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Abstract

We perform a symmetry analysis of some nonlinear partial difference equations (nP A Es), where the
discrete version is obtained using some discretization approach. The discrete versions of the wave,
diffusion, Fisher and Huxley equations are the subject of this research. At first, the initial invariance
approach is the Lie symmetry approach. The first integrals technique that Hydon introduced to be
used with discrete ordinary difference equations (O A Es) serves as our inspiration in this situation.
We develop a similar technique for generating the first integral vectors of the nP A Es without recourse
to symmetry generators.

1. Introduction

The technique and theory for analyzing differential equations using invariance under some (local) Lie group is
well-known and the standard texts cited include, among others, Ovsyannikov [1], Olver [2], Bluman [3, 4] and
Ibragimov [5]. For the case of discrete equations, this extension is relatively new; Hydon [6] being the first to
introduce this approach. Similar studies for discrete equations are infrequent. The idea of conservation laws for
OAEs was extended further by Hydon [7] and Rasin [8]. In the investigation of the application of Lie groups and
Lie algebras to difference equations (DEs), divergent methodologies are discernible. One such approach involves
treating both the DEs and associated lattices as predetermined entities for examination. Subsequent efforts are
directed towards furnishing analytical tools for the resolution of these equations, with an emphasis on
simplification, as well as the classification of solutions based on integrability and linearity [6—8]. An alternative
perspective involves both DEs and their corresponding lattices as auxiliary components. The technique of
employing transforming lattices, notably explored by Dorodnitsyn and collaborators [9—14], characterizes this
method. Notably, this approach maintains the symmetry structure inherent in differential equations,
distinguishing it from alterations typically associated with differential equations in the presence of transforming
lattices. There are some applications of these techniques in Hussain et al [15], Folly-Gbetoula et al[16, 17], and
[18, 19]; in the latter, the conservation laws for the discrete sine-Gordon equation and discrete Liouville
equation were thoroughly addressed. Also, some third order difference equations were studied using that
technique. Several investigations on differential equations can be pursued in accordance with the studies
mentioned [20-22].

For obtaining exact solutions to DEs, symmetries and first integrals are helpful tools. For DEs, the
relationship between symmetries, conservation laws and integrability was established in [23]. It has been
demonstrated that the equation can be reduced twice when the invariance condition connects the symmetry
generator and the first integral. So, when discrete analogs of such equations are created, these qualities may very
well be preserved. This association was discussed in [16] which supports the continuity of the first integral’s
invariance under a symmetry generator when dealing with O A Es. The first integral results of the nonlinear
partial differential equations are now employed to be applied to the nP A Es. Here, we use the notion of first
integral vectors followed by a shift operator. Hydon introduced this shift operator [24] and is a key operator in
the theory of difference equations. For a forward shift the shift operator is defined as S,;: n+— n + 1. Fora
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function f(n) via the symmetry approach it leads to
Si{fm}=fm+r, Svi=vi,

whereas for a backward shift, the shift operator is S,,: n+— n — 1, or for a function f(n) it follows as
S{fmy=fmn—r), Svi=vi,

Here, we study the symmetry generators and first integral vectors for discrete equations like wave, diffusion,
Fisher, and Huxley equations. The layout of this article is as follows: section 1 introduces Lie symmetry work in
theory of difference equations. The general approach for the symmetry generators and first integral vectors of
the nP A Es will be introduced in section 2. In section 3 we apply this method to the discrete forms of the above
equations. At the end, a conclusion is provided.

2. Symmetries and first integral vectors

We consider the partial difference equation

I+1 I+ ]
1/kil - (U(k, la Vk) VkJr ) Vk+1)) (1)

where k and / are integers, vi is a function that depends on the independent variables k, /and wis a function of the
dependent and independent variables.
Here we consider the transformation [6]

o111 I+1 Al A4l Al ALt
Fl: (k) Z> Vk; Vk+ > Vk-i,-l) ij—l) — (k) l ka Vk+ > Vk+1y Vk+1) (2)

If we assume that I'; is a symmetry for equation (1), then we have

Al+1 Al Al+1 Al
P = wk, Lo, o0 0D, )

whenever equation (1) holds. Lie symmetries are obtained by linearizing the symmetry condition (3) about the
identity. For this purpose, we first seek one-parameter (local) Lie groups of symmetries of the form

=i+ eQ(k, L vp) + O(ed). )
The function Qs called the characteristic of the one-parameter group. Also, for the remaining variables, we have

D1 = VI£+1 +eQk + 1, L vy + O(e?),
T =v 4 eQlh, L+ 1, v + O(e?),

P =vi + eQle+ 1, 1+ 1, vt + O(e). )
Expanding equations (4)—(5) to first order in € yields the linearized symmetry condition [18, 24]
S:5Q — Xw = 0, (6)
where
X= Q— + (5:Q) + (SQ—— (7)
6Vk+ . 6 I+ 1

In the same way, when we have the partial difference equation of the type
vt = Wik, 1 vl v v, ®)

where kand / are integers, Vi is a function that depends on the independent variables k, land wis a function of the
dependent and independent variables.
Here we consider the transformation [6]

41 I+1  l+1 N RPN ES RN N RPN A
D (k, L v vith v vif D) = (k1 of 900 9, 9. ©)
If we assume that I'; is a symmetry for equation (8), then, we have

141 Al Al+l plt
Pl =wk, L 9 200 9D, (10)

whenever equation (8) holds. Lie symmetries are obtained by linearizing the symmetry condition (10) about the
identity. For this purpose, we first seek one-parameter (local) Lie groups of symmetries of the form

Pl =vl+ eQk, I, v}) + O(€?). (11)

The function Qis called the characteristic of the one-parameter group. For the remaining variables we have the
transformations
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P =+ eQk — L1+ 1, vt + 0(e?),
P = v+ eQk, T+ 1, v + O(e?),
P = QU+ L1 1L + 0, o

Expanding equations (11)—(12) to first order in € yields the linearized symmetry condition [ 18, 24] for this type
given by

SirSQ — Xw =0, (13)
where
X = @—+6@@ e (14)
2.1. First integral vectors
We consider the partial difference equation of the form
Vifrll = w(k, I, Vka 1£+1’ VI£+1)’ 15)

where kand / are integers, VL is a function that depends on the independent variables k,  and wis a function of the
dependent and independent variables. Let

o=k Lvpvi), ¥ =uk b, (16)
Then the first integral condition for this case is as follows

3 N

S+ Sk = ¢ + 9, =0, — = 0. (17)
l ¢ ¢ vl ov}
In the form of arguments, equation (17) becomes
ik, b vip vig) + Skto(k, L vy vt = ok, L v vi) + 9k, L v, v, (18)
or
ol 1+ 1L, v w) + otk + 1, Lvi, w) = ok, L v vie ) 4+ ik, I vh, vi™. (19)
Now we introduce some notations
Puck, 1, vy = 22 Rk, 1, vh = 22
8Vk 3vk
0 0
p=-22 R= -2 20)
Mt vy

Differentiating equation (19) w.r.t. vk, we have

¢> 9¢

w(k+1 Lvi,w) = —Jr—' 21D

(k I+ 1, v L w) +
8 Vi aVk 8Vk

By using the chain rule and writing in the form of shifts (forward), we obtain

(SiPy + SkRz) =P+ R (22)
%
Asboth the differential and shift operators are linear, we can write them as

= (S Pz) (SkRz)_' (23)
3vk k
Now, we differentiate equation (19) w.r.t. v/ 41
‘% — (kI 4+ 1, v w) + 0¢ k+1,Lvi g, w = 8? + aj/’ . (24)
Vk+1 Vk+1 Mipr Oy
In the form of a shift operator, we can simplify as
Ow Ow
P, = §P, + SR (25)
Vk+1 Vk+1
Next, differentiating equation (19) w.r.t. v/ !
3(25 yl oy I _ 99 oy
,(U) + av£+l(k+ 1) l) Vk+1) w) - avli"'l + av]£+1' (26)
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After simplifying, we get

Solving equations (25) and (27), we have
Ow Ow Ow

P, = [SiP; + S P + SER 1,
’ Vk+1 ’ 28 I£+1 ¢ Za li“
Oow ow ow
R = —=[SkRy + SRy —— + PPy 1.
O Vk+1 Vk+1
From equation (28), it follows that
ow ow ow
P, = [SiPy + S P—— +SkP2 l+1]
Vk+l 8vk 6 Vi
ow ow ow
Ry = — = [SkRy + SkRy + SR, 15
O Vk+1 a"kﬂ

such that S*P, = S¢R, holds. From equation (20), we get the integrability condition as
on__op, oR__ 0k,
v, ovl’ ovirt ol

Then the first integral components (¢, 1) are given by
d) = fPldV]i + PZV]£+1 + G(k) l))
= ledvk + Ryl 4+ Hik, D).

Next, we consider the partial difference equation of the form

I+1 I+1 I+1
vt = w(k, [, vk, (7 AR) R

A Hussain et al

27)

(28)

(29)

(30)

(€20)

(32)

where k and / are integers, vi is a function that depends on the independent variables k, /and wis a function of the

dependent and independent variables.
Let

¢ ¢(k l Vk, Vl+1)a w = 1/)(1(, l) V}i) Vli+1)-
Then, the first integral condition for this case follows as

SEO + Sk =6 + ¥ o N
k k

In the form of arguments, equation (34) becomes

Sk¢(k l Vk) Vl+l) + Sk¢(k l Vk) +1) - ¢(k l Vk’ Vl+l) + ?/J(k Z Vk’ l+l)’

or

ok + 2, L, visy w) + bk + 1, L vy, w) = ok, L v, vit D) + 0k, 1, vi, vi™).

As before we define some notations

Pl(k l Vk)— ¢ Rl(k l ‘Vk) = 8w
8Vk avk
P, = 8¢ R, = oY .
oy !
Differentiating equation (36) w.r.t. vk, we have
¢ o 9
(k+zlv , w) + (k+llv y W) = —— :
vl 2 Py . ol ol
By using chain rule and writing in the form of shifts, we get
(S¢Py + SkRz)— =P+ R.
Vk
As both the differential and shift operators are hnear, SO we can write
P =5 (Pz) R = Sk(Rz)—'
Vk Vk

(33)

(34)

(35)

(36)

(37)

(33)

(39)

(40)
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Now we differentiate equation (36) w.r.t. v |

8(;5 (k+21vk+2,w)+ 6¢ (k+llvk+1,w) 8? + 8?).

Vk+1 Vk+1 MW Oy
In the form of the shift operator, we can simplify it as

= [Si(P2) + Sk(R)]
Vk+1

Next, differentiating equation (36) w.r.t. v, , gives

3¢ (k+2,Lvi W+ 81/’ k+1,0vl,,w = a;z) " 3}” .

Vk+2 Vk+2 Wiy Ovy,

After simplifying, we get

R, = S{(Py) + S- kSz(Rz)
Vk+2

Solving equations (42) and (44), we have

p,= [sz(m) -2 sk + Sl(Rz)}l
8Vk+1 k+2
ow
R, = 7 ls—ksl(Rz) + {Sk Si(P2) + Sk(R)} ]
MWiya Vk+1

From equation (45), it follows that

ow ow ow
=S S (Py) + S St(Py) + S P
s s ()|
Ow Oow ow
R=S Si(R S Si(R; S S2S)(R
) = k(@vk)[ _SI(Ry) + k(mk] (R + k[c’?vk) i Si( 2)}]

such that §;(R,) = S7S;(P,) holds. From equation (37), we obtain the integrability condition as
OP; 0P, OR  OR
Ayt - 8—1/,5’ vl - 8—1/,5
Then the first integral components (¢, 1) are given by

6= fPldvk—i- Pt 4 Gk, 1),

= ledvk + Ryl 4+ Hik, D).

3. Derivation of PA Es

3.1. Discrete wave equation
Here to apply the technique discussed above, we consider the discrete wave equation [24]

1+ I+1 )
Vk+1 = Vk+1 + Ve = Ve

We first compute the symmetries of the discrete wave equation.

3.1.1. Symmetries
Consider the discrete wave equation

I+1 I+1 !
il =vig + v = v

This equation is of the form

I+1 1 I+1 1
vir = wk, L vip vi ', viey ),

A Hussain et al

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

where the term on the right hand side w(k, I, v}, v/*, v}, ) isasmooth function. Let the characteristic of the

equation (49)be Q = Q(k, I, v,i). Then the symmetry condition equation (6) becomes

5
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ScSQ — Xw =0, Qk+1,I4+1,w) — Xw=0, (51)
where equation (7) is
0 0 0
X=Q—+ (S$xQ) — + (SlQ)ﬁ'
8Vk Vk+1 8Vk

The symmetry condition equation (51) takes the form
Qk+ 11+ 1, w) = Qk+ L Lviey) — Qs I+ 1Lv™) + Qk, L v) = 0. (52)
By using the differential operator given by

Lo = il + av’%l EZ) , (53)
vy Ovi O0viyq
we get
Qk+1,Lvi) — QL v)=0. (54)
Solving this equation, we have
Q(k, L, vp) = alk, Dvi + ek, D). (55)
Using the value of Q in equation (52), and comparing the coefficients
v,iﬂz ak+1,1+1) —qgk+1,0) =0,
vithatk4+1,14+1) —qk, 1 +1) =0,
Constants: ok + 1, [+ 1) + ok, ) — ok + 1,]) — ok, I+ 1) = 0. (56)
Solving the system, we obtain
Q(k, L, v) = (= Dy + A. (57)
The following symmetry generators are obtained
| = 8%5 - aiﬂ 8%“’ X, = v,ia%i + Vé“%lﬂ + V'ﬁlava,i“' (58)

3.1.2. Firstintegral vectors
In this section, we implement the main results derived in the aforementioned section (2.1). We derive the first
integral vector for the discrete wave equation given by

+1 1 I+1 !
Vil = Vi1 T Ve — Ve

This equation is of the form that is of the type discussed in the equation (15)

I+1 I 1+1 1
vir = wk, L vie vi 5 vy,

where the right hand side w(k, I, v;f, v,i+ 1 v,ﬁ 11 isasmooth function. Then we define P, = P,(k, I, v,i) and the
first integral condition for P, follows from equation (29) as

Pyk + 2, L, v}y + 2Py (k, [+ 1, vi™Y) — Py(k, I, v}) = 0. (59)
By using the differential operator equation (53), we obtain
2Py (k, 1+ 1, vith — Py(k, I, v)) = 0. (60)
Differentiating this equation w.r.t. v, and simplifying, we get
Py(k, 1, vp) = a(k, Dvi + a(k, D. (61)
Further using equations (59)—(60), we have
Pytk, Lvp) = 2"l + (=1 + V2) + (=1 — V2)L (62)
On the other hand the relation for P; from equation (23) follows as
Pik+ L Lvi,) = =2l — (=1 4+ V2) = (=1 — V2). (63)
Using the integrability condition equation (29), we get
1 -l % —pl-1 (64)
v} 11 ovi

Then, from equation (17) the first component ¢ of the first integral vector follows as

P =1{(=1 - V2) + (=1 + V)l + vD) + Gk, D. (65)
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Now we proceed to obtain the second component 1) of the first integral vector. For this we define
R, = Ry(k, I, v,i) and the first integral condition for R, follows from equation (29) as

2Rk + 1,1, vi ) + Rolk, 1+ 2, vi™) — Ro(k, I, v}) = 0. (66)
By using the differential operator (53), we obtain
2R)(k + 1,1, vi ) — Ri(k, I, v}) = 0. (67)
Differentiating this equation w.r.t. v§, and simplifying,
Ro(k, L, v)) = a(k, Dvi + a(k, D). (68)
Further using equations (66)—(67), we have
Ro(k, I v)) = 2" kvl 4+ (=1 + V2)F + (=1 — V2)%, (69)
On the other hand the relation for R, from equation (23) leads to
Rk, I+ 1, viTh = =2kl — (=1 + V2)F — (=1 — V2)X (70)
For the integrability condition (30), we get
ai?l = -2k Z—fz =21k (71)

Then, from equation (31), second component ¢ of the first integral vector follows as
Y= {(=1 = V2 + (=1 + VD + v + Hk, D). (72)
We thus have

Theorem 3.1. The first integral vector for the discrete wave equation (49) has components
¢ ={(=1 = V2 + (=1 + 2} sy + v + (=D,
Y={(=1 = V2* + (=1 + VD@ + v + (=D (73)

3.2. Discrete diffusion equation
Consider the one-dimensional diffusion equation
v 0%
— =D—,, (74)
ot Ox?
where x and t are spatial and temporal variables respectively, D is the diffusion constant and v is dependent
variable here. The rate of diffusion increases with D value and has a unit length squared over time. For the
discretization of a single domain diffusion equation, we start with an implicit finite difference scheme, which isa
backward difference in time and a central second order difference in space. The approximations for the
derivatives are given in discrete form as

1 1

ov v %
—~ k1o (75)
ot At
O vith — oyt 4 vt
— + O(Ax)3. (76)
Ox? 2(Ax)?
From equation (74), we have
I+1 ! I+1 I+1 I+1
v — v Vi) — 2vi vl
kLo =pH"E T4 o(ax). (77)
2(Ax)?
Ignoring the truncated terms and writing in simpler form
At —vh = vt — vt it (78)
where \ = ZD((AAXZ; . Rearranging the terms, we get
it = v - v
where A= A+ 1.
3.2.1. Symmetries
Consider the discrete diffusion equation derived above
vigh = AvT = v — vt (79)
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This equation is of the form that is of type discussed in the equation (32)

vih = wk bvp vt i,
where the term on the right hand side w(k, I, v}, v/*', v/7}) is a smooth function. Let the characteristic of the
equation (79)be Q = Q(k, I, vk). Then the symmetry condition (13) becomes
SkSIQ — Xw =0, Qk+1,1+1,w) — Xw=0, (80)

where equation (14) is

X = Q— + (5= kSIQ) T + (SlQ)
The symmetry condition (80) takes the form
Qhk+ 1,1+ 1,w) + Qk — 1, L+ 1, virH — AQ(k, I + 1, v/™Y) + \Q(k, I, v}) = 0. (81)
By using the differential operator (53), we get
AQ'(k, L v — AQ'(k, 1+ 1, v = 0. (82)
Solving this equation, we have
Qlk, 1, vj) = %q(k, Dvi + ek, D). (83)
Using the value of Q in equation (80) and equation (82), we obtain
Qk, 1, v) = i(—l)kv,f + B. (84)
The following symmetry generators are obtained
1= (% - % + %, X, = v,i% - V’iﬂava,i“ + vl“aam~ (85)

3.2.2. Firstintegral vectors
In this section, we derive the first integral vector for the discrete diffusion equation (79) given by

vitl = ATt — dvp — it
This equation is of the form that is of type discussed in the equation (32)
W= wll vl ol v,

where the right hand side w(k, I, vk, I‘H l+ 1) isa smooth function. Then we define P, = P, (k, I, v,i) and the
first integral condition for P, follows from equat10n (46)as

APk + 2, vl + O — DPo(h, 1+ 1, v — %Pz(k, L vl) =o0. (86)

By using the differential operator (53), we obtain

A1 — NPk, I+ 1, v/ + sz(k 1, v =o. (87)
Differentiating this equation w.r.t. v}, and simplifying, we get
Py(k, L vp) = a(k, Dvi + a(k, D). (88)
Further using equation (86) and equation (87), we have
-1 -1
A A+1
Py(k, I, v}) = g\ ——— Vl—i—c( ) . 89
2 ( K =a ()\2()\_1)) Y (89)
On the other hand the relation for P; follows from equation (40) as
l I
A A+1
Pk —1,1+1,vth =~ 71/%176)\( ) 90
1 ) o) e (90)
Using the integrability condition (47), we get
! -1
OP _ .y A , P _ A ) . 1)
81/”1 X = 1) 61/]& XA -1
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Then, from equation (48) the first component ¢ of the first integral vector follows as

I-1 -1
¢ = {1 — (ﬁ)}(&)\(ﬁ) VI£VI£+11 —+ Cz)\()\ 1_ 1) (‘V — Vk) + G(k l)

Now we proceed to obtain the second component v of the first integral vector. For this we define
R, =Rk, I, v,i) and the first integral condition for R, follows from equation (46)

A&@+2J+lwﬁb+k&@+lZVHQ—&@—ll+lvk)—X&wlvg—u

We define the differential operator as

i N avlJrl b

Ly = :
ovi ovi ot}

By applying the operator, we get
ARy (k — 1,14 1, vt} — Rz(k I, v =o.

Differentiating equation (95) w.r.t. v, and simplifying
Ro(k, L v = Aak, Dvi + ek, D).
Further using equations (93)—-(67), we have

A—1)!
Ry(k, 1, Vli) = CIAZk_ll/li + Cz(— h ) .

On the other hand the relation for R, follows as

1\
Rk, [+ 1, v/l = —g Nk+1 41 Cz)\(— A . 1)'

Using the integrability condition (47) we get
OR =—q )\2k+1) % =q k=1

it v}

Then, from equation (48) second component ¥ of the first integral vector follows

A=Y
Y=g\ — e 4+ v) + Hk, D).

We thus have

Theorem 3.2. The first integral vector for the discrete wave equation (79) has components

I-1

¢:Q%_A—l

-1
) W+ vh + (-

3.3. Discrete Fisher equation
Consider the one-dimensional Fisher equation

Ve = Ve + V(1 — V),

(92)

(93)

(94

(95)

(96)

97)

(98)

(99)

(100)

(101)

(102)

where x and t are spatial and temporal variables respectively and v is the dependent variable. Based on the type of

model, v(x, t) represents the concentration of a fluid, bacteria, or a specific biological cell and (1 — v) is the

reaction or growth term. This equation has been derived by Fisher [25] in its most basic version, who initially
analysed it. For the discretization of a single domain diffusion equation, we are starting with an implicit finite
difference scheme, which is a backward difference in time and a central second order difference in space. The

approximations for the derivatives in case of implicit discretization are defined as
I+1 !
v — v
v~ kL O(ar)?,
At
k= 2t 4 i)
2(ax)?

Vix R + O(ax)>.
From equation (102), we have
I I I
I+1 I 1 gyl et

— v
Ye Z Y% 4 oar? = “lﬂAy + O(ax)* + vl — v

(103)

(104)

(105)




10P Publishing

Phys. Scr. 99 (2024) 045253 A Hussain et al

Ignoring the truncated terms and writing in simpler form

vitt — vl = v = v D+ (anvi( — v, (106)

(At)
2(ax

where v = - Rearranging the terms, we get

) I+1 1
Vk+1 = )\11/ — )\ka — Vi1 + A3(Vk)2,

where \} = I% +2, A= L UM , A3 = 7. Now we compute here the symmetries of the above equation known
as the discrete Fisher equation.

3.3.1. Symmetries
Consider the discrete Fisher equation derived above

VL= A = vl — v 4 (107)

This equation is of the form that is of type discussed in the equation (32)
141 Sl I
vith = w(k, L vi, v v,
where the term on the right hand side w(k, I, v}, v+, v/*!) isa smooth function. Let the characteristic of the

equation (107)be Q = Q(k, I, vk).Then the symmetrycondition(ls) becomes
SeSIQ — Xw =0, Qk+1,I+1,w) —Xw=0, (108)

where equation (14) is

Q— + (5= kSzQ) + (S zQ)

l+1
k

The symmetry condition (108) takes the form
Qhk+ 1,1+ 1,w) + Qk — 1, 1+ 1, vl = NQk, I+ 1, vl + (g — 203v)Q(k, I, vh) = 0. (109)

By using the differential operator (53), we get

—(a = 20D Q' (kT + 1, vi™h) + (g — 209D Q/(k, I, v)) — 203Q(k, I, v)) = 0. (110)
Solving this equation, we have
1 p% ok, 1)
Qlk, L vp) = ———a(k, DN — 203v) + ——2——q(k, I) + —2——. (111)
¢ 4>\3 1 ? Tk 4)\3()\2 - 2)\31/15) ' )\2 — 2)\3V}£
Using the value of Q in equations (109)—(110), we get
11 I+2 (—D'A3 + 4)\361( : )kil
_ 1)+ 1+ —1)A 5
QU v = S0, - ED A (112)
4)\3 2 ()\2 — 2)\3Vk)
The following symmetry generators are obtained
o0, 0
o o oy
0 0
_ W ES l+1
)(2—‘Vk—VIi k 8v£+1 + Vi a l+l
1 0 1 0 1 0 (113)

- — - +
()\2 — 2)\3V]£) 8v,£ ()\2 — 2A3Vl+l) BVI-H ()\2 — 2>\3Vk )aVI-H

3.3.2. First integral vectors
In this section, we derive the first integral vector for the discrete Fisher equation (107) given by

! )\zvli — v,ﬁfll + )\3(v,£)2.

I
Vk+1 = Mk *
This equation is of the form that is of the type discussed in the equation (32)
I+1 S
Vkil =w(k, 1, Vk» + > Vk+1)’

where the right hand side w(k, I, ‘V]i, L 1/,5+ 1) is a smooth function. Then we define P, = P, (k, I, v,i) and the
first integral condition for P, follows from equation (46) as

10
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Pyk, I, v)) = —(\g + 2Xsvf D[Pa(k, [+ 1, v
—a + 20V ) Pak + 2, 1, viyy) — (o 4 2X3v4 ) Patk, T+ 1, v ).

By using the differential operator (53), we obtain
%&Jw@+§%&+2&@ﬂy+MwLM1—&—2&%@%%J+1VHS—Q
1

Differentiating this equation w.r.t. v}, and simplifying, we get
Py(k, L vi) = oalk, D + Asalk, Dvp)? + ok, D).
Further using equations (114)—(115), we have

5 -1 5 -1 2o V!
Pk, L vl) = g | —2—— | vl g ——2—— v o 22— | .
2( Y =a 2(/\%()\2_ 1)) L+ aXs X0y = D (Vi) ) XOw T D

On the other hand the relation for P, follows from equation (40)

X, -1
A N-1 Y
tadlmo (l+1)2‘% ol o[
M —1) AN+ 1)
For the integrability condition (47), we get

I I
3P1 1 )\1 A1
= (=X — 20V e — 2 | 2| — 2 |y
oty SR 3){ 1 2(,x§(A2-— 1)) 1 3(,X§(A2-— 1)) !

-1 -1
Xa—Pi = C])\z 2# + C1)\3 2# V]i.
8Vk )\2()\2 - 1) )\2(>\2 — 1)

Then, from equation (48), the first component ¢ of the first integral vector follows as

o) A
=qaX SENS S VVI+1 1— (X +2)\ VI+1 B eE—
’ 1{£w—n] kk{ R Pee
) A
=+ ¢ A - Vltll/ A + 2 Vl+l e S e— Vl+l
l{ﬁw—n) ] (O )ﬁw—n

N-1 ) o A - ”
2 A+ 2 2
(m&+n){ " e Yw—n

Now we proceed to obtain the second component ¢ of the first integral vector. For this we define
R, = Ry(k, I, v,i) and the first integral condition for R, follows from equation (46) as

Ry(k, L v)) + (A2 + 2Xsvi ) [Ralk — 1, 1+ 1, vi'))
—( 207 DRk + 1, L vi) — Qg 4 20svi DRk 4 2, 1+ 1, viED)] = 0.

1
Pl(k — 1, ) + 1, Vl+1) = ( )\2 — 2)\3Vk 3){61/\2(#) l+1

By using the differential operator (94), we obtain
Ritk, L v)) — (g + 2259 o + 2Xsv) DRIk — 1, [+ 1, v/t = 0.
Differentiating equation (122) w.r.t. v}, and simplifying we get
Ro(k, I, v = Ma(k, Dvi 4+ Msak, DH? + a(k, D).
Further using equations (121)—(122), we get following result

N+ 1Y !
&mhmq@ﬁ“%+q&wwsz+q(z ).

A
On the other hand the relation for R, follows as

A

1
Rl(k, I+ 1, Vl+1) _ 7(/\2 + 2)‘3Vk {Cl()\z)zlﬂ I+1 + Cl)\a()\z)zl(vlﬂ)z + 62()\2 + 1)}

A Hussain et al

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

11
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For the integrability condition (47), we get

881131 = —(Az + 2A3vl+2){q(}\2)21+1 + 2C1)\3()\2)21 l+l})
Vk
3R2 = a1 + 26 A () P20} 126
vi

Then, from equation (48), second component ¢ of the first integral vector follows as

P =aO)? Wi T — Qg + 207D A2 + a O v vl — X2 + 22 v vl

N+1Y !
+c2( ZA ) (vt — g 4 209 v} + Hk, D). (127)
2

We thus have

Theorem 3.3. The first integral vector for the discrete Fisher equation (107) has components

o) A\
=g\ —2 HU ) Oy 4+ 20 vy —2
¢=aq 2(/\%0\2 1)) Vivi 1{ (A 3Vkl3) XOw D)
I-1
A 11 11 A yiil
4+ qM| ——— A+ 2A _
q{ﬁwn)vk”{ B by

-1 Y, N1
+o| 59— = Qu 20t )| 52— vk + (DK,
()\20\24_1)) { — (N 3Vl 3) Xno D % (=D
Y=\ WivE 1 — O 4+ 20vE DN + a O Wivit vl — XOw 4+ 20avi vt
-1
+ Cz(%) (v — g + 20v) v 4+ (=)L (128)

2

3.4. Discrete Huxley equation
Consider the one-dimensional Huxley equation [26]
Ve = Ve + V21 — W), (129)

where x and t are spatial and temporal variables respectively, v is dependent variable here. The approximations
for the derivatives in case of implicit discretization are defined as

L
v Lk 4L OAn?, (130)
At
I+1 I+1 I+1
Vel — 2+ v 3
Vi = + O(Ax)". (131)
h 2(x)
From equation (129), we have
I+1 ! I+1 I+1 I+1
Ve — Vbl — 2v
k4 o(ar)? = KL —L 4 0(ax) + (A — ). (132)
2(Ax)
Ignoring the truncated terms and writing in simpler form
il — v = v = 2T D (A HeHAA - v, (133)

_ Db
where v = 2 o

- Rearranging the terms, we get
vith = Avit — vl — Byl — A(DE + A,

where A = % +2, A= %, B = ;. Now we compute here the symmetries of the equation known as the
discrete Huxley equation.

3.4.1. Symmetries
Consider the discrete Huxley equation derived above
vith = AvI — vl - Byl — A2 4+ A (134)

This equation is of the form that is of type discussed in the equation (32)

I+1 l 1 I+1
Vkil - W(k l Vk) + > vk+1))

12
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where the term on the right hand side w(k, 1, v,f, ,f+ 1 v,f+ 1) isa smooth function. Let the characteristic of the
equation (134)be Q = Q(k, |, v,f). Then the symmetry condition (13) becomes
SkSQ — Xw =0, Qk+1,I+1,w) — Xw=0, (135)

where equation (14) is
0
X= Q— +(S- kSlQ) S + (S lQ)

The symmetry condition (108) takes the form
Qk+ 1,1+ Lw) + Qk — 1, 1+ 1, ™) — AQ(k, I + 1, v
+ (B + 2\ — 3A(H))HQ(k, 1, v}) = 0. (136)
By using the differential operator (53), we get
—(B 4 2\ = 3ADHQ (kT + 1, v + (B + 20
—3AWDHQ' (kI v)) + @A — 6MvDQ(k, I, v)) = 0. (137)

Solving this equation, we have

I
Q(k, l, V]i) _ C](k, l)(lvli o l) + (2)\ + ?)Vk + BZ L‘l(k’ l) + CZEk) l) l . (138)
3 9 9(B + 2A\v; — 3A(1)?) (B + 2Mv, — 3X(vp)?)
For simplicity, we take ¢;(k, ) = c;(k, [) = 1, so we get
I
Qb =ty Ly __CAEOuAE — (139)
3 9 9B+ 2Mv — 3A(Y (B + 2Avp — 32 (n)?)
The following symmetry generators are obtained
0 0 0
Xi=—= I+1 I+1°
3vk 8Vk a‘l/k_l
1 0 10 1 9
X = Vka_vk TV vl + Vi 5vl+1
_ @ \+6ew+B 0 @A+ 6V + B )
(B + 20 —3A(wD2) vl B+ 22t — 3a@H2) aviT!
@A+ 6)vii+B 9
(B 4 2)\Vl+l _ 3>\(Vl+l) )a l+1
B 1 0 n 1 0

(B + 2\ = 3A(H) avl B+ 20w — 3 @HY) avf!

! 9 (140)

(B + 2)\Vl+l 3>\(Vl+l)2) 8Vl+1

3.4.2. Firstintegral vectors
In this section, we derive the first integral vector for the discrete Huxley equation (134) given by

vith = AviT — vl — Byl — MDA
This equation is of the form discussed in the equation (32)
v = wk bvp vt i,

where the right hand side w(k, I, vk, ” L 1/,5+ 1) isa smooth function. Then we define P, = P, (k, I, v,i) and the
first integral condition for P, follows from equation (46) as

Py(k, I, v)) + (B 4 2\vi — 3A(DD[Py(k, [+ 1, viTH) — (B 4 2X\v) — 3A(v))D)
+Py(k + 2,1, vl ) — (B4 2\ — 3A(DHPy(k, 1+ 1, viTH] = 0. (141)
By using the differential operator (53), we obtain
Pk, 1, vl + %(B b2 = 3AWL DB + 23] — 3ADY)

+(1 — B = 2\ + 3N )Pk, T+ 1, v = 0. (142)

13
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Differentiating this equation w.r.t. v}, and simplifying, we get
Py(k, I, v) = Ba(k, Dvi + Aa(k, D)? — dalk, Dm)® + alk, D).
Further using equations (141)—(142), we have

A -1 A -1
N N 1 s N2
Pz(k, l, Vk) = CSB(B(B — 1)) Vi + CS)\(B(B — 1)) (Vk)

A -1
_ 1\3 _1)l-1
C3)\(B(B — 1)) (Vk) + C4( 1) .

From equation (40), the relation for P, follows as

1
A
Pik— 1,1+ 1, v/t = —B 4+ 22wt — 3\ 4Bl ——— | vit!
1 ( Vi) ( v, (AR DRI BB 1) Vil

A ! A !
I+1y2 1+1\3 1y
+C3)\(7B(B — 1)) vZ1) C3)\(7B(B — 1)) 21 + a(=1) }

Using the integrability condition (47), we get

1
a? :—@+2M”P—Mw“n)cBL—lL—)
ot B(B - 1)

A ll+1__ A l I+1y2
+ZC3>\(B( — 1)) 363\ —B(B D WD) s

I-1 -1
X%ZQB L + 23\ L v,f
v} B(B - 1) B(B - 1)

A -1 -
—3C3A(m) (Vk) .

Then, from equation (48) the component ¢ of the first integral vector follows as

A Y A
- a4 +1), L I+1 A
¢ = C3B(B(B — 1)) vkvk {1 (B + 2\vi 3 — 32 (1 "3) )(B(B — 1))}

-1
A I+1 L L A 11
+ e * B+ 2\ — 3\ | — v~
C3(m3—n) Wl”{ — Yk 80 ))B@—I)WI

A o I+1 2 l+1 I+1 l+1
_ _a B _ a4 2
C3)\(B(B — 1)) Vil 1Vk (vk) (B + 2\ 3A( Y B(B — 1) D)

+ (=D — B 4+ 20 — 3 DYV + G, D).

Now we proceed to obtain the second component ¢ of the first integral vector. For this we define

R, = Ry(k, I, vk) and the first integral condition for R, follows from equation (46) as

A Hussain et al

(143)

(144)

(145)

(146)

(147)

Rok, L v)) + (B + 20wl — 3A(i D[Rk — 1, 1+ 1, i) — (B + 2\, — 3A(vj41)?)

Rtk + 1, L vl ) — (B4 2\i = 3A(h, D) R(k + 2, 1+ 1, viE )] = 0.

By using the differential operator (94), we obtain

Ri(k, L, v)) — (B + 2M\vf 5, — 3A(vf, ) (B + 2Mvf — 3A (D) +

Ri(k— 1,1+ 1,v/th =o.
Differentiating this equation w.r.t. vk, and simplifying we get

Ry(k, 1, v) = s(B* v} + s A(B*2(1)? — s ABX2(v))>.

On the other hand, the relation for R; becomes

R, 1+ 1, v = —=(B + 22"} = 3Am D) (e (B tyfH!

FEABH 2 — G ABR 2 ()

(148)

(149)

(150)

(151)

14
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Using the integrability condition (47), we get
OR,
ovit!

—3c; ABY 2 (v,

= —(B + 221 = @D 6@ + 20 AB)F 2yt

XZR (B! 4+ 26 M(B)2* 2yl — 3c3 ABH* 2 (v])2, (152)
Vk

Then, from equation (48), second component ¢ of the first integral vector follows as

P =B iy {1 — B — 2wt + 3a(mit)?)
+ s A(B)2k~ kav,£+l{vk (B + 22t = 3a@litH2vith
— AB)F 2y (vD? — (B4 20 = 3A DO + Hik, D). (153)
We thus have

Theorem 3.4. The first integral vector for the discrete Huxley equation (134) has components

A ! A
— a4 1), 1+1 _ 41 A
¢ = C3B(B(B — 1)) vkvk 1{1 (B + 2\v 3A(vii3) )(B(B — 1))}
-1
A I+1 l+1 I+1y2 I+1
+ C3A(7B(B — 1)) Vil 1Vk{ — B+ 2M\v 3 — 3A(r13) )(7B(B — 1))1/ }

A o I+1 2 1 vit] A (1?2
ol s sl gy

+ (=Dt — (B + 22wt = A DOV + (= DF,
¥ =B Wy 1 — B — 20 4 30D 4+ o AB)F vl — (B 4 20T
= 3D - qA(B)zk 2yt )P — (B + 22 = A DD () + (=D (154)

4. Conclusions

The Lie group method stands as a cornerstone in the domain of mathematical physics and engineering,
offering a profound means to systematically explore the symmetries embedded within differential equations.
This study extends the application of the Lie group method to DEs, broadening its scope. Specifically, the
research entails the symmetry analysis of certain nP A Es. The discrete counterparts of well-known equations,
such as the wave, diffusion, Fisher, and Huxley equations, were derived through a chosen discretization
approach. The symmetry algebra for these equations was determined utilizing Hydon’s method, providing
valuable insights into the symmetries inherent in the discrete formulations of these fundamental
mathematical models. We derived some “first integral vector’ conditions for PA Es independent of the
underlying symmetry properties.
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