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Abstract This paper addresses the concatenation model
with the absence of self-phase modulation. Two integration
approaches, namely the generalized sine-Gordon equation
method and the projective Riccati equation approach yielded
a plethora of soliton solutions. The parameter constraints
for the existence of such solitons are also presented. The
conservation laws are also enumerated that are recovered
with the multipliers approach.

Keywords Solitons - Sine-Gordon - Riccati -
Concatenation - Self-phase modulation

< Anjan Biswas
biswas.anjan@gmail.com

Department of Physics and Engineering Mathematics, Higher
Institute of Engineering, El Shorouk Academy, Cairo, Egypt

Department of Mathematics and Physics, Grambling State
University, Grambling, LA 71245-2715, USA

Mathematical Modeling and Applied Computation
(MMAC) Research Group, Center of Modern Mathematical
Sciences and their Applications (CMMSA), Department

of Mathematics, King Abdulaziz University, Jeddah 21589,
Saudi Arabia

Department of Applied Sciences, Cross-Border Faculty

of Humanities, Economics and Engineering, Dunarea de Jos
University of Galati, 111 Domneasca Street, Galati 800201,
Romania

Department of Mathematics and Applied Mathematics,
Sefako Makgatho Health Sciences University, Medunsa 0204,
South Africa

School of Mathematics, University of the Witwatersrand,
Private Bag 3, Wits, Johannesburg 2050, South Africa

Department of Computer Engineering, Biruni University,
Istanbul 34010, Turkey

Department of Mathematics, Near East University,
99138 Nicosia, Cyprus

Introduction

The theory of optical solitons have made remarkable
advances during the past half-a-century. The technology
has advanced in unfathomable speed. There is still a lot to
be achieved. Some of the factors that need improvements
are the internet bottleneck effect, mitigating the noise effect
and cross-talk during the soliton propagation, addressing
the evolution of ghost pulses during soliton propagation and
many others. There are a lot of means and measures that are
continuously adopted to overcome these effects.

One of the new models that has been recently proposed
is the conjunction of three well-known equation that dictate
the propagation of solitons through optical fibers. These
are the nonlinear Schrodinger’s equation (NLSE), Laksh-
manan—Porsezian—Daniel (LPD) equation and the Sasa—Sat-
suma equation (SSE). This is referred to as the concatenation
model that was first conceived in 2014 [1, 2]. Later, a deluge
of results have emerged and reported across the board. These
range from the bifurcation analysis, numerical study of such
solitons that emerged from the model, the Painleve analysis,
conservation laws, quiescent solitons as well as studying
the soliton dynamics with power-law of nonlinearity [3—14].
Subsequently, the model was extended to study it in birefrin-
gent fibers [6]. It is now time to move further on.

The current paper takes a look at the concatenation model
that comes with the absence of self-phase modulation (SPM).
Two integration approaches give way to a full spectrum of
solitons that are enumerated in the paper. They are the general-
ized sine-Gordon equation approach and the projective Riccati
equation method. The parameter constraints for the existence
of such solitons also naturally fell out from the two schemes.
Finally, the multipliers approach also led to the retrieval of the
conservation laws, and the conserved quantities are computed
with the usage of the bright solitons that emerged from the
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two integration schemes. The details are exhibited in the rest
of the paper after a short ride through the introductory process.

Governing Model

The concatenation model in the absence of SPM is:

iqt + aq + €1

+ iCZ [U7qxxx + USlqlqu + 0-9q2q)t] =0.

v = =2ak + 4c k%0, — 3c,x%0, @)

while the wave number reads

€207

k= 40161’ (8)

2 2 .
01 Geee + 02(a,) @" + 03]a, | a + 041917 q + 05°G", + 06lal*q

ey

Equation (1) is the dimensionless form of the concatena-
tion model that will be studied in this paper. Here in Eq. 4,
q(x, t) is the complex-valued function that represents the
wave profile, where x and ¢ are the two independent vari-
ables that represents the spatial and temporal coordinates,
respectively. Alsoi = \/:% . The first two terms in Eq. (1)
is the NLSE with the missing SPM and the coefficient of a
being the chromatic dispersion (CD). The first term is from
the linear temporal evolution. The coefficient of ¢; comes
from LPD equation, while the coefficient of ¢, comes from
SSE. Thus, Eq. (1) is a concatenation of NLSE, LPD model
and the SSE. This equation that will be studied in the rest of
the paper to fetch its soliton solutions.
Assume the solution structure of Eq. (1) as follows:

q(x, 1) = U(&)e' "™, @)
where the wave variable ¢ is given by
& = k(x —vr). 3)

Here, U(&) represents the amplitude component of the soliton
solution and v is the speed of the soliton, while the phase
component ¢(x, ¢) is defined as

¢(x, 1) = —kx + ot + 6, 4)

where o is the frequency of the solitons, while k represents
the wave number, and 6, is the phase constant. Substituting
(2) into (1) and then decomposing into real and imaginary
parts

-k (a - 6c,k%0, + 362KU7)U" + ((ZK'2 —cikto + eyx’o; + w)U —ck*e, U — c1k2(54 + 0'5)U2U"

with parametric restriction
2C1K(O'2+O'4—65) —6‘2((78+O'9) =0. 9)
Equation (5) can be simplified as

U™ + sgUPU" + s5U" + s,UU" + s,U° + 5,U° + 5,U = 0.

(10)
where
5 = ak? — c1K40'1 + C2K3O'7 +
: c,k%o, ’
5. = _K(CIK(O-Z — 03 + Oy + 65) + 6‘2(69 - 0'8))
2= 2 s
] ko 1)
O 0, + 03
S3= 3 Sy = T
ko, 01
_a—6c,k%6, + 3c,x0, _ o4+ 05
5= €104 T o
An overview of the integration algorithms
Consider a governing model
F(u,uy, up, uyy, uyy, ...) =0, (12)

where u = u(x, t) denotes a wave profile, while ¢ and x depict
the time and space variables in sequence.
The relations

®)
- clkz(az + cr3)UU'2 + K(ClK(Gz —o3+o4+ 0'5) + cz(ag - 0'8))U3 —c,0U° =0,
and ux, 1) = U(&), &=k(x— o), (13)
3 2 3
k(zc(”( - 4(01’( o)+ 3"2’; oy ‘;V) U +)k) (‘;Cl/’“fl —07) U+ ondense Eq. (12) to
k(2¢ix(0y + 04 —05) —cy(03 +09) ) UU" = 0.
6) PWU,—koU' kU IU",...) =0, (14)

From the imaginary part, the soliton speed reaches
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where k is the wave width, & is the wave variable, and v is
the wave velocity.

Generalized sine-Gordon equation method

The performance steps for the generalized sine-Gordon
equation method are:
Step 1 Assume Eq. (14) has the formal solution

N
U@) = Ay + Y, cos[GE)V™ (A, sin[G(&)] + B; cos[G(£)]).
j=1

as)
along with the general sine-Gordon travelling wave reduc-
tion equation

G'(&) = VA + pusin[GE)*. (16)

Step 2 Equation (16) possesses the following cases:

Case-1: 1 =0, u=1

G'(&) = Fsin[G(&)], a7
which gives the hyperbolic function solutions

sin[G(&)] = sech[£], and cos[G(&)] = =+ tanh[£], (18)

or
sin[G(§)] = +i csch[£], and  cos[G(£)] = £ coth[£]. (19)

Case-2: A =1, yu=—m?

G'(§) = V1 —m?sin[G()P, (20)

which gives the Jacobi’s elliptic function solutions
sin[G(&)] = sn[&;m], and  cos[G()] = cn[&;m], 1)

or

sin[G(&)] = ins[é;m], and cos[G(&€)] = —n%ds[é;m].
(22)
Case-3: A=m?, y=-1

G'(&) = Vm? —sin[G())?, (23)
which gives the Jacobi’s elliptic function solutions
sin[G(§)] = msn[&;m], and cos[G(§)] = dn[&;m],  (24)
or

sin[G(&)] = ns[&;m],
where i = \/—_1 .

and cos[G(&)] = —ics[&;m],  (25)

Step 3 Substituting Eq. (15) along with Eq. (16) into Eq.
(14), we get a polynomial in sin[G(&)] and cos[G(&)] which
equal to zero. The obtained coefficients of this polynomial give
the needed parameters in Eq. (13) and Eq. (15).

Remark 1 The convergence of Jacobi’s elliptic functions
toward their hyperbolic function limits as m tends to unity
is listed as

rlnig} cn[é;m] = 333’1 dn[&;m] = sech[¢],
lim sn[&;m] = tanh[£],

m—1 26)
lin} cs[é;m] = 1in} ds[&;m] = csch[£], (

lin} ns[&;m] = coth[£].

Projective Riccati equation method

The algorithmic process of the projective Riccati equation’s
method is as follows:

Step 1 Assume Eq. (14) has the formal solution

N
UQ) = ay + Z w' () <a,~w(§) + b,d)(df)), 27)
i=1

where y(&) and ¢(&) satisfy the following ODE:s:

w'(©) =~y (©d©),

28
¢ =1-¢"©-rw(©), oy
with
B =1-2rw(&) + RO (), (29)

where r is constant and N a positive integer comes from
the balancing principle in Eq. (14). Also, a,,a; and
b;(i=0,1,...,N) are constants.

Step 2 The solutions of Eq. (28) are listed as follows:

Case-1: R(r)=0

1
w(&) = ;sechz [g] and ¢(&) = tanh [g] (30)
or
w(é) = —%’csch2 [g], and ¢(&) = coth [g] 31
Case-2: R(r) = %rz
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_1_Ssechle] - el _

W(g) - r5 sech[é] + 1’ and ¢(§) - 1+5 SCCh[f] ' (32)
Case-3: R(r) = g,z

e = L 2ME g g = :

73 sech[E] £2 2 coth[£] + 3 csch[é]’

(33)
Case-4: RN =r"—1

equal to zero. The obtained coefficients of this polynomial
give the needed parameters in Eq. (13) and Eq. (27).

Optical solitons

The current section will apply the two integration algorithms
to derive the soliton solutions to the concatenation model
that is with no SPM. The subsequent two subsections detail

4 sech[&] 5 tanh[&] + 3

= = 34
VO = s drseaniz v 5 M 99 = STmhE 1 4r sechiE 5 5 G
or the derivation.
w(é) = %, and ¢(&) = %. (35)  The generalized sine-Gordon equation method
Case-5: R(r) =%+ 1 Balancing U""" with U? in Eq. (10) gives N = 1; accordingly,

the solution takes the form
h th

w(é) = cschic] and @(&) = cothl] (36)  U(¢) = Ay + A, sin[G(€)] + B, cos[G(&)]. (37)

resch[é]+ 17 resch[é]+1°

Step 3: Inserting Eq. (27) along with Eq. (28) and Eq. (29)
into Eq. (14), we get a polynomial of y(&) and ¢(&) which

Inserting Eq. (37) together with Eq. (28) and Eq. (29) into
Eq. (10), we get a system of algebraic equations

A (—A?(lOB?s3 + /4(S4 + 2s6)) +A‘1‘s3 + 3B%y(s4 + 2s6) + SB;‘s3 + 24k2/42) =0, (38)

A, (A (—10A7s3 + 10B1s3 + Asy + Asg + psy + 3usg — 55) + 2u(Adse — 2K*(SA + Tu) + s5)

2A0A B, (—10A%s; + 10B3s5 + (s, +4sg)) =0, (39)

(40)

+ B} (304753 — 3As, — 3Asg — 4usy — Suse + 3s,) — 2A1s3) =0,

2A0A By (10A3s5 + 10ATs3 — Asy — 24s5 — psy — 3pse +3s,) =0,

(41)
A, (A7 (10ATs3 — sg(A+ p) + 3s,) — ATAsg — AT usg + 5Ags; + Als, + Alss “2)
+ B As, + Bips, + kA% 4+ 6k° A + 5k*p* — Ass — pss +5,) =0,
By (=A3(10B7s; + 3pu(sy +256) ) + 5ATss + Biu(s, + 2s) + Bls; + 24k°u*) = 0, 43)
AO(—Af(3OBfS3 + y(s4 + 4s6)) + 5A?s3 + ny(sét + 4s6) + 53?53) =0, (44)
B} (10A7s3 — (54 + 56) (A+2p) + 55) + 21 (Afss — 10k*(A + 2) + 55) — 10A7s3 4s)

+ B, (A3 (—=30A7s5 + 10B3s5 + 3As, + 34ss + Sps, + 10uss — 3s,) ) =0,
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Ao (AT(—10A%s5 + 30B7s5 + Asy + 24s5 + ps, + 6psg — 3s,) (S]ugb)stitgtin(gl ;l;e [;arlglmez;r)s acquired in Eq. (52) thtlil Egt
B2(10A2s. — 26 Y (4 +2 35,) — 104%s.) = 0, )orEq. into Eq. , as a consequence, we get brig
* 1( 0’3 (s4 * s6)( T2+ SZ) 1s3) soliton with 2(10s1 + 9s5)(s2 +5,+5,) <0, s, +55 <0,

(46)
B, (A5 (30A%s3 — s6(A + 2) + 3s,) — 2ATAsy — 3AT Asg — 2AT s, — 4AT usg + 5SAys; + 3A%s, )
+5A%s3 + BiAs, + Bius, + k* A% + 16k Ay + 16k 4> — Ass — 2uss +5,) =0,
Ag(—2ATAsg — 245 usg + Agsy + A5 (10ATss + 5,) + 3A%s, + 5A)sy + BiAs, + Bius, +5,) = 0. (48)

Solving these equations together yields the following results. and singular soliton with 2(1051 + 9s5 ) (5, + 54+ 56) >0,

51 + 55 < 0, as presented below
Case-1:

Result-1:

AO =A1=0, Bl=i ﬂ7k=l 2S5(S2_S4_256)+S1(2<S4+S6>_SZ)
2852 7 84 = 456 2 2(2s; + 54 — 4s) (49)

(2s2 + 5, — 4S6) (s1 (352 -5, + 4s6) - 6s2s5)
(5S1 - 6S5)2 .

S3—

Plugging the obtained parameters in Eq. (49) with Eq. (18)
or Eq. (19) into Eq. (37), as a consequence, we get dark and
singular solitons with 6s5 — 55, > 0, 25, + 54 — —4s4 > 0,
and  2s5(sy — s, — —25) +5,(2(s4 +56) —5,) >0, as
shown below

qx, ) =+ e tanh 1 205 (52 = 84 = 255) + 51 (20s4 £ 56) = 2) (x =)
25, + 54 — 45 2 2(2sy + 54— 4sg) (50)

% ei(—{ 4?:1 }x+wt+€0>

bl

or

,1) = 4/ ———— coth| =
g1 285, + 54 — 454 «© 2

(x —vr)

655 — 55, 1 ZSS(SZ_S4_2s6) +S1(2(S4+S6) _52)
2(252 +s4—4s6) (51

% ei (—{ —;(2;71 }x+wt+90>

Result-2:

2(10s, + 9s5) Y
A0=Bl=0, A1=i —m,k= —(S1+SS),

(3s5 (4s2 +5, - 2s6) + 25, (6s2 +5, - 4s6)) (s2 + 54 + Sﬁ)
2(10s, +9s5)2

S3=

(52)
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2(10s; + 9s i(=f 27 L
q(x’ [) = i _Msech[ _(sl +SS)(_x_ v[)] e( {461'11 } + H'90>’ (53)
Sy + 84 + 8¢
or
2(10s; + 9s / (= 227\ v
q(x’ [) =+ Mcsch[ _(Sl +S5)(X— Vt)] e( {4L161 } + t+90). (54)
Sy + 84 + g
Result-3:
20s, — 655 655 — 20s,
Ag=0,A =%/ —————, B =4/ —,
8sy + 54 — 4sg 8sy + 54 — 454
4s) (=285 + 54+ 5¢) + 55(4sy — 54 — 25,
=\/ 1( 2 485 -|6-)s 54(S 2 6), Putting the derived parameters in Eq. (55) with Eq.
2T 84— %S¢

3=

(852 + 54— 4s6) (sl (1252 — 5, + 4s6) - 6s255)

4(10s1 - 3s5)2
(35)

(18) or Eq. (19) into Eq. (37), as a consequence, we get
a complexiton, dark soliton and singular soliton solu-
tions with 6s5 ——20s; >0, 8s,+s, ——4s5 >0 and
4s, (—2s2 + 5, + sﬁ) + 55 (4s2 -5 = —2s6) >0, as given
below

655 — 20s 45 (=28, + 5, + 5S¢ ) + 55(4s, — 54 — 25
qx,t) =+ —3 1 Jtanh 1( . 6) 5( G 6)()c—vt)
8sy + 54 — 454 8sy + 54 — 454
(56)
4s (=28, + 5, + 5S¢ ) + 55(4sy, — 54 — 25 ([ o
+ i sech 1 (=25, + 54+ 56) +55(4s5 — 54 6)(x—vt) ez( {431071 }x+a)t+90>’
85y + 54 — 45
or
65< — 20s 45 (=285, + 54+ 5¢) + 55(4sy, — 54 — 25
qx, 1) =+ —3 1 tanh 1 1( 2 6) 5( G 6)()c—vt)
8S2 + S4 - 4S6 2 8S2 + S4 - 4s6 (57)

i(—{ ;CZI‘Z }x+wt+90)
X e ,

and

655 — 20s 4s (—28) + 54+ 56) + 55(4sy — 54 — 25
q(x,1) ==+ —2 1 coth 1 l( 2 6> 5( 2 6)(x—vt)
8sy + 54 — 454 2 8sy + 54 — 454 (58)

% ei(—{ —;31':1 }x+wl+€0>
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Case-2: When the modulus of ellipticity approaches
unity, we get a singular soliton solution with
Result-1:

-4 —0.B 2m2(10(2m? — 1)s; + 3(8m* — 8m? + 3)s5)
=A =08 =1+ ,
o ‘ (—16m* + 16m2 — 1)s, + (2m? — 1) ((4m* — 4m? — 1) s, + (=16m* + 16m? — 1)s;)

>

s1((2m2 = 1) (sy +54) +57) +s5<(1 - 2m2)2s6 + (2m? = 1)s, + (2m* —2m2 + 1)s4>
- (—=16m* + 16m? — 1)s, + (2m2 — 1) ((4m* — 4m? — 1)s, + (—16m* + 16m> — 1)s;)
1
2(10(2m2 = 1)s, + 3(8m* — 8m? +3)s5)°
X (3s5((8m2 - 4)s2 + 54— 2s6) + 25, ((2m2 - 1) (s4 - 4s6) + 6s2))
x ((1 —2m?(3 - 4m2)2)s6 + (=16m* + 16m — 1)s, + (8m® — 12m* + 2m? + 1)s4>. (59)

S3:_

Inserting the parameters attained in Eq. (59) with Eq. (21)
and Eq. (22) into Eq. (37), as a consequence, we get Jacobi’s
elliptic-type function solution

wn 2m?(10(2m? — 1)s, + 3(8m* — 8m? + 3)s5)
’t = i
= (=16m* +16m2 — 1), + (2m2 = 1) ((4m* — 4m? — 1)s, + (—16m* + 16m> — 1)s;)

sp((2m2 = 1) (sy +56) +55) + s5<(1 - 2m2)2s6 + (2m2 = 1)s, + (2m* —2m2 + 1)s4> (60)
cn (x —v);m
(=16m* + 16m* — 1)s, + (2m* — 1) ((4m* — 4m? — 1)s, + (—16m* + 16m? — 1)s,)

}x+(ut+90 >

({23
X e 4cyoq

When the modulus of ellipticity approaches unity, we get a
bright soliton solution with 2(10s; + 9s5) (s, + 54 + 5¢) < 0,
and s; + 55 < 0, as given below

2(10 9 . 207
q(x’ [) =+ _wsech[‘/—(s‘l +SS)(x_ VI)] e’(_{m}ﬂwtw()). (61)

Also, we have the following Jacobi’s elliptic-type function
solution

2(10(2m2 = 1)s, + 3(8m* — 8m? + 3)s5)
D) =Fq |-
wn =5 (=16m* +16m* — 1)s, + (2m* — 1) ((4m* — 4m? — 1)s, + (—16m* + 16m? — 1)s,)

sp((2m2 = 1) (544 56) +57) +s5((1 - 2m2)2s6 + (2m? = 1)s, + (2m* —2m? + 1)s4> (62)
S (x —vt);m

(—=16m* + 16m? — 1) s, + (2m2 = 1) ((4m* — 4m? — 1)s, + (—16m* + 16m> — 1)s;)

% ei(—{ :le':] }x+wt+€0>
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2(10S1 + 935)(52 +54+56) >0, and s; + 55 <0, as indi- Also, we have the following Jacobi’s elliptic-type function

cated below solution
10s + 9s [ oo
g =y 2008 E95s) sch[\/ ot 5 (x—vt)] 22 Jrorsar). (63)
%+M+%
Result-2:

2m2(3(3m* +2m2 + 3)s5 — 10(m2 + 1)s,)
Ag=B, =04, =+1|-
(m2+ 1) ((m* —6m2 + 1) s, + (m* + 14m? + 1)s¢) — (m* + 14m2 + 1)s,

s1(sy— (m2+1)(s4+56)) +s5<(m4 +1)s,+ (m2 + 1)2s6 - (m* + 1)s2>
k= :
(m? + 1) ((m* = 6m> + 1)s, + (m* + 14m? + 1)s4) — (m* + 14m> + 1)s, (64)
1
2(10(m? + 1)s, = 3(3m* +2m? + 3)s5)’
X355 (2 = 1) (54, = 25) = 4(m® + 1), ) + 25, (65, = (* + 1) (s, — 45))

S5 = —

X (m* + 1) ((m* = 6m® + 1)s, + (m* + 14m* + 1)s4) — (m* + 14m* + 1)s,.

Plugging the parameters secured in Eq. (64) with Eq. (21)
and Eq. (22) into Eq. (37), as a consequence, we get Jacobi’s
elliptic-type function solution

- 2m2(3(3m* +2m2 + 3)s5 — 10(m2 + 1)s,)
7[ == -
7 (m2+ 1) ((m* — 6m? + 1), + (m* + 14m? + 1)s¢) — (m* + 14m2 + 1),

. \J sl(s2 - (m2 + 1)(s4+s6)) +s5<(m4+ 1)S4+ (m2 + 1)256 - (m2+ 1)52> (65)

(m2 + 1) ((m* — 6m> + 1) s, + (m* + 14m® + 1)s56) — (m* + 14m2 + 1)s, G voum

x ei(—{ 4(3107 }x+wt+90>

When the modulus of ellipticity approaches unity, we get
a dark soliton solution with 6s5 — 5s; > 0, 25, + 5, — —4s5,,
and  2s5(sy — s, — —256) +5,(2(s4 +56) —5,) >0, as
described below

6ss — 55, tanh|:1 \J 255(5y = 54— 286) + 51 (2(54 + 56) — 52)

25, + 54 — 4s¢ 2

(x—vr)

a0 = 2(2s2 + 5, — 4s6) (66)

2

X ei(_{ 4?1071 }x+wt+90>
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- 2(3(3m* +2m? + 3)s5 — 10(m2 + 1)s,)
HEENE
o~ (m2+ 1) ((m* = 6m? +1)s, + (m* + 14m? + 1)s5) — (m* + 14m? + 1)s,

\J sl(s2 - (m*+ 1)(54 +s6)) +s5<(m4 +1)s, + (m? + 1)2s6 - (m2 + 1)s2> (67)

(m2 + 1) ((m* = 6m2 + 1)s, + (m* + 14m> + 1)) — (m* + 14m2 + 1)s, o

% ei(—{ 4121”"71 }x+wt+00>

When the modulus of ellipticity approaches unity, we get a
singular soliton solution with 6s5 — 5s; > 0,25, + 54 — —4s4,
and 2s; (s2 — 84— —2s6) + 5 (2(s4 + s6) - 52) >0, as
shown below

Substituting the parameters achieved in Eq. (69) with Eq.
(21) and Eq. (22) into Eq. (37), as a consequence, we get
Jacobi’s elliptic-type function solution

qx,t) =+ (x —vt)

28, + 54 — 454 2 2(2s2 +5, - 4s6) (68)

655 — 55, coth[l \J 255(55 — 54— 286) + 51 (2(s54 + 56) — 52)

% ei(—{ 4221:71 }x+wl+90)

Result-3:

- a 2m2(10(m? — 2) s, + 3(m* — 6m? + 6)s)
= A =14|- :
0 : (m2=2)((m* +4m2 — 4)s, — 4(m* = m2 + 1)s5) — 8(m* —m? + 1),

B 2m2(10(m2 — 2) s, + 3(m* — 6m2 + 6)s5)
= + 5
e (m2=2)((m* +4m? —4)s, —4(m* —m? + 1)s5) — 8(m* —m? + 1),

4sy ((m2 =2) (544 5g) +255) + 55 (2(m2 - 2)2s6 +4(m? = 2)s, + (m* — 8m? + 8)s4> (69)
k= ,
(m? =2)((m* +4m2 — 4)s, —4(m* = m2 + 1)sg) — 8(m* —m? + 1),
1
$3=—

4(10(m? = 2)s, +3(m* — 6m? +6)s5)’
X 3s55(2(m* = 2)s, — (m* — 1) (5, — 256) ) + 5, ((m” — 2) (54 — 4s6) + 125,)
X S(m4 —m* + 1)s, — (m2 - 2)((m4 +4m* — 4)s, —4(m4 —-m*+ 1)s5)-
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2m2(10(m2 = 2)s, + 3(m* —

6m> +6)ss)

a0 = i\J (m?=2)((m* +4m? —

4)sy —4(m* —m? +1)s5) — 8(m* —m? +1)s,

2)s, + (m* — 8m? + 8)s4)

<Cn \J sy ((m2 =2)(s4+s6) +255) + 55 <2(m2 - 2)2s6 +4(m? -
(m

—m?+1)sg) —8(m* —m? +1)s,

2 — 2)((m4 +4m? — 4)54 - 4(m4

(x—=vt);m
(70)

2)s, + (m* — 8m2 + 8)s

\J 4s,((m? =2) (s4+56) +25,) + s5(2(m2 - 2)2s6 +4(m? -
+isn (m

—m2+1)s5) — 8(m* —m2 +1)s,

2-2)((m* +4m? — 4)s, — 4(m*

x ei(_{“le z }x+wt+90>

4> (x —vt);m >

When the modulus of ellipticity approaches
unity, we get a complexiton soliton solu-
tion with 6s5—5s;, >0, 2s,+s,——4ss, and
255(5y — 54 — —256) + 51 (2(54 + 56) — 5,) > 0, as presented
below

When the modulus of ellipticity approaches unity, we get
dark soliton solution with 6s5 — 5s; > 0, 25, + 5, — —4s,,
and 2s (s, — 54 — =25¢) + 5, (2(s4 + 56) — 55) > 0, as given
below

qx, ) =

8sy) + 54

655 — 20s, 4sy (=25, + 54+ 86) + 55 (45, — 54 — 254)
———— { —tanh (x — i)
832 + S4 - 4S6 - 4S6

. 4s) (=25, + 54+ 86) + 55(4s5 — 54 — 254) i(-{ 22 Yovoreay)
+lSCCh|:\/ 85, + 5, — 4o (x—vt) } e depoy . (71)
Also, we have the following Jacobi’s elliptic-type function
solution
( (10(m? = 2)s, + 3(m* — 6m? + 6)s5)
t p—
7 —2) ((mr* + 4n? — &)5 — 4(m® — n> + 1)5g) — 8(m* —m? + 1)s,
45, (( S4+s6)+2s2)+s5(2( 2= 2) g+ 4(m2 = 2)s5, + (= 82 +8)s, )
2) (i + 4 —8)s; —a(m e + 1)og) —8(m —me+ )5, OO .
4s1 (s4 +56) +25,) + s5(2(m2 - 2)2s6 +4(m2=2)s, + (m* — 8m? + 8)s,
(x —vt);m >
=2)((m*+4m? —4)s, —4(m* —m2 + 1)s¢) — 8(m* —m2 + 1)s,
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65 — 20 45, (=285, + 54 + 5¢) + 55(4sy — 54 — 25,
gt = 1] —3 = ann | L (2252 4544 56) + 35452 =54 6)(x—vt)
8S2 + S4 - 4S6 2 852 + S4 - 4S6 (73)
% ei(—{ 4121‘;71 }x+wt+60) '
Case-3: Putting the obtained parameters in Eq. (74) with Eq. (24)
and Eq. (25) into Eq. (37), as a consequence, we get Jacobi’s
Result-1: elliptic-type function solution
oA —o.B 6(3m* — 8m?2 + 8)s5 — 20(m? — 2)s,
= =0, = + )
0 l ! (m? =2)((m* +4m? — 4)s, + (m* — 16m? + 16)s¢) — (m* — 16m? + 16)s,

. \J s1(sy — (m2=2)(s4+56)) +s5<(m2 —2)236 — (m2 =2)s, + (m* — 2m? +2)s4>

(m2 = 2)((m* +4m? — 4)s, + (m* — 16m2 + 16)s6) — (m* — 16m? + 16)s, (74)
1
§3=— >
2(10(m? = 2)s; — 3(3m* — 8m2 + 8)s5)
X (251 (6s2 - (m2 - 2) (54 - 4s6)) + 355 (m4 (s4 - 256) - 4(m2 - 2)52))
X ((m* =2)((m* +4m* —4)s, + (m* — 16m* + 16)s¢) — (m* — 16m> + 16)s,).
D=t 6(3m* — 8m? + 8)s5 — 20(m? —2)s,

(m? =2)((m* +4m2 — 4) s, + (m* — 16m? + 16)s¢) — (m* — 16m? + 16)s,

(75)

5y

(sy— (m2=2)(s4+56)) + s5<(m2 - 2)2s6 = (m?=2)s, + (m* = 2m? + 2)s4)

d
< ! \J (m? =2)((m* +4m2 — 4)s, + (m* — 16m2 + 16)s¢) — (m* — 16m? + 16)s,

(x—=vt);m )

% e‘i (—{ 4?]';7] }x+wt+90>

When the modulus of ellipticity approaches unity, we get a
bright soliton solution

_ 2(10s; + 9ss) ({22 Vxrarray) (76)
qx,t) =+ —msech[ —(sl +s5)(x—vt)] e dero) .

@ Springer



4124 J Opt (November 2024) 53(5):4113-4136

Also, we have the following Jacobi’s elliptic-type function  Inserting the parameters acquired in Eq. (79) with Eq. (24)
solution and Eq. (25) into Eq. (37), as a consequence, we get Jacobi’s

w9 6(3m* — 8m?2 + 8)s5 — 20(m? — 2)s,
D) =Fq| -
o= (m? =2)((m* +4m? — 4)s, + (m* — 16m> + 16)s5) — (m* — 16m> + 16)s,

(m2=2)((m* +4m2 — 4) s, + (m* — 16m? + 16)s¢) — (m* — 16m2 + 16)s,

<CS \J si(sy— (m2 =2)(s4+56)) + ss((m2 - 2)2s6 — (m? =2)s, + (m* —2m? + 2)s4)( . ) (77)

% ei(—{ 4?1’:1 }x+wt+60>

When the modulus of ellipticity approaches unity, we get a  elliptic-type function solution
singular soliton solution

10s +9s o
qgix,0) =F - 5 csch(4/— sl + 55 (x )| e 4(161 } * Hg")_ (78)
Sy + S4 + Se

Result-2:

A—B oA 20(m? + 1), — 6(3m* + 2m? + 3)s5
= =0, = +
o : (m2+1)((m* —6m2 + 1)s, + (m* + 14m2 + 1)s¢) — (m* + 14m2 + 1),

- (5= (2 4 1) (53 + 56)) + 85 (8 + 1)sy + (m2 +1) 56 = (m2 4+ 1), )
B (m2+ 1) ((m* — 6m? + 1), + (m* + 14m? + 1)s¢) — (m* + 14m? + 1), | (79)
1
2(10(m? + 1)s1 —3(3m* +2m? +3)s5)°
X(S’s ( m —1 54—2s6)—4(m2+1)s2>+2s1(6s2—(m2+1)(s4—4s6))>
X(( )((m — 6m* +1)s, + (m4+14m2+1)s6)—(m4+14m2+1)52).

S3=

- m?(20(m? +1)s; — 6(3m* + 2m? + 3)s)
’t = i
= (m2+ 1) ((m* —6m2 +1)s, 4+ (m* + 14m? + 1)s¢) — (m* + 14m? + 1)s,

<Sn \J si(sy— (m2+1)(s4+56)) +s5<(m4 +1)s,+ (m2 + 1)2s6 - (m* + 1)s2>

(m? + 1) ((m* — 6m> + 1)s, + (m* + 14m> + 1)s5) — (m* + 14m> + 1)s,

(80)

(x —vt);m >

% ei(—{42°7 }x+wz‘+90>

When the modulus of ellipticity approaches unity, we get
dark soliton solution
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(x—vr)

2(4s6—s4) —4s, (1)

q(x’ t) =+ M tanh[l J SS(_2S2 + 2S4 + 4S6) + 5 (52 — 2(54 + 56))
2s2+S4 —4S6

% ei(—{ _4?1(:1 }x+a)t+00>

Also, we have the following Jacobi’s elliptic-type function ~ When the modulus of ellipticity approaches unity, we get
solution singular soliton solution

.1 20(m2 + 1), — 6(3m* +2m? + 3)s5
7[ ==
7 (m?>+1)((m* —6m2 +1)s, + (m* + 14m? + 1)s¢) — (m* + 14m? + 1)s,

si(sy— (m2+1)(s4+56)) +s5<(m4 +1)s,+ (m2 + 1)2s6 - (m* + 1)s2> (82)
<ns 2 4 _ 6m2 4 2 — (m? 2 (= tv)m >
(m +1)((m 6m +1)s4+(m + 14m +1)s6) (m + 14m +1)s2
x ei(—{:ﬁ:} }x+wl+€0>.
) =+ & coth 1 SS(—2S2 + 25, +4s6) + 5 (s2 — 2(s4 + s6)) —
2S2 + S4 - 456 2 2(4S6 _ S4) _ 452 (83)
% ei(—{%}x+wt+90>.
Result-3:
A= 0.4, = 20(2m? — 1)s; — 6(6m* — 6m2 + 1)s5 ’
(2m2 = 1)((4m* — 4m? — 1) s, + 4(m* —m? + 1)s5) — 8(m* —m2 + 1)s,
8 (20 — 40m?)s; + 6(6m* — 6m? + 1)s5
= <+ y
PN (2m2 = 1) ((4mt = 4m? = 1), + 4(mt—m? 4+ 1)56) = 8(m* —m2 +1)s,
sy (25 = (22 = 1) (53 + 5)) + 85(2(1 = 2m2) 5 + (4= 8m2) s + (8 = 8m? + 1)) (84)
k= ,
(2m2 = 1) ((4m* = 4m? = 1)s, + 4(m* —m? + 1)s¢) — 8(m* —m? + 1)s,
S3 =

4(10(2m2 = 1)s5, — 3(6m* — 6m> + 1)s5)°
X (3s5((4m2 -2)s, —m2(1n2 —1)(sy —256)) +s1((2m2 — 1) (s, —4sg) — 125,))
X ((2m2 - 1)((4m4 —4m? — 1)s4 +4(m4 —m*+ 1)s6) - S(m4 - m*+ l)sz).

Plugging the derived parameters in Eq. (84) with Eq. (24)
and Eq. (25) into Eq. (37), as a consequence, we get Jacobi’s
elliptic-type function solution
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o (20 — 40m?)s, + 6(6m* — 6m> + 1)s;
’t = i
= (2m2 = 1) ((4m* — 4m? = 1)s, + 4(m* —m? + 1)s¢) — 8(m* —m? + 1)s,

4sy(2sy — (2m2 = 1) (544 56)) + 55 <2(1 - 2m2)2s6 + (4 - 8m?2)s, + (8m* — 8m2 + 1)s4>
<dn (x —tv);m

(2m2 = 1) ((4m* — 4m> — 1) s, + 4(m* —m? + 1)) — 8(m* —m? +1)s, (85)

J 4sy (25, — (2m? = 1) (s, + 5¢) ) + 55 (2(1 —2m?) 56 + (4 — 8m?)s, + (8m* — 8m? + 1)s4)
+ im sn

(2m2 = 1)((4m* — 4m? = 1)s, + 4(m* —m? + 1)s¢) — 8(m* —m? + 1)s, (o= viym )

x ei(—{ —;21':1 }x+o)z+90>

When the modulus of ellipticity approaches unity, we get Projective Riccati equation method

lexit: lit luti
comprexiton SoTton solution Balancing U""” with U° in Eq. (10) gives N = 1. accordingly

6s: — 20 ds, (=25, + 5, + 8¢ ) + 5<(4s, — 54 — 25,
gx, 1) =+ M{—tanhl\/ (72524 54 +56) 545z 54 6)(x—vl‘)]

8sy + 54 — 454 8sy + 54 — 454
(86)

85y + 54 — 45

+1i sech[\'/“s1 (—2s2 tat s6) +5s (4s2 s 256) (x - vt)}} ei<_{ — }X+w'+9°)

Also, we have the following Jacobi’s elliptic-type function  the solution takes the form
solution

- (20 — 40m2)s; + 6(6m* — 6m? + 1)s;
’t = i
= (2m2 = 1) ((4m* — 4m? = 1)s, + 4(m* —m? + 1)s¢) — 8(m* —m2 + 1)s,

4sy(2sy — (2m2 = 1) (544 5¢)) + 55 <2(1 - 2m2)2s6 + (4 - 8m?2)s, + (8m* — 8m2 + 1)s4>
<ins (x —vi);m

(2m2 = 1) ((4m* —4m? = 1)s, + 4(m* —m2 + 1)54) — 8(m* —m2 + 1)s, 87)

\J 4sy (25, — (2m2 = 1) (s4+56)) + s5(2(1 - 2m2)2s6 + (4 —8m?)s, + (8m* — 8m? + 1)s4)
—1ics

(2m2 = 1) ((4m* — 4m? = 1)s, + 4(m* —m2 + 1)s¢) — 8(m* —m2 + 1)s, (= vom >

x ei(—{ 4?:1 }x+wt+00>

When the modulus of ellipticity approaches unity, we get  U(¢) = ay + a,w(&) + b, p(&).
dark soliton solution

65 — 20 dsi (=28, + 54 + 8¢ ) + 55(4s, — 54 — 25,
qx,t) =+ e sl tanh[l\/ 1( 2 6) 5( 2 4 6)()c—vt)]

(89)

8sy + 54 — 454 8sy + 54 — 454 (88)

% ei (—{ 4‘(2;71 }x+wt+90>
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Substituting Eq. (89) together with Eq. (28) and Eq. (29) into ao(aé(10bfs3 + 52) + a3s3 + 3bfs2 + 5b‘1‘s3 + 51) -0

Eq. (10), we get a system of algebraic equations (100)
aR(r)* (5byss + 307 (54 + 256) + 24Kk%) + a; (10b7s3 + 54 + 256 )R(r) + a}s3 = 0, (90)
b, (a%(lOb%s3 +3s, + 6s6)R(r) + Sa‘lts3 +R(r)? (b‘l‘s3 + b% (s4 + 2s6) + 24k2)) =0, 91)

agb? (5b1s; + 54+ 4sg)R()* + a; (Saga,s3 — r(20b7s5 + 254 + 3s4) )

92)
+ a,R(r)(aga, (30b1s; + 5, + 4sg) — r(20b]s5 + b7 (8s, + 17s4) + 60k*)) = 0,
— byR(r)(r(4b]s3 + b3 (25, + 556 ) + 36k%) — 2aga, (10b7s5 + s, + 4s) ) 93)
— b,a’ (r(20b7s5 + 4s, + Tss) — 20aa,s3) =0,
@} (10ags; + 100753 + 55 + 54 + 56) — 2a0a; (306755 + 54 + 354) ’
— 2agb?r(10b2s5; + 5, + 556 )R(F) + a, (572 (4b%s, + b (5, + 256) + 6K2)) ©4)
+ R(r)(b7(30agss + 35, + 25, + Tsg) + 2(agse + 10k> + s5) + 10b7s3) = 0,
by (R(r) (b7 (10agss + s, + 2s6) + 2(agse + 4k™ + 55) + 2b1s3) — 2aga,r(20b1s5 + 54 + 4sg)) 95)
+ b, (a}(30ags; + 100755 + 35, + 54 + 256) + 17 (453 + b7 (54 + 2s4) + 6k%)) = 0,
agh} (R(r)(10ags; + 10b7s; + 35, + 4s) + > (20b7 53 + 54 + 4s6) ) + aga; (10agss + 30b7s3 + 35, + 5, + 25¢) 9%6)
— ayr(b}(60ags; + 65, + 25, + Tsg) + 3(agss + 5k° + 55) + 20bs3) =0,
— by (ajr(20b7s5 + s4) — 2a,a0 (106755 + 35, + 56) — 20a,a3s5 + r(4blss + b7 (2s, + 56) +k* +55)) =0, (97)
a, (a(z)(30b%s3 +3s, + s6) + 5a3s3 + Bb%sz + 5b‘1‘s3 + b%s6 +I 4+ s5) 98)
— 2a,b3r(10ags; + 10b7s5 + 35, + 54) = 0,
by (ag(10b3s5 + 3s,) + Sags; + b1 (biss +5,) +51) =0, Solving these equations together yields the following results:
99)
Case-1: R(r) =0
655 — 20s,; 4s, (—2s2 +54+ 56) + 55 (4s2 — 84— 2s6)

ao=al=0,bl=i —,k= ’

8sy + 54 — 454 8sy + 54 — 454 (101)

(8s2 + 5, — 4s6) (sl (12s2 — 5, + 4s6) - 6s2s5)
4(10s, - 3s5)° '

S3 =
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Putting the parameters attained in Eq. (101) with Eq. (30)
or Eq. (31) into Eq. (89), as a consequence, we get dark and
singular solitons with 6s5 — 20s; > 0,8s, + s, — 454 > 0 and
4s, (=25, + 54+ 55) + 55(4s, — 5, — 256) > 0, as indicated

Inserting the parameters secured in Eq. (104) with Eq. (32)
into Eq. (89), as a consequence, we get a straddled singu-
lar—singular soliton with 655 — 20s, > 0, 8s, + 54 — 45, > 0
and  4s; (=25, + 54 +56) +55(4s, — 54 —255) >0, as

below described below
65 — 20 ds, (=25, + 54 + 8¢ ) + 55 (4s, — 5, — 25,
qx,0) =% 570 tanh l\/ (254 51+ 50) + 554 = 6)(x—vt)
8sy + 54 — 45 2 8sy + 54 — 4sg (102)
% ei(—{ 4?167 }x+a)t+00)
655 — 20s 4s, (=25, + 54+ 5¢) + 55(4s, — 54 — 25,
gn1) = + 5 L coth l\/ (2252 54+ 56) + 55 (45 = 54 6)(x—vt)
85y + 54 — 45 2 8sy + 54 — 45 (103)
x ei(—{ :(21 Z }x+wt+00) )
Case-2: R(r) = 24 r?
Result-1:
v =0 a \/7[9 b 655 =205, s, (=25, + 54+ 56) + 55(4s, — 54 — 254)
0=n 4= o= 8s2 + 54— 4s6 8sy + 5, — 4sg ’ (104)
S (8s2 + 54 — 4s¢ (sl (12s2 sy + 4s6 6s2s5
3=
4(10s, — 3s5)
6s5 — 20s,
9t = r Y
4. 1) 85y + 54 — 45,
4s ( —25y+5,+S, )+ss(4sz—s4 256)
2 h 1 27047106 t 1
+ \/gcsc l\/ — x—v )] + (105)
X
4?1( 2v2+€4+€6)+v;(4€2 Sy— 2?6) 4?1( 2v2+€4+€6)+v;(4€2 Sy— 2?6)
coth l\/ T (x —vt)| £ Scsch —r (x —ve)
% ei(—{ ;21‘;71 }x+mt+90) '
Result-2:
4= b =0 g :12\/5r S5 (o —s—ss __2si+11s6s4+12sé
o TR s 25,+3s, V57 6053 ’ (106)

1 4ss
Sy = R<6S4 + 17S6)’ §1 = —?
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Plugging the parameters achieved in Eq. (106) with Eq. \/— S5

(32) into Eq. (89), as a consequence, we get a straddled %0 =% = 0. by =2v6 ds, + Tsg

bright-bright soliton with s5 <0 and 2s, + 355 <0, as

shown below I — \/2 5 (254 + 356)

5 ds, +Tsg (108)
S S By PR 452 + D355, + 2852
285 + 35 > ({2 Yo S5 = —— °,
q(x, 1) = el Lian °. 120s;
5sech[ —%S(x—vt)] +1 - s, 4Tsq o S5 (32S4 +43s6)
2= 5 — SN =
(107) 3 48 40s, + 70s,

Result-3: Substituting the obtained parameters in Eq. (108) with
Eq. (32) into Eq. (89), as a consequence, we get a strad-
dled bright—dark soliton with s5 > 0, 4s, + 75, > 0, and
2s, + 354 < 0, as presented below

655 z S5 (234+3s6) _
V 4s4+7s6 tanh l\/; v 4s,+7s6 (x Vt)] ) eyor
g(x, 1) = (A% Jrvarsar) (109)
2 [ s5(25,+3s6)
1 i5SCCh l\/; —W(X—Vt)]
Case-3: R(r) = grz
Result-1:
0 Sb b 655 — 20s, ' \/451 (—2s2 + 54 + s6) + 55 (4s2 -5, — 2s6)
Gy =Y, a1 = —=011 Oy =\ g T« 4. ™ )
3 8sy + 54 — 45, 8sy + 54 — 45,
2T S 6 ) 2T 8 6 (110)

(8s2 + 5, — 4s6) (sl (12s2 — 5, + 4s6) — 65,55

S3 =
4(10s; - 3s5)°
6s5 — 20s,
9t = r Y
4. 1) 8sy + 54 — 45

Putting the parameters acquired in Eq. (110) with Eq. (33) into
Eq. (89), as a consequence, we get a straddled singular—sin-
gular soliton with 6s5 — —20s, > 0, 8s, + 5, — —4s5 > O and
45, (=25, + 54+ 8¢) + 55(4s, — 5, — —255) > 0, as given
below

\/ECSCh l\/451(—2$2+s4+56)+55(452—54—2s6) (x _

85, +s54—4s¢

X

vt)] +2

(111)

3esch l\/4.?1(—2s2+x4+s6)+$5(4s2—x4—2sﬁ) ()C _

8s,+s54—4s¢
({22
X e 4cyoy

}x+mt+90 )

Vl‘)] + 2 coth [\/4S1(_2S2+S4+sﬁ)+s5(4s2—x4—2sﬁ) (r—

Vi)

8s,+s54—dsg
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Result-2:

5 [ s [ ss 455
a0=0, al :2\/;}’ m, 0 k— ——, 1
4 6

252 4 11s¢5, + 1252
5y = %(1754 + 33s6), 53 = —*

(112)
Inserting the derived parameters in Eq. (112) with Eq.
(33) into Eq. (89), as a consequence, we get a straddled
bright-bright soliton with s5 <0, and 25, + 354 <0, as
indicated below

5 [ 5 85
24/ 54/ 77— 3sech[{/—=(x— vt
\/; 254 + 356 < e l 5 -y )] ) ;

q(x,t) = e

e
3sech —g(x —v)| =2

07
(—{ Teros }x+wt+90)‘

Result-3:

0 =0 b =2 1555 (e 55(2s4+356)
=N =0T\ Y05, + 635, | 105, + 635,
; _ 4s5(356 — 2s4) ) _S_4+ﬂ ; __10s§+103s6s4+252s§
YT 105, +63sg 2 3 50 300s5

(114)

Plugging the parameters attained in Eq. (114) with Eq.
(33) into Eq. (89), as a consequence, we get a straddled

(113)

4 1555
10s,+63s¢

singular—singular soliton with s5 > 0, 4s, + 754 > 0, and
2s, + 354 < 0, as described below

qlx, 1) = (115)
v;(2v4+3v6) v5(2v4+3s6)
2 coth l 105, 1630, = 2 (x— vt)] + 3csch lﬂ m( - vt)]
i - x+mt+90
Case-4: R(r) =12 —1
Result-1:
s — 20 Ads, (=25, + 54 + 8¢ ) + 5<(4sy, — 54 — 25,
ay =0, a,-b\/—bl L R N 1( 2 T8y 6) 5( 275 6)’
8s2 + 54— 4sg” 8sy + 54 — 454
(116)

(8s2 +54— 4s6) (sl (12s2 — 54+ 4s6)
4(1()s1 —335)2

- 6s255)

S3=

@ Springer

Substituting the parameters secured in Eq. (116) with Eq.
(34) or Eq. (35) into Eq. (89), as a consequence, we get
straddled bright—dark solitons and straddled singular—singu-
lar solitons with 655 — —20s; > 0, 8s, + s, — —4sc > 0 and
4s, (—2s2 + 54+ 56) + 55 (452 — 854 = —2s6) > 0, as shown
below
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655 — 20s,

X, 1) = Fo—
qex.1) 85y + 54 — 454

44/72 — 1sech l \/ 4S1(—232+5;:rsi)+szg4sz_S“_ZS(’) (x— vt)] + 5tanh l\/ dou( 2ot bos (a0 2) (x— vt)] +3
$2+54 =46

8s,+s54—4s¢ (1 17)
X
4r sech [\/4sl(—2s2+s4+56)+s5(45'2—&4—2s6) (x— Vl)] + 3 tanh [\/451(—252+s4+56)+35(4sz—s4—2s6) (x— Vl‘)] +5
85, +54—4s¢ 8s,+s,—4sg
% ei(—{ :’(2;71 }x+a)t+6’o),
or
o f) = 655 — 20s,
D= 8sy + 5, — 4sg
MCsch \/4sl(—2sz+s4+s6)+s5(4s2—s4—2s6) G—vD| +1
8s,+54—4s¢ (1 18)
X
4s, (—252 +sy +sG)+35 (452 —s4—256) _ 4s, (—2s2 +5, +56)+s5 (432 —34—256) _
rcsch l\/ F— (x—=vt)| + coth C— (x—1tv)
% ei(—{ 4(021[;71 }x+wt+90) .
Result-2:
3(r2=1)s s 252 + 11sgs, + 1252
a, =2 Q,%:bl:o,k: - R 654 6.
254 + 356 5 60s; (119)
2(;’2+2)s4+3(2r2+l)s6 1
8§y = , 8 =—§(455).

6(r2 - 1)

Putting the parameters achieved in Eq. (119) with Eq. (34)
or Eq. (35) into Eq. (89), as a consequence, we get straddled

3(r2 = 1)ss S5
 gech| /=2 — vt
25,435 o 50—

-

bright—dark solitons and straddled bright—bright solitons
with s5 < 0,7 > 1, and 2s, + 354 < 0, as presented below

N

[y ({2 prvorran) (120)

q(x, 1) =1

L

S5 Ss
4rsech —g(x —vt)| + 3tanh —g(x —v)| +5

E}

J

or
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/3 r —1 s5 l / ]
21/ ———————sech (x —vr)
254+ 356 - ei( { 207 }x+a)t+€0>

qx, 1) =9 4o (121)
rsechl —Sgs(x— vt)] +
Result-3:
d=a =0.b =2 3(r2 = 1)ss k=l (r2 = 1)s5(2s4 + 356)
2(r2 = 1), +3(r? +3)s6 10(r2 = 1)s, + 15(r% +3)s4
= (s4+456) (2(r = 1) 54 +3(r* +3)s6) - (2r7 = 3)s6 N 5_4, (122)
60(r2 — 1)s5 2(r2=1) 3

C255(4(r = 1)sy +3(2r = 7)s6)
5(2(r2 = 1), +3(r +3)s6) .

Inserting the obtained parameters in Eq. (122) with

Eq. (34) or Eq. (35) into Eq. (89), as a consequence, we Case-5: R(r)=r?+1
get straddled bright-dark solitons with (r* — 1)s5 > 0,

2(r — —=1)s, + 3(r* + 3)s¢ > 0, and 2s, + 35 < 0, as given

below

- 3(r2 = 1)ss
9t =
= 2(r2 = 1) s, +3(r2 +3)s6
r2—1)s5(2s,+3s6
5 tanh [\/_ lOEr2—1§v4£15(tZ+3).v6 Ch Vf)] +3 (123)

3tanh [\/ (2= 1)ss (i 3s0) (x— vt)] + 4rsech [\/ S G €2 (x—vD| +5

10(r2—1)s,+15(r2+3)s, 1072 =1)s,+15(r2+3)s5

Y e (—{ 42‘;71 }x+(ot+90)

k)

or

3(r2— l)s5 (rz— 1)s5(2s4+3s6)
2 tanh - (x—=vr)
2(r2— 1)s4+3(r2+3)s6 10(r2— 1)s, + 15(r2+3)s6

\
2 1)s5(25,+3 (124)
’S“hN‘m((r Jos (25, + 355) (x_m]H

- 1)s4 + 15(r2 + 3»)56

q(x, 1) =1

% ei(—{ 4(021[:1 }x+a)t+90)
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Result-1:

ay, =0, alz\/—

(8s2 +54 — 456) (51 (12s2 -5+ 456) - 65255)
4(10s, - 3s5) '

2(r2+1)(10s, — 3s5)

8s, + 54 — 4sg

655 — 20s,
85y + 54 — dsg’

s

: 4s, (—2s2 + 54+ sé) + 55 (4s2 — 84— 236)

8sy + 54 — 4sg

§3 =

(125)

Plugging the parameters acquired in Eq. (125) with Eq.
(36) into Eq. (89), as a consequence, we get a straddled
bright—dark soliton with 655 — 20s; > 0, 8s, + 5, — 455 > 0
and 4s, (—2s, + 54+ 5¢) + v5(4s, — 54 — 254) > 0, as indi-
cated below

Substituting the derived parameters in Eq. (127)
with Eq. (36) into Eq. (89), as a consequence, we
get straddled a singular-singular soliton with s5 > 0,
2(r* + D)s, + 30> = =3)s > 0, and 2s,+3s4 <0, as
described below

o f) = 655 — 20s,
D= 8sy + 5, — 4sg
) 4s, (—2x2 +x4+s6)+s5 (4S2 —s4—2s6) _
Vr? + lsech l\/ rT— (x vt)] +1 (126)
X
rsech l\/ 451(—252“;:253:253%—S4—256) (x— vt)] + tanh l\/ 451(_zsz+S‘é:i2:z§:s2_s4_zsﬁ) (x— vt)]
% ei(—{ :fl;';l }x+wt+90) .
Result-2:
3(r2+1)ss (r2+ 1)s5(2s4 + 3s6)
ao=a1=0,bl=2 K = - )
2(r2 + 1) s, +3(r2 = 3)s6 10(r2 + 1)s, + 15(r2 = 3) s,
3 (s4+456)(2(r2+1)s4+3(r2—3)56) _ (2r2+3)s6 5y (127)
B 60(r2 + 1)ss 2 2(+1) 37
2s5(4(r + 1), +3(2r7 +7)s6)
e 5(2(r2 4+ 1)s, +3(r2 = 3)s)
5 3(r2 + 1)s5 coth _ (r2 + l)s5 (2s4 + 3s6) e — 1)
2(r2+ 1)s4+3(r2—3)s6 10(r2+1)s4+15(r2—3)56
q(x, 1) =
(r2 + 1)s5 (2s4 + 3s6) (128)
rcsch - x=vt)[+1
10(r2 + 1)s4 + 15(r2 - 3)s6
C J

€207
4cyoq

}x+wt+90 )

X ei(_{
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Result-3:

3(r2+1)ss S5 255 + 1lsgs, + 125
- 4 =b =0, k= —g’s3:_ ’

a, =

! 254 + 356 60s; (129)

2(r2—2)s4+3(2r2— l)s6 4ss
= , 8 = ——.

’ 6(r +1) 1T
Putting the parameters attained in Eq. (129) with Eq. (36) ~ We obtain
into Eq. (89), as a consequence, we get a straddled singu-
lar—singular soliton with s5 < 0, and 2s, + 35, < 0, as shown
below

3(P+1)s s
(—)Scsch ——S(x — V)
254+ 35 : i(~{ 22 Vxrores,)
q(x, 1) = 1 cel Lia °/. (130)
s
rcsch l —gs(x - vt)] +1
Conservation laws (b) Linear momentum (M) density:
For the conserved flow that renders a closed form of the o), = ls(q*qx), (133)
respective PDE, we let ¢ = u + iv and split the PDE into 2
a real system whose conserved vectors (77, T%) satisfy the  and
(c) Hamiltonian (H) density:

t 1 * 1 *

@), = 3aR(qq},) + 1| 301 R (ad.,,,)
+ foz{ (R(qq})) + (S(a*a))” +lal*R(qq},) +1aPR(q.) +19°S(4.) +4R@S @R (9,)S(4,) } (134)
+ 565{ l91*R (qq7.) + 14I*|a| } + glql‘S] +¢) [—5673(61 Goe) + Zaslqlzﬁ?(q qx)]-

D,T" + D, T*) = 0 along the solutions of the PDEs. We pre- ~ Now, the bright 1-soliton solution is written as
sent the final conserved densities for special cases of (1) ]
as @'. Subject to the condition q(x,f) = A sech [B(x — vi)]e/(Txx+ortan), (135)

64 b 0-2+65,

we have the following:

(a) Power (P) density:

r_ 1,
@), = Slal’. (131)
In addition to the above condition, if we have

@ Springer

where A and B are the amplitude and inverse width of the
soliton, respectively. From the phase component, the param-
eter w is the frequency of the solitons, while x is the wave
number and o represents the phase constant. Therefore, the
conserved quantities are:

© A

P:/_ Odx = 7 (136)
© A

M=/_ CDjwdx:—%, (137)
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and
a aA® o 2 oA’ 2p2 4
H= _mq>;,dx= 3_13(3 +36%) + ¢, 15—3(73 +30x°B* + 15¢%)
4 3 oo 3 i
+ 0, 247 (232 + 51(2) + A {(32 — K‘2) sech®r — 2B? SGChST} cos ¢pdx — xAD sech’z tanh  sin ¢pdx
158 4B J_, 2 Jo (138)
4 [0 4 oo
+ Q—B /_00 {(82 - K'z) sech*r — B? sech61} sin? 2¢pdx + % /_00 sech 7 tanh 7 sin 4¢dx}
2A4 ) ) 4A0 0'7KA2 ) ) GSKA4
+ (3B +5k) + — ¢| - B+ %) + ,
(’5{ 155 C)tgg | e|Tg B g

where the notations

T = B(x — 1), (139)
and
¢ =—-kx+wt+o0 (140)

are implemented.
Conclusions

This paper studied the concatenation model that is conserved
with the absence of SPM. Nevertheless, the model supported
soliton solutions, and they are retrieved by the aid of two inte-
gration algorithms. A full spectrum of soliton solutions along
with the parameter constraints are identified. These constraints
guarantee the existence of such soliton solutions. Finally, the
multiplier approach revealed the three conserved quantities
for the model. The Hamiltonian came with quadratures. The
results are nevertheless encouraging that would lead to several
futures avenues to walk upon. The conservation laws would
lead to the quasi-monochromatic dynamics of such solitons.
The phenomenon of optical soliton cooling would be looked
upon. The numerical simulations of such solitons by the
Laplace—Adomian decomposition would also be considered.
The quiescent solitons for the model are also another inquisi-
tive issue. The results would sequentially emerge with time.
These results would be recovered and aligned with the pre-
existing works, with time [15-30].
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