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ABSTRACT. We focus on quasimonotone variational inequality problems with non-
Lipschitz operator and combine some operator theory techniques to establish a weak
convergent fixed point iterative method to approximate the solution of the presented
problems. The convergence analysis assumes very mild conditions and strictly weaker
assumption on the cost operator associated with the problems and thus generalizes
and extend recent related results in the literature. Finally, several numerical ex-
amples illustrate the potential and advantages of the proposed algorithm over some
existing methods are presented.
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1. Introduction. Let H be a real Hilbert space with (-,-) and || - || as inner
product and induced norm respectively. Suppose C C H is nonempty, closed and
convex. In this work, we focus on the following variational inequality problem
(VIP): Find z* € C such that

(Fa*, z—a*) >0, Vz € C, (1)
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where F': H — H is an operator. The solution set of VIP (1) will be denoted by
S.

It is well known that many problems in nonlinear analysis and optimization
can be formulated as VIP (1). The two notable methods of solving VIPs are the
regularized method and projection method. Numerous iterative algorithms for
solving VIPs have been studied and proposed in these directions (see, for example,
[1, 13, 12, 19, 24, 30, 34, 35, 38, 48, 54, 56] and the references therein). The
fundamental concept is to broaden the projected gradient method for solving the
minimization problem min f(x) subject to x € C defined by:

Tni1 = Po(zn, — anVf(z,)), n>0. (2)

where {a,} is a positive real sequence satisfying certain conditions and P¢ is
the metric projection onto C. Alber [4] showed the convergence properties of this
method for the case where f : R? — R is convex and differentiable function.
The projected gradient method for optimization problems is a direct extension
of method (2) where the gradient, V[ is replaced by the operator F, so that we
generate a sequence {z,} as follows:

Tn+1 = Po(zn — anFzy,), n>0. (3)

It was shown in [57] that the convergence of (3) requires stringent assumptions
that the cost operator F' is either strongly monotone or inverse strongly monotone.
So, it becomes necessary to relax the condition on F' to solve the VIP.

To overcome the above drawback, Korpelevich [29] succeeded in relaxing the
condition by proposing the extragradient method (EGM) in Euclidean spaces and
Hilbert spaces when the operator F' is monotone and Lipchitz continuous. This
method is given by:

T € H,
Yn = Po(xy, — AFxy), (4)
xn-ﬁ-l:PC(xn_)\Fyn)v n=>1,

where A € (0, +) and P is the metric projection from H onto C. The limitation of
the EGM is the fact that it requires two projections onto the closed and convex set.
Computing two projections per iteration onto the closed and convex set C' could
be computationally expensive. In such situation, the efficiency of this method is
affected.

In recent years, many researchers have tried to improve on the EGM (see, for
example, [13, 10, 33, 35, 36, 45, 53] and the refrences therein). To improve on
the EGM, Censor et al. [11] introduced a new method called the subgradient ex-
tragradient method (SEGM) in which the second projection onto C in the EGM
is replaced by a projection onto a constructible half-space, which is less compu-
tationally expensive and this makes it more efficient than the EGM proposed by
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Korpelevich [29]. The SEGM is defined as follows:

T € H,

Yn = Po(zy — NAzy),

T, ={w € H{{xy, — \Fxy — ypn, w—y,) < 0},
Tpt1 = Pr, (T, — Ayn), n>1,

where A € (0, %) The weak convergence of the algorithm was established.

Subsequently, Tseng [53] introduced another method called Tseng’s extragra-
dient method (TEGM) for solving the VIP. In recent years, many authors have
employed this method in their works (see, for example, [7, 48]). The TEGM is
presented as follows:

r1 € H,
Yn = PC(xn - )\Fl‘n)a (6)
Tnt1 = Yn — MFyn, — Fxy,), n>1,

where A € (0, 7).

Based on the heavy ball method of the second-order dynamical system with
friction, Polyak [41] first proposed an inertial extrapolation as an acceleration pro-
cess for solving the smooth convex minimization problem. The inertial technique
can be seen as a means of speeding up the convergence properties of iterative al-
gorithms. Several authors have employed the inertial type algorithm due to its
important application in accelerating the convergence rates of iterative algorithms
(see, for example, [2, 3, 5, 8, 14, 18, 20, 26, 47, 55] and the references therein).

In [6], Alvarez and Attouch converted the idea of the heavy ball method to the
setting of a general maximal monotone operator using the proximal point algorithm.
The proposed algorithm which they called inertial proximal point algorithm is
defined as:

(7)

Yn = Tpn + Gn(xn - xn—l)a

Tpo1 =T +M\F)ly,, n>1,
where (I + A\, F)~! is the resolvent of the maximal monotone operator F with
parameter \,. They established that the sequence {z,,} generated by (7) converges
weakly to a zero of F with the conditions that {\,,} is non-decreasing and 6,, € [0, 1)
with

[o ]
Zﬁnﬂxn — Zp_1|]* < +o0. (8)

n=1

To improve the result of Tseng [53] and to obtain algorithm with better perfor-
mance, Thong and Hieu [51] introduced an inertial Tseng’s extragradient method
(ITEGM) for solving the monotone VIP (1) in real Hilbert spaces. They proposed
the following algorithm:
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ALGORITHM 1.1. An Inertial Tseng’s Extragradient Method

Initialization: Given v > 0, [ € (0,1), u € (0,1). Let xo, 1 € H be arbitrary
points.

Iterative steps: Calculate x,, 1 as follows:

Step 1: Set w, = x,, + ap(z, — ,—1) and compute

Yn = PC(wn - AanTL)7
where \,, = vl and m,, is the smallest nonnegative integer m such that
AnllFwn — Fyn || < pllwn — yal|- 9)

If y,, = w,, then stop and y,, is a solution of the problem (VIP). Otherwise,
Step 2: Compute
Tl = Yn — A (Fyn — Fwp,).

Set n:=n+ 1 and go to step 1.

where F' is monotone and Lipschitz continuous. They obtained weak convergence
result for Algorithm 1.1 with adoption of Armijo-like step size rule and one-step
inertial extrapolation.

In [44], Poon and Liang discussed some limitations of inertial Douglas-Rachford
splitting method and inertial ADMM. For example, consider the following feasibil-
ity problem in R2.

ExXAMPLE 1.2. Let Ty, To» C R? be two subspaces such that T3 N Tb # (. Find
x € R? such that € Ty N T.

It was shown in [44, Section 4] that two-step inertial Douglas-Rachford splitting
method, where

Tn+1 = F(Q?n + o(l‘n — l'n—l) + 5(:17n_1 — In_g)) (10)
converges faster than one-step inertial Douglas-Rachford splitting method
Tp+1 = F(xn + H(xn - xn71>) (11>

for Example 1.2. In fact, it was shown using Example 1.2 that one-step iner-
tial Douglas-Rachford splitting method (11) converges slower than the Douglas-
Rachford splitting method

Tpi1 = F(xy), (12)
where
Fi= %(I + 2Py, — 1)(2Pr, — 1))
is the Douglas-Rachford splitting operator. Moreover, this example shows that

the one-step inertial extrapolation w, = z, + (2, — 1), 0 € [0,1) may fail
to provide acceleration. In [31, Chapter 4], it was remarked that using two-step
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inertial extrapolation with more than two points z,,, x,_1 could give acceleration,
for example,

Wy =Ty + 0Ty — Tp1) + 0(Tp—1 — Tp—2). (13)

with 8 > 0 and § < 0.

Recently, some authors (see, for example,[15]) have studied and shown some
results on multi-step inertial methods. The failure of one-step inertial acceleration
of ADMM was discussed in [43, section 3] and adaptive acceleration for ADMM
was proposed instead. Further, Polyak [42] pointed out that the multi-step inertial
method can boost the speed of optimization methods. Consequently, for some
cases, the use of inertial of more than two points could give better result.

In this paper, inspired by the work of Thong and Hieu [51] and many other re-
sults in this direction, we propose a two-step inertial T'seng’s extragradient method
for solving the VIP (1) with quasimonotone and non-Lipschitz operator in the
framework of Hilbert spaces. We employ the two-step inertial extrapolation to
provide acceleration for our algorithm. Moreover, our algorithm involves only one
projection per iteration onto the closed convex set and our method uses Armijo-like
step size rule. In comparison with the methods proposed in [32, 35, 51, 53|, our
contributions in this work are:

(i) We propose a two-step inertial Tseng’s extragradient method to solve the VIP
(1). Thus, overcoming the shortcomings of the one-step inertial extragradi-
ent method proposed in [49, 51], subgradient extragradient in [11, 59] and
one-step inertial subgradient extragradient method in [17, 52, 58] for both
monotone and pseudomonotone cost operators.

Consequently, we have introduced an algorithm with better convergence prop-
erties which can easily be implemented for solving the VIP (1).

(ii) Our proposed method solves the VIP (1) for a larger class of mappings.
It is applicable when the cost operator F' is quasimonotone and uniformly
continuous.

(iii) A weak convergence result is obtained in Hilbert spaces under very mild
conditions on the control parameters.

(iv) We present several numerical experiments to verify the feasibility of our al-
gorithm and compare with the methods in [32, 35, 51, 53].

2. Preliminaries.

DEFINITION 2.1. ([39]) Let H be a real Hilbert space. An operator F': H — H
is said to be:

(i) Lipschitz continuous on H, if there exist a constant L > 0 such that
|Fa - Fyl < Lz — yll, Va,y € H.

If L €]0,1), Then F is said to be a contraction mapping;
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(ii) wuniformly continuous, if for every e > 0, there exists 6 = d(¢) > 0, such that

|Fz — Fy|| <e whenever |z—vy| <4, Va,ye€ H;

(iii) sequentially weakly-strongly continuous, if for each sequence {z,}, we have
T, — x € H implies that Fx, — Fx € H,;

(iv) sequentially weakly continuous, if for each sequence {x, }, we have x,, = x €
H implies that Fz, — Fz € H,;

(v) monotone, if

(vi) a-strongly pseudomonotone, if there exists a > 0 such that

(Fr,y—=z) >0 = (Fy,y —z) > allz —y||> Vz,y € H;

(vii) pseudomonotone, if

(Fy, x —y) >0 = (Fx, x —y) >0, Va,y € H;
(viii) quasimonotone, if

(Fy, v —y) >0 = (Fz, x —y) >0, Vo,y € H.

From the definition above, the following implications hold: (v) = (vii) =
(viii) but the converse is not true in general. We also note that uniform continuity
is a weaker notion than Lipschitz continuity.

Furthermore, it is well known that if D is a convex subset of H, then F': D — H
is uniformly continuous if and only if, for every ¢ > 0, there exists a constant
K < +o00 such that

|Fa - Fy| < Klla —yll+¢ Va,y e D. (14)

Let Sp be the solution set of the dual formulation of the VIP (1) defined as: find
z* € C such that

(Fz, z—2") >0, Vz € C. (15)

Then, Sp is a closed and convex subset of C, and since F' is continuous and C' is
convex, we have that Sp C S.
We have the following result on the solution set of the dual VIP (15).

DEFINITION 2.2. ([40]) Let {x,} be a sequence in H.

(i) {z,} is said to converge R-linearly to z* with rate p € [0,1) if there is a
constant ¢ > 0 such that

lzn — 2| < cp™, VneN.
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(ii) {x,} is said to converge Q-linearly to x* with rate p € [0,1) if

i1 — 2*]| < pllan — 2|, ¥n € N.

LEMMA 2.3. ([60]) Suppose either
(a) F is pseudomonotone on C and S # ();

(b) F is the gradient of G, where G is a differential quasiconvex function on an
open set K O C and attains its global minimum on C;

(c) F is quasimonotone on C, F # 0 on C' and C is bounded;

(d) A is quasimonotone on C, F # 0 on C and there exists a positive number r
such that, for every x € C with ||z|| > r, there exists y € C such that |ly|| < r
and (Fzx, y —z) <0;

(e) F is quasimonotone on C, int C' # () and there exists * € S such that
Fz* #0,

then Sp is nonempty.

For a nonempty, closed and convex subset C' of H, the metric projection Pg :
H — C (see [21, 27] is defined, for every v € H as the unique element Pcv € C
such that
lo = Pevl| = imn{llo —yl| : y € C}.

It is well known that P¢ is characterized by the following inequality:
1Pcv =yl + llv = Pevl® < |lv - ylI*, veHyeC.

LEMMA 2.4. ([22]) Let C be a nonempty closed subset of a real Hilbert Space H.
For any v € H and z € C, we have

z2=Pov < (v—2z2, z—y) >0, Yy eC. (16)
LEMMA 2.5. ([37]) The following identities hold for all u,v € H :
2(u,v) = [[ull® + [lo]* — [lu = vl* = [lu+ ol* = [Jul* — [lv]*.
LEMMA 2.6. Let x,y,z € H and a,b € R. Then
11+ a)z — (a = b)y — bz|®
= (1 +a)llzl* = (a = b)llyll* = bllz|* + (1 + a)(a = b) [z - y|®
+b(1+a)|z — 2[* — bla = b)lly — =[|*.

LEMMA 2.7. ([16]) Let H be a Hilbert space and F : H — H be a uniformly
continuous operator. Suppose x € H and ¢ > o > 0. The following inequality
holds:
[z = Po(z = pAz)|| _ |lz = Po(z — o Az)||
(4 - o ’
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3. Proposed method. We start with the following assumptions under which
our weak convergent result is established.

ASSUMPTION 3.1.

(i) Sp # 0.
(ii) F is uniformly continuous on H.

(iii) F satisfies the following condition: whenever {z,} C C and z,, — v*, one
has ||Fv*|| < liminf, o0 [|[F2y|.

(iv) F is quasimonotone on H.
(v) The set {v € C': Fv =0} \ Sp is a finite set.

ASSUMPTION 3.2.

Suppose that 6 and g satisfy the following conditions:

(a) 0§0<;;ﬁ;

(b) max {20(£) — (1-0), 001+ p) - LRG0} < <0,

(c) 202 — (1 —30) + p(1 —0) — B(40 + 3 — p) + 2uB? < 0.

We now present our proposed method for solving VIP (1)

ALGORITHM 3.3.

Initialization: Given v > 0, [ € (0,1), pu € (0,1). Let ©_1, zo, 1 € H be
arbitrary points and given T,_o2, p_1, Tn.
Iterative steps: Calculate x,,41 as follows

Step 1: Set w, = x,, + 0(zy, — Tp—1) + B(Tp—1 — Tpn—2) and compute
Yn = Po(w, — A Fwy,),
where A\, = v~ and m,, is the smallest nonnegative integer m such that
Anl|[Fwn = Fyn || < pllwn — ynl- (17)

If y,, = w,, then stop: y,, Is a solution of the problem (VIP). Otherwise,
Step 2: Compute
Tn+1 = Yn — )\n(Fyn - Fwn)7

Set n:=n+ 1 and go to step 1.
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REMARK 3.4.

(a) Assumption 3.1(iii) is strictly weaker than the sequentially weakly continuous
assumption in [32] and other recent papers for solving pseudomonotone VIPs.
An example of an operator satisfying Assumption 3.1(iii) but not sequentially
weakly continuous is Fv = v|jv||, Yv € C, where F : £2(R) — £2(R).

In this section, we analyze the convergence of our proposed algorithm. First,
we establish some lemmas required to prove our weak convergence theorem.

4. Convergence analysis.

LEMMA 4.1. The Armijo-like search rule (17) is well defined. Moreover, we have
An < 7.

Proof. If w, € S, then w,, = Po(w, — A\, Fw,), and this implies that y,, = w,.
Hence, m,, = 0. If w,, ¢ S, we assume the contrary of (17) holds, that is, for all m
we have

Y [Fyn — Fwp|| > pllyn — wall, (18)
which implies that

| Po(wn — ™ Fwy,) — wy||

|FPe(wn — 4™ Fuoy) — Fun|| > p T

(19)

We consider two cases of w,,. First, suppose w,, € C. Since F' and P¢ are continuous,
we have

lim ||wy, — Po(w, — ¥ Fw,)|| = 0. (20)

m—r o0

By the uniform continuity of F, it follows that
lim ||Fw, — FPc(w, — " Fw,)| = 0. (21)
m—r o0

From (19) and (21), we obtain

lim |wn — Po(w, — 0™ Fw,)||

=0 (22)
Let ¢, = Po(w, — 0™ Fuw,). By Lemma 2.4, we have
<Qm_wn+7£menvx_Qm>ZOa \V/Z‘EC,

which implies

1

W(qm — Wiy & — @) + (Fwp, Wy, — qm) + (Fwn, 2 —wy) >0, Vel (23)

Taking the limit m — oo in (23), and applying (20) and (22), we obtain
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(Fwp,z —wy,) >0, Vael.
This implies that w,, € S, which contradicts the hypothesis.

On the other hand, if w,, ¢ C, then we have

liin lwn, — Po(wy, — €™ Fwy,)|| = ||wn, — Powy]| > 0. (24)
and
lim ~0™| Fwy, — FPc(w, — ™ Fwy,)|| = 0. (25)
m—r oo

Combining (24) and (25) with (18), we have a contradiction, and this completes
the proof. O

LEMMA 4.2. Suppose Assumption 3.1 (i) and (ii) and Assumption 3.2 hold. Then,
the sequence {x,} generated by Algorithm 3.3 is bounded.

Proof.
Let p € Sp, then

|Zn+1 _pH2
= [lyn = An(Fyn — Fwy) — p|?
= lyn — plI> + Aol Fyn — Fwn|®> = 20 (yn — p, Fyn — Fwy)
= Jlwn = plI* + lwn = ynll® + 2(yn — wn, wn — p) + Ao||Fyn — Fun|?
—2X(yn — p, Fyn — Fwy)

= ”wn _p||2 + ”wn - yn||2 - 2<yn — Wn, Yn — wn> =+ 2<yn — Wn, Yn _p>
+ A?z”Fyn - Fwn||2 —2X(yn — p, Fyn — Fwy)

= lwn = plI* = lwn = Ynll® + 2(yn — wn, yn — D) + N2 Fyn — Fuwyl?
=22\ (Yn — P, Fyn — Fwy). (26)

From y,, = Po(w, — A\, Fw,) and by Property (16), and since p € Sp C C we get
(wn = AnFwn = yn, yn —p) 20,
which implies that
(Yn — Wiy Yo —p) < —Aa(Fwn, yn —p). (27)
From (26) and (27), we get

[#ns1 = plI> < lwn = plI*> = lwn = ynll® = 2A0(Fwn, yn —p) + A2 Fyn — Fuwyl?
—2M(Yn — 0, Fyn — Fwy)
= lwn = plI* = lwn — yull®> + A2 || Fyn — Fw, ||
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=22 (FYn, yn —p)- (28)
Since p € Sp, A, > 0 and y,, € C, we have
An(Fyn, yn —p) 2 0. (29)
Hence, using (17) and (29) in (28), we obtain

lzns1 = plI* < wn = pl* = llwn = yal® + A2 Fwn = Fya|®

< lwn = plI* = llwn = ynll* + p2llwn — yall®
= [lwn = plI* = (1 = p®)[[wn — yn*. (30)
Also,
lZns1 = Unll = lyn — A (F'yn — Fwy) — yn||
= >‘n||Fyn - Fwn”
< NHwn - ynll,
and
21 — wnll < 21 = Ynll + [[wn — yall
< pllwn = yull + lwn — yall
= (1 + ﬂ)”wn - ynH
Therefore,
= gl € s s — w2 (31)

Applying (31) in (30), we get

L—p
2 2 2
Tyt — < I||w, — —(7) Tpal — Wy 32
s =21 < e =l = (T4 ) s — ol (32
Observe that

Wy —p = Tpn+0@n —2u_1)+ B(@Tn_1—Tp_2) =D

= (1 +0)(xn—p)— (0= B)(xn-1—p) = Blan-2—p).
Hence, by Lemma 2.6, we have
lwn = plI* = |1+ 6)(zn —p) = (0 = B) (w1 — p) — Blaa—2 —p)|?
= (1+0)|lzn —pl* = (0 = B)llwn—1 — plI* = Bllen—2 — pl?
+(1+0)(O = B)llen — o1 |* + BAL+ )2y — z0—2|?
_B(G_/B)Hxn—l _xn—2H2~ (33)
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Furthermore,

%741 — wn||2
= [[#nt1 = [0 + O(zn — 2ny) + B(@n-1 — Tn—2)]
= [[Tp+1 — Tn — 0(Tn — Tp—1) — B(Tn—1 — Tp—2)
= ||Tng1 — 2> = 202011 — Tn, T — Tp_1) — 2B{Tny1 — T, Tpo1 — Tn_2)
+ 92||xn - xn—IH2 +2B0(@n — Tn-1, Tn-1 — Tp—2) + 62”1%—1 - zn—QHz
> ||Tny1 — CEnHQ —Ol|rpy1 — mn”Q — 0z, — $n71||2 + 92||xn - $n71||2
— Bl0llzn — zn—1ll = 1818l 2n—1 — zn—2|® + B*|lzn—1 — zn—2l?
— Bllzn41 = zall* = Blllwn-1 — zn-2ll?
= (1~ 18l = O)llzns1 — 2> + (82 = 0 — |B10) |20 — 20|
+ (8% = 18] = 1810)lzn-1 — zn—a|*. (34)
Substituting (33) and (34) in (32) with 5 < 0 we get

I

I?

[Znt1 =l
< A+ 0)zn —pl* = (0 = Bllzn—1 — plI* = Bllzn—2 — pl
+ (1 +0)(0 = B)llzn — znoal® + BA+ 0)||an — zp_s?

= B0 = A1 el = (T2 1 = 181 = Ol —

1-— 1—
= (153) @ == 1810l =zl = (1, ) (57 = 161 1816) fon s ~ 202
< (14 O)|zn = plI* = (0 = B)lzn-s — oI = Bllan—s —pl> + [(1+6)(0 - §)

1—
= (1)@ =04 800 — o

~ 180 = B)+ (T52) (8 + B+ B0)lln-1 = ool
- (155) @+ 8= Ollenss - aul®

Rearranging gives
1-—-
s = Bl = Oz =PI = Bleny =PI + (150 )1+ B = O)enss =l
1

< o2 o2 2 .
< llon =PI = Bllzns = pI” = Bllrn =PI + (357, ) (0 + 6 = B) e = a1

+H[(A+0)(0 - 5) - (1 MH =20+ B0+ B+ Dll|za — 2o

— 180 = B)+ (T52) (8% + B+ Bl ln-s — zal (35)
Define

1—
Lo = N =l = Ollans =9l = Bllens = pl*+ (1520 ) (1 8= O) e —
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Now, (35) can be written as

Toi1 < Do+ [(1460)(0 - ) — (};—Z)w? — 20+ 30+ B+ 1)) — w0 |2

2 2
— 1800 = B)+ (T2 (5" + B+ )]s — zcal (36)
Next, we show that I';, > 0, Vn > 1. Now,

Ly, = |lzn—p|I? =0 zn_p]|? Tp_o — +( ) + N||xn — zn_
20 —pl? = 0llzn—pl* = Bllzn—2 — pl? T (L+B-=0) 1
> ||z = pl* = 20)| 2 — z0|® — 20l|2n — pl* — Bllan—2 — pl®

n (17“)(1 + B = 0)||xy — zp_1]?

1+
= (1= 20) e =9l + [(F52) 1+ 8= 6) = 2], = 0-a?
e (37)

Since § < 1, 8 <0, 9(13:7) 1<Band 0<0 < it follows from (37) that

r,>0, vn>1.

3+p,7

Furthermore, we derive from (36) that

1—

Dusr = Tu S [(140)0 = 8) = (154 ) (67 =20+ 86 + B+ Do — 2| — (86 - 5)

T+
+(1-&- )(ﬁ + B+ B0)]||xn-1 — Tn_z|’
=-[1+0)(0-5)— (%)(02 — 204894 B+ D](|zn-1 — n_2l® = |20 — zn1]?)

TE) (O 20+ 30+ 5 +1) ~ B0 B)

+la+06-8) - (17

~ (T52) (8" + 8+ B0)llwns — wna”.

From the last inequality, we obtain

g1 — Do S k1(|n-1 — zn—2ll® = |20 — Tu_1)2) — kalln—1 — zp—2|®,  (38)
where
. 1—p 2 .
b= —040)0 - 8)~ ()67 =20+ 66+ 5+ 1)
s = —[1+0)0 = 3) — (152) (€2 20+ 80+ 5+ 1)

=80 =) (152 ) (5 + 5+ o).
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By Assumption 3.2 (b), we get

1-p@-0)?

1
Z o1 —
5 |1+ 1) 1+0

< B. (39)
As aresult k1 > 0 and ko > 0 by Assumption 3.2 (¢). Moreover, from (38) we get
Toir + killen —znal? <Tp+kallon 1 — 20 a|® — kollzn—1 —2n 2l (40)

Letting I, = Ty, + k1 ||Zn—1 — Zn_2||%. Then T, > 0 for all n > 1. Also, it follows
from (40) that
Ty < T, (41)

n

By (41), it implies that the sequence {I',} is decreasing and bounded from below
and thus lim T, exists. Consequently, we get from (40) that
n— oo

lim k2,1 — 2p_o|* = 0.
n—oo

Hence,
i 1 —Xp_a||=0. 42
Jim |lZpn—1 — zp—2|| =0 (42)
Consequently,
Hx’ﬂ‘i‘l - ’LUnH = ||'rn+1 — Tp — H(xn - Jjn—l) - B(xn—l - xn—Q)H
S ||xn+1 - mn” + 9”:571 - xn71|| + BHmnfl - xn72|| — 07 n — o0;
(43)
and
|Zn — wnl|l = |20 — 20 — 0(zy — Tp_1) = B(Tn—1 — Tn—2)||
<O|zn — -1l + BllTn-1 — Tn—2| =+ 0, n > 0
[Zrnt1 —wnll = [yn — An(Fyn — Fwn) — wy|
> Nlyn — wnll = Al Fyn — Fwn ||
> yn — wall = pllyn — wall
> (L= p)lyn — wall- (44)
It follows from (43) and (44) that
wn = ynll = 0, n — ooy (45)

and

12 = ynll < l|l2n = wnll + [[wn = ynll = 0, n = oc.
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/

we have that lim T',, exists and hence {T',,}

n?

By (42) and the existence of lim T’
n— oo

n— oo
is bounded. Since lim ||x,41 — z,|| = 0, we have from the definition of I',, that
n— o0
lim (||, — pl|* — Ollzn—1 — plI> = Bllzn—2 — p|*) (46)
n— o0

exists. Using the boundedness of {T',,}, we obtain from (37) that {x,} is bounded.
Consequently, {y,} and {w,} are bounded. O

LEMMA 4.3. Let {x,} be a sequence generated by Algorithm 3.3 such that As-

sumption 3.1 (i)-(iv) and Assumption 3.2 (a)-(c) are satisfied, and suppose lim |w,,
n— oo

— ynl|l = 0. If v* is one of the weak cluster points of {y,}, then we have at least

one of the following : v* € Sp or Fv* = 0.

Proof. By Lemma 4.2, {y,} is bounded. Hence, let v* be a weak cluster point
of {yn}. Then, we can choose a subsequence of {y,}, denoted by {y,,} such that
Yn, =V € C.

We consider the following two possible cases.

CASE 1 Suppose that limsup||Fy,, || = 0. Then, lim ||Fy,, || = iminf ||Fy,,||
k—00 k—o0 k—o00
=0.
Since F satisfies Assumption 3.1 (iii) and y,, — v* € C, we have

0 < ||Fv*|] < liminf ||y, || = 0. (47)
— 00

This implies that Fv* = 0.
CASE 2 Suppose that limsup ||Fyp,|| > 0. Then, without loss of generality,
k—o0
we can choose a subsequence of {Fy,, } still denoted by {Fy, } such that
klim [|Fyn, || = M1 > 0. Also, by the characteristics property of Pc, we
e deel
obtain for all x € C' that
<wnk - Ankank —Ynp» T — yn,) <0.
This implies that

1
A

<wnk — Ynys T 7ynk> + <Fwnkaynk *wnk> < <Fwnk-az 7wnk>' (48)

Next, we show that likm inf(Fwy,, © —wy,,) >0, Ve C. We consider the
— 00

following two cases for A, :
Case I: Suppose that likm inf A,, > 0. Since {wy,,} is bounded and F' is
— 00

uniformly continuous, it follows that {Fw,, } is bounded. Thus, by (45) and
the fact that likm inf A,,, > 0, we have
—00

0< likminf(Fwnk,x — Wy, ) <limsup(Fw,, ,x — wy, ) < +oo, Yz € C.
—00

k—o0
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Case II: Suppose that likm inf A, = 0. Let t,, = Po(wn, — An i Fwy,).
—00
From Lemma 2.7 and the fact that A, (™' > \,, we have,
l”wnk - tnk” < ”wnk - ynk” —0, as k— oo
Therefore, it follows that ¢,, — v* € C and {t,, } is bounded.

Since lim |wy, —t,, || =0 and F is uniformly continuous, we have
k— o0

lim ||Fwy, — Ft,,| = 0. (49)
k— o0
From (17), we obtain

Al " H Py, = F Po(wny, =X, I Fwn, )| > pllwn, —Po(wny, =, 17 Fuwg,).

From this, we have

1 1
;HFwnk - Ft,, || > annk —to |- (50)
Applying (49) to (50) we have
lim |, — b, [| = 0
Kvoo Ay d—1 e bl = 5

From the definition of ¢,, and by (16), we have
0< <tnk — Wn, + A L Fwy,, @ — tnk> .
From this, we obtain
1
W (Wny, = tngs &=ty ) + (Fony, tny, — Wny,)
< A(Fwy,, t—wp,), ¥V xzeC.

Taking the limit as £k — oo in the last inequality, we obtain

0 < liminf(Fwy,,z — wy,) < limsup(Fwy,,,x —wy,) < 400, Yz € C. (51)

k—o0 k— 00

which is the desired result.
Now, note that

<Fynk71‘_ynk> = <Fynk - Fwnkyl' _w”k> + <F’LU7L,€,JL‘—wnk>
+<Fynk7wnk _ynk>' (52>

Since F is uniformly continuous on C, we obtain from (45) that klim | Fwy, —
—00
Fy,, || = 0. Hence, we obtain from (45), (51) and (52) that

0< likminf<Fynk,x — Yn,) < limsup(Fyn,, T — yn,) < 400, Ve C. (53)
—00

k—o0

Based on (53), we consider the following cases under Case II, as follows:
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CASE A Suppose that lim sup(F'y,, , x —yn,) > 0,Vx € C. Then we can choose a
k

—00
subsequence of {y,, } denoted by {ynkj } such that lim (Fynkj 2= Yny, ) > 0.
Jj—o0
Thus there exist jo > 1 such that

(FYny;»® = Yny,) >0, Vi = jo,
which by the quasimonotonicity of F' on C, implies that
(Fz,2—yn, ) 20, Yz €C,j2 jo.
Hence, letting j — oo, we get that
(Fx,x —v*) >0, VreC.

Therefore, v* € Sp.

CASE B Suppose that imsup(Fy,,,—yn,) =0,V 2 € C. Then by (53), we get

k—o0
lim (Fyn, , & —Yn,) =0, V x€C, (54)
k—o0

from which we get

1
<Fynkax*ynk>+‘<Fynkax*ynk>|+m>0 ,V zed. (55)
Also, since klim |EYn, || = My > 0, we can find kg > 1 such that ||Fy,,| >
— 00

Fyn

% Vk > ko. Hence, we can set b, = TFome T2

1V k > ko. Therefore, by (55) we get

‘2 V k> ko. Thus (Fy,,,bn,) =

1

and using the quasimonotonicity of F' on H, we obtain

(F (o o 1P ynk>|+kil])

1

Now, by applying (14) and the last inequality we have
1
<F$7x+bnk ‘<Fynk’ ynk>|+k+1 _ynk>

Z<F$—F($+bnk |:|<Fynkv ynk>‘+ )

o)
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1
x+bnk |:<Fynk’m_ynk>|+k+1:| _y’ﬂk>'
1
> —||Fz — F(z+ by, |:<Fyn;€; ynk>|+k+1:|)||

1
e+ b | =+ ]

> (0 + )b [P = )| + 7|1
1
b [F e = + g | = o
—(K+61)< )
= T Fyny, ® — yny )| +
[Fll oot ol 1F 357 )|
1
4 b [ = )|+ g | = o]
—2(K +e1) 1
=z ]\41 (|<Fynk’x_ynk>+ k-i—l) MQa (56)

where € = €1]|bp, [(Fynk,x — Yn)| + kil] || for some € € (0,1), K < 400
and for some My > 0, where the existence of Ms is from the boundedness of
{z+bn, [|<Fynk,x — Ynp )|+ k}kl} — Yn,, }- Now, we observe that (54) implies

that
lim (|<Fynk,a: — Yn)| + k%i_l) = 0. Thus, as k — oo in (56), we get that
k—o0

(Fx,x —v*) >0, VzeC.

Therefore, v* € Sp. 0O

THEOREM 4.4. Suppose {x,} is a sequence generated by Algorithm 3.3. Then
under Assumptions 3.1 and Assumptions 3.2 and Fxz # 0,Vx € C. Then {z,}
converges weakly to an element of Sp C S.

Proof.  Suppose w,,(x,,) is the set of weak cluster points of {z,}. We show that
Wy (zn) C Sp.

Take v* € w,,(xy,). Then, there exists a subsequence {z,, } C {x,} such that z,, —
v*, k — oo. Since C is weakly closed, we have that v* € C. Since Fx # 0, Vx € C,
we have Fv* # 0. By Lemma, we get v* € Sp. Therefore, w,(z,) C Sp. Since

lim T, exists and hm ||xn+1 — || = 0, we have that
n—oo

lim [[[z,, — p||* = Of|zn—1 — pl|* = Bllzn—2 — p|’]
n—oo
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exists for all p € Sp.

We now show show that x,, — x* € Sp. Suppose now that there exists {xn]} C
{zn} and {x,,,} C {z,} such that z,, = v*,j — oo and z,,, = z*,m — oco. we
show that v* = z* Observe that

2wn, 2% = v") = [|@n — 0*|? = [lan — 2P = 0" [* + [|2*|1%; (57)
2zn-1,2" =) = [€p1 = 0*|? = [lzn-r — ¥ = [Jo*||* + [l2*||;
and
2tn—2,2" =) = [€n—2 — 0*|> = [zn_s — z*|* = [Jo*||* + [l=*||.
Therefore,

201, 2% —0*) = =0||lwn1 — 0*[]> + Ollzn1 — *|* + 0lJv*||* - 0]|z*|*. (58)
and
2—Pap_g,2* —v*) = —Bllen_o—v*|>+ Blen_o — 2"
+B|lo* || — Blla*>. (59)
Addition of (57), (58) and (59) gives
2wy =021 —Pap_9,x* —0*) = (Hxn —0* |2 = 0|z — v |]* = BllTn_o — v*||2)
*||2

= (fzn —= |12

—O||xp-1 —
= Bllzn—2 — 2*|*)

+(1=0=B)(Ilz"[| = [lv*]*) (60)
Observe that by (46), we know that

Jim [[lz, — | = Ollwn1 — 2| = Bllan—o — 2*|°] (61)
exists and
i [z — 07|~ Bllans — "2~ Bllans — "] (62)

also exists. This implies from (60) that lim (x,, — 0z,—1 — Bx,_o, 2" — v*) exists.
n— o0

Consequently,
(v* = Gv* — fu* " —v*) = jl;r{;(xnj —Oxy, | — Bxp,_,,x" —v)
= nlgr;()(xn —0xp,_1 — Bap_9, " — 0"
= n}iﬁm@(xnm — 0z, _, — Ban,, " —0")
= (z¥ —0z* — fa™,a" —v).
Hence,

(1=0—-pB)fa" = v =0.

Since § < 0 < 1 — 6, we obtain that z* = v*. Hence, {z,} converges weakly to a
point in Sp. This completes the proof. a
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5. Linear convergence. In this section, we give the linear convergence of our
Proposed Algorithm 3.3, when the cost operator F' in (1) is a-strongly pseudomono-
tone and 8 = 0. It was shown in [28] that whenever F is a-strongly pseudomono-
tone, then the VIP (1) has a unique solution.

THEOREM 5.1. Assume that F' is L— Lipschitz continuous on H and a-strongly
pseudomonotone. Then with 8 = 0, Algorithm 3.3 reduced to

ALGORITHM 5.2.

Initialization: Given v > 0, [ € (0,1), u € (0,1). Let z_1, xzy, 1 € H be
arbitrary points and given x,_1, Zy.
Tterative steps: Calculate x,,.1 as follows

Step 1: Set w, = x, + 0(x,, — x,—1) and compute
Yn = Po(wn, — Ay Fwy,),
where A\, = yI™" and m,, is the smallest nonnegative integer m such that
Anl[Fwp = Fyn|| < pllwn —yn- (63)

If y,, = w, then stop: y, is a solution of the problem (VIP). Otherwise,
Step 2: Compute
Tn+l = Yn — )\n(Fyn - Fwn)>

Set n:=n+ 1 and go to step 1.

Let w € (0,1) and € be such that

Y V(4 w)? + 4w — (1 +w)
241’ 2 ’

Ogegmin{

where ¢ := ¢ 8;5 g Then the sequence {z,} generated by Algorithm 5.2 converges

R-linearly to the unique solution p of (1).

Proof.  Under the assumption made, (1) has a unique solution, see [28]. From the
a-stronly pseudomonotonicity of F, we have

(FYn,yn —p) > allyn —pll*. (65)
Thus, we get
=20 FYns Yo — p) < =200 [lyn — plI*. (66)
We obtain from (28), (30), (31) and (66) that

lzner =plI* = llwn =plI* = lwn = yal® + N[ Fyn — Fun|* — 207y — pII?
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||2 (1 _:u’)

2 2
— Tpt1 — Wnll® — 20, ||yn — . 67

< w,—p

Now, we show that \,, > ”fl for all n. Indeed, by the search rule (63), we know that

% must violate inequality (63) i.e.

1
F n*F n N /7 n nil-
IFun = Pl > 327l = ]
This follows that
1
L n — Wn > —F n — Wnl|-
[y — wnl| An/l\ly W
Thus,
7
L .
7l
That is
l
An > % Y . (68)
Combining (67) and (68), we get
1—p wl
s =l = Jan = pI? = s = wnll = 20 = P
2 (1—p) 2 (1—p) 2
= ||lw, — — Tpa1 — Wrl|lF— (1 =06 Tptl — Wy
pl 2
— 205 lyn — p|%.
a [y = pll (69)
Now,
Tni1 —wall = |yn — An(Fyn — Fwn) — wy||
> Hyn *wnH - /\n”Fyn *FwnH
> Nlyn — wall = pllyn — wal
> (1 - M)Hyn - wn”
Hence
1—p) (1—p)?
n - 2< n 2_6( n - n2_1_57 n - n2
s bl < = = 6l s =l = (1= ) (T2 e =
il 2
— 20 ||y, —
aTllyn =2
1—p)
< n - 2*6( n - n2*2A n*n2 n - 2
< |lwn = p| T |41 — wa| ([lwn = ynll® + llyn — pII7)
1—
— (1= Dlfwn — pl? = 85 s — w2, (70)

(1+p)
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where A := £ min {(1 — 1) ((11:_*2)2; 2O‘T"l} .Let p = (1—A). Then ¢ := 58;5; From

(70) we get

lzns1 =Pl < @llwn = pl* = @lleps —wal® (71)
We have
lwn =plI> = A+ 6)(zn —p) = Ozn-1 —p)II
< (14 )llzn =l = Ollzn—r = plI* + 01+ 0)llzn — zn]* (72)
and
i1 = wall2 = [Tt = 20— O — 20mr)]?

= |zn+1 — wn||2 + 02||37n - $n—1||2 —20(Zpq1 — Ty Ty — T—1)

> ||znt1 — xn”Q + 92”3371 - xn71||2 = 20)|znt1 — Zllllon — Tp1l|

2 ||xn+1—zn||2+92||xn—mn—1H2—e|‘93n+1 _xn”z —0l|zn — xn—1||2

> (1= 0)|znt1 —za]* = 0(1 = O)|[zn — 20 |*. (73)
Substituting the inequalities (72) and (73) into (71), we obtain

s = o2 < oL+ O)llen — pl* — pBlln—s — pl> + @8(L + 8) | — w01
— (1= 0)[|enr1 — zll” + $0l|zn — 20 a |,

or equivalently

zns1 = Pl = @bllzn = plI* + (1 = O)]lznsr — al®
llzn = plI* = Olzn-1 = pI? + (1 = O)lzn — 2n-1f’]
~(pt(1 = 0) = 90(1 +0) = p0(1 = 0)) |2y — 2|

Setting
an 1= 15n — pII? = Bllzn_1 — pI? + (1 = )12n — 501,

since ¢ € (0,1), we can write

i1 < o = pl? = @0llan — pl? + (1 = 0)l|znar — 2]
< wan = (91— 0) = 90(1 +0) = 01 = 0))[lzn — zn-1*.

Note that from (64), we have

S
IA

1)1
(=) (1 20+ ) >

< (1-wd-4)=1-w,
which implies

PO(1 = 0) < (1 —w)pip(1 = 0). (74)
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Since

VI +w)2 + dwp — (1 + wyh)

<
0< 5 )

it holds
6° + (14 wi)f —wip <0,

or equivalently
0(1+6) <wiy(l-—10).

Hence
P0(1+0) < wpy(1 - 0). (75)

From (74) and (75), we deduce
Y(1 = 0) —pf(1+0) — (1 —6) = 0. O

we have 0 < M

Moreover, since 0 < , which implies

o
= (1= (1= )2 I+ (1= ) (n — DI + 0 — nr]]?) = Bllnr — P
—0

> (1= (1= 0))am — p|2 + LE=E)

5 IlTn-1 = pl* = Ollzn—1 - plI?
> (1 =91 =0)]zn = plI* > 0.

Therefore, we deduce
ant1 < pap <0 < @lag.

This follows that

P L

which implies that {x,} converges R-linearly to p.

lzn = plI* <

6. Numerical examples. In this section, we provide some numerical examples
to demonstrate the performance of our Algorithm (Proposed Alg.) 3.3 in compar-
ison with Appendix 7.1 proposed by Liu & Yang (Liu & Yang), Appendix 7.2 by
Ogwo et al. (Ogwo et al. Alg.), Appendix 7.3 by Ye & He (Ye & He), Appendix
7.4 by Yin & Hussain (Yin & Hussain Alg. ) and Appendix 7.5 by Izuchukwu et
al. (Izuchukwu et al. Alg.). All numerical computations were carried out using
Matlab version R2021(b) and we use ||x,11 — 2, | < 10~* as the stopping criterion.

ExAaMPLE 6.1. ([32]) Let C =[-1,1]
2%—1, t>1,

Ft=<(t? tel-1,1],
—2t—1, t< —1.

Given that F is quasimonotone and Lipschitz continuous with Sp = {—1} and

S ={-1,0}.
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We choose different initial values z_1, ¢ and x; as follows:
Case 1: x_1 =0.9,290 = 0.8, 1 = —1.0,
Case 2: z_1 =0.4,20 = 0.5, x1 = —1.0,
Case 3: z_1 =1.0,29 = 1.0, z; = —1.0,
Case 4: z_1 =0.7,20 = 0.5, xr1 = —1.0
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Figure 1: Example 6.1 Case 1
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Figure 3: Example 6.1 Case 3
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: Example 6.1 Case 2
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—6— lzuchukwu et al. Alg.
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10 102 10°
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Figure 4: Example 6.1 Case 4

EXAMPLE 6.2. ([32]) Let C' = [0,1]™ and Ft = (hit, hat, ..., hyyt), where h;t =
ti2—1 + t% + ity Ftitier — 260+ 4+t — 1, 1 =1,2, ... ,m, tg = tpg1 = 0.

Then F' is quasimonotone.

For this numerical example, we choose m € {30,60,90,120} while z_1,xq and

x1 are generated randomly.
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Figure 5: Example 6.2 with m = 30 Figure 6: Example 6.2 with m = 60
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Figure 7: Example 6.2 with m = 90 Figure 8: Example 6.2 with m = 90

Next, we give an example in an infinite dimensional Hilbert space.

EXAMPLE 6.3. Let H = 05 := {z = (z1,Z2, ..., Ti,...) * Y 50y |i]* < 00}. Take
C:={xe€ly:|z| <3} and Fa := (xle’””%,0,0, o), = (21,22, 23, ...) € C. Then
one can see that Sp = {0} # (). Also, it is easy to show by direct computation
that there exists L > 0 such that |VFz| < L, Vx € (2. Hence, by Mean Value
Theorem, F' is Lipschitz continuous (see [9]).

Let A : ¢35 — {5 be defined by A(z1, 2,23, ...,) = (£1,0,0,...); g(x) := n({a, x))
with @ = (1,0,0,...) € £y and n(t) := e=**,t > 0. Then Fz = g(z)A(z), = € {
and it is easy to show that A is sequentially weak-to-weak continuous and g is
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weakly continuous. Hence, for any {w,} C C such that w, — v*, we have that
|Fv*|| < liminf||Fw,].
n—oo

Suppose z,y € H such that (Fz,y—x) > 0. Then we have x1(y1 fxl)e*‘”% > 0.
Since =1 > 0, we have x1(y; — x1) > 0. consequently,

2
<Fy,y—.’1,'> = <(y16_y170507"'>7(y1 _$15y2_x27y3_x35“')>
2
= (y1—x)ye
2

> e Y (yi(yr —x1) — w1(y1 — 1))

= i (y1 —1)? > 0.
This follows that F'is quasimonotone on H. It is easy to see that I is not monotone
on H. For example, take x = (—1,0,0,...) and y = (—2,0,0,...). Finally, observe
that the set {v € C : Fv =0} \ Sp = 0 is a finite set. Hence, Assumption 3.1 is
satisfied.
We choose different initial values as follows:

Case 1: z_; = (1,—-0.1,0.01,...),z *(f%,é,f%,...), xlz(%,%,%,...),

Case 2: z_; = (—1, %,—%,...)7:50 (— 1 0.1,-0.01,...), 21 = (3, =3, §:---),

Case 3: v_1 = (3,—4,%,..), 20 = (-1, % % .), =1 =(-1,0.1,-0.01, ...),
(_ —_

47 3
Case 4: z_; = (—1,0.1,-0.01,...), m0 = (3, 5, 27,...), r1=(=%% —% )
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Figure 9: Example 6.3 Case 1 Figure 10: Example 6.3 Case 2
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Ye & He Alg. Ye & He Alg.
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Figure 11: Example 6.3 Case 3 Figure 12: Example 6.3 Case 4

REMARK 6.4. By varying the starting points in each of the Examples 6.1 - 6.3, the
numerical results shown in Tables 2 - 4 and Figures 1 - 12 were obtained. In addi-
tion, we compared our proposed method with the existing methods in Appendices
7.1 - 7.5 in all the examples. The following are noted from the numerical Examples
6.1- 6.3:

o Clearly from Table 2, Table 4 and Figures 1 - 4, 9 - 12, the number of
iterations of our proposed method remain consistent, that is, well behaved
irrespective of the starting point. For Example 6.2, we note that the number
of iterations in our method decreases as m increases. Unfortunately, we did



TWO-STEP INERTIAL TSENG’S EXTRAGRADIENT METHOD 1537

not have similar pattern in any of the existing methods that we compare our
method with.

e From Table 2 - 4 and Figures 1 - 12, we can see clearly that in terms of
number of iterations and CPU time, our proposed method performs better
than these existing methods. Thus, our method is more efficient than these
methods.

7. Final remark. In this paper, we have presented a two-step inertial-like al-
gorithm which employs Tseng’s extragradient method for solving quasimonotone
variational inequalities with non-Lipschitz operator in Hilbert spaces. The algo-
rithm uses Armijo-like step size technique and we established under some standard
conditions that the sequence generated by the proposed algorithm converges weakly
to a solution of the problem. We established the linear convergence result when
the cost operator is strongly pseudo-monotone. Numerical illustrations showed that
our method is computationally cheaper than other related methods in the literature.
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APPENDIX 7.1. Algorithm 1 of Liu et.al [32]
Step 0: Take \g >0, zp € H, 0 < pu < 1. Choose a nonnegative real sequence

{pn} such that > p, < +00.

n=0
Step 1: Given the current iterate x,,, compute

If ,, = yn, (or Fy, =0), then stop and y, is a solution of the VIP. Otherwise, go
to Step 2.
Step 2: Compute

Tn+l = Yn — An(Fyn - F(En),

where

: pllzn —ynll : _
Ang1 = {mln{ [Fzn—Fyn|’ An + pn} if Fx, — Fy, # 0, (76)

An + Pn, otherwise.

Set n :=n+ 1 and go back to Step 1.

APPENDIX 7.2. Algorithm 2 of Ogwo et al. [38]
Step 0: Choose sequences {t,,} and {1} such that v, € [0,1) and 7, € (0, 1] for
allm > 1. Let Ay > 0, p € (0,1) and xo,z1 € H be given arbitrarily. Choose a

o)

nonnegative real sequence {p,} such that »_ p, < oco. Set n:= 1.
n=1

Step 1: Given the current iterates x,_1 and x,, (n > 1), compute

Wp = Tp + ¢71(xn - xn—l)

and
Yn = PC(wn - )\ann)



1542 O.T. MEwOMO, R.N. NwWOKOYE AND C.C. OKEKE

If w,, = y,: STOP. Otherwise, go to Step 2.
Step 2: Construct the half-space

Then, compute
Zn = PT,,, (wn - )\nFyn)

and
Tnt+1 = (1 - Tn)wn + TnZn,
where
. Nlwa —yn 12+l 20 —yn || .
mimn { H(QEUFUJ:I_Fyn;zn_Zn> ) ’ A"L_Fp”} ? lf <Fw" _Fyn? Z'V’L _y'fl> > 07
Ant1= (77)

An + Pn, otherwise.

Set n :=n+ 1 and return to Step 1.

APPENDIX 7.3. Algorithm 2.1 of Ye et al. [60]
Step 0: Choose 19 € C as an initial point, o € (0,1) and v € (0,1). Set k =0
Compute

ZE — Pc(xk — F(l‘k))
Step 1: Compute
r(zg) = 2k — 2k

If r(xx) = 0, stop. Otherwise, go to Step 2.
Step 2: Compute
Yk = T — kT (T8),

mk

where ni, = ™%, with my, being the smallest nonnegative integer satisfying

(F(ar) = Flar —y"r(xn)), rz) < ollr(a)]*.
Step 3: Compute
j=k
Zyt1 = Ponm, (x), whereHy == ﬂ H;
Jj=0
with H; := {v : h;(v) < 0} is a half space defined by the function
hj(v) = (F(y;), v —y;)-

Let k = k + 1 and return to Step 1.
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APPENDIX 7.4. Algorithm 1 of Yin et.al [61]
Step 0: Take N\ > 0, u € (0,1). Select the starting point xg € H and the

sequence of relaxation parameters {1}, > 0 C (0, 1] satisfying lim inf,,_, o 7, > 0.
Set n = 0.
Step 1: Let z,, and A\, be given. Compute

If x,, = yn,, then stop.
Step 2: Compute

Tn+1 = Tn(yn + /\n(Fyn - Fxn)) + (1 - Tn)xm

and

) sl —yn|l : _
ATL-‘,—l = {mln{ HFwn_FynH ’ )\n} If an Fy’fl # 07 (78)

Ans else.

Update n ton + 1 and go to Step 1.

APPENDIX 7.5. Algorithm 3.2 of Izuchukwu et al. [25]

Step 0: Let A\g, A1, 1 € (5,1*725) with & € (0, ). Choose a nonnegative real

o0

sequence {p,} such that > p, < oo. Let zg, x1 € H be given starting points. Set
n=1

n:=1.

Step 1: compute
Tn+1 = PC(xn - ((/\n + )\n—l)Fxn - )\n—lFxn—l)); n>1,
where

(79)

7 nl‘wnfyn H .
A1 = ”““{ TFwn—Fyal? A T Pn} if  Fan — Fyn #0,
)\n + Pns OtherWiSC.





