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Abstract. We focus on quasimonotone variational inequality problems with non-
Lipschitz operator and combine some operator theory techniques to establish a weak
convergent fixed point iterative method to approximate the solution of the presented
problems. The convergence analysis assumes very mild conditions and strictly weaker
assumption on the cost operator associated with the problems and thus generalizes
and extend recent related results in the literature. Finally, several numerical ex-
amples illustrate the potential and advantages of the proposed algorithm over some
existing methods are presented.
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1. Introduction. Let H be a real Hilbert space with ⟨·, ·⟩ and ∥ · ∥ as inner
product and induced norm respectively. Suppose C ⊂ H is nonempty, closed and
convex. In this work, we focus on the following variational inequality problem
(VIP): Find x∗ ∈ C such that

⟨Fx∗, z − x∗⟩ ≥ 0, ∀z ∈ C, (1)
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where F : H → H is an operator. The solution set of VIP (1) will be denoted by
S.

It is well known that many problems in nonlinear analysis and optimization
can be formulated as VIP (1). The two notable methods of solving VIPs are the
regularized method and projection method. Numerous iterative algorithms for
solving VIPs have been studied and proposed in these directions (see, for example,
[1, 13, 12, 19, 24, 30, 34, 35, 38, 48, 54, 56] and the references therein). The
fundamental concept is to broaden the projected gradient method for solving the
minimization problem min f(x) subject to x ∈ C defined by:

xn+1 = PC(xn − αn∇f(xn)), n ≥ 0. (2)

where {αn} is a positive real sequence satisfying certain conditions and PC is
the metric projection onto C. Alber [4] showed the convergence properties of this
method for the case where f : R2 → R is convex and differentiable function.
The projected gradient method for optimization problems is a direct extension
of method (2) where the gradient, ∇f is replaced by the operator F, so that we
generate a sequence {xn} as follows:

xn+1 = PC(xn − αnFxn), n ≥ 0. (3)

It was shown in [57] that the convergence of (3) requires stringent assumptions
that the cost operator F is either strongly monotone or inverse strongly monotone.
So, it becomes necessary to relax the condition on F to solve the VIP.

To overcome the above drawback, Korpelevich [29] succeeded in relaxing the
condition by proposing the extragradient method (EGM) in Euclidean spaces and
Hilbert spaces when the operator F is monotone and Lipchitz continuous. This
method is given by:

x1 ∈ H,

yn = PC(xn − λFxn),

xn+1 = PC(xn − λFyn), n ≥ 1,

(4)

where λ ∈ (0, 1
L ) and PC is the metric projection from H onto C. The limitation of

the EGM is the fact that it requires two projections onto the closed and convex set.
Computing two projections per iteration onto the closed and convex set C could
be computationally expensive. In such situation, the efficiency of this method is
affected.

In recent years, many researchers have tried to improve on the EGM (see, for
example, [13, 10, 33, 35, 36, 45, 53] and the refrences therein). To improve on
the EGM, Censor et al. [11] introduced a new method called the subgradient ex-
tragradient method (SEGM) in which the second projection onto C in the EGM
is replaced by a projection onto a constructible half-space, which is less compu-
tationally expensive and this makes it more efficient than the EGM proposed by
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Korpelevich [29]. The SEGM is defined as follows:
x1 ∈ H,

yn = PC(xn − λAxn),

Tn = {w ∈ H|⟨xn − λFxn − yn, w − yn⟩ ≤ 0},
xn+1 = PTn

(xn − λAyn), n ≥ 1,

(5)

where λ ∈ (0, 1
L ). The weak convergence of the algorithm was established.

Subsequently, Tseng [53] introduced another method called Tseng’s extragra-
dient method (TEGM) for solving the VIP. In recent years, many authors have
employed this method in their works (see, for example, [7, 48]). The TEGM is
presented as follows:

x1 ∈ H,

yn = PC(xn − λFxn),

xn+1 = yn − λ(Fyn − Fxn), n ≥ 1,

(6)

where λ ∈ (0, 1
L ).

Based on the heavy ball method of the second-order dynamical system with
friction, Polyak [41] first proposed an inertial extrapolation as an acceleration pro-
cess for solving the smooth convex minimization problem. The inertial technique
can be seen as a means of speeding up the convergence properties of iterative al-
gorithms. Several authors have employed the inertial type algorithm due to its
important application in accelerating the convergence rates of iterative algorithms
(see, for example, [2, 3, 5, 8, 14, 18, 20, 26, 47, 55] and the references therein).

In [6], Alvarez and Attouch converted the idea of the heavy ball method to the
setting of a general maximal monotone operator using the proximal point algorithm.
The proposed algorithm which they called inertial proximal point algorithm is
defined as: {

yn = xn + θn(xn − xn−1),

xn+1 = (I + λnF )
−1yn, n ≥ 1,

(7)

where (I + λnF )
−1 is the resolvent of the maximal monotone operator F with

parameter λn. They established that the sequence {xn} generated by (7) converges
weakly to a zero of F with the conditions that {λn} is non-decreasing and θn ∈ [0, 1)
with

∞∑
n=1

θn∥xn − xn−1∥2 < +∞. (8)

To improve the result of Tseng [53] and to obtain algorithm with better perfor-
mance, Thong and Hieu [51] introduced an inertial Tseng’s extragradient method
(ITEGM) for solving the monotone VIP (1) in real Hilbert spaces. They proposed
the following algorithm:
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Algorithm 1.1. An Inertial Tseng’s Extragradient Method
Initialization: Given γ > 0, l ∈ (0, 1), µ ∈ (0, 1). Let x0, x1 ∈ H be arbitrary
points.
Iterative steps: Calculate xn+1 as follows:
Step 1: Set wn = xn + αn(xn − xn−1) and compute

yn = PC(wn − λnFwn),

where λn = γlmn and mn is the smallest nonnegative integer m such that

λn∥Fwn − Fyn∥ ≤ µ∥wn − yn∥. (9)

If yn = wn then stop and yn is a solution of the problem (VIP). Otherwise,
Step 2: Compute

xn+1 = yn − λn(Fyn − Fwn).

Set n := n+ 1 and go to step 1.

where F is monotone and Lipschitz continuous. They obtained weak convergence
result for Algorithm 1.1 with adoption of Armijo-like step size rule and one-step
inertial extrapolation.

In [44], Poon and Liang discussed some limitations of inertial Douglas-Rachford
splitting method and inertial ADMM. For example, consider the following feasibil-
ity problem in R2.

Example 1.2. Let T1, T2 ⊂ R2 be two subspaces such that T1 ∩ T2 ̸= ∅. Find
x ∈ R2 such that x ∈ T1 ∩ T2.

It was shown in [44, Section 4] that two-step inertial Douglas-Rachford splitting
method, where

xn+1 = F (xn + θ(xn − xn−1) + δ(xn−1 − xn−2)) (10)

converges faster than one-step inertial Douglas-Rachford splitting method

xn+1 = F (xn + θ(xn − xn−1)) (11)

for Example 1.2. In fact, it was shown using Example 1.2 that one-step iner-
tial Douglas-Rachford splitting method (11) converges slower than the Douglas-
Rachford splitting method

xn+1 = F (xn), (12)

where

F :=
1

2

(
I + (2PT1 − I)(2PT2 − I)

)
is the Douglas-Rachford splitting operator. Moreover, this example shows that
the one-step inertial extrapolation wn = xn + θ(xn − xn−1), θ ∈ [0, 1) may fail
to provide acceleration. In [31, Chapter 4], it was remarked that using two-step
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inertial extrapolation with more than two points xn, xn−1 could give acceleration,
for example,

wn = xn + θ(xn − xn−1) + δ(xn−1 − xn−2). (13)

with θ > 0 and δ < 0.
Recently, some authors (see, for example,[15]) have studied and shown some

results on multi-step inertial methods. The failure of one-step inertial acceleration
of ADMM was discussed in [43, section 3] and adaptive acceleration for ADMM
was proposed instead. Further, Polyak [42] pointed out that the multi-step inertial
method can boost the speed of optimization methods. Consequently, for some
cases, the use of inertial of more than two points could give better result.

In this paper, inspired by the work of Thong and Hieu [51] and many other re-
sults in this direction, we propose a two-step inertial Tseng’s extragradient method
for solving the VIP (1) with quasimonotone and non-Lipschitz operator in the
framework of Hilbert spaces. We employ the two-step inertial extrapolation to
provide acceleration for our algorithm. Moreover, our algorithm involves only one
projection per iteration onto the closed convex set and our method uses Armijo-like
step size rule. In comparison with the methods proposed in [32, 35, 51, 53], our
contributions in this work are:

(i) We propose a two-step inertial Tseng’s extragradient method to solve the VIP
(1). Thus, overcoming the shortcomings of the one-step inertial extragradi-
ent method proposed in [49, 51], subgradient extragradient in [11, 59] and
one-step inertial subgradient extragradient method in [17, 52, 58] for both
monotone and pseudomonotone cost operators.

Consequently, we have introduced an algorithm with better convergence prop-
erties which can easily be implemented for solving the VIP (1).

(ii) Our proposed method solves the VIP (1) for a larger class of mappings.
It is applicable when the cost operator F is quasimonotone and uniformly
continuous.

(iii) A weak convergence result is obtained in Hilbert spaces under very mild
conditions on the control parameters.

(iv) We present several numerical experiments to verify the feasibility of our al-
gorithm and compare with the methods in [32, 35, 51, 53].

2. Preliminaries.

Definition 2.1. ([39]) Let H be a real Hilbert space. An operator F : H → H
is said to be:

(i) Lipschitz continuous on H, if there exist a constant L > 0 such that

∥Fx− Fy∥ ≤ L∥x− y∥, ∀x, y ∈ H.

If L ∈ [0, 1), Then F is said to be a contraction mapping;
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(ii) uniformly continuous, if for every ϵ > 0, there exists δ = δ(ϵ) > 0, such that

∥Fx− Fy∥ < ϵ whenever ∥x− y∥ < δ, ∀x, y ∈ H;

(iii) sequentially weakly-strongly continuous, if for each sequence {xn}, we have
xn ⇀ x ∈ H implies that Fxn → Fx ∈ H;

(iv) sequentially weakly continuous, if for each sequence {xn}, we have xn ⇀ x ∈
H implies that Fxn ⇀ Fx ∈ H;

(v) monotone, if
⟨Fx− Fy, x− y⟩ ≥ 0, ∀x, y ∈ H;

(vi) α-strongly pseudomonotone, if there exists α > 0 such that

⟨Fx, y − x⟩ ≥ 0 =⇒ ⟨Fy, y − x⟩ ≥ α∥x− y∥2 ∀x, y ∈ H;

(vii) pseudomonotone, if

⟨Fy, x− y⟩ ≥ 0 =⇒ ⟨Fx, x− y⟩ ≥ 0, ∀x, y ∈ H;

(viii) quasimonotone, if

⟨Fy, x− y⟩ > 0 =⇒ ⟨Fx, x− y⟩ ≥ 0, ∀x, y ∈ H.

From the definition above, the following implications hold: (v) =⇒ (vii) =⇒
(viii) but the converse is not true in general. We also note that uniform continuity
is a weaker notion than Lipschitz continuity.

Furthermore, it is well known that if D is a convex subset of H, then F : D → H
is uniformly continuous if and only if, for every ϵ > 0, there exists a constant
K < +∞ such that

∥Fx− Fy∥ ≤ K∥x− y∥+ ϵ ∀x, y ∈ D. (14)

Let SD be the solution set of the dual formulation of the VIP (1) defined as: find
x∗ ∈ C such that

⟨Fz, z − x∗⟩ ≥ 0, ∀z ∈ C. (15)

Then, SD is a closed and convex subset of C, and since F is continuous and C is
convex, we have that SD ⊂ S.

We have the following result on the solution set of the dual VIP (15).

Definition 2.2. ([40]) Let {xn} be a sequence in H.

(i) {xn} is said to converge R-linearly to x∗ with rate ρ ∈ [0, 1) if there is a
constant c > 0 such that

∥xn − x∗∥ ≤ cρn, ∀n ∈ N.
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(ii) {xn} is said to converge Q-linearly to x∗ with rate ρ ∈ [0, 1) if

∥xn+1 − x∗∥ ≤ ρ∥xn − x∗∥, ∀n ∈ N.

Lemma 2.3. ([60]) Suppose either

(a) F is pseudomonotone on C and S ̸= ∅;

(b) F is the gradient of G, where G is a differential quasiconvex function on an
open set K ⊃ C and attains its global minimum on C;

(c) F is quasimonotone on C, F ̸= 0 on C and C is bounded;

(d) A is quasimonotone on C, F ̸= 0 on C and there exists a positive number r
such that, for every x ∈ C with ∥x∥ ≥ r, there exists y ∈ C such that ∥y∥ ≤ r
and ⟨Fx, y − x⟩ ≤ 0;

(e) F is quasimonotone on C, int C ̸= ∅ and there exists x∗ ∈ S such that
Fx∗ ̸= 0,

then SD is nonempty.

For a nonempty, closed and convex subset C of H, the metric projection PC :
H → C (see [21, 27] is defined, for every v ∈ H as the unique element PCv ∈ C
such that

∥v − PCv∥ = inf{∥v − y∥ : y ∈ C}.

It is well known that PC is characterized by the following inequality:

∥PCv − y||2 + ∥v − PCv∥2 ≤ ∥v − y∥2, v ∈ H, y ∈ C.

Lemma 2.4. ([22]) Let C be a nonempty closed subset of a real Hilbert Space H.
For any v ∈ H and z ∈ C, we have

z = PCv ⇐⇒ ⟨v − z, z − y⟩ ≥ 0, ∀y ∈ C. (16)

Lemma 2.5. ([37]) The following identities hold for all u, v ∈ H :

2⟨u, v⟩ = ∥u∥2 + ∥v∥2 − ∥u− v∥2 = ∥u+ v∥2 − ∥u∥2 − ∥v∥2.

Lemma 2.6. Let x, y, z ∈ H and a, b ∈ R. Then

∥(1 + a)x− (a− b)y − bz∥2

= (1 + a)∥x∥2 − (a− b)∥y∥2 − b∥z∥2 + (1 + a)(a− b)∥x− y∥2

+ b(1 + a)∥x− z∥2 − b(a− b)∥y − z∥2.

Lemma 2.7. ([16]) Let H be a Hilbert space and F : H → H be a uniformly
continuous operator. Suppose x ∈ H and ψ ≥ σ > 0. The following inequality
holds:

∥x− PC(x− ψAx)∥
ψ

≤ ∥x− PC(x− σAx)∥
σ

.
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3. Proposed method. We start with the following assumptions under which
our weak convergent result is established.

Assumption 3.1.

(i) SD ̸= ∅.

(ii) F is uniformly continuous on H.

(iii) F satisfies the following condition: whenever {xn} ⊂ C and xn ⇀ v∗, one
has ∥Fv∗∥ ≤ lim infn→∞ ∥Fxn∥.

(iv) F is quasimonotone on H.

(v) The set {v ∈ C : Fv = 0} \ SD is a finite set.

Assumption 3.2.

Suppose that θ and β satisfy the following conditions:

(a) 0 ≤ θ < 1−µ
3+µ ;

(b) max
{
2θ
(

1+µ
1−µ

)
− (1− θ), 1

2

[
θ(1 + µ)− (1−µ)(1−θ)2

1+θ

]}
< β ≤ 0;

(c) 2θ2µ− (1− 3θ) + µ(1− θ)− β(4θ + 3− µ) + 2µβ2 < 0.

We now present our proposed method for solving VIP (1)

Algorithm 3.3.

Initialization: Given γ > 0, l ∈ (0, 1), µ ∈ (0, 1). Let x−1, x0, x1 ∈ H be
arbitrary points and given xn−2, xn−1, xn.
Iterative steps: Calculate xn+1 as follows

Step 1: Set wn = xn + θ(xn − xn−1) + β(xn−1 − xn−2) and compute

yn = PC(wn − λnFwn),

where λn = γlmn and mn is the smallest nonnegative integer m such that

λn∥Fwn − Fyn∥ ≤ µ∥wn − yn∥. (17)

If yn = wn then stop: yn is a solution of the problem (VIP). Otherwise,
Step 2: Compute

xn+1 = yn − λn(Fyn − Fwn),

Set n := n+ 1 and go to step 1.
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Remark 3.4.

(a) Assumption 3.1(iii) is strictly weaker than the sequentially weakly continuous
assumption in [32] and other recent papers for solving pseudomonotone VIPs.
An example of an operator satisfying Assumption 3.1(iii) but not sequentially
weakly continuous is Fv = v∥v∥, ∀v ∈ C, where F : ℓ2(R) → ℓ2(R).

In this section, we analyze the convergence of our proposed algorithm. First,
we establish some lemmas required to prove our weak convergence theorem.

4. Convergence analysis.

Lemma 4.1. The Armijo-like search rule (17) is well defined. Moreover, we have
λn ≤ γ.

Proof. If wn ∈ S, then wn = PC(wn − λnFwn), and this implies that yn = wn.
Hence, mn = 0. If wn /∈ S, we assume the contrary of (17) holds, that is, for all m
we have

γℓm∥Fyn − Fwn∥ > µ∥yn − wn∥, (18)

which implies that

∥FPC(wn − γℓmFwn)− Fwn∥ > µ
∥PC(wn − γℓmFwn)− wn∥

γℓm
. (19)

We consider two cases of wn. First, suppose wn ∈ C. Since F and PC are continuous,
we have

lim
m→∞

∥wn − PC(wn − γℓmFwn)∥ = 0. (20)

By the uniform continuity of F, it follows that

lim
m→∞

∥Fwn − FPC(wn − γℓmFwn)∥ = 0. (21)

From (19) and (21), we obtain

lim
m→∞

∥wn − PC(wn − γℓmFwn)∥
γℓm

= 0 (22)

Let qm = PC(wn − γℓmFwn). By Lemma 2.4, we have

⟨qm − wn + γℓmFwn, x− qm⟩ ≥ 0, ∀ x ∈ C,

which implies

1

γℓm
⟨qm − wn, x− qm⟩+ ⟨Fwn, wn − qm⟩+ ⟨Fwn, x− wn⟩ ≥ 0, ∀ x ∈ C. (23)

Taking the limit m→ ∞ in (23), and applying (20) and (22), we obtain



1514 O.T. Mewomo, R.N. Nwokoye and C.C. Okeke

⟨Fwn, x− wn⟩ ≥ 0, ∀ x ∈ C.

This implies that wn ∈ S, which contradicts the hypothesis.

On the other hand, if wn /∈ C, then we have

lim
m→∞

∥wn − PC(wn − γℓmFwn)∥ = ∥wn − PCwn∥ > 0. (24)

and

lim
m→∞

γℓm∥Fwn − FPC(wn − γℓmFwn)∥ = 0. (25)

Combining (24) and (25) with (18), we have a contradiction, and this completes
the proof. 2

Lemma 4.2. Suppose Assumption 3.1 (i) and (ii) and Assumption 3.2 hold. Then,
the sequence {xn} generated by Algorithm 3.3 is bounded.

Proof.
Let p ∈ SD, then

∥xn+1 − p∥2

= ∥yn − λn(Fyn − Fwn)− p∥2

= ∥yn − p∥2 + λ2n∥Fyn − Fwn∥2 − 2λn⟨yn − p, Fyn − Fwn⟩
= ∥wn − p∥2 + ∥wn − yn∥2 + 2⟨yn − wn, wn − p⟩+ λ2n∥Fyn − Fwn∥2

− 2λn⟨yn − p, Fyn − Fwn⟩
= ∥wn − p∥2 + ∥wn − yn∥2 − 2⟨yn − wn, yn − wn⟩+ 2⟨yn − wn, yn − p⟩

+ λ2n∥Fyn − Fwn∥2 − 2λn⟨yn − p, Fyn − Fwn⟩
= ∥wn − p∥2 − ∥wn − yn∥2 + 2⟨yn − wn, yn − p⟩+ λ2n∥Fyn − Fwn∥2

− 2λn⟨yn − p, Fyn − Fwn⟩. (26)

From yn = PC(wn − λnFwn) and by Property (16), and since p ∈ SD ⊂ C we get

⟨wn − λnFwn − yn, yn − p⟩ ≥ 0,

which implies that

⟨yn − wn, yn − p⟩ ≤ −λn⟨Fwn, yn − p⟩. (27)

From (26) and (27), we get

∥xn+1 − p∥2 ≤ ∥wn − p∥2 − ∥wn − yn∥2 − 2λn⟨Fwn, yn − p⟩+ λ2n∥Fyn − Fwn∥2

− 2λn⟨yn − p, Fyn − Fwn⟩
= ∥wn − p∥2 − ∥wn − yn∥2 + λ2n∥Fyn − Fwn∥2
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− 2λn⟨Fyn, yn − p⟩. (28)

Since p ∈ SD, λn > 0 and yn ∈ C, we have

λn⟨Fyn, yn − p⟩ ≥ 0. (29)

Hence, using (17) and (29) in (28), we obtain

∥xn+1 − p∥2 ≤ ∥wn − p∥2 − ∥wn − yn∥2 + λ2n∥Fwn − Fyn∥2

≤ ∥wn − p∥2 − ∥wn − yn∥2 + µ2∥wn − yn∥2

= ∥wn − p∥2 − (1− µ2)∥wn − yn∥2. (30)

Also,

∥xn+1 − yn∥ = ∥yn − λn(Fyn − Fwn)− yn∥
= λn∥Fyn − Fwn∥
≤ µ∥wn − yn∥,

and

∥xn+1 − wn∥ ≤ ∥xn+1 − yn∥+ ∥wn − yn∥
≤ µ∥wn − yn∥+ ∥wn − yn∥
= (1 + µ)∥wn − yn∥

Therefore,

−∥wn − yn∥2 ≤ − 1

(1 + µ)2
∥xn+1 − wn∥2. (31)

Applying (31) in (30), we get

∥xn+1 − p∥2 ≤ ∥wn − p∥2 −
(1− µ

1 + µ

)
∥xn+1 − wn∥2 (32)

Observe that

wn − p = xn + θ(xn − xn−1) + β(xn−1 − xn−2)− p

= (1 + θ)(xn − p)− (θ − β)(xn−1 − p)− β(xn−2 − p).

Hence, by Lemma 2.6, we have

∥wn − p∥2 = ∥(1 + θ)(xn − p)− (θ − β)(xn−1 − p)− β(xn−2 − p)∥2

= (1 + θ)∥xn − p∥2 − (θ − β)∥xn−1 − p∥2 − β∥xn−2 − p∥2

+ (1 + θ)(θ − β)∥xn − xn−1∥2 + β(1 + θ)∥xn − xn−2∥2

− β(θ − β)∥xn−1 − xn−2∥2. (33)
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Furthermore,

∥xn+1 − wn∥2

= ∥xn+1 − [xn + θ(xn − xn1
) + β(xn−1 − xn−2)]∥2

= ∥xn+1 − xn − θ(xn − xn−1)− β(xn−1 − xn−2)∥2

= ∥xn+1 − xn∥2 − 2θ⟨xn+1 − xn, xn − xn−1⟩ − 2β⟨xn+1 − xn, xn−1 − xn−2⟩
+ θ2∥xn − xn−1∥2 + 2βθ⟨xn − xn−1, xn−1 − xn−2⟩+ β2∥xn−1 − xn−2∥2

≥ ∥xn+1 − xn∥2 − θ∥xn+1 − xn∥2 − θ∥xn − xn−1∥2 + θ2∥xn − xn−1∥2

− |β|θ∥xn − xn−1∥ − |β|θ∥xn−1 − xn−2∥2 + β2∥xn−1 − xn−2∥2

− |β|∥xn+1 − xn∥2 − |β|∥xn−1 − xn−2∥2

= (1− |β| − θ)∥xn+1 − xn∥2 + (θ2 − θ − |β|θ)∥xn − xn−1∥2

+ (β2 − |β| − |β|θ)∥xn−1 − xn−2∥2. (34)

Substituting (33) and (34) in (32) with β ≤ 0 we get

∥xn+1 − p∥2

≤ (1 + θ)∥xn − p∥2 − (θ − β)∥xn−1 − p∥2 − β∥xn−2 − p∥2

+ (1 + θ)(θ − β)∥xn − xn−1∥2 + β(1 + θ)∥xn − xn−2∥2

− β(θ − β)∥xn−1 − xn−2∥2 −
(1− µ

1 + µ

)
(1− |β| − θ)∥xn+1 − xn∥2

−
(1−µ
1+µ

)
(θ2−θ−|β|θ)∥xn−xn−1∥2 −

(1−µ
1+µ

)
(β2−|β|−|β|θ)∥xn−1−xn−2∥2

≤ (1 + θ)∥xn − p∥2 − (θ − β)∥xn−1 − p∥2 − β∥xn−2 − p∥2 + [(1 + θ)(θ − β)

−
(1− µ

1 + µ

)
(θ2 − θ + βθ)]∥xn − xn−1∥2

− [β(θ − β) +
(1− µ

1 + µ

)
(β2 + β + βθ)]∥xn−1 − xn−2∥2

−
(1− µ

1 + µ

)
(1 + β − θ)∥xn+1 − xn∥2.

Rearranging gives

∥xn+1 − p∥2 − θ∥xn − p∥2 − β∥xn−1 − p∥2 +
(1− µ

1 + µ

)
(1 + β − θ)∥xn+1 − xn∥2

≤ ∥xn − p∥2 − θ∥xn−1 − p∥2 − β∥xn−2 − p∥2 +
(1− µ

1 + µ

)
(1 + β − θ)∥xn − xn−1∥2

+ [(1 + θ)(θ − β)−
(1− µ

1 + µ

)
(θ2 − 2θ + βθ + β + 1)]∥xn − xn−1∥2

− [β(θ − β) +
(1− µ

1 + µ

)
(β2 + β + βθ)]∥xn−1 − xn−2∥2. (35)

Define

Γn = ∥xn− p∥2− θ∥xn−1− p∥2−β∥xn−2− p∥2+
(1− µ

1 + µ

)
(1+β− θ)∥xn−xn−1∥2.
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Now, (35) can be written as

Γn+1 ≤ Γn + [(1 + θ)(θ − β)−
(1− µ

1 + µ

)
(θ2 − 2θ + βθ + β + 1)]∥xn − xn−1∥2

− [β(θ − β) +
(1− µ

1 + µ

)
(β2 + β + βθ)]∥xn−1 − xn−2∥2. (36)

Next, we show that Γn ≥ 0, ∀n ≥ 1. Now,

Γn = ∥xn−p∥2−θ∥xn−1p∥2 − β∥xn−2 − p∥2+
(1− µ

1 + µ

)
(1 + β − θ)∥xn − xn−1∥2

≥ ∥xn − p∥2 − 2θ∥xn − xn−1∥2 − 2θ∥xn − p∥2 − β∥xn−2 − p∥2

+
(1− µ

1 + µ

)
(1 + β − θ)∥xn − xn−1∥2

= (1− 2θ)∥xn − p∥2 +
[(1− µ

1 + µ

)
(1 + β − θ)− 2θ

]
∥xn − xn−1∥2

− β∥xn−2 − p∥2. (37)

Since θ < 1
2 , β ≤ 0, θ(3+µ)

1−µ − 1 ≤ β and 0 ≤ θ ≤ 1−µ
3+µ , it follows from (37) that

Γn ≥ 0, ∀n ≥ 1.

Furthermore, we derive from (36) that

Γn+1 − Γn ≤ [(1 + θ)(θ − β)−
(1− µ

1 + µ

)
(θ2 − 2θ + βθ + β + 1)]∥xn − xn−1∥2 − [β(θ − β)

+
(1− µ

1 + µ

)
(β2 + β + βθ)]∥xn−1 − xn−2∥2

= −[(1 + θ)(θ − β)−
(1− µ

1 + µ

)
(θ2 − 2θ + βθ + β + 1)](∥xn−1 − xn−2∥2 − ∥xn − xn−1∥2)

+ [(1 + θ)(θ − β)−
(1− µ

1 + µ

)
(θ2 − 2θ + βθ + β + 1)− β(θ − β)

−
(1− µ

1 + µ

)
(β2 + β + βθ)]∥xn−1 − xn−2∥2.

From the last inequality, we obtain

Γn+1 − Γn ≤ k1(∥xn−1 − xn−2∥2 − ∥xn − xn−1∥2)− k2∥xn−1 − xn−2∥2, (38)

where

k1 : = −[(1 + θ)(θ − β)−
(1− µ

1 + µ

)
(θ2 − 2θ + βθ + β + 1)];

k2 : = −[(1 + θ)(θ − β)−
(1− µ

1 + µ

)
(θ2 − 2θ + βθ + β + 1)

− β(θ − β)−
(1− µ

1 + µ

)
(β2 + β + βθ)].
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By Assumption 3.2 (b), we get

1

2

[
θ(1 + µ)− (1− µ)(1− θ)2

1 + θ

]
< β. (39)

As a result k1 > 0 and k2 > 0 by Assumption 3.2 (c). Moreover, from (38) we get

Γn+1 + k1∥xn − xn−1∥2 ≤ Γn + k1∥xn−1 − xn−2∥2 − k2∥xn−1 − xn−2∥. (40)

Letting Γ
′

n = Γn + k1∥xn−1 − xn−2∥2. Then Γ
′

n ≥ 0 for all n ≥ 1. Also, it follows
from (40) that

Γ
′

n+1 ≤ Γ
′

n. (41)

By (41), it implies that the sequence {Γ′

n} is decreasing and bounded from below
and thus lim

n→∞
Γ

′

n exists. Consequently, we get from (40) that

lim
n→∞

k2∥xn−1 − xn−2∥2 = 0.

Hence,

lim
n→∞

∥xn−1 − xn−2∥ = 0. (42)

Consequently,

∥xn+1 − wn∥ = ∥xn+1 − xn − θ(xn − xn−1)− β(xn−1 − xn−2)∥
≤ ∥xn+1 − xn∥+ θ∥xn − xn−1∥+ β∥xn−1 − xn−2∥ → 0, n→ ∞;

(43)

and

∥xn − wn∥ = ∥xn − xn − θ(xn − xn−1)− β(xn−1 − xn−2)∥
≤ θ∥xn − xn−1∥+ β∥xn−1 − xn−2∥ → 0, n→ ∞

∥xn+1 − wn∥ = ∥yn − λn(Fyn − Fwn)− wn∥
≥ ∥yn − wn∥ − λn∥Fyn − Fwn∥
≥ ∥yn − wn∥ − µ∥yn − wn∥
≥ (1− µ)∥yn − wn∥. (44)

It follows from (43) and (44) that

∥wn − yn∥ → 0, n→ ∞; (45)

and

∥xn − yn∥ ≤ ∥xn − wn∥+ ∥wn − yn∥ → 0, n→ ∞.
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By (42) and the existence of lim
n→∞

Γ
′

n, we have that lim
n→∞

Γn exists and hence {Γn}
is bounded. Since lim

n→∞
∥xn+1 − xn∥ = 0, we have from the definition of Γn that

lim
n→∞

(∥xn − p∥2 − θ∥xn−1 − p∥2 − β∥xn−2 − p∥2) (46)

exists. Using the boundedness of {Γn}, we obtain from (37) that {xn} is bounded.
Consequently, {yn} and {wn} are bounded. 2

Lemma 4.3. Let {xn} be a sequence generated by Algorithm 3.3 such that As-
sumption 3.1 (i)-(iv) and Assumption 3.2 (a)-(c) are satisfied, and suppose lim

n→∞
∥wn

− yn∥ = 0. If v∗ is one of the weak cluster points of {yn}, then we have at least
one of the following : v∗ ∈ SD or Fv∗ = 0.

Proof. By Lemma 4.2, {yn} is bounded. Hence, let v∗ be a weak cluster point
of {yn}. Then, we can choose a subsequence of {yn}, denoted by {ynk

} such that
ynk

⇀ v∗ ∈ C.
We consider the following two possible cases.

CASE 1 Suppose that lim sup
k→∞

||Fynk
|| = 0. Then, lim

k→∞
||Fynk

|| = lim inf
k→∞

||Fynk
||

= 0.

Since F satisfies Assumption 3.1 (iii) and ynk
⇀ v∗ ∈ C, we have

0 ≤ ||Fv∗|| ≤ lim inf
k→∞

||Fynk
|| = 0. (47)

This implies that Fv∗ = 0.

CASE 2 Suppose that lim sup
k→∞

||Fynk
|| > 0. Then, without loss of generality,

we can choose a subsequence of {Fynk
} still denoted by {Fynk

} such that
lim
k→∞

||Fynk
|| = M1 > 0. Also, by the characteristics property of PC , we

obtain for all x ∈ C that

⟨wnk
− λnk

Fwnk
− ynk

, x− ynk
⟩ ≤ 0.

This implies that

1

λnk

⟨wnk
− ynk

, x− ynk
⟩+ ⟨Fwnk

, ynk
− wnk

⟩ ≤ ⟨Fwnk
, x− wnk

⟩. (48)

Next, we show that lim inf
k→∞

⟨Fwnk
, x− wnk

⟩ ≥ 0, ∀ x ∈ C. We consider the

following two cases for λnk
:

Case I: Suppose that lim inf
k→∞

λnk
> 0. Since {wnk

} is bounded and F is

uniformly continuous, it follows that {Fwnk
} is bounded. Thus, by (45) and

the fact that lim inf
k→∞

λnk
> 0, we have

0 ≤ lim inf
k→∞

⟨Fwnk
, x− wnk

⟩ ≤ lim sup
k→∞

⟨Fwnk
, x− wnk

⟩ < +∞, ∀x ∈ C.
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Case II: Suppose that lim inf
k→∞

λnk
= 0. Let tnk

= PC(wnk
− λnk

l−1Fwnk
).

From Lemma 2.7 and the fact that λnk
l−1 > λnk

we have,

l∥wnk
− tnk

∥ ≤ ∥wnk
− ynk

∥ → 0, as k → ∞.

Therefore, it follows that tnk
⇀ v∗ ∈ C and {tnk

} is bounded.

Since lim
k→∞

∥wnk
− tnk

∥ = 0 and F is uniformly continuous, we have

lim
k→∞

∥Fwnk
− Ftnk

∥ = 0. (49)

From (17), we obtain

λnk
l−1∥Fwnk

−FPC(wnk
−λnk

l−1Fwnk
)∥ > µ∥wnk

−PC(wnk
−λnk

l−1Fwnk
).

From this, we have

1

µ
∥Fwnk

− Ftnk
∥ > 1

λnk
l−1

∥wnk
− tnk

∥. (50)

Applying (49) to (50) we have

lim
k→∞

1

λnk
l−1

∥wnk
− tnk

∥ = 0.

From the definition of tnk
and by (16), we have

0 ≤
〈
tnk

− wnk
+ λnk

l−1Fwnk
, x− tnk

〉
.

From this, we obtain

1

λnk
l−1

⟨wnk
− tnk

, x− tnk
⟩+ ⟨Fwnk

, tnk
− wnk

⟩

≤ ⟨Fwnk
, x− wnk

⟩ , ∀ x ∈ C.

Taking the limit as k → ∞ in the last inequality, we obtain

0 ≤ lim inf
k→∞

⟨Fwnk
, x− wnk

⟩ ≤ lim sup
k→∞

⟨Fwnk
, x− wnk

⟩ < +∞, ∀x ∈ C. (51)

which is the desired result.

Now, note that

⟨Fynk
, x− ynk

⟩ = ⟨Fynk
− Fwnk

, x− wnk
⟩+ ⟨Fwnk

, x− wnk
⟩

+⟨Fynk
, wnk

− ynk
⟩. (52)

Since F is uniformly continuous on C, we obtain from (45) that lim
k→∞

∥Fwnk
−

Fynk
∥ = 0. Hence, we obtain from (45), (51) and (52) that

0 ≤ lim inf
k→∞

⟨Fynk
, x− ynk

⟩ ≤ lim sup
k→∞

⟨Fynk
, x− ynk

⟩ < +∞, ∀x ∈ C. (53)

Based on (53), we consider the following cases under Case II, as follows:
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CASE A Suppose that lim sup
k→∞

⟨Fynk
, x−ynk

⟩ > 0,∀x ∈ C. Then we can choose a

subsequence of {ynk
} denoted by {ynkj

} such that lim
j→∞

⟨Fynkj
, x−ynkj

⟩ > 0.

Thus there exist j0 ≥ 1 such that

⟨Fynkj
, x− ynkj

⟩ > 0, ∀j ≥ j0,

which by the quasimonotonicity of F on C, implies that

⟨Fx, x− ynkj
⟩ ≥ 0, ∀x ∈ C, j ≥ j0.

Hence, letting j → ∞, we get that

⟨Fx, x− v∗⟩ ≥ 0, ∀x ∈ C.

Therefore, v∗ ∈ SD.

CASE B Suppose that lim sup
k→∞

⟨Fynk
, x−ynk

⟩ = 0, ∀ x ∈ C. Then by (53), we get

lim
k→∞

⟨Fynk
, x− ynk

⟩ = 0, ∀ x ∈ C, (54)

from which we get

⟨Fynk
, x− ynk

⟩+ |⟨Fynk
, x− ynk

⟩|+ 1

k + 1
> 0 , ∀ x ∈ C. (55)

Also, since lim
k→∞

∥Fynk
∥ = M1 > 0, we can find k0 ≥ 1 such that ||Fynk

∥ >
M1

2 ∀k ≥ k0. Hence, we can set bnk
=

Fynk

∥Fynk
∥2 ∀ k ≥ k0. Thus ⟨Fynk

, bnk
⟩ =

1 ∀ k ≥ k0. Therefore, by (55) we get〈
Fynk

, x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1
− ynk

]〉
> 0,

and using the quasimonotonicity of F on H, we obtain〈
F

(
x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

])
,

x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

]
− ynk

〉
≥ 0.

Now, by applying (14) and the last inequality we have

⟨Fx, x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

]
− ynk

⟩

≥ ⟨Fx− F (x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

]
),
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x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

]
− ynk

⟩.

≥ −∥Fx− F (x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

]
)∥

×∥x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

]
− ynk

∥

≥ −(K + ϵ1)∥bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

]
∥.∥

x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

]
− ynk

∥

=
−(K + ϵ1)

∥Fynk
∥

(
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

)
∥

x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

]
− ynk

∥

≥ −2(K + ϵ1)

M1

(
|⟨Fynk

, x− ynk
⟩|+ 1

k + 1

)
M2, (56)

where ϵ = ϵ1∥bnk

[
|⟨Fynk

, x − ynk
⟩| + 1

k+1

]
∥ for some ϵ1 ∈ (0, 1),K < +∞

and for some M2 > 0, where the existence of M2 is from the boundedness of

{x+ bnk

[
|⟨Fynk

, x− ynk
⟩|+ 1

k+1

]
− ynk

}. Now, we observe that (54) implies

that
lim
k→∞

(
|⟨Fynk

, x− ynk
⟩|+ 1

k+1

)
= 0. Thus, as k → ∞ in (56), we get that

⟨Fx, x− v∗⟩ ≥ 0, ∀x ∈ C.

Therefore, v∗ ∈ SD. 2

Theorem 4.4. Suppose {xn} is a sequence generated by Algorithm 3.3. Then
under Assumptions 3.1 and Assumptions 3.2 and Fx ̸= 0,∀x ∈ C. Then {xn}
converges weakly to an element of SD ⊂ S.

Proof. Suppose wω(xn) is the set of weak cluster points of {xn}. We show that

wω(xn) ⊂ SD.

Take v∗ ∈ wω(xn). Then, there exists a subsequence {xnk
} ⊂ {xn} such that xnk

⇀
v∗, k → ∞. Since C is weakly closed, we have that v∗ ∈ C. Since Fx ̸= 0, ∀x ∈ C,
we have Fv∗ ̸= 0. By Lemma, we get v∗ ∈ SD. Therefore, wω(xn) ⊂ SD. Since
lim
n→∞

Γn exists and lim
n→∞

∥xn+1 − xn∥ = 0, we have that

lim
n→∞

[∥xn − p∥2 − θ∥xn−1 − p∥2 − β∥xn−2 − p∥2]
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exists for all p ∈ SD.
We now show show that xn ⇀ x∗ ∈ SD. Suppose now that there exists {xnj

} ⊂
{xn} and {xnm

} ⊂ {xn} such that xnj
⇀ v∗, j → ∞ and xnm

⇀ x∗,m → ∞. we
show that v∗ = x∗ Observe that

2⟨xn, x∗ − v∗⟩ = ∥xn − v∗∥2 − ∥xn − x∗∥2 − ∥v∗∥2 + ∥x∗∥2; (57)

2⟨xn−1, x
∗ − v∗⟩ = ∥xn−1 − v∗∥2 − ∥xn−1 − x∗∥2 − ∥v∗∥2 + ∥x∗∥2;

and

2⟨xn−2, x
∗ − v∗⟩ = ∥xn−2 − v∗∥2 − ∥xn−2 − x∗∥2 − ∥v∗∥2 + ∥x∗∥2.

Therefore,

2⟨−θxn−1, x
∗ − v∗⟩ = −θ∥xn−1 − v∗∥2 + θ∥xn−1 − x∗∥2 + θ∥v∗∥2 − θ∥x∗∥2. (58)

and

2⟨−βxn−2, x
∗ − v∗⟩ = −β∥xn−2 − v∗∥2 + β∥xn−2 − x∗∥2

+β∥v∗∥2 − β∥x∗∥2. (59)

Addition of (57), (58) and (59) gives

2⟨xn−θxn−1−βxn−2, x
∗ − v∗⟩ =

(
∥xn − v∗∥2 − θ∥xn−1 − v∗∥2 − β∥xn−2 − v∗∥2

)
− (∥xn − x∗∥2 − θ∥xn−1 − x∗∥2

− β∥xn−2 − x∗∥2)
+ (1− θ − β)(∥x∗∥ − ∥v∗∥2). (60)

Observe that by (46), we know that

lim
n→∞

[∥xn − x∗∥2 − θ∥xn−1 − x∗∥2 − β∥xn−2 − x∗∥2] (61)

exists and

lim
n→∞

[∥xn − v∗∥2 − θ∥xn−1 − v∗∥2 − β∥xn−2 − v∗∥2] (62)

also exists. This implies from (60) that lim
n→∞

⟨xn − θxn−1 − βxn−2, x
∗ − v∗⟩ exists.

Consequently,

⟨v∗ − θv∗ − βv∗, x∗ − v∗⟩ = lim
j→∞

⟨xnj
− θxnj−1

− βxnj−2
, x∗ − v∗⟩

= lim
n→∞

⟨xn − θxn−1 − βxn−2, x
∗ − v∗⟩

= lim
m→∞

⟨xnm
− θxnm−1

− βxnm−2
, x∗ − v∗⟩

= ⟨x∗ − θx∗ − βx∗, x∗ − v∗⟩.

Hence,
(1− θ − β)∥x∗ − v∗∥2 = 0.

Since β ≤ 0 < 1 − θ, we obtain that x∗ = v∗. Hence, {xn} converges weakly to a
point in SD. This completes the proof. 2
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5. Linear convergence. In this section, we give the linear convergence of our
Proposed Algorithm 3.3, when the cost operator F in (1) is α-strongly pseudomono-
tone and β = 0. It was shown in [28] that whenever F is α-strongly pseudomono-
tone, then the VIP (1) has a unique solution.

Theorem 5.1. Assume that F is L− Lipschitz continuous on H and α-strongly
pseudomonotone. Then with β = 0, Algorithm 3.3 reduced to

Algorithm 5.2.

Initialization: Given γ > 0, l ∈ (0, 1), µ ∈ (0, 1). Let x−1, x0, x1 ∈ H be
arbitrary points and given xn−1, xn.
Iterative steps: Calculate xn+1 as follows

Step 1: Set wn = xn + θ(xn − xn−1) and compute

yn = PC(wn − λnFwn),

where λn = γlmn and mn is the smallest nonnegative integer m such that

λn∥Fwn − Fyn∥ ≤ µ∥wn − yn∥. (63)

If yn = wn then stop: yn is a solution of the problem (VIP). Otherwise,
Step 2: Compute

xn+1 = yn − λn(Fyn − Fwn),

Set n := n+ 1 and go to step 1.

Let ω ∈ (0, 1) and θ be such that

0 ≤ θ ≤ min

{
ψ

2 + ψ
,

√
(1 + ωψ)2 + 4ωψ − (1 + ωψ)

2
,

(1− ω)

(
1− (1− ψ)(1− µ)

2(1 + µ)

)}
, (64)

where ψ := δ (1−µ)
(1+µ) . Then the sequence {xn} generated by Algorithm 5.2 converges

R-linearly to the unique solution p of (1).

Proof. Under the assumption made, (1) has a unique solution, see [28]. From the
α-stronly pseudomonotonicity of F, we have

⟨Fyn, yn − p⟩ ≥ α∥yn − p∥2. (65)

Thus, we get

−2⟨λnFyn, yn − p⟩ ≤ −2αλn∥yn − p∥2. (66)

We obtain from (28), (30), (31) and (66) that

∥xn+1 − p∥2 = ∥wn − p∥2 − ∥wn − yn∥2 + λ2n∥Fyn − Fwn∥2 − 2αλn∥yn − p∥2
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≤ ∥wn − p∥2 − (1− µ)

(1 + µ)
∥xn+1 − wn∥2 − 2αλn∥yn − p∥2. (67)

Now, we show that λn >
µl
L for all n. Indeed, by the search rule (63), we know that

λn

l must violate inequality (63) i.e.

∥Fyn − Fwn∥ >
µ

λn/l
∥yn − wn∥.

This follows that

L∥yn − wn∥ >
µ

λn/l
∥yn − wn∥.

Thus,

L >
µ

λn/l
.

That is

λn >
µl

L
∀ n. (68)

Combining (67) and (68), we get

∥xn+1 − p∥2 = ∥wn − p∥2 − (1− µ)

(1 + µ)
∥xn+1 − wn∥2 − 2α

µl

L
∥yn − p∥2

= ∥wn − p∥2 − δ
(1− µ)

(1 + µ)
∥xn+1 − wn∥2 − (1− δ)

(1− µ)

(1 + µ)
∥xn+1 − wn∥2

− 2α
µl

L
∥yn − p∥2. (69)

Now,

∥xn+1 − wn∥ = ∥yn − λn(Fyn − Fwn)− wn∥
≥ ∥yn − wn∥ − λn∥Fyn − Fwn∥
≥ ∥yn − wn∥ − µ∥yn − wn∥
≥ (1− µ)∥yn − wn∥.

Hence

∥xn+1 − p∥2 ≤ ∥wn − p∥2 − δ
(1− µ)

(1 + µ)
∥xn+1 − wn∥2 − (1− δ)

(1− µ)2

(1 + µ)
∥yn − wn∥2

− 2α
µl

L
∥yn − p∥2

≤ ∥wn − p∥2 − δ
(1− µ)

(1 + µ)
∥xn+1 − wn∥2 − 2Λ(∥wn − yn∥2 + ∥yn − p∥2)

= (1− Λ)∥wn − p∥2 − δ
(1− µ)

(1 + µ)
∥xn+1 − wn∥2, (70)
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where Λ := 1
2 min

{
(1− ψ) (1−µ)

2

(1+µ) ;
2αµl
L

}
. Let φ = (1−Λ). Then ψ := δ (1−µ)

(1+µ) . From

(70) we get

∥xn+1 − p∥2 ≤ φ∥wn − p∥2 − ψ∥xn+1 − wn∥2. (71)

We have

∥wn − p∥2 = ∥(1 + θ)(xn − p)− θ(xn−1 − p)∥2

≤ (1 + θ)∥xn − p∥2 − θ∥xn−1 − p∥2 + θ(1 + θ)∥xn − xn−1∥2(72)

and

∥xn+1 − wn∥2 = ∥xn+1 − xn − θ(xn − xn−1)∥2

= ∥xn+1 − wn∥2 + θ2∥xn − xn−1∥2 − 2θ⟨xn+1 − xn, xn − xn−1⟩
≥ ∥xn+1 − xn∥2 + θ2∥xn − xn−1∥2 − 2θ∥xn+1 − xn∥∥xn − xn−1∥
≥ ∥xn+1−xn∥2+θ2∥xn−xn−1∥2−θ∥xn+1−xn∥2 − θ∥xn − xn−1∥2

≥ (1− θ)∥xn+1 − xn∥2 − θ(1− θ)∥xn − xn−1∥2. (73)

Substituting the inequalities (72) and (73) into (71), we obtain

∥xn+1 − p∥2 ≤ φ(1 + θ)∥xn − p∥2 − φθ∥xn−1 − p∥2 + φθ(1 + θ)∥xn − xn−1∥2

−ψ(1− θ)∥xn+1 − xn∥2 + ψθ∥xn − xn−1∥2,

or equivalently

∥xn+1 − p∥2 − φθ∥xn − p∥2 + ψ(1− θ)∥xn+1 − xn∥2

φ[∥xn − p∥2 − θ∥xn−1 − p∥2 + ψ(1− θ)∥xn − xn−1∥2]
−(φψ(1− θ)− φθ(1 + θ)− ψθ(1− θ))∥xn − xn−1∥2

Setting
an := ∥sn − p∥2 − θ∥xn−1 − p∥2 + ψ(1− θ)∥xn − xn−1∥2,

since φ ∈ (0, 1), we can write

an+1 ≤ ∥xn+1 − p∥2 − φθ∥xn − p∥2 + ψ(1− θ)∥xn+1 − xn∥2

≤ φan − (φψ(1− θ)− φθ(1 + θ)− ψθ(1− θ))∥xn − xn−1∥2.

Note that from (64), we have

θ ≤ (1− ω)

(
1− (1− ψ)(1− µ)

2(1 + µ)

)
≤ (1− ω)(1− Λ) = (1− ω)φ,

which implies

ψθ(1− θ) ≤ (1− ω)φψ(1− θ). (74)
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Since

0 ≤
√

(1 + ωψ)2 + 4ωψ − (1 + ωψ)

2
,

it holds
θ2 + (1 + ωψ)θ − ωψ ≤ 0,

or equivalently
θ(1 + θ) ≤ ωψ(1− θ).

Hence

φθ(1 + θ) ≤ ωφψ(1− θ). (75)

From (74) and (75), we deduce

φψ(1− θ)− φθ(1 + θ)− ψθ(1− θ) ≥ 0. 2

Moreover, since θ ≤ ψ
2+ψ , we have θ ≤ ψ(1−θ)

2 , which implies

an = (1−ψ(1− θ))∥xn−p∥2+ψ(1−θ)(∥xn − p∥2 + ∥xn − xn−1∥2)− θ∥xn−1 − p∥2

≥ (1− ψ(1− θ))∥xn − p∥2 + ψ(1− θ)

2
∥xn−1 − p∥2 − θ∥xn−1 − p∥2

≥ (1− ψ(1− θ))∥xn − p∥2 ≥ 0.

Therefore, we deduce
an+1 ≤ φan ≤ · · · ≤ φna1.

This follows that
∥xn − p∥2 ≤ a1

φ(1− ψ(1− θ))
φn,

which implies that {xn} converges R-linearly to p.

6. Numerical examples. In this section, we provide some numerical examples
to demonstrate the performance of our Algorithm (Proposed Alg.) 3.3 in compar-
ison with Appendix 7.1 proposed by Liu & Yang (Liu & Yang), Appendix 7.2 by
Ogwo et al. (Ogwo et al. Alg.), Appendix 7.3 by Ye & He (Ye & He), Appendix
7.4 by Yin & Hussain (Yin & Hussain Alg. ) and Appendix 7.5 by Izuchukwu et
al. (Izuchukwu et al. Alg.). All numerical computations were carried out using
Matlab version R2021(b) and we use ∥xn+1−xn∥ < 10−4 as the stopping criterion.

Example 6.1. ([32]) Let C = [−1, 1]

Ft =


2t− 1, t > 1,

t2, t ∈ [−1, 1],

−2t− 1, t < −1.

Given that F is quasimonotone and Lipschitz continuous with SD = {−1} and
S = {−1, 0}.
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We choose different initial values x−1, x0 and x1 as follows:
Case 1: x−1 = 0.9, x0 = 0.8, x1 = −1.0,
Case 2: x−1 = 0.4, x0 = 0.5, x1 = −1.0,
Case 3: x−1 = 1.0, x0 = 1.0, x1 = −1.0,
Case 4: x−1 = 0.7, x0 = 0.5, x1 = −1.0
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Figure 1: Example 6.1 Case 1
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Figure 2: Example 6.1 Case 2
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Figure 3: Example 6.1 Case 3
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Figure 4: Example 6.1 Case 4

Example 6.2. ([32]) Let C = [0, 1]m and Ft = (h1t, h2t, ..., hmt), where hit =
t2i−1 + t2i + ti−1ti + titi+1 − 2ti−1 + 4ti + ti+1 − 1, i = 1, 2, ...,m, t0 = tm+1 = 0.
Then F is quasimonotone.

For this numerical example, we choose m ∈ {30, 60, 90, 120} while x−1, x0 and
x1 are generated randomly.



1532 O.T. Mewomo, R.N. Nwokoye and C.C. Okeke

T
a
b
le

3
:
N
u
m
er
ic
a
l
R
es
u
lt
s
fo
r
E
x
a
m
p
le

6
.2

m
=

3
0

m
=

6
0

m
=

9
0

m
=

1
2
0

It
er
.

C
P
U

T
im

e
It
er
.

C
P
U

T
im

e
It
er
.

C
P
U

T
im

e
It
er
.

C
P
U

T
im

e

L
iu

&
Y
an

g
A
lg
.

5
0

0
.0
2
3
9

5
1

0
.0
2
0
4

5
5

0
.0
2
0
4

5
9

0
.0
2
5
6

O
gw

o
et

a
l.

A
lg
.

8
0

0
.0
2
1
9

8
1

0
.0
2
2
1

8
2

0
.1
0
9
7

8
2

0
.0
7
4
2

Y
e
&

H
e
A
lg
.

5
2

0.
0
1
0
5

4
9

0
.0
0
9
1

5
0

0
.0
2
1
8

4
9

0
.0
1
1
8

Y
in

&
H
u
ss
ai
n
A
lg
.

3
3

0
.0
0
8
4

3
3

0
.0
0
8
6

3
6

0
.0
0
8
7

3
8

0
.0
0
9
2

Iz
u
ch
u
k
w
u
et

a
l.

A
lg
.

4
9

0
.0
0
9
3

2
6

0
.0
0
6
8

2
0

0
.0
0
6
8

1
7

0
.0
0
7
9

P
ro
p
os
ed

A
lg
.
3
.3

2
3

0.
0
0
7
2

1
9

0
.0
0
5
7

1
7

0
.0
0
5
9

1
6

0
.0
0
7
8



Two-step inertial Tseng’s extragradient method 1533

100 101 102

Iteration number (n)

10-5

10-4

10-3

10-2

10-1

100

101

Er
ro

rs

Liu & Yang Alg.
Ogwo et al. Alg.
Ye & He Alg.
Yin & Hussain Alg.
Izuchukwu et al. Alg.
Proposed Alg.

Figure 5: Example 6.2 with m = 30
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Figure 6: Example 6.2 with m = 60
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Figure 7: Example 6.2 with m = 90
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Figure 8: Example 6.2 with m = 90

Next, we give an example in an infinite dimensional Hilbert space.

Example 6.3. Let H = ℓ2 := {x = (x1, x2, ..., xi, ...) :
∑∞
i=1 |xi|2 < ∞}. Take

C := {x ∈ ℓ2 : ∥x∥ ≤ 3} and Fx := (x1e
−x2

1 , 0, 0, ...), x = (x1, x2, x3, ...) ∈ C. Then
one can see that SD = {0} ̸= ∅. Also, it is easy to show by direct computation
that there exists L > 0 such that ∥∇Fx∥ ≤ L, ∀x ∈ ℓ2. Hence, by Mean Value
Theorem, F is Lipschitz continuous (see [9]).

Let A : ℓ2 → ℓ2 be defined by A(x1, x2, x3, ..., ) = (x1, 0, 0, ...); g(x) := η(⟨a, x⟩)
with a = (1, 0, 0, ...) ∈ ℓ2 and η(t) := e−t

2

, t > 0. Then Fx = g(x)A(x), x ∈ ℓ2
and it is easy to show that A is sequentially weak-to-weak continuous and g is
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weakly continuous. Hence, for any {wn} ⊂ C such that wn ⇀ v∗, we have that
∥Fv∗∥ ≤ lim inf

n→∞
∥Fwn∥.

Suppose x, y ∈ H such that ⟨Fx, y−x⟩ > 0. Then we have x1(y1−x1)e−x
2
1 > 0.

Since e−x
2
1 > 0, we have x1(y1 − x1) > 0. consequently,

⟨Fy, y − x⟩ = ⟨(y1e−y
2
1 , 0, 0, ...), (y1 − x1, y2 − x2, y3 − x3, ...)⟩

= (y1 − x1)y1e
−y21

≥ e−y
2
1 (y1(y1 − x1)− x1(y1 − x1))

= e−y
2
1 (y1 − x1)

2 ≥ 0.

This follows that F is quasimonotone on H. It is easy to see that F is not monotone
on H. For example, take x = (−1, 0, 0, ...) and y = (−2, 0, 0, ...). Finally, observe
that the set {v ∈ C : Fv = 0} \ SD = ∅ is a finite set. Hence, Assumption 3.1 is
satisfied.
We choose different initial values as follows:
Case 1: x−1 = (1,−0.1, 0.01, ...), x0 = (− 1

3 ,
1
9 ,−

1
27 , ...), x1 = ( 12 ,

1
4 ,

1
8 , ...),

Case 2: x−1 = (−1, 13 ,−
1
9 , ...), x0 = (−1, 0.1,−0.01, ...), x1 = ( 12 ,−

1
4 ,

1
8 , ...),

Case 3: x−1 = ( 12 ,−
1
4 ,

1
8 , ...), x0 = (−1, 13 ,−

1
9 , ...), x1 = (−1, 0.1,−0.01, ...),

Case 4: x−1 = (−1, 0.1,−0.01, ...), x0 = ( 13 ,
1
9 ,

1
27 , ...), x1 = (− 1

2 ,
1
4 ,−

1
8 , ...).
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Figure 9: Example 6.3 Case 1

100 101 102 103

Iteration number (n)

10-4

10-3

10-2

10-1

Er
ro

rs

Liu & Yang Alg.
Ogwo et al. Alg.
Ye & He Alg.
Yin & Hussain Alg.
Izuchukwu et al. Alg.
Proposed Alg.

Figure 10: Example 6.3 Case 2
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Figure 11: Example 6.3 Case 3
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Figure 12: Example 6.3 Case 4

Remark 6.4. By varying the starting points in each of the Examples 6.1 - 6.3, the
numerical results shown in Tables 2 - 4 and Figures 1 - 12 were obtained. In addi-
tion, we compared our proposed method with the existing methods in Appendices
7.1 - 7.5 in all the examples. The following are noted from the numerical Examples
6.1- 6.3:

� Clearly from Table 2, Table 4 and Figures 1 - 4, 9 - 12, the number of
iterations of our proposed method remain consistent, that is, well behaved
irrespective of the starting point. For Example 6.2, we note that the number
of iterations in our method decreases as m increases. Unfortunately, we did
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not have similar pattern in any of the existing methods that we compare our
method with.

� From Table 2 - 4 and Figures 1 - 12, we can see clearly that in terms of
number of iterations and CPU time, our proposed method performs better
than these existing methods. Thus, our method is more efficient than these
methods.

7. Final remark. In this paper, we have presented a two-step inertial-like al-
gorithm which employs Tseng’s extragradient method for solving quasimonotone
variational inequalities with non-Lipschitz operator in Hilbert spaces. The algo-
rithm uses Armijo-like step size technique and we established under some standard
conditions that the sequence generated by the proposed algorithm converges weakly
to a solution of the problem. We established the linear convergence result when
the cost operator is strongly pseudo-monotone. Numerical illustrations showed that
our method is computationally cheaper than other related methods in the literature.
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Appendix 7.1. Algorithm 1 of Liu et.al [32]
Step 0: Take λ0 > 0, x0 ∈ H, 0 < µ < 1. Choose a nonnegative real sequence

{ρn} such that
∞∑
n=0

ρn < +∞.

Step 1: Given the current iterate xn, compute

yn = PC(xn − λnFxn).

If xn = yn, (or Fyn = 0), then stop and yn is a solution of the VIP. Otherwise, go
to Step 2.
Step 2: Compute

xn+1 = yn − λn(Fyn − Fxn),

where

λn+1 =

{
min

{
µ∥xn−yn∥

∥Fxn−Fyn∥ , λn + ρn

}
if Fxn − Fyn ̸= 0,

λn + ρn, otherwise.
(76)

Set n := n+ 1 and go back to Step 1.

Appendix 7.2. Algorithm 2 of Ogwo et al. [38]
Step 0: Choose sequences {ψn} and {τn} such that ψn ∈ [0, 1) and τn ∈ (0, 1] for
all n ≥ 1. Let λ1 > 0, µ ∈ (0, 1) and x0, x1 ∈ H be given arbitrarily. Choose a

nonnegative real sequence {ρn} such that
∞∑
n=1

ρn <∞. Set n := 1.

Step 1: Given the current iterates xn−1 and xn (n ≥ 1), compute

wn = xn + ψn(xn − xn−1)

and
yn = PC(wn − λnFwn).
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If wn = yn: STOP. Otherwise, go to Step 2.
Step 2: Construct the half-space

Tn = {x ∈ H : ⟨wn − λnFwn − yn, x− yn⟩ ≤ 0}.

Then, compute

zn = PTn(wn − λnFyn)

and

xn+1 = (1− τn)wn + τnzn,

where

λn+1=


min

{
µ(∥wn−yn∥2+∥zn−yn∥2)

2⟨Fwn−Fyn,zn−yn⟩ , λn+ρn

}
, if ⟨Fwn−Fyn, zn−yn⟩ > 0,

λn + ρn, otherwise.

(77)

Set n := n+ 1 and return to Step 1.

Appendix 7.3. Algorithm 2.1 of Ye et al. [60]
Step 0: Choose x0 ∈ C as an initial point, σ ∈ (0, 1) and γ ∈ (0, 1). Set k = 0
Compute

zk := PC(xk − F (xk)).

Step 1: Compute

r(xk) = xk − zk.

If r(xk) = 0, stop. Otherwise, go to Step 2.
Step 2: Compute

yk = xk − ηkr(xk),

where ηk = γmk, with mk being the smallest nonnegative integer satisfying

⟨F (xk)− F (xk − γmr(xk)), r(xk)⟩ ≤ σ∥r(xk)∥2.

Step 3: Compute

xx+1 = PC∩Hk
(xk), whereHk :=

j=k⋂
j=0

Hj

with Hj := {υ : hj(υ) ≤ 0} is a half space defined by the function

hj(υ) := ⟨F (yj), υ − yj⟩.

Let k = k + 1 and return to Step 1.
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Appendix 7.4. Algorithm 1 of Yin et.al [61]
Step 0: Take λ0 > 0, µ ∈ (0, 1). Select the starting point x0 ∈ H and the
sequence of relaxation parameters {τn}n ≥ 0 ⊂ (0, 1] satisfying lim infn→∞ τn > 0.
Set n = 0.
Step 1: Let xn, and λn be given. Compute

yn = PC(xn − λnFxn).

If xn = yn, then stop.
Step 2: Compute

xn+1 = τn(yn + λn(Fyn − Fxn)) + (1− τn)xn,

and

λn+1 =

{
min

{
µ∥xn−yn∥

∥Fxn−Fyn∥ , λn

}
if Fxn − Fyn ̸= 0,

λn, else.
(78)

Update n to n+ 1 and go to Step 1.

Appendix 7.5. Algorithm 3.2 of Izuchukwu et al. [25]
Step 0: Let λ0, λ1, η ∈ (δ, 1−2δ

2 ) with δ ∈ (0, 14 ). Choose a nonnegative real

sequence {ρn} such that
∞∑
n=1

ρn <∞. Let x0, x1 ∈ H be given starting points. Set

n := 1.
Step 1: compute

xn+1 = PC(xn − ((λn + λn−1)Fxn − λn−1Fxn−1)), n ≥ 1,

where

λn+1 =

{
min

{
η∥wn−yn∥

∥Fwn−Fyn∥ , λn + ρn

}
if Fxn − Fyn ̸= 0,

λn + ρn, otherwise.
(79)




