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Abstract

Killing vectors are widely used to study conservation laws admitted by spacetime metrics
or to determine exact solutions of Einstein field equations (EFE) via Killing’s equation. Its
solutions on a manifold are in one-to-one correspondence with continuous symmetries of the
metric on that manifold. Two well known spherically symmetric static spacetime metrics
in Relativity that admit maximal symmetry are given by Minkowski and de-Sitter metrics.
Some other spherically symmetric metrics forming interesting solutions of the EFE are known
as Schwarzschild, Kerr, Bertotti-Robinson and Einstein metrics. We study the symmetry
properties and conservation laws of the geodesic equations following these metrics as well as
the wave and Klein-Gordon (KG) type equations constructed using the covariant d’Alembertian
operator on these manifolds. As expected, properties of reduction procedures using symmetries
are more involved than on the well known flat (Minkowski) manifold.
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Chapter 1

Introduction

Symmetry method is one of the cornestones of the geometric study of differential equations
(DEs) [1, 2, 3]. It has been developed in the nineteenth century by the prominent Norwegian
mathematician Sophus Lie (1842-1899). His works on continuous groups of transformations
leaving invariants DEs introduced what is known as symmetry analysis of DEs.

A symmetry of a given system of DEs is a transformation that maps every solution of the
system of DEs into another solution of the same DEs. Lie’s approach remained unexploited
for half a century. After his death, G. Birkhoff [4], I. Sedov [5] L.V. Ovsiannikov [3], H Weyl
[6] , etc worked on Lie groups and contributed significantly in the application of the symmetry
analysis of DEs in mathematical physics.

Another important implication of symmetry in physics is the link between symmetries and
conservation laws. In 1918, a German mathematician Emmy Noether (1882-1935), with en-
couragement from Felix Klein, noticed a connection between continuous symmetries and con-
servation laws [7]. Noether symmetries, which are variational symmetries are associated with
DEs which possess a Lagrangian. There are also methods which provide conservation laws
independent of a Lagrangian (eg. direct construction method) [1]. However such methods
may be cumbersome and require the usage of computer software.

In this thesis, we perform the symmetry analysis for ordinary differential equations (ODEs) and
partial differential equations (PDEs) arising from some manifolds of interest. We study the
association of symmetries, conservation laws, reduction and integrability by usage of invariants.
This thesis contains compilation of several published articles.

Outline of the thesis

In chapter 2, we provide necessary tools for our investigation.

In chapter 3, we perform a symmetry analysis for the Euler-Lagrange (EL) equations arising
from the Anti-self-duality (ASD) Einstein metrics. This metric is associated to the second

4



Page 5

heavenly equation (HE). Using Lie point symmetries, we reduce and find the exact solution
for the heavenly equation. We also find the conservation laws using Noether theorem or direct
construction.

The results presented in this chapter have been published [42]

In chapter 4, we study the invariance properties generated by some well-known metrics of
neutral signatures. As the metrics depend on solutions of PDEs, we construct exact solutions
of the PDEs using Lie group methods. We determine the isometries and the variational
symmetries of the underlying metrics and corresponding Euler–Lagrange equations for both
(Einstein Weyl structures and the corresponding four dimension metric obtained using the
Jones-Tod construction) and establish relationships between these and conservation laws.

The results presented in this chapter have been published [64]

In chapter 5, we perform a symmetry analysis for a class of KG and wave equations that arise
in Einstein and Kerr spacetimes. Using the underlying point symmetry, we reduce the wave
equations by the invariant method, and obtain some exact solutions. Noether symmetries and
conservation laws are obtained in each case, for the wave equations. Finally, we construct the
high order symmetries and determine the corresponding conserved quantities.

The results presented in this chapter have been accepted for publication [66]

In chapter 6, we study diffusion equations in curved manifolds. These equations are constructed
using the Laplace-Beltrami operators. In the first part, the Lie point symmetry for each
equation is determined. In the second part, we compute the generalized symmetries with focus
on evolutionary vector fields. We show that we can recover some of the geometric symmetries
through these generalized symmetries.

The results presented in this chapter have been submitted for publication [67]



Chapter 2

Groundwork

2.1 Introduction

We will introduce some basic tools for the symmetry analysis of DEs.

2.2 Analysis of DEs via Symmetry

Basic Definitions

2.2.1 Definition. An m-dimensional manifold M is a topological space covered by countable
collection of of subsets Wα ⊂M called coordinate charts, and one-to-one maps

χα : Wα → Vα onto connected open subsets Vα ⊂ Rm called local coordinates on M

2.2.2 Definition. A Lie group is a smooth manifold which is also a group , such that the
group multiplication (g, h)→ g.h and inversion g → g−1 define smooth maps.

2.2.3 Definition. Let M be a smooth manifold. A local group of transformations acting on
M is given by a (local) Lie group G, an open subset U , with

{e} ×M ⊂ U ⊂ G×M,

which is the domain of definition of the group action, and a smooth map ψ : U 7→ M with
the following properties:
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• If (h, x) ∈ U , (g, ψ(h, x)) ∈ U , and also (g · h, x) ∈ U , then

ψ(g, ψ(h, x)) = ψ(g · h, x).

• For all x ∈M ,
ψ(e, x) = x.

• If (g, x) ∈ U , then (g−1, ψ(g, x)) ∈ U and

ψ(g−1, ψ(g, x)) = x.

In this thesis, we will consider both point transformations and generalized symmetries in which
infinitesimals involve derivatives of the dependent variables.

2.3 Symmetries of DEs

The symmetry group of a system of DEs is the largest local group of transformations that map
solutions onto other solutions.

Consider an rth-order system of DEs

∆ν(x, u(r)) = 0, ν = 1, ...,m (2.3.1)

where

x = (x1, x2, ..., xp) , u = (u1, u2, ..., uq) are respectively independent, dependent variables
and u(r) denoting the derivatives of the u’s with respect to the x’s up to order r.

uαi = Di(u
α), uαij = DiDj(u

α)

with

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

uαj
+ ... i = 1, ..., p. (2.3.2)

Let us consider a one-parameter (ε) Lie group

ψ(x, u) = (ψ1(x, u), ψ2(x, u)) = (x̄, ū). (2.3.3)

By expanding (2.3.3) to first-order in ε and by letting

ξi(x, u) = d
dεψ

i
1(x, u)|ε=0, i = 1, . . . , p,

ϕj(x, u) = d
dεψ

j
2(x, u))|ε=0, i = 1, . . . , q,
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where ψ1 =
(
ψ1

1, ψ
2
1, . . . , ψ

p
1

)
and ψ2 =

(
ψ1

2, ψ
2
2, . . . , ψ

p
2

)
, the infinitesimal transformations

take the form
x̄ = x+ εξ(x, u)

ū = u+ εφ(x, u).

ξ = (ξ1, . . . , ξp) and ϕ = (ϕ1, ϕ2, . . . , ϕq) are called the infinitesimals of (2.3.3) and the
corresponding vector field is

X = ξi
∂

∂xi
+ ϕj

∂

∂uj

This operator is an abbreviated form of the following infinite formal sum

X = ξi
∂

∂xi
+ ϕj

∂

∂uj
+
∑
s≥1

ζαi1...is
∂

∂uαi1...is
(2.3.4)

where
ζαi = Di(Qα) + ξjuαij
ζαi1...is = Di1...is(Qα) + ξjuαi1...is, s > 1

where Qα are Lie characteristic functions given by

Qα = ϕα −
∑
i

ξiuαi

2.3.1 Theorem (Infinitesimal criterion). [2] A connected group of transformation G is a
symmetry group of a system of DEs of maximal rank (2.3.1) if, and only if, the classical
infinitesimal symmetry conditions

X[∆ν(x, u(r))] = 0, whenever ∆ν(x, u(r)) = 0 (2.3.5)

holds for every infinitesimal generator X of G.

2.4 Other operators

2.4.1 Definition. The Euler operator, is defined by

δ

δuj
=

∂

∂uj
+
∑
s≥1

(−1)sDi1...is
∂

∂uji1...is
, j = 1, ..., q (2.4.1)

The terms Euler operator and variational derivative are equivalents. The goal is to find the
extrema of a functional

L[u] =

∫
Ω
L(x, u(n))dx
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where Ω ⊂ X is an open, connected subset on Rn, L(x, u(n)) is called the Lagrangian.

2.4.2 Definition. An operator X of the form (2.3.4) is called a Noether symmetry correspond-
ing to a Lagrangian L, up to a gauge function Bi = (B1, ..., Bp), if it satisfies the Killing-type
equation

X(L) + LDi(ξ
i) = Di(B

i) (2.4.2)

For any Noether symmetry X there exists a flux Φi = (Φ1, ...,Φp), defined by

Φi = Bi −N i(L) (2.4.3)

which is a conserved current of the Euler-Lagrange equations, N i is given by

N i = ξi +Qα δ

δuαi
+
∑
s≥1

Di1...is(Qα)
δ

δuαi1...is
(2.4.4)

There are many different ways to construct conservation laws, these include the partial Noether
theorem [8] and the multiplier method for non-variational problems

Consider the system (2.3.1) . A flux Φi = (Φ1, ...,Φp), is conserved if

DiΦ
i = 0

along solution of (2.3.1). It can be shown [9] that every admitted conservation law arises from
multipliers Qµ(x, u, u(1), ...) such that

Qµ∆µ = DiΦ
i (2.4.5)

Then we have

δ

δu
(Qµ∆µ) =

δ

δu
(DiΦ

i) = 0. (2.4.6)

By the homotopy operator we can invert the divergence operator Di and obtain the conserved
current. [10, 1].



Chapter 3

Einstein manifolds

3.1 Introduction

The dispersionless integrable systems in 3+1 dimensions do not admit soliton solutions. How-
ever, such systems may be described in terms of ASD Quaternion-Kahler four-manifolds. (see
[11] and [12] and references therein). If the Ricci-flat condition is imposed on top of ASD,
the work of Plebanski [13] implies the existence of a local coordinate system (x, y, z, w) and a
function u such that any ASD flat metric, g is given by

ds2 = 2(dzdy + dwdx− uxxdz2 − uyydw2 + 2uxydwdz) (3.1.1)

where u(x, y, z, w) satisfies the second heavenly equation (HE)

uwx − uzy + uxxuyy − u2
xy = 0. (3.1.2)

In this chapter we mainly refer to the results of the phenomenal work by Plebanski who, in a
number of papers, e.g., [13], showed that the EFE that lead to ASD metrics are reducible to
the elliptic complex Monge-Amperé equation (CMA). For example, the complex manifold with
a Kähler metric

ds2 = uik̄dz
idz̄k. (3.1.3)

with a metric potential u(z1, z2, z̄1, z̄2) that satisfies the CMA equation

u11̄u22̄ − u12̄u21̄ = 0. (3.1.4)

10
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Versions of (3.1.4) are sometimes referred to as the ‘first heavenly equation and, via a number
of transformations, can be transformed to the Boyer-Finley (BF) equation which has been
studied by a number of people, inter alia, Calderbank and Todd [14] and Martina, Sheftel and
Winternitz [15].

Recently, Nutku and Sheftel [16] have, in detail, considered transformations of (3.1.4) and the
corresponding metric (3.1.3) based on some solutions of the HE.

• A solution is given by

w = ln

[
(p+ a(z))b′(z)

1 + |b(z)|2

]2

, (3.1.5)

the metric (3.1.1) becomes

ds2 =
4r4

r4 + α2
dr2 + r2(dθ2 + sin2 θdφ2) +

r4 + α2

r2
(dt+ (1 + cos θ)dφ)2 (3.1.6)

which looks like an Eguchi-Hanson [17] metric

ds2 =
r4

r4 − α2
dr2 +

1

4
r2(dθ2 + sin2 θdφ2) +

r4 − α2

4r2
(dt+ cos θdφ)2 (3.1.7)

• A non invariant solution

w = ln(p2 + p(z + z̄) + |z|2 − 2 ln(1 + |z|2), (3.1.8)

of the BF equation leads to the metric

ds2 = r2

r4+cot2( 1
2
θ) sin2 φ

(2rdr + cot(1
2θ) sinφdφ+ cosφ

2 sin2( 1
2
θ)

dθ)2 + r2(dθ2 + sin2 θdφ2)

+
r4+cot2( 1

2
θ) sin2 φ

r2
[dt+ (1 + cos θ)dφ

+
(r2−cot( 1

2
θ) sinφ) sinφdθ−(r2 cosφ+cot2( 1

2
θ) sin2 φ) sin θdφ

2 sin2( 1
2
θ)(r4+cot2( 1

2
θ) sin2 φ)

]2.

(3.1.9)

3.2 Ricci-flat metric

Reduction of the heavenly equation

We, firstly, determine exact solutions for the HE.

The generators of the Lie point symmetry of (3.1.2) are
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X1 = x∂u, X2 = f3(w, z)∂y, X3 = yf4(w, z) + x
∫
f4dw)∂u,

X4 = xf5(z)∂u, X5 = 2w∂y − xy∂u, X6 = w∂w + y∂y + u∂u,
X7 = 2w∂w − x∂x + y∂y − u∂u, X8 = −2f6(z)∂y + x2f6

z ∂u,
X9 = 2f1(z, w)∂x − 2

∫
f1
z dw + (x2

∫
f1
zzdw + y(f1

w + 2xf1
z ))∂u,

X10 = 6f7(z)∂w + 6f7
z ∂y − x2f7

zz∂u,
X11 = 6f2(z, w)∂z − 6(x

∫
f2
zzdw + yf2

z )∂y + 6(yf2
w + xf2

z )∂x − 6
∫
f2
z dw∂w

+(x3
∫
f2
zzz + y(y2f2

ww + 3x(yf2
zw + xf2

zz)))∂u

• In X11, if f2 = −1
6z, we get the symmetry generator X = w∂w − x∂x + y∂y − z∂z , we

have the following transformed variables

X = xw, Y = y/w, Z = zw, U = u, U = U(X,Y, Z)

Relation (3.1.2) becomes

UX +XUXX − Y UXY + ZUXZ − UY Z + UXXUY Y − U2
XY = 0, (3.2.1)

which admits, inter alia, the symmetry generator

X 1
11 = 2∂X + Y 2∂U and the scaling generator X 2

11 = X∂X + Y ∂Y + 3U∂U .

Via X 1
11, we see that (3.2.1) reduces to the following equation

ŪY Z +
3

2
Y 2 = 0,

where Ū = U − 1
2XY

2 (Ū = Ū(Y,Z)). Hence, a solution of the HE is

u = −1

2

zy3

w2
+

1

2

xy2

w
. (3.2.2)

Similarly, (3.2.1) may be transformed using X 2
11, i.e., α = Y/X, Z = Z and Ū = U/X3

with Ū = Ū(α,Z). That is,

2α2Ūαα − (zα+ 1)ŪαZ − 7αŪα + 3zŪZ + 15Ū + 4Ū2
α = 0.

• For an alternative reduction of (3.2.1), one may take a linear combination of X10 and
X11 with F 7 = 1

6z and −1
6 t, respectively.

• X6 + X7 leads to similarity variables α = tx3, β = yx2, z = z and U = u with
U = U(α, β, z).

The reduced PDE may be analysed further using a Lie symmetry reduction and a large
class of invariant and exact solution are obtainable.
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Lie & Noether symmetries and Killing vectors

The Lagrangian is given by

L = z′y′ + w′x′ − uxxz′2 − uyyw′2 + 2uxyw
′z′, (3.2.3)

where ′ is the derivative with respect to the arclength variable s. The Euler-Lagrange (EL)
equations are:

−w′′ − w′2uxyy + 2w′z′uxxy − z′2uxxx = 0,
−z′′ − w′2uyyy + 2w′z′uxyy − z′2uxxy = 0,
−y′′ − 2w′′uxy − w′2 (uyyz + 2uxyw) + 2z′′uxx + z′2uxxz + 2y′z′uxxy
−2w′ (y′uxyy − z′uxxw + x′uxxy) + 2x′z′uxxx = 0,
−x′′ + 2w′′uyy + w′2uyyw + 2w′z′uyyz + 2w′y′uyyy − 2z′′uxy − 2z′2uxyz
+2w′x′uxyy − 2y′z′uxyy − z′2uxxw − 2x′z′uxxy = 0.

(3.2.4)

For u = −1
2
zy3

w2 + 1
2
xy2

w given in (3.2.2), the EL (geodesic) equations are given by

0 = w′2

w + w′′,

0 = −z′′ + 2w′z′

w + 3zw′2

w2

0 = −y′′ − 2w′′y
w + 5w′2y

w2 − 2w′y′

w

0 = −x′′ + 2w′′
(
x
w −

3yz
w2

)
+ w′2

(
− x
w2 + 6yz

w3

)
− 6w′z′y

w2 − 6w′y′z
w2 − 2

w (z′′y − w′x′ + y′z′)

(3.2.5)

The generators of Lie group that leave invariant the system (3.2.5) are:

X1 = −(
√

2− 1)yw−2+
√

2∂x + w−1+
√

2∂z, X2 = yw−22−
√

2(1 +
√

2)∂x + w−1−
√

2∂z,

X3 = ∂s, X4 = s∂s, X5 = −(−1 +
√

2)zw
√

2∂x + w1+
√

2∂y,

X6 = zw−
√

2(1 +
√

2)∂x + w1−
√

2∂y, X7 = s
w∂x,

X8 = lnw
w ∂x, X9 = 1

w∂x, X10 = lnw∂s,
X11 = w∂w − x∂x, X12 = x∂x + y∂y, X13 = x∂x + z∂z.

(3.2.6)
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The Noether symmetry generators X wich satisfies the equation (2.4.2) is given by:

X1 = 2s∂s + w∂w + x∂x + y∂y + z∂z, X2 =
(
−
√

7
3 + 2

3

)
z2+
√

7∂w + yz1+
√

7∂x,

X6 = z∂x, X4 = −(2 +
√

7)wz1+
√

7∂x + z
√

7∂y,

X5 = wz−1−
√

7(
√

7− 2)∂x + z−
√

7∂y, X3 =
(

2
3 +

√
7

3

)
z2−
√

7∂w + yz1−
√

7∂x,

X7 = sz∂x, X8 = ∂s.
(3.2.7)

Each one lead to a conservation law for the geodesic equations by Noether theorem. We list
some for illustrative purposes.

i. X8: T8 = w′2(xw−3yz)−2yww′z′−w2(z′y′+x′w′)
w2

ii. X5: T5 = (
√

7− 2)wz−1−
√

7w′ + z−
√

7z′

iii. X1: T1 = wx′ − w′x+ 8w′yz
w + 3yz′ + zy′ − 2s

[
w′x′ − w′2

(
x
w −

3yz
w2

)
+ 2yz′

w + y′z′
]

The algebra of Killing vectors is generated by generated by

X2, X3, X4, X5, X6.

3.3 ASD metrics solutions of the EFE

The Minkowski spacetime , is governed in polar coordinates, by the metric

ds2 = −dt2 + dr2 + r2dθ2 + r2 sin2 θdφ2 (3.3.1)

it admits a 10-dimensional algebra of Killing vectors, viz., SO(3)
⊗

R4.

In [20], authors showed that the algebra of symmetries for the ELE via the Lagrangian

L = t′2 − r′2 − r2θ′2 − r2 sin2 θφ′2 (3.3.2)

admits a 17-dimensional algebra including the Killing vectors.

In fact, using the multiplier approach, we got 17 multipliers (first derivative dependent), with
Q = (Qr, Qθ, Qφ, Qt), viz.,
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(−tsin θsinφ,−tsinφcos θ, −tcosφ
rsin θ , rsin θsinφ),

(−tsin θcosφ,−tcosφcos θ, tsinφrsin θ , rsin θsinφ),

(−tcosφ, tsin θr , 0, rcos θ), (cos θ,−sin θ/r, 0, 0),

(sin θsinφ, sinφcos θ/r, cosφ
rsin θ , 0), (sin θcosφ, cosφcos θ/r,− sinφ

rsin θ , 0),

(ssin θsinφ, ssinφcos θ/r, scosφ
rsin θ , 0), (ssin θcosφ, scosφcos θ/r,− ssinφ

rsin θ , 0),
(scos θ,−ssin θ/r, 0, 0),
(0,−cosφ, cot θsinφ, 0), (0, sinφ, cot θcosφ, 0),
(0, 0, 1, 0), (0, 0, 0, s),
(0, 0, 0, 1), (−r′,−θ′,−φ′, t′),
(sr − r′s2,−θ′s2,−φ′s2, st− t′s2), (r − 2sr′,−2sθ′,−2sφ′, t− 2st′)

(3.3.3)

More details about the Lie point symmetry for this particular spacetime can be found in [21].

We note that all of the variational symmetries which are not Killing vectors include the s, the
arclength variable. This, it will be emphasized in this paper, is not always the case as was
previously thought.

Modified Eguchi-Hanson metric

In this subsection section, we are interested on metrics that arise from new ASD solutions of
the EFE.

In (3.1.6), the Lagrangian is

L =
4r4

r4 + α2
r′2 + r2θ′2 + r2 sin2 θφ′2 +

r4 + α2

r2
(t′2 + 2(1 + cos θ))t′φ′ + (1 + cos θ))2φ′2).

(3.3.4)

The EL equations are
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− 1
r3

[2(−2(α2 − r4)r′(t′ + (1 + cos(θ))φ′)− r(α2 + r4)(sin(θ)θ′φ′ − t′′ − (1 + cos(θ))φ′′))] = 0,

16r7r′2

(α2+r4)2
− 16r3r′2

α2+r4
+ 2rθ′2 + 2r sin(θ)2φ′2 + 4r(t′ + (1 + cos(θ))φ′)2

−2(α2+r4)(t′+(1+cos(θ))φ′)2

r3
− 8r4r′′

α2+r4
= 0,

−4rr′θ′ + r2 sin(2θ)φ′2 − 2(α2+r4) sin(θ)φ′(t′+(1+cos(θ))φ′)
r2

− 2r2θ′′ = 0,

1
r3

2 cos( θ2)[4 cos( θ2)r′((α2 − r4)t′ + (α2(1 + cos(θ))− 2r4)φ′)

+r(2(α2 + r4) sin( θ2)t′θ′ + 4(α2(1 + cos(θ)) + r4) sin( θ2)θ′φ′ − 2 cos( θ2)((α2 + r4)t′′

+(α2(1 + cos(θ)) + 2r4)φ′′))] = 0.
(3.3.5)

The algebra of point variational symmetries, X = ξ∂s+τ∂t+ρ∂r+A∂θ+B∂φ, are obtainable
from (2.4.2) which expands, if each is set to zero, into the overdetermined system

t3s : −r2ξt − α2ξt
r2

r3
s : − 4r4ξr

r4+α2

θ3
s : −r2ξθ

φ3
s : −r2ξφ −

α2ξφ
r2
− 4r2 cos(θ)ξφ −

4α2 cos(θ)ξφ
r2

− 2r2 cos2(θ)ξφ −
2α2 cos2(θ)ξφ

r2

+2r2 cos(θ)ξφ +
2α2 cos(θ)ξφ

r2
+ r2 cos2(θ)ξφ +

α2 cos2(θ)ξφ
r2

− r2 sin2(θ)ξφ

t2s : 2rρ− 2α2ρ
r3

+ 2r2Bt + 2α2Bt
r2

+ 2r2 cos(θ)Bt + 2α2 cos(θ)Bt
r2

− r2ξs − α2ξs
r2

+ 2r2τt + 2α2τt
r2

r2
s : − 16r7ρ

(r4+α2)2
+ 16r3ρ

r4+α2 − 4r4ξs
r4+α2 + 8r4ρr

r4+α2

θ2
s : 2rρ+ 2r2Aθ − r2ξs
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φ2
s : 2rρ− 2α2ρ

r3
+ 4rρ cos(θ)− 4α2ρ cos(θ)

r3
+ 2rρ cos2(θ)− 2α2ρ cos2(θ)

r3
− 2Ar2 sin(θ)

−2Aα2 sin(θ)
r2

− 2Aα2 cos(θ) sin(θ)
r2

+ 2rρ sin2(θ) + 2r2Bφ +
2α2Bφ
r2

+ 4r2 cos(θ)Bφ

+
4α2 cos(θ)Bφ

r2
+ 2r2 cos2(θ)Bφ +

2α2 cos2(θ)Bφ
r2

+ 2r2 sin2(θ)Bφ − r2ξs − α2ξs
r2
− 4r2 cos(θ)ξs

−4α2 cos(θ)ξs
r2

− 2r2 cos2(θ)ξs − 2α2 cos2(θ)ξs
r2

+2r2 cos(θ)ξs + 2α2 cos(θ)ξs
r2

+ r2 cos2(θ)ξs + α2 cos2(θ)ξs
r2

− r2 sin2(θ)ξs + 2r2τφ +
2α2τφ
r2

+2r2 cos(θ)τφ +
2α2 cos(θ)τφ

r2

rsts : 2r2Br + 2α2Br
r2

+ 2r2 cos(θ)Br + 2α2 cos(θ)Br
r2

+ 8r4ρt
r4+α2 + 2r2τr + 2α2τr

r2

θsts : 2r2At + 2r2Bθ + 2α2Bθ
r2

+ 2r2 cos(θ)Bθ + 2α2 cos(θ)Bθ
r2

+ 2r2τθ + 2α2τθ
r2

φsts : 4rρ− 4α2ρ
r3

+ 4rρ cos(θ)− 4α2ρ cos(θ)
r3

− 2Ar2 sin(θ)− 2Aα2 sin(θ)
r2

+ 2r2Bt

+2α2Bt
r2

+ 4r2 cos(θ)Bt + 4α2 cos(θ)Bt
r2

+ 2r2 cos2(θ)Bt + 2α2 cos2(θ)Bt
r2

+ 2r2 sin2(θ)Bt + 2r2Bφ

+
2α2Bφ
r2

+ 2r2 cos(θ)Bφ +
2α2 cos(θ)Bφ

r2
− 2r2ξs − 2α2ξs

r2
− 4r2 cos(θ)ξs − 4α2 cos(θ)ξs

r2

+2r2 cos(θ)ξs + 2α2 cos(θ)ξs
r2

+ 2r2τt + 2α2τt
r2

+ 2r2 cos(θ)τt + 2α2 cos(θ)τt
r2

+ 2r2τφ +
2α2τφ
r2

rsθs : 2r2Ar + 8r4ρθ
r4+α2

rsφs : 2r2Br + 2α2Br
r2

+ 4r2 cos(θ)Br + 4α2 cos(θ)Br
r2

+ 2r2 cos2(θ)Br + 2α2 cos2(θ)Br
r2

+2r2 sin2(θ)Br +
8r4ρφ
r4+α2 + 2r2τr + 2α2τr

r2
+ 2r2 cos(θ)τr + 2α2 cos(θ)τr

r2

θsφs : 2r2Aφ + 2r2Bθ + 2α2Bθ
r2

+ 4r2 cos(θ)Bθ + 4α2 cos(θ)Bθ
r2

+ 2r2 cos2(θ)Bθ + 2α2 cos2(θ)Bθ
r2

+2r2 sin2(θ)Bθ + 2r2τθ + 2α2τθ
r2

+ 2r2 cos(θ)τθ + 2α2 cos(θ)τθ
r2

ts : 2r2Bs + 2α2Bs
r2

+ 2r2 cos(θ)Bs + 2α2 cos(θ)Bs
r2

− ft + 2r2τs + 2α2τs
r2

rs : −fr + 8r4ρs
r4+α2

θs : 2r2As − fθ
φs : 2r2Bs + 2α2Bs

r2
+ 4r2 cos(θ)Bs + 4α2 cos(θ)Bs

r2
+ 2r2 cos2(θ)Bs + 2α2 cos2(θ)Bs

r2
+ 2r2 sin2(θ)Bs

−fφ + 2r2τs + 2α2τs
r2

+ 2r2 cos(θ)τs + 2α2 cos(θ)τs
r2

: −fs
(3.3.6)

Whilst this is a cumbersome approach, the multiplier method provides all the multipliers for
(3.3.5), viz.,

(1, 0, 0, 0), (0, 0, 0, 1), (−t′,−r′,−θ′,−φ′),
(− cosφ

tan( 1
2
θ)
, 0, sinφ, cosφ

tan θ ), ( sinφ

tan( 1
2
θ)
, 0, cosφ − sinφ

tan θ ). (3.3.7)

It turns out that each leads to a variational symmetry and the algebra is generated by

∂t, ∂φ, ∂s, − cosφ

tan(1
2θ)

∂t+sinφ∂θ+
cosφ

tan θ
∂φ,

sinφ

tan(1
2θ)

∂t+cosφ∂θ−
sinφ

tan θ
∂φ.

(3.3.8)
It is easy to see that all of the above excluding the translation in s are isometries of the
manifold.
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Metrics with ultra hyperbolic signature

One choice of the metric here [16] is

ds2 = wp(4e
wdzdz̄ − dp2)− 1

wp
[dt+ i(wzdz − wz̄dz̄)]2 (3.3.9)

in which case the EFE reduce to the hyperbolic BF equation

wzz̄ − (ew)pp = 0 (3.3.10)

for which a solution is

w = ln

[
(p+ a(z))b′(z)

b(z) + b̄(z̄)

]2

. (3.3.11)

Then there are two metrics of which one is

•

ds2
1 = (2p+ a+ b)

[
4f ′g′

(f+g)2
dudv − 1

(p+a)(p+b)dp2
]

+ (p+a)(p+b)
(2p+a+b)

[
dt+ ( 2g′

f+g −
b′

p+b −
g′′

g′ )dv − ( 2f ′

f+g −
a′

p+a −
f ′′

f ′ )du
]2
,

(3.3.12)

where a = a(u), b = b(v), f = f(u) and g = g(v).

In the case, a and b equal to constants with f = u, g = v, we get a large number of
vector fields. We choose a = b = 1; the multipliers Q = (Qu, Qv, Qp, Qt), are

Q1 = (− su
√
u+ve

1
4 t√

p , 0,
√
psve

1
4 t

√
u+v

,−2
√
u+vse

1
4 t√

p ), Q2 = ( s
√
u+ve

1
4 t√

p , 0,
√
pse

1
4 t

√
u+v

, 0),

Q3 = (0,− sv
√
u+ve−

1
4 t√

p ,
√
psue−

1
4 t

√
u+v

, 2
√
u+vse−

1
4 t√

p ), Q4 = (0, s
√
u+ve−

1
4 t√

p ,
√
pse−

1
4 t

√
u+v

, 0),

Q5 = (−u
√
u+ve

1
4 t√

p , 0,
√
pve

1
4 t

√
u+v

,−2
√
u+ve

1
4 t√

p ), Q6 = (
√
u+ve

1
4 t√

p , 0,
√
pe

1
4 t

√
u+v

, 0),

Q7 = (0,−v
√
u+ve−

1
4 t√

p ,
√
pue−

1
4 t

√
u+v

, 2
√
u+ve−

1
4 t√

p ), Q8 = (0,
√
u+ve−

1
4 t√

p ,
√
pe−

1
4 t

√
u+v

, 0),

Q9 = (0, (u+ v)e−
1
2
t, 0,−2e−

1
2
t), Q10 = (−1

2u
2, 1

2v
2, 0,−(u+ v)),

Q11 = (u, v, 0, 0), Q12 = (−1, 1, 0, 0),

Q13 = ((u+ v)e
1
2
t, 0, 0, 2e

1
2
t), Q14 = (0, 0, 0, 1),

Q15 = (−u′,−v′,−p′,−t′), Q16 = (−su′,−sv′, (p+ 1)− sp′,−st′).
(3.3.13)
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In general, if a or b are not constant, only two symmetries (multipliers) are obtained,
viz., ∂s and ∂t.

• Another related metric from (3.3.11) is given by

ds2
2 = (2p+ a+ b)

[
4f ′g′

(1+fg)2
dudv + 1

(p+a)(p+b)dp2
]

− (p+a)(p+b)
(2p+a+b)

[
dt+ ( 2fg′

1+fg −
b′

p+b −
g′′

g′ )dv − ( 2gf ′

1+fg −
a′

p+a −
f ′′

f ′ )du
]2
.

(3.3.14)

For a and b constants we obtain 16 multipliers corresponding to 16 variational symme-
tries.
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3.4 Conclusion

We obtain 10-dimensional killing vectors which suggest that the manifold is flat, for the two
particular cases discussed in Section 3.3.

However, we cannot conclude whether they are equivalent to the Minkowksi or de Sitter
metrics; the algebra of Noether symmetries in the latter two cases are 17- and 12- dimensional,
respectively, whilst the two classes in Section 3.3 are 16-dimensional. Lastly, we see that the
multiplier approach is more efficient and inclusive than the other approaches.



Chapter 4

Anti-self-duality (ASD) structures in
neutral signature

4.1 Introduction

The concept of anti-self-duality in four dimension is very close to the integrability of specific
field equations and manifolds. From a physicists point of view the differential equations leading
to anti-self-dual hyper-Kähler or quaternion Kähler are similar in kind to those of Einstein’s
general relativity as they impose restrictions on the Riemann curvature of four manifolds [22].
The Riemann curvature tensor of a pseudo-Riemannian manifold can be decomposed into three
part

Rabcd = Sabcd + Eabcd +Wabcd

where Sabcd is the scalar curvature, Eabcd is Ricci curvature and Wabcd is the Weyl curvature.
In lower dimension (n = 1, 2, 3) the Weyl tensor always vanishes. For n = 4 the Weyl curvature
W decomposes further under SO(4) into its self-dual and anti-self-dual part W+,W− . A
metric is ASD if and only if W+ = 0. [23]

The Jones-Tod construction

The construction relates ASD conformal structures in four dimension to Einstein-Weyl (EW)
structures in three dimensions. In neutral signature it can be formulated as follows:

21
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4.1.1 Theorem. Let (M, [g]) be a neutral ASD four manifold with a null conformal Killing
vector K. An Einstein-Weyl structure on the space W of trajectories of K is defined by

h = |K|−2g − |K|−4K�K, ω = 2|K|−2 ∗g (K ∧K)

where ∗g is the Hogde-∗ of g,� is a symmetric tensor product, |K|2 = g(K,K), and K =
g(K, .). All EW structures arise in this way. Conversely, let (h, ω) be a three dimensional
Lorentzian EW structure on W, and let (V, η) be a function and a 1-form on W satisfying the
generalised monopole equation

∗h (dV +
1

2
ωV ) = dη (4.1.1)

where ∗h is the Hodge-∗ of h. Then

g = V h− 1

V
(dφ+ η)2 (4.1.2)

is an ASD metric with isometry ∂φ. The details can be found in [29]

4.2 Scalar-flat Kähler

Let (M, g) be a scalar-flat Kähler metric in neutral signature with symmetry. LeBrun [26] had
shown that the problem can be reduced to a pair of coupled PDEs: the SU(∞)-Toda equation
and its linearisation [28]. The metric takes the form

g = V (eu(dx2 + dy2)− dt2)− 1

V
(dφ+ η)2 (4.2.1)

where the function u satisfies the SU(∞)-Toda equation

(eu)tt − uxx − uyy = 0 (4.2.2)

and V is a solution to its linearisation. The corresponding EW space from the Jones-Tod
construction is

h = eu(dx2 + dy2)− dt2, ω = 2utdt. (4.2.3)
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Reduction and exact solutions of SU(∞)-Toda equation

The Lie point symmetry algebra of (4.2.2) is spanned by

X1 = ∂t
X2 = 2∂u + t∂t
X3 = ∂y
X4 = −2f1,x∂u + f1(x, y)∂x +

∫
f1,xdy∂y

where the function f1 satisfies the constraint
∫
f1,xxdy + f1,y = 0

In X4 if f1 = x we have the following invariants and transformed variables

u = ln y−2 + U, X =
x

y
, T = t, U = U(X,T ).

The equation (4.2.2) becomes

(U2
T + UTT )eU − UXX − 2XUX −X2UXX − 2 = 0, (4.2.4)

which admits the symmetries

X 1
4 = ∂T ,
X 2

4 = 2∂U + T∂T ,
X 3

4 = (1 +X2)∂X − 2X∂U ,
X 4

4 = (1 +X2) arctan(X)∂X − 2(1 +X arctan(X))∂U .

• Via X 3
4 , (4.2.4) is reduced to the ODE

(Ū2
T + ŪTT )eŪ = 0

where
ln(1 +X2) = −U + Ū , Ū = Ū(T )

Solving and replacing back we get a solution to (4.2.2)

u = ln
−C1t− C2C1

x2 + y2
(4.2.5)
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• Using X 2
4 , one can show that the solution is

u = ln

 C2
1 t

2

4

[
tan(C1

2 arctan(xy ) + C1C2)2 + 1
]

x2 + y2

 . (4.2.6)

An alternative reduction can be done using X2 in which case

the equation (4.2.2) becomes
2eU − UXX − UY Y = 0

where U = u− ln t2, X = x, Y = y, U = U(X,Y ).

Reducing again using its symmetries , solving and replacing back we have the solution

u = ln

t2
tan(C2+y−x

2C2
1

)2

C2
1

 . (4.2.7)

4.2.1 Remark. The metric (4.2.1) can be found explicitly from the monopole equation (4.1.1)
for some solutions as follows [24]:

Rewrite the metric (4.2.3) in orthonormal triad h = e2
1 + e2

2 − e2
3, where

e1 = (eu)1/2dx, e2 = (eu)1/2dy, e3 = dt

The duality relations

∗he1 = e2 ∧ e3, ∗he2 = e3 ∧ e1, ∗he3 = e2 ∧ e1

yield

∗hdx = dy ∧ dt, ∗hdy = dt ∧ dx, ∗hdt = eudy ∧ dx

Take the special case V = ut (which leads to a pseudo hyperKähler metric), and use the above
relations to write the monoplole equation (4.1.1) as

utxdy ∧ dt+ utydt ∧ dx+ (utt + u2
t )e

udy ∧ dx = dη

Using the solution (4.2.6) with a good choice of constant in the above relation gives η = − 2
ydx

or more generally η = − 2
ydx+ dy + dt
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and the metric (4.2.1) is

g =
2t(dx2 + dy2)

y2
− 2dt2

t
− t

2

[
dφ− 2

y
dx

]2

. (4.2.8)

Variational symmetries and conservation laws

The EW space leads to the Lagrangian

L = eu(ẋ2 + ẏ2)− ṫ2

where the dot refers to the derivative with respect to the arclength s.

• In solution (4.2.5) taking C1 = −1, C2 = 0 the Lagrangian becomes

L =
t

x2 + y2
(ẋ2 + ẏ2)− ṫ2.

The EL equations are

(−2x2ẍ+ (2ẋ2 − 2ẏ2)x− 2y2ẍ+ 4yẏẋ)t− 2ẋṫ(x2 + y2) = 0,
(−2y2ÿ + (−2ẋ2 + 2ẏ2)y − 2x2ÿ + 4xẋẏ)t− 2ẏṫ(x2 + y2) = 0,
ẋ2+ẏ2

x2+y2
+ 2ẗ = 0.

(4.2.9)

We get the following generators of Noether symmetry,

X1 = ∂s − 4yF (x,y)−4Fy(x2+y2)
4x ∂x + F (x, y)∂y,

X2 = s∂s − 4yF (x,y)+(x2+y2)(1−4Fy)
4x ∂x + F (x, y)∂y + t

2∂t.
(4.2.10)

Alternatively, the ”multiplier” method provides all the multipliers for (4.2.9) , viz.,

(
F (x, y),

(x2 + y2)Fx − xF (x, y)

y
, 0

)
where F (x, y) satisfies the constraints

Fxy =
x(xFx+yFy−F (x,y))

(x2+y2)y
,

Fyy =
xFx+yFy−F (x,y)

x2+y2
,

Fxx =
−xFx−yFy+F (x,y)

x2+y2
.

(4.2.11)
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• In solution (4.2.6) taking C1 = 2, C2 = 0 the Lagrangian becomes

L =
t2

y2
(ẋ2 + ẏ2)− ṫ2.

The EL (geodesic) equations are given by

−4tṫẋ− 2t2ẍ+ 4t2ẋẏ
y = 0,

(ẋ2 + yÿ − ẏ)t2 + 2yṫẏt = 0,
2t(ẋ2+ẏ2)

ẏ2
+ 2ẗ = 0.

(4.2.12)

We consider the multiplier M = (Mx,My,M t) of 0th order in derivatives. The equation
(2.4.6) gives, after separating by powers of ẋ, ẏ and ṫ a system of PDEs



Section 4.2. Scalar-flat Kähler Page 27

ẋṫ : −4t2y2gx,y − 4ty2gx − 4t2yft − fyty2

: −4t2y2fx, y + 4t2ygt − 4ty2ht − 8ty2fx − 4y2h+ 8tyg
: hx,t

ẏṫ : −4t2y2gt,y + 4t2ygt − 8ty2gy − 4ty2ht − 4y2h+ 8ytg
: −4t2y2ft,y − 4ty2gx + 4t2yft − 4ty2fy
: ht,y

ẋẏ : −4t2y2gx,y + t2ygx − 4ty2hx
: 4y4hx,y + ty2gx + 4tt2yft + 4ty2fy
: −4t2y2fx,y + 4yt2gy − 4ty2hy + 8yt2fx + 8yth− 12t2g

ẋ2 : −2t2y2fx,x + 2t2ygx − 2ty2hx
: 2y4hx,x − 2t2ygt + 2ty2ht + 4y2tfx + 2y2h− 4tyg
: −2t2y2gx,x + 2ty2hy − 2yt2gy − 4yt2fx − 4yth+ 6t2g

ẏ2 : 2y4hy,y + 2t2ygt + 4ty2gy + 2ty2ht + 2y2h− 4ytg
: −2t2y2gy,y + 6yt2gy − 2ty2hy + 4yth− 6t2g
: −2t2y2fy,y + 2t2ygx + 4yt2fy + 2ty2hx

ṫ2 : −2t2y2ft,t − 4ty2ft
: −2t2y2gt,t − 4ty2gt
: ht,t

ẋ : −4t2y2gs,x − 4yt2fs
: −4t2y2ts,x + 4t2ygs − 4ty2hs
: 4y4hs,x + ty2fs

ẏ : −4t2y2gs,y + 4t2ygs − 4ty2hs
: −4t2y2fs,y + 4yt2fs
: 4y4hs,y + ty2gs

ṫ : −4t2y2gs,t − 4ty2gs
: −4t2y2fs,t − 4ty2fs
: hs,t

ẍ : −2t2y2gx − 2t2y2fy
: −4t2y2fx − 4ty2h+ 4t2yg
: −2t2y2ft + 2y4hx

ÿ : −4t2y2gy − 4ty2h+ 4t2yg

: −2t2y2gx − 2t2y2fy
: −2t2y2gt + 2y4hy

ẗ : −2t2y2ft + 2y4hx
: ht

ẋ0 : fs,s
: gs,s
: hs,s

After some tedious calculations we get
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M1 =
(
−2sxy

t , s(x
2−y2)
t , s(x

2+y2)
y

)
M6 =

(
0, 1

t ,
1
y

)
M2 =

(
−ys
t ,

sx
t ,

sx
y

)
M7 =

(
y2 − x2,−2xy, 0

)
M3 =

(
0, st ,

s
y

)
M8 = (x, y, 0)

M4 =
(
−2xy
t , x

2−y2
t , x

2+y2

y

)
M9 = (1, 0, 0)

M5 =
(
−y
t ,

x
t ,

x
y

)
Each of M i s leads to a variational symmetry and the corresponding algebra of symme-
tries is generated by

2sxy
t ∂x + s(x2−y2)

t ∂y + s(x2+y2)
y ∂t,

−ys
t ∂x + sx

t ∂y + sx
y ∂t,

s
t∂y + s

y∂t
−2xy
t ∂x + x2−y2

t ∂y + x2+y2

y ∂t,
−y
t ∂x + x

t ∂y + x
y∂t,

1
t ∂y + 1

y∂t
(y2 − x2)∂x − 2xy∂y, x∂x + y∂y, ∂x

(4.2.13)

The complete set of variational symmetry is spanned by

X1 = 2sxy
t ∂x + s(x2−y2)

t ∂y + s(x2+y2)
y ∂t , X9 = ∂x

X2 = −ys
t ∂x + sx

t ∂y + sx
y ∂t , X10 = s2∂s + st∂t

X3 = s
t∂y + s

y∂t , X11 = s∂s + t
2∂t

X4 = −2xy
t ∂x + x2−y2

t ∂y + x2+y2

y ∂t , X12 = ∂s
X5 = −y

t ∂x + x
t ∂y + x

y∂t
X6 = 1

t ∂y + 1
y∂t

X7 = (y2 − x2)∂x − 2xy∂y
X8 = x∂x + y∂y

(4.2.14)

Each of these or linear combination lead to a conservation law for the geodesic equations
. We list some for illustrative purposes,

X4 : T4 = − 2
y2

(tx2ẏ − 2txyẋ− ty2ẏ − x2yṫ− y3ṫ)

X5 : T5 = −2
y2

(txẏ − tyẋ− xyṫ)
X7 : T7 = t2

y2
(x2ẋ+ 2xyẏ − y2ẋ)

(4.2.15)

• The associated four dimensional ASD manifold is given by the metric (4.2.8). The
Lagrangian is

L =
2t(ẋ2 + ẏ2)

y2
− 2ṫ2

t
− t

2

(
φ̇− 2ẋ

y

)2

.
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For which the Euler-Lagrange equations are

−2tyφ̈+ 2tẏφ̇− 2yṫφ̇ = 0,

((−2ẋφ̇− 4ÿ)t− 4ẏṫ)t+ 4tẏ2 = 0,

2ẋ2+2ẏ2

y2
− 2ṫ2

t2
− 1

2

(
φ̇− 2ẋ

y

)2
+ 4ẗ

t = 0,

y(yṫφ̇− 2ṫẋ)− 2tyẍ+ 2tẋẏ + ty2φ̈ = 0.

(4.2.16)

The seventeen dimensional Lie algebra of Noether symmetries are

X1 = s2

2 ∂s + st∂t, f = −4t
X2 = s∂s + t∂t, f = 0
X3 = ∂s, f = 0

X4 = y2−x2
4 ∂x − xy

2 ∂y + y∂φ, f = 0
X5 = x∂x + y∂y, f = 0
X6 = ∂x, f = 0
X7 = ∂φ, f = 0

X8 = y
2 sin φ

2∂x + y
2 cos φ2∂y + sin φ

2∂φ, f = 0

X9 = y
2 cos φ2∂x −

y
2 cos φ2∂y + cos φ2∂φ, f = 0

X10 = −
√
y√
t

cos φ4∂x +
√
y√
t

sin φ
4∂y +

√
t√
y sin φ

4∂t, f = 0

X11 =
√
y√
t

sin φ
4∂x +

√
y√
t

cos φ4∂y +
√
t√
y cos φ4∂t, f = 0

X12 = − s
√
y√
t

cos φ4∂x +
s
√
y√
t

sin φ
4∂y + s

√
t√
y sin φ

4∂t, f = −8
√
t√
y sin φ

4

X13 =
s
√
y√
t

sin φ
4∂x +

s
√
y√
t

cos φ4∂y + s
√
t√
y cos φ4∂t, f = −8

√
t√
y sin φ

4

X14 =
y
3
2 sin φ

4
+x
√
y cos φ

4

4
√
t

∂x +
y
3
2 cos φ

4
−x√y sin φ

4

4
√
t

∂y−
x
√
t sin φ

4
+y
√
t cos φ

4
4
√
y ∂t +

√
y√
t

sin φ
4∂φ, f = 0

X15 =
y
3
2 cos φ

4
−x√y sin φ

4

4
√
t

∂x −
y
3
2 sin φ

4
+x
√
y cos φ

4

4
√
t

∂y

−x
√
t cos φ

4
−y
√
t sin φ

4
4
√
y ∂t +

√
y√
t

cos φ4∂φ, f = 0

X16 =
sy

3
2 cos φ

4
−sx√y sin φ

4

8
√
t

∂x −
sy

3
2 sin φ

4
+sx
√
y cos φ

4

8
√
t

∂y

− sx
√
t cos φ

4
−sy
√
t sin φ

4
8
√
y ∂t +

s
√
y

2
√
t

cos φ4∂φ, f =
−y
√
t sin φ

4
+x
√
t cos φ

4√
y

X17 =
sy

3
2 sin φ

4
+sx
√
y cos φ

4

8
√
t

∂x +
sy

3
2 cos φ

4
−sx√y sin φ

4

8
√
t

∂y

− sx
√
t sin φ

4
+sy
√
t cos φ

4
8
√
y ∂t +

√
y

2
√
t

sin φ
4∂φ, f =

x
√
t sin φ

4
+y
√
t cos φ

4√
y

(4.2.17)
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The ten dimensional algebra of Killing vectors is spanned by

X4,X5,X6,X7,X8,X9,X10,X11,X14,X15

4.3 ASD Null Kähler with symmetry. The dKP equation

In [40] it is demonstrated that an ASD null Kähler metric is given by

g = wx(dy2 − 4dxdt− 4hxdt2)− w−1
x (dφ− wxdy − 2wydt)

2 (4.3.1)

where h = h(x, y, t) and w = w(x, y, t) are real valued function satisfying the following
relations

hyy − hxt + hxhxx = 0, (4.3.2)

and

wyy − wxt + (hxwx)x = 0. (4.3.3)

Redefining u = hx, (4.3.2) becomes

(ut − uux)x = uyy (4.3.4)

which is the dispersionless Kadomtsev-Petviashvili (dKP) equation.

The corresponding EW Structure is

h = dy2 − 4dxdt− 4udt2, ω = −4uxdt (4.3.5)

Symmetry reductions and exact solutions of dKP equation

We, firstly, present a procedure to determine exact solutions of the equation (4.3.4).

A basis of the Lie point symmetry algebra of (4.3.4) is

X1 = −f ′2∂u + f2(t)∂x
X2 = 2x∂x + 4u∂u + y∂y
X3 = 2f3(t)∂y + yf ′3∂x − yf ′′3 ∂u
X4 = (2xf ′1 + y2f ′′1 )∂x + (−4uf ′1 − 2xf ′′1 − y2f ′′′1 )∂u + 4yf ′1∂y + 6f1(t)∂t
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Thus, a large class of reductions of (4.3.4) is obtainable.

Taking a linear combination 2X2 +X4 where in X4, f1 = t, we get the scaling symmetry
generator Xc = 6x∂x + 6t∂t + 6y∂y leading to the invariants and transformed variables

X =
x

t
, Y =

y

t
, U = u, U = U(X,Y ).

so that (4.3.4) becomes

UX +XXX + Y UXY + U2
X + UUXX + UY Y = 0 (4.3.6)

which admits, the symmetry generators

X 1
c = −∂U + ∂X
X 2
c = 2∂Y + Y ∂X
X 3
c = 2U∂U + 2X∂X + Y ∂Y

Each of those symmetries leads to a second order ODE,

Via X 1
c = −∂U + ∂X , it can be shown that (4.3.6) reduces to the canonical equation

ŪY Y = 0,

where Ū = U +X, Ū = Ū(Y ). Hence, a solution of the equation (4.3.4) is

u =
C1y − x+ C2t

t
(4.3.7)

Similarly, (4.3.6) may be transformed using X 2
c = 2∂Y + Y ∂X , we get

u =
−2C1C2 +

√
2C1C2 + C2( y

2

4t2
− x

t ) + 1− 1

C2
(4.3.8)

• For a alternative reduction one can take X4 with f1 = t. The invariants and transformed
variables are

X =
x

t1/3
, Y =

y

t2/3
, U =

u

t−1/3
, U = U(X,Y ).
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the equation (4.3.4) becomes

UX +
X

3
UXX +

2Y

3
UXY + U2

X + UUXX + UY Y = 0, (4.3.9)

which admits, inter alia, the symmetry generator X 1
4 = −∂U + 3∂x

and X 2
4 = 3Y ∂X + 9∂Y + Y ∂U .

Via X 1
4 , (4.3.9) is reduced to the following second ODE

ŪY Y =
2

9

where Ū = U + X
3 , Ū = Ū(Y ),

and the solution to dKP equation (4.3.4) is

u =
y2

9t2
− x

3t
+
C1y

t4/3
+

C2

t2/3
. (4.3.10)

Via X 2
4 , we get the solution

u =
y2

9t2
− x

3t
+

1

t4/3

√
C1(

y2

6
− xt) + 6t4/3C2. (4.3.11)

Replacing back the solution (4.3.7) with (C1 = C2 = 0) in equation (4.3.3) gives the PDE

wyy − wxt−
1

t
wx −

x

t
wxx = 0 (4.3.12)

which is reducible using symmetry reduction.

A basis of the Lie point algebra of (4.3.12) is
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X1 = f1(x, y, t)∂w
X2 = w∂w
X3 = t∂x
X4 = (−1 + 1

t2
)x∂x + (1

t + t)∂t
X5 = (1 + 1

t2
)x∂x + (1

t − t)∂t
X6 = ∂y
X7 = t2∂y + ty∂x
X8 = 2x

t ∂y + xy
t2
∂x + y

t ∂t, t 6= 0
X9 = 2x∂x + y∂y
X10 = 2t2y∂y − t2w∂w + t3∂t + t(tx+ y2)∂x

X11 = −2xw
t ∂w + 4xy

t ∂y + x(4tx+y2)
t2

∂x + y2

t ∂t
X12 = (2tx+ y2)∂y = 3xy∂x + ty∂t − wy∂w

With the constraint:

tf1,yy − f1,x − tf1,xt − xf1,xx = 0,

where f1,yy = ∂y,yf1.

The generator X5 = (1 + 1
t2

)x∂x + (1
t − t)∂t leads to invariants and transformed variables

X =
x(1− t2)

t
, Y = y, W = w, W = W (X,Y ).

The equation (4.3.12) becomes:

WY Y + 2XWXX + 2WX = 0 (4.3.13)

which admits inter alia the generators X 1
5 = ∂Y , X 2

5 = f1(X,Y )∂W and the scaling sym-
metry X 3

5 = −2Y ∂Y − 4X∂X +W∂W where f1 satisfies the constraint

f1,Y Y + 2t1, X + 2Xf1,XX = 0.

• Using the linear combination X c5 = X 1
5 +X 2

5 with f1 = y it can be shown that (4.3.13)
becomes the second order ODE

1 + 2XW̄XX + 2W̄X = 0

where W̄ = W − Y 2

2 , W̄ = W̄ (X), its solution is

W̄ = C1 lnX − x

2
+ C2
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Substituting back the solution of (4.3.12) is

w =
y2

2
+ C1 ln(

x

t
(1− t2))− x(1− t2)

t
+ C2 (4.3.14)

• Via the scaling symmetry one can show that the solution of (4.3.12) is

w =
1

y1/2

C1hypergeometric
([

1
4 ,

1
4

]
,
[

1
2

]
, −y

2t
x(1−t2)

)
[
x(1−t2)
ty2

]1/4
+
C1hypergeometric

([
3
4 ,

3
4

]
,
[

3
2

]
, −y

2t
x(1−t2)

)
[
x(1−t2)
ty2

]3/4


(4.3.15)

For an alternative reduction of (4.3.12) on can use X8 = 2x
t ∂y + xy

t2
∂x + y

t ∂t we get

2YWY Y + 3WY + 2XWXY (4.3.16)

where

X =
x

t
, Y =

y2

2
− tx, w = W, W = W (T,X)

which admits, inter alia, the symmetry generator

X 1
8 = 2f2(X)∂X +

2Y f2(x)

X
∂Y −

Wf2(x)

X
∂W .

In X 1
8 , if f2 = x we have a scaling symmetry, the equation (4.3.16) becomes

W̄X̄ = 0 (4.3.17)

Where X̄ = Y
X , W̄ = W

X−1/2 , X̄ = W̄ (X̄)

Solving and replace back we get the solution of (4.3.12)

w =
(x
t

)−1/2
. (4.3.18)

Noether symmetries and conservation laws

Consider the Einstein structure (4.3.5).

• The corresponding Lagrangian is after replacing the solution (4.3.7) (C1 = C2 = 0)

L = ẏ2 − 4ẋṫ+
4xṫ2

t
.
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The Euler-Lagrange equations are

4ṫ2

t + 4ẗ = 0,
ÿ = 0,
xṫ2 − 2xtẗ− 2tẋṫ+ 4t2ẍ = 0.

(4.3.19)

The multiplier approach gives us all zero order multipliers, viz

M1 =
(
sx
t2
, 0, st

)
, M5 = (0, s, 0)

M2 =
(xy
t2
, 2x
t ,

y
t

)
, M6 = (0, 1, 0)

M3 =
(

x
t2,0, 1

t

)
, M7 =

(
ty, t2, 0

)
M4 = (−x, 0, t) , M8 = (st, 0, 0)

(4.3.20)

These, as symmetries are include in the complete set of Noether symmetries viz

X1 = s2

2 ∂s + 3sx
4 ∂x + sy

2 ∂y + st
4 ∂t, f = −tx+ y2

2
X2 = s∂s + x∂x + y

2∂y, f = 0
X3 = ∂s, f = 0
X4 = − sx

4t2
∂x − s

4t∂t, f = x
t

X5 = s
2∂y, f = y

X6 = − st
2 ∂x, f = t2

X7 = xy
t2
∂x + 2x

t ∂y + y
t ∂t, f = 0

X8 = x
t2
∂x + 1

t ∂t, f = 0
X9 = −x∂x + t∂t, f = 0
X10 = ∂y, f = 0
X11 = ty∂x + t2∂y, f = 0
X12 = t∂x, f = 0

(4.3.21)

where X7,X8,X9,X10,X10,X12 are Killing vectors and f the corresponding gauge. Each
one or linear combination lead to a conservation law for the Euler-lagrange equations.
Let give some illustrative examples

X1 : T1 = − s
t (4stṫẋ− stẏ

2 − 4sxṫ2 − t2ẋ− txṫ+ tyẏ)− s2

t (−2tẋṫ+ tẏ2

2 + 2xṫ2)− tx+ y2

2
X7 : T7 = − 4

t2
(txẏ − tyẋ+ xyṫ)

X9 : T9 = 4tẋ− 12xṫ

• The solution (4.3.10) in (4.3.5) give the Lagrangian

L = ẏ2 − 4ẋṫ− 4

(
y2

9t2
− x

3t

)
ṫ2
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. The corresponding Euler-Lagrange equations are

4ṫ2

3t + 4ẗ = 0,

−8yṫ2

9t2
− 2ÿ = 0,

36t3ẍ+ (−24ẋṫ− 24xẗ)t2 + (12xṫ2 + 16yṫẏ + 8y2ẗ)t− 8y2ṫ2 = 0.

The zero gauge Noether symmetries are

2s∂s + 2x∂x + y∂y, −x∂x + t∂t,
y

3t1/3
∂x + t2/3∂y,

y(2 ln t+3)

6t1/3
∂x + t2/3 ln t∂y

t1/3∂x, ∂s
(4.3.22)

while the multiplier approach gives us the following multipliers

(−x, 0, t);
(

y
3t1/3

, t2/3, 0
)

;
(

2y ln t+3y
6t1/3

, t2/3 ln t, 0
)

;
(
st1/3, 0, 0

)
; (t1/3, 0, 0).

(4.3.23)

The complete set of variational symmetries is given by (4.3.22) and (4.3.23) viz.

X1 = 2s∂s + 2x∂x + y∂y X6 = 2y ln t+3y
6t1/3

∂x + t2/3 ln t∂y
X2 = −x∂x + t∂t X7 = st1/3∂x
X3 = y

3t1/3
∂x + t2/3∂y

X4 = t1/3∂x
X5 = ∂s.

(4.3.24)

The four dimension ASD null Kähler metric is given by (4.3.1). After replacing the solution
(4.3.7) and (4.3.14) (C1 = C2 = 0) the lagrangian is

L =
1− t2

t

(
ẏ2 − 4ẋṫ− 4xṫ2

t

)
− t

1− t2

(
φ̇− 1− t2

t
ẏ − 2yṫ

)2

.

The Euler-Lagrange equations are

−t2ẗ− 2tṫ2 + ẗ = 0

(4ẗy − 2φ̈)t2 + (8yṫ2 − 4ṫφ̇)t− 4yẗ+ 2φ̈ = 0

−4t8ẍ+ (8ẋṫ+ 8xẗ+ 4yÿ + 4ẏ2)t7 + (−16yṫẏ − 8y2ẗ+ 4yφ̈+ 4ẏφ̇+ 12φ̈)t6 + (2y2ṫ2 − 24ẋṫ

−24xẗ− 8yÿ − 8y2 − φ̇2)t5 + (8xṫ2 + 16yṫẏ + 8y2ẗ− 4yφ̈− 4ẏφ̇− 12ẍ)t4 + (4y2ṫ2 + 24ẋṫ+ 24xẗ

+4yÿ + 4ẏ2 − φ̇2)t3 + (−16xṫ2 + 4ẍ)t2 + (−8ṫẋ− 8xẗ)t+ 8xṫ2 = 0

−t4ÿ + (4ṫẏ + 4yẗ− 2φ̈)t3 + (−4yṫ2 + 2ṫφ̇+ 4ÿ)t2 + (−4ṫẏ − 4yẗ+ 2φ̈)t− 4yṫ2 + 2ṫφ̇− 2ÿ = 0

The multipliers are

(0,
1

2
, 0, t); (0, 0, 0, 1); (yt2 − tφ

2
, t3 − t, 0, 0); (yt, t2 − 1, 0, 0); (t, 0, 0, 0)
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while the complete set of variational symmetries is

2s∂s+2x∂x+y∂y+φ∂φ; ∂s;
1

2
∂y+t∂φ; ∂φ; (ty− tφ

2
)∂x+(t3−t)∂y; ty∂x+(t2−1)∂y; t∂x;

st

4
∂x

where the last generator is a no zero gauge symmetry.

4.4 Pseudo-hypercomplex with symmetry. The hyper-CR equa-
tion.

The EW structure is [27]

h = (dy + udt)2 − 4(dx+ wdt)dt, ω = uxdy + (uux + 2uy)dt (4.4.1)

where u(x, y, t) and w(x, y, t) satisfy

ut + wy + uwx − wux = 0, uy + wx = 0 (4.4.2)

Different classes of solutions to (4.4.2) which yield non-trivial EW structures are found.

• If we assume that u and w do not contain y as dependent variable, we can integrate
easily the corresponding equations in in (4.4.2)

h = (dy + fdt)2 − 4dxdt, ω = f ′dy + ff ′dt (4.4.3)

where f=f(x) is an arbitrary function. A large class of complete solutions belong to this
class. For example f = a2x, where a is a non-zero constant leads to the Einstein-Weyl
structure on Thurston’s Nil manifold S1 × R2 [25]

• Looking for t-independent solutions (4.4.2) is reduced to a linear equation. To integrate
this system we take advantage of the classical hodograph transform (see e.g [30] ,[31])
which achieved by interchanging the roles of the dependent and independent variables.
To this end we consider x = x(u,w), y = y(u,w) and compute the derivatives

∂wx =
1

J
uy; ∂ux = − 1

J
wy; ∂wy = − 1

J
ux; ∂uy =

1

J
wx

where J =
∣∣∣∂(u,w)
∂(x,y)

∣∣∣ is the Jacobian. We assume J 6= 0 (important!)
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Replacing back the second equation in (4.4.2) implies the existence of a potential F =
F (u,w) such that

x = Fu, y = −Fw

while the first leads to

Fuu + uFuw + wFww = 0

By reduction a large class of solutions can be determined.

• Looking for the integrability condition of the system (4.4.2) one may assume the existence
of a potential v = v(x, y, t) such that the second equation yields

u = vx, w = −vy (4.4.4)

and the first equation becomes

vxt − vyy − vxvxy + vyvxx = 0 (4.4.5)

A basis of the Lie point symmetry algebra of (4.4.5) is given by the generators

X1 = f4(t)∂v
X2 = 2x∂v + y∂x
X3 = f3(t)∂x + yf ′3(t)∂v
X4 = 2x∂x + 3v∂v + y∂y
X5 = 2f2(t)∂y + (2xf ′2 + y2f ′′2 )∂v + 2yf ′2∂x
X6 = 6f1(t)∂t + (6vf ′1 + 6xyf ′′1 + y3f ′′′1 )∂v + (6xf ′1 + 3y2f ′′1 )∂x + 6yf ′1∂y

In X6, taking f1 = t
6 we get a scaling symmetry X6 = x∂x + y∂y + t∂t + v∂v. The

invariants and transformed variables are

X =
x

t
, Y =

y

t
, V =

v

t
, V = V (X,Y ).

In terms of the news variables the equation (4.4.5) becomes

−XVXX − Y VXY − VY Y − VXVXY + VXXVY = 0

which admit inter alia the symmetry generators X 1
6 = −∂Y +X∂V and
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X 2
6 = ∂X + Y ∂V

Through X 1
6 the previous equation is reduced to

−2XV̄XX + V̄X = 0

where V̄ = V +XY, V̄ = V̄ (X). The solution is V̄ = C1 + C2X
3/2.

Replacing back we get a solution to (4.4.5)

v = C2t
(x
t

)1/3
− xy

t
+ C1t (4.4.6)

(4.4.6) and (4.4.4) give solution to (4.4.2)

u =
−y
t

+
3C2

2

√
x

t
, w =

x

t
(4.4.7)

Using X 2
6 we have the solution

u =
y

t
, w = −C1 −

x

t
+
y2

t2
(4.4.8)

• hydrodynamic reduction

The system (4.4.2) can be cast in general quasi-linear vector form

uy + A(u)ux + B(u)ut = 0, (4.4.9)

where u = (u,w)T is a vector whose componements depend on (x, y, t), and

A(u) =

(
0 1
−w u

)
, B(u) =

(
0 0
1 0

)

The method of hydrodynamic reductions consists of seeking multiphase solutions in the form

u(x, y, t) = u(R1(x, y, t), · · · , Rn(x, y, t))

where Ri = Ri(x, y, t) (the so called Riemaniann invariants) satisfy a pair of commuting
system of hydrodynamic type

Riy = γi(R)Rix, Rit = µi(R)Rix, i = 1, 2, · · · , N (4.4.10)
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The number of Riemann invariants is arbitrary! Solutions of this type were extensively inves-
tigated [33, 34, 35]. Later, they appeared in the context of the dispersionless KP hierarchy
[36, 37, 38, 39]. We will call a multidimensional system integrable if it possesses sufficiently
many n− component reductions of the form (4.4.10)

The requirement of the commutativity of the flows is equivalent to the following restrictions
on their characteristic speeds [32]

∂jγ
i

γj − γi
=

∂jµ
i

µj − µi
, i 6= j, ∂j = ∂/∂Rj (4.4.11)

(no summation!). Once these conditions are met, the general solution of (4.4.10) is given by
the implicit ‘generalized hodograph’ formula [32]

vi(R) = x+ γi(R)y + µi(R)t

where vi(R) are characteristic speeds of the general flow commuting with (4.4.10), that is the
general solution of the linear system

∂jv
i

vj − vi
=

∂jγ
i

γj − γi
=

∂jµ
i

µj − µi
, i 6= j

Substituting u(R1, ..., Rn) in (4.4.2) and using (4.4.10) one readly arrives

∂iw = −γi∂iu, µi = γi
2

+ uγ + w (4.4.12)

The compatibility condition ∂i∂jw = ∂j∂iw implies

∂i∂ju =
∂jγ

i

γj − γi
∂iu+

∂iγ
j

γj − γi
∂ju (4.4.13)

while (4.4.12) in the commutativity condition (4.4.11) results in

∂jγ
i = −∂ju (4.4.14)

The substitution of (4.4.14) into (4.4.13) implies the Gibbons-Tsarev system for u(R) and
γ(R)

∂jγ
i = −∂ju, ∂i∂ju =

−2∂ju∂iu

γj − γi
(4.4.15)
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i 6= j, which was first derived in [38, 39]. For any solution u, γi of the system (4.4.15), one
can reconstruct µi and w by virtue of (4.4.12). In case of two components this system takes
the form

∂1γ
2 = −∂1u, ∂2γ

1 = −∂2u, ∂1∂2u =
−2∂1u∂2u

γ2 − γ1

The general solution of this system is parametrized by four arbitrary functions of a single
argument. Moreover, the system (4.4.15) is invariant under the reparametrization

R1 → f1(R1), R2 → f2(R2) where f1, f2 are arbitrary functions of their arguments.

4.4.1 Remark. A four dimension hypercomplex manifold can be constructed from (4.1.1),
(4.1.2) and (4.4.1) as follows

rewrite the metric (4.4.1) in orthonormal triad h = e2
1 + e2

2 − e2
3, where

e1 = dy + udt, e2 = dx+ (w − 1)dt, e3 = dx+ (w + 1)dt

The duality relations

∗he1 = e2 ∧ e3, ∗he2 = e3 ∧ e1, ∗he3 = e2 ∧ e1

yield

∗hdt = dy ∧ dt, ∗hdx = dx ∧ dt+ udx ∧ dt+ 2wdt ∧ d, ∗hdy = 2dx ∧ dt− udy ∧ dty

Take the special case V = ux/2 (which leads to pseudo-hyper-kähler with triholomorphic
homothety), and use the above relation to write the monopole equation (4.1.1) as

dy ∧ dt
(uxuy

2
+
uxt
2
− uuxy

2
− wuxx

)
+ dx ∧ dt

(
uxy +

u2
x

2
+
uuxx

2

)
+
uxx
2

dx ∧ dy = dη

The simple solution u = x (4.4.3) in the above relation results to η = dx+ dy + x
2 dt and the

four dimension manifold is given by

g =
1

4

[
(dy + xdt)2 − 4dxdt

]
−
(

dφ+ dx+ dy +
x

2
dt
)2
. (4.4.16)
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Variational symmetries and conservation laws

• The Lagrangian corresponding to the EW Structure (4.4.1) is after substitution of solu-
tion (4.4.7)

L =

(
ẏ − yṫ2

t

)2

− 4

(
ẋ+

xṫ

t

)
ṫ.

The complete set of variational symmetries is obtained ,

−x∂x + t∂t; 2s∂s + 2x∂x + y∂y; t∂y; − y
t2
∂x +

1

t
∂x; ∂s;

1

t
∂x; − s

4t
∂x

where the last symmetry is non zero gauge and all symmetries which are not involved
the arc length s are Killing vectors.

• By the solution (4.4.8), the Lagrangian from the EW structure (4.4.1) is

L =

(
ẏ +

yṫ

t

)2

− 4

(
ẋ+

(
−x
t

+
y2

t2

)
ṫ

)
ṫ.
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variational symmetries are

−x∂x + t∂t; 2s∂s + 2x∂x + y∂y; y∂x + t∂y; y(ln t+ 1
2)∂x + t ln t∂y; t∂x

∂s; − st
2 .

where the last symmetry is non zero gauge symmetry. Note that if we use solution
refereed to (4.4.3) we got five variational symmetries.

• The four dimensional pseudo-hyper-Kähler is given by (4.4.16). The corresponding La-
grangian is

L =
1

4
(ẏ + xṫ)2 − ṫẋ−

(
φ̇+ ẋ+ ẏ +

xṫ

2

)2

.

The Euler-Lagrange equations are

(2x+ 2)ẗ+ (−ẏ − 2φ̇)ṫ+ 4ẍ+ 4ÿ + 4φ̈ = 0,

xẗ+ ṫẋ+ 4ẍ+ 3ÿ + 4φ̈ = 0,

ẋ2 + 1
2(ẏ + 2φ̇)ẋ+ 1

2(2ẍ+ ÿ + 2φ̈)x+ ẍ = 0,

ẋṫ+ xẗ+ 2ẍ+ 2ÿ + 2φ̈ = 0.

Variational symmetries are

X1 = 2∂x − 2t∂y + t∂φ; X6 = ∂φ

X2 = −2s∂s + x∂x − (2x+ 3y + 2φ)∂y − 3t∂t +
(

3y
2 + φ

)
∂φ; X7 = ∂t

X3 = −2xe(x+ y
2

+φ)∂y + 2e(x+ y
2

+φ)∂t + xe(x+ y
2

+φ)∂φ; X8 = ∂y
X4 = −e−(x+ y

2
+φ)∂x + e−(x+ y

2
+φ)∂φ; X9 = ∂s

X5 = −x∂x + t∂t + x∂φ; X10 = −s∂y + s
2∂φ

X11 = s∂s + (φ+ x+ 3y
2 )∂y + t∂t − 1

4(2x+ 3y + 2φ)∂φ.

where X10 is no zero gauge and X1,X3,X4,X5,X6,X7,X8 are Killing vectors.

Some corresponding conserved quantities are

X2 : T2 = xṫ+ 4sẋφ̇+ 4sẏφ̇− 3txẏ
2 + 2sẋṫ− 3tx(φ̇+ ẋ) + 4sẋẏ − xẏ − 2x(φ̇+ ẋ) + 2sxṫφ̇

sxṫẏ + 2sxṫẋ− 3yẋ− 3yẏ
2 − 3yφ̇− 2φẋ− φẏ − 2φφ̇+ 2sφ̇2 − 3tẋ+ 3sẏ2

2 + 2sẋ2

X3 : T3 = 2ẋe(x+φ+ y
2

)

X4 : T4 = −ṫe−(x+φ+ y
2

)
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4.5 Conclusion

We studied the invariance properties generated by some well-known metrics of neutral sig-
natures. As the metrics depended on solutions of PDEs, we constructed exact solutions of
the PDEs using Lie group methods. From the specific forms of the metrics, we determined
the isometries and the variational symmetries of the underlying metrics and corresponding
Euler–Lagrange equations for both (Einstein Weyl structures and the corresponding four di-
mension metric constructed using the Jones-Tod construction). We established relationships
between the resultant Lie algebras, viz., the algebra of isometries are subalgebras of the alge-
bras of variational symmetries. For illustration, we chose some cases for which we constructed
some conservation laws via these symmetries or the “multiplier approach”. The interesting
result occurs in Section 4.3 where the Lagrangian obtained from the three dimension EW
structure has more variational symmetries than its corresponding four dimension Lagrangian
obtained by Jones-Toda construction.



Chapter 5

Wave equations on curved manifolds

5.1 Introduction

The standard wave equation in (3+1)-dimensions has been extensively studied in the literature.
A detailed symmetry analysis of this equation is discussed in [41]. In particulary, the symmetry
classification problem for a number of wave equations has been studied in flat space [49, 50,
51, 52, 53] and non flat space (non-zero constant curvature) [45, 46]. In this work we pursue
an investigation of symmetries of the wave equation on some spacetimes with non diagonal
metric gij and neutral signatures.

5.2 Wave equations on ASD-Einstein manifold

A detailed symmetry analysis of ASD-Einstein manifolds has been done in [42] .The metric on
the ASD Ricci-flat is locally given by

ds2 = dzdy + dtdx−
(
−3z

t2
y +

x

t

)
dt2 +

2y

t
dtdz

A Gordon type equation in a curved space or in curvilinear coordinates is given by the expression

�u ≡ 1√
|g|

(
gabu,b

√
|g|
)
a

= k(u) (5.2.1)

gab being the metric of this space, g =‖ gab ‖ its determinant, gab the inverse of gab , ,b = ∂b
and � is the D Alembertian, sometimes called the ”box” operator.

Consequently, the Gordon type equation on the ASD manifofd takes the form

45
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xt− 3yz

t2
uxx −

2y

t
uxy + ux,t + uyz − k(u) = 0. (5.2.2)

Lie symmetries

We consider the following cases for k(u) in (5.2.2) given by

(i) k(u) = 0 (wave equation)

(ii) k(u) = u

(iii) k(u) = u3

(iv) k(u) = un, n 6= 0, 1, 3

Case (i) k(u) = 0.

In this case, (5.2.2) admits the following 15-dimensional Lie algebra,

X1 = u∂u
X2 = f1(x, y, z, t)∂u
X3 = t∂x

X4 = 3t−1−
√

7z∂x + (2 +
√

7)t−
√

7∂y

X5 = 3t−1+
√

7z∂x − (−2 +
√

7)t
√

7∂y
X6 = t∂t + y∂y
X7 = 2y∂y + 3t∂t − x∂x
X8 = (−2 +

√
7)t1−

√
7y∂x + t2−

√
7∂z

X9 = (2 +
√

7)t1+
√

7y∂x − t2+
√

7∂z

X10 = t−
√

7
[
(1−

√
7)uy∂u +

√
7y2∂y + tx∂z − ty∂t + (−3+

√
7)txy+3y2z
t ∂x

]
X11 = t

√
7
[
(−1−

√
7)uy∂u +

√
7y2∂y − tx∂z + ty∂t + (3+

√
7)txy−3y2z
t ∂x

]
X12 = 2t∂t + y∂y + z∂z

X13 = t2x2−txyz+3y2z2

t3
∂x − u(tx+yz)

t2
∂u + xz

t ∂z + y(tx+2yz)
t2

∂y − yz
t ∂t

X14 = t−2−
√

7
[
(1−

√
7)uz∂u + (

√
7− 2)z2∂z − tz∂t + (tx+ 2yz)∂y + (

√
7−3)txz+3yz2

t ∂x

]
X15 = t−2+

√
7
[
(−1−

√
7)uz∂u + (2 +

√
7)z2∂z + tz∂t − (tx+ 2yz)∂y + (3+

√
7)txz−3yz2

t ∂x

]
(5.2.3)

where
t2f1,yz + t2f1,xt − 2tyf1,xy + txf1,xx − 3yzf1,xx = 0

Case (ii) k(u) = u.
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Equation (5.2.2) admits 8-dimensional Lie algebra :

X1 = u∂u
X2 = f1(x, y, z, t)∂u
X3 = t∂x

X4 = − z(2f2[t]+tf ′2)
t + f2[t]∂y

X5 = (−2 +
√

7)t1−
√

7y∂x + t2−
√

7∂z

X6 = −(2 +
√

7)t1+
√

7y∂x + t2+
√

7∂z
X7 = y∂y − z∂z
X8 = t∂t − x∂x

(5.2.4)

where
−t2f1 + 2t2f1,yz + 2t2f1,xt − 4tyf1,xy + 2txf1,xx − 6yzf1,xx = 0

and
7f2 − tf ′2 − t2f ′′2 = 0

Case (iii) k(u) = u3.

Equation (5.2.2) admits 14-dimensional Lie algebra :

X1 = t∂x

X2 = −f1(t)∂y + z
(

2f1(t)
t + f ′1

)
∂x

X3 = (−2 +
√

7)t1−
√

7y∂x + t2−
√

7∂z

X4 = (2 +
√

7)t1+
√

7y∂x − t2+
√

7∂z

X5 = (1−
√

7)t−
√

7uy∂u +
√

7t−
√

7y2∂y + t1−
√

7x∂z − t1−
√

7y∂t + t−1−
√

7y((
√

7− 3)xt+ 3yz)∂x

X6 = −(1 +
√

7)t
√

7uy∂u +
√

7t
√

7y2∂y − t1+
√

7x∂z + t1+
√

7y∂t + t−1+
√

7y((3 +
√

7)xt− 3yz)∂x
X7 = y∂y − z∂z
X8 = 2z∂z + t∂t − u∂u + x∂x
X9 = 2x∂x + 2z∂z − u∂u
X10 = t−2

√
7
[
(−1 +

√
7)u∂u − (−2 +

√
7)z∂z −

√
7y∂y + tx+2(−7+2

√
7)yz

t ∂x + t∂t

]
X11 = t2

√
7
[
(1 +

√
7)u∂u − (2 +

√
7)z∂z −

√
7y∂y + −tx+2(7+2

√
7)yz

t ∂x − t∂t
]

X12 = t−2−
√

7
[
−(−1 +

√
7)uz∂u + (−2 +

√
7)z2∂z − tz∂t + (tx+ 2yz)∂y + z((−3+

√
7)tx+3yz)
t ∂x

]
X13 = t−2+

√
7
[
−(1 +

√
7)uz∂u + (2 +

√
7)z2∂z + tz∂t − (tx+ 2yz)∂y + t−1z((3 +

√
7)tx− 3yz)∂x

]
X14 = t2x2−txyz+3y2z2

t3
∂x + u(tx+yz)

t2
∂u + xz

t ∂z + y(tx+2yz)
t2

∂y − yz
t ∂t

(5.2.5)
Case (iv) k(u) = un, n 6= 0, 1, 3.

Equation (5.2.2) admits 8-dimensional Lie algebra :
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X1 = t∂x

X2 = 3t−1−
√

7z∂x + (2 +
√

7)t−
√

7∂y

X3 = 3t−1+
√

7z∂x − (−2 +
√

7)t
√

7∂y
X4 = − u

−1+n∂u + t∂t + y∂y
X5 = − 2u

−1+n∂u + 3t∂t + 2y∂y − x∂x
X6 = − 2u

−1+n∂u + 2t∂t + y∂y + z∂z

X7 = (−2 +
√

7)t1−
√

7y∂x + t2−
√

7∂z

X8 = (2 +
√

7)t1+
√

7y∂x − t2+
√

7∂z

(5.2.6)

Symmetry reduction

Since [X,Y ] = 0 with X = t∂t + y∂y Y = t∂t − x∂x, where X and Y appear as Lie
symmetries (also Noether symmetries as will be seen later) in all the above cases (even not
explicitly but as linear combinations), we may start reducing with X.

The characteristic equations are

dx

0
=

dy

y
=

dz

0
=

dt

t
=

du

0

Integrating we get α = y
t and (5.2.2) becomes

(2x− 6αz)uxx − 6αuxα + 2uzα = 0 (5.2.7)

with u = u(x, α, z).

If we further reduce (5.2.7) by Y , we obtain Ȳ = −α∂α−x∂x. Consequently, the characteristic
equations,

dx

−x
=

dα

−α
=

dz

0
=

du

0

By integration, we obtain β = x
α and (5.2.7) reduces to

(4β − 3z)uββ + 3uβ − βuβz = 0 (5.2.8)

with u = u(β, z)

Equation (5.2.8) may be reduced using the underlying symmetries. The Lie point symmetries
are given by
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(f1(β, z) + uf2(z))∂u + f4(z)∂z + f3(β, z)∂β

where

3zf3 − 3βf4 − 3zβf ′4 + 4β2f ′4 + β2f3,z + 3zβf3,β − 4β2f3,β = 0,
−3f1,β + βf1,βz + 3zf1,ββ − 4βf1,ββ = 0,
12f3 − 9f4 − 3zβf ′2 + 4β2f ′2 + 3βf3,z + 9zf3,β − 12βf3,β + (3zβ − 4β2)f3,βz+
(9z2 − 24zβ + 16β2)f3,ββ = 0

Take f1 = 0 f2 = 1, f3 = β f4 = z, we have the characteristic equations

dz

z
=

dβ

β
=

du

u

By integrating we obtain γ = β
z , u = U

z , U = U(γ) and (5.2.8) reduces to the second order
ODE

(γ2 + 4γ − 3)Uγγ + (2γ + 3)Uγ = 0.

The solution is

U(γ) = C1 + exp

[
−1

7
arctan h

(
1

7
(x+ 2)

√
7

)]
C2

where C1, C2 are constant

Noether symmetries

Consider the wave equation (5.2.2). Since it is variational, the corresponding Lagrangian is
given by

L =
tx− 3yz

t2
u2
x −

2y

t
uyux + utux + uzuy − 2h(u) (5.2.9)

where h(u) =
∫
k(u)du

Case (i) h(u) = 0

For the Lagrangian (5.2.9), we obtain after separation by derivatives of u in the relation (2.4.2),
the following overdetermined system
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u3
x : ξu
u2
xuy : ηu
u2
xut : τu
uxutuz : γu
uxuy : −2yt2τt − 4t2yφu − t (2xt− 6yz) ηx − ηtt3 − 2t2yγz − t3ξz + 2ytτ − 2t2η
uxuz : −t (2xt− 6yz) γx − γtt3 + 2t2yγy − t3ξy
uxut : 2t3φu − t (2xt− 6yz) τx + 2t2yτy + t3γz + t3ηy
uyuz : 2γxt

2y + 2t3φu + τtt
3 + ξxt

3

uyut : −ηxt3 + 2τxt
2y − τzt3

uzut : −γxt3 − τyt3
u2
x : (xt− 3yz) (2tφu + tτt + tγz + tηy − tξx) + 2t2yξy − t3ξt − (xt− 6yz) τ

+ (−3zη + tξ − 3yγ) t
u2
y : 2yηx − ηzt
u2
z −γy
u2
t : τx
uz φy − f3,u

ux : t (2xt− 6yz)φx + φtt
3 − f1,ut

3 − 2t2yφy
ut : φx − f4,u

uy : −2yφx + φzt− f2,ut
1 : f1,x + f2,y + f3,z + f4,z

Therefore, the coefficients of infinitesimal generator are
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η(x, y, z, t, u) = 1
2t2

[
2 t−2−

√
7C3 t

2yz +
((
C5 y

2 + 2C7

)
t2 + C3 xt

)
t−
√

7 + 2 t−2+
√

7C2 t
2yz+

2 t−2
√

7C10 t
2y + 2 t2

√
7C9 t

2y +
((
C4 y

2 + 2C6

)
t2 + C2 tx

)
t
√

7

+2 y
(
t2C8 + 1/2C1 tx+ C1 yz

)]
ξ (x, y, z, t, u) =

[((
14C13 t

3y + 7C3 xz
)√

7− 28C13 t
3y − 21C3 xz

)
t1−
√

7 + 28yC9 z
(
2 +
√

7
)
t2
√

7+2

+14 z
((

3/14C5 y
2 + C7

)√
7− 2C7

)
t−
√

7+2 + 28 yC10 z
(
−2 +

√
7
)
t−2
√

7+2−
+
((
−14C12 t

3y − 7xz C2
)√

7− 28C12 t
3y − 21xzC2

)
t1+
√

7−
14 z

((
3/14C4 y

2 + C6

)√
7 + 2C6

)
t2+
√

7 − 3
(
t3x
√

7C5 − 7
3 t

3xC5 − 7 z2C3

)
yt−
√

7

−2 t−2
√

7
√

7C10 xt
3 + 2t2

√
7
√

7C9 xt
3 + 3

(
t3x
√

7 C4 + 7/3 t3xC4 + 7 z2C2

)
yt
√

7

+21 y2z2C1 − 7 txyzC1 + 14 t2
(
t2C15 + x (C8 + C11 − C14 ) t+ 1/2x2C1

)]
1

14t3

τ (x, y, z, t, u) =

(
C2 t

√
7+C3 t−

√
7+C1 y

)
z

−2t + 1√
7

(
t1+
√

7C4 − t1−
√

7C5

)
y − 1/7 t−2

√
7+1
√

7C10

+1/7 t2
√

7+1
√

7C9 + tC14

γ (x, y, z, t, u) = 1

14t1+2
√
7

[
7 t
(
t
√

7
)2
z2C3

(
−2 +

√
7
)
t−2−

√
7 +

(
t
√

7
)2 (√

7xC5 + 14 tC13

)
t−
√

7+2−

7 t
(
t
√

7
)2
z2C2

(
2 +
√

7
)
t−2+

√
7 +

(
t
√

7
)2 (
−
√

7xC4 + 14C12 t
)
t2+
√

7−

4

(
−t
(√

7 + 7
2

)
C9

(
t
√

7
)4

+
(−7

2 C11 t− 7
4 xC1

) (
t
√

7
)2

+ tC10

(√
7− 7

2

))
z

]
f1 (x, y, z, t, u) =

∫ φtt2−2tyφy+2φxxt−6φxyz
t2

du+∫ −(
∫
φx,t du)t2−t2(F2,t+F1,z+F3,y)−(

∫
φy,z du)t2+(

∫
2yφy,x+2φx−tφy,z du)t+(

∫
(2xt−6yz)φx,x du)

t2
dx

+
∫ ∫ t(tφx,t−2yφy,x+2φx)

t2
dx+ F4

f2 (x, y, z, t, u) =
∫
−2φxy−φzt

t du+ F3

f3 (x, y, z, t, u) =
∫
φy du+ F1

f4 (x, y, z, t, u) =
∫
φx du+ F2

φ(x, y, z, t, u)x,x = − t(−2yφx,y+t(φt,x+φy,z))
xt−3 yz

φ (x, y, z, t, u)u = 1

196yt2+2
√
7

[(
(xt− 98 yz)

√
7 + 5xt+ 98 yz

) (
t
√

7
)2
t2C3 t

−2−
√

7−

C2

(
t
√

7
)2 (

(xt− 98 yz)
√

7− 5xt− 98 yz
)
t2t−2+

√
7+

14
(
t
√

7
)2 ((

ty2C5 − 1/14C3 x
)√

7− 7 ty2C5 − 5C3 x
14

)
tt−
√

7−

98
(
t
√

7
)2
t−2
√

7C10 t
2y − 98

(
t
√

7
)2
t2
√

7C9 t
2y − 28

(√
7 + 7/2

)
t2C9 y

(
t
√

7
)4

+((
−14C4 t

2y2 + C2 tx
)√

7− 98C4 t
2y2 − 5C2 tx

) (
t
√

7
)3
−

98
(
(C8 + C11 ) t2 + C1 tx+ C1 yz

)
y
(
t
√

7
)2

+ 28
(√

7− 7/2
)
t2C10 y

]
(5.2.10)

where Ci are constants and Fi = Fi(x, y, z, t)
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And we set F1 = F =2= F3 = F4 = 0

When we separate (5.2.10), we find that the Noether point symmetries are

X1 = x∂x + y∂y − u
2∂u

X2 = −x∂x + t∂t
X3 = x∂x + z∂z − u

2∂u

X4 = t
√

7
[
− z(2+

√
7)

t ∂x + ∂y

]
X5 = 1

t
√
7

[
z(−2+

√
7)

t ∂x + ∂y

]
X6 = −t1+

√
7y(2 +

√
7)∂x + t2+

√
7∂z

X7 = yt1−
√

7(−2 +
√

7)∂x + t2−
√

7∂z
X8 = t∂x

X9 = t2x2−txyz+3y2z2

2t3
∂x + y(tx+2yz)

2t2
∂y + xz

2t ∂z −
yz
2t ∂t −

u(tx+yz)
2t2

∂u

X10 = t
√

7
[
− z(

√
7tx+3xt−3yz)

2t3
∂x + tx+2yz

2t2
∂y − z2(2+

√
7)

2t2
∂z − z

2t∂t + zu(1+
√

7)
2t2

∂u

]
X11 = 1

t
√
7

[
z(
√

7tx−3xt+3yz)
2t3

∂x + tx+2yz
2t2

∂y + z2(−2+
√

7)
2t2

∂z − z
2t∂t −

zu(−1+
√

7)
2t2

∂u

]
X12 = t

√
7
[
y(3
√

7tx−3
√

7yz+7xt)
14t ∂x + y2

2 ∂y −
√

7tx
14 ∂z +

√
7ty
14 ∂t − yu(

√
7+7)

14 ∂u

]
X13 = 1

t
√
7

[
−y(3

√
7tx−3

√
7yz−7xt)

14t ∂x + y2

2 ∂y +
√

7tx
14 ∂z −

√
7ty
14 ∂t + yu(

√
7−7)

14 ∂u

]
X14 = t2

√
7
[√

7tx−14
√

7yz−28yz
7t ∂x + y∂y + z(7+2

√
7)

7 ∂z +
√

7t
7 ∂t − 7+

√
7

7 u∂u

]
X15 = 1

t2
√
7

[
−
√

7tx−14
√

7yz+28yz
7t ∂x + y∂y − z(−7+2

√
7)

7 ∂z −
√

7t
7 ∂t + −7+

√
7

7 u∂u

]
(5.2.11)

The conserved quantities are three form ω such that the four form Dω vanishes. Thus

ω = Φxdy ∧ dz ∧ dt− Φydx ∧ dz ∧ dt+ Φzdx ∧ dy ∧ dt− Φtdx ∧ dy ∧ dz

so that
DxΦx +DyΦ

y +DzΦ
z +DtΦ

t = 0
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Φt
1 = ux(2xux + 2yuy + u)

Φt
2 = 1

t [t
2uyuz + 2txu2

x − 2tyuxuy − 3yzu2
x]

Φt
3 = −ux

2 (2xux + 2zuz + u)

Φt
4 = ux(uxt

−1+
√

7z
√

7 + 2uxt
−1+

√
7 − uyt

√
7)

Φt
5 = −ux(uxt

−1−
√

7z
√

7− 2uxt
−1−

√
7 + uyt

−
√

7)

Φt
6 = ux(uxt

1+
√

7y
√

7 + 2uxt
1+
√

7y − uzt2+
√

7)

Φt
7 = −ux(uxt

1−
√

7y
√

7− 2uxt
1−
√

7y + uzt
2−
√

7)
Φt

8 = −ux2t
Φt

9 = − 1
2t2

[tx2ux
2 + txyuxuy + txzuxuz + tyzuyuz + tuxux + uyzux] + u

2t

Φt
10 = 1

−2 t
−1+

√
7zuyuz + t−2+

√
7xzux

2 + 1
2

√
7t−2+

√
7xzux

2 + 1
2

√
7t−2+

√
7z2uxuz+

1
2

√
7t−2+

√
7zuux + t−2+

√
7z2uxuz − 1

2 t
−1+

√
7xuxuy + 1

2 t
−2+

√
7zuux

Φt
11 = 1

2

(
−t−1−

√
7zuyuz + 2t−2−

√
7xzux

2 − t−2−
√

7
√

7xzux
2 − t−2−

√
7
√

7z2uxuz−

t−2−
√

7
√

7zuux + 2t−2−
√

7z2uxuz + t−2−
√

7zuux − t−1−
√

7xuxuy

)
Φt

12 = 2
7

(√
7t1+

√
7yuyuz − 2t

√
7
√

7xyux
2 − 2

√
7t
√

7y2uxuy + t1+
√

7
√

7xuxuz−

t
√

7
√

7yuux − 14t
√

7xyux
2 − 14t

√
7y2uxuy − 14t

√
7yuux

)
Φt

13 = 1
14

(
−t1−

√
7
√

7yuyuz + 2t−
√

7
√

7xyux
2 + 2

√
7t−
√

7y2uxuy + t−
√

7
√

7yuux−

7t−
√

7xyux
2 − 7t−

√
7y2uxuy − t1−

√
7
√

7xuxuz − 7t−
√

7yuux

)
Φt

14 = 1
7

(√
7t2
√

7+1uyuz − 2
√

7t2
√

7yuxuy + 11t2
√

7−1
√

7yzux
2 − 2t2

√
7
√

7zuxuz+

28t2
√

7−1yzux
2 − 7t2

√
7
√

7uux − 7t2
√

7yuxuy − 7t2
√

7zuxuz − 7t2
√

7uux

)
Φt

15 = −1
7

(√
7t1−2

√
7uyuz − 2

√
7t−2

√
7yuxuy + 11t−2

√
7−1
√

7yzux
2 − 2t−2

√
7
√

7zuxuz

−28t−2
√

7−1yzux
2 − t−2

√
7
√

7ux + 7t−2
√

7yuxuy + 7t2
√

7zuxuz − 7t−2
√

7ux

)
Φz

1 = uy(2xux + 2yuy + u)
Φz

2 = uy(tut − xux)
Φz

3 = 1
2t2

(2t2xuxuy − 2t2zuxut − 2txzu2
x + 4tyzuxuy + 6yz2u2

x + t2uuy)

Φz
4 = −uy(uxt−1+

√
7z
√

7 + 2uxt
−1+

√
7z − uyt

√
7)

Φz
5 = uy(uxt

−1−
√

7z
√

7− 2uxt
−1−

√
7z + uyt

−
√

7)

Φz
6 = (−t1+

√
7
√

7yuxuy − t2+
√

7uxut − t1+
√

7xux
2 + 3t

√
7yzux

2)

Φz
7 = (t1−

√
7
√

7yuxuy − t2−
√

7uxut − t1−
√

7xux
2 + 3t−

√
7yzux

2)
Φz

8 = uytux
Φz

9 = 1
2t3

[t2x2uxuy + t2xyuy
2 − t2xzutux − t2yzutuy − tx2zux

2 + txyzuxuy + 2 ty2zuy
2

+3xyz2ux
2 + 3y2z2uxuy + t2uxuy + tuyzuy] + zu

2t2
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Φz
10 = 1

2 t
−2+

√
7
√

7z2uxut + 1
2 t
√

7−3
√

7xz2ux
2 − t

√
7−3
√

7yz2uxuy − 3
2 t
−4+

√
7
√

7yz3ux
2+

t−2+
√

7z2uxut + t
√

7−3xz2ux
2 − 1

2 t
√

7−3yz2uxuy − 3t−4+
√

7yz3ux
2 − 1

2

√
7t−2+

√
7xzuxuy

−1
2

√
7t−2+

√
7zuuy − 3

2 t
−2+

√
7xzuxuy + t−2+

√
7yzuy

2 + 1
2 t
−1+

√
7xuy

2 − 1
2 t
−1+

√
7zuyut−

1
2 t
−2+

√
7zuuy

Φz
11 = 1

2

(
−t−2−

√
7
√

7z2uxut − t−
√

7−3
√

7xz2ux
2 + 2t−

√
7−3
√

7yz2uxuy + 3t−4−
√

7
√

7yz3ux
2+

2t−2−
√

7z2uxut + 2t−
√

7−3xz2ux
2 − t−

√
7−3yz2uxuy − 6t−4−

√
7yz3ux

2 + t−2−
√

7
√

7xzuxuy+

t−2−
√

7
√

7zuuy − 3t−2−
√

7xzuxuy + 2t−2−
√

7yzuy
2 − t−2−

√
7zuuy + t−1−

√
7xuy

2−
t−1−

√
7zuyut

)
Φz

12 = 2
7

(√
7t1+

√
7xuxut +

√
7t
√

7x2ux
2 + t

√
7
√

7xyuxuy − 3t−1+
√

7
√

7xyzux
2 − 3t−1+

√
7
√

7y2zuxuy

+t1+
√

7
√

7yuyut + t
√

7
√

7yuuy + 7t
√

7xyuxuy + 7t
√

7y2uy
2 + 7t

√
7yuuy

)
Φz

13 =
(

3t−1−
√

7
√

7xyzux
2 − t1−

√
7
√

7xuxut − t−
√

7
√

7x2ux
2 − t−

√
7
√

7xyuxuy + 3t−1−
√

7
√

7y2zuxuy

−t−
√

7
√

7yuuy + 7t−
√

7xyuxuy + 7t−
√

7y2uy
2 − t1−

√
7
√

7yuyut + 7t−
√

7yuuy

)
1
14

Φz
14 = 1

7

(
−2
√

7t2
√

7zuxut − 2
√

7t2
√

7−1xzux
2 − 10t2

√
7−1
√

7yzuxuy + 6t−2+2
√

7
√

7yz2ux
2−

7t2
√

7zuxut − t2
√

7−1xzux
2 − 14t2

√
7−1yzuxuy + 21t−2+2

√
7yz2ux

2+

t2
√

7
√

7xuxuy + t2
√

7
√

7uuy + 7t2
√

7yuy
2 + t2

√
7+1
√

7uyut + 7t2
√

7uuy

)
Φz

15 =
(

2
√

7t−2
√

7zuxut + 2
√

7t−1−2
√

7xzux
2 + 10t−1−2

√
7
√

7yzuxuy − 6
√

7t−2−2
√

7yz2ux
2−

7t−2
√

7zuxut − 7t−1−2
√

7xzux
2 − 14t−1−2

√
7yzuxuy + 21t−2−2

√
7yz2ux

2 − t−2
√

7
√

7xuxuy+

t−2
√

7yuy
2 − 1/7t1−2

√
7
√

7uyut − 1/7t−2
√

7
√

7uy + uyt
−2
√

7
)

1
7

Φy
1 = 1

t2

(
2t2xuxuz − 2t2yutux − 6txyu2

x + 6y2zu2
x + t2uuz − 2tuyux

)
Φy

2 = −1
t [(tuz − 2yux)(tut − xux)]

Φy
3 = − 1

2t [(tuz − 2yux)(2xux + 2zuz + u)]

Φy
4 = −1

tux(2t−1+
√

7
√

7yzux + 7t−1+
√

7yzux − t
√

7
√

7zuz − t
√

7xux − 2t
√

7zuz − t1+
√

7ut)

Φy
5 = −1

tux(−2t−1−
√

7
√

7yzux + 7t−1−
√

7yzux + t−
√

7
√

7zuz − t−
√

7xux − 2t−
√

7zuz − t1−
√

7ut)

Φy
6 = 1

t (tuz − 2yux)
(
uxt

1+
√

7y
√

7 + 2uxt
1+
√

7y − uzt2+
√

7
)

Φy
7 = −1

t (tuz − 2yux)
(
uxt

1−
√

7y
√

7− 2uxt
1−
√

7y + uzt
2−
√

7
)

Φy
8 = − (tuz − 2yux)ux

Φy
9 = 1

−2t3

[
t2x2uxuz − t2xyutux + t2xzuz

2 − t2yzutuz − 3 tx2yux
2 − 3 txyzuxuz

+3xy2zux
2 + 3 y2z2uxuz + t2uxuz − 2 tuxyux + tuyzuz − 2uy2zux

]
− uy

2t2

Φy
10 = 1

2t

[√
7t−1+

√
7xzuxuz + 2t−1+

√
7z2uz

2 +
√

7t−1+
√

7zuuz + t
√

7zuzut + t−1+
√

7zuuz + t
√

7xuxut

+
√

7t−1+
√

7z2uz
2 + t−1+

√
7x2ux

2 − 7t−2+
√

7xyzux
2 − 7t−2+

√
7yz2uxuz − 2t−2+

√
7yzuux−

2
√

7t−2+
√

7xyzux
2 − 2

√
7t−2+

√
7yz2uxuz − 2

√
7t−2+

√
7yzuux + 3t−1+

√
7xzuxuz

]
− t
√

7

2t2
u(1 +

√
7)
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Φy
11 = 1

2t

(
−7t−2−

√
7xyzux

2 − 7t−2−
√

7yz2uxuz − 2t−2−
√

7yzuux + 2t−1−
√

7z2uz
2

+t−
√

7zuzut − t−1−
√

7
√

7z2uz
2 + t−

√
7xuxut + t−1−

√
7x2ux

2 + 3t−1−
√

7xzuxuz+

2t−2−
√

7
√

7xyzux
2 + 2t−2−

√
7
√

7yz2uxuz + 2t−2−
√

7
√

7yzuux − t−1−
√

7
√

7zuuz−
t−1−

√
7
√

7xzuxuz + t−1−
√

7zuuz

)
+ uz(5+

√
7)

t3+
√
7

Φy
12 = −1

7t

[
−7t1+

√
7y2uxut − 21t

√
7xy2ux

2 + 21t−1+
√

7y3zux
2 − 3t

√
7
√

7y2zuxuz+

6t−1+
√

7
√

7y3zux
2 + 5t1+

√
7
√

7xyuxuz − 6t
√

7
√

7xy2ux
2 − t2+

√
7
√

7xuz
2 + t2+

√
7
√

7yuzut

−2t1+
√

7
√

7y2uxut + t1+
√

7
√

7yuuz − 2t
√

7
√

7y2uux + 7t1+
√

7xyuxuz + 7t1+
√

7yuuz

−14t
√

7y2uux

]
+ ut

√
7(7+

√
7)

14

Φy
13 = −1

14t

[
3t−
√

7
√

7y2zuxuz − 6t−1−
√

7
√

7y3zux
2 − 7t1−

√
7y2uxut − 21t−

√
7xy2ux

2 + 21t−1−
√

7y3zux
2

−5t1−
√

7
√

7xyuxuz + 6t−
√

7
√

7xy2ux
2 − t1−

√
7
√

7yuuz + 2t−
√

7
√

7y2uux + 7t1−
√

7xyuxuz+

t2−
√

7
√

7xuz
2 − t2−

√
7
√

7yuzut + 2t1−
√

7
√

7y2uxut + 7t1−
√

7yuuz − 14t−
√

7y2uux

]
− u(

√
7−7)

14t
√
7

Φy
14 = 1

7t

[
18t2

√
7
√

7yzuxuz − 28t2
√

7−1
√

7y2zux
2 + 7t2

√
7+1yuxut + 7t2

√
7xyux
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√
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√
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√
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√
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√
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2 + 2t2

√
7
√

7xyux
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√
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√
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√
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√

7
√

7yuux − 7t2
√
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√
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√
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√
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√
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√

7+1uuz + 14t2
√

7yuux
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√
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√

7
√
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√
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7xyux
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√
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2

−t1−2
√

7
√

7xuxuz − 2t1−2
√

7
√

7zuz
2 + 2t−2

√
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√

7xyux
2 − 42t−2

√
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√
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√
7
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√

7
√
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√

7
√
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√
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√

7yux + 7t1−2
√

7uz − 14t−2
√

7yux

]
Φx

1 = 1
t2

[2t2xuyuz − 2t2yutuy − 2tx2u2
x − 4txyuxuy + 4ty2u2

y + 6xyzu2
x + 12y2zuxuy − t2uut

−2tuxux + 2tyuuy + 6uyzux]
Φx

2 = 1
t2

[t3u2
t + 2t2xutux + t2xuyuz − 2t2yutuy − tx2u2

x − 6tyzutux + 3xyzu2
x]

Φx
3 = 1

2t2
[2t2xuyuz − 2t2zutuz − 2tx2u2

x − 4txzuxuz + 4tyzuyuz + 6xyzu2
x + 12yz2uxuz − t2uut

−2tuxux + 2tuyuy + 6uyzux]

Φx
4 = t

√
7

t2

[
tzuyuz −

√
7xzu2

x + 3t−1
√

7yz2u2
x + 2tzuyuz − 2xzu2

x − 6yzuxuy + 6t−1yz2u2
x

+t2uyut + 2txuxuy − 2tyu2
y

]
Φx

5 = t−
√

7

t2

[
−tzuyuz +

√
7xzu2

x − 3t−1
√

7yz2u2
x + 2tzuyuz − 2xzu2

x − 6yzuxuy + 6t−1yz2u2
x

+t2uyut + 2txuxuy − 2tyu2
y

]
Φx

6 = 1
t2

[t3+
√

7
√

7yuyuz − t2+
√

7
√

7xyux
2 + 3t1+

√
7
√

7y2zux
2 − 2t2+

√
7xyux

2 + 6t1+
√

7y2zux
2

+t4+
√

7uzut + 2t3+
√

7xuxuz − 6t2+
√

7yzuxuz]

Φx
7 = 1

−t2 [
√

7t3−
√

7yuyuz −
√

7t2−
√

7xyux
2 + 3t1−

√
7
√

7y2zux2 + 2t2−
√

7xyux
2 − 6t1−

√
7y2zux

2

−t4−
√

7uzut − 2t3−
√

7xuxuz + 6t2−
√

7yzuxuz]
Φx

8 = −1
t [uyuzt

2 − txux2 + 3yzux
2]
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Φx
9 = −1

2t5

[
t4x2uyuz − t4xyutuy − t4xzutuz + t4yzut

2 − t3x3ux
2 − 2 t3x2yuxuy − 2 t3x2zuxuz

+2t3xy2uy
2 + 2 t3xyzutux + t3xyzuyuz − 4 t3y2zutuy + 4 t2x2yzux

2 + 2t2xy2zuxuy+
6t2xyz2uxuz + 4 t2y3zuy

2 − 6 t2y2z2utux + 3 t2y2z2uyuz − 6txy2z2ux
2 + 12 ty3z2uxuy+

9y3z3ux
2 − t4uxut − 2t3ux2ux + 2 t3uxyuy − t3uyzut + 4 t2uxyzux + 2 t2uy2zuy+

6 tuy2z2ux
]

+ u(tx−10yz)
2t3

Φx
10 = − 1

t2

[
12t−2+

√
7y2z2uxuy − 6t−1+

√
7yz2uxut − t

√
7
√

7xzuyuz + 2t−1+
√

7xzuux − 2t−1+
√

7yzuuy

−12t−2+
√

7xyz2ux
2 − 4t

√
7yzuyut + 4t−1+

√
7xz2uxuz + t−1+

√
7
√

7x2zux
2 +
√

7t
√

7z2uzut+

t1+
√

7zut
2 + 2t

√
7xzuxut − 3t

√
7xzuyuz − 2

√
7t−1+

√
7yzuuy + 2t−1+

√
7xyzuxuy−

2
√

7t−1+
√

7yz2uyuz − 3
√

7t−2+
√

7xyz2ux
2 + 2

√
7t−1+

√
7xz2uxuz − t−1+

√
7yz2uyuz−

6
√

7t−2+
√

7yz2uux + 2
√

7t−1+
√

7xzuux − 6t−2+
√

7yz2uux +
√

7t
√

7zuut − 6
√

7t−2+
√

7yz3uxuz−
t1+
√

7xuyut + t
√

7zuut + 2t
√

7z2uzut + 4t−1+
√

7y2zuy
2 + 3t−1+

√
7x2zux

2 + 9t
√

7−3y2z3ux
2−

2t
√

7x2uxuy + 2t
√

7xyuy
2 − 12t−2+

√
7yz3uxuz

]
+ t

√
7

2t3
uz(−5 +

√
7)

Φx
11 = − 1

2t2

[
3t−1−

√
7x2zux

2 + 9t−
√

7−3y2z3ux
2 + t−

√
7zuut + 4t−1−

√
7xz2uxuz − t−1−

√
7
√

7x2zux
2

−t−
√

7
√

7z2uzut − 12t−2−
√

7yz3uxuz − t−
√

7
√

7zuut − 6t−2−
√

7yz2uux − 6t−1−
√

7yz2uxut−
4t−
√

7yzuyut + 12t−2−
√

7y2z2uxuy − t1−
√

7xuyut + 2t−
√

7z2uzut + 4t−1−
√

7y2zuy
2 + t1−

√
7zut

2+

2t−1−
√

7xzuux − 2t−1−
√

7yzuuy − 12t−2−
√

7xyz2ux
2 − t−1−

√
7yz2uyuz − 3t−

√
7xzuyuz+

2t−
√

7xzuxut + 2t−
√

7xyuy
2 − 2t−

√
7x2uxuy + 6t−2−

√
7
√

7yz2uux − 2t−1−
√

7
√

7xzuux+

2t−1−
√

7
√

7yzuuy + 3t−2−
√

7
√

7xyz2ux
2 + 6t−2−

√
7
√

7yz3uxuz + t−
√

7
√

7xzuyuz+

2t−1−
√

7
√

7yz2uyuz − 2t−1−
√

7
√

7xz2uxuz + 2t−1−
√

7xyzuxuy

]
− t−

√
7

2t3
uz(5 +

√
7)

Φx
12 = 2

7t2

[
9t−1+

√
7
√

7y3z2ux
2 − 21t

√
7xy2zux

2 − 42t
√

7y3zuxuy + 3t1+
√

7
√

7x2yux
2 − 7t2+

√
7xyuyuz+

14t1+
√

7xy2uxuy − 2t2+
√

7
√

7x2uxuz − 2t2+
√

7
√

7y2uyut − t3+
√

7
√

7xuzut − 42t
√

7y2zuux−
2t1+

√
7
√

7y2uuy + 14t1+
√

7xyuux + t2+
√

7
√

7yuut + 3t1+
√

7
√

7y2zuyuz + 2t2+
√

7
√

7xyuxut+

t3+
√

7
√

7yut
2 + 7t1+

√
7x2yux

2 + 7t2+
√

7y2uyut + 7t2+
√

7yuut − 14t1+
√

7y2uuy + 6t1+
√

7
√

7xyzuxuz

−14t1+
√

7y3uy
2 − t2+

√
7
√

7xyuyuz − 12t
√

7
√

7xy2zux
2 − 6t1+

√
7
√

7y2zuxut + 2t1+
√

7
√

7xyuux

−6t
√

7
√

7y2zuux

]
+ yut

√
7(5
√

7−7)
14t

Φx
13 = 1

14t2

[
14t1−

√
7xyuux − 42t−

√
7y2zuux − 3t1−

√
7
√

7y2zuyuz + t2−
√

7
√

7xyuyuz − 3t1−
√

7
√

7x2yux
2−

7t2−
√

7xyuyuz + 14t1−
√

7xy2uxuy + 2t2−
√

7
√

7y2uyut − 6t1−
√

7
√

7xyzuxuz + 6t−
√

7
√

7y2zuux−
2t1−

√
7
√

7xyuux − 21t−
√

7xy2zux
2 − 42t−

√
7y3zuxuy + t3−

√
7
√

7xuzut + 2t1−
√

7
√

7y2uuy−
14t1−

√
7y3uy

2 + 2t2−
√

7
√

7x2uxuz − 9t−1−
√

7
√

7y3z2ux
2 − t2−

√
7
√

7yuut + 7t1−
√

7x2yux
2+

7t2−
√

7y2uyut − t3−
√

7
√

7yut
2 + 7t2−

√
7yuut − 14t1−

√
7y2uuy + 6t1−

√
7
√

7y2zuxut−
2t2−

√
7
√

7xyuxut + 12t−
√

7
√

7xy2zux
2
]
− yu(5

√
7+7)

14t1+
√
7
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Φx
14 = −1

7t2

[
−4t2

√
7+1
√

7xzuxuz + 6t2
√

7
√

7yzuux − 14t2
√

7+1xyuxuy − 14t2
√

7+1xzuxuz+

28t2
√

7xyzux
2 − 14t2

√
7+1xuux − 2t2

√
7+1
√

7xuux − 84t2
√

7−1y2z2ux
2

−2t2
√

7+2
√

7zuzut + 2t2
√

7+2
√

7yuyut − 10t2
√

7+1
√

7yzuyuz − t2
√

7+2
√

7uut+

14t2
√

7+1yuuy + 17t2
√

7
√

7xyzux
2 + 12t2

√
7
√

7yz2uxuz + 6t2
√

7+1
√

7yzuxut−
7t2
√

7+2uut − 14t2
√

7+1yzuyuz − 42t2
√

7−1
√

7y2z2ux
2 + 42t2

√
7y2zuxuy − 2t2

√
7+2
√

7xuxut

7t2
√

7+2yuyut − 7t2
√

7+2zuzut − t2
√

7+1
√

7x2ux
2 − t2

√
7+3
√

7ut
2 + t2

√
7+2
√

7xuyuz

+42t2
√

7yz2uxuz + 2t2
√

7+1
√

7yuuy + 14t2
√

7+1y2uy
2 + 42t2

√
7yzuux

]
+ 2u(1+

√
7)

tt−2
√

7

Φx
15 = 1

7t2

[
6t−2

√
7
√

7yzux − 14t1−2
√

7yuy + 14t1−2
√

7xux − 42t−2
√

7yzux − 2
√

7t2−2
√

7xuxut+
√

7t2−2
√

7xuyuz − 10
√

7t1−2
√

7yzuyuz + 17t−2
√

7
√

7xyzux
2 + 12t−2

√
7
√

7yz2uxuz+

6t1−2
√

7
√

7yzuxut − 2t2−2
√

7
√

7zuzut + 7t2−2
√

7ut + 2t1−2
√

7
√

7yuy + 7t2−2
√

7yuyut+

7t2−2
√

7zuzut + 84t−1−2
√

7y2z2ux
2 −
√

7t1−2
√

7x2ux
2 − t3−2

√
7
√

7ut
2 + 14t1−2

√
7xzuxuz+

14t1−2
√

7xyuxuy − 4t1−2
√

7
√

7xzuxuz − 28t−2
√

7xyzux
2 + 2t2−2

√
7
√

7yuyut−
42t−1−2

√
7
√

7y2z2ux
2 − 2t1−2

√
7
√

7xux − 42t−2
√

7yz2uxuz + 14t1−2
√

7yzuyuz−
42t−2

√
7y2zuxuy − t2−2

√
7
√

7ut − 14t1−2
√

7y2uy
2
]
− 2u(

√
7−1)

tt2
√
7

(5.2.12)
Case (ii) h(u) = un, n 6= 0, 1

We obtain a 7-dimensional algebra of point symmetry generators namely

X1 = −x∂x + t∂t, X2 = −y∂y + z∂z X3 = −(2 +
√

7)t1+
√

7y∂x + t2+
√

7∂z

X4 = (−2 +
√

7)t1−
√

7y∂x + t2−
√

7∂z X5 = −(2 +
√

7)t−1+
√

7z∂x + t
√

7∂y

X6 = (−2 +
√

7)t−1−
√

7z∂x + t−
√

7∂y X7 = t∂x
(5.2.13)

The corresponding conserved quantities are

Φt
1 = 1

t [−uyuzt
2 − 2 txux

2 + 2 yuxuyt+ 3 yzux
2 + unt2]

Φz
1 = uy (tut − xux)

Φy
1 = −1

t (tuz − 2 yux) (tut − xux)
Φx

1 = − 1
t2

[−t3ut2 − 2 t2xuxut − t2xuyuz + 2 t2yuyut + tx2ux
2 + 6 tyzuxut − 3xyzux

2 + unt2x]
Φt

2 = ux (yuy − zuz)
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Φz
2 = 1

t2
[−t2yuy2 − t2zuxut − txzux2 + 2tyzuxuy + 3yz2ux

2 + unt2z]
Φy

2 = 1
t2

[−t2yuxut − t2zuz2 − txyux2 + 2tyzuxuz + 3y2zux
2 + unt2y]

Φx
2 = − 1

t2
[
(
t2ut + 2txux − 2tyuy − 6yzux

)
(yuy − zuz)]

Φt
3 = −ux

(
−uxt1+

√
7y
√

7− 2uxt
1+
√

7y + uzt
2+
√

7
)

Φz
3 = (3t

√
7yzux

2 −
√

7t1+
√

7yuxuy − t1+
√

7xux
2 − t2+

√
7uxut + t2+

√
7un)

Φy
3 = −1

t (tuz − 2yux)
(
−uxt1+

√
7y
√

7− 2uxt
1+
√

7y + uzt
2+
√

7
)

Φx
3 = 1

t2

(
3
√

7t1+
√

7y2zux
2 + 6t1+

√
7y2zux

2 − t2+
√

7
√

7xyux
2 − 2t2+

√
7xyux

2 +
√

7t3+
√

7yuyuz−
√

7unt3+
√

7y + t4+
√

7uzut + 2t3+
√

7xuxuz − 6t2+
√

7yzuxuz − 2unt3+
√

7y
)

Φt
4 = −ux

(
uxt

1−
√

7y
√

7− 2uxt
1−
√

7y + uzt
2−
√

7
)

Φz
4 = (t1−

√
7
√

7yuxuy + 3t−
√

7yzux
2 − t1−

√
7xux

2 − t2−
√

7uxut + t2−
√

7un)

Φy
4 = −1

t (tuz − 2yux)
(
uxt

1−
√

7y
√

7− 2uxt
1−
√

7y + uzt
2−
√

7
)

Φx
4 = − 1

t2

(
3t1−

√
7
√

7y2zux
2 − 6t1−

√
7y2zux

2 − t2−
√

7
√

7xyux
2 + t3−

√
7
√

7yuyuz+

2t2−
√

7xyux
2 − t3−

√
7
√

7uny + 2t3−
√

7uny − t4−
√

7uzut − 2t3−
√

7xuxuz + 6t2−
√

7yzuxuz

)
Φt

5 = ux

(
uxt
−1+

√
7z
√

7 + 2uxt
−1+

√
7z − uyt

√
7
)

Φz
5 = −uy

(
uxt
−1+

√
7z
√

7 + 2uxt
−1+

√
7z − uyt

√
7
)

Φy
5 = −1

t (−t
√

7
√

7zuxuz + 2t−1+
√

7
√

7yzux
2 + 7t−1+

√
7yzux

2 − t
√

7xux
2 − 2t

√
7zuxuz−

t1+
√

7uxut + t1+
√

7un)

Φx
5 = 1

t2

[
3t−1+

√
7
√

7yz2ux
2 −
√

7t
√

7xzux
2 + 6t−1+

√
7yz2ux

2 + t1+
√

7
√

7zuyuz − 2t
√

7xzux
2−

6t
√

7yzuxuy − t1+
√

7
√

7unz + 2t1+
√

7zuyuz − 2t1+
√

7unz + t2+
√

7uyut + 2t1+
√

7xuxuy

−2t1+
√

7yuy
2
]

Φt
6 = −ux

(
uxt
−1−

√
7z
√

7− 2uxt
−1−

√
7z + uyt

−
√

7
)

Φz
6 = uy

(
uxt
−1−

√
7z
√

7− 2uxt
−1−

√
7z + uyt

−
√

7
)

Φy
6 = 1

t (−7t−1−
√

7yzux
2 − t−

√
7
√

7zuxuz + 2t−1−
√

7
√

7yzux
2 + t−

√
7xux

2 + 2t−
√

7zuxuz+

t1−
√

7uxut − t1−
√

7un)

Φx
6 = − 1

t2

(
3t−1−

√
7
√

7yz2ux
2 − t−

√
7
√

7xzux
2 − 6t−1−

√
7yz2ux

2 + 2t−
√

7xzux
2 + 6t−

√
7yzuxuy+

t1−
√

7
√

7zuyuz − t1−
√

7
√

7unz − 2t1−
√

7zuyuz + 2t1−
√

7unz − t2−
√

7uyut − 2t1−
√

7xuxuy+

2t1−
√

7yuy
2
)

Φt
7 = −ux2t

Φz
7 = +uytux

Φy
7 = − (tuz − 2yux)ux

Φx
7 = 1

t (−uyuzt
2 + txux

2 − 3yzux
2 + unt2)

(5.2.14)
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Variational symmetries, multipliers approach

Consider the wave equation (5.2.2) in ASD-Einstein spacetime with dependent variable u =
u(x, y, t), i.e., we project the system on z-axis

Let us choose k(u) = −u, we have

δ

δu

[
Q
(
x

t
uxx −

2y

t
uxy + ux,t + u

)]
= 0

where Q = Q(x, y, u, ux, uy, uxx, uyy, uxy, uxxx, uxxy). Then

[
Q
(
x

t
uxx −

2y

t
uxy + ux,t + u

)]
= DtΦ

t +DyΦ
y +DxΦx

where (Φx,Φy,Φt) is the conserved flux. We obtain the set of multiplier Qi together with the
conserved densities, namely,

Q1 = ux√
y

Φx
1 = 1

8ty3/2
[2yux (tut + (t− 2y)uy + 2xux) + u ((t− 2y)ux + 2y (tuxt + (t− 2y)uxy))]

Φy
1 = 1

4t
√
y [(t− 2y)

(
ux

2 − uuxtx
)
]

Φt
1 = ux2−uutxtx

4
√
y

Q2 = 1
ty (tux + xuxxx + uxx)

Φx
2 = 1

4t2y2

[
y(2x

(
tux

2 − (tuxxt + (t− 2y)uxxy)ux + uxx (tuxt + (t− 2y)uxy + xuxx)
)

+tut (tux + uxx + xuxxx) + (t− 2y)u y (tux + uxx + xuxxx))
+u(yuxtt

2 + yuxyt
2 + (t− 2y)u xt− 2y2uxyt+ uxxt+ yuxxtt+ yuxxyt+ xuxxxt+ xyuxxxtt+

xyuxxxyt+ yuxx − 2y2uxxy + xyuxxx − 2xy2uxxxy
)
]

Φy
2 = 1

4t2y
[(t− 2y)

(
tux

2 + (uxx + xuxxx)ux − u (tuxx + 2uxxx + xuxxx)
)
]

Φt
2 = 1

4ty [tux
2 + (uxx + xuxxx)ux − u (tuxx + 2uxxx + xuxxxx)]

Q3 = yuy + 1
2u

Φx
3 = 1

4t [yuy (tut + (t− 2y)uy + 2xux)− u ((t− 2y)uy + y (tuyt + (t− 2y)uyt + 2xuxy))]
Φy

3 = 1
4t [y ((t− 2y)uyux + u (2tuxt + (t− 2y)uxy + 2xuxx))

Φ3
t = 1

4y(uyux − uuxy)]
Q4 = 1

4t
√
y (4tyuy + 4xyuxxy + tu+ xuxx + 2yuxy)
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Φx
4 = 1

96t2y3/2
[3t(t− 2y)u2 −

(
−48tuyyy

3 + 16uxyyy
3 + 16xuxxyyy

3 + 24t2uyty
2+

24t2uyyy
2 + 48txuxyy

2 + 12uxyy
2 − 8tuxyty

2 − 8tuxyyy
2 + 32xuxxyy

2 − 8txuxxyty
2−

8txuxxyyy
2 + 16x2uxxxyy

2 + 12t(t− 2y)uyy + 2tuxty + 8tuxyy + 10xuxxy + 2txuxxty+
14txuxxyy + 8x2uxxxy − 3txuxx

)
u+ 2y

(
12ty(t− 2y)uy

2 +
(
−8yuxxxx

2 + 24tyuxx+
3tuxxx− 16yuxxx− 8tyuxxtx− 8y2uxxyx+ 4tyuxxyx− 2tyuxt − 8y2uxy + 4tyuxy

)
uy+

3tut (4tyuy + 2yuxy + x (uxx + 4yuxxy)) + 2x (8yuxy (tuxt + (t− 2y)uxy + xuxx) +
ux
(
8uxyyy

2 − 4tuxyty − 4tuxyyy + 8xuxxyy + tuxt + (t+ 12y)uxy + 4xuxx
)))

]
Φ4
y = 1

48t2
√
y
[8yuxx

2x2 − 8yuxuxxxx
2 + 3tuxuxxx− 16yuxuxxx+ 8tyuxtuxxx− 16y2uxyuxxx+

8tyuxyuxxx− 8tyuxuxxtx− 8y2uxuxxyx+ 4tyuxuxxyx+ 12ty(t− 2y)uyux − 2tyuxuxt−
8y2uxuxy + 4tyuxuxy + u

(
24yuxtt

2 + 12y(t− 2y)uxyt+ 24xyuxxt− 3uxxt+ 10yuxxtt−
8yuxxyt− 3xuxxxt+ 8xyuxxxtt− 4xyuxxxyt+ 16yuxx + 16y2uxxy + 32xyuxxx+
8xy2uxxxy + 8x2yuxxxx

)
]

Φ4
t = 1

16t
√
y [4tyux + (2yuxy + xuxx + 4xyuxxy) ux − u (4tyuxy + uxx + 6yuxxy + xuxxx + 4xyuxxxy)]

Q5 = uxxx
y2/3

Φ5
x = 1

12ty 3
√
y2

[−12uxyuxxy
2 − 6uyuxxxy

2 − 6uuxxxyy
2 + 6xuxx

2y + 6tuxtuxxy + 6tuxyuxxy+

6ux (−uxx − tuxxt − (t− 2y)uxxy) y + 8uuxxxy + 3tutuxxxy + 3tuyuxxxy + 3tuuxxxty+
3tuuxxxyy + 2tuuxxx]

Φ5
y = 1

4t 3
√
y2

[(t− 2y) (uxuxxx − uuxxxx)]

Φ5
t = 1

4 3
√
y2

[uxuxxx − uuxxxx]

Q6 = uxxy
Φ6
x = 1

12t [4tuxy
2 − 8yuxy

2 + 4tuxtuxy + 4xuxxuxy − 2uyuxx − 2tuyuxxt − 4uuxxy + 3tutuxxy+
tuyuxxy − 2yuyuxxy + ux (4uxy − 2tuxyt − 2tuxyy + 4yuxyy + 4xuxxy) + tuuxxyt + tuuxxyy−
2yuuxxyy − 2xuyuxxx − 2xuuxxxy]

Φ6
y = 1

12t [2xuxx
2 + 2tuxtuxx + 2tuxyuxx − 4yuxyuxx + 4uuxxx − ux (2uxx + 2tuxxt − tuxxy+

2yuxxy + 2xuxxx) + 2tuuxxxt − tuuxxxy + 2yuuxxxy + 2xuuxxxx]
Φ6
t = 1

4 (uxuxxy − uuxxxy)
(5.2.15)

5.3 Wave equations on Kerr spacetime

Introduction

A metric that describes a massive rotating object has been proposed by RP Kerr in 1963. Since
then, many works have been done to investigate the structure and astrophysical applications
of this spacetime . Exacts symmetries of this spacetime are investigated in [47]. In [48], the
authors investigated the approximate symmetries on Kerr spacetime and found the rescaling
factor for the energy. In this section, we analyse the symmetry structure of wave equation on
Kerr spacetime. Noether approach and direct construction are used to find conserved densities
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on this spacetime.

The line element in this spacetime is given [43]

ds2 =
∆

ρ2

[
dt− k sin2(θ)dφ

]2 − sin2(θ)

ρ2
[(r2 + k2)dφ− kdt]2 − ρ2

∆
dr2 − ρ2dθ2 (5.3.1)

where ∆ = r2 − 2Mr + k2 and ρ2 = r2 + a2 cos2(θ). M and k represent the mass and the
rotation parameter, respectively. The angular momentum of the object is J = Mk

The Gordon type equation is given by (5.2.1)

1
(2Mr−k2−r2)

[
4
(
Mr − k2

2 −
r2

2

)2
sin2 ur,r − 2

(
Mr − k2

2 −
r2

2

)
sin2 uθ,θ

+2 sin2 θ
(
k2
(
Mr − k2

2 −
r2

2

)
cos2 θ −Mk2r − k2r2

2 − r4

2

)
ut,t + (k2 cos2 θ − 2Mr + r2)uφ,φ−

4 sin θ(Mutφkr sin θ − (sin θ(M − r)ur − 1
2uθ cos θ)

(
Mr − k2

2 + r2

2

)]
−

k(u)(r2 + k2 cos2 θ) sin2 θ = 0
(5.3.2)

The corresponding Lagrangian is

L = 1
2Mr−k2−r2 [

(
k2 sin (θ) (cos (θ))2 (Mr − 1

2k
2 − 1

2r
2
)
−Mk2r sin (θ)− 1

2k
2r2 sin (θ)−

1
2 sin (θ) r4

)
ut

2]− 2
kMr sin(θ)utuφ

2Mr−k2−r2 + 1
2 sin (θ)

(
2Mr − k2 − r2

)
ur

2 − 1
2 sin (θ)uθ

2+

1
2

(k2(cos(θ))2−2Mr+r2)uφ2

sin(θ)(2Mr−k2−r2)
− h(u) sin θ(r2 + k2 cos θ)

(5.3.3)
where h(u) =

∫
k(u)du

Symmetries of the waves equation-the Noether approach

We investigate the cases that yield zero gauge of (5.3.2)

The principal Noether algebra is for the case h(u) = 0 in (5.3.3)

X1 = ∂u
X3 = ∂t
X2 = ∂φ

(5.3.4)
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The associated conserved vectors are

Φφ
1 =

−2kMrut+2M(cos θ)2krut−2Mruφ+(cos θ)2k2uφ+r2uφ
sin θ(2Mr−k2−r2)

Φθ
1 = sin θuθ

Φr
1 =

(
2Mr − k2 − r2

)
ur sin θ

Φt
1 = − sin θ(2M(cos θ)2k2rut−(cos θ)2k4ut−(cos θ)2k2r2ut−2Mk2rut−k2r2ut−utr4−2kMruφ)

2Mr−k2−r2

Φφ
2 = − 1

2sin θ(2Mr−k2−r2)

[
−4M2r2ur

2 − 4M (cos θ)2 k2rur
2 + 2M (cos θ)4 k2rut

2−
4M (cos θ)2 k2rut

2 − k2uθ
2 − r2uθ

2 + r4ut
2 − r4ur

2 − k4ur
2 + r2uφ

2 + 2Mk2rut
2−

(cos θ)4 k2r2ut
2 + 4M2 (cos θ)2 r2ur

2 − 4M (cos (θ))2 r3ur
2 + 2 (cos (θ))2 k2r2ur

2−
2M (cos (θ))2 ruθ

2 + 4Mk2rur
2 + 2Mruθ

2 − 2 k2r2ur
2 + 4Mr3ur

2 − (cos (θ))4 k4ut
2+

(cos (θ))2 k4ur
2 − (cos (θ))2 r4ut

2 + (cos (θ))2 r4ur
2 + (cos (θ))2 k2uθ

2 + (cos (θ))2 r2uθ
2+

(cos (θ))2 k4ut
2 − 2Mruφ

2 + (cos (θ))2 k2uφ
2 + k2r2ut

2
]

Φθ
2 = − sin (θ)uθuφ

Φr
2 = −

(
2Mr − k2 − r2

)
ur sin (θ)uφ

Φt
2 =

sin(θ)(2M(cos(θ))2k2rut−(cos(θ))2k4ut−(cos(θ))2k2r2ut−2Mk2rut−k2r2ut−utr4−2 kMruφ)uφ
2Mr−k2−r2

Φφ
3 = −(−2 kMrut+2M(cos(θ))2krut−2Mruφ+(cos(θ))2k2uφ+r2uφ)ut

sin(θ)(2Mr−k2−r2)

Φθ
3 = − sin (θ)uθut

Φr
3 = −

(
2Mr − k2 − r2

)
ur sin (θ)ut

Φt
3 = 1

2sin(θ)(2Mr−k2−r2)

[
−4M2r2ur

2 − 4M (cos (θ))2 k2rur
2 − 2M (cos (θ))4 k2rut

2+

4M (cos (θ))2 k2rut
2 − k2uθ

2 − r2uθ
2 − r4ut

2 − r4ur
2 − k4ur

2 − r2uφ
2 − 2Mk2rut

2+

(cos (θ))4 k2r2ut
2 + 4M2 (cos (θ))2 r2ur

2 − 4M (cos (θ))2 r3ur
2 + 2 (cos (θ))2 k2r2ur

2−
2M (cos (θ))2 ruθ

2 + 4Mk2rur
2 + 2Mruθ

2 − 2 k2r2ur
2 + 4Mr3ur

2 + (cos (θ))4 k4ut
2+

(cos (θ))2 k4ur
2 + (cos (θ))2 r4ut

2 + (cos (θ))2 r4ur
2 + (cos (θ))2 k2uθ

2 + (cos (θ))2 r2uθ
2−

(cos (θ))2 k4ut
2 + 2Mruφ

2 − (cos (θ))2 k2uφ
2 − k2r2ut

2
]

(5.3.5)

Symmetries of the wave equations-the multipliers approach

Consider the wave equation (5.3.2) with k(u) = 0. We have

δ
δu [Q 1

(2Mr−k2−r2)

[
4
(
Mr − k2

2 −
r2

2

)2
sin2 ur,r − 2

(
Mr − k2

2 −
r2

2

)
sin2 uθ,θ

+2 sin2 θ
(
k2
(
Mr − k2

2 −
r2

2

)
cos2 θ −Mk2r − k2r2

2 − r4

2

)
ut,t + (k2 cos2 θ−

2Mr + r2)uφ,φ − 4 sin θ(Mutφkr sin θ − (sin θ(M − r)ur − 1
2uθ cos θ)

(
Mr − k2

2 + r2

2

)]
= DtΦ

t +DrΦ
r +DθΦ

θ +DφΦφ

where Q = Q(uφ, ut, uφφ, utt, utφ, uφφt, utφt, uφφφ)
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After tedious calculations, we obtain a set of multipliers Qi together with the conserved
densities.

Q1 = ut
Φt

1 = 1
2(k2+r(r−2M)) sin(θ)

[sin(θ)2u t(2kMru φ + ((k2 + r(r − 2M)) cos(θ)k2 + r(r3 + k2(2M+

r)))u t)− u(2k2 cos(θ)2 + (k2 + r(r − 2M)) sin(θ)u θ cos(θ) + 2r(r − 2M) + sin(θ)2(u rrk
4

+2r2u rrk
2 − 4Mru rrk

2 − 2Mru tφk + (k2 + r(r − 2M))u θθ − 2(M − r)(k2 + r2−
2Mr)u r + r4u rr − 4Mr3u rr + 4M2r2u rr))]

Φr
1 = −1

2(k2 + r(r − 2M)) sin(θ)(u ru t − uu tr)
Φθ

1 = 1
2 (− cos(θ)uu t − sin(θ)u θu t + u (sinu t + sin(θ)u tθ))

Φφ
1 = 1

k2+r(r−2M)
[kMr sin(θ)

(
u t

2 − uu tt

)
]

Q2 = 1
Φt

2 = 1
k2+r(r−2M)

[sin(θ)
(
2kMru φ +

((
k2 + r(r − 2M)

)
cos(θ)k2 + r

(
r3 + k2(2M + r)

))
u t

)
]

Φr
2 = −

(
k2 + r(r − 2M)

)
sin(θ)u r

Φθ
2 = − cos(θ)u(t, r, θ, φ) + sinu− sin(θ)u θ

Φφ
2 = 2kMr sin(θ)u t

k2+r(r−2M)

Q3 = uφ
Φt

3 = 1
2(k2+r(r−2M))

[sin(θ)(2kMru φ
2 + ((k2 + r(r − 2M)) cos(θ)k2 + r(r3 + k2(2M + r)))u tu φ−

u(2kMruφφ + ((k2 + r(r − 2M)) cos(θ)k2 + r(r3 + k2(2M + r)))u tφ))]
Φr

3 = −1
2

(
k2 + r(r − 2M)

)
sin(θ) (u φu r − uu rφ)

Φθ
3 = 1

2 (− cos(θ)uu φ − sin(θ)u θu φ + u (sinuφ + sin(θ)u θφ))

Φφ
3 = 1

2(k2+r(r−2M)) sin(θ)
[2kMr sin(θ)2u φu t − u(2k2 cos(θ)2 − (k2 + r(r−

2M)) sin(θ)(k2 sin(θ)u tt − u θ) cos(θ) + 2r(r − 2M) + sin(θ)2(u rrk
4 + 2r2u rrk

2
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−4Mru rrk
2 − 2Mru tφk + (k2 + r(r − 2M))u θθ − 2(M − r)(k2 + r(r − 2M))u r

+r4u rr − 4Mr3u rr + 4M2r2u rr − r(r3 + k2(2M + r))utt))]
Q4 = uttφ
Φt

4 = 1
6(k2+r(r−2M)) sin(θ)

[−4k2u tφ cos(θ)2 + (k2 + r(r − 2M)) sin(θ)(2 sin(θ)u tφu ttk
2+

2 sin(θ)u tu ttφk
2 − sin(θ)u φu tttk

2 − sin(θ)uutttφk
2 + u θφu t − 2u θu tφ + u φu tθ−

2uu tθφ) cos(θ) + 4(2M − r)ru tφ + sin(θ)2(u rrφu tk
4 − 2u rru tφk

4 + uφu trrk
4−

2uu trrφk
4 + 2r2u rrφu tk

2 − 4Mru rrφu tk
2 − 2u θθu tφk

2 + 4Mu ru tφk
2 − 4ru ru tφk

2

−4r2u rru tφk
2 + 8Mru rru tφk

2 + u φu tθθk
2 − 2uu tθθφk

2 − 2Mu φu trk
2 + 2ru φu trk

2

+2r2uφu trrk
2 − 4Mru φu trrk

2 − 4r2uu trrφk
2 + 8Mruu trrφk

2 + 2r2u tφu ttk
2

+2r2u tu ttφk
2 + 4Mru tu ttφk

2 − r2u φu tttk
2 − 2Mru φu tttk

2 − r2uu tttφk
2

+8Mru tφ
2k − 4Mru tu tφφk + 2Mru φu ttφk + 2Mruu ttφφk + (k2 + r(r−

2M))u θθφu t − 2Mruu tttφk
2 − 2r2u θθu tφ − 6Mr2u φu tr − r4uφu ttt

−2(M − r)
(
k2 + r2 − 2Mr

)
u rφu t + r4u rrφu t − 4Mr3u rrφu t + 4M2r2u rrφu t

+4Mru θθutφ − 4r3u ru, tφ + 12Mr2u ru tφ − 8M2ru ru tφ − 2r4u rru tφ + 8Mr3u rru tφ−
8M2r2u rru tφ + r2u φu tθθ − 2Mru φu tθθ − 2r2uu tθθφ + 4Mruutθθφ + 2r3u φutr
+4M2ru φu tr − 4r3uu trφ + 12Mr2uu trφ − 8M2ruu trφ + r4u φu trr − 4Mr3u φu trr+
4M2r2u φu trr − 2r4uu trrφ + 8Mr3uu trrφ − 8M2r2uu trrφ + 2r4u tφu tt + 2r4u tu ttφ

−r4uu tttφ + 4Muu trφk
2 − 4ruu trφk

2 + 4Mru tφu ttk
2)]

Φr
4 = −1

2

(
k2 + r(r − 2M)

)
sin(θ) (u ru ttφ − uu ttrφ)

Φθ
4 = 1

2 (− cos(θ)uu ttφ − sin(θ)u θu ttφ + u (sinu ttφ + sin(θ)u ttθφ))

Φφ
4 = 1

6(k2+r(r−2M)) sin(θ)
[−2k2u, tt cos(θ)2 −

(
k2 + r(r − 2M)

)
sin(θ)(− sin(θ)u tt

2k2−
sin(θ)uu ttttk

2 + uθu tt + uu ttθ + u t(k
2 sin(θ)u ttt − u tθ)) cos(θ) + 2(2M − r)ru tt+

sin(θ)2(−u rru ttk
4 − uu ttrrk

4 + r2u tt
2k2 + 2Mru tt

2k2 − u θθu ttk
2 + 2Mu ru ttk

2

−2ru ru ttk
2 − 2r2urru ttk

2 + r2uu ttttk
2 − 2r3u ru tt + 2Mruuttθθ

+4Mru rruttk
2 − uuttθθk2 + 2Muu ttrk

2 − 2ruu, ttrk
2 − 2r2uu ttrrk

2 + 4Mruu ttrrk
2

+2Mruu ttttk
2 + 4Mru tφuttk − 2Mruu tttφk + r4u tt

2 − r2u θθutt + 2Mru θθu tt

+6Mr2u ru tt − 4M2ru ru tt − r4urru tt + 4Mr3u rru tt − 4M2r2u rru tt − r2uu ttθθ

−2r3uu ttr + 6Mr2uu ttr − 4M2ruu ttr − r4uuttrr + 4Mr3uu, ttrr − 4M2r2uu ttrr + u t(u trrk
4

+2r2u trrk
2 − 4Mru trrk

2 − r2u tttk
2 − 2Mru tttk

2 + 2Mru ttφk +
(
k2 + r(r − 2M)

)
u tθθ−

2(M − r)
(
k2 + r2 − 2Mr

)
u tr + r4u trr − 4Mr3u trr + 4M2r2u trr − r4u ttt) + r4uu tttt)]

Q5 = utφφ
Φt

5 = − 1
6(k2+r(r−2M)) sin(θ)

[u φφ(2k2 cos(θ)2 − (k2 + r(r − 2M)) sin(θ)(k2 sin(θ)u tt − u θ) cos(θ)+

2r(r − 2M) + sin(θ)2(u rrk
4 + 2r2u rrk

2 − 4Mru rrk
2 − r2u ttk

2 − 2Mru ttk
2 − 4Mru tφk+
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(k2 + r(r − 2M))u θθ − 2(M − r)(k2 + r2 − 2Mr)u r + r4u rr − 4Mr3u rr + 4M2r2u rr

−r4u tt)) + sin(θ)(sin(θ)(−3r(r3 + k2(2M + r))u tu tφφ − uφ(u rrφk
4 + 2r2u rrφk

2−
4Mrurrφk

2 − r2u ttφk
2 − 2Mru ttφk

2 + 2Mru tφφk + (k2 + r(r − 2M))u θθφ − 2(M − r)(k2

+r2 − 2Mr)u rφ + r4urrφ − 4Mr3u rrφ + 4M2r2u rrφ − r4u ttφ) + u(urrφφk
4 + 2r2u rrφφk

2

−4Mru rrφφk
2 + 2r2u ttφφk

2 + 4Mru ttφφk
2 + 2Mru tφφφk + (k2 + r(r − 2M))u θθφφ − 2(M

−r)(k2 + r2 − 2Mr)u rφφ + r4urrφφ − 4Mr3u rrφφ + 4M2r2urrφφ + 2r4u ttφφ)) + (k2 + r(r
−2M)) cos(θ)(−3 sin(θ)u tu tφφk

2 + u φ(k2 sin(θ)uttφ − u θφ) + u(2 sin(θ)uttφφk
2 + u θφφ)))]

Φφ
5 = 1

6(k2+r(r−2M)) sin(θ)
[−4k2u tφ cos(θ)2 − (k2 + r(r − 2M)) sin θ(−2 sin(θ)u tφu ttk

2 + sin(θ)u tu ttφk
2

+ sin(θ)u φu tttk
2 − 2 sin(θ)uutttφk

2 − u θφu t + 2u θu tφ − u φu tθ + 2uu tθφ) cos(θ)+
4(2M − r)ru tφ + sin(θ)2(u rrφutk

4 − 2u rru tφk
4 + u φu trrk

4 − 2uu trrφk
4 + 2r2u rrφu tk

2−
4Mru rrφu tk

2 − 2u θθu tφk
2 + 4Muru tφk

2 − 4ru ru tφk
2 − 4r2u rru tφk

2 + 8Mru rru tφk
2+

u φu tθθk
2 − 2uu tθθφk

2 − 2Muφu trk
2 + 2ru φutrk

2 + 4Muutrφk
2 − 4ruu trφk

2 + 2r2u φu trrk
2−

4Mru φu trrk
2 − 4r2uu trrφk

2 + 8Mruu trrφk
2 + 2r2u tφu ttk

2 + 4Mru tφu ttk
2 − r2u tu ttφk

2−
2Mru tu ttφk

2 − r2u φu tttk
2 − 2Mru φu tttk

2 + 2r2uu tttφk
2 + 4Mruu tttφk

2 + 8Mru tφ
2k+

2Mru tu tφφk − 4Mru φu ttφk + 2Mruu ttφφk + (k2 + r(r − 2M))u θθφu t − 2(M − r)(k2 + r2−
2Mr)u rφu t + r4u rrφu t − 4Mr3u rrφu t + 4M2r2u rrφu t − 2r2u θθu tφ + 4Mruθθutφ
+12Mr2u ru tφ − 8M2ru ru tφ − 2r4u rru tφ + 8Mr3u rru tφ − 8M2r2u rrutφ + r2u φutθθ−
2Mruφu tθθ − 2r2uutθθφ + 4Mruu tθθφ + 2r3u φu tr − 6Mr2u φu tr + 4M2ruφutr − 4r3uutrφ+
12Mr2uu trφ − 8M2ruu trφ + r4u φu trr − 4Mr3u φu trr + 4M2r2u φu trr − 2r4uu trrφ+
8Mr3uu trrφ − 8M2r2uu trrφ + 2r4utφu tt − r4u tu ttφ − r4u φu ttt + 2r4uu tttφ − 4r3u ru tφ)]

Φr
5 = −1

2

(
k2 + r(r − 2M)

)
sin(θ) (u ru tφφ − uu trφφ)

Φθ
5 = 1

2 (− cos(θ)uu tφφ − sin(θ)u θu tφφ + u (sinu tφφ + sin(θ)u tθφφ))
Q6 = uφφφ
Φt

6 = 1
2(k2+r(r−2M))

[sin(θ)(2kMruφu φφφ + ((k2 + r(r − 2M)) cos(θ)k2 + r(r3 + k2(2M + r)))u tu φφφ−
u(2kMruφφφφ + ((k2 + r(r − 2M)) cos(θ)k2 + r(r3 + k2(2M + r)))u tφφφ))]

Φr
6 = −1

2

(
k2 + r(r − 2M)

)
sin(θ) (u φφφu r − uu rφφφ)

Φθ
6 = 1

2 (− cos(θ)uu φφφ − sin(θ)u θu φφφ + u (sinu φφφ + sin(θ)uθφφφ))

Φφ
6 = 1

2(k2+r(r−2M)) sin(θ)
[sin θ(sin θ(2kMru φφφu t + u φ(u rrφk

4 + 2r2urrφk
2 − 4Mru rrφk

2 − r2u ttφk
2−

2Mru ttφk
2 − 4Mru tφφk + (k2 + r(r − 2M))uθθφ − 2(M − r)(k2 + r2 − 2Mr)u rφ + r4u rrφ−

4Mr3u rrφ + 4M2r2u rrφ − r4u ttφ)− u(u rrφφk
4 + 2r2urrφφk

2 − 4Mru rrφφk
2 − r2u ttφφk

2−
2Mru ttφφk

2 − 2Mru tφφφk + (k2 + r(r − 2M))u θθφφ − 2(M − r)(k2 + r2 − 2Mr)u rφφ+
r4u rrφφ − 4Mr3u rrφφ + 4M2r2u rrφφ − r4u ttφφ))− (k2 + r(r − 2M)) cos(θ)(u φ(k2 sin(θ)u ttφ−
u θφ) + u(u θφφ − k2 sin(θ)u ttφφ)))− u φφ(2k2 cos(θ)2 − (k2 + r(r − 2M)) sin(θ)(k2 sin(θ)utt−
u θ) cos(θ) + 2r(r − 2M) + sin(θ)2(u rrk

4 + 2r2u rrk
2 − 4Mru rrk

2 − r2u ttk
2 − 2Mru ttk

2−
4Mru tφk + (k2 + r(r − 2M))u θθ − 2(M − r)(k2 + r2 − 2Mr)ur + r4u rr − 4Mr3u rr+
4M2r2u rr − r4u tt))]
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5.4 conclusion

In section 5.2, we classified and and reduced the underlying equations (wave equations and
Klein-Goldon equations) on ASD-Einstein metrics, we showed how the process leads to exact
solutions by quadratures. A variational technique has been applied, and we found Noether’s
symmetries for those equations. In the cases discused, we found ”fifteen” or ”seven” dimen-
sional Noether symmetries. Interestingly, all of them contain a scaling symmetry. Not all of
those symmetries lead to physical conservation laws, but they all lead to mathematical con-
servation laws by Noether’s theorem, and are useful in application, for example, reducing the
underlying equations. Conserved quantities of the Klein-Gordon equations and wave equations
are constructed in Section 5.2 & 5.3. Finally, some higher order symmetries are presented with
their associated conservation laws.



Chapter 6

Generalized symmetries for the heat
equations in (3+1)-dimension

6.1 Introduction

Generally speaking, a geometric quantity or a structure on manifold is evolved in a canonical
way towards an optimal one. Furthermore, nonlinear equations have played an important
role in differential geometry and topology over the last decades, in particular, the heat heat
equation. It is now well known that the evolution equation defining the Ricci flow is a nonlinear
diffusion equation [55, 56, 57]. For example, in [58], Hamilton introduced the Ricci-flow which
deforms an initial metric in the direction of its Ricci tensor and in [54], the authors used the
heat kernel equation to show that entropy is non-decreasing and moreover convex if the metric
evolves under a super Ricci flow. The objective in the present Chapter is to perform symmetry
analysis and obtain the higher order generalized symmetries of some linear diffusion equations
constructed on curved manifolds.

Generalized symmetries have proved to be of importance in mathematical physics. In fact the
existence of infinite number of such symmetries is a characterizing property of integrability. A
vast amount of work has been done in the literature on the subject. In [59] the author classified
symmetries arising from a two-dimensional linear diffusion equation with a nonlinear source
term and determine those source term that admit nontivial symmetries. In [60, 61], the authors
perform a symmetry analysis and find solution to a semilinear reaction-diffusion equation in
multi-dimensions. We pursue an investigation of the generalized symmetries and focus on
evolutionary vector field (see [2] for more details) of the heat equations on (3+1)-dimensional
Anti-Self-Duality (ASD) manifolds in neutral signature. The study of ASD manifolds can be
found in [62, 63].

The work is organised as follows:

67
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In section 2, we construct the heat equations using the Laplace-Beltrami operator [65] on some
manifolds ( scalar-flat Kähler , null Kähler , pseudo-hypercomplex) and find the underlying Lie
point symmetry for each case. The complete Lie analysis on those manifold have been done
in [64].

In section 3, we compute the generalized symmetries with focus on evolutionary vector field.We
find basis which generates all second order generalized symmetries and show that we recover
some generators of the corresponding Lie point symmetry.

The Laplace-Beltrami operator is defined by

4 =
1√
|g|
∂i(
√
|g|gij∂j).

6.2 Lie point symmetry

The heat equation in curvilinear coordinates is given by

Ut =
1

2
4 U.

Scalar-flat structures

The metric is [64]

h = eu(dx2 + dy2)− dz2

where u satisfies
(eu)zz − uxx − uyy = 0

the heat equation is given by

Ut =
y2

2z2
Uxx −

y

z2
Uy +

y2

2z2
Uyy −

2

z
Uz −

1

2
Uzz

for the solution u = ln z2

y2
and the Lie algebra is spanned by
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X1 = ∂t
X2 = U∂U
X3 = F5(x, y, z, t)∂U
X4 = ∂x
X5 = x∂x + y∂y
X6 = 2Ux∂U + 2xy∂y + (x2 − y2)∂x

X7 = 2Uy
z ∂U + 2xy

z ∂x + −x2+y2

z ∂y − x2+y2

y ∂z
X8 = 1

y∂z + 1
z∂y

X9 = Uz
y ∂U + t

y∂z + t
z∂y

X10 = x
y∂z + x

z ∂y −
y
z∂x

X11 = tx
y ∂z + tx

z ∂y −
ty
z ∂x + Uxz

y ∂U

X12 = 2txy
z ∂x + t(y2−x2)

z ∂y − t(x2+y2)
y ∂z +

(
2tUy
z −

uz(x2+y2)
y

)
∂U

X13 = 2t∂t + z∂z
X14 = 2t2∂t + 2tz∂z + u(−5t+ z2)∂U

(6.2.1)

where F5 satisfies

2z2F5,t + 4zF5,z + z2F5,zz + 2yF5,y − y2F5 = 0

Null Kähler structures

The metric is given by
g = dy2 − dxdz − 4udz2

where u satisfies the dKP equation (see [64])

(uz − uux)x = uyy

• From the solution u = −x
z the heat equation is

Ut = −Ux
2z
− xUxx

2z
− Uxz

2
+
Uyy
2

The symmetry generators are
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X1 = ∂t
X2 = U∂U
X3 = F3(x, y, z, t)∂U
X4 = z∂x
X5 = tz∂x + Uz2∂U
X6 = ∂y
X7 = t∂y − Uy∂U
X8 = 2t∂t + 2x∂x + y∂y
X9 = yz∂x + z2∂y
X10 =

(
1
z − z

)
∂z + x

(
1 + 1

z2

)
∂x

X11 = 2Ux
z ∂U − tx

z2
∂x + t

z∂z
X12 = 2t2∂t + 2ty∂y + 3tx∂x + tz∂z − U(3t+ y2 − 2xz)∂U
X13 = 2x

z ∂y + xy
z2
∂x + y

z∂z
X14 =

(
z + 1

z

)
∂z + x

(
−1 + 1

z2

)
∂x

where F3 satisfies

−2zF3,t + zF3,yy − F3,x − zF3,xz − xF3,xx = 0

• From the second solution u = y2

9z2
− x

3z we got the heat equation

Ut =
1

18z2

[
(−3xz + y2)Uxx − 9z2Uxz + 9z2Uyy − 3zUx

]
the Lie point symmetry generators are

X1 = ∂t
X2 = U∂U
X3 = F4(x, y, z, t)∂U
X4 = z1/3∂x
X5 = 2tz1/3∂x + 3Uz4/3∂U
X6 = 2t∂t + 2x∂x + y∂y
X7 = y

z1/3
∂x + 3z2/3∂y

X8 = y(3+2 ln(z))

z1/3
∂x + 6z2/3 ln(z)∂y

X9 = x∂x − z∂z

Pseudo-hypercomplex structures

The metric is given [64]
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g = (dy + udz)2 − 4(dx+ wdz)dz

where the functions u,w satisfy

uz + wy + uwx − wux = 0, uy + wx = 0

• The heat equation is given by

Ut =
1

2

[
Ux
2z

+
xUxx
z
− yUxy

z
− Uxz + Uyy

]
for u = −y

z , w = x
z

The generators of the Lie point symmetry are

X1 = ∂t
X2 = u∂U
X3 = F1(x, y, z, t)∂U
X4 = 1

z∂x
X5 = t

z∂x + 2u ln(z)∂U
X6 = 2t∂t + 2x∂x + y∂y
X7 = y

z2
∂x +

(−1
z + z

)
∂y

X8 = − y
z2
∂x +

(
1
z + z

)
∂y

X9 = x∂x − z∂z
where F1(x, y, z, t) satisfies

−4zF1,t + 2zF1,yy + F1,x − 2zF1,xx − 2yF1,xy + 2xF1,xx = 0

• For the second solution u = y
z , w = −x

z the heat equation is

Ut =
1

2

[
Ux
2z

+

(
−x
z

+
y2

z2

)
Uxx +

yUxy
z
− Uxz + Uyy

]
the basis of the Lie point symmetry is given by

X1 = ∂t
X2 = U∂U
X3 = F2(x, y, z, t)∂U
X4 = z∂x
X5 = tz∂x + uz2∂U
X6 = 2t∂t + 2x∂x + y∂y
X7 = y∂x + z∂y
X8 = 2z ln(z)∂y + (y + 2y ln(z))∂x
X9 = x∂x − z∂z
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where F2 satisfies

−4z2F2,t + 2z2F2,yy + zF2,x − 2z2F2,xz + 2yzF2,xy + 2y2F2,xx − 2xzF2,xx = 0

6.3 High-order symmetries scalar-flat structure

Among all generalized vector fields, we are interested in evolutionary vector field which are
given by

VQ = Qα[U ]∂U (6.3.1)

where [U] is includes the basis, fibre and jet variables that the characteristic Q depends on.

6.3.1 Definition. A recursion operator for a system of DEs ∆ is a linear operator R such that
whenever VQ is an evolutionary symmetry of ∆, so is VQ̃ with Q̃ = RQ

Let first compute the basis of all second order generalized symmetry of the diffusion equation
in 1-dimension Euclidean space

Ut = Uxx

with characteristic Q = Q(x, t, u, ux, uxx)

The invariance condition
DtQ = D2

xQ,

gives us after easy calculations

Q = Uxx(UC1 − xC1 + C2 + tC3 + t2C4) + 1
4(2Ux(xC3 + 2txC4 + 2C5 + 2tC6)

+U(2tC4 + x2C4 + 2xC6 + 4C7)) + f(x, t)

where f satisfies ft = fxx

We have a seven dimension basis of characteristics
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Q1 = Uxx(U − x)
Q2 = Uxx
Q3 = tUxx + 1

2xUx
Q4 = t2Uxx + txUx + 1

4(2t+ x2)U
Q5 = Ux
Q6 = tUx + 1

2xU
Q7 = U

plus the infinite number of characteristic Qf = f(x, t). We are able to recover all second order
generalised symmetries computed in [2] using recursion operators.

Secondly, we need to compute the basis of all the second order generalized symmetry of the
heat equation on scalar-flat manifold

Ut =
y2

2z2
Uxx −

y

2z2
Uy +

y2

2z2
Uyy −

2

z
Uz −

1

2
Uzz

The characteristic is given by

Q = Q(x, y, t, z, U, Ux, Uy, Uz, Uxx, Uxy, Uxz, Uyz, Uyy, Uzz)

we don’t include Ut or second order derivatives which involve t to avoid dependencies, wherever

it appears it is replaced by y2

2z2
Uxx − y

2z2
Uy + y2

2z2
Uyy − 2

zUz −
1
2Uzz

Ut = y2

2z2
Uxx − y

2z2
Uy + y2

2z2
Uyy − 2

zUz −
1
2Uzz

Uxt = y2

2z2
Uxxx − y

2z2
Uxy + y2

2z2
Uxyy − 2

zUz −
1
2Uxzz

Uyt = y
z2
Uxx − 1

2z2
Uy + y

z2
Uyy + y2

2z2
Uyxx − y

2z2
Uyy + y2

2z2
Uyyy − 2

zUz −
1
2Uyzz

...

(6.3.2)

Applying the prolongation formula on the vector field (6.3.1) we got the infinitesimal criterion

DtQ =
y2

2z2
D2
xQ−

y

2z2
DyQ+

y

2z2
D2
yQ−

2

z
DzQ−

1

2
D2
zQ (6.3.3)

where
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Dt = ∂t + Ut∂U + Uxt∂Ux + Uyt∂Uy + Uzt∂Uz + Uxxt∂Uxx + Uxyt∂Uxy + Uxzt∂Uxz + Uyzt∂Uyz
+Uyyt∂Uyy + Uzzt∂Uzz

Dx = ∂t + Ux∂U + Uxx∂Ux + Uyx∂Uy + Uzx∂Uz + Uxxx∂Uxx + Uxyx∂Uxy + Uxzx∂Uxz + Uyzx∂Uyz
+Uyyx∂Uyy + Uzzx∂Uzz

Dy = ∂t + Uy∂U + Uxy∂Ux + Uyy∂Uy + Uzy∂Uz + Uxxy∂Uxx + Uxyy∂Uxy + Uxzy∂Uxz + Uyzy∂Uyz
+Uyyy∂Uyy + Uzzy∂Uzz

(6.3.4)
Replacing back (6.3.4) in (6.3.3) and after tedious calculations, we obtain the following fifty
”basic” characteristic
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Q1 = 1
6z [(Uxx + Uyy) y

3 +
(
(−Uyzz − 5Uy) t+ z2Uy

)
y2 +

((
(−2xUx,z + 2Uz) z + (Uxx + Uyy)x

2

−6xUx + 6U) t− 2 z2 (−xUx + U)
)
y +

(
(Uyzz + Uy) t− z2Uy

)
x2]

Q2 = 1
4z2y2

[
(
−Uyyy6 + (−4Uxyx+ 2Uy,zz + Uy) y

5 +
(
−Uzzz2 + (4xUxz − 3Uz) z + 2x2 (Uyy−

2Uxx)) y4 +
(
4Uxyx

3 + 2x2Uy
)
y3 +

(
−2Uzzx

2z2 +
(
4x3Uxz − 2x2Uz

)
z − Uyyx4

)
y2−

2
(
Uyzz − 1

2Uy
)
x4y − x4z (zUzz − Uz)

)
t2 + 4 z2

(
x2 + y2

) (
−1

2 Uyy
3 +

(
−xUx + 1

2 Uzz + U
)
y2

+1
2 x

2yUy + 1
2x

2zUz
)
t− Uz4

(
x2 + y2

)2
]

Q3 = 1
2z2y2

[
((
−Uyyy2 + (−2Uy,zz + Uy) y − Uzzz2 + Uzz

)
x3 +

(
3 y3Uxy + 3 y2zUxz

)
x2 + ((Uyy−

2Uxx) y2 + Uyy − Uzzz2 − Uzz
)
y2x− Uxyy5 + Uxzy

4z
)
t2 + 2 z2

(
(Uyy + Uzz)x

3 − 3
2x

2y2Ux
+y2 (Uzz + U)x− 1

2Uxy
4
)
t− Uxz4

(
x2 + y2

)
]

Q4 = 1
z2y2

[
(
Uxxy

4 + (−2Uxyx− Uy) y3 +
(
Uyyx

2 − 2xzUxz − Uzz
)
y2 + 2x2

(
Uyzz − 1

2Uy
)
y+

x2z (zUzz − Uz)
)
t2 + z2

(
(2xUx + U) y2 − 2x2yUy − 2x2zUz

)
t+ Uz4x2

Q5 = 1
2zy [−y4Uyy + (Uyzz − 3Uxyx) y3 +

(
x2 (Uyy − 2Uxx) + (zUx,z − 2Ux)x+ Uzz + 2U

)
y2+

x2 (Uxyx+ Uyzz + 2Uy) y + x2z (xUxz + Uz)]
Q6 = 1

2 x
4Uxx + 1

2 (4 yUxy − 2Ux)x3 + 1
2

(
(4Uyy − 2Uxx) y2 − 2Uyy + 2U

)
x2 − 1

2

(
4 y3Uxy + 2Uxy

2
)
x

+1
2Uxxy

4 − Uyy3 + Uy2

Q7 = 1
2x

3Ux,x + 1
2 (3 yUxy − 2Ux)x2 + 1

2

(
(2Uyy − Uxx) y2 − 2Uyy + 2U

)
x− 1

2y
3Uxy

Q8 = U
Q9 = 1

z2y2
[
(
(4Uxx − Uyy) y4 + (−10Uxyx− 3Uy) y

3 +
(
Uzzz

2 + (−10xUxz − Uz) z + 5Uyyx
2
)
y2+

10x2 (Uy,zz − 1/2Uy) y + 5x2z (zUzz − Uz)
)
t2 − 10

(
(−xUx + 1/5Uzz) y

2 + x2yUy + x2zUz
)
z2t

+5 z4
(
x2 + 1/5 y2

)
U ]

Q10 = 1
2z2y2

[
(
−Uzzxz2 +

(
(−2 yUyz + Uz)x+ Uxzy

2
)
z +

(
(−yUyy + Uy)x+ Uxyy

2
)
y
)
t2 +

(
2xUzz

3+(
2xyUy − Uxy2

)
z2
)
t− Uxz4]

Q11 = 1
2z2y2

[
(
−Uzzz2 + (−2 yUyz + Uz) z − Uy,yy2 + Uyy

)
t2 +

(
2 yz2Uy + 2Uzz

3
)
t− z4U ]

Q12 = 1
12yz [

(
tyUxy + tzUxz − z2Ux

)
x4 +

(
−2 t (Uxx − Uyy) y2 +

(
2 tzUyz − 2 z2Uy

)
y + 2Uz2−

2 zUzt)x
3 − 6 tx2y3Uxy + 2 y2

(
t (Uxx − Uyy) y2 +

(
tzUyz − z2Uy

)
y + Uz2 − zUzt

)
x+

y4
(
tyUxy − tzUxz + z2Ux

)
]

Q13 = 1
6yz [t (Uxx + Uyy) y

4 +
(
(−Uyzz − 2Uy) t+ z2Uy

)
y3 +

((
(−2xUxz − Uz) z + (Uxx + Uyy)x

2
)
t+

z2 (2xUx + U)
)
y2 + x2

(
(Uyzz − 2Uy) t− z2Uy

)
y + 3x2z (Uz − tUz)]

Q14 = 1
3yz [
(
t (Uxx + Uyy)x− tzUxz + z2Ux

)
y2 + x

(
tzUyz − z2Uy − 2 tUy

)
y + 3xz (Uz − tUz)]

Q15 = 1
zy [t (Uxx + Uyy) y

2 +
(
tzUyz − z2Uy

)
y + Uz2 − zUzt]

Q16 = 1
3z [(((−Uyy − Uxx) y − Uyzz − Uy)x+ y (zUxz + 3Ux)) t+ z2 (xUy − yUx)]

Q17 = 1
2zy [y3Uxy + (−2xUyy + zUxz + 2Ux) y2 +

(
−x2Uxy − 2xzUyz

)
y − zx (xUxz − 2Uz)]
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Q18 = −x3Uxx + (−3 yUxy + Ux)x2 + y2 (Uxx − 2Uyy)x+ y2 (yUxy + Ux)
Q19 = 1

2 (Uxx + Uyy) y
2 + xUx

Q20 = Ux
Q21 = 1

6zy [ty4Uyy +
(
(3Uxyx− Uyzz − Uy) t+ z2Uy

)
y3 − x

(
((Uyy − 2Uxx)x+ zUxz) t− z2Ux

)
y2−

x2
(
(Uxyx+ Uyzz + Uy) t− z2Uy

)
y − x3z (tUxz − zUx)]

Q22 = 1
6zy [3 ty3Ux,y +

(
((−2Uy,y + 4Uxx)x− zUxz) t+ z2Ux

)
y2 − 2x ((Uyzz + 3/2Uxyx+ Uy) t

−z2Uy
)
y − 3x2z (tUxz − zUx)]

Q23 = 1
zy [
(
(−yUxy − zUxz)x+ Uxxy

2
)
t+ z2xUx]

Q24 = 1
zy [−tyUx,y − tzUxz + z2Ux]

Q25 = 1
z [(Uyzz + Uy + (Uxx + Uyy) y) t− z2Uy]

Q26 = 1
z2y2

[
(
−z2Uxx − tUyy

)
y6 +

(
−4Uxy

(
−z2 + t

)
x+ 2 tzUyz + z2Uy + tUy

)
y5 + (((−4Uyy+

2Uxx) z2 + 2 t (Uyy − 2Uxx)
)
x2 + 4 tUxzxz − tUzzz2 + Uzz

3 − 3 zUzt
)
y4 + 4x2

(
Uxy

(
−z2

+t)x+ 1
2 Uy

(
z2 + t

))
y3 − x2

((
z2Uxx + tUyy

)
x2 − 4 tUxzxz + 2 tUzzz

2 − 2Uzz
3 + 2 zUzt

)
y2

−2x4
(
tzUyz − 1/2 z2Uy − 1

2 tUy
)
y − x4z

(
tzUzz − z2Uz − tUz

)
]

Q27 = 1
z2y2

[−Uxy
(
−z2 + t

)
y5 +

((
(Uxx − 2Uyy) z

2 + t (Uyy − 2Uxx)
)
x+ tzUxz

)
y4 + 3x

(
Uxy

(
−z2

+t)x+ 1
3Uy

(
z2 + t

))
y3 +

((
−z2Ux,x − tUy,y

)
x3 + 3 tUxzzx

2 +
(
−tUzzz2 + Uzz

3 − zUzt
)
x
)
y2

−2x3
(
tzUyz − 1

2z
2Uy − 1

2 tUy
)
y − x3z

(
tzUzz − z2Uz − tUz

)
]

Q28 = 1
2z2

[
(
Uzzz

2 + 4Uzz − ((Uxx + Uyy) y − 2Uy) y
)
t− Uzz3]

Q29 = 1
4z2y2

[
(
(Uxx + Uyy) z

2 + t (Uyy − Uxx)
)
y4 + 4txy3Uxy +

(
Uzz

3 − tUzzz2 + 4
(
xUxz − 1

2Uz
)
tz

−2 tUyyx
2
)
y2 − 4x2

(
tzUyz − 1

2z
2Uy − 1

2 tUy
)
y − 2x2z

(
tzUzz − z2Uz − tUz

)
]

Q30 = 1
z2y2

[
((
−Uyyy2 + (−2Uyzz + Uy) y − Uzzz2 + Uzz

)
x+ y3Uxy + zUxzy

2
)
t+ xz2 (Uyy + Uzz)]

Q31 = 1
z2y2

[Uzz
3 + (−tUzz + Uyy) z2 − 2

(
yUyz − 1

2Uz
)
tz − yt (yUyy − Uy)]

Q32 = −1
2 ((Uxx + Uyy) y − 2Uy) y

Q33 = 1
zy [−y4Uyy + (−3Uxyx+ Uyzz + Uy) y

3 +
(
x2 (Uyy − 2Uxx) + zUxzx

)
y2 + x2 (Uxyx+ Uyzz

+Uy) y + zx3Uxz]
Q34 = 1

2zy [y3Uxy + (−2xUyy + zUxz) y
2 − x (Uxyx+ 2Uyzz − 2Uy) y − zx (xUxz − 4Uz)]

Q35 = 1
zy [Uyy + Uzz]

Q36 = 1
z2y2

[−y6Uyy + (−4Uxyx+ 2Uyzz + Uy) y
5 +

(
(2Uyy − 4Uxx)x2 + 4 zUxzx− Uzzz2 − 3Uzz

)
y4

+
(
4Uxyx

3 + 2x2Uy
)
y3 − x2

(
Uyyx

2 − 4 zUxzx+ 2Uzzz
2 + 2Uzz

)
y2 − 2x4

(
Uyzz − 1

2Uy
)
y−

x4z (zUzz − Uz)]
Q37 = 1

z2y2
[−y5Uxy + ((Uyy − 2Uxx)x+ zUxz) y

4 +
(
3x2Uxy + xUy

)
y3 −

(
Uyyx

2 − 3 zUxzx+ z (zUzz
+Uz))xy

2 − 2x3
(
Uyzz − 1

2Uy
)
y − x3z (zUzz − Uz)]

Q38 = 1
2z2

[(−Uyy − Uxx) y2 + 2Uyy + z (zUzz + 4Uz)]



Section 6.3. High-order symmetries scalar-flat structure Page 77

Q39 = 1
4z2y2

[(Uyy − Uxx) y4 + 4xy3Uxy +
(
−2Uyyx

2 + 4 zUxzx− Uzzz2 − 2Uzz
)
y2 − 4x2 (Uyzz−

1
2Uy

)
y − 2x2z (zUzz − Uz)]

Q40 = 1
z2y2

[y3Ux,y + (−xUyy + zUxz) y
2 − 2 (Uyzz − 1/2Uy)xy − zx (zUzz − Uz)]

Q41 = 1
z2y2

[−Uyyy2 + (−2Uyzz + Uy) y − Uzzz2 + Uzz]

Q42 = 1
2x

2Uxx + xyUxy + 1
2Uyyy

2

Q43 = Uxxx+ yUxy
Q44 = Uxx
Q45 = 1

2zy [−y5Uxy + ((−2Uxx + 2Uyy)x+ zUxz) y
4 +

(
6x2Uxy − 2xzUyz

)
y3 + 2

(
(Uxx − Uyy)x2

+Uzz)xy
2 +

(
−Uxyx4 − 2x3zUy,z

)
y − x3z (xUxz − 2Uz)]

Q46 = 1
zy [(Uyy − Uxx) y4 + (6Uxyx− Uyzz) y3 +

(
(3Uxx − 3Uyy)x

2 + Uzz
)
y2 +

(
−2Uxyx

3−
3x2zUyz

)
y − 2

(
xUxz − 3

2Uz
)
x2z]

Q47 = 1
zy [(yUxy + zUxz)x

2 +
(
(Uyy − Uxx) y2 + Uyzyz − Uzz

)
x− y3Uxy]

Q48 = 1
zy [(−Uyy − Uxx) y2 − Uyzyz + Uzz]

Q49 = 1
zy [(xUxz + yUyz − Uz) z + xyUxy + Uy,yy

2]

Q50 = 1
zy [yUxy + zUxz]

plus the infinite familly of characteristics

Qf = f(x, y, z, t)

.

Some of these characteristics, Q8,Q20,Q28,Q35,Q38 and the characteristic Qf correspond
to the geometric symmetries(generators of the Lie point symmetry) computed in (6.2.1). For
example,

• Q35 is equivalent to

Q̃8 =
1

z
Uy +

1

y
Uz

which corresponds to the vector field

X8 =
1

y
∂z +

1

z
∂y

• Q38 is equivalent to
Q̃1 = Ut

which corresponds to the vector field

X1 = ∂t

The first case on null Kähler manifold leads to a characteristic which is linear constant co-
efficient of fifty three ”basic” characteristics while the pseudo-hypercomplex case, we got 25
”basic” characteristics.
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6.4 Conclusion

In this Chapter, we performed the symmetry analysis of (3+1)-dimensional heat equations on
ASD manifolds. In the first part, the Lie point symmetry for each equation was determined.
Then, we computed the generalized symmetries with focus on evolutionary vector fields. We
showed that we can recover some of the geometric symmetries through these generalized
symmetries.



Chapter 7

Conclusion

Symmetry analysis is a powerfull tool to construct solutions of DEs. In this study, a special
emphasis was placed on PDEs and ODEs arising from some ASD structures.

In chapter 3, we studied ODEs (Euler-Lagrange equations) obtained from various ASD Ricci-
flat metrics. These metrics depend on a function which satisfies the second heavenly equation,
a second order non linear PDE. We used symmetry reduction to construct exact solutions of
the second HE. Variational symmetries were constructed using Noether theorem or multiplier
approach. We also investigated some metrics with ultra hyperbolic signature. It turns out
that even if some of these metrics have a 10-dimensional algebra of killing vectors like a flat
manifold , they are not equivalent to Minkowksi or de Sitter metrics.

In chapter 4, we investigated the invariance properties generated by some well-known metrics
of neutral signatures. As the metrics depended on solutions of PDEs, we constructed exact
solutions of the PDEs using Lie group methods. From the specific forms of the metrics, we
determined the isometries and the variational symmetries of the underlying metrics and corre-
sponding Euler–Lagrange equations for both (Einstein Weyl structures and the corresponding
four di mension metric constructed using the Jones-Tod construction). We established rela-
tionships between the resultant Lie algebras, viz., the algebra of isometries are subalgebras
of the algebras of variational symmetries. For illustration, we chose some cases for which
we constructed some conservation laws via these symmetries or the “multiplier approach”.
The interesting result occurs in Section 4.3 where the Lagrangian obtained from the three di-
mension EW structure had more variational symmetries than its corresponding four dimension
Lagrangian obtained by Jones-Toda construction.

In chapter 5, we studied the Klein-Goldon and wave equations on Kerr and ASD-Einstein
spacetimes. For the purpose, we have implemented the covariant d’Alembertian operator.
Using the Lie symmetry generators in Section 5.2, we classified and and reduced the underlying
equations , we showed how the process leads to exact solutions by quadratures. A variational
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technique has been applied, and we found Noether’s symmetries for those equations. In
the cases discussed, we found ”fifteen” or ”seven” dimensional Noether symmetries for ASD-
Einsten spacetime and ”three” for Kerr spacetime. Not all of those symmetries lead to physical
conservation laws, but they all lead to mathematical conservation laws by Noether’s theorem,
and are useful in application, for example, reducing the underlying equations. Conserved
quantities of the Klein-Gordon equations and wave equations are constructed in Section 5.2 &
5.3. Lastly, some higher order symmetries and their associated conservation laws are presented

In chapter 6, we studied the heat equations on manifolds with neutral signatures. For the
purpose, we implemented the Laplace-Beltrami operator. We were interested in generalized
symmetries i.e the infinitesimals may contain the derivatives of the dependent variables. In
the first Section of this chapter, the Lie point symmetry for each equation was determined.
In second section, we computed the generalized symmetries with focus on evolutionary vector
fields. We showed that we can recover some of the geometric symmetries through these
generalized symmetries.
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