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Abstract In this paper, we present formula solutions of a family of difference equations of higher order. We
discuss the periodic nature of the solutions and we investigate the stability character of the equilibrium points.
We utilize Lie symmetry analysis as part of our approach together with some number theoretic functions. Our
findings generalize certain results in the literature.
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1 Introduction

There has been great attention and focus on difference equations. Just like differential equations, there are
techniques that one can use to solve difference equations. One method for solving them is to use Lie symmetry
analysis. In this approach, one finds an invariant which can be used to find a simpler form of the equation.
Amongst the first people to use Lie symmetry analysis to solve difference equations are Maeda [12] and Hydon
[9]. Examples of the use of difference equations in real-life include modeling the proliferation of disease, loan
payments, population studies, etc [4,11].

Recurrence equations of a general order have been investigated in the literature and from different
approaches by several authors [1-3,5,6,8]. In their work, Almatrafi and others [1] discussed the exact solutions,
stability, oscillation and periodic aspects of the the difference equations

Nn—4k+1

Nn+1 = z . (1)
1 [y ma—sit1
These equations are special cases of a more generalized setting
Nn—4k+1
M1 = = )

k 9
an + by [ =) Mn—dgit1

where a,, and b, are arbitrary real sequences. One can readily see that with a suitable change of variables, the
above equations can be derived from the higher order Berverton—Holt difference [3] equation

mn Ky

Ky + (n — Dry ' ©)

I'n4l =

where i, > 1 denotes the growth rate, K,, is the carrying capacity and rg, r1, . . ., r;— are the positive initial
values.
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In this paper, we perform a symmetry analysis of the equivalent equation
Un

, 4)
Ay + By [Tr_ i1y

Untak =

for some arbitrary real sequences A, and B, where ug, uy, ..., uar—1 are initial values. Using symmetries, we
obtain explicit formulas for the solution of (4) and we deduce the solutions of (2) from those of (4). We also
study the periodic nature of the solutions and a stability analysis of the difference equation is investigated.
The derivation of symmetries for higher order recurrences involves cumbersome calculations and, to the
best of our knowledge, there are no computer packages that generate these symmetries. For more on Lie
symmetry analysis of difference equations, the reader can refer to [9] and, among others, the articles [6,7,13].

1.1 Preliminaries

Consider the difference equation:

Upiak =G, Uy, Upid, Uni§ ... Uptdk—4), )

for some smooth function G satisfying 0G/du, # 0. Symmetry groups are connected to the determination of
infinitesimal transformations. Let

fiy =ty +£Q(n, uy) + 0(e2), (©6)

be the one parameter Lie group of transformations of (5) with the corresponding generator

V=200, u)

i (7
du,
Note that the knowledge of the characteristic Q = Q(n, u,) requires the knowledge of the (4k — 4)-th

prolongation of V:

ad a a
Vi — 0+ (5%Q) +o A (Y
ouy Oty 14 Uy yak—a

®)

where S’ : n — n + i is the forward shift operator. It is known that (6) is a symmetry group if and only if the
condition

S*Q@n, uy) — V4G =0 )

un+5k:g(n‘unyun+4 ----- Up44k—4)

holds. Suppose that the characteristic is obtained by solving the functional equation (9). One can use the
canonical coordinate [10]

du,
n= [ ——— (10)
Q(n, un)
to derive the invariants which may be used to lower the order of the difference equations. In [9], the author attests

that with the choice of canonical coordinate (10), the recurrence equation can, without fail, be represented in
the form c¢,+1 — ¢, = d,, whose solution takes the shape

=) de+wi (11)

k=nqo

for some constant wi. From (11), it is not difficult to find the solution expressed in terms of the original
variables. In this paper, our solution is obtained via the use of the canonical coordinate through a different
methodology.

The following theorem and definitions [8] are useful for studying local and globally stability aspects of the
equilibrium point.
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Definition 1.1 The equilibrium point i of (5) is said to be locally stable if for any € > 0 such that if {u,}>
is a solution of (5) with

luo — ul + luy —ul + -+ + luak—2 — ul + |uak—1 —ul <, (12)

then
lu, —u| < e forall n>0. (13)
Definition 1.2 The equilibrium point i of (5) is said to be a global attractor if for any solution {u,},2, of (5),

lim u, = ii. (14)
n<—oo

Definition 1.3 The equilibrium point u of (5) is globally asymptotically stable if u is locally stable and is a
global attractor of (5).

Let
a
pi = f (u,...,u), i=4r, r=0,1,... . k—1. (15)
upi
It follows that
A — pyear®™t — o~ pat —po =0 (16)

is the corresponding characteristic equation of (5) about the equilibrium point i.

Theorem 1.4 Suppose f is a smooth function defined on some open neighborhood of u. Then the following
statements are true:

(i) The equilibrium point u is locally asymptotically stable if all the roots of (16) have absolute value less
than one.
(ii) The equilibrium point u is unstable if at least one root of (16) has absolute value greater than one.

Definition 1.5 The equilibrium point & of (5) is called non-hyperbolic if there exists a root of (16) with
absolute value equal to one.
2 Lie analysis and solutions

To derive the characteristic function Q admitted by (4), that is,

Up

e =9 = An + By TTiZy tntai-1y (47
we apply the symmetry constraint equation (9) to (17) to get
k—1
Qn + 4k, tn14k) = Y Gty @ + 4i, U yai) =0, (18)
i=0

where f  denotes the partial derivative of f with respect to x. To solve for Q, we first apply the differential
Operator 9/du, 4 — (unyg/un+4)d/du, 13 o0 (18). This gives

Un+8 Un+8
(_gs”n+8’4n+4 - g»u/1+4un+4> Q(l’l + 4’ u”+4) + <_gs”n+8un+8 - gvuiz+4”n+8> Q(l’l + 8’ l/tn+8)
Un+4 Un+4

+3

i>3

2 1k
Buuy [T Z3 Untai—1)

(An + B, Hle un+4(i—l)>

Un+8 .
G upisniai — Gounraunya | Q0+ 40 Upiai) —
u

n+4

2 (Q/(n + 87 un+8)

— Q' (n +4 unia) + (M

Un+4

g,un+gun - g,un+4un) O, u,) =0 (19)
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which simplifies to
Uny8 Q(n + 4, tn14) — Unya Q(n + 8, 1) + Unyattns8(Q'(n 4 8, unyg) — O'(n + 4, upi4)) =0. (20)
We then differentiate the above equation with respect to u,4 twice to get
(n44Q' (2 + 4, up14) — Q1 + 4, 1510))" = 0. 1)
The general solution of (21) takes the form
Q(n,up) = anitn + Bn(up Ity + ) + yn (22)

for some functions «,, 8, and y;,, of n. Next, we substitute Q and its corresponding shifts in (18). Bearing in
mind that «,,, 8, and y,, are independent of u,, and their shifts, we use the method of separation. It turns out
that B, is equal to zero and the system of overdetermined equations resulting from the separation is as follows:

l: A%Vn+4k —Apyn =0
Uy @ AnQpiak — Apay =0

2 )
Uplnid .. Upydk—4 © Bp(Quydk + Qg +apig + -+ Qpgdk—8 + oppak—4) =0
Uplntd .. Uptdk—4 > 2AnByVntar =0 (23)

which reduces to

Yo =0, ayyar —o, =0, (24)
op + Qpa + 08+ + Upar—8 + dytak—a = 0. (25)

Equation (25) is a linear difference equation with constant coefficients and has the characteristic equation
st S %8 44 (26)

It is well known that if r is a solution of (26), then o, = r"* is a solution of (25). Multiplying (26) by 1 — ré
and solving the resulting equation gives

ist ist . ism . ism
ri(s) = e, rs)=—e, r3(s)=ie*, r4(s)=—ie’k, (27)

for 1 <s <k — 1. Thus, from (22), the finite dimensional Lie algebra is spanned by the vectors fields

insmw 8 insmw 8
Xi1(s) =e X up—, Xo(s) = (=D"e % u, —, (28)
Up dup
gy im0 g st 0
X3(s) =i"e % up—, Xa(s) = (=i)"e % uy, (29)
n Un
for 1 <s < k — 1. To obtain the compatible variable, we use the canonical coordinate
du, 1
Cn) = = —In [uy,], (30)
opll, Oy

where o, satisfies (25). Replacing o, with C(n)a, in the left hand side of equation in (25) yields the group
invariant I, = In|u,uty14 ... Upyar—al since (X,(s))l, = 0 for r = 1, 2, 3, 4. Hence, using (17), we have
e 't = A,e” " 4+ B,. For the sake of simplicity, we instead use the invariant

1
rp, =exp(—1I,) = . 3D
UnUp+4 ... Uptdk—4
On one hand, shifting (31) four times and replacing u, 14 in the resulting equation yields
Fnta = Apry + Ay (32)
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whose iteration gives

n—1 n—1 n—1
Fontj =T 1_[ Agly+j | + Z By 1_[ Adly+j (33)
k1=0 =0 ko=I+1

for j =0, 1, 2, 3. On the other hand, using the same relation given in (31), we have

I'n

Untak = Up. (34)

nt4

We iterate (34) and its solution in closed form takes the form

n—1
u4kn+i=ui<l_[r4k;+l>, i=0,...,4k — 1. (39)
—0 Faks+4+i

From the known fact that any integer r can be written as r = 4[r/4] + t(r), 0 < t(r) < 3, where 7(r) is the
remainder when r is divided by 4, we can rewrite (35) as follows:

n—1 r .

d(ks+| 5D+ (@)

Udkn+i = U (H — ) ; (36)
5=0 TAls+ 1A D+ (i+4)

wherei =0,...,4k — 1 and 0 < 7(i) < 3. Using (35) in (36), we obtain

ks+ ks+ ks
1511 f-1 +41-1
- 270) (ka:o A4k1+r(i)) +32 (B4l+r(i) [, 2i A4k2+r(i))

g i =ui | | e G o . GD

s=0 z+4J 1+4 l+4J

Tr(i+4) l_[k1 A4k1+‘[(i+4) + Z; -0 Byl r(i+4) Hk2_1+1 Adkyt(i+4)
i=0,...,4k — 1. Noting that 7(i +4) = 7(i) and 1/r; = I_Il;;(l) uj4j, the above equation simplifies
ks+ ks+ ks
k—1 lz1-1 +lzl-1

. (qu A4k1+r(z>) (MT52h werai) 2o (34z+r(i> =i A4k2+r(i))

Udkn+i =Uj 1—[ (38)

ks+L4] k—1 ks+(45] Lz] '
<n A4k1+‘[(l)> <Hj=0”t(i)+4j) Sito (B4l+r(z)l_[k2_1+1 A4k2+t(z)>

i =0,...,4k — 1. The solution of (2) is obtained by back shifting (38) 4k — 1 times. Hence, the closed form
solution of (2) is given by

n—1
Nakn—ak-+1+i =Ni—4k+1 H YT y
8
s=0 <H a4k1+1(1)) +(H i=0 (i) —4k+1+41)21 =0 <b4l+r(z) nk2_1+1“4kz+r(z))
(39)

ks+ ks+ ks+
71-1 k—1 Lz)-1 lz1-1
(ka_o a4k1+r(i)) + (Hj:() 77t(i)74k+1+4j> 220 (b4l+r(i) [l = [+1a4k2+t(i))

Observe that if {a,} and {b,} are constant sequences, i.e. a, = a for all n and b,, = b for all n, then the
solutions of (2) and (4) are given by

ks+
1411
n-1 o ghstls Jer(l_[, 0 (i)~ 4k+1+4]> 2o d

B e 40
Nakn—ak+1+i =Ni—4k+1 ks+1%] al 0

ks+L 41 —i—b(l_[j —o Nt()— 4k+1+41> 1=0
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and
ks+
n—1 pAks+lg J—}—B(]_[] 014,(,)_,_4]) }73) 1A
Udkni =i R (1)
= Akstlill 4 B (1_[, 0”f(t)+4j> Zz -0 ) Al
respectively.

In the following section, we investigate some special cases. One of the aims is to realize some results in

[1].

3 Special cases
3.1 The case when ¢ = 1 and b is a constant

We investigate the case when a = 1 and b constant. In this case, from (40), the solution is given by

n—1 14+p (]_[] —o Ne(i)— 4k+]+4]> (ks + L%J)

s=0 1+ b (TTS2h mey-an1447 ) (ks + 1) + 1)

Nakn—dk+1+i =Ni—dk+1 42)

i =0,...,4k — 1. Replacing b = +£1 in (42) yields the results in [1, see Theorems 1 and 6]. In fact, noting
thatt(4k — 1 —j) =3 —1(j) =3 — j +4]j/4], we have:

Nakn—j = Nakn—dk+1+@Ek—1—j),  J=0,1,...,4k—1 (43)
n—1 1+b<]_[, 0 Me(@k—1—j)— 4k+1+4r> (ks + L4k =)
=N=J I, “4)
s=0 1 +b (l_[ —0 Me(dk—1—j)— 4k+l+4r) (ks + |=——F—1+1D
4 (TS0 4,)<ks+k—1—L£J>
=1 —. (45)
s=0 1+b (Hr =0 77_]+4L |- 4r> (kS +k— I.%J)
3.2 The case when a # 1 and b is a constant
Here, from (40), the solution is given by
_ ks+1 4]
ot kLl +b(1_[] 0 M (i)— 4k+1+4,> (”}%)
Nakn—dk+14i =Ni—akr1 | | T (46)
520 gks+L51+1 +b<1—[ Ly o 4k+1+4,) (%)
and, similarly, this can also be written in the form
ks+k—1— | _gksH=1+LE )
1 a® LJ+b<HJ —o"_ j+4aLs]- 4r><a1fa>
Nakn—j =N—j 1_1 (47)

_ ks+k—LL)
s=0 gksthk—Ll3z J+b<1—[k On—/+4|_ - 4r> (%)

For a = —1, the above equation simplifies to
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e For k even,

i k—1 | (—1)L4]
n—1 —(=Dlal +p (nj:() n‘/+4L£J—4r) (%)

Ndkn—j = N—j : m (48)
_ i k—1 _ 1—(=1'4
=0 (=Dl +b (Hj=0 ’Lj+4LﬁJf4r> (T)
k—1 S
=n-j|=1+b[]] N_j+ald)—ar : (49)
j=0
This result was obtained in [1] for b = %1 (see Theorems 11 and 18).
e For k odd,
-1 k—1 _ 1—(—1)“13J
1 (D7 b <H1=0 ”—j+4LiJ—4r) (T)
Nakn—j = N—j 1_[ (50)

—1& k—1 14(—1) L4
=0T b (HJ':O '7—j+4L£J—4r) ( 3 )

n—j, ifn iseven

= k—1 (_1)L£J+1 (51)
n—j |:—1 +0b (rl;[() n—j+4L£J—4r>:| , ifn is odd

for j =0,1,...,4k — 1 and furthermore,

N8kn—j = N—j (52)

for all n. More explicitly, the 8k periodic solutions are as follows:

Ni = N4k(1)—(@dk—i) = A=tk Ji=1,2,3,4 (53)
-1
[—1 +b (l_[r=o ’7—4(r+1)+i>]
k-1
Nati = Nak(l)—(dk—i—4) = N—dk+itd| —1+D l_[ N—ae+)+i | | i=1,2,3,4 (54)
r=0

k-1
Nak—8+i = Nak(1)—(8—i) = N8—i [—1 +b (l_[ 77—4(r+1)+i):|ai =1,2,3,4 (55)

r=0
N—dk+itd .
Nak—dti = Nak(1)—(dk—i—4) = kﬁ;r”r , i=1,2,3,4 (56)
[—1 +b (Hr:() 77—4(r+1)+i)]
Nak-+1+i = N4k(2)—@k—1—i) = N—dk+1+i» i =0,1,... 4k — 1. (57)

For this special case, the results were obtained in [1] for » = £1 (see Theorems 9, 15 and 16).

4 Periodicity and behavior of the solutions

Theorem 4.1 Let u, be a solution of

Up
Un+4k = % s (58)
A+ BTy unsai-1)
for some non-zero constants A # 1 and B. Suppose the initial conditions x;, i =0, ..., 4k — 1, are such that

]_[I;;(l) ugjrp = 1—A)/B, p=0,1,2,3. Then the solution of (58) is periodic with period 4k.
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A T A B
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(1] 20 40 @ &0 100
Fig. 1 Graph of xp45 = — " wherexo = —2, x1 = -3, x2 = —4,x3 = |, x4 = —1/2, x5 = —1/3, x6 = —1 /4, x7 =
(27xnxn+4)
1 and are such that xox4 = x1x5 = xpx6 = x3x7 = (1 — A)/B
Proof Suppose [15_{usj 1, = (1 — A)/B, p =0,1,2,3. From (41), we get
ks+
_ ks+| & k—1 Lz1-1
n—1  pAks+lg] + B (anO uf(i)+4j) lio A
Wi = i k-1 ks+11] (59
s=0 Akstlgl+l + B (l_[j;o ”r(i)+4j) 1=0 Al
i ks+L 5]
ks+| 4] 1-A\ [ 1-4FFl2
= Ui - (60)
s=0 LE 41 1—A [ AksHLELH
s+lz]+ - -
AR 1+ B (5 )( —A )
= u;, (61)
foralli =0,1,...,4k —1since 0 < t(i) < 3. O
We plot Fig.1 to illustrate Theorem 4.1. We note that for A = —1 and B = 1, we get the result in

Theorem 13 in [1] and the result’s restriction (]_[f;(l) N_jyagd) ar = 2,j =0,1,...,4k — 1 or simply
7

—j+ 4L%J =0, 1, 2, 3) is a special case of the assumption in the above theorem (]_[1;;(1) ugjyp = (1-A)/B,
. k—1
that is, [ [,Z, np74rL£J74r =(1-A)/B,p=0,1,2,3).

Observe that in Theorem 15 in [1], the authors ought to add the restriction v; # —2. If this condition is
not satisfied, the period will be 4k and not 8k as they clearly stated in Theorem 20 in [1].

Theorem 4.2 Let u, be a solution of

Un

1+ B[ untai-1

(62)

for some non-zero constant B. The zero equilibrium point is non hyperbolic. Furthermore, if the initial condi-
tions xi, i =0, ...,4k — 1, and B are positive, then the solution converges to the zero equilibrium point.

Proof The equilibrium point of (62) is u = 0. Let

Un

Sn, Uppds oo U d(k—1)) = Uptak = T .
L+ B[ untai-1)

(63)

@ Springer



Arab. J. Math. (2023) 12:541-551

549
40 I! == Seqx
j
a5 i
1
i
H
i 1
a0 =
]
4o
1 1
25 !
A
1y
20 roy
1
1
]
15 1
\ I
1 Iy
10 \ va «
Do o I| .
‘\ l"l \ ’l|\ A X 1
1 ! 7’
05 S 1 f\’ \ i N \ s A 7o) \ P -
J =y 15 \ P fb U [ e’V oy Pa e ) ~
i s~ - LE ] - L) (PO L oar [
0o = = =
0 2 40 @ ® 100
Fig. 2 Graph of x,+8 = x,,/(2 + xpXp44), Where xo =2, x1 =3, x2 =4, x3 =1, x4 =1/2,xs = 1/3,x¢ = 1/4,x7 =1
So,
1 —Bu? k—1
— — n . P _
f,un = f,u,,+4_/ = B | |1:=1 Uptdi, ] = 1,2,...,k 1. (64)

1+ BT ) 1+ B[ ; i#]
+ BIIi— 4ntai—1 + B[ ntai-1

We have f,,(0,0,...,0) =1 and fun+4j(0, 0,...,00=0,j =1,2,...,k — 1. Thus, the characteristic

equation associated with (58) is A% — 1 = 0 and therefore, |A;| = 1. Therefore, the zero equilibrium point is
non-hyperbolic.

Suppose the non-zero initial conditions are all positive. From (41), we get

n-1 148 (H’j;(l) ur(i)+4j> (’“ + HJ)

Udkn+i = Ui

, (65)
s=0 1 + B (1_[];;(1) ur(i)+4/~) (kS + \fIJ + 1)
_ k—
= B (TS g wew+47)
=u; l_[ 1-— y (66)
= 1+B(]‘[".—1u : ~)<ks+\fj+l)
5=0 =0 UT(i)+4] 1
n—1
=u; [[©6). (67)
s=0
If B is positive, O(s) < 1,5 =0, 1,...,n — 1. Therefore, u, tends to zero as n tends to infinity. O
We plot Fig. 2 to illustrate Theorem 4.2.
Theorem 4.3 Assume that B is positiveandu; > 0,i =0, 1, ..., k— 1.Then the zero equilibrium pointu = 0

of (62) is globally asymptotically stable.

Proof The equilibrium point of (62) satisfies u(1 + Bu¥) = 0. Thus, u = 0. Let € > 0 and suppose the
uis,i =0,1,...,k—1are such that

€
| <—7,i=0,1,...,k—1.
il = BT
‘We have that
< 68
luol + lur] + -+ + |uk 1|_B—|—1 (63)
and (see (67)),
Udknti < Ui, (69)
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i=0,1,...,k—1,forallnif B > 0.

This implies that for |uar,+i| < |u;| < m < €, we have found § = €/(B + 1) such that |ug| + |u1| +
... lug—1| < 8. Thus, the zero equilibrium point is locally stable. On the other hand (see Theorem 4.2), x,,
tends to zero as n goes to infinity. The zero equilibrium being a global attractor and locally stable, it is globally
asymptotically stable. O

Theorem 4.4 Assume A # 1. The zero equilibrium point of (58) is asymptotically stable for |A| > 1 and
unstable for |A| < 1. Furthermore, all non zero equilibrium points of (58) are non-hyperbolic.

Proof The equilibrium points of (58) satisfy u(A 4+ Bu* — 1) = 0. Let

Un

Sfn, Unga, ..o Uy ydk—1)) = Untak = : (70)
A+ BTTA L wpyagot)
We have
k-1
A —Bu? .
fuun = ; 52 Ftniaj = — s [Tuntai =12, k=1 (71
(A + B[l “n+4(i—1)> (A + B[[i—; ”n+4(i—1)) izl

e For the equilibrium point # = 0, we have f,,(0,0,...,0) = 1/A and f,un+4_,- ©0,0,...,0) =0,j =

1,2, ...,k — 1. Thus, the characteristic equation associated with (58) is A — % = 0. Therefore, [A]| < 1
if |A| > 1 (that is, locally asymptotically stable) and |A| > 1 if |A| < 1 (that is, unstable).

e The non-zero equilibrium points u satisfy A + BuF — 1 = 0. Then fu,,u,...,u) = A and
Sotyajou, ..o ;u) = A—1,j = 1,2,...,k — 1. Thus, the characteristic equation associated with
(58)is

AR _A— I —A-Dat—A=0. (72)
Multiplying the above equation by 1 — 1%, we get (after simplification)

1 =204 —A) =0. (73)
It follows that, for A < 0, the solutions of (73) are A, = —Aeii(zrét“)n, r=0,1,2,30r A, = ei%, p=
,2,...,k—1,k+1,...,2k—1,2k+1,...,2k—1,2k+1,...,3k—1,3k+1,...,4k—1.For A > 0,
- 2rm - 2rmw
the solutions of (73) are A, = Ae' 4 , r =0,1,2,30r A, =" % ,p=1,2,...,k—1,k+1,...,2k—
1,2k+1,...,2k—1,2k+1,...,3k—1,3k+ 1, ...,4k — 1. Therefore, for k > 1, there exists a root
of (72) with modulus equal to one.

O

5 Conclusion

We studied the difference equation 1,41 = ny—ak+1/(an + by ]_[f=1 Nn—4i+1) by performing its symmetry
analysis and we used the canonical coordinate to obtain its invariants. These invariants are utilized to derive the
solutions in closed form. We demonstrated that all the formula solutions in [1] are special cases of our findings.
Some conditions for existence of 4k and 8k periodic solutions were established. Finally, we investigated the
stability of the solution of the difference equation and proved the existence of non-hyperbolic and globally
asymptotically stable equilibrium points.
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