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ABSTRACT

It is known now that the Navier-Stokes equations cannotrdesthe behaviour of fluids hav-
ing high molecular weights. Due to the variety of such fluidss ivery difficult to suggest
a single constitutive equation which can describe the ptgseof all non-Newtonian fluids.

Therefore many models of non-Newtonian fluids have beengsegh

The flow of non-Newtonian fluids offer special challengesi®éngineers, modellers, math-
ematicians, numerical simulists, computer scientistgdnysicists alike. In general the equa-
tions of non-Newtonian fluids are of higher order and muchemwamplicated than the New-
tonian fluids. The adherence boundary conditions are irserftiand one requires additional
conditions for a unique solution. Also the flow charactégsbf non-Newtonian fluids are
quite different from those of the Newtonian fluids. Therefan practical applications, one
cannot replace the behaviour of non-Newtonian fluids witlvtéaian fluids and it is nec-
essary to examine the flow behaviour of non-Newtonian fluidsrder to obtain a thorough

understanding and improve the utilization in various mantifres.

Although the non-Newtonian behaviour of many fluids has lreeongnized for a long time,
the science of rheology is, in many respects, still in itamdy, and new phenomena are
constantly being discovered and new theories proposedlygiaaf fluid flow operations
is typically performed by examining local conservatiorat@ns, conservation of mass, mo-
mentum and energy. This analysis gives rise to highly noeal relationships given in terms

of differential equations, which are solved using speatad-finear techniques.



Advancements in computational techniques are making redederivation of solutions to
linear problems. However, it is still difficult to solve ndimear problems analytically. Engi-
neers, chemists, physicists, and mathematicians aresgotigveloping non-linear analytical
techniques, and one such method which is known for systeatlgtsearching for exact so-

lutions of differential equations is the Lie symmetry apgmib for differential equations.

Lie theory of differential equations originated in the 18 &hd was introduced by the Norwe-
gian mathematician Marius Sophus Lie (1842 - 1899). Howgweas the Russian scientist
Ovsyannikov by his work of 1958 who awakened interest in modgoup analysis. To-
day, the Lie group approach to differential equations iselyicapplied in various fields of
mathematics, mechanics, and theoretical physics and nemuwyts published in these area
demonstrates that Lie’s theory is an efficient tool for saivintricate problems formulated in

terms of differential equations.

The conditional symmetry approach or what is called the classical symmetry approach
is an extension of the Lie approach. It was proposed by BluamahCole 1969. Many equa-
tions arising in applications have a paucity of Lie symnestfput have conditional symme-
tries. Thus this method is powerful in obtaining exact sohd of such equations. Numerical
methods for the solutions of non-linear differential eduad are important and nowadays
there several software packages to obtain such solutiamree $f the common ones are in-

cluded in Maple, Mathematica and Matlab.

This thesis is divided into six chapters and an introducéind conclusion. The first chapter
deals with basic concepts of fluids dynamics and an intredintéd symmetry approaches to
differential equations. In Chapter 2 we investigate theigrice of a time-dependent magnetic
field on the flow of an incompressible third grade fluid bountgdh rigid plate. Chapter 3
describes the modelling of a fourth grade flow caused by @ pdpte moving in its own
plane. The resulting fifth order partial differential eqoatis reduced using symmetries and

conditional symmetries. In Chapter 4 we present a Lie graowgbyais of the third oder PDE



obtained by investigating the unsteady flow of third gradelflising the modified Darcy’s
law. Chapter 5 looks at the magnetohydrodynamic (MHD) flowa 8isko fluid over a moving
plate. The flow of a fourth grade fluid in a porous medium is yred in Chapter 6. The
flow is induced by a moving plate. Several graphs are includede ensuing discussions.
Chapters 2 to 6 have been published or submitted for pulditaDetails are given in the

references at the end of the thesis.
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Introduction

The study of non-Newtonian fluids involves the modelling oWflwith dense molecular struc-
ture such as polymer solutions, slurries, pastes, blooghaimis. These materials exhibit both
viscous properties like liquids and elastic properties Bklids and the understanding of their
complex behaviour is crucial in many industrial applicaio Due to increasing importance
of non-Newtonian fluids in modern technology and industties investigation of such fluids
is desirable. The flows of non-Newtonian fluids occur in aetgrof applications, for exam-
ple from oil and gas well drilling to well completion opermatis, from industrial processes
involving waste fluids, synthetic fibers, foodstuffs, esinn of molten plastic and as well as
in some flows of polymer solutions. Some important studiedidg with the flows of non-
Newtonian fluids are made by Abel-Malek et al. [1], Ariel et[@], Chen et al. [6], Fetecau
and Fetecau [10], [11], [12], Hayat and Ali [18], Hayat and&§19], Hayat et al. [20], [22],
[27], [34], Rajagopal and Gupta [46], Rajagopal and Na [f8)] and Wafo-Soh [58].

Modelling visco-elastic flows is important for understamgland predicting the behaviour of
processes and thus for designing optimal flow configuratmaksfor selecting operating con-
ditions. Because of the complex nature of these fluids tlseneti a single constitutive equa-
tion available in the literature which describes the flowgandies of all non-Newtonian fluids.
For this reason various models have been suggested and d@nosegnodels, power-law and
differential type fluids have acquired a great deal of aibentSome relevant contributions
dealing with this type of fluids are given in references [1B4], [15], [19], [25], [35], [38],
[39], [65] and [56].



Power-law fluids, also referred to as fluids of grade one agestmplest models of non-
Newtonian fluids and it is well-known for accurately moodweilthe shear stress and shear
rate of non-Newtonian fluids, but it does not properly prethe normal stress differences
that are observed in phenomena like die-swell and rod-aigf»3] which are manifestation
of the stresses that develop orthogonal to the plane of stteah can be well modelled by
extending the study to the fluid of grade two. In turn this doeesfit shear thining and shear
thickening fluids. The third grade fluid model representsréhtr, although inconclusive,
attempt towards a more comprehensive description of thavih@hof viscoelastic fluids. Ac-

cordingly certain effects may well be described by flow ofrfawgrade fluids [36].

On the other hand, the governing equations resulting fromMewtonian fluid models are
non-linear high order equations whose analysis presenttigydar challenge to researchers.
Hence progress was limited until recent times and closed-fmlutions are available to more
problems of particular interest than before. Also the stoidsuch flows in porous media are
quite important in many engineering fields such as enhanicedaovery, paper and textile,
but little work seems to be available in the literature. Feaent studies [28], [37], [38], [55],
[56] maybe mentioned in this direction. Similarly the stuafyhydrodynamic flows with
application of magnetic field (MHD flows) is of particular @mest in chemical engineering,
electromagnetic propulsions and the study of the flow of thland yet again the literature is
scarce. Mention maybe made here to the recent study of thelgpgayat et al.[21], [23],
[24], [25] and [33].

Motivated by the above, in Chapter 2 we take a look at the Rglyleroblem for the flow of
third grade fluid, when the initial profile is arbitrary. Thihapter covers the mathematical
modelling and solutions of the applied magnetic field on tiseaelastic flow of order three
bounded by a rigid plate. The findings of this chapter has va@ten up as a paper and

accepted in the Journal of Nonlinear Mathematical Phy&8s [

In Chapter 3 the unsteady unidirectional MHD flow of an incoegsible fourth order fluid



bounded by a rigid plate is discussed. The flow is induced dweliitrary velocityV/(¢) of

an insulated plate. The fluid is electrically conductingha presence of a uniform magnetic
field. The study of the motion of non-Newtonian fluids by thelagation of a magnetic field
has many applications, such as the flow of liquid metals alogslflow of plasma, flow of
mercury amalgams, flow of blood and lubrication with heavg and greases. We have sub-

mitted this work to the Journal of Nonlinear Analysis SeBefor publication [30].

In the remaining Chapters, 4, 5 and 6, we have concentratdteastudy of flows in a porous
space. Recently Tan and Masuoka [55] analyzed the Stokepritslem for a second grade
fluid in a porous medium. In another paper, Tan and MasuoKpsfbi@ied the Stokes’ first
problem for an Oldroyd-B fluid in a porous medium. In theseestigations, the authors
have used the modified Darcy’s law. Chapter 4’s goal is tordete the analytical solution
for an unsteady flow of a third grade fluid over a moving platde Televant problem is
formulated using modified Darcy’s law of third grade fluid. dtypes of analytical solutions
are presented and discussed, see [31]. Chapter 5 dealhwiitvestigation of a MHD flow
of a power law fluid filling the porous half-space. The forntida of the problem is given
using modified Darcy’s law for a Sisko fluid. The exact analgtiand numerical solutions
are constructed. The physical interpretation of the okthiresults is made through graphs.
This work was accepted in the Journal of Porous Media [40pp@dr 6 concentrates on the
exact analytical and numerical solutions for MHD flow of a figewtonian fluid filling the
porous half-space. The formulation of the problem is giveimg modified Darcy’s law for
a Sisko fluid. The fluid is electrically conducting and a unifiomagnetic field is applied
normal to the flow by neglecting the induced magnetic fielde €ract analytical solutions
have been constructed using the similarity approach. We hgported this work in [32].
Finally Chapter 7 is concerned with the analysis of obtamesdlts and the conclusion of the

thesis.



Chapter 1

Fluid Dynamics and Computational

Approaches

This chapter deals with some useful concepts in the field af fhechanics and the descrip-
tion of reduction methods of differential equations. Wetdig defining some notion of fluids.
Then we present how the equations governing the motion dfinectional flow of third and
fourth grade fluids are derived and finally we review somenagpies of solving nonlinear

differential equations.

1.1 Definitions

This section contains some basic definitions necessarpéosubsequent chapters. Some of

this are taken from [17]. Others are referred to in the text.

1.1.1 Compressible and incompressible flows

An incompressible flow is a flow in which the variation of thesager unit volume (density)
within the flow is considered constant. In general, all ldg@re treated as the incompressible
fluids. On the contrary, flows which are characterised by gingrdensity are said to be
compressible. Gases are normally used as the compressiiole. fIHowever, all fluids in

reality are compressible since any change in temperatupressure result in changes in

4



density. In many situations, though, the changes in tenp@rand pressure are so small that
the resulting changes in density is negligible. The mathmalaequation that describes the

incompressibility property of the fluid is given by

Dp

— 1.1
Dt 0 (1)
whereD /Dt is the substantive derivative defined by

D9
D _9 .y 1.2
Dia VY (1.2)

in which'V represents the velocity of the flow.

1.1.2 Unsteady and steady flows

A steady flow is one for which the velocity does not depend metiWhen the velocity varies

with respect to time then the flow is called unsteady.

1.1.3 Laminar and turbulent flows

Laminar flow is one in which each fluid particule has a defindép In such flow, the paths
of fluid particules do not intersect each other. In turbufeaw the paths of fluid particules

may intersect each other (see figures below, taken from [B]2i.

Figure 1.1: Laminar flow



Figure 1.2: Turbulent flow

1.1.4 Newtonian and non-Newtonian fluids

Fluids such as water, air and honey are described as Newtfinids. These fluids are es-
sentially modelled by the Navier-Stokes equations, whetegally describe a linear relation
between the stress and the strain rate. On the other haneljsteelarge number of fluids that
do not fall in the category of Newtonian fluids. Common exasspike mayonnaise, peanut
butter, toothpaste, egg whites, liquid soaps, and multdgengine oils are non-Newtonian.
A distinguishing feature of many non-Newtonian fluids istttieey exhibit both viscous and
elastic properties and the relationship between the stresthe strain rate is non-linear. Con-
trary to Newtonian fluids, there is not a single model that describe the behaviour of all
the non-Newtonian fluids. For this reason many models hage pmposed and among those
models, the fluid of differential type and rate type have aeguparticular attention. In this

thesis we discuss some models of differential type namelytiind and fourth grade fluids.



1.2 Basic equations

In this section, we derive the equations that describe thtgomof fluids in general. These
equations are the basic laws of conservation of mass and ntame The flow modeling of

the subsequent chapters is based upon these two conseteat

1.2.1 Equation of continuity

Let 2 be a controlled volume andl? its bounded surface, so that the fluid can move in and
out of the boundary. The conservation of mass states thaathef change of matter into the

controlled volume is constant. Therefore we have

d

3 |pa2 =0, (1.3)

in which p is the density of the fluid and/dt is the ordinary time derivative. Using the

Reynold’s transport theorem, the left hand side of equdtidd) gives

/p Q= /( + V. ( ,oV)) dq, (1.4)

whereV is the velocity at which the fluid is moving. Equations (1.8§41.4) yield

/ (gt +V. (pV)) dQ = 0. (1.5)

For an arbitrary controlled volunt@, we can drop the integral in equation (1.5) to obtain the

continuity equation

dp
5 TV (V) =0. (1.6)

In the case of an incompressible fluid, the dengitipes not vary and the continuity equation

(1.6) is equivalent to the following equation

V.V =0. (1.7)



1.2.2 Equation of motion

The motion of a fluid is generally governed by the the equatiocontinuity derived above
and the conservation of linear momentum. The conservasianof momentum states that
the rate of change of linear momentum over a control voléhimunded by)S) must equal

what is created by external forces acting on the controlmeluminus what is lost by the

fluid moving out of the boundary. Thus

a4 deQ:/pfdQ— .0 o9, (1.8)
dt Q Q 0N

whereV is the velocity of the fluidp is the densityf is the body force per unit mass aht

is the linear momentum current density given by
M= (pV)®V -T, (1.9)

in whichT is the Cauchy stress tensor andlenotes the tensor product. Using the divergence

theorem, the last part of the right hand side of equation) (a8 be written as

II.n doS) = / (V.II) dS. (1.10)

o0 Q

Substituting equation (1.10) into equation (1.8) we have

d deQ:/pfdQ—/ (V.II) dC. (1.11)
dt Q Q Q

Since the control volume® is invariant in time, we can take th&dt under the integral and

equation (1.11) becomes

/Q(%(pvwv.n) dQ:/prdQ. (1.12)

For an arbitrary volumé& we can drop the integral and we have

0
a(pV) + V.II = pf. (1.13)
The equation of motion in general is commonly represented by
\%
p {%—t +(V.V) V} = V.T + pf. (1.14)

In the above equation the fordes the body force, for example, gravity and electromag-
netic forces. In this thesis, flows of non-Newtonian fluidshaapplied magnetic field are

considered.



1.3 Governing equations for unidirectional flow of a fourth
grade fluid

In this section we derive the equation which governs theaaust unidirectional flow of an
incompressible fourth grade fluid. We make the derivatiosumh an equation by employing

the following equations of continuity and momentum:
divV =0, (1.15)

0 :
P (5 + (V.V)) V =—-Vp+divS +r, (1.16)

whereV is the velocity,p is the fluid densityf is the time,p is the pressures§ is the extra

stress tensor andis the Darcy’s resistance in a fourth grade fluid.

The constitutive equation in an incompressible fourth gréhaid is

S = pA;+a1Ay+ AT+ S+ Ss, (1.17)
Si = GiAs+ (o (AsAr 4+ AjA) + G5 (trA]) | (1.18)
So = MAs+ 7 (AsA + AjA;) + 13A5 + 74 (ArAT + ATA,) (1.19)

+ 95 (trAg) Ag + 76 (trAo) A3 + (ytrAz + str (A2A4)) Ay, (1.20)

in which . is the dynamic viscosity and; (i = 1,2), 3; (j = 1 —3) andvy, (k =1 —8)
are the material constants. It should be noted that it= 3; = ~, = 0, we recover the
Navier-Stokes model. Foy, = 0, we recover the third grade fluid and whepn= 3, = 0
then we have a second grade fluid. The Rivlin-Ericksen ten&or(i = 1 — 4) are defined

through the following relations:

A = (VV)+ (VV), (1.21)
A, — (% i v.v) At £ At (VV) + (VV) Ay, > 2 (1.22)

For unidirectional flow, the velocity is given by

V = (u(y,t),0,0), (1.23)



whereu is the velocity inz-direction. Note that the velocity defined in Eq. (1.23) Siatis

the incompressibility condition automatically.

It is a well-known fact that Darcy’s law holds for viscous flewaving low speed [55], [56].

This law provides a relationship between the pressure dndglee velocity. Moreover, this

law is invalid for a porous medium having boundaries. In sadituation, Brinkman law is

valid. On the basis of the Oldroyd constitutive equatios,ftillowing expression of pressure
drop has been suggested [56]:

0 u® 0

in which @ is the porosityk is the permeability of the porous mediumjs the relaxation
time and), is the retardation time. The pressure gradient in the abrgeession is also
interpreted as the measure of the resistance to the flow.efidrer thex-component of the
Darcy'’s resistance through Eq. (1.24) is given by

_ e 9
= (1+)\T at) “ (1.25)

Using Eq. (1.24) we have through Egs. (1.21) and (1.22) theviong expressions

— 0 @ 0 -
dy
A= Ou 0 0 (1.26)
dy
0 0 0|
_ P ,
dyot
A, = ou ou 2 1.27
2 — 2| — 0 ) ( . )
dyot Ay ’
i 0 0 0 |
_ ; 9 _
o 27
Ag=| v oudu (1.28)
oy?ot  Jy Oyot
0 0 0

10



with

VV =

(VvV)”

0
Pu
Oyot?
0

Pu
Dyot>
ou 0%*u
Ay Oyot
0 0

*u
oyot3
0*u “0u Pu

0
ou

dy
0

Dyt Dy Ayt
0 0

0 0
0 0

0 0

In view of Egs. (1.16) and (1.23) one has

du
P ot

0 =

dp

-+

ox
dp

—==+

dy
dp

— =+

0z

0S4y
dy

Sy,
dy

08,y
dy

+ T,

+ 7Ty,

+r,

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)
(1.34)

(1.35)

wheres,,, S,, andS., can be computed through relations (1.17)-(1.20)and, andr, are

the components of the Darcy’s resistance inithg andz-directions.

Employing Eqgs. (1.17)-(1.20) we have



ou 0%u P ou\?
S = w26+ ) ()

oy ™ Yooy T Mooy
du ou\’ 9%u
Rty 9130y + (672 + 273 + 274 + 275 + 697 + 278) <8_y) 910y’ (1.36)
ou\> Pu
Sy = —p+ (20 + az) (8_y) +2(361 + (2) (8t8y)
16 0 (Ou &u 2+ )8u Pu
oi \ oy toy R0\ ooy
& \? du
2(2 2 2 1.37
+73<8t8y) +2(273 + 274 + ’V5+’76)<6y) ; (1.37)
S, = O (1.38)

Utilizing the same idea as in Eq. (1.25) we have the follonexgression of the Darcy’s

resistance in the-direction

0 0 ou\? i
Ty = <M+041 +ﬁl(‘3t2 2(52+ﬁ3)<6—y) tngg

+ (672 + 2793 + 274 + 275 + 677 + 28) gu 52&) o (1.39)
andr, = r, = 0 (sinceu = w = 0). Hereu andw are they andz components of the
velocity. Substituting Eqgs. (1.36) and (1.39) into Eq. 8).8nd then neglecting the pressure
gradient we get

du 82u+a Pu L5 *u 6(6, + ) du 20%
Par = Fayr T o0t T Mgear POV G, ) 5

o°u 0 ou\” 0*u
+ N mmmm + (672 + 293 + 294 + 2795 + 697 + 27s) — [( ) ]

Oy20ot? dy |\ oy ) Oyot
0 0 ou\’ »
—|ptay +ﬁ18t2 (52+53)(8—y) thast (672 + 273 + 27
du PPu ] ¢u
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1.4 Differential Equations: Algebraic and Computational
Approaches

In this section we present some features, and useful metbodslving partial differential
equations. We start by presenting the Lie classical apprmolving differential equations
followed by the nonclassical method and later on we util@®@putational methods based on
finite differences and other associated methods. Here, steatethe analysis for our use of
symmetry method with respect to one dependent variabler&duer is referred to the books

[5], [41] and [42].

1.4.1 Classical symmetry method for partial differential eqjuations

We consider the'" order partial differential equation imindependent variables= (z, ..., z,,)

and one dependent variahle
E(x,u,uy, ..., up)) =0, (1.41)

whereu,), 1 < k < p, represent the set of alf" order derivatives ofi, with respect to the

independent variables defined by:

Fu
uw =1y —— b (1.42)
119 00y Mg
with
1 S il,ig, ,Zk S n. (143)

To find the symmetries of equation (1.41), we fist construetgtoup of invertible transfor-

mations depending on a real parameitethat leaves equation (1.41) invariant, namely
T = fHx,u,a), To = f(2,u,a),..,T, = f*(x,u,a), 4= g(z,u,a). (1.44)

The transformations (1.44) have the closure property,sseaative, admit inverses and iden-

tity transformation and are said to form a one-parametangro

13



Sincea is a small parameter the transformations (1.44) can beenrliyy means of Taylor

series expansions as:
Ty =11 +a&i(x,u) + O(a?), ..., Tp = 2, + a&,(z,u) + O(a?),

u=u+ an(z,u) + O(a?). (1.45)

The transformations (1.45) above are the infinitesimalsfi@imations, and the finite trans-

formations are found by solving the Lie equations

. dr . dz, = du
gl(xvu) - %7 ey gn(IE,U) - E) ’I](ZL’,U) - da’ (146)
subject to the initial conditions
T1(Z, 0, a)|,_y = T1, s Ty (T, U, Q)),_y = Tn, U(T, U, a),_, = U, (1.47)
wherez = (z1, T, ..., Tp).
The transformations (1.44) can also be represented by ghgylohmetry generator
0 0 0
=¢! — ..+ —. 1.48
X =€) g € ) ) (1.48)

The functionst? andn are the coefficient functions of the operagowhich is also referred
to as theinfinitesimal generatoor operator, and equation (1.45) can be represented using

(1.48) by the following

T~ (1+ax)ry, ..oy = (1 4+ ax)x,, u~(1+ay)u. (1.49)
The operator (1.48) is a symmetry generator of Equatiorijif4

XME|E:0 =0, (1.50)
wherey”! denotes the'" prolongation of the operatar and is given by

(1.51)

LN
=+ 3
X X+ - n 3um’

14



(2] — ] rirg 1.52
X7 =X +ZZ?7 T (1.52)
i=1 j=1 Kt}
X[p} — X[l} + .. p 1] + Z Z 77121 au , (153)
i1=1  ip=1 Tiy - Tip
whereu,, = 2- Uy oy = axak“x, and the additional coefficient functions satisfy
7 i1 Lig
j=1
0" = Dy (1) = Uga, Da, (€9), (1.55)
k=1
?7$zl$zp — Dmlp Lig Ty, Zumll @ x ll?zp (fj) (156)

whereD,, is the total derivative operator given by

B o & B
D, — s P 1.57
“ = B, +“xlau+;“"“% oz, (1.57)

The determining equation (1.50) gives a polynomial in thevdéves of the dependent vari-
ableu, and according to Lie’s theory those derivatives are takdapendent. After separation
of equation (1.50) with respect to the partial derivatives @nd their powers, one gets an
overdetermined system of linear homogeneous partiakdiiteal equations for the coefficient

functions¢?’s andr. Solving the overdetermined system leads to the followaggs:
e There is no symmetry, which means that the Lie point symmntgtandr are all zero.

e The point symmetry hasarbitrary constants, in which case we obtaindimensional

Lie Algebra.

e The point symmetry admits some finite number of arbitrarystants and arbitrary

functions; in this case we obtain a infinite-dimensional Aigebra.
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1.4.2 Example on classical symmetry method

In this section, we illustrate the use of the classical sytmnynmethod on the well-known

Korteweg-de Vries equation given by
U + Ugpr + Uty = 0. (1.58)
We look for the operator of the form

0 0 0
X = {1(t,x,u)— + §2(t7x7u)_ + n(taxau)

—. 1.59
ot or ou ( )
Equation (1.59) is a symmetry operator of equation (1.58) if
X (uy + tge + uugg)‘ut:iuzrwz =0, (1.60)
where the third prolongation in this case is:
0 0 0 0
Bl ., 2 t Y x TTT ) 1.61
X Tou R Ouy R Ou, R Ogze ( )
Thus the determining equation (1.60) becomes
(nt + nxxx + u,n + u'r]x)lu N =0, (162)
and using equations (1.54) to (1.56) we get
n' = Di(n) —uDy(E) — uaDy(€7)
=+ wne — w(& A+ wdy) — ua(§ + W), (1.63)
n" = Dy(n)— uth(gl) - ume(€2)
= Mg+ UgNy — ut(galn + u$§111,) - ux(gg + Uxii), (1-64)
" = D.(n") — ume(fl) - ume(gQ)
Nz + ux(277xu - ggx) - utgalnm + ui(nuu - 2§§u)
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7 = Dy (™) = i Dy (€1) = e D (€7)
= Mooz + U (2Nozu — Ean) — Winge + U2 (Nouww — Eozu) — 2utUalig,
—UGER U U gy U (Tew — 2654) — 2UtaEgy — BUalinaCl,
—UUa oy — 2UglnEny + Us (Nozu + Us(2Npuwn — Eopu) — Weaan
U (M — 285) = 2008 g — Uy — Up Ut
Al (T — 263,) = 2UszEy, — BUalianll, — Uslizalyy, — UalinEy,)
e (—Epp — 2Unbyy, — UsEL, — Uaby) + Uaw (20eu — €7,
F2u (uw — 265,) — 2y — 3uzEn, — 2uptiy, — 3ueey — 2u,)
Fttg (=361 = Bpl)) + Unne (1 — 362 — dusl — wily) - (1.66)
We substitute the coefficient functions into the deterngnaguation (1.62) and the result-
ing is a polynomial in the derivatives af. Since the unknown functions', £2 andn are

independent of the derivatives of we can then separate with respect to the derivatives and

their powers. One gets after simplifications the followimgar system of partial differential

equations
Upggtly, = &y =0 (1.67)
Ups © & = (1.68)
ul, o =0 (1.69)
Ugglly = Ty = 0 (1.70)
Upy © BMpu — 3E2, =0 (1.71)
u o =3 +E =0 (1.72)
Up 0 N = UEL A Bagu — Eopy F UG — & =0 (1.73)
Lot ung + Nage + =0 (1.74)
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We solve the system of equations (1.67) to (1.74) and obtain

3
¢ = a-gat, (1.75)
1
& = 02+03t—§c4557 (1.76)
- (1.77)

wherec; to ¢, are arbitrary constants of integration. We obtain a 4-dgiaral Lie symmetry

algebra generated by the operators

0
Xt = 5 (12.78)
0
Xe = oo (2.79)
0 0
X3 — ta—x + % (180)
X4 = —3152 — $2 + QUQ (1.81)

ot or ou
where eacly; is obtained by substituting (1.75) to (1.77) into (1.59) &tting ¢; to be some

non zero constant, whilg = 0 with 5 # 7. For instancey; is obtained by taking, = 1 and

02203204:0.

1.4.3 Non-classical symmetry method

There exist equations whose exact solutions cannot benalotdiy using the classical Lie
symmetry method. The non-classical method was first intedy Bluman and Cole [4].
As compared to the classical symmetries, non-classicahstnes are symmetries of the
equation along side an auxiliary condition, also calleditivariant surface condition. Con-

sidering thep!” order equation (1.41) augmented by a side condition as digkw
E(x,u,u(l),...,u(p)) = 0
fl(x7 u)uml + £2('r7 U)UJEQ + .t gn(x7 u)urn - 77(557 ’U,) = 07 (182)

one only requires the subset of the solutions of (1.41) ta&riant. Moreover, this provides
a more general approach than the classical method. Theajenethod for finding non-

classical symmetries consists in computingieprolongation of (1.41)
X[p} (E(a:,u,u(l), ...,u(p))) =0, (1.83)

18



and then reduce the resulting prolongation using the iamasurface condition. In general,
many difficulties arise and the algorithm proposed by Pel&rikSon and Elizabeth Mansfield

[7], avoid some of the difficulties encountered.

The algorithm of calculating non-classical symmetry isa®straightforward as for the clas-
sical method. The computations are not easy to perform by &ad the resulting determining
equation is an overdetermined system of non-linear equstio

There are usually, cases to be considered

g, + Eupy + -+ "y, Fu,, = 1, (1.84)
gy 4+ Uy + - FUpy, . = 1, (1.85)

(1.86)

Uy, = 7). (1.87)

1.4.4 Group invariant solution

In this section, we state the use of symmetry for finding spleniact solutions to differential

equations. Given a symmetry operator of the form

X = fl(:v,u)i + ...+ &z, u) (1.88)

. + (o)

D, o’

the group invariant solutiom = u(x) is obtained fromX (u—u(x))|,—y) = 0 andis deduced

by solving the corresponding characteristic system defased

dxq dxs ~dr,  du (1.89)
C () m(a,u) '

E(w,u)  E(x,u)
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Chapter 2

The Rayleigh problem for a third grade
electrically conducting fluid with variable

magnetic field

In this chapter the influence of time-dependent magnetid belthe flow of an incompress-
ible third grade fluid bounded by a rigid plate is investigat@he flow is induced due to
motion of a plate in its own plane with an arbitrary velocifyhe solution of the equations
of mass and momentum is obtained analytically. We also ptesaumerical solution with
particular choices of the magnetic field and boundary caomiit Emphasis has been givento
study the effects of various parameters on the flow chaiatits. In the present analysis we
extend Wafo Soh'’s [58] analysis for the flow of a third gradédflwhen the initial profile is
g(y). Section 2.1 contains the basic equations. Section 2.2 det the formulation of the
problem. Analytical solutions are presented in sectioBsaad 2.4. Numerical solutions are

presented in section 2.5. Section 2.6 contains the comgjuemarks.

2.1 Basic equations

Employing Egs. (1.7) and (1.14), the fundamental equatmverning the MHD flow of an

incompressible electrically conducting fluid are

20



v
Py =dvT+IxB, J=0(E+VxB) (2.1)

divV =0,
whereV is the fluid velocity, is the density of the fluidy is the fluid electrical conductivity,
J is the current densityB is the magnetic induction so thBt= Bg + b (B andb are the
applied and induced magnetic fields respectively), Bridt is the material time derivative.
Employing Egs. (1.17)-(1.22), the Cauchy stress tensoaftird grade fluid satisfies the

following constitutive equation

T = —pl + pA; + a1As + AT + B1Az + Bo[A1As + AsA ] + Ba(tr A A,

A, =gradV + (grad V)T, (2.2)

An - <% + VV) Anfl + Anfl gradv + (grad V)TAnfl’

where the isotropic stregd is due to the constraint of incompressibilitydenotes the dy-
namic viscosityg; (i = 1,2) andg; (i = 1 — 3) are the material constantsg,indicates the
matrix transpose and; (i = 1 — 3) are the first three Rivlin-Ericksen tensors. Moreover,
the Clausius-Duhem inequality and the result that the Heltmtiree energy is minimum in

equilibrium provide the following restrictions [16]:

M Z 07061 Z 0761 :BQ = 0763 Z 07‘ aq +O(2 ‘S V 24/’653 (23)

2.2 Mathematical formulation

Consider the unidirectional flow of a third grade fluid, obreyiequations (2.2) and (2.3),
maintained above a non-conducting plate by its motion iovits plane with arbitrary velocity
V(t). The fluid is magnetohydrodynamic with small magnetic Régsonumber so that
the induced magnetic field is negligible. By taking the veiodield (u(y,t),o,o), the
conservation of mass equation is identically satisfied arnidle absence of modified pressure
gradient the momentum balance equation (2.1) along withtsapus (2.2) and (2.3) yields

ou  d*u Pu ou\* 0%u N
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where

6 [ B
V:H,Oé:ﬂ,Ezﬁ,M:%,HOZTO- (2.5)
p

p p p T
In equations (2.4) and (2.%) is the dynamic viscosity ang is the magnetic permeability

of the fluid. By neglecting the modified pressure gradientdégendence of (2.4) am, has

been removed.

The relevant boundary and initial conditions are
u(0,t) =V (t), t>0,
u(y,t) = 0 as y — oo, t >0, (2.6)

u(y,0) = g(y), 0<y<oo,
whereV (t) andg(y) are as yet arbitrary functions. These functions are consiiian the next
section when we seek exact solutions using the Lie point sgtm@s method. Also in section
2.5, for the numerical solution, we choose specific fundifor V(¢) andg(y). Section 2.6

contains the concluding remarks.

2.3 Symmetry analysis

We present a complete Lie point symmetry analysis of theineat partial differential equa-
tion (2.4). We find two cases for which equation (2.4) admitseapoint symmetry algebra.
These algebras are used to reduce the initial and boundiag peoblem (2.4)-(2.6) to solv-
able form.

An operator (see Chapter 1, section 1.4)
0 0 0
_ ~ - 2.7

wherer, ¢ andn are functions of, y andu, is a Lie point symmetry generator of the partial

differential equation (2.4) if (see Chapter 1, section 1.4)

=0, (2.8)

X {ut — Vllyy — Qg — €Uy, + MH? (t)u}
(2.4)
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where

o o o9 0 0 9 9
Bl — = - - t_~ Y Yy tyy _~ 29
X = Ty T T T T T By, (2.9)

is the third prolongation of the operator (2.7) in which tluelidonal coefficient functions

satisfy

0" = Dy(n) = wDy(7) — 1y, Dy(§),

n’ = Dy(n) — wDy(7) — u,Dy(E),

n" = Dy<77y) - utyDy(T) - unyy(g)a

77tyy = Di(n") — Uty De(T) — tyyy Di(€)

with total derivative operators given by

D=2 tu, L, Ly

v T By T W T "y,
0 0 0

Dt—a—l—uta——i—utta—ut—k

The determining equation (2.8), after separation with eéespo the partial derivatives af
and their products and their powers, gives rise to an oventhéed system of linear homo-
geneous partial differential equations for the coefficfenttionsr, ¢ andn. Solution of this
system gives = a;, Whereaq, is a constant, and thdf? is constrained by the ordinary
differential equation

dH2 2 20t 92 2 20t
L 2Pase pe 20 (2.10)
dt  ag+ aze?’t M (as + aze?l?)

wherea,, a3 are further constants amtl= v/ .

The solution forH? gives two sets of Lie point symmetries depending on the wahie¢he

constants in the ordinary differential equation (2.10).
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2.3.1 Caseluz=0,a9#0

Equation (2.10) yield¢7? = (', where(, is a constant and the solutions for the coefficient

functions are

—~MH?*t
E=ay, T=as, 1N =ae ,

wherea, is a constant.

2.3.2 Case2ay =0,a3 #0

Whena, = 0,a3 # 0, H> = 3/M + Coe=?’" where(C, is a constant and the Lie point

symmetry coefficients are

E=ar, T=aze, n=—azfue® + asL(t),

whereas is a constant with

L(t) = exp (—M/Ot H2(s)ds> .

Thus we obtain two sets of three-dimensional Lie algebraserated in each case by

Case 1:
0 0 0
w2 x. -9 x _rnZ 2.11
1 ayu 2 ata 3 (t)au7 ( )
Case 2:
o 6 __2p3t 8 23t a 7/ 8
X1 = 6y, X2 =€ ot ﬁue au, X3 =1L (t) 8u (212)
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2.4 Physical invariant solutions

Given the generator (2.7) the invariant solutions corraedptg to are obtained by solving

the characteristic system (cf. Chapter 1, section 1.4)

dy _dt _ du
& T o

We use only the operators which give meaningful physicaitgmis of the problem consisting

of Egs. (2.4) and (2.6). This means that oAly in each case is considered.

2.4.1 Invariant solution corresponding to case 1

The form of the invariant solution in this case correspogdoX is the steady state

u(y,t) = F(y). (2.13)

The substitution of (2.13) into the partial differentialuagion (2.4) results in the following

reduced second-order ordinary differential equation

(u +e€ <F'(y))2) F"(y) — C1MF(y) = 0. (2.14)
The boundary conditions imply

F(0) = uy, F(c0) =0, (2.15)
and

V() = uo, (2.16)

whereu is a constant. Note that no steady state solution exists Wieemagnetic field is
zero as equation (2.14) reducesit = 0. Applying the boundary condition (2.15) on this
equation results in the trivial solutiafl = 0.

The double integration of (2.14) leads to

/ el 3=yt (2.17)
[—1/ +

1/2 + QE(ClMFQ + /\2)]1/2
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where\; and \, are constants that need to be fixed by (2.15). We observe thaannot
impose the boundary condition(y,0) = g(y) for arbitrary g(y). The expression of the
vorticity is

dF
dy

i\/—uﬂ: V124 26(C1MF? + \y)

€

w, =

, (2.18)

We focus our attention on the solution (2.17). For a realtsmhuve require the positive sign

in the integrand. From (2.15) the boundary conditio®) = wu, implies
dF

uo
i\/E/ = A (2.19)
(12 + 2eCLMF? + 2e)y)V/? — V]l/Q '
Thus equation (2.17) becomes
r dF
iﬁ/ 7=V (2.20)
uo [(V2 + 2eCLMF? + 2e)g)V/2 — 1]

We now investigate when the boundary conditiBfoo) = 0 of (2.14) is satisfied for the
solution (2.20). Clearly the integral of (2.20) must be djent as/” — 0 so as to ensure that

y — oo. Itis seen that if\, # 0, then the integrand behaves like

~1/2
[\/ﬂ 2N, — y] asF — 0 (2.21)

which means that the integral in (2.20) is convergeni'as: 0. For A, = 0, the integral in

(2.20) is divergent since the left hand side of (2.20) is

(6)1/2 /F dF
v wo [(14 2ev-2C, MF2)1/2 — 1]'/

v V2 orr g
= + (ClM) /uo (f + O(F)) dFF as F —0 (2.22)
1/2
v F 9
= — — 0. 2.23
i(ClM) 1n(u0)+O(F) as FF—0 ( )

This tends to infinity if the negative sign is taken. Therefthte solution (2.20) subject to

(2.15) is

v P14 2020, MF2)Y2 — 1]V 7 '
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The vorticity (2.18) upon using (2.24) is

/2

w, = (5>1/2 (14 200720 MF?) - 1 (2.25)

1/2
: }

We present the numerical solution of (2.14) for various galaf parameters in Figures 2.1 to

2.4.

We have plotted Figures 2.1 to 2.4 to observe the behavidhedfow when varying different
emerging parameters. Figure 2.1 just leads to the numentation of the problem consisting
of Egs. (2.14) and (2.15). This indicates thatecreases agincreases. It can be noted from
Figure 2.2 that the velocity increases when the kinemascosityr increases. Figure 2.3
depicts that the velocity is an increasing function of theapeetere. In Figure 2.4 it is

observed that the velocity decreases as the Hartmann nuvhloeereases.

2.4.2 Invariant solution corresponding to case 2

The invariant solution for this case fof; is given by

u(y,t) = Fy)e ™. (2.26)
The insertion of (2.26) into (2.4) gives the reduced equatio

V(F/(y))zpu(y) ~ F(y) =0, (2.27)

wherey = ¢/(CyM). Through Egs. (2.6) and (2.26) and selectin¢t) = Cye 7, the

corresponding boundary conditions are
F(0)=Cy,  F(o0)=0. (2.28)
To integrate the boundary value problem (2.27) and (2.28)letv
F'(y) = K(F) (2.29)
and substitute (2.29) into (2.27) to obtain
F— 7K3ﬁ =0. (2.30)
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Figure 2.1: Numerical solution of equations (2.14) and (2.15) when= 1, C; = 1, ¢ = 0.1,
v=20.5

v=05
- =v=2 [
- —-v=5

6 8 10

Figure 2.2:Numerical solution of equations (2.14) and (2.15) varyimg kinematic viscosity when

M=1,Ci =1ande =2
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\ €=05
0.9\ ——¢=g H
W — —-g=25

\
0.7 N .

0.6 A\ |

0.3} A 1

0.2f RN E

Figure 2.3:Numerical solution of equations (2.14) and (2.15) varying parameter whenM = 1,
Ci=1landv =1

\ —M=1
0.9H - = M=2
W\ - — -M=5

0.6 \ ]

0.2r \ N 4

0.1F ~ ~. 1

Figure 2.4:Numerical solution of equations (2.14) and (2.15) varying artmann numbe¥/ with

v=2,C1 =1ande =2
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The integration of (2.30) gives

1/4
K(F) = (%F(y)2+31) : (2.31)

whereB; is a constant. Equation (2.29) together with (2.31) yields

dF (2 14
— = (=FW)?+B . 2.32
dy (7 (y) =+ 1) ( )
Thus
9 —1/4
/ (—F2 + Bl) dF =y + Bs, (2.33)
5

whereB; is another constant.
Now we impose the boundary (2.28) on the solution (2.33). Adwendary conditiorF'(0) =
C, of (2.28) imposed on the solution (2.33) yields

“ dF
/ S~ = B (2.34)
fy

Therefore using the condition (2.34), solution (2.33) lmees

r dF
/c ; 71 = Y- (2.35)
fy

Now we invokeF'(co) = 0 of (2.28) on the solution (2.35). We first consider the case’ 0.

The integral (2.35) needs to be divergentfas— 0 asy — oo. For smallF, the left hand
side of (2.35) is convergent. Hence the boundary condifioso) = 0 is not satisfied. For
the caseB; = 0, the solution (2.35) gives

()" -] - =

which means that the integral is convergent. Thus the soly®.35) does not satisfy the
boundary conditiorf’(co) = 0. Therefore for this case we do not obtain a time-dependant

solution using symmetry.
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2.5 Numerical solution of the PDE (2.4)

In this section we present a numerical solution of the pladiféerential equation (2.4) sub-
ject to (2.6) at various times for different values of the meiig field and for some emerging

parameters.

In Figures 2.5 to 2.7, we have plotted numerically the vé&yoprofile for different values of
time, when the magnetic field is first taken to be zero (Figusg, Zhen constant (Figure 2.6)
and finally dependent on time (Figure 2.7). In the cas#& of 0, the velocity decreases and
then increases when the value @f increased. The velocities in Figures 2.5 to 2.7 are simila
in a qualitative sense. However the shape of velocity difstightly depending on the form of
the magnetic field considered. It can be said that the shae otlocity is more parabolic in
the case when the strength of the magnetic field is non zenallfFithe variation ot on the
velocity is seen in Figure 2.8. It shows that velocity firstiekases slightly and then increases

whene is increased.

2.6 Concluding remarks

In this chapter we have considered the Rayleigh problem wi@mpressible non-Newtonian
fluid of third grade with variable magnetic field. After hagiformulated the problem, we ob-
tained a non-linear third-order partial differential ejoa. The Lie symmetry approach was
employed for the reduction of this equation. We obtainedsd-@irder differential equation
that the magnetic field! had to satisfy in order for the existence of point symmetriego
cases arose and one symmetry was invoked for each caseinigubk relevant symmetry,
we were able to reduce the partial differential equationge@nd-order non-linear ordinary
differential equation for each of the cases. In the first casepresented the steady state
for various values of the emerging parameters and in thensecase, the analytical solution
that was obtained did not satisfy the boundary conditiorfsusTwe have shown that static

solutions only exist folf # 0 by using symmetry methods. Finally, we presented numerical
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0 1 2 3 4 5

Figure 2.5: Numerical solution of (2.4) when there is no magnetic fiettl & 0), with e = 1.1,

v=185a=1,M=1,V(t) =etandg(y) = eV

0 1 2 3 4 5

Figure 2.6: Numerical solution of (2.4) when the magnetic field is takenstant f = 1), with
e=11,v=185a=1,M=1,V()=etandg(y) = e ¥’
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—  t=05
— t=1

— =15 ]

Figure 2.7:Numerical solution of (2.4) for a time dependent magnetidf{& = 1 + 2¢2%), with

2

e=11,v=185a=1,M=1,V(t) =etandg(y) = eV

L0}

0.0 0.5 1.0 15 2.0 2.5 3.0

Figure 2.8:Numerical solution of (2.4) varying, withv = 1.85, H = 1+ 2e %, a =1, M = 1,
t=02V(t) =etandg(y) = eV’
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solutions of the PDE with a choice of variable magnetic fieddaeell as suitable boundary
conditions. These solutions were presented graphicafyguares 2.5 to 2.8. We briefly com-
ment on the characteristic diffusion distance. The vejoditfuses a characteristic distance

(vt)"/? in time ¢t. This is clearly illustrated in figures 2.5 to 2.8. This maylkn why u

decays significantly after~ 1.
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Chapter 3

Effect of magnetic field on the flow of a

fourth order fluid

This chapter deals with an unsteady flow engendered in aisdimie expanse of an incom-
pressible fluid by an infinite rigid plate moving with an arbity velocity in its own plane.
The fluid is considered to be fourth order and electricallgciacting. The magnetic field is
applied in the transverse direction to the flow. The studyefrhotion of non-Newtonian flu-
ids with magnetic field has importance in the flow of liquid alstand alloys, flow of plasma,
flow of mercury amalgams, flow of blood and lubrication withaiag oils and greases. Both
analytical and numerical solutions are developed. Lie sgtmnyranalysis is performed for an
analytical solution. Limiting cases of interest are dedlLaethe special cases of the presented
analysis by choosing suitable parameters values. Thiseheporganized in the following
fashion. Section 3.1 deals with the position of the problensections 3.2 and 3.3 the analyt-
ical and numerical solutions of the problem are given. $ec3.4 deals with the concluding

remarks.

3.1 Mathematical formulation

Let us consider an infinite plate locatedjat 0 and incompressible fourth grade fluid which

is in contact with the plate and occupies the regjan 0. The fluid is electrically conducting
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and plate is insulating. The magnetic field’s strength isteks constant. The plate is moving
in its own plane with time-dependent velocity for- 0. Initially, both the fluid and the plate
are at rest. The unsteady motion of the conducting fluid irCtheesian coordinate system is

governed by the conservation laws of momentum and mass va@hécpresented in Eq. (2.1)

i.e.
A% .
pﬁ = divT + J x B, (31)
divV = 0, (3.2)

where all the quantities appearing in the above equations haen already defined in the
previous chapter. Through Egs. (1.7)-(1.20), the CauadtegsT for a fourth order fluid [36]

is related to the fluid motion in the form

T=-pI+8, (3.3)
S=8,+8S,+ S5+ 8y, (3.4)
Si = A4, (3.5)
Sy = Ay + A2, (3.6)
Sz = 31A3 + B2(A1Ay + Ay A) + B3(trA?) Ay, (3.7)

Si=1As+ 72(AsA; + A1A3) + 13A3 + 1 (AsAT + ATA,)
+75(tr Ao)As + v6(tr Ag) AT + [y7tr As + s tr (AsAq)]A .. (3.8)

Here i is the dynamic viscosityy; (i = 1,2), 8; (i = 1,2,3) and~; (i = 1,2,---,8) are
material constants. The kinematical tensghs,) are defined via Egs. (1.21) and (1.22) in

the following form

A, = (gradV) + (graav)”, (3.9)
A, = (% + V.V) A, +A,_i(gradV) + (gradV)TA, 1, n > 1, (3.10)

in which grad is the gradient operator. In our analysis thelfisi electrically conducting
and there is an imposed magnetic field in thedirection normal to the plate. In the low-

magnetic-Reynolds-number consideration (see, e.g.,c#h¢52]), in which the induced
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magnetic field can be ignored, the magnetic body fdreéB becomes (V x By) x By when
imposed and induced electric fields are negligible and drdynhagnetic field, contributes
to the currentI = o(V x By). Hereo is the electrical conductivity of the fluid. The Lorentz

force on the right hand side of Eg. (3.1) becomes
JxB=—opiH*V, (3.11)

in which B, = ;1 H andyu; is the magnetic permeability of the medium. For unidiraaaio

flow, we seek solutions to the equation of motion in the form
V = [u(y,1),0,0]. (3.12)

It is clear that with the above equation, the continuity diqura(3.2) is satisfied identically

and Eq. (3.3) after using Egs. (3.4) to (3.10) takes the corapiform (cf. Chapter 1)

ou\ ou 0%u ou 93 02 3,
Tﬂ:—p+a2<8—3) T Ve N, P i +73< u) +2%<85) (3.13)

Dy Dyot Dy Oyort? dyot
du du Pu d (Ou d*u
T — 2 2 ot \ oy

oy ) L O (D 2+2(2 Y e
Y12 Dyt Oy 73 Dyot 73 V4 Vs T V6 ay ) .
Tzz:_p7
(3.15)
ou  Pu Pu P 9t
T -
Ma +0418 8t+5la o (52+53)< ) +%8y8t3
(6 + 275 + 274 + 295 + 677 + 298) [ i) (3.16)
2 V3 V4 5 7 8 8y dyot’ .
T.. =0, szzoa
(3.17)

while the equation of motion (3.1) takes the component form

ou op  %u PPu o*u ou\’6%u
= = 5 28t+ﬁ18y28t2 +6(ﬁ2+ﬁ3)<a—y> a2




+ 657”+(6 + 273 + 274 + 25 + 6y7 + 2 )ﬁ Bu* O (3.18)
%83/26153 Y2 3 Y4 5 Y7 8 ay |\ay ) ayot | .

_op_ 9
oy 0z

in which the modified pressuyeis

0= (3.19)

A u\ 2 ou 82u d (Ou *u
p=p— (2014 ) <3_y) — 206+ ﬁQ)é’_y dyot o (3_21 8y8t)

Pu Ou 9u \? ou\*
_— — —2(2 2 2 — 2
Dyor Dy 73(6(1;61&) (273 + 271 + 275 +’Y6)<ay> (3.20)

and Eg. (3.19) implies thatis not a function ofy andz. Hencep is at most function ofc

—2(mn +72)

andt. In the absence of modified pressure gradient, Eq. (3.1&rbes

ou Pu oy Bu B Ou 6(52—1—53)(8u)282u v Pu

o "o T a0 T ) oo o \ay) a2 " ogon

23 + 24 + 2 2 202
+6’}/2—|— Y3+ 274 + ’Y5+6’}/7+ ”}/g)g @ o0“u —MHQU, (321)
P oy |\ 0y ) Oyot
wherev is the kinematic viscosity and
oy
M= 2P (3.22)
p
The appropriate boundary conditions are
u(0,t) = ugV(t), t >0, (3.23)
u(oco,t) =0, t >0, (3.24)
u(y,0) =g(y), y>0, (3.25)

whereu, is the reference velocity.
It should be pointed out that the mathematical problem &bingj of Eqs. (3.21)-(3.25) re-

duces to that of the second grade and third grade fluids whén=1—2), 5; (i =1 — 3)

and~; (1 =1 — 8) are all zero respectively.
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3.2 Solutions of the problem

We rewrite Eq. (3.21) as

du_ Ou  Ou o O (0 Pu Pu
Par = Fayr ™ “ozar T M agzon ay ) a2 " oy2or

o [[0u\’ 0%u

— | = — pMH? 3.26
ﬂayKay) 5‘y5‘t} P (326)

where

ﬁ = 6(62 + 63) and v = 6’}/2 + 2”}/3 + 2’}/4 + 2”}/5 + 6’}/7 + 2”}/8

Note that Eqg. (3.26) has two translation symmetry genesataz.,

0 0
Xl_a—y and Xz_a.

We now look for invariant solutions under the operatgr-c X, which represents wave-front
type travelling wave solutions with constant wave speeslymmetry invariant solutions deal
with applications of Lie groups to differential equatioi®r more details on this subject we
refer the interested reader to Chapter 1 and the books [b],dAd [42]. Travelling wave

solutions are the simplest kind of invariant solutions. Séhare solutions of the form
u(y,t) =U(zy) where z, =y —ct (3.27)

and can be obtained easily without recourse to Lie group oasthSubstituting Eq. (3.27)
into Eq. (3.26) yields a fifth-order ordinary differentiajueation forU (x;):

P, — dz? Vda? U dat dry ) dx? n dz?
d [(dUN\*d*U
—cy— || — ) =5 | - pMH? 3.28
“day {(dxl) dx%} P v (3.28)
Looking at the solution of the form
U(z1) = ugexp(Qay), (3.29)
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wheref? is a constant to be determined, it can be seen that equatif}) @imits the solution

U(z1) = ugpexp (%) (3.30)

provided

2 3 4 5

and hence Eq. (3.26) subject to Eq. (3.31) admits the salutio
(y— ct)ﬁ)

3.32
30y (3.32)

u(y,t) = up exp (

Equation (3.31) can be solved in order to find the wave spesod doing so leads to the

equation
B\ BY A% BY’
. [*“ (&)~ (&) 2 () () .
()
Thus

1/2

() - (8) 4 () ()]

T e ™
or
N RO R ) R

Equation (3.34) represents the speed of waves propagatiagd the plate in the-y direc-
tion and Equation (3.35) the speed of waves propagating &waythe plate.

We takec positive. We note that from equation (3.33), the value cannot be infinity as
MH?* # [3/3v since3 and~ have opposite signs in order for the solution (3.32) to sat-

isfy the boundary conditions (3.24). Also there will be noves ¢ = 0) if the condition
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Figure 3.1:Travelling wave solution varying timewheng = 0.6, u = 0.5, a1 = 2,6, = 1.5, =
0.8,7v=-07,p=1,M =2, uy=1,andH = 1.

1 — a1 (B/37) + Bu(B/37)? — 1(B/37)° = 0 is satisfied.

The solution (3.32) is plotted in Figures 3.1 to 3.5 for vaswalues of the emerging param-
eters.

The effect of the magnetic field on the unsteady solution2)3..3 shown in figures 3.4 and

3.5.

3.3 Numerical solutions
We present the numerical solution of (3.26) subject to titealrand boundary conditions:
u(0,t) = ugV(t), u(oo,t) =0 t>0, (3.36)

u(y,0) =g(y), y >0, (3.37)

whereg(y) is a given function of;. This solution (see figure 3.6) is plotted using Mathemat-

ica’s solvelNDSolve To study the effect of the magnetic field on the flow, we pletfigures
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Figure 3.2:Travelling wave solution varying the fluid parametewhen3 = 0.6, u = 0.5, a1 =

2,6 =15y =08p=1,M=2t=n/2, uy=1,andH = 1.
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Figure 3.3:Travelling wave solution varying the fluid parametgwheny = 0.5,a7 = 2,3, =

15,91 =08,v=-07,p=1,M =2,t =7/2,up = 1,andH = 1.
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Figure 3.4:Travelling wave solution varying the magnetic fisflwhen3 = 0.6, u = 0.5, =

2,01 =15,m=08~y=-07,p=1,t=n/2,up =1,andM = 2.

Figure 3.5:Travelling wave solution varying M whefi = 0.6, = 0.5,a7 = 2,3, = 1.5,y =

0.8,y =-07,p=1,t=7/2,up=1,andH = 1.
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Figure 3.6: Numerical solution of (3.26) varying timewith 5 = 0.6, u = 0.5, a7 = 2, 51 =
15,9 =087=—-07,p=1,M=2V({#t)=etug=1,g(y) =e ¥ andH = 1.

3.7 and 3.8 below for various values Bfand M.

3.4 Results and discussion

In this work, the flow of a fourth order fluid over a suddenly nmayplate is analyzed. Equa-
tion (3.26) under the conditions (3.23) — (3.24) have bed&resausing symmetry and reduc-
tions. In order to see the variation of various physical peaters on the velocity, the Figures
3.1- 3.8 have been plotted. The effect of titen the velocity profile is shown in Figure 1.
This figure depicts that velocity increases for large vabfésne. The velocity profile decays

for large values of.

The effects of the fluid parametefsand 3 are given in figures 3.2 and 3.3, respectively.
These figures depict thatand 3 have the same effect on the velocity. Moreover the effect of

the magnetic field on the travelling wave solution is sownguifes3.4 and 3.5. It is seen that
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Figure 3.7:Numerical solution of (3.26) varying H , with = 0.6, x = 0.5, = 2,8, = 1.5,y =
08,7=—-07,p=1,M=1V({t)=etuyg=1,g(y) =e ¥ andt = 1.
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Figure 3.8:Numerical solution of (3.26) varying M , with = 0.6, 4 = 0.5, = 2,31 = 1.5,y =

08,y=-07p=1,H=1V({t)=etug=1,9(y) =e ¥ andt = 1.
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the velocity decreases when the magnetic field is increased.

In Figure 3.6, we plotted numerically the velocity profile f@rious time and it is observed

that the velocity oscillates with time.
Finally, in figures 3.7 and 3.8, we investigate numericdily éffects of the magnetic field on

the flow. It shows like in the case of the travelling wave soluthat the velocity decreases

when the magnitude of the magnetic field is increased.

46



Chapter 4

Solutions in a third grade fluid filling the

porous space

The unsteady flow of a third grade fluid in a porous semi-irgigfiace is discussed. The flow
is caused by a plate moving in its own plane. Modified Darcgs is employed in the flow
modelling. Two type of analytical solutions are develop€&kde results are analyzed through

graphical representations.

4.1 Problem formulation

Let us introduce a Cartesian coordinate system OXYZ wi#xis in the upward direction.
The third grade fluid fills the porous spage> 0 and is in contact with an infinite moved

plate aty = 0. For unidirectional flow the velocity field is
V = (u(y,t),0,0), (4.1)

where the above definition of velocity automatically sadisthe incompressibility condition.
The equation of motion in a porous medium is similar to EqL§)and can be rewritten here

0 :
'0(5 +(V.V))V = —-Vp +divS +r, (4.2)

wherep is the fluid density[T is the Cauchy stress tensor ani$ the Darcy’s resistance in a

porous space. The Cauchy stress tensor of an incompretsilgrade fluid has the form
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Eq. (2.2) [57]
T = —pl+ pA; + a1 As + aAT + Bi1Az + Bo(A1As + AsAy) + B5(trA) A4, (4.3)

in which p is the pressurd, is the identity tensory; (i = 1,2) andg; (i = 1 — 3) are the
material constants andl; (: = 1 — 3) are the first Rivlin-Ericksen tensors [51] which may be

defined through equation (2.2) as

A, = (gradV) + (gradv)” (4.4)
A, = D?ﬁl + Ani(gradV) + (gradV) A, s n> L. (4.5)

In studying fluid dynamics, it is assumed that the flow meetsGlausius-Duhem inequality
and that the specific Helmholtz free energy of the fluid is aimim at equilibrium. These

conditions are satisfied when [16] (see equation (1.24))
=0, ay >0, B=p0=0 @3>0,

| an + s < /24005, (4.6)

On the basis of constitutive equation in an Oldroyd-B flultk following expression in a

porous medium has been proposed [2]:

0 ope 0 D
(1+ )\E)Vp i (1+ /\Tat)v’ (4.7)

where A and )\, are the relaxation and retardation times andnd k£ are the porosity and
permeability of the porous medium, respectively. It shdugdpointed out that foh, = 0,
Eq. (4.7) reduces to the expression which holds for a Maxiied [2] and when\ = 0, it

reduces to that of second grade fluid [56].

Keeping the analogy of Eq. (4.7) with the constitutive eguradf an extra stress tensor in a

Oldroyd-B fluid, the following expression in the presentleon has been suggested:

o ¢ 0 ou\”
P —E[M+a1§+2ﬁ3 (8_y) Ju . (4.8)
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Since the pressure gradient in Eq. (4.8) can also be integbiees a measure of the flow
resistance in the bulk of the porous medium ands the measure of the flow resistance

offered by the solid matrix in x-direction then (cf. Eq. (2)B

o ou\?
Ty = —%[M tog + 205 ((‘9_;:) Ju. (4.9)

From Egs. (4.1)-(4.6) and (4.9) we have (cf. Eqg. (1.40))

ou\’ %u 0 ou\’1 du
ron () G- e ran(G) [ @20

du 82u+a Pu
Par = Faz ™ “oy2ar

The relevant boundary and initial conditions are

w(0,t) = UpV(t), t >0, (4.11)
u(oo,t) =0, t >0, (4.12)
u(y,0) =g(y), y >0, (4.13)

in which U is a reference velocity.

4.2 Solutions of the problem

We rewrite Eq. (4.10) as

ou 0%u Pu ou\? 0*u ou\?
i +n ( ) a3 U (—) — p1u (4.14)

o~ Mo T o0 o) o oy
where
¢ ¢
k@ ) I
/"L*_ Y o = ¢7 71_7¢7 72_ ¢7 gbl_igb
P‘i‘Oélz /H‘OélE P‘i‘Oélz P‘i‘Oélz /)+041E
4.2.1 Lie symmetry analysis
We look for an operator (see section 1.4)
0 0 0
- _ - 4.1
X T8t+£8y+n6u’ (4.15)
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such that

ou o%u 9u ou\? 0%u ou\ >
3] i — ) == = =) - —0. (4.16
X ( i + i a7 +aay28t +™ (8@/) e You (8y) ¢1U> la12y=0, ( )

0 0 0 0 0 0
[3]_T_+§8_y+77%+?7 o t+?7 o, + 0¥

0
— tyy _ ~
X a1 +n

Oy, 8utyy

(4.17)

andn’, n¥, n¥¥, n'¥¥ defined in Chapter 1, are the relations (1.54) - (1.56). Iraéqno (4.16)
the unknown functions, £ andr are independent of the derivatives:«af Thus separating
with respect to the derivatives afand their powers leads to the overdetermined system of

partial differential equations given by

Uy &y =0, (4.18)
Wty T+ 2m, — 28, =0, (4.19)
Uyly, : 0=0, (4.20)

Uyy 1 Ny + T = 0, (4.21)

uy o &y =0, (4.22)

ui —Ny —ute —1n =0, (4.23)

Uy &y =0, (4.24)

up o & =0, (4.25)
1 (e —71)—¢r—n =0. (4.26)

We solve the system (4.18)-(4.26) and we obtain two setsepbint symmetry generators

depending on the value of,.

Casel ¢, # &=,

& = ay, (4.27)
T = ao, (4.28)
n = 0. (4.29)
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In this case the symmetry Lie algbra is two dimensional amgrgerated by

X, = a%’ (4.30)

X, = % (4.31)
Case2 ¢, ==,

£ = a, (4.32)

T o= ager/(2p,)eP I g, (4.33)

n = —(ay/2)e/My, (4.34)
The corresponding Lie algebra is three dimensional spabyed

X, = a%’ (4.35)

X, = % (4.36)

X, = elw/ord e ey, O (4.37)

ot « ou’

whereq;’s are constants of integration.

4.2.2 Travelling wave solutions

We now look for invariant solutions under the operalor + cX,, which represents wave-
front type travelling wave solutions with constant waveespe The invariantis given by (cf.

section 1.4.4)
u(y,t) = U(xy) where x; =y — ct. (4.38)

Substituting Eq. (4.38) into Eq. (4.14) yields a third-ardedinary differential equation for
U(.’El):

dU dU \ 2 d2U dU\?* ?U B3U
Ulz) = c 2 U oY — ) 22 et =. (439
O1U (1) Cd:vl 72U (z1) (d:cl) tH dz? th (d:cl) dx? ca da} ( )

Using the same method as in section 3.2, it can be seen thadghation admits the solution

U(x1) = Uy exp (\_/7_;%) (4.40)
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provided the wave speed is

= d)l - M*’Yz/”h (441)

Var/n (ere/n = 1)
We note that wher < 0 the waves are propagating toward the plate and when0 the
waves are propagating away from the plate. and hence Edt)@ubject to Eq. (4.11)-(4.13)

admits the solution

U = Upex —@ )ex (W)
(y,t) = Uy p( ) o1t (4.42)

This solution is plotted in Figures 4.1 and 4.4 for variouiga of the emerging parameters.

These solutions satisfy the initial and boundary condgi@h11)-(4.13) for

V(t) = exp (%t) . (4.43)

On the other hand, we find group invariant solutions corredpw to operators which give
meaningful physical solutions of the initial and boundaajue problem (4.10) to (4.13). This

here means(; and X.

4.2.3 Group invariant solutions corresponding toX5

The invariant solution admitted hy,, is the steady state solution

u(y,t) = F(y). (4.44)

The substitution of (4.44) into (4.14) yields the third ardedinary differential equation for
F(y)

N (F' ()’ F"(y) + mF"(y) — 12F (y) (F'(y))* — 61 F(y) =0, (4.45)
subject to the boundary conditiofi8 (¢) = vy /Uy, Uy # 0)
F(0) =y, (4.46)

F(l)=0, >0, (4.47)
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wherel is sufficiently large.

Let

Eqg. (4.45) transforms to
NE(F)’K'(F) + p. K (F)K'(F) = 12FK(F)* = ¢, F = 0. (4.48)

The integration of (4.48) gives

T Y2 — Y101 V2 1,
—K(F)+ —=—— Arctan[, /| — K(F)] = -y*+ C, (4.49)
Y2 (F) Y2V V201 | 71 (F)] 2

whereC' is a constant. Eq. (4.49) is equivalent to the following finster ODE in F
Y1 gy HsYo — Y1P1 Y2 L,
—F'(y) + ——— Arctan|,/— F'(x)]| ==y + C (4.50)
E) 2 P =5

This solution is plotted in figure 4.5.

4.2.4 Group invariant solutions corresponding toX3

The invariant solution admitted hy; is

u="U exp(—%t)B(y), (4.51)

whereB(y) as yet undetermined function 9f Substituting Eq. (4.51) into Eq. (4.14) yields

the linear second-order ordinary differential equation

B~ 2p—y (4.52)
!
From Egs. (4.11) - (4.12), the appropriate boundary comaftior Eq. (4.52) are
B(0)=1, B(l)=0,1— oo, (4.53)

where



Figure 4.1:Travelling wave solution varying timg wheny; = 1.5, Uy =1, s =1land c =1
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Figure 4.2: Travelling wave solution varyingy;, when~y; = 2.2, v = 1.8, a = 3.5, s =

0.11, t =n/2and Uy = 1.
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Figure 4.3: Travelling wave solution varying;, when~, = 2.2, ¢; = 0.5, a = 3.5, p, =

0.11, t =n/2andU, =1

Figure 4.4: Travelling wave solution varying the fluid parametgr, wwhen~y; = 2.2, ¢; =

0.5, a =35, pe =0.11, t = 7/2 andUp = 1
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a=18

Figure 4.5:Travelling wave solution varying the fluid parameterwheny; = 1.8, v = 2.2, p, =

0.7, 1 =1, t:ﬂ'/Q andU, =1

Figure 4.6:Travelling wave solution varying the fluid parameter, wheny; = 1.8, 75 = 2.2, a =

35, op1=1,1 :71'/2 andU, =1
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0.8

Figure 4.7:Numerical solution of Eq. (4.48), when, = 1.5, v; = 0.75, 72 = 1.5and ¢; = 1

We solve Eq. (4.52) subject to conditions (4.53) for positiy/~; (we can select the param-

eters in such a way that we get/~, positive ). We obtain

B(y) = exp(=v/72/1Y) (4.54)
Hence we have

u(y,t) = Uy exp(—"24) exp(—/72/71) (4.55)

The solutions (4.55) are plotted for positiyg/~; in figure 4.6.

4.2.5 Numerical solution

We present the numerical solution of equation (4.14) sulgethe initial and boundary con-

ditions:

u(0,t) = UpV(t), u(oo,t) =0t >0, (4.56)
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Figure 4.8:Analytical Solution (4.55) varying timg whenp, =1, v; = 1.5, 9 =1, Uy =1 and
a=1.5

u(y,0) =g(y) y >0, (4.57)

whereg(y) is yet an arbitrary function af. We choosé/, = 1. This solution is plotted using

Mathematica’s solver NDSolve.

4.3 Results and discussion

In order to see the variation of various physical parameierthe velocity, the Figures 4.1 —

4.7 have been plotted.

The effect of varying time on the velocityu is shown in figure 4.1. This figure depicts that
velocity increases for large values of time. The influencéheffluid parametep; on the
velocity profile has been presented in figure 4.2. It is reack&hat velocity increases by in-
creasingp;. Moreover, the effects of the fluid parametersys, o andy, are given in figures

4.3, 4.4, 4.5 and 4.6 respectively. Figures 4.3, 4.4, depatty; and, play opposite roles
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t=0

t=0.5

Figure 4.9: Numerical Solution of Eq. (4.14), with(t) = e, g(y) = e, p. = 2.5,
a=2,7 =157 =2.6,and¢; = 0.8

on the velocity. These figures show that velocity increasesafge values ofy; whereas it
decreases for increasing. Figures 4.5, 4.6, show thaand ., have the same effect on the
velocity. It is observed that the velocity is a decreasinuction of « and ... In figure 4.7,
the study state solution is ploted, and the velocity proilthe same as observed in the case

of travelling wave solution.

Further, the analytical solutions (4.52) fer/~v, > 0 is plotted in figures 4.8. Here it indi-
cates that the velocity profile decreases for large values@litimately whent > 3.8, there

is almost no variation in velocity. The study state is acbiev
Finally, in figure 4.9, we plotted numerically the velocitsofile for small variations of time.

It is observed that the velocity first decreases as time as@® but up to a certain point, like

observed in Figure 4.8 and then increases as in Figure 4.1.
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Chapter 5

Reduction and solutions for MHD flow of

a Sisko fluid in a porous medium

This chapter concentrates on the exact analytical and ncahsplutions for MHD flow of a

non-Newtonian fluid filling the porous half-space. The fotation of the problem is given
using modified Darcy’s law for a Sisko fluid. The fluid is elécatly conducting and a uni-
form magnetic field is applied normal to the flow by neglectihg induced magnetic field.
The results are analyzed through graphs. The governindinear differential equation is
obtained by employing reduction and solutions have beegeldped using the similarity ap-
proach. We also present numerical solutions for the redecgtions. The influence of
various parameters of interest has been shown and disciiseedh several graphs. A com-
parison of the present analysis shows excellent agreenggwebn analytic and numerical
solutions. Besides the importance of exact solutions theM@wtonian flows in a porous
medium are important in biorheology and engineering field$sas enhanced oil recovery,

paper and textile coating and composite manufacturinggases.
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5.1 Governing equations

Here, the continuity and momentum equations (1.15) and)Iat an incompressible MHD

fluid reduce to

divV =0, (5.1)
DV )
pﬁ = —Vp + divS — O'BSV + R, (52)

whereV is the velocity field,p the densityp the pressure$ the extra stress tensar,the
electrical conductivity3, the applied magnetic field afitl represents the Darcy'’s resistance
in the porous medium. In this chapter we consider a Sisko #8adlits extra stress tensor is

[54]

1
S = {ajtb étr (A2)

] Ay, (5.3)

wherea, b andn are constants defined differently for different fluids afg the rate of

deformation tensor defined by

A, =L+L" L=gradv. (5.4)
For a two-dimensional flow the velocity and the stress fielgetthe form

V = [u(x,y,t),v(z,y,t),0] and S = S(z,y,t). (5.5)

whereu andv are ther andy-components of the velocity vector. Now substituing ecurati

(5.5) into equation (5.3) along with equation (5.4) we get
ou ou\> ov\? ou  ov\’ T
=2 = 2 =— 2 =— — +— .
o <5‘$) {GM (5‘96) i (5‘y) +<5‘y+3x) } 69
5= 5 (254 20) Lasala (@) 1o ()14 (2L 2V 7] )
W\ gy ox ox oy oy Ox T

ov ou\ > o\ 2 ou Ov 2|
%4%)FM2QJ+QQJ+(®+w) r -
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Spz = Sap =Sy, = Sy = 5., =0. (5.9)
Accordingly, the momentum Eq. (5.2) gives
P [% + u% + vg—ﬂ
_ 0 0 du
=% T o {2 (5)
o) ou v
+%{(%+ﬁﬁ
P [% + u% + vg—Z]
_ _0 2] du v
-2 (58)
0 v b ou\2 v 2 ou v 2
+292(%) Ja+o2(3) +2(3) + (2 +2)

whereR, and R, are the components @t in thexz andy— directions, respectively.

a+b'2(%)2+2(§—§)2+(2—§+%>2 2” (5.10)

n—1
u 2 v 2 U v 2 2
a+b‘2(g—$) +2(g—y) +(§—y+%) ”—angRm,

} (5.11)

} — o0Bjv + R,

n—1
2

2 2
w3 +2(5) + (3 + %)
n—1
2

For the problem considered here we define the velocity andttkss fields of the following

form
V = [u(y,t),0,0], S = S(y, 1), (5.12)

Following [55] and [56], the constitutive relationship tveen the pressure drop and the ve-

locity for the unidirectional flow of a Sisko fluid is

dp ¢

ou
dy

. ] u, (5.13)

wherek (> 0) and¢ (0 < ¢ < 1) are the permeability and porosity, respectively.

The pressure gradient in Eq. (5.13) is regarded as a medsieftow resistance in the bulk
of the porous medium. IR, is a measure of the flow resistance offered by the solid mitrix

thex—direction thenR, through Eq. (5.13) is inferred by

ou

dy

A

7 a+b

. ] u. (5.14)
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Under (5.12), the continuity equation (5.1) is satisfiechtd=lly and from Eqgs. (5.2), (5.3),
(5.12) and (5.14) we have

ou op 0 N ou| ¢ ou

5.2 Problem formulation

ou
dy

n—1
] u — oBju. (5.15)

We consider a cartesian coordinate system witixis in the vertical upward direction and
z-axis parallel to the rigid plate at = 0. The flow of an incompressible and electrically
conducting Sisko fluid is bounded by an infinite rigid plateheTSisko fluid occupies the
porous half-spacg > 0. The flow is produced by the motion of the plate with the time-

dependent velocity/,V (t). For zero pressure gradient, the resulting problem is

ou 0 oul" ™\ oul| ¢ oul"! )
u(0,t) =UoV (t), t>0,
u (00, t) =0, t>0, (5.17)

u(y,0)=9g(y),  y>0,
in which Uj is the characteristic velocity. The above equations candmedimensionalized

using the following variables
R

U
L L , (5.18)
Uy v v
2 |n—1 2 2
1 B
b o— b |Uy ’ _:d)_y’ 2 _ TV (5.19)
al| v K kU? pUE

Accordingly the above boundary value problem after drogpire asterisks becomes

ou 9 | ou|" Y oul| 1 ou|"!

e N Y — | - = |14b|=— - M? 5.20
ot~ oy ( + ay ) 8y] K [ + 2y ]u u, ( )
u(0,t)=V(t), t>0,

u (00, t) =0, t>0, (5.21)

u(y,0) = h(y), y >0,

whereh(y) = g(y)/Ub.
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5.3 Exact solutions

In this section, we are interested in obtaining the redastend solutions of Egs. (5.20) and
(5.21). We firstly investigate Egs. (5.20) and (5.21) whenklocity gradient is positive.

Then we can write Eq. (5.20) as

1 b
Up = Uy + bnuZ’luyy - KU M?u — Euu?j’l, (5.22)

where the suffices refer to partial derivatives.

In the special case of a Newtonian fluid, we have- 0 ora = 0 andn = 1 in equation

(5.16). In the Newtonian case Eq. (5.22) foe 0 reduces to

1
Up = Uyy — (? + MQ) u. (5.23)

By means of the transformation
1 2

Uly:t) = uly, ) exp | { 7= + M | ], (5.24)
one can reduce equation (5.23) to the classical heat equatio

Ui = Uyy, (5.25)
with boundary conditions becoming

1 2
U(0,t) = V(t)exp ?+M t,
U(oo,t) =0, (5.26)

U(y,0) = h(y).

A solution of Eq. (5.25) can be found by the reduction

U= f(yt™/?). (5.27)
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The substitution of Eq. (5.27) into Eq. (5.25) gives thedwaling ordinary differential equa-

tion
1" 1 /
"+ =0, (5.28)
subject to the boundary conditions
f0) =1, f(oo) =0, (5.29)

wherel is a constant and prime denotes the derivative with respectt yt—'/2. The solution

of Egs. (5.28) and (5.29) is given by
fA) =1[1—-erf(A/2)], (5.30)

in which erf is the error function. Thus in the case of a Newdarfluid the solution is given

by

u(y,t) =1 [1 — erf Gyt—l/?ﬂ exp [—(% - MQ)t} , (5.31)
with

V(t) = lexp [—(% + M2)t] . h(y)=0. (5.32)

This solution is graphically represented in figures 5.1 &) far various parameters.

We now look at the non-Newtonian case when there is no magfield and there is no

porous space. Then our problem reduces to
Up = Uyy + bnuZ’luyy, (5.33)

subject to the boundary conditions (5.21). Travelling wsekitions of constant wave speed

c of Eq. (5.33) are represented by

u(y,t)=f(z1), z=y-—d, (5.34)

which describes waves travelling away from the boundarg Substitution of Eq. (5.34) into

Eq. (5.33) yields the equation fgr
’ " ’ n—1 "
—ef =+ (1) (5.35)
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0.7 T
— t=0.8
- -t=13
— t=2
- t=25

Figure 5.1:Velocity profile in the case of Newtonian fluid, for variuodwes of timet, whenl = 5,

M =0.8andK = 0.5.

— M=0.3

- - M=08
— M=15 H
. M=2

y

Figure 5.2:Velocity profile in the case of Newtonian fluid, when varyitg tHartmann\/, with [ =

5t=0.8andK = 0.5
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02F ° B
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Figure 5.3: Velocity profile in the case of Newtonian fluidy; ¥arious values of the parameter

K,when/=5,t=08andM = 1.8

where prime refers to the total derivative with respect:to The equation (5.35) can be

reduced to a first-order equation which is
f’+b(f/>n+cf+A:0, (5.36)

where A is a constant of integration. The solutions of Eq. (5.36)ecttto the boundary

conditions
f(0)=1, f(o0) =0, (5.37)

are sought. Fon = 2, Eq. (5.36) yields
V(A ef(n)+1-1

f(ar) = % , (5.38)
with

f(0) =1, (5.39)

f(My) = 0, M; >0. (5.40)
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Forn = 3, Eq. (5.36) reduces to a cubic equatioryirwhich has as one of its roots

2 (—9 (A+cf (21)) b + V3B (2T (A + cf (21)) 2 + 4)) 2/3 _ 9.3/3

f(@) = :
62/30/ =9 (A + cf (41)) B2 + VB/B (276 (A + of (11)) 2 + 4)
(5.41)
with
f0) =1, (5.42)
f(Ml) = 0, M; >0, (543)

where/; is sufficiently large. Eq. (5.41) can be obtained using Mathkca.

The numerical solutions of Egs. (5.35) are plotted in figrdsand 5.5 for various values of
the emerging parameters in the non-Newtonian case. (Themeahsolution for the newto-

nian case: = 2 presented singularity and could not be solved numerigally.

We next construct similarity solutions of the form
u=1t"f(yt™") (5.44)

for Eq. (5.33). Insertion of Eq. (5.44) into Eq. (5.33) sugigethata = 5. The reduced

equation is then
" / n—1 " 1 / 1
frm(f) 1 =5 =0, (5.45)

wherey = yt~'/? and the prime denotes differentiation with respectytdrhe boundary

conditions (5.21) become

f0) =1, f(o0) =0, (5.46)
wherel; is a constant anif (¢) of the boundary conditions (5.21) takes the form

V(t)=1Vt, h(y)=0. (5.47)
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Figure 5.4:Travelling wave solution varying the fluid parameter c in the-Newtonian case when

there is no magnetic field and no porous space and the flow ioelandexn = 3, with b = 1.5

15

y— 10

0.5

X1

Figure 5.5:Travelling wave solution varying the fluid parameter b in tloee-Newtonian case when

there is no magnetic field and no porous space and the flow oetnandexn = 3, withc =1
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Figure 5.6:Similarity solutionu, = ¢'/2 f(yt~'/2) varying timet in the non-Newtonian case when

there is no magnetic field and no porous space and the flow isdex 2, with b = 0.5
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. ~ - t=0.65
09l . - =1 H

o8k . i

Figure 5.7:Similarity solutionu, = t'/2 f(yt~'/2) varying timet in the non-Newtonian case when

there is no magnetic field and no porous space and the flow isdex 2(n = 5), with b = 0.5
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Figure 5.8:Similarity solutionu = !/ f (3t ~1/2) varying the parametérin the non-Newtonian case

when there is no magnetic field and no porous space and therfttex isn = 2, witht = 1

0.7

— b=0.5
— - b=0.85
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Figure 5.9:Similarity solutionu = !/ f (yt~1/2) varying the parametérin the non-Newtonian case

when there is no magnetic field and no porous space and therfttx isn = 5, witht = 1
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We plot the solution (5.44)y = %, for f satisfying (5.46) forn = 2) and(n # 2) varying

the constant parameters in figures 5.6 to 5.9.

The Lie symmetry analysis of equation (5.33) reveals thadihits four symmetries given by

X1 = % (5.48)
X2 = a% (5.49)
X3 = a% (5.50)
X4 = 2t%+y%+u% (5.51)

By looking for the invariant solutions under the operato#- cy4, another similarity solution

can be constructed by the following
u(y,t) = (1+2te)'? f (y(1+2te)~1/2). (5.52)
Note that the similarity solution (5.44) is obtained by adesing the invariant solution under

the operatory,.

The substitution of Eq. (5.52) into Eq. (5.33) yields thddaling non-linear ordinary differ-

ential equation

From (f)" 4 —ef =0, (5.53)
subject to
f0)=1 f(o)=0, hly)=fly), (5.54)

where¢ = (1 + 2tc)~'/? and prime denotes the derivative with respec.t@his solution is

plotted in figures 5.10 to 5.15 for various values of the patans.

We also present the numerical solutions of Egs. (5.23) ar88)ausing the Matlab solver

PDEPE in figures 5.16 and 5.17 f&i(t) = exp(—t), h(y) = exp(—y?*) andU, = 1.
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Figure 5.10:Similarity solutionu(y, ) = (1 + 2t¢)"/? f (y(1 + 2t¢)~'/?) varying timet in the non-
Newtonian case when there is no magnetic field and no por@ce gmd the flow index is = 2, with

b=05,c=1

— t=0.4
. — — t=0.65
09 - - t=1 H
0.8 . -
\ .
\
0.7+ \ " —

wfb

3.5

Figure 5.11Similarity solutionu(y, t) = (1 4 2tc)*/? f (y(1 + 2tc)~'/?) varying timet in the non-
Newtonian case when there is no magnetic field and no por@ee $md the flow index is = 5, with

b=05c=1
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— — b=0.85
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Figure 5.12:Similarity solutionu(y, ) = (1 + 2t)"/? f (y(1 + 2tc)~1/?) varying the parameter
in the non-Newtonian case when there is no magnetic field amqmbrous space and the flow index is

n=2witht=1,¢=0.3

— b=0.5
— — b=0.85
0.9 - b=18 H

0.8+ % -

0.6 . |

0.4} N, i

0.3 . i
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Figure 5.13:Similarity solutionu(y, t) = (1 + 2t¢)"/* f (y(1 + 2t¢)~/?) varying the parameter
in the non-Newtonian case when there is no magnetic field ammbrous space and the flow index is

n=>5witht=1,¢=0.3
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Figure 5.14:Similarity solutionu(y, ) = (1 + 2t)"/? f (y(1 + 2tc)~1/?) varying the parameter

in the non-Newtonian case when there is no magnetic field amqmbrous space and the flow index is

n=2witht=1,b=0.5
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Figure 5.15:Similarity solutionu(y, t) = (1 + 2t¢)"/* f (y(1 + 2t¢)~/?) varying the parameter

in the non-Newtonian case when there is no magnetic field ammbrous space and the flow index is

n=5witht=1,b=0.5
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Figure 5.16:Numerical solution of the PDE (5.23) corresponding to thevtdaian case for various

values of timet, with K = 1.2 andM = 0.8
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Figure 5.17:Numerical solution of the PDE (5.33) corresponding to tha-Newtonian case for

various values of time, withn = 5,b = 0.5
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5.4 Exact solutions with magnetic field and porosity

We now look at the case when both the magnetic field and pgreffiects are taken into
account, that is we consider the general equation (5.22nedindependent or the steady

state solution of the form

u(y,t) = F(y) (5.55)

are searched The substitution of Eq. (5.55) into Eq. (5.2&)sgrise to the differential

equation forF(y), viz.

d dE\"'\ dF 1 dF\"*

—l1+b(— — | - = |14b— F—MF=0 5.56

dy[<+ (dy) )dy K[+ (dy) ’ (6:50)
where the relevant conditions are

in which Fj is a constant. Her& (¢) is taken as constant and the Eqg. (5.56) can be reduced
to the form

F' o+ bn(F')"
%(F/)nfl + % + M2

dF’ = FdF, (5.58)

where the prime indicates the differentiation with resgegi. For example, fon = 2, we

can deduce the first order equation

b 1 b 1
(—3K — 4M*K?) (—F' + =+ M2) +(1+3M°K +2M*K) In <—F’ + =+ M2)

K K K K
2 b / 1 2 ? b2 2

whereA is a constant. We plot the solutions of Eq. (5.56) subjecbt67) in figures 5.18 to
5.23 varyingh, K and M.

The travelling wave solutions of Eq. (5.22) are obtained bigssituting Eq. (5.34) into
Eq.(5.22). We obtain the second order equation

n—1

of =1 o (F) s a2 (F) (5.60)
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Figure 5.18:Steady state solution varying the paraméttaking into account the magnetic field and

porosity whem = 2, with M = 0.8, K = 1.2

Figure 5.19:Steady state solution varying the paraméttaking into account the magnetic field and

porosity whem = 3, with M = 0.8, K = 1.2
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Figure 5.20:Steady state solution varying the parametetaking into account the magnetic field

and porosity whem = 2, with M/ = 0.8,b = 10.8

Figure 5.21:Steady state solution varying the parametetaking into account the magnetic field

and porosity whem = 3, with M = 0.8,b = 10.8
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Figure 5.22:Steady state solution varying the parametértaking into account the magnetic field

and porosity whem = 2, with K = 1.2,b = 10.8

Figure 5.23:Steady state solution varying the parametértaking into account the magnetic field

and porosity whem = 3, with K = 1.2,b = 10.8
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for f(x1), 21 = y — ct. A solution of equation (5.60) can be obtained by looking atftirm

f(z1) = foexp (Qxy) . (5.61)

This leads to the solution

f = foexp {nLK (1 —n—nKMQ)t— \/z—K} , (5.62)

wheref, is a constant. Thus, a solution of Eq. (5.22) which satishedbundary condition

(5.21) with

V(t) = foexp [ni[( (1—n—nKM?) t} , h(y) = foexp (—\/%) (5.63)
is given by
u = foexp [ni[( (1—n—nKM2)t—\/%} (5.64)

The solution (5.64) for various values of the emerging pat@ns are plotted in figures 5.24
to 5.29.

We present the numerical solution of Eq.(5.60) for difféneadues ofb, K and M in figures
5.30 to 5.32. The numerical solutions are plotted in the NemAonian case. = 3. In the
Newtonian case = 2, singularity occurs and the numerical solution could nobb&ined.
Remark 1:The solutions (5.64) are valid when the magnetic field is zel@vever, we can-

not take the porosity to be zero. In this case (5.64) is natval

Remark 2\We now make a comment on solutions for which the velocity gratds negative.
Forn — 1 even in equation (5.20), one still has the solutions as befbiowever form — 1

odd, one needs to replace the parametey —b in the aforementioned.

Remark 3: The numerical integration of the special case-= 2 resulted in some solutions

having unusual behaviour. This is du to singularity presefity the equations at some point
during the integration.

Finally, we obtain a numerical solution of Egs. (5.21) an@2? for specific chosen values

of V(¢) andh(y). This solution is plotted in figures 5.33 and 5.34 using thelabasolver
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Figure 5.24:Travelling wave solution varying time taking into account the magnetic field and

porosity when the flow exponentis= 2, with fo =20, M = 0.8 andK = 0.5
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Figure 5.25: Travelling wave solution varying time taking into account the magnetic field and

porosity when the flow exponentis= 3, with f, =20, M = 0.8 andK = 0.5
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Figure 5.26:Travelling wave solution varying the parametfef, taking into account the magnetic

field and porosity when the flow exponentis= 2, with fy = 20,¢t = 0.8 and K = 0.5
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Figure 5.27:Travelling wave solution varying the parametfef, taking into account the magnetic

field and porosity when the flow exponentis= 5, with fy = 20,¢ = 0.8 and K = 0.5
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Figure 5.28:Travelling wave solution varying the paramet&r, taking into account the magnetic

field and porosity when the flow exponentis= 2, with fy = 20,¢t = 0.8 andM = 1.8
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Figure 5.29:Travelling wave solution varying the parametr, taking into account the magnetic

field and porosity when the flow exponentis= 5, with fy = 20,¢t = 0.8 andM = 1.8
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Figure 5.30:Numerical solution of the ODE (5.60) varying the paramétewhen the flow exponent
n=3,withe=1,b=1 andM = 0.8
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Figure 5.31:Numerical solution of the ODE (5.60) varying the the fluid graeterb when the flow

exponentn = 3, withe =1,M = 0.8 andK = 1.2
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Figure 5.32:Numerical solution of the ODE (5.60) varying the paramétewhen the flow exponent
n=3,withe=1,b=1 andK = 1.2

PDEPE, withV/ (t) = exp(—t), h(y) = exp(—y) andU, = 1.

It is seen form the figures 5.33 and 5.34 that the solutionlprfufi the velocity has the same

behaviour as the ones found analytically before in Eq. (5.64

5.5 Results and discussion

In this chapter, we have investigated the unidirectiona fdd a Sisko fluid filling the porous

half-space. Equation (5.22) has been solved for similarty numerical solutions. The solu-
tions were first found for the case of a Newtonian fluid, thertlie case of a non-Newtonian
fluid where there is no magnetic field and porosity and finalhewboth magnetic field and

porosity are taken into account.

In figures 5.1 to 5.3, we represented the solution (5.31)HerMNewtonian case for different
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Figure 5.33:Numerical solution of the PDE corresponding to the Newtomiase when the magnetic

field and porosity are taken into account by varyingith n=1, b=0, M=0.8 and K=1.2
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Figure 5.34:Numerical solution of the PDE corresponding to the non-Nevan case when the

magnetic field and porosity are taken into account by varyingth n=5, b=0.5, M=0.8 and K=1.2
87



values oft, M and K. It is observed that the velocity is a decreasing functiotimoé and of
the parameted/, while it increases by increasing valuesiof SinceM is the ratio between
the magnetic force and the viscous force, an increasé iminterpreted as the magnetic force
taking over the viscous force, which results in the decreétee velocity. To depict the influ-
ence of the parameters on the travelling wave solution §5fgfires 5.4 and 5.5 were plotted
for the caser = 3. It can be seen in both cases that the velocity decreasesi®asing the
wave speed, while on the other hand the velocity increases for largaesbfb. Further we
present similarity solutions in figures 5.6 to 5.15. The gtwds made on the effect of tinte
and of the constant parametérandc. For each varying parameter, we looked at both cases
n = 2 andn # 2. Itis noted that the flow decreases for increagingigures 5.8, 5.9, 5.12
and 5.13 show that the velocity increases for large valuds although the corresponding
variation of the flow is not very significant in the case wheis not equal to two. The effect
of the wave speed is presented in figures 5.14 and 5.15. Here the velocity deeseas
increases. Moreover, in figures 5.16 and 5.17 we plotted nuoally the velocity varying the

timet¢ and it is observed that the velocity decreases with time.

Furthermore, we made a similar analysis for the case wham#gmetic field and the porosity
are not neglected. Figures 5.18 to 5.34 representing thencahand analytical solutions are
plotted. The variation of the constant parameters areetiumh each of the solutions. Figures
5.18 to 5.21 represent the numerical solutions of Eq. (5§6)aryingb, K and M. In the
special case. = 2, the velocity decreases with increasihgvhereas the opposite effect is
observed when # 2. In figures 5.20 and 5.21, it can be seen that an increase rathe of

K causes the velocity to increase. The effecibis shown in figures 5.22 and 5.23. These
figures depict that the velocity increases for large valded/ovhenn = 2 and decreases
for large values of\/ whenn # 2. The solution (5.64) is presented in figures 5.24 to 5.29
for various parameters. The parameteasid M/ have the same effect on the variation of the
velocity as they both reduce the velocity when increasedh@wother end wheR’ increases,
the velocity increases as well. The numerical solution of (¢60) is plotted in figures 5.30

to 5.32. The variation ob is shown in figures 5.31. As observed earlier, the velocityega
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slightly for different values of b. The parameteksand M in figures 5.30 to 5.32 depict
opposite role on the velocity profile; while large valuesiottauses the velocity to increase

and the increase di/ reduces the velocity profile.
Finally, in figures 5.33 and 5.34 we plotted the numericalsohs of the PDE (5.22) for

Newtonian and non-Newtonian cases by varying the tinfesimilar observation is made on

the velocity profile, as decreases by increasing
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Chapter 6

A note on some solutions for the flow of a

fourth grade fluid in a porous space

The main goal of the present chapter is to discuss the tirperdient unidirectional flow of
a fourth grade fluid. The hydrodynamic fluid occupies the perbalf-space. The modified
Darcy’s law proposed by Hayat et al. [35] in a fourth gradedflis used in the problem
formulation. Analytical solutions of the arising non-lareproblem is obtained. Travelling
wave and conditional symmetry solutions are deduced. Tlysipdl interpretation of the

obtained results is made through graphs.

6.1 Flow development

Consider a cartesian coordinate system with itkexis taken parallel to the plate and the
y-axis in the vertically upward. The rigid plate coincidegiwthe planey = 0 and the
incompressible fourth grade fluid fills the porous half-spac> 0. For unidirectional flow,

the velocity fieldV is defined by
V = (u(y,1),0,0), (6.1)

whereuw is the velocity in ther-direction and is the time. It should be noted that Eq. (6.1)
satisfies the incompressibility condition. The equatiometion is ([56], [25], [39], [38] and
[35])
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in which p is the fluid densityp is the pressure/. is the material derivative an@ is the

Darcy resistance.

The expression of extra stress tenSas given by equations (1.17)-(1.20) as
S = uA; + ajAy + asAT + S, + Sy, (6.3)

Si = [1As + (2 (AsA; + AjA,) + (3 (IrA7) Ay, (6.4)
So = 11As+ 72 (AsA; + A1A3) + A5 + 74 (AzA% + A%Az)
+75 (trA2) Ag + 76 (IrA2) AT + (17trAs + ystr(A2A4)) Ay (6.5)

In the above equationg, is the dynamic viscosityy; (i = 1,2), 5; (i = 1 — 3) and~; (i =
1 — 8) are the material constants. Furthermore, the kinemagaalrsA , are given through

the following relations [51] (cf. Chapter 1)

A= (VV)+(VV), (6.6)
dAn—l T
Ap=——=+A (V) + (VV) Ay, n>1, (6.7)

in which T is the transpose.

Adopting the same procedure as in ref. ([55] and [56] for GydrB, Maxwell and second
grade fluids, the x-component of the Darcy resistancim the present case of fourth grade

fluid is (cf. Chapter 1):

) 02 ou\ o3
=g g 28 () g
ou 0%*u ] ou
Dva + 274 + 2 9vq ) — R .
+(672 + 2793 + 274 + 275 + 697 + 78)8y8y8t] o (6.8)

where® andk are the porosity and permeability of the porous space, ctispsy.
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Upon making use of Egs. (6.1) and (6.3)-(6.8), Eq. (6.2)give

ou 0%u Pu ot ou\ ~0%u Pu
"ot = Mo T e T amar T ﬁg)( ) 02 " oon
+(672+273+2v4+2v5+677+278)§ [(gZ) j;gt]
—|pn+ Oélaat + 61 (‘?7522 +2(B2 + B33) <3_Z)
7 g; + (692 + 295 + 274 + 275 + 677 + 27s) g“ 52 815} ¢k . (6.9)
The boundary and initial conditions are

uw(0,t) = uoV(t), t >0, (6.10)
u(oco,t) =0, t >0, (6.11)
u(y,0) = f(y), y >0, (6.12)
%(y, 0) = 9(y), %(y, 0) = h(y), y>0, (6.13)

whereu, is a reference velocity anf] g andh are functions yet to be determined.

6.2 Solutions of the problem

Equation (6.9) can be rewritten as

ou o%u ou oM ou\ 2 0%u ou o [/ou\? 0u
— = lem T +0 + 0 o= +7 el

ot 0y? dy?ot Jy20t? dy ) Oy? dy?ot3 dy |\ dy ) Oyot
0%u ou Pu ou *u
— — (pp—= — 14
P1u — P2 92 ¢3U(a ) — Pay 13 — ¢5u 8y8 L (6.14)
whence
A 6(32 + f5) "
oy +
lu* = 'u , = ) /6 = 7/8* - = ’ ) 7 = k )
p+041? ,OJqu<Z§ ,0+0é1<Z§ p+041? p+041?
k k k k k
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(672 + 2793 + 294 + 275 + 697 + 278)

p+ 051%
n? 52 28 + 80) m?
¢1:77 ¢2:77 d)?):—’ ¢4:77
p+0é1? p+0é1? p+0é1? p+0é1?
k k k k
(672 + 23 + 274 + 275 + 697 + 278)%
¢5 = -
p+ 051?
k
6.2.1 Conditional symmetry solutions
We consider the PDE (6.14) with the invariant surface caoorlit
Uy = \u, (6.15)

where) is a constant to be found. This corresponds to the operator
0 0
X ==+ . (6.16)
The invariant solution corresponding to (6.16) is

u = ugexp(At)F(y), (6.17)

whereu, is a constant andl'(y) is yet an undetermined function gf Substituting Eq. (6.17)

into Eq. (6.14) leads to the following quadratic equation in

(Boa = v¢2) N>+ [0 (@ = 37) + 7 (05 — DI A+[0a (11 — B) + 7 (¢3 — ¢1)] = 0 (6.18)
and the linear second-order ordinary differential equmitioF” given below
(Be + 370 F” — (¢35 + ¢s\) F = 0. (6.19)
We can rewrite Eq. (6.19) in the following form
F"—OF =0, (6.20)
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where

Q3+ PsA

- 6.21
By + 37:A ( )

Through conditions (6.10) - (6.11) one can write the boupdanditions of (6.19) as

F0)=1, F()=0,1— oo, (6.22)
where
V(t) = exp(At). (6.23)

We solve equation (6.18) forand consider two cases.

Case 1:8¢s — v =0

In the caseb¢p, — v¢o = 0, we get

= . 6.24
G2 (0 = 37) + B (d5 — 1) ©29

We then solve (6.20) subject to (6.22) for positveand get
u(y,t) = ugexp (At) exp <—y %) : (6.25)

where\ is given by (6.24). This solution is plotted in figures 6.1 4,6varying timet and

some parameters.

Case 2 :5¢y — vp2 # 0

In this case, we solve the quadratic equation (6.18) androbta

L Gila=3v) 4y -1 [ \/1 4801 = 102)[Balp. — B) + (05 — 0]
2361 —162) 910 =37.) (65— P |

(6.26)

or

yoGala=3v) (s =1 (400 —12)[0a(ps — Bi) + (¢ — d1)]
2(B¢s — v¢2) (P4 — 37.) +v(¢5 — 1)]? '

94



2.5

t=0
- — -t=08
- t=22

15F

Figure 6.1:Analytical solution (6.25) varying timg wheng, = 0.2, ¢2 = 0.35, ¢3 = 0.75, s =
1, a =38, 3=1.5, 3, =125 v=2andy, = 0.25

Figure 6.2: Analytical solution (6.25) varyings, wheng; = 0.2, ¢o = 0.35, ¢3 = 0.75, t =

08, e =1, a =38, B=15, 3. = 1.25, v =2andy, = 0.25
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Figure 6.3:Analytical solution (6.25) varying®, when¢; = 0.2, ¢o = 0.35, ¢3 = 0.75, p, =
1, a =38, t =083, = 1.25, v = 2andv, = 0.25

25 \
R (ps =05
— — -,=075
2 L - = (p3: 1.2 ||
: 9, =15
\
15F

Figure 6.4: Analytical solution (6.25) varyings, wheng; = 0.2, ¢o = 0.35, ¢3 = 0.75, t =

08, e =1, a =38, B=15, 3. = 1.25, v =2andy, = 0.25
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(6.27)

It follows that Eq. (6.14) subject to (6.10) - (6.11) admite solution

u(y,t) = ugexp (At) exp (—yw / %) , (6.28)

where\ is given by (6.26) or (6.27).
Note that we can choose the fluid parameters in such a waptispositive. The solutions

(6.28) are plotted for positiv® in figures 6.5 and 6.6.

6.3 Numerical solution of the PDE (6.14)

In this section we present a numerical solution of the pladtfeerential equation (6.14) sub-
ject to (6.10)-(6.13), whel (1) = e!, f(y) = ¥, g(y) = e andh(y) = e 1%, using

Mathematica solver NDSolve.

6.4 Summary and Conclusions

In order to see the influence of emerging parameters in theignl(6.14), we display the

figures 6.1 - 6.7. Here main emphasis is given to the variatodn, 3., ¢3 andps.

Figure 6.1 describes the variationtobn the velocityu. It can be seen that is a increasing
function of¢. Further, the variation of5 is plotted in Figure 6.2. It elucidates that the be-
havior of ¢5 is quite opposite to that afi-e u is an decreasing function gf. Moreover the
effect of the parameters, and¢; are displayed in Figures 6.3 and 6.4. It can be observed
that 8, and ¢3 have an opposite effect on the velocity. The velocity firstrdases up to a
certain point and then increases for large valueg,avhereas it decreases by increasing and

then decreases while increasing

Further the Numerical solution (6.14) is plotted in FiguéeS. In Figure 6.5, the velocity

increases for large values of time. Furthermore it is deplithat the solution oscillates.
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14

t=0
. - - -t=038
1.2f — — t=22H4

Figure 6.5:Analytical solution (6.25) with\ given by (6.26), varying time, wheng,; = 0.2, ¢ =
0.35, ¢3 =0.75, p =1, a = 3.8, =15, = 1.25, v = 2andv, = 0.25

18
16l t=0
- —-t=08
B — —t=22
14F - =3
12+
10F
-]
8k
6,
\
4+

Figure 6.6:Analytical solution (6.25) with\ given by (6.27), varying time, wheng; = 0.2, ¢ =

0.35, 3 = 0.75, ¢3 = 0.75, e =1, a = 3.8, 8= 1.5, B, = 1.25, v = 2 and~, = 0.25
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Figure 6.7:Numerical solution of Eq. (6.14), whea= 0.1, 8 = 0.1, 8, = 0.1, v = 0.1, v, =
0.1, ¢1 = 0.1, ¢po = 0.1, ¢p3 = 0.1, g = 0.1, $5 = 0.1, and p, = 0.1
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Conclusions

The goal of this thesis was to construct mathematical mateldssolutions to some problems
arising in the study of non-Newtonian fluid with applied magafield. In our analysis, we
considered the differential type model to study the Raylgigpblem in Chapter 2, the un-
steady flow of fourth grade fluid in Chapter 3, while Chapteedltwith some flow of third
grade fluids on a porous media. In Chapter 5 we looked at th® 8isd on a porous plate

and we ended in Chapter 6 with the flow of fourth grade fluid imeops medium.

The resulting high order non-linear partial differentiguations were analysed and solved
using reduction methods, namely symmetry approaches dsasvalumerically. Symmetry
methods are very powerful for solving nonlinear differahéquations and some of the most
important properties of symmetries is that they can be usetktive new solutions from
known ones. For ordinary differential equations, they camged to reduce the order and for
partial differential equations symmetry can be used tocedine number of independent vari-
ables. Throughout the thesis the governing PDEs were rddod®DEs and in most of the
cases the resulting ODEs could not be solved analyticaleytn had to resort to numerical
methods to solve the resultant problems. The resulting Rixde also solved numerically
using the powerful solvers NDSOLVE in Mathematica and PDiEPHatlab. In both analyt-
ical and numerical techniques a study of the effect of nomAldeian parameters and of the
magnetic field was conducted and it was observed that thé@wdidepended strongly on the
rheological parameters. A comparison of both techniquesasaducted and the results are

summerised as follows.
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In Chapter 2, the analysis on third grade fluid with appliedjn@ic field was presented. The
mathematical modelling led to a nonlinear third order PDEiclh was reduced using sym-
metry. A form of the magnetic field was obtained and then usesblve the resulting ODEs
both analytically and numerically. Furthermore, the aradiPDE was solved numerically
and compared to the solutions obtained by the use of syneseffihe observation revealed
that the velocity profile was similar in both cases. Moregptle effects of emerging fluid pa-
rameters were studied and it was noted that the increase éfditmann number reduces the
magnitude of the velocity whereas an increase of the dynaisaosity forces the diffusion

of the velocity and vorticity to increase.

Secondly in Chapter 3, we looked at the effect of a magnetid 6a an electrically con-
ducting fourth grade flow. The governing equation was a fifttleo nonlinear PDE and
travelling wave solutions were derived and analysed in $epfrthe non-Newtonian param-
eters. Other solutions were found using conditional symyn&te also noted that the mag-
netic field strength{ depended strongly on the rheological parametérs 6(3, + 33)) and

Y(= 692 + 293 + 2794 + 2795 + 6797 + 295). The variation of the material parameterand-y
revealed that the increase 6f() causes the velocity to decrease (increase). The effect of
the magnetic field and Hartmann number were then studied mcetig and it was depicted

that they both force the flow velocity to decrease.

Further, in Chapter 4, a study was made on the solution irrd ¢fiade fluid filling a porous
space. We obtained a third order nonlinear PDE. Group iamésolutions were found and
what was noticeable was the influence of the parameteand~; on the velocity. It could be
seen that an increase of causes the flow velocity to increase, whilecreates the opposite

effect on the velocity.

Furthermore, a MHD flow of a Sisko fluid in a porous medium waaysed in Chapter 5. The
resulting PDE was second order nonlinear and it was redugédebmeans of the similarity

approach. The solutions of this problem was first found ferKXtewtonian case, then in the
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non-Newtonian case with no porous half-space and no maxgfinetd and finally in the case
of non-Newtonian fluid in a porous space with applied magrigid. The solutions were
obtained analytically (similarity) as well as numericadigd we observed that in the cases of
no porous half-space and no magnetic field, the velocityednd a almost linear profile in
comparison to the case of both porosity and magnetic fiekehtaito account, where the flow

is more parabolic. An increase in the permeability of the imn@dncreases the flow velocity.

Finally, in Chapter 6, we investigated the time independendirectional flow of a fourth
grade fluid filling a porous half space. Conditional symmetng travelling wave solutions

were obtained. Graphs of these solutions were plotted audisised.

Most of the work presented in this thesis is new (it has bedrighed or submitted) and the
presented analysis gives us insights in understandingehavour of such non-Newtonian
fluids. In our analysis we have only considered unidire@ldlow which makes the non-

linear part of the inertiai(V).v to vanish. What we would like to do in future work is to
consider multidimensional flows. Also for simplicity reasahe induced magnetic field was
not considered in our models. What would be interesting sethow this affects the model

once taken into consideration.
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