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Abstract: In this article, we establish Hermite-Hadamard-type inequalities for the two classes of functions
( ) { ( ) }= ∈ ± ≥±X f C f λfΩ Ω : Δ 0λ

2 , where >λ 0 and Ω is an open subset of �2. We also obtain a characteriza-
tion of the set ( )−X Ωλ . Notice that in the one-dimensional case, if = IΩ (an open interval of�) and =λ ρ2, >ρ 0,
then ( )X Ωλ (resp. ( )−X Ωλ ) reduces to the class of functions ( )∈f C I2 such that f is trigonometrically ρ-convex
(resp. hyperbolic ρ-convex) on I .
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1 Introduction

Convex functions are widely used in various branches of mathematics, such as functional analysis, optimiza-
tion theory, and numerical analysis. One of the important inequalities related to convex functions is the (right-
side) Hermite-Hadamard inequality [1,2] that can be stated as follows: Let <σ σ1 2 and �[ ] →f σ σ: ,1 2 be
a convex function. Then
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Inequality (1.1) has been refined and generalized in various directions. For more details, we refer to the
monograph [3] collecting many results in that direction.

In [4], among other results, the first author extended inequality (1.1) to the class of convex functions on
a disk. Namely, he proved that, if �( ) →f B C R: , is convex, then
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where ( )B C R, is the open ball of �2 with center �∈C 2 and radius >R 0, ( )∂B C R, is the boundary of ( )B C R,

and ( )B C R, is the closure of ( )B C R, . For further results related to Hermite-Hadamard-type inequalities
in higher dimensions, see [5–11] and the references therein.

Let >ρ 0 and �→f I: , where I is an interval of� . We say that f is a trigonometrically ρ-convex function
on I [12], if for all ∈a b I, with < − <b a0

π

ρ
, we have
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In [13], the first author proved (among many other results) that, if �→f I: is a trigonometrically ρ-convex
function on I , then for all ∈a b I, with < − <b a0

π

ρ
, we have
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For other results related to trigonometrically ρ-convex functions, see [14–17] and the references therein.
Let >ρ 0 and �→f I: . Assume that for all ∈a b I, with <a b, we have

( )
[ ( )]

[ ( )]
( )

[ ( )]

[ ( )]
( )≤

−
−

+
−
−

≤ ≤f x
ρ b x

ρ b a
f a

ρ x a

ρ b a
f b a x b

sinh

sinh

sinh

sinh
, .

In this case, the function f is said to be a hyperbolic ρ-convex function on I [18]. The first author in [19]
established that if �→f I: is a hyperbolic ρ-convex function on I , then for all ∈a b I, with <a b, we have
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We also refer to [20,21] for further results related to hyperbolic ρ-convex functions.
On the other hand, it was shown in [12] that ( )∈f C I2 is trigonometrically ρ-convex on I if and only if

f satisfies the second-order differential inequality:

″ + ≥f ρ f I0 in .2 (1.3)

In [18], it was proven that ( )∈f C I2 is hyperbolic ρ-convex on I if and only if f satisfies the second-order
differential inequality:

″ − ≥f ρ f I0 in .2 (1.4)

In this article, motivated by the aforementioned cited works, we establish Hermite-Hadamard-type
inequalities for the two classes of functions

( ) { ( ) }= ∈ ± ≥±X f C f λfΩ Ω : Δ 0 ,λ
2

where >λ 0, Ω is an open subset of �2, and Δ denotes, as usual, the Laplacian operator. Moreover, we prove
a characterization of the set ( )−X Ωλ . Remark that in the one-dimensional case, by (1.3), if = IΩ and =λ ρ2,

>ρ 0, then ( )X Ωλ reduces to the class of functions ( )∈f C I2 such that f is trigonometrically ρ-convex on I .
Similarly, in the one-dimensional case, by (1.4), if = IΩ and =λ ρ2, >ρ 0, then ( )−X Ωλ reduces to the class
of functions ( )∈f C I2 , such that f is hyperbolic ρ-convex on I .

The structure of the rest of the article is as follows. In Section 2, we study some properties of the sets
( )±X Ωλ . In Section 3, we derive Hermite-Hadamard-type inequalities for both classes of functions ( )±X Ωλ .

Finally, in Section 5, we establish a characterization of the set ( )−X Ωλ .
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2 The classes of functions (( ))±±X Ωλ

Throughout this article, by Ω, we mean an open subset of �2. For >λ 0, let

( ) { ( ) }= ∈ ± ≥±X f C f λfΩ Ω : Δ 0 .λ
2

We also consider the class of functions

( ) { ( ) }= ∈ ≥X f C fΩ Ω : Δ 0 .0
2

In this section, we provide some properties of the above classes of functions.

Proposition 2.1. Let >λ 0 and ≤ ≤θ0 1. The following properties hold:
(i) ( ) ( )⋂ ⊂> +X XΩ Ωμ μ0 0 .
(ii) ( ) ( )∈ ≥ ⇒ ∈ ⋂ > +f X f f XΩ , 0 Ωμ μ0 0 .
(iii) ( ) ( )∈ ≥ ⇒ ∈ ⋂+ ≥ +f X f f XΩ , 0 Ωλ μ λ μ .
(iv) �( ) ( ) ( )∈ ≥ ∈ ⇒ ∈+ +f X α α αf XΩ , 0 Ωλ λ .
(v) ( ) ( )∈ ⇒ + ∈+ +f g X f g X, Ω Ωλ λ .
(vi) ( ) ( ) ( )( )∈ ∈ ≥ ≥ ∇ ⋅∇ ≥ ⇒ ∈− +f X g X f g f g fg XΩ , Ω , 0, 0, 0 Ωθλ θ λ λ1 ,where ∇ is the gradient operator and ⋅ is

the inner product in �2.

Proof. We only prove (i) and (vi). The other properties are immediate, so we omit the details.
(i) Let ( )∈ ⋂ > +f X Ωμ μ0 . If ∈z Ω is fixed, then for all >μ 0, we have

( ) ( )+ ≥f z μf zΔ 0.

Passing to the limit as → +μ 0 , we obtain ( ) ≥f zΔ 0, which shows that ( )∈f X Ω0 .
(vi) Let ( )∈f X Ωθλ and ( )( )∈ −g X Ωθ λ1 be such that

≥ ≥ ∇ ⋅∇ ≥f g f g0, 0, 0.

By the property

( ) = + + ∇ ⋅∇fg f g g f f gΔ Δ Δ 2 ,

we obtain

( ) ( ) ( ) ( ( ) ) ( )+ = + + − = + − + + + ∇ ⋅∇ ≥fg λfg fg λθfg θ λfg f g θ λg g f λθf f gΔ Δ 1 Δ 1 Δ 2 0,

which shows that ( )∈ +fg X Ωλ . □

Similarly, we have the following properties.

Proposition 2.2. Let >λ 0 and ≤ ≤θ0 1. The following properties hold:
(i) ( ) ( )⋂ ⊂> −X XΩ Ωμ μ0 0 .
(ii) ( ) ( )∈ ≤ ⇒ ∈ ⋂ > −f X f f XΩ , 0 Ωμ μ0 0 .
(iii) ( ) ( )∈ ≥ ⇒ ∈ ⋂− ≤ ≤ +f X f f XΩ , 0 Ωλ μ λ μ0 .
(iv) �( ) ( ) ( )∈ ≥ ∈ ⇒ ∈− −f X α α αf XΩ , 0 Ωλ λ .
(v) ( ) ( )∈ ⇒ + ∈− −f g X f g X, Ω Ωλ λ .
(vi) ( ) ( ) ( )( )∈ ∈ ≥ ≥ ∇ ⋅∇ ≥ ⇒ ∈− − − −f X g X f g f g fg XΩ , Ω , 0, 0, 0 Ωθλ θ λ λ1 .
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3 Hermite-Hadamard-type inequalities on a disk

In this section, we are concerned with the extension of inequality (1.2) to the classes of functions ( )±X Ωλ . We
need to recall some properties related to Bessel functions. For more details about such functions, we refer
to [22].

3.1 Some preliminaries

For all �∈n (n is a natural number), let J
n
be the Bessel function of the first kind of order n. This function can

be written as an infinite power series as follows:
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be the first positive zero of J
n
.

Lemma 3.1. Let �∈n . We have the following properties:
(i) The function J

n
satisfies the Bessel differential equation:
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0
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0,1
.

Similarly, for all �∈n , let In be the modified Bessel function of the first kind of order n. This function can
be written as an infinite power series as follows:
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Lemma 3.2. Let �∈n . We have the following properties:
(i) The function In satisfies the modified Bessel differential equation:

( ) ( ) ( ) ( )″ + ′ − + =x I x xI x x n I x 0.n n n
2 2 2

(ii) ( ) ( )′ =I x I x0 1 .

(iii) ( )
⎛
⎝

⎞
⎠I x ~n n

x
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1

! 2
as →x 0.

3.2 The class of functions (( ))++X Ωλ

The following result is an extension of inequality (1.2) to the class of functions ( )+X Ωλ .

Theorem 3.3. Let >λ 0 and ( )∈ +f X Ωλ . Assume that there exist ∈C Ω and ∈ ⎡
⎣

⎤
⎦R 0,

j

λ

0,1 such that ( ) ⊂B C R, Ω.
Then, the following inequality holds:
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Proof. Let ∈C Ω and ∈ ⎡
⎣

⎤
⎦R 0,

j

λ

0,1 be such that ( ) ⊂B C R, Ω. We introduce the function
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We first establish some properties of the above function. Since < ≤R0
j

λ

0,1 , then ( ) ≠J λ R 0
0

, and the function
ξ is well defined. Taking ‖ ‖− =z C R in (3.2), we obtain

( ) ( )= ∈ ∂ξ z z B C R0, , . (3.3)

On the other hand, from the property (iv) in Lemma 3.1, we deduce that for all ( )∈z B C R, ,

( ‖ ‖) ( )− ≤J λ z C J λ R ,
0 0

which shows that

( ) ( )≥ ∈ξ z z B C R0, , . (3.4)

For all ≤ ≤r R0 , let
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Since ξ is a radial function, that is,
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Then, from the property (i) in Lemma 3.1, we deduce that
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that is,

( ) ( ) ( )+ = − ∈ξ z λξ z z B C RΔ 1, , . (3.7)

We now use (3.7) to obtain

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

∫ ∫ ∫= − −f z z ξ z f z z λ f z ξ z zd Δ d d .

B C R B C R B C R, , ,

(3.8)

Moreover, thanks to Green’s formula, we have

( ) ( ) ( ) ( ) ( ) ( ) ( )
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∂

ξ z f z z f z ξ z z ξ R f γ l γΔ d d d .
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(3.9)

By using again Green’s formula together with (3.3), we obtain

( ) ( ) ( ) ( )
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∫ ∫− = ∇ ⋅∇f z ξ z z f z ξ z zΔ d d .

B C R B C R, ,

(3.10)

Then, it follows from (3.8), (3.9), and (3.10) that
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We also have by (3.6) and the property (ii) of Lemma 3.1 that
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Therefore, it holds that

( )
( )

( )
( ) ( ) ( ( ) ( )) ( )

( ) ( ) ( )

∫ ∫ ∫= − +
∂

f z z
λ

J λ R

J λ R
f γ l γ f z λf z ξ z zd

1
d Δ d .

B C R B C R B C R,

1

0 , ,

(3.11)

On the other hand, due to (3.4) and since ( )∈ +f X Ωλ , we have

( ( ) ( )) ( )

( )

∫ + ≥f z λf z ξ z zΔ d 0.

B C R,

(3.12)

Finally, (3.1) follows from (3.11) and (3.12). □

Remark 3.4. By the property (iii) in Lemma 3.1, one has

( )

( )
=

→ +

J λ R

λ J λ R

R
lim

2
.

λ 0

1

0

Hence, if → +λ 0 , (3.1) reduces to (1.2).

3.3 The class of functions (( ))X Ωλ‒

The following result is an extension of inequality (1.2) to the class of functions ( )−X Ωλ

Theorem 3.5. Let >λ 0 and ( )∈ −f X Ωλ . Then, for all ∈C Ω and >R 0 with ( ) ⊂B C R, Ω, we have

( )
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( )
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( ) ( )
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I λ R

λ I λ R
f γ l γd d .
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(3.13)
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Proof. Let ∈C Ω and >R 0 be such that ( ) ⊂B C R, Ω. We consider the function
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Taking ‖ ‖− =z C R in (3.14), we obtain

( ) ( )= ∈ ∂ζ z z B C R0, , . (3.15)

On the other hand, from the property (ii) in Lemma 3.2, the function I0 is nondecreasing in the interval [ ]+∞0, .
Hence, for all ( )∈z B C R, , we have

( ‖ ‖) ( )− ≤I λ z C I λ R ,0 0

which shows that

( ) ( )≥ ∈ζ z z B C R0, , . (3.16)

For all ≤ ≤r R0 , let
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1 .
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Since ζ is a radial function, that is,
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then for all ( )∈z B C R, , we have
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r
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1
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Furthermore, we have
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Then, from the property (i) in Lemma 3.2, we deduce that
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that is,

( ) ( ) ( )− = − ∈ζ z λζ z z B C RΔ 1, , . (3.19)

Then, in view of (3.19), we have

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

∫ ∫ ∫= − +f z z ζ z f z z λ f z ζ z zd Δ d d .

B C R B C R B C R, , ,

(3.20)

On the other hand, by Green’s formula and (3.15), we have

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

∫ ∫ ∫− = − − ′∼

∂

ζ z f z z f z ζ z z ζ R f γ l γΔ d Δ d d .

B C R B C R B C R, , ,

(3.21)

Combining (3.20) with (3.21), we obtain

( ) ( ) ( ) ( ) ( ( ) ( )) ( )

( ) ( ) ( )

∫ ∫ ∫= − ′ − −∼

∂

f z z ζ R f γ l γ f z λf z ζ z zd d Δ d .

B C R B C R B C R, , ,

(3.22)

Making use of (3.18) and the property (ii) in Lemma 3.2, we obtain

( )
( )

( )
′ = −∼

ζ R
λ

I λ R

I λ R

1
,

1

0

which implies together with (3.22) that

( )
( )

( )
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f z z
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0
, ,

Finally, since ( )∈ −f X Ωλ and ≥ζ 0 by (3.16), the aforementioned inequality yields (3.13). □

Remark 3.6. By the property (iii) in Lemma 3.2, one has

( )

( )
=

→ +

I λ R

λ I λ R

R
lim

2
.

λ 0

1

0

Hence, if → +λ 0 , (3.13) reduces to (1.2).

Let Ωi, =i 1, 2, be two open subsets of �2. For �( )= ∈λ λ λ,1 2
2 with >λ 0i , =i 1, 2, we consider the class

of functions

( ) { ( ) ( ) }( ) × = = ∈ × − ≥ − ≥−X f f x y C Δ f λ f Δ f λ fΩ Ω , Ω Ω : 0, 0 ,λ λ x y, 1 2
2

1 2 1 21 2

where for all ( )= ∈x x x, Ω1 2 1 and ( )= ∈y y y, Ω
1 2 2,

( ) ( ) ( )=
∂
∂

+
∂
∂

Δ f x y
f

x
x y

f

x
x y, , ,x

2

1

2

2

2

2

and

( ) ( ) ( )=
∂
∂

+
∂
∂

Δ f x y
f

y
x y

f

y
x y, , , .y

2

1

2

2

2

2

Remark that ( ) ( )( )= ∈ ×−f f x y X, Ω Ωλ λ, 1 21 2
means that for all ( ) ∈ ×x y, Ω Ω1 2,

( ) ( ) ( ) ( )⋅ ∈ ⋅ ∈− −f y X f x X, Ω and , Ω ,λ λ1 21 2

where

� �( ) ( ) ( ) ( )⋅ ∋ ↦ ∈ ⋅ ∋ ↦ ∈f y x f x y f x y f x y, : Ω , and , : Ω , .1 2
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From Theorem 3.5, we deduce the following Hermite-Hadamard-type inequalities for the class of func-
tions ( )( ) ×−X Ω Ωλ λ, 1 21 2

.

Corollary 3.7. Let Ωi, =i 1, 2, be two open subsets of �2 and �( )= ∈λ λ λ,1 2
2 with >λ 0i , =i 1, 2.

If ( )( )∈ ×−f X Ω Ωλ λ, 1 21 2
, then for all ( ) ∈ ×C C, Ω Ω1 2 1 2 and >R R, 01 2 with ( ) ⊂B C R, Ωi i i, =i 1, 2, we have

( )
( )

( )
( ) ( )

( )

( )
( ) ( )

( ) ( )

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

∫ ∫ ∫

∫ ∫

∫

≤
⎛

⎝
⎜

⎞

⎠
⎟

+
⎛

⎝
⎜

⎞

⎠
⎟

≤

× ∂

∂

∂ ×∂

f x y x y
I λ R

λ I λ R
f γ y y l γ

I λ R

λ I λ R
f x σ x l σ

I λ R I λ R

λ λ I λ R I λ R
f γ σ l γ l σ

, d d
2

, d d

2
, d d

, d d .

B C R B C R B C R B C R

B C R B C R

B C R B C R

, ,

1 1 1

1 0 1 1
, ,

1 2 2

2 0 2 2
, ,

1 1 1 1 2 2

1 2 0 1 1 0 2 2
, ,

1 1 2 2 1 1 2 2

2 2 1 1

1 1 2 2

(3.23)

Proof. Let >R 0i be such that ( ) ⊂B C R, Ωi i i, =i 1, 2. Let ∈y Ω2 be fixed. Since ( ) ( )⋅ ∈ −f y X, Ωλ 11
, then by

Theorem 3.5 we have

( )
( )

( )
( ) ( )

( ) ( )

∫ ∫≤
∂

f x y x
I λ R

λ I λ R
f γ y l γ, d , d .

B C R B C R,

1 1 1

1 0 1 1
,1 1 1 1

Integrating the aforementioned inequality over ( )∈y B C R,2 2 , we obtain

( )
( )

( )
( ) ( )

( ) ( ) ( ) ( )

∫ ∫ ∫≤
⎛

⎝
⎜

⎞

⎠
⎟

× ∂

f x y x y
I λ R

λ I λ R
f γ y y l γ, d d , d d .

B C R B C R B C R B C R, ,

1 1 1

1 0 1 1
, ,1 1 2 2 1 1 2 2

(3.24)

Similarly, for a fixed ∈x Ω1, since ( ) ( )⋅ ∈ −f x X, Ωλ 22
, then by Theorem 3.5, we have

( )
( )

( )
( ) ( )

( ) ( )

∫ ∫≤
∂

f x y y
I λ R

λ I λ R
f x σ l σ, d , d .

B C R B C R,

1 2 2

2 0 2 2
,2 2 2 2

Integrating the aforementioned inequality over ( )∈x B C R,1 1 , we obtain

( )
( )

( )
( ) ( )

( ) ( ) ( ) ( )

∫ ∫ ∫≤
⎛

⎝
⎜

⎞

⎠
⎟

× ∂

f x y x y
I λ R

λ I λ R
f x σ x l σ, d d , d d .

B C R B C R B C R B C R, ,

1 2 2

2 0 2 2
, ,1 1 2 2 2 2 1 1

(3.25)

By summing (3.24) and (3.25), we obtain

( )
( )

( )
( ) ( )

( )

( )
( ) ( )

( ) ( ) ( ) ( )

( ) ( )

∫ ∫ ∫

∫ ∫

≤
⎛

⎝
⎜

⎞

⎠
⎟

+
⎛

⎝
⎜

⎞

⎠
⎟

× ∂

∂

f x y x y
I λ R

λ I λ R
f γ y y l γ

I λ R

λ I λ R
f x σ x l σ

, d d
2

, d d

2
, d d ,

B C R B C R B C R B C R

B C R B C R

, ,

1 1 1

1 0 1 1
, ,

1 2 2

2 0 2 2
, ,

1 1 2 2 1 1 2 2

2 2 1 1

which proves the first inequality in (3.23). On the other hand, since for all ( )∈ ∂γ B C R,1 1 , the function
( ) ( )⋅ ∈ −f γ X, Ωλ 22

, then by Theorem 3.5, we have

( )
( )

( )
( ) ( )

( ) ( )

∫ ∫≤
∂

f γ y y
I λ R

λ I λ R
f γ σ l σ, d , d .

B C R B C R,

1 2 2

2 0 2 2
,2 2 2 2
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Integrating the aforementioned inequality over ( )∈ ∂γ B C R,1 1 , we obtain

( ) ( )
( )

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

∫ ∫ ∫
⎛

⎝
⎜

⎞

⎠
⎟ ≤

∂ ∂ ×∂

f γ y y l γ
I λ R

λ I λ R
f γ σ l γ l σ, d d , d d .

B C R B C R B C R B C R, ,

1 2 2

2 0 2 2
, ,1 1 2 2 1 1 2 2

(3.26)

Similarly, since for all ( )∈ ∂σ B C R,2 2 , the function ( ) ( )⋅ ∈ −f σ X, Ωλ 11
, then by Theorem 3.5, we have

( )
( )

( )
( ) ( )

( ) ( )

∫ ∫≤
∂

f x σ x
I λ R

λ I λ R
f γ σ l γ, d , d ,

B C R B C R,

1 1 1

1 0 1 1
,1 1 1 1

which implies after integration over ( )∈ ∂σ B C R,2 2 that

( ) ( )
( )

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

∫ ∫ ∫
⎛

⎝
⎜

⎞

⎠
⎟ ≤

∂ ∂ ×∂

f x σ x l σ
I λ R

λ I λ R
f γ σ l γ l σ, d d , d d .

B C R B C R B C R B C R, ,

1 1 1

1 0 1 1
, ,2 2 1 1 1 1 2 2

(3.27)

Then, it follows from (3.26) and (3.27) that

( )

( )
( ) ( )

( )

( )
( ) ( )

( ) ( )

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

∫ ∫ ∫ ∫

∫

⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟

≤

∂ ∂

∂ ×∂

I λ R

λ I λ R
f γ y y l γ

I λ R

λ I λ R
f x σ x l σ

I λ R I λ R

λ λ I λ R I λ R
f γ σ l γ l σ

2
, d d

2
, d d

, d d ,

B C R B C R B C R B C R

B C R B C R

1 1 1

1 0 1 1
, ,

1 2 2

2 0 2 2
, ,

1 1 1 1 2 2

1 2 0 1 1 0 2 2
, ,

1 1 2 2 2 2 1 1

1 1 2 2

which proves the second inequality in (3.23). □

4 Characterization of the class of functions (( ))X Ωλ‒

In this section, we show that inequality (3.13) provides a characterization of the class of functions ( )−X Ωλ .
Namely, we have the following result.

Theorem 4.1. Let ( )∈f C Ω2 and >λ 0. Assume that for all ∈C Ω and >R 0 with ( ) ⊂B C R, Ω, (3.13) holds.
Then ( )∈ −f X Ωλ .

Proof. Let ∈C Ω and >ε 0 small enough so that ( ) ⊂B C ε, Ω. Let

( ) ( )
( )

( )
( ) ‖ ‖͠ ⎟⎜= =

⎛
⎝

−
⎞
⎠

∈ = −ζ z ζ r
λ

I λ r

I λ ε
z B C ε r z C

1
1 , , , .ε ε

0

0

From the proof of Theorem 3.5, we have

( ) ( )= ∈ ∂ζ z z B C ε0, , ,ε (4.1)

( ) ( )≥ ∈ζ z z B C ε0, , ,ε
(4.2)

( ) ( ) ( )− = − ∈ζ z λζ z z B C εΔ 1, , ,ε ε (4.3)

( )
( )

( )
͠ ′ = −ζ ε

λ

I λ ε

I λ ε

1
.ε

1

0

(4.4)
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Making use of (5.1), (5.3), (5.4), and using two times Green’s formula, we obtain

( ) ( ) ( ) ( ) ( )

( ( ) ( )) ( ) ( ) ( ) ( )

( ( ) ( )) ( )
( )

( )
( ) ( )

͠

( ) ( ) ( )

( ) ( )

( ) ( )

∫ ∫ ∫

∫ ∫

∫ ∫

= − +

= − − − ′

= − − +

∂

∂

f z z ζ z f z z λ f z ζ z z

f z λf z ζ z z ζ ε f γ l γ

f z λf z ζ z z
I λ ε

λ I λ ε
f γ l γ

d Δ d d

Δ d d

Δ d d ,

B C ε B C ε

ε

B C ε

ε

B C ε

ε ε

B C ε

B C ε

ε

B C ε

, , ,

, ,

,

1

0
,

that is,

( )
( )

( )
( ) ( ) ( ( ) ( )) ( )

( ) ( ) ( )

∫ ∫ ∫− = − −
∂

f z z
I λ ε

λ I λ ε
f γ l γ f z λf z ζ z zd d Δ d .

B C ε B C ε B C ε

ε

,

1

0
, ,

Then, from (3.13) with =R ε, we deduce that

( ( ) ( )) ( )

( )

∫− − ≤f z λf z ζ z zΔ d 0.

B C ε

ε

,

Since ≥ζ 0ε by (5.2), we deduce the existence of ( )∈z B C ε,ε so that

( ) ( )− ≥f z λf zΔ 0.ε ε

Furthermore, since ( )∈f C Ω2 , passing to the limit as → +ε 0 in the aforementioned inequality, we obtain

( ) ( )− ≥f C λf CΔ 0.

Since C is an arbitrary point of Ω, it holds that − ≥f λfΔ 0 in Ω, which shows that ( )∈ −f X Ωλ . □

5 Characterization of the class of functions (( ))X Ωλ‒

In this section, we show that inequality (3.13) provides a characterization of the class of functions ( )−X Ωλ .
Namely, we have the following result.

Theorem 5.1. Let ( )∈f C Ω2 and >λ 0. Assume that for all ∈C Ω and >R 0 with ( ) ⊂B C R, Ω, (3.13) holds.
Then ( )∈ −f X Ωλ .

Proof. Let ∈C Ω and >ε 0 small enough so that ( ) ⊂B C ε, Ω. Let

( ) ( )
( )

( )
( ) ‖ ‖͠ ⎟⎜= =

⎛
⎝

−
⎞
⎠

∈ = −ζ z ζ r
λ

I λ r

I λ ε
z B C ε r z C

1
1 , , , .ε ε

0

0

From the proof of Theorem 3.5, we have

( ) ( )= ∈ ∂ζ z z B C ε0, , ,ε (5.1)

( ) ( )≥ ∈ζ z z B C ε0, , ,ε (5.2)

( ) ( ) ( )− = − ∈ζ z λζ z z B C εΔ 1, , ,ε ε (5.3)

( )
( )

( )
͠ ′ = −ζ ε

λ

I λ ε

I λ ε

1
.ε

1

0

(5.4)
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Making use of (5.1), (5.3), (5.4), and using two times Green’s formula, we obtain

( ) ( ) ( ) ( ) ( )

( ( ) ( )) ( ) ( ) ( ) ( )

( ( ) ( )) ( )
( )

( )
( ) ( )

͠

( ) ( ) ( )

( ) ( )

( ) ( )

∫ ∫ ∫

∫ ∫

∫ ∫

= − +

= − − − ′

= − − +

∂

∂

f z z ζ z f z z λ f z ζ z z

f z λf z ζ z z ζ ε f γ l γ

f z λf z ζ z z
I λ ε

λ I λ ε
f γ l γ

d Δ d d

Δ d d

Δ d d ,

B C ε B C ε

ε

B C ε

ε

B C ε

ε ε

B C ε

B C ε

ε

B C ε

, , ,

, ,

,

1

0
,

that is,

( )
( )

( )
( ) ( ) ( ( ) ( )) ( )

( ) ( ) ( )

∫ ∫ ∫− = − −
∂

f z z
I λ ε

λ I λ ε
f γ l γ f z λf z ζ z zd d Δ d .

B C ε B C ε B C ε

ε

,

1

0
, ,

Then, from (3.13) with =R ε, we deduce that

( ( ) ( )) ( )

( )

∫− − ≤f z λf z ζ z zΔ d 0.

B C ε

ε

,

Since ≥ζ 0ε by (5.2), we deduce the existence of ( )∈z B C ε,ε so that

( ) ( )− ≥f z λf zΔ 0.ε ε

Furthermore, since ( )∈f C Ω2 , passing to the limit as → +ε 0 in the above inequality, we obtain

( ) ( )− ≥f C λf CΔ 0.

Since C is an arbitrary point of Ω, it holds that − ≥f λfΔ 0 in Ω, which shows that ( )∈ −f X Ωλ . □

From Theorems 3.5 and 5.1, we deduce the following characterization.

Corollary 5.2. Let ( )∈f C Ω2 and >λ 0. The following statements are equivalent:
(i) ( )∈ −f X Ωλ .
(ii) For all ∈C Ω and >R 0 with ( ) ⊂B C R, Ω, (3.13) holds.

6 Conclusion

We considered the two classes of functions ( )±X Ωλ , where Ω is an open subset of �2 and >λ 0. We extended
inequality (1.2) to functions ( )∈ ±f X Ωλ (Theorems 3.3 and 3.5). We also obtained a characterization of the class
of functions ( )−X Ωλ (Corollary 5.2). In this article, only the two-dimensional case is considered. It will be
interesting to extend the obtained results to the N -dimensional case (i.e., Ω is an open subset of �N ). It will
be also interesting to extend the obtained results to the more general classes of functions

( ) { ( ) ( ) }= ∈ ∇ ± ≥±X f C α f λfΩ Ω : div 0 ,λ α,
2

where ( )∈α C Ω1 . Here, div is the divergence operator. Notice that, if ≡α 1, then ( ) ( )=± ±X XΩ Ωλ α λ, .
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