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. | .. In this dissertation a search is conducted for systems of the form )
o : . | ) , . v \ - 1 ) ) = "
et R H = 5(0% +p}) + A(2,9)p; + B(2,9)p, + V(z:y);
© l ”; . ‘ ¢ " N o
o {’ which possess ¢infigurational invariants polynomial or rational in the momenta as well .
o as for axially symmetric systems of the form Y |
& o N . ) ] \ B
v‘fo. v: . ’ <1 p ‘ ’ ' <> ) ’
H= E(pi + ;%) +’_VV(7'$ t), .
. which possess configurational invariants polynomial in the momenta. Several, new.

s

systems are found.

G

First integrals are discussed and a survey made of systgms of the first fofnrrf?é};‘ove

- { \'“ -
which possess polynomial first integrals. A survey of ‘\%\,he literature pertaining to
configurational invariants is also given.
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PREFACE

:/—L—”:*\\

‘The purpose of th'; ;éearch is to find more 3 .sys/ems pbssessxng conﬁg;uratzonal 1nvar1ants

giving us a better idea of what types of system possess them and also to establish

how abundent they are.” The concept of a configurational irwariant is relat’vely new
and was introduced by L. S. Fall in 1082, who then a.}so ,nducted the first search
for them. Here hxs ideas are extended to mcludx.'z more gweeral systems and dlfferent

\\ Ba)

engaged in the solutlon of equations of motlon, wanh constitite the mathematlcal

v differential equat:ons oﬁ? order ‘?n, ‘where n Jis the number of dngrees-of-freedom. Just as
= L ﬁrst mtegrals (co:zs\.a.nt\‘s of the n/(otlon) may be used to reduce the order of the system
: " S0 con.ﬁguratlo“nal invariants mag be used to do the same when the motion is restricted
tb a-surface in phase space defined by I (aspyt) = C" where 1 is a first mtbgral of the

system (e.g. energy) and C’ is a specific number.

. Sy
© . B ! <s‘

g ’Jf‘he existerice of conﬁguratmnal Invariants is of importance in some physxr'al pmblems.
= B o In some physwal applications one is only interested in the system at a partictlar value of
thé energy, as in the context of Fokket-Plank equatxons and their use in nonéthbnum

= (I Jttatmtlcal mechanics (Grahiam 1985). ' It was the study of a physical phenomenon, |

- pamely axially symmetric magnetohydrodynamic Feverse-field ethbna, whlch led L.
s qp. Hall to mtroduce configurational invariants. s o

— B o v
= ' A

LR [ wish to draw the readers’ attention to the followmg no%atmn used ip this dlswrtatlon

. ‘The abreviation wrt denotes * Wxth respect to”, ito denotes “m terms of” and rhe and

oo ! hs denote “mbht hand side” and “left hand side” respectl\felv; A dot above a variable or

= in boldfare. P N ¢

= \\

) P ‘:”(\\r’/’
= "N

o

guidanes from Prof‘ B, G L Lea.ch to whom Iv)?sh to w:pr#ﬁss my qmoete gmti*‘ude

! sr i . A . RS sn
o) : o . Vi A ' P
B o P o o

ik

oy

s also mv s@tad As in Ins study thxg search is reshmcnmi b ﬁm@dx}qensmnal systems,

” C‘onﬂgtﬁ'atxonal mvanants a.nse in the study of dyncumcai systems in %luch one is usually )

... statement of Newton s second li/LW of motion. (These equatipns Mrﬁ‘n a system of

i

functxon denotﬁs total dxfferent:atzon wyt txme, Vectora or ‘i’v"c\’;bf mnctxona e wmtten B »

j Throumhout thé sy resea,mh of this ‘topic I have recewed vwlmble assi stiance and
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I also wish to thank him for proofreading my dlssert,atlon. I also thagk Prof. D. P.

Mason for taking on the duties of co-supervasor and for his encouragement and Dr. F.
M. Msahomed for the enlightening discussions I have had with him, My tha.nks also
go to Mesdames S. Bradu, F. Goetze and E. van der Westhuxzen {or assisting me with

type-setting. .
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CHAPTER I: FIRST INTEGRALS ANDF'%[‘HEIR APPLiQATIONS

D
o

= . . Ny .
1.1 Introductlon ) o !7 . ;

o . _
< ir

" ” VC‘onszder a system of differential equations of order k in 1 dcpcndent variables and one

mdependent variable. Such a systemstan always be rewritten in the form

o ’ diR j

© S X (oo mant) =1, b - @iy
where the X,’s are known functions of their arguments in which all the, d&&uvatwes except
the highest derivatives. of the dependent variables (@13 Tgg.008y)y 1 < k ate defined as - o
new vatiables (@4, .,y ). For gxan}ple let
: g Yo C: i “ d(t; .
"o : ) dta "- (dt) + t2 +A( )y)" , . /:}‘ =
£ y . N “ (1 ol »2) i
- » dﬁy dedy - |
D : 5. - N S’dti’ df dt + 1’( \{’
be a, system rsf dxiferentlal equatiofis in two vamables T and Ys then the system may be
rewx,ttten a.s 0 ‘d )
G : Ty ‘
T I F ik ARG |
N . N d z S o
N ‘ o ! i R ? ) h(-l-{ = wz’
) TJ{‘," L1, - (1.1.3)
- '?1'{' = 23y + ¥ (2,9),
. S dy
y o E‘_E = yl’
where T, ¥y, Ty, Y ond y, are all treated as variables.
o
. o //‘/,
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Definition 1: ‘ o e

Let I(zy, 35, . .,xk,t) be a, functlonal su?}h that dI /dt = 0 by virtue of the system of

%

dxﬁ'erentlal equatxons (1.1.1), ie,,

8,1t 5o o2t +a ""“*az
when (“’1’ TyyeeeyTp) BIE func{.mps sat1sfy1ng the system of differential equatxons. Then

I iscalled a first 1ntegral of the system and

3

I(a:l,wz, .,xk,t),_c, L e e (llb)

Where ¢ is a constant, the value of which is obtamed from the m1t*a1 comdmors From

. this equation it is clear that any function of I v*xll also be & ﬁrst 1ntegral.

))

Esxpressions for the derivatives in (1. 1.4) may be obtained from (1 1.1). Equatlon (1 1.4)

becomes , .

or . oI or , ol T
-é—m-l..X +a Xo + o +'5~;‘ +5t'-0 . (1.16)

This is the defining equation for a first integral of f A system of the form of equation
(1.1.1). ;
If k functionally independent first integrals

T2y Tay 00y Ty t) = @y, r=1,k, | (1.1.7)
are known, it is possible, at least locally, to invert these equations to obtain

2, = $ay,agy ey Gy t), =1,k (1.1.8)

and hence solve the problem. It follows that the process of finding k independent
first integrals and that of solving the system completely are equivalent and this is the
importance of first integrals in the study of dynamical systems. Even if fewer than %
first integrals are known, they still give valuable information about the system.

The one-dimensional harmonic oscillator with the equation of motion
J L
g+¢=0, (1.1.9)

is & system for which sufficient first integrals are knon:f;h to solve the problem. The two

first integrals are:

= "’(p + qz):
(1.1.10)

I = gsin(t) + p cos(t),
2

ol or , oI or | (1.1.4)

k\”\, i




hej

 where p = dg:/dt is treated as another dependent variable. T,\]ge solution for ¢ follows

a easﬂy frorn these ﬁrst mtegra.ls g SRR .y

L L0 o e B

R g=1I sm(t)*\/H T2 cos(t) : (’ T (1.1.11)

“Since the beginnings of “thé subject. of classical jmechani"g)s,‘ researchers "have been |
Ve searching for first’ integrals of dyrtamir’al systems.- Early atterapts to find systematio

: methods of ﬁndmg ﬁrst mtegrals of a second order systerni of differential equations were
, made by Bertrand in 1852 (thttaker 1944) and Ermakov in 1880 (Ray and Reid 1979). ,
More recent methods used to find ﬁrst(@tegrals include the direct method (which is the

generalization of Bertra.n&’s method to time-dependent systems), Noether’s theorem k é;
= and the Lax—pmr method The method that is used throughout this study is the dxrect o
, * method s ;gnge it is well suited to a search for configurational invariants. B
== = / V)
: “In this chapter the dn'ect mei.hod wﬂl be dlscussed and knowrd resu\ts for polynomlal ‘
] “ first mtegrals of two-dmfeﬂmonal Hmmltoman systemsoof the form j
= i ’ “ ‘ /:’./{
B B g = ~(p,c +p,,) + V(a:,y), | (1.;1.12)
- £ will be given. The other methods mentloned above wﬂl be discussed bmeﬁy. g0

j - Further, methods for analysing dynarmcal gystems include Painlevé analysis sitd Ziglin
= ‘,':"-: \ anah;‘sis which do not involve finding first integrals, but, rather, determine whether the
" " system is integrabl//gnd therefore whether it will have first integrals. The Hamilton-
- J acobi method tnvolves obtaining & soiu*ton to the Hamilton-Jacobi equation from which

* the full set of first integrdls may easily be derived. 'The Lie theory of extended groups

z,hakes use of the point synmwtnes of the equations of motion to find 2 solution.

o
L
U

4
&

\\ ]
N \a
(}
TR
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1.2 The Hamiltonian formulation . h\

In the Hamiltonian formulation a system in n-dimensional space is characterised by a

|
&
é |

o f : func tional of the phase space variables and time, ie. (g,p,t), called the Hamiltonian
E ox tu.e svsnem and denoted by H. The Hamiltonian 15 derived in such a way that the
| ,
| ‘

SUte 0 4y eE dg _om O o
s 4 L o, -‘&%1- = '—'5q—' -a%- = '5'1;" = l,n. (1.2.1)

(’I’hese equations are of the form ( 1.1.1). )

) Suppqse thatI(y,p,t) is a first integrai of a Hamiltonian system then dI/dt'="0, i.e.,

I * b0t +a p‘+6t =0 (122)

~ (summation over repeated indices is assumed) or, in the form of (1.1.6),

Lo

\ o ar OH BI0H oI

v 1.2.3)
35,05 OpOg; T Ot (.28
- In Poisson Bracket notation this is written as 3
dI e |
5 = D Hlpp + =0 (1.2.4)
The Poisson Bracket of the function 4 = A(q, p, t) with the function B = B(q,p,1) is
dfined s 0A 0 04 6B
B A G
[4,B]pp = 3q; 9p; _ Bp; 0q;” {(1.2.5)
If I does not depend on time explicitly, then (1.2.4) reduces to
(5%
S 1 Hpp =0 | (1.2.6)

Definition 2:

e A function is called an autonomous function if it does not depend on time explicitly.

The first integrals considered in this chapter are autonomous and therefore their time

derivative will be given by (1.2.6). If H is autonomous, then

dH
=[H,H|pp = (1.2.7)

4




o

N

and H is a first integral. The types of system considered in this chapter are autonomous

~and therefore these systems will already have one first integral.

\’/’ . (;\
Definition 3: o
If the Poisson Bracket of two functions is zero, then they are said to commute.

Definition 4: = - |

<o

Several functions, say, F;(g;,p;51) ¢ = 1,n are said to be in involution if

I [Fi7 IFJ']PB = 03 fOi:\ i?J' = 1" n. (1.2.8)

i (vl

In 1855,J. M. Liouville showed that for a n-dimensiona.l Hamiltonian system (with 2n
phase space variables) one only needs n first 1ntegrals, which are in involution, to solve
the system (onuvxlle 1855, Wh1tta1<er 1944). : (‘

Theorem 1 (Liouville's theOIem): ‘ ' s v

o

Suppose n fﬁhctionally independent first integrals

where (@, a5, .0y an) are, arbltra.xy constants within one or more continucus intervals of

¢ (415‘92,”'in}1719172,'“:Pm )‘— a,  r=1Ln, (1.2.9)

flonzero measure so 4‘ha%’éhffereninai;zon wrt a; = 1,7 is meaningful, are known for the

dynamical system S
dg; OH: dp; OH

.—-—-——v
= t

rrial R T

, $
If the functions (¢, @y, ..., ¢,,) are in involution, it is possible to find the remaining n

o,

= 1,n. (1.2.10)

integrals and solve the differential equation.

Proaf: : : ) o

Using the integrals (4, 8,,..,¢,) the variables (p,,py,...,p,) can be detesmined in

terms of CQI, qz, viny qﬂ, al’ az, eeiy an, t), Say,

by = fr(q“%a oy Qg Qs Gy ony Gy 1), re= 1,n. (1.2.11)
Since (4, =~ 158y = a9y .y $y = &,,) are in involution, i.e.
[¢a = Oy ¢r - arIPB = ( ' .
" (84, =) 08, —a,)  8(b, = ar) 8, = a) g, 1212
—-0, ry8=1,n, .,
p 9¢; Ip; Ip; ag;
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the function @, — a,, is invariant wri the following infinitesimal transformation

I

8¢, _ 0¢,
o P p; — e-é—q—;, s,r = 1,n. (1.2.13)

H

0 =q

Since (py — f1, Py = fay s Pn— fr) are derivable from (¢; — ay, ¢y — a5y ..y @, — f,), they

must also be invariant wrt these transformations and consequently

[¢aapr _—fr]‘RB =0 Sy = 1,n- (1.2.14)
Similarly for r = 1,...,n, @, — a,. is invariant wrt to the transformations

- a(ps_fm) - a(ps fs’) -

§;=¢;+e Bp; y Py =D 3q, s=1,n. (1.2.15)
Therefore, since (p; — f1,Pa = fay ey Pp — fr) are derivable from (¢; —a;, 3 —ag, ..., ¢, —
a,), it follows that (p; — f1;P5 — fay s Py — Fn) @re also in involution. As a result of

this

of, of
5;% - _ai; =0  sr=1,n (1.2.16)

From Hamilton’s equations of motion

_OoH _dp. _df,

dq,  dt ~ dt
afr of; dg,
+ Z aq, dt
_ 0~ 0f, 0H
= = +§ Pa Tp. (1.2.17)
Thus |
of,. _ _BH AH 0f,
at - aq!‘ ap.‘) aQr
af,. O0H,
o = 3. (1.2.18)
where H, is H in the variables (g4, ¢py .oy s Q13 Gy ooy Gy s )
Define the function W as follows:
ow oW -
it S s — . ) = + P13 (
5 H,, o = i=1,n (1.2.19)
6
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This definition is consistent with equations (1.2.16) and (1.2.18). The remaining first

integrals necessary to solve the problem are

I ow

R (1.2.20)

That these are first integrals can easily be seen by considering their time derivatives:

oL, oI, 6H
+Zaq By 72— (911925 s Q> J1s fos - .,fn,t)

_ oW i 8*W OH oW oW oW t)
= Btaa,. aqkaa ap Q159290499 aql aq2 7aqn7
o (8w
=50 (7 +10)
= (in view of equation (1.2.19)). (1.2.21)

Although this seems to be a very useful theorem, it is very difficult to construct
the remaining first integrals and is probably easier to find them by other methods.
According to Poisson’s theorem (Goldstein 1980}, if the second derivatives of two first
integrals of a system are continuous, their Poisson Bracket will also be a first integral
and may be new. Thus, if some first integrals of a system are known, it may be possible

to find more by calculating their Poisson Bracket expressions.

Definition 5:
An n-dimensional autonomous Han:iltonian system is said to be Liouville integrable if
it possesses n functionally independent functions, including the Hamiltonian, which are

in involution.

Since in this thesis only two-dimensional systems will be considered and, for the systems
under consideration, the Hamiltonian is already a first integral, it is only necessary to

find one extra first integral for the system to be Liouville integrable.

Note that an n-dimensional Hamiltonian system can have no more than n distinct first

integrals in involution. It cannot have more than 2n — 1 autonomous first integrals.

Definition 6.
A Hamiltonian system which possesses this maximum number of autonomous first

integrals which are globally defined and single-valued is called superintegrable.
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The Kepler problem is an example of siich a system. For this system n = 2, therefore
three first integrals are required for the definition to be satisfied. Two first integrals are

given by the Hamiltonian

1 3 k
H=§(ﬁ+ﬁ>—; (1.2.22)
and the angular momentum
L=rxr. (1.2.23)

Either of the two components of conserved vector

K=f—=— (1.2.24)

called Hamilton’s vector, give the third first integral. The other component is a first
integral which is functionally dependent on the first three,

The orbit equation can be determined from L and XK. Denote the cross product of X
nd L by
J=XKx L, (1.2.25)

called the Laplace-Runge-Lenz vector. Measuring 8 from J, taking the scalar product

of r with J and rearranging the result gives

L2
- J ¢os(8)’

r (1.2.26)
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1.3 Canonical transformations

Transformations are usually made to simplify the system to a form for which the solution
‘ is more obvious. If a generalized canonical transformation is applied to two commuting
functions, the two transforined functions will also commute. Therefore gereralized

' ‘. canonical transformations transform integrable systems into integrable systems, i.e.,

they preserve integrability.

Definition 7:

A generalized canonical transiormation is a transformation of the form

!

Q: = fi(e,p)y,  Pi=g{ep), i=1Ln (1.3.0.1)

for which [f;, filpg = [9j,9klpp = 0 and [f;,qilpp = 6;.2(q,p) as defined in
(Hietarinta 1987). At present use of the term Generalized Canonical transformation is
not standard, An alternative definition to that given here allows the transformation to
depend on time (Burgan 1978). When Z = 1, the transformation is called a canonical
‘ transformation. That a generalized canonical transformation preserves involution is

RS easily proven,

Let K(Q,P) and L(Q,P) be two functions in involution. Under a generalized
canonical transformation they transform to k(q,p) = K(f(q,p),9(q,p)) and (g,p) =
L(f(q,p),9(g,p)) respectively. Making use of the chain rule and the commutation

properties of the f's and ¢’s one obtains

OK 8L QK 8L ,
[k, 1 pB(g,p) = (OQ- 3P. ~ 3P 6Qt> [f0:9;1pB(p.0) (K, Ll pB(0,P) 2 (1.3.0.2)
i J 7 i

.

) Therefore k and ! are also in involution.

1.3.1 Time reflection symmetry

| ot Consider the transformation p — —p. If a function K (g, p) has the property K(—g,p) =
A' ¢I(q,p), I is said to have good time reflection parity. If ¢ = 1, K is even and, if ¢ = —1,

\,*.J X is odd.
. ")

i

i

|

Bl A s e

?‘\*
o
¢
!
b
3
f
i
E

. TS ""L'\'"?i «
- i S g

LY




e o0

Theorem 2:
Suppose that two non-trivial functions X and L commute {definition 3). If K has good
time reflection parity, then there exists a non-trivial function L, that has good time

reflection parity and [K,L,]pg = 0.

Proof;
The transformation p — —p is a generalized canonical transformation. Therefore

K(q,~p) = ¢l(q,p) and L(q,~p) will also commute. K will now also commute

with L, (q,p) = $[L(q, p) + L(q,—p)] and L_(q,p) = 3[L(q, P) — L(q, ~P)], both of
which have good time reflection parity. The first is even and the second is odd. At least

one of these must be nonzero and the required function has been obtained.

Coyollary:
The function H = 3(pZ + p2) + V(=,y) has good time reflection parity and therefore all

first integrals of this system will be either odd or even.

The following transformations which are discussed here are generalized canonical
transformations and enable one to eliminate unnecessary freedom in a system thereby

reducing the number of degrees of freedom.

1.3.2 Scaling

A scaling is a transformation of the form.
q -+ cq7 p ¥ dp, (1.3‘2»1)

where ¢ and d are constants. It preserves integrability and if d = 1/c it is canonical.

Here scaling will mainly be applied to homogeneous polynomial functions.

Definition 8:
A polynomial P(q) is said to be hornogeneous of degree n if P(cg) = c"P(q).

Definition 9
A function F(q, p) is said to be weighted homogeneous if there exist integers n, m and
% so that F(c™q,c"p) = c*F(q, p).

10




L As an example of how scaling may be used; consider the Hamiltonian
, | H:-—(px-i—py)—{-a:c + bz?y? + ey,

0. where a,b and ¢ are constants.  If b % 0 then the scalirrg (P2sPy) = (P2rPy)s
o (z,y) = (542, 0~/4y) will scale b to 1 and leave the system a little simpler. If
there are t"‘.vca” constants in the Hamiltonian with different homogeneous degrees, it is
possibie to scale both of them to 1 by performing the transformation (z,y) — (cz, cy),
(Psspy) — (dp,,dp,) and then wdividing by d?. The constants ¢ and d may then be
chosen to obtain the desired values of the coefficients. |

Pér weighted, homogeneous functions a theorem similar to the previous one exists.
3 : =\ o

‘Theorem %:

IE Jx (q, p) is=a’ we1ghted homogeneous functxon whrch commutes w1th a pelynomial L \

ie. [K,Llpp = 0, then L may be written as I = 23—1 L;(q; p), where each L; 1s

we1ghted homogeneous of a/ﬁlﬁ‘erent degree and commutes with K.

oy

‘roof' : ‘

Smce K is Wexghted homogeneous there exist m, n and k such that under the
transfocmation’ q — c*q, p — ¢™p K has the property K(c"q,c™p) = c*K(q,p).
Each term of L will gain a fa\,tor of the for ¢! under this transformatxon. The sum
of all the terms with the same value of l Wl .\'be v)e;ghted homogeneous. Denote such

a sum by L;. Now I(q,p) = EJ-1 L ,(cl\p), where L(c" 9,¢"p) = ¢ L;{q,p) and

l; ;él forz*éj. \\\

Now it will be shown that each L; commutes with K (q, p). The above scaling
preserves 1ntegrab1h£y therefore K(c"q, ¢™p) and L(c"q,c™p) still commute. Since

K (q,p = K (c"q, c’"p), &K (q, p) will also commute w;th L(c a9, c™p) for any value
of ¢. Therefore x also commutes with the sum i

Zd,.r(c,.q,c,.p)“ d}“c.r(q,) Z }‘_jdc. L. (1.3.2.2)

. : ge1 1-'1 J==1 je=1 z-l

i

Ny

Now the function’ L,, may be ‘isolatedfb_‘y’ choosing the d;’s so that

RN
W

n & v ,
‘ \ Zdtc: J”ﬂ Jj=1M. (1~3.2.3)
7 i=1 : .

1 o

£}
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This set of equations has a non-trivisl solution since the ¢;'s can be chosen such that
det(cf);; # 0.

Corollary: /
From this theorem it follows that weighted homogeneous Hamiltonians may e assumed

to have weighted homogeneous first integrals.
The igollowing theorem is a generalization of the previous theorem.

Theorem 4:
Let K be a weighted homogeneous polynomial and L a polyno'mal which commute.

Suppose that a scaling

amda poe

| exists such that

X'(q, p)\=K {c"q,e™p)c* Ixo(q, p)+ ; c”"Kl(q, p), where 0 < m,. (i.3.2.4)
\ =1 \
4

then I, will commute with a polynomial contairied in L.

Proof:
As in the last proof I may be written as

4

M
L(q,p) = ZZi(q, p), where L;(c"q,c™p) = ¢* I;(q, p) (1.3.2.5
'\% i=1

X
N

and k; # k; for i # j. I k, is the smallést of the k’s, then

L'(q,p) = L(c"q, c"‘p)c’“”’ =L, + Zc‘ kL. (1.3.2.6)

J=1

Since integrabilitgr is preserved under this scaling, K' and ! will cormute. Novs;Ko
and L, will also commute since they are the only terms which will contribute to the c?
term in the expression for the Poisson Bracket Ifit is found that L, = f(X,), then one
could ¢onstruct a new L namely Lt = L — f(K,) whlch will comraute with K. If L is
functionally independent of K , then this procedure mll eventually yield a functmnally
indepetident function which commutes with Xj. <

-
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Corollary : ]
Buppose H = 3(p? + p2) + V(=z,y) where V is polynomial and consists of weighted

thomogeneous parts of degrees n; < n, < .. < ny. Then H, = 3(p2 -+ p}) + V; and

H* = 1(p% + p2) + Vi are both integrable.

‘I Proof ) ‘
Fy o , , ‘
(Let K= H,, m=ny, n=2and k = ~2n, for the first case. For the second case let
K=H*m=-ny,n==2and k=2ny.
i}: i &) "\
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i
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1.3.3 Rotation
)

A rotation is a transfo;’ma.tmn /co“f/che form |
T = cos(6))x§+ sm(/f/)Y p, = cos(8)Px + sm(ﬂ)Py,
J/ (1.3.3.1)
Y= — sin(’G)X +cos()Y, p,=- sm(G)PX + cos(6) Py |
and is canonical. The mtatlon in the co—ordmate space (z,y) induces the rotation in

the momentum space (p., py)

In the present context the rotatmnal degree of freedom may be user to fix a constant in
the potential or in the second invariant. Consider a homogeneous polynomial in z and
y {or p, and p,)
N
P(z,y) = Z a zN-"y", (1.3.3.2)

n=0
Under the above rotation it becomes

P('v,y) P!(X,Y) —XN{Za cos(8)N-"(— sm(a))n}

n=:0

N
+XN‘1Y{Ecos(H)N'"".(-—sin(9))"'[(n+1)an+1 (1333)

n=9_

—_— (N —n- 1)an_1]} d aives

If ap_; =0, then the coefficient of X V=Y will vanish if cos(§) = 0. For all other cases
the equation

Z(~tan(6))"f(n+1)an+1 (N—n+ 1)a,.-1] 0, (13.34)

n=0



-

LA

‘ where a4, @, and a, are constants. The above rotation will take it to
o) K (}

o

&) ” [a, éosg'(é)“f a, cos(8) sinfd) + a4 sin?(6)] P%
-+ [2(ay = ay) cos(8) sin(6) + a, (cos? () ~ sin? (9))] Px Py

+ [ay 8in?(8) +a sin(8) cos(6) + ag cos?(4))] Pf; | « < (1.3.3.6)

e =

™)

It will 'only be possiia,l,gt«\el’iminate”the Py Py term if
tan(f) = ﬁﬁ?-;“-@l + El3--((a2 — ap)? + )12, (1.3.3.7)
1 | ’

Unless {a, — a4) = =ia, in which case tan2('0)>{‘£= —1, a rotation may be found to satisfy
~ this equation. In the former case a rotation may be fourid to rotate the quadratic to
° Pa(pz £ ipy )} or (P, £ ip,)". |

oL i E
V4 . . ;" .
If the polynomial is writfes in the form
i |

A

P(m’ u’ﬂ) = Hn:l [anm + bny]v: ' (1~3~3-8) N

it \
a different method ¢! fixing a constant may be applied. Under the transformation it

by
(4
7 i

becomes

P(X,Y)= I'IM, [(a, cos(8) — b,, sin(8))X + (a,, sin(8) + b, cos(8))¥]. | (1.3.3.9)
Now by choosing € so that
an sin(8) + b, cos(6) =0, (1.3.3.10)
one or morz factors of X’may be extracted from the product so that
P(X, 1) = X*Q(X,Y).

This may always be done provided that P is not of the form

P(2,y) = (= + i) (e —ig) (1.3.3.11)

15
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1.3.4 'I‘ra.nslatioﬁ />\\ | ‘ \\
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A translation takes the form

LY

" where the u;’s are constants. .

, The leading terms of n first integral oftenA contain anguler momentum terms.
’I‘ranslatxons may’ be used to remove some, of the free constants For example consider

g = ¢ -!:u” - ,«/i =1,n . ‘ (1‘3.4.1)

the first integral (aw-!—b)py-f-(-ay-l—c)pz Kaso0, then the trans{\at;iy T — :r--a/b g

y-+cfa wﬂl change I to I = a(zp, — yp,,) Ifa= 0 then a totation and’scaling will

"change I to I'=p,orI=p,*Lip,. , o

~An example of how a translation may be used to simplify ;;“potential is the‘*tranfgrmation

of thepotential

o

V =z + 622y + 8y* + a(8y® + 3yz?) + k(z? + 44?)

Iy

+—5=(2" +8y%), (1.3.4.2)
Jbo c
V= a* + 622y® + 8y* + k(2 + 49%) + ey, (1.3.4.3)

using the transformation y — ¢ ~ a/4 with ¢ = —2ak — a3 /2. Since the latter potential
is 1ntegrab1e and thefftransformatlon is canonical, the form(,r is also mtegrable.

1.3.8 Ga.uge,j;j;ansfonnatxons

The gauge transformation is only of use when dealing wvxth Haxmltomans which contain

terms linear in the momenta ¢.g.
The transformation takes the form
Pz =P+ F(a,0),  py =y + Fylayy),  (1.3.5.2)

ngﬂare F(z,y) i is arbitrary. The functions 4, B and ¢ change to

« A o A+ FZ! ‘ B — B"I"‘Fy’ . ; :‘\6
- g (1.3.5.3) .
C — C+ AF, + BF, + 5(F; + F). \
o ! !

16 L .
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The following quantities remain invariant with respect to a gauge transformation

U= A ~B,, .
= o (1.3.5.4)
W=C- -rr12 + B?). #‘

These qttant1t1es aze of great assistance i in 1dent1fvmg potentials which may be in one of

many transfo*med forms. If for a system U =0, one may transform to the gauge where

A=B=0and cons1derably sxmphfy the .system

The inverse problem of ﬁndmg A, B and C given U and W iscquite difficult. In Iater
hapters it is necessary to do this in order to obtain particular potentials.

IL.3.6 Coup 'li'ng‘ consta,;;_ﬁ metarqughosis

The transformation discussed here is very differerit from those that have been discussed
The transformation of variables is not stated explicitly, but the
Ho(‘lap) + ng(qa p) to ome

up till now.
transformatxon takes a Hamiltonian of the form H =

* of the form K = H,(q,p)/H,(q,p) —¢/H,(q,p). The mterestmg g proporty of this

Q

tranformation is contained in the followmg theorem.

Theorem 5: B

Assume the Hamiltonian H = H, + gH, is integrable.at any. energy and value of
the coupling constant g, with a first integral I = I(q,p;g). Then the Hamiltonian
K = H,/H, —e¢/H, is integrable for any valte of the energy or coupling constant e and

" has a second invariant J = I{q,p;(e ~ Hy)/H,).

Proof:
Since J is I with g replaced by —K the Poisson Bracket of I¢ and J may be (wntten as
follows is !

Hy, J] - EL e [Hy(a,p) KH,(q,p); 1(a,0; ~K)lps
KT [os PB~H-6 ot RA) J: T a 1\ Py )
& ]PB H, ( ) H H1((I;P)
Since K may be treated as a constant and H is mtegrable for all valyes of g the Poisson
Bracket vamshes and K is integrable, & e

g
¥ &

The constant g (D related/to the new energy X in that K hss the same expression

as the solution

integrability of I can only be garanteed at one value of the energy. This transformation
h4s been used in (Hietarinta 1984c et al ) to obtain some mterestmg resultay

¥

a.from the equation H = Hj 4 gH, and hence the name couplmp:_
constant metamo(cphosxs. I H is only integrable at specific value of the energy, ‘then the

¢

s
£
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1.4 The direct method and \iolynomial first

’ o141 M@r&l problem v

PR
win

The method is qmte stralghfforwa.rd and needs litfle
ﬁx‘st integral an& the Hanultoman must be, made
o to be a polynorma.l m the momenta, for example i

thopse \\\
3 ; f z/)p,, + Y=, y)pxpy +¢(
Qi J) ot
: o where a, b ¢ and d a.re unknown functxons of % and

o]

= “(pz +py) + A(m,y)z;,_,: + B‘

" where .4 B and V are unknown) The; unlm&wns ir

the reqmrement Sl
. . o o Im[IaH]’pB:"(

V)
i

© In this'ﬁ‘ section the existence \ bf pblyribmi%al fi
' Hamiltonian syst?\n;)s of the iorm

u " g

H= ~(pz+p,,)+v

| will be éhscussed Accordxng to the corollary to. T
o & Hamxltoman of this fomn must be either odd or e

first mtegra,l may be wmtten as

: [NM Wetn

S =3 S pmprene

=0 m=x0
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,‘} Manip&laﬁion of'“tI:e mcuces 8O that the exponents of the Ps's are equal nges
| . hi
i 2 @ g N 2 N%"‘ . » K P )
“ : [ / i 2T1+1 N-v?nwm-f-l f)dm I,N 2t e
| o . 2y, DPip 6 ‘
IN/2] Nt o N2
LT Z anz N—Jn'—‘mtﬂlladm o TR S o
| ‘i i ’ SRR H ‘ o ..._0 m~.0 ‘ \i; ay PR l:"" & R “ ﬂ 4. :
g “ IV Neae) N
: B Z P (m+ l)p?z"" ~poeme N ¢ 5
; ‘ 256 Ml : X  /1’, . e 'k @ e
J : o o S 7’;‘ | IR | ‘
=0 s N szm e S ,‘ o
SISMULL T m)px YA S, (1414)
o ’ ' =0 med . o . ' “ . :
© where [N/2] méan| the megcr value of NV, / 2. S s
L l{ S L Moy T : l\\ e (.
‘ | 4) "The index n ‘may »ﬁlow be mmﬁpulatec},,so'that the p,’s have the same exponerits:
ol ! i : ) - vj('/’ ' T ) . .
! | -
A U_V_/_:"IN— ﬂ+1« 2 / admﬂl WN=2n -
. v \ Z: pmpN—2n-m+1
\ S e e Bz
‘ n—q m==1
) [N/Z] N=2n - -
1 Z pinplv=an-m314 pgmit=n
’2 | ' kd s * dy ©
i ‘ i i . o
’ibb , é?V [N/2+1] Ne21i-41
i a Z (m + l)p N-2n-—m+1dm+1 N-2n+2
T =l m=0 ‘ ‘
r’V [N/z'*‘ﬂ N"2ﬂ+2 7 # : » v} » » '
% 30D (N-2n—m+ 2)p;"pN'2“°""‘+1d’{3’N 22 = 0, (14.1.5)
Y y a=0  m=0 ; :
where the smnmatmn in the third term now begins at 0 since for m = —1 this term is
zero anyway. 'The summation in the last term here may terminate at N — 2n -+ 1 since
the ne*tt term in the summatlon is zero. Redrrangement of the prevxous result gives
: N/ N2 ¢ aym=L,N=2a, aqmN-2
D e e S
n=0  me=0 /O S Oy
LT oV dm+i,N-—-2n+2”
N o
(N - 2n —-m + Z)d”"N "”2"'*‘2} =0, (1.4.1.6)
: v 19
o R, “
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where d** = Oifs<Oors>tort<Oort>N. Forapolynomlalmpx and p, to be

1denhca11y zero the coefficients of combinations of dlﬁ'erent ‘powers of p, and py must
be zero, For the la.st equation this unphes tha.t

: m-1,k—1 i gm k-1

(m+1) dm+1 k41 -L(k-{-vl-—-m)avdm k+1 ad +?_€ ,

\
where m = 0,%, .k = N +1, 0 or 1(2) and d* (1s as above. Henceforth thls process
will simply be refered to as separation of coeﬁ'ic1e1 ts. There are now (N +2)(N +4)/4

(14.1.7)

 differential equations to solve for (N + 2)?/4 unknowns if N is even and if N is odd
‘fhere are (N +3)%/4 equatlons to solve for (V + { YV + 1)/4 unknowns.

N +1, then (1 4 A, 7) ta.keq a simpler forn:

adm—iN ad™N

- =y i [ N | | I T8 2y
] £ +3y ,\ m=0,N+1 (1.4.1.8)
These equations may be golved to givej;k - \ )
m N-m utv ‘ . o
A™N = Z E (= 1)0( ¥ )a; yvcm—lw m-—v,N, m == 0, N, (1_4.1.9)
v=0 a=0" .

where the C’s are constants. If the Hamiltonian is ; homog'eneoos polynomial of degree
Ty, the first integral must also be homogeneous adeording to the corollary to Theorem
3. As a result all d™F must have. homogeneous dc gree T+ ny, (N ~ k)/ where n, is
the homogeneous degree of the d™ above.

Fork=N-1 equatlons (1.4.1.7) become .

avdmN adm—*l N-2 0dﬁ®,N'—2

Ba: + 53;" s (1,4.1.10)

(m+1) d"““N+(N —m) ==

for m = 0,N = 1. Here there are N equations for'N — 1 unknowns dmN "2. The
coefficient d»M=? may be eliminated between the equation for m = 0 and m = 1 by
use of the integrability condition. The resultant“equatxon has a term 82d1N=2/9y2,

,Applxcatxon of the integrability condition to this function enables one to eliminate it

from the equation for m = 2. Con{;mumg1 in this manner one gets the final equation

N~i N-—n—l n
Yy ;’y (n+1)——-d“+1’N +(N n)g—g—d"’ ]::o. (14.1.11)
ne=0

In this equation the d™ N's mjay be o'btbmed from rquation (1.4.1.9). If for a given V

no {’s can be found to satm& this eqwlatmn, then% V does not have a first integral of

A 20
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L the wsumptxons made@he coefficient .of (B/B:v)N ‘“""1(6/ dy)"V must be 7ér0:

“(n+ 1) (N n+4 1)d"“1 N =,

h | then’d"tN =0 and, if » and IV are both even, then

» the kinetic term of the Hamlltoman w)mch may now be replaced by 2(H ~ Vl}.

(1.44.1) must be odd Therefore it must haVe the form

ph

[

T

| , 5
order N. For mlxy polynomial potential their exist constants C' and a value NV such that
(1.4.1.11) will be satisﬁ'e.d.v For some potentials the following result may be formulated.

Theorem 6:

A Hamiltonian of the form (1.4.1.1) has no non-trivial polynomial first integrals if a.ll
the partial dérivatives o'V are linearly mdependent over the ring of polynomials in 2
andy, c ‘

Proof - CON

’Ccmsxder (1.4.1.11) w:th V satxsfymg the reqmrements of the ti Leorem. As & result of » .

; ;'
A=0,N 1= (14119)

N
Solvmg these equatxons, startmg at n = &‘soo‘n l?:ecomes clear that, if n or N is odd,

| A | M (%)d"ﬂf"’; | C(14.1.13)

Tﬁe leadxng part: of I is then given by d""'M [p% + pL1M, which is trivial since i} contains

"The réiiuations (1.4.1.7) will now be solved for certain values of .

1-43‘2 The Casfi Nzi : oo

According to fshe‘j corollary to Theorem 2 a linear first integral of a system oé’ the form

I a(“” y)pz + b(w’ J)py ,‘: (1 4:-“ )
L
Taking the Poxason Bracket ofI w;th H and sepa.ra.tmg by coefficients of P, an :1 py gives
" da o . “!

B % — 0, ) N ( 545202'1)

. da b - RS

6 ’ ) '8 ab "o . : [ ’ e

i ) Ey" "'i p, " . (1,4-2&26)

A ‘ v av DA R LA

o v . ,{SJ Y . o

ae

Q

(4

b,
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- The solution for I is

R R

. “y ' .
The first three equations are easily integrated and yield the solution

’ ‘ a=cy+d, .
\\\‘ . - o - (1»4.2-3)
= —cr + €. -
‘ -
‘Equaf‘ion (1.4.2.2d) ndw becomes BN

i 17

(ey + )V, + (—cz + &)V, = 0,

which may be solved by the method of characteristics: The equation for the
characteristic is ‘ ’ o
. o de  Gedyd

¢ : ©oey+d  —czte’ ) , \\

with solution |

: c - . . - |V
\) U= 5(“.2 + y2) + ex — dy. ’

The general form of V is |

o]

V=V()= V(:f;-(.'xc2 +42) + ex — dy). (14.24)

©
]

1.4.3 The case N =2 e
N o ,
'I‘here has been interest in this problem for a long time. The first systematxc attempt

to éélve this problem appeared in, (Da,rbou*i: 1901). His, results are reproduced by

(Whittaker 1944). Hotwever, these results were incothiplete and more recent treatments

have yieldi,d the remaining cases. The cases 1), 2), 4), and 7) below may be found
in (Winternitz et al 1966), other references’in this regard are (Dorizzi et al 1983),
(Ankiewicz and Pask 1983), (Thompson 1984&), and (Sen 1985). The cases 3), and 6)
are dxscussed in (Donzzx et al 1983), The case 5) was firat gwen in (Hietarinta 1987).

For the‘ given f—Iamﬂtomamthe first integral st be' either odd or even. Therefore for
N=2it mustq‘be even, Let |
BT o I Ap% + Bp,p, + Cp2 +D, (14.3.1)

Q

22

I=c(yp, = vp,) +dp, +epy. (14.2.5)
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where A, , D are functions of.z and y which still have to be‘determi;;eid‘.‘ Taking the
Poisson Bracket with H and separating by coefficients of p, and p; sgives the following

set of equations to solve

SRR
(1.4.3.2)

a

Yo « «6y'+ 8z

. - o = A Y Py

L | ap Lo o7 | (14.3.3)
2 - i ‘ b O - , .
L o ety ‘

- Equatioﬁ:‘%s (1.4.3.2) a’red readily solved :
’ | - A=ay®+by+ec,
B = ~2azy ~ ba — dy —e | o o (1434)
| C=d:‘z£2'+‘dm+f‘, ' |
where \;;1, vy f are constants. | - | | |
The int;;gra.biliti condition on D may be used to eliminate it from (1.4.3.3) giving

(V&Y oo 2V

+3(2y + b)g 3(2 az d)_l’. 0. ° ,,
\\ - (1 4.3.5)

A
1t is convei}xent to break the problem up into eight different subcases to solve it. The
first case is'that which Darboux sol*)‘cd

\\

case1) ° :

In this case ¢ # 0 and for simplicity let a = 1, Translations may be used to eliminate

b and d. By subtracting the correct amount of H from I , f may be eliminated. If

\ 23
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\‘A
N 5f§.¢\\- - -
,,\\\/

Q

e? +c? 95 0, then the system may be rotated to ehmmate e from I and therefo/e also
frorn (1 4.3.5).. In this case it is convenient to replace ¢ by ¢? and equation{i 4. 3 5) may

then be written as ¢ . L e

dz2  0y?

< PV 8V BV eV . oV .
i SR, 3y ~3 S I '1.4.3.6
. i Y ( } + @ w*“’a&*’a "By (14.3.6)

3

o

The equatlon of the characterxstu; of this equatlon is gwen by

dy (P —2?+ )t P ahy Fat 1 2y — o) F O

dz - zy L( v, t o
which is equivalent to o ‘\)» [’ T
oo n .
[dy (v? '-mj+c2)dy —n | k .
| \3& " = —-1=0, (1:4.3.7)
Let i? =y and u = z? then o e ol '
T : : s [ ._d_'.?_ ydy . ' ’
o du  wdz' 25
By mu](/‘/zplymé (142, 7)\\through by gﬂ/:::2 and using the latter result the followmg
equation is obtained - \ ' > o
» fdo v=utcfdv v o e P
a ('&;‘-) % a;; ot " — 0. ) (144‘308)
Rear: rangement gives 5 &\\f , d '
N dv\ " dv v
v""udu—c (1+du) e o (14.3:9)

Thxs is a Claifaut's equation the solution 8f which is given in (Ince 1956) whxch is

repeated here for convenience. Dzﬁ'erent;atlon of (1.4.3. 9) wrt u gives

=4
— ___.,/ cP,;; .‘}E
i»es, © | 2 ‘ \: ‘\, )
| o {es (1 +p)} ® o, (1.43.10)

 where p = dv/du. Either one of the factors in this equation must be zero. It is found

that choosing dp/du = 0 namely p=m = constant yields the general solution. In Ehl‘{)ﬁ‘

T ¢

case (1.4.3.9) becomes, after some reaxrangement,

(m+ 1)(um ~v)=m=0, (1.4.3.11)
or ito @ and y ) -
(et DEtm -yt~ PImF0. . (143.12)
24 v T . g
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This may be rewritten as

582 y2
St aea =t (1.4.3.13)

where 2 (—— "2/§m +1).

U Ny \
 From the above & 1quat1on it is evident that the characteristic curves are confocal ellipses

~and hype\rbolae It is then natps al to take as new vana,bles the parameters of confocal

9]

elhpses and hypetbolae denoted by a and §:
c )

&Tr =

o y = ;}-{(‘oz2 — ) - B} (1.4.3:14)
L

Undet' this tté.nsfo;mation ((1.4.3.6) beéomes

1

62V , 5.V : av

,ﬁle golution of which is fa) ' ¢ (ﬂ) \
& <] Q) v N .
) Ve W, ' (‘(1.4..3.16)

where f end § are arbitrary functions of their arguments and
o 2?“2’?: 24?4 [(r2 + c?)? _4622;-2];’
o . 26% = 12 4% — [(rz + C'4!)2 - 40.2‘9:2]‘}, (.1'_*;.-4“3.17).

where 72 = z* 4 y%
= &

The uorresi)onding first integral is:,

‘ % 2 £l o 2oy ,
,“ I&(?py sz)z +c [/6 72512) ;:)96( )]‘ (1.4.3.18)

case__)_ : ) ” -
fas#0 bmt ¢ = 0 then (I 4.3.6) may be written as
M

. | : 2B+m2§+y%‘5 =0, (1.4.3.19)

“

=2

 where B = y(@V/B:ij - }i(,BV/By). ‘Using the method of characteristics to solve this

equation gives

T | =L (3,_,/"’”)‘, o (1.4.3.20)

25
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 determined from ¢

whete F is arbitrary. This is equivalent to
yV aV, = F(y/a:) (1.4.3.21)
where B has been replaced by the exprPssmn it represents. The characteristics are

de ~dy =~ 4V
vy T [FWR
From the first and second components of the characteristic u = z?+y? is easily obtained,
From the second and thi ] components of (1.4.3.22), with the transformatmn z = cos(f),
y = sin(f),.the folllowmg equation is obtained :

(1.4.3.22)

)

“,,do = F(tan(g;)/secz(()) \ (14.3.23)
This equa.tlon is easily integrated and the final solution is w
¥ m g(a 4 ) xfz(i/zz, : (143.24)
where f and g are arbitrary functions of their arguments. The pasociated ﬁ;st"'integral \
is f J
I = (p, - yp,)* + Zf(%)/'rg. '» | (1.4.3.25)

case 3) / - :
If a 0 and c # 0, but €2 +¢? = 0, e may not be removed by a rotation of (1.4.3.5), as
was done to obtain (1.4.3.6)., The solution for V has the the same form as in the first

case except that now

2l

(1.4.3.26)
26% = r? = [r* — 2¢(z +iy)?]*.
The corresponding first integral is given by
A | 2 2
I'=(ap, — ypa)? + cpu(p, & ipy) + 2L (“) ;2 A (14.3.27)

case 4) . :

If a =0 and b? + d? # 0, a translation and rotation of the axis by tan=(d/b) gives new

co-ordinates o
X = bz —u) - d(y — w),

(1.4.3.28)
Y =d(z —u) + by — w).

26
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If v and w are chosen as ”

| _be4de  de—bc
, U= ﬁm—’ w = ) + dz, (1.4.3.29)
equation (1.4.3.5) becomes
X Q-Q-K~93V;.+2Y VL g (1.4.3.30)
: ox2 gy? oxay ' ToxX T T
If U is defined by “
: ) U
Vo o 1.4.3.31
&2 +n? ( )
where n
© X=tpandY = -;-(52 —n?), (1.4.3.32)
equation (1.413.30) becomes |
| o OV, (1.4.3.33)
o : aéan - AY N 7T B

 with solutions U = 91(€) + 92(n), where g, and g, are arbitrary functions. V is given by

- 91(6) + g5(n) ,
Vo AL T T2V 1.4.3.34

: 52 o+ ,72 ( )
and the first integral is

a4

2 2
I=(yp, - zp,)p, + ; gz(gg - 1’772"’1(5) . (1.4.3.35)

Case 5) e

Ifa=0butbs# 0 and b% 4 d? = (, then by means of a scaling one can obtain b = 1,
d = 3. If then ¢ 5 i(c— f), transformations can be found to take ¢, e and f to ¢ = ¢ /8,
e==1/4 and f =i/ 8'11 The potential and corresponding first integral are

|

ﬂ;} | V= %[f(? +VE) +9(e — VE)), (1.4.3.36)
I =(yp; — opy)(p, +ip,) + -;-(px —ip, )’
+ i1+ VA2 + VE) + i1 + 2vElg(z — V), (1.4.3.37)
where 2 = z -+ 1y,
o7
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s

If in the previous case e = i(c— f), ¢, e and f may be eliminated and the singular limit

is obtained :

V= &‘”f—”’l + @' (z + iy), (1.4.3.38)

with first integfél

I = (yp, — p,)(p, £ ip,) — i(z £ iy)[F (e £ iy)/r + G'(z £ iy)]
(1.4.3.39)

+iG(z  dy),

where F' and G are arbitrary functions of their arguments.

Case 7)

Ifa=0,b=0,d=0, subtraction of the correct amount of H from I will eliminate f.
Furthermore, unless e? + ¢? = 0, which will be discussed in the next case, the system

may be rotated so that ¢ =1 and e = 0. The equation for V reduces to

Vey =0, (1.4.3.40)
with solution
V=f(=)+9(v) (14.3.41)
and first integral
I=p?+2f(z) (1.4.3.42)

(or alternatively I = p2 +2¢(y)).

case 8]
Fa=0,0=0,d=0, f=0,c##0but ¢+ e? = 0, then ¢ and e may be chosen as
¢ =1, e == 3i/2 in which case

V =r?F'"z £ iy) + G(z £ iy) (1.4.3.43)

I=p,(p, £ip,) +r’F"(z £iy)+ Gz L iy) + 2(z L iy)F'(z + iy)

= 2F (2 £1y). (1.4.3.44)

28
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Particular examples

The Hénon-Heiles-type potential

3
V= %(aﬂ +y%) + y; + z?y, (1.4.3.45)
with first integral
-'Ua 2
I=p.p,+ay+ 5 + zy?, (1.4.3.46)

given in (Aizawa and Saito 1972), may be transformed by a rotation to a potential of

the type in case 7) above.

A special case of case 4) is

V= %log (r + y) , (1.4.3.47)

r—y

found by (Dorizzi et al 1983),

By choosing the arbitrary functions in the results for V' in the cases studied above
particular examples are obtained. A special case of case 2) is V = r*. V =
la(r+y) T 14b(r~y)™*1]/r is a particular case of case 4). V = a(zkiy)"+! /r+b(zLiy)?,
V =az" 4+ by" and V = ar?(z £ iy)"? + b(z & iy)" are special cases of 6), 7) and 8)

respectively.

There are some potentials which belong to more than one of the eight cases : The
potential (Fris et al 1965)

V = a(z? 4+ y*) + bz ™% + cy~?, (1.4.3.48)
belongs to cases 2) and 7). The potential
V' = az? + by? + cz™? (1.4.3.48)

belongs to the cases 4) and 7) and

[ b, ¢ ] (1.4.3.50)

belongs to the cases 2) and 4).
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1.4.4 The case N=3

In this case the integral is odd. Denote it by

I = Ap; + Bpp, + Cp,p? + Dp} + Fp, + Gp,,

(14.4.1)

where 4, ...,G are functions of z and y. The set of equations to solve for the existence

of a first integral are :

0A
Bz =0,
0B 04 =0
Bz 9y "
aoc aB
Oz +
oD 60’ 0
oz =
oD
o =%

oF ov ov
5;_3A_8—:;_Ba =0,

8G OF v ov
%ty ~ g~ 205 =0,

oled v v

“53}-—08—03-"31)-5;:0,
ov ov
FT—FGa = 0.

Equations (1.4.4.2)-(1.4.4.6) are easily solved :
A =ay+ayy + azy® + a51°,
B =by + by + dyy® — a,z — 2a,zy — 3a,zy?,
C =cy — bz + ay2? — dyy — 2d,zy + 3a,z%y,

It follows from (1.4.4.10) that

v v
F=5.3, G=-27,
30

(1.4.4.2)

(1.4.4.3)
(1.4.4.4)
(1.4.4.5)
(1.4.4.6)
(1.4.4.7)
(1.4.4.8)
(1.4.4.9)

(1.4.4.10)

(1.4.4.7 )
(1.4.4.12)
(1.4.4.13)

(1.4.4.14)

(1.4.4.15)
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where Z is an unknown function of z and y. Substitution of this into the remaining
three equations, (1.4.4.7)-(1.4.4.9), yields

8V  9zeov _ oV _av
35y T 35 oy ~ 347 ~ By =0 (14416)

o’V 8%V 0Z0V 0ZoV ov ov _
("5&2‘ - '53;5‘) 'é-y"'-a-g ~ B Fe 28-5; -2C By = 0, (1.44.17)

o’V 8z 9V ov ov

520y -5;%‘— 3D—é—y— - O_B_Ec_ =0, (1.44.18)
The two remaining unknown functions still to be determined are Z and V. The sum of
(1.4.4.16) and (1.4.4.18) is

AN A 8z\ av
(3A +C+ ay) o+ <3D +B - -5.;) 5 =0 (1.4.4.19)

which may be solved for Z :

Z=8(V)+Y, (1.4.4.20)
1
1 2 3
~ (3ag + ¢y — 5‘(3‘11 —dy)y* —azy
— ay2?y ~ dyzy? + by 2y ~ :Z—:am(wz + %), (1.4.4.21)

Witk this expression for Z equations (1.4.4.16) and (1.4.4.17) become
32V ov oV (V)

Yoeay T30 ~ 345y = -4-5555-, (1.4.4.22)
OV &V , ov
( 57~ A ) —3(A+ 0) ~3(D+B)5
A*P(V) 9*®(V) ,
= amZ — 6:(/2 . (1.4.4.23)

Depending on @ these equations may be highly nonlinear in V. The only integrable
solution known for these equations with @ 5 0 was obtained by (Fokas 1980) with the
ansatz V = V(2? 4 ny?):

1
H =50, +py) + (a" - ") 7/", (3.3.24)
I= (pi - pz)(mpy o ypa:) - 4(yp;u + wpy)(w2 hat 1/2)“2/3- (3-3.25)
31
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QA
§ (Holt 1982) solved the equations (1.4.4.22) and (1.4.4.28) for & = 0 and for particular
: % values of some of the constarnts to obtain two new integrable systems
! V= g-y'*” +z y—z/‘ + Gy~ | (1.4.4.26)
! ,
I . with
| ‘ 9
e I = 2p + 3p,p} +3p,(—3y** + 2%y~ + 26y~%/%) + 18p 2y'/?,(1.4.4.27)
1 G . ek } |
N\ A
v =;, o+ 4yt 557 N (14.4.28)
with . - ‘ Q @ i
ka or -‘\pzpy + 8zyp, + (~a? + bz 2)py, S (1.4.4.29)
(; wheré 5 is an arb1trary c‘onstant.
\’ \

The latter potential also has b quadratic first integral (cf. (1 4.3, 41)) and is themfore
superintegrak’e,

The three particle system with Hamiltonian

t/’

H = -(m + 0% + p2) 4 v(gy = ;) + (g — 45) + wlgs = @), (1.4.4,30)

has a cubic first integral for some choices of v, u, and w. For this system the centre of
mas¢, moves at a constant velocity. Therefore after transformation to the ¢é-ordinates

\

\ “ ‘m . (243_‘“ 4 = ‘12)‘ ' “
e ’\/3" b] n
, p
Y =41~ s b (14.4.81)
A VB,
v = “‘5‘*(9’1 + ¢+ g3).
o one finds that z is an ignorable co-ordinate, A subsequent scaling reduces the
! Hamiltonian to
) \\.); H = ---(p,c +p2) + v(~2y) + u(V3z + y) + w(-ﬂ/mz + ) (1.4.4.32)
-
32
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t For the choice of parameters A=1, B=0,C = -3 and D' ="
; from (1.4.4.7)-(1.4.4.9):

( o)

S

F = 3(~20(-2y) + u(V3z + y) + w(—V3z
% G = —3v3(u(V3z +y) - w(=V3z +y)).
The remaining equation to be solved is (1.4.4.10)

(u+w—20)(u' ~w') — (u' +w' — 20" u~w) 2

A solution to this § is the Toda-type potent1a1 o |

: V;_JJEﬂM2+ey+eF¢¥-ﬂﬂ ?

)

il

I=p3~3p,p8 +3 (V3 ”-vl/2~zev+ef~f

+3V3 (e[\/"z-.l]/? - e['"‘f" y]/2) i‘
/{ !

The case v(z) = u(z) = w(z) has been studied using the Lax-p:
1975) and (Kulish 1976) who solved the problem when v is
P,(z). (Moser 1975) studied tli\ tases v = z~2 and [sin(az)]"
first 1ntegral is )
14 1 5 8zt —62%? —y*) 2
mpz = '\"/"-b?pxpy - 2v/6(332 — y?‘)'j"y? Pz “('5'55

This system is'also superintegrable since it has a quadratic fir

I =

Assume a cubic first integral with an {mgular‘ momentum lea

I'=(4p, =0, +

In this case it best to transform to polar co-ordinates r and t

y = rsin(f). Then the Hamiltonian and first integral become
. ) - , |
H = ) (Pg + %") +V(r6), .

I'= 9%+ A(r,8)p, + B(r,0)p,
33
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For I to be a first integral A, B and V must satisfy the following relations.

b e b e e

'
A=a(), B="2 g") + H(6) (1.4.4.41)
Q
and o(60)  hO)
c \
| V== ?fs , (1.4.4.42)
i
where -
) A a'h' ~3ah =0, |
d'q' —2ag + Bh = 0,

a"+a-3h =0, . (1.4.4.43)
3¢ =¥ =0,

A - bg' —ac=0,
and the prime denotes differentiation wrt 6. The general solution to these equations is

not knéwn, but a particular solutxon may be obtained for b = g = ¢ = 0 as in (Thompson
B 1984})): N g4 "

= ‘ %(P:'*‘Py)“;‘ h(y/m)

@Al

P : 1
T -— R

[Krc(:vp,: +p,) - (&%&) (vp, ~ wpy)]‘,

5 ] Y \ "
where z and y are the original co-ordinates and the prime denotes differentiation wrt

z = arctan(y/z). K and h sat1sfy the followmg paiy) of differential equations.

o

‘ I"" +2K = 6h' cos(2), (1.4.4.45)

(1.4.4.44)

3hK = W K' 4 h'K tan(z). (1.4.4.46)

_1__&5 ;The cage Ni=d

The fc)rm for a quartic first mtegral is 7

Y I=fyb +f1pxpy + fzpipﬁ + fap,py + f41}

e ‘\ | | (1.4.5.1)
+ goP% + 017Dy b, .

N ‘ % ) 3 Sy

)




where f;, g; and h ar¢ unknown functions of v and y. On taking the Poisson: Bracket

1{
with H and separating by coefficients the following equations are obtained

8fy _
Fria
of, , 0fy _
s Ty =0
(1.4.5.2
é)_f_a + g_fl =0 )
S ay{;, ’
8, , 3 _,
dz Oy ’
dy !
Oz —4f°6:z: +f1_(§;’
89y 09y o, 0V, .8V
Sz +"a7"3f1'b’:‘z;v+2f2'§;a (
1.4.5.3)
99,

gy .0V oV
o2 + By 2]‘2'5; +3f3‘“5!‘l‘v

dg, OV . .3V
'a—y = fa 9z +4f46_y7

!
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i

o m v ey
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The 5 equations (1.4.5.3) rnd (1.4.5.6) remain to be solved for the three unknown
functions g;, V and the 15 constants in (1.4.5.5). The general solution to these equations

is not known, but many particular solufions are known. Some examples are given below.

I
Exumples:

1) The following cubic potential was found to have a quartic first integral in (Hall 1988)

and (Grammaticos et al 1982):

= %a(mz + 16y%) + d(l??ya + z?y). (1.4.5.7)

X
A generalized version of this is given in (Grammaticos et al 1984) and (Hietarinta

1984b):
V= »%gy"* + 22y 4 %(mz +16y2) + mz™2 4+ na~°, (1.4.5.8)

which has the first integral
4 1 (9?1 day 4 dorm=2 -2 —eyz_ 4 a4 4 44
I =pi - (Raz? + 42y + 4z~ + dmz~2 + 4dna~%)p? — 3% PaPy = 3eo'y = 5oy

4 2 :
4+ gmy +8nyz~%t — 225 + a?2* + 4(an + m)z~t + 8mna~? +4n?z~12,



[/

0

2) For n = 0 the quartic potential
= a2 o+ 12027 + 16y*) + b(z* + 4y2) + ca~%(x? + 4y2) + m:z:‘2 +ny~% (1 4,
corresponds to the potential (1.4.3.34) for g,(2) = g,(2) = %(az’ + b2® + m= =14

which was shown to:be integrable with a quadratic first integral. Let the first in
of the former system be denoted b)y I,. Then the above system with nonzero n h
: ‘ } M \

quartic first integral

I=1I; + n[2:z:’"y“"’p.,fc + 16(az* + cz ™). (1

In (Ramam et al 1982) and (Gra.mmatlcos et al 1983) it is found that the pote
V =gt + 627y + 8y* ‘%

is 1ntegrable with a quartic first 1ntegral The following generalization of this po

[

is mtegrable if e = 0 (Grammaticos 1984) or n = 0 and l = 0 (Hietarinta 1984b)

V =ga* 4+ 62%y? + 8y* + k(2? + 4%) + ma~? + n:z:"6 + ly~2 4 ey, (14
B 1

I =pt 4+ 4p2(a* + 622y? + kz? 4+ ma~? + nx "% + ey) — (16z%y +- /e4a:)pxj§y + 4:{
+ 4m2w"4w+ 8ma? + 16my® + 4k?z? 4 8kz® + 162*y? + 4o®
+ 163‘:9;/? + 16z*y* + e(8ma: y — 2ex? — 8ty — 1622y® — 16kz%y)
+ 81laty~? +vn(8mw'_8 +4nz~12 + 8ke~% + 8272 4 48w';4y2)a (14

3) The Holt-type potential -
V =9t 42225, (14

was found to be integrable in (Hietarinta 1983) by the use of Painlevé analysis
following generalization thereof found in (Hietarinta 1984b)

V= -g-a:“/“” + (12 + d)z~? 4+ 1ma®Pny=? + a(92? + 4?), (1.4
has the quartic first integral
I =p} +2p%p? + p2(16ay® + dny~2) + 242 Pyp_p,
+4p(z~?3(y® + d) + ma?/® + a(92? + 49%) + ny~?) + 16my?
+ 82adz~2/3y? + 8dnz~2/%y~? 4 8na~2/® 4 3%amaz?/ 3y2 + 8nma?/3y~?

+ 71202132 + T2ans®y=? 4 dnPy~ +32az~/y2 (92 + ) + 32a%y2(%a? +
(14
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4) A Toda-type potentlal representmg the basic “three partlcle free-eﬁ\d lattice” may be

rotated to s B N f
I T S
’ ’ M i ‘ v (10405-18) )
| 1= = pip} + 26"p§"‘-— 2¢*~¥p p, + €2~ + 2¢7.
Assume @ frst fhtegral with an angular momentum leading pa‘rt:
I'=(yp, ~ wp,,)“ + goP% + glpzp,, + g} + . \ (14.5. 19)

o (“
'I‘o solve the remaining equatxons 1t i best to transform to polar co—ordﬁ\ates (z =
reos(f), y=r sm(G)) and then one ﬁnds that \

[ o

V= i -1y uz(a)w” o @2 @), (1.4.5.2p)

9o --a(B), g | ‘ iL :

\::\ . N ) )
x L “‘,_ PP | a2 ! g //
\\ « ;= (6)r= + b(9),

1 O eld), |
BEGIOROFT OO gy

| | “ ;o 7T
] } q i ] ¢ N V_..N oy ° 1 3 1 Y min ‘ f
h = / [2¢v, — bvy)dY + [2av; ~ by,|r—1 +{2av, ~ »?:zmg - -éa'v;]r 2 ' s
Y 4
{ Q v (}S .

by

¢ : o o ‘\:
5 o "

P ) ” o /

@ i : ‘ . -
' 0 ‘
L g ' p < . w
' o \ =
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No in-depth searches for first integrals of order higher than four have been made, but

some "ihterestinégxamples of systems possessing higher than fourth order first intejg’rals“

have been found, All known systems possessing sixth order first integrals are obtained
by generalizing systems possessing L\‘.\Eic first integrals with an additive term,

ial

The a,ppln_atlon of Pmnleva analysxs in (Grammatzcos 1984) and (H1etannta 1983)

“ suggests that the potential oo )
. ) = e V s 12.,”4/”3 '4‘ y2m—2/3, . ' (\i.4,6,1‘(} "

i‘z\a»integr‘able,.‘ A segrch revealed that this system has a first integrzgl of order six:

, (1.4.6.2)

s 72m“/3yp§z7, + 648m2‘/3y2p§ + 648y .

A Toda-type potential withi-a,gixth order ﬁrst mtegral was found in (DO‘L']ZZI 1984) :

The result has bisers rdmte& heug to make apparent its relationshlp with the Toda~type

“';"

&y
cubic ﬁrst& w lif time cubic ﬁx:st integral is denoted by Iy, the sixth order results

l/2 + oY 4 e~ IViz+]/2 (cf. (1.414,36)) o‘btamed in the section on

¥



[}

In § 143 it was shown that the nearest nelghbour potential with v( z) =

[f()
: superintegrable, The generahzatmn ,
. V = o(=2y) + o(V3 + 1) + (V3 + 1), with C
e - g (14.6.7)
Co(z) =22 4= az 2.
8 g \
s mtegrable w;bh 3 sxxth order first 1ntegral g_WOJCIGChOWSkl 1983, Adler 1977). Denote
the cubic first integral for V when a = 0 by I(p,,p,,2,y). Then the sixth order first
mtegral for (1 4.6.7)is .
oo I=1I,(p, + zam,py +zay, z, )L (p, ~ zaw,py N ) (1.4.5.8)
o ’I‘hm system is supenntegrable since it is of the form (1.4.3.24).
A class of Sﬁpermtegrable models was foundiin (Thompson 1984b), Systems of the form
H= -(p,, ) AVE-0), - (469)
We:‘e co;nsxdered They already have the first integral I=p + py Thompson found‘
» o that a higher order invarient existed if V' had the form | ~
| N V=(—-y) (1.4.6.10)

where a = 1/(2k+1), k = 0, 1, 2,... . This result may be generalized for arbitrary a. If
the co-ordinates are rotated so-that -
N ‘

V=g, (1.4.6.11)
Dn o 0
\\ a first integral is given by
) o Pez® ] = ] ‘
T = p”/ (uz o+ 2)‘(1"“)/2"&11 — ay(pﬁ o+ 2:1:"’2“)(1’*'“)/2“‘ (1.4.6.12)
< . : )
i } .
~\‘ ) An}
g 0 )
40
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& 1.5 Noether’s theorem

Another method to determine first integrals of dynamical systems is to use Nocther’s
theorem (Noether 1918). One of the versions of the theorem fourid in (Sarlet and’
Cantrijn 1981) is given here. Let
T=t+er(t,q),
(1.5.0.1)
G = ¢ + e6i(t 4y
be an mﬁmtemmal point. transformation. Here the subscript refers to the different

4 spatial co-ordmate& The transformed velocities are given by

\

) dg; g+ é:

/ : 49 _ 4T .

7 =g = bt e @) . (15.0.2)

For this transformation to leave the action integral of a éystem invariant up to a gauge
tefm it must be such that

i‘z l/- » dq‘ _ ,tg . | "I ;“‘_
‘LayQE@MWAMw@mw

iz df "
ve [ Dt awnar+ o),
31

where [t,,1,] is any subinterval of the interval [a,b] on which ¢(t) is defined. This will
only be the case if

L<?(t),<:f(t>, (t)) 1) = L(t,q(t),q(t))+e (t,q(t))+0( 3 (1.5.0.3)

To first order in ¢ the lhs may be written as
. aL - v aL aL
L(t,q,¢) + 'Efi'é"" +e(€; qT)'57 + 57'_6“{'
From the first order i m ¢ terms in the previous equation it is easily seen that

oL , ot g
5 o 9L, 4 2L 5 L ¢t Hezi=2, (1.5.04)

Kir-out

A few simpl; manipilations of this equation and use of the Euler-Lagrange equations -
give ‘

2df . [OL oL df. 8L, . .\T

dt (65 - QI'T) [aga dt (6(}.)] + "JE [LT + "5‘97;(6, — q,'T)J 5 (1.5.0-5)

41




from which it is easxly deduced that

1= - [tr+ 526 - i)

.

» (1.5.0.6)

. is'ail integral.

i

. Inﬁmtemm'xl transformatxons of the form (1.5.0.1) are called Noethcr-transformations of

L i they satisfy (1. 5.0, 4) and to each correspends 2 ﬁrst integral of the form (1.5.0.6),

Consxder the onie-dimensional harmomc oscillator with Lagrangian

Q

L=3( -, (15.0.7)
. Equation (1.5.0.4) becomes | : o
S eri(Za B ()
o - S £{1.5.0.8)
6‘T . f. af ¢
2 Loty
‘*‘(q ‘”( at)"a a+ B ’
'Separation by cqeﬁicients of pOWer‘s‘of’q' yields ;- K
‘ ’ ‘a'T 0 1 37‘ 0 o
- ~%g T 55 =" (1.5.0.9a)
‘ 65 or 1 or DR ‘ PR
. v 1 o
C mtwmtiwm=% .. (o
i \‘\\ .
8 1 ,0r af - .- |
1 287‘ — 6f ‘ )
§=30 %5 = % (1.5.0.94)
which ‘yield the solutions ’
7 = A+ Bsin(2t) + C cos(2t); (1.5.0.102)
< B zl ' R & v
¢ = [B cos(2t) - Osi(atl + Dein(e)+ Geost) (1560100
/\

where the constants are arbitrary. By choosmg each consta.nt equal to umty in turn,
whilst the others are set at zero, gives the following Noether- transformations and the

42
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‘corresponding first integrals

i

a

t=t+e & =g, : . (1.5.0.12.1.q)
X X I = %(42 + &), T (1.5.0.12.1.6)
fz =4 é"’siig(%), é‘; =g+eg cos(2t), | (1.5.0.12.2.q)
= -—(q —¢%) bm(2t) ad cos(2t),  (1.5.0.12.2.b)
" Iy =t + ecos(zt), qs =iy \—Oeq sin(2t), (1.5.0.1"‘2.3@)
C L= 5(4 = %) cos(24) + ;qgin(zt), (15.0.12.35) 1
i =t m=cren®, . (1501240)
o @ 1'4 =q cos(t) qsm(t), Y1.5.(0).1“2’.4~b)ﬁ
N ‘ fy =1, Js = g + ecos(t), ( 1.52:&12.5@)
I; = gsin(t) + g eos(t). (1.5.0.12.5.0)

{=t+ 6"'(i QsQ)a

\\X&.\ q /%ﬁ'(t Qvé)a &

the equations determmmg the Noether—transformatmns are (Sarlet and Cantrijn 1981)

(15.0.13)

o 8¢, | or 6f : |
Lar tag =T . 1.5.0,14.a
u@qj oG 3 (aqj ié’%) yeff,:/ . o ( a)
5L &, 8r)
= +£’6 +L <6t +q"57i§> * Y,
Iy B
¢ f o7 L or\ | af . of - o
% [at * g, =4 (E)t +91”5;1'j>} '”éz\T‘f"ég: (L5.0.14.5)

Gy

' N}
. The first integrals are a.gzun gwen by ( 1.5.0. 6) If the complete solution to th&equatxons

(1.5.0,14) can be found, all the first mQ:egra,ls of a gystem can be detemnned\» It is
generally not possible to make progress w;th the solution of (1,5.0.14) and t}fe precise

pature of the velocity dependence of = aﬂd the £'s must be made,
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The ji\}{\)blem may also be solved by using the' symmetnes of the differential equations )
alone. ’I‘hxs is the approach of the Lie theory of extended groups. This is somewhat -
further rerpoved from the present method a.nd is m?\t reviewed here,
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" 1.6 The Lax-pair method : B

v

’I‘hls method consists of ﬁndmg twon Xn matnces L and B so that the equations of

oL

—7—.~[L,B] LB - BL. - (16.1)

w

motion are gwen by

[

The first mtegrals of the system are then given by the coeﬁé;ents of - 7 in the e:;pansion

of det(L — 4I) or alternatively by tr(L")(k = 1,2,...) where tr stands for the trace.’

As an example consider Euler's equations of motion for & rigid body in the absence of

torque (Steeb 1990).  ° ) T
‘ ) 41 = (A ~ Ag)ag;

”

&= (A = Aa)aati e (1.6.2)
u ds = (A ~A)d. ‘ ,f '
A Lax representation of this problem is given by B
5 N .
D \\\
SR dL ~[, \
v e G <@ \\L\}) )
where ‘ ‘ ’ o
0 -9 @)\
L=1 ¢ -0 =q/|, (1.63) -
o Negpowg 0]
o ! ; ; i T a N #
. | f 0 =g oty i
AMo=| Mg © 0 ,ﬁ""’\lqi . - (1.6.4)
v | =l M@ 0
From thig Lax pair the first integral
- ) I= q'f + qg + qg k “ ' (1.C.85) ’ R
is obtamed. “ O

This method has been used with” success (Calogero 1975, Moser 1975), but it hias the <
dra,wback ‘that there ie no systematic Way of ﬂnding L and B‘

D . : e
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' CHAPTER 1I: CONFIGURATIONAL INVARIANTS

&

2.1 Introdustion.

3

First 'inteb‘fals are 1iséfu1 inrjs‘h’é solution of differential requa,tions as was pointed out

in the ‘previous chapte‘x If, however, the system is fion—integrable it will not possess
sufficient first integrals ‘to solve the problem. In such a case one may leok at spec1a1

cases of the problem to determine whether they are solvable

N
Y o

A natural way of restnctmg pr reducing the system is to consider it on a hypersurface

of phase space defined by _-\C’ where I is a first integral of the’ system and C is a
“fixed value. Uhder thes restnétlgms it may be possible to find further first integrals

of the reduced system. These first integrals will, however, not be first integrals of the

original system. They have been given the name configurational invariants.

Conﬁguratmnal mvanants were firgt introduced {»y 'L S. Hall in 1982 (Hall 1983).
" His attempts. to explain the existence of a certain class of axially symmetric

magnetohydrodynamic reversed-field equilibria led him to the idea.

]

"‘2 2 Conﬁgurat‘ional invariants and a;n%reak form of coﬁ‘{plete integrabllty

(A}

’I‘he following formal definition of a conﬁguratlona.l invariant was first given in (Sarlet

et al, 1985). i
Let "' ” k“\v
) i = fl('z 'ys y)) -
A (2.2.1)
L fz( T ’u\ &1 J)» " |
be a dynamxcal \kystem Sappose that ERLCY '
RIS F(wm,w J) = E | a (2.23‘)

o o \\ ‘
is mﬁzst integral of the system, e energy, then 1%9 total time derivative must be equal
to zero o ‘ | "w '

: ‘ dFf | 5‘F 6 aF .. OF

T T “'“fla»c f2aj =0. v




(2.2.1) may be rewritten as

\_‘5 = fi(z,y,%,6(,y, &, E))
= flf(waya“;”E){ B (2.2.4)
R\ | . n o l\ B
o y = ¢(z,y,&, E),\.
where the paratnet/ E replaces y as a variable. If we choose the value of E, say
 E= mm then we are only looking at the class of systems w1th solutions confined to the
t | h}rpersurfacﬁ : o |
v’ Y LnTL i ‘~v o “ F(-’B,y: .13:’) —— EO , ’%\1 &
‘ S s : ' - a ] (‘1 ' ) k \
o ~ in phase space. 'l‘he wrrespgndmg dynamical system is
e ”/;7 R ' f“ ”
o ‘ : \&\‘ C i = fl(a’ y’“”Eo)v
T ’ | 7 (2,2.5)
e = Hoxsva, Bo). “
\\ ’ ’ + el o) : v :
\. Definition o
| x\f“ A function J = J{zu,& £,9,t) is smd to be conﬁgura,tlonal mvanant of the original
. gystern 204) wrt the first integral (2.2.20/ if its restriction to the surface E = E, .
. _hamely ' ~ « ‘ ; |
I : ‘ A g .
\~ ‘ ‘ S, &1, Bo) = J((wa%m, d’(w,yrw Ey)yt), (2.2.6)

e
AN

is a fivst mbeg;ral of the reduced system abmfe.

kY (‘Iearly a first mtegral is a.lwciys a configurational invariant, but configurational

Wy

y .invariants are not always first integrals. To illustrate the concept of a conifigurational
i.qvanant consuder the following example consxdered by Sarlet et al.. -

\
Let\\ | o
o Ry -
B \\\\\ - = -—Qm _ 6V -
\ N § = Ty
where 2 \d V are functions of z and y, be dynamical system. To find » linear first
\ntegml of %he form
N 1 Y
“ \ o J(‘”\ J’ &, ) = :5'(:1:, y)& + Tz, y)y + K(z,y), @ 28)

74
8!
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. s .
we must solve J =0, 1.e.;

88 ., <BS+6T)M aT.M_<_a_gg___m)

e s, Ox “ Oy Oz
9 oV - 3 (:29)
K |4 1’4
+(~5§'+SQ> (S’a +T6 ) 0.
| Separating by coefficients of the different powers of & and ¢ gives (/2}\\
. EAY
a: , )
’ i‘g = 0’ 02_1: = O’J aS —a—z‘: == W : h ‘//“//
7 e oK v .0V (2210)
) v . L0V _ ”
A B Q= 3y + 50 = O .S' B +T 5y 0.
I ‘ ({ . , ”
The general solutzon to these equations is .
o , - Vi= V(c(e? +3?) + ay + bw), ’ “
Q= Q(=(a® + y2) + ay + bd),
s =Gt - e
[s% | T=2cx+b, . “ :
(¥ ) i
: K=/Q(u) du +d,
\ ‘ |
where a, b, ¢ and d are arbitrary constants, o
The energy ;)f this system,
B ~(m +P+, o (2:2.12)
is a first mtegral Tc:' ﬁnd a conﬁguratmnal invariant J wrt F o{* thf’ same form as J 7
above lef : '
\\
The guation for the time derwatzve is
| L oK 8s ~or i
s Cmsianint — 2 \\\-.s~
- —-:v( QT 4 - )+w\/2(E -4 ( + &g}) |
s or a8 )
T &2 ( By ) \/Z(Eo V) =~ g2 (SQ + --\E—-) (2.2.14)
GOV V] .
B ' » 9 - bt s - ‘\
+ |55 +am- V) 5] =0
48
=
|
% @ . o
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A it L

N n‘.‘(‘\ N ‘!"

it

oS oT s o1
%_'-_8_:1:——0’ Tz Oy O

0K oK

e QT =0, By + 50 =0, (2.2.15)
ov or oV
-5-5; + 2(B, ~ V)~a—y— - T——a—y— = 0.

This is a smaller set of equations than (2.2.10).

The solution to (2.2.15) ac obtained by L. S. Hall is :

v (98 o p = (3% 2
g-v=(8)ivie, o= ()i

(2-2A16)
—1 Z I e e
S — E ) — )

where ¢ and K& are arbitrary funcuions of 7 which is any solution of Laplace’s equation.

This is more general than the solution of (2.2.10).

Sarlet et al. found a particular solution to (2.2.15) which is given here. Let Q = 0,
S =2 and T = y. All that is then needed “or the equations to be solved is for K to be
equal to wero and for W = (V — E;) to satisfy

ow oW
e +yw+2W_ 0. (2.2.17)
The general solution to this is
w=a"25(L), (2.2.18)

where f is an arbitrary function. The corresponding system is

& = a=2f +yai £,
(2.2.19)
y= —w—af'7

where the prime denotes differentiation of f wrt its argument. This is a generalized

Ermakov system (Ray and Reid 1982). The energy is given by
E = %(:;;2 +*N+ a2 f (2.2.20)
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and J is given by

J =z + yy. (2.2.21)

Now
which is zero only when E, = 0. Thus J is a configurational invariant of the system
above on the nypersurface E = 0. Note that a first integral is always a configurational

invariant since its time derivative is always zero. Here configurational invariante that

are also first integrals are referred to as trivial configurational invariants.

A weak form of complete integrability

Comnsider a Hamiltonian system with n degrees of freedom with Hamiltonian
H = H(Qapa t)' (2'2‘22)

Here boldface is used to indicate vectors. Suppose that the system has a first integral
®,, and n — 1 corresponding configurational invariants ®,, @ = 1,n — 1. One may
assume that the constant value of ®,, is zero since by adding the appropriate constant
to @, one obtains another first integral the constant value of which is zero. Suppose that
these configurational invariants together with the first integral are in weak involution,
by which is meant

) =0, a=1n-1, (2.2.23)

ajd, =0
(8 %]lg, 2o =0, ij=1n. (2.2.24)
(Here and in the sequel the subscript PB has been omitted for reasons of clarity.)

In the following Greek indices run from 1 to n ~ 1 and Roman indices run from 1 to n.

The summation convention over repeated indices applies.
Introduce functions F; defined by
F,=0%,~a,, F, =9, (2.2.25)

where the a,'s are arbitrary constants. Assuming that the Jacobian (0®;/dp;) =
(OF;/0p;) is nonsingular in a neighbeurhood of the region of interest we can locully

solve the relations F; = 0 for the momenta p; :

p; = fi(Q, i.\i au)r (2u.u26)
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Let
Gi(qa P, aa) =p;- fi(Q1 t, aa)- (2.2.27)

Since the F)’s are configurational invariants, they satisfy the relation

Filpeg=0 (2.2.28)
and the following is also true
Fz‘lp:o =0, (2.2.29)

where F' = 0 means F; = 0 for 7 = 1,n. In view of (2.2.23)-(2.2.24) the F’s must satisfy

‘

['F"’ FJ] ‘F.,:O =0,

i.e.,

[Fi F)|pep =0, i=1,n. (2.2.30)

To obtain the final result two lemmas are necessary.

Lemma 1:
[Fi, Fjl|lpey =0 & [G;,G}]=0. (2.2.31)
Proof;
From the definition of the G,’s it is easy to show that
Of; afj
G5l = =t - == =10 2
[Gi,G;] =0 = 5g; ~ B, (2.2.32)

The lhs of (2.2.31) when expanded is:

OF; OF; o0 oF,, OF;
[‘F;"F}]llﬂ:() - '5;‘,?((1’ f(q1 t)7t)’51')'1’(Q7 f(‘-L i)a i) - 'a—E("‘)"C;)‘é‘I"('—')i (2.2.33)
Taking the derivatives of the identities F(q, f(q,t),) = 0 wrt q; yields :
08, rratr s OBy :
691 (Qa f(a, t)’t) + "a_p—k'( )"a“'é;‘ = U. (....2.34)

Replacing 8F/8¢-terms in the expression above gives

~ _ OF;, OF; Oy 3fk>
[Fi) Fj]lp:—.o - O (q’ f(cb t)at)a_pl'("’") ('a—q'k— - '5&'{' . (2'2'35)
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The result (2.2.31) now follows from (2.2.32) and the regularity of 8F;/0p,.

e e e e et
-

Lemma 2: f,f
Flpeg =0 &= Gi|g_,=0. (2.2.36)
The expression
. OF; A OF,0H 6F 0H
o Flpeg = ( + ) (2.2.37)
0 | = ot . 9y 3pJ ap: Oq; p=£(q,%)
- may be rewritten u‘si'ng (2.2.34) and the analogous identity -
\. o oF, . 0f;
1 v at (‘I: f(Qat)’t) + . —a'tz' =0. (2°2'38)
It then becomes
: oF; (0f; A Of;80H  8H |
Pl = |9 (%, OJ;0H  0H 2.2.39
=0 [317,- (0t 34 0p, ' 045 ) | |pmptasy ( )
or
. OF, .
Fi| peo =3p, @0 fla, £),£)(G;| go): (2.2.40)
j
The lemma follows.
Since the F's satisfy (2.2.40), it follows from Lemma 1 thii.t the f's satisfy (2.2.31), |
Equation (2.2.29) with Lemma 2 gives Lo
of;  Of; 6H [
oy + == 34, 3y —(q, f(g,?), t)+ 54; (q,f(q,t) t)=0. (2.2.41) g .
, , -
Using (2.2.31) in this equation yields P
of;  oH,
R B 2.2, [y
(D o Ty =" el
o where Hi(g,t,a) = H(g, f(g,t),t). Equations (2.2.31) and (2.2.42) indicate the
| existerice of a function W such that b
» oW ow L4
¢ PR S I_{ T e — .2.4 1% i
: 1= % E (2.2.43) #
o | Define n — 1 new functions I,(g,t,a) by A
ow
: ‘ I Ry 2.44
)\\/ a(q’ t,a) da,, (2.2.44)
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; oI, 6I BH

_ 62W+ 02W BH( ow £
- Otda a 3qkaaa 3pk % (3(1 ’

6 )%
("'_' 'f‘ Hl))

’f
L
which is zero in view of (2.2.43). Th.ué T, ’
and the following “weak complete integratiiity” theorem has been proved. h/ 3

additional invariants have beep constructed

N

Theorem T ' )\)
Let H(q,p,t) bea Harmltoman of an n-diménsional Har;ultoman system. Assume that ,/

a first integral @, and n-—~1 associated configura,txon;'—u mvanants &, are known. Suppose K\\
further that they are in weak involution in the sexnse of (2.2.24). Then there exist n ~ 1 )
additional configurational invariants I, so that the integration of the system along the

hypersurface @, = 0 reduces to solving a single first order differeniial equation.
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2.3 First search for configurational invariants

The first search for ccafigurational invariants was made by (Hall 1983) and his work is

now reviewed.

Dynamical systems of the following form were considered

EN

} aV O
e == 5
7 ' 2.3.1
. | (2:3.1)
y= y ay ’

where both §(z,y) and V(z,y) depend upon position. The invariant was assumed to

i

be a general polynomial

N n
ﬁ I g, 2,9) =Y, Y, Apm(zy)E™" ™, (2.3.2)
K ' ¢ n=0 m==0

The energy integral is given by

.1, .
E= 5(32+y2)+v,

L

which suggests the following change of miables

4= 3(7 § = usin(y), (2.3.3)

where u? = 2(E, — V). Now I can be writte: as

\,
i

I(z,9, =z, y) = -C' + Z[G cos(nfy) + S, sin(ny))], (2.3.4)

n=1

where S, and C,, are functions of z and y and
S,=0for n<0 orfor n> N1,
N C,=0for n<~lorfor n>N+1

The tot&L time derivative of I is
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} 1 N+1 ) 5 ‘
: IN = '2- 2 { [Un-é; (ul“"Cn_l) -— u“a—y (ul"".S'n__l) - ZnQSn
t -n 9 1+n0 -1 4 1+ns .l
Fu" (u 1) F U oM (u n+1).. cos(ny)
+ u”‘-g (W~"C,_;) + u"-—a— (ul~"8,_,) + 2nQC
© ay n-1 oz \ n--1\ n
-7 4 i4n =n 4 14n :
. g (WtCpyq) +u P (™S p) | sin(ny) ¢, (2.3.5)
where V has been written ito u and 4 has been replaced by
" ¥ = u™(§ cos() — &sin(y))
| oV oV |
=-0—-u"l{ — -~ —si . = 3.
/) u ( 2y cos(v) B sm(')')) (2.3.6)
For fj to be zero the coefficients ofy_,coé‘(n%"éﬁd sin(ny) must vanish except for sin(07).
This yields 2V +3 equations in 2N +3 unknowns/;; C,for0<n <N S, for1<n<N,
u and Q. T T
§ By introducing the function : i
" F, =u""(C, +i5,) (2.3.7) ;
g and the operators 5 5 5 5 ’
. B e e D A'*:::ﬁ-—.k‘-—- ' ‘ i -
o Ve V T Em Ty (238) L
the equations obtained by scparating (2.3.5) may be written as S
N ‘f‘ V' Fyy H200QF, 4w g (w?2F, 1) =0, 1< n <N, (2.3.9.0)
Y " h . .
‘ 4 ‘ Im(F,) =0, 7 (2.8.9.b) : ,
O B 4 ' ,
] Im([(iu®F,)] =0, (2.3.9.¢) .
‘ i
V*FN’}: 0- (‘2‘3‘9-d) ;
‘ oo ;
R | ) | ‘ Ny |
o b From the last condition it follows that Fly is an analytic funcgibn for any value of N. |
Ty ' The necessary and sufficient condition for a fonﬁgurational invariant to exist is that a
\GJ solution to equations (2,3.9) exists. | N A
! } V S b 55 5[1( |
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There are more convenient variables to use than the present ones. They may be obtained

as follows. Let G be an analytic function such thxt

FN vl (2.3.10)

-

A conformal transformation may be defined from the complex variable z = = + iy to

the complex variable ( = € + ¢y by

dz = Gd(. (2.3.11)

Thél differential operators corresponding to 7 and v7* defined previously are

a .0 7]
and
(2.3.13)
P LA R
DY=G"¢" = 85.“877 —23C*.
Define A, B and T as follows
A, =G "F, =u""G™™(C, +1i5,), (2.3.14.a)
B =2GG*Q, (2.3.14.5)
T = 2GG*v? = 2GG*(E, ~ V). (8.3.14.c)

Equations (2.3.9) transform to

v D*A,_, k- aifA, + T“"D(T"+'1An+1) =0, 1<, (2.3.15.q0)
Im(Xy) =0, (2.5.15.0)

<o Im[D@ETA)] =0, (2.3.15.c)
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Notice that Ay = 1/N has replaced FN thereby greatly simplifying the calculations to

solve (2.3.9.a)., The configurational invariant takes the form

) N . v "
P Iy = %,\0 + Re {Z(AnG"u"e“‘"g)} . (2.3.16)

n=0

For nonzero §) equations (2.3.15) are difficult to solve. Therefore ouly the case £ =0
will be considered further. Firstly the conditicns for the existence of a configurational
invariant will be reduced to a single equation for the cases IV = 1,4 and then a few

examples obtained using these results.

When § = 0 equations (2.3.15.a) decouple :

D*)\,_, + T "D(T"),)=0, 1<n<N. (2.3.17)
Tor n = N this becomes
D*Ay,+DT =0.
Integrating this wrt ¢* gives
Mva == [ DI+ Ay (0) (23.18)
where An_,(¢) is any analytic function of (.
Let
¥ = DD*(T), (2.3.19)
then
Az == [ DD + Ay _y(0),
ie.
An—z = =D+ Ay ,(C). (2.3.20)

Since Apy., is an analytic function of ¢, D*Ay_, = 0 and therefore DD*Ay_, =
Consequently ¥ = 1 + Ay_, will also be a solution of (2.8.19) and Ay_, may be
abso.bed into 1 giving

Ay—g = —=D%p. (2.3.21)
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Then

whire
I

For the cases N

" Case N=1:

|

: oy
and ¥ = 2366

[}

@

1,4 the conditions for the existence of a conﬁguratxonal mvaxla:nt

i o
7

(S

&

. will now be reduced to one equation for each case for the. unknown function v,

4

(2,3.‘23)

9]

Smo" A= 1 o(2. 3 15. c) becomes p .
', ) /;Js\-z’k < 4 - ]
ﬁ e { T[T =0, “
2] ' ! Q ) ’ a , a ‘ . 5]
) }fg Im[(“éf - z“g;]‘)T] =0, : )
[s} 0 . aT’ / o o
n %= (2320
‘or eqhivalently - ’
%%f— = 0. (23.28) -
L The functions ¥ or T' must satisfy the respectiﬁ('re constraints above for a corrﬁgurati(mal
invariant to exist. / \(\
\
In this case (2.3.21) is .,
" Xy = —=D%p, (2.3.26)
According ‘to (2,3,15.b) Im(},) = 0 therefore simplifying the previous equation. The
equation to determine 1 is
) - Z (2.3.27)
3{60 a
é"”‘l Case N=8: ¢
" O In this case A; can be obtained from {2.3,22) above. Substituting this into (2.8.15.c)
ﬁ yields | “
) / 8 o | O | )
4 53(XT) - -——(YT) 0. o (2.3.15.c)

i~
o >
i
{
43
.
v‘/
i
!
!
.
§
3
f
1
w
ST
]
1
¥
»
;
i
i
|
Y
\\
b
i
!
|
3




aly

7

oAl

14

o)

b ik ..

T

et B,

gl

oW g e M

* from them gives - ) : . o

Rewritten in terms of 4 thisis R ‘;\ .
ae - 9%) 8% _ ( (92?/’ ﬂ- 32¢ 33¢, ‘ N a
’ 06 9¢¢  \ogF .o 5de ERE
| _ 0% 53¢ 632,b P | g

o
1, > @ 2]

" In general for odd N (2.3.15. u) is the detenmmng equatlon fot t/) ance ")N =1 /N
Lone can use¢ equation (2 3.17) to determine Aneg tto A, and v,b and heiice ult:mately

it6' Ay and ¢ untilh — 2 = = 1. At this point the condxtlon (2 3.15.c) i is appued and a-

Y

equatlon only containing the umcnovvn 1,/) obtained.

’ Case N——4 1 .
By settmg n = 2 in equation (2.3.17); writing Ay’ = A + )] and settxng both the real
and Jmagmery parts equal to zero the followmg is obtamed v e @
CONE_OM (0T p 0T O 0N B
P --'r~ = 2-“ ».
) %~ (265,\ ,\2+Ta$ e ) (2.3.30)

oM | O ”

AR g oA’ 0T s
65 6)

r R - }\‘2\‘!“0&4 AR T

R 3 258 (2331 <

o
f
%] Wi

Dxfferentlatmg the two equations so as to obtain (82A%/ d:vay) and then ehmmatmg it

“d

g(gpiegp-renly)
| X
+2 9 ( Zzg g 422 AI wa»\z +ng )-.._:0, O (as)

where the condition A{ = 0 has been used ,
[ S 3:\'\1

! Thls is the equation deterxmmng ¥ when N is even since equa.txon (2 3«17) may 'be 0

repeatedly solved for A, ito A N and ‘i until n = 4,and the result subef;ztutzqd inip
the determining equation abave, Thus for N=4,1 mus‘&ksatzsfy
~

( 52¢ 63¢ N 32¢ daz/) > A
65 Otdy O3 ~ 0% 0€20p

Y 52,}, oy o 8% | ;
v S daariins o PR SR B . .
s (66817 on3 +h2 At aggnz) =0. ,-"(2'3'33)




+ i) Third order | , . o c:i n

Examples: Lot

Since the equa,tion for t/) to exist for a thu‘d order conﬁguratlonal invariant is dxfﬁcu;t
to solve choose ' ) \ ‘

--¢ Hin) + F0)a(n)y - : (2.3.34)

where H ) f and g are still to be‘”deterrmned ’I‘he equa.tlon for 'z/J becomes )
o .
( ? 9 ; ,
i f [y(z)( (1))2] { £ [gmg(s) i z(gm))z] ,
20 R + £(1) fm [(ga))z 4 ggtz)] _ @ f(:»g } o .
e b 5 ne Jp @ o
where the superscrxpts in pa.rentheses denote the order of the derivative. Lei: o
f = a4 2(5 —&)? and»g be the solution to e '
5, L gy +2(g(2)7z =0, O (2830)
Then g= K + d)(n n(,)?f and the equatlon for z[: b scomes R
PR o Ly . . 0 ) } » . ,
y | Ve B [ (2){){,(1))2] =__g(1) [(g(l))2 n gg(zz] (2.3.37)

4]

Tt js easy- to golve his equation, but the general solutlon is long and shall therefore be

> " omitted, Choosing G (of the transformation) to be 4 constant gives rise to the- fo]]owmg

i3 ; (? o

algebzmc poﬁenhal ' S i

P,
U‘

: If Ffis chosen as before and ¢ is chosen a8 g = e’\" where Ais a constant, thm

T . 4 = B~ _ (0, e*/" ¥+, e~V A L (2339)

"W;th X = 2 dnd app* opmate values for f;he ﬁther constants the correspondmg pofentxal
:s 8 "loda»type poteni.ml (HaJl 1983):

“ | ’v: E ‘” , x‘ " ! } ey, ,,.,.“, 5(2.] '2\/-'2) (29 2\/‘3) "‘4!} 3"‘ o ,
A Vi { te petio g (2:340)
**‘hcz &ofmpondmg cozwﬁgumﬁanal invariant is ‘ . oy
P Z* = Sx(m -3y2)+(w+ Vi)etr=ain
(2.3.41)

+ ( & ‘/w 1)6(23’ *"‘/H-”) - 2ge™ 4,

....

'V "“'KO+»-acx(y ?/o)mz/3 -~(y '9'0)4/3 "“(y yn)-z/a(w “"0} (2.3.38) :

W
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ii) Fourth order o , o
Let o : Y b, \\1‘ R
' ~ = 5(5)4' H (77) +F(En.

o

The equat:on for determlmng ¢ when N = 4 now reqmres that .

| A 2 O OF O
- o e T aar T B o
f w2 ‘ 4-‘ C et 3¢ a2
& e //\\afa +36f6 +2a forE =0,
. ol 66 ags. 062 o 53 352
R '.‘FormG = con;iant the i)otenti;l has the form AR

V= %.(wz -{JliGy"'), + 42y + 93}_?/3

and N )
4

I = =31 +(n—x +4:c 2y)d? -—éx J:y+ 1: —il-my

- 1.,
¢ 4 3 3
8]
o, . v (2.3.45)
. A 5
° . 8 16 4 o2 .
- . ,
W 9 3 § &
i
[
5 i
w o Y
n 3
’ i
ful
! o X
L
k¢
. A f
0 ;
. . »‘f
’\:
o) ) )} s
5 . [ e
o N o . /’/
th Nl ) if
(- i
] o o3 { Q i
o R
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2.4 Further work on conﬁgure{tional invariants o

In this s;:ction results obtained by (Hietarinta 19Y87) for configurational imvariants
are discussed. Transformations are introduced which transform integrable systems to
systems of which the integrability can only be garanteed at zero energy. These results
can be applied in an anologous way to find systems integrable at fixed values of other
'ﬁx%ﬁ integrals. Here the fixed value of the energy will be taken as zero for simplicity.

Consider a Hamiltonian of the form

. H = 5(pk +p}) + V(z,y). (2.4.1)

The transformation

m=u(X1”Y)a pz':(vYPX'—vXPY)/D? ‘
(2.4.2)
L | y=v(X,Y), py=(~uyPx +uxPy)/D,

N . where D = uyvy — Uy ¥y, is canonical if
N . xVy YVx
* Uuxuy +vyvy =0,

wh + v} =ud +od £0 (24.3)

4 and then the form of the Hamiltonian will remain unchanged except for a term

" multiplying the kinetic energy term. The solution to these equations is

ux = vy, Uy =-vy, (2.4.4)

(the complex conjutate form of these is also a solution). These are the Cauchy-Riemann
equations which characterize analycity. Therefore, if u = Re(f(Z )) and v = Im(f(2)),
where f is a analytic function of Z = X 4-i¥, tiien u and v will satisfy (2.4.4). The

transformed Hamiltonian is

B =N B VRN IZ). (249)




D

" Note that thé phase space vanables of the system H‘1

O
Theorem 8: ) o . 0
The system with Hamiltonian - ,, ' R .
1, o g, I o
H, = 5(P% + #3) + [f (2)FV(Re(£(2)), Im(£(2))), (2.4.6)
o I3 “nm (" “ ’ BRY -
E 5 B //1 o 7 ‘j“y‘ B oy |
is integrable at zero energy. ) S EI B K o

I

Proaf'
in (24. 5) ahd H2 are the same.
Denote the rate of change of these vanables as détermined from H, and H, by adot*

[\

[

above the variable and & prime respectlvely For H, Hamilton’s equations of m,()tlon ¢

n

o

give

o dV w
|f'|-~—-—~ N

ff R

Analogous expressions may be obtamed for ¥ and Py. For .ICI2 Hamilton's eq‘uatmns

X=Pelf?  By= (Px+P§>|f'|"3

are
;o /
X'=Py=|fPX  Ph=-olflVoglf~IFFe ere
X ox ax Y
Since energy is zero, V may be found from H, = 0 for, from (2.4.6),
P = ol [k + ] s~ Y
X xToY oX ax
= 112 1 D2 241 £11~3 _ }
=171 (PR + PR 11— 2 ]
In view of (2.4.7) this reduces to ,
| \'}j‘" ;
\ ) [l . 3
. “Pyo= |2 Py. (2.4.9)

Y* and P} have similar expreshions.
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R

& Let I (X Y, PX, Pg) be a first mtegra.l of the integrable system Hj, then I is a ‘»
conﬁguratxona.l invariant of Hy: ) , . [/ :
| N aI aI } R
' . ' } ‘ . @
Tlpe = [ axX oY ¥t 3Px o X 31’ Y e 0 g r
E. | .. - oI, . oI oI
= . a o 12 }
—; \ : B © If ! [ X + BYY + aPXP “’ r ‘wl {!C)‘ ’
; “ = 0' K o |
= e ’ ‘ o oot Y )
§ " "Thus Hyis mtegrable at zerO\ Q{jrgy | . VO g (\l
= 0 ‘ ;-)Ln s [fﬂ S : &. . o PR N
:3 As an 111ustrat:on consider tbc potential 'V = az? + bﬁ Lét f e B2, ’I‘%&\/V becomes
— [ . % ’ {:,‘_7,\\.\‘ \ B
é V= 4[a:u '+ (4b — a)zty? .v,{«’-",(4b -—'a)a:zy + ay ] o (2.4.10)
= " o =l
% ‘which is only known to be mtegrable when a =4b, b = 4a m://a = b, For all 9sher values o Y ¢
= . "i of a and b the system must at least be mtegrable af zero cnergy, Fora=14nd b= ~1 ol
j it was found that the system possessed the followmg conﬁguratmnal xm/anant ’
k (w2 + 312)2 (2* —ffy’)2 | ('r2 +97) '
b \ . Apphcatxon of Ziglin’s theorem (Yoshxda, 1987) to this system showed that it is non- ,
1 " integrable. c
% - As another example consider the transformation represented by f = ZN apphed to the |
=;5 mtegfable potential V = a +b/r. ¥ N = =1 and N = —2 respectzvely, the followmg
7 two mtegrable potentials are obtained
= Vb fard,  V=brtbar, | (2412),
i y P . -

A relatxonslnp between polynomml and Toda-type potentxals can, be estabushed using:
the transformatmn (2.4. 2) When }’ e"nthe }bystcm

o Bl CA RO (2.4.13)

where W 1§,1a polynomw‘ in a.nd y, traq;sforms to
\‘ i ‘ 4
H = (Px + pY) + X W( Lexmy o gxmiv %(e”*‘y YY), (24,04
, P | |
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where W is now a Toda-type potential.

0
On the other hand starting from & two term Toda-type potential
’ N I e . o o
V = e** (e + ) ©,  (24.15)

and a,pplying: the £ ansforxiiation defined by f = log(z) which in potir cé-ordinatés .-

R P

becomes z =log(r), y = 9, gives the potential

19

)l"? N | . : Vf a-o‘z 56_*_'209). i (\ 22-4«16)
o . : o

Ifb=imand ¢c = in where a, m and n are smtable integers, V is a, polynomxal in

carte‘;xan co-ordinates, -

Complexiﬁcation;of’the transformations

" Under the transmrmai;lon o \ P e . \f\\‘§
| W>> o 2=(w+zy)f Pe = (pz | zp,,)\/' o (2\
g \\‘ | w = (x - zy,f Py = (Pz +zpy)\/_ l \;\:
(.‘241) becomes - o Y o : /}’

v,

‘When worlung at zero energy ‘one uses the zero-energy condmon to elemnate one of
the momema or some other variable in the energy functxony N ow solv'mg for one of the

momenta, from the zero~energy conc’utmn ‘ RN

) ‘.
does 1ot give square roots afq ould have been the case for a system of the form (2.4.1),
making this a convenient tranformatxon The transformation does not Leaﬂy complicate
the potential since it is linear, }’

"The analogue of (2.4.2} in these co-ordinates is

] W) ' ’ . - \
e | #=R(2), p,=Pyz/R(Z), ' |

” w = S(W), Py/ S'(W)._ | 5!
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o

The tranformed Hamiltoman is o

K= [PZPW+R'<Z> (WYU(R(Z), SOV))I/IR(Z)S' (W) (2.4.21)
Mu1t1p1ymg through by R/(2)S'(W) gives “ | | |
S K' =[PPy + R(Z)S'(W)U(RE), SV, (4422)

which will be integrable at .zero energy. To refain the reality of the potential it is
necessary that 5'(W) = R!(2)*. h ' |

Some’ Applications of these Results ) ‘ SRR
Suppose that I is a configurational invariant even in the momenta. Then I may be‘
written in the form ' | P
I= Ep "e(2n; 2, w) + e(0; 2, w) + pr e(—2n; z, w) (2.4.23)
"=l n=1 “

)
B
5

Setting the total time derivative of‘I equal to zero, applying theibe;o—enef:gy‘cénditx‘“‘i‘)ﬁ

to ehmmate terms of the form pwp " and separating by coefficients of different powers

of p, "and pw y;elds o (’ % '
\ .
S «f"u .
"'me(2n 1) = e(2n) +2n5- v, e(‘m,, n=1,N+1, (2.4.24.0)

-——e(~—2n +1)= U»——-e(—-2n) + 2n~—~e(~2n), n == 1, M4 é" (2.4.24.5)

3

) Here 1b is assumed that e(2n) = 0 for n>Norn<-M,

If the conﬁguratxona.l invariant is odd, it may be\wntten as .

. N ,,
I= > ‘§“+le(2n +1; z, w) + Z antle(—2n — 1y 2, w) (2.4.25)

n=0. il

and the equatxons for the functions e are

-——e(2n 1) = U—-—-e(2n + 1) + (2n + 1)—-e(2n +1), (2.4.26:)

i'} n=1,N§1,

7

—-e(-—*2n ) 1= U-@-e( -2n 1)+ (2n + 1)—-—-e(-——2n -!t 1), ‘(23,4‘.26.?.:)

0 v ; “ *é;(Ue(l)) + “é"&;(/‘tl) e("“'l)) :;"" On o . (2.4-26o0),
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‘ For small values of N and M equamons (2.4.24) and (2.4.25) may easily be s1mphﬁed

Consxder 'a linear conﬁguratxonal invarient of the form (2.4.25). The; —solution to

(2. 4.26. a,b) is e(1) = f(z ), e(~ 1) = g(w)} The transformation (2.4.20) may be.used,
with a possxble reﬁectmn, to gv*e e(1) =1 and e( ~1} =1 or 0. The remaining equation

.‘2‘24, ( 1).__._0 - , ) | (2.4.27)

li
o

has the solutxon U= U(w) 1ﬂ’ (—w‘) );- Oor U= U(z ~ w) if e(—~1) = 1.

For a quadratm conﬁguratx(ﬁnal mvana.nt of the form (2. 4. 23) the leading coefficients
may be chosen just as E_)ei,';‘am$ viz., 'e<2) = 1 and Q(-—J’) 1 or 0. The integrability
condition for e(0)is ~~ i / a

- | H._e(' 2) '7' o . (2.4.28)

I

with the solution U = zf(w) L 4) if e(72)—-0 and U= f(z+zw)+g(z~zw) if e(~2) = 1

9

For & cubic conﬁgmatlonal’/ mv:mant of the form" (2 4, 25) the leading coeﬁiments are
chosen as prevmusly. Equahons (2 4.26) become C

2=, Lo 1)..3"’ e(-—S) (2.4.20.)
ow 0z’
3, Ue(1) + “a-.iﬁ(Ue(-*l)) =0. (2.4.29.5)

]

To simplify these squations an au:&law function W, defined By

2 :
y’ - U= gzg; ' 7 » (2.4.30)
J o
is mtroduced and equations (2.4.29.2) can now He mtegrated !
| o*w W I \
| I =850, d-1)=85— Gt R V5
W Jis detefn}:@ed from (2.4.29.b): .
s W W W oW SR
’ P (%’aw 522 ) +e(-gs <6z6w Gz )=0 (48

For quartic configurational invarihnty
“e(d) =1, e(~4)=1or e(-~4)‘ =0,

o'w O*wW

co(2) =4, e 2) de(~4) 5 (2.4.33)
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and from the integrability qondi.’"tioh for e(0)

4
‘valent to those found by (Hall 1983), discussed in § 2.3 rbove.

‘These results are
& /

£} l

Thf’ transformatio mtmumcd in ﬂ:us sectlon to find systems” ”fntegra.ble at zero energy

differentm.l equatlonﬂ to solve. However, it is less systematic since it is up to the

'mdmdual to, decxde what Hamiltonian®to begin with and what transformation to use.

-

B ) The complexxﬁcatmn of the co«ordmat( follows naturally from the two-dimensional

=N proble:z;s bemg considered since they possess the “natural” kinetic energy which gives

rise to Laplace’s equa@mn; when the zero-energy condition is imposed. The solution
= - contains%ﬁ@l?;omplex (éo'»ordix;ates i and v, )

— ) a

3

O

e

-0

b

is interesting, It i6 easier to 1mp1ement than the direct method since there are no

i © - 4 “ )
o (PW W W FW\ (_4)1- W azw<+,, SW FWY _
Bz \ 923 0z0m 0720w 92 ) O 5w \Gw® 820w | 0z0u? dw? ,,
ERE Y R [} M) y (2 4 34)
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CHAPTER III: CONFIGURATIONAL INVARIANTS FOLYNOMIAL IN
THE MOMENTA FOR TWO-DIMENSIONAL POTENTIALS

'LINEAR IN THE MOMENTA

3.1 Introduction

. . ” o ,
~ In the previous chapter L. S.'Hall’s work on configurational invariants was discussed.

He looked for polynomial configurational invariants for systems of the form

.'B = QJ ~ g: ,
e . (3:1.1)
R R \\ y

Here slightly more general systems will be considered, specifically systems of the form

oy o H = -2-(p"; +p§) + A(z,y)p, + B(z, y\gpy + V(va:,y). (3.1.2)

Hall (1983) found the general solutxon to the problem for configurational invariants
linear in the momenta, but for quadratzc conﬁguratzonal invariants the general solution
is still unknown. For systems of the second type above the general solution has not

been found even for linear configurational invariants as a result of the complexxty of the

) problem. It was decided only to investigate the existence of conﬁguratlonal invariants

which are most quadratic, in the momenta, in this chapter‘ Here the approach adopted
in (Hietarinta 1987) is used. The constant value of the energy is taken to be zero since
it is equivalent to consider the system H at F = B and the system H — E, at F = 0.

3.2 Configurational invariants linear in the momenta.

For the simplification of later calculations the Hamiltonian is writtf‘:’n asg
H = Sl(pi+ A + (o, + BY 1+ W(z,),

where

W=V - 214+ B

,;7 o

Similarly the lmear configurational 1nvanant xs written as
| K\« |
I=(p, + Aalz,y) +(py + B4(z,v) + o(z, ).
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When separating I|z.., by coefficients of powers of (p, + A) and (p, + B) the following

set of equations is obtained.

5 =0 (3.2.3.1)
| -g% + -g-g =0, (3.2.3.2)
-3—2 —W =0, U:= %ﬁ« - gf , (3.2.3.3)
% +al =0, (3.2.3.4)
/ Z%W + %‘;Ka " %%’- = 0. (3.2.3.5)
The solutions to (3.2.3.1) and (3.2.3.2) are
b=b,(z +iy) + by(x —~ 1y), (3.2.4.1)
a = i(b, — by), (3.2.4.2)

where b; and b, are arbitrary functions of their arguments.

Using equations (3.2.3.3) and (3.2.3.4) the integrability condition on ¢ may be expressed

as
a 3}
iy — =0. 2.
6m(aU) + ay(bU) 0 (3.2.5)
Let z + iy = p and = ~ iy = v. Then this equation becomes
db, db,), oU , U\ _
(dﬂ - dv) U+ (17157; —b25;> =0. (3.2.6)

Since 8a/0z = 8b/dy, equation (3.2.3.5) may be rewritten as

Oa  Ob\ .,  OW  OW ,
e e i | T e e ]y =
(0.1: ay) Wt bz ° Oy b=0. (8.2.7)

Thus U and W must satisfy the same equation. To solve (3.2.6) or equivalently (3.2.7)

assume a separation of variables, i.e.,

U= f(p)g(v). (3.2.8)
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Then equation (3.2.6) becomes

db, db, df dg
Ix __...._..
(du dv )f thigy by =0

If f #0 and g # 0, division by them and rearrangement gives

1 (db, df dby ., dg

The lhs is only a function of i and the rhs only a function of v. Therefore

db, df) n 1

f+b =k, 3.2.10.1

f (d dp ( /
db, dg

< T2 g+b== 5 ) k, (3.2.10.2)

where k is a constant. Division of (3.2.10.1) by b, and subsequent integration yields
d d k
Eﬁln(bl) + E,L—tln(f) = -5-;,
and hence
= Lo Sman (3.2.11.1)

similarly

g= -élef 2 (3.2.11.2)
2

where /; and I, are constants of integration.

If W is assumed to have the same form as U, the solutions to U and W are

U= .Eb..ekt(f 1/brdpt [ 1/badv) (3.2.12.1)
12

W= szekz(f 1/bydpt [ 1/badv) (3.2.12.2)
1%2

where u, w, k; and &, are constants.
For this particular U equations (3.2.3.3) and (3.2.3.4) give

ae ki(fl/bldp.—{afl/bgdu), ky 0, (3.2.13.1)

ky

c=1u (/ 7 du-{—/ —du) k, =0. (3.2.13.2)
1

- H
&=l

I

e e e, A s
0

h o T
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The only remaining equation to be solved is 0A/8y — dB/8z = U. To solve it and find

a few examples of potentials several functional forms for b; and b, have been chosen

below and the corresponding Hamiltonian and configurational invariant determined. In

the following examples the arbitrary constants in U and W above will be assigned the

following values: k; == 0, k, = 1, u =1 and w = 1.

Let b, = (z +iy)~* and b, = (z —iy)~". then
U =2z%+4%
A solution to I/ = 04/0y — 8B/dxz is

1
A= Zy(mz + y2)7

B = —i—a:(:z:2 + y?).
The corresponding Hamiltonian and configurational invariant are

[ (Pz 4y(:v + 3/2))2 (p,, - i—w(w”‘ + yz)) 2]

— (2% +y2)e® v

H =

N}}r—-l

and

— _]; 2 2 2y ~5 2 2

+m2__y2.

(3.2.14)

(3.2.15)

(3.2.16.1)

(3.2.16.2)

The equations of motion of this system were numerically integrated using a Runge-

Kutta-Merson method for various initial values. Two orbits obtained are given in figg

1 and 2.
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fig 1: An orbit of the system described by

1 1,40 1 ? oo
0= [(pa_ + :1-3/(;1:2 + yz)) - (py -~ Z:‘v(m2 + yz)> ] — (2% 4 y2)e? v

J with initial conditions @ = 0.0, y =0.0, # = 0.1 and = (.3088612,
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fig 2: An orbit of the system described by

1 ' ] \A& 2 1 i 2 I 2 2
=St pat 30l +9) ) + (9, ~ Za(e? +12)) | - (2 +y2)e** Y

with initial conditiﬁgns =00, y=100, & =0.1 and 3 == 0.0.
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B fig 8:; An orbit of the system described by
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with initial conditions z = ~2.5, y = 0.0, & = 0.0 and § = 0.5.
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fig 4 An orbit for the systen doscribed by
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with initial condibions w = 1.0, y = ~1.02, & = 0.0 and y = 0.0,
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~ An orbit of this system is given in fig 3.

&
9 o AN \\

)

For by = (z +1iy)~% and b, = (:.v:/ﬁ )% a possxble solution fw Hand Iis

R N

)

—(:1: +y2) 2::(:; /s—y : o °

and © a

| a2 4dzy 1 o, 2z — ¢
1= (po+ y“*ﬂ*)@av&*( ai ey

vae (-7 o o

For by = (z +iy)~% and b, = (z — iy)~* a possible solutxon for H and I'is

= 3 (pot Butet 1) (b, - et ) |

(2 4 yﬁ)se((w‘+y‘)/2-3wz’y’)

(3.2.17.1)

(3 217.2)

e

(3.2.181)

2y(a? — 3y?) el = ‘ 2(32% — y?%)
I = ( '“y(m? +2/2\3) NCETO ﬁ% ‘”(‘”2 + 3/2)3) W

+ E(m“ + y1) — 322y%,
An orbit of this sysem is given in fig 4.

For the choice b; = p, b, = v

T oAy

and

A possible solution for A and B is
| e L cton (Y

ot}
B = ———-'1- arctan (—ai) .
2y Yy
73

(3.2.18.2)

(3.2.19)

(3.2.20)

(3.2.21)

-~

P
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The Hamiltonian and corresponding coﬁﬁgurational invariant are

_1 1 Y _._}_ z\
(Pz +Py)+ arctan( )pz 5 arctan (y)p”
o L1 b

- +§{m arctan?® ( )+ — arctan? (y)}—l

. Voo, (Yy & \/z
mf = —2yp, + 2zp, — - arctan (;) i -5 arctan \\;l-

L+ 1n(m2+y2). , . (3.2.22.2)

i . i c)

A different approach to the solutxon of (3.2.6) is to look at the equations of its

* characteristics which are given by ‘
AU v o
RICC TR A R (8.2.23.0,0)
2‘These equations a;:e d1fﬁcu1t to solve 80 let ©
by =pP and b= (3.2.24):
Equations (3.2.28.4,b) then become
“ S dp_dv Gt
Tar T —goi ) =~ 7 = 7 o (3.2.25.a,t)
"The equation (3.2.25.b) may be integrated to yield o
! ' 1 1 ,
4 AL M Lt 3.2.26
, cp—l g-1 ( \?
provided p # 1 and ¢ % 1. From (3.2.25.a) )
W _ () o Y
= e (322

For the method of characteristics it is necessary to eliminate v from this equation before

integrating it, »7-1 mﬁy be obtained from (3.2.26):

1
. pi-1 3.2.28
3 I T G= DG=DF)" (32.26)
Equation. é} «:27) may now easxly be integrated ngmg
. A (p—1)pr— g/(g-1) o
L=Uy? [(p DT 1] ; (3.2.29)

4

(3.2.22.1)
r, ¢
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where I is a constatt, On replecing k by igs‘expression in (3.2.26) L becomes

\\ ' ‘ " l = | L =(" U#qu’ A ;

where a. coﬁstant factor has been absorbed into L. ’I‘he solution. for U is therefore of
h\\e forni L ? @ A ,
: \ e ma ) ﬂi’yg

whe\\e F is a arblfrary functlon of k.

Now i

ge to the (/z, v) varzables~

As an example consider the case F' = k, p=¢q=2, Then
C L 2
N o U= "('mz + )
From the definitidn of U :
i _6?_4 _ ?_2 _ 2z 3
f} By Bz (AP

B 7

N

(3.2.30)

(3.2.31)

e

'quatmns (3.2. 3. 3)-L'3 2.3.5) are still to be solved The solitton to (3 i3, 5) is of
e form as that obtmned for (3. 2.6) above. To solve (3 2.3.3) substitute for, U

\ Oc B¢ - . . ;
e e o (G -p ¢} == 0. 2
o \ - ‘, R v+ pmPYF(k) =0 (3.2.32)
Sinﬁlﬁly\§f3.2.3.4) becomes .
\\\\ - gf‘- - ?-9 + (v"q - ,u“’)F(k) (3.2,33)
\ -
The sum and daﬁ“erence of the two equatxons give respectlvely
Oc “p M
Z=— W PF =0 (3.2.34.1)
1
and ‘ 5
g R =
“ 5 " F=0, (8.2.34.2)
The second ternis of (3.2.34.1) and (3.2.34.2) are OF/0yu and OF/Ov respectively
' therefore |
C= — / F dk 4+ constant. (3.2.35)
Now for by = p?, by = v with p # 0 and ¢ 5 0 the equations (3.2.3.1)-(3.2,3.5) are
solved.

(3.2.36)

o]
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with initial conditions = = 0.0, y =~1.0, & =1.0 and § =0.5.
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