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Abstract

This dissertation contains two parts ,the first part involves the novel study of the use
of symmetries to find exact solutions of ordinary difference equations. Non-trivial
symmetries of third-order difference equations of the form (1) are obtained. These
symmetries are used to investigate their solutions for some random sequences (A,,)
and (B,). We extend the results obtained in [15] and conditions for well-defined
solutions are obtained. Furthermore, a full Lie point symmetry analysis of the fifth-
order rational difference equations of the form (5), where A and p are real numbers; is
considered and exact solutions are found. In the second part we find new geometric
conditions that can be specialized to obtain the approximate Noether symmetries of
a large class of variational equations. We will also look at the ordinary differential
equations that model cosmological and relativistic phenomena, which we will analyse

using an approximate symmetry method.
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Introduction

Over a century ago, there were a number of techniques used to solve ordinary differ-
ential equations (ODEs). Marius Sophus Lie (1842-1899) studied these techniques
and extended them after realizing that they were special cases of a general inte-
gration procedure based on the invariance of ODEs under a continuous group of
symmetries [1]. In 1987, Shigeru Maeda showed that the Lie’s method extension
can also be used to solve ordinary difference equations (OAEs). He also showed
that the set of functional equations amounted from the linearized symmetry con-
dition of the OAEs [2]. Later, several authors studied OAEs and some interesting

results have been obtained - see [3, 4, 5, 6, 7, 8, 9] and references herein.

The Lie symmetry method for ODEs can be extended to the method used to find ap-
proximate solutions for perturbed ODEs. Among several computational techniques
for approximate generators, there are two main formalisms, one proposed by Baikov,
Gazizov and Ibragimov [10] and the other was presented by Shtelen and Fushchich
[11]. Thereafter, the concept of approximate Noether symmetries and conservation

laws emerged [12, 13]. Note that approximate symmetries form an “approximate

Lie algebra” [14].

In chapter 1 in the text, we will firstly look at definitions and some notations that



we will be using in this chapter. We will then perform a full Lie analysis of a third

order OAE and a fifth order OAE. The third order OAE that we will be studying is
inspired by the work in [15], where T.F Ibrahim and N. Touafek studied the equation

Tp-1Tp—2

T, (an + bnxn—lxn—Q) ’

(1)

Tnt1 =

where (@, )neng, (bn)nen, are real two-periodic sequences and the initial values o, x_1, xo
are non-zero real numbers. We generalize their results to random sequences, whether

(a,) and (b,) are periodic or not. The fifth order OAE inspired by the work in [16],

is given by

Tp—a4Tn—3Tn—2 (2)
CUn—l-%'rb()‘ + ,uxn—llxn—fixn—?) 7

Tpt1 =

where A\, € R. In [16], the author studied the case where A = £1 and p = +£1.

This work extends the results in existing literature.

In chapter 2 in the text, we will stipulate the generalized approximate conditions in

the case of a class of perturbed Lagrangians, up to third-order,

1 .
L(u,u',u" €)= 5 (—u? 4+ u?) + €Gi(u, v/, u"). (3)

Here i takes on values 1,2and 3 and u is a function of ¢. Our next purpose is to
use the generalized conditions to find approximate divergence symmetries for several
critical cases of interest. Thirdly, the latter will be used to establish the associated

approximate conservation laws by invoking Noether’s theorem.

Chapter 1 of the dissertation has been published [17] and chapter 2 was submitted

for review in ISI journals [18].



Chapter 1

Invariance Analysis of Ordinary

Difference Equations

In this chapter, we will perform a full Lie analysis of (1). We will use a symmetry
based method to solve (1) for real sequences, (a,)nen, and (b,)nen,, and we will put
less restrictions on initial values x_o, x_1 and zy; we expect our solutions to be in
‘single form’. Naturally, some ansatz will be made on the sequences in our results in
order to compare them to the corresponding cases to that of [15]. For definiteness,

we will consider the equation

UnpUp+1
. 4
Unp+2 (An + Bnunun-l—l) ( )

Un43 =

The implication is that one can only compare x,, with w,s.

Furthermore, we use this symmetry based method to obtain exact solutions of (2)
and again we study

UpUn1Un42 (5)
Uny 4 3Un 4 (X + fUn Uy Uny)

Un4+5 =



instead. Note that solutions of (2) were found in [9]; however, their method is

completely different from ours.

1.1 Definitions and Notations

Most of the definitions and notation used in this chapter follow those adopted by
Hydon in [2].

Consider the general form of the OAE of order k
Uk = W (N Upy Uy 1y eeey Upik—1) 5 (6)
for some function w and k a set of natural numbers.

Definition 1. The shift operator is denoted by S and acts on n as follows

S:n—n+l. (7)

Now consider the point transformations
e (n,uy) = (n,u, + €Q (n,uy)), (8)
for some characteristic functions Q).

Definition 2. A symmetry generator, denoted by X, is given by

0
X :Q (naun) 87 + Q (TL + 17un+1)
0

aUn—s—k—l

+ [
aun—‘rl (9)

+Q(n+k—1,Uuppp1)



To solve for the characteristic, we will need the linearized symmetry condition from

2],
Qn+k,upix) — Xw =0, (10)

provided (6) holds. Given a symmetry generator for the k'* order OAE (6), we have

a (k — 1)th-order invariant
U =0 (N, Upy o ooy Upio1)
which satisfies
Xv, =0.

Assume that the characteristic ) is known, then we can solve for the invariant v,
using the characteristics equation

duy, AU i1 AUyt —1 (_ dvy, )

Qn,un) Qo+ Luns)  Qn+k—1,unipt) 0

We use the conventions

(11)

k—1
[[os=1 (12)
=k

l
Zozjzowhenk>l (13)

i=k

and we define the function 8 as follows:
Q(k,S,OéQj) = HOégj. (].4)
j=k

In [2], the procedure of finding symmetries is explained at length, especially for

second-order ordinary difference equations.



1.2 Invariance Analysis of some third-order dif-

ference equations

Consider the third-order difference equations of the form (4), i.e.,

Unp+3 = .
Unp+2 (An + Bnunun-l—l)

1.2.1 Symmetries

We impose the linearized symmetry condition (10) to (4) to get

UnUn+1
n+3,Upy3) +
Q( +3) u721+2 (An + Bnunun+1)
Anu,

Up+2 (An + BnununJrl
Anun+1
Up+2 (An + Bnunun+1)2

Q(?’L + 27 un+2)_

)2Q(n+ L Upy1)— (16)

Q(n,u,) = 0.

We then differentiate implicitly with respect to u, (keeping w fixed and regarding
Uns1 as a function of w,, u,12 and w). After clearing fractions in the resulting

equation, we get:

Uns1[Q(n, uy) — 1, Q' (0, uy)]

(17)
— U [Q(n + L, tuns1) + un1Q' (n + 1, up11)] = 0.
We differentiate (17) with respect to w, twice. This leads to
d?
d_2 [Q(n7 un) - uan<n7 un)] =0. (18)
un
The general solution of (18) is given by
Q(n,u,) = ki(n)u, In(uy,) + k2 (n)u, + ks(n), (19)



where ky, ko and k3 are functions of n. To find these functions k;, i € {1,2,3}, we

substitute (19) into (16). We get

— ki(n + 3)untni1(An + Bpuntni1) In(A, + Byt i1)+

[k1(n + 3) (A, + Buuntnyr) — (k1(n) + ki1(n + 1)) Ap] wuntin e In(up iy 1)

+ [k1(n + 2)upse — k1(n + 3)(An + Buuntn1)]untin e In(u,0)+ 20)
Ea(n 4 3)tptini1 (Ap + Bptintinr) + ks(n + 3)tnio(An + Buttntin)?

+ U1 [ka(n + 2)Upio + k3(n + 2)] — Apun[ka(n + Dupyr + ks(n + 1)]

— Aptup ik (n)u, + ks(n)] = 0.

To ease our computation, we let k; = 0. We then solve for ks and k3, and we find

Hence,
Qn,un) = (—1)"u,

and the symmetry of (4) is given by

X = (_1)nun871n + (_1)n+1un+18un+1 + (_1)n+2un+28'un+2' (2]‘)

1.2.2 Reduction and exact solutions

Given that
Q(n,un) = (=1)"uy
is a characteristic, the following condition must be satisfied:

duy, dun . dtip 2 (_ % >

(DM, (1) gy (=120, s 0

(22)

10



We need only two combinations from (22). The first one is

(=D (=1 Pungs
Integrating both sides of equation (23) we get
un+2
= 24
C1 U, ’ ( )
where ¢ is a constant. We then take another combination given by
Aty 1 _ At 12 (2 5)
«_1)n+1un+1 (_JJH+2un+2
which has
Co = Un4+1Un+2 (26)

as solution for some constant c¢,. The invariant v,, is our independent variable and

is represented as a function of ¢; and ¢y as shown below:

c
U = f(er,00) = -
C2
This means,
1
Uy, = . (27)
UnUn+1
Shifting equation (27) twice yields
1
Upig = ————. (28)
Unp2Un+3

Substituting u,3 in (28) using equation (4) yields
An

UpUn+1

Using equation (27) we can deduce that equation (29) is given by

Ungo = Apv, + B,,. (30)

11



To solve (30), we first split it into two categories (depending on the parity of n) as
follows:

Vonti = AoptiVonti + Bopyi, 1=0,1. (31)

Thus, the sequences (va,44)i—01 satisfy the first-order linear difference equation
Wn4+1 = A2n+iwn + BQn—i—ia i = 07 17 (32)

whose solutions in closed form are given by

n—1 n—1 n—1
Wy, = Von+i = U (H A2k1+i) + Z (BQZJri H A2k2+i> , 1=0,L (33)

k1=0 =0 ko=Il+1

Note. (33) gives the solutions of (30) for all n € Ny.

Invoking (27), we can write u, in terms of v, as follows:

n

+ (=) : —(—1)klﬂlvk|]7 (34)

ol = —1)" 1
o exp[< P

where v, is given in (33).
Note. Equation (34) gives the solution of (4) in a unified manner.

The above solution can be further split for odd and even n. For instance,

2n—1
1 _ _
|u2p| = exp ((—1)2n_1 Inj-—|+ (=" (=D k1n|vk!>
0 k=0

and after expanding the summation we obtain the following:

|uan| = exp (In |ug| + In|ve| — In|v1| + In|ve| — ... + In|ve, o] — In |ve,_1]|)
= exp <1D|UO‘ +1In % +In %2 +..+In Y2n=2 )
U1 U3 Von—1

Vo V2 Vop—2

V1 V3  Uap-—1

N Vo U2 V2p—2
Uy = Uy | ——...——
U1 V3 Vopn-—1

)

= exp <ln |up| + In

12



and this can be represented by

n—1
U2n, = Ug H < Y2s ) . (35&)
s=0

V2s+1

Similarly, we have

|uoni1] = exp [(—1)2" In|—
Uo

+ (="~ (=) "n |ka] :

k=0
after expanding the summation inside we obtain the following

|ugni1] = exp |In —‘ In |vo| + In |vy| — Infva| + ... + In|vg,—1| — In ]vgn|]
C 1 »
=exp |In|— ]—ln\v0|+ln +In| 2]+ .. +1n
L Uo V4 V2n
1 n—
=exp |In —‘+ln\v0|+ln 103...1}2 . }
Uo Vg Uy V2n

V1 V3 Uap—1
U2n41 = UpVg v_v_ v )
2 Vg on

n—1
U2p4+1 = U1 H (v25+1> : (35b)
s=0

V2542
Note. The obtention of (35), using (27), is somewhat straightforward and it does
not require the use of absolute values. However, we recall that one of the objectives

of this work is to write the solution of (4) in a unified manner as in (34).

We combine (33), (35a) and (35b) to get the solutions in closed form of (4):

s—1 s—1 s—1
yon 171 {H A2k;1} + uoty {Z (BQl 11 Az@)]
2 k1=0 =0 ko=Il+1
= H _ = — - (36a)
s=1 H A2k1+1 +ugug | > (B2l+1 I1 A2k2+1)
Lk1=0 L[=0 ko=l+1 J
— ] [s—1 s—1 7]
H ( H Aopy 1| + urug (BZI+1 11 A2k2+1) )
Ugmi1 = U1U s=1 \ Lk1=0 LI=0 ko=l+1 ] (36b)
n u? n—1 s ’
(e 6o )
s=0 \ Lk1=0 =0 ko—I+1

13



where ug, u1, us are non-zero real numbers such that the denominators are different

from zero, i.e.,

uour B Bab(l+ 1,5, Agy,,) # —0(0, 5, Agy,) (36¢)
and
s—1
U1Uo Z Bgl+19(l + 1, S — 1, A2k2+1) % —‘9(0, S — 1, A2k1+1>. (36(1)
=0

We may then write solutions of (1) as follows:

Ton =U2(n41)

s—1 5 1 s—1
Lt n {H a2k1:| T T 2T <b2l 11 a2k2):|

k1=0 = ko= l+1

_ %o 0
= | 7o (37a)
ool [H a2k1+1] +x_170 { (b2z+1 H a2k2+1):|
k1=0 =0 ko=I+1
and
Tont1 =U2(nt1)+1
n s—1 — s—1
il [1 ({ [ a2k1+1} +T_1%0 {Z <521+1 11 a2k2+1)})
X122 s=1 k1=0 =0 ko=Il+1 (37b)
o IL’()"+1 n s )
H H Aok, | + T 221 bu I aok,
s=0 \ Lk;= ko=i+1

where x_5, x_1 and xy are non-zero real numbers such that the denominators are

different from zero, i.e.,

T ok g Z bauf(l + 1,8, as,) # —0(0, s, as, ) (37¢)
1=0
and
s—1
T_1Xg Z bgl+19(l + 1, S — 1, a2k2+1) 7& —9(0, S — 1, a2k1+1). (37d)
1=0

14



The aim of the next subsections is to show that, in fact, the results in paper [15]
are special cases of (37).
The case where (a,,) and (by,) are real two-periodic sequences

If we let (an)neNo = {Oé, /87 s }7 (bn)RENo = {Canv ga o '}7 m = Ty, [ = xr_1, h =
T_o9, & = (lh, ¥ = nml, equations in (37) simplify to

s—1
bl T of + l;o ot
Top = o H — 1 (38&)
S\ gy g
=0

and

n

s—1
lhn+l sl;Il (58 + v ;} Bl)

11 (aerl +OY al)
5=0 =0
where m, h and [ are non-zero real numbers such that
s—1
Uy pl#E - (38¢)
1=0
and
0 ZO/ # —a’t s <mn. (38d)

This corresponds to the results obtained in Theorem 1 in [15] and their restric-
tion (o, 8, P, ¥ € (0, +00) ) is a special case of our restriction given in (38c).
The case where (a,) and (b,) are real constants

If we let (an)nen, = {a,a, ...}, (bn)nen, = {b,0,b, ...}, m = xo, | = x_4,

h =x_o9, ® = blh, ¥ = bml, equations in (37) simplify to

s—1
bl a®+ ® ;} at
Ton =5 H — (39a)
s=1 as + N\ Z al
=0

15



and

n s—1
a®+ W al)
o 11 (000 S

x2n+1 :mn+1 n s ) (39b>
11 (as+1 +0Y al)
5=0 1=0
where m, h and [ are non-zero real numbers such that
s—1
v Z a # —a’ (39¢)
1=0
and
o Zal £ —q*t s < n. (39d)
1=0

This corresponds to the results obtained in Theorem 4 in [15] and their restriction

(a, @, ¥ € (0, +00) ) is a special case of our restriction given in (39c¢).

e The case where a =0 and b # 0.
Equations in (39) simplify to

m"tt L (@
Ton = 5 H(@) (40a)

s=1
=m (40Db)
and
[hntt 1:[1 v
Tont1 = —og - (40c)
)
s=0
1
= 40d
- (10d)
where m, h and [ are non-zero real numbers such that
U £0 (40e)

16



and
d 0. (40f)

Note that here, m = h and b # 0 and therefore condition (40e) reduces to
ml # 0. This corresponds to the results obtained in Theorem 4 in [15] and

their restriction coincides with our restriction in this case.

The case where a # 0 and b = 0.
Equations in (39) simplify to

mn+1 n a®
o = ]:[1((1—) (41a)

n+1
- mhn (41b)
and
aS
lhn—i—l 81;[1( )
Tont1 = — 97 (41c)
m
I (as+)
s=0
lhn—i—l
= (id)
where m, h and [ are non-zero real numbers such that
0 # —a. (41e)

Note that here, a # 0 and therefore condition (41e) reduces to mih # 0. This
corresponds to the results obtained in Theorem 4 in [15] and their restriction

coincides with our restriction given in (41e).

The case where a # 1.

In this case, we can write equations in (39) in a less complicated way as follows:

17



s—1
at+ ¥y ad
1=0

=

S]

as+ o (l—as)-

—

S)

as—i-\I/( s)

1—

s]

s—1
a’® + W al)
lhn+1 81;[1( ;}

n
mn+1
Ton = B
s=1
n
mn+1
= X
s=1
and
n
Ton4+1 =

mn—H n
fi(
s=0
n

Lt 51;[1

astl + (I)Zal

=0

)

[a* + 0 (=)

- anrl n

s=0

where m, h and [ are non-zero real numbers such that

U —a’(l-a)/(1 - a),
@ # —a'(1-a)/(1 - ),

H [aerl + P (

1—astl

1—a

1 <s<nand

1<s<n+1.

(42a)

(42b)

(42c¢)

(42d)

(42e)

1.3 Invariance Analysis of some fifth-order differ-

ence equations

Consider the difference equations of the form (5), i.e.,

UpUp+1Un+2

Un4s5 =

18

Up g 3Un 4 (A + [UnUn 4 1Un2)



1.3.1 Symmetries

We impose the symmetry condition (10) and we simplify the resulting equation to

get

UpUp+1Un+2
Un+-3Un a2 (JUUn U 41Uny2 + )

Q(n + 5, Upys) + Q(n + 4, Upny4)

UpUp4+1Un42
+ Q(n+ 3, unys3)
un+32un+4(uunun+lun+2 + )\) o

)\ununJrl
Upy 43U 44 (iU U g1 U g2 + N)?

Ay U 42
- Qn+1,u,
Un+3un+4(,uunun+1un+2 + )\)2 ( +1)

AUyt 1U
un+3un+4<uunun+lun+2 + )‘)

Q(n + 2, Upi2) (43)

We differentiate (43) with respect to u, ( keeping 2 fixed and viewing wu,,3 as a

function of w,, t,11, Uyio and Q) to get

2 2 2
DUy 30Uy “Up 1 “Upg2” + AUy Ung2 Al 1Un 42 Q(

Ql(n + 37 un+3) - n+ 3a un+3)

Un43Un+4 un+32un+4

)‘,uunun-i-l2un+2

Q n + 27 Up+2

Upy 43U 44 (iU Uy 1 Un g2 + A) ( +2)
AUy Uyt 1 Uyt

+ a 2 Q(n+1,up1)

U3 U a (WU Un 11 Un 2 + A)
@t Tnsy” ¥ A teitnsa) o,y Mot gy (4
UnUn43Un+4 (Munun+1un+2 + )\) Un+3Un+4

We then differentiate (44) with respect to u, twice (keeping u,3 fixed). This gives

A
- ﬂunun-i-lun—&-QQ(g) (n7 un) - /\Q(3) (7’L7 un) + U_Q(2) (TL, un)

n

A A
- Q) + 25 Q0 0,) = 0. ()

n

19



The characteristic ) in (45) is independent of w,.; and wu, 5. Therefore, we can

separate with respect to these variables. This gives a system below

Up+1Un+2 - _MunQ@) (n7un) =0

) 1 o 2 2 (46)
n Up Unp,
whose solution is given by
Q@1 (n> un) = [ up (47)
and
Q2(n> un) = Bnun7 (48>

where = exp (—2mi/3). Thus, we obtain two characteristics with corresponding

generators given by

X, :Bnunaun 4 Bn+1un+1aun+1 + 5Bnu”+2aun+2 + Bnun+33un+3 (49 )
_ a
+ ﬁn+1un+4aun+4

XQ :5"un8un + /B”+1Un+18un+1 + Bﬁ"un+gaun+2 + ﬁnun+3aun+3 (49b)

n+1
+ 8 un+4aun+4'

1.3.2 Reduction and exact solutions

From the characteristic equations

dun . dun—i—l o dun+2 o dun+3 o dun+4 (_ E) (50)
Bnun 5n+1un+1 Bn+2un+2 ﬁn+3un+3 /Bn+4un+4 ’

0

we obtain the invariants ¢; = uﬁﬂ/un, Cy = u£+2/un, C3 = Uplpy3, C4 = ug+4/un and

cs = V,. We readily notice that

g3 ( duy, o dtn >_ dtin 3 . dtp 4
By, B Uy 4 B3 U 43 Bn+4un+4

(51)

20



and we choose V,, = cfcg, ie.,

Vi = U Uy Upga. (52)
By shifting (52) thrice, we get
Vi
Vn = 53
R (53)

whose solution is given by

p(DPP—Dn—(-1) /2 +1+46]
v, = S(71)

(Clo)\n/3+ [(_1)2/3/\1/3}"68_+_ [_(_1)”3)\1/3]”09_1_%)*1 1f/\7é 1.

-1
+ cg + Bn07 + 6”08> if A= 1,

(54)
The constants ¢;, i = 6,...,10 can be obtained from the following equations:
1 p[—(=D)Y3 +1+ 3]
= — 55
Ce + Cc7 + Cg R 3 ((_1)2/3 _ 1) ) ( a)
- L p[B= D+ (=)
= — 55b
Ce + /867 + ﬁCS Uy U3 3 ((_1>2/3 _ 1) ) ( )
_ 1 p[=142(=1)%3 — (=12 + 3]
_ _ 55
Cﬁ + BC'? + BCS u2u3u4 3 ((_1)2/3 _ 1) ) ( C)
1 %
= — 55d
C10 + Cg + Cg votity 1=\ (55d)
1 Iz
)\1/3 -1 2/3)\1/3 —(—1 1/3)\1/3 — o 55
co+[(—1) Jes + [=(=1) Jeo wrtats TN (55e)
1
A3y + [(—1)2ENY3)20g + [—(—1)Y3A3)200 = - r (55¢)

U2U3U4 1—A

Thanks to (52), we can express u,, in terms of V,, as follows:

n—1
U, = exp (5"011 + B"¢1s — % [Z Im(y(n,k)) InVj ), (56a)
k=0

where Vj, is given in (54) with v(n,k) = 8"3**!. The constants c;; and c;, must

satisfy

C11 + ¢c1o = In Ug, (56b)
6011 + Bclg =1In Ui. (56C)

21



Equations in (56) give the solutions of (5) in a unified manner.

For the sake of clarification, we now want to split solutions (56a) to realise the

solutions in existing literature. Using (56a) and (56b) , we have

Vs
Ugn = Ug 352 . (57)
o1 VE’)S—?}
Using the same approach, we have shown that
‘/3 V3(s—1)+i+1 .
Ugnti = U , 1=20,...,5. 58
ot 51_[1 ‘/3 (s—1)+1 ( )
The case of A =1
Equation (5) becomes
Upis = UnpUp41Un4-2 (59>

un+3un+4(]— + ,uunun-f—lun—i-Q)

and we said earlier that the solution of (53), in this case, is (54), i.e

L,:<MW—UM—1W—(4PB+1+B

:| _ . —1
EY(ESVEEY +%+ﬁ@+5%>- (60)

We have that

v (u (=1 —1)(3s) = (=1)"* + 1 + 4]
"= (177 1)

-1
+ce +c7+ Cg) (61)

and using (55a) in (61), we get

UoU1 U
Vg =—————. 62
3 1+ HUSUQUT U ( )
Using the same approach, we have shown that
UpU1 U2
Vig = ——m 63
3 1+ MUSUUL U2 ( a)
UiuoUs
Vagp1 = — 63b
dstl 1+ HUSUTU2U3 ( )
Vigsy = — 2o (63c)

1+ HUSU2U3U4 '
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Leta=2_4, b=2_3, c=x_9, d=2_1 and A =uy, B =uy, C = uy, D = us and

E = uy. Using (63) in (58), we obtain the solution of (59) as follows:

D> M1 4+ usABC
Uen = 57 T
o At AL 14 usBCD

E*™ 211 4 usBCD

Uen+1 = —BQTL—I 1 —1 T H,SODE’

2n—1

C A2 B 1+ pusCDE
Uen, = )
e prE 114 (s + 1)ABC

D2+l 28 1 4 s ABC
Uen+3 = )
e Wy sBOD

B2+l 281 4 isBOD
Uen = )
ot g L1+ usCDE

C(AB)*' 2 1+ usCDE
Unrs =
T (DEP T L T4 u(s + 1)ABC

whenever the denominators do not vanish.

The case of X # 1

In this case, as we found earlier, the solution of (53) is given by (54), i.e.,

-1
V, = (Clo/\n/3+[(_1)2/3/\1/3]n08+[_(_1)1/3)\1/3]nc9+L) )

1—-A

Using this, we get

-1
‘/35 = (Cm)\s + Cg)\s + Cg)\s + %)

and using (55d) in (66), we find
B ABC
A+ pABC ()

1-X

Vss
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(65)

(66)



Using the same approach, we have shown that

Ui Uj4-1Ui42
1-Xs)’
AS A+ U Ui (ﬁ)

‘/35—&-1' =
Using (68) in (58), we obtain the solution of (5) as follows:

s—=2
R ]:
Yon = “on-1 11 =2
s=2 \s—1 4 ,uAl Y
=0

J

s—=2
on )\871+MA12)\J

E2n =0
U6n+1 = pap— H i—z
2T uAy YN

i—0

J

2n s—2
H (/\S_1 + /JJAQ Z )\J>

A2 522 =0
n =C 2 s
Uon+2 A%n 2n s—1 )
T (A + pto SN
s=1 7=0

s—2
RN TAD PP

AT
2n+1
D2n+1 j_()

Ubn+3 = A2n

5—2
s=2 )\871 + ,UAI Z )\]

=0

s—=2
o1 AT+ A 2N

A%n J=0
u67’l+4 - E omn H s—2 )
A AT Ny YN
j=0
2n+1 1 s—=2
s— J
0 = I~
Uen+5 = C )

A2 9pg s=1
H A3+ ,uAg E A
=0

s=1
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(68)
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where A; = w;u;11u;42. Equations in (69) give the exact solution of (5) for any real

values of A and p provided that the denominators do not vanish.

Recall that we acted the shift operator on (2) to get (5). Hence, the solutions of (2)

are obtained, using (69), as follows:

5—2
on ATV pabe TN

d2n =0
Lon—4 = —on1 H s—2
s=2 X\~ pubed Y7 N
j=0
s—=2
b 2m AT A pbed 3O N
e j=0
Len—3 = p2n—1 H s5—2
s=2 N1 4 pede Y N
j=0
2n s—=2
IT [ A5+ pede SN
c(ab)?™ s=2 =0

Ton—2 = (de)®™  2n
i

s—1 ’
A+ pabe Y )J)

s=1 7=0
1 s—=2
s—
Jj=0
Ton—1 = ~ 20 s—2 '

s=2 \s—1 4+ ybed i N
=0

5—2
N pbed SN
=0
Lon = p2n s—2
s=2 X~ 4 pede Y N
=0

J

2n+1
€2n+1

2n+1

I1

c(ab)?+! 5=

Lon+1 = (de)2nt! H2 " ( 521 )
" A+ pabe N
s=1

J=0

5—2
N7+ pede Y )\j]

Jj=0

for any real values of A and p as long as the denominators do not vanish.
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e When A =1 and p = 1, equations in (70) yield the results obtained by Yasin
Yazlik in Theorem 5 in [16] for

Tp—2Tn—-3Ln—1a
Y
TnTpn—1 (]- + xn—2xn—3xn—4)

Tyt = n=0,1,2,... (71)

where a, b, ¢, ¢, d and e are positive real numbers.

e When A =1 and u = —1, equations in (70) yield the results obtained by Yasin
Yazlik in Theorem 9 in [16] for

Tp—2Tp—3Tn—4
Tyl = , n=0,1,2,... (72)
xn$n—1(1 - xn—?£n—3£n—4)

where a, b, ¢, ¢, d and e are positive real numbers with abc # 1 and cde # 1 .

Note. There should not be a minus sign right after the expression of x3, 5 in

Theorem 9 in [16].
e When A\ = —1 and p = 1, equations in (70) yield the results obtained by Yasin

Yazlik in Theorem 7 in [16] for

Lp—2Tn—3Ln—4
’
TpTn—1 <_ 1+ xanxn73xn74)

Tpy1 = n=0,1,2,... (73)

where a, b, ¢, d and e are non zero real numbers with abc # 1, bed # 1 and

cde # 1.
e When A = —1 and p = —1, equations in (70) yield the results obtained by

Yasin Yazlik in Theorem 11 in [16] for

Tp—2Tn—3Tn—4
1 )
xnxn71<_ - $n,2$n,3$n,4)

Tpi1 = n=012... (74)

where a, b, ¢, ¢, d and e are non zero real numbers with abc # —1 , bed # —1

and cde # —1 .

Note. There should be a minus sign right after the expression of g, in

Theorem 11 in [16].

26



Chapter 2

Perturbed ODEs in Cosmology

Eliminating all the perturbed terms in the Lagrangian (3), leads to the derivation

of the oscillation equation
u +u=0. (75)

It is easily seen that this unperturbed equation is maximally symmetric and admits

the 8-dimensional Lie algebra of exact symmetries sl(3, R) given by

Xo = 05,

X2 =sin(2¢)0, + cos(2¢)ud,,
X3 = cos(2¢)0, — sin(2¢)ud,,
Xg = sin(¢)0,,

X§ = cos(¢)0,

X8 = ud,,

X§ = wucos(9)dy — u*sin(¢)d,,
X8 = usin(¢)9, + u?® cos(¢)d,.

To illustrate our main results or derived conditions, some examples are presented in
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the chapter. One case explores the approximate symmetries of an orbital equation
that arises when a Reissner-Nordstrom black hole is embedded into a Friedman-
Robertson-Walker (FRW) space [19]. As a second case, we investigate the modified
Klein-Gordon equation of a spin-0 particle in the Generalized Uncertainty Principle

(GUP) [20, 21, 22, 23, 24].

2.1 Point transformations

Our interest lies in point transformations, and for the convenience of the reader
we insert the necessary theory pertaining to this analysis. The presentation here is
for ODEs, however in the references cited, most of the theory has been generalized
to partial differential equations (PDEs). For the sake of brevity, the summation
convention is adopted in this text, in which there is summation over all repeated

indices. For a k-th order perturbed system of ODEs
E=FEy+¢eE +EFy+ ...+ By + O, (76)
corresponding to a Lagrangian, which is perturbed in e,
L(t,z, 27 €)= Lo(t,x,27) + eLi(t,z,27) 4+ ...+ O(e"), (77)

with [ L£dt being a function that is invariant under the one-parameter group of

transformations with approximate Lie symmetry generator

X =Xo+eX;+...+ X, (78)
up to gauge
A=Ag+eA +... + Ay, (79)
if
ot
e=0
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where Dy is the total derivative operator. In this notation, X, denotes the exact
symmetry generator originating from the unperturbed Lagrangian and X; denotes
the first-order approximate symmetry generator. A perturbed equation always ad-
mits the trivial approximate symmetry generator eX,. A nontrivial symmetry is
obtained when, X = X + X exists with Xy # 0 and X; # kX, (k an arbitrary
constant)[25]. The first-order approximate first integrals are defined by I = Iy+€ly,
with I, denoting the exact part and I; denoting the first-order approximate part of

the first-order approximate first integrals

= & Lo+ (g — a'"&) 258 5o — Ao,
Iy = &Ly + &LO + (b — a&) 2& + (g — a™&) 2o — A,

2.2 Third-Order Conditions

As mentioned above, Noether symmetries are just a specialization of Lie symmetries,
and thus the sl(3, R) algebra given above contains the Noether point symmetry
generators. The latter comprises of a 5-dimensional Lie algebra X ° with the

corresponding gauge term (the ¢; are constants)
Ay = u? cos (2¢) c3 + u®sin (2 ¢) cp + sin (¢) c5 u — cos (¢) cxu + cg.

The conservation laws or Noether first integrals corresponding to each X2 h =
1,...,5 are
Ig =1 W +u?),
(u? — u?) sin(2¢) — uu’ cos(2¢),
(u* — u?) cos(2¢) + uu’ sin(29),
I§ = —usin(¢) + u cos(o),
I5 = —u cos(¢p) — usin(¢).

1
2
3_1
Iy =3
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If we include a perturbation up to first-order in €, that is, the Lagrangian (3) omits
the terms in Ga(u, ', u”) and Gg(u,w’,u"), the determination of approximate sym-
metries takes a particular form. That is, for each term of the Noether condition (80)

for the Lagrangian (3) we have the geometric condition

XL = (me+un.—uée— (u')? &1u) () + mu
+ (=2 sin (¢) cos (¢) czu + 2 ¢ u (cos (¢))* + cysin (@) + ¢5 cos (¢) — cou) Gy
@) sin (@) + 2 sin (¢) cos (¢) ¢z 1/ — 2 (cos (¢))” e u') Gy
( (cos (9))? csu — cssin (@) + ¢4 cos (@) + o’ + 23 u) G
(@) c3u + 6 sin (@) cos (¢) c3 u” — 8cou (cos (¢))2) G
— (6(cos ((;5))2 e u” — cysin (@) — c5 cos (¢) + deou + 3o u”) Gy,

+( 4 ¢y u cos

(81)

_ 72 2
<D¢% ) L = (2c5 cos(2¢) — 2c38in(2¢)) G1 + (€16 + W' w) (— <u2> + %) ,
= (82)
D¢A = A17¢ + u/Al,u' (83)

On the other hand, if the perturbation is up to second-order in ¢, the Lagrangian

(3) omits Gs(u,u',u”), and in this case the second condition is:

XL =+ (1o + Uty — W€ — () &20) (=) + 120+ MGy

+ (& F U — W+ 01g) Grw + (—U N — 201 ug) Grun

+ (Mt = 3E a0 + 201 ust’) Grur — (g0t + Mut” — 261 60" + Mgs) Grur,
+ (=2 sin (¢) cos (¢) ¢z u + 2 ¢ u (cos (¢))* + cysin (@) + ¢5 cos (@) — cou) Gay,

+ (—4 caucos (@) sin (¢) + 2 sin (@) cos (¢) csu’ — 2 (cos (0))” ¢ u') Gaw

— (4 (cos () e u — cssin (@) + €4 cos (@) + cxtt/ + 2 c3u) Go
+ (8 sin (¢) cos (¢) cz u + 6 sin (¢) cos (¢) c3 u” — 8cau (cos (gb))z) G
2

— (6 (cos (¢))” cau” — casin (@) — ¢5 cos (¢) + 4eau + 3o t”) Gy
(84)
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(DQ% ) L= (G104 060) Gr+ (G0 +0'G0) (-5 +%)
e=0
+ (2¢2 cos(2¢) — 2¢38in(2¢)) G,

D¢A = A27¢ + U,Agvu. (85)

Last but not least, a third-order perturbation in € results in the third condition

XL = (773 o Fu'nz, —u'ls e — (Ul)2 53,u) (—u') +n3u
+ (=2 sin (¢) cos (¢) czu + 2 ¢ u (cos (0))* + cyasin (@) + ¢5 cos (¢) — cou) Gy
+ ( 4eyucos (¢)sin (¢) + 2 sin (¢) cos (¢) csu/ — 2 (cos (¢)) o u ) Gsw
—4 ((cos (¢ $))’ 31 — ¢58in (@) + ¢4 cos (¢) + ot + 23 u) Gs
+ (8 sin (¢) cos (¢) czu + 6 sin (¢) cos (¢) c3 u” — 8cau (cos (¢))2) G
—6 ((cos () cat” — eqsin (¢) — ¢5 cos (@) + degu + 3¢ u") Gy
+mGau + (—Ul2§1,u + ', —u e+ 771,¢) Gaw
+ (_ulsnl,uu -2 Ulzfl u¢) Gour
+ (Th,uuu/2 — 3& 0" + 21 ypu ) Gour—
(Erpot’ + mutt” = 2861,5u" + M1.gg) Gour
+12G1 0 + (—U/sz,u + Uy — Wy + M2o) Gruw
+ (—U/3772,uu -2 Ul252,u¢>) G
+ (n2,uuu’2 —3&u'u" + 2 ng,wu’) G
— (E2.00U" + M2utt” — 280 5u" + N2.gg) Grur,

(86)
(Dd,% ) L= (&¢+uE,)Gr+ (2c3c08(2¢) — 2c35in(2¢)) Gs+ (&7
e=0
(1,0 + &) Go+ (§3,0 + s ) (—(UQ) + “2—2) ,
D¢A = A37¢ + U/Ag’u. (88)

The separation and solution of the conditions (81)-(88) gives the approximate coef-

ficients of the Noether point symmetry vectors. In the following sections we proceed
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with the applications of conditions (81)-(88) in cases of special interest.

2.3 The modified Klein-(GGordon equation

The Klein-Gordon has great importance in the literature [26]. The modified struc-
tural form of GUP is

h
AX;AP; > 5 [0ap (1 + BP?) + 28PuPs] (89)
where the deformed Heisenberg algebra from (89) is

[X;, Pj] = ih [6a5 (1 + BP?) + 2P, P3) . (90)

The parameter of deformation [ is defined by g = fo o — Bol”’. The X, = z3

M?2,c2 h?
pl
is kept undeformed, the coordinate representation of the momentum operator is
P, = po(1+8p?) and (x, p) is the canonical representation satisfying [x,, ps] = ihdas.

In the relativistic four vector form, the commutation (90) can be written as
(X P] = =ih [(L = B (1" PuPy)) thw — 286, P (91)

where 1), = diag(1, —1,—1, —1). The corresponding deformed operators in this case

are
Pu =Pu (1 - ﬁ (UWPQPW)) ) X, = Ty, (92>
where pt = ih%, and [z, p,] = —ihn,.

Considering the spin—0 particle with rest mass m gives
(0" PP, — (mc)*| ¥ =0 (93)

where c is the speed of light. Substituting P, from (92), yields the modified Klein-
Gordon equation, which is a fourth-order PDE

AU — 2B8R2A(AT) + Vol =0 (94)
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where V) = (%) 2, A is the Laplace operator and the terms O (3%) have been ignored.
The action of the modified Klein-Gordon equation (94) is

S = /dg;‘&/_—gcA(\p,DU\p),
where the Lagrangian £4(V, D, V) is given by

La= (\/—gg’“’DM\IJD,,\IJ — \/—gVO\IJQ) . (95)

N | =

Changing variables ¥ = u and reducing Eq. (31), we obtain the reduced Klein-
Gordon equation with Vy = 1,e = —23h2, that is a fourth-order ODE, which then
possesses the Lagrangian Eq. (95) rewritten in the form (3), with

1
Gl (U, Ul, U”) _ _é(u//)Q and GQ(U,, Ul, U,”) — Gg(u, Ul, U”) =0.

After the application of the conditions (81)-(83) we find a system of five equations
after separation of monomials. The resultant symmetries are X, > and thus the
modified Klein-Gordon equation under GUP contains no first-order nontrivial ap-

proximate symmetries.

2.4 The Radial Orbital equation

The orbital equation or motion equation of a planet is given by

7 M Q2U 2 2 3 H2
u +u:ﬁ—?+3]\/lu —2QU _L2u3’

(96)

1
where u = —, the prime denotes differentiation with respect to ¢ and the angular
T

H?2

723 come from the

momentum of the planet is denoted by L. The terms 3Mu? and

general relativity and cosmic expansion effect, respectively. Furthermore, the term
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QL—Q;L and —2Q*u? are related to charge. The ratio between the term in H and 7% is

8 x 10~** for Mecury and 3.6 x 10728 for Neptune. If we choose
e=2M and ke?=Q* and pe? = H?,

the Lagrangian corresponding to Eq.(96) is given by the general Lagrangian (3) with

Ku? N 2kut p
— ——u
2L72 4 272
(97)

u ud

Gy(u,u',u") = (_ﬁ - ?) and  Ga(u,u',u") = (

The first step is to retain the term in Gp(u,u’,u”) from Eq.(96). Consequently,
the conditions (81)-(83) provide a system of four equations that solve to give the

first-order approximate Noether symmetry generators given by

X& = X3+ €(2sin(p)ds + ucos(¢)dy) ,

X§= X3 — e(2co8(¢)0y — usin(¢)d,) .
Correspondingly, the first-order approximate gauge term in this case is

Al _ ﬁ (_ cos (2 ¢) . W22 + sin (2 ¢) Ce w22 + ((—04 u? — 2 cq U) 2 + 04) Ccos (¢))
+57z (((csw® + 2 cr9u) LP — ¢5)sin (¢) + 211 L)

The first-order approximate conservation laws related to X{_, are given by

Il = I}+e (sin(¢)u’2 — cos(@)uu' + %(LQZ# Sin(qb)) ,
= I5—e¢ (u’2 cos(¢) + uw sin(¢) + LG+ cos(¢)) :

In the second approximation, we retain the quadratic € terms, that is the Gy (u, v, u”)
and Ga(u,u’,u”) defined for Eq.(96). We proceed with the consideration of the
conditions (84)-(85) and observe that Eq.(96) possesses no nontrivial second-order
approximate symmetry generators, but the first-order approximate symmetry gen-

erators are preserved.
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Conclusion

In the first part, we have performed a full Lie analysis of third-order and fifth-order
difference equations. We performed the group reductions of the equations using these
symmetries and solutions were given in a unified manner. We also give the condition
for well-defined solutions of the equations under investigation. For conformity, we
split our ‘single’ solutions into categories to realize some results obtained in existing

literature. More importantly, we have extended the results obtained in [16, 15].

In the second part, we studied the approximate Noetherian point symmetries and
conservation laws of the class of ODEs which follow from a Lagrangian perturbed
up-to third-order in e. We presented new examples where the application of our
conditions can be seen. The knowledge of approximate symmetries was used to
obtain the approximate first integrals of the corresponding approximate equations.
We believe that this work can be very useful in the study of various differential
problems. Indeed numerous equations originate from the generalized Lagrangian
(3), such as the orbital equations of perturbed spaces. Conditions (81)-(88), applied
to the problems studied in [27, 28, 29], immediately gives the results on approximate

symmetries, obtained in these works, for orbital equations.
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