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Abstract

Lie symmetry analysis is an established method for generating symmetries of differen-
tial equations. We apply this method together with fundamental theorem of double
reduction. In particular, Noether symmetries and some associated conservation laws
are constructed in our investigation to find exact solutions of higher order partial
differential equations and complex partial differential equations.
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1. Introduction

In this dissertation we will be investigating higher order partial differential equations and complex
partial differetial equations, in particular, the Swift Hohenberg partial differential equation, the
Ohta-Kawasaki partial differential equation and Cubic non-linear Schrodinger Partial Differential
equation(NLSE). The main objective of this Dissertation is to use Lie-point Symmetries and con-
servation laws of this partial differential equations to reduce their order using fundametal theorem
of double reduction.

The Swift Hohenberg partial differential equation models the existence of standing waves between
rolls and hexagonal patterns of the two-dimensional pattern formation[7, 8, 11].

The OhtaKawasaki equation models the evolution of di-block copolymers. Depending on the
value of the parameter § which represent a measure of the ratio of the mixture of the polymers
and k, the incompatibility of the polymer types, there is a range of stationary states with a three-
dimensional geometry. These have been analyzed and presented using numerical techniques[11].

We get the Cubic nonlinear Schrodinger Partial Differential equation(NLSE) from experiments
on compressional dispersive Alven(CDA) waves [21].

Each chapter begins with an introduction and description of what is to follow. In chapter 2
we present a literature review of results and definitions pertinent to the work that follows. In
chapter 3 study symmetry properties and conservation laws of Swift Hohenberg partial differential
equation. We also show how knowledge of this lead to various reductions of pde. In chapter 4
study symmetry properties and multipliers of OhtaKawasaki partial differential equation. We also
show how the knowledge of this can help us to find conserved densities of pde. In chapter 5 we
study multipliers, symmetries and conservation laws of Schrodinger Partial Differential equation
and show how the knowledge of this lead to reduction of pde using double reduction.

Contents of chapter 3 and chapter 4 where combined and published in[23]. Contents of chapter
5 will be sent for possible publication.



2. Preliminaries

2.1 Introduction

In this chapter we will introduce all the definitions, notations and theorems that we will need
analyse the differential equations.

2.2 Definitions and Theorems

2.2.1 Definition. [1] Given g(x,v™), the ¢-th total derivative of g has the general form

Dqg 81.(1 ZZ Jzav? (21)

where, for J = (j1,..., i),

P e al—l—l,ua
< ~ . 2.2
"m0 = Ppa T 929927 0 (22)

In(2.1) the sum is over all J's of order 0 < |.J| < n, where n is the highest order derivative in g.

2.2.2 Definition. A function g(z, v, v(1), ..., Uk)) Whose variables are finite is called a differential
function of order k. Where v denotes the collection of all tth-order partial derivatives, v =

D,(v?) and v%, = D,D,(v7), ... respectlvely.

The universal vector space of differential functions of finite order will be denoted by U/

2.2.3 Definition. The operator,

0
By = D,,...D, : =1,.., 23
Sue 8ua + Z S Ou® & @ mn (2:3)

s>1

is called Euler operator for each « (it is also called the EuIer-Lagrange operator).

2.2.4 Definition. [2, 3, 4, 5] Consider a system R{z;u} of N partial differential equations of
order k given by
R° = R°(x,u,0u,...,0") =0, 0 =1,2,..., N, (2.4)

with n independent variables x = (2, ..., 2") and m dependent variables u = (u!,...,u™). Local

conservation law of PDE system (2.4) is a divergence expression

D;F'[u] = Dy F'[u] + DyF?*[u] + ... + D, F"[u] = 0 (2.

holding for all solutions of PDE system (2.4). In (2.5), F'[u] = F'(z,u,0u,...,0™u), 1 =
1,2,...,n, are called the fluxes of the conservation law and the highest order derivative (7)
present in the fluxes F[u] is called the (differential)order of a conservation law.

(6]
~

2
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2.2.5 Definition. [2, 3, 4, 5] A set of multipliers {A,[U]}Y_, = {A,(z,U,0U,...,0'U)}N_,

o=1

yields a divergence expression for PDE system (2.4) if the identity
A, [UIR’[U] = D;F'[U] (2.6)
is satisfied for all the solutions of (2.4).
2.2.6 Theorem. [2, 3, 4, 5]A set of non-singular multipliers
{AelUl}om = {Ao(2, U, 0U, ... 0'U) }5y

yields a local conservation law of the given system of differential equations (2.4) if and only if

Euo(Ay(2,U,0U,...,0'U)R’ (x,U,0U, ...,0FU)) = 0 (2.7)
for all the solutions of (2.4).

2.2.7 Definition. The Lie-Backlund symmetry operator is given by

za « a e
axi+£ el (2.8)

X =
4 oue’

The operator is an abbreviated form of the following infinite sum

-0 0 0
X =7"— ¢ x 2.9
T O ‘|‘§ Ou +7nz>17711 ..... im auzal ..... . ( )
where
0t = Dy(M®) + 7/ug, (2.10)
0= D;,...D;, (M*?) —|—Tju§‘i1 ..... P m > 1 (2.11)

In (2.10) and (2.11),M“ is the Lie characteristic function given by

M =¢* —77uf. (2.12)

2.2.8 Definition. [9] The Lie-Backlund symmetry generator X of the form of (2.9) is associated
with the fluxzes of the conservation law F"*, if it satisfies the following equation

X(F') + F'Di(7*) = F*Dy(1") = 0 L=1,..,n. (2.13)

2.2.9 Theorem. [9] Suppose that X is any Lie-Bicklund symmetry of (2.4) and F*, 1 = 1,...,n,
are the fluxes of the conservation law of (2.4).Then

F*=[F"'X]=X(F')+ F'D;77 — FID;r* c=1,...,n. (2.14)

constitute the components of conserved vector of (2.4).
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2.2.10 Theorem. [10] Suppose that D;F" = ( is a conservation law of a PDE system (2.4). Then,
under contact transformation, the exist a function F* such that ©D,F® = D,F", where ' is

given as
F! F!
F? F?
= hHr| |, (2.15)
P m
F! P
F? £?
o | =v"|" (2.16)
Fm Fn
in which
l;jll'l l:)ll'g l:jll'n Dlil leg Dlin
Dgl'l DQI’Q Dgl’n Dggl Dgfg Dggn
U = 7\1171: (217)
5n$1 jjn.fL'Q 5nxn Dngl anQ Dn%n

and ©= det(\V).
2.2.11 Theorem. [10] (Fundamental theorem of double reduction)

Suppose that D;F" = 0 is a conservation law of a PDE system (2.4).Then, under a similarity
transformation of a symmetry X of the form (2.9) for the PDE, there exist functions F" such

that X is still a symmetry for the PDE D;F = 0 and
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in which
513171 51513'2
Dgl'l DQ(L’Q
U =
5n$1 ﬁn.fIZ'Q

and ©= det(\V).

X!
XF?

X[n

Dlxn
Dan

Dz,

Our original system is equivalent to

sYsy = {

This system can be rewritten as

vl=

Dy
Doy

Dngl

Dy o

Dy

D,z

AlRl ‘I— A2R2 - O,
A RY — AyR? = 0.

Dy F' + D, F* 4+ D,FY = 0,
AR — AR? =0.

(2.18)
D17,
Dy,

(2.19)
Dy

(2.21)

where R! is the first equation of our system of partial differential equations(2.4),R? is the second
equation of our system of partial differential equations (2.4), A; and A, are multipliers of our
system of partial differential equations(2.4).

2.2.12 Theorem. [4, 13] (Noether’s theorem)

We consider the field functions u:{Q) CR" — R™, (x') — (u®(x)) and a functional of the form

J(u)

Q

/L(xi,ua(a:),u

(), u

e
xtxd

(x))de,

(2.22)
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where L satisfies the Euler-Lagrange equation:

}:DﬁDﬂQMkl>—Dﬂc%%>+§izﬂl (2.23)

k<l

We consider the infinitesimal transformation of the form:

with its prolongation to:

Ugy, = xk _'_677137 (224)

Tk —

ufkfl =U xkxl + enl(:l’ 225)

where 0%, 15, are as defined in (2.10) and (2.11).

Such an infinitesimal transformation is said to be Noether Symmetry with respect to L if for all
field functions u®(x) and for all subdomains D C (Q, there exist functions f'(xz,u) such that

/ LG, 50(F), 8 () igens (7)dF — / L, 0 (), 0 () tgens ()

D
+§/D 2))dr + O(2),  (2.26)
where f'(x,u) satisfies Noether identity:
(9L (‘3L ,
— LD, 1" = D, f" 2.2
T o +kaa+; i mz+ W = Dy f (2.27)

The fluxes of the conservation law of differential equation for fixed k will be given by the
following equation:

N e oy ))+Z ) 5o — . (2.29)
ak =1




3. Swift Hohenberg equation

3.1 Introduction

In this chapter, we analyze some fourth-order (1+2) partial differential equations (PDEs) that
model propagation of hexagonal patterns and the microphase separation of di-block copolymers.
The existence of standing waves between rolls and hexagonal patterns of the two-dimensional
pattern formation Partial Differential Equation (pde) model is given in [7, 8, 11] as the evolutionary
equation:

uy = —(14+ A)u+ pu — B|Vul* — au?, (3.1)

where u = wu(x,y,t) and A is the two-dimensional Laplacion. This is a generalization of the
Swift Hohenberg equation given in [12]. The term 3|Vu|? contributes to a break in symmetry[8];
other finer details of the model are spelt out in the references above, particularly in [7]. In this
section we study the invariance (symmetry properties) and conservation laws of the model (3.1)
and other related models that display a broader spectrum of conservation laws. We also show
how a knowledge of this lead to various reductions of the pde.

The contents of this chapter have been published in [23].

3.2 Symmetries and conservation laws

In the first case we write (3.1) as

Up = (LU — QU — U — 22Uy — 2 Uy — Ugprs — 2 Ugayy — Uyyyy — BU> + uf/) (3.2)

The infinitesimal generator is prolonged to derivatives by adding all terms of the form 7,0, up
to the desired order[1]. For example,

xtopd w0 0,0, 0 90 9
ot T ar Ty cou Mou, T Tou, T Mo,
9 ) ) ) )
XB = x0 4 g o ——— + T — _—
+ n tauxt + n 0uxm + Ny auxy + Nty auty + Mt aUtt + Nyy auyyv

170y, is as defined in (2.10) and (2.11).
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The criteria that yields the Lie point symmetries of (3.2) is given by the invariance condition :

XM (wy — pu 4 au® +u + 2y + 2 Uyy + U + 2 Uggyy + Uyyyy + Bu? + uz)) = 0.[1] (3.3)

The vector fields, corresponding to the one parameter Lie group of transformations, that leave
(3.2) invariant is found by solving (3.3) by method presented in [1] and get principal algebra with

basis,
Xl = 81'7
X2 — 8y,
X3 - ata

Xy = —y0y + x0,.
The algebra is extended for the following cases of the parameters,
Casel. a=0,38=0:

X5 = u@u,
XG = f(anZ/;t)au;

where f(z,y,t) satisfies the pde (3.2).
Case2. u=1,a=0,6#0:

X7_au7

Xg = L Oy + 10

S_QB:EU )
1

X9 = —y0, + to,

Case 3. u#1,a=0,5#0:

XlO - et(u—l)au,

1
X, = —etn=1) O,
11 2ﬁ€ z0, + 0 1

1 _ 1 _
Xy = %et(u l)ygu 4 etlw 1)ay'

pw—1

et(wl)agc7

—_ o~~~
~N O O B
—_— — — ~—

(3.11)
(3.12)

(3.13)

(3.14)
(3.15)

(3.16)

Using Maple we see that 3.2 does not admit any conservation laws for 5 # 0 despite having the

Lie point symmetry algebra.
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The steady state solutions are obtained by using time translation invariance, X3 = 0; and reduce
(3.2) to get:

(= 1u — v’ = 2ugy — 2Uyy — Uggzg — 2 Ugayy — Uyyyy — B(ul +u) =0, (3.17)

where v = u(z,y,t). We perform two symmetry reductions of this pde below.

(i). Firstly, a linear combination of X; and X3, X = —b0, + 0, lead to the invariants z = x + by

and U = u, where U = U(z). The transformation leads to the ordinary differential equation
(ode):

(p—1DU—-aU® =21+ )U" — (1 +*)?U" — (1 +b*)U? = 0. (3.18)
Equation (3.18) has a Lagrangian for § = 0, viz.,
1 2 1 4 2 2 1 2\27 7112
in(ﬂ—l)U—Z@U—(l"‘b)U —5(1+b)U , (3.19)

admitting a single variational symmetry 0, and corresponding first integral:

1 1 1 1
—5(1 + 022U + 1+ P2UU" — (1 + ) U — §MU2 + §U2 + 10 Ut

so that the ode becomes

1 1 1 1
_5(1 + b2)2(]//2 + (1 + bZ)QU/U/l/ . (1 + bQ)U/Q o §,UU2 _|_ §U2 + Za U4 — k',
with an inherited symmetry 0., can be reduced to a second-order ode being a double reduction
of (3.18) for f = 0. That is, with U = a and U’ = B (where B = B(a)), we can show that the
above ode reduces to
1 1
BSBII _BQBIQ _
T3 (11 67)

B?* — f(a) =0,

where —f(a) = —3(u — 1)u? + Su* — k.

Note. The fourth-order ode (3.18) can be solved directly for « = S = 0 using Maple or
Mathematica

V@) () V) () V) (1) V) ()
T, N —— -z —_———z e z'

z
U=ce 1452 +coe 1452 +c3e 1452 +cye 1

As an example, if we choose ¢; = ¢o =0, ¢5 = 1/10°, ¢4 = 1/10% and b = 10, /i = 10, we get
the following profile of

_ /() (tvi) V- (+0%) (14 vi) _ /() (-1+vi) (-+by) v/ (4+02) (~1+vi) (@+by)

u=-cpe 1462 ($+by)+c2 e 1452 (x+by)+03 e 1+b2 +ecqe 1+b2
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(ii). The rotation in x — y, symmetry Xy, —y0, + 20, lead to the invariants z = z? 4+ y* and
U = u, where U = U(z). In this case, the transformed ode is:

(n— 1)U —aU? = 8(zU" 4+ U') — 4(422U™ + 112U" + 3U") — 4B2U" = 0, (3.20)

or
(n— 1)U —aU® —8D(2U") — 4D(42*U" + 32U") — 432U" = 0, (3.21)

where D is the total derivative with respect to z.

3.3 Explicit power series solutions

Here we use the linear combination symmetries X; = 0,, Xy = 0, and X3 = 0, to reduce our
pde (3.2) into an odinary differential equation and then use series solution method presented in
[6, 17, 24] to solve our differential equation.

The linear combination of X, X, and X3, X = 0, + cd, + 0, lead to invariants { =z +y — ct
and u = u(§). The transformation leads to the ode:

(1 — Du+cu' — au® — 4" — 4u"" — 2pu? = 0. (3.22)
By [6, 17, 24] u can be written as: N
u(€) =D el (3.23)
n=0
Substituting (3.23) into (3.22) we get the following equation:
o0 o © n k
(p—1) (co + Z cn§”> +ccqp + cZ(n +1)ens1€" — acy — Z Z Z CiCh—iCr—iE"
— - n=1 k=0 i=0

— 96¢, — 4Z(n +1)(n+2)(n+3)(n+4)cp 48" — 8¢y — 4 Z(n + 1)(n+ 2)cp28"

n=1 n=1

—2Bc — 28 E E (n+1—Fk)(k+1)ces1cns1-£" =0,
n=1 k=0
(3.24)

We investigate the general case fo n > 1, for this case, we get:

n k
1
((,u — ey +e(n+ lepyr) — @ Z Z CiCli—iCr—k:

T T A+ )+ 2)(n+ 3)(n+ 1) k=0 1=

— A+ 1)(n+2)cnp —28 ) (n+1—k)(k+ l)ck+1cn+1_k> .
k=0

(3.25)
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When n = 0, we get:
o — (0 —1)co + ccr ;60400 8cy — 2501 (3.26)

In this way, we have

u(f) =y + le + 0262 + 6353 + C4€4 + Z Cn+4fn+4 (327)

n=1

(— 1) + cep — acy — 8ey — 253

=Cp + 015 + 0252 + 6353 + 9% 54
n k
1
—1 n 1 n - 1Ck—itn—
+§:( n+17HQXn+$m+4)QM Jen +eln+ 1ensa) a;;;;”kc k
—4(n+1)(n+2)chi2a — 20 Z(n +1—Fk)(k+ 1)Ck+1cn+1k>> gt
k=0
(3.28)
At last, the explicit solutions of (3.2) are
u() = co+ ea€ + 6 + e +eaf + ) eppal™! (3.29)
n=1
—co+e(z+y—ct)+e(z+y—ct) +cs(z+y—ct)
N (— 1)co + ey — acy — 8¢y — 2f¢3 54y —ct)’
96
n k
1
—1 n 1 n - 1Ck—itn—
+Z( An+1D(n+2)(n+3)(n+4) ((M Jon +eln+ 1enia) a%;cc’“ Cnk
—4dn+1)(n+2)cpe — 208 Z(n +1—k)(k+ 1)ck+1cn+1_k)> (x+y—ct)",
k=0
(3.30)

where ¢;(i = 0,1, 2, 3) are arbitrary constants, the other coefficients ¢, (n > 4) should be derived
from the similar manner.

In general, the approximate form maybe more useful, i.e.,

u(a:,y,t):co+cl(:c+y—ct)+cz($+y—ct)2+03(:v+y—ct)3

—1 — acd — 8¢y — 286 (3.31)
4 (u )co + ccq 960400 C2 pei (z+y— ct)4 Foen

and (3.31) converges for | (z +y — ct) | <1.
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3.4 Wave form of Swift Hohenberg equation

In this section we consider the wave-like properties of the model instead of the evolutionary
version discussed above for the case 5 = 0, viz.,
3
U = U — QU — U — 2Upy — 2 Uyy — Uggae — 2 Ugayy — Uyyyy (3.32)

which is variational with Lagrangian
L=—u,?— uy2 —1/2u® + 1/2u° + 1/2uyy2 +uxy2 —1/2pu® +1/4au* +1/2u>

The conservation laws may be determined by the multiplier approach or via the variational sym-
metries and Noether's theorem. Both of these are enumerated below. First, the variational
symmetries X = 770, + 7'0; + 7Y0, + £0, are given and are used to calculate fluxes of the
conservation law via Nother's theorem and use this fluzxes of the conservation law to find mul-
tipliers of our pde. Since the pde is variational, each multiplier is a symmetry and has the form
Q=& — u,m™ — u;T" — uy, Y. Second we use multiplier that we have found to calculate fluzes
of conservation law using Maple and homotopy formula explained in detail in[2]. The two forms
of the conserved flows are equivalent up to divergence terms.

Equation (3.32) has the following variational symmetries

Xl = 8567
X2 - (9y,
X3 = atu

Xy = —y0, + 20,.

Here, we use the above Noether symmetries to calculate conservation laws using Noether's the-
orem .

We have three independant variables and one dependent variable, from Noether's theorem F'!, F?
and F® will be given by following equations:

P =L (6 )| i = Do () | 0 = ) o 0 =)
(05— ) e i
P Lrt o (€ =) | i = Do () Do () |+ 0 = )
(05— ) G o
F =L7% 4 (€% — ul,7) aigg D ( afL) Daa( af;ﬁ) Das ( afL)]
oL
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and F'! = F* F?2 = [ and '3 = FY. We then calculate conservation laws for all symmetries
Xl,XQ,Xg and X4.

3.4.1 Conservation laws using space translation invariance X; = 0,.

Here 7t = 73 =0, 72 = 1 and £ = 0, resulting in 7 = 0,7, = 0 and 73 = 0. From Noether's
identinty (2.27) fi = f. = f, =0.

By Noether’'s theorem the fluxzes of the conservation law will be:

F' =u,uy, (3.33)

Fo o2 — g2 — 22 +1u2 —u? —Huz—irgu‘l—i—u—z—l—uu (3.34)
2 7 Uy T Qlen Tty T ey T U T Y g T Mellawe, :

FY =2u,uy 4 2UgUggy + Uglyyy — Ugylyy, (3.35)

1 1
D,F' + Dy F® + Dy FY¥ =Dy(ugue) + Dy(u2 — u2 — ~2, + =12, — 2, — v + “u + = + Uptigen

vy 2 L 4 2
+ Dy (2ugtty + 20Uy + Uglyyy — Uy Uy )

=g (g + Qg — pitt 4+ u® + U+ Uggzy + 20y + 2Uggyy + Uyyyy) =0
along the solutions of (3.32).Therefore u, is the multiplier of (3.32).

Lastly we use multiplier u, to calculate fluzes of the conservation law using Maple and homotopy
formula explained in detail in[2] and get the following fluxes of the conservation law:

F'= 1/2uu, — 1/2uty,,

FY = 1/2uyyyuy + 5/6 Ugliyyy — 1/2 Uyytpy — 1/2 Upgtipy + 1/2 Uytpyy + 1/6 Uytiysy
Fuytly — 1/2 Uty — 1/2 Uy — Ullyy,

F* = 1/4dau® 4+ 2/3 Upyytiy + Uppatty — 1/6 Uyytine — 1/30z? — 1/2 00 + 1/3 Uty +
+1/2 Uty — 1/2 pu? + 1/2 0y, + 1/2 uwug + 1/2u? + vy,

3.4.2 Conservation laws using Noether symmetry X, = 0,.

Here 7' = 72 =0, 7 = 1 and £ = 0, resulting in ; = 0,7, = 0 and 73 = 0. From Noether's
identinty (2.27) f, = f, = f, =0.

By Noether's theorem the fluxes of the conservation law will be:

F' =uuy,
T
F* =2upty + Uylgry — Upylgs — 2UyyUsgy,
2 2 u2 2

u u % « u
2 2 t vy 2 2 4
Fy =u° —u: — — + _rr __ _JJ _I_ u — —Uu _|_ —U _I_ J— + 2uyux$y + uyuyyy)

v T2 2 2 w2 4 2
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DF' + D, F* + D, FY =D;(uyus) + Dy (20t + UyUpre — Uyl — 2UyyUsy)
2 o up | uj, uZy 2 oy a g U
+ Dy(uy —uy — — + % — 7 Uy, — Sut+ U+

2$l’
o Ty Ty U A g T SUyllazy

+ Uy Uyyy )

=y, (g + 2y — P+ QU + U+ Ugzr + 2y + 2y + Uyyyy) = 0
along the solutions of (3.32).Therefore w, is the multiplier of (3.32).

Lastly we use multiplier u, to calculate fluxes of the conservation law using Maple and homotopy
formula explained in detail in[2] and get the following fluxes of the conservation law:

F'= 1/2uu, — 1/2uuy,

FY = 1/4au* + uyyuy + 2/3 e, — 1/2uy,* — 1/3 U, — 1/6 uyytipy + us® + 1/3 Upyy i,
+1/2 Wty — 1/2 ppu® + 1/2 Wlggpr + 1/2 uty + 1/20% 4 Uiy,

F* = 5/6uytgy, + 1/2Uytpmy — 1/2 Uyytipy — 1/2 Upytizy + 1/6 gty
+1/2uzu1 12 + Uty — 1/2 Uy — 1/2 Ullygyy — Uiy,

3.4.3 Conservation laws using Noether symmetry X3 = 0;.

Here 71 = 1, 72 = 72 = 0 and £ = 0, resulting in n; = 0,7, = 0 and 13 = 0.From Noether's
identinty (2.27) fi = f, = f, = 0.
By Noether's theorem the fluxes of the conservation law will be:
2 2 u2 4 2
Ft— 22ty Yew | Ty 2 w
uy, uy+2+2—|—2—|—u$y 5 1 5
F* :2u:cut + Uplggr — UgtUze — 2uytuxya

y _
FY =2ty + 2Us Uy + Uplyyy — UytUsyy.

w oo, ul v aut  u?
D,F' 4+ D,F* + D,F" :Dt(—ug—u§+5t+7+%+uiy—%+7+7)

+ DI(QUCCut + UtUgpy — UgtUgr — 2uytuxy)
+ Dy (2ugtty + 2UiUypy + Upllyyy — Uyillyy)
=Uy (utt + 2umm — pu aui’) + U+ Upgar + 2uyy + 2uzxyy + uyyyy) =0

along the solutions of (3.32). Therefore u; is the multiplier of (3.32).

Lastly we use multiplier u; to calculate fluxes of the conservation law using Maple and homotopy
formula explained in detail in[2] and get the following fluzes of the conservation law:

Ft =1/4au* +1/2u? + 1/2u® + uuy 1 + vty + 1/2 Wlgper + Wlgryy + 1/2 wttyyy, — 1/2 pu?,

—FY = —1/2uyyus — 1/2Uppyuy + 1/2uyytyr + 1/3 Upytiy, + 1/6 gty — 1/2 uyttyye — 1/6 Uytiyyy
—wutly — 1/3uzu1 23 + 1/2 Wty + 1/2 Wllggyr + ity

F* = 1/2ugpus + 1/2 Upgpty — 1/6 uyytiyr — 1/3 Ugytiyr — 1/2Uggtye + 1/3 Uytpy + 1/6 gty

+1/2Up Ut + Wty — 1/2 Uy — 1/2 Ulgggr — Uy,
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3.4.4 Conservation laws using Noether symmetry X, = —y0, + z0,.

Here 71 = 0, 72 = —y, 7> = 2 and £ = 0, resulting in n; = 0,72 = —u, and 73 = u,.From
Noether's identinty (2.27) f, = f, = f, = 0.

By Noether's theorem the fluxes of the conservation law will be:

Ft =T UyUp — YUz Uy,

2 2 u2 2 4 2
F* :yui—kyu;—l—%—%—%—yuiy-f—#y; —%—%—29%_9%%5”

2 2
+ 20Uy Uy + TUY Uy — Uylgy + YUy, — TlUpyUgy + 2UgUyy + 2yuzy — 20Uy Uy,

FY =2uyty + 2UiUggy 4 Uity — Uyily,.

2 2 2 2
yup  Yug, YU yu
D,F' + D, F® + D, FY =Dy(zuyuy — yuzug) + D, (yu? + yuz + 2t T 2yy - yuiy + a 5

2 2
— —— — Y = 2y, — YUplUgpy + 2TUY Uy + TUY Uy — UyUgy + YU,

— Ty Uy + 2Ug Uy + 2yuiy — 28 UgyUyy) + Dy (2ustty 4 2UpUsay + Upllyy,

— Uytlyy)

=(2uy — Yug) (Ut + 2Upe — pU + QUP 4+ U + Ugggz + 2Uyy + 2y + Uyyyy) = 0

along the solutions of (3.32). Therefore zu, — yu, is the multiplier of (3.32).

Lastly we use multiplier zu, — yu, to calculate fluxes of the conservation law using Maple and
homotopy formula explained in detail in[2] and get the following fluxes of the conservation law:

Ft =1/ 2wau, — 1/2uyuy, + 1/2uyu,, — 1/2uzuy,,

—FY = 1/6 Uy, + 1/2uyusy, + 1/20pu? — uyyyruy, — 1/208050y — Uy + 1/2 Uy yt,
—1/2urUppy — 1/2Upyytty 2 — UYlyy — 1/2UYlyray — 1/3 Ugyytue® — 1/2UYtyyy,
+5/6 Upyy Yty — 2/3 UgryTug — 1/2uzuy + 1/6 wyytipe, — 1/4zau® + upyu, — xu,? — uu,
=5/6 uyyty + 1/2 20y,* — 1/2 Upyytizy + uyyus + 1/3 2uzy® + 1/6 Upptty — 1/2 Uy,
—1/2utppy — 1/2 202,

F* = 1/2u,2U50y + 1/6 UpTUyyy — 1/2 08Uy — UYUyy — 1/2UpgTUyy — 1/3 UyYtyyy
—1/2 Uytpyy + 1/6 UyyYtizy — 1/2 Uy U1 2 — UTULy — 2/3 Ugyyyt, — 1/2yu?® — yu,?
—UUy + UgyUy — 1/2 Ul — 1/2 Utlyyy + 5/6 Ugyy Ty + U XUy — 1/2UYUs — Uy Yty
+1/2 Uggr Ty — 1/2 U@ — 1/2UYUyyyy + 1/2ypu® — 1/4yau® + 1/6 uyyu, + 1/3 yug,?
—5/6 Uzt + 1/2 yuy,>.
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3.5 Double reduction of the wave form of Swift Hohenberg
equation

Here we will apply the fundamental theorem of double reduction to solve our pde(3.32) using the
following fluzes of the conservation law F' = (F*, F*, FY):

t __
F =Ug U,

1 1 2
F* =u? — ui — §u§$ + Euzy — uiy — qu + %u4 + % + UpUpga,

y _
FY =2,y + 2UpUspy + UgUyyy — UgyUyy,

that we calculated in (3.33),(3.34),(3.35) and symmetries X;, X5, X3 to solve our partial differ-
ential equation.

In order to use fundamental theorem of double reduction to solve our partial differential equation,
the symmetries that we want to use must be associated to the conservation laws that we want
to use to reduce the partial differential equation.

To check whether conserved vectors are associated with symmetry we use the following version
of (2.13):

Ft D&t D& D&t Ft Ft
Fr=X|F*) — | D& D&% DyE* Fo | + (D" + D"+ DY) [ F* | . (3.36)
FY DY D&Y D&Y FY FY
For X1 = ax,
F? 0 00 Ft Ft
F*=X;|F*]|—-10 0 O F* | +(0) | F*
FY 000 FY kY
0
=10
0
as required.
For X2 = 8y
F! 000 Ft Ft
F* =X | F*] — (0 0 0 F* 1 +(0) | F*
FY 0 00 FY Y
0
=10
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as required.
For X5 = 0,
Ft 000 Ft F!
Fr*=X3|F*]|—-10 0 O F* | +(0) | FY
FY 000 FY FY
0
=10
0
as required.

Therefore F' is associated with X7, X5 and X3.

We then consider I' = (% + Ca% + La% ( ¢ and ¢ are constants), and this generator is then

o)

transformed into its canonical form T = where we assume that T is of the form:

%,
0 0 0 0 0 0 0 0
T =T(r)5 + T(k) 5 + T(w)5 -+ F(P)a—p =0+ o + 05—+ Oa—p. (3.37)

From the above equation we get I'(7) = 0,I'(k) = 1,I'(w) = 0, and I'(p) = 0. The invariants
will be found by solving the following equation [19]:

dp dt dk dx dy du dr d
gp ot 4k _dr a4y du 4T 4w (3.38)

0 1 1 c L 0 0 0

The invariants of (3.38) are summarized in the table below,
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Invariants ofF:%+ca%+Laﬁy
%:df b =x—ct
%:% by =y —mt
£=1 by =kt

0 by =u

T bs =T

¢ be = p

T by = w

Table 3.1: invariants table

By choosing by = b7, b3 = 0, b5 = b; and bg = by we get the following canonical coordinates

w = u,
s =1,

T =1 — CS,
p=y—1t,

where w = w(r, p).

The matrices ¥ and U~ will be constructed using the above canonical coordinates.

D;t D,z D,y 010
V= |Dg4 Do Dy|=|(1 ¢ ¢], (3.39)
Dyt Dyr Dy 0 01
DtT DtS Dtp —c 1 —u
U *t=|D,r Dss Dypl=|1 0 0}, (3.40)
Dyt Dys Dyp 0 0 1
—-c 1 0
Hr'=(1 0 0], (3.41)
— 0 1
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and © = det(V) = —1. The derivatives of u in terms of w are,

Uy = W,

Uy = Wr,
Ugy Wrr,
Ugy Wrp,
Uyy = Wpp,
Ugzy = Wrrr,

Ugzy = Wrrp,

Uyyy = Wppp,

U = —CW; — LW,,.
The reduced conserved form will be:
Fs a
Frl=0@0hH"F]. (3.42)
Er FY

Now by substituting the first, second and third derivatives of w in (3.42) we obtain,

Fs (= = Dw? — cw-w, +wl + w2+ w;p + fuw? — Sw* — 0 — W W,
T = —cw? — cw,w, ,
Fr —Lew? — Pwrw, — 2w, — 20 Werp — Wrlppp + WeplWpy
(3.43)
the first equation of the system (3.43) can also be given as,
D,F® = 0. (3.44)
Intergrating (3.44) with respect to s we get the following equation:
1 o 1
(—¢® = Dw? — cowrw, +w) + w2, + wy, + B — St — - WrWrrr =k, (3.45)

2 2 4 2

where k is constant.

The second equation of the system can also be given as D, F7 = 0, so by intergrating with
respect to 7 we can get:

— Aw? — cw,w, = j, (3.46)
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where j is constant.

Substituting (3.46) into (3.45) we get:

1 1
—w? +w) + 51037 + w,, + ng - %w4 - §w2 — Wy Wrrr = €, (3.47)

where € = k — J.
It is easy to see that &1 = J, and @y = 0. are symmetries of (3.47). We then consider:

¢ =0, + ho,, (3.48)
h is constant To find invariants of (3.48) we solve the following equation:

dr_dp_du

=7 3 (3.49)
The above equation gives us:
m = p— hr,
w = w(m)
The derivatives of w are,
w; = w (—h),
Wp = w (1),
Wer = w//(—h)Q,
we, = w' (=),

Substituting first, second and third order derivatives of w into (3.47) we get:

h* -1
(—h2 + 1)11}/2 + 7w//2 . hw" o h4w/w/// + #TWQ - %w4 — ¢

The above equation can be solved for « = h = 0 and get:

ie—%z‘\/ﬁ@cﬁ\/ﬁz) (8662i01m+ ei\/m,z)
w(z) = i (3.50)

ief%i\/ﬂ(261+\/52) (1 + 8€€i\/ﬁ(201+\/52)>

w(z) = i . (3.51)

or
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Substituting back the canonical coordinates of z and w into (3.50) and (3.51) we get:

ie— 3VImn(201+V2(y—ut)) (86621'01\/@ + ei\/m(y—u:)) 350
u= T (3.52)
or
o= 3VIA(2e0+V2(y—u) (1_+_8a§vqiﬁ(&h+vﬁﬁr%ﬂ))
. (3.53)

“= A5
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3.6 Conclusion

In this chapter we have shown that Swift Hohenberg equation has nontrivial Lie point sym-
metries which can be used to reduce it to an ordinary differential equation. We have showed
how to use explicit power solutions to solve Swift-Hohenberg equation. We then converted the
Swift-Hohenberg equation into its wave form for =0 and used Noether's theorem to find its
conservation laws. The conservation laws, together with multipliers were used to calculate further
conservation laws. We have shown that if symmetries are associated with conservation law, we
can use the fundamental theorem of double reduction to reduce our partial diffrential equation
into an ordinary differential equation. These may be solved by Maple or Mathematica when
a=0.



4. Ohta-Kawasaki equation

4.1 Introduction

The Ohta-Kawasaki equation
uy + AAu+u —u?) —u+k=0 (4.1)

models the evolution of di-block copolymers [14, 15, 16, 18]. Depending on the values of the
parameter ¢ which represents a measure of the ratio of the mixture of the polymers, and k, the
incompatibility of the polymer types, there is a range of stationary states with a three-dimensional
geometry. These have been analysed and presented using numerical techniques[11]. In [14, 16],
for k = 0, an energy functional is given by

E = /[%(ui +ul) + }1(1 —u?)?|dz + %u? (4.2)

The invariance properties and conservation laws of (4.1) are analysed in this chapter.

4.2 Symmetries and conservation laws

We first expand (4.1) into:
s+ 6 (Ugagn + 2Uaayy + Uyyyy) — 6(Utl +utl) — 3(UP gy + U tyy) + Uy +uyy —u+k = 0. (4.3)
The criteria that yields the Lie point symmetries of (4.3) is given by the invariance condition :

Xy 4 6 (U + 2ty + Uyyyy) — 6(ute? +utel) — 3(u gy + Uty ) + gy +Uyy —u+k) = 0.[1]
(4.4)

The vector fields, corresponding to the one parameter Lie group of transformations, that leave
(4.3) invariant is found by solving (4.4) by method presented in [1] and get principal algebra with
basis,

Xy = 0Oy, (4.5)
Xy = 0y, (4.6)
X3 = 0, (4.7)
Xy = —y0y + 0,. (4.8)

24
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Using Maple we can be show that (4.3) generates infinitely many conservation laws based on
multipliers dependent on the basis variables, viz.,

Q1= fly—ix)e',  Qa=gly+ix),  (=-1) (4.9)

where f and g are arbitrary functions in the argument. No fibre or jet dependent multipliers ex-
ist. Some multipliers and the corresponding conserved densities are given for different cases below.

Case 1. f(y —ix) =1:

we then use multiplier Q = ¢! to calculate conserved densities using Maple and homotopy formula
explained in detail in[2] and get the following conserved density:

1
Ft = t_2(_2 k+2e'k — 2te'k + ke't* + e'ut?).

Case 2. f(y—iz) = (x + ay):

Q=+ ay)e,

we then use multiplier Q = (z+ay)e’ to calculate conserved densities using Maple and homotopy
formula explained in detail in[2] and get the following conserved density:

1
F' = e (z+ay) (6k —6e'k + 6te'k — 3ke't” + 'kt® + e'ut?®) .
Case 3 f(y —ix) = (y —ix):
Q =(y —iz)e’,

we then use multiplier Q = (y—ix)e’ to calculate conserved densities using Maple and homotopy
formula explained in detail in[2] and get the following conserved density:

1
B

— 'kt3y + ie'kt*s — ue'tPy + iue't’z).

F' = (=6 yk + 6ikx + 6 ke'y — 6ic'ke — 6e'kyt + 6ic'ktx + 3e'kyt? — 3ic'kt’x

Examples of other multipliers are (e**) siny)e! and cosh zsiny.
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4.3 Wave form of Ohta-Kawasaki equation

If u, is replaced with wuy, giving the equation a wave structure.

Uy + A6AU+u —u?) —u+k =0, (4.10)
we then expand (4.10) into:

Upt 0 (Uggzg + 22Uy +Uyyyy) —6(uui+uu§) —3(u2um—|—u2uyy)~l—um+uyy—u—i—k‘ =0. (4.11)

The vector fields, corresponding to the one parameter Lie groups of transformation, that leave
(4.3) invariant generate a principal algebra with basis,

X, =0, (4.12)
Xy = 0y, (4.13)
X3 = 0, (4.14)
Xy = —y0y + 0,. (4.15)

Using Maple we get the following multipliers that give rise to the conservation laws:

@ = (fily —iz) + g1y +ix))cost, g = (faly —iz) + galy +ix)) sint.

where f1, f2, g1 and g are arbitrary functions in the argument. Some multipliers and the corre-
sponding conserved densities are given for different cases below.

Casel. fi=giand fo=¢,=0:

q =cost,

we then use multiplier ¢ = cost to calculate conserved densities using Maple and homotopy
formula explained in detail in[2] and get the following conserved density:

1
F' = ﬁ[ktg sin (t) — 2ksin (t) + 2t cos (t) k 4 us cos (t) t* + wsin () t?]

Case 2. fi=(y—iz)and fo=g1 =92 =0:

q =(y — ix) cost,

we then use multiplier ¢ = (y — ix)cost to calculate conserved densities using Maple and
homotopy formula explained in detail in[2] and get the following conserved density:
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1
F :7f—3[—6yk+6ikx+6k;tsin(t)y—6iktsin (t)x +6kcos (t)y — 6ikcos (t)x — kt*sin (t)y

+ ikt sin (t) ¥ — 3 kt? cos (t) y + 3ikt? cos (t) x — t3yuz cos (t) — t>yu sin (t) + it*vuz cos (1)
+ it3zu sin (¢)].

Note. In each case, the conserved quantities are given by ffooo ffooo F'dxdy if u and its derivatives
converge when z,y — 400.
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4.4 Conclusion

In this chapter we have calculated the multipliers and conseved densities of Ohta-Kawasaki equa-
tion.



5. Cubic Schrodinger Partial Differential
equation

5.1 Introduction

In this chapter we use the method of double reduction to find the exact solutions of a Cubic non-
linear Schrodinger Partial Differential equation(NLSE). Experiments on compressional dispersive
Alven(CDA) waves have been done before in [21] and [22] where the relationship between CDA
waves and pertubations were analyzed. Further, in [22], the amplitude of the waves in a magnetic
electron-positron plasma was discussed. In both experiments it was observed that the system of
equations under investigation can be written as the following equation:

Ttt — (30/2 -+ C2)Txx — 52TIIII — 52T:pxtt =0. (51)

This equation was analyzed in [20].

The contents of this chapter have been sent for possible publication.

If compressional dispersive Alven pump came into contact with a quasi stationary compressional
magnetic field we get an envelope of compressional dispersive Alven waves[21]. When the CDA
envelope evolves we get the following (NLSE):

iy + Bity — Ve + 00[|* = 0, (5.2)

where v is the complex valued function, and v is the coefficient of the group velocity dis-
persion. ¢ is the self-phase modulation (SPM) owing to kerr law, and [ is the inter-modal
dispersion(IMD).v, § and 3 are constants. If self-phase modulation and group velocity dispersion
is balanced we get solitons.

To create a system of equations, we substitute ) = 6 + v into (5.2), 0 = 0(z,t), v = v(z,1).
Then separate into real and imaginary parts to obtain:

R' = 0, + 80, — YU + 60(67 +0?) =0, (5.3)
R2 = U — /BUI - ’)/eaca: + 5(92 + U2) = 0.

29
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5.2 Conservation laws and conserved quantities of Cubic
Schrodinger Partial Differential equation

To find multipliers and fluxes of the conservation law, the condition below must hold.

A1-(0t+50$—WUII+5U(92—|—U2))—I—A2-(—Ut—ﬁvm—’yﬁm—i—é(QQ—l—U?)) = DF'+D,F*, (5.4)

where Ay, Ay are multipliers of (5.2) and F*, F* are the fluzes of the conservation law.
We get multipliers by noting that the Euler operator annihilates total divergences,

)
%[ql(Gt + B0, — YUz + 51}(92 +02) 4+ (v — Bug — V0p + 5(92 + UQ))] =0. (5.5)

First we use Maple and Mathematica to solve (5.5) and get multipliers of (5.2). Second we
substitute the multipliers that we have found into (5.4) and get fluxes of the conservation law
using Maple and homotopy formula explained in detail in[2] and get the following results:

(i) (A1, A2) = (vs, 0z)

e 22(594 + 200%0% + vt 4 200, — 200, — 2v(0% + v?)), (5.6)

1
F} zé(—vﬁz + Ovu,).

(i) (A1, Ag) = (0, —v)
o :%(BGQ +0(Bu + 296,) — 24600,), (5.7)
P :%(92 +0?). (5.8)

(iii) (A1, A2) = (0, 1)

1
Ey =5 (=100, + vsvr) + 0(80, + 1020) + 0(=50, + Yvar)),

Fi :i(ae‘* + 200°0° — 20(Bvy + V02s) + V(U + 280, — 27V4s)). (5.9)

(iv) (A1, A2) = (20 + 2ytv, — 80,2910, + ftv — xv)
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1 1 | | 1 1
F; :5257504 + 56:13122 — 575@202 + 515751;4 + 592533 - 59252t

+ty60*0? 4 yval, — Yut B0, — YOtv, — Y0z, + VB0t — 1202 — tyP02,
1 1 1 1
F} :51’02 - 515692 + 5301)2 - 5&1}2 — ty0,v + tyOv, (5.10)

5.3 Symmetries of Cubic Schrodinger Partial Differential
equation

A one-parameter Lie group of transformations that leave (5.2) invariant will be written as a vector
field
X =74z, t,0,0)0; + 77(2,t,0,0)0, + & (x,t,0,0)9p + £ (2, t,0,v)0, (5.11)

Equation (5.2) has the following variational symmetries:

X1 =0,

Xy =0y,

X3 =00, — v0y,

Xy =29t0, + (Bt — 1)00, + (=Bt + x)v0y,
X5 =2t0, + (t + x)0, — 009 — vO,,.

5.4 Double reduction of Cubic Schrodinger Partial Differ-
ential equation

Here we will apply the fundamental theorem of double reduction to solve our pde(5.2) using the
following fluzes of the conservation law F' = (F*', F**):

1
F 25(92 + UQ),
1
Fe ——5(692 + v(fv + 2790,) — 2~0v,),

that we calculated in (5.7),(5.8) and symmetries X3, X3 to solve our complex partial differential
equation.

To check whether conserved vectors are associated with symmetry we use the following version

of (2.13):
Fx(p)- (e pe) () oe e (1),
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For X;:
F' (B2 0 0\ [F F
(Fz*x) =% Fy) \0 0) \F¢ +(0) 2%
_x 2(67 +0?)
LB+ u(Bu + 296,) — 2400,)
(0
=(g)-
For Xj:
'\ e (B3 0 0\ (Ft F
(F2*x> =% Fz) \0 0) \F§ +(0) Fg
_ 'l (0% +0?)
T L(B0% + v(Bu + 296,) — 2960,)
— 0%21}—1}%20
\0L(2680 + 296,) — vE(260 + 29v,) + 0,1 (—290) + v (327v)
(0
~\0
where

XP] :atv
X3 =00, — vy + 0,0y, + 020, — viy, — V2O,

Thus F; is associated with both X; and X3.

We then consider the linear combination of X; and Xj:

' =0; + ch0, — cvdy,

9

B where we assume that 7T’

and this generator is then transfprmed into its canonical form T" =
is of the form
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0 0 0 0 0 0 0 0
T=Tk)—+T(1)— +T'(w)— +T'(m)— = — — — —
(k)akJr (r)aTJr (w)aw+ (m)am 8k+oaT+Oaw+oam

From I'(1) =0, I'(k) = 1, I'(w) = 0, and I'(p) = 0, we obtain[19]:

db _de _ d6 _dk_dr_dw _dm _ dv (5.12)

1 0 —cv 1 0 0 0 chd’

The invariants of (5.12) are summarized in a table below,

Invariats of ' = a% + ¢(60, — v0p)

_dcevzi—z b2:92+v2
dv — &t by = arctan(y) — ct
%— b4:7'
dTm b5:m
%" bﬁ—w
dz b7—1’

Table 5.1: invariants table

By choosing b; = 0, by = br, bg = v/by, and by = b5 we get
T =1,
k=t,

w = V02 + 02

m = arctan (%) — ct.

The inverse canonical coordinates are presented below
T =T,
t=k,
0 = wcos(m + ck),
v = wsin(m + ck).



Section 5.4. Double reduction of Cubic Schrodinger Partial Differential equation Page 34

The matrices ¥ and U~! can be computed using the canonical coordinates above
i Dkt Dkl’ . 10 i N
- (2 2= (1 ) -

The partial derivatives of 6 and v in terms of new dependent variables w and m are,

and © = det(V¥) = 1.

0, =w, cos(m + ck) — wm, sin(m + ck),

Oz =wrr cos(m + ck) — 2w, m, sin(m + ck) — wm? cos(m + ¢s) — wm, sin(m + cs),
0 = — cwsin(m + ck),
Uy =w; sin(m + ck) + wm, cos(m + ck),

Vpw =Wy, Sin(m + ck) + 2w,m, cos(m + ck) + wm,, cos(m + ck) — wm? sin(m + ck),

vy =cw cos(m + ck).

The reduced conserved form will be:

Fy Fy
=0V T
12 k5
(0% +v?)
- . (5.14)
L(862 + v(Bu + 296,) — 2460,)
Substituting the first and second partial derivatives of  and v into (5.14) we get
F¥ sw(r)?
Fy $(2Bw(7)? + Yw(7T)w () sin(2(m + ck)) + 2yw(T)? cos(2(m + ck))
(5.15)
The first equation of the system (5.15) can also be given as:
D.F¥ =0. (5.16)
Integrating (5.16) with respect to k we get the following equation:
w(t)? =, (5.17)

where € is constant, or equivalently,

w(T) = /e (5.18)
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Differentiating (5.18) implicitly with respect to 7 we get:

d
Ew(T) = 0. (5.19)

The second equation of sys; from (2.21) can be written as:

0(0; + B0, — YUze + 00(0* + 1)) — (—0)(—vy — Brg — V04 + 0(0% + v?)) = 0. (5.20)

Substituting (5.18),(5.19) and partial derivatives of # and v in terms of w(7) and m(7) into
(5.20) we get:

— cesin(2m(7) + 2ck) — Bem/(7) sin(2m(71) + 2ck) — yem" (7) cos(2m(7) + 2ck)
+ yem/(7)? sin(2m(7) + 2ck) + d¢ sin(2m(7) + 2ck) = 0. (5.21)

When computing the final solution to equation (5.21) we get an indirect solution. We then
compute the solution of (5.21) for the following cases.

Casel. c=7=0:

Substituting ¢ = v = 0 into (5.21) and solve (5.21) by Maple and Mathematica we get the
following solutions of (5.21):

m(r) =0, (5.22)
m(r) == 3. (5.23)
m(r) =3, (5.24)
m(r) :%E + . (5.25)

We then solve for our 1 using all the values of m(7) calculated above.

From (5.22), m(7) = 0, we get the following values of 6 and v:

0 = £/,

v =0,

Substituting 6 and v into v, we get:
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From (5.23), m(r) = —%, we get the following values of § and v:
0 =0,
v=FVe,

Substituting 6 and v into ¢ we get:
Y = TFive.

From (5.24), m(7) = 7, we get the following values of 6 and v

=0,
v =t/

Substituting 6 and v into v we get:
Y = Fiv/e.

From (5.25), m(7) = %e + ¢1, we get the following values of 6 and v:

0 = :I:\/Ecos(%sE + 1),

v = j:\/gsin(x756 +c1).

Substituting 6 and v into v we get:
Wb = /el o) (5.26)

Case 2. ¢c=(3=0:

Substituting ¢ = 8 = 0 into (5.21) and solve (5.21) by Maple and Mathematica we get the
following solutions of (5.21):

m(r) =0, (5.27)
m(r) = — g (5.28)
m(r) :g, (5.29)
m(T) =c1. (5.30)
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We then solve for our 1 using all the values of m(7) calculated above.

From (5.30), m(7) = ¢;, we get the following values of 6 and v:

0 = \/ecos(cy),
v = Vesin(cy),

Substituting 6 and v into v we get:
b= Ve

Case 3. 6 =v=0:

Substituting 6 = 7 = 0 into (5.21) and solve (5.21) by Maple and Mathematica we get the
following solutions of (5.21):

m(r) = — ck, (5.31)
m(r) = — g — ck, (5.32)
m(r) :g — ck, (5.33)
m(r) = — % +e (5.34)

From (5.31) m(7) = —5 + c1 e get the following values of ¢ and v:

0 = \/Ecos(c(ﬂkﬁ_ ™) +c1),
= 4y/€sin c(Bk —7) c
v = /esin( E +c1)-

Substituting 6 and v into v we get:

. c(Bt—x)
b = el e, (5.35)
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5.5 Conclusion

In this chapter we calculated multipliers and conservation laws of the Cubic Schrodinger partial
differential equation. Further, we showed that if a symmetry is associated with a conservation
law, we can use the fundamental theorem of double reduction to an ordinary differential equation.
Consequently, we used Maple and Mathematica to calculate exact solutions for special cases.



6. Conclusion

In this dissertation, we have used the method of symmetry analysis and showed that Swift
Hohenberg equation has Lie point symmetries and this symmetries can be used to reduce it into
an ordinary differential equation. We have also shown that Swift-Hohenberg equation does not
admit any conservation law despite having the Lie point symmetry. We have also shown how to
use explicit power solutions to solve our Swift-Hohenberg equation. Furthermore, we converted
the Swift-Hohenberg equation into its wave form for =0 and used Noether's theorem to find
the conservation laws, use this conservation laws to find multipliers and use this multipliers to
calculate conservation laws again. We used the double reduction theorem together with Maple
and Mathematica, to obtain solutions for particular case & = 0. The procedure was repeated
for the Ohta -Kawasaki equation. The symmetries in the cubic Schrodinger equation were not
Noether symmetries, this didn't deter us from obtaining exact solutions in a similar method
as the Ohta-Kawasaki equation. We have calculated multipliers of Cubic Schrodinger Partial
Differential equation and then use this multipliers to find conservation laws.We then show that
if a symetry is associated with conservation law we can use the fundamental theorem of doule
reduction to convert Cubic Schrodinger Partial Differential equation into an ordinary differential
equation which can be easily solved by Mapple or Mathematica for special cases. Although the
findings presented in this dissertation are by no means exhaustive, at the very least my hope is
that they may inspire further work in this area.
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