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Abstract

In this study we analyse heat transfer models prescribed by reaction-diffusion equa-
tions. The focus and interest throughout the work is on models for heat transfer in
solid slabs (hot bodies) and extended surface. Different phenomena of interest are heat
transfer in slabs and through fins of different shapes and profiles. Furthermore, thermal
conductivity and heat transfer coefficients are temperature dependent. As a result, the
energy balance equations that are produced are nonlinear. Using the theory of Lie
symmetry analysis of differential equations, we endeavor to construct exact solutions
for these nonlinear models. We will employ a number of symmetry techniques such
as the classical Lie point symmetry methods, the nonclassical symmetry, nonlocal and
nonclassical potential symmetry approach to construct the group-invariant solutions.
In order to identify the forms of the heat source term that appear in the considered
equation for which the principal Lie algebra (PLA) is extended by one element, we
first perform preliminary group classification of the transient state problem. Also, we
consider the direct group classification method. Invariant solutions are constructed
after some reductions have been performed. One-dimensional Differential Transform
Method (1D DTM) will be used when it is impossible to determine an exact solution.
The 1D DTM has been benchmarked using some exact solutions. To solve the tran-
sient/unsteady problem, we use the two-dimensional Differential Transform Method
(2D DTM). Effects of parameters appearing in the equations on the temperature dis-

tribution will be studied.
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Chapter 1

Introduction

The study of heat conduction and diffusion processes leads to interesting mathematical
models which can be formulated in terms of partial differential equations (PDEs).
Diffusion with absorption arises in various scientific and engineering fields such as in
biological populations, models for the transmission of nerve impulses and heating by
microwave radiation. Such physical phenomena are modelled by a reaction-diffusion

equation, (see [1, 2, 3, 4, 5]).

The problems being considered are an investigation to determine the analysis for
reaction-diffusion models and also to learn probable physical representation where such
solutions will be suitable. There are various techniques to apply in finding the solution
for the reaction-diffusion equation. A substantial piece of research has been done in the
process of analysing the reaction-diffusion equations, (e.g. [6, 7, 9, 8, 10]). In our work

we will use Lie symmetry techniques to construct exact solutions. Differential Trans-



form Method (DTM) will also be utilized to obtain approximate analytic solutions. Ad-
ditionally, we intend to use the nonlocal (potential) symmetry approaches previously
introduced by Bluman et al [11]. Also, nonclassical and nonclassical potential sym-
metry techniques will be employed. Authors in [12, 13, 14] studied reaction-diffusion

equations using symmetry analysis.

1.1 Literature review

Most scientific problems that arise in mathematical physics are modelled by nonlinear
PDEs. These models describe physical phenomena relating space and time derivatives.
It is important to study exact and analytical or analytic solutions to gain knowledge
or insight of physical phenomena. However, it is not always possible to find solutions
explicitly. Nonetheless, in recent years significant progress has been made and many
effective techniques for deriving exact solutions of nonlinear PDEs have been developed
by various scientists/researchers. Some of these techniques used in the literature are the
homogeneous balance method [15], Jacobi elliptic function expansion method [16, 17],

Hirota’s bilinear method [18], ansatz method [19, 20] and variable separation approach

21].

Heat transfer is a physical process of impulsive, irreversible heat transport from a region
of higher temperature to a region of lower temperature. This process occurs when a hot
object is placed in cold surroundings. The object loses the internal energy, while the
surroundings gain internal energy. Such physical processes basically happen following

three different mechanisms known as heat conduction, heat convection and thermal



radiation. These phenomena often occur simultaneously though they have different
characteristics. Heat conduction, also known as diffusion, is the microscopic exchange
of kinetic energy via the border of two systems between particles like molecules or
quasiparticles like lattice waves. When a body or its surroundings are at a temperature
that is different from an object, heat flows between them until they both reach the same
temperature, at which point they are in thermal equilibrium. According to the second
rule of thermodynamics, such spontaneous heat transfer always takes place from one
area with a high temperature to another with a lower temperature. Heat transfer by
conduction simply means heat transfer through direct contact. Heat conduction is the
transfer of thermal energy within energetic particles. The thermal conductivity of the
material influences the whole process. When a fluid (gas or liquid) flows in its bulk, its
heat is carried through the fluid. This is known as heat convection. Heat is also moved
in part through diffusion in all convective processes. The movement of a fluid may be
influenced by external forces or, less frequently in gravitational fields, buoyant forces
brought on by the expansion of the fluid due to heat energy such as in a fire plume.
This process is frequently referred to as natural convection. Forced convection occurs
when an external force, such as a pump or a fan, is used to drive the fluid flow. The
mechanical device applies pressure or suction, forcing the fluid to move in a specific
direction. These method is commonly employed in various systems, including pumps
in water circulation, fans in air conditioning, and blowers in industrial processes. The
transfer of energy by thermal radiation, or electromagnetic waves is known as radiative
heat transfer [22]; it can happen in a vacuum or any clear media, including a solid,
liquid, or gas. At temperatures above absolute zero, all objects generate thermal
radiation as a result of the random motions of matter’s atoms and molecules. Due to

the protons and electrons that make up these atoms and molecules, when they move,

8



electromagnetic radiation is released, which is a kind of energy transfer. In engineering
applications, radiation is often only significant for extremely hot items or objects with
a significant temperature differential. The rate of radiant energy transmission is best
represented when the objects and spaces between them are big in comparison to the
wavelength of thermal radiation. For detailed understanding of the above mentioned
heat transfer mechanism, (see e.g. [23]). Heat transfer analysis continues to be a field of
interest to engineering applications such as, power systems, the auto-mobile industry,

electronic chip cooling, heating and air conditioning and chemical engineering.

In this study we consider heat transfer through a hot body and extended surface (fin).
These models are differentiated by the sign of the diffusivity term. Research regarding
heat transfer through hot body is important due to its application in various field
of study such as heat transfer through the human head [24] and in solids of various
geometries [25]. The investigation of heat transfer in human body has been done with
regard to the development of new medical treatments [26]. The reader may also refer

to the following, see [27, 28, 29].

A fin is a surface device that extends from an object to improve the rate of heat
transfer to or from the environment by increasing convection. The analysis of fin heat
transfer is of a great impact due to the wide range applications. In particular, fins are
used in various industrial applications such as air-cooled craft engines, air conditioning,
refrigeration, cooling of computer processor, cooling of oil carrying pipe line and many
other devices in which heat is generated. Fins are much longer, which makes it accurate
to assume that the temperature varies only in the end-to-end direction. Basically at

any point along the length of the fin, temperature is constant across the cross sectional



area of the fin, which results in a one-dimensional heat transfer problem. Researchers in
[30, 31] documented considerable amount of problems describing heat transfer in fins.
Some attention has been paid to fin equations with linear thermal conductivity [32].
Techniques such as symmetry analysis, homotopy perturbation method and homotopy

analysis method have been used to analyse nonlinear heat transfer systems, (see e.g.

33, 34, 35, 36)).

1.2 Aims and objectives

The aims and objectives of this proposed research are:

e To help advance our understanding of heat transfer processes.

e To employ direct and preliminary group classification. This exercise will give
rise to the determination of functions of arbitrary cases for which the equations

admit extra Lie point symmetries, beyond the principal Lie algebra.
e To perform symmetry reductions by the elements of the optimal systems.

e To apply the Lie point symmetry analysis; determine the nonclassical symmetries,

the nonlocal (potential) symmetries and nonclassical potential symmetries.
e To construct the group-invariant solutions and interpret the solutions.

e To solve the nonlinear steady state problem and transient state problem using

1D DTM and 2D DTM respectively.
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1.3 Outline

The thesis is outlined as follows:

Chapter 2 presents mathematical formulation for the reaction-diffusion equation. This

will show how the governing equation for this study was derived.

Chapter 3 introduces the basic concepts and definitions of the mathematical tools used
in this research. We discuss the Lie symmetry methods which include, point symme-
tries, nonlocal symmetries and nonclassical symmetries. Furthermore, we present the

DTM technique.

Chapter 4 seeks to find the exact solutions of the reaction-diffusion equation by calcu-

lating the classical Lie point symmetries.

Chapter 5 provides approximate analytical solutions by using the 1D DTM and 2D

DTM. Graphical representations of our solutions are presented.

In Chapter 6 Lie group classification of nonlinear reaction-diffusion equation is carried
out. The equation studied in this chapter is a special case of the governing equation

modelled in chapter 2.

In Chapter 7 we deploy nonclassical potential approach to one-dimensional transient

heat conduction equation.

Finally Chapter 8 provides the summary of our research.
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Chapter 2

Mathematical formulation

This chapter will focus on discussing models representing heat transfer through hot
bodies (walls and slaps) and extended surfaces (fins). Many physical phenomena are
described by deterministic models given in terms of differential equations. These equa-
tions may be linear or nonlinear and contain arbitrary functions which depend on
dependent and/or independent variables. The exact solutions of these equations are
useful on two folds; first they provide insight into physical phenomena and secondly
they may be used as benchmarks for the numerical schemes. Heat is a form of energy
while temperature is a property that determines the rate at which heat is transferred.
Phase shifts involving work and energy often include heat as a key component. The
process of moving heat from one object at a higher temperature to another object at
a lower temperature is known as heat transfer. As a result, heat is a measure of the
kinetic energy that the particles in a system have. The kinetic energy of the parti-

cles in a system will also increase as its temperature rises. Thus, an object’s heat

12



measurement can alter over time for a variety of causes. Environmental Conditions:
The temperature and humidity of the surrounding environment can impact the heat
measurement of an object. For example, if the ambient temperature is higher than the
object’s temperature, it can absorb heat from the environment and increase its overall

heat measurement.

2.1 Heat transfer in hot body

The study of heat transfer in hot body is essential in various engineering applications.
To achieve heat transmission, engineers also take into account the advection of material
containing various chemical species, whether hot or cold. Despite the fact that each
of these processes has unique properties, they frequently coexist in the same system.
The different forms of geometry of hot body like rectangular, radial or spherical form
has been studied in [25]. Heat generation is the process of converting an energy source
into heat energy in a medium. The medium’s temperature rises as a result of heat
production. Consider a body A that exchanges heat with another body B of infinite

media. This is a common heat transfer problem.

The heat flow rate is commonly proportional to the temperature difference, with the
exceptions of radiation heat transfer and free convection caused by density differences.
Resistance heating in wires, exothermic chemical reactions in materials, and nuclear
reaction are a few examples of how heat is produced. In the majority of applications,
the maximum temperature 7,,,, and surface temperature T, of solids involved in heat

generation are of interest. When the outer surface is kept at a constant temperature,

13



T, the highest temperature 7},,, that involves homogeneous heat generation will oc-
cur at a position most distant from the outer surface, (see figure 2.1). Alternative
interpretation: figure 2.1 represents the highest temperature in a symmetrical solid
with constant heat generation at the centre while figure 2.2 represents heat transport

through a wall.

|
Heat generation

|

|

|

|

= Symme try
line

Figure 2.1: Heat transfer in a solid with internal heat generation.

We consider a one-dimensional heat equation given by

10T T Q k
aa—w—f‘z,a—ﬁ, (21)

where k and @ are taken as constants. The parameters for functions in equation (2.1)

are described in the Table 2.1. If we consider k£ and () to be functions of T', equation
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Figure 2.2: Graphical representation of heat transfer through a wall.

(2.1) may be written as

peot = (k(T)‘é—f) Q). (2.2)

where k(T) and Q(T) are called the thermal conductivity and heat source term re-
spectively. T is the dimensionless temperature, ¢t and x are dimensionless time and
space variables. Heat transfer equations are governed by boundary conditions, hence

the imposed boundary conditions are given as

Z—Z(t, 0)=0, T(t—-L)=T,=T(0L), (2.3)

where T is a constant, and

T(t,—L)=T, T(tL)="T, (2.4)

15



Table 2.1: Nomenclature

Variable Description
k Thermal conductivity
« Thermal diffusivity
p Density
c Specific heat capacity
Q Internal heat generation
T Temperature
T spatial variable
t Time
L Length

11,175 | Temperature at the boundaries

f initial temperature
T, ambient temperature
ke thermal conductivity
Qa internal heat generation
0 dimensionless temperature

condition is given as

0, L]. Equation (2.4) presents

where T} # T,. Further studies may be done with respect to equation (2.3) for z €

the heat flow from higher to lower temperature. Initial

T(0,z) = f(x),

where f(z) represent initial heat profile. The boundary conditions (2.3) and (2.4) are

16




symmetric and asymmetric respectively.

Dimensional analysis of models describing heat transfer in a slab

Dimensional analysis is a technique employed to reduce a problem to a minimal set
of non-dimensional variables. We now present dimensionless ratios of the variables as

follows:

the ok
0= g=2, k=, (2.6)

. T
’ ~ pel?’ T, 0 ka

o
T=-
l
where 7 is the dimensionless length, ¢ is the dimensionless time, 6 is the dimensionless
temperature, ¢, is a characteristic internal heat generation and k, is the characteristic
thermal conductivity. Utilising the chain rule and change of variable from equation

(2.6), we express equation (2.2) in terms of dimensionless variables § and z and obtain

00 0 (. 06
oz

where Ng = % represents the internal heat generation term and is considered to be
positive. We will discuss the effect of Ng when assumed to be negative in the next

section. For simplicity we neglect the bars, hence equation (2.7) becomes

a0 0 00
5% = 9 (k(@)%> + NgQ(6), (2.8)

17



subject to initial condition

0(0,2) =0, 0<z<lI. (2.9)

The prescribed boundary conditions are provided as

00

o= 0, o(t,1) =1 (2.10)

for a wall with identical temperature at the boundaries and

6(t,—1) =0.1 and  6(¢t,1)=1 (2.11)

for walls with varying temperature at the boundaries along with initial condition

0(0,z) = f(x). (2.12)

The reaction-diffusion equation (2.8) is considered to be a general form of heat transfer
model. The rate at which the heat transfer travels from a hot body to the surrounding

may be increased by surfaces which extend into that surrounding. Researchers [37, 38,

39, 40] have studied (2.8) for different forms of k, @ and the sign of Ng.

2.2 Heat transfer in fins

Kraus et al. [30] have presented well-documented analysis of heat transmission prob-

lems with an emphasis on extended surfaces (fins). Fins are surfaces that extend from

18



a hot object to increase the rate of heat transfer to the surrounding fluid. The steady-
state differential equation is a good representation of models that best describe heat
transport in fins. This section gives a brief theoretical background on heat transfer in

longitudinal one-dimensional fin of cross sectional area A. as shown by figure 2.3. The

Prime Surface
Fin profila

Fintip  __—

Figure 2.3: Longitudinal fin of an arbitrary profile.

perimeter of the fin is denoted by P and the length of fin by L. The fin is attached to
a fixed base surface of temperature 7T}, and extends into a fluid of temperature T,,. The
fin profile is given by the function F'(X), fin thickness 6 depends on the fin profile and

the fin thickness at the base is 9,. The model in question is given by

or 4, 0 oT P
ot 20X -~ 1 - <X <L ,
o 2ax<F<X)K(T>aX> THOT-T), 0<X<L (213

19



The functions K and H are the non-uniform thermal conductivity and heat transfer co-
efficients depending on the temperature, p is the density, c is the specific heat capacity,
T is the temperature distribution, ¢ is the time and X is the space variable. The model
given by (2.13) is known as the energy balance for a longitudinal fin of an arbitrary
profile. The heat transfer coefficient is the amount of heat which passes through a unit
area of a medium or system in a unit time when the temperature difference between
the boundaries of the system is 1 degree. The fin length is measured from the tip to the
base. Assuming that the fin tip is adiabatic and the base temperature is kept constant,

then the boundary conditions are give by

oT
Tt L) =1 — = :
(1)=T, and oo =0, (2.14)
X=0
and initially the fin is kept at the ambient temperature
T00,X)="T,. (2.15)
Dimensional analysis for a fin model
Introducing dimensionless variables (see [30])
X _ tk T—-T, H
= _ i a 0 _ a b= —
T ey L2’ T,— 1T, Iy
(2.16)
K Phy,L* Ob
k=— M? = = 2F(X
ka 9 Acka Y f('r) 2 ( )

20



with k, defined as the thermal conductivity at the ambient temperature and h; as the

heat transfer at the fin base. Using (2.16) reduces equation (2.13) to

20 06

= (f(x)k(e)a—x> — M*h(0)8, 0<z<l1.

Given the initial condition

0(0,z2) =0,

the sudden alteration in temperature at the base of the fin

o(t,1) =1,

and the boundary condition at the tip of the fin

@
ox

=0

subject to these conditions.

(2.17)

(2.18)

(2.19)

(2.20)

The thermo-geometric fin parameter is represented by the dimensionless variable M,

Z is the dimensionless space variable, k is the dimensionless thermal conductivity, 6 is

the dimensionless temperature. Figure 2.4 (a) — (d) shows schematic representation of

different forms of fin profiles.
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(¢p Concave parabolic profile (d Convex parabolic profile

Figure 2.4: Schemes of different fin profiles
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2.3 Concluding remarks

We have covered reaction-diffusion equations based heat transfer models in this chapter.
We have formulated our governing equations, with equation (2.1) serving as the basic
structure of the heat transfer model. We were able to analyse equation (2.1) in terms of
heat transmission through the hot body, subject to the conductivity term and the sign
of the heat source term. The overall form of the extended surface is also provided by
equation (2.13). In terms of non-dimesional variables; the initial and boundary value

problems were presented.
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Chapter 3

Methods of solution

3.1 Historical background

The Lie group analysis also known as the Lie symmetry or classical symmetry method,
was developed by the Norwegian mathematician Sophus Lie (1842-1899) and it is one of
the useful techniques in finding solutions of (linear or nonlinear) differential equations.
He discovered that majority of the methods for solving differential equations could be
explained and deduced simply by means of invariance of the differential equations under
a continuous group of symmetries. Lie symmetry method has a profound impact on all
areas of mathematics, as well as physics, engineering and other mathematically based
sciences. The traditional Lie group technique has undergone numerous generalisations
for symmetry reductions. Nonclassical symmetry method is one such generalisation

of classical symmetry method and it is used for finding additional invariant solutions
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of PDEs. Bluman and Cole proposed the concept of nonclassical symmetries in 1969,

resulting in a new way for discovering symmetries.

Bluman et al. presented an algorithmic technique in [11] that produces new kinds of
symmetries of a given PDE that are neither Lie point nor Lie-Béacklund symmetries.
These new kind of symmetries are known as nonlocal (potential) symmetries. In other
words, by including additional dependent variables in an auxiliary covering system
that surrounds a particular system of PDEs, valuable nonlocal symmetries can be dis-
covered. When a Lie point symmetry of the auxiliary system operates on the space
made up of the independent and dependent variables of the given system, as well as
the auxiliary variables, the given system acquires a nonlocal symmetry. The equivalent
nonlocal symmetries are referred to as potential symmetries since the auxiliary system
is created by substituting the given PDE with an appropriate conservation law. When
determining nonlocal symmetries, especially when analysing the auxiliary system, cau-
tion is required. It is possible that some of the nonlocal symmetry-bearing auxiliary

systems are hidden.

Symmetries of differential equations (DEs) may be used to reduce the number of in-
dependent variables of the PDEs or the order of the ordinary differential equations
(ODEs). These reductions often lead to construction of group-invariant (exact) solu-
tions. It is also possible to determine the cases of arbitrary functions appearing in
the given equation for which extra symmetries are obtained. This exercise is called
the group classification. Group classification may be performed by direct methods
or via equivalence transformations. All these methods will be exploited in pursuit of

construction of group-invariant solutions.
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3.2 Lie symmetry methods

3.2.1 Classical Lie point symmetries

Briefly we present basic Lie group theory and the algorithm for calculation of Lie
point symmetries of PDEs. The Lie point symmetry method is based on symmetry
and invariance principles and it is a systematic method for solving DEs analytically.
The mathematical ideas of Lie’s theory are presented in; e.g., Olver [41], Bluman and
Kumei [42] and Ibragimov [49] and many more. The books mentioned above may be
consulted for more information on the definitions and results presented in this work.
Symbolic computer packages may also be used to perform calculations involving Lie’s

theory.

Local continuous one-parameter Lie group

Let us take # = (2',...,2") to be the independent variable with coordinates x’ and

u = (u',..,u™) to be the dependent variable with coordinates u® (n and m finite).
Definition 3.1 A set G of transformations
T,: 7" = f'(z,u,a), ©*= ¢*(z,u,a), i=1,...,n, a=1,...m, (3.1)

where a is a real parameter which continuously takes values from a neighborhood
D' CcDCRofa=0and f?, ¢* are differentiable functions, is called a local continuous

one-parameter Lie group of transformations in the space of variables x and w if
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(i) For T,, T, € G where a,b € D' C D then T, T, = T. € G, ¢ = ¢(a,b) € D
(Closure)

(ii) Ty € G if and only if a = 0 such that Ty T, = T, Ty = T, (Identity), and

(iii) For T, € G,a e D' C D, T, ' =T,-1+ € G, a~* € D such that
ToTy-r =T, T, =Ty (Inverse).

The associativity property follows from (i). The group property (i) can be written as

7' = fi(z,u,b) = f'(2,u, ¢(a,b)),
u® = ¢%(z,u,b) = ¢*(x,u, ¢(a,b))

(3.2)

and the function ¢ is called the group composition law. A group parameter a is called

canonical if ¢(a,b) = a+b.

Theorem 3.1 For any composition law ¢(a,b), there exists the canonical parameter

a defined by

where
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Prolongation formulas and Group generator

The derivatives of u with respect to x are defined as
us = Di(uo‘), U% = D]DZ(U,Z)7 oy (33)

where

a _f_uai
or’ J

0
D; = 7
ou™ Y Ouj‘

_’_u? +’ Z:]_”TL7 O[:1,7m (34)

is the operator of total differentiation. The collection of all first derivatives u{ is

denoted by uy), i.e.,

Similarly

UGz) = {u%} a=1,...m, i,j=1..n

and u) = {ufj, } and likewise u(4) ete. Since ug; = uf;, u() contains only ugf; for i < j.
In the same manner w3 has only terms for ¢ < j < k. There is natural ordering in wu )
AUGs)

In group analysis all variables x,u,u)--- are considered functionally independent

variables connected only by the differential relations (3.3). Thus the u$ are called
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differential variables and a pth-order PDE is given as

E(a:,u,u(l),...,u(p)) = 0. (3.5)

Prolonged or extended groups

If z = (x,u), one-parameter group of transformations G is

ji :fi(x,u,a), fi|a=0: xi7

l_l’a = (ba(xu u, CL), ¢a|a=0: ua-

(3.6)

According to Lie’s theory, the construction of the symmetry group G is equivalent to

the determination of the corresponding infinitesimal transformations:
T ot ali(ru), a”=~u®+an®(z,u) (3.7)

obtained from (3.1) by expanding the functions f* and ¢ into Taylor series in a about

a = 0 and also taking into account the initial conditions
fi‘a:O :xi’ ¢a|a:0 =u”.

Thus, we have

(3.8)
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One can now introduce the symbol of the infinitesimal transformations by writing (3.7)

as
T~(1+aX)r, u*=~(1+aX)u,

where

0

X = §Z(I7u>%

+n*(x,u) (3.9)

due

The differential operator (3.9) is called the infinitesimal operator or generator of the

group G. Here we see how the derivatives are transformed.

The D; transforms as
D; = Dy(f))D;, (3.10)
where D is the total differentiations in transformed variables z'. Therefore
af = Dj(u®), g = Di(af) = Di(ag), -,

and

= Dy(f7)us. (3.11)
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Hence

500"
L ouP

+u

off | 50f7\ ., 0¢"
( +u )uj = O

ozt " P (3.12)

The quantities u§ can be represented as functions of x, u, u(;, for small a, ie., (3.12) is

locally invertible:

ug = Ui (r,u,uay, ), V|, = (3.13)
The transformations in x, u, u(1y space given by (4.35) and (3.13) form a one-parameter
group (one can prove this but we do not consider the proof) called the first prolongation
or just extension of the group G and denoted by G.

Let

u; & ug + ag; (3.14)

to be the infinitesimal transformation of the first derivatives so that the infinitesimal
transformation of the group G is (3.7) and (3.14). Higher-order prolongations of G,

viz. G, G can be obtained by derivatives of (3.11).

31



Prolonged generators
Using (3.11) together with (3.7) and (3.14) we get

Di(f)(@}) = Di(¢")
Di(a’ 4+ a&’)(u§ +aCf) = Di(u® + an®)
(67 + aD;&) (S +acf) = A +aDy®
uf 4 aly + auf D& = uf + aD®

¢ = D) - D¢, (umonj).  (3.15)

]

This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,
o = Dj(n?) —ugD;(€"), (sum on k). (3.16)

By induction (recursively)

a = D (¢ ) — ug D; (€), (sum on j). (3.17)

11,195 0ip 01,250 ip—1 i1,i250eip—1 ]
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The first and higher prolongations of the group G form a group denoted by GIY, ... Gl

The corresponding prolonged generators are

0
o X+Ciaah? (sum on 7, ),
0
xP = xbUgcr |
+ i1yenip ah?l ,,,,, ip e
where

Group admitted by a PDE

Definition 3.2 The vector field (3.18) is a point symmetry of the pth-order PDE (3.5),
if

XP(E)=0 (3.19)
whenever ¥ = (. This can also be written as
XPE|, =0, (3.20)

where the symbol |,_, means evaluated on the equation £ = 0.
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Definition 3.3 Equation (3.19) is called the determining equation of (3.5) because it

determines all the infinitesimal symmetries of (3.5).

Definition 3.4 (Symmetry group) A one-parameter group G of transformations
(3.1) is called a symmetry group of equation (3.5) if (3.5) form-invariant (has the same

form) in the new variables Z and @, i.e.,

E(z,u,ugy, -, up)) =0, (3.21)

where the function E is the same as in equation (3.5).

Group invariants

Definition 3.5 A function F'(x,u) is called an invariant of the group of transformation

(3.1) if

F(z,u) = F(f'(z,u,a), ¢*(z,u,a)) = F(z,u), (3.22)

identically in x, u and a.

Theorem 3.2 (Infinitesimal criterion of invariance) A necessary and sufficient

condition for a function F'(x,u) to be an invariant is that

XF =¢(z,u) or

. ¢ — =0. 3.23
i) =0 (323)

ou®
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It follows from the above theorem that every one-parameter group of point transfor-
mations (3.1) has n — 1 functionally independent invariants, which can be taken to be

the left-hand side of any first integral:
Ji(z,u) =cp, -, Ju(z,u) = ¢,

of the characteristic equations

dx! _ dz" du' o du

) e(mu) () 7 (,u)’

Theorem 3.3 If the infinitesimal transformation (3.7) or its symbol X is given, then

the corresponding one-parameter group G is obtained by solving the Lie equations

dz’ S du® /e -

subject to the initial conditions

—1 _ —x _
vaO—ZL’, U |ymp = U

Lie algebra
Definition 3.6 A Lie algebra is formed by a vector space L (over a field of real num-

bers), together with a binary operator [ , | called a Lie bracket known as commutator,

defined on L such that the following properties hold:
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1. Bilinear: for any X, X5, X3 € L and a,b € R,

[a X1 +bXy, X3] = a[ X1, X3] + [ X3, X3,

[Xl, CI,XQ + ng] B G,[Xl,XQ] + b[Xl,Xg];

2. Skew-symmetric: If Xy, Xy € L, then

(X1, Xo] = —[Xa, Xi];

3. Jacobi identity: If X7, X5, X3 € L, then

[X1, Xo], Xa] + [[Xo, X3, Xu] + [[X3, X1], Xp] = 0.

Definition 3.7 Consider a Lie algebra L. If the vector space L is finite-dimensional,

its dimension is the dimension of the Lie algebra, that is, the finite-dimensional Lie

algebra of dimension r is denoted by L,. Lie bracket |, | is defined on the set of vector
fields v as

[Xl,XQ] = X1 Xy — XQXl, for any Xl,XQ cv, (325)
where

.0 0
X 251% +77?8—qa
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and

.0 0
Xszé%Jr???a—qa-

The binary operation (3.25) makes the space of vector field v a Lie algebra. It is
possible to determine reduction by any linear combination of the admitted symmetries.
However, to determine as minimal set of reductions that cannot be mapped by any point

transformation, we construct an optimal system.

3.2.2 Nonclassical symmetry techniques

The concept of nonclassical symmetry method was first discussed by Bluman and
Cole in 1969 [50] and this methods results in a new way for discovering symmetries.
The infinitesimal criterion for invariance is subject to an extra condition; namely, the
invariance is sought not only on the solutions of the equation but also on the invariance
surface condition (ISC). As a result, equation (3.20) contains an additional condition

that can be expressed as

XPE|g_o150=0 (3.26)
where ISC is given by
. 8qa
‘ L =" 2
(@, a)5 5 =n"(2,q) (3.27)
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in a general form. Equation (3.26) results in a system of nonlinear determining equa-
tions, in contrast to the situation of conventional Lie point symmetries. Here is an

example of how to determine nonclassical symmetries.

We consider the model describing heat transfer in slab given as

@_ 0 mnae
ot Ox

%] + Ng@3 (328)

where Ng is a constant. Here Ng is positive and is representing heat transfer through
the slab. In order to make the governing equation (3.28) invariant, one should look for

one parameter group of transformations given by the vector field

0 0 0

Under the constraint of the invariant surface condition
7O, + &0, =1 (3.30)

we seek invariance of the governing equation, which occasionally results in additional
reductions that are not possible with the traditional approach. Without loss of general-
ity, we assume 7 = 1. The invariant criterion for determining nonclassical symmetries

is given by

=0 (3.31)
(3.28),ISC
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where

0 0 0 0 0
2] _ il il i i i
r T(t,x,H)at +£(t,x,0)8x + n(t,x,&)ae + Ctaet + Cx&%

0

89_m+.”'

+Caa

The partial derivatives of (’s are

) = Dm[n<t7$70)] - QtDw[T(tax70)] - Qme[f(t,x,u)],
( ) - Dt[n<t7‘r’9)] - QtDt[T(t7I70>] - erDt[g(tvxae)]v
Cow(t,,0) = D[Cu(t,x,0)] — 0 Dy[T(t, 2,0)] — 0D, [E(L, x, 0)],
)

= Dy[G(t,x,0)] — 0 Dy[T(t, x,0)] — 0,.D[E(t, x,0)],

where D, and D, represent the total derivative and are given by

0 0 0 0

Do = 5o +0egp+0eagy + gy +-)
0 0 0 0

Dy = = 40+ O0ur O+

ot 00 00, 00,

(3.32)

(3.33)

(3.34)

We employ the interactive software MAPLE to facilitate the calculations. Equation

(3.31) leads to a system of nonlinear determining equations for the unknown functions
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§o9 = 0, (3.35)
2na" 1y + 207 £ & — 22" 4+ 2" gy = 0, (3.36)
3 Nga®0” § + na" "6 + 276 — 20 0§ + 207 €60 + 20 ey — 2"

—nx &2 —na"¢ =0, (3.37)
—Ngnzt?¢ + 3 Ngz?0*n — Ngz?0ny + 2 Ngx*0°E, + nané + na" ',

—2an&s + " e — 2 = 0. (3.38)
Integrating equation (3.35) with respect to 6 gives
¢ = a(t,x)0+b(t,x), (3.39)

where a and b are arbitrary functions. Substituting (3.39) into (3.36) and integrate

with respect to 6 we find

1
n = —gsc’"HSaQ —nz '0%a — 27 "ab6® + *a, + a(t,z)0 + B(t,x), (3.40)

where a and § are arbitrary functions. We then substitute (3.39) and (3.40) in equation

(3.37) and split with respect to the powers of 6 and find

2
3Ngza(t,x)+ 3 o' " a(t, x)? =0, (3.41)

(n +2n2? + 227 "b(t, x))a(t, z)? — 4z a(t,z)a, =0, (3.42)
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32" Gy, — 3na" ap — 22b(t, x)a, — 22 a(t, x)b, — 2x alt, x) alt, )
+za; +3na" at,r) +2na(t,x) b(t,z) =0, (3.43)
na"b, —na"b(t,r) — 22 b(t, ) (L, x) + 22 b(t, 2)by + xb, — nb(t, x)?

+22" M, — 2", = 0. (3.44)
From equation (3.41) we find a(t, z) to be equivalent to the following:
3 3
0, 51:_"\/—295—" , — ax_”\/—2x—”Ng.

Taking

3
a(t,z) = 3 x "/ —2x""Ng

and substituting into (3.42) we find

Eliminating a(t, z) and b(¢, ) from (3.43) we find
1 n—2
a(t,z) = —g" (n —2).
Eliminating a(t, x), b(t,z) and «a(t, z) from (3.44) we find

B(t,x) =0.
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Finally we can simplify 7, £ and

T = 1,
3 n 1 n—1
& = 5% \/—2Ng:v*"9—§93 n,
1
n = 59(12 Ng6* — 2" 2n® + 22" *n).

Substituting 7, £ and 7 into (3.38) we find
n(5n® — 26n* 4 44n — 24) = 0.
Solving the above equation for n we find three cases of arbitrary n as follows:
n=0, n=2 and n:g

Now for different values of n, equation (3.28) admits the following nonclassical sym-
metry operators together with associated invariant surface conditions:
Case for arbitrary n

Equation (3.28) admits the following nonclassical symmetry operator

o 1 — ny , 0 1 9 nx™\ , 0
1“_&4_5(3\/—2]\@35 H_E)I %+§(12Ng0 —(n—2) o )0%, (3.45)

and the associated invariant surface condition is given by

2

1 - 1 "
0+ ) (3\F—2Ng:cn9 o )em - ge(lzNgez — (-2 ) (3.46)
X

Case for n = g
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Equation (3.28) admits the following nonclassical symmetry operator
(9 1 3 1. 8 Ng 1 4 8
'=—+3|=v/—2Nga50 — 25 | — + 3| —0+ —a75 |0— 3.47
at " <2 e 5x5)8x+ (2 25" ) g 34D
and the associated ISC is given by

1 3 1 N 1 4

Case for n =2

Equation (3.28) admits the nonclassical symmetry operator
0 3 o 3 0
I'=—+(-v-2Ngd—1)a—+-Ngt*— 4
aﬁ(z g )x6m+2 956" (3.49)
and the associated ISC is given by

0 + (g\/—ZNgQ — 1) z0, = gNgé’3. (3.50)

3.2.3 Nonlocal symmetry techniques.

A symmetry that has at least one of the coefficient functions (the infinitesimal) depend-
ing on the integrals of the dependent variables of DEs is defined as nonlocal symmetry.
Nonlocal symmetries can be used to achieve accurate solutions for DEs that cannot be
obtained using Lie point symmetries. Bluman et al introduced a model for discovering

a new class of symmetries for a PDE in [11, 42]. The prerequisite for a particular
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equation to admit the nonlocal symmetries was also given by Pucci and Saccomandi in
[43]. The complete list of possible symmetries for various classes of diffusion-convection
equations was successfully derived using potential symmetry technique in [44].

Finding potential symmetries of a PDE typically involves writing the PDE in a con-
served form with respect to certain choices of its variables. This process helps identify
transformations that leave the form of the equation unchanged, providing insight into

the underlying symmetries of the system.

To explain the method, we consider a diffusion equation (see [48])

0, = [0720,], — [M2a],. (3.51)

Equation (3.51) can be written in conserved form as

Dy(0) — Do (0720, — M?z) =0, (3.52)

where D; and D, are defined as

Dt:8t+9t89+wt8w+-“,
(3.53)

Dy, =0, 40,00 + w04 + - -.

One can introduce a new variable w (potential variable) to obtain the auxiliary system

(3.54)
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Given an equation such as (3.54), we seek transformations of the form

t = t+ef(t,r,0,w)+ O()

x+ e (t,z,0,w) + O(?)

f pum
g = 9+€77(ta$;97w) +O(€2),
w = U)"’Egﬁ(twraeaw) +O(62>’

which leave the equation in question invariant. Here € is the group parameter. These

transformations are generated by the vector fields of the form

0 0 9, 0
X = T(t,l’,e,w)a + g(taxaeaw)g + T](txaeaw)% + Sp(twraevw)% (355>

if and only if

XU (wy —0)] 50 =0,
(359 (3.56)

XU (wy = 0720, — M?x)| ., =0

where X[ is the first prolongation

XW=r(t,z.0, w)% +¢&(t 2.0, w)—aa +(t, .0, w)—aae (3.57)
xr
0 0

0 0 0
+o(t, , 9710)8_“) + Cta—et + Cz&% + wta—wt + i/fxa—wr~
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Here the extended infinitesimals are given by

G = Di(n) — 0:Dy(1) — 0.D4(),

Cx = Dx(n) - etD:c(T) - exDx(£)7

(3.58)
Ve = Di(ip) — wiDy(7) — wzD(€),
Ve = Dy(p) — w0 Dy(7) — we Dy (§).
A genuine nonlocal (potential) symmetry is obtained provided
o+ &+, # 0. (3.59)

In contrast, a nonlocal symmetry generator will have coefficients depending not only
on local variables, but also on the potential variable. We may split (3.57) with respect
to the derivatives of 8 since the coefficients of X do not include the derivatives. The
resultant overdetermined system of linear homogeneous PDEs, often known as the
determining equations, can then be solved. At this point, we omit calculation because

they were made easier by the free DIMSYM [45] package, which is part of [46]. Then,
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the nonlocal symmetries for (3.56) are

Xl = ata
Xo = 2t0;, — 20, + 2u0, + w0y,
Xs=—1 <M2t28t — (w+ M%), + (u+ 2M?t)009, + M%waw) : (3.60)

X4 :awa

X5 - # (893 - M2t8w> .
Only one symmetry operator from (3.60) represents the nonlocal symmetry of (3.56)

and is given by Xj.

Nonlocal symmetry reduction

It is important to explain how nonlocal symmetries can be used to achieve precise

solutions through reduction techniques. The invariant surface conditions are

7-<t7 x? 97 w)et + £(t7 x? 97 w)ex = n(t’ x? 97 w)?
(3.61)

T(t,x, 0, w)ws + £(t, x, 0, w)w, = (t, z,0,w)

given a point symmetry for the system.

47



Three separate integrals

Jl = H1<t,$,0,w),
JQ = Hg(t,l’, 9, W), (362)

J3 = H3(t7 z, 07 w)

provide the solutions of the related characteristic system (3.61). One-parameter fam-
ilies of characteristic curves are used to define the solutions of (3.61) and (3.62). As-
suming that J; = z is a parameter and that J, = hy(z) and J3 = ha(z) from (3.62), we

arrive at

0 =0(t,x,z,hi(z), ha(2))
w=W(t,x,z, hi(z),ha(2)) (3.63)

F(t,z,z,hi(2), ha(z)) = 0.

The similarity variable z is defined implicitly as a function of (x, ¢) in the final equation
of (3.63). The h;(z) solutions of the ordinary system, which are obtained by substitution
in (3.54), are the h;(z) invariant solutions of (3.54), which are supplied by (3.63a) and
(3.63b).

3.2.4 Nonclassical potential technique

Nonclassical symmetry methods are used to study the linear diffusion equation with a
nonlinear source term which includes explicit spatial dependence. In this work classes

of symmetries for PDEs which can be written in a conserved form are found. These
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nonclassical potential symmetries are realized as nonclassical symmetries of the asso-
ciated potential system and are neither classical potential symmetries realized as Lie
symmetries of a related auxiliary system nor nonclassical symmetries of the considered

equation.

Suppose a given scalar second order PDE

F(t,x,u,u(l),u(g)) = O, (364)

where the subscripts denote the partial derivatives of u, respectively. Assume that

(3.64) can be represented in a conserved form

F = Dy(f(t,z,u,un))) — De(g(t, z,u,u@y)) =0, (3.65)

for some functions f and g. Through the conservation law (3.65) one can introduce an

auxiliary potential variable w and form an auxiliary potential system

Wy = f(ta T,u, u(l))7 (3 66)

wy = g(t, x,u, ug))-

For many physical equations one can eliminate u from the potential system (3.66) and

form an auxiliary integrated or potential equation (integrated equation approach)

H(t,x,w,w(l),w(g)) =0, (3.67)

for some function G of the indicated arguments.
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In [47] two algorithms were proposed which extend the nonclassical method to a po-
tential system (3.66) or a potential equation (3.67):

Algorithm I: Nonclassical potential system approach.

The nonclassical method is applied to the associated potential system (3.66). Any Lie

group of point transformations

0 0 0 0
XS = T(t,ZL’,U,U))E + f(t,m,u, w)a_l' + U(tal';%w)% + ¢(tax7u7w>8_w (368)

admitted by (3.66) yields a nonlocal potential symmetry of the given PDE (3.52) if the

following condition is satisfied
To+ &8+ #0. (3.69)
Considering the invariant surface condition

T(t’ x? u) w)ut + §<t7 x? u? w)ux - n<t7 x? u) w)?

(3.70)

T(t, z, u, w)w, + E(t, x, u, w)w, = ¢(t, z, u, w)

arising from the potential system (3.66) without loss of generality, two cases arise
7=1,7=0,& =1. The ISC and its differential consequences give additional relation
between the derivatives.

Algorithm II: Nonclassical potential equation approach.

The nonclassical method is applied to the associated potential (3.67). Any Lie group

of point transformations

X = T(Zf,%w)g + f(t,:zc,w)2 + qﬁ(t,ﬂc,w)i

ot ox ow (3.71)
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admitted by (3.67) yields a nonlocal potential symmetry of the given PDE (3.52) if the
following condition is satisfied

T2+ &2 £ 0. (3.72)

3.3 Differential Transform Method

The method outlined in this subsection was first introduced in 1986 by Zhou, [51].
Zhou utilised this method in solving linear and nonlinear boundary value problems.
The effectiveness of this method is it’s applicability to solve linear and nonlinear DEs

without linearization, discretization or perturbation. The following two subsection:

3.3.1 and 3.3.2 describes how to apply DTM.

3.3.1 One-Dimensional Differential Transform Method (1D DTM)

Let ¢(t) be an analytic function in a domain D. The Taylor series expansion function

of ¢(t) with the center located at t = t; is given by [51]

o(t) = 2% t ;fj)n {dizgt)}”, VteD. (3.73)

The particular case of Equation (3.73) when ¢; = 0 is referred to as the Maclaurin
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series expansion of ¢(t) and is expressed as,

= tr [d"
Z—{ il } ,ViteD. (3.74)
kUL dtv ],

k=0

The differential transform of ¢(t) is defined as follows;

o0 =355 6

where ¢(t) is the original analytic function and ®(¢) is the transformed function. The
differential spectrum of ®(t) is confined within the interval ¢ € [0, H], where H is a
constant. From equations (3.74) and (3.75), the differential inverse transform of ®(t)

is defined as follows,

o= (3) o, (3.76)

B(t) = Z (%)H@(ﬁ). (3.77)

It is clear that the concept of differential transformation is based upon the Taylor se-
ries expansion. The values of the function ® (k) are referred to as discrete, i.e., ®(0) is
known as the zero discrete, ®(1) as the first discrete, etc. With more discrete available,
it is possible to restore the unknown function more precisely. The function ¢(t) con-
sists of the T-function ®(k), and its value is given by the sum of the T-function with
(t/H)" as its coefficient. In real applications, at the right choice of the constant H, the

discrete values of the spectrum reduce rapidly with larger values of argument x [52].

52



Some of the useful mathematical operations performed by the differential transform

method are listed in Table 2.1. The delta function §(k —m) is given by

d(k —m)

1, ifk=m

0, ifk#m

Table 3.1: Fundamental operations of the 1D DTM

Original function

Transformed function

¢(t) = u(t) £ v(t)

o) = (1+1)"
¢(t) = sin(at + b)

o(t) = cos(at + b)

®(k) = U(k) £ V (k)
O(k) = cU(k)
O(k) = (k+ 1)U (k+1)

Ok)=(k+1)(k+2)U(k+2)

o(k) = ELU (K + 1)
O(k) = ., UV (k — i)
®(k) = 6(k)
®(k) = 6(k — 1)
®(k) = 6(k — m)

(k) = mn=lmk)

®(k) = 9 sin(ZE + a)

d(k) = “k—lf cos(ZE + a)
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Two-Dimensional Differential Transform Method (2D-DTM)

Based on the 1D-DTM, the basic fundamental operations of the 2D-DTM are defined

as follows

1 8n+s¢(t,x)}( ). (3.78)
0,0

k) = ) [ Otr Dz

The differential inverse transform of ®(k, s) is defined as

ot x) = > D(k, s)t"a”, (3.79)

k=0 s=0

and from equation (3.78) and (3.79) it can be concluded that

_ - - 1 3“+5(b(t,x) K .S
¢(t,x)_22m![ S0 ](Omt z”. (3.80)

In real applications, the function ¢(¢,x) is expressed by a finite series, and equation

(3.79) can be written as:
Bt x) =D D(k, s)tra, (3.81)
Equation (3.81) implies that

olt,x)= > > Ok s)tra, (3.82)

rk=m+1 s=n+1

is negligibly small. Some of the useful mathematical operations performed by the
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differential transform method are given by the following theorems. See Table 3.2

Table 3.2: Fundamental operations of the 2D DTM

Original function Transformed function
o(t, ) = u(t,z) £ v(t, z) ®(k,h) = U(k,h) £ V(k,h)
o(t, ) = cu(t, z) ®(k,h) = cU(k, h)
o(t,x) = —u(t, ) ®(k,h) = (h+ 1)Uk, h+1)
o(t, ) = 2= ult, ) ®(k, h) = EDCEN 17 (g o s)
b(t, ) = ult, 2)o(t, z) Bk, h) = oo Yo Uk, W)V (k, h)

o(t,2) = Sult,z)Zo(t,z) | ®(k,h) =30 (S0 (k—i+1)(h—j+1)
Uk —i+1,R)V(k,h—j4+1)

o(t,x) =tma" O(k,h) =06(k—m)d(h —n)
o(t, z) = zmet ®(k, h) = ©5(k —m)
o(t,x) = 2™ sin(at + b) Ok, h) = ‘;l—},b sin(‘;l—? +a)

3.4 Concluding remarks

In this chapter we provided brief accounts of the methods used in this thesis. The
fundamentals of the symmetry analysis were discussed. The relationship between one
parameter group and equivalent infinitesimal transformation are outlined. Moreover we
also deliberated on the generation of nonclasical, potential and nonclassical potential

symmetries. Furthermore the basics of DTM were also outlined.
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Chapter 4

Classical Lie point symmetry

analysis of heat transfer through a

hot body

4.1 Introduction

In this chapter we analyse (2.8) in terms of heat transfer through the hot body whereby
the temperature dependent thermal conductivity k() and heat source term () may
be classified. Direct group classification method will be employed to classify heat source
term Q(6). In our study we will assume the thermal conductivity to be unity and the
profile be a function of space variable denoted by =", where n is an arbitrary constant.

Equation (2.8) becomes
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@_8 00
ot Oz

x”%} + NgQ(0). (4.1)

Nonclassical and classical symmetry techniques have been employed to study equation
(4.1) when n = 2 and the different forms of the coefficient of the internal heat generation

term. (See [6]).

4.2 Direct group classification

The Lie point symmetry technique is utilized to analyse equation (4.1). We assume

that the vector field of the form

0 0 9,
I = T(t,x,Q)a+§(t,x79)%+n(t,x,9)%, (4.2)

will generate the symmetries of (4.1) if

r (@ - ﬁ[ "89} - Ng@(@))

ot oz |" Oz =0 (43)

(4.1)

where I'? is a second prolongation. Equation (4.1) yields the following overdetermined

system of linear PDEs:
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7 =0, (4.4)

19 =0, (4.5)
& =0, (4.6)
Moo = 0, (4.7)
x(m — 2&;) +ng =0, (4.8)
(n — Dna"& + %& + na™ (7 — &) + 2" (2000 — &uw) = 0, (4.9)
na"n, — ey + 2" e, + Ny (€ —19)Q + NganQ' = 0. (4.10)

Solving the above system for arbitrary function @(f), we find that the principal Lie

algebra (PLA) consists of one operator, namely;

We note that freely software package Dimsym [45] under REDUCE [46] was used to
generate PLA. In order for (4.1) to admit additional symmetries, it turns out that Q(6)

satisfy the first order linear ODE, given by

(ab + B)Q'(0) + cf + dQ(0) + v =0, (4.11)

where a, [, ¢, d and 1) are constants. Solving equation (4.11) leads to number of
cases listed in Table 4.1, but for our study we only focus on the following two cases,

the power law and exponential law:

Q) =0" and Q(0) =™,
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where m is an arbitrary constant. Please note that, without loss of generality, constant

of integration c in the cases we consider is taken as 1.

Table 4.1: Cases obtained from equation (4.11)

Parameters Q)
a=c=d= cl—klﬁ, k’l—%
a:_170_¢: 01(9_6)m7 m=d
a=-1, f=c=9v=0 0", m=d
b=—-1,,a=c=19=0 e m=d
p=d=vy=0 c1—mab, mg =<
Case 1 Q=0T
Equation (4.1) now becomes
0 o | ,00 "
E—%{x %}qLNgQ , n#0, m#0. (4.12)

This case yield two sub-cases base on the parameters n and m. The two sub-cases in
question are as follows:
Sub-case 1.1 n # 2 and m # 1.
Equation (4.12) extend PLA by one operator
0 1 0 1 0
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Sub-case 1.2 n =2 and m # 1.

Equation (4.12) extend PLA by two operators

(4.14)

We now compute the commutation relations for the above Lie point symmetries. By

definition of the Lie bracket, we have

I, 0] =0T —I;T, (4.15)

where the subscripts ¢ and j take values from 1 to 3. Using (4.15), we calculate the

commutator [I'y, '], viz.,

T, T = Ty — Tl

o( 0 1 o 1 0 o 1 o 1

== 2F1 - Fg.

Likewise, one can obtain the commutation relations between other vector fields. The

table below (Table 4.2) present the commutator of the Lie algebra of sub-case 1.2.

Using Table 4.2 of commutators and the formula
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Table 4.2: Commutator table for case 1.2

Ly, Ty Iy Iy I's
T, 0 M, —T5 0
Iy —2I'1 + T3 0 —I'3
' 0 Is 0

where ¢ and j take values from 1 to 3, we find the adjoint representation of I';. Here

we will show the detailed calculations for the following adjoint representation:

2
£
Ad(exp(el'))I'y = Ty —e[l'y, o] + 5[F17 [T, Do]] 4 -
2
£
= Ty —e(2l'y —T3) + E[FbQFl — I+ -~

= —2€F1 + FQ + €P3

and

2
€
Ad(exp(el))T3 = T3 —¢e[l, I's] + E[F% [Co, D] + - -

2
e

= Fg—FEFg—E[FQ,Fg]—F"'
62

= F3+EF3+5F3+

= €€F3.

All the adjoint representations are summarized in Table 4.3.
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Table 4.3: Adjoint table for case 1.2

Adj Iy I I3
I I' —2ely+ Ty 4el'y I
[y | e®Ty —ef(ef — 1) Iy efI's
s I [y —els I's

4.3 Group-invariant solutions given the power law

heat source

In this section we use symmetries produced by sub-case 1.2 to reduce PDE (4.12) into

ordinary differential equation. We will consider all three (3) operators.

4.3.1 Symmetry Reduction using I';

In order to find symmetry reductions and exact solutions, one has to solve the charac-

teristic equation

dt dx do

t,r,u)  E(tru)  nt )

and then substitute the resulting expression into (4.12). Considering symmetry gener-

ator I'y gives the following characteristic equation



Solving the above equation gives rise to the group-invariant solution

O(t,x) = F(x).
The above group-invariant leads to
2?F"(z) + 22 F'(x) + NgF(x)™ = 0.
The above equation (4.16) become Euler when m = 1, with the solution

0(t,2) = c; 23 (~1+VI=1Ng) + ¢ p3(-1-VI=INg)

4.3.2 Symmetry Reduction using I’y

(4.16)

(4.17)

Firstly we consider symmetry generator I's. The characteristic equations for the in-

variants of the symmetry generator I'y are

dt dz do

T e - Vg

Solving the above characteristic equation yields the following invariants

_ At+hz)
Y/

where @ satisfy the ODE

and  O(t,z) = (t — mt) == d(7).

320" (7) +9'(v) + %45(7) - %
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P"(y) =0, m#1.
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We could not generate exact analytic solution for this ODE.

4.3.3 Symmetry Reduction using I['; and I';

We now take linear combination of symmetry generators I'y and I's. The characteristic

equation for the above mentioned combination of symmetry generators are

dt d do
_:_x:_> al,CLQGB,
ai s 0

and gives rise to the group-invariant solutions

a=ze ot and 0(t,z) = R(a),

where a; and ay are arbitrary constants. The above group-invariant leads to

*R" (o) + (% + 2) aR (a) + NgR(a)™ = 0. (4.19)

a1

Equation (4.19) admits symmetry

X =a—.
af)a

We seek to reduce (4.19) to first order ODE by utilizing the differential invariant
method. The first prolongation of X above is given by
0 , 0

n_ .=
X O‘aa §RaF’
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hence the invariants

u=RN and v=a¥R.

By writing v = v(u) and from the definitions of u and v and the chain rule, we find
the first order ODE
v’ + (@ + 1)2} + Ngu™ =0, ay #0. (4.20)

a1

Setting as = —ay, the solutions for (4.20) are

U:i\/—QNgumH—{—C’(m—l—l)

—1. 4.21
m+ 1 , m# (4.21)

where C' is a constant of integration. Substituting back for the values of v and u into

equation (4.21) yields

. om#£—1. (4.22)

_ m+1
AR — i\/ 2NgR™ 1 + C(m + 1)
m—+1

Integrating (4.22) we get the hypergeometric function solution

C(m+1) — NgR(a)m+!
%(O&)\/ ST (4.23)
P (1,%+mLH;1+m1+1;NC§’3Ea+) : >20(01+1n(a)). (4.24)

Otherwise, if constant of integration C' in (4.22) vanishes, we find the following solution

(m+1)
In2+1In (— No m_ (e +ln7)2>]> , m#1,

R(a) = exp <ﬁ
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where ¢; is a constant.

Therefore

1
O(t,x) = exp (— In

m—1

( 2(m+1)

- Ng (m —1)*(¢; +Inz +1t)

)) . om#1 (4.25)

Case 2 Q = ™.

In this case equation (4.1) becomes

09 o[, 00 g

This case also yields two sub-cases based on the parameter n. The sub-case m = 0
implies the heat generation is constant. We omit this case. The sub-case for when

n # 2, m # 0 gives

Ty=te — — g0 — (4.27)

and when n = 2 yields

Iy=td —1(t — Inz)zl — L2
(4.28)
F3 = LL’%

Note: Case 2 gives the same commutator and adjoint tables as in case 1.
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4.4 Group-invariant solutions given exponential heat

source

In this section we follow the same procedure as in case 1 to reduce PDE (4.26) into
ODEs. The Lie Bracket for the above admitted symmetry algebra given by e™ when

n = 2 yields the same results as in case 1.

4.4.1 Symmetry Reduction using I’y

Following the same procedure as above (in case 1) we obtain group-invariants solutions

as follows

4 1
% and 0(t,x) = F(Y) — p” Int.

The above invariant solutions leads to

T——

2
32F"(T) + TF'(T) + 2Nge™ ™ + = =0, m #0. (4.29)
m
Equation (4.29) does not give an analytic solution. Symmetry reductions using I'y and

linear combination of I'y and I'3 for case 2 gives the same invariants as obtained in case

1. Here we show the ODEs obtained for case 2 when n = 2:

VE"(7) + 27F'(7) + Nge™ ) =0 (4.30)

67



and

VE"(y) + (% + 2>7F’(7) + Nge™ ™ =0, a; #0. (4.31)
1

Also, equation (4.30) does not give an analytic solution.
Here we construct group invariant solution of (4.31) by employing the same procedure
as in section 4.2. Equation (4.31) admits the same group-invariants as (4.19). The

following equation leads to finding solutions of (4.31)

v’ + (% + 1)1} + Nge™ = 0. (4.32)
ai
Taking as = —a; and integrating (4.32) and substituting for values of v and u lead to
2N
(VF')? = i<2k; - —gemF). (4.33)
m

where k is a constant of integration. Applying the painleve property, z = e™ on (4.33)
yields
(v2'(7))? = 2km?2%(y) + 2Ngmz*(v) = 0. (4.34)

Solving (4.34) we obtain

z(v) = il <1 — tanh? (%(i\@m In~y — cl)) ) (4.35)

Substituting z back we get

F(v) = LN {k—m <sech2 (%\/Em(/ﬁ +2 1n7)) )} (4.36)

m Ng
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where k1 = ¢14/m and ¢; is a constant of integration. Writing (4.36) in terms of original

variables we obtain

1 km 5 (1 as

0(t,z) = —In | — | sech 5\/Em(k1 +v2(Inz — —t) , ap #0. (4.37)
ay

m Ng

4.5 Concluding remarks

In this chapter direct group classification was carried out and we one PLA was obtained.
Two forms of the internal heat generator Q(6) were obtained. We then considered two
cases; namely the power law and exponential law for which the PLA extends. With
this extended PLA, symmetry reductions where carried out, and were possible, we
constructed the associated group invariant solutions. While seeking for exact solutions,
the power law case gave us hypergeometric function solution and the exponential law

case gave us the hyperbolic function solution.
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Chapter 5

Approximate analytical solutions
for a heat transfer in a slab with

internal heat generation

5.1 Introduction

In this chapter, the differential transform method (DTM) is applied to determine an-
alytic solutions to the boundary value problem describing heat transfer in a hot body
with internal heat generation. Internal heat generation is taken as a temperature de-
pendent. We demonstrated in chapter 4, that group invariant (exact) solutions may

be difficult to construct. Hence we resort to the DTM in this chapter.
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5.2 Differential transform method

In this section we consider equation (2.8) with thermal conductivity given as an expo-
nential function and the internal heat generator given as the power law function. The
equation in question is given by (4.12). We will first employ 1D DTM to study the
steady state model describing the temperature profile in a hot body such as across a
wall. The 1D DTM encounters difficulties when the thermal conductivity given by the
power law has a fractional value on its exponent. Secondly, we will utilize 2D DTM
to compute analytical solutions of transient heat transfer model. The 2D DTM is an

extension of 1D DTM which is suitable to compute analytical solutions of PDEs.

5.2.1 Application of 1D DTM

We now consider the steady state model describing the temperature profile in a hot

body with internal heat generation being a function of temperature given by

o1 . 0 .

subject to the following boundary condition

9(1)=1 and ¢(0) = 0. (5.2)
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From Eq (5.1), we assume y = 2" and set n = 3, hence (5.1) becomes

d [db
—|—=—| +4Ngyd™ = 0. .
iy |+ v =0 >

For more detailed information with regard to the assumption made to find (5.3) see
Moradi and Ahmadikia [53]. We now apply 1D DTM subject to (5.2) to compute
analytical approximate solutions for (5.3). Let us recall that from chapter 4, m is an
arbitrary constant of integration, hence we vary m from 1 to 5. Case one where m =1

gives a detailed calculations on finding analytical solutions for Eq. (5.1).

Casel m=1

Applying 1D DTM on Eq (5.3) subject to (5.2) we obtain the following recurrence

relation
4Ng
Ok +2) = — CESE) Za — 1) (5.4)
and
©(0)=a and ©O(1)=0. (5.5)

where a is a constant.

The system below is generated by (5.4)
O(2) =0, (5.6)

(5.7)
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From the above continuing process, we substitute (5.5), (5.6) - (5.27) into (3.76) and

set H =1 to obtain the following solution:

2aNg s 4aNg* ; 2aNg*> o 2aNg* . 4aNg® 1
T3 Ut T T 05 U T 133650 T 1403325
8aNg® 8aNg’ e

x J—
214708725"° 22544416125

O(z)=a (5.28)

+ ...

In order to obtain the value of a from (5.28), we used (5.2) and obtained the equation

below
2aNg 4aNg®> 2aNg®> 2aNg* 4aN g°
(1) =a— — — 5.29
(1) =a 3 * 45 405 + 13365 1403325 ( )
S8aN ¢° S8aNg’ b1

214708725 22544416125

Solving (5.29) by Mathematica software gives the value of a. However, one may obtain
the expression for §(z) upon substituting the obtained value of a into (5.28). Following

a similar approach as in Case 1 we obtained the analytical solution for four cases as

follows:
Case 2 m =2
2a*Ng 8a®N g? 2a*N g3 4a® N g*
=q— —2? 3 2 L 2 g6 5.30
O(z)=a " 4 T 5 ° + T (5.30)
Case 3 m=3
2a3Ng 4a° N g? 16a"Ng® 232a° N g*
O(z) = a — ——Lz%/? S g0 T ST a6 5.31
(z) = a T T 35 ¢ " Tams ¢ (5:31)
Case 4 m=14
2a*Ng 16a" N g* 924N g? 400a*3N g*
0(z) = a — 3/2 3 _ 92 4 T J o6 5.32
(#)=a ST 105 T 26w (5.32)
B 704096&16]\fg5x15/2 N 4302464a*° N g° 0 61885792a%2 N ¢” 222
7016625 63149625 1326142125 o
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Case 5 m=5

2a°N 4a° N g* 10a"*Ng* 290a'"Ng*
0(x) =a— C gz 2 5 T 23— a27 I 292 4 %xﬁ (5.33)
_ 68a*'Ng® S5/ 86312a*° N ¢° 9 5079728a29Ng7x21/2 L
231 318087 20039481

We note that, when we take internal heat generation coefficient Ng varying from 2 to
4 the value of a becomes negative and the graph starts from below the horizontal axis.
The graph for solutions (5.30)-(5.33) are depicted in figure 5.1 for various values of m

and fixed value of Ng.

1.08
1.06
1.04

1.02

1.00

X

Figure 5.1: Temperature profile with varying values of m and fixed internal heat gen-
eration, Ng = 0.1
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5.2.2 Application of 2D DTM

In this subsection we extend 1D DTM to 2D DTM in order to solve PDE (4.12) subject
to the initial condition

0(0,2) =0, 0<x<1, (5.34)

and the boundary conditions

6(t,1) =1, and %Ljo: 0. (5.35)
We consider equation (4.12) given as
% = gx {x"%} + Ngo™.
Now, if we set n = % and substitute y = % to eliminate the fractional exponent, the
equation in question becomes
y% = giyg + 4N gyo™. (5.36)

From equation (5.36), we consider two cases and follow similar procedure as in subsec-
tion 5.2.1 to find analytical solution for (5.36). In this subsection we only consider two
values of m; namely m =1 and m = 2.

Case 1: m=1

Taking the two-dimensional differential transform of Eq. (5.36) with m = 1 and initial

and boundary conditions (5.34) and (5.35 ) we obtain
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6 —1,k—i)(i + 1)0(i+1,h— j) = (h+ 1)(h + 2)O(k, h + 2) (5.37)

]
-

+4ANg> > " 6(j — 1,k —i)O(i, h — j)

i=0 §=0
and
©0,h) = 0, h=0,1,2,3,..., (5.38)
O(k,1) = 0, k£=0,1,2,3,..., (5.39)

where ©(k, h) is the differential transform of 6(¢, z). The other boundary condition is
given by
Ok, 0)=a, acR k=1,23,.., (5.40)

where is a a constant. Substituting equations (5.38)-(5.40) into (5.37) we obtain the

following:
0(1,3) = %a(Z ~ Ng). (5.41)
0(2,3) ga(B _ Ng), (5.42)
0(3,3) = ga(él ~ Ng). (5.43)
O(4,3) — ga(5 ~ Ng), (5.44)
0(5,3) = ga(G ~ Ng). (5.45)
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Substituting equation (5.38)-(5.45) into (3.76) we obtain the following series solution,

2 2
0(t,z) = at + at® + at® — ga(Ng — ta’? — ga(Ng — 3)t%23/? (5.46)

2

To obtain the value of a, we substitute the boundary condition (5.34) into (5.46) at

the point x = 1. Thus, we have

2 2
0(t,1) = at + at® + at® — ga(Ng —2)t — ga(Ng —3)t? (5.47)
2
—ga(Ng—4)t3+--- = 1.

We then substitute the obtained value of a into equation (5.46) to obtain the expression
for 0(t,z). The graph representing (5.46)
Case 2: m=2

4 2
0(t,x) = at + at® + at® + gatgz:?’/2 — ga(aNg — 3)t%3/? (5.48)

4

The graphs for solution (5.48) are depicted in figure 5.2 and figure 5.3 for various

parameters. figure 5.3 is a plot for the three dimensional distribution of temperature.

78



T T T T T
T8 L =
Ng=20
201 1 :
Ng=25
N=30
L5 . « N=313
.................. . - - N=39
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Figure 5.2: Transient temperature distribution with different values of internal heat
generation Ng and m = 2 and t = 0.5.

5.3 Concluding remarks

The main focus of this chapter was to generate solutions for the reaction-diffusion model
describing heat transfer through the hot body or slab. The 1D DTM and 2D DTM were
utilized to construct approximate analytical series solutions for the steady state and for
the transient state problems, respectively. When using the 1D D'TM, a problem arises
if the power law diffusivity term in the equation is given by the fractional exponent.
However, some transformation method may be introduced to combat the problem.
From the plots we observed the effects of the parameters and constants appearing in
the dimensionless models. In figure 5.1, we observe that the temperature profile is
proportional exponent m. Figure 5.2 depicts the increased values of the parameter Ng
decreases the temperature in the slab. The transient temperature profile is presented

in figure 5.3 and figure 5.4.
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0.0
1.0

Figure 5.3: Transient temperature distribution with Ng =6, m =2, x =1l and t = 1.2.

Figure 5.4: Transient temperature distribution with Ng =2, m =2 and ¢ = 0.5.
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Chapter 6

Preliminary group classification of
nonlinear reaction-diffusion

equation

6.1 Introduction

In this chapter we perform Lie group classification of nonlinear reaction-diffusion equa-
tion where two arbitrary functions are of interest, namely; f(z) and k(v,). Preliminary
group classification and direct group classification methods will be employed, cases for
which the PLA is increased will be generated. Cases which will be of interest will be
selected and explored. The chapter is outlined as follows: In section 6.2 we give the

mathematical model of our problem. Principal Lie algebra will be determined in sec-
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tion 6.3 and section 6.4 presents equivalence transformations together with the list of
cases for which a PLA is extended will be determined in section 6.4. After the process
of preliminary group classification in Section 6.5, implementation of direct group clas-
sification will be carried out for two special cases, the power law and exponential law
in section 6.6. Section 6.7 will generate symmetry reduction and invariant solutions.

The conclusion will be in Section 6.8.

6.2 Mathematical models

The problem being considered in this chapter is a special case of equation (2.17) that
represents the transient heat conduction problem for heat transfer in a straight fin.

The model is given as

0, = [f(x)k(e))ex] — MZhef (6.1)

T

where hg is a constant and M is defined as the thermo-geometric fin parameter. We

start by setting v, = 6 and integrate with respect to z, equation (6.1) becomes
vy = f(2)k(Vg) Ve — M*hov. (6.2)

As mentioned in the section above, equation (6.2) will be analysed in two ways, namely:

preliminary and direct group classification.
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6.3 Principal Lie algebra

In this section we determine the Lie point symmetries admitted by equation (6.2) with
arbitrary functions f and k, i.e. we seek the PLA. The symmetry group of equation

(6.2) will be generated by the vector field of the form

X = 7(t,z,0)0 +&(t,x,v)0, +n(t,x,v)0,. (6.3)

The Lie point symmetry techniques is algorithmic but tedious. The invariance criterion
is given by

X[Q] (Ut - f(m)k(vm)vx:v + MQhOU)‘ =0, (64)

(6.2)

where X is the second prolongation described in Chapter 2. In this context, we em-
ploy the Dimsym [45] package within the framework of REDUCE [46]. Consequently,
for any given functions f and k, equation (6.2) allows for a two-dimensional Lie algebra

denoted as Lo, which is generated by the following basis vectors:

X, =0, and X, =e Moty (6.5)

We call Ly the PLA for equation (6.2). The classification of coefficients f(x) and
k(v;) such that (6.2) admits an extension of PLA will be carried out by employing

preliminary group classification method.
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6.4 Equivalence transformations

An equivalence transformation (see for example [41]) of (6.2) is an invertible transfor-
mation involving the independent variables ¢, x and dependent variable v that maps

(6.2) into itself. The operator

Y = 7(t,2,0)0 + &t 2,0)0, + n(t, 2,0)0, + pt (t, 2,0, 04, Vs, Oy

12 (t, 2,0, v, Vg, k) Oy (6.6)

is the generator of the equivalence group for equation (6.2) provided it is admitted by

the extended system

vp — f(2)k(vy)Vpe + M*hov = 0,

(6.7)
ft:fv:fvt:fvx:kt:kx:kv:kvt:0'
The prolonged operator for the extended system (6.7) has the form
Y = YP 4 0ldy, +widy, +w,dy, +w, 05, + w0k + w0k, +widk,
—i—wgt 8;% , (68)

where Y12 is the second-prolongation of (6.6) given by

yBR = 7(t,2,0)0; + £(t, 2,0)0, + n(t, 2,0)0, + ' (t, z,v, f)0r + w2 (t, z,v, k)oy,

+Ctavt _I_ Cita'l}z + C$$8Uzz :
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The coefficients (’s and w’s are defined by the prolongation formulae

G = Din) —vDi(7) — v:Di(§),
G = Di(n) —v:Dy(7) — v Dy (§),

C:m: = DZE(CI> - Utsz(T) - vaiEDl"(g)

and
wp = Di(p') = fiDi(7) = foDi(€) = foDi(n) = fo Di(G) = fu Di(Go),
wy = Do(p!) = fiDu(7) = f2Dol(€) = fuDu(n) = fuDo(G) = fo. Du(a)s
wy, = Doy (') = fiDu, (1) = Do (&) = foDu, () = fo Dy (G1) = fu Do (G2),
wy, = Do, (1") = fiDu, (1) = f2 Do, (€) = fuDu, () = fo Do (G) = fo, Do, (Ga),
w; = Di(p?) = ke Di(7) = ko Dy(€) — kuDie(n) = ko, Dy(Gr) — ko, Di( ),
w? = Do(i?) = kDo (7) = ka Do) = ku Do) = by Da(G) — Koo, D (G2),
Wi = Dy(i*) = ki Dy(7) = ki Dy (€) = kD () = ko, Dy (G) = ki, Dy (Ca),
wh, = Dy (1) = k1D (1) = kD, (€) = kDo () = Koy Doy (G) = b, Do ()

respectively, where

Dt:at+vtav+"'7 Dx:ax—i_vxav—i_
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are the total derivative operators and

Dt:at+ftaf+ktak+"'a
Dy = 0y + fuOf + koOp + -+,

Dv:av+fvaf+kvak+7

Dy, = 0y, + f0,0 + kO + -+,

Dvm = avx + fvzaf + kvlak: + -

are the total derivative operators for the extended system. The application of the pro-

longation (6.8) and the invariance conditions of system (6.7) leads to

Y(f)=Y(f) =Y (fo) =Y (fs)=0, (6.9)

The above system (6.9) yields the following equivalence generators:

}/1 - ata
Y2 = eiMQhOtavu
YE% = a:r:v
(6.10)
Y, = 20, + v0, + 2k0},
YH = H(C(I)(faf — k@k),

Y, = p(x)(0y - §ak>
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where H and p are arbitrary functions of x.

6.5 Preliminary group classification

In this section we follow the technique known as preliminary group classification, see
[55]. With the notion of equivalence transformation in section 6.4, we note that (6.2)
admits infinite equivalence algebra given by (6.10). Taking the finite-dimensional sub-
algebra of infinite-dimensional algebra (6.10), we select the subalgebra Ls spanned by

the following operators:

}/1 = 8757

Yé = e_M2h0tav>

Y; = a,, (6.11)
Y, = 20, + v0, + 2k0},

Ys = f0 — ko

Therefore the one-parameter group of equivalence transformation corresponding to each

operator is given by
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Y, t=t+¢e
Y t=t, &
Ys t=t =
Y, t=t
Ys t=t,

and their composition gives

T R S 8

T=x,v=uv, f=f k=k,

z, D=cze MM 4oy F=f k=k,
r+e, v=v, f=f k=k,

e, v =ve*, f=f, k=ke*,

z, v=w, f=fes, k=ke *,

= {4 €,

= (z+e)e™,

(U +€3€7M2h0t)664’
fee,

k,6264—65

Since f and k are dependent variables of x and v, respectively, we construct the prolon-

gation of (6.11) to the variable v, and take their projections on the space of (x, v,, f, k),

hence the prolongation stays the same as (6.11). The non-zero projections of the pro-

longation of (6.11) are as follows:

Zl = pT(Y/Z) - aaca

Zoy = pr(f@) = 20, + 2k0y,

(6.12)

Zs = pr(Ys) = fO; — k.
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Proposition 1 (see, [55]). Let L, be an r-dimensional subalgebra of the algebra Ls.
Denote by Z;,i = 1, ..., a basis of L, and by Y@ the elements of the algebra Ls such

that Z; = projections of Y, on (x,v,, f, k). If equations

f=®(x), k=T(vy) (6.13)

are invariant with respect to the algebra L, then the equation

vy = ®(2)T(Vg)Vew — M2hov (6.14)

admits the operator Z; = projection of Y; on (t, z,v).

Proposition 2 (see, [55]). Let (6.14) and the equation

vy = (1) (V) Ve — M*hov, (6.15)

be constructed according to Proposition 1 via subalgebras L, and L., respectively.
If L, and L], are similar subalgebras in Lz then (6.14) and (6.15) are equivalent with
respect to the equivalence group G5 generated by L,. These propositions imply that the
problem of preliminary group classification of (6.2) is reduced to the algebraic problem
of constructing non-similar subalgebras of L5 or optimal system of subalgebras [55].

We will explore the method in [41] to construct the one-dimensional optimal systems.

Adjoint group of algebra L3
To compute the Lie brackets known as commutators, defined on L3 and the adjoint

representations we follow the same procedure as in section 4.2, alternatively the reader
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may see see [41]. The results are represented below by table 6.1 and 6.2.

Table 6.1: Commutator table

Zi, Z;) | Zv  Zy Zs
Z 0 Z;1 0
Ly -7 0 0
s 0 0 0

Table 6.2: Adjoint table

Adj | 7, Zs Zs
Zi | 2y Ze—eZi Zy
7y | &2, Zs Zs
Z3 | 2y Zs Z3

We now construct the one-dimensional optimal system by considering the general op-

erator

Z = a121 + OéQZQ + &323 (616)

where oy, a9 and «g are arbitrary constants. Referring to table 6.2, we act on (6.16)

by Ad(e“?') to eliminate aZ, and obtain

Z/ = Ad(eEZI)Z = [Oél — 0428]21 + OégZQ + 04323.

Setting € = o1, ap # 0 ylelds
Z/ = OéQZQ + 06323. (617)
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Since € = o Qo # 0 hence for simplicity we let as = 1. Equation (6.17) becomes

Z, = Zg + OZng. (618)

Acting Z' by Ad(ef??) or Ad(e??) makes no difference, therefore we move to another

assumption.

We now assume as = 0 in (6.16), hence (6.16) yields
7" = o2y + asZs. (6.19)
Taking a3 = 1, equation (6.19) becomes
7" = onZi + Zs. (6.20)
Acting on Z” by Ad(e®Z,) yields
Y =Z34+ e 2. (6.21)
Depending on the sign of ay from (6.21), we can make the coefficient of Z; to be £1.

Thus for ay > 0: Y = Z3+ 71, ap = 0: Zz and oy < 0: Y = Z3 — Z;. Hence the

one-dimensional optimal system of sub-algebras are:

Zg, Z3:|:X1, ZQ+06323.

The optimal system of one-dimensional sub-algebra is given as follows:

91



AN
7% =75 — 74,

(6.22)
Z° = Zs+ Zy,

Z'=Zy+vZs, vER

where 7 is arbitrary constant. Application of Proposition I and II to the set of optimal
system (6.22) does not lead to admitting an extension of the PLA L, because the

necessary condition of form (6.13) for existence of invariant solution is not satisfied.

6.6 Direct group classification

In this section we employ direct group classification to analyse (6.2) with respect to
the two cases where we assume the fin profile to be equivalent to the power law and
exponential law. For both cases we will classify (6.2) for different forms of thermal

conductivity k(v,), where sub-cases will arise.
Case 1: f(z) = a".

Assuming that f(z) = 2", equation (6.2) becomes

vy = 2"k (V) Vge — M?hov (6.23)

where n is the arbitrary constant. We seek for Lie point symmetries admitted by (6.23).

Following the same procedure as in section 6.3, equation (6.23) admits the same PLA
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Lo given by (6.5) In the process of computing the PLA L, for equation (6.23), we find

that k£ must satisfy the 1st order ODE

(av? + bv, + )k (v) + (o, + B)k(v,) = 0, (6.24)

where a, b, ¢, a and [ are arbitrary constants. The 1st order ODE (6.24) was flagged
by computational software Dimsym. Equation (6.24) leads to the following three cases
for the function k(v,), for which the PLA is extended. Such expressions of k are of the
forms:

k= (v.+A)?° k=uve’ and k="

where A, s, r and p are arbitrary constants. We note that in our current study we will
only consider the form where k = (v, + A)®. The other forms are of no importance to us
in our current work hence they will be considered at a later stage. Due to the arbitrary
constants in k, sub-cases will arise where PLA extends. Substituting k = (v, + A)® into
(6.23) gives

vy = 2" (Vg + A) gy — Mhgv (6.25)

and it does not extend PLA given by (6.5).

Considering the following constraints, several cases arise where Ly extend:
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Case 1.1: n =2, s =—2and X # 0.

In this case the resulting Lie point symmetries (6.25) are

Xl - ata
X, = e*M2h0tav, (6.26)
X3 =120, + v0,.

Case 1.2: A\=0,n=2and s = 2.

The resulting Lie point symmetries are

Xl = ata
X2 - 6_M2h0t8v7
(6.27)
X3 = €2M2h0t(M2h0U81, - 8t)
X4 =v0, + x0,.
Case 1.3: A\=0,s=—-2and n =2.
The resulting Lie point symmetries are for equation (6.25) are
Xl = 8t7
X2 - e_MzhOtafu’
(6.28)

X3 = 672M2h0t<M2h0Uav - 8t)

X4 = M2h0(1)8v + x@x) — at.
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Case 1.4: A\=0,s=2and n =4.

The resulting Lie point symmetries for equation (6.25) are

Xl = at7
X2 = 67M2h0ta’l)7
(6.29)
X3 = xa:m
X4 = 62M2h0t(M2h0’U8v — 8,5)
Case 1.5: A=0,s=—-2and n =4.
The resulting Lie point symmetries for equation (6.25) are
Xl = at7
X2 = eiMzhOtava
X3 = 20, + 200, (6.30)

X, = e 2MPhot (A2 howd, — 0)),

X5 = MM (100, + 0°0,).

In Case 1.5 we note that symmetry X5 is a nonlocal symmetry. The reduction by the
nonlocal symmetry X leads to

v(t,x) = zF(t)

where F(t) satisfies the ODE
F' + M?hoF = 0.

The solutions to the above ODE is

F(t) = cje” Mot
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where ¢; is a constant of integration. Thus

o(t,x) = ¢ & e Mot
Reverting back to the governing equation (6.1), we find
0(t,z) = cre Mot (6.31)

One-dimensional optimal system

In this section we generate the one-dimensional optimal system of sub-algebras for the
Cases 1.1, 1.2, 1.3 and 1.4. We follow the same procedure as in chapter 4 to compute
commutator and adjoint tables for the cases in question. For detailed computation of
the Lie bracket see [41]. Below we present the commutator and adjoint tables as well
as the one-dimensional optimal system of sub-algebras for Cases 1.1, 1.2, 1.3, and 1.4

respectively:

Table 6.3: Commutator table: Case 1.1

(X, X;] X, X X
X, 0 —M?hoXy 0
Xy | M2hoXs 0 X,
X3 0 -X, 0
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Table 6.4: Adjoint table: Case 1.1

Adj X Xs X3
X, X, eM?hoc X, X3
Xy | X1 — M2hoeXo X, —eXo + X3
X X e Xo X

One-dimensional optimal system of sub-algebras for Case 1.1 are

{Xi+ X5, X5+£X, X5, Xo.}

Table 6.5: Commutator table: Case 1.2

(X, X] X, X, X X,
X 0 —M?ho Xy 2M2%hoXy; O
X, M?hoX> 0 0 X,
X3 —2M?ho X, 0 0 0
Xy 0 -X> 0 0

We note that the sub-algebras of Case 1.2 also hold for when s = £2 and A = 0.

Case 2: f(z) = e™.
In this case equation (6.2) is given as

vy = €k (Vg )Vgw — M2hov (6.32)

where n is the arbitrary constant. Equation (6.32) gives the same PLA and classi-
fication of the function k(v,) as in Case 1. Taking parameters n and s as arbitrary

constants and k = (v, + A)® with A = 0 and follow the same procedure as in Case 1,
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Table 6.6: Adjoint table: Case 1.2

Ad X X9 X3 Xy
X, X, eM?eho X, e—2M?hoe X;3 X,
Xy | X1 — M?choX, X5 X X, —eXy
X3 | X1 +2M?hoeXy X5 X3 Xy
X, X, e X, X3 Xy

One-dimensional optimal system of sub-algebras for Case 1.2 are

{Xi+ Xy, Xy, XzxX4y, XstXo X3}

Table 6.7: Commutator table: Case 1.3

(X, X;] X1 Xo X3 Xy
X 0 —M?hgXy —2M?hoXs 0
X M?ho X, 0 0 0
X4 2M?ho Xy 0 0 —2X5
X3 0 0 —2X, 0

we extend (6.5) with two symmetries

X3 =nvd, — s0,,

(6.33)
2
X, = M host (A2 hgvd, — 0y).
When we take A =0, s = 2 and n = 1, we find the following extensions:
Case 2.1: A\=0,s=2and n=1.
The resulting Lie point symmetries are
Xy = MMt (, — M2hgvd,),
(6.34)

X4 = 2893 — v@v.
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Table 6.8: Adjoint table: Case 1.3

Ad X, X5 X3 Xy
X, X, eM?eho X, e2M?hoe X; X,
Xo | X1 — MZ?choXs X, X X,
X3 | X1 —2M?hoeXy Xs X3 X4+ 26 X3
X, X, X, e % X3 Xy

One-dimensional optimal system of sub-algebras for Case 1.3 are

{Xl :l:X47 X17 X4:l:X27 X47 X4:i:X27 XSZEX% XS}
Table 6.9: Commutator table: Case 1.4

(X, Xj] X X X3 X4
X, 0 —M?hgXy 2M?hoX3 0
X9 M?hoXo 0 0 0
X3 0 0 0 0
X4 —2M?%ho X5 0 0 0

Table 6.10: Adjoint table: Case 1.4

Ad X1 X2 X3 X4

Xl Xl eM2€h0X2 X3 6—2M2h06X4

X2 X1 — M2€h0X2 XQ X3 X4

X3 X Xo X3 X4

X4 | X1+ 2M?hpe X3 Xo X3 X4

One-dimensional optimal system of sub-algebras for Case 1.4 are

{X4, Xs+aXy, Xyu£Xo, Xi+06Xy, Xu+Xs+Xo, Xy— X5+ X0}
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Case 2.2: A\=0,s=—-2and n=1.

The resulting Lie point symmetries are

X3 = 6_2M2h0t(M2h()UaU — at),
(6.35)
X4 = Mzho(vav + 281) — (9t.

We note that the optimal systems for these two cases are the same as the ones computed
in Case 1.2 and Case 1.3 hence we are not displaying them here, only the reductions

will be shown in table in the next section.

6.7 Symmetry reductions and invariant solutions

In this section we use an optimal system of one-dimensional subalgebras calculated
above to find symmetry reductions and invariant solutions. Only some elements of the
optimal system which are of interest to our study will be considered, the rest will be

done in future or in other studies.

Reduction and invariant solutions from an optimal system of Case 1.1
Consider X3 + X5 :
The corresponding characteristic equations are given by

d_de v 53

0 xr v —e M?hot’

Solving (6.36) we find the general exact solutions for the equation (6.25) using simple

computations as

v(t,x) = (¢ & — 1)e Mot (6.37)
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where ¢; is a constant of integration.

Invariance under X; :

The characteristic equations are given by
dt dr dv
0 = v’

and then yield the following solutions

o(t,x) = ¢ x e Mot

where ¢ is a constant of integration.

Invariance under X; + X5 :

The characteristic equations are given by

Equations (6.40) yield

v(t,x) = e'g(2)

where ¢ satisfies the 2nd-order ODE
(1+ M?ho)g(z) — 2g'(2) —

The above ODE is difficult to solve exactly.

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)

The reductions and invariant solutions for the remaining cases are listed in the tables

below:
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6.8 Concluding remarks

In this chapter we carried out preliminary and direct group classification. The principal
Lie algebra was found to be two dimensional for both analyses. Equivalence transfor-
mation was expressed in order to perform preliminary group classification. We also
derived optimal systems for both methods and the existence of invariant solutions was
not satisfied for preliminary group classification. Direct group classification led to two
cases and we generated group invariant solutions by employing symmetry reductions.
Some reductions gave general solution which will be studied further in future. We
note that some invariant solutions generated special function solutions such as error

function and hypergeometric function.
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Chapter 7

Nonclassical Potential Symmetries

7.1 Introduction

A helpful approach for creating groups of point transformations that DEs admit is
provided by Lie group theory. The classical Lie symmetry method, commonly referred
to as the Lie point symmetry approach, has proven to be an effective technique for
identifying symmetry reductions of PDEs. The classical symmetries are the solutions
of a linear PDE system with sufficient determination. The traditional approach for
symmetry reductions of PDEs has undergone a number of improvements. The classical
method for finding invariant solutions from point symmetries admitted by a certain
PDE is generalized by the nonclassical method for obtaining PDE solutions. The non-
classical approach was introduced by Bluman and Cole [50] to investigate the symmetry

reductions of the heat equation. Finding all potential solutions to the overdetermined
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system is challenging since the nonclassical method yields fewer determining equations
than the classical method. A technique to discover a new class of symmetries for a
PDE was introduced by Bluman et al. [11, 42]. Any PDE that is expressed as a system
of two PDEs can be written in a conserved form by adding a new variable known as
the potential or auxiliary variable. Nonlocal symmetries can be used to find exact
solutions to DEs that cannot be found, for instance, via Lie point symmetries. Pucci
and Saccomandi [43] demonstrated more than one way of expressing some PDEs as a
system of PDEs known as an auxiliary system. Moitsheki et al [57] has shown that
some of the auxiliary systems may be hidden. In comparison to the traditional Lie
group technique, these symmetry techniques typically have fewer determining equa-
tions. Consequently, it is quite challenging to identify all possible solutions for the
overdetermined system. A significantly larger class of symmetry groups is available
with this new symmetry approach. Research by Bluman and Yan in [47] has shown
that, the nonclassical method, when applied to a potential equation, can produce new
solutions to a given PDE that are not possible as invariant solutions from the admitted
point symmetries of the given PDE. Such solutions are known as nonclassical potential

solutions. For more research on nonclassical potential symmetry technique, the reader

is referred to [58, 59, 60, 61, 62].

In this chapter we consider the special cases of the more general model for the transient
heat transfer equation discussed in section 2.2 of chapter 2 given by (2.17). We note
that in Chapter 6, the Lie group classification was employed for the special case of

(2.17). Here are the assumptions we will consider for our work

flz)=1, k(@) =0 and h(f)=0".
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Now (2.17) becomes
0, = [0™0,] — M*o""! (7.1)

where m and n are arbitrary constants. Mhlongo et al obtained the Lie point symme-
tries and nonlocal symmetries of (7.1) for m # n in [48]. In our work we will utilize
nonclassical potential symmetry techniques to study the integrated form of (7.1). When

we set n = —1, equation (7.1) becomes

0, = (0"0,), — M>. (7.2)

Equation (7.2) is equivalent to

Dy(0) = D, (0™, — M?z) (7.3)

in a conserved form. Introducing auxiliary term w = w(t, z) equation (7.2) becomes

Wy, = 0,
(7.4)
wy = 00, — M?x.
Taking w, = 0 and substituting into (7.2) we get the integrated form of (7.2) as
w; = Wrwy, — M. (7.5)

In the following, Section 7.2 we will employ a nonlocal method on equation (7.5)
followed by nonlocal symmetry reduction of (7.5) in Section 7.3. Section 7.4 we look into

the nonclassical potential symmetries of equation (7.1) by a applying the nonclassical
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method to auxiliary system (7.4) and the integrated equation (7.5). Finally we give

concluding remarks in section 7.5.

7.2 Potential Symmetries for equation (7.5)

In this section we compute nonlocal symmetries for (7.5). We note that equation
(7.2) does not give any nonlocal symmetries when m is arbitrary and for m = —3.
In computing the nonlocal symmetries for the integrated form (7.5), we follow the
procedure outlined in chapter 2. We consider three cases, namely: m is arbitrary,

m = —2 and m = —3.

Case 1: m is arbitrary

In this case (7.5) admits four symmetries and they are not potential symmetries
Tl - 81?7

Ty = -+ (tat — (m+2)xd, + (m + 3)w8w> :

(7.6)
TB - awv

Yy =0, — M?t0,.

Case 2: m=-2

In this case (7.5) admits five symmetries as given below
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Tl - at7
TQ = —2t(9t + $6x — w@w,
T3 = Oy, (7.7)

Ti=5p (ax - M2t8w>,

= M2
\

V5= 5 < — M?*t?0, — (w + M*tx)d, + MQtwaw)

and Y5 is a potential symmetry.

Case 3: m=-3

This case gives four generators and none of the operators represent nonlocal symmetry

Tl = tat - :Eam,
TQ = at7
(7.8)
T3 = awa
Y, =0, — M?t0,.

7.3 Potential symmetry reduction

It is necessary to solve the characteristic equation in order to discover symmetry reduc-

tions and accurate solutions. Reduction by Y5 from (7.7) gives the following invariants
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_w
J1_77

JQZ%—FtJT

If we set z = J; and J; = F where F' is an arbitrary function leading to

w

where F satisfies

F"(2) + M?F(2)F'(z) = 0.

Equation (7.11) can be solved to

F(z) =

V2 ¢y (01M2 (z—|—02)>
tanh | ———-—- | .
M 2 01M2

Substituting (7.12) into (7.10) yields

01M2<w+02t)) 9
w = +\/2 c;M? tanh — M*tzx.
! ( \/2 01M2 t

Representing equation (7.13) in terms of 6 we find

M?t?

M2sech? [ aM2(wteat) |
c1 M2sec ( et

The generalized exact solutions (7.13) and (7.14) are implicit.

O(t,x) =
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7.4 Nonclassical potential symmetry for a transient

heat conduction equation

In this section we study nonclassical potential symmetries of (7.2) with m = —2. The
theory behind this technique has been discussed and outlined in section 3.2.4. We
will first do the analysis of (7.2) by utilizing the potential system approach, followed
by the potential equation approach. It is safe to note that 6(z) and w(z) solve (7.2)
and (7.5), respectively, if (0(x),w(x)) satisfies (7.4). We require both (7.2) and the

invariant surface constraint to be invariant under the infinitesimal generator

0 0 0 0
T = T(t,x,e,w)a+§(t,x,9,w)%+n(t,x,6,w)%+¢(t,x,9,w)%. (7.15)

Algorithm I: Potential system approach
Here we consider the analysis of the auxiliary system (7.4) by utilizing the nonclassical

symmetry method. We need (7.4) and invariant surface condition

T(t,z,0,w)0; + £(t, 2,0, w)0, = n(t,z,0,w),
(7.16)

T(t,z,0,w)0; + &£(t,x,0,w)0, = o(t,x,0,w)

for the vector field (7.15). The infinitesimal criterion for the invariance is given by

i (w, — 9)|(7.4),(7.16) =0,

1 —2 2 _
T (w, — 6720, — M x)\(mww) =0

(7.17)
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where T is the first prolongation

T =740 oawt +¢x—. (7.18)

a6, " w,
The extended infinitesimals are given by

G = Di(n) — 0:D(7) — 0, D(8),

Ce = Da(n) — 0:D.(7) — 0.D.(§),

Ve = Di(¢) — v Di(7) — v2Di(§),

Vo = Dy(9) — 0Dy (1) — 02D (§)-

(7.19)

The nonclassical method applied to the auxiliary system (7.4) gives rise to two deter-
mining equations for the infinitesimals £(t, z,0,w), n(t,z,0,w) and ¢(t,x,0,w). The
symmetry determination equation for system (7.4) in the traditional Lie symmetry
group theory is

Poly + Pwws — <§m + &ol, + §wwm)wx - (Tx + 790, + Twwz)wt

¢ — 1 =0, (7.20)

M20%€ + 20,1 — 0 [m + 10 + N ws — (éx + &9l + &wa) 04

+ <¢90t n qﬁwwt) 6% — (n L0, + Twwx) 00, — (@ F €, + Ewwt> 0w,

- (Tt + 7190 + Twwt) wy + ¢y = 0. (7.21)

We now combine (7.4) and (7.16) to obtain
g, =1 _ §<M2a;+ ¢ _ §0>02,
T

T T T

0, = (MQx—l—? — §0)92
T T

Without loss of generality, two cases are considered: 7=1and 7 =0, £ = 1.

(7.22)
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Case 7= 1.

Substituting (7.22) into (7.20) and (7.21) yields

£6p0" — (M2$§9 + @& + 5%) 0° + <M25L’¢9 + ¢pp — fw) 0?

(§¢e — M?x&, — ¢&y + §¢0> £6°

+ (M4x2§9 — Epg — Mg + 2M >y + ¢2§9> 0*

+ <M2x€w — &+ EPo — 0§ — £ — fﬁx) 0°

(000 + 160 + 60+ (04 MPa)es = (64 M) = (20 = M) )
+ <(¢9 — 28+ ¢ + M2§) 0% + <2n¢ — N + 2M2;m;> 0

—1 =0 (7.24)

Without first establishing certain assumptions about the dependence of the infinitesi-
mals to streamline the computations, this system cannot be solved since it is underde-

termined. We do not use those assertions here.

Case7=0,¢=1.

When using the nonclassical technique in the aforementioned situation, we made the
assumption that 7 # 0, which allowed us to adjust 7 = 1 without losing generality.
We now look at the scenario where 7 = 0. Without loss of generality we set £ = 1 and

obtain two determining equations
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Be0> + (M%qﬁ@ + ¢¢9) 0% + b + ¢ — 1 =0, (7.25)
(gzsg + gbg) 0° + ( — ¢ — M2x¢9> 0 + (qbe — ¢>w> 0

+((¢w —19)d — M?x1g + 0y — 21 + by + M2)92

+ (277¢ — N + 2M2x77> 6 —n, =0. (7.26)

Once more, we observe that the system is underdetermined and that we are unable to

find the general solution.

Algorithm II: Potential equation approach
Here we analyse the integrated equation (7.5). We seek 7(t,z,w), &(t,z,w) and
n(t,z,w) in order for the vector field

0 0 0
T = T(t,.T,U))a + é(t,x,w)£ + o(t, x,w)a—w (7.27)

to be invariant provided the ISC

T(t, z,w)w, + £(t, x, w)w, = n(t, z,w), (7.28)

is satisfied.

Case 7 = 1.

Employing nonclassical method to the potential equation (7.5) gives the determining
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equation
M2I‘§w ww3 - 2 §¢w wmg - gt wx3 + gww wrg + 2 gmw wx2 - ¢ww wx2
+M2x¢w wz2 + M2£ wa —2 &bx w:):2 +2¢py, wm2 + oy wx2 + fmc Wy

We now separate the determining equation (7.29) with respect to the powers of the

derivatives of w and find the following system:

Pua =0, (7.30)
2M?1¢, + 2 by — 2 pw + Euw = 0, (7.31)
M22¢y, + M2 — 266, + 2bbw + ¢t + 2 Enw — buw = 0, (7.32)
M2,y — 2Ehw — &+ Euy = 0 (7.33)

From equation (7.30) we find

Eliminating ¢ in equation (7.31) gives

&= —éx?’fl (M?+ 1) =2 (fufo = frw) + 2 fs+ fa, (7.35)

where f3 and f; are also arbitrary functions of ¢ and w. Substituting (7.34) and (7.35)

into equation (7.32) and separating with respect to the powers of x we find
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(9 0?
Mf4—2f1f4+2f2 f2+ f2 wf3—ﬁf=07

M2—f2+M2f3—2f3f1—2f2 f1 2f1 f2+ f1
+3@f1207
i (Mh~2fufe + 4 s ) =0

—éMQfl (M2+f1) +§ (f1)2 (M2 +f1) = 0.

Solving equation (7.39) for fi(¢,w) we find three solutions of f;, namely

1

0, —M?* =M?>
b b 2

(7.36)

(7.37)
(7.38)

(7.39)

Substituting fi(¢,w) = $M? into (7.33), (7.36)—(7.38) and separating with the respect

to the powers of x yields

f4 f4 - 2f4if2 =0,

0w2
2
o i A
2
2—f3+2f2 f2+ fg a_f = 0.

Solving the system above we obtain
T(t,z,w) =1,
1
£(t7 ‘1.7 w) =

—M4.CE3—1
Lo
o(t,x,w) = 5 M=z + fo(t, w).

4 2
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We note that we may find the arbitrary function if we follow a similar approach as in

[58, 59, 60, 61, 62].

When we take fi(t,w) = —M?, we find that

fa(t,w) = f3(t,w) = fa(t,w) = 0.

Hence
T(t,z,w) =1,
E(t,x,w) =0,
o(t, v, w) = — M*x. (7.44)

Taking f1(¢t,w) = 0, we remain with this system
jw%‘+2fizf-%gf-+2fzf—ugi
PR T ot T T ow™ T ou?

E%h+ﬁ—0 (7.46)

The above system cannot be solved without undertaking some assumptions since it is

underdetermined.

CaseT7=0,¢=1.
Following the same procedure as in the previous case we find

M%gzﬁwwf + M?w,? —|—2M2xq§xwx — 2¢wwm3 — 2¢xwx2 +2¢¢wwm2

+2 ¢¢x Wy + (bt wx2 - (bww wa -2 ¢xw Wy + fggz Wy — (bmc - O, (747)

Likewise we separate the determining equation (7.47) with respect to the powers of the
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derivatives of w and find the following system:

Gz = 0, (7.48)
2M*zpy + 2 by — 2 Py = 0, (7.49)
M?z¢y, + M? = 2¢, + 2 by + ¢ — G = 0, (7.50)
b = 0. (7.51)

Solving the above system yields

A VO (7.52)

It is noted that the symmetry (7.52) is a potential symmetry and not nonclassical.

7.5 Concluding remarks

In this chapter we considered a one dimensional transient heat conduction equation.
We first presented the governing equation (7.1) in a conserved form as a system of first
order DEs, known as the auxiliary system and used the potential variable to obtain
the integrated form equation. The main focus of this chapter was to apply nonclassical
potential symmetry approach on both the auxiliary system and the integrated form
equation. We note that the potential symmetry approach could not yield explicit
solutions. Also, the nonclassical potential symmetry approach for the potential system
could not give any symmetry except the potential equation. These approaches require
one to take some assertions in order to fully examine the potential system. We did find

one nonlocal symmetry from the potential system and could not find exact solutions.
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For the potential equation we found one point symmetry.
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Chapter 8

Conclusion

Our work was to analyse heat transfer models prescribed by reaction-diffusion equa-
tions. Symmetry analysis was employed to study these models. The main focus was
to utilize group classification methods to determine cases of arbitrary functions which
diffusion equations admit some Lie point symmetries. Furthermore, to explore whether
exact solutions may be constructed using other techniques such as potential (nonlocal)
symmetries, nonclassical symmetries and nonclassical potential symmetries. Differ-
ent phenomena were of our interest, namely heat transfer in slabs or hot bodies and
through extended surface of different shapes and profiles.

In chapter two we gave a prescription of a heat transfer model in line with our research.
We presented the formulation of our governing equations and analysed the equations
in terms of heat transfer through the hot body and extended surfaces.

A brief account of the methodology employed in our work was discussed in chapter

three. For more details regarding the analysis of our methodology the reader is re-
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ferred to the provided references.

Direct group classification was carried out in chapter four and Lie algebra was em-
ployed to perform symmetry reductions. Two cases were of our interest, namely the
power law and exponential law. We obtained hypergeometric and hyperbolic function
solutions respectively.

In the absence of obtaining exact solutions in Chapter 4, we utilized DTM in chapter
five and presented the solutions obtained graphically. The 1D DTM was utilized to
solve the steady state ordinary differential equation and the transient state problem
was solved using 2D DTM.

Preliminary and direct group classification was carried out in Chapter 6. We obtained
a two dimensional principal Lie algebra through the equivalence group approach. Ad-
ditionally, we obtained an optimal system for both approaches, but the presence of in-
variant solutions did not meet the requirements for preliminary group classification. To
address this, we introduced an equivalence transformation to facilitate the preliminary
group classification process. By employing direct group classification, we encountered
multiple scenarios and produced group invariant solutions through the application of
symmetry reductions.

We looked at the one-dimensional transient heat conduction equation in chapter seven.
As a system of first order DEs known as the auxiliary system, we first presented the
governing equation in a conserved form. We then used the potential variable to get
the integrated equation. The primary objective of chapter 7 was to utilize nonclassical
approaches on potential systems and potential equations, aiming to obtain nonclassical
potential solutions. However, despite our efforts, we were unable to achieve this goal.
Moving forward, we plan to revisit the work conducted in chapter 7 and introduce

certain assumptions, in the hopes of uncovering potential nonclassical solutions.
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