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Abstract ii

ABSTRACT 
 
 

Attainable Region analysis is a chemical process synthesis technique that 

enables a design engineer to find process unit configurations that can be 

used to identify all possible outputs, by considering only the given feed 

specifications and permitted fundamental processes. The mathematical 

complexity of the attainable regions theory has so far been a major 

drawback in the implementation of this powerful technique into standard 

process design tools. In the past five years researchers focused on 

developing systematic methods to automate the procedure of identifying 

the set of all possible outputs termed the Attainable Regions.   

  

This work contributes to the development of systematic numerical 

formulations for attainable region analysis. By considering combinations 

of fundamental processes of chemical reaction, bulk mixing and heat 

transfer, two numerical formulations are proposed as systematic 

techniques for automation of identifying optimal process units networks 

using the attainable region analysis. The first formulation named the 

recursive convex control policy (RCC) algorithm uses the necessary 

requirement for convexity to approximate optimal combinations of 

fundamental processes that outline the shape of the boundary of the 

attainable regions. The recursive convex control policy forms the major 

content of this work and several case studies including those of industrial 

significance are used to demonstrate the efficiency of this technique. The 

ease of application and fast computational run-time are shown by 

assembling the RCC into a user interfaced computer application contained 

in a compact disk accompanying this thesis. The RCC algorithm enables 

identifying solutions for higher dimensional and complex industrial case 
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studies that were previously perceived impractical to solve.  

 

The second numerical formulation uses singular optimal control 

techniques to identify optimal combinations of fundamental processes. 

This formulation also serves as a guarantee that the attainable region 

analysis conforms to Pontryagin’s maximum principle. This was shown by 

the solutions obtained using the RCC algorithm being consistent with 

those obtained by singular optimal control techniques.  
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Chapter 1: Introduction 
 

1

 CHAPTER 1 

 INTRODUCTION 
 

1.1 Introduction 

The procedure of reactor networks synthesis, as a subtask of chemical 

process synthesis, is concerned with identifying reactor types, layouts and 

flow configurations as well as key design parameters for given feed 

conditions and underlying reaction kinetics, that will optimise a specific 

objective function. This objective function might, for example, relate to the 

rate of production of a desired product(s). The objective function may 

include cost effectiveness, product yield and selectivity, and environmental 

concerns, among others. 

The principal aim in reactor network synthesis is to develop a design that 

constitutes combinations of fundamental processes, flowsheet layouts and 

operation configurations that can be applied to transform a feed with 

specified conditions to the intended product(s). The types of fundamental 

processes concerned are generally reaction, mixing, separation, heating, 

cooling and compression. Commonly, many designs for attaining the same 

output are possible but there is generally only one optimal design to satisfy a 

specific objective. 

For a steady state process, reactor network design establishes an optimal 

process layout with flow interconnections of material and energy between 

the process units. The unit operations that are considered include types of 
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reactors, heat transfer equipment and mass transfer equipment. In addition 

to the specifications for a steady state process listed above, the optimal 

control sequence and operation can be identified for a dynamic or transient 

system.  

Fundamental processes are essentially necessitated by the primary 

transformation objective of the process that is being designed. However, it is 

common that a process can be required to prepare the condition of the 

available feed. In the case of impure feed, upstream separation may be 

required. Preheating is commonly necessary in many processes. In some 

cases, a fundamental process is dictated by preceding processes, an example 

of this is the separation of a product from by-products due to side reactions.  

Each unit operation in the design utilises a respective fundamental process or 

combinations of fundamental processes. For a system where the fundamental 

process is reaction, batch and plug flow reactors are possible choices, for 

example. Distillation columns, membrane separators and flash drums are 

used for separation processes and heat exchangers for heating and cooling. 

Reactive distillation columns and membrane reactors will be considered for 

combinations of reaction and separation. Thus, by considering only 

permitted fundamental processes, it is possible to synthesise a process 

network that can be further interpreted as a system of interconnected unit 

operations with design parameters. 

From a different perspective, the essence of reactor network synthesis is to 

determine the configuration of fundamental processes and/or combinations 

thereof that will optimise some objective function for the transformation of a 

given feed to a desired product(s). Key design parameters such as process 

flows, residence times, temperatures and pressures also need to be specified 
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for such an optimal operation. The interpretation of these specifications into 

interconnected unit operations becomes a simple and straightforward task, 

from which a complete process flowsheet arises. The Attainable Region 

analysis applies a systematic consideration of all feasible combinations of 

permitted fundamental processes to obtain a set of all possible product states 

for a given feed. Equipped with a set of all possible product states, termed 

the Attainable Region (AR), optimisation of a given objective function can be 

carried out with ease to obtain the optimal product. A set of interconnected 

processes used to attain the optimal product is then interpreted as a network 

of unit operations with flow configurations and key design parameters. 

Obtaining a set of all possible products that can be realised for a given feed 

by applying all feasible combinations of all permitted processes can be an 

exhaustive and mathematically complex exercise. This can limit the use of a 

potentially powerful process synthesis technique such as Attainable Region 

analysis to specialists only. 

The advent of powerful computers has recently stimulated interest in 

developing automated process synthesis techniques. These techniques 

combine complex numerical methods with the power of fast computers to 

produce tools that can be made available for use by process synthesis 

engineers to generate optimal unit operations structures and also optimise 

existing processes.           

 

1.2 Aim of the study   

This research focuses on further developing attainable region analysis and 

formulating numerical methods to ease the complexity surrounding the 
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application of these methods to the design of optimal reactor networks. 

Combining these formulations with the increased power of computers, the 

research proceeds to develop algorithms that automate and speed-up the 

procedure of reactor network synthesis. These algorithmic tools will enhance 

the relevance of AR analysis to the chemical process industry. Currently, the 

AR analysis is limited to only a few feed and product components and 

fundamental processes due to the unavailability of tools that can handle 

computational complexities inherent in systems with multiple feed and 

product components and multiple fundamental processes. In this study we 

develop tools to remedy these drawbacks by performing tasks listed below: 

• Revising the basic ideas governing AR analysis and the construction 

of ARs. 

• Introducing a new systematic method of generating ARs and further 

formulating this method into an algorithmic tool. 

• Demonstrating the robustness of the new algorithmic tool by studying 

complex systems that were previously considered impossible to solve. 

• Showing how the currently known optimisation techniques can be 

used in AR analysis. 

• Applying the newly developed tool to classical optimisation problems 

to validate outcomes. 

• Finally, compiling the new tool into a user friendly computer software 

package that can be used to solve problems and teach AR analysis. 



Numerical Formulations for Attainable Region Analysis                      Tumisang G. Seodigeng  
 

Chapter 1: Introduction 
 

5

These topics will be addressed with the aid of study cases ranging from very 

simple ideal systems to complex well-known industrial ones. As we continue 

with the study of AR analysis for various process systems, exploring 

combinations of permitted fundamental processes, extensively intricate 

networks will ensue including the ones that transcend current 

understanding.  

 

1.3 Thesis Outline   

Chapter 2 

Process synthesis literature is reviewed to provide insight on the latest 

progress in the development on the techniques involved. The evolution of 

process design is followed from exhaustive hands-on traditional approaches 

to the sophisticated modern techniques such as computer algorithmic tools 

and simulation packages. The role played by attainable region analysis in 

process synthesis is also highlighted with its progression tracked from its 

origin to the current status. The key points in the AR theory that are relevant 

to the focus of this thesis are then revised with additional features developed 

in the course of the research. Emphasis is placed on demonstrating the 

competence of AR analysis in generating optimal process synthesis solutions 

for systems of virtually any complexity. 

Analytical methods that have been derived by researchers over the years are 

revised and their application in solving attainable regions problems is 

demonstrated. The key issue emphasised in this chapter is the need for 
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systematic techniques to automate the application of AR analysis to solving 

process synthesis problems by taking advantage of the power of computers.   

However, this chapter does not conclude the literature survey for the entire 

thesis as every chapter begins with literature review specific to its focus of 

study.  

Chapter 3 

This chapter starts by demonstrating how analytical methods can be used to 

identify optimal process configurations by use of a simple ideal case study. 

The objective of the demonstration is to show that even for a simple ideal 

case study; the analytical methods can develop into a very intricate algebraic 

exercise. Once again the need for systematic algorithmic computer 

techniques to identify attainable regions is highlighted.  

The second section reviews the literature specific to the previous 

development of systematic tools for AR analysis to date. The limitations and 

the need for improvement of these tools are also detailed. These limitations 

include long computational run-times and the incapability to handle higher 

dimensional problems. 

The third section proposes a new robust and easy apply technique. The 

theory that supports the foundation of this new technique is revised with 

mathematical definitions. The recursive convex control policy (RCC) 

technique is then introduced by detailing its approach to solving AR 

problems. The first application of the RCC algorithm is demonstrated with 

the use of a simple case study that has previously been solved with analytical 
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methods. The solution obtained is shown to be spot-on with that obtained 

using analytical formulations.  The easy plug and play solution procedure is 

acknowledged without the need to carry out any algebraic calculations prior 

to implementing the algorithm. Clear cut advancement to a four-dimensional 

case study is demonstrated and the results are proved to conform to the 

necessary conditions of optimality as required by the analytical methods 

derived from AR theory. Visualisation of a four-dimensional candidate AR is 

demonstrated using a number of lower dimensional projections. An objective 

function is optimised to illustrate how an optimum point that lie on the 

boundary of the four-dimensional AR can appear be in the interior when 

projected in lower dimensional space.  

In conclusion, emphasis is placed on the capability of the RCC algorithm to 

solve higher dimensional problems that previously could only be speculated 

on. 

Chapter 4 

In this chapter the RCC algorithm is packaged as a complete AR analysis 

application and teaching tool with an easy to use graphic interface. User-

manual style is adopted to describe the features of the user interfaced tool. 

The package uses a built-in theoretical example that allows the user to 

change parameters and identify candidate attainable regions at the click of a 

button. This software package is included in a compact disk attached to this 

thesis. 
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Chapter 5 

The robustness of the RCC algorithm is demonstrated by application to 

identifying candidate attainable regions (ARCs) for industrial case studies. 

This is achieved by solving a generic model for first order exothermic 

reversible reactions that has previously been studied using analytical 

methods.  This case study considers processes of reaction, mixing and heat 

transfer.   

In the second example the RCC algorithm is used to identify an optimal 

process configuration for the industrially important ammonia synthesis via 

attainable regions analysis. This case study has also been studied using the 

previously developed automated AR techniques.  

Chapter 6 

The optimal reactor configuration for a more complex industrial process of 

methanol synthesis is identified via attainable region analysis. The methanol 

synthesis reaction scheme and kinetics are mathematically complex and it 

would be impractical to attempt to identify candidate attainable regions 

(ARCs) from analytical formulations.  The geometric guidelines that have 

traditionally been used to identify optimal reactor networks for exothermic 

reversible reactions do not hold for the methanol process as more than one 

reaction is involved.     

The RCC algorithm is applied to solve candidate attainable regions for 

methanol synthesis and further interpreted in terms of reactor networks with 

process parameters.  
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Chapter 7 

In this chapter, classical optimisation techniques are used to identify optimal 

combinations of processes that outline the shape of the attainable regions. In 

this section, attainable regions problems are formulated as singular optimal 

control problems that can be solved using techniques that are based on 

traditional optimisation theory such as Pontryagin’s maximum principle. 

The classical optimisation technique is acknowledged as one of the 

systematic tools that can be used to automate the construction of candidate 

attainable regions. The water-gas shift reaction is used as an industrial case 

study and the results obtained using singular optimal control techniques are 

proven to be consistent with solutions from other automated techniques.    

In conclusion emphasis is placed on demonstrating that the attainable region 

analysis conforms to the necessary condition of optimality as required by 

Pontryagin’s maximum principle. This is demonstrated by the results 

obtained from both methods being consistent with one another.     

Chapter 8 

The RCC technique is applied to solve unsteady state optimisation problems 

that have traditionally being solved by methods based on Pontryagin’s 

maximum principle. The main objective of the chapter is not to accurately 

compute the solution profiles for optimisation problems, but to indicate that 

the control sequence and switching times can be quickly established using 

the RCC algorithm.    
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Chapter 9 

This chapter concludes the thesis by summarising the conclusions of all 

chapters. The contribution of this thesis to knowledge is stated and the 

relevance of the thesis title is verified by confirming that the objectives have 

been achieved. Possible areas of future research that are consequent to this 

study are also proposed.          
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 CHAPTER 2 

 ATTAINABLE REGION ANALYSIS:  
BACKGROUND LITERATURE AND THEORY 

2.1 Introduction 

In this chapter we review the literature and theory of attainable regions relevant 

to the focus area of this research. We start with an introductory summary and 

some definitions, followed by a review of research literature in the field which is 

covered in the next section. The theory pertinent to this study is then presented in 

the third section.    

As defined by Horn (1964) and subsequent researchers; Glasser et al., (1987), 

Hildebrandt et al., (1990) Glasser et al., (1992) and Feinberg and Hildebrandt 

(1997), the Attainable Region (AR) is a set of all possible outcome states that can 

be realised from all or any feasible combination of all permitted fundamental 

processes for a given input, subject to specified constraints. The boundary of the 

AR sets limits to the achievable states and it is therefore of special interest as it is 

where the optimal operating policies are usually located (Horn 1964). The 

boundary of the attainable region is characterised by certain necessary conditions 

that ensure that there are no possible extensions pertaining to these known 

necessary conditions (Feinberg and Hildebrandt, 1997). It should be emphasised 

that there are no sufficiency conditions to guarantee that the nominated region 

contains all possible outcomes from all possible combinations of all of the 

permitted fundamental processes and that no possibilities have been excluded 

(Feinberg and Hildebrandt, 1997). In the light of this indeterminacy, a region that 
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satisfies all the known necessary conditions is termed the Candidate Attainable 

Regions (ARC).  

The Attainable Region analysis method can be used to identify optimal reactor 

types, flow configurations and key design parameters which will optimise the 

objective function.  

2.2 Background Literature   

The process synthesis procedure involves identifying optimum process 

specifications for a given system. The traditional methods of process synthesis 

were based on heuristics that are generally derived from years of practical 

experience (Douglas, 1985). These traditional methods use well understood 

behaviours of simple systems to explain higher level complex systems which are 

generally difficult to simplify. To design a process using these traditional 

methods, experts in the field propose a large number of flowsheets based on their 

experience.  These flowsheets are then entered into a decision making procedure 

as potential candidates.  The heuristics handle the complexity of problems by 

multilevel decomposition, thus, identifying promising candidate processes while 

eliminating unpromising ones in a hierarchical decision making procedure 

(Douglas, 1985). This process often results in heuristics contradicting each other as 

indicated by Douglas, (1985) and later Shah and Kokossis (1997).  

To overcome the contradictory nature of heuristics, Shah and Kokossis (1997) 

proposed an idea of conceptual programming for a reactor-separator system. The 

authors used shortcut methods to identify possible designs, which were followed 

up with a mathematical program to evaluate the trade-offs between the processes.  



Numerical Formulations for Attainable Region Analysis                      Tumisang G. Seodigeng  
 

Chapter 2: Attainable Region Analysis: Background Literature and Theory 
 

13

Another process synthesis technique based on mathematical programming is the 

superstructure optimisation method (Kokossis and Floudas, 1990, 1991, 1994). A 

superstructure is a complex generalised process that comprises a number of 

processing units connected together by a large number of interlinking streams. By 

eliminating various processing units and streams, a large number of alternative 

process layouts can be obtained from the superstructure optimisation. A 

superstructure optimisation problem can be formulated as a mixed integer non-

linear programming (MINLP) problem. Integer variables are used to signify the 

presence or absence of processing units or streams while non-linear variables are 

used for controls such as temperature, pressure, reactor volumes and stream 

flowrates. The disadvantages of this technique include the fact that it relies on the 

assumption that the superstructure is sufficiently general to include the optimum 

process layout, although that may not be the case and cannot be proven in 

advance.        

Papalexandri and Pistikopoulos (1994, 1996) proposed an alternative method to 

superstructure optimisation. The structure in this case was more generalised and 

consisted of mass exchanger and heat exchanger modules instead of specific 

processing units as in the superstructure. The authors also included complete 

connectivity by ensuring that the feed to any particular module can be a 

combination of products of all modules and system feeds. Combinations of these 

modules were used to represent known complex structure such as distillation 

columns. These combinations could also result in novel processing units, but, 

could however not represent nor distinguish between reaction and mass transfer.      

The concept of representing all possible states that can be reached by a system of 

reactions was first proposed by Horn (1964) four decades ago. Horn (1964) argued 

that the objective variables associated with a chemical reactor, formed a space 
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whose components can be divided into attainable and non-attainable regions. In 

particular, Horn described the attainable region as the set of all possible outcome 

states that can be realised in a reactor system. He further suggested that the 

optimal operating policies would generally correspond to the boundary of the 

attainable region. Without stating any general technique for determining the 

attainable region boundary, Horn pointed out a number of its important 

characteristics. These characteristics stated that the attainable region would not 

necessarily include all stoichiometrically possible compositions as it would be 

restricted to sets of compositions that can be realised in all possible reactor 

configurations.     

More than two decades after Horn proposed the concept of Attainable Regions, 

Glasser et al. (1987) and Hildebrandt (1989) suggested a general technique for 

determining the boundary of the AR for isothermal reactor systems with constant 

density.  Their method represented the processes of reaction and mixing 

geometrically as vectors. Working from a graphical basis and using a number of 

examples, Hildebrandt (1989) derived a set of necessary conditions arising from 

geometric interpretations of the process vectors which must be satisfied by any 

ARC.  

Hildebrandt et al. (1990) further developed somewhat more general geometric 

techniques for finding ARs. In this case the systems were no longer restricted to 

isothermal or constant density. A more sophisticated contribution on these 

geometric techniques was made by Glasser et al. (1992). It was only then that clear 

conjectures about optimal process combinations were asserted. Though at a very 

intuitive level, they suggested geometric principles governing the occurrence of 

the optimal trajectories for combination of reaction and mixing on the AR 

boundary. This optimal structure, termed the differential side-stream reactor 
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(DSR), represents a reactor in which reaction and mixing occur simultaneously in 

a controlled ratio (Glasser et al., 1992). It is practically possible to realise this 

reactor as a plug flow reactor (PFR) with mixing of fresh feed material along its 

length. 

Love (1995) formalised the mathematical ideas governing the properties of the AR 

boundary in three dimensions. Godorr (1998) presented a set of application 

examples where the attainable regions method was used to solve chemical reactor 

optimisation problems. Nicol (1998) extended the AR technique to solve problems 

with heat transfer and also attempted to address four dimensional problems. A 

more general study was done by McGregor (1998) by applying attainable regions 

analysis to systems with reaction and mass transfer.  McGregor further outlined 

guidelines that could be used as a systematic procedure for finding ARCs.  

Feinberg and Hildebrandt (1997) presented a rigorous and more universal set of 

proofs of geometric principles of the AR boundary for reaction and mixing. In 

particular, the necessary conditions for the AR boundary were formally detailed 

and proved. A powerful result of this work, although not explicitly stated, was 

that optimal combinations of permitted fundamental processes provide access to 

regions where single processes operate on the boundary of the AR. This result is 

of high importance as it suggests that, for a given system, the ARC can primarily 

be identified by solving optimal combinations of permitted fundamental 

processes. Feinberg and Hildebrandt (1997) also introduced the Complement 

Principle, which is a general theory of the overall mass balance that can be applied 

to any reactor system. This principle was instrumental in geometrically proving 

the completeness of the ARC and it was not clear if it could be used beyond that.  
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Feinberg (2000a) derived, from the optimal geometric control ideas, the analytical 

equations governing the optimal control policies for trajectories of combinations 

of reaction and mixing. These optimal trajectories were interpreted as differential 

side-stream reactors (DSRs) as defined by Glasser et al. (1992). Feinberg 

demonstrated how these optimal trajectories served as precursors from which 

plug flow reactor curves and mixing surfaces emanated, providing final access to 

the boundary of the attainable regions. The analytical formulations for optimal 

process combinations were derived for processes of reaction and mixing. There 

were no stated dimensional limitations of these formulations as there were 

illustrations for three to six dimensions, to claim dimensional generality.  

In a third paper, Feinberg (2000b) communicated special analytical equations that 

the continuous flow stirred tank reactors (CFSTRs) should conform to in order to 

occur on the attainable region boundary.   These special reactors were called 

critical CFSTRs. Once again these were derived for a class of steady state 

isothermal designs involving only reaction and mixing, and the derivations 

showed dimensional generality. However, these analytical equations required 

algebraically intensive derivations resulting in complex mathematical expressions 

(Feinberg 2000a &b).  

 

2.3 Background Theory   

The theory of the attainable regions has been progressively assembled over the 

years. The most recent is the work of Feinberg and Hildebrandt (1997) and the 

subsequent articles by Feinberg (2000 a & b).      
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2.3.1 The Necessary Conditions 

A candidate attainable region (ARC) should satisfy a set of necessary conditions as 

detailed below, (Feinberg and Hildebrandt, 1997): 

1. The AR should include all defined input states. 

 The AR by definition encompasses all possible output states. Any input to 

the system is a possible output if neither process nor combinations thereof 

are applied to it. 

2. No permitted fundamental process vectors on the boundary of the AR are 

allowed to extend outside of the AR unless the operation of such a process 

beyond the boundary results in the violation of the stated system constraints.  

 
  (a)       (b) 

 Figure 2.1:  Illustration of boundary extension via a process vector  

   pointing outwards the candidate region 

To illustrate this we consider the boundary of the candidate AR shown in 

Figure 2.1, where processes P1, P2 and P3 are permitted fundamental 

processes. If a point existed on the AR boundary such that the vector 

P1  
P2 
P3 

P1  
P2 
P3 
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describing process P3 points out of the region (Figure 2.1 a), the existing 

region can be extended further by applying P3 (Figure 2.1 b). But if the 

application of P3 results in exceeding the maximum constraints placed on 

the system, such process cannot be undertaken due to the resulting 

constraint violation.   

3. For systems where the variables of the construction space obey linear mixing 

and where mixing is also a permitted fundamental process, the AR should be 

convex.  

  
 
     (a)      (b) 
 
 Figure 2.2:  Illustration of filling the concavities on the candidate 
    AR boundary with mixing  

This condition is a direct result of the second condition. Any concavities on 

the boundary (Figure 2.2 a), will result in a manifold of points from which a 

set of mixing vectors will emanate and to all other points on the manifold, 

thus filling the concavity (Figure 2.2 b).  

4. No fundamental process vectors in the constrained complement of the AR 

boundary may intersect the AR boundary itself when negatively extrapolated. 

mixing 
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To illustrate this we will restrict our system to consider fundamental 

processes of reaction and mixing only. The constrained complement of the 

AR is the non-attainable region and is bounded by the operational 

constraints. If there are such negative extensions of vectors that intersect 

the AR boundary, those vectors by combination with mixing could 

represent a point of CFSTR operation.  This condition constrains the set of 

vectors that may be present in any steady state unit operations for systems 

permitting only processes of reaction and mixing.    

 In the absence of a sufficiency condition, the above-stated necessary conditions 

serve as guidelines for testing ARCs for completeness, although it cannot be 

exhaustively demonstrated that regions have no possible extensions. As already 

defined, a region that satisfies all the necessary conditions is termed the candidate 

attainable region (ARC).  

2.3.2 Elements of Attainable Region Analysis 

In this section we review the traditional guidelines of the AR technique. These 

were first detailed by Hildebrandt (1989) and later appeared in a series of 

publications with minor amendments (Godorr, 1998; Nicol, 1998). The most 

elaborate correspondence detailing these guidelines was made by McGregor 

(1998). 

We start with the problem statement describing the system with its physical and 

mathematical descriptions. All input states, permitted fundamental processes, 

system constraints and objective functions are stated in the problem statement. 

The aim is to apply attainable regions analysis to obtain all possible outcome 

states in order to later find process specifications that optimise the given objective. 
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I. Fundamental Processes 

The permitted fundamental processes will generally be specified in the problem 

statement as physical phenomena that can be applied to effect a change in the 

state of the system input(s). These processes can include, for reactor network 

synthesis; reaction, mixing, separation, heating and cooling as well as 

compression and decompression among others.  

II. Choice of State Variables 

The state variables are chosen to adequately describe all permitted fundamental 

processes and the system objective functions. Typical state variables include the 

system reactants and products concentrations, reaction conversions, partial 

pressures and temperatures. State variables that arise from the objective functions 

may be cost variables that are in most cases some functions of reaction residence 

time. It is often at this point where the geometry of the AR is determined. The 

number of variables that fully describes the system determines the geometric 

dimensionality of the problem. The geometric dimensionality of the problem 

dictates the dimension of the space in which the AR is going to be identified, i.e. if 

the AR is going to be two, three or four dimensions in Euclidian space. In most 

cases, it is imperative to choose state variables that obey convex mixing, such that 

the region to be constructed is characterised by conditions detailed in the 

preceding section.  

III. Mathematical Definition of the Fundamental Process Vectors 

After the fundamental processes have been selected and the state variables 

chosen, appropriate mathematical vector descriptions for the fundamental 

processes in terms of the state variables can be formulated. These vectors 
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represent the instantaneous state change when the processes are applied to their 

respective input.  

For the system where isothermal reaction takes place, the reaction vector defined 

at concentration C is r(C). This vector represents the instantaneous change in C 

due to the fundamental process of reaction. For exothermic adiabatic systems 

where the reaction takes place in the gas phase, and where there is a change in the 

total number of moles as given in the balanced chemical reaction equation which 

results in the total pressure (PT) change, the reaction vector can be represented as 

r(P, T) defined at the partial pressures of components, P, and temperature T.       

 For a system where a number of fundamental processes are permitted to occur 

simultaneously, the overall process vector can be described as a convex 

combination of all fundamental processes. Consider a system where M processes 

are permitted to occur. The fundamental processes (p) depend on the state of the 

system c, and possibly some other achievable state or combinations of achievable 

states within the system, c*. The fundamental processes for this case may be 

represented as p1(c,c*), p2(c,c*)..., pM(c,c*). The overall net effect of the system due 

to all processes can be expressed as 

  ( ) ( )∑
=

∗∗ =
M

j
jjNET

1

,, ccpccp α        (2.1) 

defining the operating control policy for the fundamental process j as αj which 

specifies the degree to which the  fundamental process j occurs relative to other 

fundamental processes. It is possible that each fundamental process depends on 

its individual achievable state cj*, in which case equation 2.1 can be accordingly 

modified to be as shown below: 
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( ) ( )∑
=

∗ =
M

j
jjjNET

1

*,, ccpccp α      (2.1 b) 

IV. Specifying the System Constraints 

The system constraints represent the physical restrictions placed on the system. 

These restrictions may be a function of the state variables and/or fundamental 

processes.  A state variable such as temperature may be confined within the lower 

and upper bounds as Tmin ≤ T ≤ Tmax. The process operating policy may also be 

constrained as maxmin
jjj ααα ≤≤ .       

V. Verification of the Necessary Conditions 

Based on the state variables, process vectors and system constraints, the 

applicability of the necessary conditions for the system may be verified. These 

conditions will be a modification of the necessary conditions stated in section 

2.2.1.  For example, in cases where there are system constraints such as maximum 

temperature, process vectors will be allowed to extend out of the ARC if following 

such process vectors results in constraint violation. 

VI. Construction of the Attainable Region 

McGregor (1998) suggested a trial and error approach to the construction of 

attainable regions. The fundamental processes are applied to all system feeds and 

the resulting set of outcome states is checked for violations of the necessary 

conditions. Wherever a necessary condition is broken, fundamental processes or 

combinations thereof are applied to expand the region. This procedure is 

performed iteratively until all necessary conditions are satisfied by all state points 

on the candidate AR boundary. This technique of construction is a typical 

example of constructing the attainable regions from the interior, where a small 
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region is grown outwards by extensions arising from application of fundamental 

processes and/or combinations thereof.  

VII. Optimisation of the Objective Function 

The objective function is now evaluated over the region to obtain the optimum 

operating point. 

VIII.  Interpretation of the Boundary   

Once the optimum operating point has been established it can further be 

interpreted in terms of optimal operating policies. Any point on the boundary can 

be interpreted as a result of an application of a sequence of fundamental processes 

applied to achieve it from the input states. This network of processes, together 

with the optimal operating policies, can be further construed to represent unit 

operations with flow configurations and key design parameters. If the optimum 

operating point is in the interior of the attainable regions boundary there will be 

an infinite number of ways of achieving it (Glasser et al., 1992).  

2.4 Structure of the Attainable Region Boundary 

2.4.1 Background 

McGregor (1998) derived a number of postulates to simplify the exhaustive nature 

of the traditional trial and error method for identify candidate attainable regions.  

Without giving any proofs or specific guidelines, McGregor (1998) intuitively 

suggested that the postulates will ease the complexities surrounding the 

procedure of identifying and interpreting the ARCs. These postulates were later 

validated by the universal properties of the AR boundary derived by Feinberg 

and Hildebrandt (1997) for the specific case of steady-state systems involving the 
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fundamental processes of isothermal reaction and mixing. McGregor (1998) used 

numerous examples and Pontryagin’s maximum principle to substantiate the 

validity of these postulates in general.  

In this study the relevance of these postulates to expedite the procedure of 

systematic identification and interpretation of ARCs will be demonstrated. In 

conjunction with and supported by the latter work of Feinberg (2000a & b), 

McGregor’s postulates form a foundation of this study.  

2.4.2 McGregor’s Postulates 

Consider a system in Section 2.3 above with M permitted fundamental processes 

that can be represented by a net effect resultant process expressed as;  

( ) ( )∑
=

∗ =
M

j
jjjNET

1

*,, ccpccp α      (2.1 b) 

The boundary of the AR of this particular system can be generalised using the 

McGregor’s postulates (McGregor, 1998). A summary of some of these postulates 

is detailed below.  

Postulate 1: The boundary of the attainable region consists of distinct process surfaces 

that are a union of process trajectories where all of the control policies are common and at 

either their lower or upper bounds.   

This postulate was confirmed by the results of Feinberg and Hildebrandt for 

systems with reaction and mixing, that the AR boundary comprised reaction 

trajectories and mixing lines. The mixing control policy is at zero (lower bound) 

along the reaction surface and infinite (upper bound) along the mixing plane.  
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Postulate 2: The junctions between various process surfaces, termed intersectors, 

represent either change in one or more of the control policies or termination of two 

different process trajectories or lines that intersect. 

The importance of the intersectors was first acknowledged by Glasser et al. (1992). 

The authors asserted that the optimal process combination intersectors played a 

significant role in outlining the structure of the AR boundary for systems 

considering processes of reaction and mixing.  

Recently the work of Feinberg (2000a & b) demonstrated with mathematical 

proofs how the intersectors that are optimal combinations of processes outline the 

shape of the AR boundary from which distinct process surfaces emanate. These 

optimal process combination intersectors are studied in detail in Section 2.5.6. 

Postulate 2 can be divided into several sub-postulates that characterise different 

types of intersectors that may occur on the boundary of the AR.  

Postulate 2.1:  The smooth trajectory intersectors may exist on the boundary of the AR, 

where one or more of the operating policies are trajectories defined by functions taking 

intermediate values between the upper and lower bounds. 

This type of intersectors is a union of distinct process trajectories.  Consider a 

system with two permitted fundamental processes r and v, and a net effect 

process vector defined by, 

    vrp vNET α+=   

A smooth trajectory intersector is a union of process r and v trajectories. Along 

this trajectory intersector the operating policy is defined by a function that takes 
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intermediate values between zero and infinity. For the case where process r 

represents reaction and v representing mixing, the smooth trajectory intersector 

that occurs on the boundary of the AR will be an optimal combination of reaction 

and mixing (Feinberg, 2000a) as shown in Figure 2.3. This optimal combination 

represents a DSR (Glasser et al., 1992). 

     
 
Figure 2.3: Local AR Boundary structure for the smooth trajectory intersector for 
 a system with processes of reaction and mixing.  

The smooth trajectory intersector can also occur for systems with reaction (r) and 

heat transfer (q).  In this case the intersector represents the optimal combination of 

reaction and heat transfer as shown in Figure 2.4.  

       
Figure 2.4: Local AR Boundary structure for the smooth trajectory intersector for 
 a system with processes of reaction and heat transfer.  

r r/q 
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Postulate 2.2:  The smooth intersectors may exist on the boundary of the AR, that are not 

the union of trajectories. These intersectors may represent the locus of stationary points 

that include mixing. 

Illustrated in Figure 2.5 is an example of a smooth intersector that is a locus of 

stationary points that represents stationary points where reaction and mixing 

process vectors are collinear. This union represents a well stirred unit where 

reaction and mixing are combined optimally as in a CFSTR. Feinberg (2000a) 

demonstrated the significance of these intersectors in outlining the structure of the 

AR boundary. These optimal combinations of reaction and mixing are termed 

critical CFSTRs. 

 
Figure 2.5: Local AR Boundary structure for the smooth intersectors that are the 
 locus of stationary points for a system with reaction and mixing  

Postulate 2.3:  The non-smooth intersectors may exist on the boundary of the AR that is 

not the union of trajectories. These intersectors may represent the union of points where 

two process surfaces intersect and/or terminate.  

For a system considering fundamental processes of reaction r, mixing v and heat 

transfer q, a non-smooth ridge may exists where the process surfaces of mixing 

and heat transfer intersect. This case may be due to the initiating of a new 

r 

r/v 

v 
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trajectory on the boundary, such as the smooth trajectory intersector that is a 

union of reaction and heat transfer as illustrated in Figure 4.6.  

 
 
Figure 2.6: Local AR Boundary structure for the non-smooth intersectors that are 
 ridges of the intersection of mixing and heat transfer process surfaces.    

The non-smooth intersectors are essentially the intersections of two distinct 

process surfaces and cannot be characterised as a single process unit or 

combinations thereof. As these intersectors are neither trajectories nor a locus of 

points they do not have any mathematical description governing their occurrence 

on the boundary of the AR. This conjecture is asserted without any proof and will 

later be clarified with the use of examples (Chapters 5 and 6).     

From the postulates derived by McGregor (1998), it can be suggested that the 

structure boundary of the attainable regions is essentially outlined by smooth 

intersectors that are either trajectories or stationary points from which distinct 

surfaces formed by the union of process trajectories emanate. The non-smooth 
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intersectors will be identified on the AR boundary consequent to the intersection 

of process surfaces.   

2.5 Mathematical Models for Idealised Processes 

In this section we review mathematical models used to describe fundamental 

processes. We further extend the theory of overall process combination vectors 

such as intersectors, and finally interpret the mathematical model in terms of 

processing units such as reactor structures and the conditions of optimality 

governing the occurrence of these structures on the boundary of the attainable 

regions. 

2.5.1 The Reaction Vector 

Let c represent the state of process components such as reactants and products. 

The state c will provide information such as concentrations, mass fractions or 

partial pressures. Consider a reaction vector space comprising instantaneous 

reaction vector at c as r(c). The instantaneous change in the system state, c due to a 

change in the process residence time, τd can be expressed as 

( ) τdd crc =         (2.2 a) 

The reaction rate vector r(c) will contain information about the kinetics of the 

reaction taking place. The scalar process residence time in this example is denoted 

by τ , which gives a measure of the duration of the application of the reaction 

process. For non-isothermal reactions, the process instantaneous change in the 

reacting system temperature T, due to the reaction process can be given as 

  ( ) τdT
Cp
H

dT rxn ,cr
Δ

=       (2.2 b)  
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The average isobaric specific heat capacity, Cp  of the reaction mixture is assumed 

to be constant. rxnHΔ  is the enthalpy of reaction.        

2.5.2 The Mixing Vector 

If we mix state c with another achievable state c* in a linear mixing space, the 

resulting state lies along the mixing vector v, described by 

  ( )ccv −= ∗           (2.3) 

2.5.3 The External Heat Exchange Vector 

External heat exchange can be carried out between material at the state of 

temperature T and constant temperature utility with the temperature Tc. The heat 

exchange process is described by a heat transfer coefficient, ho.  The process vector 

representing heating can be described as (Nicol, 1998); 

  ( )TThw co −=        (2.4) 

If we consider a heat transfer unit such as a heat exchanger with some heat 

transfer constant kc, relating the residence time and the heat exchange area of the 

heat exchange unit. Assuming that ho and Cp remain constant over the 

temperature range of interest; the rate of change of temperature in the heat 

exchange unit can be expressed as: 

 ( ) ( ) ττ dTTKdTT
Cp

kh
dT ccc

co −=−=     (2.5)  

Cp is defined as the isobaric specific heat capacity of the material being processed.     
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2.5.4 The Overall Reaction, Mixing and Heating Vector 

For a process unit where reaction, mixing and heating or cooling are allowed to 

occur as fundamental processes, the variables of interest are defined in the state 

characteristic vector, c = [x, T, τ ], comprising the reactants and products 

compositions, temperature and residence time. The overall process rate vectors 

are defined as a controlled combination of the fundamental processes;    

( ) ( ) τατ ddd ∗+= xxvxrx ,       (2.6 a) 

( ) ( ) ( ) τβτατ dTTdTTxxdTx
Cp
H

dT c
rxn −++

Δ
= ∗∗ wvr ,,,,   (2.6 b) 

The process combination control policies for mixing and heat transfer are 

represented as α and β respectively.  

2.5.5 Idealised Reactor Structures 

The objective of attainable region analysis is usually to be able to interpret the 

boundary as a process network structure. It is therefore an essential step to review 

idealised mathematical models describing some reactor units in order to signify 

their relationship with the process vectors that outline the geometry of the AR 

boundary.       

i. The Plug Flow Reactor 

The equation governing a plug flow reactor (PFR) is that of reaction occurring as 

the only process. This process vector can be derived from reaction rate vector (2.2 

a) as follows.   



Numerical Formulations for Attainable Region Analysis                      Tumisang G. Seodigeng  
 

Chapter 2: Attainable Region Analysis: Background Literature and Theory 
 

32

( )crc
=

τd
d  c(τ = 0) = c0     (2.2 c) 

The state space curve describing a PFR in the AR state space is a trajectory such 

that the reaction vector is tangential to it at each state point c. The fundamentals of 

differential algebra define trajectories as being directional. The unique nature of 

the rate vector at any point means that these trajectories progress such that they 

cannot cross each other (Love 1995). There exists one unique PFR trajectory for 

any given initial feed point c0. 

ii. Continuous Flow Stirred Tank Reactor 

In a continuous flow stirred tank reactor (CFSTR), reaction and mixing occur 

simultaneously, such that the reaction vector is collinear and directionally 

opposite to the mixing vector. A CFSTR curve is a locus of stationary points as a 

function of the scalar τ , satisfying equation 2.7;  

( ) ( )cccr −=− 01
τ

          (2.7) 

where τ  is the residence time of the reactor and c0 is the feed state. 

The CFSTR locus is obtained by varying the residence time and solving for the 

corresponding state, c.  

iii. The Differential Sidestream Reactor 

A differential sidestream reactor (DSR) can be conceptualised as a PFR with 

differential feed along the length. This structure arises when reaction and mixing 

occur simultaneously and the relative action of the process is governed by the 
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equation defining the rate of controlled combination of reaction and mixing (2.6a). 

On the boundary of the attainable region a DSR is a smooth trajectory intersector 

tangential to the plane containing both fundamental process vectors of reaction 

and mixing at each point along the trajectory (Section 2.4); 

( ) ( )∗+= ccvcrc ,α
τd

d   c(τ = 0) = c0 

The state of the mixing stream c*, may be constant in the case of a fixed mixing 

point or it may vary along the length of the reactor (varying with τ ) in which case 

it is referred to as a varying mixing point, c*( τ ). It should be noted that the DSR 

equation is analogous to that of the CFSTR when the rate equals zero, 

  0=
τd

dc  →  ( ) ( )cccr −−= ∗α  

   →  ( ) )(1 crcc
α

=− ∗  

   with  
α

τ 1
=  

 

iv. Differentially Cooled Reactor 

The differentially cooled reactor (DCR) arises when reaction and cooling are 

incorporated in the same unit. The structure can be conceptualised as a PFR with 

differential cooling along the length. Similar to the DSR, the curve representing a 

DCR is a smooth trajectory intersector such that the reaction vector and the 

cooling vector form a tangential plane to the trajectory at any state c =[x, T] 
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(Section 2.4).  The equations representing the rate changes of the state variable are 

therefore given by; 

 ( )T
d
d ,xrx

=
τ

        (2.8 a)       

 ( ) ( )TTT
Cp
H

d
dT

c
rxn −+

Δ
= wxr β

τ
,       (2.8 b) 

The same argument as for the DSR holds, stating that the cooling temperature Tc 

may be fixed or vary along the length of the reactor. In the case where heating not 

cooling occurs the structure obeys the same equations and the structure is termed 

a differentially heated reactor (DHR).  

v. More Complex Structures 

As we continue to combine the fundamental processes, more and more reactor 

structures will be formed. In higher dimensional space the complexity of the ARCs 

structure increases yielding intricate geometric forms. The DSR trajectories that 

are tangential to surfaces comprising both reaction and mixing in three 

dimensions become DSR family surfaces that are tangential to hyper-planes that 

contain surfaces of reaction and mixing in four dimensions.  

As a number of processes combined reaches three and beyond, more complex 

structures will arise including the ones that surpass our current practical 

imagination. For example we may have a structure for controlled combination of 

reaction, differential mixing, differential heating, and differential compression to 

carry out an endothermic gas phase reaction, where a reaction forming an 

undesirable by-product also takes place.  It is important to note that a structure or 
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a reactor configuration arises from the solution, and not the imagination of the 

designer or optimiser. 

2.5.6 Optimal Process Combination 

Feinberg and Hildebrandt (1997) proved that the boundary of the AR consists of 

optimal combinations of fundamental processes that give rise to pathways to 

navigate to extreme points of single process operation forming the boundary of 

the AR. On the AR boundary these optimal combinations are smooth trajectory 

intersectors and smooth locus intersectors as defined in Section 2.4. Feinberg 

(2000a) further demonstrated this geometric property of the attainable region 

boundary for combined processes of reaction and mixing. The smooth trajectory 

intersector curve representing the controlled combination of reaction and mixing 

is a DSR trajectory. It was stated in the work of Glasser et al. (1992), that for a DSR 

curve to lie on the boundary of the AR, it must lie on the surface described by; 
 

( ) ( ) ( )[ ] ( ) ( )[ ] ( ) ( ) 0,,, =−×⋅= ∗∗∗ crccvcrccvccvcrc ddϕ   (2.9)  

where dx is the Jacobian matrix of vector x, r(c) and v(c, c*) are the 
 reaction and the mixing vectors respectively as defined earlier.  

This condition is true only for a three dimensional AR for an isothermal system 

considering only reaction and mixing. The mixing control policy α, that ensures 

that the DSR (2.9) remains in the ϕ  surface in three dimensions can therefore be 

computed as; 

 ( )
( )*,ccv

cr
⋅∇
⋅∇−

=
ϕ
ϕα        (2.10) 

Feinberg (2000a) proved these assertions from the ideas of geometric control and 

advanced a theory to derive conditions for higher dimensional problems. With 
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rigorous mathematical proofs Feinberg illustrated that, in fact, a more 

fundamental mathematical requirement exists for a DSR to lie on the boundary of 

the AR. He further proved that the DSR should lie in the ϕ  surface that satisfies 

the following determinant condition;   

 ( ) ( )( ){ }crccvccvcrcrccv ),(),()(,),,(det ∗∗∗ −= ddϕ    (2.11) 

The required mixing control policy to ensure that the DSR remain in the ϕ  surface 

was then derived as; 

 ( ) ( )( ){ }
( ) ( )( ){ })()()()()(,,det

)()()()()(,,det
vrrvvvvrrrv
vrrvrrvrrvrv

dddddvd
dddddd

−−−
−−−

−=α   (2.12) 

Feinberg (2000a) further derived the mixing control policy for higher dimensions 

to indicate the dimensional generality of his postulates. The derivation for a four 

dimensional system considering only reaction and mixing arrives at a control 

policy described by;   

( )( ) ( ) ( )( ){ }
( ) ( ) ( )( ){ })()()()()(,)()(,,det

)()()()()(,)(,,det
vrrvvvvrrvvrrvrv
vrrvrrvrrvvrrvrv

dddddddd
dddddddd

−−−−
−−−−

−=α   

         (2.13) 

Feinberg (2000a) further derived the control policies for stoichiometric space in 

five and six dimensions to demonstrate the dimensional generality of his proofs.  

It should be noted that these conditions of optimality apply only if α > 0 

(Feinberg, 2000a).  
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In a subsequent publication, Feinberg (2000b) derived the necessary conditions 

required for a CFSTR output state to lie on the AR boundary. As shown in Section 

2.4, the CFSTR that occur on the AR boundary is a smooth intersector that is a 

locus of stationary points that include mixing (McGregor, 1998).   Once again, we 

will emphasise that a CFSTR is a special class of the DSR. Mathematically a 

CFSTR is equivalent to a DSR with these properties: 

• The rate vector is collinear and in opposite direction to the mixing vector. 

• The overall rate vector is zero, i.e. the sum of the reaction and mixing 

vectors equals zero.   

Using geometric optimal control derivations Feinberg (2000b) proved that for an 

isothermal system considering only reaction and mixing, the condition required 

for the effluent state of the CFSTR to occur on the AR boundary in three 

dimensions is described by, 

 ( ){ } 0)(),(,det =vrrvrv ddd        (2.14) 

For a four dimensional space the CFSTR effluent is required to conform to the 

condition (Feinberg (2000b), 

 ( ) ( )( ){ } 0)(,)(),(,det =vrrrvrrvrv dddddd     (2.15) 

Feinberg (2000b) called these types of CFSTRs critical CFSTRs. Using these 

necessary conditions it is possible to evaluate the residence times and further 

evaluate the effluent states of such CFSTR that reside on the AR boundary. 
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2.6 Discussion 

Attainable Region analysis background and theory have been presented, from 

which it is evident how significant this technique is as process synthesis tool. The 

theory is clearly introduced with discussion on how fundamental process 

networks can profile the boundary of the AR. A set of necessary conditions that 

are used as check points for any possible extensibility on candidate ARs have also 

been presented together with elements of attainable regions analysis which are 

essentially sequential traditional guidelines developed by previous researchers on 

how to identify candidate ARs. From the postulates derived by McGregor (1998), 

a theory was suggested to generalise the structure of the AR boundary. This 

theory stipulates that the AR boundary comprises mainly of distinct process 

surfaces formed by process trajectories that emanate from and connected by 

intersectors. These intersectors were interpreted as optimal combinations of 

permitted fundamental processes. 

 

We further discussed how fundamental processes can be idealised for AR 

analysis, illustrating using fundamental processes of reaction, bulk mixing, and 

heat transfer as well as combinations thereof. The optimal process combinations 

that shape the boundary of ARs have also been asserted using analytical 

derivations from the work of Feinberg (2000 a & b). These analytical derivations 

have strong mathematical foundations based on the theory of geometric control 

but however have a shortcoming of being hard to solve due to imbedded 

algebraic complexity. It is this intricacy that limits attainable region analysis 

applications to reactor network synthesis. Alternative techniques to generate ARC 

will greatly improve its relevance and broaden its use by giving non-specialist 

users access.      
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Throughout the background theory and literature review emphasis was placed on 

the fact that the boundary of the attainable regions can be established by 

identifying the optimal process combination intersectors that give rise to distinct 

process surfaces that form the final shape of the AR boundary.   

 

In the next chapter we propose an automated systematic method of solving 

candidate attainable regions by identifying the optimal process combination 

trajectories. The method offers full automation of construction without the need 

for prior analytical solutions of algebraic expressions. The procedure also 

promises automated interpretation of the boundary in terms of reactor structures.   
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2.8 List of Symbols  

Abbreviations  

AR   Attainable Regions 

ARC  Candidate Attainable Regions 

CFSTR Continuous Flow Stirred Tank Reactors 

DCR  Differentially Cooled Reactor 

PFR  Plug Flow Reactor 

DHR  Differentially Heated Reactor 

DSR  Differential Side-stream Reactor 

 MINLP Mixed Integer Non-Linear Programming 

 
Symbols 
α  Combination control policy for fundamental processes (mixing) 

β  Combination control policy for heat transfer 

c  State variable of the system 

co  State variable of the system at the feeding point 

c*  Mixing state variable of the system 

c  State vector comprising all variables describing the system 

C  Concentration of the reacting components 

Cp  Isobaric specific heat capacity of the material 

ΔHrxn  Enthalpy of reaction 

ho  Heat Transfer coefficient 

kc  Heat Transfer constant 

p  Fundamental processes taking place in the system 

pNET  Overall net effect of the system due to all processes 

P  Partial pressure of the reacting components 

r(c)  Reaction rate vector defined at c 
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r(C)  Reaction vector defined at C 

r(P,T)  Reaction vector defined at P and T 

T  Temperature of reaction 

T*  Temperature of mixing 

Tc  Cooling or Heating utility temperature 

τ  Residence time 

υ  Mixing vector, mixing c with c* 

w  Heat Exchange vector 

x  Reactants and Products  state compositions 

x*  Reactants and Products  mixing compositions 

φ(c)  The optimum process combination surface (phi surface) 
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CHAPTER 3 

RCC ALGORITHM FOR ATTAINABLE 
REGION ANALYSIS 

 

3.1 Introduction 

A general theory such as AR analysis can handle a problem with any 

number of fundamental processes, feed and product components, design 

parameter variability, and virtually any system complexity. This is 

important as it allows for the consideration of complicated systems that 

have previously been considered impossible to be studied.  

“A general theory, such as this, is required for the future development of 

an algorithm to automate the construction of attainable region boundaries. 

A computer programme that can determine attainable regions would 

greatly enhance the relevance of attainable region analysis to the chemical 

process industry." McGregor (1998)  

3.2 Background  

In the absence of a sufficiency condition, finding a region that contains all 

possible outcomes from all possible combinations of all permitted fundamental 

processes without exclusion of any possibility cannot be conclusively shown. The 

traditional methods for constructing the ARC use the necessary conditions as 

guidelines (McGregor, 1998). The fundamental processes are applied to all 

system feeds and the resulting region of outcome states is checked for violation 

of the necessary conditions. Wherever a necessary condition is broken, 

fundamental processes or combinations thereof are applied to achieve the 
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identified expansion. This procedure is performed iteratively until all necessary 

conditions are satisfied by all output state points on the ARC boundary. This 

method of construction is limited only to known necessary conditions and cannot 

ensure the identification of the full AR, but only a candidate subset ARC.  This 

traditional method suggested by McGregor (1998) constructed the ARC from the 

interior. Thus, a region is constructed from the feed and further extended 

outward by application of fundamental processes until some convergence 

criterion is met and the outer bounds of the ARC are approximated.  

Recently, research work has focused on automating the construction of 

candidate ARs. Rooney et al. (2000) communicated the Iso-state Algorithm, 

one of the first contributions in the search for the automated techniques 

for construction of ARs. The ARCs in this case, were also generated from 

the interior as in the traditional methods suggested by McGregor (1998). 

The algorithm generated 2D planes in orthogonal subspaces which are 

fused into higher dimensional ARs. This technique worked well for three 

dimensional problems with two fundamental processes, but due to its 2D 

plane decomposition it required long computational runtimes in higher 

dimensions.    

Burri et al. (2000) proposed a method called IDEAS for automated AR 

construction. This method constructed two-dimensional regions using 

linear programming formulations based on CFSTRs, PFRs, and mixing 

lines. The technique arose from a relaxation of an infinite dimensional 

state space formulation. The problem was broken down into two phases; a 

distribution network and a process operator. All mixing, splitting, 

recycling, and bypassing occurred in the distribution network and all 

fundamental unit operations took place in the process operator.  

Another systematic method to construct candidate ARs was the Linear 

Programming (LP) formulations proposed by Kauchali et al. (2001). This 
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method used what the authors called the total connectivity model, which 

applied all possible combinations of CFSTRs and mixing patterns to 

represent any known reactor structure for the fundamental processes of 

reaction and mixing. The authors then considered a rate vector field in 

concentration spaces with a large grid of points from which several LPs 

were derived to solve for the ARC. This method also generated ARCs from 

the interior by outward extensions.   

Abraham and Feinberg (2004) proposed a method of Bounding 

Hyperplanes which constructed the ARC from the exterior. The 

construction is carried out using a polygon bound by hyperplanes in 

composition space, within which all the attainable compositions must 

reside. The procedure of this technique entails progressive increment in 

the number of hyperplanes bounding the polygon, and eliminaton of the 

non-attainable compositions from the interior of the bounds. As the 

number of hyperplanes increases, the bounding polygon approximates the 

upper bound of the attainable regions. This method is different from other 

techniques due to its approach of approximating the ARC boundary form 

the outside.  

In this work another systematic method for automated attainable regions 

construction is proposed. The method constructs ARCs from the interior by 

applying combinations of fundamental processes to find outward 

extensions on the boundary attained from application of the fundamental 

processes on the given feed. In the following section, we illustrate with the 

aid of an example, how complicated the analytical solution for optimal 

reactor structures that contour the boundary of the AR can be, even for a 

simple idealised kinetic system. The analytical computations are then 

followed by the introduction of a relevant theory and formulations for the 

proposed algorithm and the technique is then demonstrated by a number 
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of study cases for illustration including the one solved using analytical 

methods.  

3.3 Example: Analytical Solution 
 
In this section we consider an example with the intention of obtaining the 

ARC via analytical methods reviewed in the preceding sections. We 

present a case study with Van de Vusse type kinetics for the underlying 

network of chemical reactions shown in Figure 3.1 with the corresponding 

rate expressions,  
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Figure 3.1: Van de Vusse Reaction Scheme with Kinetics 
 
 
The case study is of an isothermal type and considers only reaction and 

bulk mixing. The reaction occurs in the liquid phase at constant density. 

We consider a feed of 1 mol/litre of pure A. The objective is to construct 

an ARC in a three dimensional A-B-D stoichiometric space.   

 

As discussed in Chapter 2, the procedure for generating the AR boundary 

is to first solve for optimal process combination trajectories that will give 

final access to the manifolds of extreme points that form the boundary. In 

this example the optimal DSR profiles will serve as precursors, giving 

access to manifolds of extreme PFR trajectories and mixing planes that 

make up the boundary of the AR. The critical CFSTRs may also need to be 

computed as they also play the same role as DSRs. 
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To solve for the optimal DSR(s) we start by deriving the optimal control 

policy α described from derivations of Feinberg(2000a) by (2.12), 

 

  ( ) ( )( ){ }
( ) ( )( ){ })()()()()(,,det

)()()()()(,,det
vrrvvvvrrvrv
vrrvrrvrrvrv

dddddd
dddddd

−−−
−−−

−=α   (2.12) 

 
 

We start with the mathematical definition of the fundamental process 

vector. The state variables are determined from the dimensionality of the 

AR to be determined. For the 3D A-B-D stoichiometric space the state 

vector is denoted by, 

 
 [ ] [ ]421 ,,,, cccCCC DBA ==c        (3.1) 
 
The fundamental processes have to be defined as vectors in the c space, for 

the processes of reaction and mixing in the vector space as in (3.1) we 

express, 
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The derivation of the optimal control policy α, is an algebraically 

exhaustive task resulting in a complex mathematical expression given in 

Figure 3.2.       
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     α =  
5 k4 c13 k12 2 k4 k22 c23 10 k42 c14 k1 2 k4 c12 k12 4 k42 c13 k1 +  +  −  − 

10 k1 c4 k4 c12 k2 c2 5 k4 c12 c22 k2 k1 4 k4 c13 k1 k2 c2 2 k4 c13 k3 c2 k1 +  +  +  + 

6 k42 c15 k1 3 k4 c14 k12 8 k3 c2 c4 k42 c13 8 k2 c2 c4 k42 c13 −  −  +  + 

4 k22 c22 c4 k4 c1 k4 c12 k3 c22 k2 4 k3 c22 c4 k4 c1 k2 −  −  − 
4 k3 c2 c4 k4 c12 k1 2 k32 c4 k4 c12 c2 2 k4 c13 k2 k3 c2 2 k4 c12 k2 k1 +  +  +  − 

2 k4 c1 k32 c2 2 k4 c12 k3 k1 2 k4 k3 c2 k1 c1 4 k4 c1 k2 k3 c2 +  −  +  + 

2 k4 c1 k22 c2 2 k3 c4 k4 c13 k1 4 k42 k2 c2 c12 4 k4 c1 k1 k2 c2 +  −  +  + 

2 k4 k22 c22 4 k42 k3 c2 c12 2 k4 k3 c22 k2 2 k2 c4 k4 c13 k1 −  +  −  − 
4 k3 c4 k4 c12 k2 c2 2 k22 c4 k4 c12 c2 4 k42 k2 c22 c12 4 k12 c4 k4 c12 +  +  −  + 

4 k4 c12 k3 c2 k1 2 k4 c1 k3 c22 k2 8 k1 c4 k4 c1 k2 c2 8 c4 k2 c2 k42 c12 −  +  −  − 

4 c4 k3 c2 k4 k1 c1 4 c4 k3 c22 k4 k2 8 c4 k3 c2 k42 c12 4 k4 k2 c22 k1 c1 −  +  −  − 

7 k4 c12 k1 k2 c2 6 k4 c12 k2 k3 c2 c4 k3 k1 k2 c2 4 c4 k2 k4 c12 k1 −  −  −  + 
8 c4 k2 k4 c1 k3 c2 4 c4 k22 k4 c1 c2 4 c4 k3 k4 c12 k1 4 c4 k32 k4 c1 c2 −  −  +  − 

2 k4 c1 k22 c22 4 k42 c13 c2 k1 2 k4 c12 c2 k12 4 c4 k22 c22 k4 +  +  +  + 

8 k1 c4 k42 c13 12 k1 c4 k42 c14 6 k12 c4 k4 c13 8 k42 c13 k3 c2 +  −  −  − 

8 k42 c13 k2 c2 4 k42 c14 k2 c2 k4 c12 k22 c22 6 k42 c14 c2 k1 −  +  −  − 
3 k4 c13 c2 k12 4 k42 c13 c22 k2 2 k4 c1 c23 k22 4 k42 c14 k3 c2 −  +  −  + 

c4 k32 k1 c2 c4 k3 k12 c1 3 k4 c12 k32 c2 3 k4 c13 k3 k1 3 k4 c12 k22 c2 −  +  −  +  − 

3 k4 c13 k2 k1 k4 c13 k32 c2 k4 c14 k3 k1 k4 c13 k22 c2 k4 c14 k2 k1 +  +  −  +  −  

8 c4 k3 c2 k4 c12 8 c4 k2 c2 k4 c12 16 c4 k3 c2 k4 c1 16 c4 k2 c2 k4 c1−  −  +  + 

2 k4 c1 k1 10 k4 c13 k1 8 k4 c12 k1 2 k4 k2 c2 2 k4 k3 c2 2 k4 k2 c22 −  −  +  +  +  − 

4 k4 c14 k1 6 k4 c12 c2 k1 12 k1 c4 k4 c12 4 k1 c4 k4 c1 2 k4 c1 c2 k1 +  −  −  +  + 

8 k4 c1 c22 k2 10 k4 c1 k2 c2 10 k4 c1 k3 c2 4 c4 k2 c2 k4 4 c4 k3 c2 k4 +  −  −  −  − 
2 c4 k3 c2 k1 12 k4 c12 k2 c2 12 k4 c12 k3 c2 4 k4 c13 k3 c2 +  +  +  − 

4 k4 c13 k2 c2 4 k4 c12 c22 k2 8 k1 c4 k4 c13 4 k4 c13 c2 k1 −  −  +  + 

 

 
Figure 3.2: Optimal Control Policy for 3D A-B-D Van de Vusse Example 
 

Using the optimal control policy, the optimal DSRs can be computed using 

(2.6a). Once the DSRs that reside on the AR boundary have been 

established, the boundary can now be completed using PFR highways and 

mixing lines.  The candidate AR boundary for the case study is solved a 

depicted in Figure 3.3. The boundary is also interpreted in terms of reactor 

structures.  
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        PFR from feed   CFSTR from feed PFR from feed with by-pass 
 

 
                                                                               
 
 

CFSTR followed by a DSR    DSR from feed  
 

 
 
 
 

CSFTR – DSR – PFR sequence      DSR followed by a PFR 
 
 
 

 
 
           CFSTR – DSR sequence with bypass         DSR with bypass 
 
Figure 3.3: 3D ARC for a Van de Vusse Example 
 

Smooth trajectory 
intersectors 

Smooth stationary 
point intersector 

Reaction surfaces Mixing surfaces 

1

2

3



Numerical Formulations for Attainable Region Analysis                      Tumisang G. Seodigeng
  
  
  

Chapter 3: R.C.C Algorithm for Attainable Regions Analysis                                                                        52  
 

The structure of the candidate AR boundary for this example consists of 

reaction and mixing process surfaces that are formed by the unions of 

reaction trajectories (PFRs) and mixing lines respectively.  These process 

surfaces can be envisaged as connected by or emanating from the smooth 

connectors. These connectors are the optimal DSR trajectories 1 and 2, and 

optimal CFSTR point denoted by number 3.  

 

3.4 Recursive Convex Control Policy (RCC) 
Algorithm  

3.4.1 Mathematical Definitions 

In this section we review some mathematical definitions pertaining to the 

convexity of the AR boundary. We review the points that are of special 

significance such as mixing points and points from which optimal process 

combination trajectories emanate. Some ideas discussed herein are arrived 

at in the light of the work of Feinberg and Hildebrandt (1997). The 

definitions in this section are specific and may lack some generality as 

they are based on finite discretised points in space.    

 

Convexity 

In the Euclidean space RN, a set C is termed convex if and only if any two 

points x1 and x2 where x1, x2 ∈  C  are such that λ x1 + (1 – λ )x2 ∈  C 

wherever 0 ≤ λ ≤  1.  Thus, C is convex if and only if a convex combination 

of any two of its elements lies entirely in C.  In simple geometric terms a 

set is convex if it contains all the line segments connecting any pair of its 

points (Lay, 1982).  

 

Convex Hull 

A convex hull of a set C, conv C, is the smallest convex set containing all 

points of C. In geometric terms, a convex hull in RN is a finite convex 
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polytope enclosed by a finite number of hyperplanes.  A convex hull in 3D 

is the smallest polyhedron enclosed by triangular planar facets such that 

all the elements lie on or in the interior of the polyhedron.  In four 

dimensions, a convex hull is a polychoron enclosed by quadrilateral 

hyperplanar facets. We will call the points forming the vertices of the 

facets vertex points. Convexifying a set C finds the vertices of the convex 

hull of C. Each vertex point on a 3D convex hull is connected to a 

minimum of 3 other vertex points by line segments such that each vertex 

point serves as a vertex to at least 3 triangular facets that enclose the 

convex hull. In 4D a vertex point is connected to a minimum of four vertex 

points and this progression carries on to higher dimensions (Kelley and 

Weiss, 1979).    

 

Lower Dimensional Projection 

An N-dimensional convex hull when projected into M-dimensional space 

with M<N remains a convex polytope enclosed by facets with N edges 

(Barvinok, 2002).  However not all of the extreme points of the N-

dimensional polytope will remain on the convex hull of the M-

dimensional projection (Barvinok, 2002).  An example of this theory is that 

of a three-dimensional sphere that becomes a circle when projected into 

two dimensions, with some of the sphere’s extreme points lying in the 

interior of the circle.     

 

Extreme Points 

A point x is an extreme point if it is a vertex of the convex hull. An 

extreme point does not lie in the interior of any line segment bounding the 

facets of the polytope. In particular, x ∈  C is extreme if there exists no 

points x1, x2 ∈  C, such that λ x1 + (1 – λ )x2 =x with 0 < λ < 1.           
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Generating Extreme Points 

A generating extreme point in Euclidean space RN, is an extreme point that 

forms a vertex to M facets such that M > N. In three dimensional space a 

generating extreme point forms a vertex to more that three triangular 

facets and the progression is carried on to higher dimensions (Kelley and 

Weiss, 1979; Manning, 1956).  

3.4.2 Theory and Formulations 

Consider a system with two permitted fundamental processes in some 

state space c, made up of all system state variables such as compositions 

and temperature. If we denote two process to be  

Fundamental process one:  p1(c)  

Fundamental process two:  p2(c, c*)  

The second process p2, also depends on some other state c*, which should 

be attainable, thus it is a state that has already been attained or will be attained 

later by a fundamental process or a combination thereof.  

The two processes can be combined with the use of a control policy α, to 

obtain a generalised net process vector that describes how state c changes 

with residence time as; 

 ( ) ( )∗+== ccpcpcp ,21 α
τd

d       (3.3) 

τ is the residence time of the processes.  

For a given system with feed conditions c0, the attainable regions can be 

found by obtaining the optimal combination of fundamental processes 

described by equation 3.3 as previously explained in Chapter 2. Once the 
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optimal control policies for the combinations of fundamental processes 

have been identified, their optimal trajectories can be used to navigate 

along the ARC boundary to provide pathways to manifolds and surfaces of 

single process operation that make up the AR boundary such as reaction 

extreme high-ways, and mixing and heat exchange surfaces.  

In the next section we provide a conceptually simple but powerful 

technique of finding optimal control policies for combinations of 

processes.  

3.4.3 The Algorithm: Modus Operandi  

The recursive convex control policy (RCC) algorithm uses non-negative 

scalar values for the process combination control policy, α to identify 

convex combinations of two processes. The novelty of this approach lies in 

the use of combinations of fundamental processes applied to the available 

feed to construct candidate attainable regions for a system with given 

kinetics, without the use of known necessary conditions. Also this 

approach interprets the structure of the AR boundary to primarily consist 

of optimal processes combinations, which once identified the shape of the 

boundary can be completed by separate process surfaces. The RCC 

algorithm grows the boundary of the ARC from the interior as in the 

systematic techniques proposed by McGregor (1998), Rooney (2000), Burri 

(2000), and Kauchali (2001). Thus, the lower or inner bounds of the ARC is 

approximated when compared to the upper bounds AR method suggested 

by Abraham and Feinberg (2004), where the candidate boundary was 

grown from the exterior.   

The RCC algorithm uses scalar values to delineate instantaneous α values 

along the optimal process combination trajectories. These scalar values can 

be an arbitrarily chosen grid of values ranging from zero to very large 
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value, depending on the system. In the case where the control policy is 

bounded, the grid is chosen between the lower and upper boundaries. For 

reaction and mixing, the optimal control profile represents the differential 

side stream reactor (DSR). A DSR with an α value that equals zero is 

equivalent to a PFR and as previously stated in the preceding chapter, 

when the overall rate turns to zero the DSR becomes a stationary point, 

mathematically equivalent to a CFSTR. 

The algorithm comprises steps as detailed below,  

1. The initialisation stage: This stage generates the starting state 

points. The single process operation trajectories are generated 

from all system feed states and convexified to locate all extreme 

state points that form the convex hull and eliminate all interior 

state points. Convexification is carried out in the dimension which 

the candidate AR is targeted to be built in. From the resulting 

structure, a grid of extreme points is selected for use as starting 

points and some to use as c* points which process p2 in 3.1 

depends on. For a case where fundamental process p2 represents 

mixing, these points will be mixing points. 

The class of c* points include all feed states and all state points that are 

generating extreme points as defined in section 3.3.1. To illustrate this we 

consider process p2 being the mixing process, the state c* will connect all 

mixing vectors v = (c* - c) forming the mixing surface. As the mixing 

surface may contain infinitely many mixing vectors, all connecting to the 

mixing point, the point c* which is a mixing point will serve as a vertex to 

infinitely many facets.    
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The optimal process combination profiles can only start from state points 

that satisfy conditions of optimality φ = 0 (Chapter 2 section 2.5.6 equation 

2.11) as the starting points themselves must be on the profile. From the set 

of states generated in the initialisation stage the starting points include all 

points where process vectors are zero; 

p1(c)  = 0 

p2(c, c*)  = 0 

These points satisfy the condition for optimality,  φ = 0 as can be seen that 

the determinant below will be fixed at zero for if the two process vectors 

p1 and p2 take zero values; 

 ( ) ( )( ){ }cpccpccpcpcpccp 122112 ),(),()(,),,(det ∗∗∗ −= ddϕ   

For a combination of reaction and mixing processes, the potential starting 

points include all reaction equilibrium points where the reaction vector 

r(c) = 0 and all mixing points where the mixing vector v(c,c*) = 0. 

2. Growth Stage: This stage generates a grid of process operation 

control policy values such that α = [ 0, α1, α2, … αlarge]. It is also 

possible to define the values of the control policy such that  

0 ≤  α ≤ 1. The control bounds should be used in cases where they 

are provided. From each starting point, for each control policy 

value using each of c* states, a number of process combination 

profiles are generated. The structure is then convexified to 

eliminate all interior points. From all extreme points that are 

process combinations output states, single process trajectories are 

generated and the resulting data set is convexified. Only the 

extreme points that are output state results from combinations of 
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processes are stored for the next stage. In cases where the objective 

is evident, as in single reversible reaction processes where the AR 

is constructed to maximise conversion, instead of using 

convexification, the process combination profiles are generated to 

optimise the objective function. Those states where the objective 

function is optimal are taken as extreme points.    

At this point the existence of process combination profiles on the 

boundary of the convex hull can be readily observed from the resulting 

structure. This stage serves satisfactorily for approximate calculations of 

finding reactor structures where accurate process parameters are not 

crucial or in the more usual cases where there is considerable uncertainty 

in the kinetic data.  In the case where the growth stage results in an empty 

incremental set the algorithm is terminated and the candidate AR 

boundary comprises only single process operation regions. 

3. Iteration Stages: From each extreme point that is an output state 

from combinations of fundamental processes, for each in c* class, 

two process combination profiles are generated. From an extreme 

point where the control policy is αi, the first process combination 

profile should have a control policy with a value of (αi-1 + αi)/2 

and the second profile should have control policy with a value of 

(αi+1 + αi)/2. This step refines using mid-point interpolation and as 

a result populates the control policy grid with more values. The 

data set is then convexified to locate all extreme state points that 

enclose the convex hull and eliminate all interior state points. 

The iteration stage is repeated until the termination criterion is satisfied. 

The termination criterion cannot be generalised as it depends on the type 

of problem being solved. Volume percentage growth can be used for some 
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problems and for others it cannot be exclusively used as the volume 

reaches 99% of the expected candidate region after stage 2 and the growth 

rate drops below 0.2% for the first iteration. Standard deviation techniques 

can also be coupled into the termination criterion for some problems, 

specifically for those where the accuracy of the optimal profile is a 

concern. The use of different termination criteria for different cases will be 

illustrated with the use of case studies in subsequent chapters.   

4. Final Stage: From all extreme points that are output states 

to combinations of fundamental processes combinations 

output states, single process trajectories are generated to 

complete the ARC. For a system where the permitted 

fundamental processes are reaction and mixing, the simple 

process trajectories will be PFR highways, reaction surfaces 

and mixing lines. 

 

For a system with feed states 
 

C0 = [c1, c2 ...cM] 
 

The permitted fundamental processes are p1 and p2 which can be 
combined to form the general process combination p defined by (3.3). 
 
The mathematical model of the algorithm can be written out as 
 
 
Stage 1: Initialisation Stage 

For i = 1…M 
Solve ci1(τ) and ci2(τ) 

subject to 

  ( ) ( ))(1
1 τ
τ
τ

cp
c

=
d

d  given c = C0(i), τ = 0 

 
( ) ( ))(2

2 τ
τ
τ

cp
c

=
d

d  given c = C0(i), τ = 0 

 end 
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],....,,,,....,[ 2
1
2

1
21

2
2

1
1

MM ccccccC =  

C =Cextreme = conv (C)  or  ( ) )(_)()( CfoptimumExtreme ττ CC =  

    where f(c) is the objective function 

 C* = [C0, generating_extreme(C)] 

Cstart = [C(p1=0), C(p2=0)] 

 
Stage 2: Growth Stage 
 α = [ 0, α1, α2, … αlarge] 
   
 For all α, for all C*, for all Cstart 
    Solve c subject to 

    ( ) ( )∗+= ccpcpc ,21 α
τd

d  

 C = [all c] 
 C =Cextreme = conv(C) or  ( ) )(_)()( CCC foptimumExtreme ττ =  

    where f(c) is the objective function 

Stage 3: Iteration Stage 
Repeat 

For all Cstart,  for all C* 
   For  α = (αi+1+ αi)/2 and α = (αi-1+ αi)/2 

Solve c subject to 

    ( ) ( )∗+= ccpcpc ,21 α
τd

d  using c0 = ci, τ0=τi 

 C = [all c] 
 C =Cextreme = conv(C) or  ( ) )(_)()( CfoptimumExtreme ττ CC =  

    where f(c) is the objective function 

Stage 4: Final Stage 
 
For all C 

Solve ci1(τ) and ci2(τ) 
subject to 

   ( ) ( ))(1
1 τ
τ
τ

cp
c

=
d

d   c = C (i), τ0=τi 

 
( ) ( ))(2

2 τ
τ
τ cpc

=
d

d  c = C (i), τ0=τi 

 
To demonstrate the systematic formulation of the RCC algorithm we will 

consider an example we solved in section 3.3 of this chapter.  
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3.5 3D Example: Numerical Solution 

3.5.1 Formulation 

 

The example studied here considers fundamental processes of reaction 

and mixing in an isothermal system with constant density. The objective of 

this example is to identify a three-dimensional A-B-D candidate AR by 

solving a four dimensional stoichiometric A-B-C-D system.  From the Van 

de Vusse kinetics depicted in Figure 3.1 the algorithm formulation can be 

detailed as follows. We first start by defining the feed state and 

fundamental process as shown below: 
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The formulation of the algorithm is detailed below along with the 

resulting structures after every stage. 
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Stage 1 

Solve the PFR trajectory ( ) [ ])(),(),(),(1 τττττ DCBA cccc=c  

Subject to 

( ))(1 τcrp =   given 0)0( cc ==τ   
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τ   for  ∞≤≤ τ0  

( ) [ ]0
11 ),(),( cccC τττ =  

( ) ( ))()( τττ CCC convExtreme ==   

( ))(_,[ 0 τCcC extremegenerating=∗  

( ) ( )[ ]0),(,0)( === ∗ccvCcrCC start  

 

In this stage, four differential equations were solved to attain the PFR 

trajectory from the specified system feed. The differential equation solver 

method used in the RCC formulation is the MATLAB® built-in ODE45 

algorithm based on explicit Runge-Kutta (4, 5) formula. The differential 

equations were solved over a residence time span ranging from the feed at 

τ = 0, to the equilibrium point where all four differential equations 

diminished to zero. For each composition variable, 397 points were solved 

and the equilibrium point was approximated at τ = 18.19 minutes. 

 

For set of four non-linear equations describing the CFSTR locus was 

solved using the standard Newton’s method to evaluate 500 

logarithmically spaced points with residence time span ranging from the 
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feed (τ = 0) to τ = 200 minutes. The upper residence time was chosen 

sufficiently large to approximate the equilibrium point.  In total, 897 

points were solved for stage 1.  

 

The convex hull was solved using the MATLAB® built-in convhull solver 

based on the Qhull algorithm (Barber et al., 1996). Upon convexification 

the number of points was reduced to 491 extreme points.  

 

The convex hull resulting from the convexification of the output states of 

the PFR and CFSTR is shown in Figure 3.4. The triangular facets forming 

the three dimensional convex hull can be visualised on the boundary of 

the structure with extreme points forming vertices to the facets. The feed 

point is indicated as a generating extreme point forming a vertex to more 

than 3 facets.     
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Figure 3.4: A convex hull resulting from stage 1 of the 3D AR construction 

 

Figure 3.5 depicts and rotation of Figure 3.4 to expose the equilibrium 

point where the reaction vector diminishes to zero. This point is also a 

generating extreme point as it is a vertex to more than three facets. 

Feed = Generating 
extreme point 
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Figure 3.5: A convex hull resulting from stage 1 of the 3D AR construction 

 

As discussed earlier the feed and equilibrium points are the potential 

starting points for the DSR profiles as they both satisfy the condition of 

optimality. These points are also generating extreme points and will 

therefore be considered as the DSR starting points and mixing points.   

 

Stage 2 
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For stage 2, 20 logarithmically spaced points between 0 and 500 were 

selected for the α-grid. This grid will be automatically refined and the 

bounds will be adjusted as may be necessary during the computation by 

the RCC algorithm (Section 3.4.2).  

 

The convex hull obtained at the end of stage 2 is depicted in Figure 3.6 

below. In this figure all the outputs states that remain on the boundary of 

the convex region are shown. Only the output states resulting from 

combination of reaction and mixing using the feed as the mixing point 

remain on the boundary of the convex hull. The output states resulting 

from the combination of reaction and mixing using the equilibrium point 

lie in the interior. At this stage the equilibrium point is omitted as a 

potential mixing point even though it is still a generating extreme point of 

the convex hull as it does not result in the extension of the boundary. 
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Figure 3.6: A convex hull resulting from stage 2 of the 3D AR construction 

 

Figure 3.7 shows only the output states from the combinations of reaction 

and mixing that are extreme points of the convex hull. 
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Figure 3.7: A DSR convex hull resulting from stage 2 of the 3D AR   

       construction 

 

At this stage it can be noted that the DSR structure is clearly identifiable 

and resembles that solved used analytical methods.   

 

Using the feed point as the mixing point and the equilibrium and feed 

points as DSR starting points, the iteration stage can be started and the 

final candidate AR be obtained once the termination criteria are satisfied.   

 

For this example the convex hull volume growth rate is used as the 

stopping criterion. The algorithm iteration step is terminated when the 

volume growth rate drops below a value of 0.1% of the total volume. The 

above RCC formulations were implemented in MATLAB® to solve the 

candidate AR in the A-B-D space.  
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3.5.2 Results 
 

The candidate AR generated using the AR algorithm is shown in Figure 

3.8. The ARC boundary matches the one obtained via analytical methods in 

section 3.3, showing the same reactor structures.  
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Figure 3.8: 3D Van de Vusse ARC Constructed with the RCC Algorithm  

 

The optimal trajectory for combination of reaction and mixing, i.e. the 

optimal DSR trajectory is delineated by points as indicated in Figure 3.8. 

The optimal CFSTR is also identified on the candidate AR boundary as 

was the case with the analytical computations.   

 

Figure 3.9 shows how the RCC results approximate the analytical 

computation for optimal DSR profiles. The RCC algorithm returns a 

smooth approximate DSR profile with no scattered points.  
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Figure 3.9: Optimal DSR Profile: Comparison of Techniques 

 

For this example the algorithm run-time on a Pentium 4 2.5 GHz Intel 

computer with 256MB RAM is broken down as follows: 

• Initialisation stage and Growth stage – 7 seconds 
• First Iteration - 8 seconds  
• Second Iteration - 15 seconds 
• Third – Tenth Iteration – 4 min 
• Polish Stage – 6 seconds 
 

The ARC volume growth rate dropped below 0.1% after the fifth iteration 

(2 minutes run-time). More iterations were performed to improve the 

accuracy of the DSR delineation and the results for ten iterations are 

shown in Figure 3.9. To quantify the deviation of the approximate optimal 

DSR profile from the analytical optimal profile, the percentage deviation 

error method was applied. The method uses the equation below to 

calculate the deviational error. 

( ) ( )
( )∑

=

=

×
−

=
iNi

i ianal

approxanal

N
Error

1

100%
C

CC

α

αα
      (3.4) 

× - 1st Iteration; -◊- 3rd Iteration; -×- 10th Iteration;            Analytical 


