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In this study, we consider Burgers’ equation with fixed Dirichlet boundary conditions on generic bounded
intervals. By employing the Hopf-Cole transformation and a recently established exact operational solution for
linear reaction-diffusion equations, an exact solution in the time domain is derived through inverse Laplace
transforms. In the event that analytic inverses do in fact exist, they can be obtained in closed form through
the use of Mellin transforms. Nevertheless, highly efficient algorithms are available, and numerical inverses
in the time domain are always feasible, regardless of the complexity of the Laplace domain expressions. Two
illustrative tests demonstrate that the results align closely with those of classical exact solutions. In comparison
to the solutions obtained with series expressions or by numerical methods, closed-form expressions, even in
the Laplace domain, represent a novel alternative, offering new insights and perspectives. The exact solution
via the inverse Laplace transform is shown to be more computationally efficient, providing a reference point

for numerical and semi-analytical methods.

1. Introduction

The numerical simulation of linear and nonlinear convective and
diffusive partial differential equations is of significant importance,
particularly in the context of the Burgers’ equation (see e.g. Bagshan
2022,! and Kumar et al.2). This equation is used in fluid dynamics to
model viscous fluids, study shock waves, turbulence, and other flow
characteristics, and examine shocks in inviscid flows (see Refs. 3-5
for examples). Furthermore, Burgers’ equation is used to model traffic
flow, describing the evolution of vehicular density. It optimizes traffic
patterns, improves the understanding of congestion, and can permit to
design superior road systems (see e.g. Refs. 6, 7). The equation is also
used in image and signal processing, particularly for noise reduction.
It allows to reduce noise while maintaining edges in signals or images.
This technique is crucial in domains like medical imaging, where noise
reduction is key for accurate diagnosis (see e.g. Refs. 8, 9). The behavior
of non-linear waves in a variety of media, including acoustics, water
waves, and plasma, is frequently modeled using the Burgers’ equation.
For example, it can be used to elucidate shock waves in gases and other
fluids (see Refs. Refs. 10, 11). In acoustics, it facilitates comprehension
of sound wave propagation in dissipative media. For a review of the
applications of Burgers’ equation in mathematical physics, see Bonkile
et al.?

* Corresponding author.

The first historical solutions in terms of the exact ratio of infi-
nite series were obtained through the Hopf-Cole transformation, as
in Refs. 13, 14. A review of exact solutions to the one-dimensional
Burgers’ equation with diverse boundary and initial conditions has
been conducted by Benton and Platzman in Ref. 15. In recent decades,
numerical methods have become the predominant approach for study-
ing Burgers’ equations. A variety of numerical methods may be cited,
including finite difference, finite element, spectral element, spline ap-
proximations, modified cubic B-splines collocation, hybrid numerical
scheme, and so forth. Further examples are referenced in the work of
Dhawan et al.'® Also, semi-analytical methods have been utilized in
the context of Adomian decomposition, as demonstrated by Naghipour
and Manafian!” and in the approach of Zeidan et al.'® Homotopy
perturbation techniques have been employed by Lal and Yadav,'® while
variational iterations have been utilized by Biazar and Aminikhah.?°
Additionnally, the Lie symmetry technique has also been utilized for
the symmetry reductions of coupled Burgers equations as in Ref. 21.

From one perspective, numerical methods are undergoing continual
improvement in order to enhance their capacity to adapt to fluctuations
in problem parameters. Conversely, semi-analytical methods do not al-
ways yield a closed-form solution, which can result in the consumption
of considerable resources and CPU time. The objective of this paper is
to derive a closed-form operational solution and subsequently deduce
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the exact solution in the time domain through the application of the
inverse Laplace transform operator. In instances where exact analytic
inverses into the time domain are unavailable, computationally effi-
cient algorithms exist that facilitate the numerical implementation of
inverse Laplace transforms. The paper is organized as follows. Section 2
introduces the problem and presents a solution utilizing the Hopf—
Cole transformation and a previously derived operational solution in
a closed-form expression for the reaction—diffusion equation on finite
intervals. A comparison of the present solutions with classical exact and
numerical results is presented in Section 3. The paper concludes with
a summary and an outline of future research directions.

2. Exact implicit solution

Following examples as in Refs. 22, 23, the viscid Burgers’ equation
is now considered on a generic bounded interval of the real line and
consists to determine the function w(x, 1) as:

W, — wy +ww, =0 Iy <x<l,, 0<t<T, @)

subject to a non-homogeneous initial condition:

w(x,0) = wy(x), 1} <x<1y, 2

and to the following Dirichlet boundary conditions for 0 <t < T,

w1 =a, 3)

w(ly, 1) = ay, 4

where a; and «, are two arbitrary real numbers and r > 0 when T = 0.
The coefficient of kinematic viscosity a® is defined by a*> = 1/Re, where
Re is the Reynolds number. The Burgers’ equation can be considered
as a simplified form of the Navier-Stokes equations. This equation
is a balance between time evolution, nonlinearity, and diffusion due
to the simultaneous presence of a nonlinear convective term (ww,)
and a diffusive term (a’w,,). In this sense, Burgers’ equation is a
suitable benchmark problem for the development and testing of nu-
merical methods, due to its equilibrium between nonlinear convection
and diffusion terms. It should be noted that the equation is parabolic
when > # 0 and hyperbolic when a®> = 0. As a®> approaches zero,
Eq. (1) becomes inviscid Burgers’ equation, which serves as a model
for nonlinear wave propagation.

The classical Hopf-Cole transformation is applied under the con-
dition that the new function, designated as u(x,?), does not exhibit
cancellation over the domain [/,,/,] X [0,T]. We pose
w(x, 1) = —ZaZM, 5)

u(x,t)
and the system (1)—(4) is transformed into a boundary value problem
for the one-dimensional heat diffusion equation:

u,(x,1) — azuxx(x, =0, [ <x<l,, O0<t<T, 6)
subject to the initial condition

u(x,0) = u(l;,0) exp <—2—‘112 /llx wo(y)dy> =), 1} <x<1,, (2]
and to the homogeneous Robin boundary conditions for 0 <7 <T
ayuly, 1)+ 2au, (I, 1) = 0, ®
au(ly, )+ 2a%u,(Iy,1) = 0. 9)

Eq. (6) is subject to the initial condition (7) (it is assumed that u(/;,0) is
not null), and to homogeneous Robin boundary conditions (8) and (9).
Now, the system (6)—(9) is well defined with a boundary value problem
for a linear reaction—diffusion equation with constant coefficients. The
exact solution has been provided in the Laplace domain for such
problems in Anani.?*
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We briefly recall that, for a nonhomogeneous linear reaction—
diffusion equation with constant coefficients:

2
M _ 20Uy fen), L <x<l, 0<i<T, (10)
ot 0x?

subject to the initial condition

u(x,0) =@(x), I} <x<l, (€N

and to the boundary conditions for 0 <t < T:

alu(ll,1)+ﬂ1Z—Z(Il,l)zgl(t), ol +p2 #0, 12)

wu(ly. 1) + Z_Z(IZ’ =g, al+p#0, 13)

its analog in the Laplace domain can be written in the form of a
two-point boundary value problem as follows:

,d2U
-a ﬁ(x,p) + b+ pU(x,p) = F(x, p) + o(x), a4

with the boundary conditions:

@UL P+ A 0L =G, o+ #0, as)

QU )+ By o (1. p) = Gop), 3+ 2 0. a6)

In Egs. (14)-(16), p is the Laplace domain variable for the time ¢,
U(x, p) denotes the Laplace transform of u(x,?), and U, stands for the
derivative ‘2—'; of U(x, p). In Egs. (10)-(13), we adopt the same approach
as in Ref. 24 and assume that the source term, represented by f(x,1), is
continuous on the interval (/;,/,)x(0,T], and the function ¢(x) satisfies
the Dirichlet conditions on the interval [/,/,]. That is, this function
is piecewise continuous or can be expressed as a convergent series
of eigenfunctions, which constitutes a complete basis for the related
Sturm-Liouville problem. Additionally, all time-dependent functions
are presumed to be of exponential order in relation to 7, as well as their
temporal derivatives where they are involved, particularly when T =
oo. For a detailed examination of the requisite conditions for a function
to have a Laplace transform, please refer to the following sources:
Herron and Foster’® or Debnath and Bhatta.’® Thus, F(x,p), G,(p)
and G,(p) are respectively the Laplace transform of the source term
f(x,1), and the boundary-related functions g,(r) and g,(r). Under these
hypotheses, the uniqueness of the solution u has been proven. And, the
exact operational solution of the system (10)-(13), or equivalently, the
exact solution of the analog problem (14)-(16) is:

1 <_(lz - x) \/m)
exp ;

2b+p
1 (X_ll)\/FP)
o (-

+ —_
24/b+p

Ux.p) = [V Vo +p+aU. 5. p)

Ul pVb+p-— aUx(ll,p)] + R(x,p).
an
In Eq. (17), the four p-domain coefficients U(l,p), U,(ly,p), U(,,p)

and U,(l,,p) are determined by the following linear system of four
equations:

a 5 0 0
ud,.p 0 0 o 5
U.y.p)|_ 1 a —xU,—1y,p) —ax(,—1,p)
U(ly, p) 2 2/b+p 2 24/b+p

U, (5, p) —x(p —11.p) ay(l, —1,.p) 1 —a
2 2/b+p 2 24/b+p
G,(p)
G,(p)
R(y,p) |

R, p)
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—x1/b+p

a

where y(x,p) = exp < >, and R(x, p) is the Laplace transform of

the function

exp(=bt) [ [ < (:—x>2>]

D= - d
r(x, 1) v P(&) |exp (= — &
(& -x)?

. ] /rde /12 exp(=b(t — 6)) ox (_ >f(§ 0)d&
—Za\/; A f m P 4a2(t — 6) ’ '

We now return to the problem outlined in Egs. (6)-(9). In this con-
text, the source term and the related boundary functions, specifically
g,() and g,(r), are null. Consequently, it is sufficient to assume that
the function ¢(x) at least satisfies the Dirichlet conditions for x in the
interval [/, /,]. The unique and exact operational solution of the system
(6)-(9) for the null reaction term (b = 0), can be reported as:

1 I, +x p
2\/; exp (%) [U(lz,P)\/;+aUx(lzsP)]
x—1 D
exp <—#> [U(y,p/p - aU, (1, p)] + R(x,p),

(18)

U(x,p) =
19
+

1
2\/p
As the source term is null in Eq. (6), R(x,p) reduces to the Laplace

transform of
I Y
G) [exp (—(5 ) )]da (20)

r(x,t) =
1) 4a’t

1
20\/; 11

namely,

I -
R(x,p) = L{r(x,0)} = / e exp <_M> de, 1)
I 2a\/p7 a

with £ being the Laplace transform operator. In the present case, it can
be written:

a 24> 0 0
Uud,,p 0 0 a, 242
U.l,p) _ l a —x(Uy=11,p) —ay(y—1,p)
U(ly.p) 2 2/p 2 2/p
U, (5, p) —x(=1,p) ax(,—1,p) 1 —a
2 2\/; 2 2\/;
0
0
R(ly,p)
Ry, p)

(22)

The solutions of system (22) can be explicitly calculated, and it can be
verified that:
Uhp)

I 23
U, p) 242 23)
and

Uulyp) _ 24)

Ulhp 22

showing that the boundary conditions of the Laplace analog for the
time domain problem (6)-(9) are satisfied, since G,(p) = G,(p) = 0,
and Egs. (15)—(16) reduce to:

aU(ly,p)+2a°U,(;,p) =0, (25)
a,U(ly, p) +2a°U, (I, p) = 0. (26)

Therefore, by using the inverse Laplace operator £~!, an exact
solution of the problem (1)-(4) can be derived implicitly from Eq. (5)
as:

LU (x,p)}

1) = —24° ,
W) = R U )

27)
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where U(x, p) is given by the formula (19) together with the Laplace
domain expression (21) of R(x, p), and the four solutions of the system
(22). Also, the derivative:

1 (=L +ax) \/5> [

U,(x,p) = 34 CxP U(ly, p)\/p + aU, (5, p)]

(28)

x—1 f/
—ﬁew (—#) (U1, py/p—aU.(y,p)]) + R, (x,p),

depends on the derivative R (x,p) of R(x,p). In accordance with the
general hypotheses that lead to the unified solution (17), the formulae
(19) and (28) are capable of handling smooth as well as generalized
solutions that present some discontinuities in their derivatives, even
in the case of the space variable (see Ref. 24). Consequently, rela-
tion (27) is identical to the exact closed-form solution in the time
domain, should it exist. In comparison to exact solutions that contain
infinite series expressions, solution (27) represents a ratio of inverse
transforms of closed-form expressions. Numerical algorithms for inverse
Laplace transforms have been developed that serve as powerful tools
for extending the applicability of the Laplace transform technique. An
algorithm that has been demonstrated to be particularly efficient is
described by de Hoog et al.?’ and has been implemented in Matlab
as the function invlap.m by Hollenbeck in 1998. This allows for the
graphical illustration of the exact solution (27) for further compa-
rison.

3. Illustrations of the results

The objective of this section is to illustrate the results through the
use of specific examples. The curves obtained by the method developed
above are compared and discussed with those of exact solutions on two
classical examples. The numerical results are obtained using the finite
difference method implemented in Matlab via the function pdepe().

3.1. Example 1

The first problem consists to solve Eq. (1) with initial condition in
the form:
a7 sin (7 x)

wo(x) = w(x, 0) =2 M—Ts(][x)’

0<x<l1, (29)
where ¢ is a real parameter. The initial condition of the related problem
(6)-(9) is computed as:
1 [ u(0,0) (¢ + cos (x &
9() = u(0.0)exp (— - [ dy) - 10D o (xm)
0

1+o0

>

for convenient values of ¢, among which ¢ = 2 will be taken for
graphical illustrations. The following boundary conditions are to be
retained:

w0, =w(l,t)=0. (30)

The exact solution to this problem is represented by a closed-form
expression, as detailed in Wood,*® 2014:
2 —n2d%t

a‘rwe sin (7 x)

w(x,t)=2 31D

6 + e~"@% cos (7 x) ’
By assigning the corresponding values to the parameters of system (1)—
(4), thatis, /, =0, I, =1, a; = ay = 0, the Laplace domain function
R(x,p) in formula (21) can be explicitly calculated. The solutions of
system (22) are as follows:

(z%a*c + po + p) u(0,0) i

Uy, p) 3(7r2a2+p)p(0'+1)
Ux(ll’p) — 0

Uy, p) (z%a*c + po — p) u(0,0)
U, (5, p) 3(”202 +[J)p(6+1)
0
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35
= Exact solution
3l [ Finite differences
= === nwerse Laplace

25
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0.4

= Exact solution
035 | rereeee Finite differences
=== n\erse Laplace

t=0.01
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‘s k<
s 5 %2
31 s
3 3015
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- (X1 S
05 0.05
=
0 0
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abscissa x[] abscissa x[-]
(@ (b)
Fig. 1. Solutions w(x,?) at different times in Example 3.1: (@) a> =1, 6 =2, (b) ¢®> =0.1, 6 =2.

The unique solution of the related problem (6)-(9) is expressed in the
Laplace domain as (see formula (19)):

0,0 2.2
Ule.p) = u(l )(n a 6+cos(7zx)p+po)

3(c+ )p(n2a® +p)

Its derivative with respect to x is deduced as:
u(0,0)sin(z x) 7

Uyx,p) = ——————F—.

3(c+1) (ﬂ2a2 +p)
As a result, the exact solution in the time domain of the initial problem
under consideration is obtained through the application of the inverse
Laplace operator £!, as illustrated in formula (27):
LYU(x,p)} dPn e gin (7 x)
L~YU(x, p)}

w(x, 1) = —2a* o) .
o +e 74 cos (x x)

Fig. 1 illustrates the evolution curves of the solution w(x,t) at different
time values for Example 3.1. The curves were obtained by employing
a mesh of space step Ax = 0.01 and time step 4 = 0.001. The curves
denoted by ‘Finite differences’ represent numerical solutions computed
by the Matlab function pdepe(), while the curves designated by ‘Inverse
Laplace’ are obtained through numerical calculation of the formula (27)
using the Matlab function invlap.m. The curves align closely with one
another in nearly all instances between the exact and numerical inverse
Laplace solutions. However, with the exception of the case where a = 1
and + = 1, wherein all the curves collapse to zero, a nonnegative
quadratic error (L?-norm) can be evaluated between the exact and
finite differences solutions.

3.2. Example 2

Eq. (1)isat 0 < x < 1 for 0 <t < 1, and subject to initial condition:

wy(x) = w(x,0) = sin(zx), (32)

and to the same homogeneous boundary conditions as in (30). In this
case, the related function ¢ is calculated as:

@(x) = u(0,0)exp <$>.

The exact solution contains infinite series in its expression and is de-
noted by ‘Theoretical solution’ for graphical purposes. It can be written
as in Ref. 14:

s

Z c, exp(—n2n2a2t)n sin(nzx)

n=1

w(x, 1) = 2na® s (33)

<]

¢+ Z ¢, exp(—nzlrzazt) cos(nwx)

n=1

where the Fourier coefficients are respectively:

. —/lex <cos(7tx)—1>dx
0= 0 P 2a’rx ’

and

1
s -1
c,l=2/0 CXP<M>COS(I’I”X)G'X, n=1,2, ...

2a’x

Concerning the p-domain expressions, the function R(x, p) can be writ-
ten as:

1 2 |&E- — COS 1
R(x,p):w exp( - |& x|a75\/; cos(Em) + o
2(1\/1_2 0 2a’w
0,0
= 2O 10, 1,01 - x1. p).0)
2a4/p
u(0,0)

= [n(x, p1(0, x,n(&, p), 6(&)) + n(—x, p)I(x, 1,n(=&, p), O(E)],

2a\/ﬁ
_5\/;

where 7(¢,p) = ——, 0(0) = Zl+cos(zé)

> ,and I(1},1,,n(&, p),0(6) =

L 2a’rw

/ exp [n(&, p)0(€)] dé. Based on the above notation, the operational
!

sollution of system (6)—(9) can be deduced as:
U(x,p) = K(p)I(0,1,n(, p), 0(ENn(2 — x, p) + n(x, p)]

(34)
+K(p)1(0,1,n(=¢, p), 0(E)N2 + x, p) + n(2 — x, p)] + R(x, p),
where
K(p) = «0.9

a2 - 1)

Since R(x, p) is differentiable with respect to x, the derivative U, (x, p)
is obtained as:

\/PK(p)

U, (x,p) = — 1(0,1,n(&, p), 0(E)[n(2 — x, p) — n(x, p)l
V/PK(®)
+— 1(0,1,n(=¢&, p), 0EN[—n(2 + x, p) + n(2 — x, p)] + R,(x, p),
(35)
where
u(0,0)
R.(x,p)=— 2

X[n(x, pI(0, x, (=&, p), (&) — n(—x, pI(x, 1,1, p), 6(E)].

It can thus be stated that, the exact implicit solution to the problem
outlined in Example 2, is given by Eq. (27), with the functions U (x, p)
and U,(x,p) defined in Egs. (34) and (35). The evolution curves of
the solution w(x,r) at different times for the case study outlined in
Example 3.2 are presented in Fig. 2. The mesh cells are identical to
those utilized in Example 3.1, since reducing the time step does not
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Theoretical solution
=«=+=+= Finite differences
====Inwerse Laplace

0 01 02 03 04 05 06 07 08 09 1
abscissa x[-]

(b)

Fig. 2. Solutions w(x,?) at different times in Example 3.2: (a) a> = 1, (b) a®> =0.1.

provide a noticeable improvement. In order to obtain the theoretical
solution curve, both infinite series in the ratio (33) are truncated at
their first five terms, as the curves obtained are almost identical when
truncating at more terms. The curves obtained for the numerical inverse
Laplace transform coincide with those of the theoretical solution for
different values of the coefficient a. Nevertheless, the script execution
time of the numerical inverse Laplace procedure is much reduced
compared to that of the theoretical solution (more than 100 times for
the first execution). Regarding the finite differences solution curve,
except at the very beginning of the process (+ = 0.01), the discrepancy
between it and the theoretical solution curve becomes important as the
coefficient a decreases, as shown in Figs. 2(a), where a? = 1, and 2(b),
where @ = 0.1. In brief, the numerical inverse Laplace procedure, by
using the exact implicit formula (27), is notable for its computational
efficiency.

4. Conclusion

This study has facilitated the precise calculation of an exact solution
for the viscous Burgers’ equation on bounded intervals by combining
the use of the Hopf-Cole transformation with the Laplace integral trans-
form. In instances where an explicit closed-form analytic inverse in the
time domain is unavailable, the exact implicit solution has been demon-
strated to be more efficient than classical numerical and semi-analytical
methods. This is due to the availability of highly efficient algorithms
for numerical inverse Laplace transforms. The Burgers’ equation has
a variety of applications in numerous fields of physics and applied
mathematics. The equation is a valuable tool for understanding a wide
range of nonlinear and diffusive phenomena across various scientific
disciplines, offering insights at both the theoretical and practical levels.
The closed-form exact solution in the Laplace or time domains will
be employed as a point of reference for numerical and semi-analytical
methods. In future work, we will investigate the application of a
comparable solution methodology to the forced Burgers’ equation in
one and more spatial dimensions. Furthermore, the present solution
methodology will be examined in relation to other approaches for
solving nonlinear evolution equations, including Painlevé analysis and
Hirota’s bilinear technique.
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