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Abstract

Lie symmetry analysis is an established method for generating symmetries of differen-
tial equations. We apply this method together with fundamental theorem of double
reduction. In particular, Noether symmetries and some associated conservation laws
are constructed in our investigation to find exact solutions of higher order partial
differential equations and complex partial differential equations.
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1. Introduction

In this dissertation we will be investigating higher order partial differential equations and complex
partial differetial equations, in particular, the Swift Hohenberg partial differential equation, the
Ohta-Kawasaki partial differential equation and Cubic non-linear Schrödinger Partial Differential
equation(NLSE). The main objective of this Dissertation is to use Lie-point Symmetries and con-
servation laws of this partial differential equations to reduce their order using fundametal theorem
of double reduction.

The Swift Hohenberg partial differential equation models the existence of standing waves between
rolls and hexagonal patterns of the two-dimensional pattern formation[7, 8, 11].

The OhtaKawasaki equation models the evolution of di-block copolymers. Depending on the
value of the parameter δ which represent a measure of the ratio of the mixture of the polymers
and k, the incompatibility of the polymer types, there is a range of stationary states with a three-
dimensional geometry. These have been analyzed and presented using numerical techniques[11].

We get the Cubic nonlinear Schrödinger Partial Differential equation(NLSE) from experiments
on compressional dispersive Alven(CDA) waves [21].

Each chapter begins with an introduction and description of what is to follow. In chapter 2
we present a literature review of results and definitions pertinent to the work that follows. In
chapter 3 study symmetry properties and conservation laws of Swift Hohenberg partial differential
equation. We also show how knowledge of this lead to various reductions of pde. In chapter 4
study symmetry properties and multipliers of OhtaKawasaki partial differential equation. We also
show how the knowledge of this can help us to find conserved densities of pde. In chapter 5 we
study multipliers, symmetries and conservation laws of Schrödinger Partial Differential equation
and show how the knowledge of this lead to reduction of pde using double reduction.

Contents of chapter 3 and chapter 4 where combined and published in[23]. Contents of chapter
5 will be sent for possible publication.
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2. Preliminaries

2.1 Introduction

In this chapter we will introduce all the definitions, notations and theorems that we will need
analyse the differential equations.

2.2 Definitions and Theorems

2.2.1 Definition. [1] Given g(x, v(n)), the q-th total derivative of g has the general form

Dqg =
∂g

∂xq
+

i∑
α=1

∑
J

vαJ,i
∂g

∂vαJ
(2.1)

where, for J = (j1, ..., jl),

vατ,q =
∂vατ
∂xq

=
∂l+1vα

∂xq∂xτ1...∂xτl
. (2.2)

In(2.1) the sum is over all J ’s of order 0 6 |J | 6 n, where n is the highest order derivative in g.

2.2.2 Definition. A function g(x, v, v(1), ..., v(k)) whose variables are finite is called a differential
function of order k. Where v(t) denotes the collection of all tth-order partial derivatives, vβs =

Ds(v
β) and vβst = DtDs(v

β), ... respectively.

The universal vector space of differential functions of finite order will be denoted by U
2.2.3 Definition. The operator,

Euα =
δ

δuα
=

∂

∂uα
+
∑
s≥1

(−1)sDi1 ...Dis

∂

∂uαi1
, α = 1, ...,m (2.3)

is called Euler operator for each α (it is also called the Euler-Lagrange operator).

2.2.4 Definition. [2, 3, 4, 5] Consider a system R{x;u} of N partial differential equations of
order k given by

Rσ = Rσ(x, u, ∂u, ..., ∂ku) = 0, σ = 1, 2, ..., N, (2.4)

with n independent variables x = (x1, ..., xn) and m dependent variables u = (u1, ..., um). Local
conservation law of PDE system (2.4) is a divergence expression

DiF
i[u] = D1F

1[u] +D2F
2[u] + ...+DnF

n[u] = 0 (2.5)

holding for all solutions of PDE system (2.4). In (2.5), F i[u] = F i(x, u, ∂u, ..., ∂ru), i =
1, 2, ..., n, are called the fluxes of the conservation law and the highest order derivative (r)
present in the fluxes F i[u] is called the (differential)order of a conservation law.
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2.2.5 Definition. [2, 3, 4, 5] A set of multipliers {Λσ[U ]}Nσ=1 = {Λσ(x, U, ∂U, ..., ∂lU)}Nσ=1

yields a divergence expression for PDE system (2.4) if the identity

Λσ[U ]Rσ[U ] = DiF
i[U ] (2.6)

is satisfied for all the solutions of (2.4).

2.2.6 Theorem. [2, 3, 4, 5]A set of non-singular multipliers

{Λσ[U ]}Nσ=1 = {Λσ(x, U, ∂U, ..., ∂lU)}Nσ=1

yields a local conservation law of the given system of differential equations (2.4) if and only if

Euα(Λσ(x, U, ∂U, ..., ∂lU)Rσ(x, U, ∂U, ..., ∂kU)) = 0 (2.7)

for all the solutions of (2.4).

2.2.7 Definition. The Lie-Bäcklund symmetry operator is given by

X = τ i
∂

∂xi
+ ξα

∂

∂uα
, τ i, ξα ∈ U (2.8)

The operator is an abbreviated form of the following infinite sum

X = τ i
∂

∂xi
+ ξα

∂

∂uα
+
∑
m≥1

ηαi1,...,im
∂

∂uαi1,...,im
(2.9)

where

ηαi = Di(M
α) + τ juαij, (2.10)

ηαi1,...,im = Di1 ...Dim(Mα) + τ juαji1,...,im , m > 1. (2.11)

In (2.10) and (2.11),Mα is the Lie characteristic function given by

Mα = ξα − τ juαj . (2.12)

2.2.8 Definition. [9] The Lie-Bäcklund symmetry generator X of the form of (2.9) is associated
with the fluxes of the conservation law F ι, if it satisfies the following equation

X(F ι) + F ιDk(τ
k)− F kDk(τ

ι) = 0 ι = 1, ..., n. (2.13)

2.2.9 Theorem. [9] Suppose that X is any Lie-Bäcklund symmetry of (2.4) and F ι, ι = 1, ..., n,
are the fluxes of the conservation law of (2.4).Then

F ∗ι = [F ι, X] = X(F ι) + F ιDjτ
j − F jDjτ

ι ι = 1, ..., n. (2.14)

constitute the components of conserved vector of (2.4).
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2.2.10 Theorem. [10] Suppose that DiF
i = 0 is a conservation law of a PDE system (2.4).Then,

under contact transformation, the exist a function F̃ i such that ΘDiF
i = D̃iF̃

i, where F̃ i is
given as



F̃ 1

F̃ 2

.

.

.

F̃ n


= Θ(Ψ−1)T


F 1

F 2

.

.

.
F n

 , (2.15)

Θ


F 1

F 2

.

.

.
F n

 = ΨT



F̃ 1

F̃ 2

.

.

.

F̃ n


(2.16)

in which

Ψ =



D̃1x1 D̃1x2 ... D̃1xn
D̃2x1 D̃2x2 ... D̃2xn
. . . .

. . . .

. . . .

D̃nx1 D̃nx2 ... D̃nxn


,Ψ−1 =



D1x̃1 D1x̃2 ... D1x̃n
D2x̃1 D2x̃2 ... D2x̃n
. . . .

. . . .

. . . .
Dnx̃1 Dnx̃2 ... Dnx̃n


(2.17)

and Θ= det(Ψ).

2.2.11 Theorem. [10] (Fundamental theorem of double reduction)

Suppose that DiF
i = 0 is a conservation law of a PDE system (2.4).Then, under a similarity

transformation of a symmetry X of the form (2.9) for the PDE, there exist functions F̃ i such

that X is still a symmetry for the PDE D̃iF̃
i = 0 and



Section 2.2. Definitions and Theorems Page 5



XF̃ 1

XF̃ 2

.

.

.

XF̃ n


= Θ(Ψ−1)T


[F 1, X]
[F 2, X]

.

.

.
[F n, X]

 (2.18)

in which

Ψ =



D̃1x1 D̃1x2 ... D̃1xn
D̃2x1 D̃2x2 ... D̃2xn
. . . .

. . . .

. . . .

D̃nx1 D̃nx2 ... D̃nxn


,Ψ−1 =



D1x̃1 D1x̃2 ... D1x̃n
D2x̃1 D2x̃2 ... D2x̃n
. . . .

. . . .

. . . .
Dnx̃1 Dnx̃2 ... Dnx̃n


(2.19)

and Θ= det(Ψ).

Our original system is equivalent to

sys1 =

{
Λ1R

1 + Λ2R
2 = 0,

Λ1R
1 − Λ2R

2 = 0.

This system can be rewritten as

DtF
t +DxF

x +DyF
y = 0,

Λ1R
1 − Λ2R

2 = 0. (2.21)

where R1 is the first equation of our system of partial differential equations(2.4),R2 is the second
equation of our system of partial differential equations (2.4), Λ1 and Λ2 are multipliers of our
system of partial differential equations(2.4).

2.2.12 Theorem. [4, 13] (Noether’s theorem)

We consider the field functions u:Ω ⊂Rn 7→ Rm, (xi) 7→ (uα(x)) and a functional of the form

J(u) =

∫
Ω

L(xi, uα(x), uαxi(x), uαxixj(x))dx, (2.22)
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where L satisfies the Euler-Lagrange equation:∑
k≤l

DxkDxl

( ∂L

∂uα
xkxl

)
−Dxk

( ∂L

∂uα
xk

)
+

∂L

∂uα
= 0. (2.23)

We consider the infinitesimal transformation of the form:

x̄i =xi + ετ i(x, u),

ūi =uα + εα(x, u),

with its prolongation to:

ūαx̄k =uαx̄k + εηαk , (2.24)

ūαx̄kx̄l =uαxkxl + εηαkl, (2.25)

where ηαk , ηαkl are as defined in (2.10) and (2.11).

Such an infinitesimal transformation is said to be Noether Symmetry with respect to L if for all
field functions uα(x) and for all subdomains D ⊂ Ω, there exist functions f i(x, u) such that∫

D̄

L(x̄i, ūα(x̄), ūαx̄i(x̄)ūx̄ix̄j(x̄)dx̄ =

∫
D

L(xi, uα(x), uαxi(x)uxixj(x))dx

+ ε

∫
D

Dxi(f
i(x, u(x)))dx+O(ε2), (2.26)

where f i(x, u) satisfies Noether identity:

τ i
∂L

∂xi
+ ξα

∂L

∂uα
+ ηαk

∂L

∂uα
xk

+
∑
k≤l

ηαkl
∂L

∂uα
xkxl

+ LDxiτ
i = Dxif

i. (2.27)

The fluxes of the conservation law of differential equation for fixed k will be given by the
following equation:

F k = Lτ k + (ξα− uαxjτ j)
( ∂L

∂uα
xk

−
k∑
l=1

Dxl

( ∂L

∂uα
xlxk

))
+

n∑
l=k

(ηαl − uxlxjτ j)
∂L

∂uα
xkxl

− fk. (2.28)



3. Swift Hohenberg equation

3.1 Introduction

In this chapter, we analyze some fourth-order (1+2) partial differential equations (PDEs) that
model propagation of hexagonal patterns and the microphase separation of di-block copolymers.
The existence of standing waves between rolls and hexagonal patterns of the two-dimensional
pattern formation Partial Differential Equation (pde) model is given in [7, 8, 11] as the evolutionary
equation:

ut = −(1 + ∆)2u+ µu− β|∇u|2 − αu3, (3.1)

where u = u(x, y, t) and ∆ is the two-dimensional Laplacion. This is a generalization of the
Swift Hohenberg equation given in [12]. The term β|∇u|2 contributes to a break in symmetry[8];
other finer details of the model are spelt out in the references above, particularly in [7]. In this
section we study the invariance (symmetry properties) and conservation laws of the model (3.1)
and other related models that display a broader spectrum of conservation laws. We also show
how a knowledge of this lead to various reductions of the pde.

The contents of this chapter have been published in [23].

3.2 Symmetries and conservation laws

In the first case we write (3.1) as

ut = µu − αu3 − u − 2uxx − 2uyy − uxxxx − 2uxxyy − uyyyy − β(u2
x + u2

y). (3.2)

The infinitesimal generator is prolonged to derivatives by adding all terms of the form ηJ∂uJ up
to the desired order[1]. For example,

X [1] = τ t
∂

∂t
+ τx

∂

∂x
+ τ y

∂

∂y
+ ξ

∂

∂u
+ ηt

∂

∂ut
+ ηx

∂

∂ux
+ ηy

∂

∂uy
,

X [2] = X [1] + ηxt
∂

∂uxt
+ ηxx

∂

∂uxx
+ ηxy

∂

∂uxy
+ ηty

∂

∂uty
+ ηtt

∂

∂utt
+ ηyy

∂

∂uyy
,

ηJ∂uJ is as defined in (2.10) and (2.11).

7
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The criteria that yields the Lie point symmetries of (3.2) is given by the invariance condition :

X [4](ut − µu + αu3 + u + 2uxx + 2uyy + uxxxx + 2uxxyy + uyyyy + β(u2
x + u2

y)) = 0.[1] (3.3)

The vector fields, corresponding to the one parameter Lie group of transformations, that leave
(3.2) invariant is found by solving (3.3) by method presented in [1] and get principal algebra with
basis,

X1 = ∂x, (3.4)

X2 = ∂y, (3.5)

X3 = ∂t, (3.6)

X4 = −y∂x + x∂y. (3.7)

The algebra is extended for the following cases of the parameters,

Case 1. α = 0, β = 0:

X5 = u∂u, (3.8)

X6 = f(x, y, t)∂u, (3.9)

(3.10)

where f(x, y, t) satisfies the pde (3.2).

Case 2. µ = 1, α = 0, β 6= 0:

X7 = ∂u, (3.11)

X8 =
1

2β
x∂u + t∂x, (3.12)

X9 =
1

2β
y∂u + t∂y. (3.13)

Case 3. µ 6= 1, α = 0, β 6= 0:

X10 = et(µ−1)∂u, (3.14)

X11 =
1

2β
et(µ−1)x∂u +

1

µ− 1
et(µ−1)∂x, (3.15)

X12 =
1

2β
et(µ−1)y∂u +

1

µ− 1
et(µ−1)∂y. (3.16)

Using Maple we see that 3.2 does not admit any conservation laws for β 6= 0 despite having the
Lie point symmetry algebra.
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The steady state solutions are obtained by using time translation invariance, X3 = ∂t and reduce
(3.2) to get:

(µ− 1)u − αu3 − 2uxx − 2uyy − uxxxx − 2uxxyy − uyyyy − β(u2
x + u2

y) = 0, (3.17)

where u = u(x, y, t). We perform two symmetry reductions of this pde below.

(i). Firstly, a linear combination of X1 and X2, X = −b∂x +∂y lead to the invariants z = x+ by
and U = u, where U = U(z). The transformation leads to the ordinary differential equation
(ode):

(µ− 1)U − αU3 − 2(1 + b2)U ′′ − (1 + b2)2U ′′′′ − β(1 + b2)U ′2 = 0. (3.18)

Equation (3.18) has a Lagrangian for β = 0, viz.,

L =
1

2
(µ− 1)U2 − 1

4
αU4 − (1 + b2)U ′2 − 1

2
(1 + b2)2U ′′2, (3.19)

admitting a single variational symmetry ∂z and corresponding first integral:

−1

2
(1 + b2)2U ′′

2
+ (1 + b2)2U ′U ′′′ − (1 + b2)U ′

2 − 1

2
µU2 +

1

2
U2 +

1

4
αU4,

so that the ode becomes

−1

2
(1 + b2)2U ′′

2
+ (1 + b2)2U ′U ′′′ − (1 + b2)U ′

2 − 1

2
µU2 +

1

2
U2 +

1

4
αU4 = k,

with an inherited symmetry ∂z, can be reduced to a second-order ode being a double reduction
of (3.18) for β = 0. That is, with U = a and U ′ = B (where B = B(a)), we can show that the
above ode reduces to

B3B′′ +
1

2
B2B′2 − 1

(1 + b2)
B2 − f(a) = 0,

where −f(a) = −1
2
(µ− 1)u2 + α

4
u4 − k.

Note. The fourth-order ode (3.18) can be solved directly for α = β = 0 using Maple or
Mathematica

U = c1 e
−

√
−(1+b2)(1+

√
µ)

1+b2
z

+ c2 e

√
−(1+b2)(1+

√
µ)

1+b2
z

+ c3 e
−

√
(1+b2)(−1+

√
µ)

1+b2
z

+ c4 e

√
(1+b2)(−1+

√
µ)

1+b2
z
.

As an example, if we choose c1 = c2 = 0, c3 = 1/105, c4 = 1/103 and b = 10,
√
µ = 10, we get

the following profile of

u = c1 e
−

√
−(1+b2)(1+

√
µ)

1+b2
(x+by)

+c2 e

√
−(1+b2)(1+

√
µ)

1+b2
(x+by)

+c3 e
−

√
(1+b2)(−1+

√
µ)

1+b2
(x+by)

+c4 e

√
(1+b2)(−1+

√
µ)

1+b2
(x+by)

.
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(ii). The rotation in x − y, symmetry X4, −y∂x + x∂y lead to the invariants z = x2 + y2 and
U = u, where U = U(z). In this case, the transformed ode is:

(µ− 1)U − αU3 − 8(zU ′′ + U ′)− 4(4z2U ′′′′ + 11zU ′′′ + 3U ′′)− 4βzU ′2 = 0, (3.20)

or
(µ− 1)U − αU3 − 8D(zU ′)− 4D(4z2U ′′′ + 3zU ′′)− 4βzU ′2 = 0, (3.21)

where D is the total derivative with respect to z.

3.3 Explicit power series solutions

Here we use the linear combination symmetries X1 = ∂x, X2 = ∂y and X3 = ∂t to reduce our
pde (3.2) into an odinary differential equation and then use series solution method presented in
[6, 17, 24] to solve our differential equation.

The linear combination of X1, X2 and X3, X = ∂x + c∂y + ∂t lead to invariants ξ = x+ y − ct
and u = u(ξ). The transformation leads to the ode:

(µ− 1)u+ cu′ − αu3 − 4u′′ − 4u′′′′ − 2βu′2 = 0. (3.22)

By [6, 17, 24] u can be written as:

u(ξ) =
∞∑
n=0

cnξ
n. (3.23)

Substituting (3.23) into (3.22) we get the following equation:

(µ− 1)

(
c0 +

∞∑
n=1

cnξ
n

)
+ cc1 + c

∞∑
n=1

(n+ 1)cn+1ξ
n − αc3

0 − α
∞∑
n=1

n∑
k=0

k∑
i=0

cick−icn−kξ
n

− 96c4 − 4
∞∑
n=1

(n+ 1)(n+ 2)(n+ 3)(n+ 4)cn+4ξ
n − 8c2 − 4

∞∑
n=1

(n+ 1)(n+ 2)cn+2ξ
n

− 2βc2
1 − 2β

∞∑
n=1

n∑
k=0

(n+ 1− k)(k + 1)ck+1cn+1−kξ
n = 0,

(3.24)

We investigate the general case fo n ≥ 1, for this case, we get:

cn+4 =
1

4(n+ 1)(n+ 2)(n+ 3)(n+ 4)

(
(µ− 1)cn + c(n+ 1cn+1)− α

n∑
k=0

k∑
i=0

cick−icn−k

− 4(n+ 1)(n+ 2)cn+2 − 2β
n∑
k=0

(n+ 1− k)(k + 1)ck+1cn+1−k

)
.

(3.25)



Section 3.3. Explicit power series solutions Page 12

When n = 0, we get:

c4 =
(µ− 1)c0 + cc1 − αc3

0 − 8c2 − 2βc2
1

96
. (3.26)

In this way, we have

u(ξ) = c0 + c1ξ + c2ξ
2 + c3ξ

3 + c4ξ
4 +

∞∑
n=1

cn+4ξ
n+4 (3.27)

=c0 + c1ξ + c2ξ
2 + c3ξ

3 +
(µ− 1)c0 + cc1 − αc3

0 − 8c2 − 2βc2
1

96
ξ4

+
∞∑
n=1

(
1

4(n+ 1)(n+ 2)(n+ 3)(n+ 4)

(
(µ− 1)cn + c(n+ 1cn+1)− α

n∑
k=0

k∑
i=0

cick−icn−k

− 4(n+ 1)(n+ 2)cn+2A − 2β
n∑
k=0

(n+ 1− k)(k + 1)ck+1cn+1−k

))
ξn+4.

(3.28)

At last, the explicit solutions of (3.2) are

u(ξ) = c0 + c1ξ + c2ξ
2 + c3ξ

3 + c4ξ
4 +

∞∑
n=1

cn+4ξ
n+4 (3.29)

=c0 + c1 (x+ y − ct) + c2 (x+ y − ct)2 + c3 (x+ y − ct)3

+
(µ− 1)c0 + cc1 − αc3

0 − 8c2 − 2βc2
1

96
(x+ y − ct)4

+
∞∑
n=1

(
1

4(n+ 1)(n+ 2)(n+ 3)(n+ 4)

(
(µ− 1)cn + c(n+ 1cn+1)− α

n∑
k=0

k∑
i=0

cick−icn−k

− 4(n+ 1)(n+ 2)cn+2 − 2β
n∑
k=0

(n+ 1− k)(k + 1)ck+1cn+1−k

))
(x+ y − ct)n+4 ,

(3.30)

where ci(i = 0, 1, 2, 3) are arbitrary constants, the other coefficients cn(n ≥ 4) should be derived
from the similar manner.

In general, the approximate form maybe more useful, i.e.,

u(x, y, t) = c0 + c1 (x+ y − ct) + c2 (x+ y − ct)2 + c3 (x+ y − ct)3

+
(µ− 1)c0 + cc1 − αc3

0 − 8c2 − 2βc2
1

96
(x+ y − ct)4 + · · · ,

(3.31)

and (3.31) converges for | (x+ y − ct) | <1.
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3.4 Wave form of Swift Hohenberg equation

In this section we consider the wave-like properties of the model instead of the evolutionary
version discussed above for the case β = 0, viz.,

utt = µu − αu3 − u − 2uxx − 2uyy − uxxxx − 2uxxyy − uyyyy (3.32)

which is variational with Lagrangian

L = −ux2 − uy2 − 1/2ut
2 + 1/2uxx

2 + 1/2uyy
2 + uxy

2 − 1/2µu2 + 1/4αu4 + 1/2u2.

The conservation laws may be determined by the multiplier approach or via the variational sym-
metries and Noether’s theorem. Both of these are enumerated below. First, the variational
symmetries X = τx∂x + τ t∂t + τ y∂y + ξ∂u are given and are used to calculate fluxes of the
conservation law via Nother’s theorem and use this fluxes of the conservation law to find mul-
tipliers of our pde. Since the pde is variational, each multiplier is a symmetry and has the form
Q = ξ − uxτx − utτ t − uyτ y. Second we use multiplier that we have found to calculate fluxes
of conservation law using Maple and homotopy formula explained in detail in[2]. The two forms
of the conserved flows are equivalent up to divergence terms.

Equation (3.32) has the following variational symmetries

X1 = ∂x,

X2 = ∂y,

X3 = ∂t,

X4 = −y∂x + x∂y.

Here, we use the above Noether symmetries to calculate conservation laws using Noether’s the-
orem .

We have three independant variables and one dependent variable, from Noether’s theorem F 1, F 2

and F 3 will be given by following equations:

F 1 =Lτ 1 + (ξα − uαxjτ j)

[
∂L

∂uαx1
−Dx1

( ∂L

∂uαx1x1

)]
+ (ηα1 − uαx1xjτ j)

∂L

∂uαx1x1
+ (ηα2 − uαx2xjτ j)

∂L

∂uαx1x2

+ (ηα3 − uαx3xjτ j)
∂L

∂uαx1x3
− f1,

F 2 =Lτ 2 + (ξα − uαxjτ j)

[
∂L

∂uαx2
−Dx1

( ∂L

∂uαx1x2

)
−Dx2

( ∂L

∂uαx2x2

)]
+ (ηα2 − uαx2xjτ j)

∂L

∂uαx2x2

+ (ηα3 − uαx3xjτ j)
∂L

∂uαx2x3
− f2,

F 3 =Lτ 3 + (ξα − uαxjτ j)

[
∂L

∂uαx3
−Dx1

( ∂L

∂uαx1x3

)
−Dx2

( ∂L

∂uαx2x3

)
−Dx3

( ∂L

∂uαx3x3

)]
+ (ηα3 − uαx3xjτ j)

∂L

∂uαx3x3
− f3,
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and F 1 = F t,F 2 = F x and F 3 = F y. We then calculate conservation laws for all symmetries
X1, X2, X3 and X4.

3.4.1 Conservation laws using space translation invariance X1 = ∂x.

Here τ 1 = τ 3 = 0, τ 2 = 1 and ξ = 0, resulting in η1 = 0, η2 = 0 and η3 = 0. From Noether’s
identinty (2.27) ft = fx = fy = 0.

By Noether’s theorem the fluxes of the conservation law will be:

F t =uxut, (3.33)

F x =u2
x − u2

y −
1

2
u2
xx +

1

2
u2
yy − u2

xy −
µ

2
u2 +

α

4
u4 +

u2

2
+ uxuxxx, (3.34)

F y =2uxuy + 2uxuxxy + uxuyyy − uxyuyy, (3.35)

DtF
t +DxF

x +DyF
y =Dt(uxut) +Dx(u

2
x − u2

y −
1

2
u2
xx +

1

2
u2
yy − u2

xy −
µ

2
u2 +

α

4
u4 +

u2

2
+ uxuxxx)

+Dy(2uxuy + 2uxuxxy + uxuyyy − uxyuyy)
=ux(utt + 2uxx − µu+ αu3 + u+ uxxxx + 2uyy + 2uxxyy + uyyyy) = 0

along the solutions of (3.32).Therefore ux is the multiplier of (3.32).

Lastly we use multiplier ux to calculate fluxes of the conservation law using Maple and homotopy
formula explained in detail in[2] and get the following fluxes of the conservation law:

F t = 1/2utux − 1/2uuxy,
F y = 1/2uyyyux + 5/6uxuxxy − 1/2uyyuxy − 1/2uxxuxy + 1/2uyuxyy + 1/6uyuxxx

+uyux − 1/2uuxyyy − 1/2uuxxxy − uuxy,
F x = 1/4αu4 + 2/3uxyyux + uxxxux − 1/6uyyuxx − 1/3uxy

2 − 1/2uxx
2 + 1/3uyuxxy + ux

2

+1/2uuxxyy − 1/2µu2 + 1/2uuyyyy + 1/2uutt + 1/2u2 + uuyy.

3.4.2 Conservation laws using Noether symmetry X2 = ∂y.

Here τ 1 = τ 2 = 0, τ 3 = 1 and ξ = 0, resulting in η1 = 0, η2 = 0 and η3 = 0. From Noether’s
identinty (2.27) ft = fx = fy = 0.

By Noether’s theorem the fluxes of the conservation law will be:

F t =uyut,

F x =2uxuy + uyuxxx − uxyuxx − 2uyyuxy,

F y =u2
y − u2

x −
u2
t

2
+
u2
xx

2
−
u2
yy

2
+ u2

xy −
µ

2
u2 +

α

4
u4 +

u2

2
+ 2uyuxxy + uyuyyy,
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DtF
t +DxF

x +DyF
y =Dt(uyut) +Dx(2uxuy + uyuxxx − uxyuxx − 2uyyuxy)

+Dy(u
2
y − u2

x −
u2
t

2
+
u2
xx

2
−
u2
yy

2
+ u2

xy −
µ

2
u2 +

α

4
u4 +

u2

2
+ 2uyuxxy

+ uyuyyy)

=uy(utt + 2uxx − µu+ αu3 + u+ uxxxx + 2uyy + 2uxxyy + uyyyy) = 0

along the solutions of (3.32).Therefore uy is the multiplier of (3.32).

Lastly we use multiplier uy to calculate fluxes of the conservation law using Maple and homotopy
formula explained in detail in[2] and get the following fluxes of the conservation law:

F t = 1/2utuy − 1/2uuyt,
F y = 1/4αu4 + uyyyuy + 2/3uyuxxy − 1/2uyy

2 − 1/3uxy
2 − 1/6uyyuxx + u2

2 + 1/3uxyyux
+1/2uuxxyy − 1/2µu2 + 1/2uuxxxx + 1/2uutt + 1/2u2 + uuxx,

F x = 5/6uyuxyy + 1/2uyuxxx − 1/2uyyuxy − 1/2uxxuxy + 1/6uyyyux
+1/2uxu1,1,2 + uyux − 1/2uuxyyy − 1/2uuxxxy − uuxy.

3.4.3 Conservation laws using Noether symmetry X3 = ∂t.

Here τ 1 = 1, τ 2 = τ 3 = 0 and ξ = 0, resulting in η1 = 0, η2 = 0 and η3 = 0.From Noether’s
identinty (2.27) ft = fx = fy = 0.

By Noether’s theorem the fluxes of the conservation law will be:

F t =− u2
x − u2

y +
u2
t

2
+
u2
xx

2
+
u2
yy

2
+ u2

xy −
µu

2
+
αu4

4
+
u2

2
,

F x =2uxut + utuxxx − uxtuxx − 2uytuxy,

F y =2utuy + 2utuxxy + utuyyy − uytuyy.

DtF
t +DxF

x +DyF
y =Dt(−u2

x − u2
y +

u2
t

2
+
u2
xx

2
+
u2
yy

2
+ u2

xy −
µu

2
+
αu4

4
+
u2

2
)

+Dx(2uxut + utuxxx − uxtuxx − 2uytuxy)

+Dy(2utuy + 2utuxxy + utuyyy − uytuyy)
=ut(utt + 2uxx − µu+ αu3 + u+ uxxxx + 2uyy + 2uxxyy + uyyyy) = 0

along the solutions of (3.32). Therefore ut is the multiplier of (3.32).

Lastly we use multiplier ut to calculate fluxes of the conservation law using Maple and homotopy
formula explained in detail in[2] and get the following fluxes of the conservation law:

F t = 1/4αu4 + 1/2ut
2 + 1/2u2 + uu1,1 + uuyy + 1/2uuxxxx + uuxxyy + 1/2uuyyyy − 1/2µu2,

−F y = −1/2uyyyut − 1/2uxxyut + 1/2uyyuyt + 1/3uxyuxz + 1/6uxxuyt − 1/2uyuyyt − 1/6uyuxxt
−utuy − 1/3uxu1,2,3 + 1/2uuyyyt + 1/2uuxxyt + uuyt,

F x = 1/2uxyyut + 1/2uxxxut − 1/6uyyuxt − 1/3uxyuyt − 1/2uxxuxz + 1/3uyuxyt + 1/6uxuyyt
+1/2uxuxxt + utux − 1/2uuxyyt − 1/2uuxxxt − uuxz.
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3.4.4 Conservation laws using Noether symmetry X4 = −y∂x + x∂y.

Here τ 1 = 0, τ 2 = −y, τ 3 = x and ξ = 0, resulting in η1 = 0, η2 = −uy and η3 = ux.From
Noether’s identinty (2.27) ft = fx = fy = 0.

By Noether’s theorem the fluxes of the conservation law will be:

F t =xuyut − yuxut,

F x =yu2
x + yu2

y +
yu2

t

2
− yu2

xx

2
−
yu2

yy

2
− yu2

xy +
µyu2

2
− αyu4

4
− yu2

2
− 2yu2

x − yuxuxxx

+ 2xuyux + xuyuxxx − uyuxx + yu2
xx − xuxyuxx + 2uxuxy + 2yu2

xy − 2xuxyuyy,

F y =2utuy + 2utuxxy + utuyyy − uytuyy.

DtF
t +DxF

x +DyF
y =Dt(xuyut − yuxut) +Dx(yu

2
x + yu2

y +
yu2

t

2
− yu2

xx

2
−
yu2

yy

2
− yu2

xy +
µyu2

2

− αyu4

4
− yu2

2
− 2yu2

x − yuxuxxx + 2xuyux + xuyuxxx − uyuxx + yu2
xx

− xuxyuxx + 2uxuxy + 2yu2
xy − 2xuxyuyy) +Dy(2utuy + 2utuxxy + utuyyy

− uytuyy)
=(xuy − yux)(utt + 2uxx − µu+ αu3 + u+ uxxxx + 2uyy + 2uxxyy + uyyyy) = 0

along the solutions of (3.32). Therefore xuy − yux is the multiplier of (3.32).

Lastly we use multiplier xuy − yux to calculate fluxes of the conservation law using Maple and
homotopy formula explained in detail in[2] and get the following fluxes of the conservation law:

F t = 1/2utxuy − 1/2utyux + 1/2uyuxz − 1/2uxuyt,
−F y = 1/6uxxxuyy + 1/2uyyuxyy + 1/2xµu2 − uyyyxuy − 1/2uxuxxyy − uxuxx + 1/2uyyyyux

−1/2uxuxxxx − 1/2uyyyu1,2 − uyuxy − 1/2uyuxxxy − 1/3uxyyuxx− 1/2uyuxyyy
+5/6uxxyyux − 2/3uxxyxu2 − 1/2uxutt + 1/6uyyuxxx − 1/4xα u4 + uxyuy − xuy2 − uux
−5/6uyyux + 1/2xuyy

2 − 1/2uxyyuxx + uyyu1 + 1/3xuxy
2 + 1/6uxxux − 1/2uuxyy

−1/2uuxxx − 1/2xu2,
F x = 1/2uxxuxxy + 1/6uxxuyyy − 1/2uxuxxxy − uyuyy − 1/2uxxxuxy − 1/3uyyuxxy

−1/2uyuxxyy + 1/6uyyyuxx − 1/2uyyxu1,2 − uxuxy − 2/3uxyyyux − 1/2 yu2 − yux2

−uuy + uxyux − 1/2uuxxy − 1/2uuyyy + 5/6uxyyxuy + uxxuy − 1/2uyutt − uxxxyux
+1/2uxxxxuy − 1/2uuxyyyx− 1/2uyuyyyy + 1/2 yµ u2 − 1/4 yα u4 + 1/6uyyuy + 1/3 yuxy

2

−5/6uxxuy + 1/2 yuxx
2.
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3.5 Double reduction of the wave form of Swift Hohenberg
equation

Here we will apply the fundamental theorem of double reduction to solve our pde(3.32) using the
following fluxes of the conservation law F = (F t, F x, F y):

F t =uxut,

F x =u2
x − u2

y −
1

2
u2
xx +

1

2
u2
yy − u2

xy −
µ

2
u2 +

α

4
u4 +

u2

2
+ uxuxxx,

F y =2uxuy + 2uxuxxy + uxuyyy − uxyuyy,

that we calculated in (3.33),(3.34),(3.35) and symmetries X1, X2, X3 to solve our partial differ-
ential equation.

In order to use fundamental theorem of double reduction to solve our partial differential equation,
the symmetries that we want to use must be associated to the conservation laws that we want
to use to reduce the partial differential equation.

To check whether conserved vectors are associated with symmetry we use the following version
of (2.13):

F ∗ = X

F t

F x

F y

−
Dtξ

t Dxξ
t Dyξ

t

Dtξ
x Dxξ

x Dyξ
x

Dtξ
y Dxξ

y Dyξ
y

F t

F x

F y

+ (Dtξ
t +Dxξ

x +Dyξ
y)

F t

F x

F y

 . (3.36)

For X1 = ∂x,

F ∗ =X1

F t

F x

F y

−
0 0 0

0 0 0
0 0 0

F t

F x

F y

+ (0)

F t

F x

F y


=

0
0
0


as required.

For X2 = ∂y

F ∗ =X2

F t

F x

F y

−
0 0 0

0 0 0
0 0 0

F t

F x

F y

+ (0)

F t

F x

F y


=

0
0
0


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as required.

For X3 = ∂t

F ∗ =X3

F t

F x

F y

−
0 0 0

0 0 0
0 0 0

F t

F x

F y

+ (0)

F t
1

F x
1

F y
1


=

0
0
0


as required.

Therefore F is associated with X1, X2 and X3.

We then consider Γ = ∂
∂t

+ c ∂
∂x

+ ι ∂
∂y

( ι and c are constants), and this generator is then

transformed into its canonical form T = ∂
∂k

, where we assume that T is of the form:

T = Γ(τ)
∂

∂τ
+ Γ(k)

∂

∂k
+ Γ(w)

∂

∂w
+ Γ(ρ)

∂

∂ρ
= 0

∂

∂τ
+

∂

∂k
+ 0

∂

∂w
+ 0

∂

∂ρ
. (3.37)

From the above equation we get Γ(τ) = 0,Γ(k) = 1,Γ(w) = 0, and Γ(ρ) = 0. The invariants
will be found by solving the following equation [19]:

dρ

0
=
dt

1
=
dk

1
=
dx

c
=
dy

ι
=
du

0
=
dτ

0
=
dw

0
. (3.38)

The invariants of (3.38) are summarized in the table below,
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Invariants of Γ = ∂
∂t

+ c ∂
∂x

+ ι ∂
∂y

dt
1

= dx
c

b1 = x− ct

dy
m

= dt
1

b2 = y −mt

dk
1

= dt
1

b3 = k − t

du
0

b4 = u

dτ
0

b5 = τ

dρ
0

b6 = ρ

dw
0

b7 = w

Table 3.1: invariants table

By choosing b4 = b7, b3 = 0, b5 = b1 and b6 = b2 we get the following canonical coordinates

w = u,

s = t,

τ = x− cs,
ρ = y − ιt,

where w = w(r, p).

The matrices Ψ and Ψ−1 will be constructed using the above canonical coordinates.

Ψ =

Dτ t Dτx Dτy
Dst Dsx Dsy
Dρt Dρx Dρy

 =

0 1 0
1 c ι
0 0 1

 , (3.39)

Ψ−1 =

Dtτ Dts Dtρ
Dxτ Dxs Dxρ
Dyτ Dys Dyρ

 =

−c 1 −ι
1 0 0
0 0 1

 , (3.40)

(Ψ−1)T =

−c 1 0
1 0 0
−ι 0 1

 , (3.41)
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and Θ = det(Ψ) = −1. The derivatives of u in terms of w are,

uy = wρ,

ux = wτ ,

uxx = wττ ,

uxy = wτρ,

uyy = wρρ,

uxxx = wτττ ,

uxxy = wττρ,

uyyy = wρρρ,

ut = −cwτ − ιwρ.

The reduced conserved form will be:

F s

F τ

F ρ

 = Θ(Ψ−1)T

F t

F x

F y

 . (3.42)

Now by substituting the first, second and third derivatives of u in (3.42) we obtain,
F s

F τ

F ρ

 =


(−c2 − 1)w2

τ − cιwτwρ + w2
p + 1

2
w2
ττ + wτρ + µ

2
w2 − α

4
w4 − 1

2
w2 − wτwτττ

−c2w2
τ − cιwτwρ

−ιcw2
τ − ι2wτwρ − 2wτwρ − 2wτwττρ − wτwρρρ + wτρwρρ

 ,

(3.43)
the first equation of the system (3.43) can also be given as,

DsF
s = 0. (3.44)

Intergrating (3.44) with respect to s we get the following equation:

(−c2 − 1)w2
τ − cιwτwρ + w2

ρ +
1

2
w2
ττ + wτρ +

µ

2
w2 − α

4
w4 − 1

2
w2 − wτwτττ = k, (3.45)

where k is constant.

The second equation of the system can also be given as DτF
τ = 0, so by intergrating with

respect to τ we can get:

− c2w2
τ − cιwτwρ = j, (3.46)
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where j is constant.

Substituting (3.46) into (3.45) we get:

− w2
τ + w2

ρ +
1

2
w2
ττ + wτρ +

µ

2
w2 − α

4
w4 − 1

2
w2 − wτwτττ = ε, (3.47)

where ε = k − j.

It is easy to see that Φ1 = ∂ρ and Φ2 = ∂τ are symmetries of (3.47). We then consider:

Φ = ∂τ + h∂ρ, (3.48)

h is constant To find invariants of (3.48) we solve the following equation:

dτ

1
=
dρ

h
=
dw

0
. (3.49)

The above equation gives us:
m = ρ− hτ,

w = w(m)

The derivatives of w are,

wτ = w
′
(−h),

wρ = w
′
(1),

wττ = w
′′
(−h)2,

wτρ = w
′′
(−h),

wτττ = w
′′′

(−h)3.

Substituting first, second and third order derivatives of w into (3.47) we get:

(−h2 + 1)w′
2

+
h4

2
w′′

2 − hw′′ − h4w′w′′′ +
µ− 1

2
w2 − α

4
w4 = ε.

The above equation can be solved for α = h = 0 and get:

w(z) =
ie−

1
2
i
√

1−µ(2c1+
√

2z) (8εe2ic1
√

1−µ + ei
√

2−2µz
)

4
√

1− µ
(3.50)

or

w(z) =
ie−

1
2
i
√

1−µ(2c1+
√

2z)
(

1 + 8εei
√

1−µ(2c1+
√

2z)
)

4
√

1− µ
. (3.51)
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Substituting back the canonical coordinates of z and w into (3.50) and (3.51) we get:

u =
ie−

1
2
i
√

1−µ(2c1+
√

2(y−ιt)) (8εe2ic1
√

1−µ + ei
√

2−2µ(y−ιt))
4
√

1− µ
(3.52)

or

u =
ie−

1
2
i
√

1−µ(2c1+
√

2(y−ιt))
(

1 + 8εei
√

1−µ(2c1+
√

2(y−ιt))
)

4
√

1− µ
. (3.53)
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3.6 Conclusion

In this chapter we have shown that Swift Hohenberg equation has nontrivial Lie point sym-
metries which can be used to reduce it to an ordinary differential equation. We have showed
how to use explicit power solutions to solve Swift-Hohenberg equation. We then converted the
Swift-Hohenberg equation into its wave form for β=0 and used Noether’s theorem to find its
conservation laws. The conservation laws, together with multipliers were used to calculate further
conservation laws. We have shown that if symmetries are associated with conservation law, we
can use the fundamental theorem of double reduction to reduce our partial diffrential equation
into an ordinary differential equation. These may be solved by Maple or Mathematica when
α = 0.



4. Ohta-Kawasaki equation

4.1 Introduction

The Ohta-Kawasaki equation

ut + ∆(δ∆u+ u− u3)− u+ k = 0 (4.1)

models the evolution of di-block copolymers [14, 15, 16, 18]. Depending on the values of the
parameter δ which represents a measure of the ratio of the mixture of the polymers, and k, the
incompatibility of the polymer types, there is a range of stationary states with a three-dimensional
geometry. These have been analysed and presented using numerical techniques[11]. In [14, 16],
for k = 0, an energy functional is given by

E =

∫
[
1

2
(u2

x + u2
y) +

1

4
(1− u2)2]dx+

1

2
u2. (4.2)

The invariance properties and conservation laws of (4.1) are analysed in this chapter.

4.2 Symmetries and conservation laws

We first expand (4.1) into:

ut+δ(uxxxx+2uxxyy+uyyyy)−6(uu2
x+uu2

y)−3(u2uxx+u2uyy)+uxx+uyy−u+k = 0. (4.3)

The criteria that yields the Lie point symmetries of (4.3) is given by the invariance condition :

X [4](ut+δ(uxxxx+2uxxyy+uyyyy)−6(uu2
x+uu2

y)−3(u2uxx+u2uyy)+uxx+uyy−u+k) = 0.[1]
(4.4)

The vector fields, corresponding to the one parameter Lie group of transformations, that leave
(4.3) invariant is found by solving (4.4) by method presented in [1] and get principal algebra with
basis,

X1 = ∂x, (4.5)

X2 = ∂y, (4.6)

X3 = ∂t, (4.7)

X4 = −y∂x + x∂y. (4.8)

24
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Using Maple we can be show that (4.3) generates infinitely many conservation laws based on
multipliers dependent on the basis variables, viz.,

Q1 = f(y − ix)et, Q2 = g(y + ix)et, (i2 = −1) (4.9)

where f and g are arbitrary functions in the argument. No fibre or jet dependent multipliers ex-
ist. Some multipliers and the corresponding conserved densities are given for different cases below.

Case 1. f(y − ix) = 1:

Q =et,

we then use multiplier Q = et to calculate conserved densities using Maple and homotopy formula
explained in detail in[2] and get the following conserved density:

F t =
1

t2
(−2 k + 2 etk − 2 tetk + kett2 + etut2).

Case 2. f(y − ix) = (x+ ay):

Q =(x+ ay)et,

we then use multiplier Q = (x+ay)et to calculate conserved densities using Maple and homotopy
formula explained in detail in[2] and get the following conserved density:

F t =
1

t3
(x+ ay)

(
6 k − 6 etk + 6 tetk − 3 kett2 + etkt3 + etut3

)
.

Case 3 f(y − ix) = (y − ix):

Q =(y − ix)et,

we then use multiplier Q = (y− ix)et to calculate conserved densities using Maple and homotopy
formula explained in detail in[2] and get the following conserved density:

F t =− 1

t3
(−6 yk + 6 ikx+ 6 kety − 6 ietkx− 6 etkyt+ 6 ietktx+ 3 etkyt2 − 3 ietkt2x

− etkt3y + ietkt3x− uett3y + iuett3x).

Examples of other multipliers are (e(±x) sin y)et and coshx sin y.
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4.3 Wave form of Ohta-Kawasaki equation

If ut is replaced with utt, giving the equation a wave structure.

utt + ∆(δ∆u+ u− u3)− u+ k = 0, (4.10)

we then expand (4.10) into:

utt+δ(uxxxx+2uxxyy+uyyyy)−6(uu2
x+uu2

y)−3(u2uxx+u2uyy)+uxx+uyy−u+k = 0. (4.11)

The vector fields, corresponding to the one parameter Lie groups of transformation, that leave
(4.3) invariant generate a principal algebra with basis,

X1 = ∂x, (4.12)

X2 = ∂y, (4.13)

X3 = ∂t, (4.14)

X4 = −y∂x + x∂y. (4.15)

Using Maple we get the following multipliers that give rise to the conservation laws:

q1 = (f1(y − ix) + g1(y + ix)) cos t, q2 = (f2(y − ix) + g2(y + ix)) sin t.

where f1, f2, g1 and g2 are arbitrary functions in the argument. Some multipliers and the corre-
sponding conserved densities are given for different cases below.

Case 1. f1 = g1 and f2 = g2 = 0:

q = cos t,

we then use multiplier q = cos t to calculate conserved densities using Maple and homotopy
formula explained in detail in[2] and get the following conserved density:

F t =
1

t2
[kt2 sin (t)− 2 k sin (t) + 2 t cos (t) k + u3 cos (t) t2 + u sin (t) t2]

Case 2. f1 = (y − ix) and f2 = g1 = g2 = 0:

q =(y − ix) cos t,

we then use multiplier q = (y − ix) cos t to calculate conserved densities using Maple and
homotopy formula explained in detail in[2] and get the following conserved density:
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F t =
1

t3
[−6 yk + 6 ikx+ 6 kt sin (t) y − 6 ikt sin (t)x+ 6 k cos (t) y − 6 ik cos (t)x− kt3 sin (t) y

+ ikt3 sin (t)x− 3 kt2 cos (t) y + 3 ikt2 cos (t)x− t3yu3 cos (t)− t3yu sin (t) + it3xu3 cos (t)

+ it3xu sin (t)].

Note. In each case, the conserved quantities are given by
∫∞
−∞

∫∞
−∞ F

tdxdy if u and its derivatives
converge when x, y → ±∞.
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4.4 Conclusion

In this chapter we have calculated the multipliers and conseved densities of Ohta-Kawasaki equa-
tion.



5. Cubic Schrödinger Partial Differential
equation

5.1 Introduction

In this chapter we use the method of double reduction to find the exact solutions of a Cubic non-
linear Schrödinger Partial Differential equation(NLSE). Experiments on compressional dispersive
Alven(CDA) waves have been done before in [21] and [22] where the relationship between CDA
waves and pertubations were analyzed. Further, in [22], the amplitude of the waves in a magnetic
electron-positron plasma was discussed. In both experiments it was observed that the system of
equations under investigation can be written as the following equation:

Υtt − (3a2 + c2)Υxx − δ2Υxxxx − δ2Υxxtt = 0. (5.1)

This equation was analyzed in [20].

The contents of this chapter have been sent for possible publication.

If compressional dispersive Alven pump came into contact with a quasi stationary compressional
magnetic field we get an envelope of compressional dispersive Alven waves[21]. When the CDA
envelope evolves we get the following (NLSE):

iψt + βiψx − γψxx + δψ|ψ|2 = 0, (5.2)

where ψ is the complex valued function, and γ is the coefficient of the group velocity dis-
persion. δ is the self-phase modulation (SPM) owing to kerr law, and β is the inter-modal
dispersion(IMD).γ, δ and β are constants. If self-phase modulation and group velocity dispersion
is balanced we get solitons.

To create a system of equations, we substitute ψ = θ + iυ into (5.2), θ = θ(x, t), υ = υ(x, t).
Then separate into real and imaginary parts to obtain:

R1 = θt + βθx − γυxx + δυ(θ2 + υ2) = 0, (5.3)

R2 = −υt − βυx − γθxx + δ(θ2 + υ2) = 0.

29
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5.2 Conservation laws and conserved quantities of Cubic
Schrödinger Partial Differential equation

To find multipliers and fluxes of the conservation law, the condition below must hold.

Λ1 ·(θt+βθx−γυxx+δυ(θ2 +υ2))+Λ2 ·(−υt−βυx−γθxx+δ(θ2 +υ2)) = DtF
t+DxF

x, (5.4)

where Λ1,Λ2 are multipliers of (5.2) and F t, F x are the fluxes of the conservation law.

We get multipliers by noting that the Euler operator annihilates total divergences,

δ

δθ
[q1(θt + βθx − γυxx + δυ(θ2 + υ2)) + q2(−υt − βυx − γθxx + δ(θ2 + υ2))] = 0. (5.5)

First we use Maple and Mathematica to solve (5.5) and get multipliers of (5.2). Second we
substitute the multipliers that we have found into (5.4) and get fluxes of the conservation law
using Maple and homotopy formula explained in detail in[2] and get the following results:

(i) (Λ1,Λ2) = (υx, θx)

F x
1 =

1

4
(δθ4 + 2δθ2υ2 + δυ4 + 2υθt − 2θυt − 2γ(θ2

x + υ2
x)), (5.6)

F t
1 =

1

2
(−υθx + θυx).

(ii) (Λ1,Λ2) = (θ,−υ)

F x =
1

2
(βθ2 + υ(βυ + 2γθx)− 2γθυx), (5.7)

F t =
1

2
(θ2 + υ2). (5.8)

(iii) (Λ1,Λ2) = (θt, υt)

F x
3 =

1

2
(−γ(θtθx + υxυt) + θ(βυt + γθxt) + υ(−βθt + γυxt)),

F t
3 =

1

4
(δθ4 + 2δθ2υ2 − 2θ(βυx + γθxx) + υ(δυ3 + 2βθx − 2γυxx)). (5.9)

(iv) (Λ1,Λ2) = (xθ + 2γtυx − βθ, 2γtθx + βtυ − xυ)
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F x
4 =

1

2
tγδθ4 +

1

2
βxυ2 − 1

2
tβ2υ2 +

1

2
tγδυ4 +

1

2
θ2βx− 1

2
θ2β2t

+tγδυ2θ2 + γυxθx − γυtβθx − γθtυt − γθxυx + γβθtυx − tγ2θ2
x − tγ2υ2

x,

F t
4 =

1

2
xθ2 − 1

2
tβθ2 +

1

2
xυ2 − 1

2
βtυ2 − tγθxυ + tγθυx (5.10)

5.3 Symmetries of Cubic Schrödinger Partial Differential
equation

A one-parameter Lie group of transformations that leave (5.2) invariant will be written as a vector
field

X = τ t(x, t, θ, υ)∂t + τx(x, t, θ, υ)∂x + ξθ(x, t, θ, υ)∂θ + ξυ(x, t, θ, υ)∂υ (5.11)

Equation (5.2) has the following variational symmetries:

X1 =∂t,

X2 =∂x,

X3 =θ∂υ − υ∂θ,
X4 =2γt∂x + (βt− x)θ∂υ + (−βt+ x)υ∂θ,

X5 =2t∂t + (βt+ x)∂x − θ∂θ − υ∂υ.

5.4 Double reduction of Cubic Schrödinger Partial Differ-
ential equation

Here we will apply the fundamental theorem of double reduction to solve our pde(5.2) using the
following fluxes of the conservation law F = (F t, F x):

F t =
1

2
(θ2 + υ2),

F x =
1

2
(βθ2 + υ(βυ + 2γθx)− 2γθυx),

that we calculated in (5.7),(5.8) and symmetries X1, X3 to solve our complex partial differential
equation.

To check whether conserved vectors are associated with symmetry we use the following version
of (2.13):

F ∗ = X

(
F t

F x

)
−
(

Dtξ
t Dxξ

t

Dtξ
x Dxξ

x

)(
F t

F x

)
+ (Dtξ

t +Dxξ
x)

(
F t

F x

)
.
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For X1:

(
F ∗t2

F ∗x2

)
=X

[1]
1

(
F t

2

F x
2

)
−
(

0 0
0 0

)(
F t

2

F x
2

)
+ (0)

(
F t

2

F x
2

)

=X
[1]
1

(
1
2
(θ2 + υ2)

1
2
(βθ2 + υ(βυ + 2γθx)− 2γθυx)

)

=

(
0
0

)
.

For X3:

(
F ∗t2

F ∗x2

)
=X

[1]
3

(
F t

2

F x
2

)
−
(

0 0
0 0

)(
F t

2

F x
2

)
+ (0)

(
F t

2

F x
2

)

=X
[1]
3

(
1
2
(θ2 + υ2)

1
2
(βθ2 + υ(βυ + 2γθx)− 2γθυx)

)

=

(
θ 1

2
2υ − υ 1

2
2θ

θ 1
2
(2βυ + 2γθx)− υ 1

2
(2βθ + 2γυx) + θx

1
2
(−2γθ) + υx(

1
2
2γυ)

)

=

(
0
0

)
where

X
[1]
1 =∂t,

X
[1]
3 =θ∂υ − υ∂θ + θt∂υt + θx∂υx − υt∂θt − υx∂θx .

Thus F2 is associated with both X1 and X3.

We then consider the linear combination of X1 and X3:

Γ = ∂t + cθ∂υ − cυ∂θ,

and this generator is then transfprmed into its canonical form T = ∂
∂k

, where we assume that T
is of the form
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T = Γ(k)
∂

∂k
+ Γ(τ)

∂

∂τ
+ Γ(ω)

∂

∂ω
+ Γ(m)

∂

∂m
=

∂

∂k
+ 0

∂

∂τ
+ 0

∂

∂ω
+ 0

∂

∂m
.

From Γ(τ) = 0, Γ(k) = 1, Γ(ω) = 0, and Γ(ρ) = 0, we obtain[19]:

dt

1
=
dx

0
=

dθ

−cυ
=
dk

1
=
dτ

0
=
dω

0
=
dm

0
=
dυ

cθ
. (5.12)

The invariants of (5.12) are summarized in a table below,

Invariats of Γ = ∂
∂t

+ c(θ∂υ − υ∂θ)

dt
1

= dk
1

b1 = k − t

dθ
−cυ = dυ

kθ
b2 = θ2 + υ2

dυ
cθ

= dt
1

b3 = arctan(υ
θ
)− ct

dτ
0

b4 = τ

dm
0

b5 = m

dω
0

b6 = ω

dx
0

b7 =x

Table 5.1: invariants table

By choosing b1 = 0, b4 = b7, b6 =
√
b2, and b3 = b5 we get

τ = x,

k = t,

ω =
√
θ2 + υ2,

m = arctan
(υ
θ

)
− ct.

The inverse canonical coordinates are presented below

x = τ,

t = k,

θ = ω cos(m+ ck),

υ = ω sin(m+ ck).
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The matrices Ψ and Ψ−1 can be computed using the canonical coordinates above

Ψ =

(
Dkt Dkx
Dτ t Dτx

)
=

(
1 0
0 1

)
= (Ψ−1)T (5.13)

and Θ = det(Ψ) = 1.

The partial derivatives of θ and υ in terms of new dependent variables ω and m are,

θx =ωτ cos(m+ ck)− ωmτ sin(m+ ck),

θxx =ωττ cos(m+ ck)− 2ωτmτ sin(m+ ck)− ωm2
τ cos(m+ cs)− ωmττ sin(m+ cs),

θt =− cω sin(m+ ck),

υx =ωτ sin(m+ ck) + ωmτ cos(m+ ck),

υxx =ωττ sin(m+ ck) + 2ωτmτ cos(m+ ck) + ωmττ cos(m+ ck)− ωm2
τ sin(m+ ck),

υt =cω cos(m+ ck).

The reduced conserved form will be:

F k
2

F τ
2

 =Θ(Ψ−1)T

F t
2

F x
2


=

 1
2
(θ2 + υ2)

1
2
(βθ2 + υ(βυ + 2γθx)− 2γθυx)

 . (5.14)

Substituting the first and second partial derivatives of θ and υ into (5.14) we getF k
2

F τ
2

 =

 1
2
ω(τ)2

1
2
(2βω(τ)2 + γω(τ)ωτ (τ) sin(2(m+ ck)) + 2γω(τ)2 cos(2(m+ ck))

 .

(5.15)

The first equation of the system (5.15) can also be given as:

DkF
k
2 = 0. (5.16)

Integrating (5.16) with respect to k we get the following equation:

ω(τ)2 = ε, (5.17)

where ε is constant, or equivalently,

ω(τ) = ±
√
ε. (5.18)
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Differentiating (5.18) implicitly with respect to τ we get:

d

dτ
ω(τ) = 0. (5.19)

The second equation of sys1 from (2.21) can be written as:

θ(θt + βθx − γυxx + δυ(θ2 + υ2))− (−υ)(−υt − βυx − γθxx + δ(θ2 + υ2)) = 0. (5.20)

Substituting (5.18),(5.19) and partial derivatives of θ and υ in terms of ω(τ) and m(τ) into
(5.20) we get:

− cε sin(2m(τ) + 2ck)− βεm′(τ) sin(2m(τ) + 2ck)− γεm′′(τ) cos(2m(τ) + 2ck)

+ γεm′(τ)2 sin(2m(τ) + 2ck) + δε2 sin(2m(τ) + 2ck) = 0. (5.21)

When computing the final solution to equation (5.21) we get an indirect solution. We then
compute the solution of (5.21) for the following cases.

Case 1. c = γ = 0 :

Substituting c = γ = 0 into (5.21) and solve (5.21) by Maple and Mathematica we get the
following solutions of (5.21):

m(τ) =0, (5.22)

m(τ) =− π

2
, (5.23)

m(τ) =
π

2
, (5.24)

m(τ) =
τδε

β
+ c1. (5.25)

We then solve for our ψ using all the values of m(τ) calculated above.

From (5.22), m(τ) = 0, we get the following values of θ and υ:

θ = ±
√
ε,

υ = 0,

Substituting θ and υ into ψ, we get:

ψ = ±
√
ε.
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From (5.23), m(τ) = −π
2

, we get the following values of θ and υ:

θ = 0,

υ = ∓
√
ε,

Substituting θ and υ into ψ we get:

ψ = ∓i
√
ε.

From (5.24), m(τ) = π
2

, we get the following values of θ and υ

θ = 0,

υ = ±
√
ε,

Substituting θ and υ into ψ we get:

ψ = ±i
√
ε.

From (5.25), m(τ) = τδε
β

+ c1, we get the following values of θ and υ:

θ = ±
√
ε cos(

xδε

β
+ c1),

υ = ±
√
ε sin(

xδε

β
+ c1).

Substituting θ and υ into ψ we get:

ψ = ±
√
εei(

xδε
β

+c1) (5.26)

Case 2. c = β = 0:

Substituting c = β = 0 into (5.21) and solve (5.21) by Maple and Mathematica we get the
following solutions of (5.21):

m(τ) =0, (5.27)

m(τ) =− π

2
, (5.28)

m(τ) =
π

2
, (5.29)

m(τ) =c1. (5.30)
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We then solve for our ψ using all the values of m(τ) calculated above.

From (5.30), m(τ) = c1, we get the following values of θ and υ:

θ =
√
ε cos(c1),

υ =
√
ε sin(c1),

Substituting θ and υ into ψ we get:

ψ =
√
εeic1 .

Case 3. δ = γ = 0:

Substituting δ = γ = 0 into (5.21) and solve (5.21) by Maple and Mathematica we get the
following solutions of (5.21):

m(τ) =− ck, (5.31)

m(τ) =− π

2
− ck, (5.32)

m(τ) =
π

2
− ck, (5.33)

m(τ) =− cτ

β
+ c1. (5.34)

From (5.31) m(τ) = − cτ
β

+ c1 e get the following values of θ and υ:

θ =
√
ε cos(

c(βk − τ)

β
+ c1),

υ =
√
ε sin(

c(βk − τ)

β
+ c1).

Substituting θ and υ into ψ we get:

ψ =
√
εei(

c(βt−x)
β

+c1). (5.35)
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5.5 Conclusion

In this chapter we calculated multipliers and conservation laws of the Cubic Schrödinger partial
differential equation. Further, we showed that if a symmetry is associated with a conservation
law, we can use the fundamental theorem of double reduction to an ordinary differential equation.
Consequently, we used Maple and Mathematica to calculate exact solutions for special cases.



6. Conclusion

In this dissertation, we have used the method of symmetry analysis and showed that Swift
Hohenberg equation has Lie point symmetries and this symmetries can be used to reduce it into
an ordinary differential equation. We have also shown that Swift-Hohenberg equation does not
admit any conservation law despite having the Lie point symmetry. We have also shown how to
use explicit power solutions to solve our Swift-Hohenberg equation. Furthermore, we converted
the Swift-Hohenberg equation into its wave form for β=0 and used Noether’s theorem to find
the conservation laws, use this conservation laws to find multipliers and use this multipliers to
calculate conservation laws again. We used the double reduction theorem together with Maple
and Mathematica, to obtain solutions for particular case α = 0. The procedure was repeated
for the Ohta -Kawasaki equation. The symmetries in the cubic Schrodinger equation were not
Noether symmetries, this didn’t deter us from obtaining exact solutions in a similar method
as the Ohta-Kawasaki equation. We have calculated multipliers of Cubic Schrödinger Partial
Differential equation and then use this multipliers to find conservation laws.We then show that
if a symetry is associated with conservation law we can use the fundamental theorem of doule
reduction to convert Cubic Schrödinger Partial Differential equation into an ordinary differential
equation which can be easily solved by Mapple or Mathematica for special cases. Although the
findings presented in this dissertation are by no means exhaustive, at the very least my hope is
that they may inspire further work in this area.
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