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This paper investigates constrained nonlinear estimation over noisy communication
links. The estimation is solved by a set of nodes in a fully distributed fashion.
The unknown parameter of interest is assumed to be belonging to a closed
convex set. The measurement of each node is nonlinearly related to the unknown
parameter. The communication among adjacent nodes is corrupted by the additive
communication noises. We propose a decentralized projection consensus+innovation
algorithm with communication noises to solve the nonlinear estimation problem
and develop a novel approach to analyze its convergence. For the case of fixed
graph, by introducing an auxiliary matrix and combination of the graph Laplacian
and the auxiliary matrix, we prove that the algorithm converges in mean square
and almost surely if the combined persistence of excitation (CPE) condition holds
and the measurement function satisfies the Lipschitz continuity and monotonicity
conditions. Furthermore, for the case of the time-varying graphs, we establish
the jointly combined persistence of excitation (JCPE) condition guaranteeing
convergence in mean square. Both the CPE and JCPE conditions are proposed for the
first time and do not require that the graph is balanced. The JCPE condition holds
even when the graph is disconnected at infinitely many time instants. A simulation
example is presented to demonstrate our theoretical results.

© 2023 Elsevier Inc. All rights reserved.

1. Introduction

Recently, decentralized estimation has received a considerable attention due to its wide applications like

power spectrum estimation [21], traffic network [7], state estimation in power systems [1,31] and tracking

and navigation [30], to name just a few. This paper considers decentralized estimation by a multi-agent

system, where each agent/node estimates an underlying parameter of interest by interacting with its neigh-
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bours and assimilating the local sensed data simultaneously. So far, there has been a large body of works
on decentralized linear parameter estimation. Sayed and Lopes [28] proposed a decentralized incremental
recursive least-square algorithm, which requires a Hamiltonian cyclic path across agents. Das and Mesbahi
[8] proposed a decentralized linear parameter estimation algorithm based on Laplacian dynamics consen-
sus. Schizas et al. [29] studied the decentralized linear estimation problem using the alternating direction
method of multipliers. Liu et al. [19] focused on the effects of network topologies on the decentralized linear
estimation algorithm. In [2,4,11,20], a diffusion strategy for decentralized estimation was proposed, where
each agent fuses both the local estimates and raw measurement data from its neighbours. Kar et al. [15][16]
proposed a decentralized consensus+innovations estimation algorithm where each agent fuses local estimates
received from its neighbours and assimilates simultaneously the local sensed data to obtain the unknown pa-
rameter. Zhang et al. [38] considered decentralized linear estimation with finite Markovian switching graphs
and proved that the algorithm converges in mean square and almost surely if all graphs are balanced and
jointly contain a spanning tree. The papers [17][18] generalized the work [15] to the nonlinear case where
the measurement equation is nonlinear. Sahu et al. [27] further generalized [18] to the constrained case
where all the local estimates are constrained in a convex set which contains the unknown parameter. Wang
et al. [32] studied decentralized linear consensus-+innovation estimation in an uncertain environment. They
developed a new approach to analyze the convergence and established weak convergence conditions. Meng
and Li [22] proposed a decentralized nonlinear estimator, which is claimed to be able to run over unbalanced
networks. The estimator updates two variables simultaneously and maintains a row stochastic matrix and
a column stochastic matrix, respectively. Under the smoothness and quadratic gradient growth conditions,
they proved consistency of the estimator if the graph is fixed and strongly connected. Besides, there are also
many works studying decentralized dynamic estimation [3,5,6,9,23,33-35,37], event-triggered decentralized
linear parameter estimation [10][13][36], decentralized estimation under asynchronous communications [14]
and decentralized estimation under network attacks [6][37].

However, most of the aforementioned literatures considered the linear case. Although a few works such
as [17][18][27] studied the nonlinear case, they made use of the contraction property of the graph Laplacian
matrix to analyze the convergence of the algorithms. As such, it is unavoidably required that the network
graph is balanced. Although the work [22] has no such limitation, the algorithm therein is more complex than
the algorithm developed in this paper. It is noted that the balance of the graph is a very strong condition
because it requires that each node’s in-degree is always equal to its out-degree. This paper is focused on
decentralized nonlinear estimation under time-varying and unbalanced graphs. The communication among
adjacent nodes is assumed to be polluted by the additive communication noises. We propose a decentralized
projection estimation algorithm of the consensus+innovation type with communication noises to solve the
estimation problem and develop a new approach to analyze convergence of the algorithm. For the case of fixed
graph, by introducing an auxiliary matrix and combination of the graph Laplacian and the auxiliary matrix,
we prove that the algorithm achieves mean square and almost sure convergence if the combined persistence
of excitation (CPE) condition holds and the measurement function satisfies the Lipschitz continuity and
monotonicity conditions. For the case of time-varying graphs, we establish the jointly combined persistence
of excitation (JCPE) condition under which and the Lipschitz continuity and monotonicity conditions on
the measurement function the mean square convergence is obtained. Both the CPE and JCPE conditions
are proposed for the first time and don’t require that the graph is balanced. The JCPE condition holds
even when the graph is disconnected at infinitely many time instants. Compared with [22,27,32] which are
mostly relevant to this work, the contributions of this work are summarized as follows:

o We remove the balance restriction on the digraph required in [27] and consider a more realistic scenario
that the digraph is time-varying and the communication is noisy.

o Although the approach developed in this paper is inspired by the approach in [32], this paper considers
that the measurement is a nonlinear function of the unknown parameter, whereas [32] considered the
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linear case. Nonlinearity of the measurement equation causes that the method developed in [32] can’t be
directly used to address the decentralized nonlinear estimation problem and thus is essentially different
with ours.

o Compared with [22], the algorithm of this paper is simpler and we consider that the communication is
corrupted by noises and the graph is time-varying.

The rest of the paper is arranged as follows. The problem is formulated in Section 2. Section 3 presents
the result for the case of fixed graph and Section 4 presents the result for the case of time-varying graphs.
Section 5 is devoted to the proof of the results. In Section 6, a simulation example is presented, followed up
by conclusions in Section 7.

2. Problem formulation

Let 6 € © C R™ be an n-dimensional vector to be estimated, where R represents the set of real numbers
and O is the parameter set satisfying the following standard assumption.

Assumption 1. The parameter set © is a closed convex set with non-empty interior int(0) and 6 €int(0©).

Assumption 1 is realistic since the parameter to be estimated usually belongs to a known closed convex
set such as temperature.

An ad hoc network comprised of a set of agents/nodes is deployed to estimate the unknown parameter.
The communication structure of the network is modelled by a directed graph G = {V, Ag}. Here, V =
{1,2,--- N} is the agent set, Ag = [a;;] € RV*Y where a;; is the weight associated with the link from
node j to node ¢ and a;; > 0 if and only if the link from node j to node i exists, a;; = 0 otherwise. Let N;
represent the neighbourhood of agent 4, given by N; = {j|a;; > 0}. Assume no self-loops, i.e., a;; = 0,7 € V.
Denote the in-degree of agent i by Z;VZI a;; and the out-degree of agent ¢ by Zjvzl aj;. Balance of G means
that for each agent the in-degree is always equal to its out-degree.

We focus on the discrete-time decentralized nonlinear estimation. The measurement of each node at any
time instant is nonlinearly related to the true but unknown parameter, modelled by the following equation.

Zi(k):fi(e)-i-vi(k),ieV,k‘:O,l,"' (1)

Here, z;(k) € R™ is the measurement vector of agent ¢ at time k, f;(-) : © — R™i is the measurement
function of agent ¢ with m; < n, v;(k) is the measurement noise. We assume throughout the paper that
fi(+) is continuously differentiable on int(0) and has bounded gradient for all i. Denote the gradient of f;(x)
ofi(x)
ox

at any point y € © by H; , = , which is m; x n dimensional. Let || - | define the 2-norm of the

a=y
argument throughout the paper. We make the following assumption.
Assumption 2. For any z,y € © and each 1, there exists a constant [; > 0 such that || f;(z)— f: (v)]| < Li|lz—y].

Remark 1. Assumption 2 is a smoothness condition. It is commonly assumed in the decentralized estimation
literature to ensure convergence ([18,22,27]).

The task of each agent in the network is to estimate the unknown parameter when a central processing
unit is absent. For each agent i, we use x;(k) to represent its local estimate state for the unknown parameter
at time instant k. Each agent follows a procedure described in the sequel to complete the estimate task.
At each time instant k£ > 0, agent ¢ first communicates with its neighbour agents through a directed
communication link and receives neighbours’ local estimates corrupted by the communication noises, which
is modelled as
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yji(k) = x;(k) +wji(k),j € Ny, (2)

where y;;(k) is the signal received by agent ¢ from its neighbour j and wj; (k) is the associated communication
noise at time instant k. Next, a weighted sum of these received signals and its own signal is executed to drive
all agents’ local estimates to reach consensus and then an innovation term incorporating the measurement
information is added to further drive the estimate to update in the direction of the true parameter. Finally
a projection operation is needed to make the estimate values fall into the constrained set. The algorithm is
formulated as

zi(k+1) = Pe [mz(k‘) + (k) Z aij(yji(k) — zi(K)) + (k) Hl,, o [2i(k) — fi(mi(k‘))]}’i eV, (3)
JEN;

where c(k) is the algorithm gain, Pg[-] is the projection operator and y;;(k) is given by (2). When commu-
nication noise is not considered, i.e. y;;(k) = x;(k), the algorithm (3) degenerates to that of [27].

Denote the overall vector of measurement noises v(k) = [v] (k),--- , v (k)]T and the overall vector of
communication noises w(k) = [w11(k),...,wn1(k);...;w1n(k), ...,wnyn(k)]T. Denote the o-fields generated

by the measurement and communication noises F(k) = o(v(t),w(t),0 < t < k),k > 0. We make the
following assumptions.

Assumption 3. The communication noise w(k) is independent of the measurement noise v(k), vk > 0. Both
{w(k), F(k),k > 0} and {v(k), F(k),k > 0} are martingale difference sequences.

Assumption 4. The conditional second-order moments of noises are bounded a.s., i.e.

sup E[|lv(k)|]?|F(k —1)] < oo a.s. supE[||w(k)|*|F(k —1)] < oo a.s.
k>0 k=0

Assumption 5. {c(k),k > 0} is a strictly positive real sequence satisfying

c(k) — O,Zc(k‘) = oo,ZcQ(k) < 0.
k=0

Remark 2. In Assumption 3, the communication noise only needs to be independent of the measurement
noise. Both v;(k) and w;;(k) do not need to be independent with respect to 4, j and time k. In other words,
we allow spatial and temporal correlation for the measurement and communication noises, respectively. In
Assumption 5, the algorithm gain has a general form and doesn’t need to have some special form as required
in [18,27] and needn’t be monotonically decreasing as required in [32].

We next present the result for the case of fixed graph.

3. Case of fixed graph

We consider in this section the case of fixed graph. Denote Eg = %ﬂ, where Lg = Dg — Ag with
Dg = diag(Z;-V:l aij,- - ,Z;.v:l anj). Let G be the symmetrized graph of G (see [24] for the definition). It
is well known in the graph theory that Eg is the Laplacian matrix of G if and only if G is balanced ([24]).
In this work, /39 is no longer the Laplacian matrix of G due to unbalance of G.

We have the following theorem. The proof is put in Section 5.

Theorem 3.1. Under Assumptions 1-5, if there exist real symmetric matrices W; € R™"*™ ¢ € V such that
the following two conditions hold:
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Fig. 1. An unbalanced weighted graph.

(Z) )\min[zg ® In + W] > 0,

(it) (x —y)" Wiz —y) < (z —y)"H[fi(z) — fi(y)],Vz,y € ©,Vi eV,

where I, is the n-dimensional identity matriz and W = diag{Wh, ..., Wn} is a block diagonal matriz, then
all the local estimates generated by the algorithm (3) converge to 6 in mean square and almost surely.

Remark 3. Condition (i) is called the combined persistence of excitation (CPE) condition, which is proposed
for the first time. It introduces an auxiliary matrix ¥V and requires that the combined matrix /:‘g XL, +Wis
positive definite. At the same time, the auxiliary matrix W satisfies Condition (ii), which is a monotonicity
condition imposed on the measurement function. By choosing W appropriately, the two conditions can hold
under unbalanced graphs, as is illustrated in the following Example 1.

Example 1. For any vector z, let z; represent its i-th element. Consider an unbalanced digraph with two
links shown in Fig. 1. By the definition we have Eg = [1,-0.75; —0.75,0.5], which is indefinite. Let 6§ =
[01,05]" € © with © = [-F, Z]2 C R2. Let the measurement functions f(#) = sin(6;), f2(6) = sin(62). Thus
each agent is not globally observable. The gradients at any « € © are Hy , = [cos(z1), 0], H2 , = [0, cos(z2)].
Choose Wy = diag{0.5,0}, Wy = diag{0,0.5}. Then,

15 0 —075 0
. 1 0  —0.75
I — 4
Lo L+ W 075 0 0.5 0 )
0 —075 0 1

We have Amin[Lg ® I, + W] = 0.0986 > 0. For node 1, it can be verified that (z — ) THT, [fi(x) = fi(y)] -
(z—y) " Wiz —y) = (z1 —y1)(sin(z1) —sin(y1)) cos(x1) —0.5(x1 —y1)? > 0,Vz1,y1 € [-Z, 5]. Similarly, we
can verify that the condition (ii) holds for node 2. Thus both Conditions (i) and (ii) hold under unbalanced
graphs.

Remark 4. In verifying Conditions (i) and (ii) in Theorem 3.1, an important thing is to properly select the
matrix WW. On the one hand, W must satisfy that Zfil W; is positive definite. To see this, for any = € R"”,
since Lgly = 0y by the definition, we have [1y @ 2|T[Lg ® I,, + W|[ly ® 2] = xT[Zi]\il Wilz > 0 given
that Condition (i) holds. On the other hand, the gradient H; , is usually sparse and we should select W; to
be sparse accordingly to make Condition (i) hold. For example, in Example 1, (z —y)" H [f1(z) — f1(y)]
depends on only z1,y1 since Hi, does. Then, Wi should be selected such that (z — )T Wi (x — y) also
depends on only x1,y;, otherwise Condition (ii) doesn’t hold.

Remark 5. The matrix W can be intuitively interpreted as an intermediate bridge that balances the require-
ments for the strength of network graph information and measurement information to ensure convergence.
The matrix Lg in Condition (i) represents the network graph information, and (z —y)" H],[fi(x) — fi(y)]
on the right side of Condition (ii) represents the measurement information. When the elements of W;,i € V
are chosen to be larger, the requirement for the strength of network graph information is lower (i.e., Con-
dition (i) is easier to be satisfied), but at the same time, the requirement for the strength of measurement
information is higher, i.e., Condition (ii) is harder to satisfy. Conversely, when the elements of W are chosen
to be smaller, the requirement for the strength of measurement information is lower, but the requirement
for the strength of network graph information is higher. For example, if W; = I,, for all ¢, then Condition
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(i) is easy to hold even for unbalanced and disconnected digraphs but it can be verified that Condition (ii)
will require that global observability holds for each node, which is obviously too strong. Hence W, = I,
shouldn’t be chosen.

Remark 6. When the measurement function is linear, i.e., f;(z) = H;x with H; the observation matrix of
agent ¢, Condition (ii) becomes

e (HFH; — W)z > 0,Y2 € ©,i € V.

If we further choose W; = H¥ H,;,i € V, the above condition automatically holds. Hence, in this case the
persistence of excitation condition in [32]:

AminlLg @ I, + diag(HT Hy, -+ HL Hy)] > 0
serves as the sufficient and necessary condition for the existence of auxiliary variable W in Theorem 3.1.
Following the proof of Lemma 3.1 of [38], we can prove simply the following Corollary 3.1

Corollary 3.1. If W is positive semi-definite, G is balanced and contains a spanning tree, then Condition (%)
in Theorem 5.1 holds if and only if )\min(zrgil W;) >0, i.e. Zfil W; is positive definite.

Remark 7. Corollary 3.1 gives an equivalent condition of Condition (i) in Theorem 3.1 given that the
digraph is balanced and contains a spanning tree. For general graphs, it is an interesting topic in the future
to construct an equivalent condition of )\min[zg ® I, + W] > 0 or answer such a mathematical question that
whether there exists a function H such that )\min[Eg QI +W] = H(\; (Zg), A(W;),i=1,..,n,j=1,..,N).
In particular, if exists, what form of H is.

4. Case of time-varying graphs

In real networks, the graphs often change over time due to such as packet losses and link failures. In this
section, we study that under what conditions the decentralized nonlinear consensus+innovations estimation
algorithm with communication noises converges when the graph is time-varying and unbalanced. At this
time, the graph weight a;; and the neighbour set ; in the algorithm (3) is replaced with a;; (k) and N; (k) to
accommodate the time-varying feature of the graphs, that is, the algorithm in this case is slightly modified
as

zi(k+1) = Pe ['Ii(k) + c(k) Z azj (k) (yji(k) — zi(k)) + c(k)H,, o lzi(k) — fz‘(fci(k))]}vi eV, (5
JEN; (k)

where y;;(k) is the same as in the algorithm (3). We have the following Theorem 4.1. The proof is put in
the next section.

Theorem 4.1. Suppose Assumptions 1-5 and supysq Lol < oo. If there exist symmetric matrices W; €
R™ ™ ¢ €V such thgt the following two conditions hold:

(1) Yorzo(c(k) Amin[Lg(r) ® In + W]) = o0,

(i) (x —y) " Wiz —y) < (@ —y)TH[fi(x) = fily)].Vo,y € ©,i €V,

where W = diag{Wi,...,Wn} is a block diagonal matriz, then all the local estimates generated by the
algorithm (5) converge to 6 in the mean square sense.
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1 1 1
321:0.5 312:1 321:0,5
2 2 2
No link at Two links at One link at
k=3m+1 k=3m+2 k=3m+3

Fig. 2. The graph is empty at time k = 3m + 1, is the same as the one in Example 1 at time k = 3m + 2 and is with only one link
at time kK =3m + 3,m > 0.

Remark 8. Condition (i) in Theorem 4.1, which is called the jointly combined persistence of excitation
(JCPE) condition, is very weak. It doesn’t require that Apin [Lg(k) ®I,+W)] > 0 at all time instants. Instead,
since Y po 5 c(k) = oo, it allows )\mm[»cg(k) ® I, + W] = 0 or < 0 at even infinitely many time instants,
which usually means that the graph is disconnected at infinitely many time instants. Take Example 1 in
the last section for illustration. We modify the graph therein to be time-varying as shown in Fig. 2 and
leave other settings unchanged. From Fig. 2, we know that the graph is unbalanced at each time instant
and disconnected at time instants k = 3m + 1,k = 3m + 3,m > 0. We have A\pin [Lg(ngrl) @I, +W] =

0, Amln[ﬁg(3m+2) ® I, + W] = 0.0986, )\mm[ﬁg 3m+3) @ In + W] = —0.059, m > 0. Phoose c(k) = 1/k
and W is the same as in Example 1. Then, it can be verified that Y7 (c(k)Amin[Lom) @ In + W]) =

> 0.0986¢(3m + 2) — 0.059¢(3m +3) = >, % = co. Hence, the JCPE condition holds.

Remark 9. We discuss here two variants of Condition (i) in Theorem 4.1. By confining the summation in
the JPE condition in a fixed time interval [mh, (m + 1)h — 1],m = 0,1,... with h an positive integer, the
condition

(m+1)h—1

ST (elk)AminlLomy @ In + W) > Oc(mh), (6)
k=mh

where 6 > 0 is a constant, is sufficient for the JCPE since Y ~_,c(mh) = co. We further exchange the
eigenvalue operator and the summation operator in the condition (6) and the condition (6) becomes

(m+1)h—1

Auin | k_zh (c(k)[Lgry ® In + W))| 2 bc(mh). (7)

The above can hold even if the graph is disconnected at each time instant, as long as the union of the graphs
over the interval [mh, (m + 1)h — 1] is strongly connected for all m > 0. This, however, is not true for the
JCPE condition because otherwise, Anin [Eg(k) ®I,+W] =0 or <0 for all k, making the JCPE fails. From
this point of view, it would be better if in Theorem 4.1 the JCPE condition is replaced with the condition
(7). This has not been solved due to the technical obstacles caused by both the projection operator in the
algorithm and the nonlinearity of the measurement function.

5. Proofs of Theorem 3.1 and Theorem 4.1

This section needs three lemmas.

Lemma 5.1 (/25]). Assume {u(k),k > 0},{q(k),k > 0} and {a(k),k > 0} are real sequences where 0 <
) =00,

q(k) <1,a(k) >0,k >0,> 7, q(k 00, 75y 0,k — oo, and
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u(k +1) < (1 —q(k))u(k) + a(k).
Then, lim supy,_, .o u(k) < 0. Specially, if u(k) > 0,k > 0, then u(k) — 0,k — oo.

Lemma 5.2 ([26]). Assume {x(k), F(k)},{a(k), F(k)},{v(k), F(k)} are nonnegative adaptive sequences sat-
isfying

E(x(k+1)|F(k)) < 1+ ak)z(k) — (k) +v(k),k > 0,a.s.

and Y po o (a(k)+v(k)) < 0o a.s. Then, z(k) converges to a finite random variable, a.s. and Y -, B(k) < co.
a.s.

Lemma 5.3 ([12]). Assume that {s1(k),k > 0} and {s2(k),k > 0} are real sequences satisfying 0 < so(k) < 1,
Yoo s2(k) = 00 and limy_, o Z;—Ei; exists. Then,

k k
lim Zsl(i) I (0 - s2(0) = lim s1(k).

k—o0 Sg(k)

(8)

Proof of Theorem 3.1. We make the following notation for convenience: #;(k + 1) £ x;(k) + c(k) x
O jen;laij (@ (k) — ai(k))] + c(k)H], o zi(k) — filzi(k ))],i eV, x(k) £ [ (k) ax (k)" (k) £
[21 (), - R (R)]T, 2(k) & [ (k), 2R (BT, fiveo = [F(O) - SHON, fogry = T (@2(R)), -,
fEn k)T, D = diag(on, ..., an)®1, where a; is the i-th row of Ag, Hx) édiag(Hl,zl(k), o Hy g (k)))-
Then,

I(k+1) = x(k) + c(k)[Ag @ InJx(k)

—c(k)[Dg ® I]a(k) + c(k) Dw (k) + c(k)H gy [2(k) = faqm)]

= [Inn — c(k)Lg @ 1]z (k) + (k) Dw(k)

+e(R)Y Moy fiveo — Fogy +0(k)]. (9)

Denote the overall estimation error by e(k) £ z(k) — 1y ® 6. Let é(k) 2 #(k) — 1y ® 0. Noting that
Lgln = 0y by the definition, we have, by (9), that

e(k+1)

= [Inn — C( )Lg ® Iple(k) + C(k)Dw(k)
+e(RYH L [fiweo — fa) + c(B)YH L gv(k)
= [Inn — C(k)ﬁg ® I, — c(k)W]e(k ) c(k)We(k)

— (k)M o [ fah) — frnee] + c(k)H gy o(k) + c(k) Dw (k)

= P(k)e(k) + c(k)A(k) + c(k)B(k) + c(k)Dw(k), (10)

where P(k) £ In, — c(k)(Lg ® I, + W), A(k) £ We(k) — H ol fer) — fineol, B(k = Hyv(k) and the
matrix W is defined in the theorem. By Assumption 1 and the non-expansiveness property of the projection,
it follows that ||z(k+1) — 1y ® 0> < [|#(k + 1) — 15 ® 6]|?. Taking 2-norm for (10) gives

le(k +1)1* < fle(k + 1)1
H (k)e(k)II* + c* (k)| A(k)
c*(k)|| B(k )||2+2C( )e! (k) PT (k) A(k)

+2C( )e" (k)P (k) B(k) + 2¢* (k) AT (k) B(k)
+e(k)(P(k)e(k) + c(k)A(k) + c(k)B(k))" Dw(k) + ¢ (k)| Dw(k)|1>. (11)

||2
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From Assumption 3, it follows that

Then, taking mathematical expectation on (11) yields

Eflle(k +1)|%] < E[lle (k +1)|?

]
= E[|P(k)e(k)[|*] + (k)E[| A(k)|?]
+(B)E[|B(k)|1] + 2c(k)E[e” (k) PT (k) A(K)]
+2¢(k)E[e” (k) PT (k) B(k)] + 2¢2(k)E[AT (k) B(k)] + Z(k)E[|| Dw(k)|?]. (12)

We next estimate the bounds of the six terms on the right-hand side of (12). From the definition of P(k),
we have PT (k)P (k) = [Iny — c(k)(LE @ I + W) [Inn — (k) (Lg @ I + W)] = Inn — c(k)((LE + Lg) @ I, +
2W) + (k) (LE @ I, + W)(Lg ® I, + W). By this, it follows that

k)e(k)||* = " (k) PT (k) P(k)e(k)

e())? + E(k)[[(Lg ® L + W)e(k) || = c(k)e” (k)[(LG + Lg) © I + 2W]e(k)

e(B)||2 + A (k)|(Lg @ Ly + W)e(k)||? = 2¢(k)e” (k)[Lg @ I, + W]e(k)

e(k)? + (k)[[Lg ® I + WP le(k)||* = 2¢(k)Amin[Lg @ L + Wle (k)|

e(k)[|? = 2¢(k)ei[le(k)|1* + 2 (k)ea|le(k) |2

1 —2c1¢(k) + cac? (k)] |e(k)||?, (13)

o~ T o~
where the second equality follows from the definition Lg = % 2 Amin[Lg ® I, + W] and ¢y =
|Lg @ I, + W2

By Assumption 2 and the definition of A(k), we have

y C1

(AR = (k) We(k) = g [for) — Fneolll?
< 262 (k) [ We(k)|* + 2¢* (B) [z Lfo) — fryeol I
< 22 ()P lle (k)1 + [ma L [ Hag e (R)[1]

< esc® (k) [le(k)]1?, (14)

where c3 £ 2|W)||? + 2[max;cy [;]? sup, co max;ey || Hi x|
By Assumption 4 and the definition of B(k), there exists constant ¢4 > 0 such that

(k) E[BF)*) + E[| Dw(k)]?])
( )E[[Har 2 [l0(R) %] + | DIPE[lw(k)[])
(k) (15)

I/\ I/\Q

where ¢4 = sup, co maxiey || iz || supyo Eflv(k)[[%] + | D||* supy o E[[|w(k)[?].
By the condition (ii) and the definition of A(k), we have

"' (k)A(k) = e (k)We(k) — e (k)H 1 o [for) — fixoo]
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= 3 (wi(8) = )" Wilas(h) )
= > Gaith) = O HE, 1 filailh) - £(0)) <. (16)

From (14) we have ||A(k)|| < /cz|le(k)||. This, together with (16), yields

c(k)e (k)P (k)A(k)

= c(k)e” (k)[INn—c( (LG @ I, + W) A(k)

= c(k)e” (k)A(k) — A (k)e” (k)[LE @ I, + WIA(K)

< —c*(k)e" (k)[LE ® I, + W]A(k)

< 2(k)lle(lf)\ll\»’lgM + WIl[[AK)]]

< A (k)y/eacsle(k)|*. (17)

By Assumption 4, it follows that

Ele” (k)PT (k)B(k)] = E[ eT (k) PT (k) H gy v (k)]

= E{E[e” (k) PT (k)H jyv(k)[F(k = 1)]}
= E{e (k) P" (k)H;, k)]E[ v(k)|F(k = 1)} =0. (18)
Following a similar procedure to the above, we have
E[AT(k)B(k)] = 0. (19)

Applying (13)-(15) and (17)-(19) into (12), we have

Eflle(k + 1)|]
< [1 = 2ere(k) + c2c®(R)]E[le(k)]?]
+esc® (R)E[|le(k)[1%] + cac® (k) + 2v/eacsc® (k)E[e(k)]|?)
= [1 = 2c1e(k) + (c2 + 3 + 2/eacs)c? (R)E[[le(k) %] + cac® (k). (20)

Since ¢(k) — 0, there exists an integer k; such that when k > ky, 0 < 2cie(k) — (c2 4¢3+ 2y/cacz)c? (k) < 1
Hence, by Assumption 5, we know that the relation (20) satisfies the condition of Lemma 5.1 and hence
E[|le(k)[|?] — 0,k — oo, i.e. all the local estimates converge to the unknown parameter § in mean square.

By Assumption 4 and the definition of B(k),
E2c(k)e” (k)P" (k) B(k) + 2¢* (k) A" (k) B(k)| F (k — 1)] = 0.
Next, taking conditional expectation on (11) and following the steps from (13)-(20), we have

Eflle(k + 1)|[*[F(k — 1)]

<1 = 2c1¢(k) + (c2 + e3 + 2y/cacz) P (k)] |le(k) || + cac? (k)

< [1+ (2 + 3 + 2y/aac) A () le(R) |2 + cac? (k). (21)
By Assumption 5, we know that the inequality (21) satisfies the condition of Lemma 5.2. Hence, |e(k)]|?
converges to a finite random variable as k — oo a.s., which together with E[|le(k)||?] — 0,k — oo gives
lle(k)||> — 0,k — oo a.s., i.e. all the local estimates converge to the unknown parameter  almost surely. O
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Proof of Theorem 4.1. Let ¢ £ sup, [[Lgx) ® In + W]|%. Replacing ¢ in the proof of Theorem 3.1 with
¢4, and then applying (14) and (17) into (11), we obtain

lle(k + 1)

< |P(k)e(k)|? + ¢ (B)[AR) > + (R)[|B(K)|1?

+2¢(k)eT (B)PT (k)A(K) + 2¢(k)e” (k)P (k) B(k)

+20% (k) A" (k) B(k) + ¢* (k)| D(k)w(k)||”

+c(k)(P(k)e(k) + c(k)A(k) + c(k)B(kDTD(k) (k)

< IPT (k) P(E) || le(B)]I* + ¢ (k) (cs + 2+/ches) |le(k) |2
E(R)IB(R)|1? + 2c(k)eT(k)PT(k)B(k)

+2¢% (k) AT (k) B(k) + ¢ (k)| D(k)w(k)||?

+c(k)(P(k)e(k) + c(k)A(k) + c(k)B(k))T D(k)w(k).

Taking the mathematical expectation on the above, by (15), (18), (19) and Assumption 3, we have

Eflle(k +1)]%]
< [IPT(R)P(E)|| + (k) (es + 2+/ches)[E 2]+ A(k)ea, Yk > 0. (22)

Since c(k) — 0, there exists an integer ko such that )\i(QC(k’)(Zg(k) I, +W)) <1l,i=1,...Nn,Vk > ko
where \;(-) means the i-th eigenvalue of the argument in the ascending order. Then, by the definition of
P(k), we have

| PT (k) (k)|
- HINn — (W)L + Low) © I +2W)
() (Lh gy ® In + W) (Lo @ I + W)
< HINn — 2¢(k) (L) ® I + W)l + A(R) [ Loy © L + W]

= max 11— 2¢(k)Ai(Lggy ® In + W) + E(k)[| Loy ® In + W]

< 1= 2¢(k)Amin (Lo (k) @ In + W) + 2 (k)ch. (23)

Set m, =1 — QC(k))\min(Eg(k) @ I, + W) + ?(k)(cs + 24/ ches + cb). Substituting the above formula into
(22), we obtain

Eflle(k + 1)1 < miE[lle(k)[|*] + (k) +04Z ~miy1)é (i), Yk > ka. (24)
Since
my < e—zc(zc)xmm(Eg(k)<>z>1,,LJr1/\/)+c2(;.c)(03+2\/C;,C3+C'2)7
it has

my - -mo < e 2 S o (i) Amin (Lg (1 ®In+W)+(cs+2v/Ges+ch) Y, Cz(i).

Thus, limy_ec My - - -mo = 0 by D% ¢(i)A mm(ﬁg( )@ I + W) = 0o and Y2 ¢*(i) < co. By Lemma 5.3
and the fact \)\min(/lg ® I, + W)| being bounded, we have
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(2) ©
s (3)
s o

Graph (a) Graph (b)

off
®» ®

Graph (c) @ @ Graph (d)
®)
@ ®

Graph (e)

0
® ©

Fig. 3. The graph switches among the five unbalanced digraphs (a), (b), (c), (d), (e) where (e) is an empty graph. All links have
weights of 1 except that the link 4 — 1 in Graph (a) has weight of 1, and the link 4 — 1 in Graph (b), the link 1 — 2 in Graph
(c) and the link 5 — 2 in Graph (d) have weights of 0.8. The graph switches to (a) at k = 5m + 1, to (b) at k = 5m + 2, to (c) at
k=5m+3, to (d) at k =5m +4 and to (e) at k =5m + 5,m > 0.

lim (Mg - miyp1)c?(i) =
k—o0 P
2(k
lim ¢ ( ) =0

k=00 2¢(k ))\mm(ﬁg(;C @ In+W) —c2(k)(c3 + 24/ ches + chy)

By (22), limy— o0 E[||e(k)]|?] = 0. The mean square convergence is thus proved. 0O

To end this section, we summarize the main contributions of this paper. We propose a decentralized
consensus + innovation projection algorithm with communication noises to solve the nonlinear estimation
problem and provide a novel approach to analyze convergence of the algorithm. The established convergence
conditions are weaker than the existing ones. This is reflected from two aspects. First, the network graph does
not need to be balanced, and second for time-varying graph case, the established convergence conditions can
still hold even if the network graph is disconnected at even infinitely many time instants, without requiring
connectivity to be maintained at all times. The key to achieving these is that we introduce an intermediate
matrix W in (10) in the proof and combine it with the network graph matrix L£g. Then, we use Lg + W
to contract the difference inequality of the overall estimation error (11) and obtain the key relation (13). In
Example 1 of Section 3 and in simulation section, we give examples to illustrate the choice of matrix W.

It is worth noting that in [32], the measurement equations are considered to be linear and hence the
observation matrix can be directly combined with the network graph matrix £g. However, in this paper,
the nonlinear case is considered, and there is no observation matrix. Therefore, the method proposed in this
paper is sharp contrast to [32].

Remark 10. It seems from (16) in the proof of Theorem 3.1 that only the data pair (z;(k), ) is required to
satisfy Condition (ii) in Theorem 3.1. However, we still require all the data pair (x,y),z,y € © to satisfy
Condition (ii) because 6 is the unknown parameter that needs to be estimated.

6. Numerical simulation

Consider a network of five agents. The underlying graph switches over time as shown in Fig. 3. Assume 6§ =
[01,02,05,04,05]7,0 = [—7/4,7/4)> C R®. The measurement functions are f(x) = sinxy, fo(x) = sinwy,
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0.7 T T

Switching among Graphs (a),(b),(c),(d), (e)
— — — Under Graph (a) all the time

0.6 b

0.5 ]

041 b

0.3 ]

0.2 1

Normalized overall estimation errors

0.1F b

0 500 1000 1500 2000

Fig. 4. For the case without communication noises, the figure shows the curves of the normalized overall estimation errors,

W under different kinds of graphs. The solid line represents the error curve under switching graphs; For the purpose of

comparison, the dashed line represents the error curve under the fixed Graph (a) all the time.

fa(x) = sinxs, fi(x) = sinzy, fs(x) = sinxs. The measurement noise {v(k),k > 0} and communication
noise {w(k),k > 0} are assumed to be i.i.d. processes with the standard normal distribution. The gradients

Hi , = [cos(x1),0,0,0,0], Hz » = [0, cos(z2),0,0,0],
Hs . =10,0,cos(z3),0,0], Hyz = [0,0,0,cos(x4),0], Hs » = [0,0,0,0, cos(zs)],

where z; represents the i-th element of x. For each 7, W; is chosen as a diagonal matrix and all elements are
zero except that the i-th diagonal element is 0.5. We now verify the condition (i) and (ii) in Theorem 4.1. For
node 1, (z—y)"Wi(z—y) = (z—y)" H{ ,[fi(2) = fi(y)] = 0.5(z1—y1)* — (w1 —y1) (sin(a1) —sin(y1)) cos(z1) <
0,Vz1,y1 € [—7/4,7/4] with y; the first element of y. Similarly, we can verify that (z — y)TW;(x — y) —
(x — y)THZTZ[fZ(x) — fily)] < 0,Va,y € © for the other nodes i = 2,3,4,5. Hence, the condition (ii)
holds. From Fig. 3, the values of Apin [Eg(k) ® I, + W] under Graphs (a), (b), (c), (d), (e) are respectively
0.0232, —0.0055, —0.0055, —0.0055, 0. Choose c(k) = 4. Then, it can be verified that

o0

~ =, 10.0232 1 1 1
k) Aminl £ I, +W]) = —0.0055
;;)(C() Lak) @ In + W) mzz:o[Bm—i—l (5m+2+5m+3+5m+4)]
= .

The condition (i) thus holds. Also, it is easy to see that Assumptions 1-5 hold.

Set the true parameter 6§ = [—7/4, —7/6,0,7/6,7/4]7. The initial estimates of all agents are generated
according to the standard normal distribution. For the case without communication noises, Fig. 4 shows the
curves of the normalized overall estimation errors under switching graphs and fixed graph respectively. It
reveals that all the local estimates converge to the unknown parameter asymptotically and the convergence
under the switching graphs is slower than that of the fixed graph. For the case with communication noises,
we depict Fig. 5. Compared with Fig. 4, Fig. 5 shows that communication noises can greatly reduce the
convergence rate of the algorithm. Furthermore, Fig. 6 is depicted with the error curves under different
standard deviations of the communication noises, which reveals that the larger the standard deviation,
the slower the convergence speed of the proposed algorithm, and the more violent the oscillation of the
estimation error curve.
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Fig. 5. The case with communication noises under different graphs.
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Fig. 6. The case with communication noises under different standard deviations of the communication noises.

7. Conclusions

This paper investigates the decentralized nonlinear estimation using a novel approach. We propose a
decentralized consensus+innovation algorithm with communication noises. For the case of fixed graph, by
introducing an auxiliary matrix and combination of the graph Laplacian and the auxiliary matrix, we prove
that the algorithm achieves mean square and almost sure convergence if the CPE condition holds and the
measurement function satisfies the Lipschitz continuity and monotonicity conditions. Furthermore, for the
case of time-varying graphs, we establish the JCPE condition guaranteeing the mean square convergence.
Both the CPE and JCPE conditions do not require that the graph is balanced and the JCPE condition
holds even when the graph is disconnected at infinitely many time instants. Both the communication noise
and measurement noise are allowed to be spatial and temporal correlation. From the examples given in
Example 1 and in the simulation section, it seems that finding the matrix W satisfying the established
conditions is not hard for a specific problem. It is an interesting topic in the future to prove that there
always exists at least one matrix W such that Conditions (i) and (ii) of both Theorem 3.1 and Theorem 4.1
hold when the graph is unbalanced and each node is not globally observable.
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