
ORIGINAL ARTICLE

Modeling Earth Systems and Environment          (2025) 11:396 
https://doi.org/10.1007/s40808-025-02580-z

Kr	 �   Reaction rate coefficient (s−1)
M	�    Magnetization (A m−1)
H	 �   Magnetic field density (A m−1)
T	�    Temperature (K)
C	�    Concentration (mol m−3)

List of symbols

Latin symbols
u, v	 �   Velocity field components (m s−1)
x, y	 �   Cartesian coordinates (m)
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Abstract
Stretching surfaces under localized magnetic fields, such as magnetic dipoles, enhance the thermal management and mate-
rials processing applications across industries. This study presents a numerical analysis of the boundary layer flow, heat, 
and mass transfer characteristics of an Eyring-Powell hybrid nanofluid over a linearly stretching sheet, incorporating the 
significant effects of a magnetic dipole. The governing non-linear partial differential equations describing the conservation 
of mass, momentum, energy, and nanoparticle concentration are transformed into a system of coupled two-variable differ-
ential equations using appropriate non-similarity transformation techniques. Due to the complexity and non-linearity of the 
resulting system, a robust numerical approach, the bivariate pseudospectral method, is used to obtain accurate solutions. 
The efficacy and convergence of the numerical scheme are rigorously demonstrated through the presentation and analysis 
of residual error and solution error plots respectively, confirming the reliability of the obtained results. The numerical 
investigation explores the impact of various pertinent parameters on the fluid velocity, temperature, and concentration pro-
files, as well as the associated skin friction coefficient, Nusselt number, and Sherwood number. It is notably observed that 
increasing the distinct Eyring-Powell fluid parameters yields contrasting effects on the drag force experienced at the sheet 
surface. Furthermore, the analysis reveals that both the Biot number and the thermal radiation parameter exert qualitatively 
similar enhancing influences on the rate of heat transfer from the fluid to the stretching sheet wall. This work provides 
valuable insights into the complex interplay of non-Newtonian rheology, magnetic dipole effects, and hybrid nanoparticle 
transport in boundary layer flows.
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T∞	 �   Temperature away from the sheet (K)
C∞	 �   Ambient concentration (mol m−3)
Tw	 �   wall temperature (K)
k′	 �   Mean absorption coefficient (m−1)
Cw	 �   Wall concentration (mol m−3)
cp	 �   Specific heat capacity (J kg−1 K−1)
DB 	 �   Mass diffusivity (m2 s−1)
qa	 �   Uniform heat flux (kg m s−3)
k	 �   Thermal conductivity (kg m s−3 K−1)
hf 	 �   Heat transfer coefficient (W m−2 K−1)
Uw	 �   Wall velocity (m s−1)
U∞	 �   Free stream velocity (m s−1)
Cfx	 �   Skin friction coefficient
a	 �   constant representing plate velocity (s−1)
Nux	 �   Local Nusselt number
f	 �   Dimensionless stream function
Shx	 �   Local Sherwood number
L	 �   Characteristic length (m)
ω1, ω2	 �   Material constants
km	 �   permeability of porous media (m2)
qr	 �   Local radiative heat flux (W m−2)
qb	 �   Uniform mass flux (mol m−2 s−1)

Greek symbols
λ0	 �   Magnetic permeability (kg m A−2 s−2)
ν	 �   Kinematic viscosity (m2 s−1)
µ	 �   Dynamic viscosity (kg m−1 s−1)
θ	 �   Non-dimensional temperature
φ	 �   Non-dimensional concentration
σ′	 �   Stefan-Boltzmann constant (W m−2 K−4)
ψ	 �   Stream function (m2 s−1)
τw	 �   wall shear stress (kg m−1 s−2)
ϕ1, ϕ2	 �   Solid volume fraction of Fe2O3 and Al2O3
ρ	 �   Density (kg m−3)
η, ξ	 �   Transformed variables

Subscripts
w, ∞	 �   Wall and ambient conditions
f	 �   Fluid
p1, p2	 �   Solid nanoparticles of Fe2O3 and Al2O3
nf, hnf	 �   Single and hybrid nanofluids

Introduction

The study of fluid flow is fundamental to understanding 
a vast array of natural phenomena and technological sys-
tems, ranging from large-scale ocean currents and weather 
patterns to micro-level biological transport and advanced 
industrial processes (Kundu et  al. 2016). Efficient heat 
transfer, mass transport, and momentum exchange, all gov-
erned by fluid mechanics principles, dictate the performance 

and feasibility of countless applications, including energy 
generation, chemical processing, materials manufacturing, 
electronics cooling, and biomedical devices (White 2006). 
Consequently, accurately predicting and controlling fluid 
behaviour is paramount for optimizing efficiency, ensuring 
safety, and driving innovation across diverse scientific and 
engineering fields. However, many fluids utilized in these 
critical applications do not adhere to the simple linear rela-
tionship between stress and strain rate defined by Newtonian 
models (Ireka 2015). These non-Newtonian fluids, includ-
ing couple stress fluid (Jat et al. 2025b), Casson fluid (Jat 
et al. 2025b), micropolar fluid (Vaishnav et al. 2025), and 
Maxwell fluid (Nahlia et al. 2025), exhibit complex rheo-
logical behaviours that demand more sophisticated descrip-
tions (Akolade and Tijani 2021; Tijani et al. 2022). Among 
the various non-Newtonian models, the Eyring-Powell fluid 
model garners significant attention due to its robust theoreti-
cal foundation in the kinetic theory of liquids and its ver-
satility (Ogunseye and Sibanda 2019). The Eyring-Powell 
model is grounded in molecular theory rather than relying 
on empirical relationships, which is common for most non-
Newtonian fluids. In contrast to the non-Newtonian fluids 
such as Casson model, which includes yield stress, the 
Eyring-Powell model effectively describes smooth shear-
thinning behaviour without the presence of yield stress. The 
distinct advantage of Eyring-Powell model lies in its ability 
to accurately capture the rheology of fluids that exhibit both 
shear-thinning (viscosity decreases with shear rate) and 
shear-thickening (viscosity increases with shear rate) behav-
iour across a broad spectrum of shear rates, from very low to 
very high. This makes the Eyring-Powell model particularly 
relevant and important for analyzing processes involving 
polymer solutions, certain industrial slurries, lubricants, and 
biological fluids where simpler models like the power-law 
model may prove to be inadequate at the extremes of shear 
rate, thereby enabling more realistic simulations and bet-
ter design of relevant systems (Wajihah and Sankar 2023). 
It is noteworthy that the Eyring-Powell model has demon-
strated better alignment with experimental data in various 
engineering and biomedical applications, especially where 
thermal effects or pressure dependent viscosity play a sig-
nificant role.

Nanofluids are engineered colloidal suspensions repre-
senting a significant step forward in heat transfer technology 
(Choi 1995). They are created by dispersing minuscule par-
ticles, typically ranging from 1 to 100 nanometers in size, 
within a conventional host liquid such as water, oil, or eth-
ylene glycol (Ogunseye et al. 2020). The suspended nano-
materials can vary widely, including metals (Cu,  Ag,  Au, 
etc), various metal oxides (Al2O3, CuO, TiO2, etc), car-
bides like SiC, or different forms of carbon (such as nano-
tubes or graphene). The fundamental advantage driving the 
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development of nanofluids is their capacity for substantially 
improved thermophysical properties, particularly thermal 
conductivity, which enables more effective heat transfer 
compared to the base fluid alone (Ogunseye and Sibanda 
2019). The synergistic combination of enhanced thermal and 
mass transport capabilities inherent in nanofluids (hybrid 
nanofluid), alongside their practical applicability in indus-
try, explains why their study is now so prevalent among 
researchers (Devi and Devi 2017; Gholinia et  al. 2018). 
Investigations frequently delve into the complexities of 
nanofluid dynamics, aiming to optimize their performance 
in various flow-related applications (Ogunseye et al. 2021; 
Mkhatshwa et al. 2020). Walelign and Seid (2024) explored 
the effects of nanofluid in enhancing the heat transfer rate 
of micropolar fluid with the aid of the Buogiorno model. 
The emerging dimensionless model was solved using the 
optimal homotopy analysis method. It was shown that the 
presence of the Soret number, the Dufour number, and the 
micropolar fluid parameter contributes to an increase in the 
rate of heat transfer of the fluid. Jat et al. (2025a) utilized 
the Buongiorno nanofluid model to scrutinize magnetized 
flow, heat and mass transfer of a nanofluid in the presence 
of gyrotactic microorganisms, Darcy-Forchheimer model, 
heat generation/absorption and thermal radiation through a 
nonlinearly stretchable surface. However, Choudhary et al. 
(2025) employed the Tiwari-Das nanofluid model to inves-
tigate the impact of shape factor and alumina nanoparticles 
on the flow and thermal transfer of water-based nanofluid 
over a flat surface in the presence of magnetic field, porous 
media, viscous dissipation, and velocity slip effect. It was 
reported that greater nanoparticle volume fraction leads to 
enhanced fluid velocity while higher porosity parameter 
results in improved temperature dissemination.

In fluid dynamics, particularly magnetohydrodynamics 
(MHD) or ferrohydrodynamics (FHD), external magnetic 
fields are often applied to influence the flow behavior, heat 
transfer, and mass transfer characteristics. The magnetic 
dipole is a specific type of localized, non-uniform mag-
netic field source (Tijani et  al. 2023a). Odenbach (2003) 
explained the importance of ferromagnetic fluid with the 
application of magnetic dipoles and magnetic control. The 
study by Odenbach (2003) shows that thermomagnetic and 
magnetoviscous effects are part of magnetic control mecha-
nism. Hayat et al. (2003) investigated the influence of mag-
netic dipole on the flow of Williamson fluid subjected to a 
radiative effect in a stretching sheet and found that increas-
ing the magnetic dipole parameter downsizes the flow rate 
of the fluid. The analysis of a magnetic dipole and thermal 
radiation impact on a viscous ferrofluid was investigated by 
Zeeshan et al. (2016). The study by Zeeshan et al. (2016) 
showed that both the velocity and temperature profiles 
have differing trajectories as the ferromagnetic parameter 

increases. Gontijo and Cunha (2017) investigated how a 
magnetic dipole interacts with flow-driven phenomena, 
such as thermal fluctuations and gravitational force, within 
a magnetic suspension. Their study showed that collective 
hydrodynamic mechanisms have a dispersive effect, which 
opposes the collective influence of magnetic dipole-dipole 
interactions. Awgichew et al. (2020) presented an analytical 
solution adopting the homotopy analysis method to examine 
the heat and mass transfer of an unsteady two-dimensional 
Williamson nanofluid within a porous medium. The study 
considered the influences of thermal radiation, magnetic 
field, and chemical reactions. The results revealed that the 
presence of the magnetic field parameter diminished the 
fluid velocity while simultaneously enhancing the tempera-
ture and concentration profiles of the fluid. Walelign (2025) 
probed the significance of magnetic field, thermal radiation, 
and heat source/sink on the heat transfer phenomenon of 
Casson nanofluid over an elastic sheet. For more perspec-
tives, see Waleign et  al. (2020); Kasali and Ajadi (2025); 
Haile et al. (2022).

Given the inherent complexity arising from the coupled, 
non-linear deterministic differential equations, obtaining a 
closed-form analytical solutions is often infeasible (Ado-
mian 1994; Liao 2012). Consequently, researchers heavily 
rely on robust numerical methods to obtain approximate yet 
highly accurate solutions that provide valuable insights into 
the system’s behaviour (Trefethen 2000). Various powerful 
numerical techniques have been developed and adapted for 
fluid flow problems, including the finite difference methods 
(FDMs) (Makinde and Chinyoka 2013; Takemitsu 1985; 
Javed et al. 2013), which approximates derivatives on a dis-
cretized grid, the finite element methods (FEMs), adept at 
handling complex geometries (Ibrahim and Lamesse 2023), 
and the finite volume methods (FVMs), particularly suited 
for problems where conservation laws are critical. Among 
these numerical techniques, spectral methods stand out for 
its potential to achieve very high accuracy (often exponen-
tial convergence) for problems with smooth solutions, pri-
marily by representing the solution as a truncated series of 
basis functions (Chebyshev or Legendre polynomials) (Tre-
fethen 2000; Canuto et al. 2006). However, the inherent non-
linearity of the governing fluid flow equations necessitates 
specialized iterative approaches when employing spectral 
discretization. Techniques such as the spectral quasi-linear-
ization method (SQLM) tackle this by combining spectral 
collocation with the quasi-linearization (Newton–Raphson 
based) technique, transforming the non-linear system into 
a sequence of linear differential equations solved iteratively 
(Magagula et al. 2020; Otegbeye et al. 2020). Similarly, the 
spectral local linearization method (SLLM) offers an alter-
native iterative linearization strategy within the spectral 
framework, potentially improving convergence for highly 
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been documented in the existing literature. This work aims 
to fill the gap in understanding non-Newtonian fluid behav-
iour under the influence of magnetic fields. Specifically, a 
numerical simulation was developed that meticulously cap-
tures the complex interactions and nuances inherent in this 
particular flow scenario. By addressing these dynamics, this 
study not only enriches the theoretical framework surround-
ing Eyring-Powell fluids in magnetic environments but also 
opens new avenues for practical applications in various 
engineering and industrial processes.

Model formulation analysis

Consider the flow of a steady 2-dimensional Eyring-Pow-
ell fluid over a stretching surface, subject to the combined 
effects of magnetic dipole dynamics, heat source and Arrhe-
nius chemical reaction with nanoparticle effects. The fluid 
movements are largely supported by the stretching of the 
sheet and the magnetic dipole, see Fig. 1. The fluid has the 
suspension of two nanoparticles; as such the fluid is a hybrid 
nanofluid type. The fluid exhibits thermal sensitivity, mean-
ing it is influenced by temperature, thus the conservation of 
energy is accounted for. The magnetic dipole is considered 
in the momentum and energy equations as in Tijani et  al. 
(2023a)

λoM
∂H

∂x
and λoT

∂M

∂T

(
u

∂H

∂x
+ v

∂H

∂y

)
,� (2.1)

respectively, where M = K1(T∞ − T ) is the magnetiza-
tion, λo stands for magnetic permeability, and H represent 
magnetic field intensity. Consequently, the magnetic field 
significantly impacts the conservation of energy equation, 
influencing heat transfer and fluid flow behaviour. The 
external influence of Darcy-Forchiemer and Hall effect are 
considered negligible in this study. The Darcy-Forchheimer 
model describes the resistance encountered by fluid flow 
through a porous medium. However, this study focuses 
specifically on the interactions of a magnetic field (in par-
ticular, a magnetic dipole) over porous resistance. Hence, 
Darcy-Forchheimer is not accounted for. Additionally, the 
Hall effect becomes significant when the magnetic field is 
strong. For this study, we examine the influence of the mag-
netic dipole on fluid flow while neglecting the Hall effect to 
prevent any overlap with the magnetic influence. The non-
constant heat source follows the definition given in Sandeep 
and Sulochana (2018)

khnf Uw

xνhnf

[
Ha(Tw − T∞)f ′ + Hb(T − T∞)

]
,� (2.2)

non-linear problems by linearizing locally (Motsa 2015, 
2013; Tijani et  al. 2023b). Other sophisticated spectral-
based iterative techniques include the spectral relaxation 
method (SRM), which decouples the system and solves 
iteratively, and methods combining spectral discretization 
with domain decomposition or iterative coupling strategies 
(sometimes referred to as spectral overlapping techniques 
when dealing with domain decomposition) (Mkhatshwa 
et al. 2020). Single-domain pseudospectral methods, while 
highly accurate, often generate dense matrices. This can 
lead to significant computational challenges, particularly 
for large-scale problems, in terms of both processing time 
and memory demands. Domain decomposition techniques 
offer a powerful strategy to mitigate these issues. By par-
titioning the primary computational domain into smaller, 
more manageable subdomains, these methods inherently 
reduce the size of the matrices handled at any one time. 
This subdivision not only curtails memory requirements 
but also naturally lends itself to parallel processing archi-
tectures, further accelerating computations. The application 
of pseudospectral methods within domain decomposition 
frameworks has been an active area of research (Mkhatshwa 
et  al. 2020). Specifically, extensive studies have explored 
their implementation in both overlapping and non-overlap-
ping subdomain configurations, thoroughly investigating 
aspects such as numerical stability, convergence rates, and 
overall computational efficiency to optimize performance. 
These advanced numerical schemes are indispensable tools, 
enabling the detailed investigation of complex fluid flow 
phenomena and providing the quantitative predictions nec-
essary for engineering design and scientific understanding 
where analytical approaches fall short (Ansari et al. 2021).

To the best of the authors’ knowledge, a thorough and 
detailed analysis investigating the intricate fluid dynamics 
resulting from the interplay between magnetic dipole effects 
and Eyring-Powell fluid flow over a stretching sheet has not 

NS

Magnetic Dipole

Fig. 1  Geometrical configuration of the flow
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u =ax, v = 0, −khnf
∂T

∂y

=hf (Tf − T ), C = Cw, at y = 0.
� (2.9)

u → 0, v → 0, T → T∞,

C → C∞, as y → ∞,
� (2.10)

where hf  represents the convective heat transfer coefficient. 
It is worth noting that the thermal boundary at the stretch-
ing sheet is described through the convective condition 
to reflect the heat exchange with external medium below 
the surface. This condition characterizes the simultaneous 
impact of heat conduction in the nanofluid layer and con-
vection from the neighboring environment. This Robin-type 
condition finds applications in situations where the surface 
temperature fluctuates dynamically rather than being pre-
scribed, and that is owed to the joint impact of conductive 
and convective heat transport. The slip velocity and thermal 
jump influences are ignored since they are typically appre-
ciable only at micro or nanoscale dimensions. The dynamics 
of the magnetic dipole make the use of a similarity trans-
formation not admissible. Therefore, we introduce a non-
similar variable transformation given as

η = y

√
U∞

νf x
, u = ∂ψ

∂y
, v = −∂ψ

∂x
, ξ = x

L
,

ψ = (U∞νf x) 1
2 f(ξ, η), θ = T − T∞

Tw − T∞
,

φ = C − C∞

Cw − C∞
.

� (2.11)

Implementing equation (2.11) on equations (2.3) - (2.6) and 
the boundary conditions (2.9) - (2.10), we have the follow-
ing equations:
(

1 + λa

ζ1

)
f ′′′ − λaλb

ζ1
f ′′2f ′′′ − Kf ′ − ∆1

ζ1

2θ

(η + αa)4

+ ζ2

2ζ1
ff ′′ + ζ2

ζ1
ξ

(
f ′′ ∂f

∂ξ
− f ′ ∂2f

∂ξ∂η

)
= 0.

� (2.12)

θ′′ + 4R

3ζ3

[
3
(
1 + (TR − 1)θ

)2(TR − 1)θ′2

+ (1 + (TR − 1)θ)3θ′′
]

+ ζ2

ζ1

(
Haf ′ + Hbθ

)
+ ζ4Pr

2ζ3
fθ′

+ EcPr

ζ3

(
ζ1 + λa − λaλbf ′′2

)
f ′′2

− 2Γa∆1∆2

ζ3

[
θ − ϵa

(η + αa)4

]
f ′ − ξζ4Pr

ζ3

(
f ′ ∂θ

∂ξ
− ∂f

∂ξ
θ′

)

+ ∆1∆2

ζ3

[
4Γa(θ − ϵa)
(η + αa)5 − 2(θ − ϵa)

(η + αa)3

] (η

2
f ′

−1
2

f − ξ
∂f

∂ξ

)
= 0.

� (2.13)

where Ha, Hb ∈ (0, ∞) indicates the scenario of heat 
generation, whereas the case of heat absorption is given as 
Ha, Hb ∈ (−∞, 0).

The conservation equations for the aforementioned 
dynamics are given as (see Lawal et al. (2022) and Tijani 
et al. (2023a))

∂u

∂x
+ ∂v

∂y
= 0, � (2.3)

u
∂u

∂x
+ v

∂u

∂y
= 1

ρhnf

(
µhnf + 1

ω1ω2

)
∂2u

∂y2

− 1
2ρhnf ω1ω3

2

(
∂u

∂y

)2
∂2u

∂y2 + λo

ρhnf
M

∂H

∂x
− µhnf

ρhnf km
u,

� (2.4)

(ρcp)hnf

(
u

∂T

∂x
+ v

∂T

∂y

)
= khnf

∂2T

∂y2 − ∂qr

∂y

+ khnf Uw

xνhnf

[
Ha(Tw − T∞)f ′ + Hb(T − T∞)

]

− λoT
∂M

∂T

(
u

∂H

∂x
+ v

∂H

∂y

)
+ µhnf

[
1 + 1

µhnf ω1ω2

− 1
2µhnf ω1ω3

2

(
∂u

∂y

)2 ] (
∂u

∂y

)2

,

� (2.5)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2 − Kr(C − C∞) exp
(

−Ea

RaT

)
,� (2.6)

where the notations or symbols are provided in the nomen-
clature section. Taking into account Rosseland approxima-
tion for thermal radiation and utilizing the optically thick 
medium, the radiation flux term qr is expressed as follows 
Mkhatshwa (2024):

qr = −4σ′

3k′
∂T 4

∂y
= −16σ′

3k′ T 3 ∂T

∂y
,� (2.7)

where σ′ and k′ represent Stefan-Boltzmann constant and 
Rosseland mean absorption coefficient, respectively. Differ-
entiating the above heat flux equation (2.7), we obtain the 
next nonlinear radiative heat flux

∂qr

∂y
= −16σ′

3k′
∂

∂y

(
T 3 ∂T

∂y

)
, � (2.8)

which is then substituted in the energy equation. It is worth 
noting that this nonlinear radiation term enhances the accu-
racy of thermal boundary layer models when compared to 
the linearized version and it is utilized when the temperature 
difference is large and thermal radiation is strong. The suit-
able boundary conditions are given as
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The engineering physical parameters of interest are skin 
friction, Nusselt and Sherwood numbers, which are defined 
as Ogunseye and Sibanda (2019); Lawal et al. (2022)

Cf = τw
1
2 ρf U2

∞
, Nux = xqa

kf (Tw − T∞)
, Shx = xqb

DB(Cw − C∞)
,� (2.18)

where the corresponding shear stress (τw), surface heat (qa) 
and mass (qb) fluxes are defined as

τw =
(

µhnf + 1
ω1ω2

)
∂u

∂y
− 1

6ω1ω3
2

(
∂u

∂y

)3 ∣∣∣∣
y=0

,

qa = −
(

khnf + 16σ′T 3

3k′

)
∂T

∂y

∣∣∣∣
y=0

, qb = −DB
∂C

∂y

∣∣∣∣
y=0

.

� (2.19)

The dimensionless form of equation (2.18) using the non-
similarity variable conversions (2.11) and (2.19) is given as

Re
1
2
x Cf = 2

(
ζ1(1 + λa)f ′′(ξ, 0) − λaλb

3
(f ′′(ξ, 0))3

)
,

Re
− 1

2
x Nux = −

(
ζ3 + 4R

3
(1 + (TR − 1)θ(ξ, 0))3

)
θ′(ξ, 0),

Re
− 1

2
x Shx = −φ′(ξ, 0).

� (2.20)

where Rex = U∞x

νf
. The thermophysical properties are 

defined as follows (see Rawat et al. (2019)):



µhnf = 1
(1 − ϕ1)2.5(1 − ϕ2)2.5 µf ,

ρhnf = (1 − ϕ2)[(1 − ϕ1)ρf + ϕ1ρp1] + ϕ2ρp2,
khnf

kf
= kp2 + 2kbf − 2ϕ2(kbf − kp2)

kp2 + 2kbf + ϕ2(kbf − kp2)
,

kbf

kf
= kp1 + 2kf − 2ϕ1(kf − kp1)

kp1 + 2kf + ϕ1(kf − kp1)
,

(ρCp)hnf = (1 − ϕ2)[(1 − ϕ1)(ρCp)f + ϕ1(ρCp)p1]
+ϕ2(ρCp)p2.

� (2.21)

The numerical values for the thermophysical properties of 
the base fluid and the nanoparticles are presented in Table 2.

Numerical Procedures

This section describes and implements the overlapping 
multi-domain bivariate SLLM to solve the dimensionless 
equations (2.12–2.14), which are subject to boundary condi-
tions (2.15) - (2.16). Spectral collocation methods (SCMs) 
have been consistently recognized in the literature for yield-
ing more accurate, computationally efficient, and rapidly 
convergent solutions when compared to conventional meth-
ods, including FEMs, Keller box technique, Runge–Kutta 
methods, and FDMs. The other benefits of SCMs include 
that they can be tailored to handle intricate nonlinear prob-
lems, which are characterized by complex geometries, 
material nonlinearity, and challenging boundary conditions. 

φ′′ + 1
2

Scfφ′ − KaSce

(
ξaϵa

θ − ϵa

)

φ

− Scξ

(
f ′ ∂φ

∂ξ
− ∂f

∂ξ
φ′

)
= 0.

� (2.14)

The corresponding boundary conditions are

f ′(ξ, 0) = 1, f(ξ, 0) + 2ξ
∂f(ξ, 0)

∂ξ
= 1,

θ′(ξ, 0) = −BT

ζ3

[
1 − θ(ξ, 0)

]
, φ(ξ, 0) = 1.

� (2.15)

f ′(ξ, ∞) → 0, θ(ξ, ∞) → 0, φ(ξ, ∞) → 0.� (2.16)

The relevant non-dimensional parameters are



λa = 1
µf ω1ω2

, λb = aU2
∞

2νf ω2
2

, K = νf

akm
,

∆1 = λ0K1βρf

2πµ2
f

(T∞ − Tw), ∆2 =
aµ2

f

ρf kf (T∞ − Tw)
,

BT = hf

kf

√
νf

a
, αa =

(
a

νf

) 1
2

c, Pr = (µcp)f

kf
,

R = 4σ′T 3
∞

k′kf
, Sc = νf

DB
, ϵa = T∞

T∞ − Tw
,

ξa = Ea

RaT∞
, Γa = U2

∞
aνf

, TR = Tw

T∞
,

Ka = Kr

a
, Ec = U2

∞
(cp)f

(
Tw − T∞

) ,

ζ1 = µhnf

µf
, ζ2 = ρhnf

ρf
,

ζ3 = khnf

kf
, ζ4 = (ρcp)hnf

(ρcp)f
.

� (2.17)

The names of the non-dimensional parameters appearing in 
equation (2.17) are presented in the subsequent Table 1.

From equation (2.17), 

ζ1 = µhnf

µf
, ζ2 = ρhnf

ρf
, ζ3 = khnf

kf
, ζ4 = (ρcp)hnf

(ρcp)f
 are 

the nanofluid thermophysical properties.

Table 1  Non-dimensional Parameters and their Definition
Fluid Flow Parameter Thermal Transport 

Parameter
Mass Trans-
fer Parameter

λa, λb: fluid parameter ∆2: viscous dissipation ξa: activa-
tion energy

K: porosity parameter BT : Biot number Ka: chemi-
cal reaction

Γa: dimensionless velocity Ha, Hb: heat source Sc: Schmidt 
number

αa: dimensionless 
distance

Pr: Prandtl number

∆1: ferrohydrodynamic R: thermal radiation
TR: temperature ratio
Ec: Eckert number
ϵa: Curie temperature
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a0,kf ′′′
k+1 + a1,kf ′′

k+1 + a2,kf ′
k+1 + a3,kfk+1

+ a4,k

∂f ′
k+1

∂ξ
+ a5,k

∂fk+1

∂ξ
= a6,k,

� (3.1)

b0,kθ′′
k+1 + b1,kθ′

k+1 + b2,kθk+1 + b3,k
∂θk+1

∂ξ
= b4,k, � (3.2)

c0,kφ′′
r+1 + c1,rφ′

r+1 + c2,rφr+1 + c3,r
∂φr+1

∂ξ
= c4,r, � (3.3)

where the subscripts k is used to indicates previous iteration 
level, k + 1 corresponds to current iteration level, and the 
variable coefficients were derived through the implementa-
tion of the LLM algorithm. Suppose ξ ∈ [0, ξF ] represents 
the domain in the ξ-direction. Then, this interval is uni-
formly partitioned into r non-overlapping sub-intervals of 
equal length (see Fig. 2), each given by

Jτ = [ξτ−1, ξτ ], � (3.4)

where ξ0 = 0, ξr = ξF , and τ = 1, 2, 3, ..., r. Since the 
spectral collocation approach is inherently defined on 
[−1, 1], it is necessary to transform each physical sub-
interval ξ ∈ [ξτ−1, ξτ ] into the standard collocation interval 
ξ̂ ∈ [−1, 1]. The transformation is attained through the fol-
lowing linear mapping:

ξ̂ = 2ξ

ξτ − ξτ−1
− ξτ + ξτ−1

ξτ − ξτ−1
. � (3.5)

This conversion is essential because it enables accurate 
spectral discretization and ensures that the method operates 
consistently throughout all sub-intervals τ = 1, 2, 3..., r, 
regardless of their original position in the physical domain. 
To perform numerical approximation within each sub-
domain in the ξ-direction, the solution domain is discretized 
using (Nξ + 1) Chebyshev-Gauss-Lobatto (C-G-L) nodes. 

However, in the single-domain context, SCMs are limited 
to small computational domains. In large computational 
domains, using SCMs with large number of collocation 
points does not necessarily improve accuracy but instead 
the accuracy may be deteriorated. To overcome these limi-
tations, recent studies (Mkhatshwa et al. 2020; Mkhatshwa 
2024, 2022; Mkhatshwa and Khumalo 2023; Afridi et  al. 
2024) have introduced non-overlapping and overlapping 
grid strategies within spectral collocation frameworks to 
preserve accuracy, stability, and computational efficiency 
for both small and large domain problems. These improved 
approaches have proven to be highly effective for solving 
nonlinear boundary value problems (BVPs) which are simi-
lar to the one considered in this work. The method employed 
in the current scrutiny possess notable advantages, including 
ease of implementation for BVPs on semi-finite domains, 
high accuracy, rapid convergence, enhanced stability, which 
are all achieved using relatively few grid points. To initiate 
the solution procedure, the nonlinear PDEs (2.12) - (2.14) 
are linearized via the local linearization method (LLM), 
which implements univariate Taylor series expansion on the 
nonlinear equations, leading to a decoupled system of linear 
equations. Much like the Gauss-Seidel method utilized in 
linear system solvers, this approach assists in decoupling the 
system into smaller and manageable equations. Therefore, 
implementing the LLM algorithm on the nonlinear PDEs 
(2.12) - (2.14) yields the following linear iterative scheme:

Table 2  Thermophysical properties of the base-fluid and the hybrid 
nanoparticles (Aly and Pop 2019; Kumar et al. 2020)

ρ Cp
k

kg/m3 J/kgK W/mK

Water 997.1 4179 0.613
Fe2O3 5180 670 9.7
Al2O3 3970 765 40

ξ0 ξ1 ξ2 ξ3 ξτ−1 ξτ ξr−1 ξr

J1 J2 J3 J� Jr

ξτ−1 ξτ

ξ
(τ)
0 ξ

(τ)
1 ξ

(τ)
2 ξ

(τ)
3 ξ

(τ)
ς−1 ξ

(τ)
ς ξ

(τ)
Nξ−2 ξ

(τ)
Nξ−1 ξ

(τ)
Nξ

Fig. 2  Segmenting the ξ domain 
into r separate intervals without 
overlap
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the η-direction. In contrast, the domain in the ξ− direction 
is handled in a piece-wise manner, where each sub-interval 
is treated independently of the others. After attaining the 
solution at the last node of a sub-interval in the ξ-direction, 
the obtained numerical value is propagated forward as the 
initial condition in the subsequent sub-interval. This for-
ward-marching scheme is repeated until the whole domain 
in the ξ-direction is covered. The initial value for the first 
sub-interval is attained by evaluating the system at ξ = 0, 
using the collocation point ξNξ . Consequently, the LLM 
scheme within each sub-interval τ = 1, 2, 3, ..., r, is inde-
pendently expressed as follows:

a0,k
∂3

(τ)
f k+1
∂η3 + a1,k

∂2
(τ)
f k+1
∂η2 + a2,k

∂
(τ)
f k+1
∂η

+ a3,k

(τ)
f k+1 + a4,k

∂

∂η


∂

(τ)
f k+1
∂ξ




+ a5,k
∂

(τ)
f k+1
∂ξ

= a6,k,

� (3.11)

b0,k
∂2

(τ)
θ k+1

∂η2 + b1,k
∂

(τ)
θ k+1

∂η
+ b2,k

(τ)
θ k+1

+ b3,k
∂

(τ)
θ k+1

∂ξ
= b4,k,

� (3.12)

c0,k
∂2(τ)

φ k+1
∂η2 + c1,k

∂
(τ)
φ k+1
∂η

+ c2,k
(τ)
φ k+1 + c3,k

∂
(τ)
φ k+1
∂ξ

= c4,k.

� (3.13)

In the next step, the unknown functions and their associ-
ated derivative functions are approximated via the bivariate 
Lagrange interpolating polynomial, a technique thoroughly 
discussed in Mkhatshwa (2024, 2022); Mkhatshwa and 
Khumalo (2023); Afridi et al. (2024). These discrete func-
tions and corresponding derivatives are then substituted 

These collocation points ensure superior accuracy at the 
boundaries and are determined as follows Trefethen (2000):

{
ξ̂j

}Nξ

j=0
= cos

(
jπ

Nξ

)
. � (3.6)

To minimize truncation errors associated with semi-infinite 
domains and to enable effective application of SCM, the 
semi-infinite domain [0, ∞) in the η−direction, is approxi-
mated using a finite interval, which is denoted by [0, η∞]. 
This truncated domain is then partitioned into equally sized 
s sub-intervals that are overlapping, and each sub-interval 
has the following length:

Ls = η∞

s + (1 − s)(1 − cos(π/Nη))/2
. � (3.7)

Each sub-interval is expressed as follows (see Fig. 3):

Kι = [ηι
0, ηι

Nη
], ι = 1, 2, 3..., s, � (3.8)

where η1
0 = 0 and ηs

Nη
= η∞. Again, (Nη + 1) C-G-L 

points are utilized in the discretization of each sub-interval 
in the η−direction. To ensure overlap between neighbor-
ing sub-domains, the last two collocation nodes of each 
sub-interval are designed to align exactly with the first two 
grid points of the subsequent sub-interval. Before applying 
SCM, each physical sub-interval η ∈ [ηι

0, ηι
Nη

] is linearly 
mapped into the standard collocation interval η̂ ∈ [−1, 1] 
through the following mapping:

η̂ =
2η − (ηι

Nη
+ ηι

0)
ηι

Nη
− ηι

0
. � (3.9)

The associated collocation nodes in the ιth sub-domain is 
expressed as in Trefethen (2000).

{η̂l}
Nη

l=0 = cos
(

lπ

Nη

)
. � (3.10)

To ensure global consistency, numerical computations are 
performed simultaneously throughout all sub-intervals in 

K1
K2 Ks−1

Ks

η1
0

0

η2
0

η1
Nη−1

η1
Nη

η2
1

η3
0

η2
Nη−1

η2
Nη

η3
1

ηs−1
0

ηs−2
Nη−1

ηs−2
Nη

ηs−1
1

ηs
0

ηs−1
Nη−1

ηs−1
Nη

ηs
1

ηs
Nη

η∞
Fig. 3  Segmenting spatial domain 
into s subdomains that overlap with 
one another
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where the dimension is Nξ(N + 1) × Nξ(N + 1), matrix 

entries are Ωi,i =a0,kD3 + a1,kD2 + a2,kD
+ a3,kI + a4,kdi,iD + a5,kdi,iI

 for 

i = j, and Ωi,j = a4,kdi,jD + a5,kdi,jI for i ̸= j, I is the 
identity matrix of size (N + 1) × (N + 1). This matrix 
construction, consistent with equation (3.17), applies to the 
entire matrix equations (3.15) - (3.16). Boundary conditions 
are incorporated by modifying the respective rows in each 
diagonal block using values at the collocation nodes. The 
compact form of the full matrix system can be expressed as 
follows:

[Ω] [F] = [R1] , [Υ] [Θ] = [R2] , [Λ] [φ] = [R3] .� (3.18)

Initial approximations are selected to start the iteration pro-
cess and are designed in such a way that they conform to the 
corresponding boundary conditions.

Results and Discussion

To obtain the mathematical results, certain non-
dimensional parameters were assigned specific val-

ues: 

ξ =1, P r = 6.79, λa = 0.5, λb = 0.5,

∆1 =0.2, ∆2 = 0.2, BT = 1.0, αa = 0.8,

γa =0.1, γb = 0.1, R = 1.2, ξa = 0.5,

Γa =1.0, TR = 1.2, Ka = 0.8, Sc = 1.0,

ϵa =1, Ec = 0.5, K = 0.5, ϕ1 = 0.04,

 and 

ϕ2 = 0.04. These values were fixed in the entire numeri-
cal study, unless specified in the various figures. Table 
3 presents numerical solutions of f(η) for different val-
ues of η and K, which are obtained using the overlap-
ping grid-based SCM and the inbuilt MATLAB bvp4c 
solver. The comparative results are obtained when 
ξ = Pr = λ1 = λb = ∆1 = ∆2 = αa = Ha = Hb

= R = ξa = Γa = Ka = Sc = ϵa = Ec = ϕ1 = ϕ2 = 0,
 

TR = 1, and BT → ∞, and the mathematical model 
reduces to

f ′′′ − Kf ′ + 1
2

ff ′′ = 0, f ′(0) = 1, f(0) = 1, f ′(∞) = 0. � (4.1)

The set of results are in excellent agreement, thereby vali-
dating our current findings and further confirms that the 
proposed mathematical model accurately captures the under-
lying fluid flow, thermal and mass transfer mechanisms.

To assess the accuracy of the spectral (numerical) 
approach in approximating the full dynamical model, Fig. 4 
presents the solution errors computed for the system of 
equations using varying numbers of sub-domains. The plot 
confirms that the method provides accurate approximations 
across the different configurations considered. Furthermore, 

into equations (3.11) - (3.13), and the spectral collocation 
approach is employed to obtain the required numerical 
solutions. With the initial conditions being incorporated, 
the resulting algebraic system takes the following discrete 
matrix form:

[
a0,kD3 + a1,kD2 + a2,kD + a3,k

] (τ)
F̄ i,k+1

+ a4,k

Nξ−1∑
j=0

di,jD
(τ)
F̄ j,k+1

+ a5,k

Nξ−1∑
j=0

di,j

(τ)
F̄ j,k+1 =

(τ)
R 1,i,k,

� (3.14)

[
b0,kD2 + b1,kD + b2,k

] (τ)
Θ̄ i,k+1

+ b3,k

Nξ−1∑
j=0

di,j

(τ)
Θ̄j,k+1 =

(τ)
R 2,i,k,

� (3.15)

[
c0,kD2 + c1,kD + c2,k

] (τ)
φ̄ i,k+1

+ c3,k

Nξ−1∑
j=0

di,j

(τ)
φ̄ j,k+1 =

(τ)
R 3,i,k,

� (3.16)

where 
(τ)
R 1,i,k = a6,k − a4,kdi,Nξ

D
(τ)
F̄ Nξ

− a5,kdi,Nξ

(τ)
F̄ Nξ

, 
(τ)
R 2,i,k = b4,k − b3,kdi,Nξ

(τ)
Θ̄Nξ

,

(τ)
R 3,i,k = c4,k − c3,kdi,Nξ

(τ)
φ̄ Nξ

,

 and the structure of the 

derivative matrix D is well-documented in Mkhatshwa 
(2022); Mkhatshwa and Khumalo (2023). Each matrix equa-
tion yields a linear system involving Nξ(N + 1) equations 
and same number of unknowns, where N indicates the total 
number of collocation points in the primary spatial domain, 
calculated as N = Nη + (Nη + 1)(s − 1). For instance, 
equation (3.14) can be written in matrix form as




Ω0,0 Ω0,1 Ω0,2 · · · Ω0,Nξ−1
Ω1,0 Ω1,1 Ω1,2 · · · Ω1,Nξ−1

...
...

. . .
...

ΩNξ−1,0 ΩNξ−1,1 ΩNξ−1,2 · · · ΩNξ−1,Nξ−1







(τ)
F̄ 0
(τ)
F̄ 1
...

(τ)
F̄ Nξ−1




=




(τ)
R1,0
(τ)
R1,1

...
(τ)
R1,Nξ−1




,

� (3.17)
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fluid velocity. This is because the fluid is more viscous as λb 
is enhanced. We observed that the two fluid parameters have 
opposing behaviour on the fluid velocity.

The significance of the ferrohydrodynamic interaction 
parameter ∆1 and the dimensionless distance parameter 
αa on the velocity profiles of the fluid is shown in Fig. 8. 
Increasing the movement parameter αa (from 0.6 to 1.0) 
leads to an increase in the fluid velocity. This implies that a 
larger αa causes greater deceleration of the fluid flow within 
the boundary layer. Consequently, the velocity boundary 
layer thickness increases with increasing αa. Ferrohydro-
dynamic (magnetic dipole)∆1 represents the strength of 
the interaction between the magnetic nanoparticles and the 
magnetic field gradient generated by the dipole. A positive 
∆1 indicates that the magnetic force (often referred to as 
the Kelvin force in this context) acts to decelerate the fluid 
velocity. Therefore, a stronger ferrohydrodynamic interac-
tion do not enhances the fluid flow, resulting in a less thinner 
velocity boundary layer.

In Fig. 9, the influence of the Prandtl number in the range 
of [5, 15] and the Eyring-Powell fluid parameter λa in the 
range [0.1, 0.8] on the temperature profile is presented. As 
the Prandtl number (Pr) increases (from 5 to 15), the tem-
perature profiles become steeper, and the temperature drops 
more rapidly with increasing distance η from the sheet. This 
means the thermal boundary layer thickness decreases with 
increasing Pr. Consequently, the thermal effect of the heated 
sheet is confined to a thinner region near the surface. This 
indicates that the fluid diffuse faster with the enhancement 
of the Prandtl number. Increasing the fluid parameter λa 
slightly increases the thermal boundary layer thickness, due 
to enhanced shear-thinning effects (reduced effective viscos-
ity) allowing the fluid to carry heat further, however, away 
from the plate a counter effect can be observed as shown in 
Fig. 9. In Fig. 10, an increase in the dimensionless distance 
parameter leads to a decrease in the fluid’s temperature. 

analysis shows that the combination of only two colloca-
tion points and 50 subdomains achieves the optimal con-
vergence rate. The residual error plot presented in Fig.  5 
supports the convergence trends illustrated in Fig. 4. The 
minimum residual error norms across all computed flow 
profiles (velocity, temperature, and concentration) were 
achieved using parameters N = 2 and s = 50. The magni-
tude of these residual errors, falling to approximately 10−14, 
provides strong confidence in the accuracy and reliability of 
the numerical method employed.

The influence of the sheet void fraction (porosity param-
eter) K in the presence of a single (Al2O3) and hybrid 
nanoparticles (Al2O3 and Fe2O3) is displayed in Fig.  6. 
In line with the displayed graphs, increasing K dampen 
the velocity of the fluid. Whereas a contrary behaviour is 
noticed for the temperature and concentration distribution 
in both emulsification of a single and hybrid nanoparticles 
into the fluid. This increased resistance leads to a loss of 
momentum for the fluid, causing its velocity to decrease 
(dampen). The fluid has to work harder to move through or 
past the porous structure. When the fluid velocity is reduced, 
individual fluid particles spend a longer time in any given 
region, particularly near the stretching sheet. This extended 
contact time allows for more effective heat transfer, lead-
ing to a higher temperature within the fluid boundary layer. 
The thermal boundary layer thickens because heat can pen-
etrate further into the slower-moving fluid. The slower fluid 
velocity allows more time for this species to diffuse. This 
results in a higher concentration of the species in the fluid. 
For Fig.  7, λa and λb are material parameter specific to 
the Eyring-Powell fluid model, which is a non-Newtonian 
fluid. These two parameters influence the fluid’s rheological 
behaviour, often related to how its viscosity changes under 
shear stress. It is noted in Fig. 7 that increasing the Eyring-
Powell fluid parameter λa enhances the fluid velocity, how-
ever, enhancing λb have a minimal retarding force on the 

Table 3  Comparison of f(η) for varying η and K values using overlapping grid-based SCM and bvp4c numerical solver

η K = 0 K = 0.1 K = 0.3 K = 0.5

Present bvp4c Present bvp4c Present bvp4c Present bvp4c

results solver results solver results solver results solver
1.0 1.675001 1.675003 1.653166 1.653168 1.617455 1.617455 1.588861 1.588861
2.0 1.941775 1.941782 1.893790 1.893795 1.818215 1.818215 1.760456 1.760457
3.0 2.039660 2.039673 1.976781 1.976791 1.880036 1.880035 1.808179 1.808181
4.0 2.074553 2.074571 2.004729 2.004745 1.898744 1.898743 1.821275 1.821278
5.0 2.086848 2.086868 2.014059 2.014082 1.904374 1.904374 1.824854 1.824861
6.0 2.091149 2.091168 2.017159 2.017187 1.906065 1.906065 1.825832 1.825840
7.0 2.092636 2.092654 2.018180 2.018214 1.906571 1.906570 1.826098 1.826107
8.0 2.093134 2.093151 2.018508 2.018546 1.906719 1.906719 1.826170 1.826180
9.0 2.093284 2.093301 2.018605 2.018644 1.906760 1.906760 1.826188 1.826199
10 2.093313 2.093330 2.018623 2.018663 1.906768 1.906767 1.826192 1.826202
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The influence of the space-dependent Ha and tempera-
ture-dependent Hb heat source parameters on the fluid tem-
perature is displayed in Fig. 12. Higher positive values of 
Ha yield higher temperature profiles, indicating increased 
heat generation in the fluid. Positive Hb values (heat genera-
tion) increase fluid temperature, while negative values (heat 
absorption) decrease it. The largest temperature differences 
are observed near the boundary region.

In Fig. 13, a high Biot number (BT ) contributes to high 
temperature profiles close to the surface of the sheet and 
reduces drastically due to the wide temperature difference. 
Biot number helps in various thermal processing applica-
tion such as food processing and material processing. The 
temperature ratio which is a dimensionless quantity which 
represents the ratio of surface temperature to the ambient 
temperature is depicted in Fig. 13. We observed that higher 
temperature ratio results in high temperature profiles except 
close to the sheet at η = 0. This stronger potential drives a 

This results in lower temperatures deeper within the thermal 
boundary layer. The impact of ∆1 on the fluid’s temperature 
distribution over the stretching sheet is quite opposite to its 
effect on the fluid’s velocity. The physical interpretation for 
the temperature trend with ∆1 is that as fluid movement cre-
ates drag, more heat is generated. Thus, increasing trends 
in temperature are observed as the parametric value of ∆1 
increases.

Fig. 11 depicts the impact of radiation parameter (R) and 
Eckert number (Ec) on temperature profiles; we see how 
varying R ∈ [0.4, 1.6] affects the temperature distribution 
of the fluid over the stretching sheet. Increasing R results 
in increasing temperature profiles, with the effect more pro-
nounced before the fluid reached the far-field region. We 
note the effect of varying Ec ∈ [0.0, 0.6] on temperature 
profiles. Higher Eckert numbers correspond to increased 
temperatures, representing greater viscous dissipation 
effects converting kinetic energy into thermal energy.
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increases. This behaviour is realistic in that when the rate 
of chemical reaction parameter increases, the reaction in 
the system is expected to be faster, and the concentration 
of the system is therefore reduced as reactant species are 
depleted in the process. Activation energy plays a crucial 
role in determining the rate of chemical reactions and their 
profiles, subsequently, the concentration of reactants and 
products. Reducing the activation energy increases the reac-
tion rate and automatically leads to higher concentrations of 
products and profiles.

The influence of having a nanofluid to hybrid nanofluid 
and ferrohydrodynamic parameter is displayed in Fig. 16. 
As the nanoparticle volume fraction ϕ2 increases (from 0 to 
0.04), the curves shift upwards (become less negative). This 
indicates that increasing the concentration of nanoparticles 
decreases the magnitude of the skin friction coefficient 
(reduces drag). This result is somewhat counter-intuitive, as 
adding nanoparticles generally increases the effective vis-
cosity of the fluid. Higher viscosity typically leads to higher 

greater heat flux from the wall into the fluid. To carry this 
increased heat away from the surface, the fluid within the 
thermal boundary layer must attain higher temperatures 
compared to a situation with a lower temperature ratio. 
Therefore, the entire temperature profile within that affected 
region is elevated.

Fig. 14 displays that increase in Schmidt number reduced 
the concentration by showing steeper concentration gradi-
ent and a thinner concentration boundary layer reason being 
that larger Schmidt number leads to lower mass diffusiv-
ity; thereby the concentration is left at a reduced level. It is 
seen in Fig. 14 that increasing the space generation/absorp-
tion parameter results in higher concentration of the species 
thereby increasing the concentration profiles. Furthermore, 
in Fig. 14 the increase in heat generation parameter has been 
found to increase the reaction rate leading to faster con-
sumption of reactants and formation of products.

It is observed in Fig.  15 that the concentration pro-
files decrease as the rate of chemical reaction parameter 
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for a higher value of αa is experienced. Increasing the Curie 
temperature parameter ϵa also decreases heat transfer, likely 
by weakening beneficial thermomagnetic convection or 
through flow stabilization/retardation effects caused by the 
magnetic forces under those specific thermal conditions. 
Increasing the effect of viscous dissipation decreases the 
heat transfer rate (decreases the Nusselt number). This acts 
as non-internal heat source within the boundary layer. When 
∆2 increases, this internal heating becomes less significant. 
This reduces the temperature of the fluid layers close to the 
wall and subsequently the heat transfer rate, see Fig.  20. 
Similar behaviour exhibited by ∆2 is observed by ∆1 on 
the rate of heat transfer rate.

In Fig. 21 as the thermal radiation parameter R increases 
(from 0.4 to 1.6), the Nusselt number value significantly 
shoot upwards. R quantifies the relative importance of 
thermal radiation as a mode of heat transfer compared to 

shear stress and thus higher skin friction. The observed 
trend suggests that, in this specific system, factors lead-
ing to drag reduction outweigh the expected increase from 
viscosity enhancement. Increasing the ferrohydrodynamic 
effect strongly decreases the magnitude of the skin friction 
(reduces drag). The influence of the the fluid parameters λa 
and λb at the wall is contrasting. We observed that increas-
ing λa leads to enhancement in the drag force across the 
dimensionless streamwise coordinate. Whereas, increment 
in λb reduces the drag of the fluid at y = 0, see Fig. 17.

Fig.  18 presents the influence of distance and porosity 
parameter on the skin friction which decreases with dis-
tance from the leading edge as the boundary layer thick-
ens. Higher Porosity which gives rise to higher permeability 
reduces the skin friction. In Fig. 19, as the dimensionless 
distance increases from 0.6 to 1.0, the plots consistently 
moves upward with lesser value along ξ. This means that 
for any given location ξ, the value of Re

− 1
2

x Nux increases 

0 1 2 3 4 5
-4

-3.8

-3.6

-3.4

-3.2

-3

-2.8

-2.6

0.1 0.3 0.5 0.8

0 1 2 3 4 5
-4

-3.5

-3

-2.5

-2

0.1 0.3 0.5 0.8

Fig. 17  Impact of λa and λb on skin friction coefficient profiles

 

0 1 2 3 4 5
-3.3

-3.2

-3.1

-3

-2.9

-2.8

-2.7

-2.6

0 0.01 0.02 0.04

0 1 2 3 4 5
-4

-3.5

-3

-2.5

0 0.2 0.4 0.6

Fig. 16  Impact of ϕ2, K and ∆1 on skin friction coefficient

 

1 3

Page 17 of 22    396 



Modeling Earth Systems and Environment          (2025) 11:396 

the Biot number and temperature ratio on the heat transfer 
rate is depicted in Fig. 22. Increasing BT  and TR support 
the heat transfer rate of the fluid. The increase in Schmidt 
number is found to contribute to the increase in the rate of 
mass transfer in the flow dynamical system as presented in 
Fig. 23. It is also shown that porosity affects mass transfer 
rate in the system by influencing the available surface area 
and allowing more fluid to flow through the porous medium. 
Importantly, the hybrid nanofluid has less mass transfer coef-
ficient compared to the nanofluid. In Fig. 24, the increase 
in the rate of chemical reaction parameter contribute to the 
increase in Sherwood number. In the same vein, increase in 
activation energy reduces the rate of mass transfer.

conduction/convection. Thermal radiation allows energy 
to be transported directly from the hotter surface through 
the fluid. By providing an additional pathway for heat to 
leave the surface, radiation effectively cools the surface 
region more efficiently (or heats the bulk fluid more read-
ily). This process leads to a steeper temperature gradient 
near the wall. A steeper gradient corresponds to a higher 
heat flux and therefore a higher Nusselt number. However, 
increasing the Eckert number reduces the heat transfer rate 
(decreases the Nusselt number). A higher Ec signifies more 
intense internal heating of the fluid due to viscous friction. 
This raises the fluid temperature within the boundary layer, 
reduces the temperature difference between the wall and the 
adjacent fluid, makes the temperature gradient at the wall 
less steep, and consequently decreases the heat flux from the 
wall, leading to a lower Nusselt number. The behaviour of 

0 1 2 3 4 5

0.2

0.25

0.3

0.35

0.6 0.7 0.8 1

0 1 2 3 4 5
0.25

0.26

0.27

0.28

0.29

0.3

1 1.2 1.6 2

Fig. 19  Impact of αa and ϵa on heat transfer rate

 

0 1 2 3 4 5
-3.8

-3.6

-3.4

-3.2

-3

-2.8

-2.6

0.6 0.7 0.8 1

0 1 2 3 4 5
-4

-3.5

-3

-2.5

-2

0.1 0.3 0.5 0.7

Fig. 18  Impact of αa and K on skin friction coefficient profiles

 

1 3

  396   Page 18 of 22



Modeling Earth Systems and Environment          (2025) 11:396 

0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.1 0.3 0.5 0.8

0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

0.4 0.8 1.2 1.6

Fig. 22  Impact of BT  and TR on heat transfer rate

 

0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.4 0.8 1.2 1.6

0 1 2 3 4 5
-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6

Fig. 21  Impact of R and Ec on heat transfer rate

 

0 1 2 3 4 5
0.1

0.15

0.2

0.25

0.3

0.35

0.4

0 0.2 0.4 0.6

0 1 2 3 4 5
0.26

0.265

0.27

0.275

0.28

0.285

0.29

0 0.3 0.6 0.9

Fig. 20  Impact of ∆1 and ∆2 on heat transfer rate

 

1 3

Page 19 of 22    396 



Modeling Earth Systems and Environment          (2025) 11:396 

engineering quantities like the skin friction coefficient, Nus-
selt number, and Sherwood number. The findings of this 
study include the following:

	● Variations in Eyring-Powell fluid parameters lead to dif-
ferentiated and opposing alterations of the surface drag 
force.

	● The efficiency of heat dissipation from the sheet’s sur-
face is improved by increasing either the Biot number or 
the thermal radiation parameter.

	● Heat generation have a great influence on the movement 
of the fluid and heat distribution. The temperature-de-
pendent heat source have more influence compared to 
the spatial-dependent heat source.

	● The negative impact of increased viscosity on convec-
tion outweighs the positive impact of enhanced thermal 
conductivity, especially at the wall.

Conclusions

A numerical simulation of the steady, two-dimensional 
boundary layer phenomenon of an Eyring-Powell hybrid 
nanofluid over an expanding surface, considering the 
influence of a magnetic dipole. The complex system of 
governing partial differential equations was effectively 
transformed using a set of non-similar group of transforma-
tion, to dimensionless two-variable deterministic equation. 
The resulting non-linear, coupled system was then solved 
with high accuracy using the efficient spectral overlapping 
multidomain collocation method. The reliability and con-
vergence of the employed numerical scheme were carefully 
validated through detailed analysis of solution and residual 
errors plots, affirming the credibility of the obtained results. 
We systematically explored the impact of various pertinent 
physical parameters on the fluid’s velocity, temperature, and 
nanoparticle concentration distributions, along with crucial 
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