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We study giant graviton expansions of the superconformal index of 4D orbifold/orientifold
theories. In general, a giant graviton expansion is given as a multiple sum over wrapping
numbers. It is known that the expansion can be reduced to a simple sum for the ' = 4 U(N)
supersymmetric Yang-Mills (SYM) by choosing appropriate expansion variables. We find
such a reduction occurs for a few examples of orbifold and orientifold theories: the Z;
orbifold and orientifolds with O3 and O7. We also argue that for a quiver gauge theory
associated with a toric Calabi—Yau 3-fold the simple-sum expansion works only if the toric
diagram is a triangle, i.e. the Calabi—Yau is an orbifold of C?.

Subject Index B10, B16, B21

1. Introduction

Anti-de Sitter/conformal field theory (AdS/CFT) correspondence [1-3] provides a useful win-
dow through which to investigate quantum gravity. Although we have not yet understood how
to deal directly with quantum effects of gravity, we can obtain information on such effects
through the correspondence from analyses in the boundary theories. The superconformal index
[4-6] is an important and useful quantity for quantitative investigation of the correspondence.
The index can be calculated on the gauge theory side as long as the theory is Lagrangian, and
we are also able to calculate the index on the gravity side in an appropriate parameter region. In
the strict large- N limit, which means N is much larger than the energy scale (or the order in the
Taylor expansion of the index) which we are focusing on, the index obtained on the boundary
side can be reproduced semiclassically on the gravity side as the contribution from massless
fields living in the AdS background [5]. To access the quantum gravity effects via AdS/CFT
correspondence, we should consider parameter regions beyond the strict large-N limit.

One interesting region is the one with the energy scale of order N> with large N. On the gravity
side such a region is described by classical blackhole solutions, and it was found that the su-
perconformal index of large-N gauge theory can correctly reproduce the Bekenstein-Hawking
entropy by taking an appropriate limit of the index [7-9]. This discovery is important because
it indicates that the boson—fermion cancellation does not occur for the majority of states in the
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Hilbert space and the index can be used as the thermal partition function by taking appropriate
values of fugacities.

Another important parameter region, which we focus on in this work, is the one with en-
ergy comparable to N. In the ¢ expansion of the index we find deviation from the large-N limit
around this order. On the gauge theory side, this is related to the existence of additional op-
erators or additional constraints due to the finiteness of the rank of the gauge group. On the
gravity side, this can be interpreted as the contribution of extended branes. The first example
of such a brane was found in the orientifold model, in which D3-branes wrapped on the topo-
logically nontrivial three-cycle in S°/Z, correspond to Pfaffian operators [10]. Because Pfaffian
operators are BPS operators contributing to the index, the corresponding wrapped branes must
also contribute to the index. In such an example it is natural to expect the finite-N corrections
can be given in the form of expansion with respect to the wrapping numbers associated with
nontrivial cycles. Even if there are no such nontrivial cycles, there exist stable extended brane
configurations called giant gravitons [11-14]. They are BPS configurations, and should also
contribute to the index.

Direct analyses of the contributions of wrapped branes to the superconformal index were
carried out for N’ = 4 supersymmetric Yang-Mills (SYM) [15-17] and many other examples
[18-23]. Essentially the same expansions were also studied on the gauge theory side in Refs.
[24,25], and named giant graviton expansions. There exists a similar expansion of the super-
conformal index proposed by Murthy [26]. The relation between Murthy’s expansion and the
giant graviton expansion was studied in Refs. [27,28]. The contribution of giant gravitons to
black hole entropy was studied in Refs. [29,30]. See also Refs. [5,31-34] for earlier works on the
giant graviton contributions to indices and supersymmetric partition functions.

In the analysis of finite-NV corrections to the superconformal index we need to include ex-
tended branes regardless of whether the brane wrapped on topologically nontrivial cycles. Al-
though the term “giant gravitons” originally meant extended branes without topological wrap-
pings, in this work we call general extended branes giant gravitons regardless of whether they
have topological wrapping or not.

Let us consider the N' = 4 U(N) SYM, whose dual geometry is AdS5 x S°. The superconfor-
mal index is defined by

[ =trf(=1)" ¢ pafoyfo 2ty (1)
where J; and J, are angular momenta and Ry, R,, and R. are R-charges. The fugacities for
these generators, ¢, p, x, y, and z, are constrained by

qp = xyz, ()
to respect one of the supercharges. We can calculate the index Iy, of the N' =4 U(N) SYM
by the localization formula

o = [ dePep (fexs (@), G
U(N)

where Pexp is the plethystic exponential, [ yvdg is the gauge group integral with the Haar
measure, x ;(/h(/v) (g) is the U(N) adjoint character,! and fc. is the letter index of the A" = 4 U(1)
vector multiplet

TR PR U e} W

Sreeq, p.ox, y, 2) =i [B[of,m (1—g)1—p)

'See Appendix A for the explicit definitions of the character and the Haar measure.
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We use the notation i[R] for the index of an irreducible superconformal representation R, and
we adopt the notation in Ref. [35] for R.

In the large-N limit, the U(N) integral in Eq. (3) can be easily evaluated with the saddle point
method, and the result is [5]:

IU(oo) = Pexp fsugra» (5)

where fiugra is the letter index of the supergravity multiplet in 4dSs x S°.

Lt X y z q P
fsugra = Zl [B[%)’,z,,o]] = 1 + + — — . (6)

n=1

This is obtained by summing up contributions from modes in 4dSs x S° given in Refs. [36,37].

If Nisfinite, we have finite- NV corrections, and these are given by the giant graviton expansion.
Let us introduce three complex coordinates X, Y, and Z such that the S° is given by | X|? + | Y)?
+ |Z|> = 1. We take account of giant gravitons wrapped around three cycles X =0, Y =0, and
Z = (0, and the giant graviton expansion of the index is given by the triple sum [15,17]:

]

1,
IU( N) _ Z xn1xN yng,N Zm;N me,my’m:’ (7)
U(oc0)

my,my,,m-=0

where m,, m,, and m. are wrapping numbers associated with three three-cycles in S°: X = 0,
Y =0, and Z = 0, respectively. For each set of wrapping numbers (m,, m,, m.) the function
Fy,m,.m. 1s the index of the theory realized on the system consisting of giant gravitons, and is
N-independent because open strings on the giant gravitons do not couple with the background
Ramond-Ramond (RR) flux. On each cycle a U(m) gauge group is realized, and the gauge
group of the theory on the giant graviton system is G = U(m,) x U(m,) x U(m.). We also have
bi-fundamental fields coming from open strings attached on two D-branes wrapped around
different cycles. The theory is a gauge theory with the triangle quiver diagram. We can calculate
the functions £y, m,.m. by a formula similar to Eq. (3):

En,\‘a’n)u}ﬂ: = / ngeXp(iX[mx] + iy[my] + iZ[mZ] + - ) (8)
G

[ Gdg is the integral over the gauge group G = U(m,) x U(m,) x U(m.) with the Haar measure.
ix[my] (iy[m,], i-[m.]) 1s the letter index of U(m,) (U(m,), U(m.)) adjoint fields living on the
cycle X =0 (Y =0, Z=0), and the dots in the letter index represent the contribution of bi-
fundamental fields living on the intersections.

Because the fields living on the cycle X = 0 belong to the U(m,) adjoint representation, i,[17]
is given by iy[my] = fx—o Xalé](m*‘) with the letter index fy— ¢ of the U(1) vector multiplet living
on X = 0. Because the worldvolume of the giant graviton is S x R, and is the same as the
AdS boundary, the theory on the worldvolume is essentially the same as the ' =4 SYM. An
important difference is the action of symmetry generators, and the generators acting on the

boundary and those acting on the cycle X = 0 are related by the involution map [15]:

oyn:H— H-2R,, A— -4, Ji—R,, J,— R,
R, — —R,, R,—Ji, R.— /. 9)
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where 4 is the generator of U(1)g of type IIB supergravity normalized so that 4 € Z/2.> Cor-
respondingly, we can obtain fy_ o from fi.. by a simple variable change. This is also the case
for the other two-cycles, and the variable changes to obtain the letter indices for three-cycles
are given by Refs. [15,24]:

ox:(q, px,y,2)—> zx ' qp)
Uy . (q? p? x7y’ Z) - (Z’ xv p’y_lv (]),
0. (g, px,3,2) = (X, 0,4, p.z7"). (10)

(We use o (I = x, y, z) for both the involutions acting on the generators and variable changes
for the fugacities.) With these variable changes, we can give i;[m,] (I = x, y, z) as follows:

irfmi] = 07 frecXag " (1)
The contribution from bi-fundamental fields denoted by dots in Eq. (8) can be obtained by

directly analyzing the open string states. For example, the contribution from the intersection
of cycles X =0and Y = 0is fy,x""™) with

1
z\*(—g)1—p)
Sy = (—) —_ (12)
qp 1—z
and x ") is the bi-fundamental character
(mm') _ Um)_U@m') U@m)_Um')
x" = Xtund Xfgng + fund Xfund (13)

Although we can write down the integrand in Eq. (8), there is a difficulty in carrying out the
gauge integral. To obtain the functions F,,_, . that correctly reproduce the known index we
have to carefully choose contours in the integrals and pick up the correct poles. Although a set
of rules for the pole selection for N' = 4 U(N) SYM was proposed in Ref. [17], its derivation and
rules for more general theories have not yet become known. Although the rules for the functions
associated with a single cycle like F,, 0o are simple and natural, treatment of bi-fundamental
fields is involved and calculation of F,_, .. for intersecting giant gravitons is complicated.
(See Ref. [25] for a proposal for integration contours and Ref. [38] for its application to the
Schur index of N' =4 SYM.)

We can avoid this problem if we can somehow remove the contributions from intersecting
giant gravitons. Surprisingly, this is possible. Gaiotto and Lee [24] proposed a giant graviton
expansion with a simple sum:

iy —

U(N myN

aw _ 2 X"V, 0.0- (14)
IU(oo) m,

my=0

The reason for the reduction of the triple-sum expansion to the simple sum is explained with
a special behavior of the functions £, ,.m., which is referred to as “the wall-crossing” in Ref.
[24]. Namely, functions £, ». are not analytic on some walls in the space parametrized by
the fugacities, and by choosing an appropriate chamber, some of the functions become iden-
tically zero, and they are decoupled from the index calculation. In other words, by choosing

>The U(1)g symmetry acts on the two three-form flux fields nontrivially, and is broken to Z4 gener-
ated by ™ (for a generic value of the axiodilaton field) due to the flux quantization. Similar to angular
momenta J; and R-charges R,, 4 is also related to the fermion number F by >4 = (—1)F. We use a
convention with the quantum numbers (Ji, J2, Ry, R, R., A) = (—%, —%, ~|—%, +%, +%, —i—%) for the su-
percharge respected by the definition of the superconformal index.
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appropriate expansion variables, we can decouple some contributions and we can simplify the
giant graviton expansion [39].
To clarify what is happening in functions £, m.» let us first consider a simple toy model:
F(q)=Pexp(g+¢* + ¢’ +---). (15)
If we Taylor expand this function around ¢ = 0, this gives the following nontrivial expansion:
F(q)=1+q+2¢+3¢ +5¢"+7¢° +---. (16)

However, if we regard F(q) as a function of s = ¢! and perform the s-expansion (expansion
around g = 00), we obtain

00 00 k

1 )
F(q)=1_[1_ k=1_[1_k=s°°+-~=0. (17)
k=1 q k=1 §

Indeed, the function F(gq) has a singular wall along the unit circle |¢| = 1, and it is a nontrivial

function inside the wall, while it is trivial outside the wall.

Let us return to the functions £, ,.».. We can explain the relation between two expansions,
one with the simple sum and the other with the triple sum, by different choices of the expansion
variables. Now we have five fugacities, ¢; = (¢, p, x, y, z), constrained by Eq. (2). To specify
expansion variables we introduce four independent auxiliary variables ¢; (i = 1, ..., 4) and write
five fugacities in terms of ¢; as follows:

4
ar=[]e". (18)
i=1
Then, we carry out ¢;-expansion first, and then sequentially perform #,-, #3-, and #4-expansions
in that order. This multiple expansion is specified by the set of constants d; ;. Actually, we
focus only on the first expansion specified by d; ;. Let us denote #; by # and d; | by d;. The
first expansion with respect to ¢ (= ¢;) is equivalently performed by the 7-expansion after the
replacement

qr — tq;. (19)
We can regard ¢ as a fugacity for the operator
Y diQr. Or=(i.J2. R, Ry, R). (20)
I

In the following we call the constant d; “the degree” assigned to the fugacity ¢; and denote it
by d; = deg(g,). The consistency with the constraint (2) requires the degrees satisfy

deg(q) 4+ deg(p) = deg(x) + deg(y) + deg(z). (21)
In Ref. [17], the triple-sum expansion (7) with the degrees
deg(q, p,x.3.2) = (5,3, 1, 1, 1) (22)

was studied. Then the expansion variable ¢ is the fugacity for the operator
3 1
> d0r = SUL+ D) + R+ Ry + Ro = H + S(Ji + ). (23)
1

In this case all F, . give nontrivial contributions. The degrees adopted in Ref. [24], which
proposed the simple-sum expansion (14), are

deg(q, p, x,y,z)=(1,1,0,1,1) (24)
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corresponding to the charge
Y dQr=J+h+R,+R=H-R, (25)
I

With the degrees (24) the contributions with m, + m. > 1 decouple.

Let us see how the decoupling occurs with the degrees in Eq. (24). In the toy model with Eq.
(17), the expansion with deg(q) = +1 gives the nontrivial expansion (16), whereas deg(q) = —1
gives the trivial one. This occurs as follows. Each term ¢* in the letter index gives the factor 1/(1
— ¢¥) in the plethystic exponential, and if d = deg(q) is negative, the -expansion of this factor
starts with —71¢~!. Namely, each negative-degree term in the letter index gives a positive power
of ¢ 1in the plethystic exponential, and if we have infinitely many such terms, the result becomes
17> = 0. Based on this, we obtain the following simple criterion for the decoupling:

* The decoupling criterion:
If the letter index includes infinitely many negative-degree terms with positive coefficients,
its plethystic exponential is trivial and the contribution decouples.?

Let us apply the criterion to £, m,.m. for N =4 U(N) SYM and show the decoupling for m,
+ m; > 1. As we explained, F,_, m. 18 given in Eq. (8) with the adjoint contributions (11). In
particular, if m, > 1, i,[m,] includes

(1-y"H =g - p)
(1-2)1-x) ’
corresponding to the constant term (the Cartan part) in X;é;m}'). If we adopt the degrees in Eq.
(24), this letter index contains infinitely many negative-degree terms of the form x*y~! (k =0,
1,2, ...). Therefore, the contributions with m, > 1 decouple. This is also the case for i.[m.] with
m, > 1. This does not happen to i,[m,] because
of g =29 = p)
- -2
does not contain negative-degree terms and £,,_o o with m, > 1 give nontrivial contributions.
An advantage of the simple-sum expansion is that we can calculate £, oo much more easily
than general contributions from intersecting branes. By using the relation fy_ ¢ = o xfvec We
can relate F,, o, o and Iy, by

(26)

O—yfvec =1-

(27)

Froo= [ dgPoxp (oufuarly”) = ol (28)
U(m)
Therefore, the expansion (14) can be written as
Iy =
L = Z x’nNUxIU(m)- (29)
IU(OO) m=0

A purpose of this paper is to discuss generalization of the simple-sum expansions to orbifold
and orientifold theories. We will not give comprehensive analysis. We demonstrate in a few
examples that the decoupling occurs and the triple-sum expansion reduces to the simple-sum
expansion. We use the decoupling criterion above as a main tool to check the decoupling and
we numerically test that the simple-sum expansion actually gives the correct index.

An interesting point of the simple-sum GG expansion is that not only the left-hand side in Eq.
(29) but also the right-hand side is given in terms of the superconformal index of 4D theories

3We have also to confirm that negative-degree terms with negative coefficients does not give the factor
t~* canceling the 7. In the following examples we can easily confirm it.
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X-expansion
—
Nk T m

X-expansion

Fig. 1. Ty, .y, and ]N",m,m,mk are mutually related by the X-expansions.

labeled by the rank m of the gauge group. We can thus consider the large-m limit. In fact, the
theory also has the holographic dual, and we can apply the giant graviton expansion to the
theory again. We will show in some examples that the expansion of the “dual” theory gives
the original theory. Namely, the relation is mutual and invertible. For ' = 4 U(N) SYM, this
relation is “self-dual,” but in general two theories may be different. In the following sections we
demonstrate how we can obtain the “dual” theory from the original one.

Another interesting point of the orbifold and orientifold theories is that three fugacities x,
y, and z may not be symmetric. As we mentioned above, the degrees (24) give a simple-sum
expansion associated with the cycle X = 0. Let us call such an expansion “the X-expansion.”
Similarly, we can also define the Y-expansion and the Z-expansion associated with ¥ = 0 and
Z = 0, respectively. For ' = 4 SYM this does not give anything new because of the symmetry
among fugacities. However, in more general cases with fewer supersymmetries, the three simple-
sum expansions may give different expansions for a single theory.

It is natural to ask if the simple-sum expansion works for more general examples like 4dS5 x
SEs, where SEs is a Sasaki—Einstein fivefold. It is hard to believe that the simple-sum expansion
works for such a case because the expansion is based on the analysis of fluctuation modes on
branes wrapped around a specific supersymmetric three-cycle in SEs, and the global structure
of the manifold cannot be captured. We will discuss the decoupling of supersymmetric cycles
for toric SEs based on the decoupling criterion above, and show that the simple-sum expansion
works only for SEs whose toric diagram is a triangle. This means that the SEs needs to be an
orbifold of S° for the simple-sum expansion to work.

This paper is organized as follows. In Sect. 2, we study giant graviton expansions for the 7
orbifold with A/ = 2 supersymmetry. In Sect. 3, we discuss O3 orientifold models with A/ = 4
supersymmetry. In Sect. 4, we consider another orientifold projection with an O7-plane. In
Sect. 5, we discuss extension to toric quiver gauge theories. Sect. 6 is devoted to discussion.

2. S%/74
In this section we consider ' = 2 quiver gauge theory realized on probe D3-branes in a C?/Z
background, which we call Ty, n,. The AdS/CFT correspondence of these theories was stud-
ied in Refs. [40—42]. See Ref. [34] for analytic results for the Schur limit of the index.

We will find that the decoupling works for X-expansion. By the X-expansion we obtain a

.....

,,,,,

2.1.  Boundary theories: Ty, .y,
2.1.1.  Projection. We consider the boundary theory obtained from the N' = 4 U(N) SYM by
the 7, orbifold projection with the generator

o
Uy = exp (%(Rx — Ry)) . (30)
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Fig. 2. A part of the circular quiver diagram of the Z; orbifold theory.

The field contents are obtained from that of the N'=4 U(N) SYM by picking up the Z; in-
variant degrees of freedom [43]. The insertion of Uy in the trace of the superconformal index
is realized by the following Z; action on the fugacities:

(@.p.x.0.2) > (¢. pronx, 0 'y, 2), wx=e%. (31)

In addition, the action on the Chan—Paton factor is realized by the following Z; action on the
gauge fugacities:

Lo — oty (@=1,...,N), (32)

where 5, are holonomy variables and each component takes value in 7Z/(kZ) = {1, ...,k —
1, k}, and without losing generality we can assume /1; < hy < --- < hy (by using the Weyl group).
In other words, holonomy variables are given by

{hay = (1N, 2N kN, (33)
where N; are nonnegative integers constrained by Ny + N, + --- + N = N. The gauge group
U(N) is broken by the orbifolding to Gyy = U(N;) x -+ x U(Ny), and flows in the IR to
Gir = SU(Ny) x --- x SU(Ny). The resulting theory is the quiver gauge theory shown in Fig. 2,
which we denote by T, n,... ;-

In the IR the diagonal subgroups U(1); C U(;) become global baryonic symmetries. We will
put off the discussion of the baryonic charges, and we here focus on the sector with vanishing
baryonic charges. In the index calculation this is equivalent to carrying out the gauge fugacity
integral not for Gig but for Gyy including U(1),.

In the following we first consider the case with N; = N (and so N = kN). The superconformal
index of the nonbaryonic sector of T is given by

= dgPexp (Pk [fvecx,jé}m]), (34)

Guv
where the superscript “0” indicates this is the index for the nonbaryonic sector and P; denotes

the projection associated with the 7, action (31,32) on the fugacities:

1 - h
P [ freon 2. 00V G0 | = 1 X felox o7y g V@), 39)

wEZk
Note that we do not remove the contribution from the k& IR-free U(1) vector multiplets in Eq.
(34).
The large-N limit of the theory Ty, = limy_, T is dual to 4dSs x (S°/Z;) where the
Z, action on S is given by Eq. (30). The fixed locus of the orbifold is 4dSs x S'. The index is
I, = Pexp [Pl fugra) + 0k — 125
1 1 1

q V4
k —k —k . 36
1—xk+1—yk+ l—z l—gq 1—p> (36)

= Pexp (
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The letter index consists of two parts: the contribution from the supergravity multiplet in the

ten-dimensional bulk and the contribution from k — 1 tensor multiplets living on the six-
. . 1

dimensional fixed locus. 71955

tensor 1s the letter index of a single tensor multiplet. See Appendix
B.1 for a derivation of f,

AdSsxS'
tensor

2.1.2.  Decoupling. As in the S° case, the index of the theory on a system of giant gravitons
with wrapping numbers m,, m,, and m. is given by Eq. (8) with different i;[m;] (and different
terms represented by dots). In the orbifold case i;[m;] are given by

iflmf] = Px (UlfvecX;{i§MI)> > (37)

where Py is defined by Eq. (35). Let us focus on the constant term in the adjoint characters. For
each cycle we obtain

o fu] = 1 Lm0 = )1 = p)

(1—hHa-2
=y (1 g)(1 - p)
Pk[O'yfvec] =1- (1- xk)(l —z) ,

(1 —z"H(1 = x50 - ¢)(1 - p)
T—H1 T —xp)
Let us first consider the Z-expansion defined with the degrees deg(q, p, x,y, z) =
(1,1,1,1,0). We can easily see that none of the three functions in Eq. (38) contains negative-
degree terms for k > 2. This means all three cycles give nontrivial contributions, and the triple-
sum expansion does not reduce to the simple-sum expansion.
Next, let us consider X-expansion defined with the degrees deg(q, p, x, y,z) = (1, 1,0, 1, 1). In
this case, the functions Py[o,f\ec] and Pi[o -f ec] contain infinitely many negative-degree terms.
Then, the contributions with m, 4+ m. > 1 become trivial, and we obtain the simple-sum ex-

Pk[azfvec] =1- (38)

pansion.

As we will discuss in detail in the next subsection, the gauge group U(m) on m coincident giant
gravitons is broken down to 5UV = U(m) x --- x U(my) due to nontrivial holonomies on the
giant gravitons. We denote the theory by JN"mI,mz,__,mk. The baryonic charges in T 5 are related
to the ranks my. of the unbroken gauge groups, and vanishing baryonic charges correspond to
the gauge groups with equal ranks: m; = m, = - - - = my =: m. We denote such a theory by
T, 7i....m- Lhis means that only the terms with wrapping number m = km contribute to the index
of the nonbaryonic sector. Therefore, the simple-sum expansion takes the form

. o _
N.N __ Z kmN 0
DR A (39

o m=0
where the index appearing on the right-hand side is that for the nonbaryonic sector because the
baryonic charges in 75
N; being the same.

7 are related to the ranks V;, and we consider the special case with all

,,,,,

~

2.2.  Theories on giant gravitons: T,,, .,

index of the theory realized on the worldvolume of m = km coincident giant gravitons with
the unbroken gauge group Gyy = U (m)F.
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2.2.1.  Projection. The theory on giant gravitons on the cycle X = 0 is also Z; orbifold theory,
and the 7 action is obtained from the action in the original theory by the operator map (9):
~ 2mi 2mi
U =oxUgoy =exp| ——J1 — —R, ],

A B (40)

where Uy is the 7, generator in Eq. (30). This Z; generator contains J; nontrivially acting on the
boundary coordinates, and the boundary becomes R; x S°/7y, which has a fixed locus S' x R,.
Thi theory is locally the N' = 4 U(m) SYM and 7, identification breaks the gauge symmetry
to Guy = U(my) x --- Ulmy).

The insertion of the operator Uy, in the trace of the index is realized by the following Z; action
on the fugacities:

(¢, p; x,y,z) > (w;lq, D w;lx,y, Z) . (41)

The gauge fugacities are also transformed by

T

la—> 08 (a=1,...,m), (42)

where Za are holonomy variables which take valuesin Z/(kZ) = {1, ..., k}. Without losing gen-
erality we assume

(ha) = (17,27 K™Y, (43)

where m; are nonnegative integers constrained by m; + --- + my = m. The holonomy breaks
the U(m) gauge symmetry to Gyy = U(m) x --- x U(my). As we mentioned at the end of the
previous subsection the vanishing baryonic charges in 75;  correspond to holonomies with

.....

my = --- = my =: m. With such a choice of holonomy, the index is given by
I%m IIII = L dgPexp I:ﬁk (fvech[{h(M))] ) (44)
uv

where P, is the projection associated with the Z; actions Egs. (41) and (42), and is explicitly
defined by

~ 1 _ - T
Pkfvec)(;é;m) = % Z Sree(@ 16]7 p, @ IX, Vs Z)Xzf(]j§m)(wh['§a)- (45)

a)EZk

.....

IYN"OO = Pexp (ﬁk (fsugra) + (k — l)ﬁfggsisrx S3)

k k

X y z q p
_P k — —k . 4
eXp(1—xk+ [ i 1—p> (46)

On the gravity side this is reproduced as the contributions from the gravity multiplet in the ten-
dimensional bulk and k — 1 tensor multiplets on the six-dimensional fixed locus 4dS; x S°.
See Appendix B.2 for the explicit form of f, AdSy xS’

tensor

2.2.2.  Decoupling. Letus consider the triple-sum expansion of [ o The functions F, . m.

appearing in the expansion take the form of Eq. (8) with #;[m,] given by

ifflm] = ﬁk (O'vaecX:(/jJ(mn) ) 47)
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which are similar to Eq. (37) but Py, is replaced by Py.. Let us focus on the constant terms in the

adjoint characters x ;é;m’). For each cycle we have
(a1 = p)

ﬁk[avaec] =1

(1-y)(1-2)

- _ =y H —gx*NHd - p)

Pk[O'yfvec] =1- (1- xk)(l —z) ’

- o (=) — g1 - p)

Pio:feecl =1 — (1 —xK) (1 —y) . “

Let wus first consider whether simple-sum Y-expansion works. With the degrees
deg(q, p, x,y,z)=(1,1,1,0, 1), only Pio. fvec contains infinitely many negative-degree terms,
and the decoupling works only partially. Therefore, we cannot obtain simple-sum expansion
associated with the cycle Y = 0 (and such is also the case for Z = 0).

On the other hand, with the degrees deg(q, p, x, y,z) = (1, 1,0, 1, 1), Fk[ay fueel and P[0 frec]
contain infinitely many negative-degree terms, and the corresponding cycles decouple. There-
fore, the triple sum reduces to the simple sum in the form

L ©
. kmN 0
I T - NX(:)X O.XITW ..... N (49)

,,,,,

2.3.  Baryonic charges

In the analysis in the previous subsections we focused on the nonbaryonic sector, and obtained
Eqgs. (39) and (49). Let us generalize the relations by including states with nonvanishing baryonic
charges.

We can introduce baryonic charges on both sides of the relation. We use B; and B; to denote
the charges in Ty and those in Tﬁﬁ, respectively. As we will explain shortly, baryonic
charges on one side are related to the ranks of the unbroken gauge symmetries on the other
side. Namely, B; are identified with m; and §,~ are identified with N; up to certain equivalence
relations. In general, if SU factors had different ranks, the spectrum of gauge-invariant bary-
onic operators would be complicated. Therefore, in the following we turn on only one of B; and
B; for simplicity.

Let us first discuss the baryonic charges B; in Ty . The index of the baryonic sector with
charges B; can be obtained by the insertion of the background charges

k Bk Bi
detg; ) : Gt Gw
| | = | | _ 50
<detg,-+1 i:l( ) 0

il Sivt1 &N

in Eq. (34). These are defined so that the baryonic operators det X;;;; and det Y; ;1 carry
B; = +1 and —1, respectively. Because Eq. (50) is invariant under the shift B; — B; + ¢ with
i-independent constant ¢, the k charges B; are redundant, and the baryonic sectors are labeled
by the equivalence classes [By, ..., By] defined with the equivalence relation

B; ~ Bi +c. (1)

This means that only the differences B; — B; are physical quantities.
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.....

giant gravitons correspond to baryonic operators and baryonic charges correspond to the num-
bers of giant gravitons with different holonomy variables on them. In the single wrapping sector
with m = 1 there are k contributions with only one of m; being 1. They correspond to k baryonic
operators det X;; ; (i =1, ..., k). With this relation we identify m; with the baryonic charges B;
up to the equivalence relation (51).

The giant graviton expansion for the baryonic sector is given by

I;Bl’u-’Bk]
N.N (my+-+m)N 70
L S x Y 52
IT:X; (%[:B] X T;nl ..... iy ( )
m

where ) )5 1s the summation over nonnegative integers m; belonging to the equivalence
class [B;]. The large-N limit appearing in the denominator on the left-hand side in Eq. (52) is
the same as before. The inverse expansion of Eq. (52) is given by

Loeeo ] (53)

=  ~ TN N
Te N=0
We can also consider the baryonic charges §,- in Tmm Then the corresponding ranks N;
change. For arbitrary ranks m; the spectrum of gauge-invariant baryonic operators is com-
plicated. So, we consider the simple case with equal ranks m| = my = - - - = my =: m. On the
Tw,....n, side this corresponds to restricting the states to the nonbaryonic sector. The GG ex-

pansion (49) becomes

I[NEI ~~~~~ Bk]

Ti....om _ (N ++Ng) — 70

= ) oy (54)
Tee (N)elB]

and its inverse expansion is

n o0
N AN 4N N1 Ni]

I _Zx Jxlfm yyyyy o (55)

m=0

2.4. Numerical tests

24.1.  X-expansion of Igﬁ - First let us test the expansion (39) whose right-hand side is

an infinite sum over the wrapping number 7. We introduce a cutoff 7., and see how the
difference

170_17 o Wlmax e
ATF V(mmax) = =t — E kaNO—xI;‘)L _ (56)
..... 1 ITOO ~ m,....m
m=0

changes as we increase 7may.
To realize the X-expansion we take the degrees deg(q, p, x, y,z) = (1, 1, 0, 1, 1). To reduce the
computational cost, we take the unrefined parametrization

(¢ px322) = (1, 1xh x 1), (57)
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Fig. 3. Ir,, /I, and A, ,(imax) With imax = 1, 2 are shown as 2D plots. A term ¢ x"* with nonvanishing
coefficient in the Taylor expansion is expressed as a dot at the coordinates (7;, 1), and the coefficient of
the term is shown beside the dot.

and treat the index as a function of two variables 7 and x. We first expand with respect to ¢, and
then we perform the x-expansion. For example, the ratio Ir,,/Ir, is

13, /Ir, = (1 = x° + o(x*))1"
+ ( ot x4 0()66))t1
+ ( 202 dx? — 43+ 4x? — 2x* —4x7 +8x5 + 240 + 0(x6))t2
4 (=24 4x7 —dx 4 4x7 — 6x7 + 8x 4+ 207 — 8xF + 16x* — 24
+1206° — 4x? +16x5 + o(x9))* + o(£%). (58)

If we subtract 7 = 0 andm = 1 contributions many terms are canceled, and further subtraction
of the m = 2 contribution removes more terms appearing in Eq. (58):

A7y, (1) = o(x®)1° + o(x%)t" + (2x° + o(x®))r*
(202 —dx7 4 4x® — 4xT +6x — 1207 + 14x° — 16x7 + 16x° + o(x%)) 73
+o(r),
A7, (2) = o(x*)t° + o(x®)t! + o(x*)? 4+ (=2x° + o(x*))E? + o(£). (59)
We show the cancellation graphically by using 2D plots in Fig. 3.

IQ Nmax o
J— ]*m .
ATW,...ﬁ(NmaX) - Z kajvaxlgﬁ....ﬁ' (60)
7 £ R
o0 N=0

We show the ratio I% i /17, and the errors ATZ,Z(Nmax) with Npex = 1 and 2 as 2D plotsin Fig. 4.

2.4.3.  Baryonic sector. Let us numerically test Eq. (52). As a simple case we consider k = 2
and [B;, By] =[1, 0]. We define the error function

[1’0] Cmax
1,0 Tyn N
Ay em) = % = D X Wody (61
e c=0

Figure 5 shows the ratio I[TIN’?N] /I, and the error function A[T;a(cmax) for cmax = 1, 2, and 3.
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We test the expansion (55) for k = 2 and (N}, N») = (3, 2). We define the error function

Ag"}.z (mmax) =

Mmax

0
IT3,2

— E X 10
I M
T — ’
m=0

(62)

Numerical results for I% Jr, and the errors A(}g_z(n_qmax) with 7. = 1 and 2 are shown in

Fig. 6.

3. 0O3-D3 system

In this section we discuss N' = 4 SYM realized by O3-D3 systems. The AdS/CFT correspon-
dence of the model was first studied in Ref. [10]. We will mainly discuss the case with an O3~ -
plane, and we denote the corresponding O(2N) SYM by Topn). We will find the X-expansion
works for Tpn), and the theory on giant gravitons, which we denote by T, 0(2m) 1s another ori-
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X-expansion

_ ~
Toon) | «——| Ton
. X-expansion &)

Fig. 7. TNy and 7~"0(2m) are related by X-expansions.

Table 1. Extended directions of branes. Directions of D3 and O3 are shown by using the coordinates
in the flat ten-dimensional spacetime. In the description of the directions for giant gravitons the time
directions are treated as the radial direction in the X YZ space. The column O/Sp shows the gauge group
realized on D-branes when the orientifold plane is O3~. For O3 all the gauge groups become Sp.

1 2 3 4 X Y z OlSp
D3 v v v v 0
03~ v v v v
GGy v v v v 0
GGy_o v v v v 0
GGz v v v v 0

entifold theory. The inverse X-expansion also works, and it gives the original theory Ty as
the theory on giant gravitons (Fig. 7).

3.1.  Boundary theories: Toqn)
3.1.1.  Projection. Letusconsider N’ = 4 SYM with orthogonal and symplectic gauge groups
realized by orientifolds. We first consider the case with an O3~ -plane, which gives the orthog-
onal gauge groups.

The orientifold is defined with the O3 flip operator

Upy =€, S=R.+R,+R.+4, (63)

commuting with all generators in the N' = 4 superconformal algebra.

Table 1 shows the directions of D3-branes, O3-planes, and the worldvolume of giant gravi-
tons. The gauge group (O or Sp) should be chosen according to the relative positions of D-
branes and the O3-plane.

For the following analysis it is convenient to refine the superconformal index by introducing
a Z, fugacity n = +£1 for the operator S:

(g, p x, 3, 2, n) = trf(= 1) ¢/ pl2xcRepfo ey, (64)
Then, the orientifold projection operator Pos3 acting on letter indices is defined by
Pos[---1=1[-"1+ (65)
where we introduced the notation
[T = 3 [ min £ Gl (66)

The introduction of the Z, fugacity n modifies the variable changes in Eq. (10) as follows
[15]:

ox(q, p.x, ¥, z,m) = (ym, zn, X', qn, pn, n),
oy(q. p,x,y.z,n) = (zn, xn, pn. ¥y~ ', qn, n),
O—Z(q’ p’ x’J/» Zs 77)= (XU»J”I, ‘177,1777’2_1’ 77) (67)
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To describe the orientifold action on the Chan—Paton factor it is convenient to define the refined
character @%N ) by

Kag = x4, (68)
where x™ for g € O(N) C U(N) are
a8 =xqM = A9, (69)
and for g € Sp(N/2) ¢ U(N)
1 = Kot X =g (70)

Equation (70) makes sense only for even N. The letter index of the orientifold theory with O3~
is the Z,-invariant part of the refined U(N) letter index

Po3 [fvecj(\;é](N)] = fvecxgigN). (71)

~U(N)
adj

entifold projection gives fiec XSP (V/2) With the letter index (71), the full index is given by

2
ITO(ZN) = »/O(ZN) ngexp I:fvechOdg N):| . (72)

See Appendix A for the explicit forms of the Haar measure and the character.
The large-N limit of the index I7,,,, is given by

When we consider orientifold with O3* we should replace X d( ) by nx and then the ori-

Iry., = Pexp[Pos fuugral- (73)
ﬁugm is the Z,-refined index of supergravity Kaluza—Klein modes in A4dSs x S° defined by
fsugralr]:+l - fsugrav fsugra|r/:—1 - fsugrav (74)

where the 7, twisted index ﬁugra is given by

fugra = Z( 1)*i [ %;; ](0,0)]

1 ((1 — )0 - -2)0+90+p) 1)
(I+ )1+ ) +2)(1 = g)d = p)
(Equation (75) is obtained by directly calculating the alternating sum over 7.)

(75)

3.1.2.  Decoupling. Let us discuss whether we can decouple some cycles by assigning appro-
priate degrees. The giant graviton contribution again takes the form of Eq. (8) with

il[ml] = Po3 [Ulfvecj(\:{ijml)] = Z[Ulfvec]:txz(tml). (76)
£

Let us assign the degrees deg(q, p, x, »,z) = (1, 1,0, 1, 1). The letter index 7,[m,] with m, > 1
includes

ol = Y [1 A=y Hd =ng) - np)] . 7
+

- (= )1 —12)
We can easily check that for both signs [0, fec]+ contains infinitely many negative-degree terms.
It is the case also for [0 fec]+ associated with the cycle Z = 0. Therefore, Fy,;, .. with m;, +
m, > 1 decouple, and the GG expansion reduces to the simple sum.
If the gauge group is not SO(2N) but O(2N), Pfaffian operators are not gauge invariant. This
means only contributions with an even wrapping number should be included. The simple-sum
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Table 2. Extended directions of branes.

1 2 3 4 X Y z 0lSp
D3 v v v v 0
03~ v v v v

GGy v v v v 0
GGy_o v v v v Sp
GGz _o v v v v Sp

giant graviton expansion is given by

IT
2. z :
O(2N) xsz g [O(z - (78)
]0(00) m=0

where we denote the theory on m coincident giant gravitons by T, o(m)-

3.2.  Theories on giant gravitions. 7’0(2,”)

3.2.1.  Projection. The X-expansion of Ir,,,, is the sum of the contributions from the theories
realized on giant gravitons wrapped around X = 0. Let T, be the theory realized on m giant
gravitons and Ifo(m) be its index. 7, oo 1s defined as the orientifold of N =4 U(m) SYM with
the orientifold flip operator

Ups = 0,Upz0, = TR A HH=A) _ rilJi+)+Ry+R.=S) (79)

where S'is defined in Eq. (63). The directions of the worldvolumes of D-branes and the O-plane
are shown in Table 2.

Equation (79) nontrivially acts on the AdS boundary, and the orientifold gives a theory in
R, x S3/Z,. 1t is locally the same as the N = 4 U(m) SYM, but nontrivial holonomy breaks the
gauge symmetry down to O(m). The fixed locus is an O3-plane, which is localized at the center
of AdSs and wrapped around S* C S° given by X = 0.

The insertion of l~]03 in the trace of the Z,-refined index (64) is equivalent to the sign flips for
some fugacities

(Q» p» X, yv z, n) — (_q’ _p7 X, _ya -z, _77) (80)

Therefore, the orientifold projection operator acting on letter indices is defined by

~ 1
PO3F(q’ p’ X, y’ z, 77) = _(F(qv p’ X, y’ Z, +1) + F(_q’ _pv X, _y7 —Z, _1))
2

= [F(ng, np, x, ny, nz, n)l- (81)
With this projection, the index Iz, is given by
I, = [ dgPexp|Pos (fuecks™)]. (82)
O(m)

The large-m limit of the index [/ Toom is given by

p fsugra(q, P X, ), z) + fsugra(_qv =P X, =Y, —Z)
> .

I~

To(o)

= Pexp[Po3 fuugra) = Pex

(83)

3.2.2.  Decoupling. The index for giant gravitons can be easily obtained by combining the
variable changes and the Ups-projection. The functions £, . are given by Eq. (8) with

ix[my] = ﬁOS[UvaecYalé}m”], ifmr] = ﬁOS[O’vaecnj(\;gml)] (fOI' I=y, z). (84)
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These are explicitly given by

. B (1 =xHA =)A= p)\ _ owm)

lx[mx] - (1 - (1 —y)(l _ Z) ) adj

o 1=y Hd =g)d =P o

Wl =2 [1 T -0 -mw) LX”F ’

. _ (1 - 772_1)(1 - q)(l - p) (m.)

lz[mz]_;[l— T =0 LXJF . (85)

We can easily check that both i,[m,] with m, > 1 and i.[m.] with m. > 1 contain infinitely many
negative-degree terms provided we assign the degrees deg(q, p, x, y,z) = (1, 1,0, 1, 1). Hence,
the X-expansion reduces to the simple-sum expansion of the form

~ 0
TO 2m
Toon _ ™ o g (86)
I
O(c0) N=0

3.3. Sp(N), SO(2N+ 1), and SO(2N)
If we replace O3~ with O3, we obtain the theory with a symplectic gauge group. In the index

calculation, this is realized by replacing fgj}N )in Egs. (72) and (82) with nf;é}]v) . The decoupling
again works, and instead of Egs. (78) and (86) we obtain the expansion

I nd

Sp(N) 2mN

—r2 = x" oI5, . 87)

ITSp(oo) ,;) Sp(m)
and the inverse expansion

Iz >

_Selm) Z xszO'xITSp(N)- (88)

e 30
The gauge group O(2N) consists of two disconnected components. One of them is SO(2N),
and we denote the other component by SO(2N). Correspondingly, the index for O(2N) splits
into two parts:

1
ITO(ZN) = 5 (ITSO(ZN) + ITﬁ(zN)) . (89)

The two contributions correspond to the two elements of 7, = O(2N)/SO(2N). This Z, sym-
metry couples to Pfaffian operators. In O(2N) gauge theory this 7, is gauged, and Pfaffian
operators do not contribute to the index. This is analogous to the baryonic U(1) symmetries
studied in Sect. 2. For the latter we can extract the contribution of states with nonvanishing
baryonic charges by inserting the factor (50) in the gauge fugacity integral in Eq. (72). This is
also possible for the 7, charge. By inserting the factor det g (¢ € O(2N)) in the integral (72) we
obtain the index of the Z,-odd states:

1
=) _
ITO(ZN) - 5 <ITSO<2N) o IT%(ZM) : (90)

Because a giant graviton which corresponds to a Pfaffian operator is Z, odd, only configu-
rations with odd wrapping numbers contribute to Eq. (90), and the expansion (78) is changed
to

(=) o0

T 2m+1)N
# = E x( m+1) UXIYN"O(z»n+1)' (91)
To() m=0
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Fig. 8. The ratio Ir,, /I, and the errors Az, (Mmax) With my.x = 1 and 2.

The sum of Egs. (78) and (91) gives the expansion for the SO(2N) gauge group

I ad
So@N
—iso@eN) Oy (92)
I TO(m)
Tsom) =0

The two expansions (78,91) are similar to the expansion (52) for the baryonic sector in the
sense that the number of giant gravitons is constrained according to the value of the 7, charge.

We can interchange the roles of the Z, charge and the number of branes, and obtain the
following expansion similar to Eq. (55):

ITo Toen+1) = 2N
2 +l)m I( ) 93

where I (0() is defined with the det g insertion into Eq. (82), and given in a similar way to Eq.
2m)
(90).
The left-hand side of Eq. (93) should be identical with the left-hand side of Eq. (87) due to

the Montonen-Olive duality. The consistency requires a nontrivial relation between /7 o and
I ) appearing in the expansions. In fact, we can numerically confirm the following relation
Toem)

holds:
=x"g) (94)

I~
Tspomy Toam

This is the counterpart of the Montonen—Olive duality on the giant graviton side.

3.4. Numerical tests

3.4.1.  X-expansion of Ir,,,,. Letus check the expansion of Eq. (78) for Ton). Here and in
the following numerical tests, we again employ the unrefined parametrization (57). We intro-
duce a cutoff m,x, and calculate the error function below for N =1,

IT Mmax
oeN) 2mN _ .
AT,om (Mmax) = - E X OXITo(zm) . 95)
I To,
00) m=0

The results are shown in Fig. 8 as 2D plots.
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Fig. 9. The ratio 1;0(2) /Ifom) and the errors A;o(z)(mmax) with mp.x = 1 and 2.
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Fig. 10. The ratio Iy, /Iry,.., and the errors Az, (Mmax) With mpax = 1 and 2.

3.4.2.  X-expansion of I 0 Let us check the inverse expansion for 7oy, namely, the ex-
pansion of ITO(ZN) (86). We calculate the error function

I 7 Mmax
~ _ "Toax) 2mN
A Toen) (mmax) T I= Z X GXITO(Zm) (96)
To(o) m=0

for N = 1 with cutoff m,,x = 1 and 2. The results are shown in Fig. 9.

3.43.  X-expansion of Iy, ITonyr, a0d Ity Firstly, let us check the expansion of Iz,

(87) and its inverse expansion (88). We introduce cutoft m,x and calculate the error functions

Mmax

TSp(N) 2mN
ATg, 0 (Mmax) = E X" oyl 97)
I pom)’
Tspeor =0
IT Mmax
~ __ _SiW) 2mN
ATSP(N) (Mmax) = I~ Z X015y (98)
Tsp(oo) m=0

for N = 1. The results are shown in Figs. 10 and 11.
Secondly, we check the expansion of Eq. (91). We calculate the error function

(_) Mmax
Toen) 2m+1)N
AI( ) (mmax) = - E :x( ) UXITO(zmﬂ) (99)
To@N) IT
0(c0) m=0
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Fig. 11. The ratio ITSp(l) /ITSW) and the errors Afsp(l)(mmax) with mpy.x = 1 and 2.
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Fig. 12. The ratio I ) /IT()(M and the errors A ) (Mmax) With mpyax =0, 1, and 2.
(2)

for N = 1. The results are shown in Fig. 12.
Finally, we check the expansion of Eq. (93), by calculating the error function

n1mdx
T0(2A+1> } : @N+Dm . 7(=)
ATO(2N+1) (mmax) = X ) IT (100)
I Tote) 0 0Qm)
m=

with my.x = 1 and 2 for N = 1. The results are shown in Fig. 13.

4. O7-D3 system

In this section we discuss N/ = 2 superconformal field theory (SCFT) realized on D3-branes
probing the O7-plane background, which we denote by D4[N]. We will find all X-, Y-, and
Z-expansions work. X-expansion (which is essentially the same as the Y-expansion up to the
exchange x<>y) gives another orientifold theory denoted by 54[m], whereas Z-expansion gives
the original theory. The X-expansion works for 54[m] and it gives the original theory Dy4[N]
(Fig. 14).

4.1. Boundary theories: D4/ N]
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Fig. 13. The ratio Ir,, /Ir,,, and the errors A7, (Mmax) With mp,, = 1 and 2.
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Fig. 14. GG expansions for Dy[N] and l~)4[m].

4.1.1.  Projection. Let us consider the N’ =2 SCFT realized on N D3-branes in the back-
ground of an O7~ -plane defined with the orientifold flip operator

Upy = 7 Re=A) = G CRARAR,=S) _ pin(R—R,=S) (101)
The 07~ worldvolume is space-filling in AdSs and wraps around S* C S° given by Z = 0.
See Table 3. To keep the conformal invariance we need to introduce four D7-branes (and their
mirror images) coincident with the O7-plane.

The orientifold projection with Eq. (101) breaks the SO(6)z symmetry down to SU(2)g x
U(1)r x SUQ2)F, with Cartan operators R, + R,, R, and R, — R,. The theory realized on the
worldvolume of N D3-branes is an A" = 2 Sp(N) SCFT [44], which we call D4[N]. It has SO(8)
flavor symmetry realized on the 7-branes, and we can refine the index by introducing SO(8)
fugacities.

The insertion of Uys in the 7, refined index (64) is equivalent to the variable change

(g, p.x,y,z,n) = (¢, p, =X, =y, z, —1). (102)

Correspondingly, we define the projection operator Py7 acting on letter indices by

1
P07F(C], P X, )z, 77) = E[F(q’ DX, )z, +1) + F(q’ p, =X, =)z _1)]
= [F(q, p. nx, ny, z, n)l+. (103)

With this projection operator, the index of Dy4[N] is given by

~U((2 SO®8) . Sp(N
ID4[N] = o) dgPexp <PO7 I:fvecnxgjg N)] + fhprgv ( )Xfu[:lij )> . (104)
P
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The first term in the letter index is the contribution from D3-D3 open strings, and is explicitly
given by

Por [fvech:é](ZN)] Z [fvec(q> P, 11X, 1, Z)]iXi](zN)
+
_(1- (I +xp)(1 —2) Sp(N) (x+ y)(1 — Z)Xsp(N) (105)
(I —-q¢)(1—p) ) (1 —g)(1 — p)7anu—sym
The second term in the letter index is the contribution of D3-D7 open strings. f1,y,, is the letter
index of the N' = 2 hypermultiplet:

(x)2(1 = 2)
T = T py (100
See Appendix A for the explicit forms of the Haar measure and the characters.*
The holographic dual of D4[N]is AdSs x (S°/Z,), where Z, action on S° is given by Eq. (101),
and the worldvolume of the O7-plane and the four coincident D7-branes is AdSs x S° [45,46].
The large-N index can be calculated on the gravity side as the contribution from massless fields.

There are two contributions:
7 dSs5x S SO 8
Ip.goe) = Pexp | Por fuugea + foteor > 1] (107)
One is the contribution from the gravity multiplet:

P07fsugra = [fsugra(q’ b, nx,ny, z, 77):|+

1 ~
= z(fsugra(x, y) + fsugra(_xv _y))

B 1 X y z q P
_2(1—x+1— +1—Z 1 —g¢q 1—)
((1 +x)( +y)1 —2)(d +¢)(1 + p) 1)
(I =x)d =y»)A+2)d —-g)1 —p)
A4dSsxS* i< the letter index of the eight-

vector
AdSsxS?

dimensional vector multiplet in 4dSs x S°. See Appendix B.3 for a brief derivation of f.5

(108)

The other is the contribution from D7-D3 open strings. f.

4.1.2.  Decoupling. Again, the contribution from the system of giant gravitons with wrapping
numbers m,, m,, and m. is given by Eq. (8). We again focus only on the three terms i;[m,]. They
are given by

AU(mx)] _ Z |:1 _ (1 —nxH(1 = ng)(1 — UP)} Xj([mx),
+

ix[my] = Po7 O'*cfvec Xadj

a A= —n)
. ~U(m, (1 —ny~H(1 = ng)(1 = np) my
ly[my] = P07 O'}fvec dliij( )] ; |:1 — (1 — X)(l _ 772) :|i i ),

. _ ~U(2m:) B (1 —z7H(1 —ng)(1 — np) 2m.)
i-[m:] = Po7 vaveCnXad] :| ; |:1 (1 — x)(l — y) ]i X+ - (109)

With these letter indices, we can check that all the X-, Y-, and Z-expansions work.

4Note that the antisymmetric tensor representation of Sp(N) is reducible and contains the singlet rep-
resentation, which corresponds to the center of mass degrees of freedom in the O7-D3 system. In the
following analysis we will not remove the singlet contribution, and x iﬁg S)ym includes the contribution
from the singlet.
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Table 3. Extended directions of branes.See

1 2 3 4 X Y z 0/Sp
D3 v v v v Sp
07~ v v v v v v v v
GGy_o v v v v 0
GGy_o v v v v 0]
GGz_, v v v v Sp

Table 4. Extended directions of branes.

1 2 3 4 X Y z 0ISp
D3 v v v v 0
07~ v v v v v v v v

GGy_o v v v v Sp
GGy_o v v v v Sp
GGz _o v v v v Sp

To obtain Z-expansion, we adopt the degrees deg(q, p, x, y, z) = (1, 1, 1, 1, 0). Then, we can
show that both i[m,] with m, > 1 and i,[m,] with m, > 1 contain infinitely many negative-

degree terms, and they decouple. We obtain the simple-sum GG expansion

o0
?ﬂ = 2"V oI, (110)
Dylec]
In this case, the theory on the m giant gravitons is again Dy[m)]. This is because o, maps the
orientifold operator Uy to itself.

The X-expansion and the Y-expansion are essentially the same as each other and they are
related by the Weyl reflection x<>y of the SU(2)g symmetry. Let us consider the X-expansion
for concreteness. To obtain X-expansion, we adopt the degrees deg(q, p, x, y,z) = (1, 1,0, 1, 1).
Then, we can easily confirm that both i,[m,] withm, > 1 and i.[m.] with m. > 1 contain infinitely
many negative-degree terms, and the cycles Y = 0 and Z = 0 decouple. As the result, we obtain

the simple-sum giant graviton expansion

ID4 LD4[N] mN
E ) 111
ID4 [o0] o Gx D4[m] ( )

where we denote the theory realized on giant gravitons by Du[m]. This will be defined in the
next subsection.

4.2.  Theories on giant gravitons: 54[m]
4.2.1. Projection. Ip, g, appearing on the right-hand side in Eq. (111) is the index of the
orientifold theory D4[m] defined with the orientifold flip operator

UO7 — O'xU07O'Y — enl(Jz-‘rA) — em(Jz—Rx—Ry—R;-‘rS). (112)

The fixed locus of Uy is the O7-plane (together with four coincident D7-branes) along different
directions from the one for Up;. See Table 4. The worldvolume theory on D3-branes probing
the 7-brane background is locally the A' = 4 U(m) SYM, and the 7, identification breaks the
U(m) gauge symmetry to O(m).
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The insertion of Ups in the Z refined index (64) is equivalent to the variable change

(q’ p? X, y7 Z, 77) - (Qs _p, —X, —y, —Z, _77) (113)
Correspondingly, the projection operator Py acting on letter indices is defined by

1
PzF(q, p. X, p,2,m) = E[F(q, DX,y z,+1)+ F(q, —p, —x, —y, —z, —1)]

= [F(‘Iv np,nx,ny,nz, 77)]+- (114)
With this projection operator, the index is given by
o= |,  dePox (P [ ATl + For2n). (115)
m

where the first term in the letter index is the contribution of D3-D3 open strings, and is rewritten
as

Py [fvecj(\;é](m)] = Z[fvec(% np, nx, ny, WZ)]iX;(I:m)- (116)
+

The second term is the contribution of chiral fermions arising from D3-D7 open strings. They
are living on the J»-fixed locus in the boundary S°, and quantum numbers carried by them are
Ji and SO(8) flavor charges. f, is given by

1

“ 117
Jv = =g (117)
The index of the theory 54[00] in the large-N limit is
Ip 1) = Pexp (P o1l fugra] + Fictior sto(g)) ; (118)
where
~ 1 ~
P’0V7[fsugra] = E[fsugra + fsugra(‘]» —p, =X, =), —2)] (119)

is the contribution from the supergravity multiplet in the ten-dimensional bulk, and the second
term is the contribution from D7-D7 open strings. fA45:x5" is the letter index of the eight-

dimensional vector multiplet in AdS; x S°. See Appendix B.4.

4.2.2.  Decoupling. In the triple-sum GG expansion each contribution with a specific set of
wrapping numbers (1., m,, m.) takes the form of Eq. (8). The contribution from each cycle
i/[my] is given by

irlmi] = Pglor freen ! @], (120)
Because Pg; is symmetric under the permutations among x, y, and z, X-, Y-, and Z-expansions
are essentially the same. Let us consider X-expansion with the degrees deg(q, p, x, y,z) =
(1,1,0, 1, 1). We need to show the decoupling of the cycles ¥ = 0 and Z = 0. The letter in-
dex associated with Y =0 is

. (=)A= 001 = )] oy
= 31 SR e

We can easily confirm that this contains infinitely many negative-degree terms if m, > 1, and
hence the cycle Y = 0 decouples. It is the case for the Z = 0 cycle, too, and the triple-sum
expansion reduces to the simple-sum expansion of the form
- o0
ID4(m) — me
15

U,YID4[N]' (122)
4(00) N=0

25/44

20z 1snbny Gz uo Jesn ANVHSHILVYMLIM 40 AINN AQ £126252/209€20/2/¥202/8191Me/de)d/woo dno-olwspeoe//:sdiy wol pspeojumoq



PTEP 2024, 023B02 S. Fujiwara et al.
Ipinflpy. Apn(1) Ao Aom(3)
3 3 Ny
56 a7t 5473 B4 1010 _ 4765 -1 e 22011 1 661
° ° ° ° ° ° 6 ) ) 3 °
2 168 3574 4 224 3852 -2 -780 2
° . . ° ° ° ) ° °
29 a21 1769 57 1060 2477 184 -10087 o84
° . ° ° ° ° °
) 2164 2 14 2442 -66
° ° ° ° ° )
1 1 539 3620 2 &78 4328 30 g4 195
° ° ° ° ° ° at ) ° 4 °
-2 -54 14 2 302 -2
[ ] (] (] L] L] °
-1 Y 54 1728 1 193 2432 -1 -855 n
[ ) [ ) [ ) ° ° [ ] o (] [
-2 56 -266 6
) ° . °
-1 28 06168 n 789 104 1
° ° ° ° ° 2t ° 2 °
-
°
-1 20 27 1 185 -30
° ° ) ° ° °
n " > 0 n o "
1 2 k1 " 1 2 k1 " 1 2 3 "
1
°

E

£

2500

3919

3632

7736

2010

4229

1,2, and 3 are shown as 2D plots.
D5 L5,1@ L5,
Ny N
] T1E —4418 -2 -2221 -32768 3 15254
[ ] [ ] [ ] [ ] [ ] [ ] 6 [ ] [ ]
83 284 -19926 -384 65646 22848
[ ] [ ] [ ] [ ] [ ] [ ]
& 1341 782 -o11 -22020 6768
[ ] [ ] [ ] [ ] [ ] [ ]
s _m e e e
L] L] L] [ ] [ ] L]
4 1314 4356 -ar9 -12898 2358
[ ] [ ] [ ] 4 [ ] [ ] 4 [ ]
27 278 5503 -54 =-21035 1888
[ ] [ ] [ ] [ ] [ ] [ ]
s e em I -
[ ] [ ] [ ] [ ] [ ] [ ]
164 8318 -7654 at
L] L] [ ] L]
278 3866 -2354 4
L] [ ] 2fF ] 2F ®
54 5841 -1888
[ ] [ ] [ ]
k] 1804 -554
L] [ ] [ ]
[ ] [ ]
550 -4
e et ‘ ,
1 2 k4 ' 1 2 k1 ' 1 2 3 '
81
[
4
L

Fig. 16. The ratio 154(1)/154(00) and the errors A54[1](Nmax) with Npax = 1, 2, and 3.

4.3.  Numerical tests
4.3.1.  X-expansion of Ip,;n). Let us numerically test the expansion in Eq. (111). We introduce
a cutoff my.x and define the error function
ID N Mmax
Apy)(Minay) = 8L N N I (123)
Ipjj) =

We calculate the ratio Ip,11/1p,j»c] and the error Ap,[1j(mmax) for the unrefined fugacities (57)
and the results with n,,x = 1, 2, and 3 are shown in Fig. 15.

4.3.2.  X-expansion of I, Let us test the expansion of Ij ,, in Eq. (122). We introduce a
cutoff Np.x and define the error function

IB Nmax
A By (Nemax) = 154((m)) 3 Vo dp . (124)
4(00)  N=0

The ratio 15,00/ 15,00 and the errors A 54[1](Nmax) with Npax = 1, 2, and 3 are calculated, and
the results are shown in Fig. 16.
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Fig. 17. The ratio Ip,11/1p,joc) and the errors A’l)4[1](mmax) with my. = 1, 2, and 3.

4.3.3.  Z-expansion of Ip,n). Let us numerically test the Z-expansion of Ip,y; in Eq. (110).
We introduce a cutoff my,. and define the error function

ID mmax
A/D4[]\/](mmax) = Iﬂ - Z ZZMNO’ZID4[,,1]. (125)
Daloc] m=0
The ratio Ip,[n1/Ip,[) and the errors A’D4[N] (mmax ) are calculated for unrefined fugacities
(q’p’x’y’z):(tZ%’lZ%’th7Z>’ (126)

and the results for N=1 are shown in Fig. 17.

5. Toric quiver gauge theories

5.1.  General rules

Let us consider a toric quiver gauge theory associated with a toric Calabi—Yau cone. There is
a systematic prescription to determine the gauge theory from the toric data of the Calabi—Yau
[47-54]. Let (x;, y;) (I =1, ..., d) be the lattice points on the boundary of the corresponding
toric diagram labeled in the counterclockwise order. The gauge theory has d U(1) symmetries
corresponding to the d boundary points. Let R; be the U(1) generators normalized so that
R; = ﬂ:% for supercharges and R; = 0 or R; = 1 for scalar component fields in chiral multiplets.
The action of R; on the toric fibers of X is given by the vector V; = (x;, y;, 1). If d > 3 V;are
not linearly independent, d — 3 linear combinations of V; vanish. Let B, (a=1, ..., d — 3) be
the corresponding linear combinations of R;. B, generate nongeometric symmetries, which are
often called baryonic symmetries.

The superconformal index of the A/ = 1 toric quiver gauge theory is defined by

d d
] =tr [(_I)Fquszl_[vij|, qul_[vfl
I=1 I=1

We are interested in the spectrum of eigenvalues of R;. Let us denote the R; charge of an
operator O by R;[O]. For a BPS operator O contributing to the superconformal index R;[O] are
expressed as a lattice point in the d-dimensional lattice, and the Taylor expansion of the index
can be regarded as the formal sum of weighted lattice points. The charges of an operator O are

(127)
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specified by giving the corresponding fugacity vp, and we also use the notation R;[vo] = R;[O].
For example, the elementary fugacities v; satisfy R;[v;] = 8;;, and we can regard them as the
dual basis of the R-charges R;.

Supersymmetric three-cycles on which a D3-brane can wrap and which contribute to the
multiple-sum giant graviton expansion can be defined for each 7 as the fixed locus of R;, and
we denote them by S;. If a boundary point 7 of the toric diagram is an internal point of a side,
the fixed locus Sy is a 1D circle, which can be interpreted as a shrinking three-cycle, and the
cycle corresponding to a corner point has finite size. For this reason the distinction between
the corner points and the others is important. We define the set of all boundary points [ =
{1, ..., d} and the subset I C [ corresponding to the corner points. The complement of ¢ in
[ is denoted by I = [\l¢. As we will see below, wrapping numbers m; for I € [ are related to
holonomies on branes wrapped around finite-size three-cycles.

For a toric diagram with perimeter d, the giant graviton expansion is a d-ple sum:

Iy
== W"Fo, (128)
I .

where we used shorthand notation my = {my, ..., mg}, v{" =[], v}, and F,,,, = Fp -

However, because the sum over m:. is the holonomy sum, it is natural to divide m into the
genuine wrapping numbers 7. and holonomy variables m:, and we rewrite Eq. (128) as

%No =S e (> vﬂ" Fo | (129)

mnC I71|]96
We can regard the sum in the parentheses as the index of the theory on the GG system with
wrapping numbers m7;... In this sense the GG expansion is a |I¢|-ple sum, and the GG expansion
of the Z orbifold theory studied in Sect. 2 is triple-sum for generic degree assignment in this
sense. We want to reduce the sum by an appropriate choice of the degrees.

The index F,, is given by

o = [ dgPexp | S P [fili™ ]+ X x| (130)
Ielc r

x M) are the bi-fundamental characters in Eq. (13). P; and f; in the first term of the letter
index are the projection and the letter index associated with the finite-size cycle S, respectively.
Note that P;is the projection operator acting on both f; and x iém’ ). and the action on X ;{h(m’ )
depends on the holonomy variables ;. » ; ; in the second term is the summation over pairs
of adjacent corners (/, I'), and f; p is the letter index associated with the intersection S; N Sy.
In the second term we should also take account of the holonomy dependence, which is omitted
in the following for simplicity.

frand f;p can be obtained according to the toric structure encoded in the toric diagram as
follows.

As we mentioned above, the Taylor expansion of the index can be expressed as the formal sum
of a set of weighted lattice points in the d-dimensional lattice. In the large-N limit, operators
with baryonic charges do not contribute, and B,[u] = 0 are satisfied for all terms « in the Taylor
expansion of the index. This defines the 3D sublattice in the d-dimensional lattice. In addition,
BPS bounds guarantee Rj[u] > 0. (Namely, R;[u] > 0 for all I € [.) These inequalities define a
cone in the 3D lattice.
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The large-N index I, is given by [55,56]:°

d
Le=Y (131)
=1

l—WI’

where w; for a specific 7 is the primitive fugacity satisfying
Bu[wi] = Ri[wi] = Ry1[wi] =0,  Ry[ws] = 0. (132)

The primitive fugacity is the one such that all fugacities satisfying the same conditions are given
as positive powers of it.

For each corner point I let (/_, Iy = I, 1) be the three consecutive corner points. We define
the three nonbaryonic fugacities w; o (¢ = 0, 1) for each I as the dual basis of R;, by the
conditions

Ba[wl,a] = O, R]a[wl’/g] = 80,,3 (O[, ,3 = 0, :|:1) (133)

We can show wy _jwyowy 41 = ]_[?:1 Vi = qp.

In the case of the orbifold S°/T the toric diagram is a triangle, and there are three corner points
corresponding to Ry, R,, and R.. If Ry = Ry, R;,, = R, and R; , = R., the corresponding
fugacities are wy o = x, wy 41 = y, and wy _; = z. In fact, the letter index f; for a giant graviton
wrapped around a finite-size cycle S; is obtained simply by replacing x, y, and z in o fyec by
wr 0, Wr, +1, and wy, _j, respectively:

(1=wis) 1 =01 = p)

= wiad —wisy)
If the lattice generated by the three vectors V7, is not the whole 3D lattice but its sublattice,
then some of R,[wy ] are fractional. Such terms must be removed, and this is realized by the
projection P;in Eq. (130).

The letter index of bi-fundamental fields can also be written with these fugacities. Let 7/ and
I' (=1) be two consecutive corners. We introduce fugacities wy , and wy , according to Eq.
(133). If one or both of the intersecting cycles Sy and Sy is orbifolded, we need to take account
of the coupling with holonomies. Let us consider the simple case with neither S; nor Sy being
orbifolded. This is the case when both V7, and V7, span the whole 3D lattice. Then, fugacities
wy, —1 and wp 4 are the same. Let us denote them by w. This is the fugacity associated with the
U(1) symmetry shifting the intersection. The letter index of the bi-fundamental fields along the
intersection S; N Sy is obtained from Eq. (12) by replacing z with w:

fir = (%)2 W. (135)

Now, let us consider degree assignment. We assign d;, d,, and dj to ¢, p, and vy, respectively.
This means that we introduce an auxiliary variable 7 by

(134)

fI = (UvaeC)|x»w,v0,y%w1,+1,zaw;v,l =1-

d
(q.p.vi) = (t4q. 1% p. 1%y dy+dy =) dj, (136)
I=1
and perform the z-expansion first. 7 is the fugacity for the charge

d
Qi =dyJi+dy)y+ R, Ri=) diR,, (137)
=1

SThis gives the large-N index of quiver gauge theory with SU gauge groups. This is different from Eq.
(36) by the contribution from the IR-free U(1) vector multiplets included in Eq. (36).
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Fig. 18. The toric diagram of the conifold.

and the degree of a fugacity u is nothing but deg(u#) = O;[u]. R; is a linear combination of
R;. Because we are not interested in the baryonic charges, it is enough to know its action on
the toric fibers, which is expressed as the linear combination of V;. With the normalization
27:1 dy = 1, it can be expressed as a point D = 25]:1 dy(xy, yy) in the toric diagram, and if the
position of D is specified, degrees of nonbaryonic fugacities are fixed. In particular, the degrees
of the fugacities w; , are determined by the relative positions of D and three corners I,. If D
is inside the triangle made by the three corners 7, deg(w; ) > 0, whereas if D and a corner 1,
are on the opposite sides of the line passing through the other two corners, then deg(w; ) < 0.
Remark that D is always in the |l¢|-gon of the toric diagram (including its boundary), and
deg(wy 4 ) are always nonnegative whereas deg(w; o) may be negative.

Let us apply the decoupling criterion. For decoupling of a finite-size cycle Sy, the letter index
f1with the projection P; applied needs to include infinitely many terms with Q, < 0. Because J;
and J; (the exponents of ¢ and p) are nonnegative for all terms in the expansion of Eq. (134),
there must be infinitely many terms with R, < 0. This can be true if the following conditions
hold:

deg(wro) >0 and (deg(ws+1)=0 or deg(w;_1)=0). (138)
This means
D e (11, h] Y [lo, I11), (139)

where (/_;, Iy] is the segment between /_; and Iy with /_; excluded and I, included. [/, 1)
is similarly defined. Note that Eq. (139) is a necessary condition, and to show the decoupling
of a cycle S; we need to confirm that infinitely many negative-degree terms remain after the
projection Pj.

Obviously, the condition (139) is satisfied at most for two corners /, and the |I¢|-ple sum giant
graviton expansion at best reduces to (|l¢| — 2)-ple sum expansion. For an orbifold S°/T", the
toric diagram is a triangle with |l¢| = 3, and as we discussed in Sect. 2 it may be possible to
obtain simple-sum expansion. Unfortunately, this is not possible for the case with |I¢| > 4.

5.2.  Klebanov—Witten theory

As the simplest example of nonorbifold toric Calabi—Yau, let us consider the conifold. The
toric diagram is shown in Fig. 18. It is a square, and the four corners are labeled by /=1, 2, 3,
4.

There are a set of prescriptions to read off information of the corresponding quiver gauge
theory from the toric diagram [49,50]. It is convenient to use the bipartite graph associated with
the toric diagram. The graph is drawn on the torus, and is called the brane tiling. In the brane
tiling, faces, edges, and vertices correspond to gauge groups, bi-fundamental chiral multiplets,
and terms in the superpotential, respectively.
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Fig. 19. The brane tiling and the quiver diagram of the Klebanov—Witten theory.

Hy Hy U3 Ly

N

Fig. 20. The perfect matchings in the brane tiling for the conifold.

Table 5. Charge assignments for the chiral multiplets in the Klebanov—Witten theory. x¢ is the contri-
bution of the scalar component of the chiral_multiplet to tge letter index. x 1, and x»,; are the characters
for the bi-fundamental representations (N, Ny) and (N,, Np), respectively.

P Fy Fp R, R, R; R4 Xo

Ay 1 0 1 0 0 0 ViX12
Az -1 0 0 0 1 0 VixX12
Bl 0 1 0 1 0 0 V2 X21
32 0 -1 0 0 0 1 V4 X 21

The brane tiling and the quiver diagram for the conifold are shown in Fig. 19. The quiver
gauge theory is called the Klebanov—Witten theory [57], which we denote by KW[N].

We can also read off charge assignment for R; from the brane tiling by using perfect match-
ings. All perfect matchings in the tiling are shown in Fig. 20. Each perfect matching is associated
with an internal or boundary lattice point of the toric diagram. Let u; be a perfect matching
associated with a boundary point 7. ;7 is a subset of edges, and defines a subset of the chiral
multiplets. We assign R; = +1 to them, and R; = 0 to the others. There is a unique perfect
matching for each I € I¢, and charge assignment for R; (I = 1, 2, 3, 4) is uniquely determined
as shown in Table 5.

The global symmetry of the theory is

Gxkwy, =U(), x SUQ2)4 x SUQ2)p x U(1)p. (140)
The U(1), charge r, the SU(2)4 Cartan generator F4, and SU(2)p Cartan generators Fp are
given by
1
r = §(R1+R2+R3+R4), FA =R1 —R3, FB=R2—R4, (141)

and U(1)p is the baryonic symmetry. Corresponding to the linear relation of four vectors V; —
Vo + Vi — V4 =0, the U(1) charge B is given by

NB=R; — R, + R; — Ry. (142)

The normalization of B is chosen so that det 4, carries B = +1.
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42)
D

1) 2 30)

Fig. 21. The toric diagram of c? /Z,. There are four boundary points | = {1, 2, 3, 4}, and three of them,
¢ = {1, 3,4}, are corners. D is the point that specifies the degrees used for the X-expansion.

Fig. 22. The brane tiling and the quiver diagram of the Z, orbifold theory.

The degrees for the point D shown in Fig. 18 are
deg(vl, V2, V3, V4) = (0 0, 7 2) (143)
up to the ambiguity for baryonic charge. With these degrees the cycles S3 and S; decouple, and
the expansion becomes double-sum associated with S; and S»:

I
KWN] Z vmlN mz ml,mz,0,0- (144)

IKW OO] my,myp

The fugacities wy o are given by
-1
W0 = VIV 1y WL+l = Viz1Vi2. (145)

The letter index f; for a giant graviton wrapped on Sy is

f=1- (I =vip/vp)( —g)( — p) ’ (146)

(I =vrv)( = vi1vigo)
and the letter index for the intersection modes on S; N Sy, is

Frrs = (V1+2V1+3)2 (1 -1 —P). (147)

qp 1 — v

5.3.  Z, orbifold

Let us reconsider the Z, orbifold theory T, y discussed in Sect. 2.1 as an example of toric
quiver gauge theories. The toric diagram is shown in Fig. 21. Corresponding to the three corners
lc = {1, 3, 4}, there are three finite-size cycles S, S3, and Sy, which are respectively referred to
as X =0, Y=0, and Z = 0 cycles in Sect. 2, and R; (I € [¢) are related to the R-charges used
in Sect. 2 by

R.=R;, R,=R;, R =R, (148)

The brane tiling and the quiver diagram for the Z, orbifold theory are shown in Fig. 22. In
terms of A = 1 multiplets, T, y consists of six chiral multiplets shown in Table 6 and two
U(N) vector multiplets V1, and V»,.

As in the previous example we can determine charge assignment of R; by using perfect match-
ings. All perfect matchings for the Z, theory are shown in Fig. 23. An important difference from
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Table 6. Chiral multiplets in the Z, orbifold theory T, 5 and their charges.

o Ry =R R, =Ry R. =Ry NB R, Ao
X1z 1 0 0 1 0 xb¥ x12 = vix12
X1 1 0 0 ~1 1 xb™V xo1 = vivaxan
Y1 0 1 0 1 0 yb]'%)m = V3iX12
Y2 0 1 0 -1 1 Yb™V xa1 = v3vaxan
Zy 0 0 1 0 0 ZX11 = Vax11
Zn 0 0 1 0 0 ZX20 = V4x22
(D (2)
H H Ko Hs Hy

Fig. 23. Perfect matchings in the brane tiling of the Z, orbifold theory.

the previous example is that we have the vertex / = 2 which is not a corner. In general, there are

more than one perfect matchings associated with a point / € [, and we should choose one of

them to define the corresponding charge R;. This ambiguity affects the definition of the bary-

onic charges In the case of the Z, orbifold theory Ty, n, we have two perfect matchings /L ()

and p, ) for vertex [ = 2, and here we choose M ). The resulting charges are shown in Table 6.
The global symmetry of the 7y, y theory is

Gryy =SUQ@)r x U(l)r x SUQ2)r x U(1)g, (149)

where SUQ2)g x U(1)g is the R-symmetry of the AN/ = 2 superconformal algebra, SU(2)r is
the flavor symmetry, and U(1)p is the baryonic symmetry. SU(2)g x U(l)g x SU2)r is the
geometric symmetry in the sense that it is realized as the isometry of the background geometry.
The SU(2)g Cartan generator Rgy2), the U(1)g charge Ry, and the SU(2)r Cartan generator
F are given by

Rsyo)y =R+ R3, Ryay=Rs4, F=R;—Rs. (150)
The baryonic charge is determined from the linear dependence V7 — 2V, + V3 =0as
NB = R; — 2R, + R;3. (151)

The normalization of B is chosen so that det X, carries B = +1.
The cross in the toric diagram in Fig. 21 shows the point D that gives the degrees

deg(vi, v2, v3,v4) = (0,0, 3, 5) (152)

(up to ambiguity for the baryonic charge). These are the same as the degrees for the X-expansion
used in Sect. 2 up to normalization. According to the rule (139) two cycles S3 and S4 decouple,
and the giant graviton expansion becomes the double sum

[T\N — Z Zvllnlvz my,my,0,0- (153)

m;=0 nmy
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m is the wrapping number for the finite-size cycle S}, and runs over all nonnegative integers.
my, the wrapping number for the shrining cycle S», can be regarded as the holonomy variable,
as we will explain below.

In the analysis in Sect. 2 we consider the index I, [Bl NB‘] for sectors with specific baryonic
charges. For the comparison to Eq. (153) we should 1ntr0duce the baryonic fugacities and de-
fine the index as the sum over all baryonic sectors. For Z, orbifold theory T, y we define the
baryonic charge B = B — B, and introduce a single fugacity b for B. Then, the index including

all baryonic sectors is
o0

I, = Y bPIZY. (154)

B=—00
By substituting Eq. (52) into I[Tijgl we obtain

]

IT . / i ! i
NN § : = ' +m )NO'XIQ . (155)
ITOC / ! 0 ,nlyrﬂ”
m,m'=

Let us confirm that Eqgs. (153) and (155) are the same. The relation between two sets of fugac-

ities (x, y, z, b) and (vy, v, v3, v4) can be read off from x®yRrzR:pB = vf‘ vfz v§3 v,* as follows:

v = xb%, V) = b_%, V3 = yb%, V4 = Z. (156)
With these relations we can rewrite Eq. (155) as follows:
I . o / v "
Ol L as7)
© m' ,m"=0 Y

By comparing the prefactors in Egs. (153) and (157) we obtain
m =m —my, m' =my. (158)
These relations imply that m, is the parameter specifying the symmetry-breaking pattern U(m;)
— U(m; — my) x U(my). In other words, m, is the parameter specifying the holonomy
they = (1=, 2m) (159)
on the m; coincident giant gravitons. This interpretation requires 0 < m, < m;. The upper
bound m, < m; would be interpreted as a kind of s-rules.

We can also confirm that £, ,,, 0.0 in Eq. (153) reproduces the result in Sect. 2. Because the
cycles S3 and Sy decouple, Eq. (130) gives the letter index

Pifixg™- (160)
The fugacities w;_, are given by
1 1
W0 =VIV; =X, Wiy =VV; =), W _|=V4=2. (161)

With these fugacities we can see f1 = o fvec and Eq. (160) agrees with i,[m,] in Eq. (37) with
m, = my and the holonomy (159).

5.4. RG flow
The orbifold theory Ty, y flows to the Klebanov—Witten theory KW[N] by the deformation
with the superpotential

W =m(trZ? —trZz%,). (162)
11 22

Because the RG flow does not change the superconformal index we can relate I7,, , and Ixwin
by the RG flow.
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The deformation breaks the global symmetry Gy, , of the UV theory to Gpow = U(1), x
SUR2)r x U(l)p, and at the IR fixed point Gy, is enhanced to Gxw. Therefore, I, , = Ixwn
holds only for restricted values of fugacities corresponding to Ggow. Let r, £, and b be the fu-
gacities for U(1),, SUQ2)r, and U(1)p in Gy, respectively. The restriction on the fugacities of
the UV theory is given by

x=frt, y=fY2, z=r b=b (*=qp). (163)
For the restricted values the fugacity for the mass terms (162), which carry (R;, Ry, R3,
Ry)=(—-1,—-1,—1,1),is
M F (164)
V1Va V3 Xy

Concerning the symmetry Ggw, only the diagonal subgroup of SU(2)4 x SU(2)p is preserved

in Gpow. The restricted fugacities v, of the IR theory are

Vi = friby, Wy = fribn, V= fhiby, V= fhbw. (165)
(In this subsection we use the primed variables v, for KW[N] for distinction from v; for Ty, y.)
With the localization formula on the gauge theory side we can easily check that the two indices

agree for the restricted values of fugacities. The letter index of the Z, orbifold theory is given
by

FOan + fulxa) + Y fe(xo) (166)
[

with xo shown in Table 6, where f, and £, are the letter index for the vector multiplet and the
chiral multiplet, respectively:

XR — 4PX R 1 —qp
folxr) = KR UPXR_ fuﬂrzo———————)xM. (167)
T Q- —p T (I—gd—p)) "
The letter index of the Klebanov—Witten theory is also given by Eq. (166) with x¢ shown in
Table 5. Indeed, we can easily check

lez =fA1’ lez = fAz’ fXZI = fBl’ fY21 :fBz’ qu =f222 =0, (168)

and the two indices agree at the level of the letter indices in the localization formula.
Finally, let us confirm the GG expansions in Egs. (157) and (144) are the same. The two sets
of degrees (152,143) are both consistent with the degrees

deg(f,r,b) = (=1, 1,0). (169)
We can easily confirm that the prefactor of the orbifold theory in Eq. (153) and the prefactor
of the Klebanov—Witten theory in Eq. (144) agree provided we identify (m', m”) on the T, y

side with (m1, my) on the KW[N] side:

m'+m" )N _m'N __ (' +m")N g’ —m” __ N/ +m" )Ny’ =" __ _im'N_ym' N
v, vy N =x b =(fr?) b ="y (170)

We can also confirm the agreement of the letter index for giant gravitons. In the GG expansion
of Ty, y the letter index for m; coincident giant gravitons on the X = 0 cycle with the holonomy
(159) is

ix[m] = P, I:Uvaecxgjj('M):I

_ (1 (= x )1 =g —P)) (XU(m’) n XU(m”))

(1 _ yz)(l _ Z) adj adj
=)A= =p)
a0 ‘ h
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For the Klebanov—Witten theory, the letter index is given by

SiXag™ + Foxag"™ + frax ), (172)

where f1 and f; are given in Eq. (146) and f1, is given in Eq. (147). The two letter indices
(171,172) agree for the restricted values of fugacities.

6. Discussion

In this paper we discussed the reduction of multiple-sum giant graviton expansions to simple-
sum expansions. For orbifold and orientifold examples the triple-sum expansion for generic
degrees can be reduced to the simple-sum expansion by assigning appropriate degrees.

All theories studied in this paper are Lagrangian theories, and we can calculate the super-
conformal index directly by using the localization formula. This is in general not the case. For
example, M2-brane theory (ABJM theory [58]) and M5-brane theory (six-dimensional (2,0)
theory) are related by the simple-sum giant graviton expansions [39]. In this case, the calcula-
tion of the index of (2,0) theory is only possible with indirect methods [59-63]. We can use the
giant graviton expansion as another convenient method to calculate the index of (2,0) theory
by using the ABJM index [64]. The orbifold version of the relation between M2-theory and
M5-theory is also interesting because it may enable us to calculate the index of six-dimensional
(1,0) theories by using orbifolds of ABJM theory.

Another interesting class of non-Lagrangian theories includes Argyres Douglas and Mina-
han Nemeschanski theories realized on D3-branes probing 7-brane backgrounds with constant
axiodilation. They are labeled by the type of 7-brane G = Hy, H,, H», D4, Es, E7, Eg and the
rank N. The AdS/CFT correspondence of these theories in the large-N limit was studied in Refs.
[45,46], and it was confirmed in Ref. [22] that the multiple-sum expansion works well at least for
the leading giant graviton contributions. If we can apply the simple-sum expansion to this class
of theories it gives interesting relations among the indices. Actually, the D4[N] theory studied
in Sect. 4 is a special case of the general theories G[N]. We confirmed that the Z-expansion of
the D4[N] theory works and is self-dual. If this is also the case for general G[ V], the following
relation should hold:

I 00
G[N] _ Z ZAGmNO'ZIG[m], (173)
IG[OO] m=0

with Ag being the dimension of the Coulomb branch operator of the G[1] theory. It would be
interesting to confirm whether this relation holds, and, if so, to what extent we can bootstrap
the index /gy with the relation (173).

In the orbifold and orientifold cases, we can consider three expansions: X-, Y-, and Z-
expansions. Although decoupling does not always occur, for some examples we can perform
the expansion in more than one way, and we can consider “the web of GG expansions” by ap-
plying GG expansions repeatedly. In the case of N' =4 U(N) SYM all three expansions work.
In this case the giant graviton expansion is “self-dual” in the sense that the theory on the giant
graviton is also /' = 4 U(N) SYM, and application of the giant graviton expansions gives just
different frames. Each step of the giant graviton expansions is specified by one of the variable
changes o, 0,, and o, and a frame is specified by the composition of the variable changes.
Combining three variable changes o, 0,, 0. and permutations in (x, y, z) and (g, p) associ-
ated with the Weyl groups of SU(4)z and SO(4)spin Symmetries we can generate many frames.
All these frames give N' = 4 U(N) SYM. However, in more general orbifolds and orientifolds, it
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may be possible to generate the web including different theories. By applying a projection P, we
can obtain an orbifold theory, and in a frame specified by the variable change o the projection
is replaced by o Po !, and in general this is different from the original one. Therefore, the web
consists of theories with different orbifold actions. Although in the orbifold case all theories
in the web are Lagrangian theories, in more general cases (like G[ V] and orbifolds of M-brane
theories) the web may contain both Lagrangian and non-Lagrangian theories, and then it will
be convenient to analyze theories that are difficult to analyze directly. This is analogous to the
S-duality of type IIB string theory. The duality takes the type I1IB theory to the same theory
(with the different coupling constant). Let us take 7, projection with the worldsheet parity
2, which gives type I theory. Then the other side of the duality is also Z, projected theory.
However, this Z, is not © but (—1)f, which gives the SO(32) heterotic string. In this way, by
applying a projection, we can generate new duality from the duality for the theories before the
projection. We can consider a similar situation for the web of giant graviton expansions.

As we have emphasized, the simple-sum expansion is much easier to calculate because it does
not have issues of integration contours. This is because the contribution from a single cycle
is obtained by a simple variable change from the standard index, for which we can adopt the
standard choice of the contours. In Sect. 5 we saw that the giant graviton expansions of the
orbifold theory Ty n and the Klebanov—Witten theory KW[N] are related by the RG flow.
In this relation, the simple-sum expansion of 7, x generates the double-sum expansion of
KWI[AN]. This gives information about rules for pole selection in KW[N]. This kind of relation
may be useful to find general rules for the pole selection for general multiple-sum giant graviton
expansions.

In all the examples in this work the simple-sum expansions are invertible. Namely, if expan-
sion of the index of Ty gives the index of T m, then the expansion of T, w gives Ty, It would be
interesting if we could analytically prove the invertibility. Suppose that we have functions Fy
(N € 7Z) which vanish for negative N, and they have giant graviton expansion of the form

Fy =Fx Y x"o.F,. (174)
me”Z

The invertibility means that a similar expansion of E, gives the original functions Fy. Namely,
if the functions Fy; appearing in the expansion of E,
Fp=Fo ) x"o.F (175)
NeZ
are the same as Fy, then we can say the expansion is invertible. Unfortunately, we have not yet
succeeded in proving (or disproving) this fact. We will only comment on what happens if we
naively substitute Eq. (175) into Eq. (174). It gives

Fy = (Fxoki) D > " x"NVNIF, (176)
meZ N'eZ

Let us suppose x is a generic phase factor x = ¢ with irrational «. Then with an appropriate
regularization we obtain

D XN = Ny, (177)

meZ

where N is a large number depending on the regularization. Then we obtain

Fy = N (Fao0.F)F. (178)
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If the product of F, and axfoo gave N ~! we would obtain the expected result Fy = F};. Because
the large-N indices F, and Fy, are given as the plethystic exponential of the letter indices f
and f4 of the massless fields in AdS, this can be formally calculated as follows:

FooFo = Pexp(foo + 03 foc)- (179)
Interestingly, in all examples of pairs of theories related by the X-expansion, we find the relation
foo + 0 foo = —1 (180)

holds. Therefore, naively, Eq. (179) becomes Pexp(—1) = 0. This is nice because we want to
obtain N/~! as the result of the regularization. Of course the above manipulation is so naive and
formal that it does not make sense as it is. It would be nice if we could improve the derivation.
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Appendix A. Characters and Haar measures
In general, the Haar measure is given by the plethystic exponential of the negative of the adjoint
character with constant terms removed.

For G = U(N) the adjoint character is given by

U(N) UN) UWN) _
Xadi(Ca) = Xiund Xy’ = Z (A1)
1<a, b<N

where Xfliﬂ) and Xig

sentations, respectlvely

U(N) are the characters of the fundamental and the antifundamental repre-

N
1
U(N UN
X = Zg, xm)—zz- (A2)
a=1 "%

UN) :

In the sum in Eq. (A1) each term with @ = b gives 1, and in total the constant term in x, di

N. The Haar measure is given by

U(N)
/U(N) N‘/Hz ;aPeXp( Xagi (&a) +N)

dg, Ca
N /1_[ 2ig, - (1 - 5)' (43)

The overall factor 1/N! can be fixed by the normalization condition [ gdu = 1.

1S
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The characters for the symplectic and orthogonal groups are obtained from U(N) characters
by appropriate restrictions and projections. To obtain Sp(N) and SO(2N) characters we start
from U(2N), and impose the following constraints on the 2N fugacities ¢, (a =1, ..., 2N):

1
;HN:;— (a=1,...,N). (A4)

Then the fundamental and the antifundamental characters in Eq. (A2) (with N replaced by
2N) become the same. The adjoint characters for Sp(N) and SO(2N) are given by taking the
symmetric and antisymmetric products of two copies of the fundamental character:

™M= 3" wun= ) (;a§b+ ;gb)Jr 3 ;

1<a<b<2N l<a<b<N 1<a,b<N
1 e
SOQ2N
de_]( ' = Z Calp = Z <§a§b + > + Z =, (AS)
| <a<b<2N l<a<b<N Calh |<apen &b

Both these characters include constant term &, and the Haar measures are given by
N
1 dg, Sp(N)
an = v [ Tl Pexp (<x5c + V).
-/SP(N) N2V g 27ig, adj e

N
L d8a SOQN)

= Pexp (= Xy (Ca) +N). A6

/SO(ZN) H N!2N—1/£[1 2mit, exp( Xagj (o) + ) (A6)

The adjoint character and the Haar measure of SO(2N + 1) are obtained in a similar way
starting from U(2N + 1) and imposing the constraints

1
§a+N:§_ (a:l,...,N), {2]\1_;,_1:1. (A7)
The adjoint character is
D M AN )] (a9
1<a<b<2N+1 ga

and the normalized Haar measure is

P SOCNH (e y 4 N . A9
~/SO(2N+1) "= N'QN/l_Izm;a ex p< Xadi (o) + ) (A9)

The orthogonal group O(2N) consists of two disconnected components: the component
G, = SO(2N) C O(2N) containing the identity and the other component which we denote
by G_ C O(2N). We normalize the Haar measure for each component by |, G, du =1, and the
normalized measure for O(2N) is given by

1 1
/ du = 3 d,u+§/ du. (A10)
O(2N) G, G-

To obtain the adjoint character and the Haar measure for G_ we start from U(2N) and impose

the constraints

1
é'a_;,_N—é_ (a:l,...,N—l), ;NZI, §2N=—1. (All)
Remark that the value ¢,y = —1 should be set after the calculation of the plethystic expo-

nential. For example, Pexp &y = 1/(1 — ¢on) = 1/2. To avoid confusion with fermionic terms
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with negative coefficients, we introduce an auxiliary variable 6 which is set to be —1 after the
calculation of the plethystic exponential. The adjoint character is

N
_ 1
Xag = 2. Gals=xpp o )40 [Z (ca + E) + 1} : (A12)

1<a<b<2N a=1 a
and the normalized Haar measure is

] TT %% Tpexo(n — 1 G- Al3
/G “‘m/ﬂﬁ[“ﬂ Slro-agn)|,_ o @

Appendix B. Contributions from fixed loci
B.1. Tensor multiplet on AdSs x S’
The fixed locus of the 7 generator (30)

U = exp <2%i(Rx — Ry)) (B1)

is AdSs x S', and tensor multiplets live on it. All the component fields are Uy neutral, i.e. R,
— R, =0 for all fields. Let us express the other quantum numbers by the notation
RytRy p

(245, 452], . (B2)
The modes of a single tensor multiplet on the fixed locus belong to & o) representations (£ >
1), and the conformal representations with the following primaries appear:
bo+e-d
s

[0, 0112 (B3)

+2

1+e-1 _ _
0.0 0.5y O IR @ 0. 0 [0, 4]

The primary states of the underlined representations contribute to the index:

i<[0, 0]3“) = =i t=1,2..)
. 15 +=3\ 2l gtp) _
1([0, E]Z-&-% 2) - _(l—q)((Il—pp) +e (l—q(ﬁ)l—p) (€=12..) (B4)
. _ S-2
(10, 0175) = i (=23,

The term including &, ; is the contribution from the equation of motion of the fermion. By
summing up all contributions we obtain

AdSsxS' _ z q p (B5)

tensor

for a single tensor multiplet.

B.2. Tensor multiplet on AdS; x S°
The fixed locus of Eq. (40)

Ui = exp (—%(Jl + Rx)) (B6)

is AdS; x S*, and (2,0) tensor multiplets live on the six-dimensional locus. All component fields
are Uy neutral, i.e. J1 + R, = 0. Let us express other quantum numbers in the form

Ry+R: Ry—R: Ry—J|

[Lly> 0 2 (B7)
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The mode expansion of a single tensor multiplet on the fixed locus gives the conformal repre-
sentations with the following primaries:

01,37
sy Ry
[+§]Z+% [_5]54_%
55280 55 el 52.5.0
(+1174 (0], (=11, (B8)
11553 11757
[+§]z+% [_5]54_%
5.5.0
[0];

The underlined components include BPS states contributing to the index. The contributions
from these conformal representations are

/é io (} 4o +7£)
([0] ) gt =12,
. 1 +£’u,l (y[' 1+--<+ZZ_1)( Z+p)
(1) w1, (59
) L2 22y
l([+1]z+.lz >=% (t=2.3,...).

Summing up all contributions with £ = 1, 2, ... we obtain

AdS3><S3 — y + z p ) (BIO)

tensor

B.3. Vector multiplet on AdSs x S°
The fixed locus of Eq. (101)

Upy = ™ Re=Ri=S) (B11)

is AdSs x S°.
All components are Up; neutral, i.e. R, — R, = S. Because S commute with all supercon-
formal generators, the eigenvalue of S is common for all component fields in an irreducible
superconformal representation. So is the generator @. Namely, this is the Cartan generator

of the flavor symmetry SU(2)r. Let us use the notation
[JlerJz leJz]M BSRR

Y (B12)

to represent the quantum numbers. We obtain the conformal representations with the following
primaries:

52,50
[0, 01,34
-1 ¢ -1 ¢ 1
1755+ 1 5272
[O’ §]€+% [5’ O]u_%
5.+l 1 17350 £.£,-1
0,015 [3: 31035 [0, 01232 (B13)
1 a5 5+ 11454
[5’ 0]4;5 [0’ §]e+§
2 2
42 ¢ 0

[0, 0,5,

This is the representation B EE [%]SU(Z)F- The two conformal representations with underlines
contribute to the index. The contributions are given by

. Hz L (bt
1([0, 055" ) = BEEB) (0=0,1,2,...),

,-<[1 0]65“5’*%) — @) g ]2, .). (319

20 Plet 3 (I-g)(1=p)
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By summing up all contributions, we obtain

AdSsxS? xyd —2)
: _ . B15
fvector (1— q)(l —p)(1 —x)(1 —y) ( )

B.4. Vector multiplet on AdS; x S°
The fixed locus of the O7-flip (112)

(707 — eni(JerA) (B16)
is AdS; x S°. Let us use the notation
Al " (B17)

to represent the quantum numbers. Rgy4) is given by the Dynkin labels. The mode expansion
in AdS; x S° gives the conformal representations with the following primaries:
[—1]0:L-2:010

e+3
[_l][o,z—z,l]er; [_l][l,Z—Z,O],—%
21e+3 21e43
[0,6—1,0],+1 [1,6-2,11,0 [0,6—1,0],—1
[0T;> [0T 1> [0T¢ 1> (BI18)
[ l][1,5—1,0],+; [ l][o,e—1,1],—%
24043 24043
0,€,01,0
(10
Dynkin labels [R;, Ry, R3] correspond to the following R-charges:
(R, Ry, R.) =Ry (5. 5. 3) + Ro(1,0,0) = R3 (3, 3, —3) - (B19)
The underlined conformal representations contribute to the index:
i (L1 00) = et ) (€=0.1,2...),
_ B B B20)
. 1701,6=1,0],+1 . (gt gzt . (
L <[+§]@+§ 2> = & (1}_(1) - (@ = 1, 2, 3, .. )
Summing up all contributions, we obtain
g q(1 —p)
fAdS3><S — . (le)
veetor (I=¢)1 —x)d = y)1 -2)
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