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Abstract

The Lie point symmetries of Prandtl‘s two-dimensional boundary layer equation expressed
in terms of the stream function are derived. The general form of the invariant solutions and
boundary conditions, which include slip, suction and blowing at the boundary, are obtained.
The analytical solutions for boundary layer flow in convergent and divergent channels gener-
ated by Lie point symmetries, which are not scaling symmetries, are investigated. When an
ordinary differential equation and some associated boundary conditions are invariant under
a scaling transformation, the boundary value problem for the ordinary differential equation
can be transformed to an initial value problem which is then solved. This is known as the
non-iterative transformation method. The Blasius equation is invariant under a scaling trans-
formation while the Falkner-Skan equation is not invariant. The Blasius and Falkner-Skan
equations are ordinary differential equations derived from Prandtl‘s boundary layer partial
differential equation for the stream function and describe boundary layer flow over a flat plate
and wedge respectively. In the case of the Falkner-Skan equation, which is non-invariant un-
der a scaling transformation method, a modified boundary value problem is derived which is
invariant under an extended scaling group. The modified problem is then transformed to an

initial value problem.
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Chapter 1

Introduction

The concept of a boundary layer was introduced over a century ago by Ludwig Prandtl [1],
who made a significant contribution to aerodynamics. It explains the discrepancies between
the theory of inviscid flow and experiments. Prandtl observed that near solid boundaries vis-
cous forces are the same in magnitude as inertial forces. This region is usually confined to a
thin layer adjacent to a solid boundary, which is referred to as the boundary layer. The ap-
plication of the boundary layer equations was demonstrated by Blasius [2]] for flow past a flat
plate at zero incidence.

We will calculate the Lie point symmetries and the group invariant solution of the two-
dimensional Prandtl boundary layer equation for a mainstream flow which depends on the
distance = along the boundary and which is expressed in terms of the stream function. We will
consider a linear combination of the Lie point symmetries of the third order partial differential
equation for the stream function as was done by Mason [3] for the two-dimensional laminar
jet.

Lie symmetry analysis gives a unified approach for the derivation of invariant solutions.
This includes solutions which can be derived by a scaling transformation and solutions which
are not obtained from a scaling transformation. Solutions which can be derived by a scaling
transformation, that is similarity solutions, can generally be derived by more elementary meth-
ods. We will investigate solutions which are not scale-invariant. We will consider the special

solution stated in Rosenhead [4] that describes a convergent channel flow with blowing of



fluid at the walls with a given strength of blowing A = —% by using Lie group analysis. We
provide a symmetry-based justification for the choice of this value of A\. We will also investi-
gate other values of A and solutions in a convergent and divergent channel with blowing and
suction of fluid at the walls

Further work done includes that by Matthews and Hill [S]].[6} (7] who considered a nano
boundary layer formed in a convergent channel with a sink and a boundary condition that
contains an arbitrary index parameter, denoted by n > 0. The resulting ordinary differential
equation for different values of a parameter n was solved analytically. They suggested that at
the micro and nano scales the standard no slip boundary condition of classical fluid mechanics
does not apply and must be replaced by a boundary condition that allows some degree of
tangential slip.

In this study we investigate Prandtl‘s two-dimensional boundary layer equation in terms
of the stream function with a slip boundary condition and blowing boundary condition at the
walls. In the blowing boundary condition fluid is injected into the flow normal to the boundary.
The injected fluid is the same as in the boundary layer flow. The blowing and slip boundary
conditions are generally independent but they must be compatible with the existence of a Lie
point symmetry. From the invariant solution generated by the Lie point symmetry of Prandtl‘s
two-dimensional boundary layer equation, the Blasius equation and Falkner-Skan equation
arise, both of which do not have an analytical solution. The Blasius equation, however, admits
a scaling transformation. By using this scaling transformation the boundary value problem
for boundary layer flow over a flat plate can be re-formulated as an Initial Value Problem
(IVP) [8,19]. The non-iterative transformation method will be employed to reduce the Blasius
boundary value problems to initial value problems which are easier to solve.

The Falkner-Skan equation does not admit a scaling transformation. A modified numerical
method will be deployed to transform the BVP for the Falkner-Skan equation to an IVP [10,
11]]. This method is called the iterative transformation method. MATLLAB ode45 will be used
to solve the initial value problems. Details on how the differential equations are solved using
ode45 will be discussed in Chapter[2] MATLAB bvp4c solver will be used to compare how the

modified numerical method works in Chapter[5] The code used for the numerical calculations



in Chapter [5]is commented on and presented in Appendix



Chapter 2

Analytical and Numerical Methods

2.1 Introduction

In this chapter a brief overview of the mathematical methods used in the dissertation is given.
The derivation of the Lie point symmetries of the Partial Differential Equations (PDEs) and
Ordinary Differential Equations (ODEs) are briefly discussed. The numerical method of trans-

forming a Boundary Value Problem (BVP) into an Initial Value Problem (IVP) is explained.

2.2 Lie group analysis of differential equations

Sophus Lie introduced a method called Lie group analysis, which unifies all the seemingly ad-
hoc techniques used to solve first order ODEs where the symmetries of a differential equation

could be found and exploited [12].

2.2.1 Local one-parameter group of continuous transformation

A symmetry is a transformation that leaves an object unchanged or invariant when specified

transformation is applied. In general, we consider transformations
ii:fi(xj,e), Z,j: 1,2,3,“' ,n. (221)

The transformations form a Lie group with parameter e if they satisfy the following axioms,

where G is the group and ®(a, b) the law of composition.
1. Closure property. If a,b € G, then ®(a,b) € G.

4



2. Associative property. If a,b, c € G, then ®(a, (b, c)) = (P (a,b), ).
3. Identity element. If o € G, then there exists an e € G such that ®(a,e) = P(e,a) = a.

4. Inverse element. If a € G, then there exists a unique element a~! € G such that

b(a,a™t) = d(a"ta) =e.
A Lie group further satisfies the following properties:

1. f; is a smooth function of the variable x;.

2. f; is an analytic function in the parameter e, that is, a function with a convergent Taylor

series in €.
3. € = 0 can always be chosen to correspond with the identity element e.

4. The law of composition can be taken as ®(a, b) = a + b.

2.2.2 Infinitesimal transformations
Consider
T=f(z,y.6), y=g(zy56), (2.2.2)
with
f(z,y,0) =2 and g¢g(z,y,0) =y. (2.2.3)
If we assume ¢ is small, then a Taylor series of about ¢ = 0 becomes
of

T = f(z,y,0)+==| e+ O(e), (2.2.4)
86 e=0
_ dg 2
— - . 2.2.
y mawo%%&eﬁ€+0¢) (2.2.5)
Define

af dg|
G I ) 22

and substitute (2.2.3)) and (2.2.6) into (2.2.4) and (2.2.5)) . This gives

T=x+&x,y)e+0(?), §=y+nlx,y)e+ O(). (2.2.7)

Equations for  and y are referred to as infinitesimal transformations and £ and 7 simply

as infinitesimals.



2.2.3 Lie’s invariant condition

Consider the ODE

dy
—~ =F . 2.2.8
T (z,y) (2.2.8)
Under the infinitesimal transformation
T=x+&x,y)e+0(e?), §=y+nlzy)e+O(?), (2.2.9)

we obtain

W+ e e+ 0)

= dx
dx %(fﬁ +&(z, y)e + O(€?))
d
o eyl + O)
T 1[G+ &Y+ O(R)
d
= (ﬁ + [77m + nyy/]G + O<€2)> (1 — [fm + gyy/]G + 0(62))
d
B d_gy; + (1 + [y = &y = &™)e + O(€7), (2.2.10)

where the subscript denotes partial differentiation. Equation (2.2.10]) shows how the derivative
d e :
Y transforms under the infinitesimal transformation.
x
We now consider the ODE

dy
Y Pz, 22.11
I (Z,7) ( )

Substituting (2.2.9) and the first order derivative transformation (2.2.10) into (2.2.TT])) gives

+ (e + [0y — &Y — &y?)e+ O(€) = F(z + &(x,y)e + O(?), y + n(x, y)e + O(€?)).
(2.2.12)

¥y
dx

Expanding to order O(e?) gives

é + (772? + [ny - gr]yl - gyya)e + O<€2) = F(l‘, y) + (ng + nFy)G + 0(62)7 (2213)
and imposing
4y _ F(x,y) (2.2.14)
Ir Y 2.

shows that equation (2.2.13) is satisfied to O(e?) if
o+ (y — &) F — §F* = EFy +nFy,. (2.2.15)
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This is known as Lie’s Invariance Condition. For a given F'(x,y), any functions £(z,y) and

n(x,y) that solve equation (2.2.15)) are the infinitesimals we seek.

2.2.4 The infinitesimal operator

We define the infinitesimal operator for higher order equation as

0 0

Consider F'(z,y), then we can write

F(z,5) = F(z +&(z,y)e + O(€%), y +n(z, y)e + O(e%))

(
(

F(x,y) + (F: +nFy)e + O(€%)
F(z,y) + XFe+ O(),

where
0 0
XF = ( o na—y>F.
2.2.5 The extended operator

d
The invariance of d—y = F(z,y) gives from (2.2.13)
x
Ne + (ny - gx)y/ - gyy/2 = gFCE + nFy
We introduce the extended operator
0 0 0
XM == — 4+ (.
éax —H?@y 6 Yy’

If we define A such that

dy
A = —— F p—
s (z,y) =0,

then

XWUA =¢, —¢F, —nF, = 0.

Comparing (2.2.19) and (2.2.22)) shows that we can define (, as

C:v =Nz + (ny - Sm)y, - gyya‘

(2.2.16)

(2.2.17)

(2.2.18)

(2.2.19)

(2.2.20)

(2.2.21)

(2.2.22)

(2.2.23)



When we substitute 3/ = I into
XWA =0,

we obtain Lie’s invariance condition. (2.2.15]) Thus,

xXWAl  =o.
A=0

2.2.6 Extension to higher orders

From equation (2.2.10) and (2.2.23)), we can write

dy dy 2
E—%‘FCQG—FO(E ),

where

C:v =Nz + (ny - gx)y, - gyylz‘

We can write higher derivatives as

P’y dy 2
ﬁ = @—1—@;3&6—{—0(6 ),

where

Cxx = Nz + (277;vy - ga:a:)y, + (nyy - 2§a:y)y/2 - Syyy,S + (ny - 2591: - Sgyy/)yu

and
Py Py 2
I s + Coaa€ + O(€),

where

(2.2.24)

(2.2.25)

(2.2.26)

(2.2.27)

(2.2.28)

(2.2.29)

(2.2.30)

Cozz = Nzzz + (377xxy - fmx)y/ + 3(77xyy - éﬁf}«"acy)y/2 + (77yyy - 3£xyy)y/3 - ’fyyyy/4

+ 3Ny — Eox + gy — 30y — 26,502y — 3y + (ny, — 36 — 46,9y

and so on.

2.2.7 'Total differential operator

Consider

Co = Mo + (ny - fa:)yl - fnyQ

=+ — (& + &Yy

"

(2.2.31)

(2.2.32)



We define the total differential operator as

0 , 0
D, = I + vy 8_y’ (2.2.33)
then
G = Do(n) — D.(8)Y. (2.2.34)

We call (, an extended infinitesimal.

di
Consider d_% using the total differential operator D, . Therefore,
T

d 2
dg @(y +ne + O(€))

d 2
o+ e+ O(e)

dy 9
e + D,(n)e + O(e*)
14+ D.(&)e + O(€?)

= <% + Dy (n)e + 0(62)) (1 — Dy(&)e + 0(62)>

d
= T+ (Daln) = D)) + O()
= V4 et @) (2235)

We now consider second-order extended infinitesimal

ﬁg_ﬁ(@g

dz>  dz \dz

w(@) %
d rdy
I D - D / 2
_ dx [dx + [Da () +(&)y'le + O(e )]
1+ D, (§)e + O(e?)

= (L4 D,(C)e+0() (1 - Da(e)e+0()
= d_ ( (Cx) - x(f)yu)e + O<€2)7 (2.2.36)

o)
Cow = Da(G) = 4" Da(€) (2.2.37)
As (, contains x, y and 3/, we need to extend the definition of D, so

0 0 , 0 m 0
De=—+y+y 75+y

pe oy oy 8_3/' + - (2.2.38)



and expanding (., gives

sz = Dx(nx + (ny - gx)y/ - fyylz) - y”Dz(g)y

= Now + 20y — &aa)V' + (Myy — 28000 — &y + (ny — 26, — 36,0y (2.2.39)

and expanding (.. gives

szx = Dx(Cxx) - y/”Dw(S)a
= Neza T (Snzm’y - gm:m)y, + 3(7]$yy - 5w:cy>y/2 + (nyyy - Sézyy)yB - gyyyy/4

+ 3[7713/ - fzx + (nyy - 3£xy)y/ - 2£yyy ] 3€yy//2 + ( - 351 - 4€yy )

"

(2.2.40)

and so on.

2.2.8 Third order partial differential equations

We now outline the derivation of the Lie point symmetries of 3" order PDEs
A(I7 Y, Uy Uy y Uyyy gy Uyyy Ugyy Uzgas Uyyy, Uzzy, umyy) = 07 (2241)

where = and y are the independent variables, u denotes the dependent variable.
The PDE for the stream function that will be studied in this dissertation is of the form
(2.2.47)). The infinitesimal generator of the one parameter Lie group of point transformations

of the PDE (2.2.41)) is of the form

0 0 8 0 8 0 8
X[3] == 2— a: TT N
0 0 0 0 0
+< yauzy + C 871@3355 + nyya yyy + C ya ma:y + C vy a zyy ( )
where
=& (x,yu), &€=Exyu), n=n(zyu). (2.2.43)
The extended infinitesimals ( satisfy the recursive relations
G = Di(n) —u;Di(€), (2.2.44)
<i1i2~--ik = Dik (Ci1i2---ik—l) - uiliQ-nik—ljDik (5]’)’ (2245)

10



where 1, = 1,2,...,nforl = 1,2,...,k and with £ > 2. and summation over repeated

indices is implied. Expanding the recursive relations, we obtain

Co = Do(n) — up Dy (€Y) — uny(fQ), (2.2.46)
Gy = Dy(n) — usz(gl) - uyDy(§2)a (2.2.47)
Goy = Dy(Ga) = tza Dy (§') =y Dy (€7), (2.2.48)
Cyy = Dy(Cy) — tayD (fl) - unyy(€2>7 (2.2.49)
Cyyy = Dy(Cyy) — urnyy(Sl) - uynyy<52)a (2.2.50)

with the total derivative with respect to the independent variables = and y being

0 0 0 0 0 0 0
D, = — 4 u,— ha s = = —Z (251
T 8x + ua:a + Uy au:p + Umy 8uy + uyyx auyy + Uzyaz 8uxy + Ugry aUmr7 ( 5 )
0 0 0 0 0 0 0
Dy = a_y -+ Uy% + U,xya + Uyya + szya + ua:yy% + Uyyywyy. (2252)

Then a Lie point symmetry is admitted by the 3"¢ order PDE (2.2.41)) if and only if
XB(A)=0 when A =0. (2.2.53)

Since the coefficients of X in (2.2.53)) do not involve partial derivatives, one may separate
(2.2.53)) with respect to the derivatives of u and solve the resulting over-determined system of

linear homogeneous partial differential equations known as the determining equations.

2.2.9 Ordinary differential equations
We now outline the derivation of the Lie point symmetries of the 3¢ order ODE

/1,

y"' = flz, .9, y"). (2.2.54)

We define A as

A=y"— f(x,y.9y,y")=0 (2.2.55)

11



and the infinitesimal operator

X = 6, y) 2L 4 (e, y)

2.2.56
where £(z,y) and n(z, y) are the infinitesimals, to be determined.
The extended operator for the 3"¢ order ODE (2.2.54) is
0 0 0
xBl — _ _ nN_—__
0 0
+ CQ (I’, Y, ?le y”> ay,, + C3 (l’, Y, ?/,7 ?/”7 y/”)w (2257)
where the extended infinitesimals are defined by
G = Do(n) = y'Da(), (2.2.58)
G = Da(C1) — y" Da(8), (2.2.59)
(3 = Dx(C2) — ¥ D4 (§), (2.2.60)
and the total derivative with respect to x is
0 0 0 0
D, =— '— oy — + . 2.2.61
0m+y8y+y8y’ 4 ay" ( )
Lie’s invariance criterion is
XBIA =0 when 7" =f. (2.2.62)

A=0

As in the case of equation (2.2.53), the coefficients of X in (2.2.62) do not involve derivatives
and one may separate this equation with respect to the derivatives of y and solve the resulting
system of linear homogeneous partial differential equations known as the determining equa-

tions.

2.3 Numerical method of solution

In general, numerical results are easily obtained when BVPs are transformed. The transform
into IVPs methods for converting BVPs to IVPs are covered by Klamkin and Fazio [, 9, [10,
13, 114].

The scaling groups are of paramount importance. This transformation group has been
used to obtain similarity solutions to a lot of PDE models of parabolic type arising in fluid

mechanics [[14]. The scaling group are also used in the conversion of a BVP to an IVP.

12



In this dissertation, the Lie group method is employed to convert the PDE for the stream

function, derived from Prandtl‘s boundary layer equation, to a BVP for an ODE. The BVP is

of the form:
d*F dF d*F
—=H F— — 2.3.1
d’]73 (n? ) dn Y d’r’Q ) ) ( )
dF dF
F0)=A —(0)=18 —_— =1 232
O =4 TO=B  T(eo)=1, (232)
where A, B € R. When B = 0 and A = 0, there is no slip and no fluid suction at the boundary
plate.
In (2.3.1)), if we have
dF d*F d*F
H F—\—— ) =—F—— 2.33
(777 ) d?'] Y an ) d772 Y ( )
then the Blasius equation is obtained.
If we have
i (g @ EEN_(pBE om [ dF\? 234
T “dn’ dn? ) dn?  1+m dn ’ o

then the Falkner-Skan equation is obtained. The invariance property of these two ordinary dif-
ferential equations differ, which informs the transformation methods employed in numerically
solving them in Chapter [3]

If the ODE and boundary conditions are invariant under a scaling transfor-

mation given by

=X, F@) =\F(), (2.3.5)
then (2.3.1)) transforms to
BF _ dF &*F
— = n,F,—, — 2.3.6
dﬁ3 (777 ? dﬁ Y dﬁ2 ) Y ( )
provided a and b satisfy a linear relation of the form b = oa, o € R. Using (2.3.9),
F0)=A=F0)=)XF0)=\A=A (2.3.7)
and
dF ydF
—(n) =X""— 2.3.8
) a7’ (2.3.8)



therefore

dF dF dF _
d—n(O) =B= Aa*bd—ﬁ(()) =B= —(0)=B\""=B. (2.3.9)

Differentiating (2.3.8)) yields

d?F A2F
d_n?(n) — )\mibd_ﬁ?' (2.3.10)
Let
d’F
d_772<0) =1, (2.3.11)
therefore
d2F 2a—b
d_772(0) = \%eb, (2.3.12)

The third boundary condition (2.3.2)) is not invariant under the transformation (2.3.5). The
non-invariance of this boundary condition in (2.3.2) is necessary in order to compute the group
parameter A\, as will be shown later in this section. By a method known as the non-iterative

transformation method, equation (2.3.1)) and (2.3.2)) transform to

d*F _ dF d*F
L o 2 2.3.1
d—S (777 ) d7 ) dﬁz ) ( 3 3)
_ _ dF _ d2F
F(0)=A —(0)=B —(0)=1 2.3.14
(0) : i (0) ; i (0) =1, ( )
where
A=X\A, B=\"B. (2.3.15)

In order to solve numerically, the IVP for a third order ODE given by (2.3.13) and (2.3.14) is

transformed into an IVP for a system of first order ODEs given by

E =F, (2.3.16)
dn

d—}} = F3, (2.3.17)
dn

dFy _

— = H(p, F 2.3.18
d77} (777 s 472, 3)7 ( )



F(0) = A, F»(0) = B, F3(0) =1, (2.3.19)

which is easily solved for F'(7}) and the group parameter A for a given value of A and B, using

the IVP solver ode45 in MATLAB. Once F(#) is obtained, the solution F(n) is given by the
dF

transformation in (2.3.5)), provided that we have an approximation for T(oo) such that the
Ui

group parameter A > 0 is obtained from

(2.3.20)

— (O

dn

d’F 1/(2a—b) dF 1/(b—a)
(@) =(Ge)
dn
This is known as the non-iterative transformation method.
If equation (2.3.1) is not invariant under (2.3.3), a modified BVP, which is invariant under
an extended group can be set up and solved by a method known as the Iterative Transformation
method. This approach is employed to numerically solve the Falkner-Skan equation in Chapter

In order to show the accuracy of these transformation methods, we consider solving the

Blasius boundary value problem in which there is no slip and no suction at the rigid boundary,

given by
d*F d*F
— 4+ F—=0 2.3.21
dFr dFr
F = — = — = 1. 2.3.22
=0, G O©=0 F() (2322)

The BVP (2.3.21)) and (2.3.22)) is discussed in Chapter [3in detail. It is presented here to show

the accuracy of the non-iterative transformation method. Using (2.3.5)), the associated IVP is

&*F  _dPF
— — =0 2.3.23
a7t g = (2.3.23)
_ dF d*F
F0)=0, —(0)=0 —(0) = 1. 2.3.24
0)=0. G0 G0 (23.24)
provided that b = —a, and subsequently, the value for a is chosen to be unity.

The IVP and are solved for F'(7). It is important to note that the value
of F(0) in the third boundary condition (2.3.24) need not be unity. This condition can be
replaced with F”(0) = o, « € R. While solution F'(7), and more importantly £’ (7), will
be different for each « value, the solution obtained for the velocity profile F’(n) using (2.3.5))

15



is unique and independent of «, as shown in Figure 2.3.1/and [2.3.2| In Figure F'(n)

is plotted against 7 for varying values of A, and it can be seen that the asymptotic value of
F'(17) plotted against 7] decreases as \ increases. This inverse relationship between F”(7) and
A shown in Figure is in fact necessary in order to preserve solution F’(7) given by the
product A2 F'(77), for any choice of F”(0), as shown in Figure

5
dF 45} F'(0)=5 X = 0.4545546
dn
4l
35F
3 [ nll
F'(0)=2 A = 0.6169255
25
2 |-
_EO) =1 A=07772774
15+
1+
05 F"(0) = 0.1 A = 1.674721
0% '
0 1 2 3 4 5 6 7 8
n

Figure 2.3.1: Graph of F'(7}) plotted against 7 for varying values of F”/(0). Solution is ob-

tained using the non-iterative transformation method.
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i é’f F1(0) = 0.1
0.8 5 (0) =1
g e F(0) = 2
0.7 g
i F'(0) =5
06F &
@
i
05 &
ks
04t P
03
m
8
0.2 g
¥
B
0.1 D
N
0 : : .
0 2 4 6 8 10 12 14 16 18
n

Figure 2.3.2: Graph of F’(n) plotted against ) for varying values of /" (0). Solution for F’(n)

obtained from lo is compared with that obtained using BVP4C in MATLAB.

2.4 Conclusions
The analytical and numerical methods briefly described in this chapter will be applied to

Prandtl‘s two-dimensional boundary layer equation for the stream function and the reduced
ordinary differential equations in Chapter and 5] In brief, the algorithm for Lie point

symmetries of a PDE and ODE are essentially the same.

1. We first define the function A = 0.
2. Define the infinitesimal operator X for the independent and dependent variables, in

terms of £ and 7).
3. Define the extended operator or prolongation X3,
4. Define the total derivatives D, and D, extended infinitesimals (.

5. Apply all defined variables to derive the invariance condition and separate the invariance
condition according to the powers and products of independent partial derivatives. We

then use the resulting over-determined system of equations to solve for the infinitesimals

& and 7.
17



Chapter 3

Derivation of the Lie point symmetries of

Prandtl‘s two-dimensional boundary

layer equations and group invariant

solutions

3.1 Introduction

Model

A boundary layer is a layer of fluid in the immediate vicinity of a bounding surface where the

effects of viscosity are significant. Figure depicts the boundary layer with mainstream

velocity U(x). In this dissertation we will investigate the laminar boundary layer and model it

using Prandtl‘s two-dimensional steady state laminar boundary layer equations for the x and

y components of the fluid velocity, v, (z, y) and v, (x,y) and the fluid pressure p(x,y),

v, 0v, 1dp

Uy Ty T o
0
I _,
dy
and the continuity equation
Oy % 0
oxr Oy

2
1/%;;, G.1.1)
(3.1.2)
(3.1.3)



U(x)

Laminar
!

\

v

TITTTT7TITT I TI 7777

Transitional

POEETrrir et i rirr i idd iy diiRyrry
—_— —

) Laminar

sublayer

Figure 3.1.1: Viscous boundary layer flow past a flat plate with

mainstream velocity U(z).

Expressed in terms of the stream function ¢ (z, y) defined by

equation (3.1.1]) becomes

o
Oy 0x0y

The continuity equation (3.1.3)) is identically satisfied. From equation (3.1.2)),

_op Oy
Uy = a—y, Uy = o’ 3.1.4)
o 0% ~ ldp 0%
p=p(z). (3.1.6)

The pressure is therefore constant across the boundary layer. Its value at any point is therefore

known because it is the same as in the mainstream flow. The inviscid flow in the mainstream

just outside the boundary layer satisfies the x-component of Euler’s equation

Equation ((3.1.5]) becomes
o 0%y

8_y8x8y Oz oy?

The boundary conditions are

dU  1ldp
i —;% 3.1.7)
o 0>y dU(z) %
U(x) o + V@y?’ ) (3.1.8)
vz (2,0) = vy, (3.1.9)
vy (2,0) = —v,(x) (3.1.10)

where v, () is the slip velocity, v,(x) is the suction velocity and for mainstream matching

vz (z,00) = Ulx). (3.1.11)
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3.2 Lie point symmetries

The PDE for the stream function ¢ (z, y) is

oy o oYy dU(x) 0%
Oy dxdy Oz Oy Ulw) dx * V@y?" (3-2.1)
Let
B dU(z) d (1 _,
Wi(a) = Ula) == = %<§U (x)). (3.2.2)
The PDE becomes
%wm - wz¢yy - wayy - W(x) =0, (3.2.3)

where 9,and v, denotes partial differentiation with respect to x and y. When deriving the Lie
point symmetries, x, y and all the partial derivatives of ¢ with respect to x and y are regarded

as independent variables. When x and y are regarded as the only independent variables then

0 0
partial differentiation with respect to x and y is denoted by a—w and 0—w .
x Y
Equation (3.2.3) is of the form
F <37> wza %, Q/J:cha wyyv wyyy> = 07 (3-2-4)
where
F = tbpy — Yutby, — vihyy, — W(x). (3.2.5)
The Lie point symmetry is of the form
0 0 0
X=¢ — 4 & — —. 3.26
5(l’,y,w)ax+£(af,y,w)aern(:v,y,w)w (3.2.6)
The invariance condition is
XB(F)=0  when F =0. (3.2.7)
We therefore require the third prolongation
0 0 0 0 0
XBl gt 2 27 — —
S T 8y T T ay, Ty,
0 0 0

+ Cﬂtyw + nyw + nyyW (3.2.8)
Ty vy yyy

20



where

G = Di(n) — ¥sDy(€7),
Gij = Dj(Gi) — ¥is D (£7),
Giji = Di(Gij) — ¥ijs Di(€7),

with 7! = 7, 22 = y and

I

0 0 8 8
0 0 0
Dy=D, =
2 — My — 8 +¢ya¢ +wxyaww "’wyyawy +

Hence

1 =Di(n) = ¥aDi(§") — Y2 Di(€7),

G2 = Da(n) = 1 D2(§") — ¥2Da (%),

Giz = Da(G1) — ¥uDa(€) = ¥ Da(E7),
Go2 = D3(G2) — ¥12Da(€") — ¥2D2(E7),
Gozz = D2(Goz) — Y22 D2(E) — Y22 Da(€7),

21

(3.2.9)
(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)
(3.2.15)
(3.2.16)
(3.2.17)

(3.2.18)



which when expanded give

&t &t 19) 0&?
(= Gom Gl gl — G — (5~ %, a5 (3:2.19)
551 3 aE? 5 0€?
=G = g b G~ - P, (220
S - 0 O Ne _w (2 _y9\a
ClQ—ny—< +wyaw +wxyawx+wyyawy)<x ¢xz(ay %aw)f
2
wyy(ay wyaw)é ; (3.2.21)
0 0 0 0
CQQZny: (8_y+¢y%+¢xya¢x+wyya¢y>c 77Z}acy< y ¢y8¢>§
@/}W< — Uy ¢>§ (3.2.22)

0 0 0 0 0
C222 = nyy = <_ + %% + wxygwm + wyyal/}y + wx:py% + %yy%

+%WMJ@,%M b3 )€ = v (55— By )€

We evaluate equation (3.2.7). Expanding (3.2.7/) gives

dW
_d_gl - 2byy Cz + l/Jaty Cy + 1/)y Czy - ¢z ny — VvV nyy = 0. (3223)
T F=0
Now the invariance condition has to be evaluated at ' = 0, that is for
U@/}yyy = quvz)a:y - ¢x¢yy - W($) (3.2.24)

We replace v, in the invariance criterion by (3.2.24). We separate the resulting equation by
the independent partial derivatives of ¢ since £!(z, y,v), £(z, y,v), n(z, y,v) and W (z) do

not depend on the partial derivatives of ). This gives the following system of equations.

a 1
wy'@bxyy : % = 07 (3225)
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o¢!

wazyy : a_y = 07
a 1
wxyq/}:cy : % = O,
a 2
(%;;)2 : % =0,
82 2
(¢y)2¢yy : 3_752 =0,
6251 852
Uty s B+ 5o =0,
6 1
(%)Q%y : % =0,
' 8252 3277 B
AT T
' 851 877 852 8251 B
Vahyy %—%—a—er?Wayaw—
. 877 (9277 8252 _
Yy _%_?ﬂjﬁyﬁw +3V8y2 =0,
a 1
(%)Z%x : % - Oa
8 1
¢y¢a¢$ : a_fy =0,
8261 652
<¢y)2w$y . ?)Va—w2 + % = O,
Yyt = 0 =0,
. 877 852 851 8251 B
Yy uy : @Jra—y—a—erﬁVayaw—
) 1
binys G =0,
N S
Vay a_y+3”ay2 =0,
83 2
(wy)4 : 0153 = Oa

23

0,

0,

(3.2.26)

(3.2.27)

(3.2.28)

(3.2.29)

(3.2.30)

(3.2.31)

(3.2.32)

(3.2.33)

(3.2.34)

(3.2.35)

(3.2.36)

(3.2.37)

(3.2.38)

(3.2.39)

(3.2.40)

(3.241)

(3.2.42)



ww(wy):g :

8351
o3
8252 8352 8377

=0,

() -

() (2hy)* -

C OYox

8252 8277

+3V8y8w2_1/8¢3:0’

=0,

63 2 83
L3 0 g, O

(¥y)* :
(¢z)? -
(%)2% :

(¢y)2¢x :

B 0x0y
8261
oy

oYox

0P oy* Oyon?

=0,
e

b5 oy "
ot o o

83§1
Ayo?
3351

=0,

+ 3v

Yty :

0%n

S Oydy  Oxdy | Oy

dooE O

8377 8352 852

Yy 0xdy

82 83 1 a 1

0y?
remainder :

Consider first £ (z, y, ).
From (3.2.23) and (3.2.26)),

and hence

Consider next £2(x, y, ).
From (3.2.28),

and therefore

— _4_ —
3V81p8y2 +v 3y 0 W(z) =0,

63 aww()_Oa

f —_— < a—52—%>VV(37) = —V@.

dy oY

851 8{1 B
81/1 8y N

&z, y.1) = afz).
o¢z
5=

& (x,y,¢) = B(z,y)
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=0,

(3.2.43)

(3.2.44)

(3.2.45)

(3.2.46)

(3.2.47)

(3.2.48)

(3.2.49)

(3.2.50)

(3.2.51)

(3.2.52)

(3.2.53)

(3.2.54)

(3.2.55)

(3.2.56)

(3.2.57)



Consider next n(x, y, ).

From (3241
0
2 _o.
dy
Equations (3.2.34) and (3.2.50)) reduce to
87] 82 52
- % + 3v 8y2 =0
and
H2¢2
£ =0.
Oy?
Hence
an
e 0

and therefore
n(x,y,v) = h(y).

The remaining equations not identically satisfied are

b L0,

Yrthyy %—Z—Z—%—fzo,
bt G =0,

b P % g
(vy)” % =0,

(1))’ g;gy =0,

bat s G =0

b G =0

%

aw
remainder : &' —— + <3— - —
dx

y

25

)W(:v) —0.

(3.2.58)

(3.2.59)

(3.2.60)

(3.2.61)

(3.2.62)

(3.2.63)

(3.2.64)

(3.2.65)

(3.2.66)

(3.2.67)

(3.2.68)

(3.2.69)

(3.2.70)

(3.2.71)



The function W (x) occurs only in equation (3.2.71).

Expressed in terms of «o(z), [(z,y)

and h(v), defined by (3.2.53)), (3.2.57) and (3.2.62)), the above equations (3.2.63) to (3.2.71)

become

d2h
=
da(z) dh(¥) 9B(z.y) _

dz dip oy
OB(x,y) 0

oy2
PB(x,y) 0

oxdy

AW ) dh

() e+ (35-8) - T

Consider now (x, y).

From (3.2.74),

Substituting (3.2.77) into

and therefore

where A; is a constant. Hence

Consider next h(1)).
From (27,

where A, and A are constants.

B(z,y) = yA(z) + B(x).

gives
dA
20
dx
A(l') = Ala

Blx,y) = Ay + B(x).

h(v) = Ay + As

26

)W(m) —0.

(3.2.72)

(3.2.73)

(3.2.74)

(3.2.75)

(3.2.76)

(3.2.77)

(3.2.78)

(3.2.79)

(3.2.80)

(3.2.81)



In summary

¢ = afx),
& = Bz, y) = Ay + B(x),

n=h() = A + As.

Substituting (3.2.82) to (3.2.84) into (3.2.73) gives

da—(x)—AQ—Alzo
dx

and therefore
O[(CL’) = (Al —|— Ag)l’ —|— A47

where A, is a constant.

In summary
fl = Oé(]?) = (Al + AQ)JJ + A4,
£ = B(x,y) = Ay + B(a),
n=h(y) = Ay + A3
and

aw

(A + Ap)z + ALL} — [3A1 . Ag} W =0,

(3.2.82)
(3.2.83)

(3.2.84)

(3.2.85)

(3.2.86)

(3.2.87)
(3.2.88)
(3.2.89)

(3.2.90)

Renaming the constants A; = ¢;, Ay = ¢y, A3 = ¢4 and Ay = c3 and the arbitrary function

B(z) = g(x) we obtain

51 = OZ([L’) = (Cl + CQ)JT + C3,

& = B(z,y) = cry + g(x),

n="h{)=cp+ec4

and

(c1 4+ co)x + 03} M + [301 — 62} W =0.

dx
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(3.2.91)
(3.2.92)

(3.2.93)

(3.2.94)



The Lie point symmetry is of the form

X = (e x)o+ e+ (e + 9(a)) 3+ (ead +ea)

= Cle + CQXQ + 63X3 + C4X4 + Xg,

where
0 0
Cl#O.Xl—l‘%—f‘ya—y,
0 0
02¢O-X2—$%+¢%>
0
Xy = —
0
047&OZX4=%,

o) 05 X, = gla)

where g(x) is an arbitrary function.
Consider now W (x) and U(x) where
dW + (301 — CQ)

dx [(cl + Co)w + Cg:| W0

and from (3.2.2)
d /1,
%(EU (x)) — W(x).

There are several cases depending on the values of the constants ¢y, ¢, and cs.

(1) c1 = —ca, 2 7’50, C3 7é 0,1 #02

U(z) = [;—;Wgexp <4Z—zx> +I<:F.

(11) C1 = C9, C 7é 0

U(z) = [ZWOIn (:EJr ;—;) +k:r.

(lll) C1 7é —C9, C1 7£ Co

U(x) _ |:<Cl + 02)W0 (x . C3 >2(C2—01)/(01+02) N k} |

N[

where W, and k are constants.
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(3.2.95)

(3.2.96)

(3.2.97)

(3.2.98)

(3.2.99)

(3.2.100)

(3.2.101)

(3.2.102)

(3.2.103)

(3.2.104)

(3.2.105)

(3.2.106)



3.3 Group invariant solution

Consider the Lie point symmetry (3.2.95). Now ¢y = ®(x,y) is a group invariant solution of
the PDE (3.2.1) provided

_® = 3.
X@=o@y)| =0, (33.1)
that is, provided
0P 0P
[(cl + o) + 03] o + [cly + g(x)] 8_y =P + c4. (3.3.2)

The differential equations of the characteristic curves of the first order linear PDE (3.2.4)) are

d d dd
° . . (3.3.3)
(at+ce)rte ayt+gl) P+
3.3.1 Case 1: Falkner-Skan equation
For this case we assume that
C1 + Co 7£ O, Co 7é 0, C1 7é Co. (334)
Consider the first pair of terms in (3.3.3)), then
dy c g(z
i Y= (=) - (3.3.5)
c +c <x + ) c1+c (x + )
e+ er) c1+c3 (@ 2) c1+c3
The integrating factor is
1
o et (3.3.6)
e+ 533)
Cc1 + C
and the solution of (3.3.5) is
c1/(c1+cz2)
y=Ga)+ (o4 —2—) Y AL (3.3.7)
C1 + Co

where A; is a constant and

Glr) = — (v 4+ =2 )Cl/wcﬂ /( g()dz (3.3.8)

(2c1+c2)/(c1+e2) ”
(c1+c2) C1+ ¢ v 3 > 1rez)/ierTes

c1+ ¢y

29



Hence
y — G(v)

C3 c1/(c1+c2) -
(o :3)
1+ ¢

1-

Consider next the first and the last terms in (3.3.3),

dx 1 dd
Ta) (o)
(Cl+02)<$+61+62 +Cg
which gives
o4+ 2
Co _
C3 caf(citea) Ag,
e+ 553)
1+ co

where A, is a constant.

Now 1) = ®(x,y). The group invariant solution is of the form
Ay = f(A1)

where f is an arbitrary function and therefore since ) = ®(x, y) we obtain

C4 C3 c1/(c1+c2)
T,y)+— = (1’ + )
Y(x,y) o P f
where
¢ = y — G(z)
o C3 c1/(eitez)”
(74 )
C1 + Co

The function G(z) is arbitrary because g(z) is arbitrary.

Substituting (3.3.12)) into the PDE (3.2.1) gives

T o poTl (A (LY

Yaes T et e’ Yae T\ e/ \ae
(8c1—c2)/(c1+c2)
—l—W(x)(x—i— 63 > = 0.
C1+ Co
But from equation (3.2.102)) we obtain
aw dz
—_— = (02 — 361)

W [(cl +co)x + 03]
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(3.3.9)

(3.3.10)

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)

(3.3.15)



and therefore

(e2—3c1)/(c1+c2)
C3 ) Coe (3.3.16)

W(x) = Wo(x o

where W}, is a constant. Substituting (3.3.16) into (3.3.14), we find that

P e d2f rer— ey fdf\2 B
vt Ot <C1 +02) (d_g) + W = 0. (3.3.17)

The ODE (3.3.17) is independent of G(z) and depends only on W), and the ratio a
Co

A\ 2
In Case 3 we also assume that ¢; # ¢, and therefore the coefficient of (d_é> 1S NON-Zero.

. C . .. .
To obtain —1, consider the boundary condition at the mainstream

Ca
vz (x, 00) = Ulx). (3.3.18)
Now
0 ( C3 (c2—c1)/(e1+e2) df
ve(y) = 22 = (2 + ) 4. 3.3.19
(z.9) dy c1+co d§ ( )
But
_ y — G(z)
&= o e (3.3.20)
o+ 55)
1+ ¢
and therefore £ — oo as y — oo. Hence
C3 (c2—c1)/(er+e2) df
Ve(z,00) = (2 + ) — (o0 3.3.21
( ) ( 1+ ¢ d£ ) ( )
and therefore
3 (ca—c1)/(er+e2) df
Ux) = ( ) Y (00). 3.3.22
(@) = (w2 ) (3322
Let
m=2"°1 (3.3.23)
Co+ C1
Solving for “ and assuming m # —1, that is, co # 0, we obtain
Co
1
S—— (3.3.24)

(&) 1+m
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Also let

C3
C1 + Co

= —xo. (3.3.25)

The choice of ¢3 corresponds to the choice of origin for z. Equation (3.3.22)) becomes

Uz) = (x — xo)mﬁ(oo). (3.3.26)

dg

The mainstream velocity must therefore be of the form

U(z) = Up(z — xo)™ (3.3.27)
where
d,
Uy = d—J;(oo) (3.3.28)

For a group invariant solution we also have from (3.2.106),

2(ca—c1)/(c1+c2) 5
Ulz) = [(Cl+c2>wo(x+ ST (3.3.29)
Cy — C1 1+ ¢
provided ¢y # ¢4, that is, m # 0. Equation (3.3.29) expressed in terms of m is
1
U(z) = [%(m — o)¥™ + k] . (3.3.30)
Therefore from (3.3.27) and (3.3.30)
W, 1
Up(x — xo)" = [EO(:E — x0)*™ + k‘] ‘) (3.3.31)
Hence k£ = 0 and
W, 1
<_0> 2 . (3.3.32)
m
Equation (3.3.17)) becomes
Bf 1 Ef AN
vagr + (M€ - m<d—€> +mUZ = 0. (3.3.33)
We make the transformation
f(§) = AF(n), (3.3.34)
§= B, (3.3.35)
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where A and B are constants to be determined. Equation (3.3.33)) becomes

v d3F+Fd2F+ 2m <B’2 ) <dF>2)
(1+m)AB dn? dpr  (L+m)\A27°  \dp

We choose A and B so that

2
(HQW =1, %UOQ =1

Thus

A:<2Uou>$ B:( 2u )é

14+m/ "’ (14+m)Uy

and (3.3.33)) transforms to

d®F d*F 2m dF'\?

dn? +Fd772 + (1+m) [1_ <d_n> } =0

Equation (3.3.39) is the Falkner-Skan equation.

Consider now the stream function (3.3.12),

Cyq C3 c1/(c1tez)
z,y)+ — = <:L‘ + )
viay)+ 2 o (€

After the transformation (3.3.34) and (3.3.35)), equation (3.3.40) becomes

c U \ 3 1(14m
Ue) + = () =m0 T EG)

Also £ given by (3.3.13) transforms to

n:(u+mwwswy—au»

2v T — xo)%(lfm) '

Consider now the Lie point symmetry which generates the solution. We can take
cg =0 (fixes the origin in x),
cy =0 (arbitrary constant in 1)),
G(zr)=0 (fixes the origin in y).
Hence

X = Cle —+ CQXQ
0

= (c +c)x£—|—c —+cwi
= 2 o 1y8y 2 81/1'
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(3.3.36)

(3.3.37)

(3.3.38)

(3.3.39)

(3.3.40)

(3.3.41)

(3.3.42)

(3.3.43)

(3.3.44)

(3.3.45)



Next we derive v, (x,y) and v, (x, y). These velocity components will be needed in the bound-

ary conditions later. We have

_W_ mdE
=5, = Ule = o)™ o (3.3.46)

Vg
We choose G(x) = 0 so that y = 0 if and only if £ = 0. Thus

Uy = _g_i T (%)2@ — a0)2 "V F ()

~m -0 () e

dF

— 3.3.47
] n ( )

Consider now the boundary conditions. The boundary conditions do not determine the

constants further. They determine v, and v, at y = 0 for a group invariant solution.

T-"'x(x, m) = U(JC)

v, (x,0) = v.(x) v, (x, 0) = —vs(x)

Figure 3.3.1: Viscous boundary layer flow past a flat plate with slip, suction and blowing

boundary conditions

y=o00 :1n =00 wheny = oo

U()([E — .1]0) dn = UO(ZE - 1‘0>m7
M =1. (3.3.48)
dn

y=0:n7=0 wheny =0

vz (2, 0) = v (), (3.3.49)
dF'(0



Hence for a group invariant solution, v;(x) must be of the form
v () = vz — o)™

where

dF(0) v

d77 U(] '

Finally for v, aty = 0

Uy (2,0) = —v,(x).

(3.3.51)

(3.3.52)

(3.3.53)

dF
We have that d—(O) is finite because v, (x,0) is finite. Hence from equation at =0

n
we obtain

<(1 +T2n)U0y

Thus for a group invariant solution, v,(x) must be of the form

Lim—
vs(x) = vgo(x — x0)2( b

where

F(0) = <—(1 +§1)on>21}80'

Case 1 : General summary of the Falkner-Skan equation

ci+c#0, c#0, ¢ #co,

m:cz_cl, m#0, m#1,
Co + C1
Cy4 QU()V >% l(l—&-m)
_— = 2 F
Ue) + = () = w) i E)

n = <(1 +27:)Uo>%( (y — G(x))

R - ()

_ 2 0 -m o 0
_(1+m)x3x (1+m)y8y oy’
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)5(96 — )"V F(0) = va(w).

(3.3.54)

(3.3.55)

(3.3.56)

(3.3.57)

(3.3.58)

(3.3.59)

(3.3.60)

(3.3.61)

(3.3.62)



v (z,y) = Up(x — l‘o)md—n, (3.3.63)
1+ m)Upr1s )
o a.y) = - [EO] 2 ysomn gy
m — U 17, iy, 4F

(m 1)[2(1_%7n)] (=2 Dy, (3.3.64)
vi(x) = vz — o)™,  vs(x) = vso(T — a:o)%(mfl), (3.3.66)
dF B d_F _ Vo B 2 3
=1 GO =3 FKO)—-((quﬁgz%;) V. (33.67)

3.3.2 Case 2: Flow in a divergent channel and convergent channel

For this case we assume that

C1 -+ Co 7é 0, Cy = 07 C1 7é 0 (3368)
and therefore
m=2"9_ _1 (3.3.69)
Co+Cy

Consider again the linear combination of the Lie point symmetries which generate the solution,

X =[(c1+c)r+ 03]((% + (cy + g(:zc))((% + (et + C4)%. (3.3.70)

When m = —1, we have ¢, = 0 and we assume that ¢; # 0. The Lie point symmetry (3.3.70)

reduces to
0 0 0
X = (qz + 03)% + (ay + g(m))a—y + 04%. (3.3.71)
The Lie point symmetry is no longer a scaling symmetry.
For a group invariant solution, 1) = ®(x, y),
X —®(z,y)| =0, (3.3.72)
Y=
that is, provided
0P 0P
(Cll’ + Cg)% + (cly + g(w))a—y = C4. (3373)
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The differential equations of the characteristic curves of the first order PDE (3.3.73) are

d d dd
- - = (3.3.74)
azr+ec  cay+g(x) Cy
The first pair of terms give
-G
y—g) — 4 (33.75)
(r+50)
C1
where A; is a constant and
1 c x)dx
G(z) = _<x+ _3> /&2
€1 1 <a: + ﬁ)
C1
The function G(z) is arbitrary because g(x) is arbitrary.
Consider next the first and last term in equation (3.3.74). It gives
o-Zn (o4 2) = 4y, (3.3.76)
C1 C1

where A, is a constant.
Now ¢ = ®(x,y). The group invariant solution is of the form A, = f(A;), that s,
Cyq C3
vy =2 (o +2) + () (3.3.77)
1 1

where f () is an arbitrary function of £ and

)
(=+3)

C1

(3.3.78)

Note that the stream function is not simply obtained by putting ¢, = 0 in equation (3.3.40).
Now substitute the stream function (3.3.77) into the PDE

Yy gy — Yuthyy = W(x) + v1hyy, (3.3.79)

which gives the ODE for f(n),

Bf ey df  dfy? N3
vt gt <d_§> +(v+ C—1> W(z) = 0. (3.3.80)

But W (z) satisfies the first order ODE (3.2.102)) which when ¢, = 0 becomes

dWw I 301
dr (x4 c3)

W =0. (3.3.81)
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Thus

W)= —2 (3.3.82)

The differential equation (3.3.80) becomes

Bf  eadf df \ 2 B
vt et (d—g) W, = 0. (33.83)

Before we can consider the boundary conditions, we first evaluate U (z). We have

%(%U%)) —W(a) (3.3.84)

and using (3.3.82) for W (x) and integrating we obtain

1

U(z) = ( — W, (:c + Z—i’) L k:) ? (3.3.85)

where k is a constant.

Consider the boundary condition at y = oo in order to obtain I¥,. Now

_ov_ 1 df
vz, y) = i (x . §> T (3.3.86)
&]

where ¢ is defined by (3.3.78)). Thus £ — oo as y — oco. Hence letting y — oo in (3.3.86), we

obtain
1 df
Vg (2,00) = ——<—=(00). (3.3.87)
2]
C1
But v, (z,00) = U(x) and therefore
1 df
Ux) = — . (3.3.88)
C1
Hence U (z) must be of the form
U,
Ulz) = 7 (3.3.89)
(=+3)
C1
where U is a constant. From (3.3.83)) and (3.3.89) we obtain
—9 1
LU (-wo(z+2) " +k)’ (3.3.90)
3 c
(:c + —) 1
&]
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and therefore £ = 0 and

Wy = —U2. (3.391)
The ODE (3.3.83)) becomes
Ef adf  df\? o,
— + ——= — ) —Uj=0. 3.3.92
vae T o ae (dg) 0 (3.3.92)

We now make a transformation of f and ¢ in order to simplify the ODE (3.3.92). Let

f(&) = AF(n), (3.3.93)
§ = Bn, (3.3.94)

where A and B are constants to be determined. Equation (3.3.92)) becomes

v d&°F cy d°F dF\2 B?
—) —=U2=0. 3.3.95
AB dn3 * a1 A dn? (dn) A270 ( )
We choose
A = BU, (3.3.96)

and equation (3.3.95)) becomes

v d3F cy, d°F <dF>2_1

—_— =0. 3.3.97
B2Uy dn3 + BUycy dn? dn ( )

There are two cases to consider, a divergent channel with U, > 0 and a convergent channel

with Uy < 0.

(i) Divergent channel Uy > 0.

Choose
— =41 (3.3.98)
and therefore

B= i(i)é. (3.3.99)
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Choose

1
vz 1
B= +(Fo> . A= BUy= (Uw). (3.3.100)
Equation (3.3.97)) becomes
dF cs d*F dF'\?
+ T +1=) —1=0. (3.3.101)
d773 Cl<UOV)§ d772 < d77 >
Thus from (3.3.77)
bz, y) = Z-jm (x + z—i’) + (Uow)EF (1) (3.3.102)
and from (3.3.78))
_ (U2 (y — G())
n= <7> W) (3.3.103)

(=+3)
C1

Now G(z) is arbitrary. We choose G(z) = 0 so that n = 0 when y = 0. Also let

8- g, (3.3.104)
&1
Equations (3.3.102)) and (3.3.103)) become
U(x,y) = Z—jln <x — x()) + (Uou)%F(n), (3.3.105)
U, 1
n=(22) —— (3.3.106)
) )

The fluid velocity components will be used in the boundary conditions. We have

oy U, dF

R i 3.1
wley)= 5= o (33.107)
Cyq ndF
o o + dn
=" = — 2 3.1
Uy(l’, y) or (.I' _ x[)) + (UOV) (iL‘ — 330) (3 3 08)
and from (3.3.89),
U(z) = %o (3.3.109)
T — 2o

Consider now the boundary conditions. They determine the form of v, and v, aty = 0

. ) ) ) . C .
for a group invariant solution to exist and they also determine —L. Consider first v, (x,y).
C1
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ve(x,00) = Ulx)

v (x,0) = v,(x) vy (x,0) = — 2, (x)

Figure 3.3.2: Viscous boundary layer flow past a flat plate with slip, suction and blowing

boundary conditions.

(a)

(b)

y = oo : Then n = oo and
vz (x,00) = Ulx).

Thus from and (3.3.109)
Ug dF(OO) U()
(x — o) dn (z — o)

and therefore

y = 0: Then = 0 when y = 0 and
U:c($a O) - Ut($)

where v () is the velocity of slip at the boundary. Thus from (3.3.107)

U dF(O) _
(x —x0) dnp ()

and therefore for an invariant solution, v;(z) must be of the form

Vto
(z — o)

v (x) =

Hence

UO dF(O) Vto

(x —x9) dn (x — z0)

and therefore

(3.3.110)

(3.3.111)

(3.3.112)

(3.3.113)

(3.3.114)

(3.3.115)

(3.3.116)

(3.3.117)



Consider next v, (z, y).
(@) y=0: Now
vy (2,0) = —v,(x) (3.3.118)

where v () is the suction velocity at the boundary. Thus using (3.3.108))

Cy dF
o )%—nd_” | () (33.119)
— 1 = —Vs\T). e
(x — x9) O (& = ) In=0
dr, . . . . .
But d—(O) is finite because v;(x) is finite. Thus
Ui
dF
n— =0 (3.3.120)
d?] n=0
and therefore
C4
C1
— = v4(x). (3.3.121)
(x — z9) (=)

Hence for a group invariant solution, vs(z) must be of the form

R = — 3.3.122
w) = o0 (3.3.122)
and therefore
& . (3.3.123)
C1

We note that this does not lead to a boundary condition on F'(0) as when m # —1.

The Lie point symmetry which generates the invariant solution is

0 0 0
X =((c1 + co)r + C3)8_x + (c1y + Q(Q?))a—y + (e + 04)@- (3.3.124)
Now
C3 C4
co=0, —=-xp g¢g(r)=0 and — =y (3.3.125)
C1 C1

and dividing (3.3.124) by ¢;, we obtain for the Lie point symmetry which generates the
invariant solution for m = —1 and Uy > 0,

9, 0 0
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Case 2, Uy > 0 : General summary of the divergent channel equation

Cl+627£0a 62:07 017&07
m:CQ—Cl :_1’
Co+

¢($,y) = Uso In <

Y

Uy > 0,

T+ @> + (on)ép(n),

C1

= (%)2@—130)’

d*F

d3F Vso

+
dn®  (Upw)2 dn?

ve(z,y) =

Uo

Us0

dn
dF

(55’—330)(1_777

+(2) —1=0

(Uov): dF

X:(x—aco)8

(i) Convergent channel U, < 0.

ox

Cy
Xo, - =
C

1

0

+ ya—y + Vg0

(x — :co)77 dn

Us0,

o

In the differential equation (3.3.97), since Uy < 0, we choose

and therefore

14

B2U,
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—1

(3.3.127)

(3.3.128)

(3.3.129)

(3.3.130)

(3.3.131)

(3.3.132)

(3.3.133)

(3.3.134)

(3.3.135)

(3.3.136)

(3.3.137)

(3.3.138)

(3.3.139)

(3.3.140)



Choose

and hence

Equation (3.3.97) becomes

dB>F 4 dQF_ <dF>2+1:0.

_l’_ -
dn® e (=Ugv)z dn*  \dn

Thus from (3.3.77) for the stream function
C C 1
V@) = =in (2 +2) = (~Un) F(n)

€1 1
and from (3.3.78)) for £

_ (=Uo\:(y = G(x))
n= v C3 .
(+5,)
C1
We again choose G(x) = 0 so that 7 = 0 when y = 0 and let

C3
&1

= —Xy.

Thus

The fluid velocity components are

oy U, dF

Ve (2, y) = =— = —,
@3) dy  (x — o) dn
Cy ndF
Oy a 1 ldn
= —_ — (-1
Uy(![',y) ox (iU—CCo) ( 0V)2(.CE—LL'0)
and from (3.3.89) we have again
Uy
U pu—
(@) =

(3.3.141)

(3.3.142)

(3.3.143)

(3.3.144)

(3.3.145)

(3.3.146)

(3.3.147)

(3.3.148)

(3.3.149)

(3.3.150)

where Uy < 0. Consider now the boundary conditions. They again determine the form

. . . . . C
of v, and v, at y = 0 for a group invariant solution to exist and they also determine =,

Consider first v, (z, y).
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ve(x,00) = Ulx)

v (x,0) = v,(x) vy (x,0) = — 2, (x)

Figure 3.3.3: Viscous boundary layer flow past a flat plate with slip, suction and blowing

boundary conditions.

(a) y = oco. Then n = oo and
vz (x, 00) = Ulx) (3.3.151)

and substituting and (3.3.150) into (3.3.15T1)) gives
UO dF (OO) . U()

= . (3.3.152)
(x —z0) dn (z — x0)
We again obtain the boundary condition
dF
(o0) _y. (3.3.153)
dn
(b) y=0:Nown =0wheny =0 and
ve(x,0) = v (), (3.3.154)
where v;(z) is the slip velocity at the boundary. Thus using (3.3.148),
Uy dF(0)
= . 3.3.155
(x —x0) dn u() ( )
Hence for a group invariant solution to exist, v;(z) must be of the form
Vi
= — 3.3.156
v () (&= 20) ( )
where
dF(O) Vto
— = 3.3.157
a U, ( )



Consider next v, (z, y).
(a) y =0 : Let vs(x) be the suction velocity at the boundary. Then
vy(z,0) = —vs(x)

and substituting (3.3.149) gives

Cy nﬂ
A (g — _uy(z)
(x — z9) (x — x) In=0

F
But d—(O) is finite because v, () is finite, thus

n
dF
ll —0
" dn n=0
and therefore
Cy
C1
—— = w4(x).
(x — x9) (z)

(3.3.158)

(3.3.159)

(3.3.160)

(3.3.161)

For a group invariant solution to exist, vs(z) must therefore be of the form

Us0

vg(x) = ———— (3.3.162)
() &= o)
where
&= (3.3.163)
(&]
There is no boundary condition on F'(0) when m = —1 which existed when m # —1.
The Lie point symmetry which generates the invariant solution is
X = (et et es)as + (e + o)) o+ (e o) (33164
= ((c1 +co)r+c3)=—+ (c x))=— +(c Cq) = 3.
1 2 3) 5, 1y Ty By 2 4)5 b
Since
=0, 2= _uy gl&)=0, L=u,, (3.3.165)
1 1
the Lie point symmetry reduces to
0 0 0
X =(x—z9)= — + Voo 3.3.166
(x fo)aer?JaerUo((w ( )

which is the same as for Uy > 0.
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Case 2, Uy < 0 : General summary of the convergent channel equation

Cc1+ Co 7£ 0, =0, 7é 0, Uy < 0, (3.3.167)
m=2"__1 (3.3.168)
Co + 1
W(x,y) = vo In(z — x0) — (=Ugr)2 F(n), (3.3.169)
U() % Yy
= -—) — 3.3.170
77 ( 14 ) (l’ — 1’0)’ ( )
BF v dAF dF\2
+ —(—) +1=0, 3.3.171
dn*  (—Upv)3 dip? (dn> ( )
Uy dF
Uy (2, y) = —, (3.3.172)
) = o @

vy(,y) = 1 - n—, (3.3.173)

0,(2,0) = v(x), vy(x,0) = —v,(x), (3.3.174)
U) = —20 @)= —2 @)= —20 (33175
(x — x0) (x — x0) (x — x0)

dF dF Vo

— = —(0) = — 3.3.176
C3 Cyq

Cy = 07 — = Zo, — = VUs0, g(x) = 07 (33177)
C1 C1

0 0 0
X =(z—- xo)% + ya—y + USO%. (3.3.178)

3.3.3 Case 3: Blasius equation

In this case it is assumed that ¢; + ¢y # 0, ¢; = ¢2. Then m = 0. From equation (3.3.17) the
ODE is

d?’f+ o d2f+<01—C2)<df

2
— Wo=0 3.3.179
Vd£3 (c1 + )" d€? c1 + ¢y d§> + Mo ( )

and since ¢; = cg, it reduces to

af 1 .d*f
=L WL =o0. 3.1
yd§3+2fd§2+ =20 (3.3.180)
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Consider the boundary condition at y = oo,
vz (x,00) = U(x).

But from (3.3.19)

o e I B

c1 + ¢

¢ d¢’
Also from (3.3.20)
y — G(z) _ y—G()

c3  \a/(eiter) c3\ 35
T+ > ( —>
( c1+co T 2co

Hence £ — oo as y — oo and therefore by (3.3.182))

_
e

The mainstream velocity must therefore be of the form

&=

(00).

Vg (T, 00)

U(ZL‘) = U()
where

Also, from equation (3.2.103)), for a group invariant solution

U@) = 2ol (24 22 4]

Co
From equation (3.3.186) and (3.3.187)
C3 %
Uy = [2W01n (1’4——) +/<:] )
202
Hence
WO == 0
The ODE becomes
Bf LS
w4 oL .
vae e
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(3.3.181)

(3.3.182)

(3.3.183)

(3.3.184)

(3.3.185)

(3.3.186)

(3.3.187)

(3.3.188)

(3.3.189)

(3.3.190)



We now make the transformation

f(&) =AF(), &=Bn

and choose the constants A and B so that

BF 2
pPE_ dF
dn

— =1
o P EaE (o0)

(3.3.191)

(3.3.192)

Now making the transformation (3.3.191)), the ODE (3.3.190) and boundary condition (3.3.192)

become
2u d3F d*F
aBdap g =0
and
dF B
- s
dn (00) = ZUo
We choose A and B so that
2v _1
AB ’
B
—Uy=1
A 0

and therefore

B= (%)2 A = (2Uyv)?.

Consider now the stream function. From (3.3.12)

wla)+ % = (o4 ) g = (o4 2 50

Co C1+ Co

Let

Hence
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(3.3.193)

(3.3.194)

(3.3.195)

(3.3.196)

(3.3.197)

(3.3.198)

(3.3.199)

(3.3.200)



Since an additive constant — in the stream function does not contribute to the velocity com-

&)
ponents, v, and v,, we take “ _ 0. Consider next 7. From equation (3.3.183)
Ca
-G
e=1—2 @”’3 (3.3.201)
T — xo)?
and hence
= (% %y——G(xz' (3.3.202)
2v (x — xg)2
Choose G(x) = 0 so that n = 0 when y = 0. Thus
U 1
n= <—°> S (3.3.203)
2v (I — xo)i

Equation (3.3.192)), which is the Blasius equation, equation (3.3.200) for ¢)(x, y) and (3.3.203))

for 1 could be obtained by setting m = 0 in the general results for Case 1, the Falkner-Skan
equation. The results from now on in this subsection are therefore the same as Case 1 with
m = 0 given at the end of Subsection [3.3.2] We present the details of the calculation as a
check.

Consider first the Lie point symmetry

X =((c1 +c)z+ 03)% + (ay + g(x))(% + (et + 04)%. (3.3.204)

Since ¢; + ¢o # 0, we divide by ¢; + ¢; and obtain

C3 0 1 (x) 0 Co 4 0
X = <$+m>%+ <(c1 +02)y+ (Cf}+ 02)>3_y+ <(C1 +02)¢+ (a1 +02)>%'

(3.3.205)
Now
C3 Cq
c1 = Co, — = —xp, g(x) =0, — =0, (3.3.207)
2cs C2
and therefore
0 1 0 1 0
X=(rx—20)+ =y + b= (3.3.208)

or 270y 2 0y
Consider next the fluid velocity components v, (z, y) and v,(x, y). Using (3.3.200) for ¢ (x, y)

and (3.3.203)) for n we obtain

06, dF

. = = Uy— 3.3.209
v 83/ 0d77 ( )
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and

L
Yo oz
dF
1 1 n—
:_<U0V>2 F(n) 1+<U0V)2 dn__ (3.3.210)
2 /) (z— )t 27 (z—m)>

Consider now the boundary conditions. They determine v, and v, aty = 0.

v (x,00) = Ulx)

v, (x,0) = v.(x) v, (x, 0) = —vs(x)

Figure 3.3.4: Viscous boundary layer flow past a flat plate with slip, suction and blowing

boundary conditions.

(a) y =o00:1m =00 wheny = oc.

which gives the boundary condition

dF
%(Oo) —1. (3.3.212)

b)) y=0:7n=0wheny =0.

Up—(0) = vy (). (3.3.213)
Hence for a group invariant solution to exist, v;(x) must be of the form

v(z) = v, (3.3.214)
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where v, is a constant and

©y=0:

Uy($7 0) - —US(J)),

oa(z) = <U;y>§( F(0)

Hence for a group invariant solution to exist, vs(x) must be of the form

which gives the boundary condition

F(0) = <%)évso.

Case 3 : General summary of the Blasuis equation

T —x0)?

C1+027é07 C1 = Cg, m:CQ_61:07 0_4:07
02+Cl Co
V() = (200)* (@ = 20) P (),
o Uo\ 2 Y
n_<2u) (z — z0)2
d3F d’F
20 L2t
dn3+ dn? 0,
o 1 0 1 0
X = (g — )= 4 2y L 2 L
(= 20) 5.+ 3Y5, + 2¥ 3y
dF
v (,y) = Uod_n’
77dF
Uz F(n) Uor\ 2 d_TI
Uy\ T, = — 1 + 19
y(2,y) (2) (z —x0)2 (2) (z — x0)2
US
U(r) =Up, (7)) = v, vs() = ’ T
(x —x)?
dF dF Vro 2 \3
() =1, =—(0)= F0) = (—)"w,
o) =1 0= FO)=(g) v

(3.3.215)

(3.3.216)

(3.3.217)

(3.3.218)

(3.3.219)

(3.3.220)

(3.3.221)

(3.3.222)

(3.3.223)

(3.3.224)

(3.3.225)

(3.3.226)

(3.3.227)



The results are obtained from the General summary of Case 1, equation (3.3.57) to (3.3.67),

by setting m = 0

3.3.4 Case 4: Exponential solution

For this case ¢;+c2 = 0, ¢; # 0, ¢ # 0. From (3.3.2) the group invariant solution ¢ = ®(z, y)

satisfies the first order linear PDE

0P 0P
(c1+ )z + 3 o + (ay + g(ac))a—y =P + 4.

Since ¢; + ¢o = 0, (3.3.228)) reduces to

0D 0D
03% + (—coy + g(x))a—y =cy® + cy.

The differential equations of the characteristic curves are

dx dy do

s —cy+g(x) B P +cy

The first pair of terms give the first order ODE

which has integrating factor exp <C—2x> Thus
C3

% (y exp <2—zx>> = ég(:v) exp <§—zx>

and therefore

where A; is a constant and

G(z) = L exp (_6—02:(:> /I g(z)exp (%x) dr.

C3 3 3

The function G(x) is an arbitrary function. Equation (3.3.233) can be written as

A = (y - Ga))exp (Za).

C3
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(3.3.228)

(3.3.229)

(3.3.230)

(3.3.231)

(3.3.232)

(3.3.233)

(3.3.234)

(3.3.235)



The first and last terms in (3.3.230) give

Thus

C3

and therefore

where A, is a constant. The general solution is

AZ = f(A1)7
where f is an arbitrary function. Thus
b+ 2
C2
e N\ f(€)
exp (—x)
C3

where

&= (y—G@)exp (Z2a).

C3

Since & = ¥ (z, y), equation (3.3.240) can be written as

v+ = e (D) £(6)

(3.3.236)

(3.3.237)

(3.3.238)

(3.3.239)

(3.3.240)

(3.3.241)

(3.3.242)

Since the additive constant — in the stream function ¥ (x,y) does not contribute to the velocity

Co
components v, (z, y) and v,(x,y), we take

a_,
Co
and therefore
_ 2
U(r.y) = o (o) £(6)

(3.3.243)

(3.3.244)



The PDE for the stream function is
Yythey — Yuthyy = W(x) + vy

Substituting (3.3.244) into the PDE (3.3.245]) we obtain

L) w1320

But from equation (3.2.102)) we obtain for a group invariant solution to exist,

aw dz

W — <62 — 361) ((Cl 4 62)33 + 03)'

But we are assuming that ¢; + co = 0. Hence

aw
— 424
W C3 .

and therefore
c
W(z) = Wyexp <4—2$>,
C3
where W, is a constant. Substituting (3.3.249) into (3.3.246), we obtain

+ 2 fd—;;—z (%) Wy = 0.

&
Ve

The ODE (3.3.250) depends only on 22 and W,
C3

. C ) .. )
To obtain — and Wy, consider the boundary condition at the mainstream
C3

But
d
vz, y) = Gy = &XP (22—zx>d—é
and
€= - C@)ew (o)

(3.3.245)

(3.3.246)

(3.3.247)

(3.3.248)

(3.3.249)

(3.3.250)

(3.3.251)

(3.3.252)

(3.3.253)

(3.3.254)



and therefore for a group invariant solution to exist, U (z) must be of the form

Uz) = j—];(oo) exp <2Z—zx> (3.3.255)
Let
(&) . ﬁ .
o a, T (00) = Up. (3.3.256)
Then
U(z) = Upexp (2ax). (3.3.257)

Also, for a group invariant solution to exist, equation (3.2.104) gives

1
_ [ & @ 2
Uz) = [ 5 Woesp <4ch> + k:} . (3.3.258)
Hence
1 3
Up exp (20) = [ S Woexp <4a$> y } (3.3.259)
and therefore
k=0, Wy=2aU;. (3.3.260)
The ODE (3.3.250) becomes
&’ f 4’ f df \? 2
Vg ol g - 2a<d—§> +2aU2 = 0. (3.3.261)

We now make a transformation in f and & to simplify the ODE (3.3.26]). Let

f(§) = AF(n), (3.3.262)

§ = Bn, (3.3.263)

where the constants A and B have still to be chosen. The ODE (3.3.261)) becomes

v d*F FdQF B 2(62§>2 B?

20— = 0. 3.3.264
cABdap U T ( )
We choose A and B to put the ODE (3.3.264) in the form

EF FdQTF n 2(1 _ (d_F)2> — 0. (3.3.265)



We choose this form because when ¢; + co = 0, | m |= oo and the Falkner-Skan equation

(3.3.61) reduces to (3.3.263)) as | m |— oo. Comparing (3.3.264) with (3.3.263) we choose A

and B so that

v
=1 3.3.266
“AB _ © ( )
o B2
Uoﬁ = 1. (3.3.267)
From equation (3.3.267)
A = +BU,. (3.3.268)

We choose the + sign in (3.3.268)). Using (3.3.268), equation ([3.3.266)) becomes

B= i((lLUO)é (3.3.269)

provided al > 0. We choose the +sign in (3.3.269). Using equations (3.3.268) and
(3.3.269), we obtain

1
A= (@> > aly > 0. (3.3.270)
a
Thus for aUy > 0,
I/Uo % 14 %
1©= (") Fm. &= () (3:3271)
Consider now the stream function given by (3.3.244) ,
U(x,y) = exp (ozx)f(ﬁ) (3.3.272)
After the transformation (3.3.262))
U()V %
U(x,y) = <7> exp (ax)F(n). (3.3.273)

Consider now the transformation (3.3.263) for  where ¢ is given by (3.3.241) and B given by
(33:269),
U 1
n= (Q> “(y — G(z)) exp (az). (3.3.274)
v
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We choose G(x) = 0 so that 7 = 0 corresponds to y = 0. Hence
U\ 2
n=(=0) yexp (az). (3.3.275)
v

Consider v, (z,y) and v,(z,y). The velocity components will be needed in the boundary

conditions later. Now

% = Q(QTUO> %y exp (ax) = an, (3.3.276)
g—z = <OZTUO>é exp (ax) (3.3.277)
and therefore
Vg = Z—Z = Uy exp (20&%)2—5, (3.3.278)
vy = —% — —(aUyw)? exp (ax) (F(n) + nfl—];). (3.3.279)

Consider now the boundary conditions. The boundary conditions do not determine the
constants further. They determine v, and v, at y = 0 and y = oo for a group invariant solution

to exist.

ve(x,00) = Ulx)

v (x,0) = v,(x) vy (x,0) = — 7, (x)

Figure 3.3.5: Viscous boundary layer flow past a flat plate with slip, suction and blowing

boundary conditions.

(a) y =o00:1m =00 wheny = oc.
vz (x, 00) = Ulx), (3.3.280)

Up exp (2acx)—(00) = Uy exp (2ax), (3.3.281)
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(b)

(©

which gives the boundary condition

y=0:n=0wheny =0

dF
Up exp (2az)—(0) = vy(x).
dn
Thus for a group invariant solution to exist, v;(x) must be of the form

vy () = vy exp (2ax),

which gives the boundary condition

dF Vto
—(0) = —.
dn( ) 0o

y=0:n=0wheny =0
vy(z,0) = —v,(x).

But

—v,(z) = —(OCU()V)% exp (ax) (F(U) +n—

and therefore
vs(z) = (ozUou)% exp (az)F(0).
Thus for a group invariant solution to exist, vs(z) must be of the form
vs() = vgo exp (ax).
Hence we obtain the boundary condition

F(0) = —2 .
© (aUpv)

N|=
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(3.3.282)

(3.3.283)

(3.3.284)

(3.3.285)

(3.3.286)

(3.3.287)

(3.3.288)

(3.3.289)

(3.3.290)



Case 4 : General summary of the exponential solution.

clhea=0, a#0, c#0, (3.3.291)
—cl
Iml= 2= =00, a=2, Z—0, al,>0, (3.3.292)
Co + C1 C3 C2
vUp\ 2
vlay) = (2) e (an) F() (3:3.293)
1
0= (O‘TUO) >y exp (az), (3.3.294)
d*F d*F dF'\2
ar T EgEt 2[1 - <%> | =0, (3.3.295)
10 0 0
X=—7—y— — 3.3.296
dF
vz (x,y) = Upexp (2a:c)d—, (3.3.297)
n
1 dF
vy(z,y) = —(avlp)? exp (ax) [F(n) + nd—n}, (3.3.298)
U(z) = Upexp (2ax), (3.3.299)
v (z) = v exp (2ax),  vs(x) = vy exp (), (3.3.300)
dF dF () Us0
Pio)=1, Z)=2  po)y= "0 (3.3.301)
d'ﬂ( ) d77< ) Uo © (ozl/UO)%

3.4 Conclusions

The Lie point symmetry was derived of Prandtl‘s two-dimensional boundary layer equations
with mainstream velocity depending on distance = along the boundary. The problem was for-
mulated in terms of a stream function. The Lie point symmetry depends on four arbitrary
constants, ¢;, ¢z, ¢z and ¢4 and on an arbitrary function g(x). It is therefore a linear com-
bination of four Lie point symmetries and an infinite number of Lie point symmetries of the

form

o)
X, = g(x)%

The general form of the invariant solution for four cases was derived. The four cases were:
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Case 1: Falkner-Skan equation.
Case 2: Boundary layer flow in a divergent and convergent channel.
Case 3: Blasius equation.

Case 4: Exponential solution.

The invariant solution in Cases 1 and 3 is generated by a scaling symmetry and in Cases 2
and 4 by a non-scaling symmetry. For each case a laminar boundary layer at a flat plate was
considered. At the plate there is a non-zero slip velocity, fluid leak-off and fluid injection as
well as matching at the free stream. The mainstream velocity is a function of distance x along
the plate. It was found that for an invariant solution to exist the functional form of the fluid
leak-off and fluid injection velocities, the slip velocity and the mainstream velocity could not
be arbitrary but had to take a special form for each case. At the end of each case a summary
of the results was given. This allowed the cases to be compared.

In the next chapter, analytical solutions for boundary layer flow in divergent and conver-
gent channels will be considered. In Chapter [5| numerical solutions for Cases 1 and 3 will be

investigated.
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Chapter 4

Boundary layer flow in convergent and

divergent channels

4.1 Introduction

In this chapter, we will investigate boundary layer flow in convergent and divergent channels.
We will first review a model to show that this boundary layer flow is described by the case
m = —1 of Chapter 3] The flow is therefore generated by a Lie point symmetry of Prandtl‘s
boundary layer equations that is not a scaling symmetry. This is different from most boundary
layer flows, including Blasius flow past a flat plate, which are generated by scaling Lie point
symmetries.

We will first consider boundary layer flow in convergent and divergent channels with im-
permeable boundaries at which there is slip but no suction or blowing. This problem is readily
solved without using Lie group analysis of ordinary differential equations.

We will then investigate the effects of suction or blowing on boundary layer flow in conver-
gent and divergent channels with no slip at the boundaries. We will apply Lie group analysis to
the ordinary differential equation for m = —1 with non-zero suction or blowing. The deriva-
tion of a result for flow in a convergent channel with blowing at the boundary, stated in the

literature by Jones and Watson [15] without derivation, is given.
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4.2 High Reynolds number flow in convergent and divergent

channels

It is first necessary to show that the mainstream velocity

T

Ulz) 4.2.1)

describes flow in a convergent channel when Uj < 0 and in a divergent channel when U, > 0.

To do that we follow the approach of Acheson [16].

Y y=xtan ®

VISCOUS BOUNDARY LAYER

INVISCID MAINSTREAM FLOW

o] \ VISCOUS BOUNDARY LAYER X

Figure 4.2.1: High Reynolds number flow in a convergent channel

y =xtan ®

VISCOUS BOUNDARY LAYER

INVISCID MAINSTREAM
FLOW

® VISCOUS BOUNDARY LAYER X

Figure 4.2.2: High Reynolds number flow in a divergent channel
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Consider a steady high Reynolds number flow of an incompressible fluid between two
intersecting plates, y = 0 and y = = tan ¢, which meet at angle ¢. Figure #.2.1]illustrates flow
in a convergent channel and Figure 4.2.2]flow in a divergent channel. For flow in a convergent
channel, there is a line sink along the line of intersection of the plates through which fluid
is extracted. For flow in a divergent channel, there is a line source through which fluid is
injected.

It is assumed that the flow consists of an inviscid mainstream flow and thin boundary layers
on the two plates in which viscosity is not neglected. The aim is to determine the mainstream

velocity and show that it is given by equation {#.2.1).

Figure 4.2.3: Cylindrical polar coordinates with the z-axis along the line of intersection of the

plates.

Cylindrical polar coordinates (7, §, z) in the channel are chosen with the z -axis along the
line of intersection of the plates as shown in Figure To model the mainstream flow we

look for an inviscid flow in the channel that is purely radial:
v =0v.(r,0), vy=0, v,=0, p=p(rb) (4.2.2)

and investigate the conditions put on v,.(r, #) and p(r, §) by the conservation of mass equation
and by the Navier-Stokes equation for inviscid flow, the Euler equation.

The conservation of mass equation in cylindrical polar coordinates is

10 10vy Ov,
Voos0 g et i s

=0 (4.2.3)
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and therefore for (4.2.2),
—(rv.(r,0)) = 0. (4.2.4)
Hence

vy (r,0) = uie) (4.2.5)

where U() is an arbitrary function of 6.
The r, 6 and 2 components of the steady state Euler equation for an inviscid fluid are

ov, vy Ov, o, v} B 10p

r — component : UTE T + v, 5% _;E’ (4.2.6)
Ovg g vy Ovg  U,Vp 1 Op
_ . 0% v Ov O S 427
0 — component : v, 5 + Y + v, 9% + " o 00 ( )
|
z — component : UT% + %% + UZ%% = —;% (4.2.8)
Substituting @.2.3)) into (#.2.6) and (4.2.7) gives
U*6) 19p
S " 42.
il WOLY (4.2.9)
dp
_ %P g 42.1
0 20 (r,0) ( 0)
and (4.2.8)) is identically satisfied. From (@.2.10), p = p(r) and (4.2.9) becomes
r3 dp
U?(0) = ——(r). 4.2.11
®) ==L @21

By the technique of separation of variables each side of (#.2.11)) must be a constant. The

constant is positive because U?(#) is positive. Denote the constant by UZ. Thus

and
Hence by (4.2.3))
—@ convergent channel,

divergent channel.
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which can be written as

Us velocity in a convergent channel if Uy < 0,
— 2 = : (4.2.15)

velocity in a divergent channel if Uy > 0.

Uy
r

In the boundary layer at # = 0, r can be replaced by x. The mainstream flow for the boundary
layer is therefore given by for a convergent channel if Uy < 0 and a divergent channel
if Uy > 0.

In this chapter we will be concerned with the following two problems. The results were

derived in Chapter
(1) Boundary layer flow in a convergent channel

m=—1,U, <0.

‘f;f + (_(120,,); ZZF v1- (2—5)2 —0, (4.2.16)
%(O@ _1 %(0) -, (4.2.17)
v (2, y) = (xl_]—o%)cfl—i, (4.2.18)
w(o) = ¢ qfoxo) - (&[ioﬁi”% (4.2.19)
n= ( - %)1ﬁ (4.2.20)
(i1) Boundary layer flow in a divergent channel
m=—1,Uy > 0.
Cf;f; + (UQ;SVO)% Cj;ﬁ; - (1 — (2—?)3 —0, 4.2.21)
%@O) 1, %(0) -3 (4.2.22)
vz, y) = ﬁ%, (4.2.23)
wley) =1 11909;0) + (;Uiyii)”fz_i’ (4.2.24)
n= (%)1@_—%0) (4.2.25)



There are two boundary conditions given by (@.2.17)) and (4.2.22)) for the third ordinary dif-

ferential equations (ODEs). We will find that a third boundary condition is required in the

solution. The third boundary condition is

o (z,00) = 0. (4.2.26)

Expressed in terms of F'(n) the third boundary condition is

d*F

d_772(oo) —0 (4.2.27)

In both problems only the derivatives of F'(n) occur in the ODE, boundary conditions and
vy (z,y) and v, (z, y). The function F'(n) itself does not occur. The problems can therefore be

formulated in terms of

_dF

= —. 4.2.28
o ( )

H(n)

The two problems can be solved at the same time by introducing the parameters A and «
defined below.

The problem can be stated as follows

d*H dH
— A 1— H?) = 4.2.29
G PG e =0 4229)

Vto dH
H =1, H — = 4.2.
(c0) , (0) U, a (c0) =0, (4.2.30)
where
convergent channel Uy <0:e=+41, A= Us0 -, 4.2.31)
(=Uov)>
divergent channel Uy >0:e=—1, A\ = Us0 - (4.2.32)
(Uov)>
Also
Uy
ve(x,y) = —H(n), (4.2.33)
(9) = oy H O
1
e (ZUw) nH(n), Uy <0, (4.2.34a)
(x —x0) (2 —x0)
vy@’»y) - v (U V)%

4 207 pH(y), U >0, (4.2.34b)



and

—U\ %
( 0) Y oy, <o (4.2.352)
n— v (x — x9)
(ﬁ)QL, Uy > 0. (4.2.35b)
v/ (x—x)

The coordinate z is determined by the choice of the origin of the coordinates. We will
choose the origin to be at the point of intersection of the two plates. We expect that if there is
a singularity in the flow, it will be at the point of intersection of the plates. Thus xy = 0.

We will include slip at the boundary. Fluid can slip at a rough surface because it flows over

the trapped fluid at the surface. This is illustrated in Figure 4.2.4]

TRAPPED FLUID

_EFFECTIVE SURFACE

Figure 4.2.4: Illustration of a rough surface with trapped fluid. The fluid slips at the effective

surface because it flows over the trapped fluid.

4.3 Boundary layer flow in convergent and divergent chan-

nels with slip but impermeable boundaries

We first investigate the effect of slip at the boundary. The fluid can slip at the boundary but
there is no suction or blowing at the boundary.

Since the plates are impermeable, vy = 0 and (4.2.29) reduces to

dH L a_my=o 4.3.1)

— (00) = 0. 4.3.2)

The differential equation (4.3.1) is readily solved and does not require Lie group analysis to

obtain the solution [16].
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4.3.1 Flow in a convergent channel, U, < 0.

For flow in a convergent channel ¢ = +1. The boundary layer flow is illustrated in Figure

4.3.1l Now

2
()
and becomes
)=
Hence
(‘2_5)2 — g(H3 ~3H + k) (4.3.5)

where k is a constant. Imposing the boundary condition (4.3.2) at n = oo gives £k = 2 and

therefore

dH\? 2 )
(d_n) = S(1— H)(H +2). (4.3.6)

dHN\2 . - . dH \?
The graph of (d—) against H is drawn in Figure |4.3.2, Since (d—> > 0, the range of H
U n

is —2< H <1. Now

d_H:i(g>2(1_H)(H+2)é. 4.3.7)

v, (,0) 0

Figure 4.3.1: Boundary layer flow with slip in a convergent channel.
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The differential equation is variables separable,

dH 2\ 2
(1— H)(H +2)} =+(3)

Let H + 2 = K?2. Then

dK <1>§d
3_ K2 6)
Let K = /3 tanh #. Equation (@.3.9) becomes
df =+ 1 d
\/5 n
and therefore
n
f=+—+c¢
V2
where c is a constant. Thus
n n
K = V/3tanh (—= + ¢) = +v/3tanh (—= + ¢
( NG ) ( 7 )

and therefore

H = 3tanh? (i +c)—2.

(4.3.8)

4.3.9)

(4.3.10)

(4.3.11)

(4.3.12)

(4.3.13)

V2
The boundary condition H(co) = 1 is satisfied. Imposing the boundary condition (4.3.2) at
n = 0 gives
%Z — 3tanh? ¢ — 2

and therefore

o=+t [(2)* (14 ;LUo)%].
0

Hence

1) = —2+3tanh? |22 £rann () (14 29)1)]

NGl 3
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(4.3.14)

(4.3.15)

(4.3.16)



The solution for the flow is not unique. This is an example of non-unique solution of a bound-

ary layer flow. From (4.2.33)) and (4.2.34D)

Vo, y) = % [ — 24 3tanh? [(_Q—U())l% + tanh~! ((g>;(1 + @)1)” 4.3.17)

v 3 2U,
vy(z,y) = Uo%[— 2 + 3 tanh? [(;[V]O)%% + tanh ™ ((%)é(l + ;—gﬂ)éﬂ] (4.3.18)

For the solution to be real

— 00 < vy < =20 (4.3.19)

Ui
The velocity v, (z,y) approaches the mainstream velocity ~% when
x

U() %y
22V 2001 4.3.20
< 2V) x O), ( )
that 1s, when
2V \ 3
y = <_—Uo> z. 4.3.21)

The thickness of the boundary layer is therefore proportional to x and decreases as the main-

. U .
stream velocity ~2 increases. Also, for large values of vy,
x

vy(z,y) = Uy (4.3.22)

12

Thus v, (z, y) does not tend to zero as y — oo. It is a feature of the boundary layer approxi-
mation that the transverse velocity v, does not tend to zero as y — 0.
We now draw the graphs of v, against . We will first take v,y = 0 and then investigate

the effects of slip on the solution for flow in a convergent channel, Uy < 0.
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f 1.5 -1 -0.5 0.5 1 1.5 2 25

dH\?2
Figure 4.3.2: Flow in a convergent channel. Graph of <—> plotted against H. The shaded

dn
region, —2 < A < 1, is the region of physical significance.

(i) Minus sign in and vy = 0.

Taking the —sign in the and setting vy = 0 gives

vz, y) = % [Btanh2 (% — tanh ™" ((;);) — 2}.

Now
ve(2,m) =
when
L (/2\3
n = 2v/2tanh <<§> ), n = 0.
Also

n= V2 tanh™* <<§>%> : Uy = —Q—UO,

_ . _UO
7 =00: Vp = —.
x
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(4.3.23)

(4.3.24)

(4.3.25)

(4.3.26)

(4.3.27)



The graph of v, against 7 is plotted in Figure d.3.3] There is reverse flow close to the

plate in the boundary layer. The region of the reverse flow is

0 <7 < 2v2tanh™" ((;) §>. (4.3.28)

25

U
Figure 4.3.3: The velocity v, given by @#3.23) plotted against 7 for — = —1.
x

(ii) Plus sign in (4.3.17) and v;o = 0.

Taking the +sign in (4.3.17)) and setting v;o = 0 we obtain

welon) = 2 [srant (L v ((3)7)) 2] 4329

Now
ve(z,n) =0 (4.3.30)

when
n=0, n=-2V2tanh™ ((;)2) 4.3.31)
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The negative root is outside the physical range, 0 < 1 < oco. Also
n=o00: v,=—<0. (4.3.32)

Thus v, (z,y) < 0 for 0 < n < oco. The velocity v,(x,y) is plotted against 7 in Figure
4.3.4] There is no reverse flow in the boundary layer. This is the velocity profile usually

observed in experiments [4]].

0.5

U
Figure 4.3.4: The velocity v, given by [@#3.29) plotted against 7 for — = —1.
x

(iii) Minus sign in @.3.17), —co < vio < —2Uy, vy # 0.

For a real solution, —oo < v;9 < —2Uj. Suppose first that —oo < vy < —2U, with

vy # 0. The limiting case v,y = —2U, will be analysed later. Taking the —sign in
with v9 # 0 gives
» = 2%[3tanh <——t h ((-) (1 —> ))—2]. 4333
v . [ an NG an 5 + i ( )
Now
vz (x,m) = (4.3.34)
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when

e = ()} o)) v ()]

and

[N

(6

Vo % 2 %
L o)) i ((5)7))
( ou, an 3
If 0 < vy < —2U, then since Uy < 0,
_ 2 % Vo % _ 2 %
tanh™ [(5)" (14 57) | < v [(5)")
an 3 +2Uo < tan 3

and 7; > 0 and 72 < 0. There is only one positive root. Also
2\ 2
m < 2v/2tanh ™! ((5) )

If —0o < v < 0, then

e [(5)'052) ] v [(3)

and 77; > 0 and 7, > 0 where now

1

n > 2v/2 tanh™! <<§>2>

There are two positive roots.

There are also the following special values

x :C’
2% Vo % —2U0
v (3 (14 g2 ] e 2
n V2 tan 3 +2U0 v .
_ 2\ 3 Vio \ 2 Vio
avman () (1 32)']
n V2 tan 3 +2U0 v ot
U
n=00: vm:—o.
T

(4.3.35)

(4.3.36)

(4.3.37)

(4.3.38)

(4.3.39)

(4.3.40)

(4.3.41)

(4.3.42)

(4.3.43)

(4.3.44)

There are three cases to consider, 0 < v;g < —2Up, Uy < 19 < 0 and —oo < vy9 < U,

Consider first 0 < vy < —2Uj and therefore 1, > 0 and 7, < 0. In Figure

ve(z,m) given by (@.3.33) is plotted against 1. There is reverse flow in the boundary
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layer. The range of the reverse flow is 0 < 1 < 7; where 7, is given by (4.3.35). From
the inequality (4.3.38) we see that this range is less than the range (4.3.28) for no slip.
The slip boundary condition therefore reduces the depth of penetration of the reverse

flow into the boundary layer.

Suppose next that Uy < vy < 0. Then both 7; > 0 and 7 > 0. In Figure 4.3.6]
v (z,y) given by (.3.33) is plotted against 7. There is reverse flow in the interior of

the boundary layer, not at the boundary. The range of the reverse flow is 17, < 1 < 7;.

From (#.3.33)) and (4.3.36),
M — 12 = 2V/2 tanh ™" (@)1) (4.3.45)

The width of the region of reverse flow is the same as (4.3.28) for no slip.

For the third case —oo < vy < Uy where Uy < 0. Then

Vto
— > 1 4.3.46
U, ( )

Since —1 < tanhz < 1 for —oo < 2 < oo it follows from (4.3.33) that for a solution

to exist, it is necessary that

2 % Vo %
(1 —) <1, 43.47
(3) ( tog,) S (4.347)
that is,
Vo
Yo 4.3.48
Uy = ( )

Thus for the third case a solution does not exist.

Consider now the limiting positive value v;o = —2U,. Equation (4.3.33)) becomes

vz, y) = % [3 tanh? (%) - 2]. (4.3.49)

Now
() = (4.3.50)

when
n=m=V2tanh™ ((%)2) (4.3.51)
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and 7o = —n; < 0. Also,

20,
n=0: v, = —70, (4.3.52)

_ U
-2

In Figure vz (x,n) given by (.3.49) is plotted against 7. There is reverse flow at

the boundary. The range of the reverse flow is

n=00: U (4.3.53)

1

2 =
0 <7< V2tanh™ (<§> ) (4.3.54)
which is half the range, (4.3.28), when v,y = 0.

In summary, as v, increases from 0 to —2U, the width of the region of reverse flow

2\ 3 2\ 3
decreases from 2v/2tanh~! (<§> > to v/2tanh™! ((g) ) The region of reverse

flow is always at the boundary. For —oo < vy < 0, the region of reverse flow is in the

2 1
interior of the boundary layer but its width is always 2v/2 tanh ™ <<§) 2) which is the

same as for no slip, v;9 = 0.

Uy n

2.5

Figure 4.3.5: Boundary layer with slip, 0 < vyg < —2U,. Velocity v, given by (4.3.33)) plotted

. Ui
against 7 for =% = _1and % =—1.
T 0

7



o |2
t-?la

Figure 4.3.6: Boundary layer with slip, —oco < vy < Up. Velocity v, given by (@.3.33)) plotted

Uy v 1
against p for — = —1and — = —.
& g i UO 2
U,
f 45 n
4+
35F
sl
25¢
1.5 -1 0.5 2.5

Figure 4.3.7: Boundary layer with slip, v;0 = —2U,. Velocity v, given by (#.3.49) plotted

. U
against 7 for 20 =1,
T
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(iv) Plus sign in (4.3.17) with vio # 0

Taking the +sign in (4.3.17) with v,y # 0 gives

) = Lfstann? (L prann () (14 22) 1)) 2. @ass)

V2 3 2Uo
Now
vz, ) = (4.3.56)
when
e =it () - () (1 52) )], s
and

p=m =y~ (3)1) et (B) 1+ 22)1)] sy

When 0 < vy < —2Up, 1 > 0 while when —oco < vy9 < 0,7; < 0. For the whole

range —o0 < vy < —2U)p, we have 1y < 0. Also

U,
n=o00: U= ?0 <0. (4.3.59)

Thus if 0 < vy < =20 there is one zero of v, in the range 0 < 1 < oo. The graph of
v (z,y) plotted against 7 is shown in Figure There is reverse flow in the velocity

profile at the boundary for

0<n<m= ﬁ[tarﬂfl ((;)1) — tanh~! ((g)l(l + %)1)] (4.3.60)

The range of the reverse flow increases from 0 for v,y = 0 to

0 <7< v2tanh™! ((%)1) 43.61)

for Vo = —2U0

For —oco < vy < 0, there is no zero of v,(x,y) in the range 0 < n < oco. The graph
of v, (x,n) plotted against 7 is shown in Figure for Uy < 10 < 0 and in Figure
for —oo < vy < Up. There is no reverse flow in the boundary layer.
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Uy

Figure 4.3.8: Boundary layer with slip, 0 < v,y < —2Ujy. Velocity v, given by (@.3.53)) plotted

U
against 7 for =% = 1 and for % =—1
x 0

Ui

Figure 4.3.9: Boundary layer with slip, Uy < v, < 0. Velocity v, given by [#.3.53)) plotted
1

. Uy Vto
tn for — = —1 and for — = —.
against 7 for . and for U, 2
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Uy n
13.5

12.5

o |
Hla

25 -2 1.5 -1 05 0 0.5

Figure 4.3.10: Boundary layer with slip, —oco < vy < Up. Velocity v, given by

U
plotted against 7 for “0 — 1 andfor 20 — 9.
T UO
4.3.2 Flow in a divergent channel, U, > 0.

For a divergent channel, ¢ = —1 and U, > 0. The boundary layer flow is illustrated in Figure

Equation (4.3.1]) becomes

&H ,
and using (4.3.3) we obtain
d (1 /dH\?
LYY =1 - B2 43.
w () (4:3.63)
Hence
dH\? 2/,
(d_n> _—§<H —3H+k> (4.3.64)

where k£ is a constant. Imposing the boundary conditions (4.3.2)) at n = oo gives k = 2. Hence

(‘;_JZ)Z _ _g( _ H>2<H +2). (4.3.65)

The difference between (4.3.6) for a convergent channel and (4.3.65) for a divergent channel

is the minus sign.
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dH\2
A graph of (d—) plotted against H is shown in Figure 4.3.11| For a real solution it is
U

necessary that

H 2
(d—) > 0. (4.3.66)
dn
Thus for a real solution
H 2
either (‘Zl—) —1 or —oco< H< -2, (4.3.67)
n

dH
The first solution in does not satisfy the boundary condition d—(oo) = 0 and the
Ui
second solution does not satisfy the boundary condition H (co) = 1 which is not in the range
—oo0 < H < —2. A solution for boundary layer flow in a divergent channel with impermeable

walls does not exist.

dH\?2
Figure 4.3.11: Flow in a divergent channel. Graph of (d—> plotted against H. The shaded
Ui

region, —oo < H < —2, is the region of physical significance.

Further confirmation that the solution satisfying the boundary conditions does not exist

can be seen by imposing the remaining boundary condition

H(0) = %;’ (4.3.68)

82



Equation becomes
dH 2 2 Vg0 2 Vto
L) == (1- ) (24 20), 4.3.69

dH 2
The graph of <d—(0)> plotted against % is given in Figure4.3.12, The boundary condition
n

o

will only be satisfied for

Vo Uto
—0o < — < =2 d —=1. 4.3.70
00 U, = an U, ( )

For the no slip boundary condition, equation (4.3.69) reduces to

(%@)2 _ _g 4.3.71)

which clearly is not satisfied.

For flow in a divergent channel with impermeable walls the assumption that the flow con-
sists of mainstream with zero viscosity and a viscous boundary layer is not correct, even if
there is slip at the boundary. In the remainder of this Chapter the effects of non-zero suction
or blowing on boundary layer flow in convergent and divergent channels with no slip will be

investigated.

(%)

dH 2
Figure 4.3.12: Flow in a divergent channel. Graph of (d—(())) plotted against %. The
n 0

shaded region, —oo < % < —2, is the region of physical significance.
0
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4.4 Lie point symmerties and reduction of order

We now derive the Lie point symmetries of the differential equation (4.2.29) which we write
again here,
d*H dH

o + Ad—n +e(1-H*) =0 (4.4.1)

and use the Lie point symmetries to reduce it to a first order differential equation. The proce-
dure described by Ibragimov [[1'7] will be followed.

The differential equation (4.4.1]) can be written as
G(H,H ,H")=0 (4.4.2)

where

GH,H ,H)=H +\H +¢(1— H?). (4.4.3)

The Lie point symmetries of (4.4.1) are of the form

0 0
X = H)— H)—. 444
The determining equation is
xXPgl  =o0 (4.4.5)
G=0

where the second prolongation X% of X is

/ a ! 1" a
2 _ 9
X X+Cl(77,H,H)8H/ +C(n,H,H  H )8H” (4.4.6)
and
(1 = D(B) — H D(«), (4.4.7)
(o =D((1) — H D(a), (4.4.8)
with
p=2yg % g9 (4.4.9)
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Now

_ aﬁ aﬁ da r_ a_a 12
G=75,* <6H an)H ol (4.4.10)
¢ —82_5 (2 0°p _32_04>H,+<82ﬁ _9 e )H/Q
7 o2 ondH — on? OH? " OnoH
620‘ 13 aﬁ 804 " aa RSl
— Sl (o - 2a—n>H — 3 H'H'. 4.4.11)

The determining equation (4.4.5)) applied to (@.4.3) is

o+ At — 25HB‘G:0 —0 4.4.12)
and substituting ¢, and (; we obtain
i Cangrr ~ a0) 7+ (G ~2550m) 7" ~ Gt (g ~25)1°
—33—2}1’}1” + A% + /\(g—ff . g—‘;‘)H’ . AS—ZH’Q . 25H5‘G:0 —0.
(4.4.13)
Now (#.4.13)) must be evaluated on G' = 0, that is, for
H' = -\H +e(H?-1). (4.4.14)
Replacing H" in @#4.13) using @.4.14) gives
g~ Cana 307+ (g ~2a,5m) 7"~ Gyt
—AH’S—E + eHzg—fI — eg—z + 2Ag—f]‘H’ — 252—‘;‘#
+25g—z + 3)\88—;}[’2 — 3aH23—§H’ + 353—;‘11{’
+)\% n A(S—g . %)H’ _ )\g—;H’Q —2cHB = 0. (4.4.15)

Since a(n, H) and B(n, H) do not depend on H', we separate equation (@.4.13)) according to

powers of H':
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d*a

3, _
H: o =0, (4.4.16)
, 0%B O foate)
H?: 2A—— —2 = 4.4.17
oz " om  2apem = (4.4.17)
, 0% O O oa O«
H: 2 A— — —3¢H’*— — — = 4.4.1
ool Van T%m M am o =Y (4.4.18)
. ’p 0P op op
S eI 5 R A VY
remainder e + A n +e€ 20 SOm eHp
000 090 (4.4.19)
on an
From equation (.4.16),
a(n, H) = HA(n) + B(n), (4.4.20)

where A(n) and B(n) are functions of 7 only. Substituting (4.4.20) into @.4.17) gives

02 dA
8]{62 (n, H) = 2(# ~ M(n)) 4.4.21)
and integrating twice by H, we obtain
dA
00 1) = (2~ \A(w) ) 7 + HO () + Dl (4.4.22)

where C'(n) and D(n) are functions only of 7. Substituting (4.4.20) for a(n, H) and (4.4.22))
for 5(n, H) into (4.4.18) gives
d*A  d’°B

d*’A  dA ac dA dB
4= = A—)H+2— + XN H-— 4+ — ) +3cA(n) = 3cH?*A(n) —H— — —— =0
(dn2 dn) * dn + ( dn * dn) +32A(n) -3 (n) dn?  dn?
(4.4.23)
Separate (4.4.23)) according to powers of H:
H?: eA(n)=0. (4.4.24)

Since ¢ = 41, it follows that ¢ # 0 and therefore A(n) = 0. The coefficient of H in (¢.4.23)

is now zero. The remainder gives

d dB d’B
remainder : 2—0 + A - =

o N @ (4.4.25)

86



and integrating once with respect to 17 we obtain

1/dB

) =5 <d—77 - )\B(n)> + By, (4.4.26)

where Ej is a constant. Thus we have found so far that

a(n, H) = B(n), (4.4.27)
1 /dB
B H) = 5 <% - AB(n))H + EoH + D(n). (4.4.28)

We now substitute (4.4.27) and (4.4.28) into the remaining condition (4.4.19). We obtain
1/d*B d*B d*D 1/d*B dB dD
( )1+ Gz A5 )7+

il it Wl i (22 22 bt
2\ dn? dn? dn? 2\ dn? dn dn

+€[%(% - AB) +E0]H2 _5[%(% - AB) +EO}
e AB)H + ByH + D(n)} H- 25%3}12 + 252—5 ~0. (4.4.29)

Separate (4.4.29) according to powers of H.

wfy(

dB ) 2
H*: — -ZB(n)=-:F 4.4.30
d*B dB
H: —— —\——==4eD 4.4.31
. d*D dD 3 dB 1
remainder : d_772 + d_ﬁ + §€d—n + 58)\3(7]) —cEy =0. (4.4.32)

The function B(n) is obtained by solving the first order ODE (4.4.30). The integrating factor
A

is exp ( — gn> The solution is

2E() ( A

B(n) = - T Foexp 577>7 (4.4.33)

where Fj is a constant. The function D(7) is now obtained by substituting B(7) into (4.4.31).
This gives

_ 6 3 /\
D(n) = —3=eN*Fyexp (57;). (4.4.34)

Finally, substituting (4.4.33)) and (4.4.34) into the remaining condition (4.4.32)) gives a condi-

tion on A for the Lie point symmetry to exist:

)
A=t+—. 4.4.35
7 ( )
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The Lie point symmetry is given by (4.4.27)) and (4.4.28):

ot 1) = 2+ Frn ()

B(n, H) = _g)\FO <H + %6)\2> exp (%n)

and therefore

x= 2ot Foeo (3n)] 2~ 2a (1 + o) exp (30)

There are two Lie point symmetries :

Fo=1,E,=0: X;=exp <in)2 — g)\(H—i- i€>\2> exp <in)—

5')on 5 25

0
FOZO,EOZ]_Z XQZ—,
on

where \ = ii.

V3

(4.4.36)

(4.4.37)

(4.4.38)

(4.4.39)

(4.4.40)

We now reduce the second order ODE (4.4.1) to a first order ODE following the procedure

described by Ibragimov [[17]. There are two Lie point symmetries. To determine which Lie

point symmetry is used, we calculate

A
(X1, Xo] = X1 Xy — Xo X = —gxl-

Hence X is chosen to reduce the order of the ODE.

Now
Vso 5
A= - =+—.
(IUolv)z V3
We define ¢ by

5

A=0—7

V3

where 6 = +1 and
0 =+1 suction, 0 =—1 blowing .

Substituting (4.4.43)) into X; gives

X; = exp (%77)(% — %5([—] +€) exp (%708%
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(4.4.41)

(4.4.42)

(4.4.43)

(4.4.44)

(4.4.45)



Next we derive an invariant U (7, H ) of X and a first order differential invariant v(n, H, H')

of the first prolongation X", They can both be derived from the invariance condition
XWr(n, H H) =0, (4.4.46)

where

0
1 = —
X X1+ Cla . (4.4.47)

Now (; is given by (4.4.10) and using (4.4.45)) it is found that

(1= E(H o)+ N§H’} exp (%n) (4.4.48)

Thus

X1 = exp (%n) [a% - %5(1{ + 5)8% . (%(H +e)+ 6\/§H’> %} (4.4.49)

and the invariance condition (4.4.46) becomes

ol 2 ol 2 ol
o o(H te) e — ((H OVBH') S = 0. 4450
5 ¢§< +) 5w — (3(H +9)+ V3 i ( )
The differential equations of the characteristic curves are
d dH dH'’
T” =—— =3 . (4.4.51)
—_6(H +¢ ~(H +¢)+6vV3H
T +e)  S(H o)
The first pair of terms gives
2
In(H +¢)+ —=0n=cy, 4.4.52
where ¢ 1s a constant. Hence
(n,H) =1In(H +¢) + 2(5 (4.4.53)
u(n, H) =1n g) + —=m. 4.
Ui V3 Ul
The last pair of terms in (4.4.5T)) gives the ODE for H’,
dH' 3 o
— H = —. 4.4.54
dH 2(H +¢) V3 ( )
The integrating factor is (H + £)~3/2. The solution is
H' 20
= ¢y, (4.4.55)

N|=

(H+¢)2 " V3(H +¢)
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where ¢, is a constant. The differential invariant is therefore

H' 20

4+ .y 4.4.56
(H+e): V3(H+e): ( :

v(n,H,H") =

We now apply the following Theorem [17].

Let u(n, H) be an invariant and v(n, H, H') be a first order differential invariant. Then

a /a //a
w_@;gmm_<%+H5ﬁ+H5ﬁﬁ wasn
du  Dy(u) (g—l—H’i)u o
on 0H

is a second order differential invariant. By using the second order ODE to eliminate H”,

can be written as the first order ODE

Z—z = P(u,v) (4.4.58)
inuand v.
Now
_3Hl2 5HI H//
Dy(v) = 5 g T 5 (4.4.59)
20H +¢)2  3(H+¢e)2 (H+e)?
and
20 H' 1
D = — =(H 29. 4.4.
77(“’) \/g + H+5 ( +€)2U ( 60)
Thus substituting (4.4.39) and @.4.60) into (@.4.57)) we obtain
dv 3 H”? 1 o
w2 H" — —H’). 4.4.61
Vdu 2(H+5)3+(H+5)2< 73 (4.4.61)
But from ({.4.56),
H” , 4 45 H
S S 4.4.62
Hvep U T 3H+e) VBHTP (1462
and (#.4.61)) becomes
dv 3, 2 1 5
S . H' + S=6H). 4.4.63
Y 2U+H+5+(H+5)2( +\/§ ( )
But using (@.4.43) for \ the differential equation @.4.T)) is
)
H" = —6H' — (1 — H?). 4.4.64
7 ( ) (4.4.64)
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By eliminating H” from (4.4.63)) using (4.4.64)) we obtain

dv 3, 2 (1- H?)

v@:—Ev +H—|—5_€(H+5)2' (4.4.65)
But by setting ¢ = 1 and € = —1 in turn it can be shown that
2
(Hi 5 - 8(% +€:I)2) =« (4.4.66)
Equation (#.4.65]) becomes
UZ—Z = —gzﬂ +e. (4.4.67)
The second order ODE (4.4.1)) has been reduced to the first order ODE (4.4.67).
Equation (#.4.67) is a first order ODE for v* which can be written as
d . o 2
T (0) 430 = 2. (4.4.68)
The integrating factor is exp (3u). Thus
d (o
— <u exp (3u)) = 2¢ exp (3u) (4.4.69)
and therefore
v==+ <§€ + kexp (—3u))é, (4.4.70)

where k is a constant.

Equation (@.4.70) is now expressed in terms of H and 7 using (#.4.53)) for u and @.4.56))
for v. But

1
and therefore
1 2 3
v="+t——|Ze(H +¢)® + kexp (—2V30n)| . 4.4.72
(HH)Q[g( )’ + kexp (~2v/301)| (44.72)

By substituting (4.4.56) for v a first order ODE for H is obtained :

H - _\2/—53(}1 beo)+ [gs(H &) 4 kexp (~2v30m)] . 4473)

Integration of the second order ODE (#.4.1)) for H has been transformed to the integration of
two first order ODEs, (4.4.67) for v and (4.4.73) for H.
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Further analysis depends on the values of € and 9:

e =+1, flow in a convergent channel
e = —1, flow in a divergent channel
0 = +1, suction (fluid leak-off) at the solid boundary

0 = —1, blowing (fluid injection) at the solid boundary.

The boundary conditions on H (n) are from (4.3.2)) with v,y = 0,

H(oco) =1, H(0)=0, C;—]:(oo) =0. (4.4.74)
The results for flow in convergent and divergent channels has been summarized by Jones and
Watson [[15]]. We now state the properties.

For flow in a convergent channel (¢ = +1) the solution exists for all values of A\ and
therefore for all values of suction and blowing. Holstein [S]] derived numerical solutions for
suction and blowing and also derived a solution in terms of elliptic functions for suction with
A= i For blowing with A = —i Jones and Watson [15]] state without derivation an

V3 V3
elementary solution. We will give a derivation of this solution from #.4.73). We will also
investigate if there is an elementary solution for suction with A = +%.

For flow in a divergent channel (¢ = —1) the solution exists only for A\ > 2v/2 = 2.828,
that is, provided the suction is sufficiently strong. Holstein [5] and Thwaites [18} [19] have

5
derived numerical solutions. For suction with A = — = 2.886, Holstein [5] again showed

V3

that the solution could be expressed as elliptic functions. For A\ = ﬁ we will investigate if
: . . . 5

an elementary solution can be derived using (4.4.73). We will also show that for A = 75

a solution of and does not exist in agreement with the general non-existence

Theorem.
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4.5 Boundary layer flow in a convergent channel with blow-

5
ingc=+1,0=—-1,\A=——
g ( \/g)

For boundary layer flow in a convergent in channel with blowing (fluid injection) at the bound-

ary, ¢ = +1 and § = —1. Equation becomes

dH 2 2 2
S8 = (U+ H) £ [S(L+ H) + kexp (2V3n)] 45.1
B = gt ) =[S Y+ ke (2VE) @50
which is subject to the boundary conditions (4.4.74). Since
dH
d—(oo) =0 and H(oco)=1, (4.5.2)
n

it follows that £ = 0. Also to satisfy (4.5.2) the —sign must be taken. The ODE @.5.1)

becomes
dH 2\ 3 1
(2 e (e
Let
1+ H =G> (4.5.4)
Equation (#.5.3)) transforms to
dG 1
— = —_G(V2-G 455
i = 0V 0) 55
and therefore
1 1 1
—+ dG = —dn. 456
(G V2 - G) /3 (4.5.6)
Hence
V2
G(n) = (4.5.7)

77 )
B (- )
( P V3
where B is a constant and from @.5.4)

H(n) = 2 ~ 1. (4.5.8)

(1 Bow (- 1)

But imposing the no-slip boundary condition

H(0) =0 (4.5.9)
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gives

B=v2-1 and B=—(V2+1) (4.5.10)
and therefore
2
H(n) = s —1 (4.5.11)
[1+(\/§— 1)exp<— %)}
and
H(n) = 2 ~ 1. (4.5.12)

[1—(\/§+1)exp<—%>]2

But H(n) given by (@.5.12)) is infinite at
n=+3n(1++2) (4.5.13)

and is not an acceptable solution. Equation (#.5.T1) satisfies the mainstream matching bound-
ary condition, H(oco) = 1, and is the elementary solution stated by Jones and Waston [15]]

without derivation.

For flow in a convergent channel, Uy < 0, from (4.2.33)), (4.2.34al) and (4.2.354)),

Ui 2
va(z,y) = — 1 (4.5.14)
ez nen (- (- 5)7)]
v/
Vs U, 2
v, (,y) = == + ;2:" -1 @S1)
e (- (<))
v/ x
. . .Uy
The velocity v, (z,y) approaches the mainstream velocity — when
x
U() %y
—— ] ==0(1 4.5.16
(-32)2 =00 (4.5.16)
that is, when
3V \z
—0o((=5) ). 4517
Y “U,) © ( )
which is an estimate of the thickness of the boundary layer. The thickness of the boundary

. . . . .U
layer is proportional to = and decreases as the magnitude of the mainstream velocity, M
x

increases as  — 0 in the convergent channel.
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For large values of ,

vy(z,y) = -t Uo% (4.5.18)

and vy (z,y) does not tend to zero as y — oo. In the boundary layer approximation the

transverse velocity v, (z, y) does not generally vanish as y — oc.

In Figure v, is plotted against ) where, using (.5.11)),

2
_ W 1] (4.5.19)

* l—l—(\/i—l)exp(—iﬂ2

There is no reverse flow in the boundary layer.

0.5

Figure 4.5.1: Boundary layer flow in a convergent channel with blowing. The velocity v,

U D
given by (@3.19) is plotted against 7 for — = —1 and A = 5
T
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4.6 Boundary layer flow in a convergent channel with suc-

5
tion (e =+1,0 =41\ =+—

Holstein [S] derived an analytical solution in terms of elliptic functions for boundary layer

flow in a convergent channel with suction and \ = ﬁ We will investigate if there exists
5
an elementary solution for A = _\/§ similar to (4.5.11]) which could be a special case of the

elliptic function solution of Holstein.

When ¢ = +1 and § = +1, equation becomes

dH 2 2 3
S8 = —S_(+ H) & |S(1+ H) + kexp (-2v3 46.1
an \/g( )£ |50 ) p( ) (4.6.1)
subject to the boundary conditions (4.4.74)). The boundary conditions
dH
Ui

are satisfied for arbitrary values of the constant k and provided the +sign is taken. We choose
k = 0. This compares with the previous case in which £ = 0 is required to satisfy the boundary
conditions at = co. Equation (4.6.1)) becomes

dH

d_n__@)é(uH) [ﬁ—(HH)% . (4.6.3)

3
Making again the transformation (4.5.4), equation becomes

dG 1
— - —GW2-a 4.6.4
and therefore
1 1 1
— dG = ———dn. 4.6.5
(5+ -5 =) i (4.6.5)
Hence
V2
Gn) = (1+B < 7 )) (4.6.6)
exp | —=
V3
where B is a constant. Thus from (4.5.4)
2
H(n) = PR 1. 4.6.7)



Imposing the boundary condition H(0) = 0 gives B = —(1 ++/2) and B = /2 — 1. Hence

2

H(n) = -1 (4.6.8)
- vaen ()]
and
2
H(n) = —1. (4.6.9)
[1 + (V2 = 1) exp (%)}2
But for equations (#.6.8]) and (4.6.9)),
H(c0) = —1 (4.6.10)

which does not satisfy the mainstream matching boundary condition H (c0) = +1. A solution
with constant k£ = 0 satisfying the ODE and the boundary conditions therefore
does not exist.

In order to obtain a special case of the solution of Holstein [3]], it would be necessary to

take k # 0. This is beyond the scope of this dissertation.

4.7 Boundary layer flow in a divergent channel with blow-

5
ing(e=-16=-1\=——
g ( \/g)

For boundary layer flow in a divergent channel the solution exists only for suction with

A\ > 24/2. It does not exists for blowing. We will prove a special case of this non-existence

5
Theorem for blowing with A\ = ——.
c V3
Fore = —1 and 6 = —1, the ODE becomes
dH 2 2 2
——=-"(H—-1)%| - (H—1>+kexp(2V3 4.7.1
B = =D [ = S 1) ke (2v3n @1.1)
which is subject to the boundary conditions (4.4.74). The boundary conditions
dH
H(oo) =1, ——(00) =0, (4.7.2)
n

require £ = 0 but are satisfied for both + and — signs. The ODE (4.7.1]) becomes

Ay a-myzra-mi @73)
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Making the transformation

1—H=G" 4.7.4)

we obtain the two differential equations

G 1

= _\/BG(\[_ G), 4.7.5)
G 1

% a0, 47.
= \/EG(W+G) (4.7.6)

Consider first (¢.7.6) which can be written as

(G- T5g)i6 - % (41.7)
Hence
G(n) = ﬁn (4.7.8)
Bexp ( — ﬁ> —1
where B is a constant and therefore from {.7.4)
H(n)=1- 2 . (4.7.9)

e (- 2) 1]

Imposing the boundary condition H(0) = 0 we obtain B = v/2+ 1and B = —(v/2 — 1).

Hence
2
H(n)=1- 7 - (4.7.10)
[(\/§+ 1)exp<— %> —1]
and
2
H(p)=1- ; . (4.7.11)
[(\/5— 1)eXp<— ﬁ> —|—1]
But is singular at
n=+v3mn(l+v2) (4.7.12)

and for both (4.7.10) and @.7.T1), H(co) = —1 and the mainstream matching boundary
condition H(oo) = +1 is not satisfied. Equations (4.7.10) and @.7.T1)) are therefore not

acceptable solutions.
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Also, equation (4.7.5) is the same as the ODE (#4.5.5). The solution for G(n) is therefore
given by but since now H(n) = 1 — G? the solution for H(n) is

H(n) =1~ 2 (4.7.13)

[imeo(- )]

where B is a constant. Imposing the boundary condition H(0) = 0 gives B = —(v/2+ 1) and
B = v/2 — 1 and the solutions (#.7.10)) and (@.7.11)) are again obtained.
A solution satisfying the ODE (4.7.1]) and subject to the boundary conditions (4.4.74))

therefore does not exist, in agreement with the existence Theorem that boundary layer flow in

a divergent channel exists only for suction with A > 21/2.

4.8 Boundary layer flow in a divergent channel with suction

5]
(e=-1,0=4+1\=+—)

V3

Boundary layer flow exists in a divergent channel with suction provided the suction is suffi-

5
ciently strong, such that A > 2v/2 = 2.828. For A = — = 2.886, Holstein [3] showed that

V3
the boundary layer solution can be expressed in terms of elliptic functions. We will investigate
5
if an elementary invariant solution similar to (4.5.11]) for a convergent channel with A = — ﬁ
exists for a divergent channel with A = —.
;i V3
When ¢ = —1 and § = +1, equation becomes
dH 2 2 2
— =—"(H-1)%|-S(H-1>%+k —2v3n)| . 4.8.1
dn = RH D E [~ gH — 1)+ kexp (—2v30) (48.1)
The boundary conditions
dH
Ul

place no restriction on k and are satisfied for both + and — signs. We look for a solution with

k = 0. Equation (4.8.1)) becomes

dH

o= (2)5(1 — H)V2+ (1 - H)3). (4.8.3)

3

By again making the transformation
1-H=¢G (4.8.4)
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we obtain the two differential equations

dG 1
— = —G(V2+Q), 4.8.5
= G246 @85
dG 1
— - ——G(V2-Q). 4.8.6
B =~ RO =0) “86)
Consider first (4.8.5]) which can be written as
1 1 1
— — dG = ——=dG 4.8.7
(G V2 + G) V3 (4.8.7)
and hence
V2
G(n) = - . (4.8.8)
[B exp <ﬁ> — 1}
Thus from 4.8.4),
Hp)=1- 2 . (4.8.9)

e ()1

Imposing the no slip boundary condition H(0) = 0 gives B = /2 + 1 and B = —(v/2 — 1).

Thus
2
H(n)=1- = (4.8.10)
n
and
2
H(n)=1- (4.8.11)

(2 e ()

The mainstream matching boundary condition H(oo) = 1 is satisfied by both solutions and
both solutions have no singularities for 0 < n < oo.

The differential equation (4.8.6)) is the same as (4.6.4)) and from (4.6.6)) the solution is

G(n) = V2 : (4.8.12)

1+ Bow (L))

Sl=

where B is a constant. Thus from (4.8.4)
2

N1
[1 + Bexp (ﬁ)]
Imposing the no slip boundary condition we obtain B = —(v/2 + 1) and B = v/2 — 1. The
solutions (@.8.10)) and (4.8.11)) are again obtained.

(4.8.13)

H(n) =1~
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There are two solutions, (4.8.10) and (4.8.11)), of the differential equation (4.8.1) for the
special case k = 0 which satisfy the boundary conditions (4.4.74). It has not been possible to

compare these solutions with the elliptic function solution of Holstein [S] because this paper
by Holstein cannot be traced. It was published in Germany in 1943 during the Second World
War.

For flow in a divergent channel, Uy > 0 and from (.2.33)), (4.2.34b)) and (#.2.35b) the
solutions (4.8.10) and (4.8.11)) give

2
vz, y) = Yo 1-— , (4.8.14)

U fveenen ()=

s0 Ul 2
vz y) = -2 4 2 g . (4.8.15)

T (e () ) =]

For large values of y, (4.8.14) becomes approximately

v, y) ~ % (1 _ ﬁ exp ( _ 2<@)§%)) (4.8.16)

. .U
and v, (z,y) approaches the mainstream velocity ~% when
x

2(%)1% —0(1), (4.8.17)
that is, when
1/3v\3
y=0 [5 (70> x] (4.8.18)

which is an estimate of the thickness of the boundary layer. Although for boundary
layer flow in a convergent channel with blowing and (#.8.18)) are order of magnitude estimates
the results indicate that for given v/|Uy| the boundary layer in the divergent channel with
suction may be marginally thinner than the boundary layer in the convergent channel with
blowing.

For large values of y, v,(x,y) again behaves like (4.5.18) and v,(z,y) does not tend to

Zero as y — 00.
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In Figure (4.8.1)),

2
v (z,n) = Yo ly - (4.8.19)

‘ [(\/5—1— 1) exp (%) - 1]2

and
v (z,n) = % 1— 2 . -1, (4.8.20)
[(\/§ —1)exp <ﬁ> + 1]

are plotted against 7. We see that the boundary layer described by vg(cl)(:c, n) is broader and

U
tends to the mainstream velocity, =9 faster than the boundary layer described by o? (z,m).
x

There is no reverse flow in the boundary layer.

-0.5

Figure 4.8.1: Boundary layer flow in a divergent channel with suction. Velocities oM (z,m

U,
o (x,n), given by @.8.19) and (@.8.20)), are plotted against 7 for 2 —4land N =+
x

and

~—

Sl

4.9 Conclusions

When there is either no slip or slip but no suction or blowing for flow in a convergent channel,
the second order differential equation can be integrated without the aid of Lie point symmetries

and the boundary conditions can be satisfied. There are two solutions and the solution is
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therefore not unique. For one of the solutions, there is reverse flow either at the plate or in
the interior of the flow. For flow in a divergent channel with either no slip or slip but without
suction or blowing, the solution does not exist and the assumption that the flow consists of a
thin boundary layer in a mainstream flow is not satisfied.

For all the results derived for suction or blowing but no slip, the suction velocity vy, was
not arbitrary but satisfied

A:&:ii

(’UOIV)% V3’

where the +sign describes suction and the —sign describes blowing.

For suction, the constant & in the ODE could not be determined from the boundary
conditions. To make progress the choice £ = 0 was made. For boundary layer flow in a
convergent channel with suction it did not give a solution which satisfied the mainstream
matching condition at 7 = oo. For flow in a divergent channel with suction the solution
was not unique. Two solutions were derived which satisfied the ODE and all the boundary
conditions. Holstein [S] derived solutions in terms of elliptic functions for boundary layer
flow with suction in convergent and divergent channels. This paper of Holstein was published
in 1943 and could not be traced. Our solutions could therefore not be compared with the
solutions of Holstein.

For blowing the mainstream matching boundary conditions gave k = 0 in the ODE
(4.4.73). The results derived for blowing were therefore stronger than for suction because
the additional condition that £ = 0 did not need to be made. For boundary layer flow in a
convergent channel with blowing the elementary invariant solution stated by Jones and Wat-
son [15] was derived and for flow in a divergent channel with blowing, a special case of the
Theorem for the non-existence of solution was established.

For a convergent channel with no suction or blowing the solution is not unique and there
is reverse flow near the plate in one of the solutions. In comparison, in a convergent channel
with blowing the elementary solution that was derived is unique and there is no reverse flow.

For a divergent channel with no suction or blowing, boundary layer flow does not exist.
In comparison, boundary layer flow exists in a divergent channel provided the suction is suf-

ficiently strong. The solution derived for a divergent channel with suction was not unique but
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there was no reverse flow in the two solutions.
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Chapter 5

Numerical solutions

5.1 Introduction

In this chapter, we will be providing numerical solutions to some of the Boundary Value
Problems (BVP) for an Ordinary Differential Equations (ODE) derived in Chapter[3] Solutions
to flows in divergent and convergent channels were obtained analytically in Chapter[d] We will
therefore be seeking numerical solutions for the Blasius and the Falkner-Skan equations.

Following from section it is known that the one-parameter scaling group and the
one-parameter spiral group have been used to transform boundary value problems to Initial
Value Problems, provided that the invariance condition is met, by a method known as the non-
Iterative Transformation Method [8, 19]. There is therefore a class of BVPs for which such a
conversion under a one-parameter group applies.

It has been shown that when a BVP is not invariant under a one-parameter group, a
modified BVP can be derived, which is invariant under an extended transformation group
(10, (11}, (13 14}, 20, [21]] and as a result, conversion from the modified BVP to an IVP can be
achieved by a method known as the iterative transformation method. This method will be used

to convert the Falkner-Skan BVP to an IVP.
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5.2 Numerical solutions for Blasius boundary value prob-

lems

The Blasius equation for the boundary layer flow over a flat plate inclined at zero angle of
incidence is known to admit a scaling transformation. The associated boundary conditions
will depend on the problem being studied. Solutions to the Blasius BVP already exists in
literature for various conditions placed on the normal velocity and the horizontal velocity at
the plate.

In what follows, we will be using the non-iterative transformation method to investigate

the solutions for the Blasius equation.

5.2.1 Numerical solution for Blasius equation with no slip and no suction
boundary condition

Consider the Blasius equation in boundary layer theory given by

d*F d*F
— + F— = 2.1
dF dF

O =0, T0)=0. () (522)

Using scaling transformations, the Blasius BVP can be reformulated as an IVP [8, 9].

Under the scaling transformation
=\, F(i)=XF(n) (5.2.3)

equation is invariant, provided b = —a. The homogeneous boundary conditions in
are also invariant. However, the non-homogeneous boundary condition, which is the
third boundary condition in (5.2.2)) is not invariant under (5.2.3). This non-invariance is neces-
sary in order to compute the scaling group parameter A and for the non-iterative transformation
method to work [14]. Therefore, the IVP that results when the non-iterative transformation

method is used to convert (5.2.1) and (5.2.2) to IVP is

BF _d°F
F

d_7_73 + d_772 =0, (5.2.4)
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_ dF d*F
F(0) =0, d—ﬁ(@) =0, d—ﬁQ(O) =1 (5.2.5)

Once F'(u) is obtained, the solution to F'(u) is given by (5.2.3) provided that we have an
dF
approximation for d—(oo) such that \ is calculated from
Ui
dF —3  (dF -3
A:<_ ) :<_ ) , 5.2.6
(o) (o) 5:26)
by choosing & = 1. The numerical solution for the boundary layer velocity F” with no slip

and no suction is shown in Figure[5.2.1]

Ui

0.6 0.I8 1 1.2
dF
dn

Figure 5.2.1: Numerical result of the Blasius problem for no slip and no suction.

5.2.2 Numerical solution for Blasius equation with slip boundary condi-
tion

When there is fluid slip and no-suction at the boundary plate, the Blasius BVP becomes

d*F d*F
F

d_773 + d_772 =0, 5.2.7
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dF dF
F(0) =0, d—n(O) = B, d—n(oo) =1, (5.2.8)

v . . .
where B = ULO_ The BVP can be solved by the non-iterative transformation method and the
0
iterative transformation method.

The invariance of equation ([5.2.7)) was established in Section Under the transforma-

tion (5.2.3)), the boundary condition (5.2.8) transforms to

] dF o dF

_ bl — —2a i —
FO) =0, Go(0)=XB, X"o(o0) =1 (5.2.9)

The non-invariance of the boundary condition at infinity in is vital in order to determine
the group parameter \.

To solve by the non-iterative transformation method, B must be allowed to transform
according to

B=\%pB, (5.2.10)

so that the BVP (5.2.7) and (5.2.8) is transformed to the IVP

dP*F - d*F
— +F—=0 5.2.11
o7 g =0 (5.2.11)
_ dF - d’F
0 =0, TO) =B G (0) (52.12)

The procedure for solving (5.2.11)) and (5.2.12) are outlined below:

1. Non-iterative transformation method

To solve for F'(7}), first choose a value for B in (5.2.11)). Once solution is obtained, the

group parameter A\(B) is obtained from

A= (%(oo));“ - (%(oo))é (5.2.13)

where a is chosen to be unity. Once F' and ) are obtained, solution F'(7) is obtained

from (5.2.3) and the value of B in the BVP is

B = \“B. (5.2.14)

In Table some results from using the non-iterative method to solve the Blasius

problem with slip, choosing a = 1, are presented.
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_ dF d’F
B A — — B
) | G0

0.0000 | 0.7773 | 1.6552 0.6041 | 0.0000
0.5000 | 0.7489 | 1.7829 0.5609 | 0.2804
1.0000 | 0.6957 | 2.0663 0.4840 | 0.4840
5.0000 | 0.4245 | 5.5496 0.1802 | 0.9010
10.0000 | 0.3102 | 10.3935 | 0.0962 | 0.9621
20.0000 | 0.2221 | 20.2795 | 0.0493 | 0.9862

50.0000 | 0.1412 | 50.1771 0.0199 | 0.9965

100.0000 | 0.0999 | 100.1253 | 0.0100 | 0.9987

200.0000 | 0.0707 | 200.0886 | 0.0050 | 0.9996

Table 5.2.1: Non-iterative numerical result for Blasius boundary layer with slip and no suction

The problem with this approach is that the value of B is prescribed instead of B. It is
desirable to be able to specify the value of B, since the BVP requires B to be known,
and not B. To achieve solving the IVP (5.2.11)) and (5.2.12)), with a given B value, the

iterative transformation method is employed.

2. Iterative transformation method for no suction and slip

Consider the parameter transformation given by

B=)\2B. (5.2.15)

If we want to solve the BVP (5.2.7) and (5.2.8) for a particular value of B, say B = B,
we therefore set B = B in (53.2.13)) and define a function

I'(B) = B - \"2B, (5.2.16)

where A\ = A(B). For each value of B, the IVP (5.2.11)-(5.2.12) is solved and the
corresponding value of ) is obtained from (5.2.13). Integration of the IVP with varying

values of B is done until an interval [B;, By] on which T" is real and continuous, such

that T'(B,)T'(B,) < 0 is found.

109



This guarantees that indeed a root B = B* exists on [B;, B,]. Any root finding method

can now be used to determine B* such that
|B* =X Bl <e (5.2.17)

holds, where \* is the value of A at B = B* and € << 1 is the tolerance.

For example, if we choose B = 0.4840, it was found that I'(0.5) < 0 and I'(1.5) > 0 so
that the interval of B where I" changes sign is [By, By] = [0.5, 1.5]. That is, I" satisfies
the inequality I'(0.5)I'(1.5) < 0 on [0.5, 1.5]. Hence, there is a root such that B = B*
in [0.5, 1.5]. By using the bisection method, IVP (5.2.11) and (5.2.12) is integrated with

varying values of B3 obtained from

_ B+ B
B:%

, (5.2.18)
where, if ['(B) < 0, we set B; = B, andif I'(B) > 0, we set B, = B. For each solution
corresponding to a given B, the corresponding A value is obtained from (5.2.13). With
B = 0.4840, the value of B obtained is B = 1.0001275. The result agrees with that

obtained using the non-iterative transformation method.

The velocity profile F” plotted against 7 for varying values of the slip velocity at n = 0

is shown in Figure
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B =0.4840

B =0.2804
B=0

S

0 0.2 0.4 0.6 0.8 1 1.2
dF

dip

Figure 5.2.2: Numerical results for the Blasius problem for slip and no suction.

5.2.3 Numerical solution for Blasius equation with suction boundary con-
dition

When there is fluid suction and no-slip at the boundary plate, the Blasius BVP is given by

dF d*F
— — = 2.1
7 gz =0 (5.2.19)
dF dF
F(0) = —(0) = — =1 5.2.20
O=4 GO=0 Frex)=1 (5220

2 1
h A:(—)Qs.
where v Vso

With the aid of transformation (5.2.3)), the associated IVP becomes

BF _d*F

= + e —0, (5.2.21)
_ . dF d*F
F(0) = A, d—ﬁ(@)_o, d—772(0)_1, (5.2.22)



where the parameter A transforms according to

A= \"A. (5.2.23)

1. Non-iterative method

To solve for F'(7}), first choose a value for A in (5.2.22), and then solve (5.2.21)) and
(5.2.22). The group parameter A is then obtained from

1

A= ()

With A chosen and \ obtained, the value of A can be obtained from (5.2.2)). In Table

(5.2.24)

[5.2.2] solutions to the Blasius BVP with suction and no slip is presented, choosing
a = 1. The non-iterative transformation method was used. The last column in Table

(5.2.2)) shows the values of the parameter A, calculated from A and \ using (5.2.23).

A A i—}; (00) (3127]; (00) A
0.0000 | 0.7773 | 1.6552 | 0.6041 0.0000
0.5000 | 0.9412 | 1.1288 0.8859 0.4706
1.0000 1.1146 | 0.8050 1.2423 1.1146
5.0000 | 2.2405 | 0.1992 | 5.0196 11.2023
10.0000 | 3.1631 | 0.1000 | 10.0050 | 31.6307

20.0000 | 4.4723 | 0.0500 | 20.0013 89.4455
50.0000 | 7.0711 | 0.0200 | 50.0002 | 353.5541
100.0000 | 10.0000 | 0.0100 | 100.0001 | 1000.0006
200.0000 | 14.1421 | 0.0050 | 200.0001 | 2828.4277

Table 5.2.2: Numerical results for Blasius boundary value problem with suction and no slip.

The non-ITM method was used.

2. Iterative transformation method for suction and no-slip

The approach here is similar to that implemented in Section [5.2.2] For a chosen value

A, say fl, define a real and continuous function
[(A)=A—- )14, (5.2.25)
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where A = \(A).

For each value of A chosen by trial and error, the IVP (5.2.21)) -(5.2.22) is solved until

an interval is found, say, [4;, A5] where T'(A;)T'(4;) < 0. This guarantees a root
A € [Ay, Ay,
Using the bisection algorithm, we then iterate with varying values of A (obtained from

the midpoints of intervals). The \ value for each A is obtained from (5.2.24). Conver-

gence is reached when
[(A) = |A" =N A| <. (5.2.26)

For example, let A = 0.4706. An interval for A wherein the root lies is [0.1, 1]. Since
[(A))T(Ay) = T'(0.1)T'(1.0) < 0, to proceed with iteration, we set
Ay + A,

A== (5.2.27)

and solve the IVP. The corresponding value of \ is obtained from (5.2.24)). The stopping
criteria for the iteration, given by (5.2.26) is invoked. If satisfied, iteration stops. If not,
we check the sign of I'.

IfT'(A) <0, weset Ay = A, and if ['(A) > 0, we set Ay = A. With A = 0.4706, the
value of A obtained to 6 decimal places is 0.499983. The result corresponds with that
obtained using the non-iterative transformation method. In Figure [5.2.3] the graph of
the velocity profile is plotted for various values of the suction parameter A. The results

show that as suction increases, the boundary layer thickness decreases.
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A =1.1146

A = 0.4706

0.6 D.IS WI 1.2
dF
dn

Figure 5.2.3: Numerical results of the Blasius problem for suction and no slip
5.2.4 Numerical solution for Blasius equation with slip and suction bound-

ary condition

When there is suction and slip condition, the Blasius BVP becomes

d3F d*F
—_— — = 5.2.28
a5 g =0 (5.2.28)
dF dF
=4 TO=B F(o)=1 (5229

2 =

where A = (U_> 21}50 and B = ?. The BVP is converted with the aid of the scaling
oV 0

transformation to the IVP

BF  _d°F
4+ P = 5.2.30
pr= + pr 0, ( )
_ _ dF _ d*F
F(0O)=A, —(0)=B, —(0)=1. 5.2.31
(0) T (0) i (0) ( )

A similar approach as was done in Sections [5.2.2] and [5.2.3| was followed in order to numer-

ically solve the IVP. The non-iterative transformation method was employed. In the graphs
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shown in Figure [5.2.4} Figure5.2.7] the boundary layer velocity is plotted for various values of
the slip parameter A and suction parameter B. The graphs show that as the suction parameter

is varied, keeping the slip parameter constant, the boundary layer thickness decreases.

351
3_
251
A =10,B=0.9010
2r A=0,B=10.4840
A=0,B=0.2804
15¢
A=0,B=0
1t \
0.5
0 . ‘ ‘ . .
0 0.2 0.4 0.6 0.8 1
daF
dn

Figure 5.2.4: The graphical solution for the velocity profile for A = 0 and B = 0,0.5,1,5

dF
dn
0.0000 | 0.0000 | 0.7773 | 1.6553 | 0.0000 | 0.0000

A B A (00) A B

0.0000 | 0.5000 | 0.7489 | 1.7829 | 0.0000 | 0.2804

0.0000 | 1.0000 | 0.6957 | 2.0663 | 0.0000 | 0.4840

0.0000 | 5.0000 | 0.4245 | 5.5497 | 0.0000 | 0.9010

Table 5.2.3: Numerical result of the Blasius problem with slip and suction corresponding to

Figure
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n
3.5
3,
2.5
A =10.2139, B = 0.9147
2f A =0.3729, B = 0.5562
151 A =0.4193, B = 0.3516

A =04706,8 =0

0 0.2 0.4 0.6 0.8 1
dF
dn

Figure 5.2.5: The graphical solution for the velocity profile for A = 0.5 and B = 0,0.5,1,5

- _ dF
A B N
d

0.5000 | 0.0000 | 0.9180 | 1.1865 | 0.4706 | 0.0000

(00) A B

0.5000 | 0.5000 | 0.7951 | 1.5819 | 0.4193 | 0.3516

0.5000 | 1.0000 | 0.7220 | 1.9181 | 0.3729 | 0.5562

0.5000 | 5.0000 | 0.4262 | 5.5052 | 0.2139 | 0.9147

Table 5.2.4: Numerical result of the Blasius problem with slip and suction corresponding to

Figure
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351
5
251
2+ A =0.4303, B = 0.9257
A =10.9160, B = 0.4195
15 ¢
A =0.7857,B = 0.6173
1F A 11146, B =0
0.5
0 . . .
0 0.2 0.4 0.6 0.8 1
dF
dn

Figure 5.2.6: The graphical solution for the velocity profile for A = 0 and B = 0,0.5,1,5

_ _ dF

1.0000 | 0.0000 | 1.0275 | 0.9473 | 1.1146 | 0.0000
1.0000 | 0.5000 | 0.8789 | 1.2944 | 0.9160 | 0.4195
1.0000 | 1.0000 | 0.7669 | 1.7004 | 0.7857 | 0.6173

1.0000 | 5.0000 | 0.4291 | 5.4317 | 0.4303 | 0.9257

Table 5.2.5: Numerical result of the Blasius problem with slip and suction corresponding to

Figure
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0.5

045}

047

035}

03+ A = 21984, B = 0.9666

0.25 A =4.5792, B = (.8388

021 A =15.9953, B = 0.7189

A=112023,B=10

0 0.2 0.4 0.6 0.8 1

Figure 5.2.7: The graphical solution for the velocity profile for A = 5and B = 0,0.5,1,5

- _ dF
A B A — A B
70

5.0000 | 0.0000 | 2.7402 | 0.1332 | 11.2023 | 0.0000

5.0000 | 0.5000 | 1.2579 | 0.6320 | 5.9953 | 0.7189
5.0000 | 1.0000 | 0.9403 | 1.1309 | 4.5792 | 0.8388
5.0000 | 5.0000 | 0.4418 | 5.1237 | 2.1984 | 0.9666

Table 5.2.6: Numerical result of the Blasius problem with slip and suction corresponding to

Figure
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n
3.5
3t
2.5
A=11.2023,B =0
2r A=1.1146,B =0
150 A =104706,8 =0
A=0,B=0
1L Ta
0 ‘ . .
0 0.2 0.4 0.6 0.8 1
dF
dn

Figure 5.2.8: The graphical solution for the velocity profile for B = 0 and A = 0,0.5,1,5

- _ dF
A B A =
d

0.0000 | 0.0000 | 0.7773 | 1.6553 | 0.0000 | 0.0000
0.5000 | 0.0000 | 0.9412 | 1.1289 | 0.4706 | 0.0000
1.0000 | 0.0000 | 1.1145 | 0.8050 | 1.1146 | 0.0000

(00) A B

5.0000 | 0.0000 | 2.2405 | 0.1992 | 11.2023 | 0.0000

Table 5.2.7: Numerical result of the Blasius problem with slip and suction corresponding to

Figure
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A

A

A = 0.9160, B = 0.4195

A=104193, B

0, B = 0.2804

5.9953, B = 0.7189

0.3516

Figure 5.2.9: The graphical solution for the velocity profile for B = 0.5 and A = 0,0.5,1,5

0.2

0.4

0.6
dF

dn

0.8

1

i | B A %@) A | B
0.0000 | 0.5000 | 0.7733 | 1.6722 | 0.0000 | 0.2804
0.5000 | 0.5000 | 0.8907 | 1.2605 | 0.4193 | 0.3516
1.0000 | 0.5000 | 1.0045 | 0.9911 | 09160 | 0.4195
5.0000 | 0.5000 | 1.4951 | 0.4473 | 5.9953 | 0.7189

Table 5.2.8: Numerical result of the Blasius problem with slip and suction corresponding to

Figure @

i | B A %(oo) A | B
0.0000 | 5.0000 | 0.3546 | 7.9527 | 0.0000 | 0.9010
0.5000 | 5.0000 | 0.3559 | 7.8945 | 0.2139 | 0.9147
1.0000 | 5.0000 | 0.3570 | 7.8474 | 0.4303 | 0.9257
5.0000 | 5.0000 | 0.3612 | 7.6643 | 2.1984 | 0.9666

Table 5.2.10: Numerical result of the Blasius problem with slip and suction corresponding to

Figure

120




n
3.5
5l
2.5
2_
A =4.5792, B = (.8388
1.5 A =0.787,B = 0.6173
1 A =10.3729, B = 0.5562
A=0,B [].4840\
0.5
0 : : . : .
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
dF
dn

Figure 5.2.10: The graphical solution for the velocity profile for B =1and A = 0,0.5,1,5

_ _ dF

0.0000 | 1.0000 | 0.7233 | 1.9117 | 0.0000 | 0.4840

0.5000 | 1.0000 | 0.7898 | 1.6033 | 0.3729 | 0.5562

1.0000 | 1.0000 | 0.8443 | 1.4028 | 0.7857 | 0.6173

5.0000 | 1.0000 | 1.0293 | 0.9438 | 4.5792 | 0.8388

Table 5.2.9: Numerical result of the Blasius problem with slip and suction corresponding to

Figure

5.3 Numerical solution for Falkner-Skan problem

5.3.1 Falkner-Skan equation with suction and no slip

The Falkner-Skan BVP is given by

d°F  oPF 2m (1_ <ﬁ>2> _0 (5.3.1)

dn? dn>  1+m dn
dF dF
O=4 TO=0 G(ex)=1, (532)



2 2
e A= (2 Yy,
where A5 m)Uor 0
The BVP (5.3.1) and (5.3.2)) is of the form of the Blasius BVP. The Falkner-Skan model

cannot be solved using the non-iterative transformation method method because (5.3.1)) is not
invariant under a scaling group, therefore the iterative transformation method would be used.
To do that, a modified form of the Falkner-Skan model which is invariant under an extended
scaling group will be used [14, 20].

We first introduce the scaling group of transformations
in=h", F=n"F, (5.3.3)

where h is the group parameter. This scaling group transforms (5.3.1) and (5.3.2) into a

modified Falkner-Skan equation given by

BF _d?F om dF\2
4 pebtp I T (pdetd _prasb( ) ) = 5.3.4
i dﬁ2+1+m< (dﬁ)) 0, (5:34)
_ _ dF dF
F(0O)=A, —(0)= N — =1 5.3.5
O =4, 0 =0, h"(e0) =1, (5:3.5)
25
n

A = 21984, B = (0.9666
A =10.4303, B = 0.9257
A =10.2139, B = 0.9147

057 A—0,B=09010

dF
dn

Figure 5.2.11: The graphical solution for the velocity profile for B = 5and A = 0,0.5,1,5

122



where A = hPA.
Clearly, (5.3.1) and (5.3.2)) are not invariant under the scaling group of transformation
(5.3.3)), since (5.3.4)) and the third boundary condition (5.3.3) contain the group parameter .

Equation F'(0) = A is form invariant, even though it contains the group parameter /. The non-
invariance of F”(00) in (5.3.5) under transformation (5.3.3)) is necessary in order to determine
the group parameter h, however, since (5.3.1) is not invariant, the boundary condition (5.3.2))
could not be replaced by an appropriate initial condition of the form F'(0) = 1.

Consider now the modified BVP (5.3.4) and (5.3.3). If the scaling parameter 4 is allowed

to transform, then, under the extended one-parameter scaling group
Nt =X\7, F*=MF, h* =M, (5.3.6)

the modified BVP transforms to

dSF* —a—b sz* 2m —3a+b —a—b dF* 2
R <h* e ( ) ) — 0. 5.3.7
dn?* + dn*? + 1+m dn* 0 ( )
dr* ab dF™*
F* = A* = h* =1. 538
O=a. =0 1 ) (538

where A* = h*’ A and provided o = a and 3 = b. Thus the modified problem (3.3.4)-(5.3.6)
is invariant under (5.3.6) and is therefore to be solved instead of the Falkner-Skan BVP.

The IVP to solve becomes

d3F* —a—b d2F* 2m —3a+b —a—b dF* 2
R <h o ( ) ) — 0. 5.3,
dn?* * dn*? * 1+m dn* 0 (5.3.9)
dF* a—b dF*
F* = A* = h* =1. 3.10
0= =0 # e (5.3.10)

The parameter 2 must be set to unity in (5.3.4) and (5.3.5)) in order to recover the Falkner-Skan
equation, and therefore, the invariance of (5.3.4) and (5.3.5)) under (5.3.6) does not require a

or b to be known or a relationship between a and b. Thus, provided a = b, thereby ensuring
partial invariance of the third boundary condition in equation (3.3.6)), the group parameter A

given by

A= (C;Z:(oo))‘:b (5.3.11)

and the solution F'(77) can be obtained.
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Once F* is obtained from (5.3.9) and (5.3.10), the solution F'(n) is obtained from the
second condition in (5.3.3)) and the second condition in (5.3.6) as

A*
F(n)=A"F*(n*) and A= SR (5.3.12)

Suppose we choose b = —a = %, equation (5.3.9) and (5.3.10)) become

d*F* d*F* 2m i dF*\2
Jodan <h*2 . ( ) ) —0 5.3.13
ar T T T m ar ©313)

dF* dF*
F*(0) = A" 0)=0 =1 5.3.14
O) =4 GO0=0 F(e0) (53.14)
The extended transformation group, when b = —a = % is

n*=pt'n, F*=uF, h*=u®h, wherel = /° (5.3.15)

5.3.2 Numerical solution for Falkner-Skan equation with slip boundary
condition

Consider again the Falkner-Skan model for slip boundary condition with no suction

(@) e

subject to the boundary conditions

F(0) =0, 2—5(0) = B, ﬂ(oo) =1, (5.3.17)

where A = 0and B = 2.
Uo
We first introduce the scaling group of transformations

7=M\n, F=XF (5.3.18)

where h is the group parameter. This group transforms (5.3.16) and (5.3.17) into a modified

Falkner-Skan equation given by

BF _d’F 2m dF\2
—— P 4 —— (W (=) ) = 3.1
dﬁ3+ d772+1+m< (dn)) 0, (5.3.19)
_ dF _ dF
0)=0 —(0)= pob =1 5.3.20
(0) =0, dﬁ( ) a7 (00) =1, ( )



b
here B = —.
where i

dF
Clearly, and condtion ?(oo) in (5.3.17) are not invariant under the scaling group
n

of transformation ([5.3.18)), since (5.3.19)) and condition 3 in (5.3.20) contain the group param-

eter h. Condition one in equation (5.3.20) is form invariant. The non-invariance of condition
three in (5.3.20) under transformation (5.3.18)) is necessary in order to determine the group
parameter h, however, since is not invariant, the boundary condition could
not be replaced by an appropriate initial condition of the form F(0) = 1.

Consider now the modified BVP (5.3.19) and (5.3.20). If the scaling parameter A is al-

lowed to transform, then, under the extended one-parameter scaling group
nt=\7, F*=MF, h*=M\h (5.3.21)

the modified BVP transforms to

d3F* —a—b dZF* 2m —3a+b —a—b dF* 2
SR K (m _ ( )):, 5.3.22
dn3* * dn*? * 1+m dn* 0 ( )
dF™ a—b AF*
F(0)=0 0)=B* h* =1 5.3.23
(0) =0, dﬁ*( ) 7 dn*(oo) : ( )

where B* = 5 and provided o = a and 8 = b. Thus the modified problem (5.3.19)-(5.3.20)

is invariant under (5.3.21)) and therefore, it will be solved instead of the Falkner-Skan BVP.

The IVP to solve becomes

d3F* —a—b dZF* 2m —3a+b —a—b dF* 2
Lt (m _ ( )):, 5.3.24
dn3* * dn*? * 1+m dn* 0 ( )
dF v dF
F*(0)=0 0)=B* h* =1 5.3.25
(0) =0, dﬁ*( ) , dn*(oo) 7 ( )

The parameter /. must be set to unity in (5.3.4) and (5.3.5) in order to recover the Falkner-Skan
equation, and therefore, the invariance of (5.3.4)) and (5.3.5)) under does not require a

or b to be known or a relationship between a and b. Thus, provided a = b, thereby ensuring
partial invariance of the third boundary condition in equation (5.3.6)), the group parameter A

given by
dF* =
A—(me» (5.3.26)

and the solution F'(n)) can be obtained.
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Once F* is obtained from (5.3.9) and (5.3.10), the solution F'(n) is obtained from the

second condition in (5.3.3) and the second condition in (5.3.6)) as

b B*
F(n) = A""F*(n*) and B=

1
Suppose we choose b = —a = g equation (5.3.9) and (5.3.10]) become

+F

d®F* LA2F* 2m (h*% B <dF*>2)

dn*® dn*® * 1+m dn* 7
dF™ dF*
F*(0)=0 0) =B" =1.
0 =0 GoO=8 F(x)
1
The extended transformation group, when b = —a = 3 is

n*=upt'n, F*=uF, h*=u®h, where \=p°

IT™M
45 °  bvpdc
m=0.3333

A=00097 /¢

(5.3.27)

(5.3.28)

(5.3.29)

(5.3.30)

Figure 5.3.1: Graphical solution of the Falkner-Skan model with slip. Slip parameter A =

0.0097,1.215,11.23

In Figures[5.3.1] the Falkner-Skan model with slip conditions was solved, using the itera-

tive transformation method, as well as MATLAB bvp4c for m = 0.3333. The graph shows a
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good agreement between the two results. Also, when m = 0.052, the graphs shows that as the

slip parameter increases, the boundary layer thickness reduces.

45+ m=0.052

0 0.2 0.4 0.6 AF 0.8 1 1.2
dn

Figure 5.3.2: Graphical solution of the Falkner-Skan model with slip. Slip parameter A =
0.008,1.14,11.2
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Chapter 6

Conclusions

The Lie point symmetry of Prandtl‘s two-dimensional boundary layer equation for the stream
function was derived. The mainstream velocity U (z) depends on distance = along the bound-
ary layer. The Lie point symmetry depends on four arbitrary constants and an arbitrary func-
tion g(z) and is therefore a linear combination of four Lie point symmetries and an infinite

number of Lie symmetries of the form

where ¢(z) is an arbitrary function. The general form of the invariant solution, which includes
the invariant form for the slip velocity and suction or blowing velocity at the base and the
mainstream velocity U(z), was derived for four cases. Two cases, the Blasius equation and
the Falkner-Skan equation, where derived from scaling Lie point symmetries while two other
cases, the exponential equation and flow in convergent and divergent channels, were derived
from non-scaling Lie point symmetries. The Lie point symmetry analysis gave a unified and
systematic approach to the derivation of the invariant solutions.

The boundary layer flow in convergent and divergent channels was studied in detail. For
slip at the boundary and also for no slip, the solution for flow in a convergent channel is not
unique. Two solutions were obtained. For one flow, the velocity profile is the usual form for a
boundary layer. For the other solution, there is reverse flow either at the plate or in the interior
of the boundary layer. When the reverse flow is in the interior of the boundary layer, its width

is the same as the width of the reverse flow when there is no slip, while if its at the boundary,
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its width is less than the width for no slip. For flow in a divergent channel with or without slip,
the solution does not exist if there is no suction.

Boundary layer flow with suction or blowing but no slip in convergent and divergent chan-
nels was also investigated. Unlike the slip boundary condition, the suction or blowing bound-
ary condition adds a term to the ODE. The ODE admits a Lie point symmetry provided the
strength of the suction \ satisfies A = i%. This explains why A = —% was used by
Jones and Watson [[15] in the derivation of their elementary solution for flow in a convergent
channel with blowing. We re-derived the elementary solution of Jones and Watson using Lie
group analysis. Unlike the solution for no blowing in a convergent channel, the solution is
unique and has no reverse flow. We derived an elementary solution for flow in a divergent
channel with suction. This solution is not unique, but there is no reverse flow in either of the
two solutions.

The numerical solution of the Blasius and Falkner-Skan model was derived by transform-
ing the Boundary Value Problem (BVP) to an Initial Value Problem (IVP). The Blasius equa-
tion is invariant under a scaling transformation. A non-iterative method could be used for no
slip and no suction boundary conditions. The Falkner-Skan equation does not admit a scal-
ing transformation. However, a modified form of the Falkner-Skan model, which is invariant
under a scaling group was used to obtain a solution. This required a root finding algorithm
such as the bisection method, along with the ode45 MATLAB function. The effect of the slip
and suction or blowing on the solution of the Blasius equation and Falkner-Skan equation was

investigated.
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Appendix A

MATLAB code

A.1 Commented MATLAB code

)

1 % % %$Blasius equation : IVP Solution

3 % Define interval for root finding method

[

7 % Initiate variables

8 real_a = 0.4706;

9 gamma = 2;

1 % Loop

12 while (abs (gamma) > 10e-6)

13 %Step 1l: Solve IVP

14 b_bar = (b_low + b_up)/2;

15 [x,vy] = ode4d5(@Blasius, [0 4.5], [b_bar 0 1],100);

16

17 $Step 2: Find Lambda from boundary condition at f'(inf) = lambda”-2
18 lambda = 1/sqgrt (y(end, 2));

20 %$Step Bisection
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21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

gamma = b_bar - (lambda)*real_a;
if gamma < O
b_low = b_bar;
else
b_up = b_bar;
end

end

%$Step 3: solve for real_f = lambda f_bar (eta/lambda)
eta = x/lambda;

real F = (lambda”2)xy (:,2);

%$Step 4: Plot eta against df = y(2,:)
plot (real_F,eta, "b-");

% Define system of first order ODEs

function dfdx = Blasius(—,y)

dfdx = zeros(3,1);

dfdx (1) = y(2); %df/du

dfdx (2) = y(3); %d2f/du2

dfdx (3) = —1xy(1l)*y(3);%d3f/du3
end
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