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Abstract

Killing vectors are widely used to study conservation laws admitted by spacetime metrics
or to determine exact solutions of Einstein field equations (EFE) via Killing's equation. lts
solutions on a manifold are in one-to-one correspondence with continuous symmetries of the
metric on that manifold. Two well known spherically symmetric static spacetime metrics
in Relativity that admit maximal symmetry are given by Minkowski and de-Sitter metrics.
Some other spherically symmetric metrics forming interesting solutions of the EFE are known
as Schwarzschild, Kerr, Bertotti-Robinson and Einstein metrics. We study the symmetry
properties and conservation laws of the geodesic equations following these metrics as well as
the wave and Klein-Gordon (KG) type equations constructed using the covariant d'Alembertian
operator on these manifolds. As expected, properties of reduction procedures using symmetries
are more involved than on the well known flat (Minkowski) manifold.
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Chapter 1

Introduction

Symmetry method is one of the cornestones of the geometric study of differential equations
(DEs) [1, 2, 3]. It has been developed in the nineteenth century by the prominent Norwegian
mathematician Sophus Lie (1842-1899). His works on continuous groups of transformations
leaving invariants DEs introduced what is known as symmetry analysis of DEs.

A symmetry of a given system of DEs is a transformation that maps every solution of the
system of DEs into another solution of the same DEs. Lie's approach remained unexploited
for half a century. After his death, G. Birkhoff [4], I. Sedov [5] L.V. Ovsiannikov [3], H Weyl
[6] , etc worked on Lie groups and contributed significantly in the application of the symmetry
analysis of DEs in mathematical physics.

Another important implication of symmetry in physics is the link between symmetries and
conservation laws. In 1918, a German mathematician Emmy Noether (1882-1935), with en-
couragement from Felix Klein, noticed a connection between continuous symmetries and con-
servation laws [7]. Noether symmetries, which are variational symmetries are associated with
DEs which possess a Lagrangian. There are also methods which provide conservation laws
independent of a Lagrangian (eg. direct construction method) [1]. However such methods
may be cumbersome and require the usage of computer software.

In this thesis, we perform the symmetry analysis for ordinary differential equations (ODEs) and
partial differential equations (PDEs) arising from some manifolds of interest. We study the
association of symmetries, conservation laws, reduction and integrability by usage of invariants.
This thesis contains compilation of several published articles.

Outline of the thesis
In chapter 2, we provide necessary tools for our investigation.

In chapter 3, we perform a symmetry analysis for the Euler-Lagrange (EL) equations arising
from the Anti-self-duality (ASD) Einstein metrics. This metric is associated to the second
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heavenly equation (HE). Using Lie point symmetries, we reduce and find the exact solution
for the heavenly equation. We also find the conservation laws using Noether theorem or direct
construction.

The results presented in this chapter have been published [42]

In chapter 4, we study the invariance properties generated by some well-known metrics of
neutral signatures. As the metrics depend on solutions of PDEs, we construct exact solutions
of the PDEs using Lie group methods. We determine the isometries and the variational
symmetries of the underlying metrics and corresponding Euler—Lagrange equations for both
(Einstein Weyl structures and the corresponding four dimension metric obtained using the
Jones-Tod construction) and establish relationships between these and conservation laws.

The results presented in this chapter have been published [64]

In chapter 5, we perform a symmetry analysis for a class of KG and wave equations that arise
in Einstein and Kerr spacetimes. Using the underlying point symmetry, we reduce the wave
equations by the invariant method, and obtain some exact solutions. Noether symmetries and
conservation laws are obtained in each case, for the wave equations. Finally, we construct the
high order symmetries and determine the corresponding conserved quantities.

The results presented in this chapter have been accepted for publication [66]

In chapter 6, we study diffusion equations in curved manifolds. These equations are constructed
using the Laplace-Beltrami operators. In the first part, the Lie point symmetry for each
equation is determined. In the second part, we compute the generalized symmetries with focus
on evolutionary vector fields. We show that we can recover some of the geometric symmetries
through these generalized symmetries.

The results presented in this chapter have been submitted for publication [67]



Chapter 2

Groundwork

2.1 Introduction

We will introduce some basic tools for the symmetry analysis of DEs.

2.2 Analysis of DEs via Symmetry

Basic Definitions

2.2.1 Definition. An m-dimensional manifold M is a topological space covered by countable
collection of of subsets W, C M called coordinate charts, and one-to-one maps

X . Wa — V,, onto connected open subsets V,, C R™ called local coordinates on M

2.2.2 Definition. A Lie group is a smooth manifold which is also a group , such that the
group multiplication (g, h) — g.h and inversion g — g~—' define smooth maps.

2.2.3 Definition. Let M be a smooth manifold. A local group of transformations acting on
M is given by a (local) Lie group G, an open subset U/, with

{e} xMcUCGxM,

which is the domain of definition of the group action, and a smooth map % : U — M with
the following properties:
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o If (h,x) €U, (g,¢(h,x)) €U, and also (g - h,x) € U, then

e Forall x € M,

Y(e,x) = x.
e If (g,2) €U, then (g7, (g,2)) €U and
U9~ (g, 2)) = .

In this thesis, we will consider both point transformations and generalized symmetries in which
infinitesimals involve derivatives of the dependent variables.

2.3 Symmetries of DEs

The symmetry group of a system of DEs is the largest local group of transformations that map
solutions onto other solutions.

Consider an rth-order system of DEs

A¥(z,up)) =0, v=1,..,m (2.3.1)
where

v = (1,22 ..,2P) ,u = (u',u?,...,ud) are respectively independent, dependent variables

and u(,) denoting the derivatives of the u's with respect to the z's up to order r.
uf = Dj(u®), ug; = D;D;(u®)

with
0 0 0

= 5 + u?% —i—u%ﬁ +.. i=1,...,p. (2.3.2)

J

D;
Let us consider a one-parameter (¢) Lie group

%Z)(:E»u) = (7/)1(35,“),1/)2(93’“)) — (j’ra) (233)
By expanding (2.3.3) to first-order in € and by letting

£ (x,u) = %Wi(fﬂ,uﬂe:o, 1=1,...,p,

(pj(x’u) = %wg(xau)”e:(b ’L.Zl,...,q,
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where 1 = (1,03, ...,¢%) and ¢y = (¥3,43,...,¢%), the infinitesimal transformations
take the form

€= (&,...,67) and p = (p!,¢% ..., %) are called the infinitesimals of (2.3.3) and the
corresponding vector field is

0
X 7
Sort 6 Pt 5w
This operator is an abbreviated form of the following infinite formal sum
0 0 0
X = — 2.3.4
gaz—i_@a]_‘_;Cﬂ wa?lzs ( )

where .
(= Di(Q%) + &ug; _
A ois = Di1.is(Q) +&uy 4 s>1

where Q% are Lie characteristic functions given by

QY = (Pa _Zgiu?

i
2.3.1 Theorem (Infinitesimal criterion). [2] A connected group of transformation G is a

symmetry group of a system of DEs of maximal rank (2.3.1) if, and only if, the classical
infinitesimal symmetry conditions

X[AY(z,u))] =0, whenever A”(z,u()) =0 (2.3.5)

holds for every infinitesimal generator X of G.

2.4 Other operators

2.4.1 Definition. The Euler operator, is defined by

o :
au]+z 1)*Ditis———, j=1,...q (2.4.1)

(5u3 ou’

il...1s

The terms Euler operator and variational derivative are equivalents. The goal is to find the
extrema of a functional

L[u] :/QL(;U,u(n))dx
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where (0 C X is an open, connected subset on R", L(x,un)) is called the Lagrangian.

2.4.2 Definition. An operator X of the form (2.3.4) is called a Noether symmetry correspond-
ing to a Lagrangian L, up to a gauge function B’ = (B!, ..., BP), if it satisfies the Killing-type
equation

X(L) + LD;(¢") = D;(B") (2.4.2)

For any Noether symmetry X there exists a flux ® = (®!,..., ®P), defined by

®' = B' — N(L) (2.4.3)

which is a conserved current of the Euler-Lagrange equations, N is given by

i 1 ai . « 0
N —f ‘|‘Q 5u? +ZD21...23(Q )(57,1,-0‘

s>1 il...is

(2.4.4)

There are many different ways to construct conservation laws, these include the partial Noether
theorem [8] and the multiplier method for non-variational problems

Consider the system (2.3.1) . A flux ®° = (®! ..., ®P), is conserved if
D;®" =0
along solution of (2.3.1). It can be shown [9] that every admitted conservation law arises from
multipliers Q,, (=, u, u(y), ...) such that
QuA" = D;®’ (2.4.5)

Then we have

0 0 ,

— AH) = —(D;®") = 0. 246

 (QuA) = £ (Di®) (2.46)
By the homotopy operator we can invert the divergence operator D; and obtain the conserved
current. [10, 1].



Chapter 3

Einstein manifolds

3.1 Introduction

The dispersionless integrable systems in 3+1 dimensions do not admit soliton solutions. How-
ever, such systems may be described in terms of ASD Quaternion-Kahler four-manifolds. (see
[11] and [12] and references therein). If the Ricci-flat condition is imposed on top of ASD,
the work of Plebanski [13] implies the existence of a local coordinate system (z,y, z,w) and a
function u such that any ASD flat metric, g is given by

ds? = 2(dzdy + dwdz — ugpdz? — uyydw? + 2uy,dwdz) (3.1.1)
where u(z,y, z, w) satisfies the second heavenly equation (HE)

Uz — Uzy + Ugzlyy — uiy =0. (3.1.2)

In this chapter we mainly refer to the results of the phenomenal work by Plebanski who, in a
number of papers, e.g., [13], showed that the EFE that lead to ASD metrics are reducible to
the elliptic complex Monge-Amperé equation (CMA). For example, the complex manifold with
a Kahler metric

ds? = u;pdztdz". (3.1.3)

with a metric potential u(z', 22, 2!, 22) that satisfies the CMA equation

U1TU95 — U13U9T = 0. (314)

10
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Versions of (3.1.4) are sometimes referred to as the 'first heavenly equation and, via a number
of transformations, can be transformed to the Boyer-Finley (BF) equation which has been
studied by a number of people, inter alia, Calderbank and Todd [14] and Martina, Sheftel and
Winternitz [15].

Recently, Nutku and Sheftel [16] have, in detail, considered transformations of (3.1.4) and the
corresponding metric (3.1.3) based on some solutions of the HE.

e A solution is given by

o [ a2V
=In [ G , (3.1.5)
the metric (3.1.1) becomes
ds? = 4+ ————dr? + 7%(d6? + sin” 0d$®) + r2 (dt + (1 4 cosf)d¢)?  (3.1.6)

which looks like an Eguchi-Hanson [17] metric

4 4 2

dr? + 'r 2(d#? + sin? 0dp?) + - (dt + cos fde)? (3.1.7)

ds? =
y 472

rd — o2

e A non invariant solution
=In(p® +p(z + 2) + |2)* — 2In(1 + |2|?), (3.1.8)

of the BF equation leads to the metric

(2rdr + cot(30) sin pd + 5-55--d6)? + r2(d6? + sin? fd¢?)

2
ds 22(10)

_ 72
o r4+cot2(%9) sin? ¢
)

4 in
—i—%[dt + (1 + cos6)de

(rzfcot(% ) sin ¢) sin ¢df— (2 cos d)+cot2( 0) sin? ¢) sin 0d¢ o
+ 2sin?(10)(rd+cot2(0) sin? ¢) ]

(3.1.9)

3.2 Ricci-flat metric

Reduction of the heavenly equation

We, firstly, determine exact solutions for the HE.

The generators of the Lie point symmetry of (3.1.2) are
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X = 20y, Xo = f3(w,2)dy, X = yfHw,z) +z [ fAdw)d,,
X4 = l‘f5( ) s X5 = 2w8y - xy@u, XG = w@ + y@ + U@u,
X7 = 2w0y — X0y + YOy — U0y, = —2f5(2)0, + :c2f66u,
—2f (z W), — 2 [ fldw + (z f dw + y(fL +2xf )) O
10 =6/7(2)0w + 618, — 2> f1.0
Xn = 6%(zw)0: —6(z ffzzdw+yfz)3 +6(yf2 + 2 f2)05 — 6 [ [2dwd,
f zzz+y +3$(y zw+x zz)))au

o In Xy, if f2= —12 we get the symmetry generator X = w0, — x0, + ydy — 20. , we

have the foIIowmg transformed variables

X = zw, Y =vy/w, Z = zw, U=u, U=UX,Y,2)
Relation (3.1.2) becomes

Ux 4+ XUxx —YUxy + ZUxz — Uyz + UxxUyy — U%y =0, (3.2.1)
which admits, inter alia, the symmetry generator

XL = 20x + Y20y and the scaling generator X = X0x + Y0y + 3Udy.

Via X}, we see that (3.2.1) reduces to the following equation
-~ 3
Oyz+5Y* =0,
where U = U — 1XY? (U = U(Y, Z)). Hence, a solution of the HE is

1zy?  1xy?
_tay oy 3.2.2
u 2 w? + 2 w ( )
Similarly, (3.2.1) may be transformed using X121, ie,a=Y/X,Z=ZandU =U/X3
with U = U(a, Z). That is,

202000 — (2004 )Uaz — Taly + 32U + 15U + 4U2 = 0.

e For an alternative reduction of (3.2.1), one may take a linear combination of X} and
Xyp with F7 = 6z and — t respectively.

o X; + X leads to similarity variables o = t23, 8 = ya?, 2z = z and U = u with

=Ul(w, B, 2).

The reduced PDE may be analysed further using a Lie symmetry reduction and a large
class of invariant and exact solution are obtainable.
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Lie & Noether symmetries and Killing vectors

The Lagrangian is given by

L=2y +wa —upps?— uyyw'2 + 2ugyw'?, (3.2.3)

where ’ is the derivative with respect to the arclength variable s. The Euler-Lagrange (EL)
equations are:

—w" — WUy + 20 2 Uy — 2 Uy = 0,

" 12 i 12 _
-2 —w uyyy+2u;zu$yy—z Ugzy = 0, ,
" " / " / !
—y" = 2w gy — W (Uyyz + 2Uayw) + 22 Uss + 2 Ugas + 2y 2 Uy (3.2.4)
/ / / / ! e
2w (Y Ugyy — 2 Uz + T Ugay) + 22" 2 Upgs = 0,
—a" + 2w uyy + w’zuyyw + 2w 2 Uy + 20'Y Uy — 22" gy — 2z’2uxyz
+20 T Uy — 2y 2 Uy — 2P Uy — 2272 Uy = 0.
3 2 . . .
For u = —42% + 12 given in (3.2.2), the EL (geodesic) equations are given by
0= w2 + "
w )
0= —2"+ 2w'z’ + 3zw'?
- 2
w
o 2w//y 5w/2y . 2w/y/
N y w + w2 w /! 1,/
_ Vi " x 3yz 2 T 6yz 6w’'z'y 6w'y’ z 2 " i i
0=—x +2U) (E_F>+w (_W_‘_F —T—T—E(z Yy—wx +yz)
(3.2.5)

The generators of Lie group that leave invariant the system (3.2.5) are:

X1=—(V2— Dyw 220, + w V20, Xy =yuw 2 V(1 +v2)0, + w1 mV20,,
X3=0,, Xg=s0s, X5=—(—1+2)zwV20, +w'tV29,,
X6 = zw_ﬁ(l +/2)0, + wl_\/iﬁy, X7 = 20q,
Xg =129, Xy =10, X109 = Inwd,
X11 = why — x0,, X2 = 20, + Y0y, X3 = 20, + 20,.
(3.2.6)
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The Noether symmetry generators X wich satisfies the equation (2.4.2) is given by:

X1 = 2505 + wdy + 0y + yOy + 20, = ( vi42 20V79, + 21tV
X¢ = 20, =—(2+ f)wz“”ﬁ(? +2V79,,
X5 = we  VI(VT - 2)0, + z*\ﬁ@ya = (3 ) 219, 4 g2 V10,
X7 = 520,, = 0Os.

(3.2.7)

Each one lead to a conservation law for the geodesic equations by Noether theorem. We list
some for illustrative purposes.

i Xg: Ty = wlz(9“”*3%)*2ywww;z/fw2(z’y’+x/w’)
ii. X1: Ty = w! —w'a + 8“;}& 4 3y2 + 2y — 2s [w’x’ Cw? (5 B %) N 231/; oy

The algebra of Killing vectors is generated by generated by

X?) X37 X47 X57 Xﬁ'

3.3 ASD metrics solutions of the EFE

The Minkowski spacetime , is governed in polar coordinates, by the metric

ds? = —dt? 4+ dr? + r2d6? + r? sin® 0d¢? (3.3.1)
it admits a 10-dimensional algebra of Killing vectors, viz., SO(3) @ R*.
In [20], authors showed that the algebra of symmetries for the ELE via the Lagrangian
L=1t?—1"?—7r20"? —r?sin? 0¢" (3.3.2)

admits a 17-dimensional algebra including the Killing vectors.

In fact, using the multiplier approach, we got 17 multipliers (first derivative dependent), with

Q=(Q",Q%,Q%,Q"), viz,



Section 3.3. ASD metrics solutions of the EFE Page 15

. . . —tcos (;5 . .
—tsin fsin ¢, —tsin ¢cos 0, 7sin g , Tsin sin ¢),

. } . sin iy .
—tsin fcos ¢, —tcos ¢cos 0, =, rsin Osin @),

tcos ¢, BB 0 rcos f), (cos@,—sinf/r,0,0),

T

cos ¢ 0)

) rsin 6

(sin Ocos ¢, cos pcos O /1, — fslfln(% ,0)

ssin 0sin ¢, ssin ¢cos 0 /r, <52 (), (ssin fcos ¢, scos ¢eos 0 /1, —EBS (),

(

(

(

(sin @sin ¢, sin ¢cos 0 /r

( ? rsinf rsinf’
(scos B, —ssin@/r,0,0),

(

(

(

(

0, —cos ¢, cot fsin ¢, 0), (0, sin ¢, cot fBcos ¢, 0),

0,0,1,0), 0,0,0, 5),

0,0,0,1), (=, 0, — ., ¢),

sr—1's? —0's%, —¢/'s? st —t's?), (r —2sr’, —2s0', —2s¢, t — 2st’)

(3.3.3)
More details about the Lie point symmetry for this particular spacetime can be found in [21].

We note that all of the variational symmetries which are not Killing vectors include the s, the
arclength variable. This, it will be emphasized in this paper, is not always the case as was
previously thought.

Modified Eguchi-Hanson metric

In this subsection section, we are interested on metrics that arise from new ASD solutions of
the EFE.

In (3.1.6), the Lagrangian is

4rt

rt + a2

2 41202 4 r2sin2 06 + —(t? 4+ 2(1 + cos 0))t'¢) + (1 + cos6))*¢).
T
(3.3.4)

L

The EL equations are
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—L2(=2(a® = rH)r' (¢ + (1 + cos(0))¢') — r(a® + r*)(sin(0)8'¢ — " — (1 + cos(6))¢"))] =0

1672 16r°r2 4 o012 4 o sin(0)2¢"2 + 4r(t' + (1 + cos(6))¢')?

(a2+r4)2 O(2+7‘4
_2(0524-7"4)(t’—i—(1—}—(:03(6))(;3’)2 _osry
3 a?4rt T

—drr'9 + r2 sin(29)¢’2 . 2(a2+r4)sin(@)¢’gt’+(1+c0s(0))¢’) —or2p — 0,

™

12(308( )[4(}05(%)7”
+7r(2 (a +74) 111(%
+(a?(1 + cos(0)) +

((@® =Mt + (@*(1 + cos(6)) — 2r")¢)

)t )(}oﬂ(l + cos(f)) + r4) si (%)G’qb’ 2cos(g)((a2 + e’

27t 0

(3.3.5)

The algebra of point variational symmetries, X = {05 +70; + p0, + Ady + B0y, are obtainable
from (2.4.2) which expands, if each is set to zero, into the overdetermined system

2
s —r? — a,,gt
3 4ty
Ts _T4+(X2
93 _T2€9 2 2 2
I —O‘TE 4r2 cos(0)€, — 7@ cos() 22 0052(0)§¢ _ 2o cos 0)8y COTS2 (0)¢s

+272 cos(f Vo + 7204 cos(6)¢s + 72 cos ( Vo + 7a cos(0)¢ r2sin ( )§¢

2 2

t2 207 L+ 2r2B, —i— 207 22 Bt 4 212 cos(0) By + 7a cos(O)Br _ r2&s — Lrgs + 2r%7 + —2%”
2 . 1677 p 16r3p _ 4r Es 8rip,
Ts . (r4+a2)2 + rd+a?2 rita? + rita?

92 2rp + 2r2 Ay — r2§s
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®? o 2r 2??” + 4rpcos(f) — 4‘107“35(9) + 2rpcos?(f) — 20p o (0) _ 9 Ay sin(0)

3
T
_2Ac?sin(f) 2402 cos(0) sin(6)

N = + 27“;2)s1n (0) + 2r?By + i B¢ + 472 cos(0) B
+74a COS;(H)Bd’ + 212 cos2( ) By 7%‘ C0f2(9)3¢ + 22 sin (Q)Bd) — 2, — O‘T—Q& — 42 cos(6)&s
40c C:Qs(@){s 2T COS2(9) 2a cc;s;(e)fs

202 cos(@) —I—T cos ( )f 4 % r2 Sjn2(9)§s

+2r2 cos ()&, +
+2r2 cos(0) 7y +
2 -
rets 1 2r2B, + QQTQB’“ + 2r cos(0) B, + 2 C?Z(Q)B" + T%Tjg% + 2r27, + 20; =

Osts  :2r2A; + 2r2By + m:# + 2r? cos(0) By + 20‘2?& + 2r27y + 20‘ S
2
bt 4a2p + drpcos() — w — 2Ar?sin(f) — Marism() + 21"23

2a? cos(9)~r¢

—1—2“ B —|— 4r% cos(0) By + % + 212 cos?(0) By + M + 2r2sin(0) B + 212 By

+2cx By + 92 COS(G)B¢ + 2a? cos(@)B¢ 25 _ 2a 55 42 COS( )55 402 cos(0)és

1"2
+2'f‘ COS( )55 M + 27“ T+ + 2a LT 22 COS(Q)T + M
ngs . 2T2A + 8r4py

7”4-‘1-062
rss 1 2r°B, + 20‘ 20" Br 4 4r2 cos(6) B, + 40‘2“;% + 212 cos?(#) By + Wm:w
+2r% sin (Q)Br + 81+p¢2 +2r27, + % + 272 cos ()1, + M

Osps :2r° Ay +2r°By + % + 472 608(9)39 + % +2r2 cos?(0) By + M
+2r? sin®(0) By + 2r?7y + 20;# + 272 cos(0) 79 + M

ts :27“2Bs+%‘f#+27“2cos(6)35+wa;752( f+27“ TS+2C:N773
4
T's : _fT‘ + ,r.847l+252

0, :2r2A,— fp

¢s :2r°B, + QO‘:BS + 472 cos(0) B, + 401202% + 212 cos?(0) Bs + M%Orsw + 212 sin?(0) B,

—fo +2riTs + 20‘ 22T + 272 cos(0)7s + %
: _fs
(3.3.6)
Whilst this is a cumbersome approach, the multiplier method provides all the multipliers for
(3.3.5), viz.,

(1,0,0,0), (0,0,0,1), (=t —r', -0, —¢'),

COS COS Sin sin 337
(—tan( ‘z’e),O sin ¢, tan‘g), (tan(¢) 0,cos ¢ — S0, ( )

It turns out that each leads to a variational symmetry and the algebra is generated by

cos ¢ osqﬁ sin ¢ sin ¢
0 0 0 ——— 0 0 19) — 0, Op — 0p-
b o> s, tan(10) ; +sin ¢ b+ g% tan(10) ¢+ cos pdy il
(3.3.8)

It is easy to see that all of the above excluding the translation in s are isometries of the
manifold.
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Metrics with ultra hyperbolic signature
One choice of the metric here [16] is
1
ds? = wy(4e¥dzdz — dp?) — — [dt + i(w.dz — wzdZ)]? (3.3.9)
Wp
in which case the EFE reduce to the hyperbolic BF equation
wyz — (€")pp =0 (3.3.10)
for which a solution is
(p+a(2))V'(2)]?
w=In [] (3.3.11)
b(z) + b(z)
Then there are two metrics of which one is
[
2 1 2
dsi =2p+a+d) [(erg) dudv — D) dp } (33.12)
(p+a)(p+b) v 2f a/ f” o
+ ) |t + (1 — 3ty — v — (P — i = F)du]

where a = a(u), b=0(v), f = f(u) and g = g(v).

In the case, a and b equal to constants with f = u, g = v, we get a large number of

vector fields. We choose a = b = 1; the multipliers Q = (Q“, Q", Q", Q"), are

V/ It 1t VuFused? 1
Ql _ (_su utved 0 \/Psve _9 utvse ) Q2 _ (.s utve
\/f; ) Yy utv \/ﬁ 9 \/13
1y 7%1& \/7 _it
QS — (0 _ suy/utwve 4 \/Psue 92 u-tvse ) Q4 _ (0 sv/u+v
9 \/ﬁ 9 \/m 9 \/ﬁ 9 ) \/ﬁ
lt zlxrt \/T %t + %t
Q5 _ (_u\/u-‘rve4 0 /pve _ 9V utve ) Q6 _ ( utve
\/ﬁ ) ) U+'U ) \/ﬁ ? \/ﬁ
1t —qt 7% utve
Q7= (0, - VBE T Ve ) QP = (0,
+v VP VP
Q° = (0, (u + v)e2t,0, —2e~21), Q0 = (—12 1
Qll = (U,U,0,0), Q12 = (_171707
Q" = ((u v)e t 0,0, Ze%t), Q" =(0,0,0,1),
Q15 — (_u/7 —U , _p/7 —t/), Q16 — (_3u/7
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In general, if a or b are not constant, only two symmetries (multipliers) are obtained,
viz., O and 0.

e Another related metric from (3.3.11) is given by

4 1 1
dS% = (2p +a+ b) |:(1J'rf7f‘(;)2dud’0 + de2

(p+a) (p+b) 2fg _ V__g" 291" prog 2
) |t + (2 = g — Gdv — (G — 3 = Fau

3.3.14)

For a and b constants we obtain 16 multipliers corresponding to 16 variational symme-
tries.
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3.4 Conclusion

We obtain 10-dimensional killing vectors which suggest that the manifold is flat, for the two
particular cases discussed in Section 3.3.

However, we cannot conclude whether they are equivalent to the Minkowksi or de Sitter
metrics; the algebra of Noether symmetries in the latter two cases are 17- and 12- dimensional,
respectively, whilst the two classes in Section 3.3 are 16-dimensional. Lastly, we see that the
multiplier approach is more efficient and inclusive than the other approaches.



Chapter 4

Anti-self-duality (ASD) structures in
neutral signature

4.1 Introduction

The concept of anti-self-duality in four dimension is very close to the integrability of specific
field equations and manifolds. From a physicists point of view the differential equations leading
to anti-self-dual hyper-Kahler or quaternion Kahler are similar in kind to those of Einstein's
general relativity as they impose restrictions on the Riemann curvature of four manifolds [22].
The Riemann curvature tensor of a pseudo-Riemannian manifold can be decomposed into three
part

Rabcd = Sabcd + Eabcd + Wabcd
where Sgpq is the scalar curvature, Egpq is Ricci curvature and Wy is the Weyl curvature.
In lower dimension (n = 1,2, 3) the Weyl tensor always vanishes. For n = 4 the Weyl curvature

W decomposes further under SO(4) into its self-dual and anti-self-dual part W, W~ . A
metric is ASD if and only if W+ = 0. [23]

The Jones-Tod construction

The construction relates ASD conformal structures in four dimension to Einstein-Weyl (EW)
structures in three dimensions. In neutral signature it can be formulated as follows:

21
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4.1.1 Theorem. Let (M, [g]) be a neutral ASD four manifold with a null conformal Killing
vector K. An Einstein-Weyl structure on the space W of trajectories of K is defined by

h=|K|%—|K|"KoK, w=2K[?% (KAK)

where x4 is the Hogde-* of ¢, is a symmetric tensor product, |K|> = g(K,K), and K =
g(K,.). All EW structures arise in this way. Conversely, let (h,w) be a three dimensional
Lorentzian EW structure on W, and let (V,7) be a function and a 1-form on W satisfying the
generalised monopole equation

1
s (dV + in) =dn (4.1.1)
where %}, is the Hodge-* of h. Then

g=Vh-— %(d(b +1n)? (4.1.2)

is an ASD metric with isometry 0. The details can be found in [29]

4.2 Scalar-flat Kahler

Let (M, g) be a scalar-flat Kahler metric in neutral signature with symmetry. LeBrun [26] had
shown that the problem can be reduced to a pair of coupled PDEs: the SU(o0)-Toda equation
and its linearisation [28]. The metric takes the form

g = V(e“(da® + dy?) — dt?) — %(w + )’ (4.2.1)

where the function u satisfies the SU(c0)-Toda equation

(€")tt — gz — Uyy =0 (4.2.2)

and V is a solution to its linearisation. The corresponding EW space from the Jones-Tod
construction is

h = e"(da? + dy?) — dt?, w = 2u,dt. (4.2.3)
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Reduction and exact solutions of SU(oo)-Toda equation

The Lie point symmetry algebra of (4.2.2) is spanned by

X1 =0
Xy = 209, + to;
X; = d,

Xy = _Qfl,a:au + fl(x7 y)ax + f fl,zdyay

where the function f; satisfies the constraint [ f1 zpdy + f1, =0

In X4 if f{ = x we have the following invariants and transformed variables

u=lny2+U X=2, T=t U=UXT).
y

The equation (4.2.2) becomes

(U2 +Upp)eV —Uxx —2XUx — X?Uxx —2 =0, (4.2.4)

which admits the symmetries

X} =or,

X} =20y + Tor,

Xf = (1 + X2)6X — 2X(9U,

X} = (1+ X?)arctan(X)dx — 2(1 + X arctan(X))dy .

e Via X}, (4.2.4) is reduced to the ODE
(012" + UTT)GU =0

where
In(l+X?) =-U+U, U=U(T)

Solving and replacing back we get a solution to (4.2.2)

—Cit — CC

u=1In
x2 + y?

(4.2.5)
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e Using X'Z, one can show that the solution is

242
Cth tan(% arctan(%) + C1Cs)? + 1]

x2 + 92

u=In (4.2.6)
An alternative reduction can be done using X5 in which case

the equation (4.2.2) becomes
2€U—UXX —Uyy =0

where U =u—Int?, X=2z2, Y=y, U=U(XY).

Reducing again using its symmetries , solving and replacing back we have the solution

Coty—z )2
2C%

ct

tan(

uw=In |t (4.2.7)

4.2.1 Remark. The metric (4.2.1) can be found explicitly from the monopole equation (4.1.1)
for some solutions as follows [24]:

Rewrite the metric (4.2.3) in orthonormal triad h = €2 + €3 — €3, where

e1 = (e")/?dx, ez = (e*)?dy, ez =dt
The duality relations
*pe1 = eg A es, *peo = e3 N eq, *pe3 = eg N\ e
yield
xpde = dy A dt, xpdy = dt A dx, xpdt = e"dy A dx

Take the special case V' = u; (which leads to a pseudo hyperKahler metric), and use the above
relations to write the monoplole equation (4.1.1) as

U dy A dt + uydt A dz + (ug + uf)edy A de = dn

Using the solution (4.2.6) with a good choice of constant in the above relation gives = —gd:):
or more generally n = —%daz + dy + dt
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and the metric (4.2.1) is

2t(da? + dy?)  2dt2 ¢ 2 1?
_ de” £dyT) {dqﬁ—dx] . (4.2.8)

9= 2 ;
Variational symmetries and conservation laws

The EW space leads to the Lagrangian

L=e"(3*+9%) -

where the dot refers to the derivative with respect to the arclength s.

e In solution (4.2.5) taking Cy = —1,Cy = 0 the Lagrangian becomes

t

= m(fvz +9%) - 2.

The EL equations are

(—22%5 + (242 — 20%)x — 2y%5 + dyy)t — 2it(z? + %) = 0,
(=293 + (=242 + 29°)y — 22%)) + dwig)t — 29i(a* + y?) = 0, (4.2.9)

22 02 .
izutzz +2t=0.

We get the following generators of Noether symmetry,

Xy = 0, - WD) g 4 Pz, )0,

4x
Xy = s0, — WEEDHAAAR) 5 o P(r,4)d, + Lo,

(4.2.10)

Alternatively, the "multiplier’ method provides all the multipliers for (4.2.9) , viz.,

<F<x’ " (z° + yz)F:;— eF(z,y) 0>

where F(z,y) satisfies the constraints

z(zFytyly—F(z,y))

Fay = (@2+y?)y ’
FotyFy—F(z,
Fyy == +121y2 2, (42.11)
P — —tleylytF(zy)
= )

€T 2 +y2
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e In solution (4.2.6) taking C1 = 2,Cy = 0 the Lagrangian becomes

+2 5 . .

The EL (geodesic) equations are given by
—4tii — 2425 + £ = g,

(22 + yij — 9)t* + 2yt = 0, (4.2.12)
2t( 2+ 2) o
% +2t=0.

We consider the multiplier M = (M*, MY, M") of 0'* order in derivatives. The equation
(2.4.6) gives, after separating by powers of i, 7 and £ a system of PDEs
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it _4t2y29x,y - 4ty2ga: - 4t2yft - fyty2
s —At?2y? fa,y + 42y g, — Aty hy — Sty fo — 4y*h + Styg
: ha:,t
g)i : —4t2y29t,y + 4t2ygt — 8tyzgy — 4ty2ht - 4y2h + 8ytg
D=4ty iy — Aty g. + A7y fr — Aty? |,
. ht,y
Ty _4t2y2ga:,y + t*yg, — 4ty*hy
s Aythe,y + tyPg. + Aty fi + 4ty £,
o —4t2y? foy + Aytig, — Aty*hy + Syt? fr + 8yth — 12t%g
x? _2t2y2fm,x + 2t2ygx - Qty2ha:
2y he o — 20%yge + 2ty he + 4yt fo + 2y%h — dtyg
o —2t2y% gy » + 2ty?hy — 2yt?g, — 4yt? f, — dyth + 6t%g
y2 1 2ythy, + 2t%yg: + AtyPg, + 2ty?he + 2y%h — dytg
: —2t2y29y7y + 6yt29y — 2ty2hy + 4yth — 6t29
D =202 fyy 4 20%Yge + Ayt fy 4 2ty hy

2 —26%y2 f1 — Aty? f
D =262y ge s — Aty
. ht,t

i =AY gs . — Ayt fs

: —4t2y2t5,x + 4t?ygs — Aty>hy
dythe o + ty? f°

g —At?yPg,., + AtPygs — AtyPh,
: _4t2y2fs,y + 4yt2fs
L Aythgy + tygs

t o —AtyPge, — AtyPgs
D —At2yP fo g — Aty S
: hs,t

B =2%yRg, — 2077

c —At2y? f, — Aty®h + 4t%yg
. —2t2y2ft + 2y4hm
i —4t?y’g, — 4ty*h + 4t?yg

D =2t%y2 g, — 20y f,
L =262 g + 2y4hy
t: =222 f + 2yh,
. ht
20t fss
“9s,s
s

After some tedious calculations we get



Section 4.2. Scalar-flat Kahler Page 28

M= (=2 s(th—yQ)’ 8(962;242)) M6 — (0, L i)

M? = ?ﬂ%,%) M7 = (y* — 22, —22y,0)
M3 = 0,%,5) M8 = (z,y,0)

M= (R, 2l ) M = (1,0,0)

M= (F5.5)

Each of M" s leads to a variational symmetry and the corresponding algebra of symme-
tries is generated by

2 ( 2_ 2) ( 2+ 2) _
_t:pyax + 2 ;y 8y + -;—y o, —Tyax + %ay + %8% %83; 4 %81& (4.2.13)
(y2 - xz)am - Qxyaya 20, + yaya Ox

The complete set of variational symmetry is spanned by

X =g,y g 4 N gy =0,

Xo = =0, + 0y + 270, , X = 5705 + st0,
X3 = %ay + iat ) Xll = 885 + %8t
) 2_,2 2442 -
Xy = =320, + T50, + T10, ;X2 =0 (4.2.14)

X5 = =10, + 0y + 70y
X6 = %8y + %8t

X, = (y2 — x2)8x — 2zy0,
Xg = l‘a;p + yay

Each of these or linear combination lead to a conservation law for the geodesic equations
. We list some for illustrative purposes,

Xy Ty = —3(ta?y — 2tayd — ty’y — 22yt — y>1)

X T = 5 (tay — tys — xyf) (4.2.15)
2 . . .
X Tr = 5 (20 + 2ayy — y*a)

e The associated four dimensional ASD manifold is given by the metric (4.2.8). The
Lagrangian is
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For which the Euler-Lagrange equations are

—2tyd + 2ty — 2ytd = 0,
(=220 — 44j)t — 4yt)t + 4ty% = 0,

. . . 2 .
2424272 22 1 (2@ 4

y(yie — 2id) — 2ty + 2tiy + ty*p = 0.

(4.2.16)

The seventeen dimensional Lie algebra of Noether symmetries are

Xy = S0+ st f=—dt
Xy = 50, + 0y, Ff=0
X3 = 637 , f =0
X4: y;x 61—%62,,4‘2/8(;5, f:0
Xs = 20, + y0y, f=0
Xﬁ = 6xa f =0
X7 = 8(15) f - 0
Ay = Isin ¢<9 +Y 2 oS ?ay + sin %(%, f=0
Xg= %cos§ ‘b@ — ¥ cos ‘z’&y—l—cos%@d), f=0
X = —% cos Q(‘) + %sin 98 + %sin é&g, f=0
X1 = ‘\/[;sm"ﬁa —|—\§COS¢8 +\\;cos¢at, f=0
Xio = —7‘{ cos%@x—f—%sm%ay—i—%sm%at, f= —%sin%
X3 = %sin%@,ﬁ—%cos %Gy%—sj\/gcos %at, f= —87\/33{5111%
3
y2 sin ¢+:v\/7jcos Y2 cos ¢ _z y sin ¢
Xy = ;%\/5 10, + 44\/ L0, —
z+/tsin +y\/Zcosf \f 3 .
) 4f L0, + Vi sin 0y, f=0
2 2, 3 ‘P 2 ¢+ £
X5 = Y2 cos 44\2 ysin 8:r Y2 sin 4\x/ﬂcos 7 8
@ tcos;\/g\/zsmfa +\§COS¢8¢, f=0
7 o _ ? + 2]
X16 _ syZcos sjft\/@j;l i 8 sy 2 sin 485?@(:05 1 ay . qb . ¢
sz tcosf—sy tsta + fCOS ¢8 f Y tsinz—&—a: tcosz
8 2 > - y
sy% sin %-l—sa?éﬂcos % sygis % —sx4/y sin % v
Xy = S Oy + — 9, s
sz tsin € 7Sy tcos £ VY ) __mV/tsin ptyvicos
8\[ 48+2\[sm 0, f= 4\/@ 4

(4.2.17)
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The ten dimensional algebra of Killing vectors is spanned by

Xy, X5, X, X7, Xg, Xy, X190, X11, X14, X135

4.3 ASD Null Kahler with symmetry. The dKP equation

In [40] it is demonstrated that an ASD null Kahler metric is given by

g = wy(dy® — 4dadt — 4h,dt?) — wy  (de — wedy — 2w,dt)? (4.3.1)

where h = h(z,y,t) and w = w(z,y,t) are real valued function satisfying the following
relations

hyy — Pt + hahae = 0, (4.3.2)

and

Wyy — Wat + (hgwy)y = 0. (4.3.3)

Redefining w = hy, (4.3.2) becomes

(U — UUg)z = Uyy (4.3.4)
which is the dispersionless Kadomtsev-Petviashvili (dKP) equation.
The corresponding EW Structure is

h = dy? — 4dzdt — 4udt?, w = —4u,dt (4.3.5)

Symmetry reductions and exact solutions of dKP equation

We, firstly, present a procedure to determine exact solutions of the equation (4.3.4).

A basis of the Lie point symmetry algebra of (4.3.4) is

Xy = —f30u + f2(t)0s

Xy = 220, + 4ud, + y0,

X3 = 2f3(t)0y + yf30: — yf50u

Xy = 2zf] + 2 f)0x + (—duf] — 2xf{ — y* [{")0u + 4y f10y + 6 f1 ()0
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Thus, a large class of reductions of (4.3.4) is obtainable.

Taking a linear combination 24&5 + Xy where in Xy, fi = t, we get the scaling symmetry
generator X, = 620, + 6t0; + 6y0, leading to the invariants and transformed variables

X:%, Y:%, U=u, U=UX,Y).
so that (4.3.4) becomes
Ux+XX)(+Yny+U)2(+UUX)(+UYYZO (4.3.6)

which admits, the symmetry generators

Xcl = —0y + 0x
XE =20y +YOx
X3 =2U0y +2X0x + Yoy

Each of those symmetries leads to a second order ODE,
Via X! = —0y + Ox, it can be shown that (4.3.6) reduces to the canonical equation
Uyy =0,

where U = U + X, U = U(Y). Hence, a solution of the equation (4.3.4) is

Ciy—z+ Cst
6= —"-""°=

4.3.7
t (4.3.7)
Similarly, (4.3.6) may be transformed using X2 = 20y + Y x, we get
2
201G + (/20100 + Co(d — 5) + 11
v= (4.3.8)

Co

e For a alternative reduction one can take X4 with f; = ¢t. The invariants and transformed
variables are

T y u
X:W’ Y:W, U:t—il/?)7 U:U(X7Y)
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the equation (4.3.4) becomes
X 2Y
UX+gUxx-i-?ny-i-U)Q(-i-UUxx—i-UyY:O, (4.3.9)
which admits, inter alia, the symmetry generator X} = —9y + 30,
and X42 =3Y9dx + 90y + YOy.
Via X}, (4.3.9) is reduced to the following second ODE
_ 2
Uyy = 9
where U = U + %, U=U(Y),
and the solution to dKP equation (4.3.4) is
2
_y oz Gy, O
ST R VTR TR (4.3.10)
Via X2, we get the solution
v oz 1 y?
— 4 —=1/ C1(5 — xt) + 6t4/3Cs,. (4.3.11)

Yo T g A 6

Replacing back the solution (4.3.7) with (C; = C3 = 0) in equation (4.3.3) gives the PDE

1 x
Wyy — Wel — wa — Zwm =0

which is reducible using symmetry reduction.

A basis of the Lie point algebra of (4.3.12) is

(4.3.12)
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X = fl(x7y7t)aw

XQ = w@w

X3 =10,

Xy = (=1 + 3)ady + (7 + )0

Xs = (14 5)20: + (3 — )0

X = 0y

X7 = 120, + tyd,
Xe=220,+ WO, + 40, t#0

Xg =220, + yGy

Xio = 2t%y0y — 2wy, + t30; + t(tx + y?)0,
X1 = = txwaw + 4$Tyay + Imtfi;'y%ax + %28,5
X2 = (2t + yZ)ay = 3xy0, + tydy — wydhy

With the constraint:

tfl’yy - fl,"L' - tflyxt - xfl,IEIE - 07

where f1 4y = Oy y f1-

The generator X5 = (1 + t%)xax + (% — t)0; leads to invariants and transformed variables

1_2
X:M, Y=y, W=uw W=W(XY).

The equation (4.3.12) becomes:

Wyy +2XWxx +2Wx =0 (4.3.13)

which admits inter alia the generators X4 = 9y, X2 = f1(X,Y )0y and the scaling sym-
metry X53 = —2Y 0y — 4XJx + Wy where f; satisfies the constraint

fiyy +2t1, X +2X f1 xx = 0.

e Using the linear combination ¢ = X + X2 with f; = y it can be shown that (4.3.13)
becomes the second order ODE

1+2XWxx +2Wx =0

2

where W =W — X= W = W(X), its solution is

t@:qu—§+@
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Substituting back the solution of (4.3.12) is

’ z(1—1?)

w = %—1—6’1111( (1-£) - ==+ 0 (4.3.14)

e Via the scaling symmetry one can show that the solution of (4.3.12) is

2

|| Crhypergeometric ([3, %} 3], 52%) +01hyp67'960m6m6([i 1. B8] sy

)

T (1-2) (1) 3/4
[ } [ J1315

For an alternative reduction of (4.3.12) on can use X5 = 220, + 740, + L0, we get

2Y Wyy + 3Wy + 2XWxy (4.3.16)
where
T y?
X:? Y:?—m, w=W, W=W(T,X)

which admits, inter alia, the symmetry generator

2Yf2( ) W fa(z)

X

Xg =2f2(X)0x + Oy — Ow -

In X81, if fo = x we have a scaling symmetry, the equation (4.3.16) becomes
Wg =0 (4.3.17)

Where X = , W:%, X =W (X)

Solving and replace back we get the solution of (4.3.12)

w = (%)_1/2 . (4.3.18)

Noether symmetries and conservation laws

Consider the Einstein structure (4.3.5).

e The corresponding Lagrangian is after replacing the solution (4.3.7) (C; = Cy = 0)

4xt?
L= —4xt+xT
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The Euler-Lagrange equations are

1 4 4i =0,
y =0, (4.3.19)
xi? — 2xtt — 2tit + 425 = 0.

The multiplier approach gives us all zero order multipliers, viz

M'=(33,0,%), M°=(0,s,0)

M= (.5, M= (01,0 (4:3.20)
4.3.20

M= (gEr), M7= (t,12.0)

M* = (—2,0,t), M8 = (st,0,0)

These, as symmetries are include in the complete set of Noether symmetries viz

2 2
X1 =50+ 320, + Lo, + 50,, f=—-ta+ %

Xy = 505 + 20, + 40y, f=0
X3 = 0, f=0
Xy = =750 — 0, f=1%
Xy = %8%, [ = y2
X = _% x> f=t
X =0, + 20, + L0y, f=0 (43.21)
Xsg =50, + 10, f=0
Xg = —a;ax + té)t, f =0
Xig = Oy, f=0
X1 = tyd, + 120y, f=0
X12 :tﬁx, f:0

where X7, Xs, Xy, X10, X10, X12 are Killing vectors and f the corresponding gauge. Each
one or linear combination lead to a conservation law for the Euler-lagrange equations.
Let give some illustrative examples

Xi: Ty = —5(Astii — sti? — dswi? — 128 — taf + tyg) — 5 (—=2tat + & 4 20i2) — to + &
Xr: Tp=—(tay — tyi + xyi)
Xg : Tg =4tz — 12zt

e The solution (4.3.10) in (4.3.5) give the Lagrangian

2
L:y‘2—4¢i—4(gt2—?i)t'2
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. The corresponding Euler-Lagrange equations are

4 1 4i =0,

.2 .
—gr - 2=0 S
36t°% + (—24dt — 24xt)t? + (12212 4 16yiy + 8y*i)t — 8y?i2 = 0.

The zero gauge Noether symmetries are
2505 + 200, + 10y, —x0p +10, 350, +12%0,, YEREG 4423101,
t139,, 9,
(4.3.22)
while the multiplier approach gives us the following multipliers

(~2,0,6 (52 t2%,0); (2L 2B 0); (s13,0,0)5 (7,0,0).
(4.3.23)

The complete set of variational symmetries is given by (4.3.22) and (4.3.23) viz.

Xy = 250, + 200, + y0, Xe= 2B 4 12/31n1d,

6t1/3
Xo = —20, + to Xy = st 38$
Xy = 220, + 1230, (4.3.24)
X, = t1/30,
Xs = 0.

The four dimension ASD null Kahler metric is given by (4.3.1). After replacing the solution
(4.3.7) and (4.3.14) (Cy = Cy = 0) the lagrangian is

1— 2 . 42 t A N2
L= <y2—4a’:t—x>—<¢— g)—2yt> .

t t 1—1t2 t

The Euler-Lagrange equations are

2t 22 +1=0

(4iy — 20)t2 + (8yi2 — 4idp)t — Ayt + 26 =0

— 4185 + (8t + 8xi + Ay + 492)t7 + (—16yty — 8y + dyd + 45 + 12¢)t6 + (24212 — 24t
—24xf — 8yjj — 8y? — P)° + (8xi2 + 16yiy + Syt — dyd — 4yd — 123)t* + (4y?i? + 24dt + 24xi
+yij 4 497 — ¢34 (16212 + 4i)t2 + (—8id — Sxt)t + 822 = 0

—t4ij + (45 + dyi — 20013 + (—dyi? + 20 + 4§)t? + (—A4ly — Ayt + 20)t — 4yt? + 2i¢ — 2jj =0

The multipliers are

1 te
(07 9 5

2707t); (0,0,0,1), (th -

2 —1,0,0);  (yt,t>—1,0,0); (¢,0,0,0)
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while the complete set of variational symmetries is

t
2

VO H(B—0)0y; YDt (P—1)0y: 10 0,

1
25054220, +y0y+90p;  Os; §ay+ta¢; O (tY .

where the last generator is a no zero gauge symmetry.

4.4 Pseudo-hypercomplex with symmetry. The hyper-CR equa-
tion.

The EW structure is [27]

h = (dy + udt)? — 4(dz + wdt)dt,  w = uydy + (vuy + 2u,)dt (4.4.1)

where u(z,y,t) and w(zx,y,t) satisfy

U + wy + uw, — wuy, = 0, Uy +wy =0 (4.4.2)

Different classes of solutions to (4.4.2) which yield non-trivial EW structures are found.

e If we assume that u and w do not contain y as dependent variable, we can integrate
easily the corresponding equations in in (4.4.2)

h = (dy + fdt)? — 4dzdt, w=fdy + ffdt (4.4.3)

where f=f(x) is an arbitrary function. A large class of complete solutions belong to this
class. For example f = a’z, where a is a non-zero constant leads to the Einstein-Weyl
structure on Thurston's Nil manifold S! x R? [25]

e Looking for t-independent solutions (4.4.2) is reduced to a linear equation. To integrate
this system we take advantage of the classical hodograph transform (see e.g [30] ,[31])
which achieved by interchanging the roles of the dependent and independent variables.
To this end we consider x = z(u, w),y = y(u, w) and compute the derivatives

1 1 1 1
OwT = —Uy; Oyx = — Wy Owy = — 5 las oy = 7 Wa

where J = ‘g(&l;))’ is the Jacobian. We assume J # 0 (important!)
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Replacing back the second equation in (4.4.2) implies the existence of a potential F' =
F(u,w) such that

while the first leads to

Foo+uFyuw +wEy,, =0

By reduction a large class of solutions can be determined.

e Looking for the integrability condition of the system (4.4.2) one may assume the existence
of a potential v = v(x,y,t) such that the second equation yields

U = Uy, W= —vy (4.4.4)

and the first equation becomes

Vgt — Vyy — VgpUsy + VyUze = 0 (4.4.5)

A basis of the Lie point symmetry algebra of (4.4.5) is given by the generators

Xl = f4(t)av

XQ = 23?81; + y@x

Xy = f3(t)0z + yf3(t)0y

Xy = 220, + 300, + Y0,

X5 = 2f2(t)0y + (2 f5 + v 1) 0v + 2 50,

Xo = 6f1(t)0 + (6vf] + 6xyfl + 3> f1")0s + (62 f] + 3y* 1)z + 6y f10,

In Xg, taking fi = & we get a scaling symmetry Xs = 20, + y9y + td; + v0,. The

invariants and transformed variables are

x=2 v=4 v=2 v=vxy).
t t t
In terms of the news variables the equation (4.4.5) becomes

—XVxx = YVxy =Wy = VxVxy +VxxVy =0

which admit inter alia the symmetry generators X} = —9y + X3y and
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X62 = 8X —|—Y8V

Through X61 the previous equation is reduced to

—2XVXX + VX =0
where V=V + XY,  V =V(X). The solution is V = C} + CoX3/2.

Replacing back we get a solution to (4.4.5)

v=Cst (%)1/3 - % + Ot (4.4.6)
(4.4.6) and (4.4.4) give solution to (4.4.2)
u:_TerBTO2 % w:% (4.4.7)
Using X2 we have the solution
U= g, w:fC'lfquy—j (4.4.8)
t t t

e hydrodynamic reduction

The system (4.4.2) can be cast in general quasi-linear vector form

uy + A(u)ux + B(u)ug =0, (4.4.9)

T"is a vector whose componements depend on (z,y,t), and

(3 2): w2

The method of hydrodynamic reductions consists of seeking multiphase solutions in the form

where u = (u, w)

u(:):, yat) = u(Rl(x, yat)7 e ,Rn(.it‘, yat))

where R' = Ri(x,y,t) (the so called Riemaniann invariants) satisfy a pair of commuting
system of hydrodynamic type

Ry =7'(R)R,,  Ri=u'(R)R,,

i=1,2,---,N (4.4.10)
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The number of Riemann invariants is arbitrary! Solutions of this type were extensively inves-
tigated [33, 34, 35]. Later, they appeared in the context of the dispersionless KP hierarchy
[36, 37, 38, 39]. We will call a multidimensional system integrable if it possesses sufficiently
many n— component reductions of the form (4.4.10)

The requirement of the commutativity of the flows is equivalent to the following restrictions
on their characteristic speeds [32]

7j]_v,yi - ij_uuiv i#Jj, 0;=20/0p (4.4.11)

(no summation!). Once these conditions are met, the general solution of (4.4.10) is given by
the implicit ‘generalized hodograph’ formula [32]

v'(R) = 2 +7'(R)y + p'(R)t

where v*(R) are characteristic speeds of the general flow commuting with (4.4.10), that is the
general solution of the linear system

8j’l)i . 8j’}/i . 8jui

N Ut R e T

i F
Substituting u(R!, ..., R") in (4.4.2) and using (4.4.10) one readly arrives

dw = —~'0;u, pt = ’yiQ +uy+w (4.4.12)

The compatibility condition 9;0;w = 0;0;w implies

A ~J
8iaj’u: 3‘8]7 187,7//4‘ 81’7/

_ -0 4413
v — v =yt ( )

while (4.4.12) in the commutativity condition (4.4.11) results in

9y = —0ju (4.4.14)
The substitution of (4.4.14) into (4.4.13) implies the Gibbons-Tsarev system for u(R) and
V(R)

—26ju8iu

aj’yZ = —Bju, Gzaju = 7] — ")/Z

(4.4.15)
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i # j, which was first derived in [38, 39]. For any solution u,~" of the system (4.4.15), one
can reconstruct p* and w by virtue of (4.4.12). In case of two components this system takes
the form

—261 u82u

2

Y = =0, Oyy' = —0hu, 010 = i
7=

The general solution of this system is parametrized by four arbitrary functions of a single
argument. Moreover, the system (4.4.15) is invariant under the reparametrization

R' = fY(RY), R?> — f%(R?) where f!, f? are arbitrary functions of their arguments.

4.4.1 Remark. A four dimension hypercomplex manifold can be constructed from (4.1.1),
(4.1.2) and (4.4.1) as follows

rewrite the metric (4.4.1) in orthonormal triad h = e? + €3 — €3, where

e1 =dy+udt, e =dz+ (w—-1)dt, es=dr+ (w+1)dt

The duality relations

*pe1 = eg N es, *peg = ez N\ ey, xpe3 = ea A er

yield

xpdt =dy Adt, xpde =dzAdt+udz Adt+2wdt Ad, *xpdy =2dz Adt —udy A dty

Take the special case V' = wu,/2 (which leads to pseudo-hyper-kahler with triholomorphic
homothety), and use the above relation to write the monopole equation (4.1.1) as

U2 Uy

—wum)—i-dx/\dt(umy—l—;—i- 5

Uglly | Ugp  Ullgy
2 + 2 2

dy/\dt( )—Fugmdx/\dy:dn

The simple solution u = 2 (4.4.3) in the above relation results to 7 = dz 4 dy + $dt and the
four dimension manifold is given by

2
[(dy + xdt)? — 4dwdt] — (dqﬁ +dz + dy + gdt) . (4.4.16)

e

g:



Section 4.4. Pseudo-hypercomplex with symmetry. The hyper-CR equation. Page 42

Variational symmetries and conservation laws

e The Lagrangian corresponding to the EW Structure (4.4.1) is after substitution of solu-
tion (4.4.7)

The complete set of variational symmetries is obtained ,

1 1
— 20y + 10y 250, + 2205 + ydy:  ty; —t%aﬁgax; O 50u; —iax

where the last symmetry is non zero gauge and all symmetries which are not involved
the arc length s are Killing vectors.

e By the solution (4.4.8), the Lagrangian from the EW structure (4.4.1) is

yi 2 X y2
L=(g+% ) —4la+ |-+ )]t
o) (4 (54 8))
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variational symmetries are

—x0y +t0y; 2505 + 200, + y0y;  yOr +1t0y; y(Int + %)390 +tlntd,; to,
Js; —%t.

where the last symmetry is non zero gauge symmetry. Note that if we use solution
refereed to (4.4.3) we got five variational symmetries.

e The four dimensional pseudo-hyper-Kahler is given by (4.4.16). The corresponding La-

grangian is

i\ 2
1 o : i
L:Z(g)—l—wt)Z—m’c— <¢+:'c+y+$2> .

The Euler-Lagrange equations are

(22 4 2)i + (=3 — 20)i + 4i + 4§ + 4¢ = 0,
zt + i@ + 43 + 3ij + 4¢ = 0,
@2+ Ly +20)3 + 128 + § + 24)x + & = 0,
it + ot + 28 + 2§ + 2¢ = 0.

Variational symmetries are

X, =20, — 2t8y + t8¢; Xg = 8¢
Xy = —2505 + x0y — (2z + 3y + 2¢)0, — 3t0; + (%y + QS) O0p; X7 =04
X3 = —2xe($+%+¢)8y + 2e($+%+¢)8t + me(z+%+¢)8¢; Ag = 0y
Xy = —e @340, 4 e~ (r540) . Xy = O,
X5 = —x0; + t0; + x0y; X190 = —80y + 504

X1 = 505 + (¢ +x + )0y + td — L(22 + 3y + 26)0;.

where Xjg is no zero gauge and Xy, X3, Xy, X5, Xy, A7, Xs are Killing vectors.

Some corresponding conserved quantities are

Xo: To= xf+4sid+dsyd — 228 4 2sif — 3ta(p + @) + dsiy — ay — 22(¢p + &) + 252t
saiy + 25wt — 3yi — 2 — 3yd — 263 — ¢ — 266 + 25% — 3t + BL 4 2542

Xy: Ty= 2ieltets)

X4 : T4 = —ie_(x+¢+%)
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4.5 Conclusion

We studied the invariance properties generated by some well-known metrics of neutral sig-
natures. As the metrics depended on solutions of PDEs, we constructed exact solutions of
the PDEs using Lie group methods. From the specific forms of the metrics, we determined
the isometries and the variational symmetries of the underlying metrics and corresponding
Euler-Lagrange equations for both (Einstein Weyl structures and the corresponding four di-
mension metric constructed using the Jones-Tod construction). We established relationships
between the resultant Lie algebras, viz., the algebra of isometries are subalgebras of the alge-
bras of variational symmetries. For illustration, we chose some cases for which we constructed
some conservation laws via these symmetries or the “multiplier approach”. The interesting
result occurs in Section 4.3 where the Lagrangian obtained from the three dimension EW
structure has more variational symmetries than its corresponding four dimension Lagrangian
obtained by Jones-Toda construction.



Chapter 5

Wave equations on curved manifolds

5.1 Introduction

The standard wave equation in (3+1)-dimensions has been extensively studied in the literature.
A detailed symmetry analysis of this equation is discussed in [41]. In particulary, the symmetry
classification problem for a number of wave equations has been studied in flat space [49, 50,

, 52, 53] and non flat space (non-zero constant curvature) [45, 46]. In this work we pursue
an investigation of symmetries of the wave equation on some spacetimes with non diagonal
metric g;; and neutral signatures.

5.2 Wave equations on ASD-Einstein manifold

A detailed symmetry analysis of ASD-Einstein manifolds has been done in [42] .The metric on
the ASD Ricci-flat is locally given by

2
ds? = dzdy + dtdz — (—?t’fy + ‘f) de? + Tydtdz

A Gordon type equation in a curved space or in curvilinear coordinates is given by the expression

Ou = 1|g| (gabul, ]g])a = k(u) (5.2.1)

gap being the metric of this space, g =|| gas || its determinant, g?° the inverse of gy, |, b =0
and O is the D Alembertian, sometimes called the "box" operator.

Consequently, the Gordon type equation on the ASD manifofd takes the form

45
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xt — 3yz 2
Tyum - Tyuwy + gy + uy, — k(u) = 0. (5.2.2)

Lie symmetries

We consider the following cases for k(u) in (5.2.2) given by
(i) k(u) =0 (wave equation)

(i) K

(iii) k(

(iv) k( " n#0,1,3

Case (i) k(u) = 0.

u) =u
u) = u?
u) =1u

In this case, (5.2.2) admits the following 15-dimensional Lie algebra,

X1 = u@u
Xo= fi(z,y,2,t)0,
X3 = to,

Xy= 3tV720, + 2+ V) VT0,

X5 = 3t1V720, — (=24 VT)tV79,

Xe= to+ yay

X7 = 2y0y + 3t0; — x0,

Xg= (=24 VDt VTya, +1>V79,

Xo= 2+ VDtIHVTya, — t2+V7p,

Xyp= tV7 [(1 — VT uydy + VY20, + txd, — tyo; + —(73+ﬁ)fzy+3y223x]

Xu= V7 [(—1 ~ VT uydy + VTy?0y — twd + tydy + wa@}
X9 = 2t0; + yay + 20,
202 —tayz 2,2 u(tr+yz ’ x 2z P
Xig= Cotmetdiay ulefvig 4 oeeg g wledtiE g  vzg, 2
Xia = 472V [(1 = Tz, + (VT = 2)220, — 120, + (1w + 2y2)0, + T2 |
Xip= t2HV7 [(—1 — VT uzdy + (2 4+ V7)220, + t20; — (tx + 2y2)0y + w@}
(5.2.3)

where
tzfl,yz + t2f1,xt - 2tyf1,xy + txfl,:rx - 3yzf1,xx =0

Case (i) k(u) = u.
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Equation (5.2.2) admits 8-dimensional Lie algebra :

X1 = uo,

X2 = fl(xvya Z7t)8u

X3= to,

X, = _Z(2f2[?+tfé) + fQ[ﬂay )
Xs= (—2+ VD)t Vya, +12V70, (5:24)
Xo= —(2+VDtHVTya, +12tV75,

X7 == y(‘)y - Zaz
Xg = t&t — xé?x

where
_t2f1 + 2t2f1,yz + 2t2f1,mt - 4tyf1,my + thfl,mz - Gnyl,zx =0

and
Tfo—tfy—t°f3 =0

Case (iii) k(u) = u3.

Equation (5.2.2) admits 14-dimensional Lie algebra :

X1 = to,

Xo= —h0,+2 (L +f1) o,

Xs= (=2+ VDt V7yo, +12V70,

Xy= 2+ VDHHVTyo, — 12+V7p,

Xs= (1= vVt VTuyd, + VTt—VTy20, + t1V720, — t1VTyd, + t-VTy((v/7 — 3)xt + 3y2)d,
Xo= —(1+VO)tYTuydy + V7tVTy20, — V720, + V7o, + V(3 + VT)at — 3y2)0,
X7 = yay - Zaz

Xg= 220, +t0; — udy + x0,

Xg= 220 + 220, —ud,

X0 = f[( 14+ VT)udy — (— 2+ﬁ)zaz—ﬁy8y+wam+t&g}

X = 27 [(1 + VT udy — (24 VT)20. — VTyd, + —H2TE Dz tat}

Xyg= t727V7 [—(—1 + VT uzdy + (=2 + V7)220, — t20; + (tx + 2y2)0y + Z((fgﬂ/?m%yz) 84

Xyg= 207 —(1 + VT uzdy + (2 + V7)220. + tz0, — (tx + 2y2)0y + t ' 2((3 + VT)tz — 3y2)0,]

Xy = t2x2_t:ci/3z+3y 22 Dy + (tx+yz)a + xza + y(t:t+2yz)8 yTzat

(5.2.5)
Case (iv) k(u) =u™, n#0,1,3.

Equation (5.2.2) admits 8-dimensional Lie algebra :
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X1 = to,
Xo= 3t V720, + 2+ VDtV79,
Xz = 3t~ 1V720, — (=24 V7)tV79,

X5 = ——P-0u + 3t0;, + 290, — 20, (5.2.6)
Xo = ——2%-0y + 2t0; + ydy, + 20.

Xy= (=24 VDt VYo, + 12 V70,
Xg= 2+ VD)tHVTyo, — 2HV70,

Symmetry reduction

Since [X,Y] = 0 with X = t0; + y0, Y = t0y — x0,, where X and Y appear as Lie
symmetries (also Noether symmetries as will be seen later) in all the above cases (even not
explicitly but as linear combinations), we may start reducing with X.

The characteristic equations are

Integrating we get o = ¥ and (5.2.2) becomes

(22 — 602)Uugy — 60Uy + 2Uzg = 0 (5.2.7)

with u = u(z, a, 2).

If we further reduce (5.2.7) by Y, we obtain Y = —ad, —20,. Consequently, the characteristic
equations,

dr _da _dz _ du

—x —Q 0 0

T

By integration, we obtain § = £ and (5.2.7) reduces to

(48 — 32z)ugp + 3ug — Pug, =0 (5.2.8)

with u = u(f, 2)

Equation (5.2.8) may be reduced using the underlying symmetries. The Lie point symmetries
are given by
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(f1(8,2) +ufa(2))0u + f1(2)0: + f3(B, 2)0p
where

32fs — 3Bfs—32Bf1+ 4B f1 + B fs. + 32Bf38 — 4% f33 =0,

—3f1.5+ Bfrp:+32f1.88 — 4Bf1p5 =0,

12f3 — 9f4 — 32Bf5 + 482 f, + 38fs3.. + 92 f35 — 12B8f3.5 + (328 — 458%) f3,8.+
(922 — 2428 +165°) fs.55 = 0

Take f1 =0 fo=1, f3=p fi =z we have the characteristic equations

dz _ 45 _du
2 B wu
By integrating we obtain v = g ,u=Y, U=U(y)and (5.2.8) reduces to the second order

ODE

(v* + 4y = 3)Uyy + (2 + 3)U, = 0.

The solution is

U(y) = C1 + exp {—; arctan h G(a; + 2)ﬁ>] Cy

where C1, Cy are constant

Noether symmetries

Consider the wave equation (5.2.2). Since it is variational, the corresponding Lagrangian is

given by
_tr—3yz o 2y

L 2 Ur T Uyla + wpg + uzuy — 2h(u) (5.2.9)

where h(u) = [ k(u)du
Case (i) h(u) =0

For the Lagrangian (5.2.9), we obtain after separation by derivatives of  in the relation (2.4.2),
the following overdetermined system
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uiuy Nu
uiut Tu
UpUtUy Tu

902 442 _ _ 43 o042 o 43 _ 942
Uz Uy D=2yt — AtPydy, — t (20t — 6yz) Ny — Mt — 267y, — t°E, + 2ytT — 2t°n
uguy 1 —t (22t — 6y2) v — it + 2t2yy, — 3¢,

Uy U : 2636, — t (22t — 6yz) Ty + 2t2yTy, + 3y, + 31,
Uy 29t%Y + 20y + Tt + &t

Uy Ut : —nxt?’ + QTxto — 73

U, Ut : —%t?’ — Tyt3

u? D (wt — 3y2) (2tdy + e + by, + tny — &) + 262y, — 3& — (at — 6y2) T
+(—3zn +t& — 3yy) t

u; L 2yng — .t

Uy Ty

u? D Ty

Uz d)y - f3,u

Uy it (2$t - 6y2’) ¢r + ¢tt3 - fl,utg - 2t2y¢y

Ut D — f4,u

Uy : _2y¢w + ¢zt - f2,ut

1 :fl,x+f2,y+f37z+f4,z

Therefore, the coefficients of infinitesimal generator are
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n(z,y, z,t,u) = ﬁ [2 t=2-V7 0y t2yz + ((05 y? +2 07) 2+ Cy :Ut) V7 42 t_2+*ﬁ02 t2yz+
2672V 0y t2y + 262V Co t2y + ((Cy y® +2 Cg) 2 + Cota) tV7
+2y (t2Cs + 1/2 Cy ta + C; yz)]

&(x,y,z,t,u) = [((14 Cist3y +7Cs :nz) VT —28 Cist3y — 21 Cs xz) VT 4 28yCy 2 (2 + \ﬁ) 2VT+2
+142 ((3/14 C5 42 + Cr) VT =2 Cy) V42 128y Cg 2 (—2 + VT) 7 2VTH2
+((—14 CratPy — T22.C2) VT — 28 C1p t3y — 21 22 Cy) t1HV7T—

142 ((3/14 Cy y® + Cs) VT +2 Cs) t2HVT = 3 (Ba/TC5 — L3205 — 722C5) yt V7
217 2VTT g at? + 202V T Cg at® + 3 (BBa/T-C4 +T/3832C +T722Co) ytV7

+21y222C1 — TtxyzCy + 14 ¢2 (t2015 —|—£L‘(Cg + Ci; — 014)t—|— 1/2:E201)] ﬁ

CotVT4+C5t=VT+Cry)z
T (m)y7z7tau) = ( : 3_215 : y) + % <t1+\ﬁ04 - tl_ﬁC5> Yy — 1/7t_2\ﬁ+1\/70]0
+1/TEVTHNTCy + Oy
2 2
vy, ztu) = e (Tt (tﬁ> 20y (—2+ V)t VT 4 (t\ﬁ> (VTzCs + 144 Cy5) VT2

Tt (t\ﬁ> 20y (2+VT) 72T 4 (tﬁ)z (—VTxCy + 14 Cppt) 2TV7—
4 2
4 (—t (VT+3) Co (V7)) + (5 Curt = FaCy) (7)) +1Cro (VT - ;)) z]

2_ _
J1 (2 tu) =[O0
—(f@s,t du)t —tQ(F2,t+F1,z +F3,y)—(f¢y,z d“)t2+(f2y¢y,z+2¢z—t¢y,z d“)t+(f(2$t—6yz)¢z,z du) dzx
+2

+f ft(t¢z,t72:g¢)y,z+2¢z)dx_|_F4

t
f2(2,y,2,tu) = [-2lfldu 4 Py
f3($>y7zat7u): f¢ydu+F1

f4 (@,y,2,t,u) = [da du+ F

H(—2y¢a t - .
¢(x7y727t7u)$,x — — ( y¢ ,ay;:'_i(;zz +¢y, ))

¢ (z,y,2,t,u), = W [((:ct —98yz) VT +5xt + 98yz) (tﬁ>2t203 4—2—VT_
Cs (V7 )2 ((at — 98y2) /7 — bat — 98 yz) 2424V
14 (tﬁ)2 ((ty2C5 — 1/14 C5 2) /T — Tty? C5 — 2G32) =T
98 (tﬁ>2t*2ﬁcw 2y — 08 (t\ﬁ>2t2ﬁ09t2y— 28 (VT +7/2)12Cyy (tﬁ)4+
((-14.Cy 242 + Cote) VT =98 C 122 — 5 Co ) (177)
98 ((Cs + Ciy)t* + Crtz+ Cryz)y (t\ﬁ)Q +28 (V7T —17/2)12Cyo y]
(5.2.10)

where C; are constants and F; = Fi(z,y, z,t)
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Andweset F1 = F == F3=F; =0

When we separate (5.2.10), we find that the Noether point symmetries are

Xo = —x0; +to;
Xs= a0, +20. — %0,
X,= ¢/7[-22V0p 4o,

2(=2+V7
X5= L 2200, 10,
Xe= —t"HVTy24+7)0, + t2+V70,
Xo= yt'" V(=24 V7)d, +127V70,
Xg= 0y
X = t2x2—t:5231§+3y232 ax + y(ta;z—&;;yz)a + EZO _ at u(tx—i—yz) au

[z T+3xt—3yz z 22 z 2Zu
Xp0= tV7 - (V7t ;fdt 3y )835'1‘ tz;-tgy 8, — (é—;f)az_ 20, + (;;ﬁ)au}
Xll = t% _wa’v + tr;—tgyzay ‘|‘ ( 22;{\[) az - iat (Bgr\ﬁ) 8u:|
Xy = V7 y(3ﬁtz—1?2tﬁyz+7fct)a T ﬁa _ ftaca I ftya _ (f+7) o,
X3 = t% —y(S\ﬁthi\ﬁyz—?xt)a + y a + \ftxa ftya + yu(\f 7) a,

Xyg= V7 [ Vleoliedsyzg @y 4 2TVD g L Vg, —”f u@u}

X5 = tiﬁ _ﬁtz—14\7/t?yz+28yz By + ydy — z(—747r2ﬁ) 9. — @&5 i _7J7r\ﬁuau]
(5.2.11)

The conserved quantities are three form w such that the four form Dw vanishes. Thus

w=®"dy Adz Adt — ®Ydx A dz Adt + &*da A dy A dt — ldz Ady Adz

so that
D,®" + D,®Y + D,®* + D;®" =0
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(5.2.12)
Case (ii) h(u) =u", n#0,1

We obtain a 7-dimensional algebra of point symmetry generators namely

X1 = —x0; + 10, Xo = —y0y + 20, X3 = —(2+ VT)IVTyo, + 12HV70,
Xy = (=24 VD VYo, +27V78, X5 = -2+ VDt V720, + V79,
Xo= (=24 VDt V720, +t7V70, X, =10,
(5.2.13)
The corresponding conserved quantities are
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DL = wu, (yuy — zuy)
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Ug (uxt_1+ﬁzxﬁ + 2uxt_1+‘ﬁz — uytﬁ>

—uy (uxt_“'\ﬁzxﬁ 4t~ VT, uyt\ﬁ>

—%(—t\ﬁ\ﬁzuwuz + 2t‘1+\ﬁ\ﬁyzux2 + 7t‘1+ﬁyzu$2 — tVTou,? — 2tV supu, —

VT, + t1+\ﬁu")

%2 [St*Hﬁ\ﬁyzQuwQ Tz ru? + 6t71+ﬁy22u1«2 + tH\ﬁ\ﬁzuyuz — VT, —

6t‘ﬁyzuxuy — t1+ﬁ\ﬁu”z + 2t1+‘ﬁzuyuz o HVTyny + t2+‘ﬁuyut + 2t1+‘ﬁazuxuy
1+V7,,, 2

_9¢ +‘[yuy ]

—Uyg (uxt_l_\ﬁz 7 — 2uxt_1_‘ﬁz + uyt_ﬁ>

Uy (uxt_l_‘ﬁz 7 — Qu t— V7o 4 uyt—\ﬁ)

%(—7t‘1_\ﬁyzux2 — t‘ﬁ\ﬁzuxuz + 2t_1_ﬁ\ﬁyzum2 + t‘*ﬁrvugc2 + 2t‘ﬁzumuz+

tl_\ﬁuzut — tl_\ﬁu")

—t% (SIfflf\ﬁ\ﬁyzzux2 — t*\ﬁ\ﬁxzugf — 6t*1*\ﬁyz’2ugﬁ2 + 2t*\ﬁxzum2 + Gt*‘ﬁyzuxuy—i—

tl_ﬁ\ﬁzuyuz — tl_‘ﬁ\ﬁunz — 2t1_\ﬁzuyuz + oLV, — tQ_ﬁuyut — 2t1_ﬁxuxuy+

2t1_\ﬁyuy2)

—umzt

Fuyluy

- (tuz - 2yux) Uy

F(—uyust? + tru,® — 3yzu,® + u't?)

(5.2.14)
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Variational symmetries, multipliers approach

Consider the wave equation (5.2.2) in ASD-Einstein spacetime with dependent variable u =
u(z,y,t), i.e., we project the system on z-axis

Let us choose k(u) = —u, we have

) T 2y

where Q = Q(x7y>uaumauyauzma“yya“x%“xmxa“mmy)- Then

2
[Q (?um - Tyuxy + Uzt + u)] = D;®' + D,®Y + D, d"

where (&%, Y ®!) is the conserved flux. We obtain the set of multiplier Q; together with the
conserved densities, namely,

Q) = %

o7 = e 3/2 [2yug (tug + (t — 2y)uy + 2zuy) + u ((t — 2y)ugp + 2y (tuge + (t — 2y)ugy))]
O = [t = 29) (e — wttars)]

Pt — Us Z\%tm

Q= (b + Tuper + tsy)

oF = 4t§y2 [y(2z (tus® — (tuaat + (t — 29)Uzay) Us + Uzz (gt + (T — 29)Ugy + TUay))
Ftuy (tug + Ugy + TUgar) + (8 — 2y)u y (tug + Ugy + TUgay))
Jru(yuxttQ + yu:rth + (t - Qy)u zt — 23/2ny15 + Ugat + Yugait + yu:rxyt + TUgzt + TYUggait+
TYUgzayl + YUgz — 2y2um:cy + TYUggr — 2xy2uzm:cy)]

(PZQJ = 4t12 [( 2y) (tu:tQ + (ux:r: + xuxxx) Ugy — U (tumc + 2Uggy + xu:r;a:x))]

(I)g = 4ty [tux + (Uxac + xuxzx) Uy — U (tua}x + 2Uppe + xua::ca:x)]

Q3 = yuy + u

(I)%; = % [?/“y (tut + (= 2y)uy + 22us) — u ((t — 2y)uy + y (tug + (8 — 2y)uy + 22ugy))]
O3 = 5y ((t = 2y)uyus +u (2tugs + (1 — 2y)Uzy + 22Uz )

P} = i (Uyuz — utgy)]

Qy = 7(4tyuy +4TYUpey + tu + XU + 2yuwy)
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oF = W[S’t(t — 2y)u2 - (—48tuyyy3 + 16uxyyy3 + 1633umyyy3 + 24t2uyty2+

24t2uyyy2 + 48t:zuxyy2 + 12uwyy2 — 8tuzyty2 — 8tuxyyy2 + 32xumyy2 — Stxumyty2—

Stxumyyy2 + 16x2umwyy2 + 12t(t — 2y)uyy + 2tugy + Stugyy + 102Uy + 2txUpay+

142Uy y + 88 Upzay — BtTuszs) u + 2y (12ty(t — 2y)uy® + (—8yuszza? + 24tyu,z+

Stz — 16YU, T — StYUpptx — 8y2umyaz + YUy — 2ty — 8y2uxy + 4tyuxy) Uy+

3tuy (dtyuy + 2ytqgy + & (Upy + 4Ylgay)) + 22 (8Yugy (tugs + (t — 2y)Ugy + Tuze) +

Uy (8uxyyy2 — Atugyy — Apyyy + 8TUzzyy + tug + (t 4 12y)ugy + 4ﬂ:um)))]

@3 = W[Eﬁyumzw2 — 8yu$um$x2 + SturUpr® — 16YUL UL T + STYUL Uz T — 16y2umyumx+
8tYUgyUpa® — StYUgUpgr T — 8y2uxumyx + dtyug gy e + 12ty(t — 2y)uyuy — 2tyug g —
8y2uxuxy + dtyugtzy + u (24yumtt2 + 12y(t — 2y)ugyt + 24xyug,t — Sugpyt + 10yupeit—
8yu:ca:yt — 3TUgzat + BTYUggatl — 4xyumca:yt + 16yuz, + 16y2uzxy + 322yugt+
8Ty Uggay + 822 YUsaas )]

@21 = ﬁ[lltyua: + (2yuxy + TUzy + 4xyuxxy) Uz — U (4tyuxy + Upg + 6yuwwy + TUgzr + 4$yuxmcy)]

— Ugzx
Q5 y2/3

PS5 = m[—muxyumf — 6uyumxy2 — GuuWQ;yy2 + 6xum2y + 6tz Uz y + 6tULy Uz Y+

6uy (_uxz‘ — tUggt — (t - Zy)umﬁy) Y+ Suuzxxy + Stutuxmcy + Stuyuxﬂcmy + 3tuuxrxty+

3tuumxyy + QtUU:m:m}

(I)Z - 4t%1/?72[(75 = 2y) (UaUozs — Uligara)]

P> = —L_[uu — uu

t 43 /*y2 [ zUrxx mcxx]

Qs = Uzzy

@g = ﬁ[lltuxf — 8yuxy2 + Augipy + 40U Uzy — 2UyUpr — 20Uy Ugrt — AUUgzy + U ULy +

Py Uy — 2YUyUpgy + Uy (QUgy — 2tUgyr — 2tUgyy + AYUgyy + 4TUzey) + tUUZLyr + TUUZ Ly —
2Y Uy — 20Uy Upry — 20UUzz0y]

<I>g = %%[QLL“UIIQ + 2tUpi Uy + 2tUgyUgy — AYUgyUpe + AUz — Ug (2Ugy + 2tUggr — tUgay+
2yuzxy + 2$Ux:m:) + 2tutggrt — Ul ggzy + zyuucpx:py + 2$uuxmxw]
(I)? - % (ua:uacmy - uua:xacy)

(5.2.15)

5.3 Wave equations on Kerr spacetime

Introduction

A metric that describes a massive rotating object has been proposed by RP Kerr in 1963. Since
then, many works have been done to investigate the structure and astrophysical applications
of this spacetime . Exacts symmetries of this spacetime are investigated in [47]. In [48], the
authors investigated the approximate symmetries on Kerr spacetime and found the rescaling
factor for the energy. In this section, we analyse the symmetry structure of wave equation on
Kerr spacetime. Noether approach and direct construction are used to find conserved densities
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on this spacetime.

The line element in this spacetime is given [43]

02
A [dt — ksin®(0)de]” — MW + k?)de — kdt)? — pjdrz —p*de*  (5.3.1)

ds? = =
p? p? A

where A = 12 — 2Mr + k? and p? = 72 + a? cos?(f). M and k represent the mass and the
rotation parameter, respectively. The angular momentum of the object is J = Mk

The Gordon type equation is given by (5.2.1)

2

2
1 k2 2 02 k2 )
WM[4(MT—2—Z) sin”upy —2(Mr =75 — 5 ) sin“ugg

+25in% 6 <k2 (Mr - % - %) cos? 0 — Mk?r — sz - %) ut + (k* cos? 0 — 2Mr + r*)ug o —

4sin O(Mugkrsin — (sin (M — r)u, — %UG cos ) (MT - %2 + gﬂ -
E(u)(r? + k? cos® 0) sin20 = 0
(5.3.2)

The corresponding Lagrangian is

m[(kﬁQ sin (6) (cos (8))% (Mr — 1k% — 142) — Mk?rsin (0) — Lk2r2sin (8) —
2 sin (0) r) w?] — 2% + % sin(0) (2Mr — k? — r?) u,2 — Jsin () up?+

k2 (cos(0))2—2Mr+r2)ugy? .
Sy~ h) im0 + K cos)

(5.3.3)
where h(u) = [ k(u)du
Symmetries of the waves equation-the Noether approach
We investigate the cases that yield zero gauge of (5.3.2)
The principal Noether algebra is for the case h(u) =0 in (5.3.3)
Xl = au
X3= 0 (5.3.4)

Xy = 0,
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The associated conserved vectors are

(I)¢> _ —QkMrut+2M(CosQ)riut—QMru(;/)—i-(cos 0)2k2u¢+r2u¢
1 sin 0(2Mr—k2—r2)
@Y sin Gug
P = (2Mr—k2—r)u sin 0
slnG(?M(cosé’) k2rug—(cos 0)2 k*us — (cos 0)2k2r2us —2 M k2rus —k2r2up —ugr —2kM7"u¢)

(btl = 2Mr—k2—r2

@g = — QSine(”/[lr_kQ_TQ) [—4 M?r2u,2 —4M (cos 9)2 E2ru2 4+ 2 M (cos 9)4 k2ru2—
4 M (cos 0)? k2ru,? — k2ug? — 12 ’LL9 —l— riu? — rhu,? — ke ? + r?ug? + 2 ME2ru?—
(cos 0)* k2r2u,? + 4 M? (cos 0)* r?u, — 4 M (cos (0)) r3u,2 + 2 (cos (0))? k*ru,?—
2M (cos (0))% rug? + 4 ME*ru,? + 2 Mrug? — 2 k*r2u,? + 4 Mr3u,? — (cos (0))* k*u 2+
(cos (0))? k*u,2 — (cos (0))% rtu,2 + (cos (0))% r*u,2 + (cos ()% k2ug? + (cos (0))? r2ug?+
(cos (0))% kw2 — 2 Mruy?® + (cos (0))* kug? + k2r?uy }

) = —sin(0) uguy

Oh = — (2Mr —k* —r?)u,sin (6) ug

¢ sin(@)(Q M (cos(0))2k2rus—(cos(0))? k*ur—(cos(0)) 2 k2r2us—2 Mk2rus—k2r2u —uprt —2 kMru¢) Ugp
P = 2Mr—k2—r2
(I)¢ . (72 EMrug+2 M (cos(0)) > kru—2 Mru¢+(cos(9))2k2u¢+r2u¢)ut
3= sin(0)(2 Mr—k2—r2)

®f = —sin (0) uguy

= —(2Mr —k* —r?) u,sin (0) w

Pl = 2sin(9)(21\}1 ) [—4 M?r2u,2 — 4 M (cos (0))? k2ru,2 — 2 M (cos (O k2ru+

M (cos (0 )) E2rus? — k2ug? — r2ug? — r*u? — rfu,? — K, — TQU¢2 — 2 Mk ru?+
(cos (0))! k2r2u,? + 4 M2 (cos ()% r2u,2 — 4 M (cos (9))2 r3ur +2 (005 (0))% k2r2u,2—
M (cos (0))* rue + 4 ME2ru,? + 2 Mrug? — 2 k2r2u,? + 4 Mr3u,? + (cos (0))* k*u2+

(cos (0))? k*u,2 + (cos ()% r*us? + (cos (0))% ru,2 4 (cos (0))? k2ug? + (cos (0))? r2ug?—

(cos (8))? k:4ut +2 Mrug? — (cos ()2 k2uy? — k%ﬁut?}
(5.3.5)
Symmetries of the wave equations-the multipliers approach

Consider the wave equation (5.3.2) with k(u) = 0. We have

2
) 1 k2 2 02 k2 2 2
5ul< WM[4(MT—2—Z) sin “rr—Q(MT—T—%)Sm uo,6

k22 4

+2sin? 6 <k2 (Mr— % — 7) cos? 6 — MEk*r — 2’” — TQ)Utt—i- (k% cos? 6—

2M1 + 12)ug 6 — 4sinO(Mugkr sin@ — (sin (M — r)u, — $ug cos6) <M7’ —By %)}

= D;®' + D, ®" + Dyd’ + Dy®?

where Q = Q(ug, Ut, Ugp, Utts Utg, Uggts Utgts Ugd)
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After tedious calculations, we obtain a set of multipliers Q; together with the conserved
densities.

Q1 =
Pt =

Ut

2(k2+r(T712M))Sin(9) [sin(0)%u ¢(2kMru 4 + ((* 4+ r(r — 2M)) cos(0)k? + r(r3 + k*(2M +
))ut) — u(2k? cos(0)? + (k2 + r(r — 2M)) sin(0)u g cos(8) + 2r(r — 2M) + sin(0)?(u .k*
+2r2u o k? — AMru o k? — 2Mru ik + (k2 +r(r — 2M))u gg — 2(M — r)(k? +r?—

QM 1)U 4+ 14U — AM 73U o + AM P72 )]

—2(k* 4+ r(r —2M))sin(0) (u yu ¢ — ut ¢)

3 (—cos()uu ¢ — sin(f)u gu ¢ + u (sinu 4 + sin(f)u ¢))

m%Mr sin(0) (u Ra— tt)]

1

m[sin(e) (2kMru o+ ((k* + r(r —2M)) cos(0)k* +r (r® + K*(2M +7))) u )]

— (k* +r(r —2M)) sin(0)u ,

—cos(Q)u(t,r,0,¢) + sinu — sin(0)u ¢

2kMrsin(0)u ¢

k2+r(r—2M)

Ugp

m[sin(e)(ZkMru o2+ (K> 4+ r(r —2M)) cos(0)k* + r(r3 + k*(2M +7)))u su »—
u(2kMrugy + (k2 +r(r — 2M)) cos(0)k? + r(r® + k2(2M +7)))u 14))]

— 5 (K2 4+ r(r —2M)) sin(0) (u pu » — utt 1)

% (—cos(Q)uu ¢ — sin(0)u gu ¢ + u (sinug + sin(0)u g¢))

Q(kzﬂ(,_le))sm(e) [2k M7 sin(6)?u Ut — w(2k? cos(0)? — (k% + r(r—

2M)) sin(6) (k% sin(0)u ¢ — u g) cos(8) + 2r(r — 2M) + sin(0)? (u . k* + 2r%u . k>
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—AMru o k? — 2Mru 1k + (k2 + 7(r — 2M))u gg — 2(M — 1) (k* +r(r — 2M))u
14U e — AMT3U e A+ AMP120 e — (12 4+ B2 (2M 4 7))uge))]

Uttep

6(k2+r(r—12M))sin(6‘) [—4k?u 1 cos(0)? + (k% 4+ r(r — 2M)) sin(0) (2 sin(0)u tpu wk>*+
2sin(0)u su tt¢kz2 — sin(@)u gu ik — sin(@)uuttka + U gpU ¢ — 2U U 1 + U GU 19—

2un 19¢) cos(0) + 4(2M — r)ru 14 + sin(0)?(u rprgu K= 2u u 1ok + upu grrkt—

2uu trmkfl + 2r2y p—") k2 — AMru rrgl k% — 2u gou t¢k2 +4Mu ,u t¢kz2 — 4ru ,u td)kQ
—4r2y pou t¢k2 + 8Mru qru t¢k2 +u gu wok? — 2uu t99¢k2 —2Mu yu wk? + 2ru U ok
+2T2u¢u ok — AMru HU wrk? — 4r2uu t,«ka + 8 Mruu tkaQ + 212y U k2

+2r2u u tt¢k2 +4Mru su tt¢k2 —r2y U wik?® — 2Mru U wik? — r2uu ttwk‘z

+8Mru t¢2k — AMru u ok + 2Mru gu ok + 2Mruw gk + (k2 +r(r—

2M))u gppu ¢ — 2Mrun ttt¢k2 — 2r2u gou o — 6Mr3u U tr — r4u¢u i

—2(M —r) (k* + 7% = 2Mr) uw pgu ¢ + rtu g — AMr3u pppu ¢ + AMr?u pppu ¢
+4Mru ggusy — 4734 rlU, g+ 12M 72w u th — 8M3ru ,u th — 2rtu ppu té T SMr3u ppu to—
SM?r2u ppu to + r?u U t09 — 2MrTu yu 199 — 2r2uu 00 + AMruuees + 213 HUtr
+4M?ru oW tr — Arduu tro + 12Mr?uu trép — 8M2ruu tro + rtu oW trr — AM 3y U trrt
AM?r?uy U trr — 2rtuu trrep + SMr3uu trrgy — SM?r?uu trrep T+ 2rty toU tt + 2rtu u tte
—rtuu tte + 4AMuu tr¢k‘2 — 4druu tka + 4Mru pu tk?)]

—2 (K24 r(r — 2M)) sin(0) (u yu 4 — WU 41r0)

(= cos(0)uu 1y — sin(O)u gu 11 + u (SIn U 114 + SIN(0)U 194))

STy ) 2R 1 cos(0)? — (K2 + r(r — 2M)) sin(0) (— sin(0)u »*k*—

sin(0)uw 140k + gt 1 + un g + u (k2 sin(0)u 1p — u 49)) cos() + 2(2M — r)ru y+
Sin(0)2(—u prtt 1ek* — utt ek + 720 4 2k% + 2Mru 1 2k% — u gou ik + 2Mu pu ik?

—2ru pu wk? — 202U 1k 4+ r2un gk? — 2r3u pu 4 + 2Mruugge

FAMru prugk® — uugpok® + 2Muw 4 k? — 2ruu, wrk? — 2r2uu e k? + AMrun k2
+2Mruw yuk® + 4Mru toUtth — 2Mrun ok + ru 42 — 12 gpus + 2Mru gou 4

FO6Mr2u pu g — AMPru pu g — T g 4+ AMr3u e g — AMP %0 pu g — T2 e
—2r3un g 4+ 6M12uns 1 — AMPrun g — T + AMTPun, g — AMP 200 1 A 0 (U ek
+2720 k2 — AMru o k? — 720 ik — 2Mru ik + 2Mru ok + (k:2 +r(r— QM)) U 99—
2(M —r) (k2 +7r? - 2M7“) U g+ 17U e — AMT3U g+ AM27%U g — 10 ) + 70U 1)
Ut

—6(k2+T(T712M)) ) [u g (2K2 cos(0)? — (K2 + r(r — 2M)) sin(0) (k? sin(0)u 1+ — u ) cos(6)+
2r(r — 2M) +sin(0)?(u prk* + 2r2u o k? — AMru k% — r2u 4k% — 2Mru 1 k? — 4Mru tpk+
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(k2 +r(r —2M))u g9 — 2(M —7)(k? + 12 — 2M7)u » + 740 p — AM73U o + AM 2720 .y

—rtu 1)) + sin(0) (sin(0) (—=3r(r3 + k2(2M + 1)) u 1w 1o — ug(U prok® + 2r%u sk —

4M7“urr¢k2 —r2y tt¢k2 —2Mru tt¢k2 + 2Mru g0k + (k2 +r(r —2M))u 06 — 2(M — r)(k?

+r2 — 2M7r)u pp + 7"4urr¢ — AMT3U gy + AMP7%U gy — rtu tte) + u(urr¢¢k4 + 2r%u ppppk?
—4Mru M¢¢k2 + 212y tt¢¢k2 +4Mru tt¢¢k2 4+ 2Mru td)d)qﬁk + (k2 + 7’(7’ — 2M))u 00pp — Q(M
=) (k2 4+ 1% = 2M7)U rpp + Ty — AMT3U 1rgs + AMP1% U + 20 0 1150)) + (K2 + 7 (r
—2M)) cos(0)(—3sin(0)u 1u 1ppk* + u o(k? sin(0)uery — u gg) + w(2sin(0)uspsk® + u gsp)))]
6(k2+r(r_12M))Sin(9) [—4k?u 15 cos(0)® — (k* + r(r — 2M)) sin 0(—2sin(0)u tpu uk? + sin(0)u yu pk>
+sin(0)u pu 1rk? — 2sin(0)unpish?® — w gpt + + 2U gU 1y — U U 19 + 2ul 194) cOs(0)+

42M —r)ru ¢ + sin(6)2(u ,,«r¢utk‘4 —2U U t¢k4 +u gu rk® — 2uu trmkfl + 2r2y rrgl k2 —
AMru prpu k2 — 2u gou t¢,k2 + 4Mu,u t¢k2 —dru u t¢k2 — 472 ppu t¢/€2 + 8Mru qru t¢k2+

U U wok? — 2uu t99¢k:2 — 2Mugyu wk? + 2ru ¢utrk:2 + 4MuutT¢k2 — 4ruu tr¢k2 + 212 U k2 —
4Mru yu arrk? — Ar2uu trmk‘z + 8Mruu trka + 2124 U wk? +4Mru tpU wk? — 2w u tt¢k2—
2Mru tu M)kz —r2y U wik? — 2Mru U wik? + 2riuu ttt¢k2 + 4Mruu ttt¢k2 + 8Mru t¢2k+
2Mru gu 1ok — AMru gu gk + 2Mruu gepk + (k% + 7(r — 2M))u gppu ¢ — 2(M — 1) (k* + r?—
2Mr)u rpu ¢ + rtu rrol ¢ — AMr3u rrol ¢ + AM?*r?u rrol ¢ — 212 gpu to + AMrugyusy

+12M7r2u ,u th — 8M3ru yu té — 2rtu ppu t¢ + SMr3u pu té — 8M2r?u rrltg + r2u dULP0—
2Mrugu 199 — 2r2uut99¢, + 4Mruu 994 + 23 U tr — 6 Mriu U tr + 4M2ru¢utr — 4r3uutr¢,+
12Mr?uu trép — 8M?ruu trop T+ ru U trr — AMr3u U trr + AM?*r?y U trr — 2rtuu trret
SMr3uu trrgy — 8M?r2uu trrgy T+ 27’4ut¢u w— riu ttp — rtu U ttt + 2rtuu thtp — Ardy to)]

—2 (K? 4 r(r — 2M)) sin(8) (u yu tpp — Ul tr4p)

2 (— cos(0)un g — SIn(O)u gu 1o + u (SINU 146 + SIN(O)U 190))

Usss

m[sin(@)(2kMru¢u voo + (K2 +r(r —2M)) cos(0)k? + r(r3 + k2 (2M +1)))u tu ppp—
w(2kMrugpss + ((K* +r(r — 2M)) cos(0)k® +r(r® + k*(2M +1)))u 1590))]

—g (K +r(r —2M)) sin(8) (u gopu r — Ut rgag)

3 (= cos(0)uu gpp — sin(0)u gu gpo + u (Sinu gp + sin(0)uspss))

2(k2+r(r—12M))sin(9) [sin O(sin O(2kMru ppptt t + U (U gk + 2r°Upppk? — AMru prpk? — r?u 1pk?—
2Mru yk® — AMru ook + (K% + 7(r — 2M))uggy — 2(M — 1)(k* + 12 — 2M7r)u g + 1 ppp—
AMr3u rré + AM?r2y rré — ru te) — u(u W¢¢/~c4 + 2r2urr¢¢k2 —4Mru T,T¢¢k:2 —r2u tt¢¢/~c2—
2Mru gppk® — 2Mru 1pppk + (K2 +1r(r — 2M))u gggs — 2(M — ) (k* + 1% — 2M7r)u rpp+

T4 prgp — AMT3U prpp + AMP120U gy — 74U 11p0)) — (K2 + 7(r — 2M)) cos(8) (u (k2 sin(0)u 15—
U gg) + u(U gpp — k2 Sin(0)u 1140))) — U pp(2k* cos(0)? — (k* 4+ r(r — 2M)) sin(0) (k? sin(0) g, —

u 9) cos(0) + 2r(r — 2M) + sin(0)? (u prk* + 20%u 1 k% — AMru o k? — 172u 4k? — 2Mru k% —
AMru gk + (K% +r(r —2M))u gg — 2(M — 7)(k* +r* — 2Mr)u, + riu p — AMr3u ot
AM?72u o — 1 44))]
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5.4 conclusion

In section 5.2, we classified and and reduced the underlying equations (wave equations and
Klein-Goldon equations) on ASD-Einstein metrics, we showed how the process leads to exact
solutions by quadratures. A variational technique has been applied, and we found Noether's
symmetries for those equations. In the cases discused, we found "fifteen” or "seven” dimen-
sional Noether symmetries. Interestingly, all of them contain a scaling symmetry. Not all of
those symmetries lead to physical conservation laws, but they all lead to mathematical con-
servation laws by Noether's theorem, and are useful in application, for example, reducing the
underlying equations. Conserved quantities of the Klein-Gordon equations and wave equations
are constructed in Section 5.2 & 5.3. Finally, some higher order symmetries are presented with
their associated conservation laws.



Chapter 6

Generalized symmetries for the heat
equations in (3+41)-dimension

6.1 Introduction

Generally speaking, a geometric quantity or a structure on manifold is evolved in a canonical
way towards an optimal one. Furthermore, nonlinear equations have played an important
role in differential geometry and topology over the last decades, in particular, the heat heat
equation. It is now well known that the evolution equation defining the Ricci flow is a nonlinear
diffusion equation [55, 56, 57]. For example, in [58], Hamilton introduced the Ricci-flow which
deforms an initial metric in the direction of its Ricci tensor and in [54], the authors used the
heat kernel equation to show that entropy is non-decreasing and moreover convex if the metric
evolves under a super Ricci flow. The objective in the present Chapter is to perform symmetry
analysis and obtain the higher order generalized symmetries of some linear diffusion equations
constructed on curved manifolds.

Generalized symmetries have proved to be of importance in mathematical physics. In fact the
existence of infinite number of such symmetries is a characterizing property of integrability. A
vast amount of work has been done in the literature on the subject. In [59] the author classified
symmetries arising from a two-dimensional linear diffusion equation with a nonlinear source
term and determine those source term that admit nontivial symmetries. In [60, 61], the authors
perform a symmetry analysis and find solution to a semilinear reaction-diffusion equation in
multi-dimensions. We pursue an investigation of the generalized symmetries and focus on
evolutionary vector field (see [2] for more details) of the heat equations on (341)-dimensional
Anti-Self-Duality (ASD) manifolds in neutral signature. The study of ASD manifolds can be
found in [62, 63].

The work is organised as follows:
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In section 2, we construct the heat equations using the Laplace-Beltrami operator [65] on some
manifolds ( scalar-flat K&hler , null Kahler , pseudo-hypercomplex) and find the underlying Lie
point symmetry for each case. The complete Lie analysis on those manifold have been done

in [64].
In section 3, we compute the generalized symmetries with focus on evolutionary vector field.We

find basis which generates all second order generalized symmetries and show that we recover
some generators of the corresponding Lie point symmetry.

The Laplace-Beltrami operator is defined by

1 g
A =—=08;(\/]9lg"9;).

Vgl

6.2 Lie point symmetry

The heat equation in curvilinear coordinates is given by

1

Scalar-flat structures

The metric is [64]

h = e“(da? + dy?) — d2?
where u satisfies

(€")22 — Upy — Uyy =0

the heat equation is given by

2 2
Y Y Y 2 1
Ve =galer = Ut g atw = JU: =5l

for the solution u = In ;—Z and the Lie algebra is spanned by
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XY= O

Xo= Udy

Xg = F5(:z:,y,z,t)8U
Xy = a:r

X5 = l'ax + yé'y

Xo = 2Ux0y + 2zy0, + (22 — y?)0,

Xp= Moy 4 20, + =HEg, - T,

Xs= 20,419, (6.2.1)
Xo = %&J + 0.+ 20,

Xo= 70.+ 70, — 20,

Xll = %az + %834 - t;yam + %aU

Xpy = %%335 4 t(y2z—a:2)ay _ t(z2;-y2)az n (2ti]y _ uz(x2y+y2)) oy

X13 = 2t8t + Zaz

2020, + 2t20, + u(—5t + 22)dy

K
I

where F5 satisfies
222F5 4+ 42F5 , + 2°Fs o + 2yF5, — y*F5 = 0

Null Kahler structures
The metric is given by
g = dy? — dazdz — 4udz?

where u satisfies the dKP equation (see [64])

(U — UUg)z = Uyy

e From the solution u = —7 the heat equation is

The symmetry generators are
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X1= O

Xo= Udy

Xg = Fg(x,y,z,t)ay
Xy = 20,

Xs = tz0, +Uz?0y
Xe= O

Y

X7 = té?y — UyaU

Xy = 2t0; + 220, + Yo,

Xo= yz20, + 220,

Xig = (%—Z)az-f-%(l-i-z%)ax

Xn= 229y - 40, + Lo,

2620, + 2ty0y + 3tz + t20, — U(3t + y? — 222)9y
Xz = 29, + 40, + 20,

X4 = (z+§)82+a:(—1+2%)ax

where I3 satisfies

ks
|

—22F37t + ZF3,yy — F3733 — ZF3’$Z — xF3,zz =0

T

. 2
e From the second solution u = 93/—2 - Z
z 3z

we got the heat equation

U, [(—39:2 + yQ)Um — 922U, + 922Uyy - 3ZUx]

T 1822

the Lie point symmetry generators are

Xr= 0

Xo= Udy

X3 = F4(xaya Zat)aU
X4 = Zl/?’ax

Xs = 2t21/30, + 3U2*/30y

Xeg = 2t0; + 220, + yé?y

X = 50, + 3223,

Xy = y(3t?/1§7(z))ax + 62%/31n(2)0,
Xog = x0, — 20,

Pseudo-hypercomplex structures

The metric is given [64]
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g = (dy 4 udz)? — 4(dz + wdz)dz
where the functions u, w satisfy
Uy + Wy + UWy — Wy =0, Uy +wz =0

e The heat equation is given by

L—yzy — Uy + Uy,

1
Ui=-|—
£7 9 22+ z
foru==-4 w=72

The generators of the Lie point symmetry are

X1= O

Xg = u@U

X3 = Fi(z,y,z,t)00
Xy = %893

Xy = %81 + 2uln(2)0y
Xo = 2t0; + 220, + yo,
Y= B0+ (2420,
Xs= —%0:+ (2 +2)0,
Xog = x0, — 20,

where F(z,y, z,t) satisfies

*4ZF17,5 + 2ZF17yy + Fl,x — QZFl,mc — 2yF1,zy + QCCFLQH =0

e For the second solution v = ¥, w = —Z the heat equation is

1 [U, r oyl YUsy
Ut:2{%+<—z+z2>U$z+ U + Uy

the basis of the Lie point symmetry is given by

X1 = 0O

Xo= Udy

X3 = Fy(z,y,z,1)0y
X4 = Z@I

Xs = tz20, + uz’0y

X = 2t0; + 220, + yay

Xy = YOy + 20y

Xg = 2zIn(2)0y + (y + 2yIn(2))0,
Xog = 20, — 20,
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where Fy satisfies

—422Fyy + 222 Foyy + 2Fo 5 — 222 Fo gy + 292y 1y + 202 Fo gy — 222 F) 4y = 0

6.3 High-order symmetries scalar-flat structure

Among all generalized vector fields, we are interested in evolutionary vector field which are
given by

Vo = Qu[U)dy (6.3.1)

where [U] is includes the basis, fibre and jet variables that the characteristic Q depends on.

6.3.1 Definition. A recursion operator for a system of DEs A is a linear operator R such that
whenever V(, is an evolutionary symmetry of A, so is VQ with @ = RQ

Let first compute the basis of all second order generalized symmetry of the diffusion equation
in 1-dimension Euclidean space

Ut = Ux:(:
with characteristic Q = Q(z,t, u, Uy, Uzy)

The invariance condition
DtQ = DiQa

gives us after easy calculations

Q= Up(UCy — 20y + Co 4+ tC5 + t2Cy) + 12U, (2C3 + 2taCy + 2C5 + 2tCe)
+U (2tCy + 22Cy + 22Cg + 4C7)) + f(x,t)

where f satisfies f; = fiz

We have a seven dimension basis of characteristics
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Q1= Up(U—2x)

Q= Uy

Q3= tUp + %mUx

Qi = t?Upy + taUy + 12t +2°)U
Q5 = Uac

Q= U

plus the infinite number of characteristic Q@ = f(x,t). We are able to recover all second order

generalised symmetries computed in [2] using recursion operators.

Secondly, we need to compute the basis of all the second order generalized symmetry of the

heat equation on scalar-flat manifold

2 2
Y Y Y 2 1
Ur=gale =52l galnw = U m 5l

The characteristic is given by

Q= Q(l‘, Y, t,z,U, Uy, va U., Uzs, nyv Uzz, UyZ) Uyya Uzz)

we don't include U; or second order derivatives which involve ¢ to avoid dependencies, wherever

. o 2 2
it appears it is replaced by 55Uy — 525Uy + 525 Uyy — %Uz — %Uzz

[ _ Y Y _2 _1
Ut - 2222 Uxx 2,2 Uy + 2,2 gyy ZUZ QUZZ
2 1
Uxt 2yZ2 Uxxz - 222 ny + Qyzz Uacyy - ;Uz 2U:z:zz
TR A Y v _ v _2p. 1
Uyt — 32 U:mc 2,2 Uy + 22 Uyy + 2,2 Uy:mc 2,2 Uyy + 9,2 Uyyy ZUZ 2Uyzz

(6.3.2)

Applying the prolongation formula on the vector field (6.3.1) we got the infinitesimal criterion

T y Y 2n 2 1 o
DtQ:@DIQ—ﬁDyQ+ﬁDyQ—;DzQ—§DzQ

where

(6.3.3)
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Dy = 0t + Uidy + UntOu, + UyOu, + U0y, + Uzxtdy,, + Uzytoy,, + Uxztdy,, + Uyztoy,,
+Uyytdy,, + Uzztoy,,

D, = 0y + U0y + Uy 0u, + UyOv, + U2 0y, + Uzxxdy,, + Uryxdy,, + Urzzdy,. + Uyzxoy,,
+Uyyxdy,, + Uzzxdy,,

Oy + Uy0uy + UyyOu, + UyyOu, + U.y0u, + Uzxydy,, + Uxyydy,, + Uxzydy,. + Uyzydy,.
+Uyyyou,, + Uzzydu..

(6.3.4)
Replacing back (6.3.4) in (6.3.3) and after tedious calculations, we obtain the following fifty
"basic” characteristic
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o))

Q3 =

Qs =

Q7 =
Qg =
Qg =

Q10

Q11 =
Q2 =

Qi3

Quq =

Q15

Qi =

Qi

6%[((]3:37 + Uyy) v° + ((—Uyzz —5Uy) t + ZZUy) y? + (((—2 xUy, +2U,) z + (Uyy + Uyy) 2
—62Uy +6U)t —22% (—aU, + U)) y + ((Uyzz + Uy) t — 22Uy) 7]
122 (U + (4 Uy +2Uy o2 + Uy) y° + (—Us22” + (AaUp — 3Uz) 2 + 222 (Uyy—
2U)) y* + (4 nyzng + 23:2Uy) Y3+ (—2 U222 + (4 23U, — 21‘2Uz) z— Uyya:4) y?—
2 (Uyzz — %Uy) oty — a2tz (2U,, — Uz))2t2 + 422 (372 + y2) (—% Uyy3 + (—xe + % U,z + U) y?
—i—% 22yU, + %xzzUz) t—Uz* (x2 + y2) ]
s (FUyy® + (=2Uye2 + Uy) y — Uzz2® + Uzz) 2® + (34°Usy + 39%2Usz) 2 + (Uyy—
2Use) y? + Uyy — Us2? — Usz) P — Ugyy® + Upy?2) 12 + 222 (Uyy + Uz2) 23 — 32%y%U,

v (U,z4+U)z — foy ) — Uxzt (332 + yQ)]
ﬁ[(Umy4 + (—2Uzyr — Uy) ¥ + (Uyya® — 222U, — Usz) y* + 222 (Uyoz — 3U,) y+

22 (2U,, — Uz)) t2 4 22 ((2 U, + U)y? — 22%yU, — 2m2zUz) t+ Uz*z?

%[ Y Uy + (Uyzz — 3Ugyz) y® + (22 (Uyy — 2Usy) + (2Up. —2U) x + Uz + 2U) y?+
ac2 (Upyx + Uyzz +2Uy) y + 2%z (2Uy, + U,))
2 0WUps + 3 (AyUsy —2U,) 23 + 3 (4Uyy — 2ULe) y? —2Uyy +2U) 22 — § (493U, + 2Uy°) o
+%Umy — Uyy® + Uy?

s23Us0 + 5 (3yny—2Ux)1:2+%((2Uyy—Um)y2—2Uyy+2U):c—%y3UIy
U

[((4Um— Uyy) y* + (=10 Ugyx — 3U,) y® + (Uz22* + (—102U,, — Us) 2 + 5 Uyya?) y?+
103; (Uy,22 — 1/2Uy) y + 5222 (2U.. — U,)) t* — 10 ((—2U, + 1/5Us2) y* + 2?yU, + 2%2U.) 2%t

+524 (22 + 1/5y%) U]

2Z%[(—UZZ:MQ + ((—2 yUy, +U,)x + UmyQ) z+ ((—yUyy +Uy)x+ nyyz) y) 2 + (2 xU, 23+
(2 xyUy, — ny 2) 2%) t — UzzY]

g (U222 + (=2yUys + U2) 2 = Uyyy® + Uyy) £ + (2y2°Uy +2U2%) t — 24U
%yz[(tyUzy +tzUy, — ZQUx) zt + (—2t (Uga — Uyy) y? + (2 tzUy, — 2 zQUy) y+2U2%—

2 zUZt) 3 — 6tx2y3Umy + 29?2 (t (Uge — Uyy) y? + (tzUyZ — zQUy) y+ Uz — zUzt) T+
(tyny —t2U,., + 22U, )]

[ (Uzz + Uyy) y + ((—Uyzz —2U,)t+ z2Uy) Y3+ (((—2 2Ups — U.) 2+ (Uzz + Uyy) x2) t+
22 (20U, + U)) y? + 22 (Uyzz — 2Uy) t — 22Uy) y + 3222 (Uz — tU,)]

3111%[( (Upe + Uyy) & — t2Us; + 2 2U, ) v+ (tzUyZ — ZQUy — 2th) y+3zz(Uz —tU,)]

251t (Uzz + Uyy) y? + (t2Uy. — 2°Uy) y + Uz% — 2U.1]

%[((( Uyy = Usz)y — Uyzz — Uy) x + y (2Uy + 3U,)) t + 2% (2Uy — yUy)]

—[y?’ny + (—22Uyy + 2Us, +2U,) y? + (—xQny -2 ZL‘ZUyz) y — zx (xUy, — 2U,)]
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Q18

Qg =

Q20

Qo1 =

Q92

Qo3 =

Qo
Qas

Qo =

Qa7

Qog =

Qa9

Q30 =
Q31 =
Q30 =

Q33

Q34 =
Q35 =
Q36 =

Q37

Q33

—23Uss + (=3 yUsy + Us) 22 + 4 (Usw — 2Uy,) @ + v% (yUsy + Us)
3 Uez + Uyy) y* + 2U,
U:c
57 [ty4Uyy + ((3 Upyt —Uyzz — Uy) t + zQUy) Y3 — (((Uyy —2Up) x4 2Uy, ) t — z2Ux) y?—
:c2 (Upyz 4+ Uyzz + Uy) t — 22Uy) y — 22 (tUy: — 22U )]
Gzy [3ty3U, oy + (((—2 Uyy +4Uzg) x — 2Ug) t + ZQUx) y? —2x ((Uyzz +3/2Uzyx + Uy) t
—22Uy) y — 3222 (tUy, — 2U, )]
_ _ 2 2

ij[(( YUpy — 2Ug.) & + Uy ) t + z%2U,)

o~ tyUsy — t2Uss + 2°Uy]
;[(U 22+ Uy + (Usz + Uyy) y) t — 2°U,
BT [(—z2Um — tUyy) Y0 + (—4Ugy (=22 + t) 2 + 2t2U,. + 22Uy + tUy) y° + (((—4 Uyy+
2U,,) 22 + 2t (Uyy — 2 Um)) 22+ AtUpwz — tU,,22 + U,z — 3 zUZt) yt 4422 (Uzy (—z2
+t)x + % Uy (22 + t)) Y3 — a2 ((zQUm + thy) 2?2 — AtUpxz + 2tU,,2%2 —2U,2% + 2 zUzt) y?
—2a4 (tzUyz —-1/2 ZQUy - %th) y—ztz (tzUzz - 22U, — tUz)]
27 Uy (2% +1) ¥° + ((Uze — 2Uyy) 2° + 1 (Uyy — 2Usa)) @ + 12U ) y* + 32 (Ugy (—2°
+t)x + U (22 + t)) Y3+ ((—zQUw,x — th,y) 23+ 3tU,22% + (—tUZZz2 +U,23 — zUzt) x) y?
—2a3 (tzUyz — 222Uy — %th) y— 32 (tzUZZ — 22U, — tUz)]
2;2 [(U.222 + 4U.2 — (Upa + Uyy) y — 2U,) y) t — U.23]
422 [((le’ + Uyy) 22 +1 (U Ua:x)) y4 + 4tl’y3ny + (UZZ3 - tUzzZ2 +4 (xez - %Uz) tz
—12 tUyyx ) y? — 4z (tzUyz — z2Uy — %th) y— 222z (tzUzz — 22U, — tUz)]
W[(( Uyyy + (—2Uy,2 + Uy) y—U,.2% + Uzz) T+ y3Umy + zUny2) t + x22 (Uyy + U.2)]
2{2 [U.23 + (—tU.. + Uyy) 22 — 2 (yUy. — 3U.) tz — yt (yUyy — Uy)]
7 (U +Uyy)y —2U,) y
L=y Uyy + (=3 Uy + Uyzz + Uy) Y3 + (22 (Uyy — 2Usz) + 2Upzz) y? + 22 (Ugy + U2z
+Uy) y + 223Us,]
2;y[ SUgjy + (—22Uyy + 2Usz) y?—x (Upyr +2Uy2 —2Uy) y — 22 (xUy, — 4 U,)]
%[ vy + Uz
Zly [—y0Uyy + (—4 Uy + 2Uysz + Uy) v° + ((2 Uyy — 4Upz) 2? + 42U — U,p2? — 3 Uzz) yt
+ (4 Umyx?’ + 2 szy) y3 — 2 (Uyyac2 — 42Uz 4+ 2U,,2% + 2U2z) y2 — 224 (Uyzz — %Uy) y—
:c4z (zU,, — U,)]
Zl- 5ny + (Uyy = 2Uzz) @ + 2Upz) y* + (32%Usy + 2Uy) v* — (Uyya® — 32U.x + 2 (2U..
—Il—U ) ay? =223 (Uyez — 3Uy) y — 232 (2U.. — U.)]
@[(_Uyy — Usz) 92 +2Uyy + 2 (2U.. +4U,)]

z
1
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177 Uy = Usa) y* + 42y Upy + (—2Uyya® + 42Uz — Uzz2® = 2Uz2) y* — 4a? (Uyzz—
%U) — 2222 (2U,, — U,)]
Ay 3Uwy + (—zUyy + 2U,2) y? —2 (Uyzz —1/2Uy) vy — 22 (2U,, — U.)]

Q41 = W[ Uyyy + ( 2 Uyzz + Uy) Y — U22Z2 + Uzz]

Quz = 522Upa + 2yUsy + 5Uyyy?

Q43 = Uzex + Z/ny

Q44 = U:c:c

Qu5 = @[ Sny + ((—2Uze +2Uyy) x + 2U,) y* + (6 xQUwy - 2$ZUy2) Yy’ +2 ((Um —Uyy) x’
+U,2) 2y* + ( nyaz‘l -2 xSZUy,Z) y— 232 (2U,, — 2U,)]

Qu6 = %[(Uyy — Uya) y* + (6 Upy — Uy22) y* + ((3Upe — 3Uyy) 2% + Us2) y? + (=2 Upya®—
3z 22Uy )y —2 (@ U — 3U,) 2%2]

Qur = Iy [(yUzy + ZU$Z) ((Uyy - Uzz) y2 + Uyzyz - Uzz) €T — ygUzy]
Qug = Zy[( yy — Uzz) y? — Uyzyz + U.2]

Qug = zi[(xez +yUy: — U;) z + 2yUyy + Uy,yy2]

Q50 = j[yUry + Zsz]

2y

plus the infinite familly of characteristics

Qf = f(.iU,y,Z,t)

Some of these characteristics, Qg, Q20, D28, @35, P38 and the characteristic Qf correspond
to the geometric symmetries(generators of the Lie point symmetry) computed in (6.2.1). For
example,

e Q35 is equivalent to

~ 1 1

Qs = *Uy +-U,
z Y

which corresponds to the vector field

1 1

Xg = —0, + *ay
Y z

e Qsg is equivalent to
Q1 =U

which corresponds to the vector field

X1 =0

The first case on null Kahler manifold leads to a characteristic which is linear constant co-
efficient of fifty three "basic” characteristics while the pseudo-hypercomplex case, we got 25
"basic” characteristics.
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6.4 Conclusion

In this Chapter, we performed the symmetry analysis of (341)-dimensional heat equations on
ASD manifolds. In the first part, the Lie point symmetry for each equation was determined.
Then, we computed the generalized symmetries with focus on evolutionary vector fields. We
showed that we can recover some of the geometric symmetries through these generalized
symmetries.



Chapter 7

Conclusion

Symmetry analysis is a powerfull tool to construct solutions of DEs. In this study, a special
emphasis was placed on PDEs and ODEs arising from some ASD structures.

In chapter 3, we studied ODEs (Euler-Lagrange equations) obtained from various ASD Ricci-
flat metrics. These metrics depend on a function which satisfies the second heavenly equation,
a second order non linear PDE. We used symmetry reduction to construct exact solutions of
the second HE. Variational symmetries were constructed using Noether theorem or multiplier
approach. We also investigated some metrics with ultra hyperbolic signature. It turns out
that even if some of these metrics have a 10-dimensional algebra of killing vectors like a flat
manifold , they are not equivalent to Minkowksi or de Sitter metrics.

In chapter 4, we investigated the invariance properties generated by some well-known metrics
of neutral signatures. As the metrics depended on solutions of PDEs, we constructed exact
solutions of the PDEs using Lie group methods. From the specific forms of the metrics, we
determined the isometries and the variational symmetries of the underlying metrics and corre-
sponding Euler-Lagrange equations for both (Einstein Weyl structures and the corresponding
four di mension metric constructed using the Jones-Tod construction). We established rela-
tionships between the resultant Lie algebras, viz., the algebra of isometries are subalgebras
of the algebras of variational symmetries. For illustration, we chose some cases for which
we constructed some conservation laws via these symmetries or the “multiplier approach”.
The interesting result occurs in Section 4.3 where the Lagrangian obtained from the three di-
mension EW structure had more variational symmetries than its corresponding four dimension
Lagrangian obtained by Jones-Toda construction.

In chapter 5, we studied the Klein-Goldon and wave equations on Kerr and ASD-Einstein
spacetimes. For the purpose, we have implemented the covariant d'Alembertian operator.
Using the Lie symmetry generators in Section 5.2, we classified and and reduced the underlying
equations , we showed how the process leads to exact solutions by quadratures. A variational
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technique has been applied, and we found Noether's symmetries for those equations. In
the cases discussed, we found "fifteen” or "seven” dimensional Noether symmetries for ASD-
Einsten spacetime and "three” for Kerr spacetime. Not all of those symmetries lead to physical
conservation laws, but they all lead to mathematical conservation laws by Noether's theorem,
and are useful in application, for example, reducing the underlying equations. Conserved
quantities of the Klein-Gordon equations and wave equations are constructed in Section 5.2 &
5.3. Lastly, some higher order symmetries and their associated conservation laws are presented

In chapter 6, we studied the heat equations on manifolds with neutral signatures. For the
purpose, we implemented the Laplace-Beltrami operator. We were interested in generalized
symmetries i.e the infinitesimals may contain the derivatives of the dependent variables. In
the first Section of this chapter, the Lie point symmetry for each equation was determined.
In second section, we computed the generalized symmetries with focus on evolutionary vector
fields. We showed that we can recover some of the geometric symmetries through these
generalized symmetries.
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