
UNIVERSITY OF THE WITWATERSRAND

MASTERS DISSERTATION

The Eigenmodes of Complex
Media

Author:
Cade Ribeiro Peters

Supervisors:
Prof. Andrew Forbes

A thesis submitted in fulfillment of the requirements
for the degree of Master of Science

in the

Structured Light Laboratory
School of Physics

April 10, 2024

http://www.wits.ac.za
http://www.structured-light.org
https://structured-light.org/
https://www.wits.ac.za/physics/




iii

Declaration of Authorship
I, Cade Ribeiro Peters, declare that this thesis titled, “The Eigenmodes of
Complex Media” and the work presented in it are my own. I confirm that:

• This work was done wholly or mainly while in candidature for a re-
search degree at this University.

• Where any part of this thesis has previously been submitted for a de-
gree or any other qualification at this University or any other institu-
tion, this has been clearly stated.

• Where I have consulted the published work of others, this is always
clearly attributed.

• Where I have quoted from the work of others, the source is always
given. With the exception of such quotations, this thesis is entirely my
own work.

• I have acknowledged all main sources of help.

• Where the thesis is based on work done by myself jointly with others,
I have made clear exactly what was done by others and what I have
contributed myself.

Signed:

Date:





v

“We began as wanderers, and we are wanderers still. ”

- Carl Sagan





vii

UNIVERSITY OF THE WITWATERSRAND

Abstract
Master of Science

The Eigenmodes of Complex Media

by Cade Ribeiro Peters

Structured light refers to the tailoring of light in all of its degrees of free-
dom. This includes amplitude, phase, wavelength and polarisation. Struc-
turing light allows us to create complex optical fields with many interesting
and useful properties. These fields have allowed us to ask deeper and more
fundamental questions about Physics and have revealed new avenues for in-
vestigating aspects of the world around us. They have allowed us to signif-
icantly increase the speed at which we communicate and make information
more accessible. Additionally, they allow for increased resolution and preci-
sion in imaging and measurements, both classical and quantum.

One of the primary limitations when using structured light are the effects
of perturbations. Many complex media, such as the atmosphere, underwater
or biological specimens have a non-uniform refractive index (varying dielec-
tric constant). This distorts most structured light beams, limiting its perfor-
mance and possible uses. This works seeks to investigate this problem and
offer a solution. Much attention has been given to finding which forms of
structured light perform best in certain systems or scenarios.

This work focuses on offering a potential solution to this problem. We
begin with a discussion on common forms of structured light and models
of light propagation. We then move onto methods for generating structured
light experimentally. We then propose the concept of an eigenmode: modes
that are perfectly invariant through such systems. They are structured light
fields that are specially tailored, using our knowledge and understanding of
the Physics of the system, to ensure that they propagate through the system
and exit unchanged. We achieve this by modelling our system as a linear op-
erator and then using this to find the eigenstates of this operator. We do this
for two highly topical aberrations, providing approaches that can be gener-
alised to almost any optical system. We end off this work with a discussion
on important considerations when using eigenmodes for real world applica-
tions.

HTTP://WWW.WITS.AC.ZA
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Chapter 1

Structured Light and Eigenmodes
of Free Space

1.1 Structured Waves

1.1.1 The Electromagnetic Wave Equation

This work is concerned with the behaviour of classical structured light �elds.
To see where the structure of these �elds come from, we will begin our dis-
cussion with Maxwell's equations from which all of classical electromag-
netism can be derived. These are [1]:

r � D = r , (1.1)

r � B = 0 , (1.2)

r � E = �
¶B
¶t

, (1.3)

r � H = J+
¶D
¶t

, (1.4)

where E is the electric �eld, B is the magnetic �eld, r is the free charge den-
sity, J is the free current density, D is the electric displacement and H is the
magnetising �eld which are de�ned as:

D = e0E + P, (1.5)

B =
1
m0

H � M , (1.6)

where P is the polarisation, M is the magnetisation and e0 and m0 are the vac-
uum permittivity and permeability respectively. For classical light in free
space, we can assume that there are no charges and currents. Maxwell's
equations then simplify to:

r � E = 0 , (1.7)

r � B = 0 , (1.8)

r � E =
¶B
¶t

, (1.9)

r � B = m0e0
¶E
¶t

. (1.10)
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If we take the curl on both sides of Equation 1.9 and invoke the vector identity
r � (r � A ) = r (r � A ) � r 2A, to obtain r � (r � E) = r (r � E) �
r 2E. If we now substitute Equations 1.7 and 1.9 on the RHS of the above
expression we yield,

r �
¶B
¶t

= r 2E. (1.11)

We may then substitute Equation 1.10 into the above and rewrite it as,

r 2E �
1
c2

¶2E
¶t2 = 0 , (1.12)

where c = 1/
p

e0m0 is the speed of light in a vacuum. Equation 1.12 is in
the form of the wave equation and so observe that the electric �eld can be
described as a propagating wave. A similar substitution procedure can be
performed to show that the magnetic �eld B may also be represented as
propagating wave. Such an equation describes the propagation of distur-
bances/waves through free space. Consequently, if one is able to �nd solu-
tions to this equation, one would have found functions (also called modes)
that are able to propagate without changing their functional form through
free space. Such modes are known as eigenmodes of free space, coined as
such because they would be eigenstates of the free space propagation opera-
tor. Unfortunately, Equation 1.12 is quite dif�cult to solve in its current form.
We will make several assumptions in the rest of this section to simplify the
wave equation and extract solutions that we can generate and study.

1.1.2 The Helmholtz Equation and Bessel-Gaussian Modes

To �nd our �rst set of solutions, we make the separation of variables ansatz
E (r, t) = U (r) T (t) where we assume our light �eld's spatial behaviour U (r)
can be described separately from its temporal behaviour T(t). Applying this
to the wave equation derived above, we obtain the Helmholtz equation for
the spatial function:

r 2U (r) + k2U (r) = 0 , (1.13)

where k is a constant which can be shown to be the modulus of the wavevec-
tor. The wavevector is related to the wavelength via k = 2p / l .

The �rst exact solution we will look at are plane waves, which have the
form:

U (r) = Aeik �r , (1.14)

where A is a constant parameter indicating the amplitude of the electric �eld.
The factor k = kx x̂ + kyŷ + kzẑ is the wave-vector indicating the direction
of propagation. Such waves are de�ned by in�nitely long planes of con-
stant phase which are normal to the wave-vector k . These waves are not
physically realisable as they would require an in�nite amount of energy to
construct. However, they are useful mathematical tools for modelling wave
propagation as any wave can be written as a superposition of plane waves.
This will be discussed in detail later in this section when we deal with the
propagation of light �elds.
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Another set of exact solutions to Helmholtz equation (Equation 1.13) are
called Bessel modes and are described by Bessel functions of the �rst kind.
Bessel modes are non-diffracting, meaning they do not change in propaga-
tion and are thus true eigenmodes of free space. However, they are not phys-
ically realisable as the relevant Bessel functions are unbounded and would
require an in�nite amount of energy to construct. Luckily, a Gaussian enve-
lope can be added to the function to make it physically realisable and non-
diffracting over speci�c �nite regions by ensuring the mode has a �nite en-
ergy. Such modes are known as Bessel-Gaussian (BG) modes, are de�ned in
cylindrical (r, f ) coordinates and can be written as:

BGl = Jj l j (kr r)
| {z }

A

e
� r2

w2
0| {z }

B

eikzz
|{z}

C

eil f
|{z}

D

. (1.15)

Factor A represents the spatial pro�le as described by the Bessel function of
the �rst kind Jj l j . The subscript j l j indicates the order of the Bessel function.
The term kr is the radial component of the wave-vector and r is the mag-
nitude of the radial coordinate. Factor B represents the Gaussian envelope
with a waist given by w0. Factor C represents the propagation phase which
is accumulated in propagation and depends on the component of the wave-
vector in the direction of propagation kz =

p
k2 � k2

r . Factor D indicates the
azimuthal phase variation. The wavenumber k is related to wavelength l by
k = 2p / l . The modes are non-diffracting up to a distance zmax = kw0/ kr .
The index variable l can take on positive and negative integer values and
corresponds to the topological charge of the mode. The topological charge
arises due to the phase singularity in the centre of the mode and is a result
of the a spiral phase pro�le for nonzero values of l . This in turn is related to
the orbital angular momentum (OAM) of the mode in which each photon in
the �eld will have an OAM of l h̄. Figure 1.1 shows the intensity and phase
pro�les of various BG beams.

1.1.3 Solutions to the Paraxial Helmholtz Equation

To �nd fully realisable solutions of the wave equation and thus physical
eigenmodes of free space that are truly propagation invariant, we make the
paraxial approximation. Here we assume that the wave propagates primarily
in one direction (which will be chosen as the z-direction for this work unless
otherwise speci�ed). This means we can describe the spatial component of
our �eld as a complex envelope A (r) multiplied by some propagation phase
factor:

U (r) = A (r) eikz . (1.16)

We then assume that the complex envelope does not rapidly change in prop-
agation (i.e., it is approximately constant when propagating a distance on the
order of one wavelength). This results in the paraxial Helmholtz equation:

r 2
? Aeikz + 2ik¶zA = 0 , (1.17)
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FIGURE 1.1: Bessel-Gaussian Beams. The intensity (main images) and phase (in-
sets) pro�les of various Bessel-Gaussian beams. All have a beam waist of w0 = 2
mm. The rows show increasing topological charge l = 0, 2, 6, and the columns show
an increase in the radial component of the wave vector kr = k/1000, k/1500, k/2000

where k is the total wavenumber.

where r 2
? is the transverse Laplacian (i.e., the Laplacian only in the x-y

plane) and ¶z is the partial derivative in the z-direction.
The solutions to the paraxial Helmholtz equation are a class of light �elds

known as paraxial modes which diffract slowly and propagate primarily in a
single direction. The most general solutions are known as vector modes and
have inhomogeneous polarisation structures meaning the electric �eld may
oscillate in different directions depending on the location in the transverse
plane. This dissertation will focus on the scalar mode solutions which have
an electric �eld that oscillates uniformly across the transverse plane, however
many of the techniques and concepts demonstrated here may be generalised
to vector modes.

Hermite-Gaussian Modes

In order to solve the paraxial Helmholtz equation, we will have to make
some assumptions to simplify our �eld U (x, y, z). If one assumes the �eld
U (x, y, z) has Cartesian symmetry, it is most convenient to make the follow-
ing separation of variables ansatz U (x, y, z) = X(x, z)Y(y, z), and so rewrite
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the paraxial Helmholtz equation as:

�
¶2

¶x2 +
¶2

¶y2 + 2ik
¶
¶z

�
U = 0 . (1.18)

The solutions to Equation 1.18 are known as Hermite-Gaussian (HG) modes
and are given by:

HGm
n =

s
21� n� m

w2(z)p n!m!
| {z }

A

Hn

 p
2x

w(z)

!

Hm

 p
2y

w(z)

!

| {z }
B

e
� r2

w2(z)
| {z }

C

eik r2
2R(z)

| {z }
D

ei(m+ n+ 1)y (z)
| {z }

E

.

(1.19)
Factor A is a normalisation factor for the mode with the beam waist/spot
size goven by

w(z) = w0

s

1 +
�

z
zR

� 2

, (1.20)

representing the beam waist as a function of propagation distance and w0 =
w(0). The Rayleigh range zR = 1

2kw2
0 is the distance at which the beam area

has exactly doubled. The variables n and m represent the horizontal and
vertical indices respectively and uniquely specify each HG mode. They can
be any non-negative integer and can be interpreted visually as the number
of intensity fringes in the x and y directions respectively. The total mode
order is given as M = m + n + 1. Factor B represents the spatial pro�le
in the x and y directions de�ne by Hermite polynomials H j of order j and
factor C describes the Gaussian envelope. Factor D describes how the radius

of curvature of the wavefront R(z) = z
h
1 +

� zR
z

� 2
i

changes in propagation.

Factor E describes the effect of the Gouy phase shift factor(m+ n + 1)y (z) =
(m + n + 1) arctan (z/ zR) which additionally depends on the mode order M.
Figure 1.2 shows the intensity and phase pro�les of various HG beams.

Laguerre-Gaussian Modes

If one assumes the solution to the paraxial Helmholtz equations instead have
cylindrical symmetry, one may also the use a different separation of variables
ansatz,U (r, f , z) = R(r, z)F (f , z). In this case, we may rewrite the equation
as: �

1
r

¶
¶r

+
¶2

¶r2 +
1
r2

¶2

¶f 2 + 2ik
¶
¶z

�
U = 0 , (1.21)

Solutions to Equation 1.21 are known as Laguerre-Gaussian (LG) modes and
are given by:

LGl
p =

s
2p!

w2(z)p (p + j l j)!
| {z }

A

 
r
p

2
w(z)

! j l j

| {z }
B

Lj l j
p

�
2r2

w2(z)

�

| {z }
C

e
� r2

w2(z)
| {z }

D

eik r2
2R(z)

| {z }
E

eil f
|{z}

F

ei(2p+ j l j+ 1)x(z)
| {z }

G

,

(1.22)
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FIGURE 1.2: Hermite-Gaussian Beams. The intensity (main images) and phase (in-
sets) pro�les of various Hermite-Gaussian beams. All have a beam waist of w0 = 0.5
mm. The rows show increasing vertical index m = 0, 1, 2, and the columns show an

increase in the horizontal index n = 0, 1, 2.

Factor A represents the mode normalisation with all the variables repre-
senting the same as before. The variablesp and l uniquely index each LG
mode. The radial order is controlled by the p index which can have any non-
negative integer value. For values of l = 0, the number of rings in the LG
mode is equal to p. For non-zero values of l , the number of rings in the mode
is equal to p + 1. Factors B and C control the radial behaviour of the mode

along with the Gaussian envelope in Factor D. Here Lj l j
p is the associated La-

guerre polynomial, with its argument being 2 r2/ w2(z). Factor E represents
how the radius of curvature of the wavefront changes in propagation. Fac-
tor F the spiral phase of LG beams. The topological charge is controlled by
l which can take any integer value, positive or negative. As with the Bessel-
Gaussian beams, this topological charge results from the spiral phase front
of the mode and is related to the orbital angular momentum (OAM) of the
mode. Each photon in the �eld will have an OAM of l h̄. Factor G describes
the effect of the Gouy phase (2p + j l j + 1)y = ( 2p + j l j + 1) arctan (z/ zR)
which additionally depends on the mode order M = ( 2p + j l j + 1). Figure
1.3 shows the intensity and phase pro�les of various LG beams.
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FIGURE 1.3: Laguerre-Gaussian Beams. The intensity (main images) and phase
(insets) pro�les of various Laguerre-Gaussian beams. All have a beam waist of w0 =
0.5 mm. The rows show increasing radial index p = 0, 1, 2, and the columns show

an increase in the topological charge l = 0, 1, 2.

1.2 Propagation of Light through Free Space

We have found shapes of light that satisfy the paraxial Helmholtz equation
and we believe these to be eigenmodes of free space propagation due to the
assumptions we have made. It remains for us to study the mathematical
descriptions of wave propagation in order to verify the invariance of these
modes and also see how we must adjust our approach when faced with more
complex media and channels. Such mathematics also has many other appli-
cations outside of optics, including in the �elds of quantum mechanics and
quantum �eld theory where the study of wavefunctions and quantum �elds
reveal similar mathematical structures.

There are several methods used to model the propagation of light �elds.
We will examine two models which bare signi�cant relevance in the follow-
ing chapters. The �rst model, which will be discussed in this section, is
Huygens-Fresnel diffraction which is a more fundamental approach to un-
derstanding the behaviour of waves in propagation. We begin by studying
the insights that can be gained from the Helmholtz equation through the
use of Green's functions. This will provide a basic type of wave which we
can study and thus use to build up the more complicated theory of arbitrary
diffraction. We then proceed to apply this Green's function approach to de-
scribe the propagation of arbitrary light �elds and derive Huygens' principle.
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We then end of with a discussion on the propagation of paraxial light �elds,
which form the vast majority of �elds discussed in this work.

1.2.1 Green's Functions

As we have seen in the previous sections, the dynamics of optical �elds are
described by various partial differential equations. A very useful technique
used in �nding solutions for such equations involves the use of Green's func-
tions. To see how this approach works, we may de�ne the following ordinary
differential equation (ODE) with a differential operator L̂,

L̂(t) f (t) = g(t), L̂ =
n

å
j= 0

aj (t)
d j

dt j . (1.23)

We note here that any function may be describe as a weighted sum of Dirac
delta functions. For example,

g(t) =
�

g(u)d(t � u)du . (1.24)

Using this fact, we chose solutions of our ODE that have the form

f (t) =
�

G(u, t)g(u)du , (1.25)

and rewrite our ODE as follows,

L̂ f (t) = g(t) ,

)
�

L̂G(u, t)g(u)du =
�

g(u)d(t � u)du ,

) L̂G(u, t) = d(t � u) . (1.26)

The function G(u, t) is known as the Green's function of the problem. If it
can be found then solution to the ODE, f (t) may then also be easily found
via Equation 1.25. Such a method is highly bene�cial because it turns an in-
homogeneous differential equation into a homogeneous differential equation
if the domain for u and t are appropriately chosen thus making the problem
signi�cantly easier to solve.

1.2.2 Free Space Green's Function

Green's Functions and the Helmholtz Equation

We return to the Helmholtz equation (Equation 1.13), which was derived by
assuming that our �eld's spatial behaviour can be described separately from
its temporal behaviour. We can add to it a driving term f (r), which turns the
Helmholtz equation into an inhomogeneous, partial differential equation:

r 2U (r) + k2U (r) = f (r) . (1.27)
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We can make use of the Green's function approach and look for solutions that
have the form:

U (r) =
�

G(r, r0) f (r0)d3r0, (1.28)

where G(r, r0) is the Green's function and must satisfy:
�

r 2 + k2
�

G(r, r0) = d(r � r0) . (1.29)

This may be immediately recognised as a point source equation, which will
later help validate the �nal form of the Green's function we derive. Before we
may begin to solve for G(r, r0), we must �rst state a vital boundary conditions
for our problem. We know from experience that light �eld spread out as they
propagate and thus must be de�ned over all of space. We also wish to �nd
solutions that are physically realisable and so must be bounded. We must
therefore impose the condition that as r ! ¥ , G(r, r0) ! 0. This way the
entire integral in Equation1.28 will be bounded and physically realisable.

Our �rst step in solving for G(r, r0) is to take note of the symmetries
present in our problem. We know that the Laplacian operator r 2 is invariant
under translation as derivatives evaluate the change in quantities and not
their absolute values at a point. We also note that the Dirac delta function is
translation invariant as it depends on the difference between two point r � r0.
Additionally, we see that our imposed boundary condition is also translation
invariant as it is concerned with the functions behaviour at in�nity, which
should not change under any �nite translation. Thus we may assert that the
Green's, whatever its �nal form, should also be invariant under translation.
This implies that we may stop writing it as a function of two variables r and r0

and instead write it as function of the difference between the two coordinates
R = r � r0. Thus G(r, r0) = G(r � r0) and so Equation 1.29 becomes

�
r 2 + k2

�
G(R) = d(R) . (1.30)

This may then be solved by taking advantage of Fourier transforms. The
Fourier transforms of our Green's function G(r) and the Dirac delta function
d(r) allow us to express them both as,

G(R) =
1

(2p )3

�
G̃(q)eiq �Rd3q, (1.31)

d(R) =
1

(2p )3

�
eiq �Rd3q. (1.32)

We can then rewrite Equation 1.30 as follows,

�
r 2 + k2

� 1
(2p )3

�
G̃(q)eiq �Rd3q =

1
(2p )3

�
eiq �Rd3q. (1.33)



10 Chapter 1. Structured Light and Eigenmodes of Free Space

Recalling that the Laplacian acts only in r we may perform the differentiation
on the right hand side and compare both sides to obtain,

(k2 � q2)G̃(q) = 1 ,

) G̃(q) =
� 1

q2 � k2 . (1.34)

If we are now able to invert the Fourier transform on G̃(q), we will have our
solution. We begin by substituting this result in to Equation 1.31,

G(R) =
� 1

(2p )3

�
1

q2 � k2eiq �Rd3q. (1.35)

Our Green's function depends on R, which is a radius and thus it is bene�cial
to compute the integral in spherical coordinates. If we chose the axes in real
spaceR to align with the axes in Fourier space q, we may perform the angular
parts of the integral quite easily.

G(R) =
� 1

(2p )3

� 2p

0

� p

0

� ¥

0

1
q2 � k2eiqRcosqdqqdqqsin qdf

=
� 2p
(2p )3

� ¥

0

q2

q2 � k2

� p

0
eiqRcosq sin qdqdq

=
� 1
4p 2

� ¥

0

2 sin Rq
Rq

q2

q2 � k2dq

=
1

2p 2R

� ¥

0
sin Rq

q
q2 � k2dq. (1.36)

We have now reached a critical point as the above equation is in�nite due
the poles at q = � k in the integrand. To circumvent this, we will expand the
scope of our integration from the real line onto the complex plane.

Complex Integrals and Feynman's Trick

Our value for the Green's function is, for the time being in�nite. This seem-
ingly troubling result can be overcome by employing a limiting procedure
commonly known as "Feynman's trick" which shifts the poles of the inte-
grand and changes the integral from a line integral over the real numbers to
a contour integral over the complex plane. Before we implement this, it is
bene�cial to express our Green's function in a complex form,

G(R) =
1

2p 2R

� ¥

0
sin Rq

q
q2 � k2dq

=
1

4p 2R

� ¥

� ¥
sin Rq

q
q2 � k2dq

=
1

8p 2Ri

� ¥

� ¥

qeiqR

q2 � k2dq
| {z }

A

�
1

8p 2Ri

� ¥

� ¥

qe� iqR

q2 � k2dq
| {z }

B

. (1.37)
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FIGURE 1.4: Complex Contour Integrals. (a) The direction of integral of A over
the real line. (b) The proposed contour integral for solving integral A. (c) If the
integrand is zero along the light blue portion of the contour integral then there will
be no additional contributions to the integral from this part of the contour and thus

is equivalent to the real line integral. For integral A this occurs as q ! ¥ .

In the second line we have extended the limits of integration from f 0,¥ g to
f� ¥ , ¥ g and in the third line we have made use of the complex exponential
identity sin (q) = [ eiq � e� iq]/2 i. We �rst look at integral A. In order for the
integral over the real line to be equal to a contour integral over the complex
plane, the value of the integrand must go to zero when the contour lies off
the real line. The behaviour of our integrand at in�nity should be dominated
by the exponential factor and thus we must determine where on the complex
plane the exponential factor will go to zero. On the real line this is normally
straight forward, but for our purposes, q is in general complex. Thus we
separateq into its real and imaginary parts q = qr + iqi ,

eiRq = eiR(qr + iqi ) = eiRqr + i2Rqi = eiRqr � Rqi . (1.38)

Thus we see that the integrand goes to zeros for R > 0 and thus we must
close the contour in the upper half of the complex plane. This concept is
shown visually in Figure 1.4. Since the integrand is zero as R ! 0, there are
no additional contributions to the integral if we close the contour at in�nity in
the upper half of the complex plane. It is therefore equivalent to the real line
integral. A similar argument holds for integral B which, with the negative in
the exponential, requires the contour to be closed in the bottom half of the
complex plane instead. Thus we may write,

G(R) =
1

8p 2Ri

�

P+

qeiqR

q2 � k2dq

| {z }
A

�
1

8p 2Ri

�

P�

qe� iqR

q2 � k2dq

| {z }
B

. (1.39)

Where P+ indicates the contour in the upper half plane and P� the contour
in the bottom half plane.

We have established that the real line integral can be replaced with an ap-
propriate contour integral. This is useful as it allows us to apply the Residue
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FIGURE 1.5: Feynman's Trick. (a) The poles present in the initial integral. (b) The
contour integral for solving integral A in the top half of the plane will pick up the
residue of pole at q = k + ie. (c) The contour integral for solving integral B in the

bottom half of the plane will pick up the residue of pole at q = � k � ie.

Theorem from Complex Analysis. This theorem provides a relationship be-
tween the contour integral of a function over a closed path and the residues
of the poles located inside that contour. Motivated by this, we will shift the
poles of our integrands located at q = � k, off the real line and onto the com-
plex plane by a distance e so that the new poles are located at q = � (k + ie).
We can evaluate the contour integrals using the Residue Theorem along our
newly de�ned contour paths P� . To maintain the equivalence of this shifted
con�guration to the original con�guration, we will take the limit as e ! ¥ .
The Green's function may now be written as,

G(R) =
1

8p 2Ri
lim
e! ¥

�

P+

qeiqR

q2 � (k + ie)2dq

| {z }
A

�
1

8p 2Ri
lim
e! ¥

�

P�

qe� iqR

q2 � (k + ie)2dq

| {z }
B

.

(1.40)
When we apply the Residue Theorem, as shown in Figure 1.5, integral A

will pick up the residue from the pole at q = k + ie in the upper-half plane
and integral B will pick up the residue from the pole at q = � k � ie in the
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lower-half plane. The computation is as follows:

G(R) =
1

8p 2Ri
lim
e! ¥

� �

P+

qeiqR

q2 � (k + ie)2dq �
�

P�

qe� iqR

q2 � (k + ie)2dq
�

=
1

8p 2Ri
lim
e! ¥

� �

P+

qeiqR

[q � (k + ie)][q+ ( k + ie)]
dq

�
�

P�

qe� iqR

[q � (k + ie)][q+ ( k + ie)]
dq

�

=
1

8p 2Ri
lim
e! ¥

"

2p i
(k + ie)ei(k+ ie)R

(k + ie) + ( k + ie)
� (� 2p i)

(� k � ie)e� i(� k� ie)R

(� k � ie) + ( � k � ie)

#

=
1

4p R
lim
e! ¥

"
ei(k+ ie)R

2
+

ei(k+ ie)R

2

#

=
1

4p R
lim
e! ¥

h
ei(k+ ie)R

i

=
1

4p R
eikR . (1.41)

We have now determined that for the Helmholtz equation, the appropriate
Green's function is a spherical wave with the form,

G(r � r0) =
1

4p jr � r0j
eikjr � r0j . (1.42)

This Green's function may then be used to �nd solutions to the inhomo-
geneous Helmholtz Equation 1.27 by substituting the above Green's function
1.42 into Equation 1.28 as follows,

U (r) =
�

1
4p jr � r0j

eikjr � r0j f (r0)d3r0. (1.43)

1.2.3 Scalar Diffraction Theory

The following section is adapted primarily from reference [2].

Green's Theorem

The fundamental mathematical principle underlying scalar diffraction is that
of Green's Theorem. This theorem states:

Let U and G be complex functions that depend on position in 3D space. Let
S be a closed surface enclosing a volumeV. If U and G and their 1st and 2nd

partial derivatives are single valued and continuous on S then,

�

V
(U r 2G � Gr 2U )dV =

"

S

�
U

¶G
¶n

� G
¶U
¶n

�
dS, (1.44)

where ¶/ ¶n is the derivative in the direction normal to the surface S.
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FIGURE 1.6: Surfaces for Green's Theorem. The construction of the surfaces S0, S
and Se for the evaluation of Green's Theorem in optical diffraction.

We will take U to be the complex spatial pro�le of our optical �eld in 3D.
The function G is an auxiliary Green's function. As we showed in the previ-
ous section, the natural choice for Green's function in free space propagation
is that of a spherical wave. We will de�ne the source point of this spherical
wave to be r0 and so our wave will have the form,

G(r � r0) =
eikjr � r0j

jr � r0j
=

eikR

R
= G(R) . (1.45)

We will de�ne the surface S to surround the point r0. The conditions for
the use of Green's theorem imply we cannot have a singularity inside of our
volume V. Thus we must isolate the singularity at r = r0. To achieve this, we
will construct a spherical shell Se of radius e centred on the point r0. We will
then be able to apply Green's Theorem on the surface S0 = S+ Se and the
volume V0 it encloses without having to worry about the singularity. This
construction is shown in Figure 1.6.

Helmholtz-Kirchhoff Integral Theorem

We know that both our Green's function G and the optical �eld U must sat-
isfy the Helmholtz equation on S0and in V0,

(r 2 + k2)U = 0 ) r 2U = � k2U , (1.46)

(r 2 + k2)G = 0 ) r 2G = � k2G. (1.47)

The delta function is zero as r0 lies outside of S0. We can substitute this result
into the left hand side of Equation 1.44 to obtain,

�

V0
(U r 2G � Gr 2U )dV =

�

V
(� Uk2G + Gk2U )dV = 0 . (1.48)
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This means we can break up the surface integral over S0 into a sum of two
integrals, one over Se and the other over S as follows,

0 =
�

S0

�
U

¶G
¶n

� G
¶U
¶n

�
dS =

�

S

�
U

¶G
¶n

� G
¶U
¶n

�
dS+

�

Se

�
U

¶G
¶n

� G
¶U
¶n

�
dS,

)
�

S

�
U

¶G
¶n

� G
¶U
¶n

�
dS = �

�

Se

�
U

¶G
¶n

� G
¶U
¶n

�
.dS (1.49)

The surface S can be any arbitrary surface and so would be dif�cult to per-
form a surface integral over. The integral over Se is de�ned as a sphere and
is included to explicitly exclude the point r0. If we take the limit as e ! 0, we
can easily compute the surface integral and not worry about any issues that
may arise from constructing a strict surface and excluding points that may
be necessary.

The derivative of the Green's function with respect to n is in general given
by:

¶G(R)
¶n

=
eikR

R
cos(n, r)

�
ik �

1
R

�
, (1.50)

where cos(n, r) is the cosine of the angle between the vectorsn and r. The
normal vector of the surface Se will always point opposite to the vector r and
so for the surface cos(n, r) = � 1. Thus we have,

¶G(R)
¶n

�
�
�
�
Se

=
eike

e

�
1
e

� ik
�

. (1.51)

The surface element of a sphere is given by dS = drr 2dW, where dr is the
radial measure and dW is the solid angle measure. Thus, the surface integral
is evaluated as follows,

lim
e! 0

�

Se

�
U

¶G
¶n

� G
¶U
¶n

�
dS

= lim
e! 0

4pe2

"

U
eike

e

�
1
e

� ik
�

�
eike

e
¶U
¶n

#

= lim
e! 0

4p Ueike � lim
e! 0

4peUeikeik � lim
e! 0

4peeike¶U
¶n

= 4p U (r0) . (1.52)

Substituting Equation 1.52 into 1.49 and rearranging gives us our �rst expres-
sion for our optical �eld,

U (r0) =
1

4p

�

S

�
G

¶U
¶n

� U
¶G
¶n

�
dS. (1.53)

This �nal equation is known as the Helmholtz-Kirchhoff Integral Theorem.
While this is a good �rst step, we will need to make some further assumption
and observations in order to obtain a calculable �eld.



16 Chapter 1. Structured Light and Eigenmodes of Free Space

FIGURE 1.7: Diffraction through an Aperture. The construction of the surfaces
S = S1 + S2 for the evaluation of diffraction through an aperture.

Sommer�eld Radiation Condition

We will now have to be more speci�c in the type of system we which to exam-
ine. It is informative to study the diffraction of a �eld through an aperture.
To apply the Helmholtz-Kirchhoff Integral Theorem, we must make a choice
of surface S. We will choose S to be the sum of a spherical cap facing in the
opposite direction of the aperture and �nite plane co-planar with the barrier
and aperture. The construction is shown Figure 1.7. We therefore have,

U (r0) =
1

4p

�

S

�
G

¶U
¶n

� U
¶G
¶n

�
dS

=
1

4p

�

S1

�
G

¶U
¶n

� U
¶G
¶n

�
dS

+
1

4p

�

S2

�
U

¶G
¶n

� G
¶U
¶n

�
dS. (1.54)

We will �rst evaluate the integral over S2. The derivative of the Green's func-
tion can be obtained from Equation 1.50 and knowing that R02 and n point
in the same direction,

¶G(R)
¶n

=
eikR02

R02

�
ik �

1
R02

�
. (1.55)

Since most optical wavelengths are very small in scale, the wavenumber k is
very large. Thus for larger values of R02, we may approximate ik >> 1/ R02
and have,

¶G(R)
¶n

=
eikR02

R02

�
ik �

1
R02

�
�

eikR02

R02
ik = ikG . (1.56)
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Using this and noting that the surface element on S2 is given by d S = R2
02dW,

we may approximate our surface integral over S2 as,

�

S2

�
G

¶U
¶n

� U
¶G
¶n

�
dS �

�

W2

�
G

¶U
¶n

� UikG
�

R2
02dW

=
�

W2

GR02

�
¶U
¶n

� ikU
�

R02dW, (1.57)

where W2 is the solid angle subtended by S2 and the point r0 The term GR02 =
eikR02 and thus is bounded and will vanish as R02 ! ¥ . The entire surface
integral will then only vanish if the following holds,

lim
R02! ¥

�
¶U
¶n

� ikU
�

R02 = 0 . (1.58)

This is known as the Sommer�eld Radiation Condition and is useful to im-
pose as it means we need not worry about evaluating the integral over S2 and
it will not contribute to the overall integral. We may then focus solely on the
integral over S1 which focuses on the lights interaction with the barrier and
aperture. The physical interpretation of the Sommer�eld Radiation Condi-
tion is that our �eld falls off at least as fast as outgoing spherical waves and
ensures the �eld is not dominated by incoming waves, which would blow
up at in�nity.

Huygens-Fresnel Diffraction

By imposing the Sommer�eld Radiation Condition, we may simply evaluate
our surface integral over S1,

U (r0) =
1

4p

�

S1

�
G

¶U
¶n

� U
¶G
¶n

�
dS. (1.59)

Such an integral is still challenging to evaluate and can be simpli�ed further.
We may adjust our choice of Green's function so that it is zero along all of S1.
In this way, we may get rid of the �rst term in the integrand. Since we do not
want to re-check all of our already established assumptions and conditions,
we can chose our new Green's function to be a superposition of two spherical
waves. We know all of conditions hold for a single spherical wave, and be-
cause all of the equations and conditions we have dealt with so far are linear,
they should be equally valid when applied to a sum of spherical waves. For
this sum to be zero along S1, the source of the second spherical wave should
be at a point that mirrors r0 across the barrier/aperture. This point shall be
labelled r0

0. The geometry of this con�guration is shown in Figure 1.8 This
wave should also be 180� out of phase with the initial spherical wave so that
they both destructively interfere at S1 leading to a null �eld along the surface
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FIGURE 1.8: Geometry of the New Green's Function. The geometry of the points
of interest for de�ning the new Green's function.

of integration. The form of this new Green's function Gnew(r1) is then,

Gnew(r) =
eikjr � r0j

jr � r0j
�

eikjr � r0
0j

jr � r0
0j

. (1.60)

BecauseGnew(r1) = 0, this choice allows to simplify Equation 1.59 to,

U (r0) =
1

4p

�

S1

�
G

¶U
¶n

� U
¶G
¶n

�
dS =

� 1
4p

�

S1

U
¶G
¶n

dS. (1.61)

To make our plane of integration more physical, We shall now apply what
are known as the Kirchhoff Boundary Conditions:

• Along the aperture (a subsurface S of the surface S1), the �eld behaves
as if the barrier is not present at all. While this is not completely true,
it is a reasonable assumption for apertures that are several orders of
magnitude larger than the wavelength.

• Along the region of S1 that coincide with the barrier, we have U = 0.
This is imposed because we know the light cannot propagate through
the barrier.

We may then change the surface if integration to be,

U (r0) =
� 1
4p

�

S
U

¶G
¶n

dS. (1.62)
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Recalling that the derivative of a single spherical wave is given by Equation
1.50, we can easily �nd the derivative of our new Green's function,

¶Gnew

¶n
=

eikR01

R01
cos(n, R01)

�
ik �

1
R01

�
�

eikR0
01

R0
01

cos
�
n, R01

0�
�

ik �
1

R0
01

�
.

(1.63)
For any point along S1, we know R01 = R0

01 and cos(n, R01) = � cos
�
n, R01

0�

due to the mirrored symmetry of the system. Thus we may simplify the
expression for the derivative to,

¶Gnew

¶n
=

2eikR01

R01
R01 cos(n, R01)

�
ik �

1
R01

�

� 2ik
eikR01

R01
cos(n, R01) , (1.64)

by also assuming that the distance propagated to the aperture is much larger
than the wavelength, i.e., R01 >> l . Substituting this into Equation 1.62
gives,

U (r0) =
� 1
4p

�

S
U (r1)2ik

eikR01

R01
cos(n, R01)dS

=
� 2ik
4p

�

S
U (r1)

eikR01

R01
cos(n, R01)dS

=
1
il

�

S
U (r1)

eikR01

R01
cos(n, R01)dS. (1.65)

This result is known as the Huygens-Fresnel diffraction integral. Physically,
it states that the optical �eld at some point r0 is a weighted sum of spherical
waves all originating at points along a surface S some distance away from
the point. These weightings are directly related to the �eld at this surface
U (r1). The amplitude of these spherical waves is inversely proportional to
the wavelength of the �eld and these waves are 90 � out of phase with the
�eld at the surface S.

1.2.4 Paraxial Light Propagation

This work will focus primarily on the propagation of paraxial structured light
�elds. We will use the conventions that all modes will be propagating in the
+ z direction. The z-component of these �elds is also assumed to be very
small and thus negligible. For an arbitrary �eld and the geometry as shown
in Figure 1.9, the Huygens-Fresnel diffraction integral can be written as,

U (r) =
1
il

�
U (r0)

eikjr � r0j

jr � r0j
cosqd2r0, (1.66)
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FIGURE 1.9: Geometry for the Diffraction of Paraxial Waves. The construction of
the surfacesS0, Sand Se for the evaluation of Green's Theorem in optical diffraction.

where r0 are the spatial coordinates in the initial plane, r are the spatial
coordinates in the �nal plane and cos q = z/ jr � r0j where z is the distance
between the �nal and initial plane. If we assume that we are propagating
distances signi�cantly larger than the typical length scale of our �elds, we
can then assume thatz � j r � r0j and cosq = z/ jr � r0j � 1. This simpli�es
the integral to,

U (r) =
1
il

�
U (r0)

eikjr � r0j

z
(1)d2r0=

1
il z

�
U (r0)eikjr � r0jd2r0, (1.67)

This approximation cannot be applied to the argument of the exponential
factor as the presence of the wavenumber k implies that even a small dif-
ference between z and jr � r0j that of the same order of magnitude as the
wavelength l , which can be very small, will result in non-negligible changes
in the exponential factor. To deal with this, we will implement the Fresnel
approximation.

Fresnel Approximation

The Fresnel approximation requires the use of the binomial approximation
which, for some value x � 1, we have that,

(1 + x)a � 1 + ax . (1.68)

If we analyse the length factor in the argument of the exponential and assume
that again we have propagation distances that are larger than the length scale
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of our �eld z � j r � r0j ) 1 � j r � r0j/ z, we have,

jr � r0j =
q

(x � x0)2 + ( y � y0)2 + z2

=
h
z2 + ( x � x0)2 + ( y � y0)2

i 1
2

= z
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�� 1
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�
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1
2

�
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z

�
+

1
2

�
y � y

z

��

= z +
1
2z

h
(x � x0)2 + ( y � y0)2

i

= z +
jr � r0j

2z
. (1.69)

This approximation replaces the spherical surfaces of the spherical waves
with parabolic surfaces which are approximately equal at large propagation
distances. Our integral becomes,

U (r) =
1

il z

�
U (r0)e

ik
h
z+ jr � r0j

2z

i

d2r0

=
eikz

i l z

�
U (r0)e

ik
2z jr � r0jd2r0. (1.70)

The result of these approximations allow us to accurately describe the parax-
ial propagation of light after any distance z. An important term in this ex-
pression that will become prominent later on in this work is known as the
paraxial free space Green's function,

g(r, r0; z) =
1

il z
e

ik
2z jr � r0j . (1.71)

It is named as such because it plays a similar role in the paraxial diffraction
integral as spherical waves do in the Huygens-Fresnel diffraction integral.
The spherical Green's function implies that a wave at any point in the output
plane can be described as a weighted sum of spherical waves weighted by
the spatial pro�le of the wave at the input plane. In the paraxial case, we no
longer describe the output wave as a superposition of spherical waves, but
instead as a superposition of plane waves.

Fraunhofer Approximation

The �nal approximation will allows us to easily obtain the distribution of
the optical �eld in the far-�eld (i.e., when the �nal plane is a large distance
away from the initial plane.). We will make what is known as the Fraun-
hofer approximation which will help further simplify the exponential factor.
This approximation is physically realised by observing that in general, when
optical �elds propagate, they tend to increase in size. Thus over very large
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propagation distances the length scale of the initial �eld will be much small
than the length scale of the �nal �eld in the far-�eld. We can thus assume that
jr j > jr0j ) j r j2 > � j r0j2. This allows us to approximate the factor jr � r0j
as,

jr � r0j = jr j2 � 2r � r0+ jr0j2 � j r j2 � 2r � r0. (1.72)

Thus, the diffraction integral can be written as follows,

U (r) �
eikz

i l z

�
U (r0)e

ik
2z (jr j2� 2r �r0

)d2r0

=
eikz

i l z
e

ik
2z jr j

�
U (r0)e

� ik
z (r �r0

)d2r0. (1.73)

We may then write the Fraunhofer diffraction integral as,

U (r) =
eikz

i l z
e

ik
2z (x2+ y2))

�
U (r0)e

� ik
z (xx0+ yy0)d2r0. (1.74)

An interesting property of this equation reveals itself when noticing that the
integral is a Fourier transform,

Ũ (u, v) = F (U (x0, y0)) =
�

(U (x0, y0)e
� ik

z (xx0+ yy0)dx0dy0, (1.75)

where u = kx0/ z and v = ky0/ z. Thus the far-�eld distribution of an optical
�eld is simply the Fourier transform of the initial �eld multiplied by some
phase factors. The far-�eld intensity is then simply the Fourier transform of
the initial �eld.

U (r) =
eikz

i l z
e

ik
2z (x2+ y2)) F (U (x0, y0)) . (1.76)

1.2.5 Angular Spectrum Propagation

Fourier transforms have numerous applications in numerous �elds. Their
widespread use and versatility has resulted in numerous algorithms opti-
mising the numerical calculation of Fourier transforms through the discrete
Fourier transform. This makes them an ef�cient and versatile computational
tool and provide a much faster route for simulating various phenomena.
The �eld of optics can take advantage of these improved and streamlined
methods for simulating the propagation of complex, spatially varying opti-
cal �elds. To do this, we will need to make two assumptions:

1. The optical �eld is travelling along a propagation axis which we will
label z.

2. The spatial pro�le of the �eld is known in some plane z = 0. We shall
call the �eld in this plane U (x, y, z = 0).

To begin, assume we have some arbitrary, spatially varying optical �eld
U (x, y, z). We may take the 2-dimensional Fourier transform of this �eld as
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follows:

A(u, v; z) =
� ¥

� ¥
U (x, y, z)ei2p (ux+ vy)dxdy . (1.77)

This may then be inverted to recover U (x, y, z) as follows,

U (x, y, z) =
� ¥

� ¥
A(u, v; z)e� i2p (ux+ vy)dudv . (1.78)

We see that in the argument of the exponential we have both spatial coor-
dinates and frequency/Fourier coordinates. This structure is very similar to
that of a plane wave. The spatial pro�le of a plane wave can be written as,

Uplane(x, y, z) = eik �r = ei(kxx+ kyy+ kzz) = ei 2p
l (ax+ by+ gz)) , (1.79)

with jkj = 2p / l where l is the wavelength and a2 + b2 + g2 = 1. We may
isolate the z-component as follows,

ei 2p
l (ax+ by+ gz) = ei 2p

l (ax+ by)ei 2p
l g . (1.80)

Comparing this to the exponential in Equations 1.77 and 1.78, we can see
that a = ul and b = vl . Clearly then, by taking the Fourier transform of
our �eld, we are decomposing the �eld into a weighted in�nite sum of plane
waves of varying spatial frequencies. The weighting coef�cients for each of
these plane waves are given by the function A(u, v; z) and is therefore called
the angular spectrumof the �eld U (x, y, z).

If one knows the pro�le of U (x, y, 0), then it is simple to calculate A(kx, ky; 0)
via Equation 1.77 which gives us the angular spectrum (plane wave decom-
position) of the �eld. This is useful as the propagation dynamics of plane
waves are much easier to study than those of an arbitrary �eld. Thus, if we
are able to relate A(u, v; 0) to A(u, v; z), we may use Equation 1.78 to calcu-
late U (x, y, z). To to do this, we must go back to the Helmholtz Equation 1.13.
The �eld U (x, y, z) must describe a propagating wave and thus must satisfy
Equation 1.13. This implies that A(kx, ky; z) should also satisfy Equation 1.13
as follows,

r 2A(u, v; z) + k2A(u, v; z) = 0 . (1.81)

It follows from this that A(kx, ky; z) must also satisfy the 1-dimensional Helmholtz
equation in each of the 3 Cartesian directions. Since our �eld is propagating
in the z-direction, we are particularly interested in how it changes in the z-
direction and sp will focus on the z-component,

¶2

¶z2 A(u, v; z) + k2
zA(u, v; z) =

¶2

¶z2 A(u, v; z) +
2p
l

(1 � a2 � b2)A(u, v; z) = 0 .

(1.82)
This is just the 1-dimensional Helmholtz equation, its solution is a 1-dimensional
plane wave given by,

A(u, v; z) = A(u, v; 0)ei 2p
l z

p
1� a2� b2

= A(u, v; 0)ei 2p
l z

p
1� u2l 2� v2l 2

, (1.83)
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This tells us that in propagation, plane waves simply gain a phase factor
proportional to the distance of propagation z and the spatial frequencies. We
may then substitute Equation 1.83 into 1.78 to obtain an pro�le of our �eld in
the new plane U (x, y, z),

U (x, y, z) =
� ¥

� ¥
A(u, v; 0)ei 2p

l z
p

1� u2l 2� v2l 2
e� i(ux+ vy)dudv . (1.84)

Thus, given an initial �eld in a particular plane z = 0, U (x, y, 0), we may
succinctly relate it to the �eld at some later plane z as follows:

U (x, y, z) = F � 1fF [U (x, y, 0)]ei 2p
l z

p
1� u2l 2� v2l 2

g , (1.85)

where F (�) represents the Fourier transform operator. Since this method is
signi�cantly more computationally ef�cient than others, it is used through
the remainder of this work to simulate the propagation of light �elds. Nu-
merical simulations of several structured light beams using the angular spec-
trum propagation method are given in Figure 1.10. Here we see that as the
beams propagate, they maintain the same shape and simply expand/diverge.
This is in accordance with their analytical forms. This demonstrates numer-
ically that they are indeed eigenmodes of free space vacuum propagation.
The divergence of the beams is important to note in situations where one
is propagating large distances. A detector/receiver must be appropriately
sized to detect the entire spatial pro�le as the beam will have expanded after
propagation. If this is not done, this will lead to a loss of light. The phase
pro�les of these beams do change its pro�le, but this is in accordance with
their analytical de�nitions in Equation 1.19 for the HG modes and Equation
1.22. Thus, the spiral phases of the LG beams and the chequerboard phase
patterns of the HG beams remain unchanged in propagation, only with some
added curvature.
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FIGURE 1.10: Angular Spectrum Propagation. Simulations showing the use of
the angular spectrum method to model the propagation of various structured light
modes (a) LG2

0, (b) LG2
2 and (c) HG2

2 over a distance of 10 metres. The initial beam
waist for all these modes is w0 = 1 mm.
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Chapter 2

Experimental Techniques

Throughout the rest of this work, several experimental techniques are imple-
mented to generate structured light �elds and impart spatially varying aber-
rations to directly simulate complex channels. This section will give a brief
overview of several techniques employed in creating experimental setups ca-
pable of producing structured modes and replicating complex channels. We
will give an overview of the devices used for beam shaping, known as SLMs
and DMDs, which are versatile digital devices controlling and tailoring the
amplitude and phase of incident light �elds.

2.1 Liquid Crystal in Silicon Structured Light Mod-
ulators

2.1.1 Liquid crystals and Refractive Index

Liquid crystals have long been studied for their optical properties, offering
precise control over various aspect of optical waves and exhibiting useful
bire�ngent properties. For the purpose of spatially structured light, they
have been employed in devices known as liquid crystal on silicon spatial
light modulators (LCoSSLMs or simply SLMs). Such devices consist of a
screen divided up into numerous, microscopic square pixels (in this work
the typical pixel size in about 8 mm � 8 mm). Each pixel contains asymmetric,
oval shaped liquid crystals sandwiched between transparent silicon wafers.

The phase of an electromagnetic wave changes according to [1]

df =
2p
l

(ndz + zdn) , (2.1)

where df represents an in�nitesimal change in the phase at a particular point
in space, l is the wavelength, n is the refractive index of the material and z
is the propagation distance. Thus, the transverse phase of a beam can be
changed by making the refractive index a spatially varying function. While
this can be done by also changing the thickness of the medium at different
points (i.e. making textdza spatially varying function), this is not the work-
ing principle of the SLMs used in this work and so will not be discussed here.
Liquid crystals are birefringent and have differing refractive indices depend-
ing on the direction through which light propagates through the crystal. This
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difference is quanti�ed by assigning two axes: the ordinary axis with refrac-
tive index no and an extraordinary axis with refractive index ne. The liquid
crystal's birefringence is quanti�ed by the difference in the two quantities
Dn = ne � no. The birefringence itself manifests due to asymmetries in the
crystal's lattice structure which result in differing interactions depending on
the light's incident polarisation.

The pixels of an SLM each contain electrodes. By applying a voltage
across the pixel, one is able to independently rotate the liquid crystals con-
tained in each pixel. This change in orientation alters the refractive index of
the crystals' extraordinary axis according to [3]

1
ne

=
cos2 q

n2
e0

+
sin2 q

n2
o

, (2.2)

where q is the angle of rotation and ne0 is the refractive index of the extraor-
dinary axis at an angle q = 0� . The changing voltage thus changes the refrac-
tive index experienced by the incident light �eld and modulates it according
to Equations 2.1 and 2.2. The desired voltage is communicated to the SLM
through the use of an 8-bit grey-scale image, where the grey-level is directly
related to the applied voltage. While several SLMs are able to advance the
phase to high multiples of p radians. The SLMs used in this work are only
able to advance the phase in the interval [0, 2p ]. A diagram showing the
structure of the pixels in the SLM screen is given in Figure 2.1. SLMs used
in this work have 8-bit depth meaning there are 256 grey levels. There exist
SLMs with higher and lower bit depths where a higher bit depth allows one
to more �nely control the phase retardation applied to the beam at each pixel.
However, in all of these cases one is able to impart a spatially varying trans-
verse phase pro�le f (x, y) onto an incident beam by making the refractive
index vary in space n = n(x, y) through the use of independently controlled
liquid crystals on the SLM screen.

2.1.2 Complex amplitude modulation with a Phase-Only Holo-
gram

Several methods for SLM hologram generation are given in Ref [4] and the
primary method used in this work will be outlined in this section. In this
work we wish to shape paraxial light beams in the transverse plane and so
our hologram will be treated a single phase elements with a uniform (and
very thin) thickness and a phase pro�le that varies only in the transverse
plane. We also make two assumptions about the incident �eld. The �rst is
that it is composed of monochromatic light. This is a reasonable assumption
given that in this work, the �elds being shaped are generated by a laser of
wavelength 63 nm and a spectral width of between 1-2 nm. The second is that
the incident �eld is uniformly polarised and aligned with the birefringent
axes of the liquid crystals. Thus, the birefringence of the crystals is used
only as a means to vary the phase spatially in the transverse plane and the
effects on other polarisations can be ignored. In order to shape light into a
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FIGURE 2.1: Liquid Crystal Phase Modulation. The pixels of the SLM each contain
birefringent liquid crystals. When a voltage is applied to the pixel, the liquid crystals
are rotated. This change in orientation combined with the birefringence allows us to
control the phase imparted onto an incident beam allowing for the spatial structur-

ing of light.

desired �eld U (x, y), one must apply a transmission function T(x, y) onto
some incident �eld V (x, y).

U (x, y) = T(x, y)V (x, y) . (2.3)

For simplicity we assume the incident �eld to be a plane wave V = ei(k �r � wt) .
This is reasonably achievable using common expansion and collimation tech-
niques. This allows us to focus solely on the pro�le of the output �eld U (x, y).
We want our complex amplitude modulation scheme to return a �eld with a
chosen amplitude and phase pro�le

U (x, y) = A(x, y)ei f (x,y) . (2.4)

However, this is not trivial as the SLM is a refractive optical element and
may only impart a phase factor onto the incident �eld. This phase must be
function of the the desired amplitude and phase pro�le of our output �eld
and so the transmission function must be of the form

T(x, y) = eiH (A,f ) , (2.5)
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where H is our hologram phase. We may expand T(x, y) as a Fourier series

T(x, y) =
¥

å
m= � ¥

cmeimf , (2.6)

with

cm =
1

2p

� p

� p
eiH (A,f )e� imf df =

1
2p

� p

� p
eiH (A,f )� imf df . (2.7)

We are able to control the order in which our desired �eld occurs by �xing
one of the coef�cients. We choose this to be the �rst order by setting c1 =
gA for some real, positive number g. Expanding equation 2.7 using Euler's
formula thus gives:

c1 = gA =
1

2p

� p

� p
cos(H (A, f ) � nf )df +

i
2p

� p

� p
sin(H (A, f ) � nf )df .

(2.8)
Since we insist that g must be a real, positive number, the following two
conditions must be met:

� p

� p
cos(H (A, f ) � f )df = 2pg A , (2.9)

� p

� p
sin(H (A, f ) � f )df = 0 . (2.10)

One such function that satis�es all the above conditions has the form:

H (A, f ) = f (A) sin(f ) , (2.11)

for some unknown function f (A). This can be substituted back into equation
2.5 to obtain the following:

T(x, y) = ei f (A) sin(f ) . (2.12)

We now have a more detailed expression but still do not know the exact form
of the function f (A). To �nd the form of this function, we may expand the
transmission function again, but this time using the Jacobi-Anger identity.
This identity allows us to express our transmission function as an in�nite
sum of Bessel functions of the �rst kind,

T(x, y) =
¥

å
m= � ¥

Jm( f (A))eimf . (2.13)

This expression can be related back to the Fourier series expansion in equa-
tion 2.6 to show that the expansion coef�cients are equal to the Bessel func-
tions

cm = Jm( f (A)) , (2.14)
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and since we want our �eld to appear in the �rst order, we have:

c1 = J1( f (A)) ,

) gA = J1( f (A)) ,

) f (A) = J� 1
1 (gA) , (2.15)

where J� 1
1 is the reciprocal of the �rst order Bessel function. Since g can

be any positive, real number, we will set it equal to 1 for convinience. The
transmission function for the SLM is then:

H (A, f ) = J� 1
1 (A(x, y)) sin(f (x, y)) . (2.16)

An unfortunate practical limitation is that SLMs are not perfectly ef�cient
and signi�cant amount of light will not be modulated by the liquid crystals.
Thus, the output beam will still not have the desired amplitude pro�le. This
can be overcome by adding in a grating term to the hologram. This results in
the modulated light also being diffracted into the �rst order, leaving most of
the unmodulated light in the zeroth order. This concept is illustrated in Fig-
ure 2.2. Mathematically, this is expressed by assigning spatial frequencies Gx
and Gy to the grating in the horizontal and vertical directions, respectively.
The �nal hologram function will then have the form:

H (A, f ) = J� 1
1 (nA(x, y)) sin[f (x, y) + 2p (Gxx + Gyy)] . (2.17)

The effect of the grating is shown through simulated images in Figure 2.2.
Here, the hologram is illuminated not with a plane wave, but with a Gaussian
beam with a beam waist twice the size of beam in the encoded hologram.
This is done to more easily see the effects of the unmodulated light. The
intensity pro�le of various experimentally generated HG beams and their
holograms are shown in Figure 2.3, and experimentally generated LG beams
and their holograms are shown in Figure 2.4.

2.2 Digital Micro-Mirror Devices

An alternative device to a liquid crystal SLM is a digital micro-mirror de-
vice (DMD). Such devices consist of an array of mirrors (typically on the
scale of 3-4mm) which may face in either an "on" or "off" or "parked" state.
The "parked state occurs when no hologram is programmed on the DMD.
The "on" and "off" states occur when a hologram is programmed and re�ect
light towards or away from the desired direction. Such a device is thus a
diffractive optical element and requires a binary hologram, in contrast to the
SLM's refractive properties and multi-levelled phase holograms. A diagram
showing the structure and behaviour of the DMD's micro-mirrors is given in
Figure 2.6. The angle of � 12� are �xed as part of the manufacturing of the
DMD and have been chosen by the manufacturer to balance image contrast
and quality with the thin �lms principles that allow for multiple bends on
the hinge without signi�cant wear and tear [5].
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FIGURE 2.2: Addition of a Phase Grating on the SLM Hologram. The encoded
SLM holograms (top row) and simulated intensity pro�les (bottom row) of an LG0

3
mode generated a)-b) with and c)-d) without the addition of a grating on the SLM
hologram with a Gaussian beam incident on the SLM screen. The absence of a grat-
ing causes the unmodulated light to be mixed with the desired �eld, thus creating an
undesirable beam pro�le. The addition of a grating separates out this unmodulated

light leaving only the desired �eld.

FIGURE 2.3: Experimental Hermite-Gaussian Beams with an SLM. The encoded
SLM phase holograms (top row) and experimentally generated (bottom row) inten-
sity pro�les of various HGm

n modes. The modes shown are a)-b)HG2
0, c)-d) HG1

1 and
e)-f) HG2

2.

DMDs have an ef�ciency of around 6% once a hologram is displayed,
making them far more lossy than SLMs. However, they are signi�cantly
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FIGURE 2.4: Experimental Laguerre-Gaussian Beams with an SLM. The encoded
SLM phase holograms (top row) and experimentally generated (bottom row) inten-
sity pro�les of various LGl

p modes. The modes shown are a)-b)LG2
0, c)-d) LG2

1 and
e)-f) LG3

2.

FIGURE 2.5: DMD Micromirrors. The mirrors of a DMD can be in three states: "on",
"off" or parked. When not in use, the mirrors are in the parked state. When in the
"on" or "off" state, the mirrors will de�ect the incident beam by an angle of � 12�

relative to the incident rays. The value of 12 � is �xed and cannot be altered by the
user of the device. It is standard in the manufacturing of the model of the DMD

used.
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cheaper and do not rely on birefringence to shape light, making them insen-
sitive to polarisation and well suited for manipulating vectorial light �elds.

2.2.1 Complex Amplitude with a Binary Hologram

As with the SLM, we shall assume an incident plane wave and aim to create
a �eld with the chosen amplitude and phase pro�le,

U (x, y) = A(x, y)ei f (x,y) . (2.18)

For simplicity, we will express the transmission function of the DMD in 1-
dimension as follows:

T(x) =
¥

å
n= � ¥

rect
�

x � (n + p)x0

wx0

�
. (2.19)

Here, the mirrors position, width and period are set by the parameters p, w
and x0 respectively and rect(x) is that rectangle function de�ned as

rect(x) =

(
1, forjxj � 1

2

0, otherwise
. (2.20)

As before, we expand the above as a Fourier series to obtain

T(x) =
¥

å
n= � ¥

cnei2p n x
x0 , (2.21)

with

cn =
� xb

xa

rect
�

x � px0

wx0

�
e� i2p x

x0 dx . (2.22)

The limits of the integration are determined by the extent of the rectangle,
where n = 0, and are thus given by

xa = px0 �
1
2

wx0 , (2.23)

xb = px0 +
1
2

wx0 . (2.24)

The expansion coef�cients then become

cn(p, w) =
� xb

xa

e� i2p n x
x0 =

1
p n

ei2p np sin(p nw) . (2.25)

We will choose our functions going forward so that our desired �eld U (x, y)
appears in the �rst order, thus demanding

c1 =
1
p

ei2p p sin(p w) = Aei f . (2.26)
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FIGURE 2.6: Experimental LG and HG Beams with a DMD. The encoded binary
DMD amplitude holograms (top row) and experimentally generated intensity pro-
�les (bottom row) of various spatial modes. The modes shown are a)-b) LG0

1, c)-d)
HG1

1 and e)-f) HG2
2. The beam pro�le might appear more pronounced in the encoded

hologram as compared to the captured experimental intensities. This can be easily
explained by observing that the hologram function does not depend on the square
of the �eld while the intensity does, thus exaggerating certain features of the beam

pro�le.

From this expression we can clearly distinguish the amplitude and phase
terms to be

w(x, y) =
1
p

arcsin[A(x.y)]p(x, y) =
1
p

f (x, y) . (2.27)

Where we have extended our expressions into 2-dimensions. Substituting
these expressions back into equation 2.19 returns:

1
2

+
1
2

sign(cos(p p(x, y)) � cos(p w(x, y)) . (2.28)

As with the SLM we will also add in a diffraction grating in order to separate
out the �rst order. The �nal expression for the DMD hologram is then

1
2

+
1
2

sign(cos
�
2p (Gxx + Gyy)p p(x, y)

�
� cos(p w(x, y)) . (2.29)

It is important to note that DMDs have two diffraction processes occurring
simultaneously due to the presence of two set of gratings. One is due to
the programmed grating in the hologram and the other is due to the space
between the micro-mirrors themselves, as they do not perfectly �ll the space
that they occupy. Images of experimentally generated HG and LG beams
produced using a DMD, as well as the holograms used to generate them are
given in Figure 2.6.
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Chapter 3

Eigenmodes of the Tilted Lens

This chapter is based on the paper :

Wagner Tavares Buono,Cade Ribeiro Peters, Jacqueline Tau, Isaac Nape and
Andrew Forbes, "Eigenmodes of aberrated systems: the tilted lens," (2022)

Journal of Optics, Vol.24, 125602.

C. Peters derived the expressions for locating the conversion plane, performed several of the
experiments, assisted with the data analysis and contributed to writing the manuscript.

We have now established the existence of transverse spatial modes of light
which are solutions to the paraxial Helmholtz wave equation. They are able
to propagate unchanged through a perfectly uniform medium with a con-
stant refractive index and so are known as eigenmodes of free space. Besides
this unique property of propagation invariance, the Laguerre Gaussian (LG)
and Hermite Gaussian (HG) modes each form a complete set of linear and
orthogonal spatial modes. This endows them with the same properties as
a vector space if given the appropriate representation[6]. Similar represen-
tations in optics are given by polarisation such as the Poincaré sphere and
Jones matrix formalism. However, the spatial mode representation can exist
in even higher dimensions[7]. Such a property makes the modal description
of optical �eld a versatile and advantageous tool for simplifying the descrip-
tion of many optical phenomena such a light propagation [8], forming con-
venient bases for measurements [9], manipulating laser beam size [10, 11]
and tailoring spatial intensity pro�les in propagation [12]. Because the HG
and LG modes both form complete bases, it is possible to decompose an HG
mode into the LG basis and vice versa. This allows for a convenient way to
describe the phenomenon of mode conversion, which can be seen by either
looking at the relationship between the respective polynomials that describe
these modes [13] or by adopting a matrix formalism [14].

Structured light has proved to be an invaluable tool in both the classi-
cal[15] and quantum [16] regimes. However, one of the primary limitations
in both regimes is the sensitivity of structured light beams to aberrations and
distortions in the medium or system. Such a problem has led to the search for
invariant modes of light in speci�c systems, the so-called eigenmodes of the
system. Much progress has been made to this end with several cases showing
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the ability to perform imaging with eigenmodes [17–19] and achieve super-
resolution [20], while others have shown useful implementation in micro-
cavities [21]. Despite these tremendously signi�cant advancements, very lit-
tle attention has been given to the implementation of popular mode families
such the HG and LG modes [22].

This chapter will focus on an approach that takes advantage of the linear
nature of optical systems to construct a matrix in the transverse spatial mode
basis up to an arbitrary order. Once such a matrix is found, the eigenstates
of this matrix can easily be determined using a number of well-known tech-
niques. They can then be applied to the spatial mode basis to determine the
invariant modes (eigenmodes) of the system. To demonstrate the effective-
ness of this approach, we make use of a simple optical system: a tilted lens.
Such a system was chosen due to its topical nature having found applica-
tions in mode sorting and its ability to detect the orbital angular momentum
of light [23]. We see immediately from the operator obtained in this example
that the invariant modes are the HG modes. We expand this set by using
an often overlooked property of eigenvectors and eigenstates and then test
these �ndings experimentally, showing the robustness of the HG modes and
their superpositions. It is important to note that, even though we use a tilted
lens as an example, the approach can be applied to any type of optical system
provided suf�cient knowledge of the aberration or perturbations is obtained.

3.1 Theory

3.1.1 The Tilted Lens

Purposefully astigmatic systems such as the tilted lens have seen a lot of re-
search effort due them being a simple and effective OAM detector[24]. This is
achieved through the mode conversion of LG modes into HG modes. The use
of the tilted lens as a more compact version of earlier approaches which used
a combination of cylindrical lenses to achieve the same mode-conversion ef-
fect [13, 25]. In general, these systems are called astigmatic mode converters
and they provide and intriguing interface between both ray and wave op-
tics [26, 27]. In the remainder of this section we will interchangeably refer to
the tilted lens as an astigmatic mode converter. Works that have studied the
propagation of LG modes through astigmatic systems include [28–31]. Ref
[31] in particular noted that the vortices present in LG beams split to create
intensity pro�les similar to those of Ince Gaussian beams. Several properties
of the mode conversion phenomenon between HG and LG modes have been
observed and studied. These include the conservation of OAM [23] and the
effects of geometric phase. This has led to further work using this technique
for applications as an OAM and radial mode detector [32–35], and in vec-
torial light transformations respectively[36, 37]. The mode conversion can
also be induced holographically [38] and has been combined with machine
learning models [39] to further help identify the various superpositions of
complex structured light �elds.
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In the literature, it is common to describe astigmatic mode converters in
the HG basis [14, 24, 39], and so this basis will also be used in our investi-
gation. We will denote a vector in our space as jY i , which is an arbitrary
superposition of Hermite Gaussian modes between the zero and an arbitrary
maximum mode order Nmax, and is mathematically described by,

jY i =
Nmax

å
j= 0

j

å
n= 0

cn
j � n

�
�
� HGn

j � n

E
, (3.1)

this can be projected into the position basis as follows,

hx, yjHGn
mi = HGn

m(x, y)

= Hm( x̃)Hn( ỹ)eikzei f m,ne
ik(x2+ y2)

2R(z) G( x̃, ỹ),
(3.2)

where x̃ = x/ w(z), ỹ = y/ w(z), the Gouy phase isf m,n = ( m+ n + 1) arctan(z/ zR),

w(z) = w0

q
1 + (z/ zR)2 is the beam diameter for a beam waist w0, zR =

p w2
0/ l is the Rayleigh length, G( x̃, ỹ) is the Gaussian envelope, Hm(x) is a

Hermite polynomial of order m, and R(z) = z
h
1 + (zR/ z)2

i
is the radius

of curvature of the wavefront. The properties of the HG modes allow us to
construct a basis which forms a complete vector space and thus it may used
to describe the structure of any complex light �eld in the transverse plane.
The modal decomposition given in Equation 3.1 gives the particular super-
position of HG modes required, with the relevant normalised coef�cients ck

l
to construct any arbitrary light �eld jY i . Knowledge of these coef�cients
allows for one to describe the propagation dynamics of the optical �eld us-
ing the modal propagation approach [8], which in turn allows us to easily
describe the effect of the tilted lens on the incident beam.

Since we are using a matrix formalism to describe the action in our modal
basis, and because the action of the astigmatic mode converter is linear, we
may model the action of the tilted lens as a matrix operator M which will act
on any vector in our modal space jY i as follows,

�
�Y0� = M jY i . (3.3)

If we have jY0i = l jY i where l is some complex number, then jY0i is known
as an eigenstate or eigenvector of the operatorM . Due to the many similar-
ities between the �eld of optics and the study of quantum mechanics, Dirac
notation is commonly used [7], and will be used in this section to more com-
pactly represent the operator approach we wish to implement. The bene�ts
of using this operator notation is that it allows us to represent the action
of multiple effects such as phase perturbations in the medium or system,
diffraction caused by free space propagation, and scattering and absorption
effects as a single mathematical operator. Typically, these would require their
own transmission functions or integral transforms to be modelled accurately,
but with the use of the modal basis and the operator approach, we can sim-
plify all these effects into a single operator.
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Using Ref [12], we may write the operator of the tilted lens in the HG
modal basis as

M t =
Nmax

å
o

o

å
n= 0

e
i(o� 2n)p

4 jHGn
o� ni hHGn

o� nj . (3.4)

The full action of this operator is as follows: a beam is propagated a distance
f (where f is the focal length of the lens when it is not tilted), the application
of the astigmatic phase by the tilted lens (which rotated by some small angle
about the z axis), and then the subsequent propagation of the beam to the
conversion plane denoted by a distance d. More details on the exact location
and properties of the conversion plane are given in later sections. Another
bene�t of describing the operator M t in the HG basis is that it makes it imme-
diately clear that the HG modes themselves are eigenmodes of this operator.
An interesting observation is that even though there are an in�nite number of
possible HG modes, the eigenvalues of these eigenstates are given by a com-
plex exponential function. Since the indices of the HG modes are all discrete,
positive integers, this results in only a �nite number of possible eigenvalues
for any given HG mode. This begs the question: can we glean some under-
lying structure or intuition about these eigenmodes by grouping the modes
according to their eigenvalue? We must then make use of a seemingly un-
derutilised property of eigenvectors: eigenvectors of the same operator with
the same eigenvalue may be added together to form another eigenvector.

Our main takeaways so far are summarised in Figure 3.1. The tilted lens
acts as an astigmatic mode converter and thus causes an LG beam to un-
dergo mode conversion into an HG beam rotated by 45 degrees (top row).
HG beams orientated along the tilted axis are eigenmodes of the tilted lens
and thus will pass though unchanged (top centre row). A random superposi-
tion of HG modes, each with different eigenvalues under the operator M t , is
not an eigenmode of the tilted lens, and will change at the output of the sys-
tem (bottom centre row). A superposition of HG modes, each with the same
eigenvalue is an eigenmode of the tilted lens and thus will exit the system
with the same intensity pro�le as when it entered.

3.1.2 Conversion Plane

Location of the Conversion Plane

The location of the conversion plane must be determined to accurately cap-
ture the action of the operator in an experimental setting. In order to de-
termine the exact plane in propagation where the conversion happens, we
�rst need to de�ne the criteria for conversion and how we are modelling the
tilted lens as an optical element. We begin our analysis by closely follow-
ing reference [13]. In the reference, the Gouy phase difference is the driv-
ing mechanism behind the conversion. The authors argue that an astigmatic
beam can be separated in itsx(y) modal components, having different Gouy
phases. The conversion would happen when the Gouy phase difference due
to propagation is equal to p /2.
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FIGURE 3.1: Astigmatic Mode Conversion. When a Laguerre-Gaussian passes
through a tilted lens, it gets converted to an HG mode at a distance d from the lens
(�rst row). This HG mode is aligned along the diagonal direction. When an HG
modes passes through a tilted lens, it remains unchanged (second row). An arbi-
trary superposition of HG modes will in general not remain invariant when passing
through the astigmatic system (third row). However, if we use several HG modes
with the same eigenvalue to create a superposition of HG modes, this superposition
will remain invariant (fourth row). This �gure was adapted from reference [40] with

consent from the authors.

We start then by the Gouy phase separation of the type

f m,n(z) = ( m + n + 1)y (z) =
�

m +
1
2

�
y x(z) +

�
n +

1
2

�
y y(z), (3.5)

where y x(y) = arctan
�

z� z0x(y)
zRx(y)

�
and z0x(y) is the distance between the lens

and the waist plane of the beam in the x(y) direction. Due to the astigmatic
nature of the lens system, these values are not necessarily the equal nor are
they necessarily equal to waist plane when the lens is untitled z0 as the dis-
tortion of the lens moves the location of the waist plane differently in both the
x and y directions. For a distance z0x(y) from the waist plane to the position
where the lens is placed, we get a phase differenceDy x(y) as in

Dy x(y) (D) = arctan

 
D � z0x(y)

zRx(y)

!

� arctan

 
z0 � z0x(y)

zRx(y)

!

, (3.6)
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