

H1 = 0, H2 = 0, H3 = 1. (3.46)

The curvilinear components hi in B0 are obtained from (3.36), (3.40) and (3.46) :

h1 = 0, h2 = 0, h3 = 1. (3.47)

The anisotropic directors h for a cylindrical tube with a radial, tangential and
longitudinal isotropy are therefore given by (3.41), (3.44) and (3.47), respectively.
It is readily verified that the components hi satisfy the condition (3.37) that h is a
unit vector.

3.5 Strain invariants

Since the elastic material of the cylindrical tube is incompressible, I3 = 1. There
are therefore only four strain invariants given by (2.88), (2.89), (2.153) and (2.154):

I1 = gik Gik, I2 = Gik gik, (3.48)

K1 = Gab hahb, K2 = GabGcd gbdhahc. (3.49)

Using (3.13), (3.17) and (3.34) the strain invariants (3.48) are

I1 = I2 =
r2

ρ2
+

ρ2

r2
+ 1. (3.50)

The remaining two strain invariants depend on the kind of anisotropy of the cylin-
drical tube. For a radial transversely isotropic tube, h is given by (3.41) and

K1 =
ρ2

r2
, K2 =

ρ4

r4
. (3.51)

For a tangential transversely isotropic tube, h is given by (3.44) and

K1 =
r2

ρ2
, K2 =

r4

ρ4
. (3.52)

For longitudinal transversely isotropic tube, h is given by (3.47) and

K1 = 1, K2 = 1. (3.53)

Except for (3.53), the strain invariants are not constant.
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3.6 Cauchy stress tensor

From (2.169) the constitutive equation for a transversely isotropic incompressible
material is

τ ik = Φgik + ΨBik + ΘM ik + ΛN ik + pGik, (3.54)

where from (2.165) to (2.167),

Bik =
(
gikgrs − girgks

)
Grs, (3.55)

M ik = hihk, (3.56)

N ik =
(
higkr + hkgir

)
Grsh

s (3.57)

and from (2.170)

Φ = 2
∂W

∂I1

, Ψ = 2
∂W

∂I2

, Θ = 2
∂W

∂K1

, Λ = 2
∂W

∂K2

. (3.58)

The scalar p(r, θ, z) is determined from the field equations and boundary conditions.
The metric tensors Gik, Gik and gik are given by (3.13), (3.17) and (3.34). It

follows that

[Bik] = diag
[
1 +

ρ2

r2
,

1

r2
+

1

ρ2
,

r2

ρ2
+

ρ2

r2

]
. (3.59)

The tensors M ik and N ik depend on which anisotropic cylindrical tube is considered.
For a radial transversely isotropic tube, h is given by (3.41) and

[M ik] = diag
[ρ2

r2
, 0, 0

]
, (3.60)

[N ik] = diag
[
2
ρ4

r4
, 0, 0

]
. (3.61)

The components of the Cauchy stress tensor are

τ 11 =
ρ2

r2
Φ +

(
1 +

ρ2

r2

)
Ψ +

ρ2

r2
Θ + 2

ρ4

r4
Λ + p, (3.62)

τ 22 =
1

r2

[r2

ρ2
Φ +

(
1 +

r2

ρ2

)
Ψ + p

]
, (3.63)

τ 33 = Φ +
(r2

ρ2
+

ρ2

r2

)
Ψ + p, (3.64)

τ ik = 0, i 6= k. (3.65)

For a tangential transversely isotropic tube, h is given by (3.44) and

[M ik] = diag
[
0,

1

ρ2
, 0

]
, (3.66)

[N ik] = diag
[
0, 2

r2

ρ4
, 0

]
. (3.67)
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The components of the Cauchy stress tensor are

τ 11 =
ρ2

r2
Φ +

(
1 +

ρ2

r2

)
Ψ + p, (3.68)

τ 22 =
1

r2

[r2

ρ2
Φ +

(
1 +

r2

ρ2

)
Ψ +

r2

ρ2
Θ + 2

r4

ρ4
Λ + p

]
, (3.69)

τ 33 = Φ +
(r2

ρ2
+

ρ2

r2

)
Ψ + p, (3.70)

τ ik = 0, i 6= k. (3.71)

Finally, for a longitudinal transversely isotropic tube, h is given by (3.47) and

[M ik] = diag
[
0, 0, 1

]
, (3.72)

[N ik] = diag
[
0, 0, 2

]
. (3.73)

The components of the Cauchy stress tensor are

τ 11 =
ρ2

r2
Φ +

(
1 +

ρ2

r2

)
Ψ + p, (3.74)

τ 22 =
1

r2

[r2

ρ2
Φ +

(
1 +

r2

ρ2

)
Ψ + p

]
, (3.75)

τ 33 = Φ +
(r2

ρ2
+

ρ2

r2

)
Ψ + Θ + 2Λ + p, (3.76)

τ ik = 0, i 6= k. (3.77)

The Cauchy stress tensor for an incompressible isotropic elastic tube is obtained
by setting Θ = Λ = 0. We see that the Cauchy stress tensor for a radial transversely
isotropic tube differs from that for an isotropic tube by two additional terms in
τ 11, a tangential transversely isotropic tube by two additional terms in τ 22 and a
longitudinal transversely isotropic tube by two additional terms in τ 33.

3.7 Boundary conditions

A pressure P1(t) is applied to the inner surface r = r1(t) and a pressure P2(t) is
applied to the outer surface r = r2(t) of the cylindrical tube as shown in Figure
3.7.1. A suitable axial stress must be applied to the ends z = ±∞ to ensure that
the displacement in the z−direction vanishes. Since τ ik = 0 for i 6= k, the radial
shear stress τzr and the tangential shear stress τzθ vanish at the ends z = ±∞ as
required.

The boundary conditions are obtained using Cauchy’s formula (2.92) :

P iGi = nkτ
kiGi (3.78)

where P is the applied surface traction,

n = nkG
k (3.79)
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is the unit outward normal vector to the surface and Gi and Gi are covariant and
contravariant base vectors. Consider first the inner surface of the cylindrical tube
r = r1(t). The contravariant base vectors are given by (3.15). The base vector G1

is a unit vector in the radial direction. From Figure 3.7.1, the unit outward normal
vector n is given by

n = −G1 (3.80)

and therefore
nk = −δ1

k. (3.81)

Since also τ ik = 0 for i 6= k, Cauchy’s formula (3.78) becomes

P iGi = −τ 11(r1(t), t)G1. (3.82)

The covariant base vectors are given by (3.11). The base vector G1 is a unit vector
in the radial direction. From Figure 3.7.1,

P iGi = P1(t)G1 (3.83)

and therefore
P1(t)G1 = −τ 11(r1(t), t)G1. (3.84)

Hence
τ 11(r1(t), t) = −P1(t). (3.85)

Consider next the outer surface of the cylindrical tube r = r2(t). The unit
outward normal vector is

n = G1 (3.86)

and therefore
nk = δ1

k. (3.87)

Cauchy’s formula (3.78) becomes

P iGi = τ 11(r2(t), t)G1. (3.88)

But from Figure 3.7.1,
P iGi = −P2(t)G1 (3.89)

and therefore
−P2(t)G1 = τ 11(r2(t), t)G1. (3.90)

Thus
τ 11(r2(t), t) = −P2(t). (3.91)

Consider now the end z = +∞. The unit normal vector is

n = G3, nk = δ3
k (3.92)

and Cauchy’s formula (3.78) becomes

P = τ 33(r, t) G3. (3.93)

A surface traction P given by (3.93) must therefore be applied to the end z = +∞.
Similarly, a surface traction

P = −τ 33(r, t) G3 (3.94)

must be applied to the end z = −∞.
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3.8 Cauchy’s first law of motion

Cauchy’s first law of motion in the strained body, B, is given by (2.98) :

ρ∗
DV

Dt
= τ ki

‖k
Gi + ρ∗F , (3.95)

where ρ∗ is the density of the elastic material and F is the body force per unit mass.
Since the material is incompressible, ρ∗ is constant. The body force F is neglected.

Consider first the left hand side of (3.95). Now

V =
DR

Dt
, (3.96)

where R is the position vector of the material particle in the strained body B and D
Dt

is the partial derivative with respect to t keeping the cylindrical polar coordinates
(ρ, θ, z) fixed. But G1 and G3 are unit vectors in the radial and z−directions as
shown in Figure 3.8.1 and therefore

R = r(ρ, t)G1 + zG3. (3.97)

Hence

V =
∂R

∂t

∣∣∣
(ρ,θ,z)

=
∂r

∂t

∣∣∣
ρ
G1 (3.98)

and
DV

Dt
=

∂V

∂t

∣∣∣
(ρ,θ,z)

=
∂2r

∂t2

∣∣∣
ρ
G1. (3.99)

Consider next the right hand side of (3.95). Now

τ ki
||k = τ ki

,k + Γk
ks τ si + Γi

ks τ ks, (3.100)

where Γi
jk is the Christoffel symbol of the second kind of the metric tensor Gik. For

cylindrical polar coordinates (r, θ, z), Gik is given by (3.13) and

Γ1
22 = −r, Γ2

12 = Γ2
21 =

1

r
, (3.101)

Γi
jk = 0, otherwise. (3.102)

Also,

Γk
k1 =

1

r
, Γk

k2 = 0, Γk
k3 = 0. (3.103)

Using (3.99) and (3.100), Cauchy’s first law of motion (3.95) becomes

ρ∗
∂2r

∂t2

∣∣∣
ρ
G1 =

(
τ ki

,k + Γk
ks τ si + Γi

ks τ ks
)

Gi. (3.104)

But τ ik = 0 for i 6= k for the three transversely isotropic stress tensors considered.
Hence

i = 1 : ρ∗
∂2r

∂t2
=

∂τ 11

∂r
+

1

r
τ 11 − rτ 22, (3.105)

i = 2 : 0 =
∂τ 22

∂θ
, (3.106)

i = 3 : 0 =
∂τ 33

∂z
. (3.107)
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But for the three transversely isotropic tubes we are considering, the strain invariants
I1, I2, K1 and K2, given by (3.50) and (3.51) to (3.53), depend on r and t only. Thus
the strain energy function W (I1, I2, K1, K2) depends on r and t only and therefore
Φ, Ψ, Θ and Λ defined by (3.58) depend on r and t only. Hence the stress tensors
τ ik can depend on θ and z only through p(r, θ, z, t). Equations (3.106) and (3.107)
become

∂p

∂θ
= 0,

∂p

∂z
= 0 (3.108)

and therefore
p = p(r, t). (3.109)

In order to evaluate ∂2r
∂t2

∣∣∣
ρ

on the left hand side of (3.104) consider the incom-

pressibility condition. From (3.32),

r2 = ρ2 − ρ2
1 + r2

1(t) (3.110)

and therefore
∂r

∂t

∣∣∣
ρ

=
r1(t) ṙ1(t)

r
(3.111)

and
∂2r

∂t2

∣∣∣
ρ

=
(
ṙ2
1(t) + r1(t)r̈1(t)

)1

r
− r2

1(t)ṙ
2
1(t)

1

r3
. (3.112)

Cauchy’s first law of motion therefore reduces to (3.105) and (3.109) where the
acceleration is given by (3.112). The results apply for the three transversely isotropic
tubes we are considering. To proceed further it is necessary to specify τ ik and
therefore to consider each transversely isotropic tube separately, at least for part of
the derivation.

3.9 Ordinary differential equation for dimension-

less inner radius of the cylindrical tube

It was shown in Section 3.8 that for radial, tangential and longitudinal transversely
isotropic cylindrical tubes,

ρ∗
∂2r

∂t2
=

∂τ 11

∂r
+

1

r
τ 11 − rτ 22, (3.113)

p = p(r, t), (3.114)

where
∂2r

∂t2

∣∣∣
ρ

=
(
ṙ2
1(t) + r1(t)r̈1(t)

)1

r
− r2

1(t)ṙ
2
1(t)

1

r3
. (3.115)

Also, from (3.85) and (3.91) the boundary conditions are

τ 11(r1(t), t) = −P1(t), (3.116)
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τ 11(r2(t), t) = −P2(t). (3.117)

We now derive an ordinary differential equation for the dimensionless inner radius
of the cylindrical tube. Since τ 11 and τ 22 need to be specified in (3.113) the three
cases of radial, tangential and longitudinal transversely isotropic tubes need to be
treated separately in the first part of the derivation.

3.9.1 Radial transversely isotropic cylindrical tube

For a radial transversely isotropic tube, τ 11 and τ 22 are given by (3.62) and (3.63)
where Φ, Ψ, Θ and Λ are given by (3.58). Hence

1

r
τ 11 − rτ 22 =

2

r

[(
ρ2

r2
− r2

ρ2

)(
∂W

∂I1

+
∂W

∂I2

)
+

ρ2

r2

∂W

∂K1

+ 2
ρ4

r4

∂W

∂K2

]
(3.118)

and equation (3.113) becomes

ρ∗
[(

ṙ2
1(t) + r1(t)r̈1(t)

)
1

r
− r2

1(t)ṙ
2
1(t)

1

r3

]

=
∂τ 11

∂r
+

2

r

[(
ρ2

r2
− r2

ρ2

)(
∂W

∂I1

+
∂W

∂I2

)

+
ρ2

r2

∂W

∂K1

+ 2
ρ4

r4

∂W

∂K2

]
. (3.119)

Integrate equation (3.119) with respect to r from r = r1(t) to r = r2(t). This gives

ρ∗
[(

ṙ2
1(t) + r1(t)r̈1(t)

)
ln

(
r2(t)

r1(t)

)
+

1

2
ṙ2
1(t)

(
r2
1(t)

r2
2(t)

− 1

)]

= τ 11(r2(t), t)− τ 11(r1(t), t) + U(t), (3.120)

where

U(t) = 2

∫ r2(t)

r1(t)

[(
ρ2

r2
− r2

ρ2

)(
∂W

∂I1

+
∂W

∂I2

)
+

ρ2

r2

∂W

∂K1

+ 2
ρ4

r4

∂W

∂K2

]
dr

r
. (3.121)

Using the boundary conditions (3.115) and (3.116), equation (3.119) can be ex-
pressed as

ρ∗
[(

ṙ2
1(t) + r1(t)r̈1(t)

)
ln

(
r2(t)

r1(t)

)
+

1

2
ṙ2
1(t)

(
r2
1(t)

r2
2(t)

− 1

)]

= P1(t)− P2(t) + U(t). (3.122)

The boundary conditions are therefore included in the final differential equation
which will be obtained.

Consider U(t) and let

u =
r

ρ
. (3.123)
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Then

du =
dr

ρ
− r

ρ2

∂ρ

∂r
dr (3.124)

and using the incompressibility condition in the form

∂ρ

∂r
=

r

ρ
, (3.125)

(3.124) becomes
dr

r
=

du

u(1− u2)
. (3.126)

Thus, (3.121) can be written as

U(t) = 2

∫ r2(t)
ρ2

r1(t)
ρ1

[(
1

u2
− u2

)(
∂W

∂I1

+
∂W

∂I2

)

+
1

u2

∂W

∂K1

+
2

u4

∂W

∂K2

]
du

u(1− u2)
. (3.127)

But, expressed in terms of u, the strain invariants I1 and I2 given by (3.50) become

I1 = I2 = u2 +
1

u2
+ 1. (3.128)

Also, for radial transverse isotropy, K1 and K2 are given by (3.51) which, expressed
in terms of u, become

K1 =
1

u2
, K2 =

1

u4
. (3.129)

Now, since W = W (I1, I2, K1, K2), it follows that

dW

du
=

∂W

∂I1

dI1

du
+

∂W

∂I2

dI2

du
+

∂W

∂K1

dK1

du
+

∂W

∂K2

dK2

du

= −2

u

[(
1

u2
− u2

)(
∂W

∂I1

+
∂W

∂I2

)
+

1

u2

∂W

∂K1

+
2

u4

∂W

∂K2

]
. (3.130)

Hence, (3.127) becomes

U(t) = −
∫ r2(t)

ρ2

r1(t)
ρ1

1

(1− u2)

dW

du
du. (3.131)

Equation (3.122) therefore becomes

ρ∗
[(

ṙ2
1(t) + r1(t)r̈1(t)

)
ln

(
r2(t)

r1(t)

)
+

1

2
ṙ2
1(t)

(
r2
1(t)

r2
2(t)

− 1

)]

+

∫ r2(t)
ρ2

r1(t)
ρ1

1

(1− u2)

dW

du
du = P1(t)− P2(t). (3.132)

Equation (3.132) for a radial transversely isotropic cylindrical tube has the same
form as the equation for an isotropic tube ( Knowles , 1960 , 1962 ). We now show
that equation (3.132) is also obtained for tangential and longitudinal transversely
isotropic tubes.
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3.9.2 Tangential transversely isotropic cylindrical tube

For a tangential transversely isotropic tube, τ 11 and τ 22 are given by (3.68) and
(3.69) with Φ, Ψ, Θ and Λ given by (3.58). Thus

1

r
τ 11 − rτ 22 =

2

r

[(
ρ2

r2
− r2

ρ2

)(
∂W

∂I1

+
∂W

∂I2

)
− r2

ρ2

∂W

∂K1

− 2
r4

ρ4

∂W

∂K2

]
(3.133)

and equation (3.113) becomes

ρ∗
[(

ṙ2
1(t) + r1(t)r̈1(t)

)
1

r
− r2

1(t)ṙ
2
1(t)

1

r3

]

=
∂τ 11

∂r
+

2

r

[(
ρ2

r2
− r2

ρ2

)(
∂W

∂I1

+
∂W

∂I2

)
− r2

ρ2

∂W

∂K1

− 2
r4

ρ4

∂W

∂K2

]
. (3.134)

If equation (3.134) is integrated with respect to r from r = r1(t) to r = r2(t) and
the boundary conditions (3.116) and (3.117) are imposed then equation (3.122) is
again obtained but with U(t) given by

U(t) = 2

∫ r2(t)

r1(t)

[(
ρ2

r2
− r2

ρ2

)(
∂W

∂I1

+
∂W

∂I2

)
− r2

ρ2

∂W

∂K1

− 2
r4

ρ4

∂W

∂K2

]
dr

r
. (3.135)

By making the change of variable (3.123), U(t) becomes

U(t) = 2

∫ r2(t)
ρ2

r1(t)
ρ1

[(
1

u2
− u2

)(
∂W

∂I1

+
∂W

∂I2

)

−u2 ∂W

∂K1

− 2u4 ∂W

∂K2

]
du

u(1− u2)
. (3.136)

But I1 and I2 when expressed in terms of u are given by (3.128). Also, for tangential
transverse isotropic tubes, K1 and K2 are given by (3.52) which expressed in terms
of u become

K1 = u2, K2 = u4. (3.137)

Thus, since W = W (I1, I2, K1, K2),

dW

du
= −2

u

[(
1

u2
− u2

)(
∂W

∂I1

+
∂W

∂I2

)
− u2 ∂W

∂K1

− 2u4 ∂W

∂K2

]
. (3.138)

Hence (3.136) for U(t) becomes (3.131) and equation (3.132) is again derived.

3.9.3 Longitudinal transversely isotropic cylindrical tube

For longitudinal transversely isotropic tubes, τ 11 and τ 22 are given by (3.74) and
(3.75), which are independent of anisotropic terms. The anisotropic terms occur
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only in τ 33. Hence, equation (3.122) is again obtained but with the anisotropic
terms absent from (3.127) for U(t) :

U(t) = 2

∫ r2(t)
ρ2

r1(t)
ρ1

[(
1

u2
− u2

)(
∂W

∂I1

+
∂W

∂I2

)
du

u(1− u2)
. (3.139)

The strain invariants I1 and I2, expressed in terms of u, are given by (3.128). For a
longitudinal transversely isotropic tube, K1 and K2 are given by (3.53):

K1 = K2 = 1. (3.140)

Thus, although W = W (I1, I2, K1, K2), since K1 and K2 are constants,

dW

du
= −2

u

[(
1

u2
− u2

)(
∂W

∂I1

+
∂W

∂I2

)]
. (3.141)

Equation (3.131) for U(t) is again derived and therefore the differential equation
(3.132) is again obtained.

3.9.4 Ordinary differential equation

In this subsection the three cases of radial, tangential and longitudinal transversely
isotropic cylindrical tubes are treated together.

The differential equation (3.132) applies for radial, tangential and longitudinal
transversely isotropic tubes. Let

x(t) =
r1(t)

ρ1

. (3.142)

Then x(t) is the dimensionless inner radius of the cylindrical tube. We derive from
(3.132) a second order ordinary differential equation for x(t).

It is first necessary to express r2(t) in terms of x(t). From the incompressibility
condition (3.32),

r2
2(t) = r2

1(t) + ρ2
2 − ρ2

1 (3.143)

and therefore

r2
2(t) = ρ2

1

[
x2 +

(
ρ2

ρ1

)2

− 1

]
. (3.144)

Define

µ =

(
ρ2

ρ1

)2

− 1. (3.145)

Then

r2(t) = ρ1x

(
1 +

µ

x2

) 1
2

, (3.146)

ρ2 = ρ1

(
1 + µ

) 1
2 . (3.147)

47



When expressed in terms of x(t), equation (3.132) becomes

ẍx ln

(
1 +

µ

x2

)
+

[
ln

(
1 +

µ

x2

)
− µ

x2
(
1 + µ

x2

)
]
ẋ2

+
2

ρ∗ρ2
1

∫ x
( 1+

µ

x2
1+µ

) 1
2

x

1(
1− u2

) dW

du
=

2
(P1(t)−P2(t)

)

ρ∗ρ2
1

. (3.148)

Define

W0(u) =
1

ρ∗ρ2
1

W (u), (3.149)

P(t) =
P1(t)− P2(t)

ρ∗ρ2
1

. (3.150)

Equation (3.148) becomes

ẍx ln

(
1 +

µ

x2

)
+

[
ln

(
1 +

µ

x2

)
− µ

x2
(
1 + µ

x2

)
]
ẋ2

+ 2

∫ x
( 1+

µ

x2
1+µ

) 1
2

x

1(
1− u2

) dW0

du
= 2P(t). (3.151)

Equation (3.151) is the required ordinary differential equation for the dimen-
sionless inner radius. It applies for radial, tangential and longitudinal transversely
isotropic cylindrical tubes and it has the same form as the differential equation for
radial oscillations of an isotropic cylindrical tube (Knowles, 1960, 1962). Equation
(3.151) applies for a cylindrical tube of arbitrary thickness.

3.10 Strain-energy function

When the strain-energy function has to be specified the generalised Mooney-Rivlin
strain-energy function (2.192) will be used :

W (I1, I2, K1, K2) = C1(I1 − 3) + C2(I2 − 3) + C3(K1 − 1) + C4(K2 − 1), (3.152)

where, since the unstrained body B0 must be stress free,

C3 = −2C4. (3.153)

In the unstrained body B0 the strain-energy function W must also be a minimum.
We now investigate the conditions this places on the constants in (3.152).

Consider W = W (u). In B0, r = ρ and u = r
ρ

= 1. For W (u) to be a minimum
in B0, it is necessary that

dW

du
(1) = 0, (3.154)

d2W

du2
(1) > 0. (3.155)
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Now using (3.128),

W (u) = (C1 + C2)(u
2 +

1

u2
− 2) + C3(K1 − 1) + C4(K2 − 1). (3.156)

Since K1 and K2 are different for the three transversely isotropic tubes, each case
must be treated separately.

For a radial transversely isotropic cylindrical tube, from (3.129),

K1 =
1

u2
, K2 =

1

u4
(3.157)

and (3.156) becomes

W (u) = (C1 + C2)(u
2 +

1

u2
− 2) + C3(

1

u2
− 1) + C4(

1

u4
− 1). (3.158)

Thus W (1) = 0 and

dW

du
(1) = −2(C3 + 2C4) = 0, (3.159)

by condition (3.153). This gives an alternative derivation of condition (3.153). Also

d2W

du2
(1) = 8(C1 + C2 + C4) > 0 (3.160)

provided

C1 + C2 + C4 > 0. (3.161)

For a tangential transversely isotropic cylindrical tube

K1 = u2, K2 = u4 (3.162)

and (3.156) becomes

W (u) = (C1 + C2)(u
2 +

1

u2
− 2) + C3(u

2 − 1) + C4(u
4 − 1). (3.163)

It follows that W (1) = 0 and

dW

du
(1) = 2(C3 + 2C4) = 0, (3.164)

by (3.153) and

d2W

du2
(1) = 8(C1 + C2 + C4) > 0, (3.165)

provided (3.161) is satisfied.
For a longitudinal transversely isotropic cylinder, by (3.140),

K1 = 1, K2 = 1 (3.166)
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and (3.156) reduces to the Mooney-Rivlin strain-energy function

W (u) = (C1 + C2)(u
2 +

1

u2
− 2). (3.167)

We have again W (1) = 0 and

dW

du
(1) = 0, (3.168)

d2W

du2
(1) = 8(C1 + C2) > 0 (3.169)

provided

C1 + C2 > 0. (3.170)

Since W0(u) defined by (3.149) occurs in (3.151) we express the results in terms
of W0(u). Define

D1 =
2(C1 + C2)

ρ∗ρ2
1

, D2 =
4C4

ρ∗ρ2
1

. (3.171)

Then, for the three transversely isotropic cylindrical tubes

radial : W0(u) =
D1

2
(u2 +

1

u2
− 2) +

D2

4
(

1

u4
− 2

u2
+ 1), (3.172)

=
D1

2
(u− 1

u
)2 +

D2

4
(

1

u2
− 1)2, (3.173)

2D1 + D2 > 0; (3.174)

tangential : W0(u) =
D1

2
(u2 +

1

u2
− 2) +

D2

4
(u4 − 2u2 + 1), (3.175)

=
D1

2
(u− 1

u
)2 +

D2

4
(u2 − 1)2, (3.176)

2D1 + D2 > 0; (3.177)

longitudinal : W0(u) =
D1

2
(u2 +

1

u2
− 2), (3.178)

=
D1

2
(u− 1

u
)2, (3.179)

D1 > 0. (3.180)

The strain-energy function (3.178) for a longitudinal transversely isotropic cylin-
drical tube is the same as for an isotropic tube. Radial oscillations in a longitudinal
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transversely isotropic cylindrical tube will therefore be the same as in an isotropic
tube (Shahinpoor, 1974). We will compare nonlinear radial oscillations in radial and
tangential transversely isotropic cylindrical tubes with corresponding oscillations in
isotropic tubes and determine anisotropic effects.

It will be assumed that

D1 ≥ 0, D2 ≥ 0 but not D1 = 0 and D2 = 0. (3.181)

The conditions (3.181) are sufficient for (3.174), (3.177) and (3.180) to be satisfied.
The forms (3.173), (3.176) and (3.179) show that W (u) has a minimum value at
u = 1 when (3.181) is satisfied. For an isotropic cylindrical tube, it is necessary that
D1 > 0. A solution with D1 = 0, D2 > 0 will be investigated in Chapter 4.

3.11 Conclusions

The second order nonlinear ordinary differential equations for radial oscillations in
radial, tangential and longitudinal transversely isotropic cylindrical tubes have the
same form when expressed in terms of the strain-energy function. This form is the
same as the equation derived by Knowles (1960, 1962) for radial oscillations in an
isotropic tube.

When the strain-energy function is specified, the differential equation will be
different in general for different transversely isotropic tubes. However, since the
strain invariants are constant for a longitudinal transversely isotropic tube, the
differential equation for a longitudinal transversely isotropic tube will be the same
as for an isotropic tube. This is because in a cross section of the tube the anisotropic
director is orthogonal to the plane of the radial oscillations.

The differential equation (3.151) applies for cylindrical tubes of arbitrary thick-
ness and for all strain-energy functions.
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Chapter 4

Nonlinear Radial Oscillations of
Transversely Isotropic
Incompressible Cylindrical Tubes:
Time Dependent Net Applied
Surface Pressure

4.1 Introduction

In this chapter nonlinear radial oscillations of transversely isotropic incompressible
cylindrical tubes for time dependent net applied surface pressure will be consid-
ered. For nonlinear radial oscillations in an isotropic thin-walled cylindrical tube
the application of Lie symmetry methods for differential equations produced exact
analytical solutions. We will investigate if Lie symmetry methods will also give
exact analytical solutions for nonlinear radial oscillations in transversely isotropic
cylindrical tubes. The nonlinear radial oscillations are described by the ordinary
differential equation (3.151).

Nonlinear radial oscillations in a thick-walled isotropic cylindrical tube were
investigated by Mason and Roussos (2000). They used the Money-Rivlin strain-
energy function and showed that if the net applied surface pressure depends on time
then the ordinary differential equation (3.151) admits no Lie point symmetries. Thus
thin-walled cylindrical tubes will be considered.

For a thin-walled isotropic cylindrical tube with Mooney-Rivlin strain-energy
function, (3.151) reduces to the Ermakov-Pinney equation. The Ermakov-Pinney
equation has three Lie point symmetries and a nonlinear superposition principle
can be derived ( Shahinpoor and Nowinski, 1971 and Rogers and Ames, 1989 ).
Therefore we consider a thin-walled cylindrical tube with the generalised Mooney-
Rivlin strain-energy function (2.192). Roussos and Mason (2005) have shown that
for a thin-walled isotropic cylindrical tube with time dependent applied surface
pressure, the differential equation has a Lie point symmetry only for a special class
of strain-energy functions. The special class includes the Mooney-Rivlin strain-
energy function. Thus it is not too restrictive to use the generalised Mooney-Rivlin
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strain-energy function (2.192).
Since the strain invariants, K1 and K2, are different for radial, tangential and lon-

gitudinal transversely isotropic cylindrical tubes, equation (3.151) will be different
for the three transversely isotropic tubes. The differential equation for a longitudi-
nal transversely isotropic tube is the same as for an isotropic tube. The nonlinear
radial oscillations in radial, tangential and longitudinal transversely isotropic tubes
will be compared. The effect of the anisotropy on the nonlinear radial oscillations
will be investigated.

An outline of the chapter is as follows. In Section 4.2 the differential equation
describing nonlinear radial oscillations in a thin-walled cylindrical tube is derived
from (3.151) for a general strain-energy function. The generalised Mooney-Rivlin
strain-energy function is then applied and three nonlinear second order ordinary
differential equations describing radial oscillations in radial, tangential and longitu-
dinal transversely isotropic cylindrical tubes are obtained. In Section 4.3, general
results are derived for the Lie point symmetry generators for second order ordinary
differential equations of the form ẍ = F (t, x) without specifying F (t, x). In Section
4.4, a Lie point symmetry generator for the differential equation describing radial
oscillations in a radial tranversely isotropic tube is derived for a special time depen-
dent applied surface pressure. The Lie point symmetry is then used to transform the
second order ordinary differential equation to an autonomous second order ordinary
differential equation which is then reduced to an Abel equation of the second kind.
In Section 4.5 a similar investigation is done for nonlinear radial oscillations in a
tangential tranversely isotropic cylindrical tube. A Lie point symmetry generator is
again derived for a special time dependent applied surface pressure. The Lie point
symmetry is then used to transform the differential equation to an autonomous equa-
tion which is reduced to another Abel equation of the second kind. In Section 4.6
nonlinear radial oscillations in a longitudinal transversely isotropic cylindrical tube
are considered. The differential equation is the same as for radial oscillations in an
isotropic tube. Roussos and Mason (2005) showed that the differential equation has
a Lie point symmetry for a special time dependent net applied surface pressure and
used it to reduce the differential equation to an integral from which exact analytical
solutions are derived. These results are reviewed briefly for comparison. Finally,
conclusions are summarised in Section 4.7.

4.2 Thin-walled cylindrical tube

The dimensionless inner radius of the cylindrical tube x(t) satisfies the differential
equation (3.151):

ẍx ln

(
1 +

µ

x2

)
+

[
ln

(
1 +

µ

x2

)
− µ

x2
(
1 + µ

x2

)
]
ẋ2 + I(x; µ) = 2P(t), (4.1)

where

I(x; µ) = 2

∫ x
( 1+

µ

x2
1+µ

) 1
2

x

1(
1− u2

) dW0

du
du. (4.2)
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Consider a thin-walled cylindrical tube in the unstrained body B0. Then ρ1 + ρ2

where ρ1 and ρ2 are the inner and outer radii of the tube in B0. Now (3.145) becomes

µ =
(ρ2

ρ1

)2

− 1 =
(ρ2 − ρ1)(ρ2 + ρ1)

ρ2
1

+ 2(ρ2 − ρ1)

ρ1

(4.3)

and therefore 0 < µ << 1. Expand each term in (4.1) in powers of µ:

ln

(
1 +

µ

x2

)
=

µ

x2
+ O(µ2), (4.4)

x

(
1 + µ

x2

1 + µ

) 1
2

= x +
µ

2x
(1− x2) + O(µ2), (4.5)

P(t) = P0(t) + µP1(t) + O(µ2), (4.6)

as µ → 0. Consider next the integral (4.2). In order to evaluate I(x; µ) we use the
First Integral Theorem of Mean Value (Gillespie, 1959) which states:

If g(x) is continuous then

∫ b

a

g(x) dx = (b− a) g(ξ), (4.7)

where a ≤ ξ ≤ b.

Now, from (4.5)

x ≤ ξ ≤ x +
µ

2x
(1− x2) + O(µ2) (4.8)

and therefore
ξ = x + O(µ), (4.9)

as µ → 0. The integral (4.2) becomes

I(x; µ) = 2

(
µ

2x
(1− x2) + O(µ2)

)
1(

1− ξ2
) dW0(ξ)

dξ

=

(
µ

x
(1− x2) + O(µ2)

)(
1(

1− x2
) dW0(x)

dx
+ O(µ)

)

=
µ

x

dW0(x)

dx
+ O(µ2) (4.10)

as µ → 0.
Expanding the differential equation (4.1) in powers of µ gives

[
µ

x
+ O(µ2)

]
ẍ +

[
O(µ2)

]
ẋ2 +

[
µ

x

dW0(x)

dx
+ O(µ2)

]

= 2P0(t) + 2µP1(t) + O(µ2), (4.11)
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which can be rewritten as

2xP0(t) + µ

[
ẍ +

dW0(x)

dx
− 2xP1(t)

]
+ O(µ2) = 0, (4.12)

as µ → 0. Separate equation (4.12) in powers of µ:

zero order µ : P0(t) = 0, (4.13)

first order µ : ẍ +
dW0(x)

dx
= 2xP1(t). (4.14)

To explain the result (4.13) we note that to zero order in µ the tube wall has zero
thickness. The net applied surface pressure must therefore vanish because otherwise
a finite force would be applied to an interface with zero mass which would produce
infinite acceleration, which is not acceptable. Equation (4.14) applies for radial,
tangential and longitudinal transversely isotropic cylindrical tubes. It has the same
form as for an isotropic tube ( Roussos and Mason, 2005 ). It is valid for all strain-
energy functions.

The strain-energy functions for radial, tangential and longitudinal transverse
isotropic cylinders are given by (3.172), (3.175) and (3.178):

radial : W0(u) =
D1

2
(u2 +

1

u2
− 2) +

D2

4
(

1

u4
− 2

u2
+ 1), (4.15)

tangential : W0(u) =
D1

2
(u2 +

1

u2
− 2) +

D2

4
(u4 − 2u2 + 1), (4.16)

longitudinal : W0(u) =
D1

2
(u2 +

1

u2
− 2). (4.17)

Substitute (4.15) to (4.17) into the differential equation (4.14). This gives the fol-
lowing three nonlinear second order ordinary differential equations

radial : ẍ + (D1 − 2P1(t))x =
D1 −D2

x3
+

D2

x5
, (4.18)

tangential : ẍ + (D1 −D2 − 2P1(t))x =
D1

x3
−D2x

3, (4.19)

longitudinal : ẍ + (D1 − 2P1(t))x =
D1

x3
. (4.20)

The constants D1 and D2 satisfy the inequality

2D1 + D2 > 0. (4.21)

The ordinary differential equation (4.20) is the Ermakov-Pinney equation (Ermakov
1880, Pinney 1950). It also applies for radial oscillations in an incompressible
isotropic cylindrical tube ( Shahinpoor and Nowinski, 1971 ).
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4.3 Lie point symmetry generators: general re-

sults

We now investigate the Lie point symmetry generators of the three differential equa-
tions (4.18), (4.19) and (4.20). They can be written in the form

ẍ = F (t, x). (4.22)

In this section general results for the Lie point symmetries of (4.22) will be derived
without specifying F (t, x). The theory of Lie point symmetries of differential equa-
tions is given by several authors ( Olver 1986, Bluman and Kumei 1989, Ibragimov
and Anderson 1994, Ibragimov 1999 ).

A Lie point symmetry generator of (4.22) is

X = ξ(t, x)
∂

∂t
+ η(t, x)

∂

∂x
. (4.23)

The ordinary differential equation (4.22) is invariant under the group of infinitesimal
transformations with the infinitesimal generator X if and only if

X [2]

(
ẍ− F (t, x)

)∣∣∣∣
ẍ=F

= 0, (4.24)

where the symbol
∣∣
ẍ=F

means evaluated on the frame of the differential equation

(4.22). The second prolongation X [2] of the generator (4.23) is

X [2] = X + ζ1(t, x, ẋ)
∂

∂ẋ
+ ζ2(t, x, ẋ, ẍ)

∂

∂ẍ
, (4.25)

where ζ1 and ζ2 are
ζ1(t, x, ẋ) = D(η)− ẋD(ξ), (4.26)

ζ2(t, x, ẋ, ẍ) = D(ζ1)− ẍD(ξ) (4.27)

and total derivative D is

D =
∂

∂t
+ ẋ

∂

∂x
+ ẍ

∂

∂ẋ
+ ....... (4.28)

The prolongation coefficients (4.26) and (4.27) are

ζ1(t, x, ẋ) =
∂η

∂t
+

(
∂η

∂x
− ∂ξ

∂t

)
ẋ− ∂ξ

∂x
ẋ2, (4.29)

ζ2(t, x, ẋ, ẍ) =
∂2η

∂t2
+

(
2

∂2η

∂t∂x
− ∂2ξ

∂t2

)
ẋ +

(
∂2η

∂x2
− 2

∂2ξ

∂t∂x

)
ẋ2

− ∂2ξ

∂x2
ẋ3 +

(
∂η

∂x
− 2

∂ξ

∂t

)
ẍ− 3

∂ξ

∂x
ẋẍ. (4.30)

The determining equation (4.24) becomes

−ξ
∂F

∂t
− η

∂F

∂x
+ ζ2(t, x, ẋ, ẍ)

∣∣∣∣
ẍ=F

= 0. (4.31)
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Substituting (4.30) into (4.31) and replacing ẍ by F in ζ2 gives

− ξ
∂F

∂t
− η

∂F

∂x
+

∂2η

∂t2
+

(
2

∂2η

∂t∂x
− ∂2ξ

∂t2

)
ẋ +

(
∂2η

∂x2
− 2

∂2ξ

∂t∂x

)
ẋ2

− ∂2ξ

∂x2
ẋ3 +

(
∂η

∂x
− 2

∂ξ

∂t

)
F − 3

∂ξ

∂x
ẋF = 0. (4.32)

Since F = F (t, x), split the determining equation (4.32) according to powers of ẋ.

ẋ3 :
∂2ξ

∂x2
= 0, (4.33)

ẋ2 :
∂2η

∂x2
− 2

∂2ξ

∂t∂x
= 0, (4.34)

ẋ : 2
∂2η

∂t∂x
− ∂2ξ

∂t2
− 3F (t, x)

∂ξ

∂x
= 0, (4.35)

ẋ0 :
∂2η

∂t2
− ξ

∂F

∂t
− η

∂F

∂x
+

(
∂η

∂x
− 2

∂ξ

∂t

)
F (t, x) = 0. (4.36)

Equations (4.33) and (4.34) are independent of F (t, x) and can therefore be solved
in general. From (4.33)

ξ(t, x) = xf1(t) + f2(t), (4.37)

where f1(t) and f2(t) are arbitrary functions of t. Substituting (4.37) into (4.34)
and integrating gives

η(t, x) = x2ḟ1(t) + xf3(t) + f4(t), (4.38)

where f3(t) and f4(t) are arbitrary functions of t. Finally, substitute (4.37) and
(4.38) into (4.35) and (4.36). This gives

3xf̈1(t)− f̈2(t) + 2ḟ3(t)− 3F (t, x)f1(t) = 0, (4.39)

x2
...
f 1(t) + xf̈3(t) + f̈4(t) +

[
f3(t)− 2ḟ2(t)

]
F (t, x)

−[
xf1(t) + f2(t)

]∂F

∂t
− [

x2ḟ1(t) + xf3(t) + f4(t)
]∂F

∂x
= 0. (4.40)

In summary, the Lie point symmetry of (4.22) is given by (4.23) where ξ(t, x)
and η(t, x) are given by (4.37) and (4.38) and the function f1(t), f2(t), f3(t) and
f4(t) satisfy the conditions (4.39) and (4.40).

In order to proceed further F (t, x) has to be specified. It is necessary to treat
radial, tangential and longitudinal transversely isotropic tubes separately because
F (t, x) is different for the three cases.

4.4 Thin-walled radial transversely isotropic cylin-

drical tube

From (4.18), the dimensionless inner radius x(t) satisfies the differential equation

ẍ + (D1 − 2P1(t))x =
D1 −D2

x3
+

D2

x5
. (4.41)
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If D2 = 0, then the tube is isotropic and the differential equation (4.41) reduces to
(4.21). We therefore suppose that

D2 6= 0. (4.42)

Compare equation (4.41) with (4.22). Thus

F (t, x) = (2P1(t)−D1)x +
D1 −D2

x3
+

D2

x5
. (4.43)

Consider first (4.39). Substituting (4.43) into (4.39) gives

3xf̈1(t)− f̈2(t) + 2ḟ3(t)− 3

(
(2P1(t)−D1)x +

D1 −D2

x3
+

D2

x5

)
f1(t) = 0. (4.44)

Separate equation (4.44) according to powers of x:

1

x5
: D2f1(t) = 0, (4.45)

1

x3
: (D1 −D2)f1(t) = 0, (4.46)

x0 : 2ḟ3(t)− f̈2(t) = 0, (4.47)

x : f̈1(t) + (D1 − 2P1(t))f1(t) = 0. (4.48)

Since D2 6= 0, it follows from (4.45) that

f1(t) = 0. (4.49)

Equations (4.46) and (4.48) are identically satisfied. Integration of (4.47) gives

f3(t) =
1

2
ḟ2(t) + c3, (4.50)

where c3 is a constant. Thus (4.37) and (4.38) become

ξ(t, x) = f2(t), (4.51)

η(t, x) =

(
1

2
ḟ2(t) + c3

)
x + f4(t). (4.52)

The final condition is given by (4.40). Using (4.43), (4.49) and (4.50), (4.40)
becomes

(
c3 − 3

2
ḟ2(t)

)[
(2P1(t)−D1)x +

(D1 −D2)

x3
+

D2

x5

]
− 2f2(t)

dP1

dt
x

+
[
x (

1

2
ḟ2(t) + c3) + f4(t)

][
D1 − 2P1(t) +

3(D1 −D2)

x4
+

5D2

x6

]

+
x

2

...
f 2(t) + f̈4(t) = 0. (4.53)
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Separating (4.53) according to powers of x gives

1

x6
: D2f4(t) = 0, (4.54)

1

x5
: D2(ḟ2(t) + 6c3) = 0, (4.55)

1

x4
: (D1 −D2)f4(t) = 0, (4.56)

1

x3
: (D1 −D2)c3 = 0, (4.57)

x0 : f̈4(t) + (D1 − 2P1(t))f4(t) = 0, (4.58)

x : f̈4(t) + 4(D1 − 2P1(t))ḟ2(t)− 4
dP1

dt
f2(t) = 0. (4.59)

Since D2 6= 0, we deduce from (4.54) that

f4(t) = 0. (4.60)

Also, since D2 6= 0, it follows from (4.55) that

f2(t) = −6c3t + c2, (4.61)

where c2 is a constant. Thus equations (4.51) and (4.52) are now

ξ(t, x) = −6c3t + c2, (4.62)

η(t, x) = −2c3x. (4.63)

Equations (4.56) and (4.58) are identically satisfied. We are left with only two equa-
tions, (4.57) and (4.59), to be satisfied. There are two cases depending on whether
D1 6= D2 or D1 = D2.

Case (i) D1 6= D2

Then from (4.57)
c3 = 0. (4.64)

Equation (4.59) becomes

c2
dP1

dt
= 0. (4.65)

When P1(t) = constant, then c2 6= 0. Thus

ξ(t, x) = c2, (4.66)

η(t, x) = 0 (4.67)
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and the Lie point symmetry generator (4.23) is

X =
∂

∂t
. (4.68)

There is one Lie point symmetry corresponding to time translational invariance.
When dP1

dt
6= 0, then c2 = 0. Thus from (4.62) and (4.63),

ξ(t, x) = 0, (4.69)

η(t, x) = 0 (4.70)

and there is no Lie point symmetry generator.

Case (ii) D1 = D2

Equation (4.57) is identically satisfied and there is no condition on c3. Suppose
c3 6= 0, since c3 = 0 reduces to Case (i). Using (4.61), equation (4.59) gives a first
order ordinary differential equation for P1(t):

dP1

dt
+

12c3

(6c3t− c2)
P1(t) =

6c3D1

(6c3t− c2)
. (4.71)

The integrating factor for (4.71) is (6c3t− c2)
2 and its general solution is

P1(t) =
D1

2
+

k

(6c3t− c2)2
, (4.72)

where k is a constant. Also, ξ and η are given by (4.62) and (4.63) and the Lie point
symmetry generator (4.23) is

X = (6c3t− c2)
∂

∂t
+ 2c3x

∂

∂x
. (4.73)

In summary, when D1 = D2 the differential equation (4.41) has one Lie point sym-
metry generator (4.73) provided P1(t) is of the form (4.72). The constant D1 in
(4.72) is the same constant as in the strain-energy function (4.15). Substituting
(4.72) into (4.41) with D1 = D2 gives the following ordinary differential equation
for x(t):

d2x

dt2
− 2k

(6c3t− c2)2
x =

D1

x5
. (4.74)

In order to develop this case further we redefine the constants. Let

A = − c2

6c3

, B = − k

(6c3)2
. (4.75)

Thus if D1 = D2 and if the net applied pressure is

P1(t) =
D1

2
− B

(t + A)2
(4.76)
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then the dimensionless inner radius x(t) of a radial transversely isotropic cylindrical
tube satisfies the differential equation

d2x

dt2
+

2B

(t + A)2
x =

D1

x5
(4.77)

which has one Lie point symmetry generator

X = (t + A)
∂

∂t
+

x

3

∂

∂x
. (4.78)

We take A > 0 to ensure that P1(t) is finite for t ≥ 0.
The Lie point symmetry generator (4.78) is now used to transform the ordi-

nary differential equation (4.77) to an autonomous equation which does not depend
on time explicitly. We insist that under the transformation (t, x) → (t∗, x∗) the
transformed differential equation admits the time translational generator ∂

∂t∗ . Now,
under the transformation (t, x) → (t∗, x∗) the Lie point symmetry generator (4.23)
transform as

X∗ = ξ(t, x)
(∂t∗

∂t

∂

∂t∗
+

∂x∗

∂t

∂

∂x∗

)
+ η(t, x)

(∂t∗

∂x

∂

∂t∗
+

∂x∗

∂x

∂

∂x∗

)

= X(t∗)
∂

∂t∗
+ X(x∗)

∂

∂x∗
. (4.79)

Thus

X∗ =
∂

∂t∗
(4.80)

provided
X(t∗) = 1, X(x∗) = 0 , (4.81)

that is, provided

(t + A)
∂t∗

∂t
+

x

3

∂t∗

∂x
= 1 , (4.82)

(t + A)
∂x∗

∂t
+

x

3

∂x∗

∂x
= 0 . (4.83)

Consider first (4.83). The differential equations of the characteristic curves are

dt

t + A
= 3

dx

x
=

dx∗

0
. (4.84)

The last term of (4.84) gives
dx∗ = 0 (4.85)

and hence
x∗ = a1 , (4.86)

where a1 is a constant. Integration of the first pair of (4.84) gives

x

(t + A)
1
3

= a2 , (4.87)
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where a2 is a constant. The general solution of (4.83) is a1 = F (a2) where F is an
arbitrary function. A particular solution is a1 = a2, that is

x∗ =
x

(t + A)
1
3

. (4.88)

Consider next (4.82). The differential equations of the characteristic curves are

dt

t + A
= 3

dx

x
=

dt∗

1
. (4.89)

Integration of the first and last terms in (4.89) gives

t∗ = ln(t + A) + C, (4.90)

where C is a constant. Choose C so that t∗ = 0 when t = 0. Thus C = − ln A and

t∗ = ln
(
1 +

t

A

)
. (4.91)

Transform the ordinary differential equation (4.77) from (t, x) to (t∗, x∗) where
x∗ and t∗ are defined by (4.88) and (4.90). Now

dx

dt
=

(
t + A

)− 2
3
(dx∗

dt∗
+

x∗

3

)
, (4.92)

d2x

dt2
=

(
t + A

)− 5
3
(d2x∗

dt∗2
− 1

3

dx∗

dt∗
− 2

9
x∗

)
. (4.93)

Equation (4.77) transforms to the autonomous equation

d2x∗

dt∗2
− 1

3

dx∗

dt∗
+ 2

(
B − 1

9

)
x∗ =

D1

x∗5
. (4.94)

Equation (4.94) can be reduced to an Abel equation of second kind which has
the general form ( Polyanin and Zaitsev, 1995 )

y
dy

dx
− y = f(x) . (4.95)

To do this let
dx∗

dt∗
= y∗ . (4.96)

Then
d2x∗

dt∗2
=

d

dx∗

(dx∗

dt∗

) dx∗

dt∗
=

dy∗

dx∗
y∗ (4.97)

and (4.94) becomes

y∗
dy∗

dx∗
− 1

3
y∗ = 2

(1

9
−B

)
x∗ +

D1

x∗5
. (4.98)

If we let

z∗ = 3y∗ = 3
dx∗

dt∗
, (4.99)
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then (4.98) becomes

z∗
dz∗

dx∗
− z∗ = 2

(
1− 9B

)
x∗ +

9D1

x∗5
. (4.100)

The differential equation (4.100) is an Abel equation of second kind. It is not
however one of the standard equations whose solution is given by Polyanin and
Zaitsev (1995).

In order to compare radial oscillations in a radial transversely isotropic cylindrical
tube with radial oscillations in an isotropic tube, return to equation (4.94). For an
isotropic tube the differential equation is (4.20). Substitute (4.76) for P1(t) into
(4.20) and transform from (t, x) to (t∗, x∗) defined by (4.88) and (4.91). This gives

d2x∗

dt∗2
− 1

3

dx∗

dt∗
+ 2

(
B − 1

9

)
x∗ =

D1A
2
3 exp(2

3
t∗)

x∗3
. (4.101)

Expressed in terms of t∗, the net applied surface pressure (4.76) becomes

P1(t
∗) =

D1

2
− B

A2
exp(−2t∗) . (4.102)

The initial conditions for x(t) are

x(0) = x0,
dx(0)

dt
= v0 . (4.103)

Then, expressed in terms of (t∗, x∗) the initial conditions are

x∗(0) =
x0

A
1
3

,
dx∗(0)

dt∗
= A

2
3

(
v0 − x0

3A

)
. (4.104)

The differential equations (4.94) and (4.101) are solved numerically using a fourth
order Runge-Kutta method. The values of the parameters are A = 1, D1 = 1 and
B = ±1 and the initial conditions are

x0 = 1, v0 = −1. (4.105)

Hence

x∗(0) = 1,
dx∗

dt∗
(0) = −4

3
. (4.106)

In Figures 4.4.1 and 4.4.2, x∗ is plotted against t∗ for radial oscillations in a
radial transversely isotropic cylindrical tube and in an isotropic tube for B = +1
and B = −1, respectively. The unstrained point x = 1 becomes the curve

x∗ = exp
(− t∗

3

)
(4.107)

in the (t∗, x∗) plane. In Figure 4.4.3 the net applied surface pressure P1(t
∗) is plotted

against the transformed time t∗ for B = ±1. From (4.102),

lim
t∗→∞

P1(t
∗) =

D1

2
, (4.108)
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Figure 4.4.1
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Figure 4.4.2
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Figure 4.4.3
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Figure 4.4.4
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Figure 4.4.5
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Figure 4.4.6
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where D1 is the constant in the strain-energy function (4.15). When B = +1, P1(t
∗)

is tensile for small values of t∗ and becomes compressive for large values of t∗. When
B = −1, P1(t

∗) is always compressive.
In Figures 4.4.4 to 4.4.6, corresponding graphs are plotted for x against t with

D1 = D2. The net applied surface pressure is given by (4.76). For a radial trans-
versely isotropic cylindrical tube with D1 = D2, x(t) satisfies (4.77). For an isotropic
tube with P1(t) given by (4.76), x(t) satisfies

d2x

dt2
+

2B

(t + A)2
x =

D1

x3
. (4.109)

Equations (4.77) and (4.109) are solved numerically using a fourth order Runge-
Kutta method.

In Figure 4.4.1, B = +1. We see that for both a radial transversely isotropic
cylindrical tube and an isotropic tube there are two time scales associated with the
radial oscillations. The short time scale describes the oscillations and is of order
of the period of the free oscillations. The long time scale describes the growth in
amplitude of the oscillations. For small t∗ the oscillation is about the unstrained
state (4.107). However, for longer time the oscillations do not pass through the
unstrained state and the cylinder is always in a state of extension. For the radial
transverse isotropic cylinder the period of the oscillation, the amplitude of the os-
cillation and the departure from the unstrained state are less than for the isotropic
cylinder. This agrees with Figure 4.4.4 where x(t) is plotted against t. The radial
transverse isotropy therefore has the effect of making the cylinder stiffer.

In Figure 4.4.2, B = −1. The solutions for a radial transverse isotropic cylinder
and an isotropic cylinder are similar. The cylindrical tube is initially compressed and
then steadily extended. This agrees with Figure 4.4.5 where x(t) is plotted against
t. Since the compression lasts for a slightly shorter time in the radial transversely
isotropic tube we see again that the effect of the anisotropy is to make the cylinder
stiffer.

The transformed variables (x∗, t∗) are more convenient to use to investigate the
oscillations than the natural coordinates (x, t) for which large values have to be
used, especially for t∗ in Figure 4.4.4.

When we investigate Heaviside step loading for a thin-walled cylindrical tube in
Chapter 5 we will see that P1 = D1

2
is a critical value for P1. From (4.108), this

critical value is the limiting value of P1(t) as t →∞, which is illustrated in Figures
4.4.3 and 4.4.6. The solutions for x∗ and x presented here illustrate the behaviour
of the radial oscillations as P1(t) tends to D1

2
from below and above.

4.5 Thin-walled tangential transversely isotropic

cylinder

From (4.19), the second order ordinary differential equation for the dimensionless
inner radius, x(t), for a tangential transversely isotropic cylindrical tube is

ẍ + (D1 −D2 − 2P1(t))x =
D1

x3
−D2x

3 . (4.110)
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Assume that D2 6= 0, because D2 = 0 describes an isotropic cylindrical tube.
Compare equation (4.110) with (4.22). Thus

F (t, x) = (2P1(t) + D2 −D1)x +
D1

x3
−D2x

3 . (4.111)

Consider first (4.39) and substitute (4.111) into (4.39). This gives

3xf̈1(t)− f̈2(t) + 2ḟ3(t)− 3

(
2(P1(t) + D2−D1)x +

D1

x3
−D2x

3

)
f1(t) = 0. (4.112)

Equation (4.112) is split according to powers of x. Thus

1

x3
: D1f1(t) = 0, (4.113)

x0 : 2ḟ3(t)− f̈2(t) = 0, (4.114)

x : f̈1(t) + (D1 −D2 − 2P1(t))f1(t) = 0, (4.115)

x3 : D2f1(t) = 0. (4.116)

Since D2 6= 0, it follows from (4.116) that

f1(t) = 0. (4.117)

Equations (4.113) and (4.115) are identically satisfied. Integrate (4.114) to obtain

f3(t) =
1

2
ḟ2(t) + c3, (4.118)

where c3 is a constant. Hence (4.37) and (4.38) become

ξ(t, x) = f2(t), (4.119)

η(t, x) =

(
1

2
ḟ2(t) + c3

)
x + f4(t). (4.120)

The remaining condition is (4.40). Substituting (4.111), (4.117) and (4.118) into
(4.40) gives

x

2

...
f 2(t) + f̈4(t)

+
(
c3 − 3

2
ḟ2(t)

)[
(2P1(t) + D2 −D1)x +

D1

x3
−D2x

3

]

−f2(t)
dP

dt
x +

[
x (

1

2
ḟ2(t) + c3)

+f4(t)

][
D1 −D2 − 2P1(t) +

3D1

x4
+ 3D2x

2

]
= 0. (4.121)
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Equation (4.121) is separated according to powers of x.

1

x4
: D1f4(t) = 0, (4.122)

1

x3
: D1c3 = 0, (4.123)

x0 : f̈4(t) + (D1 −D2 − 2P1(t))f4(t) = 0, (4.124)

x :
...
f 2(t) + 4(D1 −D2 − 2P1(t))ḟ2(t)− 4

dP1

dt
f2(t) = 0, (4.125)

x2 : D2f4(t) = 0, (4.126)

x3 : D2(3ḟ2(t) + 2c3) = 0. (4.127)

Since D2 6= 0, it follows from (4.126) and (4.127) that

f4(t) = 0, (4.128)

f2(t) = −2

3
c3t + c2, (4.129)

where c2 is a constant. Hence equations (4.119) and (4.120) become

ξ(t, x) = −2

3
c3 t + c2, (4.130)

η(t, x) =
2

3
c3 x. (4.131)

Equations (4.122) and (4.124) are identically satisfied. There are two equations,
(4.123) and (4.125), that remain to be satisfied. There are two cases depending on
whether D1 6= 0 or D1 = 0. From the inequality (4.21), a necessary condition is
2D1 + D2 > 0. We can therefore consider D1 = 0 provided D2 > 0.

Case (i) D1 6= 0

Then from (4.123)
c3 = 0. (4.132)

Substituting (4.129) and (4.132) into (4.125) gives

c2
dP1

dt
= 0. (4.133)

If P1(t) = constant, then c2 6= 0 and (4.130) and (4.131) become

ξ(t, x) = c2, η(t, x) = 0. (4.134)

The Lie point symmetry generator (4.23) becomes

X =
∂

∂t
. (4.135)

72



If dP1

dt
6= 0, then c2 = 0 and therefore (4.130) and (4.131) become

ξ(t, x) = 0, η(t, x) = 0. (4.136)

Thus X = 0 and there is no Lie point symmetry generator admitted by the differ-
ential equation (4.110) for this case.

Case (ii) D1 = 0

Equation (4.123) is identically satisfied and there is no restriction on c3. Assume
that c3 6= 0 because otherwise the results of Case (i) are again obtained. Substituting
(4.129) into (4.125) and setting D1 = 0 gives a first order ordinary differential
equation for P1(t) :

dP1

dt
+

4c3

(2c3t− 3c2)
P1(t) = − 2c3D2

(2c3t− 3c2)
. (4.137)

The integrating factor for the differential equation (4.137) is (2c3t − 3c2)
2 and its

general solution is

P1(t) =
k

(2c3t− 3c2)2
− D2

2
, (4.138)

where k is a constant. The Lie point symmetry generator of the differential equation
(4.110) is given by (4.130) and (4.131) :

X = (3c2 − 2c3 t)
∂

∂t
+ 2c3 x

∂

∂x
. (4.139)

In summary, when D1 = 0 and D2 > 0 to satisfy (4.21), the differential equation
(4.110) has one Lie point symmetry given by (4.139) provided P1(t) is of the form
(4.138). The constant D2 in (4.138) is one of the constants in the strain-energy
function (4.16). When D1 = 0 and P1(t) is given by (4.138) the differential equation
(4.110) becomes

d2x

dt2
− 2k

(2c3t− 3c2)2
x = −D2 x3 . (4.140)

Redefine the constants and let

A = −3c2

2c3

, B = − k

4c2
3

. (4.141)

Then the net applied surface pressure is

P1(t) = −D2

2
− B

(t + A)2
. (4.142)

The ordinary differential equation (4.140) becomes

d2x

dt2
+

2B

(t + A)2
x = −D2x

3 (4.143)

which has one Lie point symmetry generator

X = (t + A)
∂

∂t
− x

∂

∂x
. (4.144)
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Assume A > 0 so that P1(t) is finite for t ≥ 0.
We proceed in the same way as for the radial transversely isotropic cylindrical

tube and use the Lie point symmetry generator (4.144) to transform the ordinary
differential equation (4.143) to an autonomous differential equation. Consider the
transformation from (t, x) to (t∗, x∗) such that the transformed differential equation
has the Lie point symmetry

X∗ =
∂

∂t∗
. (4.145)

Then from (4.79)

X∗ = X(t∗)
∂

∂t∗
+ X(x∗)

∂

∂x∗
=

∂

∂t∗
(4.146)

provided

X(t∗) = 1 : (t + A)
∂t∗

∂t
− x

∂t∗

∂x
= 1 , (4.147)

X(x∗) = 0 : (t + A)
∂x∗

∂t
− x

∂x∗

∂x
= 0 . (4.148)

The differential equations of the characteristic curves of (4.148) are

dt

t + A
= −dx

x
=

dx∗

0
. (4.149)

The last term gives
x∗ = a1 , (4.150)

where a1 is a constant and integration of the first pair gives

x(t + A) = a2 , (4.151)

where a2 is a constant. A particular solution of (4.148) is a1 = a2 which gives

x∗ = x(t + A) . (4.152)

The differential equations of the characteristic curves of (4.147) are

dt

t + A
= −dx

x
= dt∗ . (4.153)

Integration of first and last terms in (4.153) gives

t∗ = ln(t + A) + C, (4.154)

where C is a constant. Choosing t∗ = 0 when t = 0 gives

t∗ = ln
(
1 +

t

A

)
, (4.155)

which is the same as for the radial transversely isotropic cylindrical tube. Transform
the ordinary differential equation (4.143) from (t, x) to (t∗, x∗) where t∗ and x∗ are
defined by (4.155) and (4.152). Now

dx

dt
=

1

(t + A)2

(dx∗

dt∗
− x∗

)
, (4.156)

d2x

dt2
=

1

(t + A)3

(d2x∗

dt∗2
− 3

dx∗

dt∗
+ 2x∗

)
. (4.157)
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Equation (4.143) transforms to

d2x∗

dt∗2
− 3

dx∗

dt∗
+ 2

(
1 + B

)
x∗ = −D2x

∗3 , (4.158)

which is an autonomous differential equation.
Equation (4.158) compares with (4.94) for a radial transverse isotropic cylinder.

As with (4.94), equation (4.158) can be reduced to an Abel equation of second kind.
Using (4.96) and (4.97), equation (4.158) becomes

y∗
dy∗

dx∗
− 1

3
y∗ = −2

(
1 + B

)
x∗ −D2x

∗3 (4.159)

and by letting

z∗ =
1

3
y∗ =

1

3

dx∗

dt∗
(4.160)

the differential equation (4.159) becomes

z∗
dz∗

dx∗
− z∗ = −2

9

(
1 + B

)
x∗ − D2

9
x∗3 . (4.161)

The differential equation (4.161) is an Abel equation of second kind but its solution
is not readily obtained ( Polyanin and Zaitsev , 1995 ). Equation (4.161) for a
tangential transversely isotropic cylindrical tube compares with (4.100) for a radial
transversely isotropic cylindrical tube.

In order to investigate the radial oscillations for the net applied surface pressure
(4.142) when D1 = 0, consider equation (4.158). Radial oscillations in an isotropic
cylindrical tube are described by (4.20). If we set D1 = 0, use (4.142) for P1(t) and
transform to variables (t∗, x∗) defined by (4.152) and (4.155), then (4.20) becomes

d2x∗

dt∗2
− 3

dx∗

dt∗
+

[
2(1 + B) + D2A

2 exp(2t∗)
]
x∗ = 0 . (4.162)

Since we have set D1 = 0, the condition that D1 > 0 for the strain-energy to be a
minimum in the unstrained body B0 in an isotropic cylindrical tube, is not satisfied.
Expressed in terms of t∗ the net applied pressure P1(t), given by (4.142), becomes

P1(t
∗) = −D2

2
− B

A2
exp(−2t∗) . (4.163)

The initial conditions for x(t) are given by (4.103). Expressed in terms of (t∗, x∗)
the initial conditions become

x∗(0) = Ax0,
dx∗(0)

dt∗
= A

(
A v0 + x0

)
. (4.164)

The differential equations (4.158) and (4.162) are solved numerically using a fourth
order Runge-Kutta method. The parameter values are A = 1, D2 = 1 and B = ±1.
The initial conditions are again (4.105), that is, x0 = 1, v0 = −1. Thus

x∗(0) = 1,
dx∗

dt∗
(0) = 0 . (4.165)
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Figure 4.5.1

76



Figure 4.5.2
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Figure 4.5.3
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Figure 4.5.4
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In Figures 4.5.1 and 4.5.2, x∗ is plotted against t∗ for radial oscillations in a
tangential transversely isotropic cylindrical tube and in an isotropic tube for B = +1
and B = −1. The unstrained point x = 1 is the curve

x∗ = exp(t∗) . (4.166)

In Figure 4.5.3, the net applied surface pressure P1(t) is plotted against t∗ for B±1.
From (4.163),

lim
t∗→∞

P1(t
∗) = −D2

2
, (4.167)

where D2 is the constant in the strain-energy function (4.16). When B = +1, P1(t
∗)

is compressive for all t∗. When B = −1, P1(t
∗) is tensile for small t∗ but compressive

for large t∗.
When D1 = 0, radial oscillations in an isotropic cylindrical tube are unstable

because condition (3.180) is not satisfied. This is clearly seen in Figures 4.5.1(b) and
4.5.2(b) where x∗ becomes negative which is not physical and the amplitude of the
negative oscillations increases as t∗ increases. We also see from Figures 4.5.1(a) and
4.5.2(a) that x∗ also becomes negative and the amplitude of the negative oscillations
increases for radial oscillations in a tangential transversely isotropic tube. Radial
oscillations in a tangential transversely isotropic tube with net applied surface pres-
sure (4.142) are therefore unstable when D1 = 0. The condition (4.21) is therefore
a necessary but not sufficient condition for stability.

In order to investigate radial oscillations in a tangential transversely isotropic
tube with D1 close to zero, substitute (4.142) for P1(t) into the differential equation
(4.19):

d2x

dt2
+

(
D1 +

2B

(t + A)2

)
x =

D1

x3
−D2x

3 . (4.168)

Equation (4.168) with the initial conditions (4.105), is solved by a fourth order
Runge-Kutta method. In Figure 4.5.4 the numerical solution of (4.168) for x is
plotted against t for D1 = 0.01. It is seen that the radial oscillations in a tangential
transversely isotropic tube are stable for D1 = 0.01.

The special time dependent pressure (4.142) with D1 = 0 gives an unstable
solution in a tangential transversely isotropic tube.

4.6 Thin-walled longitudinal transversely isotropic

cylindrical tube

The dimensionless inner radius x(t) satisfies the Ermakov-Pinney equation (4.20):

ẍ + (D1 − 2P1(t))x =
D1

x3
. (4.169)

Comparing equation (4.169) with (4.22) gives

F (t, x) = (2P1(t)−D1)x +
D1

x3
. (4.170)

Assume that D1 > 0, in order to satisfy condition (4.21).
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The differential equation (4.169) is the same as the one derived for radial oscil-
lations in an isotropic cylindrical tube.

Nonlinear radial oscillations in an isotropic cylindrical tube have been investi-
gated by Shahinpoor and Nowinski (1971) and Rogers and Ames (1989) using the
nonlinear superposition principle for the Ermakov-Pinney equation. Mason and
Roussos (2000) and Roussos and Mason (2005) have investigated solutions using
the Lie point symmetries of (4.169). We outline here the derivation of the Lie point
symmetries of (4.169) in order to compare the results with those obtained for radial
and tangential transversely isotropic cylindrical tubes.

Consider first equation (4.39). Substituting (4.170) into (4.39) gives

3xf̈1(t)− f̈2(t) + 2ḟ3(t)− 3

(
(2P1(t)−D1)x +

D1

x3

)
f1(t) = 0. (4.171)

Equation (4.171) is separated according to powers of x:

1

x3
: D1f1(t) = 0, (4.172)

x0 : 2ḟ3(t)− f̈2(t) = 0, (4.173)

x : f̈1(t) + (D1 − 2P1(t))f1(t) = 0 . (4.174)

Since D1 > 0, it follows from (4.172) that

f1(t) = 0 . (4.175)

Equation (4.174) is identically satisfied. Integrating (4.173) gives

f3(t) =
1

2
ḟ2(t) + c3, (4.176)

where c3 is a constant. Thus (4.37) and (4.38) become

ξ(t, x) = f2(t), (4.177)

η(t, x) =

(
1

2
ḟ2(t) + c3

)
x + f4(t), (4.178)

which is the same as (4.51) and (4.52) for radial and (4.119) and (4.120) for tangential
transversely isotropic tubes. Substitute (4.170) into the remaining condition (4.40)
and use (4.170), (4.175) and (4.176). This gives

x

2

...
f 2(t) + f̈4(t)

+
(
c3 − 3

2
ḟ2(t)

)[− (D1 − 2P1(t))x +
D1

x3

]
− 2f2(t)

dP1

dt
x

+
[
x(

1

2
ḟ2(t) + c3) + f4(t)

][
D1 − 2P1(t) +

3D1

x4

]
= 0. (4.179)
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Separate (4.179) according to powers of x :

1

x4
: D1f4(t) = 0, (4.180)

1

x3
: D1c3 = 0, (4.181)

x0 : f̈4(t) + (D1 − 2P1(t))f4(t) = 0, (4.182)

x :
...
f 2(t) + 4(D1 − 2P1(t))ḟ2(t)− 4

dP1

dt
f2(t) = 0. (4.183)

Since D1 > 0, it follows from (4.180) and (4.181) that

f4(t) = 0, c3 = 0. (4.184)

Equation (4.182) is identically satisfied. Equations (4.177) and (4.178) become

ξ(t, x) = f2(t), (4.185)

η(t, x) =
1

2
ḟ2(t) x. (4.186)

Therefore the Lie point symmetry generators of the differential equation (4.169) are
of the form

X = f2(t)
∂

∂t
+

1

2
ḟ2(t)x

∂

∂x
(4.187)

where f2(t) and P1(t) satisfy (4.183).
For radial and tangential transversely isotropic tubes, f2(t) is obtained as a

linear function of time by (4.61) and (4.129) and equation (4.183) becomes a first
order ordinary differential equation for P1(t). For an isotropic cylindrical tube, f2(t)
and P1(t) are not determined separately but satisfy (4.183). This is an important
difference between the solutions for the two transversely isotropic cylindrical tubes
and the isotropic tube.

Equation (4.183) can be interpreted in two ways.
Firstly, P1(t) is prescribed and equation (4.183) is a third order ordinary differ-

ential equation for f2(t). Three linearly independent solutions for f2(t) are obtained
from (4.183) and the ordinary differential equation (4.169) therefore has three Lie
point symmetries. A nonlinear superposition principle can be derived using the
three Lie point symmetries ( Rogers and Ames 1989, Ibragimov and Mahomed 1996
and Roussos and Mason 1998 ). This is the conventional approach. An example of
a time dependent net applied surface pressure is a blast load with linear decay with
time ( Shahinpoor and Nowinski, 1971 and Rogers and Ames, 1989 ) :

P1(t) =

{
P0

(
1− t

T

)
, 0 ≤ t ≤ T

0, t > T
. (4.188)

This was also considered by Shahinpoor (1974) for a longitudinal transversely isotropic
cylindrical tube but the results are exactly the same as for an isotropic tube. Other
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forms of P1(t) that have been considered are harmonic load and periodic step pulse
load ( Shahinpoor and Nowinski, 1971 ).

In the second interpretation of (4.183), f2(t) is prescribed and equation (4.183)
becomes a first order ordinary differential equation for P1(t). This interpretation
was considered by Roussos and Mason (2005) who prescribed

f2(t) = t + A, (4.189)

where A is a constant. This choice gave an analytical solution. From (4.61) and
(4.75) for a radial transversely isotropic cylinder

radial : f2(t) = −6c3(t + A), (4.190)

and from (4.129) and (4.141) for a tangential transversely isotropic cylinder

tangential : f2(t) = −2

3
c3(t + A). (4.191)

Since (4.183) is linear and homogeneous, the constant factors in (4.190) and (4.191)
play no part. Since (4.190) and (4.191) have the same form as (4.189) we outline
briefly for comparison the solution using (4.189) for an isotropic cylindrical tube.

If (4.189) is substituted into (4.183), equation (4.183) becomes

dP1

dt
+

2

(t + A)
P1(t) =

D1

(t + A)
(4.192)

and its general solution is

P1(t) =
D1

2
− B

(t + A)2
(4.193)

where B is a constant which is the same as (4.76) for a radial transversely isotropic
cylinder. It is assumed that A > 0 to keep P1(t) finite for t ≥ 0. The Ermakov-
Pinney equation (4.169) becomes

d2x

dt2
+

2B

(t + A)2
x =

D1

x3
. (4.194)

From (4.187) and (4.189), the differential equation (4.194) has the Lie point sym-
metry

X = (t + A)
∂

∂t
+

x

2

∂

∂x
. (4.195)

Use the Lie point symmetry generator (4.195) to transform the ordinary differential
equation (4.194) to an autonomous differential equation. We insist that in terms
of the transformed variables (t∗, x∗) the ordinary differential equation for x∗(t∗) has
the Lie point symmetry

X∗ = X(t∗)
∂

∂t∗
+ X(x∗)

∂

∂x∗
=

∂

∂t∗
. (4.196)
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Hence

X(t∗) = 1 : (t + A)
∂t∗

∂t
+

x

2

∂t∗

∂x
= 1 , (4.197)

X(x∗) = 0 : (t + A)
∂x∗

∂t
+

x

2

∂x∗

∂x
= 0 . (4.198)

The differential equations of the characteristic curves of (4.198) are

dt

t + A
=

2dx

x
=

dx∗

0
. (4.199)

Thus
x∗ = a1 ,

x

(t + A)
1
2

= a2 , (4.200)

where a1 and a2 are constants. A particular solution of (4.198) is a1 = a2, that is

x∗ =
x

(t + A)
1
2

. (4.201)

The differential equations of the characteristic curves of (4.197) are

dt

t + A
= 2

dx

x
=

dt∗

1
(4.202)

and the first and the last terms give, choosing t∗ = 0 when t = 0,

t∗ = ln
(
1 +

t

A

)
. (4.203)

Under the transformation (4.201) and (4.203) the ordinary differential equation
(4.194) becomes the autonomous Ermakov-Pinney equation

d2x∗

dt∗2
+ 2

(
B − 1

8

)
x∗ =

D1

x∗3
. (4.204)

By defining
dx∗

dt∗
= y∗ (4.205)

and using (4.97), equation (4.204) reduces to

y∗
dy∗

dx∗
= 2

(1

8
−B

)
x∗ +

D1

x∗3
. (4.206)

Unlike (4.100) and (4.161) the differential equation (4.206) is not an Abel equation
of the second kind because (4.204) does not have the term, dx∗

dt∗ , as do (4.94) and
(4.158) . Integrating (4.206) once gives

1

2

(
dx∗

dt∗

)2

=
(1

8
−B

)
x∗2 − D1

2x∗2
+ J , (4.207)

where J is a constant. The differential equation (4.207) can be reduced to an
integral and exact analytical solutions derived ( Roussos and Mason, 2005 ). We do
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not consider analytical solutions further here. Instead we will consider the numerical
solution of (4.204) for the transformed inner radius x∗(t∗) as was done for radial and
tangential transversely isotropic cylindrical tubes. The numerical solution of (4.194)
for x(t) was presented in Figures 4.4.4(b) and 4.4.5(b) for B = +1 and B = −1,
respectively.

The net applied surface pressure (4.193), expressed in terms of t∗, is

P1(t
∗) =

D1

2
− B

A2
exp(−2t∗) (4.208)

which is the same as (4.102) for a radial transversely isotropic tube. The initial
conditions for x(t) are (4.103) and, expressed in terms of (t∗, x∗), they are

x∗(0) =
x0

A
1
2

,
dx∗

dt∗
(0) = A

1
2

(
v0 − x0

2A

)
. (4.209)

The differential equation (4.204) is solved numerically using a fourth order Runge-
Kutta method.

The values of the parameters are A = 1, D1 = 1 and B = ±1 and the initial
conditions are again (4.105), that is x0 = 1 , v0 = −1. Hence

x∗(0) = 1 ,
dx∗

dt∗
(0) = −3

2
. (4.210)

Since P1 for an isotropic cylindrical tube is the same as P1 for a radial transversely
isotropic tube, the graphs of P1(t

∗) against t∗ and P1(t) against t are the same as in
Figures 4.4.3 and 4.4.6. Also

lim
t∗→∞

P1(t
∗) =

D1

2
, lim

t→∞
P1(t) =

D1

2
, (4.211)

where D1 is the constant in the strain-energy function (4.17).
In Figure 4.6.1, x∗ is plotted against t∗ where x∗ satisfies (4.204) for B = +1

and B = −1. The unstrained point x = 1 is the curve

x∗ = exp
(
− t∗

2

)
(4.212)

in the (t∗, x∗) plane. When B = +1, the oscillations have constant amplitude in the
(x∗, t∗) coordinates. Except for small values of t∗ the oscillations are not about the
unstrained state (4.212) and the tube is always extended. When B = −1, except
for small values of t∗, the inner radius x∗ increases steadily as t∗ increases.

In Figure 4.6.2 the net applied surface pressure P1(t
∗) given by (4.208) is plotted

against t∗ for B = +1 and B = −1. Except for small t∗ when B = +1, P1(t
∗) is

compressive.
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Figure 4.6.1
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Figure 4.6.2
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4.7 Comparison of results

In Table 4.6.1, corresponding results for radial, tangential and longitudinal trans-
versely isotropic cylindrical tubes are presented for comparison. The results for
longitudinal transversely isotropic tubes are the same as for isotropic tubes. For
radial and tangential transversely isotropic cylindrical tubes the determining equa-
tion gives f2(t) = t + A while for the isotropic tube we choose f2(t) = t + A. The
transformed time t∗ is the same for all three cases while x∗ is different for each case.
For radial and tangential transversely isotropic cylindrical tubes, Abel’s equation of
the second kind is derived for y∗(t∗), from which it is difficult to proceed further,
while for the isotropic tube an autonomous Ermakov-Pinney equation is derived
which can be integrated to give analytical solutions.

For the isotropic cylindrical tube, other choices of f2(t) besides f2(t) = t + A
can be considered. For example f2(t) = t2 + At + B could be considered. For each
choice of f2(t), P1(t) satisfies the first order ordinary differential equation

dP1

dt
+ 2

ḟ2(t)

f2(t)
P1(t) = 2D1

ḟ2(t)

f2(t)
+

...
f 2(t)

2f2(t)
, (4.213)

which is readily solved. The integrating factor is f 2
2 (t).
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Table 4.7.1
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Table 4.7.1
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4.8 Conclusions

In this chapter the derivation of analytical solutions for radial oscillations in radial,
tangential and longitudinal transversely isotropic cylindrical tubes when the net
applied surface pressure depends on time was investigated. The Lie point symmetry
generators of the governing second order ordinary differential equations were used.
For radial and tangential isotropic tubes we were able to reduce the differential
equation to an Abel equation of the second kind for special net applied surface
pressures but we were not able to proceed further and obtain an analytical solution.
The application of recent advances by Adam and Mahomed ( 2002 ) on the solution
of Abel equations of the second kind using non-local symmetries may give analytical
solutions for special cases. In comparison, for the isotropic cylindrical tube, exact
analytical solutions can be derived for special time dependent net applied surface
pressures.

The results that were obtained for radial and tangential transversely isotropic
cylindrical tubes apply only for special strain-energy functions for which either D1 =
D2 or D1 = 0. They also apply only for special net applied surface pressures, P1(t),
which depend on the constants D1 and D2 in the strain-energy function.

We found that the effect of radial transverse isotropy was to reduce the amplitude
and period of the oscillations and also to reduce the departure from the unstrained
state. The effect of the anisotropy was therefore to make the cylindrical tube stiffer.

For radial oscillations in a tangential transversely isotropic cylindrical tube it
was found that when D1 = 0 and D2 > 0 unstable solutions exist for which x < 0
which is not physical. The condition 2D1+D2 > 0 is therefore a necessary condition
for stability but not a sufficient condition.

Nonlinear radial oscillations in a longitudinal transverse isotropic cylindrical tube
are the same as in an isotropic cylindrical tube because the plane of oscillation is
perpendicular to the anisotropic director.

The graphs show how the amplitude of the oscillation increases as P1(t) tends
to D1

2
. In Chapter 5, constant net applied surface pressure is considered and it is

found that D1

2
is a critical value for P1(t) for a thin-walled tube.
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Chapter 5

Nonlinear Radial Oscillations of
Transversely Isotropic
Incompressible Cylindrical Tubes:
Heaviside Step Loading

5.1 Introduction

This chapter is concerned with nonlinear radial oscillations in transversely isotropic
cylindrical tubes subject to constant net applied surface pressure. The constant
pressure that will be considered is Heaviside step loading in which the net applied
pressure is zero for time t < 0 and a constant value for t > 0. Both thick-walled
and thin-walled cylindrical tubes will be considered.

The nonlinear radial oscillations are described by the ordinary differential equa-
tion (3.151). The strain-energy function W will be specified because it is difficult
to derive results from (3.151) for general strain-energy functions. The strain-energy
function which will be used is the generalised Mooney-Rivlin strain energy function
(2.192). Since the strain invariants, K1 and K2, are different for radial, tangential
and longitudinal transversely isotropic tubes, equation (3.151) will be different for
the three cases. As in Chapter 4 radial, tangential and longitudinal transversely
isotropic cylinders will be treated separately.

The nonlinear radial oscillations in radial, tangential and longitudinal trans-
versely isotropic cylindrical tubes will be compared. Nonlinear radial oscillations in
a longitudinal transversely isotropic cylindrical tube are the same as in an isotropic
cylindrical tube. The effect of the anisotropy on the nonlinear radial oscilations will
be investigated.

The period and the amplitude of the radial oscillations will be compared. Upper
and lower bounds will be derived for the period. This was first done by Knowles
(1962) for an isotropic cylindrical tube. The method was developed further by
Mason and Roussos (2000) for an isotropic cylindrical tube and by Roussos and
Mason (2002) for an isotropic spherical shell. The amplitude of the oscillation will
be investigated by considering the effective potential for the oscillation.

An outline of the Chapter is as follows. In Section 5.2 first integrals of equation

92



(3.151) for radial, tangential and longitudinal transversely isotropic cylindrical tubes
subject to constant net applied surface pressure are derived. In Sections 5.3, 5.4 and
5.5, the Heaviside step loading boundary condition is considered. In Section 5.3, the
results for radial oscillations in a (longitudinal transversely) isotropic cylindrical tube
subjected to Heaviside step loading are reviewed. An effective potential for radial
oscillations in a thick-walled cylindrical tube is derived. Upper and lower bounds
for the period of the oscillation are obtained and the oscillations corresponding to
the upper and lower bounds on the period are derived. The results for the limit of a
thin-walled cylindrical tube are obtained. In Sections 5.4 and 5.5, a similar analysis
is performed for radial oscillations in radial and tangential transversely isotropic
cylindrical tubes subjected to Heaviside step loading. The results are compared
with those of Section 5.3 for an isotropic cylindrical tube. Finally, conclusions are
summarised in Section 5.6.

5.2 First integral of the differential equation

The dimensionless inner radius of the cylindrical tube satisfies the second order
differential equation (3.151):

ẍx ln

(
1 +

µ

x2

)
+

[
ln

(
1 +

µ

x2

)
− µ

x2
(
1 + µ

x2

)
]
ẋ2 + I(x) = 2P(t) (5.1)

where

I(x) = 2

∫ x
( 1+

µ

x2
1+µ

) 1
2

x

1(
1− u2

) dW0

du
du (5.2)

and by (3.149),

W0(u) =
1

ρ∗ρ2
1

W (u). (5.3)

Consider the strain-energy function (2.192) and (2.193):

W (I1, I2, K1, K2) = C1(I1 − 3) + C2(I2 − 3) + C3(K1 − 1) + C4(K2 − 1), (5.4)

where C3 = −2C4. For radial, tangential and longitudinal transverse isotropic
cylinders, (5.3) with (5.4) become (3.172), (3.175) and (3.178):

radial : W0(u) =
D1

2
(u2 +

1

u2
− 2) +

D2

4
(

1

u4
− 2

u2
+ 1), (5.5)

tangential : W0(u) =
D1

2
(u2 +

1

u2
− 2) +

D2

4
(u4 − 2u2 + 1), (5.6)

longitudinal : W0(u) =
D1

2
(u2 +

1

u2
− 2). (5.7)

The constants D1 and D2 are given by (3.171) and they satisfy the inequality

2D1 + D2 > 0. (5.8)

Since W0 is different for radial, tangential and longitudinal transversely isotropic
cylindrical tubes the three cases are treated separately.
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5.2.1 Radial transversely isotropic cylindrical tube

Consider first a radial transversely isotropic cylindrical tube. Substituting (5.5) into
(5.2) gives

I(x) = −2

∫ x

(
1+

µ

x2
1+µ

) 1
2

x

[
D1

(1

u
+

1

u3

)
+

D2

u5

]
du. (5.9)

The integral (5.9) is readily evaluated and (5.1) becomes

ẍx ln

(
1 +

µ

x2

)
+

[
ln

(
1 +

µ

x2

)
− µ

x2
(
1 + µ

x2

)
]
ẋ2

+ D1

[
ln(1 + µ)− ln

(
1 +

µ

x2

)
+

µ(x2 − 1)

x4
(
1 + µ

x2

)
]

+
D2

2x4

[(
1 + µ

1 + µ
x2

)2

− 1

]
= 2P(t). (5.10)

Consider now
P(t) = constant = P0. (5.11)

Multiply (5.10) by x. Since
d

dx
(ẋ2) = 2ẍ, (5.12)

it follows that

d

dx

[
ẋ2 x2

2
ln

(
1 +

µ

x2

)]

= ẍx2 ln

(
1 +

µ

x2

)
+

[
ln

(
1 +

µ

x2

)
− µ

x2
(
1 + µ

x2

)
]
xẋ2. (5.13)

Equation (5.10) becomes

d

dx

[
ẋ2 x2

2
ln

(
1 +

µ

x2

)]

+ D1

[
x ln(1 + µ)− x ln

(
1 +

µ

x2

)
+

µ(x2 − 1)

x3
(
1 + µ

x2

)
]

+
D2

2

[
(1 + µ)2

x3(1 + µ
x2 )2

− 1

x3

]
= 2xP0. (5.14)

Integrate equation (5.14) with respect to x. Now

∫ [
− x ln

(
1 +

µ

x2

)
+

µ(x2 − 1)

x3
(
1 + µ

x2

)
]

dx

=
1

2
(1− x2) ln

(
1 +

µ

x2

)
+ constant (5.15)
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and ∫
dx

x3(1 + µ
x2 )2

=
1

2µ(1 + µ
x2 )

+ constant. (5.16)

Equation (5.14) becomes

ẋ2x2 ln

(
1 +

µ

x2

)
+ D1

[
x2 ln(1 + µ) + (1− x2) ln

(
1 +

µ

x2

)]

+
D2

2

[
(1 + µ)2

µ(1 + µ
x2 )

+
1

x2

]
− 2P0x

2 = 2I, (5.17)

where I is a constant. Equation (5.17) is the first integral of (5.10).

5.2.2 Tangential transversely isotropic cylindrical tube

Consider next a tangential transversely isotropic cylindrical tube. Substituting (5.6)
into (5.2), gives

I(x) = −2

∫ x

(
1+

µ

x2
1+µ

) 1
2

x

[
D1

(1

u
+

1

u3

)
+ D2u

]
du. (5.18)

The integral in (5.18) is easily evaluated and (5.1) becomes

ẍx ln

(
1 +

µ

x2

)
+

[
ln

(
1 +

µ

x2

)
− µ

x2
(
1 + µ

x2

)
]
ẋ2

+ D1

[
ln(1 + µ)− ln

(
1 +

µ

x2

)
+

µ(x2 − 1)

x4
(
1 + µ

x2

)
]

− D2
µ

(1 + µ)
(1− x2) = 2P(t). (5.19)

Consider now the first integral of (5.19) when P = P0 where P0 is a constant.
Follow the same procedure as used to derive the first integral of (5.10). Multiply
(5.19) by x and use (5.13). Then integrate the resulting equation with respect to x
and use (5.15). This gives the first integral

ẋ2x2 ln

(
1 +

µ

x2

)
+ D1

[
x2 ln(1 + µ) + (1− x2) ln

(
1 +

µ

x2

)]

− D2
µ

2(1 + µ)
x2(2− x2)− 2P0x

2 = 2I, (5.20)

where I is a constant.

5.2.3 Longitudinal transversely isotropic cylindrical tube

Finally, consider a longitudinal transversely isotropic cylindrical tube. The strain-
energy function (5.7) is obtained by setting D2 = 0 in (5.5) and (5.6) for radial
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and tangential transversely isotropic tubes. Hence, from (5.10) with D2 = 0, x(t)
satisfies the second order differential equation

ẍx ln

(
1 +

µ

x2

)
+

[
ln

(
1 +

µ

x2

)
− µ

x2
(
1 + µ

x2

)
]
ẋ2

+ D1

[
ln(1 + µ)− ln

(
1 +

µ

x2

)
+

µ(x2 − 1)

x4
(
1 + µ

x2

)
]

= 2P(t). (5.21)

From (5.17) with D2 = 0, the first integral when P(t) = constant = P0 is

ẋ2x2 ln

(
1 +

µ

x2

)
+ D1

[
x2 ln(1 + µ) + (1− x2) ln

(
1 +

µ

x2

)]

− 2P0x
2 = 2I. (5.22)

In summary, for radial, tangential and longitudinal transversely isotropic cylin-
drical tubes the second order ordinary differential equation for x(t) is given by
(5.10), (5.19) and (5.21) and the first integral is given by (5.17), (5.20), and (5.22)
respectively.

The second order differential equation and first integral when P(t) is constant
for radial oscillations in a longitudinal transverse isotropic cylindrical tube are the
same as the equations derived by Knowles ( 1960, 1962 ) for an isotropic cylinder.
Radial oscillations in a (longitudinal transversely) isotropic cylinder will first be
considered. The anisotropic effects in radial and tangential transversely isotropic
cylindrical tubes will then be clear.

5.3 Longitudinal transversely isotropic cylindri-

cal tube

Consider nonlinear radial oscillations in a longitudinal transversely isotropic cylin-
drical tube subjected to Heaviside step loading,

P(t) =

{
0, t < 0
P0, t ≥ 0

(5.23)

where P0 is a constant and subject to the initial conditions

x(0) = 1, ẋ(0) = 0. (5.24)

Imposing the initial conditions (5.24) on (5.22) gives

I =
D1

2
ln(1 + µ)− P0. (5.25)

Equation (5.22) becomes

ẋ2x2 ln

(
1 +

µ

x2

)
= 2(x2 − 1)

[
P0 − D1

2
ln

( 1 + µ

1 + µ
x2

)]
. (5.26)

The results obtained by Knowles (1962) are briefly reviewed. The effective pon-
tential is introduced which was not considered by Knowles. The effective potential
gives qualitative information about the oscillation.
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5.3.1 Critical net applied surface pressure

The condition which determines the greatest or least value of x(t) is ẋ = 0. This
occurs at x = 1 and at x which satisfies

P0 =
D1

2
ln

( 1 + µ

1 + µ
x2

)
. (5.27)

Define

P (x) =
D1

2
ln

( 1 + µ

1 + µ
x2

)
. (5.28)

The graph of P (x) against x for x > 0 is shown in Figure 5.3.1. The function is a
monotone increasing function of x. It increases from P (0) = −∞ through negative
values, it vanishes at x = 1 and tends to Pc as x →∞ where

Pc =
D1

2
ln(1 + µ). (5.29)

Thus for −∞ < P0 < Pc, a unique positive root x = a of (5.27) exists. It can be
shown that

a =

[
µ

(1 + µ) exp
(
− 2P0

D1

)
− 1

] 1
2

. (5.30)

If P0 < 0, the cylindrical tube undergoes periodic oscillations with a ≤ x ≤ 1. If
0 < P0 < Pc then it undergoes periodic oscillations with 1 ≤ x ≤ a. If

P0 ≥ Pc =
D1

2
ln(1 + µ), (5.31)

then periodic motion does not exist. The oscillation is unbounded with 1 ≤ x < ∞.
For a thin-walled cylindrical tube, terms of order µ2 can be neglected and (5.29)

reduces to

Pc =
D1

2
µ. (5.32)

In Chapter 4, P1(t) is defined by (4.6). It is different from Pc by a factor µ. The
special values (4.76) and (4.193) for P1(t) satisfy

lim
t→∞

µP1(t) =
D1

2
µ = Pc. (5.33)

The results of Chapter 4 show how the radial oscillations change as the net surface
pressure tends to Pc.

5.3.2 Effective potential

Equation (5.26) can be written as

1

2
ẋ2 + V (x) = 0, (5.34)
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Figure 5.3.1
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where

V (x) =
(1− x2)

x2 ln

(
1 + µ

x2

)
[
P0 − Pc +

D1

2
ln

(
1 +

µ

x2

)]
. (5.35)

The function V (x) is the effective potential. Since ẋ2 ≥ 0, the oscillations exist for
the range of values of x for which V (x) ≤ 0. The end points of the oscillation, where
ẋ = 0, occur for V (x) = 0.

Consider the asymptotic behaviour of V (x) for large and small values of x. Now,

V (x) =
1

µ
(Pc − P0)x

2 − D1

2
+

1

µ

(
1− µ

2

)
(P0 − Pc) + O

(
1

x2

)
, (5.36)

as x →∞ and therefore

P0 6= Pc, V (x) =
1

µ
(Pc − P0)x

2 + O(1) as x →∞, (5.37)

P0 = Pc, V (x) = −D1

2
+ O

(
1

x2

)
as x →∞. (5.38)

Also, for small x,

V (x) ∼ 1

2

[D1

x2
+

(P0 − Pc)

x2(− ln x)
−D1 − (P0 − Pc)

(− ln x)

]
(5.39)

and therefore

P0 6= Pc, V (x) =
D1

2x2
+ O

( 1

x2 ln x

)
as x → 0, (5.40)

P0 = Pc, V (x) =
D1

2x2
+ O(1) as x → 0. (5.41)

Also, V (1) = 0 and from Figure 5.3.1, V (a) = 0 where a > 1 if 0 < P0 < Pc and
0 < a < 1 if P0 < 0.

In Figure 5.3.2 the effective potential V (x) is plotted against x for P0 < 0,
0 < P0 < Pc, P0 = Pc and P0 > Pc. Oscillations exist for P0 < Pc and the tube is
compressed for P0 < 0 and extended for 0 < P0 < Pc. Bounded oscillations do not
exist for P0 ≥ Pc.

Consider now a thin-walled cylindrical tube. Expand V (x) in powers of µ and
neglect terms of order µ2. This gives

V (x) =
D1

2
(1− x2)

[ 1

x2
−

(
1− P0

Pc

)]
, (5.42)

where Pc is given by (5.32). When P0 < Pc, the end points of the oscillations are

x = 1, x = a =
(
1− P0

Pc

)− 1
2

(5.43)

and V (x) takes its minimum value when

dV

dx
= 0 : x =

(
1− P0

Pc

)− 1
4
. (5.44)
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Figure 5.3.2
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Figure 5.3.3
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In Figure 5.3.3, graphs of V (x) against x are plotted for D1 = 1, µ = 0.1, Pc = 0.05
and P0 < 0, 0 < P0 < Pc, P0 = Pc and P0 > Pc. The effective potentials for a
thick-walled tube in Figure 5.3.2 and for a thin-walled tube in Figure 5.3.3 have the
same general properties.

5.3.3 Period of the oscillation

Consider periodic oscillations so that P0 < Pc. The derivation of upper and lower
bounds for the period of the oscillation for a thick-walled cylindrical tube will be
outlined (Knowles, 1962).

Now, ẋ = 0 at x = 1 and x = a. From (5.26), since ẋ = 0 at x = a,

P0 =
D1

2
ln

( 1 + µ

1 + µ
a2

)
. (5.45)

Thus (5.26) becomes

(dx

dt

)2

=
D1(x

2 − 1)

x2 ln
(
1 + µ

x2

) ln
(1 + µ

x2

1 + µ
a2

)
. (5.46)

Consider first a > 1. Then 1 ≤ x ≤ a and from (5.45), P0 > 0. The right hand
side of (5.46) is positive and

dx

dt
= ±

√
D1

x

[
(x2 − 1)

ln
(

1+ µ

x2

1+ µ

a2

)

ln
(
1 + µ

x2

)
] 1

2

. (5.47)

The plus sign describes motion from 1 to a and the minus sign motion from a to 1.
The period of the oscillation is

T =
2√
D1

∫ a

1

x

[
ln

(
1 + µ

x2

)

(x2 − 1) ln
(

1+ µ

x2

1+ µ

a2

)
] 1

2

dx. (5.48)

Let z = x2. Then

T =
1√
D1

∫ a2

1

[
ln

(
1 + µ

z

)

(z − 1) ln
(

1+µ
z

1+ µ

a2

)
] 1

2

dz. (5.49)

Consider next 0 < a < 1. Then a ≤ x ≤ 1 and from (5.45), P0 < 0. Equation
(5.46) becomes (dx

dt

)2

=
D1(1− x2)

x2 ln
(
1 + µ

x2

) ln
(1 + µ

a2

1 + µ
x2

)
. (5.50)

The period of the oscillation is

T =
1√
D1

∫ 1

a2

[
ln

(
1 + µ

z

)

(1− z) ln
(

1+ µ

a2

1+µ
z

)
] 1

2

dz. (5.51)
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The upper and lower bounds on the period are obtained using the following inequal-
ities for logarithms ( Knowles , 1962 )

x ≥ y :
x− y

1 + x
≤ ln

(
1 + x

1 + y

)
≤ x− y

1 + y
, (5.52)

x ≥ 0 :
x

1 + x
≤ ln(1 + x) ≤ x. (5.53)

There are four cases.

Case (i) Upper bound for the period when a > 1

The period is given by (5.49). From (5.53) with x = µ
z
,

ln

(
1 +

µ

z

)
≤ µ

z
. (5.54)

Also, if x = µ
z

and y = µ
a2 , then x ≥ y and from (5.52),

ln
( 1 + µ

z

1 + µ
a2

)
≥

µ
z
− µ

a2

1 + µ
z

=
µ(a2 − z)

a2(z + µ)
. (5.55)

Thus from (5.49),

T ≤ a√
D1

∫ a2

1

[ z + µ

z(z − 1)(a2 − z)

] 1
2
dz . (5.56)

Let

f(z) =
z + µ

z
. (5.57)

Then
df

dz
= − µ

z2
< 0 (5.58)

and f(z) is therefore a decreasing function of z. Hence for 1 ≤ z ≤ a2,

f(z) ≤ f(1) = 1 + µ . (5.59)

Thus

T ≤ a√
D1

(1 + µ)
1
2

∫ a2

1

dz

[(z − 1)(a2 − z)]
1
2

. (5.60)

But

I1(a
2) =

∫ a2

1

dz

[(z − 1)(a2 − z)]
1
2

= π (5.61)

and hence
T ≤ a(1 + µ)

1
2

π√
D1

. (5.62)

Case (ii) Lower bound for the period when a > 1

The period is again given by (5.49). From (5.53) with x = µ
z
,

ln

(
1 +

µ

z

)
≥

µ
z

1 + µ
z

=
µ

z + µ
. (5.63)
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Also, if x = µ
z

and y = µ
a2 , then x ≥ y and from (5.52),

ln
( 1 + µ

z

1 + µ
a2

)
≤

µ
z
− µ

a2

1 + µ
a2

=
µ(a2 − z)

z(a2 + µ)
. (5.64)

Thus from (5.49),

T ≥ (a2 + µ)
1
2√

D1

∫ a2

1

[ z

(z + µ)(z − 1)(a2 − z)

] 1
2
dz . (5.65)

Let
f(z) =

z

z + µ
. (5.66)

But
df

dz
=

µ

(z + µ)2
> 0 (5.67)

and hence f(z) is an increasing function of z. Thus for 1 ≤ z ≤ a2,

f(z) ≥ f(1) =
1

1 + µ
. (5.68)

Then (5.65) becomes

T ≥ (a2 + µ)
1
2

√
D1(1 + µ)

1
2

I1 (5.69)

where I1 is given by (5.61). Hence

T ≥
(a2 + µ

1 + µ

) 1
2 π√

D1

. (5.70)

Combining (5.62) and (5.70) gives

TL ≤ T ≤ TU (5.71)

where

TL =
(a2 + µ

1 + µ

) 1
2 π√

D1

, TU = a(1 + µ)
1
2

π√
D1

(5.72)

and a is given by (5.30). For a thin-walled cylindrical tube in which terms of order
µ are neglected,

T0 = a
π√
D1

, (5.73)

where a is given by (5.43).

Case (iii) Upper bound for the period when 0 < a < 1

The period is given by (5.51). The inequality (5.54) again applies. Also if x = µ
a2

and y = µ
z
, then x ≥ y and from (5.52)

ln
(1 + µ

a2

1 + µ
z

)
≥

µ
a2 − µ

z

1 + µ
a2

=
µ(z − a2)

z(a2 + µ)
. (5.74)
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Thus from (5.51)

T ≤ (a2 + µ)
1
2√

D1

∫ 1

a2

dz

[(1− z)(z − a2)]
1
2

. (5.75)

But

I2(a
2) =

∫ 1

a2

dz

[(1− z)(z − a2)]
1
2

= π (5.76)

and therefore
T ≤ (a2 + µ)

1
2

π√
D1

. (5.77)

Case (iv) Lower bound for the period when 0 < a < 1

The period T is again given by (5.51). The inequality (5.63) again applies. Also,
if x = µ

a2 and y = µ
z
, then x ≥ y and

ln
(1 + µ

a2

1 + µ
z

)
≤

µ
a2 − µ

z

1 + µ
z

=
µ(z − a2)

a2(z + µ)
. (5.78)

Thus (5.51) becomes

T ≥ a√
D1

∫ 1

a2

dz

[(1− z)(z − a2)]
1
2

(5.79)

and using (5.76) it follows that

T ≥ a
π√
D1

. (5.80)

By combining (5.77) and (5.80),

TL ≤ T ≤ TU (5.81)

where
TL = a

π√
D1

, TU = (a2 + µ)
1
2

π√
D1

(5.82)

and a is given by (5.30). For a thin-walled cylindrical tube in which terms of order
µ are neglected, the period T0 is again given by (5.73) where a is given by (5.43).
The lower bound, TL, has the same form as T0 although a is different.

5.3.4 Amplitude of the oscillation

Consider now the oscillation. The oscillations which correspond to the upper and
lower bounds on the period will be derived by performing the same approximations
on the oscillation as where made on the period.

Consider first a > 1 and x in the range 1 ≤ x ≤ a. Let t be the time for the
inner radius to oscillate from x = 1 to x. In this range ẋ > 0. Then from (5.47)
with z = x2,

t =
1

2
√

D1

∫ z

1

[
ln

(
1 + µ

z

)

(z − 1) ln
(

1+µ
z

1+ µ

a2

)
] 1

2

dz. (5.83)
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Consider next 0 < a < 1 and x in the range a ≤ x ≤ 1. Let t be the time for the
inner radius to oscillate from x = 1 to x. During this oscillation ẋ < 0. From (5.50)
with z = x2,

t =
1

2
√

D1

∫ 1

z

[
ln

(
1 + µ

z

)

(1− z) ln
(

1+ µ

a2

1+µ
z

)
] 1

2

dz. (5.84)

There are four cases.

Case (i) Oscillation corresponding to upper bound for the period when a > 1

Making the same approximations in (5.83) as used to derive the upper bound
for the period, (5.60), gives

t ≤ a(1 + µ)
1
2

2
√

D1

I1(z) (5.85)

where

I1(z) =

∫ z

1

dz

[(z − 1)(a2 − z)]
1
2

. (5.86)

But

I1(z) =

∫ z

1

1

(z − 1)

( z − 1

a2 − z

) 1
2
dz = 2

∫ y

0

dy

1 + y2
= 2 tan−1 y (5.87)

where

y2 =
z − 1

a2 − z
. (5.88)

Hence

I1(z) = 2 tan−1
[( z − 1

a2 − z

) 1
2
]
. (5.89)

Equation (5.85) becomes

t ≤ a(1 + µ)
1
2√

D1

tan−1
[( x2 − 1

a2 − x2

) 1
2
]

(5.90)

and therefore ( x2 − 1

a2 − x2

) 1
2 ≥ tan

( √
D1

a(1 + µ)
1
2

t
)

. (5.91)

Thus if

0 ≤ t <
a(1 + µ)

1
2

2
√

D1

π, (5.92)

then

x ≥
[
cos2

( √
D1 t

a(1 + µ)
1
2

)
+ a2 sin2

( √
D1 t

a(1 + µ)
1
2

)] 1
2
. (5.93)

The limiting oscillation is therefore

xU =
[
cos2

( √
D1 t

a(1 + µ)
1
2

)
+ a2 sin2

( √
D1 t

a(1 + µ)
1
2

)] 1
2

(5.94)
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which can be written as

xU =
[a2 + 1

2
− (a2 − 1)

2
cos

( 2
√

D1 t

a(1 + µ)
1
2

)] 1
2
. (5.95)

The period of the limiting oscillation is TU , given by (5.72) and its amplitude
is a, given by (5.30), which is the amplitude of the exact solution. The limiting
oscillation has the form of a nonlinear superposition (Shahinpoor and Nowinski,
1971).

Case (ii) Oscillation corresponding to lower bound for the period when a > 1

Making the same approximations in (5.83) as used to derive the lower bound for
the period, (5.69), gives

t ≥ 1√
D1

(a2 + µ

1 + µ

) 1
2
I1(z) (5.96)

where I1(z) is defined by (5.86). Using (5.89) and proceeding as before it is found
that if

0 ≤ t <
π

2
√

D1

(
a2 + µ

1 + µ

) 1
2

(5.97)

then

x ≤
[
cos2

(√
D1

( 1 + µ

a2 + µ

) 1
2
t
)

+ a2 sin2
(√

D1

( 1 + µ

a2 + µ

) 1
2
t
)] 1

2
. (5.98)

The limiting oscillation is

xL =
[
cos2

(√
D1

( 1 + µ

a2 + µ

) 1
2
t
)

+ a2 sin2
(√

D1

( 1 + µ

a2 + µ

) 1
2
t
)] 1

2
, (5.99)

which may be written as

xL =
[a2 + 1

2
− (a2 − 1)

2
cos

(
2
√

D1

( 1 + µ

a2 + µ

) 1
2
t
)] 1

2
. (5.100)

The period of the limiting oscillation is TL given by (5.72) and its amplitude is the
amplitude of the exact solution, (5.30).

For a thin-walled cylindrical tube in which terms of order µ are neglected (Shahin-
poor and Nowinski, 1971),

x =
[
cos2

(√D1

a
t
)

+ a2 sin2
(√D1

a
t
)] 1

2
, (5.101)

where a is given by (5.43).

Case (iii) Oscillation corresponding to upper bound for the period when 0 < a < 1

Making the same approximations in (5.84) as used to derive the upper bound
for the period, (5.75), gives

t ≤ (a2 + µ)
1
2

2
√

D1

I2(z) (5.102)
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where

I2(z) =

∫ 1

z

dz

[(1− z)(z − a2)]
1
2

= 2 tan−1
[( 1− z

z − a2

) 1
2
]
. (5.103)

Thus (5.102) becomes

t ≤ (a2 + µ)
1
2√

D1

tan−1
(( 1− x2

x2 − a2

) 1
2
)

(5.104)

and therefore ( 1− x2

x2 − a2

) 1
2 ≥ tan

( √
D1 t

(a2 + µ)
1
2

)
. (5.105)

Hence if
0 ≤ t < (a2 + µ)

1
2

π

2
√

D1

(5.106)

then

x ≥
[
cos2

( √
D1

(a2 + µ)
1
2

t
)

+ a2 sin2
( √

D1

(a2 + µ)
1
2

t
)] 1

2
. (5.107)

The limiting oscillation is

xU =
[
cos2

( √
D1

(a2 + µ)
1
2

t
)

+ a2 sin2
( √

D1

(a2 + µ)
1
2

t
)] 1

2
, (5.108)

which can be written as

xU =
[a2 + 1

2
− (a2 − 1)

2
cos

( 2
√

D1

(a2 + µ)
1
2

t
)] 1

2
. (5.109)

The period of the limiting oscillation is TU given by (5.82) and its amplitude is the
exact amplitude, a, given by (5.30).

Case (iv) Oscillation corresponding to lower bound for the period when 0 < a < 1

Making the same approximations in (5.84) as used to derive the lower bound for
the period, (5.79), gives

t ≥ a

2
√

D1

∫ 1

z

dz

[(1− z)(z − a2)]
1
2

=
a

2
√

D1

I2(z) . (5.110)

Using (5.103) and proceeding as before it is found that if

0 ≤ t <
π a

2
√

D1

, (5.111)

then

x ≤
[
cos2

(√D1

a
t
)

+ a2 sin2
(√D1

a
t
)] 1

2
. (5.112)

The limiting oscillation is

xL =
[
cos2

(√D1

a
t
)

+ a2 sin2
(√D1

a
t
)] 1

2
, (5.113)
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which can be written as

xL =
[a2 + 1

2
− (a2 − 1)

2
cos

(2
√

D1

a
t
)] 1

2
. (5.114)

The period of the limiting oscillation, TL, is (5.82) and the amplitude is the exact
amplitude a given by (5.30).

For a thin-walled cylindrical tube in which terms of order µ are neglected, x(t)
is again (5.101). The limiting oscillation, xL(t) , given by (5.113) has the same form
as (5.101) but in (5.113), a is (5.30) while in (5.101), a is (5.43).

The results of this section are summarised in Table 5.3.1.

5.4 Radial transversely isotropic cylindrical tube

Consider nonlinear radial oscillations in a radial transversely isotropic cylindrical
tube subjected to the Heaviside step loading boundary condition (5.23) and to the
initial conditions (5.24). Equation (5.17) becomes

ẋ2x2 ln

(
1 +

µ

x2

)
= 2(x2 − 1)

[
P0 − D1

2
ln

(
1 + µ

1 + µ
x2

)

− D2

4
µ

(x2 − 1)

x4

(
1 + µ

x2

)
]

. (5.115)

The effects of the anisotropy on the radial oscillations will be investigated.

5.4.1 Critical net applied surface pressure

The greatest and least values of x(t) are obtained when ẋ = 0. Now, ẋ = 0 when
x = 1 and when

P0 =
D1

2
ln

(
1 + µ

1 + µ
x2

)
+

D2

4
µ

(x2 − 1)

x4

(
1 + µ

x2

) . (5.116)

Let

ε =
D2

D1

. (5.117)

Then ε ≥ 0 and describes the anisotropy. Also, ε is not necessarily small. Define

P (x) =
D1

2
µ

[
1

µ
ln

(
1 + µ

1 + µ
x2

)
+

ε(x2 − 1)

2x4
(
1 + µ

x2

)
]

. (5.118)

Then
dP

dx
=

D1µ

2x3(x2 + µ)2

[
(2− ε)x4 + 2(µ + ε)x2 + εµ

]
. (5.119)

Consider first 0 ≤ ε ≤ 2. Then P (x) is an increasing function of x and P (x)
therefore has no turning points. Also,

lim
x→∞

P (x) =
D1

2
ln(1 + µ) = Pc (5.120)
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which is the critical maximum net applied pressure for bounded radial oscillations
in an isotropic cylindrical tube. For 0 ≤ ε ≤ 2 and P0 ≥ Pc there are no bounded
oscillations as for an isotropic cylindrical tube. In Figure 5.4.1, P (x) given by
(5.118) is plotted against x for ε = 1.5 and ε = 0. For each value of P0 < Pc there
corresponds a unique value of x. If x = a and x = aI are the points at which ẋ = 0
for a radial transversely isotropic cylindrical tube and for an isotropic cylindrical
tube then

P0 > 0 : a < aI , a− 1 < aI − 1, (5.121)

P0 < 0 : a > aI , 1− a < 1− aI . (5.122)

In both cases the amplitude of the oscillation in a radial transversely isotropic tube
is less than in an isotropic tube. The amplitude is reduced by the anisotropy. The
anisotropy makes the tube stiffer.

Consider next strong anisotropy for which ε > 2. Descartes’ rule of signs states
that the polynomial equation Q(x) = 0 cannot have more positive roots than there
are changes of sign from + to − and from − to + in the coefficients of Q(x) (Barnard
and Child, 1936). The polynomial equation

Q(x) = −(ε− 2)x4 + 2(µ + ε)x2 + εµ = 0 (5.123)

has one change of sign and hence there is at most one positive root. Since Q(0) =
µε > 0 and Q(∞) = −∞, there is exactly one positive root. Denote this root by
xmax. Then

xmax =

[
µ + ε + ((µ + ε)2 + εµ(ε− 2))

1
2

ε− 2

] 1
2

(5.124)

and
Pmax = P (xmax). (5.125)

Since dP
dx

< 0 for x > xmax and the limit (5.120) again applies, it follows that

P (xmax) >
D1

2
ln(1 + µ) = Pc . (5.126)

For P0 ≥ Pmax there are no bounded oscillations. For −∞ < P0 < Pmax the
oscillations are bounded. The maximum value of P0 for bounded oscillations is
therefore increased from Pc to Pmax which is an anisotropic effect. In Figure 5.4.2,
P (x) given by (5.118) is plotted against x for ε = 5(ε > 2) and ε = 0 for comparison.
For Pc < P0 < Pmax there are two values of x corresponding to each value of
P0. The value which applies will be made clear from the effective potential. For
−∞ < P0 < Pc there is one value of x corresponding to each value of P0. Figure 5.4.2
shows again that the amplitude of the oscillation in a radial transversely isotropic
tube is less than the amplitude in an isotropic tube.

Consider now a thin-walled cylindrical tube in which terms of order µ can be
neglected. Then (5.118) and (5.119) become

P (x) =
Pc

2x4
(x2 − 1)(2x2 + ε) , (5.127)

dP

dx
=

Pc

x5
[(2− ε)x2 + 2ε] , (5.128)
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Figure 5.4.1

Figure 5.4.2
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where

Pc =
D1µ

2
(5.129)

which is the critical maximum net applied pressure for bounded oscillations in an
isotropic tube. If 0 ≤ ε ≤ 2 then P (x) is an increasing function of x and

lim
x→∞

P (x) = Pc . (5.130)

If ε > 2 then P (x) has a maximum value at

xmax =

(
2ε

ε− 2

) 1
2

(5.131)

and

Pmax = P (xmax) = Pc[1 +
1

8ε
(ε− 2)2] . (5.132)

For P0 ≥ Pmax there are no bounded radial oscillations. For −∞ ≤ P0 < Pmax

the oscillations are bounded. The bounded oscillations for Pc ≤ P0 < Pmax is an
anisotropic effect.

The end point x = a of the oscillation is obtained by putting P (x) = P0 and
solving (5.127) for x. This gives for all ε > 0,

−∞ < P0 < Pc : a =
1

2

[−(ε− 2) + [(ε− 2)2 + 8
(
1− P0

Pc

)
ε]

1
2

(
1− P0

Pc

)
] 1

2

(5.133)

and for ε > 2,

P0 = Pc : a =

(
ε

ε− 2

) 1
2

, (5.134)

Pc < P0 ≤ Pmax : a1 =
1

2

[ε− 2− [(ε− 2)2 − 8
(

P0

Pc
− 1

)
]
1
2

(
P0

Pc
− 1

)
] 1

2

, (5.135)

a2 =
1

2

[ε− 2 + [(ε− 2)2 − 8
(

P0

Pc
− 1

)
]
1
2

(
P0

Pc
− 1

)
] 1

2

. (5.136)

When we consider the effective potential it will be seen that a1 and not a2 must be
used. Equations (5.133) and (5.135) are the same.

In Figures 5.4.3 and 5.4.4, P (x) is plotted against x for µ = 0.2 and 0 ≤ ε ≤ 2
and ε > 2. These graphs for a thin-walled tube have the same general properties as
in Figures 5.3.1 and 5.3.2 for a thick-walled tube.

5.4.2 Effective potential

Equation (5.115) can be written as

1

2
ẋ2 + V (x) = 0 , (5.137)
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where

V (x) =
(1− x2)

x2 ln
(
1 + µ

x2

)
[
P0 − D1

2
ln

(
1 + µ

1 + µ
x2

)
− D2

4

µ(x2 − 1)

x4
(
1 + µ

x2

)
]

. (5.138)

The effective potential V (x) can be expressed in terms of ε as

V (x) =
D1µ

2

(1− x2)

x2 ln
(
1 + µ

x2

)
[

2P0

D1µ
− 1

µ
ln

(
1 + µ

1 + µ
x2

)

−ε

2

(x2 − 1)

x4
(
1 + µ

x2

)
]

. (5.139)

Consider the asymptotic behaviour of V (x) for large and small x. For large x,

V (x) =
1

µ
(Pc − P0)x

2 +
D1

4
(ε− 2) +

(1− µ)

µ
(P0 − Pc) + O

( 1

x2

)
, (5.140)

as x →∞, where Pc is defined by (5.120). Thus,

P0 6= Pc : V (x) =
1

µ
(Pc − P0)x

2 + O(1) as x →∞ , (5.141)

P0 = Pc : V (x) =
D1

4
(ε− 2) + O

( 1

x2

)
as x →∞ . (5.142)

For small x,

V (x) =
D2

8x4(− ln x)
+

D1

2x2
+ O

( 1

x2(− ln x)

)
as x → 0 (5.143)

and hence
V (x) → +∞ as x → 0 . (5.144)

In Figures 5.4.5 to 5.4.7, V (x) are plotted against x for ε > 2, ε = 2 and
0 < ε < 2. Figure 5.4.5 shows that for P0 > Pmax the radial motion is unbounded.
The velocity ẋ first increases, then decreases before it increases again and tends to
infinity. Bounded oscillations exist for P0 < Pmax. When 0 < P0 < Pmax,

maximum displacement = a− 1 < amax − 1, (5.145)

where amax = xmax defined by (5.124). In comparison, for radial oscillations in an
isotropic cylindrical tube, there is no upper bound on the maximum displacement
when P0 < Pc and bounded oscillations do not exist for P0 ≥ Pc. The upper bound
(5.145) is an anisotropic effect. When Pc < P0 < Pmax Figure 5.4.5 shows that
there are two values of x at which V (x) = 0 when x > 1. The value to take is the
smaller value because the oscillation must include the initial condition x = 1. For
ε = 2 Figure 5.4.6 shows that when P0 = Pc the motion is unbounded and ẋ → 0 as
x →∞.
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Figure 5.4.5
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Figure 5.4.6
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Figure 5.4.7
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For 0 < ε < 2, Figure 5.4.7 shows that when P0 = Pc the velocity tends to a
limiting value as x →∞ which from (5.137) and (5.142) is

ẋ =

(
D1(2− ε)

2

) 1
2

. (5.146)

Consider now a thin-walled cylindrical tube in which terms of order µ2 are ne-
glected. Analytical results are easier to obtain for a thin-walled tube. Equation
(5.139) becomes

V (x) =
D1

4

(1− x2)

x4

[
2
(P0

Pc

− 1
)
x4 + (2− ε)x2 + ε

]
(5.147)

=
D1

2

[(
1− P0

Pc

)
x2 +

(P0

Pc

− 2 +
ε

2

)

+(1− ε)
1

x2
+

ε

2x4

]
, (5.148)

where Pc is defined by (5.129). Thus

dV

dx
=

D1

x5

[(
1− P0

Pc

)
x6 + (ε− 1)x2 − ε

]
. (5.149)

The asymptotic behaviour of V (x) for large x is again given by (5.141) and (5.142).
For small x,

V (x) =
D2

4x4
+ O

( 1

x2

)
as x → 0 (5.150)

and (5.144) is always satisfied since D2 > 0.
There are four cases, ε > 2, ε = 2, 1 < ε < 2 and 0 < ε ≤ 1. The properties

of V (x) for the four cases are summarised in Table 5.4.1. Descartes’ rule of signs
( Barnard and Child, 1936 ) was used to obtain an upper bound on the number of
zeros of dV

dx
and therefore on the number of turning points of V (x).

Graphs of the effective potential V (x) against x for µ = 0.2 and ε > 2, ε = 2,
1 < ε < 2 and 0 < ε ≤ 1 are plotted in Figures 5.4.8 to 5.4.11. The oscillations
take place for V (x) ≤ 0. The velocity ẋ increases as V (x) decreases and has a local
maximum value at local minimum points of V (x) and a local minimum at local
maximum points of V (x). Since the asymptotic behaviour of V (x) for large x for
the thin-walled cylindrical tube is the same as for a thick-walled tube, the limiting
values of V (x) for large x on the graphs for thin and thick-walled cylindrical tubes
are the same. The end points of the oscillation occur for V (x) = 0 and are given by
x = 1 and by x = a defined by (5.133) and (5.135). Figure 5.4.8 shows that when
ε > 2, a1 and not a2 is the upper limit of the oscillation because the oscillation must
include x = 1.

For ε > 2, bounded oscillations exist for P0 ≤ Pmax. The bounded oscillations
for Pc ≤ P0 ≤ Pmax is the main anisotropic effect. When P0 = Pmax the end point
of the oscillation, a1 = amax, is

amax =

(
2ε

ε− 2

) 1
2

(5.151)
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Table 5.4.1
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Figure 5.4.8
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Figure 5.4.9
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Figure 5.4.10
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Figure 5.4.11
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and for oscillations with 0 < P0 < Pmax and ε > 2,

maximum displacement = a1 − 1 <
( 2ε

ε− 2

) 1
2 − 1 . (5.152)

When ε > 2 and P0 = Pc the oscillation is still bounded while for an isotropic tube
with ε = 0 the oscillation is unbounded. The end point of the oscillation when
P0 = Pc is

a =

(
ε

ε− 2

) 1
2

(5.153)

and V (x) has a minimum value at

x =

(
ε

ε− 1

) 1
2

. (5.154)

The maximum velocity when P0 = Pc is

|ẋ| =
(D1

2ε

) 1
2
. (5.155)

When ε = 2 and P0 ≥ Pc the oscillation is unbounded. When P0 = Pc, V (x) has
a minimum value at x =

√
2 and at this point ẋ has a maximum value

|ẋ| = 1

2
D

1
2
1 . (5.156)

When 0 < P0 < Pc the range of oscillation is

1 ≤ x ≤
(
1− P0

Pc

)− 1
4

(5.157)

while if P0 < 0 the range of oscillation is

(
1− P0

Pc

)− 1
4 ≤ x ≤ 1 . (5.158)

In comparison when ε = 0, the exponent in (5.157) and (5.158) is −1
2
. The result

for ε = 0 is (5.43).
When 1 < ε < 2 and P0 > Pc, the effective potential V (x) is not monotonically

decreasing but has a local minimum and a local maximum before decreasing to −∞
as x →∞. When P0 = Pc, V (x) has its minimum value at

x =
( ε

ε− 1

) 1
2

(5.159)

before increasing and tending to

V (∞) = −D1

4
(2− ε) , (5.160)

as x →∞. The oscillation is unbounded for P0 ≥ Pc and bounded for P0 < Pc.
When 0 < ε ≤ 1, V (x) is monotonic decreasing for P0 ≥ Pc and the oscillation

is unbounded for P0 ≥ Pc and bounded for P0 < Pc.
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5.4.3 Period of the oscillation

Consider periodic oscillations so that P0 < Pc when 0 ≤ ε ≤ 2 and P0 < Pmax when
ε > 2.

Now, ẋ = 0 at x = 1 and x = a. Since ẋ = 0 at x = a, it follows from (5.115)
that

P0 =
D1

2
ln

( 1 + µ

1 + µ
a2

)
+

D2

4
µ

(a2 − 1)

a4
(
1 + µ

a2

) . (5.161)

Substituting (5.161) into (5.115) gives

(dx

dt

)2

=
D1(x

2 − 1)

x2 ln
(
1 + µ

x2

)
[

ln
(1 + µ

x2

1 + µ
a2

)
+

εµ

2

(a2 − x2)(a2 + x2 − a2x2 + µ)

a2(a2 + µ)x2(x2 + µ)

]
.

(5.162)
The derivation of the period of the oscillations from (5.162) is similar to that for

oscillations in an isotropic cylinder outlined in Section 5.3.3.
Consider first a > 1. The range of the oscillation is 1 ≤ x ≤ a and P0 > 0. For

oscillations the right hand side of (5.162) is positive. Thus

dx

dt
= ±

√
D1(x

2 − 1)
1
2

x
[
ln

(
1 + µ

x2

)] 1
2

[
ln

(1 + µ
x2

1 + µ
a2

)
+

εµ

2

(a2 − x2)(a2 + x2 − a2x2 + µ)

a2(a2 + µ)x2(x2 + µ)

] 1
2

.

(5.163)
The plus and minus signs describe motion from 1 to a and a to 1, respectively. The
period T of the oscillation is

T =
2√
D1

∫ a

1

x

(x2 − 1)
1
2

[
ln

(
1 + µ

x2

)

ln
(

1+ µ

x2

1+ µ

a2

)
+ εµ

2
(a2−x2)(a2+x2−a2x2+µ)

a2(a2+µ)x2(x2+µ)

] 1
2

dx . (5.164)

On letting z = x2, (5.164) becomes

T =
1√
D1

∫ a2

1

[
ln

(
1 + µ

z

)

(z − 1)g(z)

] 1
2

dz (5.165)

where

g(z) = ln
( 1 + µ

z

1 + µ
a2

)
+

εµ

2

(a2 − z)(a2 + z − a2z + µ)

a2(a2 + µ)z(z + µ)
. (5.166)

Consider next 0 < a < 1 so that a ≤ x ≤ 1. From (5.161), P0 < 0. Equation
(5.162) becomes

(dx

dt

)2

=
D1(1− x2)

x2 ln
(
1 + µ

x2

)
[

ln
(1 + µ

a2

1 + µ
x2

)
+

εµ

2

(x2 − a2)(a2 + x2 − a2x2 + µ)

a2(a2 + µ)x2(x2 + µ)

]
.

(5.167)
The right hand side of (5.167) is always positive. The period of oscillation is

T =
1√
D1

∫ 1

a2

[
ln

(
1 + µ

z

)

(1− z)h(z)

] 1
2

dz (5.168)
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where

h(z) = −g(z) = ln
(1 + µ

a2

1 + µ
z

)
+

εµ

2

(z − a2)(a2 + z − a2z + µ)

a2(a2 + µ)z(z + µ)
. (5.169)

The upper and lower bounds on the period are obtained using the inequalities
(5.52) and (5.53) for logarithms ( Knowles , 1962 ). There are four cases.

Case (i) Upper bound for the period when a > 1

The period is given by (5.165). The inequality (5.54) again applies. Using the
inequality (5.55) in (5.165) gives

g(z) ≥ µ(a2 − z)

a2(µ + z)

[
1− ε

2

(a2 − 1

a2 + µ

)
+

ε

2z

]
. (5.170)

Now the right hand side of (5.170) is positive. For, the term inside square brackets
takes its minimum value at z = a2 and

1− ε
2

(
a2−1
a2+µ

)
+ ε

2a2 > 0 ,

if and only if
(2− ε)a4 + 2(µ + ε)a2 + µε > 0. (5.171)

Condition (5.171) is clearly satisfied for ε ≤ 2. For ε > 2 consider (5.119). Now
dP
dx

> 0 for a < amax = xmax and therefore (5.171) is satisfied for all a < amax. There
are no bounded oscillations for a > amax when ε > 2. Using (5.54) and (5.170),
(5.165) becomes

T ≤ a√
D1

∫ a2

1

[
f(z)

(z − 1)(a2 − z)

] 1
2

dz, (5.172)

where

f(z) =
z + µ

A + Bz
(5.173)

and

A =
ε

2
, B = 1− ε

2

(a2 − 1)

(a2 + µ)
. (5.174)

Now

df

dz
=

[
ε− 2µ

(1 + µ)

a2

(a2 + µ)

] (1 + µ)a2

2(a2 + µ)(A + Bz)2
. (5.175)

There are two cases.
Firstly, if

ε <
2µ

(1 + µ)

(a2 + µ)

a2
(5.176)

then f(z) is a decreasing function of z and

f(z) ≤ f(1) =
1 + µ(

1 + ε
2

(
1+µ
a2+µ

)) . (5.177)
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Thus
T ≤ a√

D1

[f(1)]
1
2 I1(a

2) (5.178)

where I1(a
2) is defined by (5.61). Hence

T ≤ a

(
1 + µ

1 + ε
2

(
1+µ
a2+µ

)
) 1

2
π√
D1

. (5.179)

Secondly, if

ε >
2µ

(1 + µ)

(a2 + µ)

a2
(5.180)

then f(z) is an increasing function of z and

f(z) ≤ f(a2) =
1 + µ

a2(
1 + ε

2a2

(
1− a2(a2−1)

a2+µ

)) . (5.181)

Thus
T ≤ a√

D1

[f(a2)]
1
2 I1(a

2) (5.182)

and using (5.61),

T ≤ a

(
1 + µ

a2

1 + ε
2a2

(
1− a2(a2−1)

a2+µ

)
) 1

2
π√
D1

. (5.183)

The denominator in (5.183) is positive because of (5.171).

Case (ii) Lower bound for the period when a > 1

The period is again given by (5.165). The inequality (5.63) applies. Using the
inequality (5.64), (5.165) becomes

g(z) ≤ µ(a2 − z)

z(a2 + µ)

[
1 +

ε

2a2

(a2 + µ− (a2 − 1)z)

z + µ

]
. (5.184)

The right hand side of (5.184) is positive because it is greater than the right hand
side of (5.166). Using the inequalities (5.63) and (5.184), (5.165) becomes

T ≥ (a2 + µ)
1
2√

D1

∫ a2

1

[
f(z)

(z − 1)(a2 − z)

] 1
2

dz (5.185)

where
f(z) =

z

A + Bz
(5.186)

and
A = µ +

ε

2a2
(a2 + µ), B = 1− ε

2a2
(a2 − 1) . (5.187)

Now
df

dz
=

A

(A + Bz)2
> 0 (5.188)
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and f(z) is therefore an increasing function of z. Hence

f(z) ≥ f(1) =
1

(1 + µ)
(
1 + ε

2a2

) (5.189)

and (5.184) becomes

T ≥ (a2 + µ)
1
2√

D1

[f(1)]
1
2 I1(a

2). (5.190)

Finally, using (5.61) for I1(a
2),

T ≥ a

(
1 + µ

a2

(1 + µ)
(
1 + ε

2a2

)
) 1

2
π√
D1

. (5.191)

Case (iii) Upper bound on the period when 0 < a < 1

The period is given by (5.168). The inequality (5.54) again applies. Using the
inequality (5.74), (5.169) gives

h(z) ≥ µ(z − a2)

z(a2 + µ)

[
1 +

ε

2a2

(a2 + µ + (1− a2)z)

z + µ

]
. (5.192)

Since 0 < a2 < 1, the term inside the square bracket is positive. Using (5.54) and
(5.192), (5.168) becomes

T ≤ (a2 + µ)
1
2√

D1

∫ 1

a2

[
f(z)

(1− z)(z − a2)

] 1
2

dz (5.193)

where

f(z) =
z + µ

A + Bz
(5.194)

and
A = µ +

ε

2a2
(a2 + µ), B = 1 +

ε

2a2
(1− a2) . (5.195)

But
df

dz
=

ε(1 + µ)

2(A + Bz)2
> 0. (5.196)

Thus f(z) is an increasing function of z and since a2 ≤ z ≤ 1,

f(z) ≤ f(1) =
1(

1 + ε
2a2

) . (5.197)

Hence

T ≤ (a2 + µ)
1
2√

D1

[f(1)]
1
2 I2(a

2) (5.198)

where I2(a
2) is defined by (5.76) and therefore

T ≤ a

(
1 + µ

a2(
1 + ε

2a2

)
) 1

2
π√
D1

. (5.199)
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Case (iv) Lower bound on the period when 0 < a < 1

The period is again given by (5.168). The inequality (5.63) applies. Also, using
the inequality (5.78), (5.169) becomes

h(z) ≤ µ(z − a2)

a2(z + µ)z

[
ε

2
+

(
1 +

ε(1− a2)

2(a2 + µ)

)
z

]
. (5.200)

The term inside the square brackets is positive because 0 < a < 1. Applying (5.63)
and (5.200), (5.168) becomes

T ≥ a√
D1

∫ 1

a2

[
f(z)

(1− z)(z − a2)

] 1
2

dz (5.201)

where
f(z) =

z

A + Bz
(5.202)

and

A =
ε

2
, B = 1 +

ε(1− a2)

2(a2 + µ)
. (5.203)

But
df

dz
=

A

(A + Bz)2
> 0 (5.204)

and f(z) is therefore an increasing function of z. Thus since a2 ≤ z ≤ 1,

f(z) ≥ f(a2) =
1

1 + ε
2a2

(
1 + a2(1−a2)

a2+µ

) . (5.205)

From (5.201),

T ≥ a√
D1

[f(a2)]
1
2 I2(a

2) (5.206)

where I2(a
2) is given by (5.76). Thus

T ≥ a

(
1

1 + ε
2a2

(
1 + a2(1−a2)

a2+µ

)
) 1

2
π√
D1

. (5.207)

The lower and upper bounds for the period are summarised in Table 5.4.2. They
can be compared with the results for an isotropic cylindrical tube in Table 5.3.1.
For 0 < a < 1 the lower and upper bounds for the period are decreased by the
anisotropy. When a > 1, the lower bound is decreased. The upper bound which can
be compared with the isotropic result is (5.179) because then (5.176) is satisfied.
This upper bound is decreased by the anisotropy. These results suggest that the
effect of the anisotropy is to decrease the period of oscillation.

The lower and upper bounds for the period of oscillation for a thin walled cylin-
drical tube are obtained by setting µ = 0. When a > 1 the upper bound for µ = 0
is obtained from (5.183) because from (5.180), ε > 0.
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5.4.4 Amplitude of the oscillation

The oscillations which correspond to the upper and lower bounds on the period are
derived by performing the same approximations on the oscillations as were made on
the period. The derivation is the same as in Section 5.3.4 for an isotropic cylindrical
tube. The period of the oscillation is the same as that of the upper and lower bounds
and the amplitude is the amplitude of the exact solution. The limiting oscillation
has the form of a nonlinear superposition. The results which are obtained are listed
in Table 5.4.2. They compare with the results for an isotropic cylindrical tube in
Table 5.3.1.

The corresponding oscillations for a thin-walled cylindrical tube are obtained by
setting µ = 0. For P0 > 0 and a > 1, to obtain the limit µ → 0, the solution which
satisfies (5.180) is used.

5.5 Tangential transversely isotropic cylindrical

tube

Finally, consider nonlinear radial oscillations in a tangential transversely isotropic
cylindrical tube subjected to the Heaviside step loading boundary condition (5.23)
and to the initial conditions (5.24). Equation (5.17) becomes

ẋ2x2 ln

(
1 +

µ

x2

)
= 2(x2 − 1)

[
P0 − D1

2
ln

(
1 + µ

1 + µ
x2

)

− D2

4

µ

(1 + µ)
(x2 − 1)

]
. (5.208)

The effect of tangential transversely isotropy on the oscillations will now be investi-
gated.

5.5.1 Critical net applied surface pressure

The maximum and minimum values of x(t) are given by ẋ = 0. Now, ẋ = 0 when
x = 1 and when

P0 =
D1

2
ln

(
1 + µ

1 + µ
x2

)
+

D2

4

µ

(1 + µ)
(x2 − 1) . (5.209)

Define

P (x) = Pc

[
1

µ
ln

(
1 + µ

1 + µ
x2

)
+

ε(x2 − 1)

2(1 + µ)

]
, (5.210)

where Pc is given by (5.129) and ε by (5.117). Now

dP

dx
= Pc

[
2

x3
(
1 + µ

x2

) +
εx

1 + µ

]
> 0 (5.211)

for x > 0. Thus P (x) is a monotonic increasing function of x with P (0) = −∞,
P (1) = 0 and P (∞) = ∞. In Figure 5.5.1, P (x) is plotted against x for ε = 2 and
for an isotropic tube with ε = 0. For all P0 in the range −∞ < P0 < ∞ there is a
unique solution x = a of (5.209). There are therefore bounded oscillations for
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Figure 5.5.1
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−∞ < P0 < ∞. This compares with radial oscillations in an isotropic tube for
which bounded oscillations exist only for

−∞ < P0 <
D1

2
ln(1 + µ). (5.212)

The bounded oscillations for

D1

2
ln(1 + µ) ≤ P0 < ∞ (5.213)

are therefore an effect of a tangential transversely isotropic tube.
Let x = a and x = aI be the points at which ẋ = 0 for a given net applied surface

pressure P0 for a tangential transversely isotropic cylindrical tube and an isotropic
cylindrical tube. Then from Figure 5.5.1,

0 < P0 ≤ D1

2
ln(1 + µ) : a < aI , a− 1 < aI − 1, (5.214)

−∞ < P0 < 0 : a > aI , 1− a < 1− aI . (5.215)

In both cases the amplitude of oscillation in a tangential transversely isotropic tube
is less than in an isotropic tube. The amplitude is reduced by the anisotropy which
has the effect of making the tube stiffer.

Consider a thin-walled cylindrical tube in which terms of order µ2 are neglected.
Then (5.210) and (5.211) become

P (x) = Pc(x
2 − 1)

[
1

x2
+

ε

2

]
, (5.216)

dP

dx
= Pc

(
2

x3
+ εx

)
> 0. (5.217)

The general properties for a thin-walled tube are the same as for a thick-walled tube.
There are bounded oscillations for −∞ < P0 < ∞ and the range Pc ≤ P0 < ∞ is an
effect of the tangential transversely isotropic tube. The end point of the oscillation
for a given P (x) = P0 where −∞ < P0 < ∞ is obtained by solving (5.216) for x:

a =

[
− 1

ε

(
1− P0

Pc

− ε

2

)
+

1

ε

[(
1− P0

Pc

− ε

2

)2

+ 2ε
] 1

2

] 1
2

(5.218)

=
1

(
1− P0

Pc

) 1
2

− ε

4
(
1− P0

Pc

) 5
2

P0

Pc

+ O(ε2), (5.219)

as ε → 0. The expansion (5.219) agrees with (5.43) for ε = 0 and shows again that
the anisotropy decreases the amplitude which is a− 1 when P0 > 0 and 1− a when
P0 < 0.
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5.5.2 Effective potential

Equation (5.208) can be written as

1

2
ẋ2 + V (x) = 0 (5.220)

where

V (x) =
(1− x2)

x2 ln
(
1 + µ

x2

)
[
P0 − D1

2
ln

(
1 + µ

1 + µ
x2

)
− D2

4

µ

(1 + µ)
(x2 − 1)

]
. (5.221)

The effective potential V (x) can be written in terms of ε as

V (x) =
(1− x2)Pc

x2 ln
(
1 + µ

x2

)
[
P0

Pc

− 1

µ
ln

(
1 + µ

1 + µ
x2

)

− ε

2

(x2 − 1)

(1 + µ)

]
, (5.222)

where Pc is defined by (5.129).
Consider now the asymptotic behaviour of V (x) for large and small x. For large

x,

V (x) =
ε µ Pc

2(1 + µ)
x4 + O(x2) as x →∞ (5.223)

and hence
V (x) → +∞ as x →∞. (5.224)

For small x,

V (x) =
Pc

µx2
+ O(1) as x → 0+ (5.225)

and hence
V (x) → +∞ as x → 0 + . (5.226)

Also, because of the factor (1− x2) in V (x), it can be shown that

dV

dx
(1) = − 2P0

ln(1 + µ)
(5.227)

and therefore

if P0 > 0 then
dV

dx
(1) < 0

if P0 < 0 then
dV

dx
(1) > 0. (5.228)

In Figure 5.5.2 the effective potential V (x) is plotted against x for µ = 5 for
P0 < 0 and P0 > 0. The oscillation exists for V (x) < 0 and the end points are at
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Figure 5.5.2
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V (x) = 0. For P0 < 0 the tube is compressed while for P0 > 0 the tube is extended.
Bounded oscillations exist for −∞ < P0 < ∞. The bounded oscillations for

D1

2
ln(1 + µ) ≤ P0 < ∞ (5.229)

is an anisotropic effect of the tangential transversely isotropic tube.
Consider now a thin-walled cylindrical tube. Expanding (5.222) in powers of µ,

using (5.129) for Pc and neglecting terms of order µ2 gives

V (x) =
D1(1− x2)

4x2

[
− εx4 − 2

(
1− P0

Pc

− ε

2

)
x2 + 2

]
. (5.230)

Also,
dV

dx
=

D1

x3

[
εx6 +

(
1− P0

Pc

− ε
)
x4 − 1

]
. (5.231)

The turning points of V (x) are determined from

Q(x) = εx6 +
(
1− P0

Pc

− ε
)
x4 − 1 = 0. (5.232)

By Descartes rule of signs ( Barnard and Child, 1936 ), (5.232) cannot have more
than one positive root. This is true whether the coefficient of x4 in (5.232) is positive
or negative. Since Q(0) = −1 and Q(x) → +∞ as x → +∞, (5.232) has exactly
one positive root. Thus V (x) has exactly one turning point and since V (x) →∞ as
x → 0 and x →∞, the turning point is a minimum.

The end points of the oscillation satisfy V (x) = 0. They are x = 1 and the real
root, a, of

εx4 + 2
(
1− P0

Pc

− ε

2

)
x2 − 2 = 0, (5.233)

which is given by (5.218). We show that if P0 > 0 then a > 1 while if P0 < 0 then
0 < a < 1. Suppose that P0 > 0. Then a > 1 provided

[(
1− P0

Pc

− ε

2

)2

+ 2ε

] 1
2

> 1− P0

Pc

+
ε

2
, (5.234)

which can be rewritten as
[(

1− P0

Pc

+
ε

2

)2

+ 2ε
P0

Pc

] 1
2

> 1− P0

Pc

+
ε

2
. (5.235)

Condition (5.235) is satisfied when P0 > 0. Similarly a < 1 provided

[(
1− P0

Pc

+
ε

2

)2

+ 2ε
P0

Pc

] 1
2

< 1− P0

Pc

+
ε

2
(5.236)

which is satisfied when P0 < 0.
In Figure 5.5.3, V (x) given by (5.230) is plotted against x for µ = 0.2 and for

P0 < 0 and P0 > 0. Bounded oscillations exist for −∞ < P0 < ∞. The bounded
oscillations for

Pc ≤ P0 < ∞ (5.237)

is an anisotropic effect of the thin-walled tangential transversely isotropic tube. The
general properties of Figures 5.5.2 and 5.5.3 are the same.
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Figure 5.5.3
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5.5.3 Period of the oscillation

Consider the period of the oscillations. Now ẋ = 0 at x = 1 and x = a. From
(5.208), since ẋ = 0 at x = a,

P0 =
D1

2
ln

( 1 + µ

1 + µ
a2

)
+

D2

4

µ

(1 + µ)
(a2 − 1). (5.238)

Substituting (5.238) into (5.208) gives

(dx

dt

)2

=
D1(x

2 − 1)

x2 ln
(
1 + µ

x2

)
[

ln
(1 + µ

x2

1 + µ
a2

)
+

ε

2

µ

(1 + µ)
(a2 − x2)

]
. (5.239)

Consider first a > 1. The range of oscillation is 1 ≤ x ≤ a and from (5.238),
P0 > 0. The right hand side of (5.238) is positive. Thus

dx

dt
= ±

√
D1 (x2 − 1)

1
2

x
[
ln

(
1 + µ

x2

)] 1
2

[
ln

(1 + µ
x2

1 + µ
a2

)
+

ε

2

µ

(1 + µ)
(a2 − x2)

] 1
2

(5.240)

where the plus sign describes the motion from 1 to a and the minus sign from a to
1. The period T of the oscillation is

T =
2√
D1

∫ a

1

x

(x2 − 1)
1
2

[
ln

(
1 + µ

x2

)

ln
(

1+ µ

x2

1+ µ

a2

)
+ ε

2
µ

(1+µ)
(a2 − x2)

] 1
2

dx. (5.241)

Let z = x2. Then (5.241) becomes

T =
1√
D1

∫ a2

1

[
ln

(
1 + µ

z

)

(z − 1)g(z)

] 1
2

dz, (5.242)

where

g(z) = ln
( 1 + µ

z

1 + µ
a2

)
+

ε

2

µ

(1 + µ)
(a2 − z) . (5.243)

Consider next 0 < a < 1 so that a ≤ x ≤ 1 and from (5.238), P0 < 0. Equation
(5.239) becomes

(dx

dt

)2

=
D1(1− x2)

x2 ln
(
1 + µ

x2

)
[

ln
(1 + µ

a2

1 + µ
x2

)
+

ε

2

µ

(1 + µ)
(x2 − a2)

]
. (5.244)

The right hand side of (5.244) is always positive. The period of oscillation is

T =
1√
D1

∫ 1

a2

[
ln

(
1 + µ

z

)

(1− z)h(z)

] 1
2

dz, (5.245)

where

h(z) = −g(z) = ln
(1 + µ

a2

1 + µ
z

)
+

ε

2

µ

(1 + µ)
(z − a2) . (5.246)
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The upper and lower bounds for the period are obtained using the inequalities
(5.52) and (5.53) ( Knowles , 1962 ). As with isotropic and radial transversely
isotropic tubes there are four cases.

Case (i) Upper bound for the period when a > 1

The period is given by (5.242). The inequalities (5.54) and (5.55) again apply.
Using (5.55), (5.243) becomes

g(z) ≥ µ(a2 − z)

a2(µ + z)

[
1 +

ε

2
a2 (µ + z)

(1 + µ)

]
. (5.247)

Using (5.54) and (5.247), (5.242) becomes

T ≤ a√
D1

∫ a2

1

[
f(z)

(z − 1)(a2 − z)

] 1
2

dz (5.248)

where

f(z) =
z + µ

(A + Bz)z
(5.249)

and

A = 1 +
ε

2

µ

(1 + µ)
a2, B =

ε

2

a2

(1 + µ)
. (5.250)

Now
df

dz
= −

(
B(µ + z)2 + µ

z2(A + Bz)

)
< 0. (5.251)

Thus f(z) is a decreasing function of z and therefore

f(z) ≤ f(1) =
1 + µ(

1 + 1
2
ε a2

) . (5.252)

Hence
T ≤ a√

D1

[f(1)]
1
2 I1[a

2], (5.253)

where I1[a
2] is defined by (5.61). Thus

T ≤ a

(
1 + µ

1 + 1
2
εa2

) 1
2 π√

D1

. (5.254)

Case (ii) Lower bound for the period when a > 1

The period is again given by (5.242). The inequalities (5.63) and (5.64) apply.
Using (5.64), (5.243) becomes

g(z) ≤ µ(a2 − z)

z(a2 + µ)

[
1 +

ε

2

(a2 + µ)

(1 + µ)
z

]
. (5.255)

Using (5.63) and (5.255), (5.242) becomes

T ≥ (a2 + µ)
1
2√

D1

∫ a2

1

[
f(z)

(z − 1)(a2 − z)

] 1
2

dz (5.256)
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where
f(z) =

z

(z + µ)(1 + Az)
(5.257)

and

A =
ε

2

(a2 + µ)

(1 + µ)
. (5.258)

Now,
df

dz
=

µ− Az2

(z + µ)2(1 + Az)2
. (5.259)

Thus f(z) has one turning point in the range z > 0 at z = zmax where

zmax =

(
µ

A

) 1
2

=

(
2µ(1 + µ)

ε(a2 + µ)

) 1
2

. (5.260)

It can be shown that

d2f

dz2
(zmax) = − 2A

3
2

µ
1
2 (1 + (µA)

1
2 )2

< 0 (5.261)

and therefore the turning point is a maximum. As z increases from z = 0, f(z)
increases from f(0) = 0 to a maximum value f(zmax) then decreases and f(z) → 0
as z →∞. The minimum value of f(z) in the range 1 ≤ z ≤ a2 is the minimum of
f(1) and f(a2). It can be shown that

f(1) > f(a2) if zmax < a, that is, if ε > 2µ(1+µ)
a2(a2+µ)

,

f(1) = f(a2) if zmax = a, that is, if ε = 2µ(1+µ)
a2(a2+µ)

,

f(1) < f(a2) if zmax > a, that is, if ε < 2µ(1+µ)
a2(a2+µ)

.

Consider first

ε ≤ 2µ

a2

(1 + µ)

(a2 + µ)
. (5.262)

Then f(1) is the minimum value of f(z) in the range 1 ≤ z ≤ a2 and therefore from
(5.256),

T ≥ (a2 + µ)
1
2√

D1

[f(1)]
1
2 I1[a

2] (5.263)

and using (5.61) and

f(1) =
1

(1 + µ)

(
1 + ε

2
(a2+µ)
(1+µ)

) , (5.264)

(5.263) becomes

T ≥ a

(
1 + µ

a2

1 + µ + εa2

2

(
1 + µ

a2

)
) 1

2
π√
D1

. (5.265)
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Consider next

ε ≥ 2µ

a2

(1 + µ)

(a2 + µ)
. (5.266)

Then f(a2) is the minimum value of f(z) in the range 1 ≤ z ≤ a2 and therefore
from (5.256),

T ≥ (a2 + µ)
1
2√

D1

[f(a2)]
1
2 I1[a

2]. (5.267)

Using (5.61) and

f(a2) =
a2

(a2 + µ)

(
1 + εa2

2
(a2+µ)
(1+µ)

) , (5.268)

(5.267) becomes

T ≥ a(
1 + εa2

2
(a2+µ)
(1+µ)

) π√
D1

. (5.269)

Case (iii) Upper bound on the period when 0 < a < 1

The period is given by (5.245). The inequalities (5.54) and (5.74) again apply.
Using (5.74), (5.246) becomes

h(z) ≥ µ(z − a2)

z(a2 + µ)

[
1 +

ε

2

(a2 + µ)

(1 + µ)
z

]
. (5.270)

Using (5.54) and (5.270), (5.245) becomes

T ≤ (a2 + µ)
1
2√

D1

∫ 1

a2

[
f(z)

(1− z)(z − a2)

] 1
2

dz (5.271)

where

f(z) =
1

1 + Az
, A =

ε

2

(a2 + µ)

(1 + µ)
. (5.272)

But
df

dz
= − A

(1 + Az)2
< 0 (5.273)

and f(z) is therefore a decreasing function of z. Hence, for a2 ≤ z ≤ 1,

f(z) ≤ f(a2) =
1(

1 + εa2

2
(a2+µ)
(1+µ)

) . (5.274)

Equation (5.271) becomes

T ≤ (a2 + µ)
1
2√

D1

[f(a2)]
1
2 I2(a

2) (5.275)
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where I2(a
2) is defined by (5.76). Thus

T ≤ a

(
1 + µ

a2(
1 + εa2

2
(a2+µ)
(1+µ)

)
) 1

2
π√
D1

. (5.276)

Case (iv) Lower bound on the period when 0 < a < 1

The period is again given by (5.245). The inequalities (5.63) and (5.78) again
apply. Using (5.78), equation (5.246) becomes

h(z) ≤ µ(z − a2)

a2(z + µ)
(A + Bz) (5.277)

where

A = 1 +
ε

2
a2 µ

(1 + µ)
, B =

εa2

2(1 + µ)
. (5.278)

Using (5.63) and (5.277), (5.245) becomes

T ≥ a√
D1

∫ 1

a2

[
f(z)

(1− z)(z − a2)

] 1
2

dz (5.279)

where

f(z) =
1

A + Bz
. (5.280)

But
df

dz
= − B

(A + Bz)2
< 0 (5.281)

and f(z) is a decreasing function of z. Thus for a2 ≤ z ≤ 1,

f(z) ≥ f(1) =
1(

1 + εa2

2

) (5.282)

and (5.279) becomes

T ≥ a
(

1 + εa2

2

) 1
2

π√
D1

. (5.283)

The results for the lower and upper bounds for the period of radial oscillations
in a tangential transversely isotropic cylindrical tube are summarised in Table 5.5.1.
They can be compared with the results for an isotropic cylindrical tube in Table
5.3.1 and for a radial transversely isotropic cylindrical tube in Table 5.4.1. For
0 < a < 1 the lower and upper bounds for the period are again decreased by the
anisotropy. When a > 1 the result for one of the cases, this time the lower bound,
splits into two subcases depending on the value of ε. The lower bound (5.261) is
the one to compare with (5.70) for an isotropic tube because the limit ε → 0 can
be taken in (5.262). This lower bound for the period is decreased by the anisotropy.
The upper bound (5.254) for the period is decreased by the anisotropy.
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Table 5.5.1
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These approximate analytical results suggest that the effect of the anisotropy is to
decrease the period of the oscillation.

The lower and upper bounds for the period of oscillation in a thin-walled trans-
versely isotropic cylindrical tube are obtained by setting µ = 0. When a > 1 the
lower bound for µ = 0 is obtained from (5.269) because we can take the limit µ → 0
in (5.266) and keep ε > 0.

5.5.4 Amplitude of the oscillation

The oscillations in a tangential transversely isotropic cylindrical tube which corre-
spond to the upper and lower bounds for the period are listed in Table 5.5.1. They
are derived as in Section 5.3.4 for an isotropic cylindrical tube by performing the
same approximations on the oscillations as were made to derive the upper and lower
bounds on the periods. The amplitude is the same as the amplitude of the exact
solution and the period is the upper and lower bounds for the period. The oscil-
lations have the same form as in Tables 5.3.1 and 5.4.1 for an isotropic and radial
transversely isotropic cylindrical tube but the angular frequency is defferent for the
three cases.

The limiting oscillations for a thin-walled tangential transversely isotropic cylin-
drical tube are obtained in the limit µ → 0 in the period and amplitude. For P0 > 0
and a > 1 the oscillation corresponding to the lower bound in the period is the one
which satisfies (5.266).

5.6 Conclusions

Radial oscillations in a thick-walled cylindrical tube subjected to Heaviside step
loading were investigated. When the tube is thick-walled exact analytical results
are difficult to obtain. However, useful conclusions could be obtained by introducing
the effective potential and by deriving upper and lower bounds for the period.

Three effects due to radial and tangential transverse isotropy were found. These
effects depend on the parameters ε = D2

D1
and µ for the transverse isotropy and

thickness, respectively.
Firstly, the transverse isotropy extended the range of the net applied surface

pressure, P0, for which bounded oscillations exist. For an isotropic cylindrical tube,
bounded oscillations exist only for

P0 < Pc =
D1

2µ
ln(1 + µ). (5.284)

For a radial transversely isotropic cylindrical tube with ε ≤ 2 bounded oscillations
exist only if P0 satisfies (5.284). However, if ε > 2 then bounded oscillations exist for
P0 < Pmax where Pmax > Pc and depends on ε and µ. For a tangential transversely
isotropic tube, there is no upper bound on P0 and bounded oscillations exist for
−∞ ≤ P0 ≤ ∞.

Secondly, the transverse isotropy reduced the amplitude of the radial oscillations.
The amplitude was reduced for both compression and extension of the tube and for
both radial and tangential transversely isotropic tubes. The effect of the transverse
isotropy was to make the tube stiffer.
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Thirdly, the upper and lower bounds on the period suggest that the effect of the
transverse isotropy is to reduce the period of the oscillations. For both radial and
tangential transversely isotropic tubes the upper and lower bounds on the period are
reduced by the anisotropy. The oscillations corresponding to the upper and lower
bounds on the period have the form of a nonlinear superposition in all three cases
although the frequencies are different.
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Chapter 6

Nonlinear Radial Oscillations of
Transversely Isotropic
Incompressible Cylindrical Tubes:
Free Oscillations

6.1 Introduction

In this chapter free radial oscillations in transversely isotropic cylindrical tubes will
be considered. The net applied surface pressure is zero.

Knowles (1960) showed that for free radial oscillations of a thin-walled isotropic
cylindrical tube and for all strain-energy functions,

ab = 1 (6.1)

where 0 < a < 1 is the minimum value and b > 1 is the maximum value of the inner
radius of the cylindrical tube during an oscillation. The result (6.1) depends on the
property

W0

(1

u

)
= W0(u) (6.2)

which holds for all strain-energy functions because of the form of the strain invari-
ants.

For radial oscillations in radial and tangential transversely isotropic cylindrical
tubes, (6.2) is not satisfied because of the extra strain invariants. We will investigate
how the result (6.1) is changed for free radial oscillations in radial and tangential
transversely isotropic cylindrical tubes of generalised Mooney-Rivlin material.

We will also investigate how the period of free radial oscillations is changed for
radial and tangential transversely isotropic cylindrical tubes.

Free radial oscillations in a longitudinal transversely isotropic cylindrical tube
are the same as in an isotropic tube.

An outline of the chapter is as follows. Only thin-walled cylindrical tubes are
considered. In Section 6.2, results for free radial oscillations for general strain-
energy functions are derived. In Section 6.3 the results for free radial oscillations
in an isotropic cylindrical tube are reviewed. In Section 6.4, radial oscillations in a
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radial transversely isotropic cylindrical tube are considered. The generalisation of
(6.1) for the minimum and maximum values of the inner radius in a free oscillation
and the period of free oscillations are investigated for two special cases, firstly when
the initial velocity v0 = 0 and secondly when v0 6= 0 but the anisotropy is weak.
A similar investigation is performed in Section 6.5 for free radial oscillations in a
tangential transversely isotropic cylindrical tube. The conclusions are summarised
in Section 6.6.

6.2 General results for free radial oscillations

When the net applied surface pressure is zero, (4.14) for radial oscillations in a
thin-walled cylindrical tube reduces to

d2x

dt2
+

dW0(x)

dx
= 0. (6.3)

Integrate with respect to x. Equation (6.3) becomes

1

2

(
dx

dt

)2

+ W0(x) = I, (6.4)

where I is a constant. Consider the initial conditions

t = 0 : x = x0,
dx

dt
= v0. (6.5)

Then (6.4) becomes

1

2

(
dx

dt

)2

+ W0(x) =
1

2
v2

0 + W0(x0). (6.6)

Let a and b be the end points of the oscillation such that 0 < a < 1 and b > 1. At
the end points,

dx(a)

dt
= 0,

dx(b)

dt
= 0. (6.7)

Thus a and b are the roots of

W0(x) =
1

2
v2

0 + W0(x0). (6.8)

6.3 Free radial oscillations of an isotropic thin-

walled cylindrical tube

For an isotropic cylindrical tube,

W0 = W0(I1, I2) (6.9)

where from (3.128)

I1 = I2 = x2 +
1

x2
+ 1. (6.10)
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Equation (6.8) becomes

W0

(
x2 +

1

x2
+ 1, x2 +

1

x2
+ 1

)
=

1

2
v2

0 + W0

(
x2

0 +
1

x2
0

+ 1, x2
0 +

1

x2
0

+ 1
)
. (6.11)

Now, if x = a is a solution of (6.11) then

W0

(
a2 +

1

a2
+ 1, a2 +

1

a2
+ 1

)
=

1

2
v2

0 + W0

(
x2

0 +
1

x2
0

+ 1, x2
0 +

1

x2
0

+ 1
)
. (6.12)

It follows immediately from (6.12) that x = 1
a

is also a solution of (6.11). Thus

b =
1

a
(6.13)

and therefore
ab = 1. (6.14)

Equation (6.14) is satisfied for all strain-energy functions W0.
When radial and tangential transversely isotropic cylindrical tubes are consid-

ered, the strain-energy function is prescribed as a generalised Mooney-Rivlin strain-
energy function. We therefore derive (6.14) for a Mooney-Rivlin strain-energy func-
tion for comparison. From (3.178),

W0(x) =
D1

2

(
x2 +

1

x2
− 2

)
, (6.15)

where D1 is given by (3.171). Using (6.15), equation (6.8) becomes

x4 −
( v2

0

D1

+ x2
0 +

1

x2
0

)
x2 + 1 = 0, (6.16)

which is a quadratic equation for x2. But the product of the roots of (6.16) is

a2b2 = 1 (6.17)

and since a > 0 and b > 0, equation (6.14) is again derived.
It follows from (6.16) that

a =
[1

2

( v2
0

D1

+ x2
0 +

1

x2
0

)
− 1

2

[( v2
0

D1

+ x2
0 +

1

x2
0

)2

− 4
] 1

2
] 1

2
(6.18)

b =
[1

2

( v2
0

D1

+ x2
0 +

1

x2
0

)
+

1

2

[( v2
0

D1

+ x2
0 +

1

x2
0

)2

− 4
] 1

2
] 1

2
. (6.19)

Both a and b are real because

( v2
0

D1

+ x2
0 +

1

x2
0

)2

− 4 ≥
(
x2

0 −
1

x2
0

)2

(6.20)

and it can be shown that 0 < a < 1 and b > 1. When v0 = 0, a = x0 and b = 1
x0

if

0 < x0 < 1 and a = 1
x0

and b = x0 if x0 > 1 .
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Finally, consider the period, T , for free oscillations of a Mooney-Rivlin cylindrical
tube. Using (6.15), equation (6.6) becomes

(dx

dt

)2

=
D1

x2

[
− x4 +

( v2
0

D1

+ x2
0 +

1

x2
0

)
x2 − 1

]
(6.21)

and since the end points of the oscillations are 0 < a < 1 and b > 1,

(dx

dt

)2

=
D1

x2

[
(b2 − x2)(x2 − a2)

]
. (6.22)

Hence

T =
2√
D1

∫ b

a

x dx

[(b2 − x2)(x2 − a2)]
1
2

(6.23)

and letting u = x2,

T =
1√
D1

∫ b2

a2

du

[(b2 − u)(u− a2)]
1
2

=
π√
D1

. (6.24)

The way the period is changed for radial and tangential transversely isotropic cylin-
drical tubes will be investigated.

6.4 Free radial oscillations of a radial transversely

isotropic thin-walled cylindrical tube

The result corresponding to (6.1) for the end points, a and b, will be considered and
then the period of the oscillation will be investigated. There are two cases. In the
first case v0 = 0. In the second case v0 6= 0 but the anisotropy is weak.

The end points, a and b, are obtained from (6.8). For radial oscillations of a
radial transverse isotropic cylindrical tube, W0(x) is given by (3.172):

W0(x) =
D1

2

(
x2 +

1

x2
− 2

)
+

D2

4

( 1

x4
− 2

x2
+ 1

)
. (6.25)

Define

ε =
D2

D1

> 0. (6.26)

Substituting (6.25) into (6.8) gives

x6 −
( v2

0

D1

+
(1− ε)

x2
0

+ x2
0 +

ε

2x4
0

)
x4 + (1− ε)x2 +

ε

2
= 0. (6.27)

Equation (6.27) is a cubic equation for x2.
The period T is obtained from (6.6). Substituting (6.25) into (6.6) gives

(dx

dt

)2

=
D1

x4

[
− x6 +

( v2
0

D1

+
(1− ε)

x2
0

+ x2
0 +

ε

2x4
0

)
x4 − (1− ε)x2 − ε

2

]
. (6.28)
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6.4.1 Initial velocity v0 = 0

When v0 = 0, (6.27) reduces to

x6 −
((1− ε)

x2
0

+ x2
0 +

ε

2x4
0

)
x4 + (1− ε)x2 +

ε

2
= 0. (6.29)

Equation (6.29) can be factorised as

(x2 − x2
0)

(
x4 −

((1− ε)

x2
0

+
ε

2x4
0

)
x2 − ε

2x2
0

)
= 0. (6.30)

The roots of (6.30) are

x2 = x2
0, (6.31)

x2 = x2
1 =

(1− ε)

2x2
0

+
ε

4x4
0

+
1

2

[((1− ε)

x2
0

+
ε

2x4
0

)2

+
2ε

x2
0

] 1
2
, (6.32)

x2 = x2
2 =

(1− ε)

2x2
0

+
ε

4x4
0

− 1

2

[((1− ε)

x2
0

+
ε

2x4
0

)2

+
2ε

x2
0

] 1
2
. (6.33)

It can be shown that if x0 > 1 then 0 < x1 < 1 while if 0 < x0 < 1 then x1 > 1. We
note that

lim
ε→0

x1 =
1

x0

. (6.34)

Also x2
2 < 0. Only roots for which x2 > 0 are considered. The end points of the

oscillation are therefore x0 and x1.
We show that

x0x1 > 1. (6.35)

Using (6.32), condition (6.35) is satisfied provided

x2
0

[(
1− ε

x2
0

+
ε

2x4
0

)2

+
2ε

x2
0

] 1
2

> 1 + ε− ε

2x2
0

. (6.36)

If the right hand side of (6.36) is negative then the inequality is satisfied. Suppose
that the right hand side of (6.36) is non-negative. Then both sides of (6.36) can be
squared and the inequality will remain valid. Squaring both sides of (6.36) reduces
the condition to

ε
(
x0 − 1

x0

)2

> 0, (6.37)

which is satisfied since ε > 0. Hence for radial oscillations in a radial transversely
isotropic thin walled cylindrical tube, if the initial velocity v0 = 0, then

ab > 1 (6.38)

where a is the minimum end point and b is the maximum end point.
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Consider now the period of the oscillations. When v0 = 0, (6.28) becomes

(dx

dt

)2

=
D1

x4

[
(x2

0 − x2)(x2 − x2
1)(x

2 − x2
2)

] 1
2

(6.39)

if x0 > 1 and (dx

dt

)2

=
D1

x4

[
(x2 − x2

0)(x
2
1 − x2)(x2 − x2

2)
] 1

2
(6.40)

if 0 < x0 < 1. Suppose first that x0 > 1. Then the range of oscillation is x1 ≤ x ≤ x0

and the period T is

T =
2√
D1

∫ x0

x1

x2 dx

[(x2
0 − x2)(x2 − x2

1)(x
2 − x2

2)]
1
2

. (6.41)

Let u = x2. Then

T =
1√
D1

∫ x2
0

x2
1

[
u

(x2
0 − u)(u− x2

1)(u− x2
2)

] 1
2

du . (6.42)

We derive upper and lower bounds for T . Let

f(u) =
u

u− x2
2

. (6.43)

Then
df

du
= − x2

2

(u− x2
2)

2
> 0 (6.44)

since x2
2 < 0. Thus f(u) is an increasing function of u. Hence since

∫ x2
0

x2
1

du

[(x2
0 − u)(u− x2

1)]
1
2

= π (6.45)

it follows that (
x2

1

x2
1 − x2

2

) 1
2 π√

D1

< T <

(
x2

0

x2
0 − x2

2

) 1
2 π√

D1

. (6.46)

If 0 < x0 < 1, the range of oscillation is x0 ≤ x ≤ x1 and it can be shown similarly
that (

x2
0

x2
0 − x2

2

) 1
2 π√

D1

< T <

(
x2

1

x2
1 − x2

2

) 1
2 π√

D1

. (6.47)

Since x2
2 < 0 it follows from (6.46) and (6.47) that

T <
π√
D1

. (6.48)

When v0 = 0 the period of free radial oscillations in a radial transversely isotropic
cylindrical tube is less than the period in an isotropic tube.
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6.4.2 Terms of order ε2 neglected

Suppose now that v0 6= 0 but neglect terms of order ε2. Let u = x2. Then (6.27)
becomes

G(u) = 0, (6.49)

where

G(u) = u3 −
( v2

0

D1

+
(1− ε)

x2
0

+ x2
0 +

ε

2x4
0

)
u2 + (1− ε)u +

ε

2
. (6.50)

Consider the straight forward perturbation expansion

u = u0 + εu1 + O(ε2), (6.51)

as ε → 0. Substitute (6.51) into (6.49) and equate the coefficients of like powers of
ε:

ε0 : u0

[
u2

0 −
( v2

0

D1

+
1

x2
0

+ x2
0

)
u0 + 1

]
= 0, (6.52)

ε : u1

[
3u2

0 − 2u0

( v2
0

D1

+
1

x2
0

+ x2
0

)
+ 1

]

+
( 1

x2
0

− 1

2x4
0

)
u2

0 − u0 +
1

2
= 0. (6.53)

From (6.52), either
u0 = 0 (6.54)

or

u2
0 −

( v2
0

D1

+
1

x2
0

+ x2
0

)
u0 + 1 = 0. (6.55)

If u0 = 0 then

u1 = −1

2
(6.56)

and therefore
u = u0 + εu1 + O(ε2) = −ε

2
+ O(ε2). (6.57)

This root is negative. It is therefore not one of the end points of the oscillation.
The other two roots to zero order of the cubic (6.49) are given by (6.55). Thus

u0 = a2
0, u0 = b2

0 (6.58)

where a0 and b0 are given by (6.18) and (6.19) . They satisfy 0 < a0 < 1 and

b0 =
1

a0

. (6.59)

Using (6.55) in (6.53) gives

u1 =
1

(1− u2
0)

[( 1

x2
0

− 1

2x4
0

)
u2

0 − u0 +
1

2

]
. (6.60)
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Thus, correct to order ε, two roots of (6.49) are

u = a2 = a2
0 +

ε

(1− a4
0)

[( 1

x2
0

− 1

2x4
0

)
a4

0 − a2
0 +

1

2

]
, (6.61)

u = b2 =
1

a2
0

− ε

(1− a4
0)

[( 1

x2
0

− 1

2x4
0

)
− a2

0 +
a4

0

2

]
. (6.62)

The range of the oscillation is a2 ≤ u ≤ b2 and G(u) given by (6.50) can be factorised,
to first order in ε, as

G(u) = −
(
u +

ε

2

)
(b2 − u)(u− a2) . (6.63)

Consider now ab. From (6.61) and (6.62) ,

a = a0

[
1 +

ε

2a2
0(1− a4

0)

(( 1

x2
0

− 1

2x4
0

)
a4

0 − a2
0 +

1

2

)
+ O(ε2)

]
, (6.64)

b =
1

a0

[
1− εa2

0

2(1− a4
0)

(( 1

x2
0

− 1

2x4
0

)
− a2

0 +
a4

0

2

)
+ O(ε2)

]
. (6.65)

Hence

ab = 1 +
ε(1− a2

0)
2

4a2
0

+ O(ε2), (6.66)

as ε → 0. Equation (6.66) can be expressed in terms of v0 and x0 using

(1− a2
0)

2

a2
0

=
v2

0

D1

+
(
x0 − 1

x0

)2

. (6.67)

Equation (6.67) can be derived from (6.18) and (6.19) using b0 = 1
a0

. Thus (6.66)
can be written alternatively as

ab = 1 +
ε

4

( v2
0

D1

+
(
x0 − 1

x0

)2)
+ O(ε2), (6.68)

as ε → 0. Thus, correct to order ε,

ab > 1. (6.69)

We have shown that for free radial oscillations in a radial transversely isotropic
thin-walled cylindrical tube, if either v0 = 0 or when v0 6= 0 but terms of order
ε2 are neglected, then (6.69) holds where a is the minimum end point and b is the
maximum end point of the oscillation.

Consider now the period T of the oscillation. From (6.28)

T =
2√
D1

∫ b

a

x2 dx
[
− x6 +

(
v2
0

D1
+ (1−ε)

x2
0

+ x2
0 + ε

2x4
0

)
x4 − (1− ε)x2 − ε

2

] 1
2

. (6.70)

Let u = x2. Then

T =
1√
D1

∫ b2

a2

[ u

−G(u)

]
du (6.71)
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where G(u) is defined by (6.50). Using (6.63), (6.71) becomes

T =
1√
D1

∫ b2

a2

[
u(

u + ε
2

)
(b2 − u)(u− a2)

] 1
2

du. (6.72)

Let
f(u) =

u

u + ε
2

. (6.73)

Then
df

du
=

ε

2
(
u + ε

2

)2 > 0 (6.74)

and therefore f(u) is an increasing function of u. Thus using again (6.45),

(
a2

a2 + ε
2

) 1
2 π√

D1

< T <

(
b2

b2 + ε
2

) 1
2 π√

D1

. (6.75)

But (
a2

a2 + ε
2

) 1
2

=

(
1 +

ε

2a2

)− 1
2

= 1− ε

4a2
0

+ O(ε2) (6.76)

and similarly, using also b0 = 1
a0

,

(
b2

b2 + ε
2

) 1
2

= 1− εa2
0

4
+ O(ε2) . (6.77)

Thus (6.75) becomes

(
1− ε

4a2
0

+ O(ε2)

)
π√
D1

< T <

(
1− εa2

0

4
+ O(ε2)

)
π√
D1

. (6.78)

The period of the oscillation is therefore reduced by the anisotropy.
We have shown that for free radial oscillations in a radial transversely isotropic

thin-walled cylindrical tube, if either v0 = 0 or v0 6= 0 but terms of order ε2 can be
neglected then the period of oscillation is less than in an isotropic cylindrical tube.

6.5 Free radial oscillations of a tangential trans-

versely isotropic thin-walled cylindrical tube

A similar investigation is now done for a tangential transversely isotropic thin-walled
cylindrical tube.

The end points a and b are obtained from (6.8). For radial oscillations of a
tangential transversely isotropic cylindrical tube, W0(x) is given by (3.175):

W0(x) =
D1

2

(
x2 +

1

x2
− 2

)
+

D2

4

(
x4 − 2x2 + 1

)
. (6.79)
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Define ε again by (6.26). Substituting (6.79) into (6.8) gives

εx6 + 2(1− ε)x4 − 2
( v2

0

D1

+ (1− ε)x2
0 +

1

x2
0

+
ε

2
x4

0

)
x2 + 2 = 0. (6.80)

Equation (6.80) is a cubic equation for x2 in which the small parameter ε multiplies
the highest order term .

The period T is obtained from (6.6). Substituting (6.79) into (6.6) gives

(dx

dt

)2

=
D1

2x2

[
− εx6− 2(1− ε)x4 + 2

( v2
0

D1

+ (1− ε)x2
0 +

1

x2
0

+
ε

2
x4

0

)
x2− 2

]
. (6.81)

6.5.1 Initial velocity v0 = 0

When v0 = 0, (6.80) reduces to

εx6 + 2(1− ε)x4 − 2
(
(1− ε)x2

0 +
1

x2
0

+
ε

2
x4

0

)
x2 + 2 = 0. (6.82)

Equation (6.82) can be factorised as

(x2 − x2
0)

[
εx4 + 2

(
1− ε +

ε

2
x2

0

)
x2 − 2

x2
0

]
= 0. (6.83)

The roots of (6.83) are

x2 = x2
0, (6.84)

x2 = x2
1 =

1

ε

[
−

(
1− ε +

ε

2
x2

0

)
+

((
1− ε +

ε

2
x2

0

)2

+
2ε

x2
0

) 1
2
]
, (6.85)

x2 = x2
1 =

1

ε

[
−

(
1− ε +

ε

2
x2

0

)
−

((
1− ε +

ε

2
x2

0

)2

+
2ε

x2
0

) 1
2
]
. (6.86)

It can be shown that if x0 > 1 then 0 < x1 < 1 while if 0 < x0 < 1 then x1 > 1.
Also, using L’Hopital’s rule,

lim
ε→0

x2
1 =

1

x2
0

. (6.87)

From (6.86), x2
2 < 0. Only roots for which x2 > 0 are considered. The end points of

the oscillation are x0 and x1.
We now show that

x0x1 < 1. (6.88)

From (6.85), the inequality (6.88) is satisfied provided

[(
1− ε +

ε

2
x2

0

)2

+
2ε

x2
0

] 1
2

<
ε

2

( 1

x0

− x0

)2

+ 1 +
ε

2x2
0

. (6.89)
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Since the right hand side of (6.89) is positive, both sides of (6.89) can be squared
without destroying the inequality. It can be shown that (6.89) reduces to the con-
dition

ε2
( 1

x2
0

− 1
)2

> 0 (6.90)

which is satisfied. Hence, for radial oscillations in a tangential transversely isotropic
thin-walled cylindrical tube, if the initial velocity v0 = 0, then

ab < 1 (6.91)

where a is the minimum end point and b is the maximum end point.
Consider now the period of the oscillation. When v0 = 0, (6.81) becomes, if

x0 > 1, (dx

dt

)2

=
ε

2

D1

x2

[
(x2

0 − x2)(x2 − x2
1)(x

2 − x2
2)

] 1
2

(6.92)

and if 0 < x0 < 1,

(dx

dt

)2

=
ε

2

D1

x2

[
(x2 − x2

0)(x
2
1 − x2)(x2 − x2

2)
] 1

2
. (6.93)

When x0 > 1, the range of oscillation is x1 ≤ x ≤ x0 and the period T is

T =
2√
D1

(2

ε

) 1
2

∫ x0

x1

x dx

[(x2
0 − x2)(x2 − x2

1)(x
2 − x2

2)]
1
2

. (6.94)

On letting u = x2, (6.94) becomes

T =
1√
D1

(2

ε

) 1
2

∫ x2
0

x2
1

du

[(x2
0 − u)(u− x2

1)(u− x2
2)]

1
2

. (6.95)

When 0 < x0 < 1 the range of oscillation is x0 ≤ x ≤ x1 and

T =
1√
D1

(2

ε

) 1
2

∫ x2
1

x2
0

du

[(u− x2
0)(x

2
1 − u)(u− x2

2)]
1
2

. (6.96)

Unlike (6.42) for the period of free oscillations of a radial transversely isotropic tube,
useful upper and lower bounds for (6.95) and (6.96) are not readily obtained. An
approximation to the period will be derived in the next subsection for small ε.

A summary of the results for free radial oscillations when v0 = 0 is given in Table
6.5.1.

6.5.2 Terms of order ε2 neglected

Suppose that v0 6= 0 but neglect terms of order ε2. Let u = x2. Then (6.80) becomes

G(u) = 0 (6.97)

where

G(u) = εu3 + 2(1− ε)u2 − 2
( v2

0

D1

+ (1− ε)x2
0 +

1

x2
0

+
ε

2
x4

0

)
u + 2. (6.98)
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First consider a straightforward perturbation expansion

u = u0 + εu1 + O(ε2), (6.99)

as ε → 0. Substitute (6.99) into (6.97) and equate the coefficients of like powers of
ε.

ε0 : u2
0 −

( v2
0

D1

+ x2
0 +

1

x2
0

)
u0 + 1 = 0, (6.100)

ε : u1

[
4u0 − 2

( v2
0

D1

+ x2
0 +

1

x2
0

)]
+ u3

0 − 2u2
0 + (2x2

0 − x4
0)u0 = 0. (6.101)

From (6.100),
u0 = a2

0, u0 = b2
0, (6.102)

where a0 and b0 are given by (6.18) and (6.19) . They again satisfy

b0 =
1

a0

. (6.103)

Using (6.100), equation (6.101) becomes

u1 =
u2

0

2(1− u2
0)

[u2
0 − 2u0 + 2x2

0 − x4
0]. (6.104)

Thus, correct to first order in ε, two roots of the cubic equation (6.97) are

u = a2 = a2
0 +

εa4
0

2(1− a4
0)

[a4
0 − 2a2

0 + 2x2
0 − x4

0], (6.105)

u = b2 =
1

a2
0

− ε

2a4
0(1− a4

0)
[1− 2a2

0 + (2x2
0 − x4

0)a
4
0]. (6.106)

Only two roots, (6.105) and (6.106), are obtained to zero order. Unlike the cubic
equation (6.49), the root u0 = 0 does not occur at zero order. This is because
the small parameter ε multiplies the highest degree term in (6.97) which makes the
derivation of the roots a singular perturbation problem (Nayfeh, 1981).

To find the third root of (6.97) consider the scaling transformation (Nayfeh,
1981)

u =
y

εν
, ν > 0. (6.107)

Equation (6.97) becomes

ε1−3νy3 + 2ε−2νy2 − 2ε1−2νy2 − 2
( v2

0

D1

+ x2
0 +

1

x2
0

)
ε−νy

+(2x2
0 − x4

0)ε
1−νy + 2 = 0. (6.108)

To derive the third root the first term in (6.108) must be retained. Since ν > 0, the
dominant terms are the first two terms. The first two terms in (6.108) will balance
provided

1− 3ν = −2ν or ν = 1. (6.109)

160



Equation (6.108) becomes

y3 + 2(1− ε)y2 − 2
( v2

0

D1

+ x2
0 +

1

x2
0

)
εy + (2x2

0 − x4
0)ε

2y + 2ε2 = 0. (6.110)

Expand
y = y0 + εy1 + O(ε2), (6.111)

as ε → 0. Substitute (6.111) into (6.110) and equate the coefficients of like powers
of ε:

ε0 : y2
0(y0 + 2) = 0, (6.112)

ε : y0(3y0 + 4)y1 = 2y0

[
y0 +

v2
0

D1

+ x2
0 +

1

x2
0

]
. (6.113)

From (6.112),
y0 = 0, y0 = 0, y0 = −2. (6.114)

The two roots, y0 = 0, correspond to the two roots, (6.105) and (6.106), already
found because these expansions have no terms of order ε−1. Consider y0 = −2.
Equation (6.113) gives

y1 = −
( v2

0

D1

+
(
x0 − 1

x0

)2)
. (6.115)

Thus

y = −2−
( v2

0

D1

+
(
x0 − 1

x0

)2)
ε + O(ε2) (6.116)

and hence by (6.107) with ν = 1,

u = u3 = −2

ε
−

( v2
0

D1

+
(
x0 − 1

x0

)2)
+ O(ε), (6.117)

as ε → 0. Thus u3 < 0 and the range of oscillation is a2 ≤ u ≤ b2 where a and b are
given by (6.105) and (6.106). The cubic polynomial (6.98) can be factorised, correct
to order ε, as

G(u) = −ε(u− u3)(b
2 − u)(u− a2). (6.118)

Consider now ab. From (6.105) and (6.106),

a = a0

[
1 +

εa2
0

4(1− a4
0)

(
a4

0 − 2a2
0 + 2x2

0 − x4
0

)
+ O(ε2)

]
, (6.119)

b =
1

a0

[
1− ε

4a2
0(1− a4

0)

(
1− 2a2

0 + (2x2
0 − x4

0)a
4
0

)
+ O(ε2)

]
. (6.120)

Thus

ab = 1− ε(1− a2
0)

2

4a2
0

+ O(ε2), (6.121)

as ε → 0. Using (6.67), (6.121) can be expressed in terms of v0 and x0 as

ab = 1− ε

4

( v2
0

D1

+
(
x0 − 1

x0

)2)
+ O(ε2), (6.122)
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as ε → 0. Hence, correct to order ε,

ab < 1. (6.123)

We have shown that for free oscillations in a tangential transversely isotropic
thin-walled cylindrical tube, if either v0 = 0 or v0 6= 0 but terms of order ε2 are
neglected, then (6.123) is satisfied where a is the minimum end point and b is the
maximum end point of the oscillation.

Consider now the period T of the free oscillations. From (6.81),

T = 2
( 2

D1

) 1
2

∫ b

a

x dx
[
− εx6 − 2(1− ε)x4 + 2

(
v2
0

D1
+ (1− ε)x2

0 + 1
x2
0

+ ε
2
x4

0

)
x2 − 2

] 1
2

.

(6.124)
Let u = x2. Then (6.124) becomes

T =
( 2

D1

) 1
2

∫ b2

a2

du
[
−G(u)

] 1
2

(6.125)

where G(u) is defined by (6.98). Using (6.118) for G(u), (6.125) becomes

T =
( 2

D1

) 1
2

∫ b2

a2

du

[ε(u− u3)(b2 − u)(u− a2)]
1
2

. (6.126)

Using (6.117) for u3, (6.126) becomes

T =
1√
D1

∫ b2

a2

1

[(b2 − u)(u− a2)]
1
2

[
1 +

ε

2

(
u +

v2
0

D1

+
(
x0 − 1

x0

)2)]− 1
2
du (6.127)

and using the binomial expansion, (6.127) becomes

T =
[
1− ε

4

( v2
0

D1

+
(
x0 − 1

x0

)2)] I1√
D1

− ε

4

I2√
D1

+ O(ε2), (6.128)

where

I1 =

∫ b2

a2

du

[(b2 − u)(u− a2)]
1
2

= π, (6.129)

I2 =

∫ b2

a2

u du

[(b2 − u)(u− a2)]
1
2

. (6.130)

Now ∫ b2

a2

[u− 1
2
(a2 + b2)] du

[(b2 − u)(u− a2)]
1
2

= 0 (6.131)

since the integrand is an odd function with respect to the mid-point 1
2
(a2 + b2) of

the range of integration. Thus

∫ b2

a2

u du

[(b2 − u)(u− a2)]
1
2

=
1

2
(a2 + b2)I1 =

1

2
(a2 + b2)π. (6.132)
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Now in (6.128), (a2 + b2) is required only to zero order in ε. Thus using (6.58),
(6.18) and (6.19),

a2 + b2 = a2
0 + b2

0 + O(ε) =
v2

0

D1

+
(
x0 − 1

x0

)2

+ 2 + O(ε) (6.133)

and therefore

I2 =
1

2

( v2
0

D1

+
(
x0 − 1

x0

)2

+ 2
)
π + O(ε). (6.134)

Substituting (6.129) and (6.134) into (6.128) gives

T =
π√
D1

[
1− 3

8

( v2
0

D1

+
(
x0 − 1

x0

)2

+
2

3

)
ε + O(ε2)

]
. (6.135)

Using (6.67), T can be written alternatively in terms of a0 as

T =
π√
D1

[
1− 3

8

((1− a2
0)

2

a2
0

+
2

3

)
ε + O(ε2)

]
. (6.136)

Thus if terms of order ε2 can be neglected,

T <
π√
D1

. (6.137)

The period of free oscillations is therefore reduced by the anisotropy.
We have shown that for free radial oscillations in a tangential transversely

isotropic thin-walled cylindrical tube, correct to order ε and for any initial velocity
v0, the period of oscillation is less than in an isotropic cylindrical tube.

A summary of the results for free radial oscillations when v0 6= 0 but terms of
order ε2 can be neglected is given in Table 6.5.2.

6.6 Conclusions

For free radial oscillations in a cylindrical tube with generalised Mooney-Rivlin
strain-energy function it was found that if either the initial velocity v0 = 0 or when
v0 6= 0, if terms of order ε2 can be neglected, then the end points, a and b, of the
oscillation satisfy :

isotropic or longitudinal transversely isotropic tube ab = 1
radial transversely isotropic tube ab > 1
tangential transversely isotropic tube ab < 1

This is a distinguishing property of free radial oscillations in isotropic and radial
and tangential transversely isotropic cylindrical tubes.

It was found that when v0 = 0 or when v0 6= 0 but terms of order ε2 can be
neglected, the period of free radial oscillations in radial and tangential transversely
isotropic cylindrical tubes is less than in a ( longitudinal transversely ) isotropic
tube. The transverse isotropy reduces the period of oscillation. For the case v0 = 0
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in a tangential transversely isotropic cylindrical tube we were not able to derive
useful bounds on the period.

The period largely depends on the third root of the cubic equation. The first
two roots give the end points a and b. For a radial transversely isotropic tube
the solution of the cubic is a regular perturbation problem while for a tangential
transversely isotropic tube it is a singular perturbation problem.

It is an open question if the results hold when v0 6= 0 for all values of ε and not
only if terms of order ε2 are neglected.
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Chapter 7

Nonlinear Radial Oscillations of a
Transversely Isotropic
Incompressible Spherical Shell:
General Results

7.1 Introduction

In this chapter radial oscillations of a transversely isotropic incompressible hyper-
elastic spherical shell are investigated. There are both similarities and differences
between radial oscillations in a spherical shell and a cylindrical tube.

Radial, tangential and longitudinal transversely isotropic spherical shells are con-
sidered. For a radial transversely isotropic spherical shell the anisotropic director
is a unit vector in the radial direction in the undeformed spherical shell. We will
define tangential and longitudinal transversely isotropic spherical shells as shells for
which the anisotropic director is a unit vector tangential to a line of latitude and a
line of longitude, respectively, in the undeformed spherical shell.

Radial oscillations of an incompressible isotropic spherical shell have been investi-
gated by several authors. Guo and Solecki (1963) considered a thick-walled spherical
shell and investigated both free oscillations and forced oscillations due to Heaviside
step loading. Wang (1965) considered radial oscillations in a thin-walled spherical
shell and investigated Heaviside step loading and also oscillations of a sealed shell.
Calderer (1983) considered thick-walled and thin-walled spherical shells and did a
phase plane analysis for time independent applied surface pressure. Roussos, Ma-
son and Hill (2002) considered a thin-walled spherical shell and showed that for a
Mooney-Rivlin material the differential equation describing radial oscillations had
no Lie point symmetries if the net applied surface pressure is time dependent. They
also derived approximate solutions for a neo-Hookean material. Roussos and Mason
(2005) later investigated the existence of Lie point symmetries for arbitrary strain-
energy functions and showed that they exist when the net applied surface pressure
is time dependent only if a very restrictive condition on the strain-energy function
is satisfied.

An outline of the chapter is as follows. In Section 7.2 the problem of radial oscil-
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lations in a transversely isotropic spherical shell is formulated mathematically and
the spherical polar coordinate systems in the undeformed and deformed shell are
defined. In Section 7.3 the base vectors and metric tensors in the undeformed and
deformed shells are derived. The anisotropic directors for radial, tangential and lon-
gitudinal transversely isotropic spherical shells are derived in Section 7.4. In Section
7.5 the strain invariants are derived. Unlike a cylindrical tube the strain invariants,
I1 and I2, are unequal. The components of the Cauchy stress tensor are derived in
Section 7.6 and the the boundary conditions are derived in Section 7.7. Cauchy’s
first law of motion is derived in Section 7.8. In Section 7.9 an ordinary differential
equation for the dimensionless inner radius of a radial transversely isotropic spher-
ical shell is obtained. It is found that the components of the Cauchy stress tensor
are not bounded everywhere for tangential and longitudinal transversely isotropic
spherical shells and these cases are not considered further. The remainder of the
chapter is concerned with radial oscillations of a radial transversely isotropic spher-
ical shell. In Section 7.10 the limit of a thin-walled spherical shell is considered. In
Section 7.11 the generalised Mooney-Rivlin strain-energy function is applied to a
spherical shell. In Section 7.12 the Lie point symmetry generators of the differential
equation describing radial oscillations of a thin-walled radial transversely isotropic
spherical shell are investigated. Finally, conclusions are summarised in Section 7.13.

7.2 Mathematical formulation

Consider radial oscillations of a transversely isotropic incompressible hyperelastic
spherical shell.

The coordinate systems in the unstrained spherical shell B0 and in the strained
spherical shell B are shown in Figure 7.2.1.

Rectangular cartesian base vectors i1, i2, i3 are chosen with origin at the centre
of the sphere. The cartesian coordinates of a material point P0 in the unstrained
spherical shell are (x1, x2, x3) and the position vector of P0 is

r = xnin. (7.1)

Spherical polar coordinates (ρ, θ, φ) in the unstrained spherical shell are defined by

x1 = ρ sin θ cos φ, x2 = ρ sin θ sin φ, x3 = ρ cos θ. (7.2)

The inner radius of the unstrained spherical shell is ρ1 and the outer radius is ρ2.
Hence

ρ1 ≤ ρ ≤ ρ2. (7.3)

The material particle at P0 in the unstrained spherical shell B0 is displaced to
the point P in the strained spherical shell B with position vector

R = ynin. (7.4)

Spherical polar coordinates (r, θ, φ) in the strained spherical shell B are defined by

y1 = r(ρ, t) sin θ cos φ, y2 = r(ρ, t) sin θ sin φ, y3 = r(ρ, t) cos θ. (7.5)
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Figure 7.2.1
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At time t, the inner radius of the strained spherical shell is r1(t) and the outer radius
of the strained spherical shell is r2(t). Hence

r1(t) ≤ r ≤ r2(t). (7.6)

A pressure P1(t) is applied to the inner surface r = r1(t) of the spherical shell
and a pressure P2(t) is applied to the outer surface, r = r2(t).

As with radial oscillations in a cylindrical tube coordinates of points in the
strained body B will be considered as reference points since the form of B is known.
The curvilinear coordinate system (θ1, θ2, θ3) is therefore taken to be the spherical
polar coordinate system in the strained spherical shell B. Hence

θ1 = r, θ2 = θ, θ3 = φ. (7.7)

In summary, the coordinate system in the unstrained spherical shell B0 is

x1 = ρ(r, t) sin θ cos φ, x1 = ρ(θ1, t) sin θ2 cos θ3,

x2 = ρ(r, t) sin θ sin φ, x2 = ρ(θ1, t) sin θ2 sin θ3,

x3 = ρ(r, t) cos θ, x3 = ρ(θ1, t) cos θ2 (7.8)

and in the strained spherical shell B the coordinate system is

y1 = r sin θ cos φ, y1 = θ1 sin θ2 cos θ3,

y2 = r sin θ sin φ, y2 = θ1 sin θ2 sin θ3,

y3 = r cos θ, y3 = θ1 cos θ2. (7.9)

This completes the mathematical formulation of the problem.

7.3 Base vectors, metric tensors and incompress-

ibility condition

Consider first the deformed spherical shell B.
The covariant base vectors, Gi, are defined by

Gi =
∂yn

∂θi
in. (7.10)

From (7.9) it follows that

G1 = sin θ cos φ i1 + sin θ sin φ i2 + cos θ i3,

G2 = r(cos θ cos φ i1 + cos θ sin φ i2 − sin θ i3),

G3 = r sin θ(− sin φi1 + cos φi2). (7.11)

The covariant components of the metric tensor, Gik, are

Gik = Gi ·Gk (7.12)

and hence

[Gik] =




1 0 0
0 r2 0
0 0 r2 sin2 θ


 . (7.13)
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The contravariant metric tensor, Gik, is therefore

[Gik] = [G−1
ik ] =




1 0 0
0 1

r2 0
0 0 1

r2 sin2 θ


 . (7.14)

The contravariant base vectors, Gi, are calculated most easily using

Gi = Gik Gk. (7.15)

This gives

G1 = sin θ cos φ i1 + sin θ sin φ i2 + cos θ i3,

G2 =
1

r
(cos θ cos φ i1 + cos θ sin φ i2 − sin θ i3),

G3 =
1

r sin θ
(− sin φi1 + cos φi2). (7.16)

It can be shown that the contravariant metric tensor Gik calculated using

Gik = Gi ·Gk (7.17)

agrees with (7.14). The covariant and contravariant base vectors, Gi and Gi, are
shown in Figure 7.3.2.

Consider next the unstrained spherical shell B0.
The covariant base vectors, gi, are defined by

gi =
∂xn

∂θi
in. (7.18)

Thus from (7.8)

g1 =
∂ρ

∂r
(sin θ cos φ i1 + sin θ sin φ i2 + cos θ i3) =

∂ρ

∂r
G1,

g2 = ρ(cos θ cos φ i1 + cos θ sin φ i2 − sin θ i3) =
ρ

r
G2,

g3 = ρ sin θ(− sin φ i1 + cos φ i2) =
ρ

r
G3. (7.19)

The covariant components of the metric tensor, gik, are

gik = gi · gk (7.20)

and therefore

[gik] =




(
∂ρ
∂r

)2
0 0

0 ρ2 0
0 0 ρ2 sin2 θ


 . (7.21)

The contravariant metric tensor, gik, is

[gik] = [g−1
ik ] =




1(
∂ρ
∂r

)2 0 0

0 1
ρ2 0

0 0 1
ρ2 sin2 θ


 . (7.22)

The contravariant base vectors, gi, are most easily obtained using

gi = gik gk. (7.23)
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Figure 7.3.2
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Thus from (7.19) and (7.22),

g1 =
1
∂ρ
∂r

(sin θ cos φ i1 + sin θ sin φ i2 + cos θ i3) =
1
∂ρ
∂r

G1,

g2 =
1

ρ
(cos θ cos φ i1 + cos θ sin φ i2 − sin θ i3) =

r

ρ
G2,

g3 =
1

ρ sin θ
(− sin φ i1 + cos φ i2) =

r

ρ
G3. (7.24)

It can be shown using (7.14), that the metric tensor gik calculated from

gik = gi · gk (7.25)

agrees with (7.22). The drawing for the base vectors gi and gi is the same as that for
Gi and Gi in Figure 7.3.2 because gi and gi are parallel to Gi and Gi, respectively.

Finally consider the incompressibility condition which from (2.62) and (2.87) is

I3 =
G

g
= 1. (7.26)

But

G = det[Gik] = r4 sin2 θ, g = det[gik] = ρ4
(∂ρ

∂r

)2

sin2 θ (7.27)

and (7.26) becomes
∂ρ

∂r
=

r2

ρ2
. (7.28)

Integrating (7.28) gives
ρ3 − r3 = f(t), (7.29)

where f(t) is an arbitrary function of t. But since r = r1(t) when ρ = ρ1,

ρ3 − r3 = ρ3
1 − r3

1(t) (7.30)

and since r = r2(t) when ρ = ρ2,

ρ3 − r3 = ρ3
2 − r3

2(t). (7.31)

Thus, from (7.30) and (7.31) ,

ρ3 − r3 = ρ3
1 − r3

1(t) = ρ3
2 − r3

2(t). (7.32)

By using (7.28) the base vectors and metric tensors in the unstrained spherical
shell B0 can be simplified :

g1 =
r2

ρ2
(sin θ cos φ i1 + sin θ sin φ i2 + cos θ i3) =

r2

ρ2
G1,

g2 = ρ(cos θ cos φ i1 + cos θ sin φ i2 − sin θ i3) =
ρ

r
G2,

g3 = ρ sin θ(− sin φ i1 + cos φ i2) =
ρ

r
G3,

g1 =
ρ2

r2
(sin θ cos φ i1 + sin θ sin φ i2 + cos θ i3) =

ρ2

r2
G1,

g2 =
1

ρ
(cos θ cos φ i1 + cos θ sin φ i2 − sin θ i3) =

r

ρ
G2,

g3 =
1

ρ sin θ
(− sin φ i1 + cos φ i2) =

r

ρ
G3 (7.33)
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and

[gik] =




r4

ρ4 0 0

0 ρ2 0
0 0 ρ2 sin2 θ


 , [gik] =




ρ4

r4 0 0
0 1

ρ2 0

0 0 1
ρ2 sin2 θ


 . (7.34)

7.4 Anisotropic directors

Consider now the anisotropic directors h for radial, tangential and longitudinal
transversely isotropic spherical shells. The anisotropic director is a unit vector with
cartesian components Hn and curvilinear components hi in the unstrained shell B0

:
h = Hn in = hi gi, (7.35)

hi =
∂θi

∂xn
Hn, (7.36)

h · h = gik hihk = δikH
iHk. (7.37)

Consider first a radial transversely isotropic spherical shell. Then h is a unit
vector in the radial direction of the unstrained spherical shell B0 :

h = cos φ sin θ i1 + sin φ sin θ i2 + cos θ i3 = Hnin. (7.38)

The anisotropic director is shown in Figure 7.4.1. The cartesian components of h
in B0 are

H1 = cos φ sin θ, H2 = sin φ sin θ, H3 = cos θ. (7.39)

The curvilinear components of h in B0 are obtained from (7.36). Now by inverting
the transformations (7.8) to obtain

ρ2 = x12
+ x22

+ x32
, tan θ =

(
x12

+ x22
) 1

2

x3
, tan φ =

x2

x1
(7.40)

and by using the incompressibility condition (7.28) it can be shown that

∂θ1

∂x1
=

ρ2

r2
sin θ cos φ,

∂θ1

∂x2
=

ρ2

r2
sin θ sin φ,

∂θ1

∂x3
=

ρ2

r2
cos θ,

∂θ2

∂x1
=

cos θ cos φ

ρ
,

∂θ2

∂x2
=

cos θ sin φ

ρ
,

∂θ2

∂x3
= −sin θ

ρ
,

∂θ3

∂x1
= − sin φ

ρ sin θ
,

∂θ3

∂x2
=

cos φ

ρ sin θ
,

∂θ3

∂x3
= 0. (7.41)

Hence, from (7.36), (7.39) and (7.41), the curvilinear components of h in the un-
strained spherical shell B0 are

h1 =
ρ2

r2
, h2 = 0, h3 = 0. (7.42)
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Figure 7.4.1
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Consider now a tangential transversely isotropic spherical shell. We have defined
this to be a spherical shell with the anisotropic director h tangential to a line of
latitude in the unstrained spherical shell B0 as shown in Figure 7.4.1. Hence

h = − sin φ i1 + cos φ i2 = Hnin (7.43)

and the cartesian components of h in B0 therefore are

H1 = − sin φ, H2 = cos φ, H3 = 0. (7.44)

Thus from (7.36), (7.41) and (7.44) the curvilinear components of h in B0 are

h1 = 0, h2 = 0, h3 =
1

ρ sin θ
. (7.45)

Consider finally a longitudinal transversely isotropic spherical shell. We have
defined this to be a spherical shell with the anisotropic director h tangential to a
line of longitude in the unstrained spherical shell B0 as shown in Figure 7.4.1. Thus

h = cos θ cos φ i1 + cos θ sin φ i2 − sin θ i3 = Hnin (7.46)

and the cartesian components of h in B0 are

H1 = cos θ cos φ, H2 = cos θ sin φ, H3 = − sin θ. (7.47)

Thus from (7.36), (7.41) and (7.47) the curvilinear components of h in B0 are

h1 = 0, h2 =
1

ρ
, h3 = 0. (7.48)

In summary, the anisotropic directors h in terms of curvilinear coordinates in
the unstrained spherical shell B0 are

radial transverse isotropy : h1 =
ρ2

r2
, h2 = 0, h3 = 0 , (7.49)

tangential transverse isotropy : h1 = 0, h2 = 0, h3 =
1

ρ sin θ
, (7.50)

longitudinal transverse isotropy : h1 = 0, h2 =
1

ρ
, h3 = 0. (7.51)

It can be verified that the anisotropic directors are unit vectors in B0, that is, that

h · h = gikh
ihk = 1 (7.52)

where gik is given by (7.34).
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7.5 Strain invariants

The elastic material is incompressible. Thus I3 = 1 and the remaining four strain
invariants are

I1 = gik Gik, I2 = Gik gik, (7.53)

K1 = Gab hahb, K2 = GabGcd gbdhahc. (7.54)

By using (7.13), (7.14) and (7.34), it can be shown from (7.53) that

I1 =
ρ4

r4
+ 2

r2

ρ2
, I2 =

r4

ρ4
+ 2

ρ2

r2
. (7.55)

The remaining two strain invariants depend on the kind of transverse isotropy.
For a radial transversely isotropic spherical shell, h is given by (7.49) and

K1 =
ρ4

r4
, K2 =

ρ8

r8
. (7.56)

For a tangential transversely isotropic spherical shell, h is given by (7.50) and

K1 =
r2

ρ2
, K2 =

r4

ρ4
. (7.57)

For a longitudinal transversely isotropic spherical shell, h is given by (7.51) and

K1 =
r2

ρ2
, K2 =

r4

ρ4
. (7.58)

All the strain invariants are not constant and unlike the strain invariants for an
cylindrical tube, I1 6= I2.

7.6 Cauchy stress tensor

The constitutive equation for a transversely isotropic incompressible elastic material
is given by (2.169) :

τ ik = Φgik + ΨBik + ΘM ik + ΛN ik + pGik, (7.59)

where by (2.165) to (2.167),

Bik =
(
gikgrs − girgks

)
Grs, (7.60)

M ik = hihk, (7.61)

N ik =
(
higkr + hkgir

)
Grsh

s (7.62)

and from (2.170),

Φ = 2
∂W

∂I1

, Ψ = 2
∂W

∂I2

, Θ = 2
∂W

∂K1

, Λ = 2
∂W

∂K2

(7.63)
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and p(r, θ, φ) is a scalar which is obtained from the field equations and boundary
conditions.

Consider first Bik which is the same for the three transversely isotropic spherical
shells. Using (7.13), (7.14) and (7.34) for the metric tensors Gik, Gik and gik, it can
be shown that

[Bik] = diag
[
2
ρ2

r2
,

ρ2

r4
+

r2

ρ4
,

1

sin2 θ

(ρ2

r4
+

r2

ρ4

)]
. (7.64)

The remaining tensors, M ik and N ik, depend on which transversely isotropic spher-
ical shell is considered.

Consider first a radial transversely isotropic spherical shell with h given by (7.49).
Then

[M ik] = diag
[ρ4

r4
, 0, 0

]
, (7.65)

[N ik] = diag
[
2
ρ8

r8
, 0, 0

]
. (7.66)

The components of the Cauchy stress tensor are

τ 11 =
ρ4

r4
Φ + 2

ρ2

r2
Ψ +

ρ4

r4
Θ + 2

ρ8

r8
Λ + p, (7.67)

τ 22 =
1

r2

[r2

ρ2
Φ +

(ρ2

r2
+

r4

ρ4

)
Ψ + p

]
, (7.68)

τ 33 =
τ 22

sin2 θ
, (7.69)

τ ik = 0, i 6= k. (7.70)

Consider next a tangential transversely isotropic spherical shell. Then h is given
by (7.50) and

[M ik] = diag
[
0, 0,

1

ρ2 sin2 θ

]
, (7.71)

[N ik] = diag
[
0, 0, 2

r2

ρ4 sin2 θ

]
. (7.72)

The components of the Cauchy stress tensor are

τ 11 =
ρ4

r4
Φ + 2

ρ2

r2
Ψ + p, (7.73)

τ 22 =
1

r2

[r2

ρ2
Φ +

(ρ2

r2
+

r4

ρ4

)
Ψ + p

]
, (7.74)

τ 33 =
1

r2 sin2 θ

[r2

ρ2
Φ +

(ρ2

r2
+

r4

ρ4

)
Ψ + p +

r2

ρ2
Θ + 2

r4

ρ4
Λ

]
, (7.75)

τ ik = 0, i 6= k. (7.76)
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Consider finally a longitudinal transversely isotropic spherical shell with h given
by (7.51). Then

[M ik] = diag
[
0,

1

ρ2
, 0

]
, (7.77)

[N ik] = diag
[
0, 2

r2

ρ4
, 0

]
. (7.78)

The components of the Cauchy stress tensor are

τ 11 =
ρ4

r4
Φ + 2

ρ2

r2
Ψ + p, (7.79)

τ 22 =
1

r2

[r2

ρ2
Φ +

(ρ2

r2
+

r4

ρ4

)
Ψ + p +

r2

ρ2
Θ + 2

r4

ρ4
Λ

]
, (7.80)

τ 33 =
1

r2 sin2 θ

[r2

ρ2
Φ +

(ρ2

r2
+

r4

ρ4

)
Ψ + p

]
, (7.81)

τ ik = 0, i 6= k. (7.82)

For an isotropic spherical shell the Cauchy stress tensor is obtained by putting
Θ = Λ = 0. The additional terms due to the transverse isotropy occur in τ 11 for
a radial transversely isotropic sphere, in τ 33 for a tangential transversely isotropic
sphere and in τ 22 for a longitudinal transversely isotropic sphere.

7.7 Boundary conditions

The pressure applied to the inner surface of the spherical shell, r = r1(t), is P1(t)
and the pressure applied to the outer surface of the shell, r = r2(t), is P2(t). The
unit outward normal vector n to the inner and outer surfaces and the base vectors
G1 and G1 are shown in Figure 7.7.1. Cauchy’s formula for the applied surface
traction P to a surface with unit outward normal n is

P iGi = nkτ
kiGi . (7.83)

Consider first the inner surface r = r1(t) of the spherical shell. The base vector
G1 given by (7.16) is a unit vector in the radial direction. From Figure 7.7.1, the
unit outward normal n to the inner surface is

n = nkG
k = −G1 . (7.84)

Hence
nk = −δ1

k (7.85)

and since τ ki = 0 for k 6= i, Cauchy’s formula (7.83) becomes

r = r1(t) : P iGi = −τ 11(r1(t), t)G1. (7.86)

The base vector G1 is a unit vector in the radial direction. From Figure 7.7.1,

P iGi = +P1(t)G1. (7.87)
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Figure 7.7.1
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Substituting (7.87) into (7.86) gives

r = r1(t) : P1(t)G1 = −τ 11(r1(t), t)G1 (7.88)

and hence
τ 11(r1(t), t) = −P1(t). (7.89)

Consider next the outer surface of the spherical shell, r = r2(t). The unit outward
normal vector n is

n = nkG
k = +G1 (7.90)

and therefore
nk = δ1

k. (7.91)

Cauchy’s formula (7.83) becomes

r = r2(t) : P iGi = τ 11(r2(t), t)G1. (7.92)

But from Figure 7.7.1,
P iGi = −P2(t)G1 (7.93)

and therefore
r = r2(t) : −P2(t)G1 = τ 11(r2(t), t)G1. (7.94)

Hence
τ 11(r2(t), t) = −P2(t). (7.95)

In summary, the boundary conditions at the inner and outer surfaces of the
spherical shell are (7.89) and (7.95).

7.8 Cauchy’s first law of motion

The body force due to gravity is neglected. From (2.98), Cauchy’s first law of motion
with zero body force is

ρ∗
DV

Dt
= τ ki

‖k
Gi (7.96)

where ρ∗ is the density of the spherical shell which is constant since the spherical
shell is incompressible.

Now

V =
DR

Dt
(7.97)

where R is the position vector of a material particle in the strained spherical shell
B and D

Dt
is the partial derivative with respect to t keeping the spherical polar

coordinates (ρ, θ, φ) fixed. Now, since G1, given by (7.11), is a unit vector in the
radial direction,

R = r(ρ, t)G1 (7.98)

and therefore

V =
∂R

∂t

∣∣∣
(ρ,θ,φ)

=
∂r

∂t

∣∣∣
ρ
G1 , (7.99)

DV

Dt
=

∂V

∂t

∣∣∣
(ρ,θ,φ)

=
∂2r

∂t2

∣∣∣
ρ
G1. (7.100)
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Thus, using (7.100) and expanding the covariant derivative, (7.96) becomes

ρ∗
∂2r

∂t2

∣∣∣
ρ
G1 =

[
τ ki

,k + Γk
ks τ si + Γi

ks τ ks
]
Gi (7.101)

where Γi
jk is the Christoffel symbol of the second kind of the metric tensor Gik. For

spherical polar coordinates (r, θ, φ), Gik is given by (7.13) and it can be shown that

Γ1
22 = −r, Γ1

33 = −r sin2 θ,

Γ2
12 = Γ2

21 =
1

r
, Γ2

33 = − sin θ cos θ,

Γ3
13 = Γ3

31 =
1

r
, Γ3

23 = Γ3
32 = cot θ,

Γi
jk = 0 otherwise (7.102)

and

Γk
k1 =

2

r
, Γk

k2 = cot θ, Γk
k3 = 0. (7.103)

Now, τ ik = 0 for i 6= k for the three transversely isotropic spherical shells. Equation
(7.101) gives the following three equations :

i = 1 : ρ∗
∂2r

∂t2

∣∣∣
ρ

=
∂τ 11

∂r
+

2

r
τ 11 − rτ 22 − r sin2 θτ 33, (7.104)

i = 2 : 0 =
∂τ 22

∂θ
+ cot θτ 22 − sin θ cos θτ 33, (7.105)

i = 3 : 0 =
∂τ 33

∂φ
. (7.106)

The strain invariants I1, I2, K1 and K2, which are given by (7.55) and (7.56) to (7.58),
depend only on r and ρ(r, t) and hence the strain-energy function W (I1, I2, K1, K2)
and therefore Φ, Ψ, Θ and Λ depend on r and t only. The stress tensor τ ik can
therefore depend on θ and φ only through p(r, θ, φ, t). Equations (7.105) and (7.106)
therefore become

∂p

∂θ
= − cot θτ 22 + sin θ cos θτ 33, (7.107)

∂p

∂φ
= 0 (7.108)

and hence
p = p(r, θ, t). (7.109)

The incompressibility condition (7.32) is used to evaluate the left hand side of
(7.104) :

r3 − ρ3 = r3
1(t)− ρ3

1 . (7.110)

Thus
∂r

∂t

∣∣∣
ρ

=
r2
1(t) ṙ1(t)

r2
(7.111)
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and

∂2r

∂t2

∣∣∣
ρ

=
[
2r1(t)ṙ

2
1(t) + r2

1(t)r̈1(t)
] 1

r2
− 2r4

1(t)ṙ
2
1(t)

1

r5
, (7.112)

which expresses the left hand side of (7.104) in terms of the radius of the inner
surface of the spherical shell, r1(t) and the radial coordinate, r.

Cauchy’s first law of motion therefore gives equations (7.104), (7.107) and (7.109)
where the acceleration is given by (7.112). For the three transversely isotropic
cylindrical tubes, p = p(r, θ, t). The right hand side of (7.107) depends on τ 22 and
τ 33 and is not identically zero.

7.9 Ordinary differential equation for dimension-

less inner radius of spherical shell

The equations describing radial oscillations in radial, tangential and longitudinal
transversely isotropic spherical shells were derived in Section 7.8 :

ρ∗
∂2r

∂t2

∣∣∣
ρ

=
∂τ 11

∂r
+

2

r
τ 11 − rτ 22 − r sin2 θτ 33 , (7.113)

∂p

∂θ
= − cot θτ 22 + sin θ cos θτ 33 , (7.114)

p = p(r, θ, t), (7.115)

where
∂2r

∂t2

∣∣∣
ρ

=
[
2r1(t)ṙ

2
1(t) + r2

1(t)r̈1(t)
] 1

r2
− 2r4

1(t)ṙ
2
1(t)

1

r5
. (7.116)

The boundary conditions are given by (7.89) and (7.95) :

τ 11(r1(t), t) = −P1(t), (7.117)

τ 11(r2(t), t) = −P2(t). (7.118)

We now investigate if an ordinary differential equation can be derived for the
dimensionless inner radius of the spherical shell similar to the differential equation
for a cylindrical tube. Since τ 11, τ 22 and τ 33 have to be specified, the three cases of
radial, tangential and longitudinal transversely isotropic spherical shells have to be
treated separately.

7.9.1 Radial transversely isotropic spherical shells

Consider first (7.114). From (7.69),

τ 33 =
τ 22

sin2 θ
(7.119)

and (7.114) reduces to
∂p

∂θ
= 0. (7.120)
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Hence, from (7.115),
p = p(r, t). (7.121)

Consider next (7.113), which using (7.119) again, becomes

ρ∗
∂2r

∂t2

∣∣∣
ρ

=
∂τ 11

∂r
+

2

r

(
τ 11 − r2τ 22

)
. (7.122)

Substituting (7.67) and (7.68) into (7.122) gives

ρ∗
∂2r

∂t2

∣∣∣
ρ

=
∂τ 11

∂r
+

2

r

[(
ρ4

r4
− r2

ρ2

)
Φ

+

(
ρ2

r2
− r4

ρ4

)
Ψ +

ρ4

r4
Θ + 2

ρ8

r8
Λ

]
. (7.123)

Integrate (7.123) with respect to r from r = r1(t) to r = r2(t). Then

ρ∗
∫ r2(t)

r1(t)

∂2r

∂t2

∣∣∣
ρ
dr = τ 11

[
r2(t), t)− τ 11(r1(t), t

]
+ U(t) (7.124)

where

U(t) = 2

∫ r2(t)

r1(t)

[(
ρ4

r4
− r2

ρ2

)
Φ +

(
ρ2

r2
− r4

ρ4

)
Ψ +

ρ4

r4
Θ + 2

ρ8

r8
Λ

]
dr

r
. (7.125)

But using (7.116) it can be shown that

∫ r2(t)

r1(t)

∂2r

∂t2

∣∣∣
ρ
dr =

r1

r2

(r2 − r1)r̈1 +
1

2r4
2

(r2 − r1)
2(3r2

2 + 2r1r2 + r2
1)ṙ

2
1 (7.126)

and imposing the boundary conditions (7.117) and (7.118) gives

τ 11(r2(t), t)− τ 11(r1(t), t) = P1(t)− P2(t). (7.127)

Consider next U(t). Using (7.63), U(t) may be expressed in terms of W as

U(t) = 4

∫ r2(t)

r1(t)

[(
ρ4

r4
− r2

ρ2

)
∂W

∂I1

+

(
ρ2

r2
− r4

ρ4

)
∂W

∂I2

+
ρ4

r4

∂W

∂K1

+ 2
ρ8

r8

∂W

∂K2

]
dr

r
. (7.128)

Make the change of variable

u =
r

ρ
. (7.129)

But the incompressibility condition (7.28) is

∂ρ

∂r
=

r2

ρ2
(7.130)

and therefore
dr

r
=

du

u(1− u3)
. (7.131)
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Equation (7.128) becomes

U(t) = 4

∫ r2
ρ2

r1
ρ1

[(
1

u4
− u2

)
∂W

∂I1

+

(
1

u2
− u4

)
∂W

∂I2

+
1

u4

∂W

∂K1

+
2

u8

∂W

∂K2

]
du

u(1− u3)
. (7.132)

But, expressed in terms of u the strain invariants (7.55) and (7.56) are

I1 =
1

u4
+ 2u2, I2 = u4 +

2

u2
, K1 =

1

u4
, K2 =

1

u8
(7.133)

and therefore, since W = W (I1, I2, K1, K2),

dW

du
= −4

u

[(
1

u4
− u2

)
∂W

∂I1

+

(
1

u2
− u4

)
∂W

∂I2

+
1

u4

∂W

∂K1

+
2

u8

∂W

∂K2

]
. (7.134)

Hence (7.132) becomes

U(t) = −
∫ r2

ρ2

r1
ρ1

1

(1− u3)

dW

du
du . (7.135)

Substituting (7.126), (7.127) and (7.135) into (7.124) gives

ρ∗
[
r1

r2

(r2 − r1)r̈1 +
1

2r4
2

(r2 − r1)
2(3r2

2 + 2r1r2 + r2
1)ṙ

2
1

]

+

∫ r2
ρ2

r1
ρ1

1

(1− u3)

dW

du
du = P1(t)−P2(t) . (7.136)

Finally, rewrite (7.136) as an ordinary differential equation for the dimensionless
inner radius, x(t), defined by

x(t) =
r1(t)

ρ1

. (7.137)

First express r2(t) in terms of x(t) using the incompressibility condition

r3
2(t)− ρ3

2 = r3
1(t)− ρ3

1 . (7.138)

Then

r2(t) = ρ1x1

[
1 +

((
ρ2

ρ1

)3

− 1

)
1

x3

] 1
3

(7.139)

and define

µ =

(
ρ2

ρ1

)3

− 1 . (7.140)

Hence

r2(t) = ρ1x

(
1 +

µ

x3

) 1
3

, (7.141)
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ρ2 = ρ1

(
1 + µ

) 1
3 . (7.142)

When expressed in terms of x(t), equation (7.136) becomes
[
1−

(
1 +

µ

x3

)− 1
3
]
xẍ

+
1

2

[
1−

(
1 +

µ

x3

)− 1
3
]2[

3 + 2

(
1 +

µ

x3

)− 1
3

+

(
1 +

µ

x3

)− 2
3
]
ẋ2

+
1

ρ∗ρ2
1

∫ x
( 1+

µ

x3
1+µ

) 1
3

x

1(
1− u3

) dW

du
du =

P1(t)− P2(t)

ρ∗ρ2
1

. (7.143)

Define

W0(u) =
1

ρ∗ρ2
1

W (u), P(t) =
P1(t)− P2(t)

ρ∗ρ2
1

. (7.144)

Equation (7.143) becomes
[
1−

(
1 +

µ

x3

)− 1
3
]
xẍ

+
1

2

[
1−

(
1 +

µ

x3

)− 1
3
]2[

3 + 2

(
1 +

µ

x3

)− 1
3

+

(
1 +

µ

x3

)− 2
3
]
ẋ2

+

∫ x
( 1+

µ

x3
1+µ

) 1
3

x

1(
1− u3

) dW0

du
du = P(t). (7.145)

Equation (7.145) is the required ordinary differential equation for the dimen-
sionless inner radius x(t). It has the same form as the equation describing radial
oscillations in an isotropic spherical shell ( Guo and Solecki 1963, Roussos, Mason
and Hill 2002 ). Equation (7.145) corresponds to (3.151) for radial oscillations in a
transversely isotropic cylindrical tube.

7.9.2 Tangential transversely isotropic spherical shells

Consider first (7.114). Substituting (7.74) and (7.75) into (7.114) gives

∂p

∂θ
=

1

r2

[
r2

ρ2
Θ + 2

r4

ρ4
Λ

]
cot θ . (7.146)

Now Θ and Λ, defined by (7.63), depend only on the strain invariants, (7.55) and
(7.57), and therefore are functions of r and t only. Thus integrating (7.146) with
respect to θ gives

p(r, θ, t) =
1

r2

[
r2

ρ2
Θ + 2

r4

ρ4
Λ

]
ln(sin θ) + C(r, t), (7.147)

where C(r, t) is an arbitrary function of r and t. Thus p(r, θ, t) → −∞ as θ → 0
and θ → π. The components of the stress tensor, (7.73) to (7.75), depend on p and
are therefore unbounded at θ = 0 and θ = π. Since this is not physically acceptable,
we do not consider this solution further.
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7.9.3 Longitudinal transversely isotropic materials

Consider again (7.114). Substituting (7.80) and (7.81) into (7.114) gives

∂p

∂θ
= − 1

r2

[
r2

ρ2
Θ + 2

r4

ρ4
Λ

]
cot θ (7.148)

and therefore, integrating with respect to θ,

p(r, θ, t) = − 1

r2

[
r2

ρ2
Θ + 2

r4

ρ4
Λ

]
ln(sin θ) + C(r, t), (7.149)

where C(r, t) is an arbitrary function of r and t. Thus p(r, θ, t) → +∞ as θ → 0
and θ → π, and the components of the stress tensor, (7.79) to (7.81), are therefore
unbounded at θ = 0 and θ = π. Again, this is not physically acceptable. We do not
consider this solution further.

7.10 Thin-walled radial transversely isotropic spher-

ical shell

The approximation of (7.145) for radial oscillations in a thin-walled radial trans-
versely isotropic spherical shell will now be derived. The parameter µ defined by
(7.140) is a measure of the thickness of the wall of the spherical shell. It corresponds
to µ defined by (3.145) for a cylindrical tube.

Consider a spherical shell that is thin-walled in the unstrained state B0. In B0,
the inner radius is ρ1 and the outer radius is ρ2. Since the shell is thin-walled,
ρ2 + ρ1. Thus from (7.140),

µ =
ρ3

2 − ρ3
1

ρ3
1

=
(ρ2 − ρ1)(ρ

2
2 + ρ1ρ2 + ρ2

1)

ρ3
1

+ 3(ρ2 − ρ1)

ρ1

(7.150)

and hence 0 < µ << 1. Expand each term in (7.145) in powers of µ. Then

(
1 +

µ

x3

)− 1
3

= 1− µ

3x3
+ O(µ2), (7.151)

(
1 +

µ

x3

)− 2
3

= 1− 2µ

3x3
+ O(µ2), (7.152)

x

(
1 + µ

x3

1 + µ

) 1
3

= x +
µ

3x2
(1− x3) + O(µ2), (7.153)

P(t) = P0(t) + µP1(t) + O(µ2), (7.154)

as µ → 0. Define

I(x; µ) =

∫ x
( 1+

µ

x3
1+µ

) 1
3

x

1(
1− u3

) dW

du
du. (7.155)
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The integral I(x; µ) is evaluated approximately with the aid of the First Integral
Theorem of Mean Value (Gillespie, 1959) which is stated in Section 4.2. Then

I(x; µ) =

[
µ

3x2
(1− x3) + O(µ2)

][
1

(1− ξ3)

dW0

dξ
(ξ)

]
, (7.156)

where from (7.153)

x ≤ ξ ≤ x +
µ

3x2
(1− x3) + O(µ2) . (7.157)

Thus
ξ = x + O(µ) (7.158)

as µ → 0 and (7.156) becomes

I(x; µ) =

[
µ

3x2
(1− x3) + O(µ2)

][
1

(1− x3)

dW0

dx
(x) + O(µ)

]

=
µ

3x2

dW0

dx
(x) + O(µ2), (7.159)

as µ → 0. Thus equation (7.145) becomes

[
µ

3x2
+ O(µ2)

]
ẍ +

[
O(µ2)

]
ẋ2 +

[
µ

3x2

dW0

dx
(x) + O(µ2)

]

= P0(t) + µP1(t) + O(µ2) (7.160)

and hence

3x2P0(t) + µ

[
ẍ +

dW0

dx
− 3x2P1(t)

]
+ O(µ2) = 0, (7.161)

as µ → 0. Equate the coefficients of the same powers of µ in (7.161):

zero order in µ : P0(t) = 0, (7.162)

first order in µ : ẍ +
dW0

dx
(x) = 3x2P1(t). (7.163)

Equations (7.162) and (7.163) for a spherical shell correspond to (4.13) and (4.14)
for a cylindrical tube. To zero order in µ the spherical shell has zero thickness and
therefore the net surface pressure, P0(t), must vanish because otherwise a finite
force would be applied to an interface of zero mass causing an infinite acceleration
which would destroy the shell. Equation (7.163) has the same form as the equation
describing radial oscillations in an isotropic spherical shell (Calderer 1983, Roussos,
Mason and Hill 2002).

Equations (7.145) and (7.163) apply for all strain-energy functions. To proceed
further the generalised Mooney-Rivlin strain-energy function will be considered.
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7.11 Strain-energy function

Consider the generalised Mooney-Rivlin strain-energy function (2.192):

W (I1, I2, K1, K2) = C1(I1 − 3) + C2(I2 − 3) + C3(K1 − 1) + C4(K2 − 1). (7.164)

Using the strain invariants (7.133) for a spherical shell, (7.164) becomes

W (x) = C1

( 1

x4
+ 2x2 − 3

)
+ C2

(
x4 +

2

x2
− 3

)

+ C3

( 1

x4
− 1

)
+ C4

( 1

x8
− 1

)
. (7.165)

In the unstrained body B0, W (x) must be a minimum. Now, in B0, r = ρ and
therefore x = 1. Thus W (x) must satisfy

dW

dx
(1) = 0, (7.166)

d2W

dx2
(1) > 0. (7.167)

But
dW

dx
(1) = −4(C3 + 2C4) (7.168)

and (7.166) is therefore satisfied provided

C3 = −2C4. (7.169)

Condition (7.169) is the same as condition (2.181) for an unstrained cylindrical tube
to be stress-free. Using (7.169), the strain-energy function (7.165) becomes

W (x) = C1

( 1

x4
+ 2x2 − 3

)
+ C2

(
x4 +

2

x2
− 3

)
+ C4

( 1

x8
− 2

x4
+ 1

)
. (7.170)

Thus
d2W

dx2
(1) = 8[3(C1 + C2) + 4C4]. (7.171)

and condition (7.167)is satisfied provided

3(C1 + C2) + 4C4 > 0. (7.172)

Consider finally W0(x) defined by (7.144) and let

D1 =
4C1

ρ∗ρ2
1

, D2 =
4C2

ρ∗ρ2
1

, D4 =
8C4

ρ∗ρ2
1

. (7.173)

Then (7.170) becomes

W0(x) =
D1

4

( 1

x4
+ 2x2 − 3

)
+

D2

4

(
x4 +

2

x2
− 3

)
+

D4

8

( 1

x8
− 2

x4
+ 1

)
(7.174)

and condition (7.172) expressed in terms of D1, D2 and D4 is

3(D1 + D2) + 2D4 > 0. (7.175)
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7.12 Lie point symmetry generators

Equation (7.145) for a thick-walled spherical shell is difficult to solve when the net
applied surface pressure depends on time. Equation (7.163),

ẍ +
dW0

dx
(x) = 3x2P1(t), (7.176)

for a thin-walled spherical shell will therefore first be considered. The Lie point
symmetry generators of (7.176) with strain-energy function (7.174) will be investi-
gated.

If (7.174) is substituted into (7.176), then (7.176) becomes

ẍ + D1x =
D2

x3
+

D1 −D4

x5
+

D4

x9
+ 3x2P1(t)−D2x

3. (7.177)

For an isotropic spherical shell for which D4 = 0, Roussos, Mason and Hill (2002)
showed that





if Ṗ (t) = 0, there is one Lie point symmetry generator X = ∂
∂t

if Ṗ (t) 6= 0, there are no Lie point symmetry generators

(7.178)

Equation (7.177) is of the form

ẍ = F (t, x) (7.179)

where

F (t, x) = −D1x +
D2

x3
+

D1 −D4

x5
+

D4

x9
+ 3P1(t)x

2 −D2x
3 . (7.180)

General results for the Lie point symmetry generator

X = ξ(t, x)
∂

∂t
+ η(t, x)

∂

∂x
(7.181)

of (7.179) were derived in Section 4.3. It was shown that

ξ(t, x) = xf1(t) + f2(t), (7.182)

η(t, x) = x2ḟ1(t) + xf3(t) + f4(t) (7.183)

where f1(t), f2(t), f3(t) and f4(t) satisfy the two equations

3xf̈1(t)− f̈2(t) + 2ḟ3(t)− 3F (t, x)f1(t) = 0, (7.184)

x2
...
f 1(t) + xf̈3(t) + f̈4(t) + [f3(t)− 2ḟ2(t)]F (t, x)

−[xf1(t) + f2(t)]
∂F

∂t
− [x2ḟ1(t) + xf3(t) + f4(t)]

∂F

∂x
= 0. (7.185)
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First substitute F (t, x) given by (7.180) into (7.184). This gives

3xf̈1(t)− f̈2(t) + 2ḟ3(t)− 3f1(t)
[
−D1x +

D2

x3

+
(D1 −D4)

x5
+

D4

x9
+ 3P1(t)x

2 −D2x
3
]

= 0. (7.186)

Separate equation (7.186) according to powers of x:

x3 : D2f1(t) = 0, (7.187)

x2 : P1(t)f1(t) = 0, (7.188)

x : f̈1(t)−D1f1(t) = 0, (7.189)

x0 : f̈2(t)− 2ḟ3(t) = 0, (7.190)

x−3 : D2f1(t) = 0, (7.191)

x−5 : (D1 −D4)f1(t) = 0, (7.192)

x−9 : D4f1(t) = 0. (7.193)

Case 1 D4 6= 0

The spherical shell is radial transversely isotropic. From (7.193) ,

f1(t) = 0 (7.194)

since D4 6= 0. From (7.190),

ḟ3(t) =
1

2
f̈2(t) (7.195)

and therefore

f3(t) =
1

2
ḟ2(t) + c3, (7.196)

where c3 is a constant. Since f1(t) = 0, the remaining equations are identically
satisfied. Equations (7.183) and (7.184) become

ξ(t, x) = f2(t), (7.197)

η(t, x) = (
1

2
ḟ2(t) + c3)x + f4(t). (7.198)
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Next, substitute (7.180), (7.194) and (7.196) into (7.185). This gives

x

2

...
f 2(t) +

...
f 4(t) +

(
c3 − 3

2
ḟ2(t)

)[
−D1x +

D2

x3

+
(D1 −D4)

x5
+

D4

x9
+ 3P1(t)x

2 −D2x
3
]

− 3f2(t)
dP

dt
x2 −

(1

2
ḟ2(t) + c3

)[
−D1x− 3D2

x3

− 5(D1 −D4)

x5
− 9D4

x9
+ 6P1(t)x

2 − 3D2x
3
]

− f4(t)
[
−D1 − 3D2

x4
− 5(D1 −D4)

x6

− 9D4

x10
+ 6P1(t)x− 3D2x

2
]

= 0. (7.199)

Separating equation (7.199) according to powers of x yields

x3 : D2(3ḟ2(t) + 2c3) = 0, (7.200)

x2 : D2f4(t)−
(
c3 +

5

2
ḟ2(t)

)
P1(t)− dP1

dt
f2(t) = 0, (7.201)

x :
...
f 2(t) + 4D1ḟ2(t)− 12P1(t)f4(t) = 0, (7.202)

x0 : f̈4(t) + D1f4(t) = 0, (7.203)

1

x3
: c3D2 = 0, (7.204)

1

x4
: D2f4(t) = 0, (7.205)

1

x5
: (D1 −D4)[6c3 + ḟ2(t)] = 0, (7.206)

1

x6
: (D1 −D4)f4(t) = 0, (7.207)

1

x9
: D4(10c3 + 3ḟ2(t)) = 0, (7.208)

1

x10
: D4f4(t) = 0. (7.209)

Since D4 6= 0 it follows from (7.209) that

f4(t) = 0 (7.210)
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and from (7.208) that

ḟ2(t) = −10

3
c3 (7.211)

and therefore

f2(t) = −10

3
c3t + c2, (7.212)

where c2 is a constant. Equations (7.200) to (7.209) now simplify to

x3 and
1

x3
: c3D2 = 0, (7.213)

x2 : 22c3P1(t) + (10c3t− 3c2)
dP1

dt
= 0, (7.214)

x : c3D1 = 0, (7.215)

1

x5
: c3(D1 −D4) = 0 (7.216)

and (7.197) and (7.198) reduce to

ξ(t, x) = −10

3
c3t + c2, (7.217)

η(t, x) = −2

3
c3x. (7.218)

There are three cases.

Case 1.1 D1 6= 0

Then from (7.215), c3 = 0, and from (7.214)

c2
dP1

dt
= 0. (7.219)

The other equations are identically satisfied and (7.217) and (7.218) become

ξ(t, x) = c2, η(t, x) = 0, (7.220)

so that

X = c2
∂

∂t
. (7.221)

Thus if dP1

dt
= 0 then c2 is arbitrary and there is one Lie point symmetry generator

X =
∂

∂t
. (7.222)

If dP1

dt
6= 0, then c2 = 0 and X = 0. There is no Lie point symmetry generator. Thus

the result (7.178) holds.
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Case 1.2 D2 6= 0

Then from (7.213), c3 = 0 and (7.219) is again valid. The other equations are
identically satisfied. Thus the result (7.178) again applies.

Case 1.3 D1 = 0 and D2 = 0

Then from (7.216), c3 = 0 since D4 6= 0 and (7.219) again holds. The other
equations are identically satisfied. Thus the result (7.178) is again valid.

Thus in all three cases the result (7.178) applies. There are no special time
dependent net applied surface pressures for which equation (7.177) has a Lie point
symmetry generator which could be used to integrate the equation.

7.13 Conclusions

The differential equations for radial oscillations in thick-walled and thin-walled radial
transversely isotropic spherical shells, when expressed in terms of the strain-energy
function, have the same form as for an isotropic spherical shell.

The differential equation (7.177) for radial oscillations in a thin-walled radial
transversely isotropic spherical shell with generalised Mooney-Rivlin strain-energy
function has no Lie point symmetries when the net applied surface pressure depends
on time. It can be expected that the differential equation (7.145) for a thick-walled
spherical shell with generalised Mooney-Rivlin strain-energy function will have no
Lie point symmetries when P depends on time. Equations (7.145) and (7.177) may
have to be solved numerically when P depends on time. The solution for radial
oscillations in a sphere is more difficult than in a cylinder because in a sphere the
principal invariants, I1 and I2, are not equal.

When the net applied surface pressure is constant and the generalised Mooney-
Rivlin strain-energy function is used, the differential equations (7.145) and (7.177)
can be integrated once and the solution can be expressed as an integral. Results
similar to those obtained in Chapter 5 for Heaviside step loading and in Chapter 6
for free oscillations could be investigated. This will not be done because the analysis
would be similar to that in Chapters 5 and 6. Instead, the problem of inflation of a
radial transversely isotropic thin-walled spherical shell will be considered in Chapter
8 and the results will be compared with the inflation of a spherical shell.
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Chapter 8

Inflation of a Radial Transversely
Isotropic Spherical Shell

8.1 Introduction

In this chapter the inflation of a radial transversely isotropic thin-walled spherical
shell is considered. It will be compared with the inflation of an isotropic spherical
shell.

The inflation of an isotropic spherical shell has been investigated by several au-
thors including Needleman(1977), Ogden(1984), Beatty(1987) and Holzapfel(2000).
Alexander(1971) performed experiments on the inflation of spherical balloons. The
inflation of a spherical shell has application, for example, to meteorological balloons
used for measurements at high altitudes.

The inflation is assumed to proceed sufficiently slowly that the inertia can be ne-
glected. Snap buckling ( Holzapfel, 2000 ) can occur in which the pressure decreases
during inflation before increasing again. The effect of the radial transverse isotropy
on the snap buckling is investigated.

An outline of the chapter is as follows. In Section 8.2 the inflation pressure
is obtained in terms of the extension of a radial transversely isotropic thin-walled
spherical shell. In Section 8.3, snap buckling in the inflation of an isotropic spherical
shell is reviewed. New perturbation results are derived. In Section 7.4 the inflation
of a radial transversely isotropic thin-walled spherical shell is investigated. The
conclusions are summarised in Section 8.5.

8.2 Inflation pressure

Consider the inflation of a radial transversely isotropic incompressible thin-walled
spherical shell. The inflation is assumed to proceed sufficiently slowly that the
inertia can be neglected.

The inflation pressure is obtained from (7.176),

ẍ +
dW0

dx
= 3x2P1(t), (8.1)
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where from (7.144)

W0(x) =
1

ρ∗ρ2
1

W (x) . (8.2)

But from (7.144) and (7.154),

P(t) =
P1(t)− P2(t)

ρ∗ρ2
1

= P0(t) + µP1(t) + O(µ2) (8.3)

and since by (7.162), P0(t) = 0, it follows that

P1(t) =
P1(t)− P2(t)

µρ∗ρ2
1

+ O(µ). (8.4)

Thus (8.1) becomes

ρ∗ẍ +
1

ρ2
1

dW

dx
=

3x2(P1(t)− P2(t))

µρ2
1

+ O(µ). (8.5)

Define

P = P1 −P2, ε =
µ

3
+ (ρ2 − ρ1)

ρ1

(8.6)

where µ is given by (7.150). Make the approximation that the inflation occurs
sufficiently slowly that the inertia, ρ∗ẍ, can be neglected. Also neglect terms of
order ε2 since the shell is thin-walled. Then (8.5) becomes

P =
ε

x2

dW

dx
. (8.7)

Equation (8.7) has the same form as for an isotropic shell. It gives the inflation
pressure P in terms of the stretch x for general W .

Consider an incompressible hyperelastic material with generalised Mooney-Rivlin
strain-energy function. Then for a radial transversely isotropic spherical shell, from
(7.170),

W (x) = C1

( 1

x4
+ 2x2 − 3

)
+ C2

(
x4 +

2

x2
− 3

)
+ C4

( 1

x8
− 2

x4
+ 1

)
. (8.8)

Substituting (8.8) into (8.7) gives

P (x) = 4ε
[
C1

(1

x
− 1

x7

)
+ C2

(
x− 1

x5

)
+ 2C4

( 1

x7
− 1

x11

)]
. (8.9)

Assume that C1 6= 0 and define

Γ =
C2

C1

, λ =
C4

C1

. (8.10)

It will be assumed that Γ ≥ 0 and λ ≥ 0. Equation (8.9) becomes

P (x) = 4εC1

[1

x
− 1

x7
+

(
x− 1

x5

)
Γ + 2

( 1

x7
− 1

x11

)
λ
]
. (8.11)

Also
dP

dx
=

4εC1

x12
[Γx12 − x10 + 5Γx6 + 7(1− 2λ)x4 + 22λ]. (8.12)

Equation (8.11) gives the inflation pressure P (x) in terms of the stretch x for a
radial transversely isotropic spherical shell. The inflation of an isotropic spherical
shell for which λ = 0 will first be considered. The radial transverse isotropic effects
given by λ 6= 0 will then be investigated.
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8.3 Inflation of an isotropic thin-walled spherical

shell

Consider now the inflation of an isotropic spherical shell( Needleman 1977, Ogden
1984, Beatty 1987, Holzapfel 2000 ). When λ = 0, (8.11) and (8.12) become

P (x) = 4εC1

[1

x
− 1

x7
+

(
x− 1

x5

)
Γ
]
, (8.13)

dP

dx
=

4εC1

x8
[Γx8 − x6 + 5Γx2 + 7]. (8.14)

Consider first a neo-Hookean material for which C2 = 0 and therefore Γ = 0.
Then

P (x) = 4εC1

(1

x
− 1

x7

)
, (8.15)

dP

dx
=

4εC1

x8
(7− x6). (8.16)

The inflation pressure has a maximum value at x = 7
1
6 = 1.383. The pressure rises

steeply from −∞ as x increases from zero, attains a maximum value at x = 1.383
and then tends to zero as x → ∞. Since P (x) → 0 as x → ∞ is not physical, the
neo-Hookean strain-energy function does not describe accurately the inflation for
large inflation.

Consider now a Mooney-Rivlin material with C2 > 0 and therefore Γ > 0. Then

dP

dx
= 0 (8.17)

when
Γx8 − x6 + 5Γx2 + 7 = 0. (8.18)

By Descartes rule of signs, dP
dx

= 0 cannot have more than two positive roots. It may
have no positive roots. The range of values of Γ for which (8.18) has two positive
roots may be determined as follows (Beatty, 1987). From (8.14)

dP

dx
> 0 for 0 < x ≤ 1 (8.19)

and
dP

dx
(∞) = 4εC2 > 0. (8.20)

Thus if the pressure has a local maximum it will be in the range x > 1 and the
maximum must be followed by a local minimum. The pressure will have a minimum
value only if the slope, dP

dx
, is negative for some range of x with x > 1. From (8.14),

dP

dx
< 0 if Γ < g(x) (8.21)

where

g(x) =
x6 − 7

x8 + 5x2
. (8.22)
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The greatest value which Γ can have for two stationary values to exist is therefore
the maximum value g. Now

dg

dx
=

2x[−x12 + 38x6 + 35]

(x8 + 5x2)2
= 0 (8.23)

when x = 0 or
x12 − 38x6 − 35 = 0 . (8.24)

When x = 0, g = −∞ which is not a maximum value. Equation (8.24) is a quadratic
equation for x6 which has two real roots,

x6 = 38.9 and x6 = −0.9 .

Only real positive values of x are considered. Hence x = 1.84 and therefore

gmax = Γmax = 0.214 . (8.25)

Thus if the spherical shell has a Mooney-Rivlin strain-energy function with 0 < Γ <
0.214 an initial rise in pressure will be followed by a fall as inflation proceeds before
the pressure starts to rise again at high values of inflation.

Graphs of P (x) against x for Γ = 0 (neo-Hookean material), 0 < Γ < 0.214 and
Γ > 0.214 are shown in Figure 8.3.1. Initially the pressure gradient is high. A large
increase in pressure is needed to produce a small change in stretch. The spherical
shell is therefore stiff initially. After the pressure has reached a maximum value
there is inflation with a decrease in pressure. The spherical shell is said to suddenly
snap through and the decrease in pressure will allow it to snap back (Holzapfel,
2000). The effect is known as snap buckling. It is caused by the net applied surface
pressure being dependent on the stretch x. It is a dynamic effect.

Consider now the stretches, xmax and xmin, at which P (x) has its local maxi-
mum and minimum values. A numerical solution for xmax and xmin and the local
maximum and minimum pressures, Pmax and Pmin, is given by Beatty (1987). A per-
turbation solution for xmax, xmin, Pmax and Pmin will now be derived and compared
with the numerical results. The stretches xmax and xmin occur for 0 < Γ < 0.214
and are the roots of (8.18). They depend only on the ratio Γ = C2

C1
and not on C1

and C2 separately or on the thickness ε of the spherical shell. Let

y = x2. (8.26)

Then y satisfies the quartic equation

Γy4 − y3 + 5Γy + 7 = 0. (8.27)

Since Γ is small (0 < Γ < 0.214), a perturbation solution should be accurate.
Consider first the straight forward perturbation expansion

y = y0 + Γy1 + O(Γ2), (8.28)

as Γ → 0. Substitute (8.28)into (8.27):

Γy4
0 − y3

0 − 3Γy2
0y1 + 5Γy0 + 7 + O(Γ2) = 0. (8.29)
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Figure 8.3.1
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Equate the coefficients of like powers of Γ:

Γ0 : y3
0 = 7

y0 = 7
1
3 = 1.9129 (8.30)

Γ1 : y1 =
y3

0 + 5

3y0

. (8.31)

Hence

y = y0 + Γy1 + O(Γ2)

= y0

[
1 +

(y3
0 + 5)

3y2
0

Γ + O(Γ2)

]
, (8.32)

as Γ → 0 and therefore

x = y
1
2
0

[
1 +

(y3
0 + 5)

6y2
0

Γ + O(Γ2)

]
, (8.33)

as Γ → 0. Thus, using (8.30), (8.33) becomes

xmax = 1.383[1 + 0.547Γ + O(Γ2)], (8.34)

as Γ → 0. When Γ = 0, (8.34) reduces to the stretch at the maximum value of the
inflation pressure in a neo-Hookean material. For Γ > 0, it gives the first order in Γ
correction to the stretch at the local maximum of the inflation pressure.

The perturbation solution (8.34) is compared with the numerical solution of
(8.18) for xmax in Table 8.3.1 for 0 ≤ Γ ≤ 0.214. When Γ = 0.214, xmax is a point
of inflexion and it was calculated using

d2P
dx2 = 0 .

When comparing theory with experiment for a Mooney-Rivlin balloon, Beatty (1987)
found Γ = 0.055. There is good agreement between the perturbation solution and
the numerical solution for Γ in the range of Γ = 0.055.

To obtain a perturbation solution for Pmax, the inflation pressure at the local
maximum xmax, substitute (8.34) into (8.13). This gives

Pmax = P (xmax) = 4εC1[0.620 + 1.185Γ + O(Γ2)], (8.35)

as Γ → 0. A comparison of the perturbation solution (8.35) with the numerical
solution for Pmax is given in Table 8.3.2. The numerical results of Tables 8.3.1
and 8.3.2 agree with the numerical results of Beatty (1987) for the inflation of a
Mooney-Rivlin balloon.

Consider next the second root of (8.27). The small parameter, Γ, multiplies the
highest order term. It is therefore a singular perturbation problem (Nayfeh, 1981).
Make the transformation

y =
w

Γν
, ν > 0. (8.36)
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Equation (8.27) becomes

Γ1−4νw4 − Γ−3νw3 + 5Γ1−νw + 7 = 0. (8.37)

To obtain the second root the first term in (8.37) must be retained. Since ν > 0,
the dominant terms are the first two terms. For the first two terms to balance each
other it is necessary that

1− 4ν = −3ν or ν = 1. (8.38)

Equation (8.37) becomes

w4 − w3 + 5Γ3w + 7Γ3 = 0. (8.39)

Expand
w = w0 + Γw1 + Γ2w2 + Γ3w3 + O(Γ4). (8.40)

Consider first the solution to first order in Γ. Substituting (8.40) into (8.39)
gives

w4
0 + 4Γw3

0w1 − w3
0 − 3Γw2

0w1 + O(Γ2) = 0. (8.41)

Equate the coefficients of like powers of Γ:

Γ0 : w3
0(w0 − 1) = 0 or w0 = 0, w0 = 1. (8.42)

The root w0 = 0 corresponds to xmax which has already been found because terms
of order Γ−1 in y vanish. We therefore take w0 = 1.

Γ1 : w1 = 0. (8.43)

Thus (8.40) becomes
w = 1 + Γ2w2 + Γ3w3 + O(Γ4). (8.44)

Consider next the solution to third order in Γ. Substitute (8.44) into (8.39):

w2Γ
2 + w3Γ

3 + 12Γ3 + O(Γ4) = 0. (8.45)

Equate the coefficients of corresponding powers of Γ:

Γ2 : w2 = 0, (8.46)

Γ3 : w3 = −12. (8.47)

Hence
w = 1− 12Γ3 + O(Γ4) (8.48)

and from (8.36) with ν = 1,

y =
1

Γ

(
1− 12Γ3 + O(Γ4)

)
. (8.49)

Thus

x = y
1
2 =

1√
Γ

(
1− 12Γ3 + O(Γ4)

) 1
2

(8.50)
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and therefore

xmin =
1√
Γ

(
1− 6Γ3 + O(Γ4)

)
. (8.51)

The lowest order perturbation solution is

xmin =
1√
Γ

. (8.52)

Equation (8.52) should be accurate because 0 < Γ < 0.214 and the next term is of

order Γ
5
2 . In Table 8.3.3, the zero order and first order perturbation solutions for

xmin are compared with the numerical solution. When Γ = 0.214, xmin = xmax . It
is a point of inflexion and it was calculated using

d2P
dx2 = 0 .

By substituting (8.51) for xmin into (8.13) for P (x) it can be shown that

Pmin = 8εC1

√
Γ
(
1− Γ3 + O(Γ6)

)
. (8.53)

The lowest order perturbation solution is

Pmin = 8εC1

√
Γ . (8.54)

Equation (8.54) should be accurate because the next term is of order Γ
7
2 . In Table

8.3.4, the zero order and first order perturbation solutions for Pmin are compared
with the numerical solution.

The numerical results in Tables 8.3.3 and 8.3.4 agree with the numerical results
of Beatty (1987). Beatty used Γ = 0.055 for a Mooney-Rivlin balloon. There is
good agreement between the zero order perturbation solutions (8.52) and (8.54) and
the numerical solutions for Γ in the range of Γ = 0.055.

The perturbation solutions for xmax, xmin, Pmax and Pmin are not given in the
review by Beatty (1987) and may be new results. The approximate solutions (8.52)
and (8.54) relate xmin and Pmin in a simple way to Γ.

Since (8.27) is a quartic equation the condition Γ < 0.214 for two turning points
in the pressure can be derived alternatively by using standard results for the roots of
a quartic equation ( Barnard and Child, 1936 ). This approach was not used because
an equation of degree six is obtained for the inflation of a radial transversely isotropic
spherical shell. The results for a quartic equation cannot be extended to an equation
of degree six. The approach used can be extended.

8.4 Inflation of a radial transversely isotropic thin-

walled spherical shell

The inflation pressure P (x) is given by (8.11) and dP
dx

by (8.12). Now

dP

dx
= 0 (8.55)
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when
Γx12 − x10 + 5Γx6 + 7(1− 2λ)x4 + 22λ = 0. (8.56)

By Descartes’ rule of signs:

0 < λ ≤ 1
2
: dP

dx
cannot have more than two zeros

λ > 1
2
: dP

dx
cannot have more than four zeros.

If the anisotropy is not strong (0 < λ ≤ 1
2
) then the behaviour of the inflation

pressure will be similar to that for an isotropic spherical shell although the range
of Γ for two turning points in the pressure to exist will depend on λ. For strong
anisotropy (λ > 1

2
) there may be four turning points in the pressure for some ranges

of values of Γ and λ. Large values of λ may be difficult to obtain physically.
We first consider 0 < λ ≤ 1

2
and by using a perturbation expansion in λ we

determine how the range, 0 < Γ < 0.214, for two turning points in P (x) to exist,
is changed. We will then consider a perturbation expansion in Γ and determine the
minimum value of λ for two turning points in the inflation pressure to exist.

Equation (8.12) can be written as

dP

dx
=

4εC1

x12

[
Γx12 + 5Γx6 + x4(7− x6) + (22− 14x4)λ

]
. (8.57)

When 0 < x ≤ 1 then x6 ≤ 1 and x4 ≤ 1. Hence 7− x6 > 0 and 22− 14x4 > 0 and
therefore

dP

dx
> 0 for 0 < x ≤ 1. (8.58)

Also
dP

dx
(∞) = 4εC2 > 0. (8.59)

Thus, as with λ = 0, when λ > 0, if the pressure has a local maximum it will be in
the range x > 1 and the maximum will be followed by a local minimum.

Let y = x2. Then (8.12) becomes

dP

dx
=

4εC1

y6

[
Γy6 − y5 + 5Γy3 + 7(1− 2λ)y2 + 22λ

]
. (8.60)

The pressure will have a minimum value only if the slope, dP
dx

, is negative for some
range of y > 1. Now

dP

dx
< 0 if Γ < g(y; λ), (8.61)

where

g(y; λ) =
y5 − 7(1− 2λ)y2 − 22λ

y3(y3 + 5)
. (8.62)

The maximum value of Γ for at least two stationary values in the pressure to exist
is the maximum value of g(y; λ). Now

dg

dy
(y; λ) =

[−y8 + 2(19− 28λ)y5 + 132λy3 + 35(1− 2λ)y2 + 330λ]

y4(y3 + 5)2
= 0 (8.63)
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when

Q(y) = y8 − 2(19− 28λ)y5 − 132λy3 − 35(1− 2λ)y2 − 330λ = 0. (8.64)

From Descartes’s rule of signs if 0 < λ ≤ 1
2

then the maximum number of real positive
roots of equation (8.64) is one and since Q(0) = −330λ < 0 and Q(∞) = +∞,
equation (8.64) has exactly one real positive root. To determine the root when λ > 0,
consider a straightforward perturbation expansion with λ as the small perturbation
parameter. Let

y = y0 + λy1 + O(λ2) , (8.65)

as λ → 0. Substitute (8.65) into (8.64). Then

y8
0 + 8λy7

0y1 − 38y5
0 − 190λy4

0y1 + 56λy5
0 − 132λy3

0

−35y2
0 − 70λy0y1 + 70λy2

0 − 330λ = O(λ2). (8.66)

Equate the coefficients of the same power of λ:

λ0 : y2
0(y

6
0 − 38y3

0 − 35) = 0, (8.67)

λ : y1 = −

[
56y5

0 − 132y3
0 + 70y2

0 − 330
]

2y0

[
4y6

0 − 95y3
0 − 35

] . (8.68)

Consider first (8.67). When y0 = 0, g = −∞ which is not a maximum value. Thus

y6
0 − 38y3

0 − 35 = 0, (8.69)

which is the same as (8.24) with y = x2. The real positive root of (8.69) is therefore

y0 =
(
38.9

) 1
3

= 3.388. (8.70)

Thus from (8.68),
y1 = −1.294. (8.71)

Hence g(y; λ) has a stationary value, which is a maximum, at

y = y0 + λy1 + O(λ2) = 3.388(1− 0.382λ + O(λ2)). (8.72)

Substitute y = y0 + λy1 into (8.62) and expand in powers of λ. This gives

g(y0 + λy1; λ) =

(
y3

0 − 7
)

y0

(
y2

0 + 5
)

[
1 +

(
5y4

0y1 − 14y0y1 + 14y2
0 − 22

)
λ

y2
0

(
y3

0 − 7
)

−
3
(
2y3

0 + 5
)
λ

y0

(
y3

0 + 5
) + O(λ2)

]
, (8.73)

as λ → 0. Hence using (8.70) and (8.71),

Γmax(λ) = gmax = 0.214(1 + 0.379λ + O(λ2)), (8.74)
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as λ → 0. If
0 < Γ < 0.214(1 + 0.379λ + O(λ2)), (8.75)

then an initial rise in pressure will be followed by a fall as inflation proceeds before
the pressure starts to rise again. The effect of radial transverse isotropy is to increase
Γmax and therefore to increase the range of values of Γ for which snap buckling occurs.
In Table 8.4.1, Γmax(λ) is calculated using (8.74) to first order in λ for 0 ≤ λ ≤ 1

2
.

In Figure 8.4.1, P (x) is plotted against x for a range of values of Γ for λ = 0.3.
When λ = 0.3, then (8.74) gives Γmax = 0.238. In Figure 8.4.1 the inflation pressure
curve for Γ = 0.238 approximately divides the curves into those for which P (x)
increases steadily (Γ > Γmax) and those for which a pressure rise is followed by a fall
as inflation proceeds (Γ < Γmax). Unlike an isotropic spherical shell, when Γ = 0.214
the pressure rise is followed by a fall before it starts to rise again.

In the preceeding analysis, λ was given and the maximum value of Γ for the
inflation pressure to fall and rise again was found to first order in λ. Suppose now
that Γ is given and it is required to determine λmin such that for λ > λmin snap
buckling will occur. It is known that for Γ ≤ 0.214, λmin = 0.

From (8.60)
dP

dx
< 0 if λ > h(y; Γ), (8.76)

where

h(y; Γ) =
y2

(
Γy4 − y3 + 5Γy + 7

)

2(7y2 − 11)
, (8.77)

provided 7y2 − 11 > 0, that is, provided y > 1.254. The minimum value of λ,
λmin(Γ), for the pressure to fall before rising again is the minimum value of h(y; Γ)
in the range y > 1.254. Now

dh

dy
(y; Γ) =

y
[
28Γy6 − 21y5 − 66Γy4 + (55 + 35Γ)y3 − 165Γy − 154

]

2(7y2 − 11)2
= 0 (8.78)

when

R(y) = 28Γy6 − 21y5 − 66Γy4 + (55 + 35Γ)y3 − 165Γy − 154 = 0. (8.79)

By Descartes’ rule of signs the maximum number of real positive roots of equation
(8.79) is three. Since R(0) = −154 < 0 and R(∞) = +∞, there is always at
least one real positive root. We are interested in the roots which exist for small Γ
since Γ & 0.214. These are found from a singular perturbation solution because Γ
multiplies y6, the highest power of y. Make the transformation

y =
w

Γν
, ν > 0. (8.80)

Equation (8.79) becomes

28Γ1−6νw6 − 21Γ−5νw5 − 66Γ1−4νw4 + 55Γ−3νw3

+35Γ1−3νw3 − 165Γ1−νw − 154 = 0. (8.81)
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Figure 8.4.1
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Since ν > 0, the dominant terms are the first two terms. The dominant terms will
balance each other provided

1− 6ν = −5ν or ν = 1. (8.82)

Equation (8.81) becomes

28w6 − 21w5 − 66Γ2w4 + 55Γ2w3 + 35Γ3w3 − 165Γ5w − 154Γ5 = 0. (8.83)

Expand
w = w0 + w1Γ + w2Γ

2 + w3Γ
3 + O(Γ4). (8.84)

Consider first the solution to order Γ. Substituting (8.84) into (8.83) gives

4w6
0 + 24w5

0w1Γ− 3w5
0 − 15w4

0w1Γ + O(Γ2) = 0. (8.85)

Equate the coefficients of the same power of Γ.

Γ0 : w5
0(w0 − 3

4
) = 0. (8.86)

The root w0 = 0 corresponds to a straightforward perturbation expansion of y
because there is no term of order Γ−1. We will not consider that solution here.
Thus w0 = 3

4
.

Γ1 : w4
0(w0 − 5

8
)w1 = 0. (8.87)

Thus w1 = 0.
Next, substitute (8.84) into (8.83) and keep terms to order Γ3. This gives

168w5
0w2Γ

2 + 168w5
0w3Γ

3 − 105w4
0w2Γ

2 − 105w4
0w3Γ

3

−66w4
0Γ

2 + 55w3
0Γ

2 + 35w3
0Γ

3 = O(Γ4). (8.88)

Equate the coefficients of the same power of Γ.

Γ2 : w2 =
11(6w0 − 5)

21w0(8w0 − 5)
= −22

63
, (8.89)

Γ3 : w3 = − 5

3w0(8w0 − 5)
= −20

9
. (8.90)

Thus
y =

w

Γ
=

w0

Γ
+ w2Γ + w3Γ

2 + O(Γ3) (8.91)

where

w0 =
3

4
, w2 = −22

63
, w3 = −20

9
. (8.92)

Next substitute (8.91) into (8.77). This gives
λmin = hmin

=
[w2

0 + 2w0w2Γ
2 + 2w0w3Γ

3 + O(Γ4)][−(1− w0)w
3
0 + (5w0 + 7)Γ3 + O(Γ4)]

2Γ3[7w2
0 + (14w0w2 − 11)Γ2 + 14w0w3Γ3 + O(Γ4)]

.

(8.93)
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Using the values given by (8.92), equation (8.93) becomes

λmin = hmin =
43

56

[Γ3 + 0.157Γ2 − 0.169][Γ3 − 0.00981]

Γ3[Γ3 + 0.629Γ2 − 0.169]
. (8.94)

The three cubic polynomials in (8.94) each have one and only one real positive zero:

Γ3 + 0.157Γ2 − 0.169 = 0 at Γ = 0.505, (8.95)

Γ3 − 0.00981 = 0 at Γ = 0.214, (8.96)

Γ3 + 0.629Γ2 − 0.169 = 0 at Γ = 0.404. (8.97)

The graph of λmin against Γ is drawn in Figure 8.4.2. We are assuming that
λ > 0 and Γ > 0. Figure 8.4.2 shows that for Γ < 0.214 the pressure will fall before
rising steadily for λ ≥ 0, in agreement with the result for an isotropic spherical
shell. For 0.214 ≤ Γ < 0.4044 the pressure will fall before rising if λ > λmin. Also
as Γ → 0.4044, λmin →∞. Figure 8.4.2 therefore gives a lower bound on λ for snap
buckling to occur for a given value of Γ < 0.4044.

The effect of radial transverse isotropy is to extend the range of Γ for snap
buckling to occur. However, snap buckling will only occur if λ is sufficiently large,
that is if λ > λmin. If Γ > 0.2141, snap buckling will not occur if λ < λmin. This is
illustrated in Figure 8.4.3 for Γ = 0.35.

Consider now xmax and xmin, the stretches at the local maximum and local
minimum of the inflation pressure. We investigate how (8.34) for xmax and (8.51)
for xmin for an isotropic spherical shell are changed for a transversely isotropic
spherical shell.

Suppose that 0 < λ ≤ 1
2
. The maximum and minimum turning points of P (x)

are at the roots of (8.60). Let y = x2. Then (8.60) becomes

Γy6 − y5 + 5Γy3 + 7(1− 2λ)y2 + 22λ = 0. (8.98)

Consider a straight foward perturbation expansion. For an isotropic spherical shell
it gave xmax. Expand

y(λ, Γ) = y0(λ) + Γy1(λ) + O(Γ2), (8.99)

as Γ → 0. Equation (8.98) becomes

Γ(y6
0 + 6y5

0y1Γ)− (y5
0 + 5y4

0y1Γ) + 5Γy3
0

+7(1− 2λ)(y2
0 + 2y0y1Γ) + 22λ = O(Γ2). (8.100)

Equate the coefficients of like powers of Γ.

Γ0 : y5
0 − 7y2

0 + 14λy2
0 − 22λ = 0. (8.101)

Expand y0(λ) in powers of λ:

y0(λ) = y00 + λy01 + O(λ2), (8.102)
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Figures 8.4.2 and 8.4.3
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as λ → 0. Equation (8.101) becomes

y5
00 + 5y4

00y01λ− 7y2
00 − 14y00y01λ + 14λy2

00 − 22λ = 0. (8.103)

Equate the coefficients of like powers of λ.

λ0 : y00 = 7
1
3 = 1.913 (8.104)

λ1 : y01 =
22− 14y2

00

y00(5y3
00 − 14)

= −0.728 (8.105)

Consider now first order in Γ. Equating the coefficients of Γ in (8.101) gives

Γ1 : y6
0 − 5y4

0y1 + 5y3
0 + 14y0y1 − 28λy0y1 = 0. (8.106)

Expand y1(λ) in powers of λ:

y1(λ) = y10 + λy11 + O(λ2), (8.107)

as λ → 0. Substituting (8.102) and (8.107) into (8.106) gives

y6
00 + 6y5

00y01λ− 5(y4
00 + 4y3

00y01λ)(y10 + λy11) + 5(y3
00 + 3y2

00y01λ)

+14(y00 + λy01)(y10 + λy11)− 28λy00y10 = O(λ2). (8.108)

Equate the coefficients of like powers of λ.

λ0 : y10 =
y2

00(y
3
00 + 5)

(5y3
00 − 14)

= 2.091, (8.109)

λ1 : y11 =
57y2

00y01 − 126y01y10 − 28y00y10

21y00

, (8.110)

where y3
00 = 7 was used to simplify (8.110). Thus

y11 = −1.794. (8.111)

Now

y(λ, Γ) = y00

[
1 +

y01

y00

λ + O(λ2)

+
y10

y00

Γ

(
1 +

y11

y10

λ + O(λ2)

)
+ O(Γ2)

]
, (8.112)

as λ → 0 and Γ → 0. Thus, since y = x2,

xmax = y
1
2
00

[
1 +

y01

2y00

λ + O(λ2)

+
y10

2y00

Γ

(
1 +

(y11

y10

− y01

2y00

)
λ + O(λ2)

)
+ O(Γ2)

]
, (8.113)

as λ → 0 and Γ → 0. But
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y00 = 1.913, y01 = −0.728, y10 = 2.091, y11 = −1.794

and therefore

xmax = 1.383

[
1− 0.190 λ + O(λ2)

+0.547 Γ

(
1− 0.668 λ + O(λ2)

)
+ O(Γ2)

]
, (8.114)

as λ → 0 and Γ → 0. The dual perturbation expansion in Γ and λ, (8.114), shows
that for a radial transversely isotropic spherical shell the local maximum of the
inflation pressure occurs at a smaller stretch than in an isotropic spherical shell.
When λ = 0, the expansion (8.114) reduces to (8.34) for an isotropic spherical shell.

The inflation pressure at the local maximum, Pmax, is obtained by substituting
(8.114) into (8.11):

Pmax = P (xmax)

= 4εC1

[
0.620

(
1 + 0.242 λ + O(λ2)

)

+1.185 Γ
(
1− 0.765 λ + O(λ2)

)
+ O(Γ2)

]
, (8.115)

as λ → 0 and Γ → 0. Equation (8.115) reduces to (8.35) when λ = 0. In Γ < 0.165,
the effect of radial transversely isotropy is to increase Pmax while if Γ > 0.165 its
effect is to decrease Pmax.

Consider now xmin, the stretch at the minimum value of the inflation pressure.
The second root of (8.98) is obtained using a singular perturbation method. The
small parameter Γ multiplies the highest order term. Let

y =
w

Γν
, ν > 0. (8.116)

Then (8.98) becomes

Γ1−6νw6 − Γ−5νw5 + 5Γ1−3νw3 + 7(1− 2λ)Γ−2w2 + 22λ = 0. (8.117)

To obtain the second root the highest degree term must be retained. Since ν > 0,
the dominant terms are the first two terms. The dominant terms balance provided

1− 6ν = −5ν or ν = 1. (8.118)

Equation (8.117) becomes

w6 − w5 + 5Γ3w3 + 7(1− 2λ)Γ3w2 + 22λΓ5 = 0. (8.119)

Expand w(λ, Γ) in powers of Γ:

w(λ, Γ) = w0(λ) + Γw1(λ) + Γ2w2(λ) + Γ3w3(λ)

+Γ4w4(λ) + Γ5w5(λ) + O(Γ6). (8.120)

212



The anisotropic parameter, λ, enters (8.119) only at third order in Γ. Hence, as for
an isotropic spherical shell,

w0 = 1, w1 = 0, w2 = 0. (8.121)

Thus (8.120) reduces to

w(λ, Γ) = 1 + Γ3w3(λ) + Γ4w4(λ) + Γ5w5(λ) + O(Γ6). (8.122)

Substitute (8.122) into (8.119) :

6(Γ3w3 + Γ4w4 + Γ5w5)− 5(Γ3w3 + Γ4w4 + Γ5w5)

+5Γ3 + 7(1− 2λ)Γ3 + 22λΓ5 + O(Γ6) = 0. (8.123)

Equate the coefficients of the same power of Γ.

Γ3 : w3 = −2(6− 7λ) (8.124)

Γ4 : w4 = 0 (8.125)

Γ5 : w5 = −22λ. (8.126)

Hence
w(λ, Γ) = 1− 2(6− 7λ)Γ3 − 22λΓ5 + O(Γ6) (8.127)

and therefore

y =
1

Γ
w =

1

Γ

[
1− 2(6− 7λ)Γ3 − 22λΓ5 + O(Γ6)

]
. (8.128)

Thus, since x = y
1
2 ,

xmin =
1√
Γ

[
1− (6− 7λ)Γ3 − 11λΓ5 + O(Γ6)

]
. (8.129)

Equation (8.129) reduces to (8.51) when λ = 0.
Equation (8.129) can be written as

xmin =
1√
Γ

[
1− 6Γ3 + λ(7− 11Γ2)Γ3 + O(Γ6)

]
. (8.130)

Thus if

Γ <
( 7

11

) 1
2

= 0.798 (8.131)

then the anisotropy increases xmin. In general, (8.131) will be satisfied when snap
buckling occurs because of condition (8.75). Since the anisotropy also decreases
xmax, the range of the stretch x during which snap buckling is taking place is in-
creased by the anisotropy.

By substituting xmin given by (8.130) into P (x) given by (8.11) it can be shown
that

Pmin = 8 εC1

√
Γ
[
1− (1− λ) Γ3 − λ Γ5 + O(Γ6)

]
, (8.132)
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as Γ → 0. Equation (8.132) reduces to (8.53) for an isotropic spherical shell on
setting λ = 0. It can be rewritten as

Pmin = 8 εC1

√
Γ
[
1− Γ3 + λ(1− Γ2) Γ3 + O(Γ6)

]
(8.133)

and therefore if Γ < 1, which in general will be satisfied for snap buckling from
condition (8.75), then the effect of the anisotropy is to increase the local minimum
pressure in the snap buckling.

Equations (8.129) and (8.132) for xmin and Pmin are perturbation expansions in
Γ only. They are exact in λ unlike (8.114) and (8.115) which are dual perturbation
expansions in Γ and λ.

8.5 Conclusions

Several radial transversely isotropic effects were found in the inflation of a thin-
walled spherical shell. The maximum value of Γ for snap buckling to occur is in-
creased and for given Γ < 0.404, snap buckling occurs provided λ is sufficiently
large. The stretch at the local maximum of the inflation pressure is decreased and
the stretch at the local minimum is increased. The range of stretch during which
snap buckling occurs is therefore increased. The local maximum in the inflation
pressure, Pmax, is increased if Γ < 0.165 and decreased if Γ > 0.165. The local
minimum of the inflation pressure, Pmin, is increased. Thus if Γ > 0.165 the change
in pressure during snap buckling is decreased.

The lowest order perturbation solutions

xmin =
1√
Γ

, Pmin = 8 εC1

√
Γ, (8.134)

remain valid for a radial transversely isotropic spherical shell. The next terms are of
order Γ

5
2 and order Γ

7
2 as for an isotropic spherical shell. The approximate solutions

(8.134) are simple results and may be useful.
The radial transversely isotropic effects for the inflation of a thin-walled spherical

shell are independent of the thickness parameter ε and depend only on λ and Γ.
Radial transversely isotropic effects can exist in thin-walled spherical shells. They
do not exist only in thick-walled shells.
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Chapter 9

Conclusions

The extension of the constitutive equation for a transversely isotropic hyperelastic
material from the special case in which the anisotropic director h is along the i3-
direction to the general case in which h is unspecified makes the formulation of
problems more systematic. The problems of radial oscillations in radial and tangen-
tial transversely isotropic cylindrical tubes and spherical shells were formulated in
a unified way.

It was possible to make some progress analytically on the problem of radial
oscillations in a thick-walled cylindrical tube. This was done by considering the
effective potential which determined when the oscillation is bounded and the end
points of the oscillation. Approximate analytical results were also obtained in the
form of upper and lower bounds on the period. The corresponding oscillations which
are in the form of a nonlinear superposition were obtained.

More analytical progress could be made on radial oscillations in a thin-walled
cylindrical tube or spherical shell. For radial and tangential transversely isotropic
cylindrical tubes a Lie point symmetry exists provided the net applied surface pres-
sure is of a certain form. For inflation of a thin-walled spherical shell, polynomials of
degree four, six and eight occured. Analytical progress could be made using singular
perturbation methods.

Anisotropic effects on the amplitude of radial oscillations in a cylindrical tube
were found. For the special time dependent net applied surface pressure acting on a
thin-walled radial transversely isotropic tube the amplitude of the oscillations was
reduced and the departure from the unstrained state when there was steady growth
was also reduced. The effect of the radial transverse isotropy was to make the tube
stiffer.

For Heaviside step loading, in which the net applied surface pressure is constant,
the amplitude of the oscillation, in both compression and extension, was reduced
in radial and tangential transversely isotropic cylindrical tubes. The effect of the
anisotropy, both radial and tangential, was again to make the tube stiffer. For free
oscillations in a thin-walled cylindrical tube, results for the amplitude were obtained
provided either the initial velocity v0 = 0 or, when v0 6= 0, terms of order ε2 in the
anisotropy can be neglected. For an isotropic tube, ab = 1, where a and b are the
minimum and maximum values of the radial coordinate, respectively. For a radial
transversely isotropic tube, ab > 1, while for a tangential transversely isotropic tube,
ab < 1. Thus if the three tubes have the same compression a, for an isotropic tube,
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b = 1
a
, for a radial transversely isotropic tube b > 1

a
and the range of oscillation

a ≤ x ≤ b is increased while for a tangential transversely isotropic tube, b < 1
a

and
the range of oscillation is decreased. In comparison if the three tubes have the same
extension b, for an isotropic tube a = 1

b
, for a radial transversely isotropic tube a > 1

b

and the range of oscillation is reduced while for a tangential transversely isotropic
tube a < 1

b
and the range of oscillation is increased. It remains an open question

whether these results are valid when v0 6= 0 for all values of ε.
Results were obtained for the effect of the anisotropy on the period of the oscil-

lations. For the special time dependent net surface pressure applied to a thin-walled
radial transversely isotropic cylindrical tube the effect of the anisotropy was to re-
duce the period of the oscillation. For Heaviside step loading of thick-walled radial
and tangential transversely isotropic cylindrical tubes the upper and lower bounds
on the period were reduced. This suggests that the period of oscillation is reduced
by the anisotropy. For free oscillations in thin-walled radial and tangential trans-
versely isotropic tubes with v0 6= 0 but terms of order ε2 neglected, the period of
oscillation is less than in an isotropic tube. This was also established for a radial
transversely isotropic tube for all values of ε if v0 = 0. These results all indicate
that in general the effect of radial and tangential transverse isotropy is to reduce
the period of radial oscillations.

It is more difficult to derive analytical results for radial oscillations in a spherical
shell than in a cylindrical tube because the principal invariants, I1 and I2, are
unequal in a spherical shell. However, anisotropic effects were found for the inflation
of a radial transversely isotropic spherical shell. The range of values of Γ, the ratio
of the Mooney-Rivlin constants, for which snap buckling can occur is increased. The
range of stretch over which snap buckling takes place is increased and if Γ > 0.165
the change in pressure during snap buckling is decreased.

Anisotropic effects in radial transverse isotropic cylindrical tubes and spherical
shells are not confined to thick-walled tubes and shells as may be expected. They
occur in thin-walled tubes and spherical shells. The differential equation for radial
oscillations in a thin-walled cylindrical tube was derived by an expansion in powers
of the thickness of the tube but the differential equation obtained did not depend on
the thickness. The special pressure solution satisfied the condition, D1 = D2, which
is independent of the thickness. For inflation of a spherical shell, the magnitude
of the inflation pressure is proportional to the thickness of the shell. However,
the nonlinear effects in snap buckling are determined by the parameter Γ and the
anisotropic effects by the parameter λ both of which are independent of the thickness
of the shell.
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Appendix A

Time derivative of a material
volume element

In this appendix the derivation given by Mason(1996) of the result

(
dτ

)·
= Gik ˙γikdτ (A.1)

is outlined. The overhead dot denotes the material time derivative D
Dt

and γik is the
strain tensor,

γik =
1

2
(Gik − gik). (A.2)

From (2.84),

dτ =

√
G√
g

dτ0, (A.3)

where
g = det[gik], G = det[Gik]. (A.4)

But since gik is the metric tensor in the undeformed body B0 and dτ0 is the volume
element in B0 ,

ġ = 0, (dτ0)
· = 0. (A.5)

Hence

(dτ)· =
1

2
√

Gg
Ġ dτ0. (A.6)

But
G = erstGr1Gs2Gt3, (A.7)

where erst is the permutation symbol and therefore

Ġ = erstĠr1Gs2Gt3 + erstGr1Ġs2Gt3 + erstGr1Gs2Ġt3. (A.8)

But
Ġr1 = 2γ̇r1 = 2δa

r γ̇a1 = 2GrcG
caγ̇a1. (A.9)
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Thus

erstĠr1Gs2Gt3 = 2Gcaγ̇a1e
rstGrcGs2Gt3

= 2Gcaγ̇a1ec23G

= 2G1aγ̇a1G, (A.10)

where we used
erstGraGsbGtc = eabcG. (A.11)

Also,
erstGr1Ġs2Gt3 = 2G2aγ̇a2G, (A.12)

erstGr1Gs2Ġt3 = 2G3aγ̇a3G. (A.13)

By substituting (A.11), (A.12) and (A.13) into (A.8) we obtain

Ġ = 2Gabγ̇abG. (A.14)

Using (A.14) for Ġ, equation (A.6) becomes

(dτ)· = Gabγ̇ab

√
G√
g

dτ0 (A.15)

and finally using (A.3), the result (A.1) is obtained.
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