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Membrane Theory of a Paraboloid with an Oculus

Mitchell Gohnert' and Ryan Bradley?

Abstract: The membrane solution for the parabolic dome, or paraboloid, has been recently developed. This solution encompasses equations
for both meridian and hoop stresses, for the case of gravity load and uniform shell wall thickness. Remaining to be addressed are the mem-
brane stress equations for domes featuring an oculus, defined as a concentric circular hole at the dome’s apex. The membrane equations for
this case have been derived and compared to a finite-element solution, revealing a close alignment between the proposed closed-form solu-
tions and the finite-element approximations. The only notable deviation occurs at the base, a result of boundary effects. However, these boun-
dary effects do not impact the stresses around the opening. DOI: 10.1061/JAEIED.AEENG-1847. © 2024 American Society of Civil

Engineers.

Author keywords: Parabolic dome; Paraboloid; Oculus theory; Shell theory.

Introduction

Optimal shell structures are emerging as important structural forms
and are sometimes referred to as natural structures (Gohnert 2022).
Natural structures are structural systems that are found in nature; if
applied to engineering designs, the results are highly efficient forms
in the conveyance of stress. “Nature is a great teacher in telling us
how to optimize systems” (Akbarzadeh 2023). When applied to
shell structures, the stresses in natural structures are conveyed
along the axis of the shell, resulting in forms that are in pure com-
pression or tension. The most important characteristic of natural
structures is that they are largely free of bending moments and
shears. By eliminating the bending moments and shears, the mag-
nitude of stress is greatly reduced, the stress capacity against failure
is dramatically increased, and lesser materials are required in the
construction of the dome. These favorable characteristics are the
reasons why domes are some of the only structures that have sur-
vived from antiquity.

Forms, patterned after natural shapes, are not new but were orig-
inally envisioned by the famed scientist Robert Hooke back in
1775. The idea was mooted by the study of a draping chain
(Block et al. 2006), which was revolved 360° to form a dome. A
draping chain creates a unique natural form that is free of bending
and shears; the stresses are in pure tension, and if flipped upright,
the flow of force is reversed and in pure compression. Hooke’s pos-
tulate was applied to the dome of St. Paul’s Cathedral in the same
year of discovery and is considered a ground-breaking achievement
of engineering innovation. Originally, Hooke thought that the
shape followed a cubic parabola, which was a good approximation,
but not exact (Heyman 1998). In later years, the shape of a draping
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chain was proved to be a hyperbolic cosine function, independently
determined by Leibniz, Huygens, and Bernoulli (Saouma 2022).
Despite the error in Hooke’s original hypothesis, the two forms
are similar in geometry and the way stresses flow in the shell
(Kaplan 2008).

The membrane resultant stress equations for both the catenary
and parabolic domes have recently been developed (Gohnert and
Bradley 2023; Gohnert and Bradley 2022). The equations for the
catenary dome, however, have been further developed by includ-
ing solutions for an oculus, and a variation in shell thickness
(Gohnert and Bradley 2021). At present, only the membrane the-
ory for the paraboloid has been developed, for a dome without
openings. What remains is the development of an oculus theory
for the paraboloid, which is the focus of this article. As with all
oculus theories, the hole is circular, concentric, and located at
the apex of the dome (Billington 1982) while the dome remains
stable, irrespective of the size of the opening. An oculus has
several functions: First, an oculus provides natural light into
the dome. The pantheon in Rome and lanterns built on top of
cathedrals are prime examples, but in more modern times a
translucent skylight would be fitted into the opening. Second,
an oculus lightens the dome and provides a more economical
solution where only a portion of the dome requires a covering
(e.g., sports areas).

As with all closed-form solutions, these equations provide ver-
ification of an analysis and measure the quality of the numerical
solution (i.e., finite elements). Ironically, a finite-element (FE)
analysis is also used to verify closed-form solutions, albeit it is
an approximation. It is common practice to use finite elements,
or other methods, such as the boundary-element methods (Gaul
et al. 2003), to evaluate the quality of the proposed solutions.
Therefore, the derived equations are compared with a finite-
element analysis, which is given at the end of the derivation.

Geometrical Relationships

y-Dimension of the Dome

Referring to Fig. 1, the y-dimension of the parabolic curve is given
by (Stroud 1995)

y =x"/4P 1)
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Fig. 1. Geometry of the parabolic curve and dome.

where P = focal point, in terms of the span L and the height H.
P=1L1?/16H )

The height y for the dome is given by
y=H-n 3)

Substituting Eq. (1) into (3), the y-dimension of the dome is de-
termined as follows:

y=H —x*/4P “)

Relationship between the Horizontal Radius x
and Meridian Angle

Taking the derivative of Eq. (1)
dy,/dx =x/2P )

And the second derivative, which will be used later in the
derivation

d*y,Jdx* = 1/2P (6)

The change in y with respect to x is also equal to the tangent of
the meridian angle ¢. Therefore

tan¢p =x/2P 7
Rearranged, we get

¢ =tan"! (x/2P) ®)

Curvature k and Radius r of the Parabolic Curve

The curvature of the parabolic curve may be solved from the fol-
lowing generic curvature equation:

(3]

Substituting Egs. (5) and (6) into the aforementioned equation,

we get
(1>
2P
kzﬁ
[1+(2P) ]

Simplifying Eq. (10), the radius is the reciprocal of the curva-
ture, as follows:

(10)

1 2\’

Weight of the Dome Cap Removed

The dome cap is the portion of the dome above the oculus opening,
as illustrated in Fig. 2. To solve the stresses in the dome, the weight
of the dome cap must be removed from the stress equations. Thus,
determining the weight of the dome is necessary to solve the
stresses in the dome with an oculus. Furthermore, an upside-down
paraboloid is used to ease the complexity of the calculations. The
equation for the dome cap may be determined by integrating the
differential rings as follows (Billington 1982):

Ro=j q 2nx ds (12)
0

where g = self-weight of the dome per surface area; ds=width of
the differential ring; and x, =radius of the opening or oculus.

R
l / Dome cap

Lol

A Oculus _ ~—
B 4 opening
.

~

Oculus A Differential ring

opening y o

d

The angle at the oculus Dome cap i ds

-
o I LN
¢, =tan"! (x,/2P) 9) = ' P

xO

where i

b=, Fig. 2. Oculus and dome cap.
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Referring to Fig. 2 and using the Pythagorean theorem, the
width of the ring ds is defined in terms of the radius x as follows:

ds =/ 1 + (dy, /dx)* dx (13)

Substituting Eq. (5) into (13), we get
=1+ (1/4PPndx (14)
The calculations are eased by the substitution of « as follows:
a=1/4P? (15)

Replacing the ds and removing the constants from the integrand,
we get

R, = Zr[qroxm dx (16)
0

Solve the integral by the method of integration substitution. Let

u=1+ax’ 17)
Therefore

du =2ax dx
Or

xdx =du/2a (18)

Solving for the integration interval, using Eq. (17), we get

Atx=0, u=1 (19)

Atx=x, u=1+ax (20)
Substitute Eqs. (17) and (18), and the integration interval Egs.
(19) and (20) into (16)

1+(lx§
R, =ﬂj Vi du Q1)

@ Jy

Integrate Eq. (21)

0

14ax?
_ma[2 5]
a |3 1

Evaluate and substitute u back into the integral. The equation for
the dome cap is therefore solved

RF%I [,/(1 +ax2) — 1] (22)

Using this same equation, the weight of the dome cap is ex-

pressed as follows:
2
R=% [,/(1+ax2)3—1] (23)

where x, <x<L/2.

Meridian Stress

The meridian stress is determined by dividing the weight of the
dome by the circumference length. Furthermore, the equation is di-
vided by sin ¢ to align the gravity load with the direction of the
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membrane stress

R

N,y=———
¢ 27x sin ¢

24)
The aforementioned equation, however, is the equation for a
dome without an oculus and was previously applied to circular
domes (Billington 1982). To determine the membrane stresses in
the dome, which includes oculus theory, Eq. (24) is altered by re-
moving the weight of the dome cap above the oculus (Fig. 3)
(R - Ro)

N, =—— 25
¢ 27x sin ¢ 25)

Solving for R — R, we get

R—R, = 2’“’[,/(1 a2y — 1]—23%[,/(1+wc(2,)3—1] (26)

Replace a in the brackets, in Eq. (15), to get

Since tan ¢ = x/2P [Eq. (7)]

R—R, = 23”q |:\/(1+tan o) - ] 235 [\/(l+tan2 ¢(,)3—1}

(28)
2rq nq
R—R,=—" [\/ (sec? ¢)’ — 1] " 30 [\/ (sec? ¢,)° - 1} (29)
R—-R, = 2ﬂ(sec3 ¢ —sec® p,) (30)
3a
Substituting Eq. (30) into (25), we get
Ny=——"1(s ec® ¢ —sec’ ¢,) (31)

" 3ax sm¢

Note that @= 1/4P* [Eq. (15)] and Eq. (7) can be rearranged as
x=2P tan ¢. Making these substitutions

2¢P
Ny=——— - 2
¢ 3taln(/}sm(ﬁ(ec ¢ —sec’ ¢,) (32)
where ¢ > ¢,.
Dome
cap R,
)
b Oculus
y : opening
xO

Fig. 3. Dome cap and oculus.
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Hoop Stress

The hoop equation is determined by summing the forces in the ra-

dial direction (normal to the surface of the dome). The forces are

solved by multiplying the membrane stresses (Fig. 4) by the lengths

of the differential element (Fig. 5). The components of the force, in

the radial direction, are determined by using sin functions (Fig. 6).
Summing the forces

s dg (o 0Ny dep
N¢xd951n7+<N +wd¢>( +£d(f)>d6 s1n7

do, d@
+N¢rd¢ sin— 5 + N¢rd¢ sin—+ P, rd¢p xd0 =0

(33)

where P, = pressure normal to the surface of the dome. Because dif-
ferential elements are infinitesimal, the sin of the angle is approxi-
mately equal to the angle as follows:

Cde do
SIN— = ——
272
sindﬂ d6!1
2 2

Making this substitution and expanding Eq. (33), we get

d¢ d¢ dp ONg d¢
N¢xd9—+N¢ xd — +N¢%d(/}d9— 645 —d¢ xdo—
¢ d¢ / de] dgl
- 4 Ny 21 271
8¢ d¢a¢d¢d€ + d¢ +N9 rdg
+P.rxdgp do=0 (34)

Simply by combining like terms and eliminating the higher-
order terms (i.e., terms that are much smaller in magnitude), Eq.
(34) simplifies to

Nyxd@ dp + Nyr dep d6y + Porx dp d6 =0 (35)

The relationship between angles 6; and ¢ is determined by
equating the top length of the differential element. Referring to
Fig. 5

r d@l =xdo

Fig. 4. Membrane stresses along the edges of the differential element.

Fig. 5. Lengths of the differential element.

Rearranged, we get

de

rn

do, =

Making this substitution and dividing by d6 d¢, we get

4

" px=0 (36)
r

!
Nyx+
Rearrange to solve for the hoop stress, which is similar to the

hoop stress equation developed for the circular dome (Billington
1982)

Ny="2W, +P.r) 37)
r
The radial pressure (P,) is related to the gravity load ¢ by the

cosine of the meridian angle. Furthermore, the radius 7, is related
to the horizontal radius x by the following expression:

P.=gqgcos¢ (33)

X=rpsing

d
¢ b, ‘ Radial

direction

sk P
* T 59 W

Top view of the
differential element

Side view of the
differential element

Fig. 6. Orientation of the stresses along the edges of the differential
elements.
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7y =x/sin ¢ (39)

Substituting Egs. (38) and (39), and rearranging, we get

N/
Ny= —x(Td’cscd) + g cot c/J) (40)

Substitute Eq. (32) into (40) to get

—2agP 3 _ 3
N} = —x qP(sec’ ¢ ‘sec ?,)
r 3tan ¢ sin ¢

csc¢+qcot¢] 41)

30 can3

Ny = si‘fqﬁ [ZP (Se°3 ;ﬁtan;‘jc Po) cse ¢ — cos ¢} (42)
, 2P

Ny=gx cotqb[m (sec® ¢ —sec® ¢,) — 1] 43)
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Fig. 7. FE hoop and meridian stresses plotted alongside the proposed
membrane stresses [¢= 100 mm and (x,) =0.25 m]. (Top—inside sur-
face; bottom—outside surface): (a) H/L =0.25; (b) H/L=0.625; and
(c) H/L=1.00.

Replace the coordinate x using x=2P tan ¢ [Eq. (7)]

2P
N, = 2qP|:m (sec® ¢ —sec® ¢,) — 1] (44)

where ¢ > ¢,.

Comparison of Oculus Theory and Finite-Element
Solutions

To investigate the impact of edge effects not captured by the pro-
posed membrane solution, an FE analysis was conducted using
the Abaqus/CAE (version 2020) software package (Dassault Sys-
temes 2020). This study assessed the stress distributions in both
hoop and meridian directions, derived from a full-shell analysis
that incorporates both in-plane (membrane) and bending behavior.
The results were then compared to the membrane stresses derived
from the proposed equations. FE simulations were executed on a
quarter-section of a full dome model to exploit geometric and
load symmetries. Boundary conditions were applied along the
model’s three restrained edges: the base was fixed against all

STRESS (kN/m?)

0.0 0.5 1.0 L5 2.0 2.5 3.0
(a) HORIZONTAL DISTANCE FROM CENTRE (m)

0 T

STRESS (kN/m?)
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&
o
T
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o
S
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STRESS (kN/m?)

-100

-120

0.0 0.5 1.0 1.5 2.0 2.5 3.0
(c) HORIZONTAL DISTANCE FROM CENTRE (m)

Fig. 8. FE hoop and meridian stresses plotted alongside the proposed
membrane stresses [r=100 mm and (x,)=1.0m]: (a) H/L=0.25;
(b) H/L=0.625; and (c) H/L=1.00.
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rotations and displacements (encastre), and the two continuous 3.
edges were constrained with appropriate displacement and rota-
tional restrictions. The analyses utilized conventional S4 shell ele-
ments with a suitably refined and structured mesh to ensure the

The H/L ratio significantly affects the extent and magnitude of
edge effects in paraboloid domes. Specifically, shallow domes
exhibit considerably more bending than their steeper
counterparts.

required accuracy.
1. The scope of comparisons in this study is limited, acknowledging

the need for brevity as well as results published in prior investi-
gations (Gohnert and Bradley 2023, Gohnert 2022, Bradley and
Gohnert 2022, Gohnert and Bradley 2021) on the influence of
various model parameters on the stress distributions in parabo-
loids and catenary domes, including Young’s modulus (E), Pois-
son’s ratio (v), height-to-span ratio (H/L), and shell thickness (7).

The main observations from the FE analyses presented in those
studies, relevant to small concrete paraboloid or catenary
domes and similarly applicable to those incorporating an oculus,
are reported herein: Poisson’s ratio (v) exhibits a notable impact

4. An increase in shell thickness has a noticeable influence on both

the extent and intensity of boundary effects, with thicker shells
exhibiting more pronounced boundary action. This trend was
noted across a range of catenary dome configurations, whether
they included a concentric opening or not, as documented in
two previous studies (Gohnert 2022; Bradley and Gohnert
2022).

The influence of the H/L ratio, ¢, and the radius of the dome

opening (x,) on stress distributions was considered in the subse-
quent analyses. The thickness varied between 100 and 200 mm,
while several radii of the oculus and H/L ratios were considered.
The material parameters remained constant throughout the study.

on edge effects, specifically the extent and magnitude of bending An HJ/L ratio of 0.75, corresponding to a height and span of 4.5
and boundary forces. However, within the anticipated range of and 6 m, respectively, was selected for the additional investigations
Poisson’s ratio for concrete, typically between 0.1 and 0.2 on shell thickness and oculus radius. Portions of the shell were cut
(Beushausen et al. 2021), this influence is comparatively minor. away from the paraboloid to achieve the various oculus openings in

2. By contrast, the value of Young’s modulus has no impact on ei- the
ther hoop or meridian stress distributions.

FE models. Concrete was specified as the material for all mod-

els, with an E of 30 GPa and a v of 0.15.
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Fig. 10. FE hoop and meridian stresses plotted alongside the proposed

Fig. 9. FE hoop and meridian stresses plotted alongside the proposed
membrane stresses [(H/L)=0.75 and (x,)=0.5 m]: (a) t=100 mm;
(b) =150 mm; and (c) t=200 mm.

membrane stresses. Oculus diameter up to 25% of the dome diameter
[(H/L)=0.75 and =100 mm]: (a) no oculus, x,=0; (b) x,=0.25 m;
and (c) x,=0.75 m.
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It has been previously established that in very shallow parabolic
domes that are restrained at their base—whether they are pinned,
supported by a ring beam, or fixed—bending and boundary forces
predominate the stress distributions (Gohnert and Bradley 2023).
This is clearly apparent in Figs. 7(a) and 8(a), which show the
membrane and FE stresses for a shallow paraboloid with oculus
radii of 0.25 and 1.0 m, respectively. The disparity between the me-
ridian stresses is significant, which is predominantly due to bending
action. By contrast, the difference in hoop stresses is primarily due to
in-plane boundary force. Both effects quickly diminish as the dome
becomes steeper, as shown in Figs. 7(b) and 8(b). This is especially
apparent as the H/L ratio exceeds 1.0 [Figs. 7(c) and 8(c)]. In fact, the
proposed membrane theory provides a reasonable approximation of
internal stresses in steeper paraboloids under gravity load.

Figs. 9(a—c) show the distributions of hoop and meridian stresses
within a paraboloid featuring an oculus with a 0.5 m radius, across
different shell thicknesses. As expected, variations in the shell thick-
ness did not affect the membrane solutions. Conversely, it is evident
that an increase in thickness had a visible influence on both the extent
and intensity of boundary effects determined with FE analyses.
However, the significance of this impact remains minor for the
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o @ & N
& © © o
T T T T

STRESS (kN/m?)

=

(=}

o
T

-
n
o

0.0 05 1.0 15 2.0 2.5 3.0
(a) HORIZONTAL DISTANCE FROM CENTRE (m)

o

o @ A 0N
S © © o
T T T T

STRESS (kN/m?)

[y

o

o
T

-120

0.0 0.5 1.0 1.5 2.0 2.5 3.0

(b) HORIZONTAL DISTANCE FROM CENTRE (m)
0 T T T
-2
0 Meridian (Membrane)
40 = = = Meridian (Top)
€ 0 N e g
E 60 Meridian (Bottom)
4 \ Hoop (Membrane)
«n -80
E — + = Hoop (Top)
“100 0 A T e Hoop (Bottom)
120

0.0 0.5 1.0 1.5 2.0 25 3.0
(c) HORIZONTAL DISTANCE FROM CENTRE (m)

Fig. 11. FE hoop and meridian stresses plotted alongside the proposed-
membrane stresses. Oculus diameter between 33% and 67% of
the dome diameter [(H/L)=0.75 and r=100 mm]: (a) x,=1.0m;
(b) x,=1.5m; and (¢) x,=2.0 m.

© ASCE

04024049-7

small dome in question. Similar observations were noted for other
H/L ratios, but these are not included here for reasons of brevity.

Figs. 9(a) and 10(a—c) depict the hoop and meridian stresses
alongside the membrane solutions for various oculus radii within
a steep paraboloid of 100 mm thickness. The opening radius was
varied from 0 to 0.75 m (or up to 25% of the dome’s radius), in in-
crements of 0.25 m. The proportions of these oculi, in relation to
the dome itself, are consistent with those observed in ancient unre-
inforced domes, such as the dome of the Pantheon (Encyclopedia
Britannica 2004), and modern examples, including the earth ma-
sonry domes of the Mapungubwe Interpretation Centre (Fagan
2010). Several interesting observations can be made when compar-
ing Figs. 9(a) and 10(a—c), as follows: (1) boundary effects are not
apparent around or near the oculus; (2) boundary effects are limited
to a zone near the base of the steep dome; and (3) the magnitude of
the boundary effects is similar across the domes. As such, the ad-
vantage of utilizing the paraboloid shape is equally evident for pa-
raboloids featuring an oculus.

The results presented in Fig. 11, however, introduce a caveat for
domes featuring overly large openings. Specifically, even steep pa-
raboloids with large concentric openings exhibit increased boun-
dary effects toward their base, as illustrated in Fig. 11(c). This
outcome was anticipated, as the form has deviated from what
might traditionally be considered a dome; a curved, inclined wall
may offer a more accurate description. Nonetheless, the parabo-
loids examined in Figs. 11(b and c) remain in pure compression,
regardless of the large oculus dimensions.

Conclusions

The stress equations for the parabolic dome were derived with the
objective of developing shell forms that are optimal, in the convey-
ance of stress. These types of shells are sometimes called natural
structures, because the geometric profile follows the natural flow
of stress. The adaptation of oculus theory expands the versatility
of the parabolic dome and enables an understanding of the limits
of application and the influence of boundary conditions.

The membrane theory for the paraboloid has been previously
developed for a uniformly thick shell, subjected to gravity loads
(Gohnert and Bradley 2023). The proposed solution, which in-
cludes oculus theory, is also a membrane solution and assumes
that the base is unrestrained to sliding. In reality, the boundary
will be pinned or fixed to an edge beam or foundation. The finite-
element study therefore considers the accuracy of the equations and
the influence of boundary effects. As a result of the study, the only
difference observed was some deviation at the support, owing to
base restraint of the finite-element model, but the discrepancies be-
tween the two solutions were found to be minor in most analyses.
The finite-element study did however show that Poisson’s ratio, the
variation in height to span, and size of the oculus opening do influ-
ence the extent and magnitude of the boundary effects:

1. As with all dome shapes, the edge effects in shallow domes are more
prominent. The extreme case is a flat dome, or slab, where most of
the load is carried by bending and shears. The parabolic dome is no
different (with or without an oculus), where stresses transition from
arching action to bending and shears as the shape flattens.

2. A study of very large openings indicates a divergence in stresses
near the boundary. However, the geometry investigated is ex-
treme, and it is questionable if the dome is still a dome, or a
curved wall. Nevertheless, the study is useful to determine the
limits of the proposed theory.

In comparison with other domes, the paraboloid is similar to the
catenary dome. The stresses in the parabolic dome are compression
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and boundary effects are minimal. Within the range of finite-
element studies, the diameter of the oculus had a minor influence
on boundary effects. However, significant divergence is apparent
in shallow domes, with or without an oculus, where bending and
boundary forces dominate the stress distributions. In such cases,
the boundary effect cannot be disregarded and their inclusion in
the closed-form solution should be contemplated in future research.
In summary, the membrane equations of the parabolic dome with
an oculus provide an accurate solution in most cases.

The study and proposed theory are based on an elastic/linear
analysis of a parabolic dome. The next stage of development is
a nonlinear solution, which may include theories proposed by
Heyman (1995).

Data Availability Statement

Some or all data, models, or codes that support the findings of this
study are available from the corresponding author upon reasonable
request.
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