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Abstract

The hydraulic fracture of two closely spaced beams, due to an ultra-high pres-
sure fluid which is injected into the space between the beams, is considered.
The fluid is Newtonian and the flow is laminar. The objective of this study is
to investigate how the beams deform when the fluid under high pressure is in-
jected. The mathematical model consists of the fourth order time dependent
Euler-Bernoulli beam equation and a nonlinear diffusion equation derived us-
ing lubrication theory and relating the half-width of the fracture to the differ-
ence in pressure between the fluid pressure and the normal compressive stress
on the beam. The Lie point symmetries of this system of two partial differential
equations are derived and used to reduce the two partial differential equations
and associated boundary conditions to a boundary value problem for a system
of ordinary differential equations. The case of finite bending moment at the
fracture tip is considered. The asymptotic solution of the ordinary differential
equations at the fracture tip are derived. A shooting method is used to derive
the numerical solution. It is found that the beams tend to "buckle" during the
hydraulic fracturing.
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Chapter 1

Introduction

1.1 Background to hydraulic fracturing

Hydraulic fracturing, which was first introduced in the 1940’s, has proved to be
a very useful technique for the enhancement of the production of oil and natu-
ral gas from underground reservoirs. Most investigations on hydraulic fractur-
ing have been done on rocks. The process of hydraulic fracturing occurs when
an ultra-high pressure fluid is injected into a crack in the rock to facilitate the
opening of the crack in the rock formation [7].

The purpose of hydraulic fracturing in the petroleum industry is to increase the
permeability of the rock formation by using injected water with some additives
to open existing fractures and create new ones in order to enhance the extrac-
tion of gas and oil. Fracturing is designed to maximise the permeability of the
rock, increase the accessibility and production of oil and gas.

In the hydraulic fracturing of two closely spaced beams [20], ultra-high pressure
viscous incompressible Newtonian fluid is injected in the space between the
beams which causes the beams to bend symmetrically away from the axis of
the two beams. The injected viscous incompressible fluid supplies a force per
unit length acting transversely along the length of the beams.

The aim of this research is to use Lie symmetry analysis to investigate the defor-
mation of two closely spaced beams when an incompressible fluid is injected
into the space between the beams. The fluid flow in the fracture is modelled
using the lubrication equations.
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There has been significant work involving beam bending [16, 18].The investi-
gation by Please et al.[16] considered a beam which is clamped at each end at a
pillar. Lie group analysis of the Euler Bernoulli beam has being investigated by
several authors [18]

The study will derive the Lie point symmetries of the coupled system of par-
tial differential equations consisting of the nonlinear diffusion equation for the
half-width of the fracture and the Euler-Bernoulli beam equation. We will then
use a linear combination of the Lie point symmetries to reduce the partial dif-
ferential equations to a system of two ordinary differential equations and derive
the general invariant form for the fracture half-width and pressure.

Two boundary conditions on the bending moment at the fracture tip are found.
They are the finite bending moment and the infinite bending moment.The in-
finite bending moment corresponds to the infinite curvature which causes the
beam to fracture at the tip. The hydraulic fracture of the two closely spaced
beams and the coordinate system are illustrated in Figure 1.1. The z - axis is
orthogonal the x, y - plane.

Figure 1.1: Injection of high pressure fluid leading to bending of the beams.

In this dissertation, our investigation focuses on the upper half of the fracture
0 < y < h(t,x). The upper beam is acted on by a normal compressive stress

03,0;’). For a beam underground this would be the compressive stress due to the

13



overburden rock. The rock mass underground may be modelled as a layered
system of beams which interact through normal surface stresses. The time de-
pendent Euler-Bernoulli beam equation is

E164—h + ﬁaz—h =P (1.1)
ox* 2 '
where E is the Young’s modulus of the beam, I is the second moment of area,
p is the mass of the beam per unit length, h(¢,x) is the half-width, also the de-
flection of the beam from the centerline and P is the net force per unit length
on the beam in the upward direction. P is related to the fluid pressure p and
the normal stress on the upper surface of the beam, ag,of), by

P(t,y)
by =pt,x) -0y,

(1.2)

where b is the thickness of the beam. Further details on the beam equation will
be given in Chapter 3.

The lubrication approximation will be used to derive the nonlinear diffusion
equation relating the fracture half-width h(z, x) to the fluid pressure p(t, x),

o _ ii(iﬁa—p), (1.3)

E_Eméx 0x

where p is the viscosity of the fluid. The derivation of equation (1.3) will be
provided in Chapter 3.

1.2 Research aims and objectives

In this research , we aim to do the following:

* Model the time dependent Euler-Bernoulli beam equation [17].

* Model the fluid flow between the beams using lubrication theory and de-
rive a partial differential equation relating half-width of the fracture to
the fluid pressure.

14



* Employ Lie symmetry analysis to reduce the system of two governing par-
tial deferential equations to a system of two ordinary differential equa-
tions and find the general form of the group invariant solution which de-
scribes the hydraulic fracture between two closely spaced beams.

* Find analytical solutions for special cases when the bending moments is
finite at the fracture tip.

¢ Look for numerical solutions of reduced models.

1.3 Literature review

A number of investigations have been made on the Euler-Bernoulli beam equa-
tion. Wafo Soh [18] considered the Euler-Bernoulli beam equation from a sym-
metry standpoint. His goal was to study the symmetry breaking of the Euler-
Bernoulli beam equation. Wafo Soh believed that Da Vinci and Galileo foresaw
the need for a theory of a vibrating thin beam.

An extension of the work of Wafo Soh was made by Fatima, Bokhari, Mahomed
and Zaman [8]. They agreed that Wafo Soh had solved the equivalence problem
using symmetry analysis for the Euler-Bernoulli equation. In their study they
performed the complete Lie group classification of the ordinary differential
equation(ODE) that resulted from the reduction of the static Euler-
Bernoulli beam partial differential equation. The isospectral properties of the
Euler-Bernoulli beam equation and its nonhomogeneous variant have been
studied [10]. Ndogmo [15] obtained the complete equivalence transformations
of the Euler-Bernoulli beam equation which was initialy attempted by Morozov
and Wafo Soh. Naz and Mohamed [14] studied the dynamic Euler-Bernoulli
beam equation from the symmetry point of view. Zvyagin and Gevorkyan [20]
worked on the self-similar solution of the hydraulic fracture problem for two
closely spaced beams and the numerical results obtained when solving the cor-
responding system of differential equations with various boundary conditions.

15



1.4 Dissertation outline
This research includes six chapters.

 In Chapter 1, the Introduction, the background to hydraulic fracturing
and the governing equations for the beam and fluid flow in the fracture
are given.

* In Chapter 2 the background to the theory of Lie symmetry analysis of
coupled partial differential equations is presented. An outline of the the-
ory of the shooting method is described.

* In Chapter 3 the mathematical model is developed and the derivation of
the governing equations and boundary conditions is given.

* In Chapter 4 calculation of the Lie point symmetries of the coupled sys-
tem of two partial differential equations and derivation of the general
form of the group invariant solution is presented.

* In Chapter 5 the asymptotic solution at the fracture tip is derived and the
numerical solution for finite bending moment at the fracture tip using a
shooting method is obtained.

* Finally, the general conclusions from the results obtained in all chapters
are given in Chapter 6.

16



Chapter 2

Background to Lie group theory

2.1 Introduction

In this chapter the analytical and numerical methods used in this dissertation
are outlined. The analytical method is Lie symmetry analysis of partial differen-
tial equations and it will be used to reduce the coupled differential equations
derived in this research. Lie symmetry analysis of differential equations has
been considered in several books [11, 12]. The shooting method for solving
non-linear boundary value problems will be briefly described.

2.2 Lie symmetry methods

This study considers the Lie point symmetries of the coupled system of partial
differential equations

F(t, X, h» ht) hx; htx: htt; hxx»PtrPx)Ptx;PttrPxx) = 0; (21)

G(t,x, h,ht, hx» htx’ htt,hxert»nyPtx;Ptt»Pxx) = 0) (22)

where a subscript denotes partial differentiation, ¢ and x are independent vari-
ables and h and P are dependent variables, which are the fracture half-width
and fluid pressure respectively.

17



A Lie point symmetry of the system of partial differential equations (2.1) and
(2.2) has the form

0 0 0 0
1 2 1 2
= , X, h, P)— + X, h,P)—+n (t,x,h,P)— +n°(t,x,h,P)—- (2.3
X=¢(tx,h )61‘ é(tth)ax n (t,x )ah n°(t, x )OP (2.3)

The operator (2.3) is prolonged to as many derivatives as required. For the non-
linear diffusion equation the second prolongation is taken while for the Euler-
Bernoulli equation the fourth prolongation is used. The extension formulae are
defined as [3, 4, 5, 11, 12]

(¢ =Dim%) —ugD; (&), (2.4)
(7 =D;¢H - uiD; &), (2.5)
(8= D) — u De(E), (2.6)
CFikt =DiC) — uiiDi(S), 2.7)

where @ = 1 and 2 with u! = h and u? = P. The total derivative operators are

Dy=D;= a+h 9 +P 0 +h i+h i+P i+P i+ (2.8)
YU e Ton T tar T T on, T Mon, top,  ffop, T

Dy =Dy = 6+h 0+P 0 +h i+h i+P i+P i+ (2.9)
2T T 5 Yo for " ™ oh,  "on,  “aor.  op, '

The invariant criteria for the system of partial differential equations, (2.1) and
(2.2), is given by:

X(F) |r=0,6=0=0, (2.10)

18



X(G) |p=0,G=0=0, (2.11)

where X is prolonged to as many partial derivatives as necessary. The first pro-
longation is given in (2.12)

2 0
Lap,

1 0

0 . 20
20h,

0
X[H:X-}-{iﬁ‘l‘( Zap .
t X

+( +( (2.12)

The group invariant solutions of the system of partial differential equations
(2.1) and (2.2) are h = ¢ (t,x) and P = ¢ (¢, x) provided

X(h—y(t, ) h=y(r,0 =0, (2.13)

X(P~(t, %) pyrx) = 0. (2.14)

The invariant solutions is then substituted into the two partial differential equa-
tions, reducing them to two ordinary differential equations.

2.3 Numerical methods for solving non-linear bound-
ary value problems

2.3.1 Shooting method

The shooting method is a much used way of solving non-linear boundary value
problems. It is based on replacing the boundary value problem (BVP) with an
initial value problem(IVP). The IVP is obtained using the asymptotic solution at
one of the ends of the range of integration.

We start with a guess of the initial values and "shoot" to a target at the other
end of the range if the target is not attained we adjust the estimate of the initial
values and "shoot" again. We continue in this way until the target is reached.
This technique is called a "shooting method".

19



2.4 Conclusions

In this chapter the background to Lie group analysis and the shooting method
were briefly outlined. The Lie group analysis will be used to reduce the system
of coupled partial differential equations to system of coupled ordinary differen-
tial equations. The shooting method will be used to derived a numerical solu-
tion of the system of ordinary differential equations by transforming a bound-
ary value problem into an initial value problem.
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Chapter 3

Mathematical modelling of
hydraulic fracturing

3.1 Introduction

In this chapter the problem of hydraulic Fracturing of a Euler - Bernoulli beam

is formulated mathematically. The Euler-Bernoulli beam equation is introduced
and the thin fluid film equation for the half-width of the fracture is derived. The

boundary and initial conditions are also specified. Dimensionless variables are

introduced and the partial differential equations and the boundary and initial

conditions are written in the dimensionless form.

3.2 Assumptions
The assumptions are as follows.

* The beams are able to be bent and are modelled using Euler-Bernoulli
beam theory [17].

e The cross-sections are flat before deformation. The study assume that
they return to their original shape after the fluid is removed.

¢ The axial line of each beam is inextensible.

21



e The width of the cross-section is assumed to be small compared to the
length of the beam and to the curvature radius of the axial line.

e The injected fluid is Newtonian, viscous, incompressible and supplies a
force that is able to bend the beam.

e The fluid flow is modelled using lubrication theory.

3.3 Euler-Bernoulli beam equation

The hydraulic fracture and coordinate system are illustrated in Figure 1.1. The
study considers the upper half of the fracture, 0 < y < h(x, f). The time depen-
dent Euler-Bernoulli beam equation is

a*h  8°h

Ay 1
o TPz =1 G-

where E is the Young’s modulus of the beam, p is the mass of the beam per
unit length, f(z,x) is the applied force per unit length in the upward vertical
direction on the internal surface of the beam and I is the second moment of
area about the z-axis,

_ bd®

I=——, 3.2
12 (3.2)

where b is the breath of the beam and d is the thickness of the beam. The
derivation of (3.1) is very complicated and detailed. The full derivation of the
time dependent Euler- Bernoulli beam equation is given by Segel and Handel-
man [17].

For the upper beam,
f(t,x) =P(t,x), (3.3)

where

P(t, x)
b

— (00)
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In (3.4), p(t, x) is the fluid pressure acting on the lower surface of the beam and
ag,c’;’) is the normal compressive stress on the upper surface of the beam due to
surrounding rock which may be in the form of an adjacent beam. The beam

equation (3.1) becomes

Ela4h+ AOZh—P 3.5)

oxt P =7 '
The deformation of the beam is governed by the pressure difference per unit
length P(z,x), not by p(t,x). We will therefore develop the theory in terms of
P(t,x) instead of p(¢, x). The spatial gradient of % and p are equal and therefore

p can be replaced by % in the Navier-Stokes equation.

3.4 Thin fluid film equations

To derive the two-dimensional nonlinear diffusion equation for the flow of the
injected viscous incompressible Newtonian fluid in the closely spaced beams,
we start with the Navier-Stokes equation for an incompressible fluid and con-
servation of mass equation:

Vv=0, (3.6)
ov VP 9
— + (v.V)v=—— +vV“y, 3.7)
ot bp

where v is the fluid velocity, P defined by (3.4), p is the fluid density and v =
the kinematic viscosity of the fluid.

SIES

Consider a thin film of viscous incompressible fluid, bounded above by y =
h(x,t) and below by y = 0. In order to simplify equations (3.6) and (3.7), we
introduce the characteristic quantities [1]:

characteristic length in x-direction =L,

characteristic length in y-direction =H,

characteristic fluid velocity in x-direction = U,

23



characteristic fluid velocity in y-direction W = L% U,

A . _ 1.[p#UL (o0)
characteristic force per unit length Py = b( 7 =0y ),
characteristic time T = L—l})

The characteristic length L is the initial length of the fracture and H is the ini-
tial half-width of the fracture at the fracture entry which satisfy

H
— 1. (3.8)
Ly

The characteristic velocity U will be specified later. The characteristic fluid
pressure is the characteristic fluid pressure of lubrication theory [1].

We now justify the expression for the characteristic velocity in the y-direction.
The continuity equation, (3.6), written in Cartesian coordinates, is

va+%:

3.9
ox 0y 5.9

The order of magnitude of terms in (3.9) must balance because we do not make
an approximation in the conservation of mass equation. Thus

u W
—_—~— (3.10)
Ly H
and therefore
H
W=—U. (3.11)
Lo

To justify the expression for the characteristic fluid pressure, consider the x-
component of the Navier-Stokes equation expressed in terms of p(x, t),

(3.12)

D 0 G G
0 Ux __P 4 ( Ux Vx).
Dt 0x

= +
0x>  0y?
The order of magnitude of the terms in (3.12) is
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(3.13)

In the thin fluid-film theory, which is also called lubrication theory, the pressure

gradient must balance the viscous term %, thatis
20 Y (3.14)
L Mm '
that is,
ULy
Py ~ N (3.15)

which is the characteristic net fluid pressure in the thin fluid film.
We write the mass conservation equation and the x and y components of the
Navier-Stokes equation in dimensionless form. The fluid variables are

Vx=Ux(t,x,y), vy=vy(t,x,y), v,=0, P=P(txY). (3.16)

We introduce the dimensionless variables:

L S S by = p= (3.17)
Ly’ L, YTw YTu YT umr P '
This gives conservation of mass:
+—=0. 3.18
ox 0y ( )
The x - component of Navier-Stokes equation (3.7) gives
_ _ _ (00) 172 = 2 - 2 -
H\2/0v, _O0v, _ 0Uy 1 oyy H\OP (H\20°v, 0°Uy
Re|— —+ U + U =—=(1- — =] =—=+—=—,
(LO) (Ot Y ox yay) b( pul )ax (Lo) 0x2 = 02
(3.19)
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and the y- component of Navier-Stokes equation is

H\40v, _0v, _av, oW H?\ 0P | H\40D,
w2 (G e 5) =1 S o ()
Lo ot Oy Gy ,UUL() Oy L() 0x
where the Reynolds number Re is defined by
UL
Re=—2.
%
We assume that although
o™ g2
 uULg
is small, it still satisfies
o H? (H\2
_ > (2"
prU Ly Lo
By imposing the thin film approximation
H H\2
—<x1 and Re(—) «<1,
Ly Loy
we obtain
(oc0) _
! (1 _ U(yy)Hz)ap U,
b pUL Jox  0y%’
oF _
oy

+

H
Lo

)

20%v,

0y%’
(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Expressed in terms of the original dimensional variables, equations (3.18), (3.23)

and (3.24) are respectively

vz Ovy _
ox dy
6_P_ v,
ox 'udyz’
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—=0. (3.27)
oy
For the beam to move apart,
UL
£ — 050l (3.28)
and therefore
(00) 772
oy, H
1-—22 " so. (3.29)
prULg

We consider the upper half of the fluid, 0 < y < h(t, x). The boundary condi-
tions are:

Yy =h(t,x): ve(t,x,h) =0 (no slip), (3.30)
=h(x,t): v,(t,x h)—%+v (t,x h)%—%(nocavities) (3.31)
y - ) . ylb - al_ X\by Ay Ox - at ) .
y =0: vy(t,x,00=0 (symmetry about the x-axis), (3.32)
0v,(t, x,0) .
y =0: 3, =0 (local maximum of v,(t,x, y)). (3.33)
y

We now outline the derivation of the nonlinear diffusion equation relating h(z, x)
and P(t, x) in the upper half of the fluid.

Integrate the conservation of mass equation(3.25) with respect to y from y =0
toy=nh:

hov,(t,x,y) hov,(t, x,y)
——d ————dy=0. 3.34
fo 0x y+f0 dy Y 839

Now using the boundary conditions (3.30) and (3.31),
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ha t} } h
0 0

oy
6h+ " h)ah
= = y Xy A
or ¥ ox
_ on (3.35)
= = .

Also using the Leibniz rule for differentiation under the integral sign [9] and the
boundary condition (3.31),

fh(t,x) avx(l"xyy)d a
0 0x Y 0x

h(t,x) oh
fo v (6, x, Y)dy — vi(t, x, h)ﬂ

0 h
= afo v (t,x,y)dy. (3.36)
Substituting (3.35) and (3.36) into (3.34) gives

oh 0

h(t,x)
—+— t,x,y)dy=0. 3.37
at+axf0 vx(t,x,y)dy ( )

We now derive an expression for v(t, x, y) using from (3.26). Noting that

P =P(t,x), (3.38)

we integrate (3.26) twice with respect to y we obtain,

1 0P(t,x) ,
Ui(t,x,y) = ———y "+ A(t, x)y + B(t, x). (3.39)
2ub  0x

Imposing the boundary conditions (3.30) and (3.31) gives

1 4P(t,
A(t,x) =0, B(t,x) = ——(—X)h2

3.40
2ub  0x (5-40)
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and therefore

1 0P(t,x)
2ub  ox

vi(t, X, y) = — (h*(t,%) - y°). (3.41)

Substituting (3.41) into (3.37) and integrating, we obtain

oh_ 10 (,0m)

-— = . 3.42
0t 3ubox\ 0x (5.42)

Equations (3.5) and (3.42) form the coupled system of partial differential equa-
tions which describes the hydraulic fracturing of the two closely spaced beams.

Finally, consider the flux of fluid in the region bounded by the two beams de-
fined by

h(t,x)
Q(t,x) = 2[ vy (t,x,y)dy. (3.43)
0

Substituting (3.41) into (3.43) and integrating gives

Q(t,x) =———h’(t, x) P(t X). (3.44)
3ub

A related quantity is the width average fluid velocity defined by

. h(t,x) 1
v (t,x) = ﬁfo vx(t,x,y)dy = %Q(t,x). (3.45)

Equation (3.44) becomes, using (3.45)

vi(t,x) = —Su—bhz(t ,X) — P(t x). (3.46)

3.5 Nondimensional variables

We introduce nondimensional variables and make the two partial differential
equations (3.5) and (3.42) dimensionless. We define the nondimensional vari-
ables
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. Ut X - h _ P - Q . Uk
f=—, X==, h=—, P=—, Q==, =2 (347
L L H Py Qo U
where
/JUL()
Po=(=5t-o)b Q=HU (3.48)
Then equation (3.5) becomes
0r>  EI 0*h ub(Lo\3[. OSYH?, .
LI L :f‘—(—o) [1—L]P- (3.49)
02 L2pU%29x* PpU\H uULy
Define the dimensionless numbers
EI ub (Lo\31. oy H?
A= — =1 (—) [1— ] (3.50)
pL2U? pU\H uULg

Let D denote the density of the rock in the beam. Then since p is the mass of
the beam per unit length,

p=Dbd. (3.51)

where d is the thickness of the beam. Also from (3.2),

bd?
[=—— (3.52)
12
and from (3.48)
U= @- (3.53)
H
Using (3.2) and (3.53), the dimensionless number A and B are
Ed®> (H\2 H (Lo\3[. OOHS
PR 11 | i A
12DQ3 \ Lo DdQo‘\H KLoQo
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The dimensionless numbers A and B are independent of the breadth of the
beam. Equation (3.49) becomes

0*h 0*h

The thin fluid-film equation (3.42) in dimensionless form becomes

- (00) 173
oh 1 oy, H 30P
__:_[1_ yy ( ) (3.56)
ot 3 wLoQp 10x 0x
Equation (3.44) for the flux becomes
2 (00)
AL, x)=—= n3(t, —P f, 3.57
Q(t, x) 3[ MLOQO] (£, X)=—D(1, X). (3.57)
and equation (3.46) for the width average fluid velocity is
1 (00)
7t x) =—=|1— R (t, —P t, 3.58
b (1, x) 3[ LOQO] (£, X)—D(1, X). (3.58)

The overhead bars are suppressed to keep the notation simple.

3.6 Boundary and initial conditions

Finally, consider the boundary conditions. The length of the fracture at time ¢
is L(1). At x = L(¢), the half-width and the spatial gradient of the beam vanish,

x=L(t) : h(t,L(1) =0, (3.59)
0

x=L(t) : —h(t, L(t) =0, (3.60)
0x

In dimensional variables the bending moment about the origin has magnitude
M given by [17]
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v (t,0,y)

E—

L(t)

Figure 3.1: Bending beams due to injection of high pressure fluid

0°h

M(t,x) = El—;,
(6%) 0x?

(3.61)

where E is the Young’s modulus and I is the second moment of area about the
z-axis. We assume that the displacement gradient is small. The curvature of the
neutral axis of the beam is then approximately equal to ‘327}21. Hence the bending
moment is approximately proportional to the curvature of the beam.

Introduce dimensionless variable

- M
M=—. (3.62)
My
Then (3.61) becomes
_ EIH 0°h (3.63)
 IZM, 0x? '
Define
EIH
0= (3.64)



then

_ 0%h
M_

= (3.65)

Again will suppress the overhead bars in the calculations that follow.

Let M(t) be the bending moment at the fracture tip. We consider only the case
in which M(#) is finite. When M(#) is infinite the beam will crack at the tip and
the model will no longer be valid. Thus

’h
x=L(1): E(I,L(I)) = M(1). (3.66)

The form of M(¢) is determined by the invariant solution which is obtained in
Chapter 4.

The flux of the fluid vanishes at the fracture tip. Thus

x=L(1): Q(t, L(1) =0, (3.67)

that is, using (3.57),

3 0
x=L(1): h (t,L(t))a—P(t,L(t)) =0. (3.68)
X
Consider now the boundary conditions and the initial conditions at the frac-

ture entry. Since the characteristic half-width H is the initial half-width at the
fracture entry,

x=0: h(0,0) =1. (3.69)

The flux of the fluid at the fracture entry is specified as far as the invariant solu-
tion allows:

x=0: Q(t,0) = Qo(1), (3.70)

where the form of Qg (?) is determined by the invariant solutions. Using (3.57),
the boundary condition (3.70) becomes
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2 (00)
x=0: ——

— 3 —
3[1 uLOQo]h(IO) P(t,0)= Qo(r).  (3.71)

This completes the specification of the boundary and initial conditions.

3.7 Conclusions

The mathematical modelling of hydraulic fracturing is formulated in terms of
two coupled partial differential equations. The Lie symmetry analysis will have
to be performed on the system of two partial differential equations. The nonlin-
ear diffusion equation is second order while the beam equation is fourth order.
The prolongation of the Lie point symmetry to fourth order will therefore have
to be considered.

We saw that instead of the fluid pressure p(t, x), a more suitable variable to use
is the pressure difference £ (t )= p(t,x)- O'(OO) where 0§,°}‘,’) is the normal compres-
sive stress on the upper surface of the beam due to the surrounding rock. The
pressure difference P(t, x) occurs in the beam equation. Since Ug,y) is constant
the pressure gradient in the nonlinear diffusion equation can be expressed in
terms of P. The two partial differential equations can therefore be expressed
in terms of the dependent variables h(t, x) and P(t, x). These variables will be

used in the remainder of the dissertation.

At the fracture tip we noticed that the boundary conditions , x = L(¢), depends
on the bending moment, which must be finite. We can expect that the proper-
ties of the solution will depend on the bending moment at x = L(#).

The boundary condition at the fracture entry, x = 0, is in terms of the flux at the
fracture entry. The flux can be prescribed at the entry but conditions may be
placed on it by the form of the invariant solution.
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Chapter 4

Lie point symmetries and invariant
solutions

4.1 Introduction

In this chapter the Lie point symmetries of the system of two partial differen-
tial equations consisting of the thin fluid film equation (3.56) and the Euler-
Bernoulli beam equation (3.55) are derived. The invariant solution for the half-
width h(z,x) and the pressure P(t,x) are obtained. The boundary and initial
conditions are also expressed in terms of the invariant solution.

4.2 Lie point symmetry

The thin fluid film equation and the Euler-Bernoulli beam equation are

oh ko oP

o T = 4.1

ot 30x( ax) (4.1)
and

oh Fh_ L, 4.2)

oxt a2 '
where
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4.3)

Equation (4.1) is expanded and expressed in terms of partial derivatives. The
suffix notation will be used to denote the partial derivatives of & and P with
respect to t and x. The partial derivatives of # and P with respect to ¢ and x are
regarded as independent variables when deriving the Lie point symmetries and
invariant solution. Expressed in terms of independent partial derivatives, (4.1)
and (4.2) becomes

k
h; = kh?h, Py + ghf‘pxx, (4.4)

Ahxxxx‘l‘h[t :BR (4.5)

A Lie point symmetry of the system of partial differential equations, (4.4) and
(4.5), is of the form

0 0 0 0
ozl 2 1 2 _ .
X=¢ (t,x,h,P)—at+€ (t,x,h,P)—ax+n (t,x,h,P)ah+n (t,x,h,P)aP (4.6)

The invariance criteria for the system of partial differential equations, (4.4) and
(4.5), are given by:

k
X®2(h, — kh*hy Py — gh?’Pxx)|(4.4),(4.5) =0, 4.7)

X" (Ahyyxx + s — BP)|(4.4),45 = 0. (4.8)

where X2 and X'¥ are the second and the fourth prolongations of X defined

by
o 0 o o
X =x+ 2, 4.9
(16ht (Zahx (Zapx szanx (49
0 0
X[4]:X+<’1 _+<’1 —_— (4.10)
11 ahtt 2222 ahxxxx
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and the coefficients ?, 4 ;."j and { ?j i are defined by (2.9), (2.10) and (2.12). We
consider first (4.7) because X is prolongated only to second order. The results
obtained from (4.7) will make it easier to calculate the fourth prolongation X (4]
When expanded, the invariant condition (4.7) is

(—2khhy Py~ kh*Pr)n' + {1+ (= kh*P) 3+ (—kh* hy) {5+ (— h )50l (4.4),45 = 0

(4.11)
where
(1= DY)~ hy De(EY) - hy D (&), (4.12)
{5=DxM") = hy Dx(&") = hy D (&%), (4.13)
{5=Dy(m") — Py Dx(&") — Py D1 (&%), (4.14)
{55 =Dx((5) = Pyt Dx(&") = Py D1 (E%). (4.15)

Expanding equations (4.12) to (4.15), we obtain

an' an an o&l a¢! 051 0&? 8¢ 0¢?
1
- % p
S P T A T h‘(ar it ap Pi)- hx(dt it op /)
(4.16)
on' on', on, ost oct, o, o¢t os*, o
1
- ~_p.,
2= 5 Ton et op P ht(a ont ot - hx(a on ™t 5p y
4.17)
o on’, o o' ogt, ¢ o> o¢z, | 9¢
2 —P —pP.|-P P,
2= Ton et p P ‘(a *on " 5p - "(a o et 01541’2)
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_ on* 017 on? o¢t  o¢! o¢! 0¢&?
(5 = Dx(a oh —hx+ 3P — Px Pt( o %hx ap Px)—Px(a
a 2 2
b St 0‘;!’))—thDx(cfl)—PxxDx(cfZ)
on* . o an’ an’ Lo e O, o
= T2 22 p o2l ppo+ T2 p2+ Iy
ox 2oxon 2 oxop x T 2gpap i xt g et gpa bt gy
0772 661 aél 51 (3{:2 662 62
+ =P 2Pm(a + =y +6PPX)—2P“(6 + +§Px)
6261 0261 6261 0261 0261 6261 )
_p 225 49 P42 pPit o> p2+ 2o p
t(axz T oxon T “axop X onop T gnz T gpz x
a{l aél 6252 6262 6252 6252
" %h’“”ﬁp’“) Px(a 7 "2 5con " 25 T T 2 anap e
6252 6262 ) 52 626
o ey 2o p2 % 2 20%p) 4.19
T T apz T gy op ”) (4.19)

Now substituting into the determining equation (4.11) the expressions (4.16) to
(4.19) for {1, {3, {5 and (5,, we obtain
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on' 017 on' oct  o¢t 61 a&% &2
L+ Lp,—h =+ —h,+ h +—h
ot Ton M tapt t(ﬁt on " ap ) x(ar on '
05 9 017 617 6171 661 061 .fl
—P P —P, - —_—+ — —P
TGP t) L b T TR ht(ax on =t op x)
02 o2 2y, 017 on* on? o¢t
— hx(a'Fahh + — )] kheh +ahh +pr_Pt(a

aé‘l 61 062 652 52 k 3 621’]2 a ’I’]
—hy+—Py|—-Py|—+—h,+—P ——h ——h
i A L R el | o2 TCoxon ™

RTINS S
S o )
+ Zgig;hx+2;j—g;Px+2:;—g;thx+%h %Pz ?;;llh

+ %Pxx)—Px(ngj +2§;‘;2 hx+2;jglpx+2%hxpx+§hi

+ 221522 P2+ ?;;h 2—é:Pxx)]—nl(Zkhthx+kh2Pxx) g = 00420

We now replace /i, in (4.20) using (4.4). Since (4.20) does not depend on either
h¢t or hyyxx We cannot use (4.5) to replace h;; or hyyxy in (4.20). The Lie point
symmetry which is derived is therefore a conditional symmetry of the partial
differential equation (4.1). The condition is (4.5). Equation (4.20) becomes

39



on'  on! k on! k ol
0” i S Py + h3pxx)+aip,—(kh2hxpx h3Pxx)( d

¢! k ¢! og o k
+ ‘( (khzthx h3Pxx)+ d ) hx( d ‘C (khzh P, —h3Pxx)
oP ot
052 2 5771 0171 6171 2 k 3 051
+ EPI) KNPy S+ = hct =5 Py= (kW hePy+ P xx)(
a¢t oct 02 o2 52 2 a77 577
o+ p)-n (L n o+ —kh .
T Rt ap x) x(ax on =" ap x) T on

s s TR a'ifpx)]

- (G e P s S S
o e S Pue=2p G e S ) -2pe G

+ g—ip) Pt(gj;+2§;—g;h,¢+ :j;;Px+2;;g;thx+%hi
oGP Gt G- Pa( 2 e 2 ps

¥ aa;(ih P+ ‘?:;22 n? ‘f;fzzpi %ihxx+(;”r;Pxx)]—nl(2khthx
+ Kkh*Pyy) =0. 4.21)

Since t, x, h, P and the partial derivatives of & and P are regarded as indepen-
dent variables we separate (4.21) according to the powers and products of the
partial derivatives of h and P. This gives
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Py

Ptxhx

Py Py

Py

thxx

Pl‘hx

1 2,2
_h26i_1h36_n+

oP 3 P2
o _
oh
1 2 2l
R0 | 2 0

0,

From (4.22) to (4.30) it follows that

Using (4.31) to (4.34) the first determining equation becomes

41

ox 3 0x0h 0P

0.

&= dw,

& = &),

nt = ntxh),

n? = Pay(t,x)+ax(t,x).

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)



6771 ,0n' 3677 o de! gd¢! 02
+kh hyPy + kh —kh"——hyPy— kh —— Py — —
or o abet gk P dr ©* dt ™ ot "
0 0 & 0a oa &
- khzaipx khza—TLthx+kh2 —Pyhy— kWP hy — k- o v kn?e P,
1 0’a %a, 1 0a
- lchzal(t,x)thx—§h3PW1——kh36—2—§kh3a—1Px+ ~kh®ay(t, X)Pyy
052 262
+ —kh3 > x+§kh FPX—Zkhnlthx—khznlpxx:0. (4.35)
We separate by the remaining derivatives of i and P
& dél
hy Py 2h2%—h2a1(t,x)—h2d—i—2hn1 =0, (4.36)
1 .0n' K3dét B 2 .0&
p oo gy, 3= —n’pl=0(4.37
ot gh gy Ty gy Ty b k= 04.37)
— =0, 4.
hy a7 +kh°P Tx +kh x 0 (4.38)
3 4%¢% 2 .oay 0171
Py — —ZR—=—-n*—L =0, 4.39
* 3 0x2 3 Ox 0x (4.39)
) ot 1., a; 1, .0%a
Remainder E—g h PW—gkh W =0. (440)
First we consider (4.38)
2, o[ O 0
— , P— , — s =0. 4.41
Oté (t,x)+kh axal(t x)+axa2(t x)| =0 ( )
Separate by the powers of h
9 0 0
he P—a (t,x)+ —a>(t,x) =0, (4.42)
0x 0x
ho igfz(t x)=0 (4.43)
: 3 , . .
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From (4.43),

& =), (4.44)

Separate (4.40) by the powers of P.

0
P : —a;(t,x)=0, (4.45)

0x

0 0
pP” —ay(t,x)=0. (4.46)

0x

Thus

a; = ay (1), az = ay(1). (4.47)

Solving (4.36) and solve for n'. This gives

hy d&  dél
1 _nr,ae"  as
n (t,x,h) = 5 de P a(t)]. (4.48)

If we substitute (4.48) for 171 (t,x, h) into (4.37), we find that (4.37) is identically
satisfied. (4.39) becomes

d2€2
=0 4.49
2 ( )
and therefore
&3 (x) = 3x+ ¢y (4.50)

where c3 and ¢4 are constants. Thus (4.48) becomes

1

h d
nl(t,h)=5 ZCs—d—i—al(t) . (4.51)

Finally (4.40) becomes
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d’¢'  day

—_— 0. 4.52

dr? - dt (4.52)
Thus

d—fl——a (t)+c (4.53)

dr > '

where c5 is a constant. Equation (4.51) becomes

nt(h) = g [203 - 05]. (4.54)

The first determining equation therefore gives

&= ), (4.55)
E(x) = c3x+cy, (4.56)
) 1
n(h) = 5@%-%”% (4.57)
n?(t,P) = Pai(t)+ax(D), (4.58)
where &1 (#) satisfies

dél

ar —ay (1) + cs. (4.59)

The Lie point symmetry determined from the first determining equation is there-
fore

X—fl(t)2+(c x+c )i+1(26 - )hi+(Pa (H+a (l‘))i (4.60)
T e T T ax T2 P % ! 2%p T
where ¢1(¢) is related to a; (£) and c5 by (4.59).
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We now solve the second invariant condition

X4(Ahxxxx + Ny — BP)|(4.4),45 =0,

where

0
XXXX ahxxxx

x4 :x+(%t02n e

Expanding (4.61) we obtain

1 1 2
Acxxxx + Ctt - 377

=0.
(4.4),(4.5)

We first need to calculate { %t and (2 Now from (2.10)

XXXX*

(1 =Ch = D) = het D&M — hex D (E9).

But from (2.9)

(=0 =D,n") = hyDy (&Y = hyDy(E?)

and therefore from (4.55) to (4.57)

3
(b= (ar1(t)+c3— 565 .
Hence

da 5
(= d—tlht + (Zdl(l‘) +c3— 505)htt-

Also from (2.12),

Cher = D@ ) = Maxae D (€D = My D2 (E%)

and therefore

45

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)



1 _
(xxxx -

Similarly using (2.9) to (2.11),

1
(xxx
Crx
0y
But from (4.57),
and therefore
Crx
1
(xxx

1
XXXX

Dy ((;lcxx) — C3hyxxxx

Dx(()lgx) — Cc3hyxx,
Dx((;lc) —c3hyy,

Dx(nl) —c3hy.

1
—(c3+ =c5) hyy,
(3 2 5) XX
1
—@2c3+ ECS) Pxxx,

1
—(Bcs + 565) Pyxxx-

(4.69)

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

By using (4.67) and (4.76), the second determining equation (4.63) becomes

ddl

1 5
—A(303+§c5)hxxxx+—ht+(2a1(t)+03—§c5)h”—Bal(t)P—Baz(t)

dt

=0.

(4.4),(4.5)
4

Using (4.4) and (4.5) to replace h; and hyyxy in (4.77) gives the determining

equation
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- P%+§%M3P—MJ+%?@Wh#%+§ﬁPw%{%m0+%—§%Vn

— Baij(t)P—-Bay(t) =0. (4.78)

We separate (4.78) according to the powers and products of the partial deriva-
tives of h and P

d

P : — =0, 4.79
XX dtal( ) ( )
hyP, : ia (=0 (4.80)

xL'x - d[ 1 — Y, .
hye @ a1 () +2c3—c5=0, (4.81)

1

Remainder : —Pay(t)—ax(t)—P(3c3+ 505) =0. (4.82)

From (4.79) and (4.80),

ay(t) =cy, (4.83)

where c) is a constant. Separate (4.82) by the powers of P:

P : c;+3c3+ %c5 =0, (4.84)
P’ a(n=0. (4.85)
From (4.81) and (4.84)
3 1
Cc3= —gcl, C5 = ch. (4.86)
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and therefore by (4.59),

d§1 = 3 c (4.87)
dtr 4" :
Therefore
1 3
é(n::—zqt+0& (4.88)

where cg is a constant. Thus (4.55) to (4.58) become

3
& = = zal (4.89)
2 3
&(x) = C4= g%, (4.90)
n'(h) = —%h, 4.91)
n*(P) = cP (4.92)
Next we rename the constants. Let
3 * * *
_ch = CZ ) Ce = cl ’ Cq = 03 (4.93)
and suppress the stars. Then
& = a+at (4.94)
5 1
&(x) = €3+ 5 C2, (4.95)
1 2
n(h) = 3% h, (4.96)
2 4
n-(P) = —§P (4.97)



and the Lie point symmetry is

o 2 4 4 0
)— +Zeh— -2 p— (4.98)

9 1
X= nZ - :
(CI+CZ)61‘+(CS+ X T3%" 5, T 3% 5p

2

The Lie point symmetry (4.98) is a conditional symmetry of the partial differ-
ential equation (4.1) because the determining equation (4.20) does not depend
on either h;; or hyyx, which therefore could not be replaced using (4.5).

4.3 Invariant solution : general case ¢, # 0

We now derive the invariant solution. We first consider the general case in
which ¢, # 0. The Lie point symmetry (4.98) can be written as

X (Cl+t)a 1(263+ )0+2h0 4P6 (4.99)
—_— —_— — —_ — x — f— —_—— — —_— .
C C ot 2\ ¢ 0x 3 0h 3 0P
Let
X * 1 * C3 *
=X — =, — =0 (4.100)
C2 C2 C2

and suppress the star. Then

0 2 0 4_0
-h——--P— (4.101)

0
X:(cl+t)&+%(203+x)a+3 an 3 ap

Now h = y(t,x) and P = ¢(t, x) are invariant solutions of the system of partial
differential equations (4.1) and (4.2) provided

X(h=y(t, X)) heyien =0, (4.102)

X(P—-(t, X))pz(p(t,x) =0. (4.103)

Consider first (4.102). Using (4.101) we have
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A |

(e )2+ 5 205+ x) 2+ 21 2

=0 (4.104
ot ) ( :

h=y(t,x

and expanding we obtain the first-order linear partial differential equation

oy 1 oy 2
CRDE 5(2c3 +x)a =V (4.105)

The differential equations of the characteristic curves of (4.105) are

dt  2dx 3dy

= = . (4.106)
a+t 2c+x 2y
The first pair of terms gives
2c3+Xx
- =a, (4.107)
(c1+1)2
where a; is a constant. The first term and the third term give
LA— (4.108)
(c1+1)3

where a; is a constant. The general solution of the partial differential equation
(4.105) is

a = F(a), (4.109)

where F is an arbitrary function. Thus since v = h(t, x),

h(t,x) = (c; + D)3 F(), 4.110)
where
2c3+ X
- . 4.111)
(c1+1)2
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Consider next (4.103) which is

[(c1 + t)aﬁﬁ %(203+x)% +§h% —%P%] [P—c/)(t,x)] ‘h:wm —0 (4.112)

and when expanded becomes the first order linear partial differential equation

ap 1 0p 4
(cl+t)a—t+§(2(:3+x)a— 20 (4.113)

The differential equations of the characteristic curves of (4.113) are

dat 2dx 3d¢p
= =— . (4.114)
o+t 2c3+x 4¢

The first pair of terms again give the first integral (4.107). The first and third
terms give

Plcy + £)3 = as, (4.115)

where as is a constant. The general solution of the partial differential (4.113) is

az = G(ay), (4.116)

where G is an arbitrary function. Thus since P = ¢(t, x) it follows that

P=(c;+073G©), 4.117)

where ¢ is given by (4.111).

In summary the general form of the invariant solution of the system of partial
differential equations(4.1) and (4.2) is

h(t,x) = (c] + D3 F(), (4.118)

P(t,x) = (c, + 7 3G@), 4.119)
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where

2c3+Xx

¢= (4.120)

1
(c1+1)2

Now we substitute the invariant solutions (4.118) and (4.119) for h(t,x) and
P(t,x) into the (4.1) and (4.2). The partial differential equations are reduced
to ordinary differential equations as follows.

Differentiating (4.118) and (4.119) with respect to ¢ and x, respectively, gives

on _ ¢ +t)‘s[ Zp_ledty 4.121)
or ! 27 dé '

d (40P 1 d (5dGy

dx(h Gx) = (e +1)73 g(F —dg) 4.122)

Thus substituting (4.118) and (4.119) into the partial differential equation (4.1)
reduces it to the ordinary differential equation

+-¢(——-2F = 0 (4.123)

Differentiating (4.118) twice and four times with respect to ¢ and x, respectively
gives

2h 1 _ay4_ 1 _dF 3 _,d*F

32 = —é(cl+t) 3 §F_§Ed_§_5£ dgtz (4.124)
4h 4 d*F
@:(Cl+t) 3d64' (4.125)

Substituting (4.124) and (4.125) into the beam equation (4.2) reduces it to the
ordinary differential equation
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Ad4F+152d2F+ LedE 2n_ e (4.126)
det 47 dg? 12°dé 9 ‘ '

A summary of the invariant solution for the general case ¢, # 0 is as follows:

ht,x) = (c +03F@), 4.127)
1
P(t,x) = -G(©), (4.128)
(c1+1)3
where
P Bkl (4.129)
(c1+1)2

and where F(¢) and G(¢) satisfy the system of two coupled ordinary differential
equations

d

dG\ 3 _dF
R 3_ —_— —_— =
kdf(F d£)+2€d6 2 0, (4.130)
4 2
d’F EZE_,_Lgﬁ_gF = BG(9). (4.131)

PTOAVSIP TZRE VAP TR

4.4 Invariant solution: special case ¢, =0

Solving the special case in which ¢, = 0. The Lie point symmetry (4.98) reduces
to

X—c£+ci (4.132)
~or " Pox '

If either ¢; = 0 or ¢3 = 0 the Lie point symmetry is trivial. Thus we consider
c1 #0and c3 # 0. Divide (4.132) by ¢;. Then
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We suppress the star.

(4.133)

Now h = y(t,x) and P = ¢(t, x) are invariant solutions of the system of partial
differential equations generated by the Lie point symmetry (4.133) provided

=0,
h=y(t,x)

, (% + 03%) (P — (¢, x)) ‘P:(p(t'x) =0,

(%Hg%)(h_w,x))\

that is, provided

oy oy
o TBe 70
op 0P
E-I-Cga—o.

The differential equations of the characteristic curves of (4.136) are

dr _dx dy

1 C3 0

The first pair of terms in (4.138) give

X—c3t=a,

where a; is a constant. The last term in (4.138) gives

Y =ay,

(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

(4.139)

(4.140)

where a, is a constant. The general solution of the first-order partial differential

equation (4.136) is
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az = F(a), (4.141)

where F is an arbitrary function. Thus

v =F(x-c31) (4.142)
and, since ¥ = h(t, x), we obtain

h(t,x) = F(S), (4.143)
where

{=x—c3t. (4.144)

Similarly the general solution of the first-order partial differential equation (4.137)
is

P(t,x)=G(), (4.145)

where ¢ is given by (4.144).

Substituting (4.143) and (4.145) into (4.1) and (4.2) reduces the two partial dif-
ferential equations to the system of ordinary differential equations

ki ng_G +3c¢ ﬁ = 0 (4.146)
acl’ ag Yde T 7 '
Aﬁ +czﬁ = BG (4.147)
d€4 3 dé‘z - . .

4.5 Boundary and initial conditions for the invari-
ant solution: general case ¢, # 0

Consider now the boundary conditions formulated in Section 3.6 and express
them in terms of the invariant solution, (4.127) and (4.128). We choose ¢c3 =0
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so that { =0 when x =0. Thus

f=—2 (4.148)

.
(c1+1)2

Consider first the boundary condition (3.59) that the half-width is zero at the
tip,

x=1L(t): h(t,L(t))=0 for all t=0. (4.149)

Expressed in terms of the invariant solution (4.127) for h(t, x), the boundary
condition (4.149) becomes

F(w() =0, (4.150)
where
L(1)
w(t) = _ (4.151)
(cp+1)2

Differentiate (4.150) with respect to ¢. Thus

df dw =0 (4.152)
dw dt '
But F(w) is not a constant function. Thus
dF
— 40 (4.153)
dw
and therefore
dw =0 (4.154)
dr '
Hence
w(t)=m (4.155)
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where a; is a constant. Thus

L) = ai(c1 + D). (4.156)
But
LO)=1 (4.157)
and therefore
ar=c, 2, (4.158)
Hence
Li=0+ C—tl)% (4.159)

and the boundary condition (4.150) becomes

_1
F(c, *)=0. (4.160)

The similarity variable ¢ can be written as

X
§=— (4.161)
¢z L(1)
Consider next the boundary condition (3.60)
0
x=L(t): —h(t,L(1)) =0. (4.162)
0x
Expressed in terms of the invariant solution, (4.162) becomes
da _1
— Fl(c, ) =0. (4.163)

ag

The boundary condition on the bending moment M(¢) at the tip x = L(f). We
consider only finite bending moment at the fracture tip. When the bending
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moment is infinite the beams will crack and the model no longer applies. From
(3.65)

2

x=0L(1): a—h(l‘,L(t))=M(t). (4.164)
0x2

Expressed in terms of the invariant solution, equation (4.164) becomes
1 g2 . _

Py
o mFe )(1+C—1) = M(1). (4.165)

W=

Thus for an invariant solution, M (¢) must be of the form

M(t):M0(1+Ci)_%, (4.166)
1

where

g 1
MO = Cl Sd_éQF(Cl 2). (4167)
The constant M is prescribed. For an invariant solution the bending moment
M(t) at the tip cannot be arbitrary. It must be of the form (4.166). Equation
(4.167) can be expressed as the boundary condition

2

d _1 1
d_sz(Cl ?) = ¢ My. (4.168)

Consider next the boundary condition on the flux of the fluid at the fracture tip.
The flux of the fluid vanishes at the fracture tip, and hence from (3.67)

x=L(1): hg(t,L(t))%P(t,L(t)) =0. (4.169)

Expressed in terms of the invariant solution, (4.127) and (4.128), equation (4.169)
becomes

D=

_1 -
F3(c, 2)iG(c1

T )=0. (4.170)
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_1
From the boundary condition (4.160), d%G(cl 2) can be infinite at the fracture

_1
tip, { = ¢, %.

Consider next the conditions at the fracture entry. Since the characteristic half-
width is the initial half-width at the fracture entry, from (3.69),

x=0: h(0,0) = 1. (4.171)

Expressed in terms of the invariant solution, (4.171) gives the boundary condi-
tion

win

F(0)=¢,°. (4.172)
Also the flux of fluid at the fracture entry is specified. From (3.70)
x=0: ——kh”(t,00—P(t,0) = Q(1), (4.173)
3 0x

where Q(?) is specified as far as the invariant solution will allow. Expressed in
terms of the invariant solution (4.127) and (4.128), (4.173) becomes

1

—ZCSkF (O)d—f(O)(l+C—l) = Q) (4.174)

(Sl

3

Thus Q(#) must be of the form

t 1
Q1) = Qo(l + —)6 (4.175)
(4]
where
__2 53098 0.
Qo= 36 kF>(0) az (0) (4.176)

The constant Qg and c; are specified as far as the invariant solution will allow.
For an invariant solution the flux of the fluid at the fracture entry cannot be
arbitrary but it must be of the form (4.175) Using (4.172) for F(0), (4.176) can be
expressed as the boundary condition
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(4.177)

This completes writing the boundary and initial conditions in invariant form.

We make the transformation in order to immobilise the boundary

X

where u=—-:
L(p)

(4.178)

’_‘QNI»—‘| <

The fracture tip is now u = 1. Expressed in terms of u the differential equations
to be solved are

c ki( 3E)+§L¢£—2F—0 (4.179)
Waul” aul  2%au o '

2d4F+1 2—dZF+ L _2p_pg (4.180)
_u —u——— = y .
Ydut* 47 du? 12 du 9

subject to the boundary conditions

u=0: FO) = ¢ (4.181)

%

3c
%(0) - _—?kaO, (4.182)
u=1: F1) = 0 (4.183)
dF

E(l) = 0, (4.184)

d*F _2
W(l) = Cl 3]\4(), (4185)
F(I)E(l) = 0, (4.186)
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The fracture length, the bending moment at the fracture tip and the flux at the
fracture entry satisfy

L) = (1+C—t1)%, (4.187)
M) = M0(1+C—tl)_%, (4.188)
QW = Q0(1+C—1)é, (4.189)

where c1, My and Q are constants. The half-width of the fracture and the pres-
sure difference are

) 2
h(t,x) = cf(1+i)3F(u) (4.190)
(4]
4 £\ 3
P(t,x) = * (14— "Gu. (4.191)
C1

Consider the special case c¢; = 0. Equation (4.179) and (4.180) reduce to
2 _op-o, (4.192)

wAF udF 2. - (4.193)
4 du® 12du 9 = '

The general solution of (4.192) is

[SSI

F(u)=Du (4.194)
where D is a constant. Substituting (4.194) into (4.193) we obtain
G(u) =0. (4.195)
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The boundary condition F(1) = 0 gives D = 0. Thus

F(u)=0. (4.196)

The solution for ¢; = 0is therefore the trivial solution F(u) = G(u) = 0. We there-
fore do not consider the special case c; = 0.

Itis shown in Appendix A that the coupled system of ordinary differential equa-
tions,(4.179) and (4.180), does not admit a Lie point symmetry when ¢; # 0.

4.6 Boundary and initial conditions for the invari-
ant solution : special case c, =0

Consider again the boundary conditions formulated in Section 3.6 and imposed
them on the solution for the special case c; = 0.

We first consider the boundary condition

x=L(1): h(t,L(2)) =0. (4.197)

Expressed in terms of the invariant solution (4.143) and (4.145), the boundary
condition (4.197) becomes

F(w(1)) =0, (4.198)

where

w(t) = L(t) — c3t. (4.199)

Differentiate (4.198) with respect to t. This gives

dF dw =0 (4.200)
dw dr ‘
and since F(w) is not in general a constant function it follows that
v _y (4.201)
ar '
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Thus from (4.199)

ar (4.202)
— = .
FTR

and therefore

L(t)=c3t+d (4.203)

where k is a constant. But L(0) = 1 and therefore d = 1. Thus

L(f) =1+ cst. (4.204)

The boundary condition (4.198) becomes

F(1)=0. (4.205)

Next consider the boundary condition (3.60)
0
x=L(1): —h(t,L(1)) =0. (4.206)
0x
Expressed in terms of the invariant solution, (4.143) and (4.145), (4.206) is
dF(l) =0 (4.207)
dg - . .

Consider next the boundary condition on the bending moment, M(¢), at the
fracture tip, x = L(t). The bending moment M(t) is finite and prescribed. From
(3.65),

2

x=L(1), %h(t,L(t)) = M(1). (4.208)

Using the similarity solution (4.143) and (4.145) and (4.204) for L(1), (4.206) be-
comes
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d*F
d—éz(l) = M(1). (4.209)

Thus M (%) must be a constant, Say M. Thus

2

F
d_gfz(l) = M, (4.210)

where M, is the prescribed bending moment at the fracture tip.

Consider next the boundary condition on the fluid flux at the fracture tip. Since
the flux of fluid is zero at the tip, from (3.68),

x=L(1): h%t,L(t))%P(t,L(t)) =0. (4.211)

Expressed in terms of the invariant solution (4.143), (4.145) and (4.204), equa-
tion (4.206) becomes

F3(1)d—G(1) =0 (4.212)
e =0 .

Since F(1) =0, it follows that Z—?(l) can be infinite and therefore ?3_5 can be infi-
nite at the fracture tip.

Consider next the conditions at the entrance to the fracture, x = 0. Since the
characteristic half-width is the initial half-width at the fracture entry

x=0, t=0: h(0,0) =1. (4.213)

Expressed in terms of the invariant solution (4.143) and (4.144), (4.213) be-
comes

F0) =1. (4.214)

Also the flux of fluid at the fracture entry is specified. From (3.70)

x=0: —gkh3(t,0)a—P(t,0):Q(t), (4.215)
3 0x
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where Qq(?) is prescribed consistent with the invariant solution. Expressed in
terms of the invariant solution, (4.215) becomes

2 dG
—ng?’(—@, l‘)d—g(—63 ) =Q(1). (4.216)

Putting ¢ = 0 and using (4.214)) gives

46 0y = -2 0w (4.217)
ac’ 2k '

A summary of the problem for the special case ¢, = 0 is as follows. The half-
width and pressure are of the form

h(t,x) = F(&), (4.218)
P(t,x)=G(¢), (4.219)

where
{=x—c3t, (4.220)

and where F(¢) and G(¢) satisfy the coupled ordinary differential equations

ki[FSd—G]+3c ar_, 4.221)
acl” de Yai '
Ad4F+ 2 °F BG (4.222)
—+Cci— = , .
d€4 3 déz
subject to the boundary conditions
FO)=1, (4.223)
F(1)=0, (4.224)
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dF
—(1) =0, (4.225)

dé
d*F
d_gfz(l) = M, (4.226)
F3(1)d—G(1) =0 (4.227)
ac '

where the constant M is finite and prescribed. The fracture length, the bend-
ing moment at the fracture tip and the flux at the fracture entry satisfy

L(t) =1+c3t, (4.228)

M(1) = My, (4.229)

Qo(t) = —ngg(—c t)ﬁ(—c ) (4.230)
0 - 3 3 df 3t). .

The constant c3 has to be determined.

It is shown in Appendix B that the coupled system of ordinary differential equa-
tions, (4.221) and (4.222), does not admit any Lie point symmetry.
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Chapter 5

Asymptotic and numerical solutions

5.1 Introduction

In this chapter the numerical solution for the hydraulic fracture of two closely
spaced beams will be considered. The general case ¢, # 0 and finite bending
moment will be considered which is the case of most interest in practical ap-
plications. We saw in Appendix A that the system of ordinary differential equa-
tions does not admit a Lie point symmetry when c; # 0 and therefore the differ-
ential equations may not have an analytical solution. The asymptotic solution
at the fracture tip for the half-width, pressure difference and width average fluid
velocity in the fracture will first be considered. The asymptotic solution will be
used when deriving the numerical solution. A mathematical model of hydro-
fracture and magma fracture in geophysics is considered to determine values
for the physical parameter and for the characteristic numbers A and B. The
numerical method is a shooting method which uses MATLAB ODE 45 for initial
value problems.

5.2 Asymptotic solution at the fracture tip for ¢, # 0

We first consider the asymptotic solution for F(u) as u — 1. Let u = 1 — § where
0 < 6 <« 1. The Taylor expansion of F(u) at u =1 is

F(1-6)=F() 5dF(l) + 0 dzp(l) o dSF(l) + (5.1)
B du 2! du? 3! dus '
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Define

(-D*"d"F
n' du”

Ey=F(Q1), Ep= 1)- (5.2)

Then from the boundary conditions (4.183) and (4.185),

Ey, = FQ)=0, (5.3)
dF

E, = —@@1)=0, (5.4)
du

E, = li(1) 1 gM (5.5)

27 2du 0 '

Thus since u=1-7, (5.1) becomes

Fuw=EQ0-uw?+E(01-u+E(0-w*+E0-w’+0(1-wb%, 5.6)

as u — 1, where E; is given by (5.5) and E3, E; and Ej5 are not yet determined.

Consider next asymptotic behaviour of G(u) as u — 1. From the beam equation
(4.180)

lAzdF 1 2d2 udF 2

Cw=glAq a i gz T 2 du 9

(5.7)

and substituting (5.6) into (5.7) we obtain

Gl = 5E2+24A01E4+(—6E2+5E3+120A61E5)(1—u)+O((1—u) )], (5.8)

as u — 1. Hence

dG 177. 3 ,
=3 [(EEZ - B 120Ac1155) +00-uw), (5.9)
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asu— 1.
The thin film equation (4.179),
d dGy 3 dF
k—|FP—|+=u—-2F=0 5.10
a du( du)+2udu ( )

has not been used in the derivation of the asymptotic results. We now check
that the asymptotic results satisfy (5.10). Using (5.6) and (5.9),

d dG
k—|F*—|+-u— -2F
“a du( du) 2udu

6 47 3
- clk[—EES‘(EEZ—5153—120Ac§1~j5)(1—u)5+0(1—u)6

—~ %Ez(l —u)+0(1-w?
- 2B -w?+0((1-uw?
= ZEz(l —u)+0((1-w?
- 0 as u—1. (5.11)

The thin fluid equation is therefore satisfied by the asymptotic results (5.6) and
(5.8).

5.3 Width average fluid velocity: ¢, # 0.

Consider next the width average fluid velocity defined by (3.54). From (3.58)
and suppressing the overhead bars, the width average fluid velocity in dimen-
sionless form is

P
vi(t, x) :—]—Chz(t,x)a—- (5.12)
o 3 0x

Using the invariant solution (4.190) and (4.191),
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2r t3
e = o [1+—| Fa, (5.13)
C1
4
= r173
Pitx) = ¢°[1+—| ‘6w (5.14)
C]
and
X ty\z
=—, Li=(14+— , 5.15
u=1os (=(1+—) (5.15)
equation (5.12) becomes
Vit x) = k(1+ t)_%FZ(u)dG(u) (5.16)
SR 1 du '
Thus we obtain the mean velocity ratio
v 2 , . dG
R(uw) = % ——gclkF (u)%(u)- (5.17)

Consider now the asymptotic solution of R(u) as u — 1. Substituting (5.6) for
F(u) and (5.9) for % into (5.17) we obtain

201 KE; "B, 3B _120ACE H(l Y4001 -wd (5.18)
— —Ey——E3— c -u -u))|, .
3B lg 2 23 155

R(u) =

as u — 1. Thus

R(u)—0 as u—1. (5.19)

The mean fluid velocity vanishes at the fracture tip because the half-width of
the fracture gradually decreases as u — 1. The viscous fluid sticks to the beams
and the area of the cross-section with non-zero fluid velocity gradually de-
creases as u — 1 leaving only the fluid with zero velocity sticking to the beams.
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Consider finally the mean velocity ratio R(u) at the fracture entrance u=0. From
the boundary conditions (4.181) and (4.182)

_2 aG 3 4
F(0)=¢ 3 —u(O) = ——(:13 Qo. (5.20)

Thus from (5.17),

R(O) = ClQ(). (5.21)

The results (5.21) is very useful in checking the numerical results. The two end
points of the curve of R(u) against u for 0 < u < 1 are known.

5.4 Numerical values for the parameters

In order to obtain values for the parameters A and B we will investigate the
application of the beam fracture model to hydro-fracturing and also to magma
fracturing in geophysics leading to the formation of sills. A sill is a tabular sheet
of igneous rock that was intruded as magma between layers of sedimentary
rock [7].

The model we have considered is for laminar flow in the fracture. We first con-
sider the condition for the flow to be laminar. We define the Reynolds number
for the flow in the fracture in terms of the width of the fracture as

_HUp _ Qop
p p

Re (5.22)

where Q) is the characteristic fluid flux per unit breadth and H is the character-
istic half-width of the fracture,

Qo = HU. (5.23)

We take the criteria for the flow to be laminar as [7]

Re<10°. (5.24)

Thus for laminar flow
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Q= E103,
o

U<
Hp

o

103,

(5.25)

The maximum value for Qg and U for a laminar flow in a hydro-fracture and
in a magma fracture with basalt and silicic magma are shown in Table 5.1. The
numerical values for p and p are obtained from [7].

H Y 1% Qo u
-3 2 —1 -1
Units m kg m Pa s me s ms
Hydro-
fracture 1072 103 1074 1074 1072
(water)
Basalt 10-1 2.7x103 | 107! 3.7x102 | 0.37
magma
Silicic 10-1 2.7x103 | 102 37 370
magma

Table 5.1: Maximum values for the characteristic volume flux per unit breadth
Qo and the characteristic velocity U along the fracture for the fluid flow in the

fracture to be laminar [7].

A characteristic value for the maximum depth W,,,, at which a fracture can
propagate below the surface can be estimated as follows. The pressure at depth
W below the surface due to the overburden rock, which we assume has the
same density as the beam, D, is

p=DgW.

But the characteristic pressure of the fluid in the thin fluid film is [1]

p

which using (5.23) for U becomes

_ uLU
=7

_ ML

H3

72

(5.26)

(5.27)

(5.28)



A fracture will propagate at a depth W below the surface provide

L
DgW < uH?O, (5.29)
that is, provided
L
W< 1‘; g%; = W0 (5.30)

Sills can form up to a few kilometers below the surface. We expect Wy, to be
order of a kilometer. For smaller values of W, the model considered here for
the hydraulic fracturing will not be applicable.

Consider now estimates of the characteristic numbers A and B,

Ed? [H\2
- 12DQ§(L_0) , (5.31)
3 (00)H3
- - 2,

where

E =Young’s modulus of the beam,

u = coefficient of viscosity of the fluid,

D = density of the rock,

d = thickness of the beam ,

H = characteristic half-width of the fracture,
Ly = characteristic length of the fracture,

Qo = characteristic flux of fluid per unit breath,

ag,of) = DgW =normal compressive stress on the upper surface of the beam at

depth W.

Thus using (5.30),

73



ofV'H® DgWHS W

— - (5.33)
Lo Qo 1LoQo Winax
and (5.32) becomes
wH (Lgy3 w
= — [1- . 5.34
DdQO ( H) [ Wmax ] ( )

Estimate of the characteristic numbers A, B and W, are presented in Table5.2

The value of Qg used in Table 5.2 is the maximum value for the flow to remain
laminar. Since we expect a larger Q to be better at opening the space between
the beams, the values in Table 5.2 describe the best conditions for a fracture to
propagate with laminar flow([7].

We see that for hydrofracture by a hydrothermal solution and for a basalt magma
fracture the characteristic maximum depth below the surface for the sill to form
10~°mand 102 m respectively. We conclude that sills will not form at physically
significant depths. For silicic magma sills can form up to the depth of 10*m,
that is 10km. We will therefore consider the solution with A small , of order
of magnitude 107, and B large, of order of magnitude 10°. Hydraulic fracture
of two closely spaced beams with laminar flow in the fracture can describe the
formation of sills of silicic magma but not of basalt magma or the formation
of hydrofractures. For basalt magma and hydrofractures to propagate a larger
value of the volume flux Qy would be required which would produce a turbu-
lent flow in the fracture.

5.5 Numerical solution for the general case: c, # 0
with finite bending moment at the fracture tip

The general case ¢, # 0 with a finite bending moment at the fracture tip is con-
sidered. The problem was formulated in Section 4.5. The problem is to solve
the coupled ordinary differential equations
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Hydro-fracture Basalt magma Silicic magma
(water)
i 1072 1071 1071
d -1 -1 -1
m 5x10 5x10 5x10
Ir;l 102 102 102
E 10 10 10
Pa 2x10 2x10 2x10
D 3 3 3
kg m-? 2.4x10 2.4x10 2.4x10
Sf;?f 107 3.7x 1072 37
;‘a . 1074 101 102
i - 9.8 9.8 9.8
A 1.7x10° 1.26x102 1.26x107*
We £ 4.25x107° 1.57x1072 1.57x10%
~ DgH3
8.33x10° 2.25x10° 2.25x10°
B 1- W 1- W 1- W
Wmax Wmux Wmax

Table 5.2: Values of the characteristic numbers A and B and the characteristic
maximum depth below the surface. The values of the parameters were taken
from Emerman et al. [7].
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d aG d
( 3du) 3 dF

k— —u— —2F =0, 5.35
“ du +2udu ( )

A2d4F+1 2sz+ L AE _2p_pe (5.36)
O——+t-u"——+—-u——--F=BgG, .
Ydut 4" du? 12 du 9

for F(u) and G(u) subject to the boundary conditions

u=0: FO) = ¢, (5.37)
%
aG 361 QO
0 = - , 5.38
du( ) ok ( )
u=1: F(1) = 0, (5.39)
dF
—(1) = 0, (5.40)
du
d’F _2
_du2 (1) = ¢ 3M,, (5.41)
where c;, Qp and M, are constants and from (4.3) and (5.33)
w
k=(1- (5.42)
( Wmax)
From (5.34) we define By by
pH (Loy3
B = Byk, By = — . 5.43
0 0 DA, ( H) (5.43)

We rewrite (5.35) and (5.36) as the following system of six first-order ordinary
differential equations. Let F; (u#) = F(u) and F5(u) = G(u). Then
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dF

- B, 5.44
1 2 ( )
ik _ (5.45)
du - 3 .
dF
as _ g, (5.46)
du
dFy ' 12p L ur - ti2r 1 kB E (5.47)
— = —|=-F-—ubh--u , .
du ~ Acle’!l 12777 gm0
dF.
23 - R, (5.48)
du
dF, 2 3 uF, 3EF

6 _ -2 23_ 276, (5.49)
du C1 kFl 2 ClkFl F1

The boundary conditions (5.37) to (5.41) become

u=0: F(0) = ¢ 7, (5.50)
4

Fs(0) = —?)Cj—kQO, (5.51)

u=1: FQ1) = 0, (5.52)

F,Q1) = 0, (5.53)

1) = ¢ 3M. (5.54)

The right hand side of the differential equation (5.49) is divided by F; () and is
therefore singular at u = 1. The boundary conditions are therefore imposed at
a small distance 6 in from u = 1.
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The problem is reformulated as an initial value problem at u = 1-6 and a shoot-
ing method is used to shoot from u = 1 -6 to the boundary conditions (5.50)
and (5.51) at u = 0. We propagate the solution from uz = 0.99 to u = 0 using a
MATLAB built in function ODE 45 to solve the higher order differential equa-
tions.

Initial conditions on the functions F; (u) to Fs(u) are required at u = 1—-6. Con-
sider first the initial conditions on F; (1) to F4(u). From the asymptotic solution
(5.6),

F(w)=E0-w?+E0-u+E(0-w'+EQ0-w’+0(-uwb, (5.55)

as u — 1. Differenting (5.55) with respect to u gives

dF, 2 3 4
Fo(u) = — = —2E,(1—u) —3E;(1 - w)?>—4E,;(1 - w)® -5E5(1 — u)
+ 0(1-uw?, (5.56)
d’Fy 2 3
F3(u) = —— = 2E, +6E3(1 — u) + 12E4(1 — w)® + 20E5(1 — )
+ 0(1-uwh, (5.57)
d3F, ) 3
Fy(u) = —— = —6E3—24E,(1 - u) —60Es(1 —u)?+0((1-w?), (5.58)

as u — 1. Thus
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Fi(1-6) = E6*+0(6%), (5.59)
F(1-8) = —2E,8-3E38°+0(5%), (5.60)
F3(1-6) = 2E,+6E38+12E46%+0(5%), (5.61)
Fy(1-8) = —6E3—24E,8 —60E56°+ 0(5°), (5.62)

as 0 — 0. Also from (5.8) and (5.9) for G(u) and Z—g we obtain

F(1-6) = — E2+48Ac2E4+(—ZE2+3E3+240A02E5)6
2kBy 1 3 1
+ 0069, (5.63)
F1-8) = — ["E,—3E,—240ACE +O(6)] (5.64)
6 - ZkBO 3 2 3 1155 y .

as 0 — 0. We calculate F5(1 —6) and Fg(1 — ) only to the order 6 and order 1
because to go to order 52 introduces coefficients Eg and E;.

We see from (5.59) to (5.64) that the initial values of F; (1) to Fg(u) atu=1-90
depend on E, which is known from (5.5) and Ej3, E; and E5 which are unknown.
In the shooting method, the values of E3, E4, and Ej5 are varied until the bound-
ary conditions (5.49) and (5.50) on F;(0) and Fg(0) are satisfied.

From (5.17) the ratio of the width average fluid velocity to the speed of propa-
gation of the fracture tip is

vi(t,x) 2
R(w) = = :—gclkFlz(u)Fe(u). (5.65)
dat
From (5.18),
_ 20Ej (7 3 2 4 5
RO-0)=-—- 6E2—5E3—120A101E5H6 +0© )], (5.66)
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as 0 — 0 and R(0) is given by (5.21).

The fluid flux at the fracture entry (4.189)

<2l

Q) = Qo(1+ci) (5.67)
1

is specified. Hence the values of Qy and c; can be specified. The characteristic
numbers, A and B, and the constant k are specified . The bending moment M,
is also specified and from (5.54) and (5.61),

2
E, = %cl_ 3 M. (5.68)
The initial value problem for the six first order ordinary differential equations
(5.44) to (5.49) is solved subject to the six initial values (5.59) to (5.64) using the
MATLARB initial value solver ODE45 for higher order differential equations. The
value c; is chosen. In practise it was found not to be possible to shoot to the
two targets

2
R0 =1, (5.69)
3C_%Qo
Fg(0) = —= 1 5.70
6(0) 5k ( )

The value of E3, E; and E5 were adjusted until (5.69) was satisfied. The value
obtained for F5(0) was used to determine the flux Qq:

2 _4
Qo = —gkc1 ° F5(0). (5.71)

The bending moment Mj is chosen and E, is calculated from (5.68). The shoot-
ing was done manually. The parameter E3 was varied with E; =0 and E5 = 0. If
a value of E3 can be found then this gives the solution to the problem. If (5.69)

2
cannot be satisfied then the value of E3 for which ¢’ F(0) is closest to unity is
chosen. For this value of E3, E4 is varied with E5 = 0, until (5.69) is satisfied. If
2

(5.69) is not satisfied the the value of E; for which cf F(0) is closest to the unity
is chosen and Ejs is varied for these values of E5 and E,. If a value of E5 for which
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(5.69) is satisfied cannot be found then it was concluded that the solution does
not exist for the chosen values of c¢; and M.

Once the solutions for F;(u) to F5(u) are obtained the half- width Ah(f, x) and
the pressure difference P(t, x) are obtained from (5.13) and (5.14),

ht,x)=c) [1+Ci]§F1(u), (5.72)
1

ol

_4 -
P(tx)=c,*[1+ Ci] Fs(w) (5.73)
1

and the velocity ratio is given by (5.66). The length of the fracture is given by

D=

L(p) = (1 + C—tl) : (5.74)

5.6 Results for the silicic magma fracture

The values chosen for the parameters are the values for the silicic magma frac-
ture. From Table 5.2

A=126x10"%  B=225x10°.
We choose

k=05 6=0.01.

Since it was found to be easier to obtain laminar solutions for larger values of
c1 we considered c; = 10°. Other cases were investigated but not as thoroughly
as ¢; = 10°. They are commented on briefly in Section 5.7.

Casel. c; = 10°

The bending moment M, was increased in powers of 10 from M, =1 to My=5
x 107. At values of M as large as 5 x 107 the beams themselves may crack and
the model would cease to be valid. These large values are included to obtain a
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complete picture of the effect of Mj on the solution. The results are shown in
Table 5.3 When M, and c; are specified, E, is given by (5.68)

Casel.l 1< M;<2618x10°

For 1 < My < 2.618 x 10? both E3 and E, had to be varied in the shooting
method to obtain a numerical solution. The parameter E3 was always posi-
tive and decreased from E5 = 87 for My = 1 to Es = 0.147 for M, = 2.618 x 10°.
For a given value of M in this range, we first take E5 =0, E; = 0 and E5 = 0. The

2
value of ¢} F;(0) was calculated and found to be large and positive, of order of
magnitude 103. Keeping E; = 0 and E5 = 0, E3 was varied. It was found that as

2
Es increased through positive values, cf’ F;(0) decreased, reached a minimum
value greater that one and started increasing again. This is illustrated in Figure

2
5.1 for My = 10%. The value of E5 which makes cf’ F;(0) a minimum is chosen
and Ej is fixed at this value. The parameter E, is then varied with E5 = 0. It was

2
found that as E4 decreased through negative values, c; F;(0) decrease to 1 and
continued through 1. This is illustrated in Figure 5.2. The value of E4 for which

2
c; F1(0)=1 (5.75)

is chosen. The parameter E5 was not required and we took E5 = 0. This was the
solution of the numerical problem. As M, increased from My =1 to M, =2.618
x 10%. E, increased from -174 to -3.86.

For 1 < My < 2.618 x 10, the flux Q decreased from 2.11x 107! t0 9.08 x 10™*
which is in the range for laminar flow in the fracture. The pressure difference at
the fracture entry, P(0),is negative for small 1 < M, < 2.5 x 10? but it becomes
positive for 2.6x10% < My < 2.618 x 10°.

In Figures 5.3 to 5.7, we consider My = 2.2x102 for which P(0) < 0. In Figure 5.3

2
h(o,u) = ¢} F1(u) (5.76)

is plotted against u for 0 < u < 1 and in Figure 5.4 h(t, u) is plotted against u
for a range of values of time. We see that the beams "buckle" in the fundamen-
tal mode as fluid is injected between the two beams. The length of the beams
increases at a finite speed % which is not sufficiently great to prevent the buck-

ling which we see from Figure 5.4 grows steadily with time.

In Figure 5.5 the pressure difference
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POu=c, G (5.77)

is plotted against u for 0 < u < 1 while in Figure 5.6, P(f, u) is plotted against
u for a range of time. As fluid is injected into the fracture the magnitude of
the pressure difference decrease with time, as the injected fluid provides sup-
port for the beam, and tends to zero as time tends to infinity. These results are
consistent with (5.14)

In Figure 5.7 the ratio, R(u), of the width average fluid velocity v (¢, x), to the
speed of propagation of the fracture, %, is plotted against u for 0 < u < 1. Since
c1 = 10° and Qg = 1.48628 from Table 5.3, theory gives by (5.21)

R(0) = ¢;Qp = 1.48628 x 10°. (5.78)

This compares very well with the computed value

R(0) = 1.48707 x 10°. (5.79)

The theoretical limit R(1) = 0 given in (5.19) agrees with the computed value
in Figure 5.7. The width average fluid velocity decreases very rapidly near the
entrance to the fracture and is small over most of the fracture length. Conser-
vation of the flux of the incompressible fluid requires the beams to buckle in
the fracture.

In Figure 5.8, the fracture length L(¢) given by

D=

L(t) = (1 + C—tl) (5.80)

is plotted against # for ¢; = 10°. The length grows steadily with time from the
initial value L(0) = 1 of the pre-existing fracture. The length depends only on ¢;
and is independent of the flux at the fracture entry and the bending moment
M. This may help to explain why the beams "buckle". The injected fluid re-
quires an increase in the volume of the fracture and if the length is not growing
sufficiently rapidly the only way an increase in volume can occur if the beams
"buckle".

In Figure 5.9 to 5.13 we consider My = 2.6105 for which P(0) > 0. In Figure
5.9, h(0, u) is plotted against u and in Figure 5.10 h(t, u) is plotted against u for
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Figure 5.1: Graph of ¢} F(0) plotted against E3 for My = 10* and ¢; = 10°.
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Figure 5.2: Graph of ¢ F(0) x 10° plotted against Ej for My = 10* and ¢; = 10°.
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Graph of c‘f’lm x F(u) againstu
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Figure 5.3: Graph of cf’ F(u) plotted against u for My = 2.2 x 102 for a silicic
magma fracture.
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Figure 5.4: Graph of half-width h(t, u) plotted against u for My = 2.2 x 10? for a
silicic magma fracture at times ¢* = c—tl =0. 20, 40, 60, 80. 100
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Graph of width avarage velocity against u

150

100

50T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.7: Graph of ratio of width average fluid velocity to the speed of prop-
agation of the fracture % plotted against u for a silicic magma fracture. At the
end points, R(0) = 1.487x 102 and R(1) = 0.
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Figure 5.8: The length L(t) of the fracture plotted against time ¢* = C—tl for ¢y =
10°. The length is independent of My and L(0) = 1.
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the range of values of time. The general shape of the beam is similar to that
in Figures 5.3 and 5.4 but the position of the maximum displacement of the
buckled beam has moved further from the entrance, from approximately 0.25
in Figure 5.4 to 0.45 in Figure 5.10. A pre-existing fracture with a half-width of
1cm at the entry at ﬁ = 0 will have a maximum half-with of 10cm at % =0 which
will grow to about 2.2m by dimensionless time £ = 100..

In Figure 5.11 the pressure difference P(0, u) is plotted against « while in Figure
5.12 P(t,u) is plotted against u for a range of values of time. We see that the
pressure difference decrease rapidly at the fracture entry and is then approxi-
mately uniform over most of the length of the fracture. It again decrease rapidly
at the fracture tip and becomes negative.

In Figure 5.13 the ration of the width average fluid velocity to the speed of prop-
agation of the fracture is plotted against u. The decrease in R(u) at the fracture
entry is not as sharp as in Figure 5.7 but there still is a significant length of the
fracture over which the width average fluid velocity is u uniform, before de-
creasing rapidly to zero at the fracture tip. From Table 5.3 Qy = 1.4182 x10™*
and since ¢; = 10,

R(0) =c¢1Qp =14.182 (5.81)

This is in good agreement with the computed value in Figure 5.13,

R(0) =14.18402. (5.82)

At u =1, the graph tends rapidly to R(1) = 0 in agreement with the theoretical
limit (5.19),
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Figure 5.9: Graph of 013 F(u) plotted against u for My = 2.6105 x 102 for a silicic
magma fracture.
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Figure 5.10: Graph of half-width h(t, u) plotted against u for My = 2.6105 x 102
for a silicic magma fracture at times and ¢* = % =0, 20, 40, 60, 80 and 100
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Figure 5.11: Graph of ¢, * G(u) plotted against u for My = 2.26105 x 102 for a
silicic magma fracture
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Figure 5.12: Graph of pressure difference P(t, u) plotted against u for My =
2.6105x 102 and t* = % =0, 20, 40, 60, 80 and 100 for a silicic magma fracture.
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Graph of width avarage velocity against u
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Figure 5.13: Graph of ratio of width average fluid velocity to the speed of prop-
agation of the fracture % plotted against u for My = 2.6105 x 10? for a silicic
magma fracture. At the end points, R(0) = 14.184028 and R(1) = 0.

Casel.2 2.618x10> <M;<1.05x10°

For this range of M, the numerical solution using the shooting method does
2

not exist. By varying E3, E; and Es5 it was not possible to reach cf F(0) = 1.
For example when M, = 2.8 x 102, by varying E3 with E; = E5 = 0, a minimum

2
value 314.20817 for c; F;(0) was found at E3 = —0.05. Fixing E3 at this value it
2

was found that cf F1(0) increased for both less than and greater than E, = —3.28
This is illustrated in Figures 5.14 and 5.15.

In order to investigate why the shooting method does not give a numerical so-
lution the limiting cases My = 2.618 x 10? and M, = 1.05 x 10° were considered.
The solution M, = 2.618 x 102 is presented in Figure 5.16 to 5.19. In Figure
5.16 and 5.17, in which the half-width is plotted against u, we see that the half-
width has a minimum value near the entry and that the upper and lower beams
almost touch leaving little space for the fluid to flow. The beam may have buck-
led in the next higher mode. The reason the numerical method does not work
in the range 2.618 x 10> < My < 1.05 x 10 may be because the upper and lower
beams touch in this range preventing shooting in the numerical solution from
u=1-06to u=0.From Figure 5.18 we see that there is a large pressure gradient
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in the fluid forcing it through the narrow space between the two beams. From
5.19 we see that there is a sharp increase in the width average fluid velocity as
the fluid is forced through the narrow space. The solution for M = 1.05x 103,
which is the value of M) for which the solution again exist is shown in Figures
5.20 to 5.23. These four Figures have the same features as Figures 5.16 to 5.19
for My = 2.618 x 102 but the magnitudes of the Quantities are an order of magni-
tude greater. The upper and lower beams almost touch near the fracture entry.

To illustrate the results when 2.618 x 10% < M, < 1.05 x 103 the results obtained
for My = 2.8 x 10? are shown in Figure 5.24 to 5.27. The shooting method cannot

2
reach cf F1(0) = 1 which is clear from Figure 5.24 and 5.25 for the half-width.
In Figure 5.27 for the width average fluid velocity the analytical results R(0) =
c1Qp is not satisfied, even approximately. The numerical solution gives R(0) =
0.33979 while.

Qp=3.4417x107", ¢, =10°, Qy=3.4417x10"", (1Qp=3.44174x107°
Casel.3 1.05x10% < M;<2.22x10°

For My = 1.05 x 10° the shooting method requires only E3 to be varied, with
2

E4 = E5 = 0. This is illustrated in Figure 5.28 in which cf F,(0) is plotted against
E3 for My = 6x 103. Unlike the range 1 < M, < 2.618 x 10>, we see from Table 5.3
that E3 < 0. We also see from Table 5.3 that for M, > 1.05 x 103, a good starting
value for E3 in the shooting method is Es = —E» and that this estimate is very
good for My > 2x103.

The solution for this range of M is illustrated in Figures 5.29 to 5.32 for M, =6
x 103. The solution is similar to the solution in the range 2.6 x 10> < M, < 2.618
x 10? described by Figure 5.9 to 5.13 but the magnitude of the quantities is
greater.

For My = 2.22 x 107 we see from Table 5.3 that P(0) = 0.12274, Qy = 0.16151 and
that for My = 2.225 x 107, Qo is negative and that for My = 2.23 x 107, P(0) is
also negative. The value My = 2.22 x 107 therefore represents the limit for fluid
inflow at the fracture entry.

Casel.4  M;>2.225x10’
The magnitude of the bending moment M, is large which may lead to the frac-

turing of the beam. We include this case to cover all the types of solutions that
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could occur.

Since the fluid flux Q is negative there is fluid extraction at the fracture entry.
The magnitude of Qp increases as M, increase. The fluid extraction therefore
increases as M increases. The pressure difference at the fracture entry is neg-
ative which contributes to the outflow of the fluid.

The solution for My = 2.5 x 107 is presented in Figures 5.33 to 5.37. The magni-
tude of the quantities are large with half-width order 10 and may not be phys-
ical. The width average fluid velocity plotted in Figure 5.37 is negative, con-
sistent with outflow of fluid. At the fracture entry the numerical solution gives
R(0) = —1.265 x 10°% and the asymptotic results ¢;Qp = —1.269 x 10% is also neg-
ative since Qp is negative and in good agreement with numerical results.

In Figure 5.34 the half-width grows steadily with time consistent with (5.72),

2 2
ht,u) = ¢} [1+£]3Fl(u). (5.83)
1

When there is outflow at the entry we would have expected the half- width to
decrease with time. An explanation may be that the fluid has become detached
from the beams and occupies only part of the space between the beams or that
it remains attached and the boundary condition (3.31) remains valid but cav-
ities form in the fluid along the axis. This may be due to the large bending
moment My = 2.5 x 10°. From (4.175) and (4.182) the fluid flux at the entry is
given by

£\t
Q(t)=Qo(1+—) , (5.84)
C1
where
2 _1dG
Qo= 3kc1 du(O) (5.85)

For fluid inflow Qy > 0 and %(0) < 0 while for fluid outflow Qy < 0 and %(0) >

0. From Table 5.5 we see that there is a change in sign of %(0) as M, increases
and Qp changes from positive to negative. From (5.73)

ar, 0)—c_%(1+i) =20 (5.86)
du '~ 1 1 '
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and for fluid inflow the pressure gradient is negative at the entry and for fluid
outflow it is positive at the entry as expected.

From Table 5.2 for silicic lava the maximum value of Qg for laminar flow is Qp <
37. We see from Table 5.3 that the flow will be laminar for My <3.1x107.

Table 5.4: Numerical values for

moment M.

MO _dG QO
F5(0) = 45(0)

1.5x 107 —-1.05x 108 +7.54

2.1x107 —-4.33x10* +3.71

2.25x 107 +1.74x10° —-0.93

t.5x107 +1.57x 108 -11.27
dG
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Figure 5.14: Graph of ¢}’ F; (0) plotted against E3 for M =2.8 x 102 and ¢; = 10°
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Figure 5.15: Graph of ¢} F;(0) x 1073 plotted against E, for M = 2.8 x 10* and
c1 =10°
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Graph of cfn X F1(u) against u
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Figure 5.16: Graph of h(0, u) = ¢; F; (u) plotted against u for My = 2.618 x 10?
for silicic magma fracture.
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Figure 5.17: Graph of half-width h(t, u) plotted against u for My = 2.618 x 10>
for a silicic magma fracture at a range of times from ¢* = c—tl =0to t* = C—tl =100.
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Figure 5.18: Graph of pressure difference P(0, u) = ¢, * G, (u) plotted against u
for My = 2.618 x 102 for a silicic magma fracture.
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Figure 5.19: Graph of the ratio R(u) of the width average fluid velocity to the
speed of propagation of the fracture % plotted against u for M, = 2.618 x 10?

for silicic magma fracture. At the entry R(0) = 10.1851 while the asymptotic
results with Qp = 9.0945x 107° gives R(0) = ¢;Qp =9.0945.
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Figure 5.20: Graph of (0, u) = ¢; F; (u) plotted against u for My = 1.05x 103 for
a silicic magma fracture.
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Figure 5.21: Graph of half-width h(z, u) plotted against u for My = 1.05 x 102 for
a silicic magma fracture at a range of times from t* = C—tl =0to t* = c—tl =100.
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Figure 5.22: Graph of pressure difference P(0, u) = ¢, * G, (u) plotted against u
for My = 1.05 x 103 for a silicic magma fracture.
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Figure 5.23: Graph of the ratio R(u) of the width average fluid velocity to the
speed of propagation of the fracture % plotted against u for My = 1.05x 103 for

silicic magma fracture. At the entry R(0) = 37.0540 while the asymptotic results
with Qg = 3.64557 x 1074 gives R(0) = ¢1Qp = 36.4557.

100



350

300

2501

50

Graph of cy xF1(u] against u

213

0.6

0.7

0.8

0.9 1

2
Figure 5.24: Graph of h(0, u) = ¢; F (u) plotted against u for My = 2.8 x 10? for

2
silicic magma fracture. The shooting method cannot reach cf F(0) =1 and the
curve is not a numerical solution.
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Figure 5.25: Graph of half-width h(t, u) plotted against u for My = 2.8 x 10? for
a silicic magma fracture at a range of times from t* = C—tl =0tot" = C—tl = 100.

2
The shooting method cannot reach ¢} F; (0) = 1 and the figure does not show a
numerical solution.
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Figure 5.26: Graph of pressure difference P(0, u) = ¢, * Gy (u) plotted against u

for M = 2.8 x 10? for a silicic magma fracture. The curve does not describe a
2

numerical solution because cf‘ F(0) #1.

Graph of width avarage velocity against u

Figure 5.27: Graph of the ratio R(u) of the width average fluid velocity to the
speed of propagation of the fracture Z—I; plotted against u for My = 2.8 x 10?
for a silicic magma fracture. At the entry R(0) = 0.339792 while the asymptotic
result with Qy = 3.441743 x 10~!! gives R(0) = ¢; Qo = 3.441743 x 1075, The large
difference is because the shooting method could not reach c; F; (0) = 1.
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Figure 5.28: Graph of ¢} F;(0) x 10 plotted against E3 for My = 6 x 10° and
c1 =10°.
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Figure 5.29: Graph of h(0, u) = ¢} F; (u) plotted against u for My = 6 x 103 for a
silicic magma fracture.
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Figure 5.30: Graph of half-width h(t, u) plotted against u for M = 6 x 103 for a
silicic magma fracture at a range of times from ¢* = C—tl =0tot* = C—’fl
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Figure 5.31: Graph of pressure difference P(0, u) = ¢, ° G (u) plotted against u
for My = 6 x 103 for a silicic magma fracture. At the entry the pressure
difference decrease rapidly from P(0,0) = 15.355427 to P(0,u) =0.5x 1078
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Figure 5.32: Graph of the ratio R(u) of the width average fluid velocity to the

speed of propagation of the fracture % plotted against u for My = 6 x 103 for

silicic magma fracture. At the entry R(0) = 5.8217 x 10? while the asymptotic
result with Qy = 5.8211x 1073 gives R(0) = ¢;Qp = 5.8211x 1073,
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Figure 5.33: Graph of h(0, u) = cf F; (u) plotted against u for My =2.5x 107 for
silicic magma fracture.
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Figure 5.34: Graph of half-width h(t, u) plotted against u for My = 2.5 x 107
silicic magma fracture at a range of times from ¢* = C—tl =0to t* = C—tlz 100,. for
fluid extraction at the fracture entry.
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Figure 5.35: Graph of pressure difference P(0, u) = ¢, * G1(u) plotted against u
for My = 2.5 x 107 for silicic magma fracture. At entry P(0.0) - 6.26 but it
increase rapidly to approximately zero. At the fracture tip P(0,1) = 0.
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Figure 5.36: Graph of the ratio R(u) of the width average fluid velocity to the
speed of propagation of the fracture % plotted against u for My = 2.5x 107 for
silicic magma fracture. At the entry R(0) = —1.1265 x 10® while the asymptotic

results with Qy = —11.269 gives R(0) = ¢;Qp = —1.1269 x 10°.

5.7 Conclusions

The asymptotic solution for finite bending moment for F(u) and G(u) as u — 1
was useful in formulating the numerical solution. For the velocity ratio R(u) we
found that R(u) — 0 as u — 1 which showed that the width average fluid velocity
vanished at the fracture tip because the gradient of the half-width tends to zero
as u — 1 and the viscous fluid sticks to the beams. Thus compares with the
Perkin - Kern - Nordgren (PKN) models for hydraulic fracture for which the
width average fluid velocity tends to the velocity of propagation of the fracture
tip as u — 1 [2]. The result R(0) = ¢;Qy, derived from the boundary conditions,
was very useful in checking the numerical solution.

The problem of sill formation in geophysics was very useful to determine the
values of the parameters A and B. Sill formation can be modelled as the in-
jection of fluid between two beams. It also gave a condition on the physical
parameters for the fluid flow to be laminar which was a condition made in the
mathematical model. The numerical method could therefore be tested on a
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practical problem.

When the bending moment at the fracture tip is finite the hydraulic fracturing
problem was formulated as a boundary value problem for six ordinary differ-
ential equations subject to boundary conditions. A shooting method for the
system of nonlinaer ordinary differential equations was considered. The initial
conditions were calculated using the asymptotic solution at the fracture tip. We
used the MATLAB built- in function ODE45 for Initial Value Problems. We shoot
to the target

¢ F0)=1. (5.87)

The solution for ¢; = 10° was considered in detail. It was found that for small
values of M, two parameters, E3 which was positive and E, which was negative
were required in the shooting method but after the range of M for which there
was no solution, only one parameter E3 was needed which changed sign and
become negative. For the range of Mj a good initial estimate for Es was E3 =
—E, which improved as M increased. We also see from the Table 5.3 that for

dF(0
My > 3x10° F>(0) = aro | By, (5.88)
du
which improved as M, increased. The numerical solution for other value of ¢;

were similar to the solution for ¢; = 10°

The numerical results obtained described a large range of physical application
which depend on the value of Mj and c;. They are different from the numerical
results obtained by Zvyagin and Gevorkyan [20] for which the width of the frac-
ture decreased steadily from the entry to the fracture tip. Our numerical results
showed that the beams tended to "buckle" during the process of hydraulic frac-
turing and that the upper and lower beams could touch for which the shooting
method did not give a solution. It was also found that the fluid extraction could
occur for high bending moment.

In this dissertation the case c; = 10° only was considered. This value illus-
trated the wide range of possible solutions and the fluid flow was laminar with
Qo < 37. Other values of ¢; were briefly investigated. For ¢; = 10* and 10° the
results were similar to the results of ¢; = 10°. For ¢; = 10? and 1 there were more
regions in which the numerical solution using the shooting method did not ex-
ist, especially for the small values of the bending moment M, which suggested
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there was more touching of the beams. When the solution existed the values of
Qo were larger showing that the flow was turbulent
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Chapter 6

Conclusions

6.1 Mathematical model

The model of a hydraulic fracture using Euler-Bernoulli beams was first for-
mulated by Zvyagin and Gevorkyan [20]. The application of lubrication theory
to the thin fluid film between the two closely spaced beams greatly simplified
the Navier-Stokes equation. A nonlinear diffusion equation was derived relat-
ing the half-width to the pressure difference between the fluid pressure and
the normal compressive stress on the upper surface of the beam. The fourth
order Euler-Bernoulli beam equation gave the second partial differential equa-
tion between the half-width and pressure difference. The partial differential
equations in dimensionless form a depended essentially on two dimensionless
numbers, A and B. The number A multiplied the highest derivative, of fourth
order, in the beam equation.

The boundary conditions at the fracture tip depended critically on whether the
bending moment Mj is finite or infinite. We considered finite bending moment
only because an infinite bending moment would crack the beam. The bound-
ary condition at the fracture entry prescribed the fluid flux into the fracture.

The ratio of the width average fluid velocity to the speed of propagation of the
fracture depend only on the variable u = ﬁ and was independent of time ex-
plicitly. The ratio was useful to check numerical results and interpret the flow

of fluid in the fracture.
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6.2 Lie group analysis

A Lie point symmetry analysis was done on the system of two coupled partial
differential equations. The invariance condition for the second order nonlinear
diffusion equation was first considered. Prolongation formulae only to second
order had to be calculated. The results greatly simplified the Lie point symme-
try which made it not too difficult to calculate the fourth order prolongation
formulae in the invariance condition for the fourth order Euler-Bernoulli beam
equation. By performing the derivation of the Lie point symmetry in this order
it could be calculated manually.

We considered two cases for the invariant solution, the general case ¢, # 0 and
the special case ¢, = 0. For both cases the partial differential equations were re-
duced to ordinary differential equations and the boundary conditions were ex-
pressed in terms of the invariant variables. The ordinary differential equations
did not have any Lie point symmetries for ¢, # 0 and only x = a% for ¢, = 0. We
were not able to solve the ordinary differential equations analytically but were
able to formulate the problem for a numerical solution.

6.3 Numerical solution

The numerical solution for the general case ¢, # 0 was considered because it
was more important in practice. The system of one second order ordinary
differential equation and one fourth order ordinary differential equation was
written as a system of six first order ordinary differential equations. A shooting
method was used, shooting from the fracture tip at u = 1 towards the fracture
entry at u = 0. Because one of the six first order differential equations was sin-
gular at u = 1, the shooting was done a small distance 6 in from u = 1. The
asymptotic solution as u — 1 was very useful in calculating the values of the
functions F; (u), F»>(w), ..., Fg(u) at u = 1—9. The MATLAB built-in function ODE
45 for Initial Value Problems was able to give the numerical solution.

6.4 Results

In order to obtain values for the physical parameters and dimensionless num-
bers a specific physical problem was considered. We considered the problem
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from geophysics of the formation of sills by injection of silicic lava between
layers of rock which were modelled as beams. Our results showed that the
beams tended to "buckle" during the fluid injection process. This is differ-
ent from the results of Zvyagin and Gevorkyan [20] for hydraulic fracturing of
two closely spaced beams who found numerically that the width between the
beams decreased steadily from the fracture entry to the fracture tip. The shoot-
ing method worked well for most cases but did not give a solution for the range
of values of the bending moment M, for which the upper and the lower beams
may be touching at an interior point.

6.5 Future work

We have seen that the theory may have application to geophysics. In the model
considered the fluid flow in the fracture was laminar. For silicic lava the condi-
tions for the flow to become turbulent was calculated. Turbulent fluid fracture
of the two closely spaced beams could be considered. Two models of turbu-
lence could be investigated and compared, the Blasius wall shear stress model
[7, 2] and Prandtl’s mixing length model.
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Appendix A

Lie point symmetries of the system

of ordinary differential equations

for the general case c, # 0.

In this Appendix we investigate the Lie point symmetries of the coupled system

of ordinary differential equations (4.179) and (4.180) ,

ckd(F3dG)+3 aF _p_y
—_— _— —u—— = y
! du du 2 du

) a* L1 2d2F+ 1L dF 2. .o
Cl—— +- U ——+—u——--F =BG,
Yaur 4" du? 12 du 9

for ¢ # 0. The determining equations for the Lie point symmetry
X=¢wEG) O i wWEG 2 EG)
B R e TR Te

of the system, (A.1) and (A.2, are

=0

3
X (301 kF2F'G' + ¢ kF3G" + SuF' - 2F) ’ -
2 ODE(A.1), ODE(A.2)

and
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(A.1)

(A.2)

(A.3)

(A.4)



[4] 2 i uz 1" u _, 2
XW(AGFY + = F"+ —F' - ZF - BG)| =0,
4 12 9 ODE(A.1), ODE(A.2)

where dash (/) denotes differentiation with respect to v and X! and X"

0 0 0
XE =X+ lgm +lga + hgen

0 0

0
4 1 1 1
x4l :X+(1ﬁ+fuﬁ’+(1ulw’

where only the terms not identically zero are included and

4 DY) -F' D),
(3 D®?) -G D),
L = DCH-F'DO,

2
11

1
(111

1
(1111

and

0

_ ! ,0 "
D_—+Fﬁ+G—+F —+G —

DWH-G"D©),
D((1) - F"D(),

D((1y;) - F'"D(©)

0
oG OF'

(A.5)

I'are

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

Consider first the determining equation (A.4) which using (A.6) for X4 is
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3 3
EEF' + (6 kFF'G' +3c1kF*G" - 2)n + 5(2(:1 kF*G'+ u){1 +3c1kF*F'(3

3,2
+ c1kF°(1,lopE.1), oDEA2) =0

(A.15)

The coefficients ¢!, ¢? and {?, are expanded.
1 11

The second derivatives G and F” are replaced in the determining equation
using the ordinary differential equations (A.1) and (A.2),

oo 3FG _ BuF 2 A16)
" F  20,kF3 ¢ kF?’ '
4Ac? . 1 8 4B

F'=——lFv _ _F4+ __F+_—_G. (A.17)

u 3u 9u? u?

The determining equation is then separated according to the powers and the
products of the partial derivatives of F and G:

. 0¢&

F''G' — =0, A.18
oF ( )

, 0172
FtY) — =0, Al

oF 0 (A-19)
0¢

FG? — =0. A.20
3G ( )

Hence

E=¢w), n'=n'wEG, n*=n'u0), (A.21)

and separating further
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0 1
FG : Fa--n'=o,

OF
an 62172
GIZ . F—:O’
aG 0G?
0771 02 2 dzf 3 077
' kF?|3=L +2F S
¢ “ [ 6u+ 0Gou duZ] 243G
déy 3u(_on' , 0
' — P - [
F (E udu) (FOF 377 )+3ClkF o0
3 ont
— _ __O,
2%a6
d 3 0 1 02 2
Remainder _4Fd_i+§u%+4nl+c kE3 0;72
a 2
+ ZFL:()
0G

From (A.22) it follows that

n'(u, F,G) = FP(u,G)

where P(u,G) is an arbitrary function. Equation (A.23) becomes

o o
Sz WG +35=Pw,G) =0

and intergrating with respect to G gives

2

10
P(u,G) = A(u)——ﬁn (u,G)

where A(u) is an arbitrary function. Thus from (A.27),

10
1 — — — —
nuLEGL-(Aun aGn(uGﬂ
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(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)



Substitute (A.30) into (A.24) which becomes

d2¢q 4 u_ 0°

cksdA+ 2(u,G) F F 2(u,G)=0
B P B Yol du? 2 g2 W =R
Separate by powers of F.
i 2
F ﬁﬂ (u,G) =0,
dA 02 d%¢
F3 . 3—/—+ 2 ,G)———==0.
du auaG” (G) du?
From (A.32),

7% (u, G) = GB(u) + D(w),

(A.31)

(A.32)

(A.33)

(A.34)

where B(u) and D(u) are arbitrary function. Substitute (A.34) into (A.33) which

gives

dA dB _d’¢ _
du du du®

and integrating with respect to u we obtain

B(u) = ﬁ—SA(u)+b1,
du

where b, is a constant. Substituting (A.36) back into (A.34) gives

dé
2 - — —
n (u,G)-(bl 3A(u)+du)G+D(u)

and (A.30) becomes

Lo 1 dé
n (u,F)_(—§b1+2A(u)—§E)F.

Substituting (A.37) and (A.38) into (A.25) equation (A.25) becomes
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(A.35)

(A.36)

(A.37)

(A.38)



S(eru ) s ufbr-0au0 + %) ekt o 342 4+ £4), 4D

3u dé
- 7(191 -3A(u) + %) (A.39)

Separate by powers and product of F and G.

9 dD
F —=0 (A.40)
du
F?’G ﬁ—?)@—o (A.41)
" du? Tdu '
. 3 dé 1 3
R T = _— = ——uA =0. A.42
emainder 2€+udu 2ubl 2u (u)=0 ( )
From (A.40) and (A.41)
D) = by, (A.43)
d
_'5_3,4(”) = b3 (A.44)
du

where b, and b3 are constants. By eliminating A(u), the Remainder (A.42)
becomes the first order linear differential equation

d 3
—€+—€= by — bs. (A.45)
du u
Hence
1 b
) = - (b - by)u+—, (A.46)
4 u

where b, is a constant and from (A.44),
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1 by
Aw = [bl -5bs 127 . (AA7)

Thus

n'wF) = —[l(bl +3b3) + b—i]F (A.48)
4 u

n*(u, G) (b1 + b3)G + bo. (A.49)

We now substitute (A.46), (A.48) and (A.49) for &(u), n' (u, F) and (n?(u, G) into
the last equation (A.42) which becomes

Fbyu™*=0 (A.50)

and therefore

by =0. (A.51)

Thus, from the first determining equation we obtain

X—f(u)i+ 1(F)i+ 2(G)i (A.52)
TG TR TG :
where
1
S(w) = Z(bl_bf_’;)u; (A.53)
n'(F) = —i(bﬁsbg)ﬂ (A.54)
n?(F) = (b1 +bs)G+b,. (A.55)

Before we consider the second determining equation we rename the constants
in (4.53) to (4.55). Let
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1 1
Z(bl —b3) = ay, _Z(bl +3b3)=az, by=as,

then
by =3a1—a;, bi3=-(a1+ax), bi+bs=2a—ay).
Thus
X—aua +aFa +|2(a1—a))G+a 9
M 5u T GF L *1aG
and
((w) = au,
n'(F) = &F
172(G) = 2(a; —a))G+ as.

The second determining equation is (A.5) which when expanded is

2

2

Now using (A.8) to (A.14),
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1 1 2 u u
—(uF"+ EF')f—gnl—n2+E(i+ZC%1+A0fCi111IODE(A.1), oDEA2) =0.

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)

(A.61)

(A.62)



(1 = (—a)F, (A.63)

h = (@-2a)F", (A.64)
%11 = (ap-3a)F", (A.65)
1 _ v
(1111 = (a2—4a))F". (A.66)

Equation (A.62) becomes

l(uF"+1F’)a u—ga F—[Z(a —a))G+a ]+1(a —a))F'
> 5 1U=ga 1—a 3|+ ;@@

2

u
+ —(ap—2a))F"+ Ac}(ay —4a,)F"” =0. (A.67)
4 ODE(A.1), ODE(A.2)
Now from (A.2).
2 ! u2 1" u _, 2
ACF"=——F"'—- —F +-F+BG (A.68)
4 12 9
and substititing (A.68) into (A.67) we obtain
8 1
——ayF+3(a,—2a1)BG+-ajuF' + a u’F" — Bay =0 (A.69)
9 3 ODE(A.1)
Also, from (A.1)
. 2Q2F - kF3G")
F = (A.70)

" 3(u+2c1kF2G)

and replacing F’ in (A.69) using (A.70) gives
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4 16
- @ uF — 3 ai kF3G' +3(ap —2a1)uG +6(a; —2a;)c; kBGF*G'

+ au’F"+2a,6ku’F’G'F' - 2Basc1 kF*G' + ay u®F"

2
- §alclkuF3G” =0. (A.71)

We separate (A.71) by the powers and products of the independent variables.

G a, =0. (A.72)

Equation (A.71) reduces to
3a,uG+6ayc kGF?>G' — Basu—2Basc  kF*G' =0 (A.73)

and separating again gives
F*GG': a, =0, (A.74)
F?G': as =0. (A.75)

Hence from (A.58)

X=0 (A.76)

and the system (A.1) and (A.2) does not admit a Lie point symmetry when c; #
0,
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Appendix B

Lie point symmetries of the system

of ordinary differential equations

for ¢, = 0.

In this Appendix we consider the Lie point symmetries of the coupled system

of equations (4.219) and (4.220)

L [F

3d_G] dF
du

+3c3— =0,
du 3du

d'F  ,d°F _

aw " Saz =P

where c3 # 0. The Lie Point symmetry of the system (B1) and (B.2) is

Y au o aF Y aG

X (kF3G" +3kF?F'G' +3c¢3F") =0,
ODE(B.1), ODE(B.2)

_0,

XHI(AF* +3G3F" - BG)| -
ODE(B.1), ODE(B.2)
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(B.2)

(B.3)

(B.4)

(B.5)



where

0 0 0
X=X+ g+ g + e (50
0 0
[4] _ 1 1

and (}, {1,, {1;, (which is required to calculate {1,,,), {1, {5 (%), are given by

(A.8) to (A.13) with D given by (A.14).

The first determining equation (B.4) is

(BkF*G"+6kFF' G)n'+(3kF*G +3¢3){} +3kF*F {3+ kF3(? =0
17 1 1 11
ODE(B.1), ODE((B.%))

The coefficients (], {§ and (3, are calculated. The ordinary differential equa-
tion(B.1) and (B.2) are used to replace the second derivatives in (B.8),

1
F'==(BG- AF"), (B.9)
G
G'F F'
G'=-3 -3¢ B.10
7 333 ( )

The determining equation is then separated by the powers and products of the
partial derivatives of F and G.

0¢

G'F" — =0, B.11
oF ( )
0172

F'V —— =0, B.12

oF ( )
o¢

FG? . —= =0. B.13
oG (B.13)

Thus
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&=E(w), n'=n'(w,EG), n? =n*(u,G). (B.14)

Separating the determining equation again gives

GF : F—-npl=0y, B.15
oF n ( )
6771 62172
G® : 3L +F— =), B.16
0G 0G2 (B.16)
on®> 3czont 0°n? d*¢
G : 3FP—/—+—=—_ 42F3 o =0, B.17
ou k 0G 0Gou du? ( )
9c3 ,0n* 3c3on' 3c30n®  3c3 08
F . —=plygp L y==2-0L “=-1 "2 _0 (B.I8
F ou ' k OF k oG k ou (B.18)
3csont 5 on?
R = s L B.19
k ou U ou2 (B.19)
Where R is the remainder.
From (B.15),
n'(u, F,G) = FP(u, G) (B.20)

where P(u, G) is an arbitrary function. Substituting into the remainder we ob-
tain

—F—P(u,G)+F

2
) ,G)=0 B.21
k' ou 52 W (B.21)

and separating by F gives

0

F : —P(u,G)=0, (B.22)
ou

3 62 2
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and therefore

P = PG (B.24)
7*(u,G) = uD(G)+E(G) (B.25)
In summary,
¢=¢w), n'(EG)=FP(G), n’(w,G)=uD(G)+EQ). (B.26)
Equation (B.18) now becomes
2 dD dE dé
—66‘3P(G)+3kF D(G)—-3c3—— —3c3— +3c3— =0 (B.27)

dG aG du

and separating we obtain

F?> . D(G) =0, (B.28)

Remainder 2P(G)+dE do 0 (B.29)
i : ——-—=0. .
dG du

Differentiating (B.29) by u gives

d—zg =0 (B.30)
du? )
and therefore
¢(u) = bru+ by, (B.31)

where b, and b, are constants. Equation (B.29) becomes

dE
2P(G)+——=-b; =0. B.32
( )+dG 1 (B.32)
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hence from (B.26)

1 dE
Ew=bu+b, 1 EG) = E(bl - d_G)F’ 1%(G) = EG). (B.33)

Equation(B.17) becomes

4E =0 (B.34)
aG? '
and therefore
E(G) = b3sG + b,. (B.35)
Equation (B.33) becomes
1
Ew=bu+by, nYEG) = E(bl—bg)F, 1%(G) = bsG + ba. (B.36)

The remaining equation (B.16) is identically satisfied. We rename the con-
stants,

1
by=ay, bi=a, E(bl - bs) =asz, bi=a (B.37)
and therefore
(Ww=au+ay, n'(EG=a3F n*(G) =as+(a—2a3)G. (B.38)
Hence
X—(a+wz@fl+aff1+[a+wa—2ax;fi (B.39)
B SRV PP P =R O P Yo X '
The second determining equation, (B.5), when expanded is
2, 241 1
—-n°+ +A =0 B.40
( "+ (11“)‘005(3.1), ODE(B.2) ( )

using (A.8) to (A.14),
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{1 = (a3—ap)F, (B.41)

(1, = (a—a)F’, (B.42)
{4y = (az—ap)F”, (B.43)
(i1 = (a3—a)F", (B.44)
Equation(B.40) becomes
—|as+(az—2a3)G|+c3(as—2a) F"'+ A(az—4ap) F"” =0 (B.45)

ODE(B.1), ODE(B.2)

But from (B.2)

AF" = -cSF"+ BG (B.46)

and substituting (B.46) into (B.45) we obtain

—ay+B(3a,—5a3)G +2ayc5F" =0 (B.47)

ODE(B.1), ODE(B.2) B

But (B.1) depends only on F, F’, G’ and G” which do not occur in (B.47). Thus
(B.1) cannot be substituted into (B.47), The Lie point symmetry is therefore a
conditional symmetry, the condition is

kF3G" +3kF’F'G' +3¢3F' =0. (B.48)

Separate (B.47) by equating to zero the coefficients of the independent vari-
ables.

GF" 1 ay=0, (B.49)
G : 3a,—-5a3=0, (B.50)
Remainder : as=0. (B.51)
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Thus

ay = 0, as = 0, aqg = 0 (B52)
and the Lie point symmetry (B.39) reduces to

0

X=—.
ou

(B.53)

For the special case ¢, = 0, the system of ordinary differential equations, (B.1)
and (B.2), therefore admit one Lie point symmetry, (B.53). The system (B.1)
and (B.2), does not depend explicitly on u. It is a conditional symmetry, the
condition is (B.48), derived from equation (B.1)
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