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ABSTRACT

Motivated by the close connection of tensor models to the SYK model, and the success of the SYK
model within holography, tensor models are studied. A brief introduction to relevant topics surrounding
holography and tensor models is given. Representation theory is used to construct the complete set of
gauge invariant observables for bosonic and fermionic tensor models. Correlation functions of the gauge
invariant operators in the free theory are computed exactly. The gauge invariant operators close a ring.
The structure constants of the ring are described explicitly. The holographic duals of tensor models are
studied using collective field theory. A description of the gauge invariant variables of the tensor model,
is developed. This is used to develop a collective field theory description of the dynamics. A matrix
like subsector that develops an extra holographic dimension is considered. In particular, the collective
field theory for the matrix like sector of an interacting tensor model is developed. The correctness of the
large N collective field is checked by showing that it reproduces the perturbative expansion of large N
expectation values. In contrast to this, it is argued that melonic large N limits do not develop an extra
dimension. This conclusion follows from the large N value for the melonic collective field, which has delta
function support. The finite N physics of the model is also developed and non-perturbative effects in the
1 = N expansion are exhibited.



Chapter 1

INTRODUCTION

By the end of the 19th century physics was widely thought to be able to explain all fundamental aspects
of nature and that all the laws of physics had been discovered, with Classical Mechanics explaining the
motion of objects, Thermodynamics explaining temperature and heat transfer and Maxwell’s equations
explaining optics and electromagnetism. But at the turn of the 20th century this had to be questioned with
the emergence of problems that physics at that time could not answer, such as the ultraviolet catastrophe,
the photoelectric effect and the seemingly bizarre prediction of Maxwell’s equations: that the speed of light
is constant regardless of observer. These questions saw the emergence of modern physics and what are
thought of as the pillars of modern physics: Quantum Mechanics (QM): which explains the interactions
of fundamental particles as well as the ultraviolet catastrophe and the photoelectric effect, and General
Relativity (GR): which is the logical generalisation of Special Relativity which was birthed out of the fact
that the speed of light is a constant for any observer. QM explains three of the four forces in nature (the
Coulomb force, the weak nuclear force and the strong nuclear force) as the interactions between funda-
mental particles. GR explains the fourth force: gravity, as the warping of space-time by mass and energy.
These two theories explain beautifully the physics in their domain; QM for very small objects and GR for
very massive objects. But what happens when one needs to study objects that fall in both domains like
an object that is very massive but also very small, a black hole or the very early universe for instance?
For these objects a unified theory which accounts for both quantum and general relativistic physics is
needed—a theory of Quantum Gravity. If, however, we try and write down a quantum field theory for
gravity we run into difficulties because gravity is an irrelevant (in the sense of the renormalisation group)
interaction. What this means is that at low energies the gravitational interaction will be weak, as we
see in nature, but it will grow with energy scale so that at large energies the interaction will diverge and
calculations are impossible. This is analogous to the Fermi interaction which was an interaction proposed
by Enrico Fermi to explain Beta decay: the process in which a neutron decays into a proton, electron
and neutrino. Fermi proposed a four point interaction to describe this process but the coupling for this
process also turned out to be irrelevant so it worked for low energies but diverged at large energies. These
kinds of divergences tell us that there is something, some physics, not being accounted for. In the case of
Beta decay what was missing was the W and Z bosons proposed by Sheldon Glashow, Abdus Salam, and
Steven Weinberg — eventually winning them the Nobel Prize in 1979. The missing element in quantum
gravity is yet to be discovered. Just like the Fermi interaction and the problems which were seen at the
turn of the 20th century this problem indicates that there is physics yet to be discovered.

The theory with the most promise in answering these questions seems to be string theory. In it the
fundamental particles are defined as one dimensional strings. What this means is that one can no longer
probe distances smaller than the size of a string. One would expect the size of the string to be smaller than
the smallest distances we have been able to probe thus far. And so one can make a quantitative argument
for the size of the string. The length of the string [;would be a fundamental constant just like the speed
of light ¢, which is a fundamental speed, and %, which is a fundamental uncertainty. It is suspected that
the string length will be related to the other fundamental constants. In the theory of gravity we also have



the gravitational constant G. Out of these constants one can define a length as follows

Iy = /2L (1.1)

This is known as the Plank length and it is on the order of 10 2m. This is very small and we expect I,
will be proportional to this. In string theory all fundamental particles are the same object: the string,
and their properties are determined by the vibrational mode of the string thus this theory unifies theories
of fermions and bosons into a theory of strings.

A significant gap in our current understanding of string theory is that at present we do not know a
non-perturbative definition of the theory. However, in the last 20 years genuinely new and fascinating
insights into the large N expansion have been achieved. The ribbon graph expansion proposed by 't Hooft
suggested a deep connection between non-Abelian gauge theories and string theories more than 40 years
ago. The expansion identifies the surface triangulated by the ribbon graph with a string worldsheet[1].
This initial proposal has found beautiful confirmation in the duality between the large N expansion of
N = 4 super Yang-Mills theory (a conformal field theory (CFT)) and the loop expansion of IIB string
theory on asymptotically AdS5xS® spacetimes|2, 3, 4] (where AdS stands for anti-de Sitter space). This
connection goes by the name of holography, the AdS/CFT correspondence or the gauge theory/gravity
duality and for any theory with adjoint valued variables, one expects a duality with a string theory.

When studying the large N expansions of matrix models one usually studies the planar limit where
classical operator dimensions are held fixed as one takes N — oo, there are non-planar large N limits of
the theory [5] defined by considering operators with a bare dimension that is allowed to scale with N as
one takes N — oo. These limits are also relevant for the AdS/CFT correspondence. Indeed, operators
with a dimension that scales as N include operators relevant for the description of giant graviton branes
(6, 7, 8] while operators with a dimension of order N? include operators that correspond to new geome-
tries in supergravity [9, 10, 11, 12]. These convincing motivations have motivated sustained study of large
N field theory. However, carrying out the large NV expansion is mostly still beyond our current capabilities.

The mechanism by which gravitational physics is manifested from a strongly coupled gauge theory within
holography remains elusive. The original CFT description has the field theory coupling as the loop ex-
pansion parameter. On the other hand, the gravitational description that emerges at strong coupling,
must have 1/N as the loop counting parameter. This is a highly non-trivial hint into the structure of the
holographic reorganization of the CFT. The collective field theory of Jevicki and Sakita [13, 14] achieves
exactly this: by formulating the theory in terms of gauge invariant variables, the resulting field theory
explicitly has 1/N as the loop expansion parameter. The reorganization of the dynamics is highly non-
trivial, with non-linear collective dynamics being induced by the Jacobian of the change of variables[13, 14].

It would be very attractive to apply the collective field theory method to CF'Ts and explore the resulting
field theory. In the case of a single matrix, this leads to a string field theory for the ¢ = 1 string[15]. This
is a beautiful example of how a quantum mechanical system can develop an extra dimension. In the much
more interesting example of N' = 4 super Yang-Mills theory[2] (or even quantum chromodynamics (QCD))
the construction of collective field theory is frustrated by the fact that the space of gauge invariants (loop
space) is enormous and an explicit construction of the dynamics of gauge invariants looks hopeless. It
turns out that representation theory can provide a systematic approach towards the structure of loop
space. Indeed, the use of representation theory in the half-BPS sector[10, 11] leads to a clear connection



to free fermions[10, 11, 12] and ultimately to a rather complete understanding of the mapping between the
CFT operators and supergravity geometries[9]. This has been extended to more general bosonic sectors[16]
-[17] and even for fermions and gauge fields[18, 19]. These bases allow the computations of anomalous
dimensions of heavy operators in N' = 4 super Yang-Mills[20, 21, 22, 23] (in a large N but non planar
limit[5]) that are dual to excited giant gravitons[24]-[25]. Up to now however, even with this improved
understanding, it is not obvious how to build the collective field theory of these invariant variables.

The large N limits of vector models are relatively simple in comparison to matrix models. There are
fewer gauge invariants that one can form and the large N limit of these models is explicitly solvable. The
space of invariants is spanned by a bilocal field and one can explicitly build the collective dynamics|26].
In [27] the idea that the bilocal fields provide a reconstruction of the bulk fields of the dual higher spin
gravity[28] was put forward. Using essentially kinematics [29]-[30] developed a map between the space
of bilocals and the dual gravity. The bilocal description has also proved to be very useful for the SYK
model[31, 32, 33], as well as for descriptions of supersymmetric versions of SYK[34, 35, 36, 37|, in which
case an elegant bilocal superspace formulation has been developed in [38].

There are suggestions that tensor models are richer than vector models, but perhaps simpler than matrix
models. One might hope that the case of tensor models is, in a sense, intermediate between the vector
and matrix models. It is then possible that the space of gauge invariants is richer than that of vectors,
but still not as complex as that of matrices. If this is the case, this may provide a useful lesson towards
managing the loop space of multi-matrix models. In light of this, it is natural to work out the large N
expansion and holography for tensor models, which is the main goal of this Ph.D.

This thesis is structured as follows: an introduction to some of the important concepts and techniques
used are given in Chapter 2. Then the novel work carried out on tensor models is presented in Chapter
3 and 4, these works are published in [39] and [40] respectively. Then in Chapter 5 some conclusions are
given.
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Chapter 2

BACKGROUND

The aim of this chapter is to briefly introduce the concepts and techniques that will aid in the understanding
of the work done in Chapters 3 and 4.

2.1 Matrix Model Quantum Mechanics

Matrix models are theories involving rank 2 tensors in which the % expansion has a well known relation
1

to strings. The large NN limit exhibits factorisation and the 5 expansion can be interpreted as a genus

expansion. This provides a compelling link between matrix models and string theory. Since matrix models
exhibit so much success in this regard there is a hope that a similar thing can be found for higher rank
tensor models. The goal of this section is to introduce matrix models, motivate their duality to strings and
show some of the success that has been achieved in calculating the large N expansion for Matrix Models.

2.1.1 Free theory

Start with a N x N Hermitian matrix M and define a free action:
S = —%Tr(]\/ﬁ) (2.1)
then expectation values are given by:
(Mij..Mym)o = N / [dM]e= 3TN M, (2.2)

where the subscript 0 stands for free and the integral over [dM] is understood as a functional integral over
each element of the matrix M, making this N? integrals in total. The normalisation A is chosen such
that:

(1) = N/[dM]e—’z”TrW) =1 (2.3)

e

This implies for a general N:

vl

By defining a generating function:
Z()[J] :N/[dM]e—gTr(M2)+Tr(JM) — eiTr({ﬂ) (25)

correlators can be represented as follows:

(Mij...Mypm)o = ZolJ] (2.6)

dJ;;" Ao o
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Gauge invariant operators are traces of powers of matrices so one should study correlators of traces of

powers of M. For example:

(T ()0 = (M) =
(Tr(M*))o = (Mi; My My My;) = é [2N? + N]

and

(Te(M?)Te(M?)) = (M, My Mg M) = !

= [N*+2N?

The Feynman rules for these correlators are as follows (illustrated with (Tr(M*))):

1. Draw two dots for each pair of indices on the operators

2. Connect the contracted indices below

3. Connect the pairs of indices above in ribbons, each different way of connecting is a different diagram

4. Each ribbon comes with a factor of 1/w

1 2

AV A

Eml —_

5. Each closed loop comes with a factor of N
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MY A

Computing (Tr(M*))y with ribbon graphs gives:

(Tr(M*))o =

6y @& &

=F i = E 2NN

2.1.2 Interacting theory

Now the aim is to add interactions to the theory and this will be done by putting an interaction term into
the action, quartic in M. The generating function becomes

Z[J] :N/[dM]e—w/ZTr(MZ)—gTr(M4)+Tr(JM) (2‘10)

— 1
:NZ E (_g)n /[dM]e—w/QTr(M2)+Tr(JJ\/[)Tr(M4>n
n=0

> 1 d d d d1]"
N L[ ZolJ
Zn' { ngji dJkJ dJ szl:| 0[ ]

n=0
= 1 d d d d]" inoe
N L LTy 2.11
nzzon![ Y47 s dii dJZJ “ (211)
=1 n n
= Z[J=0]=3 —(=9)" {(Tr(M*)"), (2.12)
n=0

The correlators in the interacting theory are given by:

d d
dJs;"" A

(Myj... M) = Z[J] (2.13)

J=0

The interaction is put into the diagrams by a 4-point vertex of the following form:
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Figure 2.1: 4-point vertex

Each vertex comes with a factor of (—g). Correlators in the interacting theory can now be calculated

perturbatively in g. Consider (Tr(M?)) to first order in g.

d d d 2
Te(M2)) = e
< 1"( )) dJ dJ e nl |: dJ]z dJkJ dJy. dJ”:| e2 .
d d d d d d g
= T M2 - TTIA(J )
< I‘( )>0 g dJpm ddmn de,- dka dJy, dJy “ J=0

A marym ),

NQ
—— — L [2N° 4 9N® + 4N] (2.14)

©-&%|- &Q-
(&

This can also be done diagrammatically:
(Tr(M?)) =

N? g 5 3 3 3
2
:%—%[2N5+9N3+4N]

2.1.3 Normalisation
Now it is convenient and more physically insightful to normalise such that the vacuum contributions are

removed. This is achieved by normalising as follows:

Z1J]
Pl ==
B Z[J]
 Xnlo (=) (Te(M4)"),

Z
_ _ 2] , (2.15)
1~ 52N + N) + 5 (AN® 1 40N + 61N7) + O(¢?)




14

where the subscript nn stands for new normalisation. To illustrate this consider (Tr(M?)),,.
(Tr(M?))

1— L(2N2 4+ N) + £ (4N6 + 40N* 4 61N?) + O(g?)

N% 9 [2N5 + 9N3 + 4N] + O(g?)

<Tr(M2>>nn =

— w 2.16
1 — 5 (2N2 + N) + £ (4N6 + 40N4 + 61N2) + O(g3) (2.16)
Assuming ¢ is small and expanding to first order in ¢ gives:
2 ~ [N g 5 3 2 9 2 2
(Tr(M2)n 2 | = = 2 2N +9N? + 4N] + O(¢?) [1 + 5N+ N)+ 0l )]
N? g
=— — = [8N® +4N 2.17
— — 2 [sN° + 4] (217)
Comparing this to adding up the diagrams excluding the diagrams with vacuum graphs.
(Te(M?))pp =
N? 4
= I IN* 4 N+ N
w o ow?
N? g
= — — = [N’ +4N 2.18
— — % [sN° + 4] (215)

This is the same result and henceforth, this new normalisation will be used.

2.1.4 t’ Hooft expansion

Consider the double scaling limit N — oo and ¢ — 0 such that A = ¢gN is a fixed small number.
(Tr(M?))nn up to second order in g is given by

(M) = — 9 (8N 4 4N] + - [144N* 4 224N7]
W w3 w?
N? N2 47 N2 224 ,
:U - [8 + m} + I [144 + W:| +O(\) (2.19)

This is an expansion in A and # which are both small quantities in this limit. These small quantities are
analogous to h in a QFT and so imply that this theory has two sources of intrinsic uncertainty. Because
the aim is to show the equivalence to a string theory one can interpret the extra source of uncertainty as



15

coming from the fact that a string is 1 dimensional with a finite size and so cannot probe position with
the precision that a point particle could. In other words on top of the fuzzy uncertainty that comes from
the quantum nature of the theory, the finite size of the string will give rise to another uncertainty in how
precisely position can be measured. This is because the probes in this theory are strings and their finite
nature ensures that positions can never be known to a precision smaller than the order of the length of
the string. Intuitively this follows since it is uncertain which part of the string has interacted.

It is clear that the terms with a N to the power of 2 are the main contributors in the N — oo limit
so one would like to restructure the tools of the theory so that one can easily write down correlators as a
perturbative expansion in ﬁ and A instead of just g. In doing this one will also find a clear link between
this theory and a string theory. Puttting A in and change variables to:

M =vVNM' (2.20)
= —%Tr(MQ) — gTr(M*) = —%Tr(MQ) — NNTr(M') (2.21)

Since this is just a scaling factor and the measure goes over all M’s the measure will not change.
N Z[J’] _ N/[dM/]e“’2NTr(M’2)N/\Tr(M’4)+Tr(J’M’) (2.22)

This changes the Feynman rules so that each ribbon comes with a ﬁ and each vertex comes with a —AN.
Now one would like to be able to understand the N dependencies of each diagram. Let the number of
ribbons be E, the number of closed loops be F' and the number of vertices be V. Then the N dependance
of a diagram will be N¥'=F+V Shifting perspective, imagine that the ribbon diagrams triangulate surfaces.
In this view the ribbons correspond to edges and the closed loops correspond to faces, and the quantity
F—FE+V =y is a topological invariant known as the Euler characteristic of the surface. It is also given
by x = 2 —2h — b where h is the number of handles and b is the number of boundaries. This is interesting
because it implies that the diagrams with a specific N dependence correspond to the triangulation of a
surface of specific topology. Consider a diagram with a N? dependance and what surface it triangulates.
Consider the following diagram

Figure 2.2: Figure of eight diagram

This diagram has two ribbons or edges, three closed loops or faces and one vertex = y = F—FE+V =2.
As it turns out this value corresponds to a sphere as can be illustrated by this drawing:
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Figure 2.3: Triangulation of a sphere

This implies that all diagrams which triangulate spheres come with a N? dependance. Since it was seen
that N2 is the highest power of N a diagram can have one can conclude that the dominant diagrams will
always triangulate spheres. These are also referred to as the planar diagrams. Now what about the lower
power diagrams? It was seen that the N dependance drops by two powers in our expansion (Equation
2.19) but how does this fit into the surfaces picture? Consider the situation where the surface being
triangulated by some ribbon diagram with a certain x = F' — E + V value. With a section of the surface

looking as follows:

[\

Figure 2.4: Section of a triangulated surface

Where each line corresponds to a ribbon. Now imagine cutting two holes (Figure 2.5) and gluing the edges
of the holes together so that a new surface is formed.
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Figure 2.5: Section of a triangulated surface with two holes

This process reduces the number of edges and vertices by 4 and the number of faces by 2.

E=E—4
F'=F-2
V=V -4
(2.23)
S =F —FE+V =F-E+V—-2=x-2 (2:24)

It corresponds to adding a handle to the surface and does indeed correspond to the desired reduction in the
power of N that we were looking for. Topologically adding a handle is equivalent to increasing the genus
of a surface. Adding a handle to a sphere (genus 0) creates a torus (genus 1), adding a handle to a torus
makes a pretzel (genus 2) and so on. So that the genus of a surface is equivalent to the number of handles.
This implies that the expansion can be understood as an expansion in the genuses of surfaces. This is
very interesting because in a string theory the classical contribution to a string being created at x; and
being detected at xo would map out a surface of genus 0 and the first quantum correction corresponding
to one loop would map out a genus 1 surface, two loops a genus 2 surface and so on.

Figure 2.6: Perturbation expansion in terms of topologies of worldsheets in string theory

This has a significant implication: if one ignores the higher order corrections and only considers the planar
contributions to correlators one should find the classical limit of the theory. In the classical limit one finds
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that expectation values of products of observables are equivalent to the product of the expectation values
of the individual observables. It is said that the theory exhibits factorization in this limit. This can be
illustrated by some arbitrary system in state ¢ with the probability of being in state ¢ given by p;.

= =1 (2.25)

pi = 0,V (2.26)

In this system there are a set of observables O; whose value in state i is Oy(i).
= 10;(i) (2.27)

Now this theory exhibits factorization in the classical limit because the expectation values of the observ-
ables in this limit behave in the following manner:

(01,0p,...0;1,) = (01,)(Op,)..(Or,) (2.28)
= ZMZOA )01, (7)...0r, () 2#11011 i1 ZMZQOIQ i2). ZMZnOIn in) (2.29)

This is only posmble if there is only one access1ble state 7%

0 @#17*
implying that this is indeed the classical limit of the theory.

R
;sm:{ e (2.30)

Now consider the following correlators in the matrix model in the large N limit.

(Te(M?))nn ZN?Q — ]Y;A [8 + %] +0(\) (2.31)
g]f 8Z2A +0O(N\?) (2.32)
and
(Te(M2)Tr(M2)) i\)f: {1 %} _ Aﬁf [ + % 4 ]QV—ﬂ + o) (2.33)
Ei: - 8M4V4 +O(N) (2.34)
:;}FI(M2)Q>)M<TI(M2)>M (2.35)

This shows that factorization is exhibited in the large N limit and the theory reduces to a classical one.
This discussion, together with our previous discussion of ribbon graphs, is substance for the claim of the
equivalence between matrix models and a string theory.

What has been done so far corresponds to the singlet sector of matrix quantum mechanics of a single
hermitian matrix[41]. One can also consider a complex matrix model containing a complex matrix Z as
long as one is restricted to potentials that are analytic in Z (summed with the dagger of this which needs
to be added to get a real potential) and observables constructed out of traces of a product of Zs or out of
a product of Z's [42]. In these situations one can reduce the problem to eigenvalue dynamics.



19

2.1.5 Number of Fields Comparable to N

A matrix model with one matrix field and observables built using a number of fields that does not grow
parametrically with N has been studied. Here it is motivated why one cannot use the techniques developed
for studying these observables at large N for observables whose number of fields grows parametrically with
N (the non-planar large N limits of the theory [5]) and then outline the tools needed for studying these
non-planar operators.

No mizing of trace structure When studying a complex matrix model with one complex field Z one can
define physical operators O; according to the trace structure of the operator. Let ¢ correspond to the
number of traces such that:

O1(J) proportional to Tr(Z”)
Oy(J1,J;)  proportional to Tr(Z71)Tr(Z72)
O3(Jy, Ja, J3) proportional to Tr(Z7)Tr(Z72)Tr(Z7%) (2.36)

If one defines the operators so that the 04, is normalised to have a unit two point function in the large
N limit, they have the following form:

O1(n) = \/HIWTr(Z”)

Oz(n,m) = O1(n)O01(m) = ——==Tr(Z")Tx(Z"™) (2.37)

This implies that in the large N limit one has:

(0O} (m)) = 5, (1 +0 (%)) | (2.38)

and

(O\(m)Ou(m)O(n. m) ) = w (1 +0 (%)) | (2.39)

From this one can clearly see that the right hand side of the latter result vanishes in the large N limit if
the number of fields (n and m) are fixed as N — oo. This is in fact a general result that different types
of trace structures do not mix in the large N limit. This means that the set of observable quantities in
the theory reduces to correlators of the following form:

<oioj > (2.40)

This however, would obviously not hold when n and m grow comparably to N and so all trace structures
must be considered together in the large N limit.

Now consider correlators of this form:
(Tr(Z7)Te(Z1)) (2.41)

The planar contribution is:

(Tr(Z7)Tr(Z™)) = JN” + higher genus contributions, (2.42)
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and it can be shown that the genus h contribution is given by:

1-3:5-(4h—1) J(J—=1)(J=2)--(J —4h+1)

NT—2h 2.4
2h +1 (4h)! (243)
1:3:5--(4h — 1) JIFHhNI-2h (2.44)
- 2h + 1 (4h)! ‘

From this it is clear that for J’s that grow more slowly than v/N only planar (genus 0) diagrams will
contribute in the large N limit. This drastically reduces the amount of work that needs to be done to
calculate correlators because one only needs to sum planar ribbon graphs. This is not necessarily trivial
in some cases but it is doable. If however, the number of fields grow parametrically with N such that
J = NP the genus 0 contribution will grow like:

NPT (2.45)
and the genus h contributions will grow like:
Np+4ph+J—2h' (246)

So one can see that for p < % the genus 0 contributions will dominate but if p > % then the higher genus

contributions will be the same as the genus 0 contributions at p = % and dominate when p > 1. This

implies that in order to get any sort of realistic prediction one has to sum all diagrams and becausze there
are N fields and N — oo there will also be an infinite number of diagrams. Thus, the drawing of ribbon
graphs can not be used to calculate correlators anymore and one needs a new technique. Luckily there is
a technique that will aid us in this endeavor. It is the Schur polynomials which have their roots in group

theory.

2.1.6 Schur polynomials and group theory

In this section the goal is to show how the Schur polynomials can be used to sum all possible ribbon
graphs, not just planar ones and that any multi-trace operator can be represented as a linear combination
of Schur polynomials. Thus, using the Schur polynomials any correlator can be calculated with finite or
large N. To this end it is necessary to recall some group theory results [43] and define some notation.

Group theory results and notation The symmetric group S,, is the group of all permutations of n distinct
objects. Cycle notation is used to represent the group elements. For example for the S5 permutation of
the group element (a,b,c) to (c,a,b) is written as (1 2 3) in cycle notation and is understood as the element
in position 1 goes to position 2, the element in position 2 goes to position 3 and the element in position 3
goes to position 1. The rearrangement (c,a,b) is achieved by the group element (1 2 3).

Representations: A representation (I'(g)) of a group G is a set of matrices, one for each element of
the group, such that

I'(g1) - T'(g2) =T(91-92) Vo1,92 € G (2.47)

The space on which these matrices act is called the carrier space of the representation. There are an
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infinite number of representations for a group but most are equivalent or reducible representations. An
equivalent representation (I'2(g)) of I'1(g) is related to I'1(g) as follows:

Ty(g) = MTy(g)M " (2.48)

where M is some invertible matrix. A quick way to check whether two representations are equivalent is
to check if their characters are the same for all elements of the group. The character of the representation
r (xr(g)) is defined as

xr(9) = Tr(I+(g)) (2.49)
So the check of equivalence between two group representations (I',(¢g) and I's(g)) of group G becomes
Xxr(9) = xs(9) Vg€l (2.50)

A representation is said to be reducible if it is equivalent to a block diagonal representation. An equiva-
lent statement is: a representation is irreducible if it has no invariant subspaces. The list of inequivalent,
irreducible representation of a group are called the irreps of a group. The list of irreps of a group is finite
for a finite group and infinite for an infinite group.

Labeling the irreps of a group: The irreps of the symmetric group S,, are labeled by Young diagrams
that are n boxes arranged in a specific order. The rules for the boxes are: all boxes must be arranged
in rows starting from a common vertical line and there can not be more boxes in subsequent rows, than
previous rows. An example of a valid diagram for Sg is:

l

An example of an invalid diagram for Sy is:

Similarly labels for the irreps of the unitary group (U(NV)) can be defined. The diagrams look the same
and have the same rules except that the diagrams can have any total number of boxes (instead of only n
boxes as with S,,) but may only have a maximum of N rows.

These Young diagrams can be used to determine the dimensions of the representations and the states
of the carrier space of the representations. One gets the dimension of reps as follows:

For a representation of S,, one notates the dimension of representation R as dg. It is found by dividing n!
by the product of the hook lengths (hooks). The hooks are defined as follows:

1. Draw a line starting from below the Young diagram into a box then make a perpendicular elbow
from that line out of the diagram to the right.

2. The hook length of the box with the elbow is the number of boxes the line goes through in its path
through the diagram.

The following shows the hook lengths of a diagram and the corresponding dimension of the represen tation.

m
1

= Jes Jer
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J 6!
BT 5.3.31-1-1
Now when working with the unitary group the dimension of a representation is notated as Dim g and it is
calculated by dividing the product of the factors ( fr) by the product of the hooks. The factors are defined
as follows:

16 (2.51)

Start at the top, leftmost box. Its factor is N. Then every consecutive box to the right has a
factor 1 larger than the box to its left and every consecutive box down has a factor of 1 less
then the box above it.

The factors of a representation of U(N) are shown here with the corresponding dimension.

N [N+1N+2

fR  N-N-(N-=2)(N—-1)(N+1)(N+2)
[]hooks 45
These diagrams can now be used to find the actual irreps of S,, themselves. This is done with Young-

Yamanouchi (YY) patterns. YY patterns are constructed by writing all the possible ordered ways of
dropping boxes from a Young diagram that leave a valid Young diagram after each drop. For instance

consider the irrep of Sy labeled by (I'go(o)), the YY patterns will be

Dimp = (2.52)

al2]a] [als]1] [a]3]2]

(2.53)

where the numbers represent the order of dropping boxes. These YY patterns are considered states that
when acted on by I'yn(0), where o € adjacent 2-cycles of Sy, behave in a specific way. Let a specific state
of the irrep R of S, be |R) and |R; ;) be the state were box ¢ and j have been swaped. Then

1

R 2.54

Cal(ivi+ D)IR) = ——IR) + \/1 G

where ¢; is the content of box 7. The content of a diagram is defined in much the same way as the factors
of the irreps of U(N) are defined except that one starts with 0 in the top left box instead of N. For

example the content of gaj is

0l1]2]
—1]0

2] (2.55)

Doing this for all the states of the irrep R gives equations that can be solved to find the matrix elements
of the adjacent 2-cycles of I'g(c). Then all the other elements can be written as a product of the adjacent
2-cycles of the group.

Notation: Just like in special relativity where the position of an index tells us how a quantity trans-
forms under the action of the Lorentz group we want to use the position of the indices here to tell us how
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quantities transform under the action of the unitary group. Quantities with an upper index transform
with U while quantities with lower indices transform with UT. So column vectors (notated as kets |v))
will transform with U and row vectors (notated as bras (v]) will transform with UT. So the action of the

unitary group will look as follows: o
= Uly) =U'j0’ (2.56)

W|UT = U* v (2.57)
Now Z is an N x N complex matrix and we declare that the action of the unitary group on Z will be
7 — UZUt (2.58)
which implies that Z must be written with upper and lower indices (Z;) so that
= ULZJ(UN} — Z] (2.59)

Z is an endomorphism of the N dimensional vector space Vy. Tensoring n Z’s produces an operator
7% =7®7Z®---® Z that acts on V7", The following index notation is used:

(2°M); = 2,2 Z5; (2.60)
The symmetric group S, has a natural action on Vy"given by:
I st i in
(o)) = 5]-2(1)5]-2(2) ---5]-0(”) oesS, (2.61)
Using this notation: ' ‘ ‘
Tr(0Z%") = (0)5(Z2°")] = Z3} 22, - 2., (2.62)

Consider n =4 with o = (1)(2)(34) :

Tr((1)(2)(34)2%") = Z} Z2 Z2 Z;* = Tv(Z)*Te(Z°) (2.63)

This is thus a unified notation for representing multi-trace operators of n fields.

The power of this notation can be illustrated with free field correlators. Consider the following corre-
lator:

(7372 22 2 ) = (277 (2.64)

J17J2

There are a total of n! Wick contractions that need to be summed. The sum of Wick contractions can
however be represented as a sum of actions by S,,. To illustrate this consider the following Wick contraction
withn =3

J17J27°J3

— 162615k 5k gk

l2 751 "J2 “J3

= ((132))], (132)7) (2.65)

m— |
(G2 g )

Thus, one can deduce that

(Zom5(Z1*)E) = Y (@)ile™)F (2.66)

O’GSn
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Projection operators Now that the results and notation necessary have been defined the work towards
summing all possible ribbon graphs can begin. To that end define an operator

Pe)} = 3™ yalo) (o} (2.6)

’ O'ESn

where R labels the irrep and dp is the dimension of the irrep; put there for normalisation. This operator
acts on V" and is in fact a projection operator as can be seen from the following.

Working in Sy with irrep R = [I]. Consider the operator above acting on (v ® w) where v, w € Vy

(PI:D)‘I]('U ® 'LU)J :( Am)zigzvﬂlez
1 ’l 7 i . )
:E [ J11122 + X[D((lQ))(UQ))];J?J oI w2
1 i .
2 [1531532 + 15j;5ﬁ] vt
1
:5 [U wm + vzzwu] (268)

This has clearly projected onto the symmetric part of (v ® w). This is in fact always the case when the
irrep of the projector is a row of boxes. If on the other hand the irrep is a column of boxes it projects

onto the antisymmetric part as can be seen if we choose R =

(B0 e w)’ Z(%)ﬁﬁvﬁw”

. l : 111 T
"2 [X (D75 + XB((lQ))(ﬂQ))jlﬂ‘A’J vitwd?
]_ 11 12 i1 cin
=3 [1@15]2 )01 6] vt
1
:5 [U“’w wall} (269)

Now if one acts with the same projector twice it should be the same as acting once.

1
J 11 12 11 $12 1572 152
(P[D K :Z [5315J2 + 5]2(%1} [6215£2 + (SJ 5] ]
= [0 00 + 0105 + 010
]‘ 11 12 11 Ci2
5 [5k15k2 + 6/626161]
=(Po)k (2.70)
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This is a defining property of a projector. It holds for all irreps. Projectors of different irreps are also

orthogonal. Consider acting with two projectors one of irrep R and the other S.

~

BBk =2 3™ xXnlo)o)h s 3 xs(o)(oa)h

Ulesn ) U2€Sn
drds
=TT Y wlonxs(on) (@) o)k

01E€Sy 02€S,

:deS Z Z XR(O'I)XS(Oé)(O'QO-l)é{

nln!
01E€Sy 02€SK

change variables:

01,00 — 01,1 = 0901
= (V)i = (0201) ) = (01)](02)%
= (o N7 W)k = (07 )7 (o1)5(02) 5 = (02)k

= (02)5 = (Yo )i,

because S, is a finite group the sum over 1 and o] ' both sum every element in the group. So this can

be written as

- P _dgd
= (Pp)}(Ps)k =—— > xrlo)xs(Wor @)k

~nln!

01E€Sn YES,
drd
= > Y Crle))ATs(wor )R
" 01€8n YESK
d d
T > CrlOATs@)ETs(o NG
O’1€Sn’l[)ES
drd
n’fn? (Tr(e))ATs(o7)E D Cs(W)E)
T 01€8y WESn

The fundamental orthogonality relation states that

S r(g)ATs ()5 = < ons()(6)5

d
geG R

Applying this to (2.76) where |S,| = n! gives

(P} (Ps)e = o ans G140 Y (T2
PeSh
~ons S 37 (Ps(w) Bk
PeSh
—0rs(Ps)f
—0rs(Pr)i

(2.76)

(2.77)

(2.78)
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It will be useful to know if Pr commutes with the elements of the symmetric group (¢ € S,,). So consider
the following

. d
(Pr)L ()] = =2 Z xr(o )% (2.79)
Change o to its conjugate 7 related as follows

(0)) = vL(MxW™)] = (W™ 'r); (2.80)

= (Pa)b )k = 3™ xalw r) () (7))

’ TeSn

—SR S () () () (2.81)

’ TGSn

The characters of the elements of a conjugacy class are the same since the trace has a cyclic symmetry.
Consider the conjugacy class defined by h = ogo—!. Then the characters of h and g are the same.

Xr(h) =Tr(Cr(ogo™))
=Tr(Tr(0™")Tr(9)Tr(0))

=Tr(Tr(0)lr(0™ ") k(g))

(

—T(T(g)) (2.82)

=xr(g (2.83)

= (B)h () = ()L 22 TPIRe — ()L (Pr)l (2.84)
€Sh

So Py commutes with the elements of the symmetric group.

2.1.7 Schur Polynomials

We are now in a position where we can define the Schur polynomials. The Schur polynomials for irrep R
(xr(Z)) are defined as:

Xr(Z) = % Z Xp(0)Tr(c Z®™) = Tr(PrZ%") (2.86)

" oESn

where Pr = P in the un-normalized projection operator. Examine this for R =[] for Sj.

Z Xam (o) Tr(0 Z%?) (2.87)
UESn
1
=5 (Z3ZPZE + ZDZPZP + ZPZP 20 + Z 2P 20 + ZR ZE 2P + 2 22 7 (2.88)
1
=z (Te(2)? + Te(Z2)Te(Z2°) + Te(Z2)Te(Z27) + Te(Z2)Te(Z%) + Te(Z°) + Te(Z7)] (2.89)
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_ é [Tr(2)? + 3Te(Z)Tr(2%) + 2Tx(2%)] (2.90)

The Schur polynomials are linear combinations of multi-trace operators and it should be noted that these
multi-trace operators are related to the conjugacy classes of S3. The conjugacy classes of the symmetric
group are determined by the cycle structure. For instance the cycle structure of (1)(23), (3)(12) and
(2)(13) are all 112! in other words 1 times 1-cycle and 1 times 2-cycle. The conjugacy classes of Sz are 13,
112! and 3! and there is one element in 13, three elements in 1'2' and 2 elements in 3'. Each conjugacy
class corresponds to an operator in which a 1-cycle corresponds to the trace of a single Z, a 2-cycle cor-
responds to the trace of a product of two Z’s and so on.

The two point correlation function can be calculated as follows [10, 11]

— PP (22

1 SN /DK Ly _—1\J
:deS Z(PR)J(PS)L(U>I(U )&

Xa(Z2)x(2))

= > Tr(Po' Pso) (2.91)

As shown above ]55 and o commute so the o’s cancel and one is left with

Z Tr( PRO' PSU)

O’GSn

1 A

UESn

<XR( > —deS

de (SRsTl"<PR) (292)

Now Tr(ﬁ’R) is just the dimension of the subspace that is projected to which in this case is dgDimpg. So
one has

n!
<XR(Z)XL<Z>> d d 5RSdRD1mR = 5RS£D1H1R

=0rs fr (2.93)

This is diagonal and so forms an orthogonal basis. This was first achieved in [10, 11].

For example the result for R = S =[[ 1] will simply be
(Xen(Z)X! (2)) = N(N +1)(N +2) (2.94)
which is in exact agreement with what is obtained by summing all ribbon graphs of

(X (Z Z)) = <[ 34 3Te(Z)Tr(Z2) + 2Te(2°)] [Tr(Z21)? + 3Te(ZN)Te(Z12) + 2Te(27)])
(2.95)
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Group of translations and the Fourier transform: Consider the group of translations 7'(x) that translate
by a distance x. They can be represented by plane waves since

T(a)T(b) = T(a + b) (2.96)

and

ika ikb _

e™e eik(att) (2.97)

These representations are labeled by k and each different k is a different irreducible, inequivalent repre-
sentation as can be seen by the following. Consider a representation of T'(x) labeled by k and an invertible
matrix M then

Me™ M~ = e MM~ = ™ (2.98)

which implies that a representation can only be equivalent to itself. Also, they are irreducible since they
are 1 dimensional representations. Now consider three group elements of 7'(-): T'(a), T'(b) and T'(c). If
T(a) and T'(b) are related as follows

T(a) = T()T(H)T (c) = T(e)T ()T (—c) = T(HYT(e)T(—c) = T(b) (2.99)

This shows that the group of translations is abelian and that each element is its own conjugacy class. This
is the case for every abelian group. Now because these representations are 1 dimensional they are also
their own character.

X, (7) = e (2.100)

One can show that the characters of different representations are orthogonal as was shown before by
summing the characters of two different irreps over all the group elements. In this case the space of group
elements is continuous and so the sum is an integral.

/ drx, (z)x, (r) = / dpe ek s — 210 (k — k') (2.101)

This is a well known identity for plane waves and when viewed from the perspective of group theory is
quite insightful. Another well known identity for plane waves is

/ dkx, (z)x, (2") = / dke* e = om§(x — ') (2.102)

o0 —0o0
What this identity shows is that plane waves span the space. Another well known mathematical tool
involving plane waves is plane wave decomposition or the Fourier transform. It shows that any arbitrary
function (F'(k)) can be represented as a “linear combination” of plane waves

F(k) = / " dgee f(z) (2.103)

[e.o]

where f(x) is an arbitrary function of = (which is the conjugacy class) and can be thought of as the
coefficients of the “linear combination.” The inverse of this is also true

f(z) = /_OO %e’“”F(k) (2.104)

oo 2T
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This shows that functions that take their values on the conjugacy classes (called class functions) can be
represented as a sum of characters.

One would like to try and apply these ideas for the characters of the symmetric group. In other words one
would like to develop the notion of a Fourier transform and inverse Fourier transform for the symmetric
group characters. Consider the Schur polynomials

XlZ) = 25 3 xa0)Tr(oZ") (2.105)
" 0ESy,

Here x,(Z) is in fact an arbitrary function of the irrep by its dependance on R and as seen, Tr(cZ®") is
a function on the conjugacy class. So the Schur polynomials are in fact the notion of a Fourier transform
for the symmetric group. So can one find the inverse? In other words does this hold

Tr(0Z%") = A xu(0 " )x,(2) (2.106)
RFn

and for what A does it hold? Putting Tr(cZ%")back into (2.105).

hww%ZMzAZ%, Y (2)

’ JGS R'Fn
g Z X (2) D Xn(0)xp (07 (2.107)
R'tn o€Sn

Taking the traces of the fundamental orthogonality relation gives

Sn n!
D> X (@ xalo) = |d |5RR’(5)1§(5)§ = £5RR’dR = n!Orpr (2.108)
gESy

= Xz(4 o Z X (Z)n! ORp
R'Fn

=A Z XR/ Z)Orre
R'Fn
=Ax,(2) (2.109)

= A=1 (2.110)

So one has

(0Z%") = xa(07)xx(2) (2.111)

RFn

and since it is known from above that the left hand side can be any multi-trace operator this equation
proves that any multi-trace operator can be represented as a linear combination of Schur polynomials.
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2.1.8 Two Matrices

Here the dynamics of two general complex matrices is considered. Expectation values in this model are
computed as follows

() = / dZ)[dZ1][dY)[dY e T EZD-T0v (2.112)

So one will have
(221 =Y (o)n (e ) = (Vo)L yTem)K) (2.113)

oESH
((ZEM)5(ZEM)E ) = (Ve ) = (2555 ) = 0 (2.114)
((ZEm5TemE) = ((Z1M)5(Y ML) =0 (2.115)
and
(ZEmyemEZEmN T2 = > (@) (e Y @) Ew e (2.116)
oeSy PYESm

The following notation is used

1

n ®m _ ) 1 in in intm
(Z2M@YEm) = Z 25 - Zn Yy Y (2.117)
where this is understood as acting on Vy (M) and
XN ®Xm\ __ i1 ’i2 - Zn 7;'n.-',-l .. in+m
Te(0Z%" @ Y™y = 708 7 . Zin Y Ly (2.118)

As before this produces multi-trace operators but one needs to try and figure out what operators are
produced by different permutations. Before only permutations from different conjugacy classes produced
distinct observables but what permutations produce distinct observables in this case? In order to answer
this let us distill why only permutations from different conjugacy classes produced distinct observables
when we had one matrix. Consider operators A, B, C, D acting on Vj so that

(A9 B® C® D)) = A} BECED;: (2.119)

acts on V3*. Now consider the following permutations
(o)) = ((1432))} = 675263207 (2.120)
= (071} = ((1234))), = S6%5% (2.121)

and the following

(e )iA©B@C@D)g(o)f =(c-A®BoCeD-0 ')
=033 07303,05 Aj, B G D30y, 01201 6
=Aj\B;\Ci; Dy,
=B}, Ci:Dj} A
=(BeC®D®A)] (2.122)



31

The operators ABC'D are rearranged according to the permutation . When one does this to an operator
Z%m or Y®"
(0- 2% .ol = (Z2%M)] (2.123)

and
(0 Yo" .o~ = (yom)! (2.124)

because the Z’s are indistinguishable as are the Y’s. This is because these fields are bosonic. This and
the cyclic property of the trace ensures that

Tr(pZ®) =Tr(p-0-Z%" -0 ) =Tr(c™ - p-o- Z%7) (2.125)

for Vp,o € S,. This is why, with one matrix, all permutations from the same conjugacy class produced
the same observable. But now what happens when there are Y’s and Z’s such as
Xn XM\ __ ’i1 i2 I ’Ln ‘in+1 - ‘in+m
Tr(cZ®" @ Y9™) = Zi0<1>Zia(2) ch;(n)Y;a(nH) Y;J(Mm) (2.126)

Clearly, one cannot swap a Z and a Y and produce the same observable. In other words

Tr(pZ*" @ Y®™) =Tr(p-0- Z*" @ Y¥™ . g1
=Tr(c™ - p-o-Z%"@Y®™) (2.127)

only holds if the permutation ¢ only permutes Z’s with Z’s and Y’s with Y’s but not Z’s with Y’s. This
implies that for (2.127) to hold one can only have permutations where o € S, x S,, and the classes of
permutations are defined by

g=ocho! (2.128)

where g, h € S(ym) and o € S, X Sy, are called restricted conjugacy classes [24]. Only permutations from
different restricted conjugacy classes produce distinct observables. Equation (2.116) can be rewritten as
follows

((ZEryem(ziemy =My = 3 (o)iehf (2.129)

oE€ESRXSm

The goal now is to work towards defining restricted Schur polynomials that will do for us what the normal
Schur polynomials did with one matrix. A trace on this restricted space S, X S,, C S,+m needs to be
defined, so that a suitable generalization of the characters y(o) Vo € S, x S,, can be defined. At this
point it is necessary to digress and talk about branching rules.

Branching rules: When restricting to a subgroup an irrep of the group decomposes into a number of irreps

of the subgroup and more than one of each may appear. Consider the irrep of Sy, T = . There are
three states in this irrep

gzlll ;1311] 4113121 (2.130)

If one wants to restrict this to the subgroup S, C S, of permutations that leave 1 and 2 fixed. The
subgroup will be

Sy = {1, (34)} (2.131)
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This implies that none of the states will mix with each other and after the restriction:

] - — H@ED@ED (2.132)

After a restriction of S, to S,_, the irrep T" - p will subduce every representation that can be obtained
by dropping ¢ boxes. One can write

H@ED@ED (2.133)
H@ AT ] (2.134)

Two representations of the same type (C1J) that do not mix have been obtained. These two copies have
come from the YY patterns

[1] [2]
2] and [1]

(2.135)

In general when multiple copies of an irrep appear they need to be labeled so we introduce a multiplicity
index which can label them. In this case the partially labeled Y'Y patterns have been used as multiplicity
indices.

Restricted trace and Schur polynomials: In restricting from 5,1, to S, X .S, an irrep for S, 1., R+ n+m,
an irrep for S,, r = n, and an irrep for S,,, s = m is needed. A multiplicity index « to tell us which copy
of the irrep (r,s) of S,, x S, one has and a state label (I) to tell us which state of (r, s)a one has is also
needed. Thus, the states are denoted by |R, (1, s)a; I). Now define the restricted character as follows [24]

Xi r.005(7) =T0R (9006 ((9)) (2.136)
=Y (R, (r.8)a5 I[Tr(0)|R, (r, 5)5: 1) (2.137)

One can choose a basis of the carrier space of R such that the different matrix elements for different copies
of Y € 5, xS, are equal:

Lirs)a() = Tiss(d) V€S, XSy & Va,p (2.138)
This basis will have the following form
0)
R, (r,s)3;1) = | |(r,s)B:1) (2.139)
0)

where every entry is a zero column vector except for the Sth entry and
|(r,s)a; I) = [(r,s)B; 1) Vo, (2.140)

The states |(r, s)a; I) represent a basis for the carrier space of I'(; (%) and since
[(r, s)oi; I) = |(r,5)3; I) one can choose I'(;.5)a(¢) = L' 55(1)) so that one can drop the multiplicity label:

Lisa(®) = Tirgs@) = g (¥) (2.141)
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This implies that for ¢ € S, x S, one has

F(r,s)l<w) 0 ( ) T 0
0 F(T,S)Q 1/} o 0
Tr(Y) = : : . 0 (2.142)
0 0 0 F(r,s)g(r’,s R) (¢)
0 Les 0
_ ( _><w> (2.143)
: 0
0 0 0 F('r,s) (w>
where ¢g(r, s, R) is a Littlewood-Richardson number. Thus
Lr(¥)|R, (r,s)o; 1) =T (V) |R, (r, s)o; I) Y e S, X Sy (2.144)

One can show that the restricted characters are functions on the restricted conjugacy class. To show this
it must be shown that

X905 (T) = X (5705 () (2.145)

for
p=v"loy P ES, XS, (2.146)

Consider

X roas(P) = (B, (r;8)e; I[Tr(p)| R, (r,5)5; 1)

EVECRY

(R, (r,8)a; IITr(¥™ ' o)|R, (r,5)3: 1)

(R, (r,s)o; IITR(¢v™)Tr(0)CR(V)IR, (r, 5)5; 1)

(R, (1,8); I|T (45 () ' TR(0)T ) ()| R, (1, 5) 55 1) (2.147)

Using the linear algebra identity
Tr([i)(514) = (5| Al7) (2.148)

where A is a matrix that acts on the set of states |i), to rewrite (2.147) as follows.

XR,(r,s)aﬁ (P) - Z(Ra (T? S)O_/; [|F(r,8) (w)_er(U)F(r,s)(w)’Ra (T? S)ﬁ; [>

1

= Tr(|R, (r,8)B; I)(R, (r, 8)a; I|T (1) () ' Tr(0)T 1) (¥))

1

=Tr (F(r,s) <¢)

> IR, (r,8)B: I)(R, (r, s): I|] F(ns>(1/))‘1FR(a)> (2.149)
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In the basis chosen

Z|R,(r,s)ﬁ;D(R,(r,s)a;H:Z |(7’,s.)6;l> (o - ((rs)sI| --- (0]) (2.150)

! :
10)

Since |(r,s)0;I) = |(r,s)a; I), then

> I(r,9)B: I){(r, )z I|=1T (2.151)

I
where [ is the identity matrix.
=Y IR, (r,5)8; I)(R, (r, s)a; I| = 104a (2.152)
I

where 0g, here is a matrix where all entries are zero except for the entry at row position 8 and column
position a at which the entry is one. This tells us that

Z|R, (r,$)5; I)(R, (r,s)a;]\] (2.153)

will change the multiplicity label of something that acts on it from ( to a. Then

Li0)8(¥)

SOIR, (r,5)8: 1) (R, (1, s)a f|]

D IR, (r,8)B; 1) (R, (r, s)a; II] L(rs)a (1) (2.154)

Since the multiplicity label has been dropped

F(r,s) (1/])1_‘(7‘,8) (¢)_1FR(U))

X k(o) (p)="Tr ( Z|R, (r,8)3; I){(R, (r,s)a; I
=Tr (

D IR, (r,8)B; 1) (R, (r, s)a; 1| FR(U)>

= "Tr (IR, (r,8)3; I)(R, (r,s)o; I|Tp(0))

I

= Z(R, (r,8)o; I|Tr(0)|R, (1,5)5; 1)

I
= X, (rsyas (O) (2.155)

This proves that the restricted characters are functions on the restricted conjugacy classes. The restricted

characters are orthogonal.
-1
Z X 1,005 (T X, 1075 ()

Uesn+m
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= Z Z<R7 (r,s)a; I|Tr(0)|R, (1, s 5712 (t,u)y; J|lr(o™ )’Ta (t,u)d; J)

0€Sptm I

= >0 (R () DN (Trlo) (IR, (r5)5: 1)

X Y (T, (tw); I (Cr(o™) 5 (T, (¢ w)d; J)M
Y )T SR () L (B ()8 1)< x
0ESn+m I

< STUT, (t s T LT, (1 u)d: I (2.156)

J
Using the fundamental orthogonality relation
_ G
3 Crlg AT (005 = s (9)3(0)5 (2.157)
R
geG
to get
Z X, <rs>a@ T)Xr, (t, u)ya(‘f_l) =
cE€ESn+m
(n+m)!

Thﬂé)ﬁ(é)iZ«R,<r,s>a;f|> N(IR, (r,8)3; 1) (T, (t,w)y; T (T, (8, w)d; )M
J

I

(n+m)!

— T INN(R,( K (t,w)y; J) (T, (t,w)6; J))M
" rr(0 XI: ,(rys)as I N (R, (1, s) Z]: ;v J)o([T, (¢, w)d; J))
n+m)!
_ ntmt " ) Spr Y Y (R, (r,s)o; I|T, (t,u)d; J)(T, (t,u)y; J|R, (r, )B: I)
I J
n+m)!
= <d—>5RT5rt65u5aaam D o (2.158)
R I J
~1 (n+m)!
= Z X090 (O X s () = d—5RT5rt5su5a5557d7«ds (2.159)
Uesn+m R
Now define an operator Pg (,s)qs such that
1
PR,('r‘,s)a,@ = m Z XR,(r,s)aﬂ (U)U (2160)
Uesn+m

These will have the same role as the projection operators in the one matrix case but these are not in
general projection operators. One can now check what Ppg ;. s)ag - ¢ is for ¢ € S, x S,



(PR (r, S)Oéﬁ) ( Z XR,(r, s)aﬁ )I (w)J

‘ O'ESn+m
Change o to its conjugate 7 related as follows
(o)) = vi(m)r@ T = W™ rY)]
This implies

1
(Prrsjop) 5(0)% =it D Xipgra (V7 TO@)LMBT)T ()i

" TESnim

D X TR (NE

) TESn+m

Now since the restricted characters are functions on the restricted conjugacy class one has

1
(PR,(r,s)aﬁ)g(TP)i{ :(w)im Z XR,(T,s)aﬁ(T>(T)%(

TESn+m

= ()1, (Pr(rs)0p) &

= PR,(r,s)a,@ : ¢ = w ' PR,(r,s)aﬁ

The restricted Schur polynomials [24] ( Z,Y)) or “Fourier transform [44)” is defined as

XR,(r,s)aﬁ (

XR,(r.s)a8 (Z’ Y) ETr<PRy(r7s)aﬁZ®n ® Y®m)
1 . -
Uesn+m
1 . .
“nlml Z X rias () TE(0 - ZE" @ YET)

O’ESn+m

The inverse Fourier transform can again be found by solving for A in the following

Tr(a ’ Z®n ® Y®m> = A Z XR,(r,s)aﬂ (ail)XR,(r,s)a[j‘(Z7 Y)
R,(r,s)af

Putting this back into (2.167) one gets

A _
XR,(r,s)aﬁ <Z7 Y) = Z XR,(r,s)aﬁ (O-) Z XT,(t,u)’y6 (U 1)XT,(t,u)76 (Z7 Y)

n!m!

0E€Sntm T,(t,u)vd
§ E -1
XT ,(t, u)'y& Z Y XR (r, s)ozﬁ XT ,(t,u)yo <O- )
T (t U ’75 Ues’n+m
Given
(n +m)!

Z Xk, (r, s)a@ XT L (t,u)yS (U_l) - dR 5RT5rt53u5a§5ﬁwd d

O'ES'rH»m
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(2.161)

(2.162)

(2.163)

(2.164)
(2.165)

(2.166)

(2.167)

(2.168)

(2.169)

(2.170)



A(n+m)!d,ds
an'm'
_A(n+m)!d.d,

drn!m!

= Xngroyes (2, Y) = > Xetars (2 Y)0r16040 000505,

T,(t,u)yo

Z.Y)

R,(r,s)af (

This implies
d Rn! m!

~ dody(n+m)!

and so the inverse Fourier transform [44] is given by

an! m!

. XN ®Xm\ __ ot
TI‘(O- Z ® Y ) — d,,,ds(n _|_ m)!XR,(r,s)aﬁ

R,(r,s)ap

(0" W ras(Z:Y)
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(2.171)

(2.172)

(2.173)

This again tells us that any multi-trace operator can be represented as a linear combination of restricted

Schur polynomials. The 2 point function can be calculated. This was first done in [45].

<XR,(r,s)aB (Z’ Y)XT,(t,u)'yé (ZT’ YT)>
=(Tt(Pr (r.50s 2" @ Y™ Tt (Pr1uys 22" @ YTO™))
=(Pr,(r,s)a8) 1 (Pr,tuyys) 1 (Z2" @ YE™){(ZT%" @ YTE™) L)

Z (Pr, (TS)aﬁ) (PT(t u)'yJ)K(U)i((O'_l)%
c€SLRSm

= Z TI(PR,(r,s)a,@O-PT,(t,u)mSO-_l)

G’GSn@Sm

= Z Tr(Pr,(r,5)a8Pr (t,u)ys)
0€ESR®Sm

:n! m‘ Tr(PR,(r,s)aﬂPT,(t,u)'yé)
One now needs to evaluate Tr(Pg (rs)asPr,(t,u)ys). Consider

pR,(r,s)aﬂPT,(t,u) §

1
S T T PN (o N () 1o LI CO

(n! m!)
UESTHrm weanLm

nvm' > Y X (O s () (W0

0E€Sn4+m YESn+m

Change variables
o, — 0, T =0

= (1)K = (o) = (0);(¥)x
= (071 (N)k = W)k

= ()x = (r07 )k

(2.174)



So that

PR,(r,s)aﬁ PT,(t,u)fy&

—1 -1 1
- (n' m' )2 Z Z XR (r,s) aﬁ XT (t,u)v8 (TJ )(T)K

O'GSn+m TESn+m

- nlml Z Z (Cr(o)k(Tr(ro™ Z (r,8)o; I|)n(|R, (r, 8)3; 1)) x
I

TESn+m 0ESnt+m

% ST, (b TN (1T, (1 )6; T ()
L S s Y Cre) YT )%

n!'m)!
( ) TESner UGSner

X Z((Rv (Tu S)a; I|>N(|R’ (T7 S)ﬁ; I))K Z(<T7 (ta u)’y; J|)L(|T> (tv u)57 J>)M(T)

T 7
- (nl:n|)2 (n—Oll—m)! Y Cr(M)60rr () (DR D (R, (r, )i I)n(| R, (r,9)8: 1))"
) ’ R TESn+m I
X > (T, (tu)y; I LT, (8 w)s; T)M (7
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(2.180)

_ 1 n+m 3 5RTZZ (r, s)o; I|T, (t,u)8; JY(T, (t,u)y; J|Co(7)|R, (r, 9)8; 1)(7) i

| |
(n m: TESn+m

| |
(n m: TESn+m

5RT57"t53u5o¢5 Z XT@u)Wg( )( )I

TGSn+m

(n +m)! 1
T (nlm!)? )2 dg

(n+m)
n'm! dg

It can further be shown that [45, 24]

5RT57"t53u6a5 PT,(t,u)’yﬁ

1
Tr(Prtupns) = n dtd Jrdys
(n —+ m)' 1
= Tr(PR7(7‘,S)OéﬁPT1(t7u)’Yd) :W@5RT6Tt58u5a6Tr(PT7(t,U)'Yﬂ)
n+m ! drds
:((MT))?d_RfR5RT5rtésu5a55W

This implies that the two point function is given by

(n+m)!d,.ds
WEfRéRTértasu(sad&yﬂ

~ hookspg
" hooks, hooks;

which is diagonal and allows the easily summation of all ribbon graphs.

<XRa(’"a5)045 (Z’ Y)XT,(t,u)'yé (ZT’ YT)) -

fRéRT 5rt55u 50{6 57,8

1 (n + m)
Z 5RT5Tt5w5a5225U (r, 8)y; JIDr(7)|R, (1, 8)8; 1)(7)

(2.181)

(2.182)

(2.183)

(2.184)
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2.2 AdS/CFT correspondence

The AdS/CFEFT or gauge-gravity correspondence is a proposed equivalence between theories of quantum
gravity in AdS spaces and conformally symmetric quantum field theories on the boundary of that space.
Thus, it is a duality between a higher dimensional theory (quantum gravity in AdS) and a lower dimen-
sional theory that is on the boundary. This concept of a theory living on the boundary of a space being
able to encapsulate the physics of everything inside the space (often referred to as the bulk) is known as
holography. The holographic principle was first proposed by Gerard 't Hooft in 1993 [46] and promoted
by Leonard Susskind in 1995 [47]. These ideas culminated in Maldecena’s landmark paper postulating the
first explicit example of holography in 1997 [2|. This specific example related type IIB string theory on
the product space AdSs x S® to N' = 4 SYM theory on the four-dimensional boundary. Since then the
AdS/CFT correspondence has been generalised to the statement that quantum gravity theories in (d+ 1)
dimensions can be entirely and completely equivalent to non-gravitational quantum field theories on the
d dimensional boundary.

One of the very first ideas which lead up to this was the Kaluze-Klein theory. Theodor Kaluza tried
to unify general relativity and electromagnetism by introducing an extra dimension above the usual 4.
By applying the five-dimensional Einstein equations the four-dimensional Einstein field equations and the
Maxwell equations for the electromagnetic field manifested. Later Oskar Klein proposed that the 5th
dimension was curled up and microscopic which would explain why it is unobserved. Although this is not
an example of holography it was the first time a lower dimensional theory was shown to proceed form a
higher dimensional theory. An interesting insight from this is that the modes in the smaller compactified
dimension exhibit themselves as particles in the lower dimensional theory. This is a key concept in string
theory which explains why Kaluze-Klein theory is considered an important precursor to string theory.

2.2.1 Anti-de Sitter space

AdS stands for Anti-de Sitter. AdS spacetime is a spacetime with Lorentzian signature (— 4+ + + -+ - +)
and constant negative curvature (de Sitter space has constant positive curvature). In d + 1 dimensions
AdS is defined by the embedding of

_ti—i_l‘%_’—"'—i_mifl_t%:_Rz (2185)
in a flat Minkowski space with two time like coordinates
ds® = —dt? + da? + - - + da?_| — di2 (2.186)

where R has dimensions of length and is referred to as the radius of curvature. R defines the length scale of
the space even though AdS is not compact. It is a hyperboloid. From (2.185) AdS space in d dimensions
is explicitly invariant under SO(2,d — 1). A global coordinate system can be defined as

t1 = RcoshpcosT (2.187)
x; = Rsinh p§); (2.188)
to = RcoshpsinT (2.189)

where ); parameterises a d — 2 dimensional unit sphere (£2;€2; = 1). In these coordinates the AdS, metric
is

ds? = R*(— cosh?(p)dr? 4 dp* + sinh?(p)dQ3 _,)
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where d2%_, is the metric of a d — 2 dimensional sphere, p € RT and 7 € [0,27]. Now 7 € [0, 27| allows
closed time like curves which violates causality. This is solved by requiring 7 € R. These coordinates are
known as the universal cover of AdS space.

2.2.2 Conformal symmetry

Conformal invariance is the local generalization of scale invariance. A conformal transformation is one

which preserves angles. A conformably invariant theory is one which is invariant under a conformal
. . . . / . .

transformation which is defined as any transformation z* — x# which results in

G — L (2) g (2.190)
=ds® — Q*(x)ds? (2.191)

Considering an infinitesimal conformal transformation in a d dimensional space

ot — o = " 4 (z) (2.192)
= Qz) =14 w(z) (2.193)

one obtains the conformal Killing vector equation in d dimensions

0 -
a,u,gy + aufu = 277#1/75 (2194)

Solving this equation gives
= a" + w"x, + At + 2?0 — 2b -zt (2.195)

The first three terms are identified with translations, Lorentz transformations and scalings (dilatations) re-
spectively. The final two terms are identified with the special conformal transformation and can be likened
to an inversion followed by a translation and another inversion. The generators for these transformations
are

Transformation: Generator:
Translations P, = —i0,
Lorentz M,, = i(x,0, — x,0,)
Scalings D= —ix-0
Special conformal | K, = 2iz,2 - 0 — iz?d,

The algebra for these generators is as follows

[Mozﬁa Mul/ = inuoaMuﬂ - inVaMuB + inuﬁMaV - inVﬁMau
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with all other combinations commuting. Let us now define new (d+2) dimensional generators L,y where
M,N=-1,0,1,....d—1,d and Ly;ny = —Ly as follows

Ly =My, Ly = %(PM + Ku)
(2.203)
L_yg=D Lya = %(Pu - Ky)
where p,v = 0,1,...,d — 1. By examining the Lie algebra of L,y one finds the metric to be nyny =

diag(—1,—1,1,1,...,1) and as such the symmetry group is SO(2,d). With this metric the algebra is given
by

[Lag, Lun]) = iymalng — iqvalys + inupLlany — innpLam (2.204)

2.2.3 N =4 Super Yang-Mills

N = 4 Super Yang-Mills is a conformally symmetric field theory with an additional internal symmetry
related to rotating the supercharges. The supercharges !, generate a symmetry between fermions and
bosons, known as supersymmetry. There is an internal symmetry that rotates the supercharges which
translates into a global symmetry of the theory that rotates the fields of the theory. This global symmetry
is known as R-symmetry. In A" = 4 Super Yang-Mills there is one gauge field A, four fermions ¢’ and
six scalar fields ¢,,. There are 4 supercharges which transform under SU(4). This translates into a global
R-symmetry SU(4) = SO(6). The scalars fields transform in the fundamental representation of SO(6)
and the fermions transform in the the fundamental representation of SU(4).

2.2.4 1IIB strings on AdSs; x S°® and N =4 SYM

The first hint at a duality is the fact that the symmetries match. The preceding sub-sections provide a
basis to see this. As was discussed the isometry group of AdSgy; is SO(2,d) which is the same as the
conformal symmetry of a CFT in d dimensions. Furthermore, when considering specifically AdSs x S® and
N =4 SYM in 4 dimensions the isometry group of AdSs (SO(2,4)) matches the conformal group of N' = 4
SYM in 4D and the isometrtry group of S® is SO(6) which matches the R-symmetry of A" = 4 SYM. Thus,
there is a matching of the symmetries of the theories. This fact is essential for there to be a duality but it is
by no means a proof. There is no argument to date that constitutes a proof of the conjecture but there are
some very compelling arguments and matches between the two sides of the duality. t” Hooft’s argument
outlined in section (2.1), his work on dimensional reduction [46] and Susskind’s work in holography [47]
provide general evidence that there should be a holographic duality between quantum gravity theories in
the bulk and CFTs on the boundary. Maldacena [2] gave the first explicit example of this holographic
duality. He examines the low energy limit of D-brains (objects on which open strings end) and shows that
in certain limits there are two interpretations [48] one is N' =4 SYM in 4D Minkowski space with gauge
group SU(N) and the other, in the near horizon limit, is type IIB string theory in AdSs x S°.

Within the duality there is what is known as a dictionary that describes what certain quantities on
one side of the duality correspond to on the other side of the duality. One key fact is that one must study
gauge invarient objects in the CFT because there is no gauge group in the gravity side [49]. Some of the
note worthy parts of this dictionary are first of all that operators in the CFT correspond to fields in the
bulk. These operators will have a conformal dimension of A which is related to the mass or energy of the
dual fields. The stress-energy tensor 7}, is related to the graviton g,, and as discussed earlier the string
coupling (gs) goes like % where N is the order of the gauge group in the CFT.
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The AdS/CFT correspondence links strongly coupled theories to weakly coupled ones. Consider a U(N)
gauge theory with coupling gy, following the argument in Section (2.1) the effective coupling or t” Hooft
coupling is A = ¢%,,N and the string coupling g, goes like % Thus, the large N limit of the gauge
theory corresponds to a strong coupling in the gauge theory and a weak coupling in the string theory.
The general rule is that the correspondence is a strong/weak one in that if a theory is strongly coupled
on one side of the duel the other side will be weakly coupled. This is of particular importance because
strongly coupled theories are in general difficult to calculate things in because one cannot use the usual
techniques of perturbation theory but having a duality to a weakly coupled theory can allow one to learn
things about the strongly coupled theory from the weakly coupled one.

2.3 Chaos

Quantum chaos is the extension of classical chaos to quantum systems and is of particular interest in
the domain of the AdS/CFT conjecture because chaotic quantum systems and black holes show similar
behaviour [50, 51]. In particular it is proposed in [51] and further studied in [52] that the size of an
operator in a chaotic quantum system is dual to the radial momentum of a particle falling into a black
hole and the growth of the size of an operator is dual to the acceleration.

2.3.1 Classical Chaos

There is not a strict mathematical definition for a chaotic system but a simple and widely used definition is
that a system is chaotic if small changes in the initial conditions produce profound changes to the system
at later times where the time scale is the Lyapunov time. An implication of this is that even though a
chaotic system is deterministic, the approximation of the system at later times using approximate initial
conditions will become increasingly bad as time goes on and quickly not resemble the exact system at all. A
classical example of chaos is the Bunimovich Stadium in which hard balls bounce around an oval stadium.
In this example the trajectories of two different balls with slightly different initial conditions diverge at an
exponential rate until the distance between the balls is of the order of the stadium. The rate of divergence
is characterised by the Lyapunov exponent (A7) so that the difference in position (dz) grows like dz oc et
This is a characteristic of chaotic systems: observables with slightly different initial conditions will diverge
at a rate proportional to e! until the initial conditions are indeterminable. This is also known as the
butterfly effect, the term came from the question of whether a small effect like the flapping of a butterflies
wings in China could grow to be a large effect like a hurricane in the Caribbean. The answer for a chaotic
systems is that one can not know because the extreme sensitivity to initial conditions means that the path
between cause and effect becomes increasingly blurred as the system evolves. Consequently at late times
one can not determine the initial conditions.

2.3.2 Quantum chaos

When extending this to a quantum system there is an immediate problem. In quantum mechanics it is
impossible to know the initial conditions with absolute accuracy. It is however possible to see a semiclassical
version of a chaotic system. The idea is that we relate the Poisson bracket {-,-} with the commutator [-, -]
in the standard way

[A, B] = ih{a, b} (2.205)
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where {a,b} = 83?0) a;?(bo) — 82("“0) af(bo) and study things like

. 0z(t)
M ap(0)

which is a quantity that tells us how sensitive x(¢) is to changes in p(0). Thus, this quantity for a chaotic
system should go like e*:! in the semiclassical limit.

(X (1), X(0)] = ih{z(t), 2(0)} = — (2.206)

[X(t), X(0)] ~ —ihet! (2.207)

One would want to study the average of this quantity but it can be positive or negative so one studies the
average of the square

(—[X (), X (0)]2)5 ~ B2 (2.208)
where (---)g = T;f(—ﬁ;{)) This should be true in the semiclassical limit but whether it is true in the full

quantum dynamics or not is unclear. One would need to study this quantity and see if it does exhibit
exponential growth or not.

For a general quantum system with Hermitian operators W and V' each having order 1 energy and being
localised at x and y one can study

—([Wa(t), V,(0)]*)5 = {(Wa(t) V(0) = V, (0)Wa(£)) (W (£)V,,(0) — V (0)Wa (1)) 5
= (Wa()Vy (0)V, (0)We(t))s — (Wal(t)V, (0) W (£)V(0)) 5
— (V,O)Wo(O)Vy (0)Wa(t)) 5 + (Vi ()W () Wa ()1, (0)) 5 (2.209)

(
Identify |¢) = W,(T)V,(0)|8) and |[¢) = V,(0)W,(T")|3) so that
— (W (1), Vy(0)1) 5 = (W[0) + (¢lo) — (¥]¢) — (d]¥) (2.210)

The first two terms are state norms and so should be of order 1. Thus, if this quantity were to exhibit
exponential growth it would have to come from the last two terms. Schematically, for —([W,(¢), V,(0)]*)5 ~
e one must have that (@) ~ (¢[) ~ (1 — e?) so that

T+1—(1—e") —(1—e") ~e (2.211)

Thus, diagnosing chaos is done by studying the out of time ordered correlator (OTOC)
(V(0O)W (t)V(0)W (t)) 5 which goes like (1 — e) for a chaotic system.

2.3.3 Operator growth and chaos

It was suggested in [53] that AdS space could be understood as a type of tensor network representing the
state of the dual gauge theory and asserted in [51] that in this picture the interior of a black hole should
be proportional to the size of the minimal tensor network that can represent the state. This, as well as
[51, 52] motivate that it is of interest to study how operators for such systems grow. The idea is to study
localised operators of the form

W, (t) = e W e (2.212)

where W, is an operator localised at x and characterise their growth.
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2.3.4 Qubit system

A good toy model to illustrate how this is done is a qubit system defined by the Ising Hamiltonian

H=> (=ZZij1+ gX; + hYy) (2.213)

the operator to study is
Zy\(t) = e Ht 7 M1 (2.214)

where X;, Y; and Z; are the Pauli operators on the ith site. At ¢t = 0 it is localised at site 1 but at later
times it will grow and eventually fill the space. Consider

Cy(t) = {[Z1(1), Aj]*) 5 (2.215)

where A; = X;, Y; or Z;. One can identify the size of Z;(t) by the site j for which C;(¢) transitions
between its approximate maximum and minimum value. There are two ways in which one can calculate
C;(t). The first is to expand Z;(t) using the Baker-Campbell-Hausdorff formula

, t? it?
and then calculate C}(t) to powers of ¢t. Consider the ith term; %[H, ---[H, Z1] - - -]. The total contribution

for this term will be of order i—, which means that the main contribution to Z;(¢) comes from the terms

where ¢ = ¢. This can be seen from the following argument. The maximum of 'z—, occurs when %i—f =0.

d t_ ~ Qeilog(t)—ilog(i)-i—i = (log(t) — log(i))eilog(t)—ilog(i)+i (2.217)

diil i
which is maximized when ¢t = ¢. This implies that at late times the main contribution will come from
terms which have deeply nested commutators. The amount of computational effort needed to calculate
each consecutive correlator grows fast. This seems to be a dire situation but there is some hope in that as
one takes successively higher commutators with H the types of terms we get eventually saturate. What is
meant by this is that after taking many commutators of Z; with H one finds terms like A1, A3A4l5--- A,
where n is the size of the spin chain, [ is the identity operator and A; = X;, Y; or Z; as before. Eventually
all the possible terms that can be made will be made and taking consecutive commutators with H will
just change the number coefficients of each term. The total number of terms one can get for n sites is 4"
which grows quite fast with n but if the commutator can be calculated up to this number of terms then
it can be calculated to high orders.

Another measure of the size of Z;(t) is to measure the number of terms where the highest site occu-
pied by a non identity operator is 7 and to see how this changes for different j’s with time. Following
[54] one can do this by summing the squares of the coefficients of each term in Z;(¢) with an operator
at highest site j for different j’s and plotting them. Using the Baker-Campbell-Hausdorff expansion for
n=4, g=—1.05& h = 0.5 one finds the following
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n=4, t=4, inc=0.01, acc=20
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Figure 2.7: Sizes of the terms in Z;(t) withn =4, g =—-1.05& h=10.5
One can see that as time progresses the sizes of the terms in Z;(t) grow until it is dominated by terms

that fill the space.
One can also calculate C}(t) exactly by getting an orthogonal basis from the eigenvectors of the Hamilto-
nian and taking the trace by summing over the inner product of these states.
Ci(t) = ([Z1(1), Z;]*) 5
oc Tr (e[ Z1(t), Z,)?)
— Tr (e—ﬁH(e—thzlethzj o Zje—thzleth)(e—thzlethzj _ Zje—thzleth)T)
— Tr (efﬁH(efthzlethzjzjefthzleth . e*thZlethzjefthzlethzj
o Zj€7thZ1€thZj€7thZ1€th i Zjefthzlethefthzl ethzj))
I , , : :
= Tr (e—ﬁH (g o e—thzlethzje—thzl ethzj
- ZjethzlethZjethzleth» (2.218)

Converting the trace to a sum over eigenstates (|¢;)) of the Hamiltonian with energy F; one finds
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Tr (e_ﬁH[Zl (t), ZJ]Q)
1 | | |
- Z<¢i|6_ﬁH<§ ety il g oilit g Gillt 7.

_ Zje—thzlethzje—thzleth) |,¢}Z>

== Y e P BN Zy € 1y ) (| Zie T i) (k] Zr € ) (| 25 )

i,m,k,l

— > e PP | Zie T 1) (| Za M 1) (k| Zye T i) (| Z o)

i,m,k,l

+ % XZ: e PE:

=— > je e BB B 0| 7 ) (Vo | Z5 0ok (k| Z [0} (| Z5 | 02)

;Z7m7k7l

— Y e P BT En E B | 7 ) (Yo | Z [90k) (k| Z b0} (| Z1 o)

i,m,k,l

1
- —BE;
+ 3 EZ e (2.219)

Calculating this for n =4, g = —1.05 & h = 0.5 one finds
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Figure 2.8: C;(t)’'s withn =4, g =—-1.05 & h=0.5

From this it is clear that at late times the contributions for different values of j in C;(t) are roughly
equal. This is a characteristic of chaos, that at late times the system is completely mixed and discorded.

2.4 SYK Model

SYK stands for Sachdev, Ye and Kitaev. It is a quantum many-body system of Majorana fermions, inter-
acting with a random coupling. It was first devised by Subir Sachdev and Jinwu Ye [55], and later refined
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by Alexei Kitaev [56]. It is of interest because it is an exactly solvable model at large N with an emergent
conformal symmetry in the infrared (IR) with strong coupling indicating that it should have a holographic
dual. It is maximally chaotic, saturating a chaotic bound [57] suggesting that it’s holographic dual exhibits
black holes. This makes the model a very interesting model to study because it could potentially give
insights into holography and black holes.

As mentioned the SYK Model is a model of Majorana fermions (y;) living at N sites with a random
coupling J;jx;. The Majorana fermions (x;) obey the usual Clifford algebra

{xi(®), x; ()} = 9 (2.220)
The interacting Hamiltonian is
Jijki
H = =X (2.221)

with repeated indices summed. The coupling is completely anti-symmetric in its indices, it is a random
normally distributed variable with zero mean (J;j = 0) and variance given by

0 if mnpq not a permutation of ijkl
Jijkt Jmnpg = 3]'\,—‘]32 if mnpq is an even permutation of ijkl (2.222)
—3}!\,—‘]32 it mnpq an odd permutation of ijkl

The idea is to examine the large N and large J limit of the theory. Given the Lagrangian for the theory

L=Ly—H= _%Xi%Xi - %XinXsz (2.223)
The free two point function Gy(t) is given by
(T'(x:i(t)x;(0))) = ©@)(0x:(t)x;(0)]0) — O(=£){0]x;(0)x:(£)[0) (2.224)
= / Dxe® x,(t)x;(0) (2.225)
= Go(t)6;; (2.226)
were Sy = [ dtLo. With the solution
Gol(t) = %sgn(t) (2.227)
or
Golw) = —— (2.228)
iw

in frequency space. The free m point function is

/ Dxe®™ (i (t1) i (t2) - Xy (tm) (2.229)

If m is odd its zero and if m is even it can be calculated by grouping the fields in every possible way
(Wick’s theorem) and inserting (2.226) for each pair.



48

The idea now is to determine the general two point function. When working with the interacting theory
correlators must be disorder averaged so as to exploit the statistical properties of the random coupling
Jiji (2.222). The corrections to the free two point function can be found perturbatively. Expanding the
interacting part of the action gives

(T (Xa(t1)xp(22))) (2.230)

_ / Dxe’ xalt)xo(t2) (2.231)

:/DXQSOXa(tl)Xb(tg) {H/Hdw%(/hrdt):---] (2.232)

= o0~ [ Dxe® [ @A Ox Ot

J’L ikl Jmn
/ Dxe™ / didt’ = Xa (81X (82) X3 (85 (8) k()X (8 m ()30 ()X ()X (F) -+ (2:233)
The first term after the free contribution is zero because of the disorder averaging (as is every odd term)
and the second term can be calculated diagrammatically. Assuming the vacuum contributions have already
been normalised out the only diagram looks like

1
A
B
tl t ."w ‘| t’ tQ
Y

_______

Figure 2.9: First order correction to two point function

where the dashed line represents the disorder averaging (in this diagram the disorder averaging must go
between these vertices because they are the only ones but in higher order diagrams that will not be the
case). This diagram is known as a melon. The contribution from this diagram at large N is (see appendix
for calculation)

J2
/ dt / 052040 ol — DGolt — 12)(Colt — 1)) (2.234)

The disorder averaging gives delta functions for the indices on either side. The next non-zero contribution
has 4 vertices. Consider the following diagrams
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Figure 2.10: Some second order corrections to two point function

The first and the last are melonic and the middle one is not. Melonic diagrams contribute higher powers
of N than non-melonic diagrams and so since the large N limit is of interest the non-melonic diagrams are
dropped and one only needs to sum melonic diagrams. This point can be illustrated by examining the first

and second diagrams in figure above. In the first diagram the disorder averaging will give a contribution
of

J? J?
64000k OcbOrmmOnn Opp (ﬁ> = 0y N© ( N3> = OpJ* (2.235)
and the second will give
J? J? J4
5ab62m6]n5kp5066m26n] (Spk (N?’) - 5abN4 (N3) = 5abm (2236)

Thus, in the large N limit one only needs to sum melonic diagrams and so the two point function can be
written as

(T(xa(t1)xb(t2))) = 0 G (t1 — ta) (2.237)

where G(t; —t3) is the sum of all the melonic diagrams. Since only melonic diagrams are summed one can
expand G(t; — t2) perturbitively by starting with the free propagator and systematically adding melons
to propagators. The following illustrates this procedure

Gty — to) = Go(t, — t3) + O(J?) (2.238)
= Go(t; — ta) + /dt/dt’Go(t1 — ) Go(t' — t2)(Go(t — ') J* + O(J*) (2.239)
= Go(t, — to)+

/dt/dt Go(t1 — 1) [/dt”/dt’”GO (t" —t")Go(t" — t2)(Go(t" — ")) T? | x
)2J2 + O(J%) (2.240)

This process can be repeated until all the propagators are the full propagators. This results in the following
expression

Gty —t) = Go(t, — t2) + /dt/dt’Go(t1 — )Gt — ) (G(t — ) J? (2.241)
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The first propagator in the second term stays the free propagator because no matter how many melons
are added to that line there is always a free propagator in front. It is convenient to group the one particle
irreducible part ((G(t —t'))3J? = X(t — t')) so that

Gty — ty) = Go(ty — to) +/dt/dt’Go(t1 — )Gl —t)S(t —t) (2.242)

The aim is to solve this in the IR. In the IR distances and times are large and G(t) must be decreasing in
t. Thus, in the IR (2.242) becomes

0= Go(ty — ta) + /dtG’g(t1 —t) /dt’G(t’ —ta)BN(t — ) (2.243)
Which means that
/dt’G(t’ — )Nt —t') = —=d(t — ta) (2.244)

This exhibits emergent conformal symmetry which allows the two point function to be determined up
to a constant. In one dimension conformal symmetry is re-parameterisation symmetry. The conformal
dimension A of G(t) is A = ;. Re-parameterising with ¢ — f(t) = at

G- t) - [%f)%} QU - £(1)) = VaG(alt — ) (2.245)

=Gt-t)= sgn(t —t') (2.246)

b
Vi—t

(2.244) is holds for b* = 1 lew. The dominance of melonic diagrams in the large N limit of the SYK model
means that it can be solved exactly in the IR. The four point function is calculated by summing what
are known as ladder diagrams [58]. Every lader with a larger number of rungs can be obtained by adding
what is know as the Kernel to a lader with one less rung and so the four point can be calculated exactly.
Furthermore it was shown in [59] that all 2p-point correlation functions can be calculated by the adding
together of four and two point functions and using the operator product expansion (OPE). It is also argued
in [59] that this result can be extended to any theory in which higher-point correlators are built out of
four-point functions. This is a characteristic property of melonic theories of which the Tensor model is an

example.

The SYK model may provide a simple solvable example of holography, realized as an AdS/CFT duality
- see [58, 31, 60, 32]. This expectation is motivated by the fact that the model develops an approximate
conformal symmetry in the infrared. Exact conformal symmetry is spontaneously and explicitly broken,
leading to a pseudo-Goldstone mode. This mode is responsible for the exponential growth of out of time
ordered correlators, which saturates the chaos bound[57]. Saturating the bound is a strong hint that the
model is dual to something close to Einstein gravity. Much of the progress to date is possible because the
large N limit is dominated by melonic diagrams. It is because these diagrams can be summed that the
model is solvable, even at strong coupling.

2.5 Tensor Models

Tensor models have recently gained popularity, as close cousins of the SYK model[55, 56]. The SYK
model describes fermions interacting with all-to-all random interactions. However, the large N physics of
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the SYK model is identical to a tensor model, that has a conventional large N limit[61]. Thus, tensor
models share many of the notable features of SYK models with one significant advantage: they have no
disorder[61]. The large N limit of the tensor models is also dominated by melonic graphs[62, 63, 64, 65],
which can be summed. For interesting related work on holographic tensor models see [66]-[67]. Earlier
work on tensor models includes [68]-[69].

Tensor models are rather interesting in their own right. Tensor models are asymptotically free[70, 71, 72].
The large N limit of tensor models involves specific discretizations of the d-sphere, known as melonic [73],
which provide an analytic description of the universality class of the branched polymer phase of Euclidean
dynamical triangulations[74]. Further, the multi-critical behaviors [75] can be interpreted as critical, non-
unitary matter [76, 77], just like in 1-matrix models [78].

A tensor model field theory is a theory in which the basic fields are tensors. They can be fermionic
or bosonic and they can be of arbitrary rank. For this overview consider the rank 3 bosonic fields ¢®¢ and
its conjugate @up which transform in the fundamental and anti-fundamental of G' = U(N;)x U (Nq)x U (N3)
respectively. The free Hamiltonian is given by

8 8 1 abc 1
=  OPape 0 * Z¢ Pate (2.247)

Gauge invariants are made by contracting all the up indices with down indices so that there are no free
indices. A convienient notation to use for collections of fields of size n is the following

@IJK(n) — ¢i1j1k1 ¢i212k2 . ¢injnkn (2.248)

on which the symmetric group has two natural actions

01009003 PITE Gor1(o2(N)os(K) qbial(l)iaz(l)kag(l)qﬁial(zﬂazu)kog(z) ... ¢ial<n>jag<n>ka3<n> (2.249)
where 0y 009 003 € 5, X S, X S,, and the diagonal action
gocgoc B =0 PIE 5 por)ol)e(K) (2.250)
Thus, the general observables are
f(n,o1,00,03) = ®75 .5 009005 - Pryx (2.251)

where they are labeled by the size of the collection n and a number of permutations equal to the rank of
the basic fields of the theory which in this case is 01, 09 and o3 for rank 3 a tensor. These observables are
counted for both bosonic and fermionic tensors in Chapter 3. They can also be visualised diagrammatically
with bubble/melon diagrams or trees. This is illustrated in Section 4.3.

The free two point function is given by

(I Giioy) = 812671 511 (2.252)

2 7J2

and Wick’s theorem can be applied to give

IJK & _
(OO yN) = Z H lg(a) mo<a> ”a(a)

og€Sy a=1

=D (@)n(@)u(o)y (2.253)

O’GSn
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There is only one possible melonic quartic vertex in the complex model which is

V= g¢abcéabd¢8qugefc (2254)

With this the corrections to the two point function are again obtained by summing melons. The propagator
diagram can be either three coloured strands each representing a distinct index or the strands can be
combined into one line in cases when there will be no ambiguity.

- .

Figure 2.11: Tensor propagator with strands explicit (left) and compressed (right)

Each white point corresponds to a field ¢®° and each black point to a field ¢gp.. Lines must go between
white and black points. The vertex is known as the pillow (see Fig. 2.12).

Q_C

Figure 2.12: Tensor vertex with External lines suppressed

With this the first corrections to the two point can be calculated. In 0+1 dimensions summing the
diagrams in Figure 2.13 gives (for more details see Appendix C.2)

o

(™ Pape) = N1 Ny N3G(t, 1) — i2g(NENIN3 + Ny Ny NZ) / dt'G(t, )G, ') + O(g?)

—00

= Nj — 8gN; + O(¢%) (2.255)

using the following Green’s function

~ dE i :
Gt ts) = / T iee”ﬂ(tl—t?) (2.256)
e !

Figure 2.13: The Feynman diagrams contributing to (¢®°¢.). The dashed lines indicate which
operators are Wick contracted.
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2.6 Collective Field Theory

Collective field theory provides a systematic construction of the dynamics of invariant observables of the
theory [13]. This is typically accompanied by the emergence of extra holographic dimensions as well as
a reorganization of the dynamics such that 1/N is the new loop counting parameter [14]. It is therefore
the ideal framework with which to pursue the holography of tensor models and to provide insight into the
structure of the large N expansion for these models.

Collective field theory achieves a direct change of variables to the invariant observables, taking care-
ful account of the Jacobian associated to this change of variables. The Jacobian is a highly non-trivial
functional of the fields and it produces a non-linear (collective) Hamiltonian which provides a complete
description of the theory.

This section aims to give a concise summary of collective field theory (a slightly more in depth inves-
tigation is presented in Appendix A.2 for a simple system). Consider a system with Hamiltonian

- Z o, axz + V(x5) (2.257)

Here x; are the original variables of the system. Denote the invariant field variables by ¢< where C' is an
index for the invariants. In the large N limit, the change of variables from the original variables to invari-
ants is a reduction in the number of degrees of freedom. These variables are treated as independent in the
large N limit. There are constraints that arise at finite N related to the stringy exclusion principle[79, 6],
but these will play no role here.

Consider changing variables from the original variables to a set of gauge invariant variables. The ki-
netic term becomes

_ 1 __1 g 9 2 2.2
Z oe; axz Z (€, a¢c (9050' Z a¢c (2.258)
where
’ Opc Opcr L P pc
Q(C, ") Z o w(C) = 2 Foda (2.259)

Q(C,C") “joins” invariant variables so that we write schematically

C') =Y doscr (2.260)

where the sum runs over all possible ways of “joining” ¢ and ¢¢ to produce ¢pcicr. Similarly, w “splits”
loops so that

C) =) odcdor (2.261)

where the sum runs over all possible ways of splitting the word C' into C" and C”. This change of variables
is accompanied by a nontrivial Jacobian. This Jacobian will be the source of the non-linear interactions of
collective field theory. It ensures the unitarity of the new description. After the similarity transformation

a H{]1/Qit]_l/2: 8 1aan

e oo oo 2 d¢c

(2.262)
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one requires that the Hamiltonian is explicitly hermitian, which implies a differential equation for the
Jacobian, which determines the Hamiltonian in terms of the invariant variables. The differential equation
can be obtained as follows. The effective Hamiltonian ( Heg) after the change of variables is given by

Heg = JYV2HJ /2 (2.263)

It is required that the effective Hamiltonian is hermitian which equates to requiring

JYVRPH TR (JRHITVA = SR Y2 (JYRT gV =0 (2.264)
1 1 0
= > [2wde + (Ocw)] — 5 > {Q(&C In.J)(0cr I J) = 5 (OcdorT)+
C c,cr
—29(80/ In J)ac - (8080/9) - (809) (80/ In J) — 2(8@/9)8@1 =0 (2265)

This equation must be true no mater what arbitrary function of ¢ and ¢¢r it acts on. Thus, it must be
zero at every level of the derivatives. This implies two differential equations

%; |:an - Z (Q(ac ln J)<aC’ ln J) - %(acacl J) - (3080/9) — (60(2)(80/ ln J)>:| = O (2.266)

C/
and

W(C)+ Y [Q(C, O (8er In J) + (9 C, c’))] —0 (2.267)

Cl

The latter of which is a useful differential equation for J. One can alternatively separate H.g into manifestly
Hermitian and non-Hermitian parts and require the manifestly non-Hermitian part be zero to acquire the
same equation. Using the notation Qeer (0o InJ) =3 o, Q(C, C") (v In J)

= we + Qo 0o In J + 0c Qe = 0
= Q;loﬁcclﬁc/ InJ = —lec(wc + 0cQecr)
= 0pcrOcr In J = —Qpi(we + 0o Qecr)
= 0o InJ = —Q5(we + 0pQep)
= — (0o In )Q(C',C) = w(C) 4+ 0cQC", C) (2.268)
The collective field Hamiltonian is obtained by inserting the above to give
= Heg = HcQeor e + }L(wc + 00 Qcer)Qop(wp + 0QpE) — %80000 - %acacﬂcc' +V  (2.269)

= Ha = S I(O)Q(C, CYI(C) + i S w(C)QH(C, CYlC) + V + AH (2.270)

o, c,c!
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where

.0
96(C)

and A H contains counter terms (terms of order i) whose form is determined by the hermiticity requirement

(C) = — (2.271)

Z - (bC Loy 2UCLD) oo g0y

4: .o aqbc,//
1 Q i Q / 11
Loy UG g o) PN (2272)
4 C,C/,C”,C"’ agbc” 8¢C,//

The key obstacle in applying collective field theory, lies in handling the space of invariant variables. The
set of invariants for both multi matrix models and tensor models is large and, consequently, difficult to
handle. If one starts with a truncated set of invariants C and their conjugates C’, through the process of
“joining” (contained in Q(C,C")) one typically generates new loops not in the original set. This makes it
hard to find simpler sub sectors whose dynamics can be studied. For relevant related work on this issue,
that is used in this work, see [80, 81, 82].

2.7 Collective Field Theory examples for a Tensor Model

The aim of this section is to give a few examples of attempts to construct a collective field theory for a
basic tensor model. It should illustrate some of the obstacles one encounters in constructing a collective
field theory.

The basic fields of the model are:

¢ and  da

The gauge group of the theory is U(N7) X U(Ny) x U(N3) and the fields transform under this gauge group
like

o™ — (U1)§(Ua)2(Us)50™

and

¢abc ( ) (U2) <U3)£¢3def
The Hamiltonian of this theory is

0 0 1 -
H=_——_ Z pabe abe 2.273
Doum. Do + 4¢ Pab ( )
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2.7.1 Changing variables

The idea is to develop a large N expansion by systematically contracting indices of particular gauge
groups so as to make their N; dependance explicit. Thus, consider constructing a collective field theory
by changing variables to

T@”)ZZEZ:A = ¢a1b1i1éalbzing@bﬂg(gazbsm T ¢anbni2n7195anb1i2n (2274>

By doing this the N; and N, dependance should become explicit in the Hamiltonian. Looking at the
kinetic term

__9 9
aanbc a¢abc
82T 92 7;17%3~-~752n71
_ ZZ . (_n)1224...12n ( _ Z 7,81 z )
- Oabe 0" OT(2n) iy, iz,

T i e (0 (i)
Ogrbe OPape OT (2n)i1 i 2nt OT (2m)7193 -72m =1

12%4...12n J2J4---J2m

_ZQ n, m 21%3 420 —1,J1J3---J2m— 11—[(2”)1214 A2n H(2m)jtw:4.”]:2m,1 +Z~Zw< 1123 z2n 11_[(271)2214 A2
n

12%4...12n,J274 - J2m 1193...92n—1 J133---J2m 1204...92n, 1193...92n—1
(2.275)
where
TI(2n)2i-izn = 0 (2.276)
1193...92n—1 aT(2 )ilig...ign_1 .
12%4...12n
1113.. Z27L 1 ]1]3 ]2m 1
Q(n m)ili3~~-i2n—17j1j3~'-j2m—1 _ aT(2n)2224 io2n 8T(zTn)mM J2m
1204...12n,7274---J2m - ¢abc a¢ b
aoc
n
iE aibiiy 1 7 iok—1 1 Anbnion—1 1
- <¢ ¢a1b2i2 T ¢ak—1bi2k—2502k 1¢abk+1i2k T (b e ¢anb1i2n)
k=1

m

bij1 & b j bj bmjoem—1 4
X Z <¢a1 I ¢a1b2j2 U (ba 12=16 J2l¢al+1 2L L (bam mJ2m 1¢amb1j2m>

lf

_ i2k—1 alblil iy oA . ajy1bjorr1 | . pambmizm—1 4 )
- Z 6]21 ¢a1b2742 ¢ak—1bl2k72¢ ¢ ¢amb1]27n
k=1

biji 7 bigoi— bnizn-14
« ¢a1 171 ¢a1sz2 Ce gba 1721 1¢abk+1i2k s ¢an 2 1¢anb1i2n

_ 12k —1 . 119312k —3J21+1J2043 " J2m—1J1J3J21—3J21— 112k 41" Zzn 1
- Z 5]21 T <n+m 1))izi4 ik —2J2142J2044 " J2m  J2J4-Jai—2i2k  G2k+2
kl=1

(2.277)
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and

aQT(Qn)’L:l?Sm'L:Qn—l

1193...92n—1 __ 1214...12
w( >i2i4...izz - &B b a¢abcn
aoc
n
_ 9 a1briy 1 iy Si2k-1 ¢ anbrizn—1 &
— T a7 Z ¢ ¢a1b2i2 T ¢ak71bi2k72 c ¢abk+1i2k R ¢anb1i2n

a¢abc k=1

n
_ 12k —1 a1b1i1 1 I abjiog_1 1 a b 7 Anbnion—1 L
- E 51'2; ¢ o 1¢0«1b2’i2 U ¢a171bzi2172¢ et 1¢abk+1izk¢ PR ¢ nontan l(z)anbﬂzn

k=1
I<k—1

ap1bioiy1 4 ak—1bg 1023 1
X ¢ * * ¢al+1bz+2izz+2 e (b ¢ak71bi2k—2 +

n
i2k—1 a1b1i1 1 I a;41bi anbnion—1 1
— E 52-21 (¢ ¢a1b2i2 e ¢ak_1bi2k_2¢ TR gb e gbanblizn

k=1
>k

abyiog_1 1 n
X ¢ e 1¢abk+1i2k o ¢a171bzi2172 +
n
E 12k—1 a1biil 1 abi_1%2k_3 1 anbnion—1 L
— N2 67/2]@' 2 (¢ 1 1¢a1b2i2 e ¢ ko1i2k 3¢abk+1i2k e ¢ nontan 1¢anb1i2n)+
k=1
n
E 12k —1 a1biil 1 n a bi anbnion—1 1
— Nl 5i2k (Qb 1 1¢a1b2i2 e ¢ak_1bi2k_2¢ RHITZRHL L ¢ nontan 1¢anb1i2n)
k=1

Z 5?;?‘1T(2(l+n i k))ZNB “d21-3121-192k+1" " 12n— 1T( (k‘ B 1))1:2l+1"'1:2k—3+

128411202k  l2k42° 1214212k —2
k=1

I<k-1

_ Z 5;;57171(2(71 +k—1— 1))1113 "ok —3la141 l2n 1T(2(l _ k))ltm*l"'i.mfs’—k

1214 Z2k 27'2l+2 12k 121 —2
k=1

>k

) 7, ) 7 -7 1 Y 7 T
- N, 5 2k— 1T o — 2) 2k—312k+1"""12n—1 NQ (52k 1T Im — 2) 2k—312k+1"""12n—1
CRESVEGILEE R 12k—2 gk l2k42
k=1

(2.278)

The index notation can be written more compactly. The convention that will be used from here is as
follows:

e Pairs of capital letters, raised and lowered, will indicate a sequence of indices.
e The subscript of the capital index with the lowest value will indicate where the sequence starts.
e The subscript of the capital index with the highest value will indicate where the sequence ends.

For example

I Jopp1J1720-1 o 119312k —3J21+1J20+3 " J2m—1J1J3 " J21—-3J21— 1i2k+1 lzn 1
T(2<n +m— 1))12k—2J2mJ21_2i2k12n - T(Q(n +m 1))i2i4"‘7;2k72j2l+2j2l+4"‘j2m J2jarjor—2i2k  t2k+2
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and

II(2n)2a-2n = TI(2n) P

1113...92n—1

1113...92n—1 __ I
w(”)izu...izn - W(n)l2n
o lzk 1 Iyigg_11lok 11 Io41
= -2 E 0i, T2(l+n— k))IQl v T T2k —-1)— 2)12k_2+
k=1
l<k 1
. i2k—1 _ o\I1l2k+ 2 : 2k —1 gk —3lak+1
leém T 2n 2 Izk 2l2n N2 51% 2T )I2k747:2k12n
s 11 J1 i2k—1 B LiJaiprJij2i—112k41
Q< Izn Jom T Zdjzz T n+m 1)>12k—2J27nJ2l727:2kI2n
k,l=1
Il Jl 1271 J2'm y Il IZn
8¢ - 3¢abc 5 Q(n,m) -y T(2n) 2 (2m) 7™ + i E w(n) T(2n)7
n

So the Hamiltonian will be

1
H=iY wn)p T2n)p"+> Qn,m)t", TI(2n)PTI(2m) 7 + 17@) (2.279)

n

2.7.2 Re-scaling and Jacobian
The next task is to re-scale the theory and find Heg = J sHJ 3

1
JEHJ T2 =0y w(n)f JRIRn)prJ 72 + Y Qn,m)ih’, JEI(2n)PrII(2m) e J 7 + T2
, n (i OlnJ I )
=1 wn)i | z———— + 1I(2n)7" |+

, OlnJ i O0lnJ 1
+ > Q(n,m) (3—+H2 IQ“)(——+H2 JZm)+ ~T(2
(n m)[%,ng 2 aT(Qn)%;n ( n)ll 2 8T<2m)§;m ( m) 4 ( )

i OlnJ
_ Lo vyns —I— H 2 Ion +
ZZ fzn(2 aT(2n)1 i )
1 0lnJ OlnJ i OlnJ
+ Q , I, 1 ( _ - + 3 I1(2m J2m+
E (n,m)p, 5, 43T(2n)gn aT(Qm)im 25T(2”)gn 2l

+1 9*InJ +£‘ OlnJ
20T (2n)} OT(2m)7. 29T (2m)7:

II(2n) 7" + H(2n)12”H(2m)J2m) - %T(2) (2.280)
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Using

Qn,m)7 7, T1(2n)2T1(2m) 72

= T1(2n) 2" Qn, m);" TH(2m) 72" + |Qn,m)b"  TI(2n) P | T1(2m) 72

09Q(n,m)p7,
= T1(2n) 2" Q(n, m)", TI(2m) " +i 8T(2n)£ = T1(2m) (2.281)
I2'n
gives
1 OlnJ
Heg = — —wn)t ———— +iw(n) I(2n 12”—1—
0= 3 |~ 30 g o)

OlnJ

aan 1 I, J1

|
OlnJ M(2m )J2m+

0? an

1 I,J
_ 20 1,J1 — -0 s Ao N1

1
— §Q(n,m)l1 1

Fonam 9 (20) 1 0T (2m)7)

- H(Qn)ﬁ"Q(n, m)g;{}bmﬂ@m)‘]“’m -

; GQ(n,m

A2 o 2n)g

0?InJ

—EQ(n’m)Il’Jl OlnJ

—————TI(2n) "+
2 Ion,Jom aT(Zm)j;m ( )

Ion,Jom H(Qm)sz

00(n, m)i" )} 1

1
— 5(2(71,7’11)11"]1

fonfom OT (2n) 2 OT(2m):

—z{ (n)lt H2n12n+2(

1 7 OlnJ
+ =-Q(n,m);"", —m——
3 ) oT (2m)7,

oQ(n, m)"

oT(2n)}

Consider the term

11 7 OlnJ
o T 2n)],

I1(2n) "+

fan o H(2m)"2’”>} } + iT(2)

+oT(2)

oT(2n)} 4

na OlnJ  dlnJ
>12n7J2m Il J1 +
or(2n)p 0T(2m),

— I1(2n) 2" Q(n, m)g;‘{}QmH(Zm)JQ’") +

I1(2m) P+

(2.282)

9%InJ

Z Qn,m)" T N
— roczm 8T(2n)én 8T(2m)J;m

Renaming indices n <= m and I < J gives

Z Q(n [1 J1 82 InJ
el Vi da oT(2n)7. 0T (2m)7.

Since partial derivatives commute this implies that

Z Q [1 J1 @2 hl J

o’ )L i oT(2m)7: T (2n)}!
I,J

Q(m7 TL)];nvl]Qm
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Using this fact and renaming some summation variables

1 dln J 1 OlnJ dlnJ
Hypm — n 9mnJ i (—Q : Ii,0h
_— {2 (n)i ool Xm: R m)Ls, aT(2n) aT(2m)7

n

21
——Q( )IlJl 0“InJ

Ion I,J Jom
1271 Jom aT(Qn)Il 8T(2m)Jl - H(2n>]i Q(n’m)I;n,bgmH(2m) 2 )+

olnJ 0Q(n, m)]1 1 1

- I I J ]21'1, J2m I

_ 7 1 _I_ 1,J1 + II 2 2n + _ I l 2
7[ n) fon Z( 12""]”” 8T(2m)§;m 0T(2m)§;m )] (2n)r; } 4 T[Tl

(2.283)

Now it is clear that the only part of H.g which is not manifestly Hermitian are the terms in square brackets.
So that

I1,J1

olnJ  9Qn,m)
H — HT _ 11 11 J1 + Iy, J2m)1H 9 12n+
ft eff v ; { |:(.U n I, Z ( 12n7J2m aT(2m)§;m 8T(2m)§; ( n)h

oln J 0 (n,m) ",
+ 7/]:[ 2n Ign |: n 11 + ( Il Jl + 2n 2m):| }
( fon Z LDV oT(2m)7. oT(2m)7.

Thus, for H.g to be Hermitian the following must hold

Oln J oQ(n, m)I1 1
Il 11 J1 ,Jom
wn) + g + =0 2.284
fon ( (oL oT(2m)7. oT(2m)7. ) ( )

This is the differential equation for J. Consider the following term

I11,J
o n, m)p " ,
nyJam 12k—1 I1Joi11J1521—112k 41

= e E 0T (2(n+m —1)) 4

J1 Jai Iog—2J2amJ2i 202k I2n
oT(2m)3, m k=1

The general derivative is

aT(2n) g o1 o
8T(2m Jl - m”H5]2k 1612212C

which implies that the derivative of €2(n,m) is in general zero unless n = 1. If n # 1
OlnJ
11 11 J1 —
wnl2n+z< I2nJ2maT( ) )_O
I, J1

The trouble with solving this is that it requires calculating the inverse of Q(n,m)p" Jo, Which is very
difficult if not impossible. Attempting to use the analog of (2.266) yields the followmg

8Q(n,m)g;{}2m OlnJ - Qnm)h 9?InJ 0*Q(n, m)h Jc1]2'm
oT(2n)} 9T (2m)7 ’

+ pumy
fenlem g (2n) it 9T (2m)7. 0T (2n)7: OT(2m)7:
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For n # 1 this implies

[1 J1 82 h’l J _
) Lo, ST (2n) 1 9T (2m)):

The trouble is that in order to simplify this we have to multiply both sides by the inverse of Q(n, m)g”’1

naJQm
which is likely not to exist. If however, it is assumed to exist.
0?InJ

= Iy J1 =

oT(2n);, oT(2m)7:

dlnJ
>
or(2m)7:
=InJ = BT(2m)} +C

Since m and the J;’s are arbitrary the general solution would be

InJ = B(n)}} T(2n)it +C
> 2

N 11,82,..00ln

I I
J = AeXn Ziguizein B0, TR (2.285)

With the aim of getting the N dependance of the B(n)’s this expression for J can be put into (2.284)
giving

= OlnJ
<k, +Z( Z"JJQ’"aT( ) )Z

=w(n)p, + Z ( M) e (Z Z (k)5 T(2k) 5, + C’)) =

k  p1,p2;...s

=y, + 3 (0 253%(2 z k5mkH5§’§fo5£§i>)=0
=1

k  p1,p2;...
11 11 J1 Joam | _
:>wn12—|—g ( (n,m)p” JmB(m)Jl)—O

_ : . n,J
However, in order to solve for the B(n)’s one would again need the inverse of Q(n,m);" .

2.7.3 New variables

If new variables are considered which contract the U(N3) indices there is a guarantee of being able to
invert (2. There is the question of how to contract the indices since there are many possible ways and none
of them stand out. So consider variables of the form

x(o,n) = T(Qn)zi(l)l’j@)“‘ﬁ(‘ : (2.286)
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These represent the most general way of contracting the U(N3) indices where each different contraction is
defined by an element of the symmetric group (o € S,,). For simplicity start by looking at the case where
o = I (these are the variables used in [39] and Chapter 3)

x(I,n) = T(2n)i1i3...in

i102...0n
the kinetic term of the Hamiltonian becomes

2

0 a B 9?x(I, n) . 0
_%awbe”; aéabcagbabc( Zx(ll,n)>

1

2

+ > agf;i’b?) aﬁg;f ) ( - iax(aﬂ, n)) (_ i%)

n,m=1
2 2
=iy wmI(n)+ Y Qn,m)II(n)II(m) (2.287)
n=1 n,m=1
where
)
II(n) = _Zax(ﬂ,n)
Ox(I,n) Ox(I
o) =SB0
=nmx(I,n+m—1) (2.288)
~ Px(Ln)
w(n) - a&abcaqbabc
n k—2 n
=-> {ZX(]I,n—I—Z—k)X(]I,k—Z— D= > xn—Il+k-1)xI1I-k)|+
k=1 - Il=1 l=k+1
— (N1N3 + No)nx(I,n — 1)  (2.289)
n—1
==Y (2(n—k) - Dx(Ln—k - )x(Lk) — (M N3 + No)nx(L,n — 1) (2.290)
k=1
giving

4 ox(I,n) ox(I,m)

) o 5 (0 )

Hop — Z{ ~ Sln) al“;] Y (H(Qn)Q(n,m)H(Zm) ~ Lo, my 0md  _olnJ

m

OlnJ 0Q(n,m)
= w(n) + Z <Q(n, m)ax(]l, - + (L m) ) =0
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Using the notation w,0,InJ =" w(n) 8?(1& i)

= Wy + QO In J + 0,0, Qi = 0
~1 1
= O QO In J = —Q (W + i)
= Opm O In J = —anl (Wn + O Q)

= O, InJ = =0, (W, + 0y p)

1 1
= Heﬁ‘ = éan;pl (wp + 8qup) — ZQan;Z} (wp + anQP)Q;i (wi + an]z)+

1 1
+ EQnmanam InJ + I1,9,,,11,,, + le(]l, 1)

1 B 1 _
= S9nSp (W + 0pQgp) — 7 (@i + Oy )i (wi + 05 20)+

- %Qnm [0 (Ontwp + 01,0,Q4p) — Q1 00 Ui (wWp + 0y Qp)] + Qi I, + ix(]l, 1)
= %annpl(wp + 0,Q0p) — iwmﬁmﬁ (wi + 0;Q;) — ianmen; (wi + 0;9)+
— %(anwn + 9,0, Qn) + %aanQi;} (wp + 0yQp) + I, Q2 I, + ix(]l, 1)
= iwmﬂmﬁ (wi + 0;Q) + }lﬁnﬂnmﬂmi (wi + 0;Q:)+
- %@nwﬂ 4 0,0,00) + LTl + %X(H, 3
= 1L, Q11 + i(wn + O Qi) 2 (Wi + 9;Q5) + ix(l[, 1) — %anwn — %anaqszqn (2.291)
Dropping the indices
= H.g = IIQII + i(w + 00w + 0Q) + %X(H, 2) — %&u — %a(ag) (2.292)

This seems to be the only case in which a collective field theory hamiltonian can be obtained. An attempt
to construct a collective field theory with (o, n) for general o and the difficulties which result is illustrated
below.
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Ox(0n,n) OX (0, m)
Q(n7 m) = a¢abc aq_ﬁabc

n
bii1 T - T nbn in &
_ Z <¢a1 191 ¢alb2i0n(1) Ce ¢ak71bi0n<k_1>5ék ¢“bk+1ian(k) e ¢a z ¢anblio‘n(n)>
k=1

m
biin T b bj mbmim 1
X Z ((bal ljl(balejo'm(l) B l]l(sjc'crm(l)gb%rl g ¢amb1jom<m>>
=1

n,m

_ E : ik a1biil 1 . e h . ap1bjir | pambmim g :

= 6jam(l)¢ (bale'Lgn(l) Qbak,lbzgn(k_l)(b (b (bambl]o’m(m)
k,l=1

b b T boi T
X Qbal 11 ¢a1b2jam(1) e gba l]l¢abk+1ian(k) e ¢an "anbanblian(n)

= Z 5;};m(z>X(‘7p7 n+m—1) (2.293)
k=1

where o, is defined as o,(1tok—1) = o,(1tok — 1), op(ktok +m — 1 —1) = o,( + 1tom),
op(k+m—1tok+m—2)=0,(1tol—1)and o,(k+m—1ton+m—1) = 0,(1 to [ —1). The difficulty
with this is that it seems to be impossible to find any set of o, and o,,’s other than the set of identities
for which this can be satisfied.



w is given by

_ x(04,n)
8éabca¢abc
P n

w(n) =

- agz;abc =1
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bii1 & A ik A nbnin 1
= Z ((bal 1“¢a1b2ign(1) e ¢ak71bian(k—l)5ék¢abk+lign(k) s gtrnt (banblian(n))

n
—— i atbiin o e . abiiy 4 , ak+10k+10k41 |, AGnbnin 1 ,
= Z 51'0”(1) (¢ d)albzl(,n(l) ¢al,lbllgn(l,1)¢ ¢abk+1lan(k)¢ ¢ ¢anbllgn(n)

k=1
I<k—1

ay1bip 1 . . AGk—1bk—1Tk—1 .
X ¢ ¢al+1bz+zlan(z+1) ¢ ¢ak1blan(k1)) +

n
— ik arbrin S , arprbizgr |, panbnin g
Z 5ian(l) (¢ d)mbmgn(l) Qbak—lbzon(k,l)qs ¢ - ngbanblzan(n)

k=1
1>k

abuiy , A ,
X ¢ ¢abk+llgn(k) ¢a11blzgn(l_1)) +
n

_ g i a1biiy 1 . . abp _1%1—1 1 )
N2 5ion(kf1) <¢ ¢a1b220n(1> Cb ¢abk+llan(k)

k=1

n
_ g i aibyiy 1 X . z . ap+1big41
Nl 5ian(k) <¢ ¢a1b210n(1) ¢ak—1blan(k—1)¢ +
k=1

n

= — Z 52§n(l>x(0-p7l+ n — k)X(O-q,k - l - ].) - Z 5§§n

k=1 k,l=1
I<k—1 >k

- M Z 5;§n(k—1)X(0-t’ n—1) =N Z 5;§n<k)X(Uua n—
k=1

k=1

. ¢anb"in¢anb1ion(n)) —I—
“ e a"ann n .
QS ¢anbllan(n)

(Z)X(or,n +k—1—1)x(0s1 —k)+

1) (2.294)

which puts more constraints on the specific sets of permutations o, and o,, needed for 2 and w to be
expressed entirely in terms of these variables. Thus, it seems to not be possible to construct a collective

field theory Hamiltonian for these variables.
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Chapter 3

GAUGE INVARIANTS, CORRELATORS AND HOLOGRAPHY

The work presented in this chapter is based on the author’s published research [39]. The basic goal of
this work is to construct the gauge invariants of both bosonic and fermionic tensor models. For bosonic
tensor (colored as well as non-colored) models, the paper [83] counted the gauge invariants uncovering
a relationship with counting problems of branched covers of the 2-sphere. The rank d of the tensor is
related to a number of branch points. Further, formulas for correlators of the tensor model invariants in a
permutation basis were obtained. Correlators in the permutation basis have been related to the (Hurwitz)
character calculus in [84] (see also [85]). A dual representation theory basis was developed in [86].

Our starting point (section 3.1) reconsiders the representation theory basis for the bosonic tensor models,
in a way that naturally allows an extension to fermionic tensor models. The basic ideas are explained
in the next section, where we obtain counting formulas for the number of gauge invariant operators in
bosonic and fermionic tensor models. The counting results for the bosons agree with results presented
in [83, 86, 87]. The counting formulas for the fermions are new. In section 3.2 we consider both the
computations of the vacuum expectation values of our gauge invariant operators, as well as two point
functions of normal ordered gauge invariant operators. These computations are performed exactly (i.e.
to all orders in 1/N), in the free theory. In section 3.3 we describe the algebraic structure of the gauge
invariants: they form a ring. In section 3.4, we construct a collective field theory in terms of a subset
of the gauge invariant variables in analogy to the construction for a single matrix model. We exhibit an
emergent dimension and show that the Hamiltonian is local in this new dimension. We reproduce large
N correlators of the tensor model quantum mechanics from the classical collective field theory.

3.1 Construction of Gauge Invariant Operators

In this section we simply want to count the number of gauge invariant operators that can be constructed,
for both bosonic and fermionic tensor models. Once we have understood how to count the number of
gauge invariants, a natural construction formula will be evident.

The fields that we consider are tensors, of rank r. We will denote the bosonic tensors by ¢p,p,..., and the
fermionic tensors by 1y, f,...r,. These fields transform in the fundamental of G = U(N;) x U(Ng) x -+ X
U(N,).

Let Vj denote the vector space carrying a copy of the fundamental representation of U(Ny). Fields
transforming in the fundamental of G = U(N;) x U(Ny) X --- x U(N,) belong to V=V x Vo x -+ x V.
To build gauge invariants we will also need fields that transform in the anti-fundamental, denoted @b1%2"r
and 1712 fr Gauge invariants are then given by contracting corresponding upper and lower indices. The
valid gauge invariants, built using two fields, are given by

Thibo--b, b fa fo
O Dby W (3.1)

A valid gauge invariant operator is only obtained if we contract corresponding indices of the tensors,
since the position of an index signifies which gauge group it belongs to. To simplify the arguments that
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follow, we now specialize to rank 3 tensors ¢;;; or v, with ¢ =1,..., Ny, 7 =1,..., Ny and k = 1,..., Ns.
The generalization to higher rank tensors is completely clear. A comment is in order: the symmetry
U(N) x U(N) x U(N) can not be realized in any interacting theory, whose large N expansion is domi-
nated by melonic diagrams. The maximal symmetry in this case is only U(N) x U(N) x O(N).

We will want to consider products of tensors to build the general gauge invariant operator. Here is
an example

Pivjrkr Dinjoks ** * Pinjnkn (3.2)

This notation will quickly get out of hand, as the number of indices rapidly proliferates. To avoid this,
we will now use the notation first introduced in [10, 11]. The sleek notation uses a capital Roman letter

to collect all of the little Roman letter indices, for example I stands for 1,149, --,7,. We will also use a
capital Greek letter to collect the tensors. Thus, for example, we write

Crix = Pivjiks Pisjoks ** Pinjnkn (3.3)
Similarly

Visk = Yiyjik Visjoka *** Vingnkn (3.4)

These fields belong to V®". There is a natural action of S,, on V®" defined as follows: For any o € S, we
have

0Py — (I)U(I)U(J)U(K) = ¢ig(1)ja(1)ka(1)¢ia<2)jg(2)ko(2) T ¢i0(n)j0(n)ka(n) (3'5)

We will sometimes call this the diagonal action of 5, since each type of index, ¢, j or k is permuted in
exactly the same way. We could also define an action of S,, x S,, x S,, that acts independently on these
three indices. The notation distinguishing these two actions is

0 Prix = Po(n)o(n)o(K) og€EeS, (3.6)
Versus
01002003 Pryx — Loy (1oa(J)os(K) 01003003 €5, X S, XS, (3.7)
Since the diagonal action swaps the tensors we have

0Pk = Por)o(nok) = Prix (3.8)

0 - Vg = VYoneex) = sg(0) ¥k (3.9)

We know that swapping fermions costs a sign which is what the above equation captures. In the last
formula above sgn(o) denotes the signature of the permutation o. For example, if n = 2 and o = (12) we
have

(12)Vijiky Vingoks = VigjakaVirjika
= _77Z)i1j1k‘1¢i2j2k2
= sgn ((12) ) iy ik Yigjoks (3.10)

since the fermions are described using Grassman numbers. The equations (3.8),(3.9) will be important in
the next section.
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3.1.1 Counting and construction for bosonic tensors

Our goal in this section is to count the number of gauge invariant operators that can be constructed
from the bosonic tensors introduced above. To construct gauge invariants we need to completely contract
the indices of ®; % with the indices of ®//%. In general, this is accomplished using three permutations
01,02,03 € S, (or equivalently, one permutation oy 0 09 003 € S, X S,, X S,,) as follows

b . 01003003 D= CIDIJKCI>UI([)02(J)U3(K) (3.11)

The invariants given in equation (3.11) are over complete: the ¢’s and ¢’s are bosons, so we have the
symmetry given in (3.8) which must be accounted for. Let 5, € S, be an arbitrary permutation of the
¢’s and let 3, € S, be an arbitrary permutation of the ¢’s. Then (we act to the right if we act on lower
indices and to the left if we act on upper indices)

@'0100200'3'q):<(i)'ﬁ2>'0'100200'3'(51'(b) (312)

Manipulating this a little, we have!
HIIK PB2(D)B2(7)B2(K)

K (3.13)

= Do (81(1))o2 (51 (1)os(B1 (K))
q)ﬂ;l(olwl(f)))ﬁ;l(ag (B1()))B3 H(o3(B1(K)))

Do (Doa(J)os(K)

Thus, (01,09, 03) and (B1010s, (10202, f10302) define the same gauge invariant operator. This implies that
we have one gauge invariant operator for each element in the double coset

Sn \ Sn X Sp X S,/ Sh (3.14)

This understanding of the structure of the space of gauge invariant observables was first achieved in [83].
The generalization to other ranks is obvious. For example, rank 5 tensors would be elements of the coset

Sy \ Sp X Sp X Sy X S, x S, /Sy (3.15)

The number of elements in a double coset |H; \ G/H,| is given, by Burnside’s Lemma, as

|Hi \ G/Hs|= AIEA] ||H| Z Z 25 highag™ (3.16)

hi1€Hy ho€Hs geG

Thus, for example, the number A3 of rank 3 tensors built using n fields is given by

N3 = : Z Z §(Bro1B207 1 )0(Br025205 )0 (1033205 ) (3.17)

(n!)?
01,02,03E€8n 1,02€Sn

To make sure the generalization is clear, we simply quote the count for the number of rank ¢ tensors built
using n fields

N= 2 2 loese) (3.18)

0'1,"',0'q€Sn B1,82€S8n =1

LA useful identity to keep in mlnd is the following: ®7 (K Kk = ®ED_ ). This follows very simply by using the explicit
y P v(K)

representation 5“ .
p ( ) o(1) Jo(n)”
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The arguments we have just outlined are not the most natural when we generalize to fermionic tensors.
To perform the counting in a way that will generalize nicely to the fermionic case, we will change basis.
The operators

0(0'1702’03):@ + 01 009003 - d (319)
define the “permutation basis”. We will Fourier transform to the representation theory basis as follows
(OTI,TQaT?))alaQaSaﬁLBQﬁS =

Z O(Ulv 02, 0-3)FT1 a1 (Ul)rr2a2ﬁ2 (UZ)Frs a3 3 <03) (320>

01,02,02

All of the representations above are irreducible representations of S, i.e. 7, = n, i = 1,2,3. We again
have to deal with the symmetry present as a consequence of (3.8). The simplest way to do this is to
couple the row indices to the trivial irreducible representation and to couple the column indices to the
trivial irreducible representation of the diagonal S,,. The tensor product of the irreducible representations
involved is

‘/1"1 ® V;“z ® ‘/;‘3 = @grl ro T3 r‘/r (321)

The Kronecker coefficients ¢, ,,» are non-negative integers that count how many times irreducible repre-
sentation r appears in the tensor product r; ® ro ® r3. To perform the projection to the trivial, introduce

the branching coefficients B, ., defined by
! Z I a1ﬁ1 Fr2a2/@2( )Fr3a353 Z Ba1a2a3 Bﬁlﬁgﬁg (3‘22)
0ESh R

The branching coefficients provide an orthonormal basis for the subspace of r; ® ro ® r3 that carries the
trivial representation, i.e.

B’Yl BW2 — 57172 (323)

Q123 13

and where we employ the usual convention that repeated indices are summed. The gauge invariant
operators are now given by

077113"22,7“3 Bgiagag(07’1,7’2,7’3)a1a2a3,61ﬂ2,@33g352ﬁ3 (324)

We will also write this as

77113”22,7”3 Z Z Z 077117"27"3 0'1,0'2,0'3)0(0'1,0’2,0'3) (325)

o1 ES G'QES O’3€S

where

(G (017 02, 03> B rm a1 (Ul)rmazﬁz (UQ)FTSCM&B?, (03)Bg35263 (326)

r1,72,73 Q1203

is in fact a restricted character, in the language introduced in [24, 88]. Thus, (3.25) provides the restricted
Schur polynomial basis for the gauge invariant operators of the bosonic tensor model.
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Since each multiplicity runs from 1 to ¢, ,,+,1 and each operator is labeled by a pair of multiplicity
labels, this second construction shows that the number of gauge invariant operators, constructed using n
¢’s and n ¢’s, is given by

Z 931 rorsl (327)

where we have used 1 to denote the rep labeled by a Young diagram with a single row of n boxes. This is
in complete agreement with [87], as already pointed out in [86]. A standard result which follows from the
orthogonality of characters is

1
Jrirarsl = ! Z X1 (0) X (0) Xy (0) = Gry 1o (3.28)

oc€Sn
Some checks of the counting formula (3.27) are given in Appendix B.1.

3.1.2 Counting and construction for fermionic tensors

Our goal in this section is to count the number of gauge invariant operators that can be constructed from
the fermionic tensors introduced above. To construct gauge invariants we need to completely contract the
indices of W i with the indices of W//X_ In general, this is again accomplished using three permutations
01,09,03 € S, (or equivalently oy 0 0y 003 € S, X S,, x S,,) as follows

U - o1003003 - U =U"5 U, 1070 (3.29)

The invariants given in equation (3.29) are again over complete: the v’s and 1)’s are fermions, so we have
the symmetry given in (3.9) which must be accounted for. Following our discussion for the bosons, let
By € S, be an arbitrary permutation of the v’s and let 35 € S,, be an arbitrary permutation of the 1’s.
Then (exactly as for bosonic tensors, we act to the right if we act on lower indices and to the left, if we
act on upper indices)

U .ogj009003 V= sgn(ﬁl)sgn(@)(‘if -f2) - 01009003 - (1 -V) (3.30)
Manipulating this a little, we have

(I1)B2(J)B2(K)

\Ilﬁl(I)UQ(J)Ug(K)‘iIIJK = Sgn(ﬁﬁsgn(ﬁZ)\Ilal(61(1))02(ﬁ1(J))U3(ﬁ1(K))\Ilﬂ2 K
v

= sgn(B1)s8n(82)W 5.1, (8, (1985 (02(81 (1)) 85 (0351 (K) )
3.31

We will still have to account for this symmetry. To do this, it again proves useful to change basis. The
operators

P(o1,09,03) =WV - gyo09003 - ¥ (3.32)
define the “permutation basis”. Again, Fourier transform to the representation theory basis as follows

(Ph 72,73 )041042043 816203 —
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3 P(01,02, 05T 15, (01)T 2 sy (02) T g, (03) (3.33)

01,02,02

We now have to deal with the symmetry present as a consequence of (3.9). The simplest way to do this is
to couple the row indices to the antisymmetric irreducible representation and to couple the column indices
to the antisymmetric irreducible representation of the diagonal S,. By the antisymmetric irreducible
representation, (denoted (1)) we mean the irreducible representation labeled by a Young diagram that
has a single column of n boxes. This is a one dimensional representation defined by

I (o) = sgn(o) (3.34)

To perform the projection to the antisymmetric irreducible representation, we again introduce branching
coefficients

Z meﬁl 04252 (O-)FTgasﬂ’a‘( )Sgn Z Ba1a2a33ﬁ1ﬁ2,63 (335)

UGSn 5

We are using a tilde to distinguish the branching coefficients defined using the antisymmetric irreducible
representation, from those relevant for the bosons which are defined using the symmetric representation.
The branching coefficients again define an orthonormal basis

Bn  Be. = g§n® (3.36)

o203 10203

The gauge invariant operators are now given by

7)7711,12,1”3 Bgllagag (7)7“177“277“3)041042(137ﬁ15263 Bgiﬁz% (337)

Once again, we can write this as

7)7711}2” Z Z Z 07711121"3 0'1,0'270'3)7)(0'1,0'2,0'3) (338)

01ESn 02€S, 03€ES,

where

07711,7’2,7’3 (017 02, 03) Bgiagagrrl a1 (Ul)rr2&2ﬁ2 (UZ)Fr?)asﬂ:a (03)3335253 (339)

is again a restricted character. Thus, (3.38) provides the restricted Schur polynomial basis for the gauge
invariant operators of the fermionic tensor model.

This construction shows that the number of gauge invariant operators is given by

Z 972‘1 T2 T3 (1") (340)

ribn 1(r;) <N;

A standard result which follows from the orthogonality of characters is

Grirars (1n) = nl Z Xr1 (0)Xr2 () Xy (0)581(0) (3.41)

" 0€S,

Some checks of this counting formula are given in Appendix B.1.
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3.2 Correlators of Gauge Invariant Operators

In this section we will compute the correlation functions of the operators defined in the previous section.
Since these operators are neutral under the gauge symmetry they can develop a nonzero vacuum expec-
tation value. It is interesting to compute these values as their large N limit must be reproduced by the
classical equations of motion of collective field theory. We also compute the two point functions of normal
ordered gauge invariant operators. The large N limit of these two point functions must be reproduced by
considering quadratic fluctuations about the classical collective configuration.

3.2.1 Bosonic Correlators
The free field two point function is

(7" bumn) = 607,05, (3.42)
This is valid both as a formula in a zero dimensional random tensor model, or as an equal time two point

function in the tensor model quantum mechanics. Wick’s theorem can be written as

n

T IJK _ o 53 k
<(I) (DLMN> - Z 6la(a)57ga(a)5nj(a)

oeS, a=1

= > ()i (3.43)

oESy

There are two interesting correlators to consider: first we could consider the one point functions (07172 );

second we could consider the two point function of normal ordered operators (: OJ102. :: OFP), ).

One point functions: We will use the fact that

Try, (o) = 0f% -+ = Nj@ (3.44)

where C(o) denotes the number of cycles in the permutation ¢. In addition, we will use the orthogonality
relation

‘ Z F abF )cd = 6r55bc6ad (345)

" oESy

to obtain

nl Z > To(0)axs(007") = To(0)ea (3.46)

skn 01€Sy

Finally, we will use the relation, valid for Schur polynomials
Z) = ZXR(U)XR(Z) (3.47)
R
evaluated at Z =1 to find

'ZdRXR ) fr(N) (3.48)

RFn
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fr(INV) is the product of the factors of Young diagram R understood as a representation of U(V). Recall
that the factor of a box in row ¢ and column j is N — i + j. We use yg(c) to denote a character of
the symmetric group and xg(Z) to denote a Schur polynomial. The two are distinguished only by their
argument, which is either an element of the symmetric group o € S,, or an N x N matrix Z. We are now
ready to compute the one point function

(O)2 ) = Z (®-0,009003-PYBM"T, (01)T,,(09),, (03) B

T1T27T3
o, €Sy

= Y NCINGOING T BIT, (01)1, (02)T s, (05) B

0,0,€S5n

- Z Z(%) d81X81(Ugl_l)f81(Nl)dSQXSQ(Ua-Q_l)fsz(NQ)

0,0,€8n s;Fn

d53 Xss (0—03_1)]053 <N3)B’YI Frl (Ul)FTQ (UQ)FT:s (03)372

= Z f?"1 <N1>f?"2(N2>f7“3(N3)B%FT1 (U)FT2 (O-)FTs (O->BPY2

o€Sn
= n! le (N1>fT2(N2)fT3 (N3)5’YW2 (349)
See Appendix B.2 for some checks of this formula.

Two point functions of normal ordered operators: Using the identities given above, it is straight-
forward to compute

CopE OrE =Y 3" 3 Tr(o107ip)Tr(02072p) Tr(03073p)

o€ESn ,DESn 0;€ESy TiESh

X B FTl (01>FT2 (02>FT3 (03)372 B» Fsl (Tl)F32 (TQ)FS3 (7-3)374

_ Z NC(UlUTlp)NC(UZUTQP)N(030T3/J)

gpo;T;

X BTy, (01)1, (02)T5(03) B B, (11)Ts, (7_2)F83 (m3)B™

= > > ) diy Xt (010T1p) fi, (N1)di, Xt (020T2p) fr, (N2 )iy Xt (030 T3p) fry (N3)

opoiT; t;kn

X BTy (01)1, (02)T,(03) B B, (11)Ts, (7_2)FS3 (m3)B™

= (n') 57"18157"232 TsszTl (N1>fT2<N2>fT3<N3> —— TR (350)

n! n! n!
dy, dy, d,,
Some checks of this formula are given in Appendix B.2.

3.2.2 Fermionic Correlators

The relevant two point function for the fermionic tensor model is

(¥4} = 6167,0% (3.51)
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This is valid, as for the bosons, both as a formula in a zero dimensional random tensor model, or as
an equal time two point function in the tensor model quantum mechanics. Since the fermionic fields
anticommute, it is important to spell out the ordering of the fields. Order the fields in the following way

GIEG = pirikaggiziohe o gindnkngy g Dtmny (3.52)

With this ordering spelled out, a simple application of Wick’s theorem now gives

W@ ppan) = sgn(o)oloron (3.53)

oESy

One point functions: A simple computation shows that

(Pr2) = Y (U oi00y005 U)BT,, (01)1,(02)1,,(03) 37
0;E€5n
= > sen(@)N N TING OV BIT, (00)Ty (02)T s, (03) B
0,0,€5n
= Z SgIl fn Nl)fm(N?)fm(Nfi)Bw F ( )Fm(O’)F?’s(U)BW
oceSh
= n!le(Nl)fm(N?)f?"s(Nfi)(s’Ylw (354)

See Appendix B.2 for examples and checks of this formula.

Two point functions of normal ordered operators: Using the identities given above

(P PRI ) = Z Z Z Z sgn(o)sgn(p)Tr(oromp)Tr(oeomp) Tr(o30T3p)

ocESn pESy 0,ESn TiESK

X B% 117‘1 (JI)FT2 (02)PT3 (0-3)3572 B,YBI‘51 (TI)P52 (7_2)F53 (7_3)374

— Z Sgn(o’)sgn(p)Nc(Ulngp)NC(UQJTQP)N(U3UTBp)

opoiT;

X B’yl Fm (Ul)rm (UQ)FT‘B (JS)B’YQ B%Fﬁ (Tl)FS2 (TQ)Fss (7—3)374
n! n! n!
= (n' )26T181 57"252 rass S (Nl)fTQ (NQ)fm (N3) d_ d_ d —— 0T (355)
Appendix B.2 illustrates and checks this formula in some simple cases.

3.3 Algebra of the Gauge Invariant Operators

The gauge invariant operators that we have introduced above close an interesting algebra: we will argue
that the gauge invariant operators have a ring structure. Algebras of gauge invariant operators have
also been considered in [89]. To develop the algebra for our tensor model, we will need to develop some
properties of the restricted character. We can always assume that we work in an orthogonal representation
of the symmetric group. In this case the restricted characters obey

Y172 Y271 1 -1 -1
Cr1r2r3 (0-1’ 02, 03) Cr1r2r3 (01 y 0o 0_3 )
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cne (01,09,03) = Crm (01_1,02_1,03_1) (3.56)

17273 T17r2T3
They also enjoy a “completeness identity” given by

n! n! n!
E E E Y1772 Y374 Y173 S7Y274
07‘17‘21”3 01’ 027 03)0818283 (017 02’ 0—3) d d d 57"15167”232 57"3536 5
1 H'r2 Hr3

01€Sn 02€8Sn 03ESR

n! n! n!
7172 V374 73§27
E E E CIe (01,02,03)CBN (01,00,03) = i d.d. — 015105y Org 5501736 (3.57)
01ESy 0268, 03ES), 12

Using these formulas, we find the following interesting Fourier transform pairs

771177221”3 = Z Z Z 07711%27,3 0'1,0'2,0'3)0(0'1,0'270'3> (358)

01E€Sy 02ES, O’3€Sn

ds, ds, d
O ) = 30 3 3 Y B RO e O, (39
s1kn sobn s3bn v1,72

Privers = Z Z Z C;Yll;frg, (01,09,03)P(01,02,03) (3.60)

01E€Sn 02€S, 03€ES,

ds, ds, ds,
P<0-1a 02, 0-3 Z Z Z Z TL‘ ’I’L‘ TL' 31122283 (0-17 02, 03)Pg118’£283 (361)

s1kn saobn ssbn y1,72

These formulas provide the clearest way to understand the relation between the permutation and repre-
sentation theory bases.

Now, in the permutation basis the gauge invariant operators close the following algebra

O(01,02,03)O(p1, p2, p3) = O(01 0 p1,02 0 pa, 03 0 p3) (3.62)

P(o1,02,03)P(p1, p2, p3) = P(01 0 p1,02 0 p2,03 0 p3) (3.63)
where o; € S, and p; € 5, for i = 1,2, 3. Note that thanks to the way that we have ordered the fermions

there are no —1 factors in this second equation.

We can now work out the details of this algebra in the representation basis. A straightforward com-
putation shows

Y172 V34 E E E E t1t2t3;717277374 V576
OT’1T2T30818283 - f 1T2T3818283,’y5’y@0t1t2t3 (364)
tiFn+m tabFn+m tsbn+m 56
where r; - n and s; = m for ¢ = 1,2, 3. The structure constants for this algebra are given by

dy, ds,
I e e DD D ND MDD

01E€Sn 02€Sn 03€Sn P1ESm p2E€Sm P3ESm
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Y172 Y374 V576
Cr17"27‘3 (017 02, 03)0515253 (plv P2, p3)0t10t2t3 (01 ©P1,020 pP2,030 02)

dy,n!m! dg,n!'m! di,n!'m!
= . Bl o B)*Bl} Bl:B»o B}
(n+m)!dT1d81 (n+m)!drzd82 (n+m)!dr3d53 a © Py Pab cdBPc” © Dy

(3.65)

To get to the last line above, we have simply performed the sum over the o¢; and the p; using the or-
thogonality relation (3.45). Remarkably, the structure constants are simply related to overlaps between
branching coefficients! Computing these overlaps is a well defined problem in the representation theory
of the symmetric group. Notice also that the structure constant, up to an overall factor, factorizes into a
product of two overlaps of branching coefficients.

There is a similar algebra for the fermionic operators
V1v2 PDYsVE E E : § : § t1tat3; 1727374 V576
PT‘17’27‘3PS15283 - gT17‘2’r‘3518283;’75’\/67Dt1t2t3 (366)
tiFn+m tabFn+m tsk-n+m vs5v6
where the structure constants for this algebra are given by

. d d d
e = Gl el e 2o 2 D 2 X

01€Sn 02€Sn 03ESR plesm pQESm pSESm

S S SALR!
017117:221”3 (017 02, 03)033;453 <p17 P2, p3)Ot15t2§3 (01 ©p1,020 P2,030 p2)
dy.n!m)! di,n!m)! di.n!ml! - L~ -
S : W B o BBy BUBPR o By
(n+m)ld, ds, (n+m)ld,,ds, (n+ m)d.ds,

(3.67)

Again, the structure constants are simply related to overlaps between branching coefficients.

The existence of an algebraic structure for the gauge invariant operators has a remarkable consequence: we
are able to solve the free theory exactly. To make this point, write the algebraic structure in a condensed
notation as follows

0408 = f4B0° (3.68)

with repeated indices summed. At the risk of being pedantic, A stands for two multiplicity labels (71,72
say) and three Young diagrams (rq, 79,3 say). Using this product repeatedly we find

(0100 0% = fart [0 for (0D (3.69)

so that the computation of an n-point correlation function is reduced to the computation of a one point
function. We have already computed the most general one point function in the previous section. Of
course, the structure constants of the algebra need to be evaluated and this is non-trivial. However, it
does mean that the problem of solving the free tensor model has been reduced entirely to a problem in S,
representation theory. This simplification is highly non-trivial. There is a completely parallel argument
for the fermionic tensor model.
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3.4 Collective Field Theory

We have now constructed the complete set of gauge invariant variables and an algebra that these gauge
invariants close. In this section we would like to construct a (collective) field theory governing the dy-
namics of these variables. Our discussion is guided by the dynamics of a single hermitian matrix X = X'
and we will review some relevant background before we consider the collective field theory relevant for the
tensor model.

A complete set of gauge invariant variables for the one matrix model is provided by the Schur polynomials
[90].

() = 3 xalo)Tr(oX) (3.10)

oESy

These variables again close an interesting algebra, given by

Xr(X)xs(X) = ZgRSTXT(X) (3.71)

where grsr are the Littlewood-Richardson coefficients. If we tried to quantize the Schur polynomial
variables, it would be a mistake to treat them as independent, as the above algebra proves. In the case
of a single matrix it is clear how we should proceed: one can select a smaller set of variables that are
independent

b = Tr(X™) (3.72)

where we should restrict n < N. The complete set of gauge invariant variables, the Schur polynomials, are
polynomials in the ¢,,. This is an important point: the ¢, are the set of variables that are independent and
by considering polynomials in these variables, we recover the complete set of gauge invariant operators.
In the large N limit, it is sensible to simply ignore the constraint n < N[13, 14]. We can then consider
the field

b = Tr(e™) (3.73)

or its Fourier transform, ¢(x). The dynamics of this field, which is local in the emergent dimension z, is
captured in the Das-Jevicki-Sakita Hamiltonian[13, 14, 15].

We now want to explore the possibility that there is a similar description possible for tensor models.
Our first task is to identify the smaller set of independent variables which are independent and which we
will quantize. Further, by considering polynomials in these variables, we should reconstruct the complete
set of gauge invariant operators.

It proves convenient to work in the permutation basis

P - 010099003 - P = (I)IJK¢UI([)02(J)U3(K) (374)

These invariants were first counted by Geloun and Ramgoolam in [83]. They have identified the number
of invariants with the series A110143 on the OEIS website. This sequence counts the number of orbits
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obtained when S,, acts on S, x S, via conjugacy, i.e. for g € S, and (z,y) € S, x S, we have g(z,y) =
(grg™t, gyg~t). The number of invariants grows extremely rapidly

1,4,11,43,161,901, 5579, 43206, 378360, 3742738, ... (3.75)

A useful way to label the invariants, following [83], is by bipartite cubic graphs with edges labeled by the
gauge group the corresponding index belongs to.

Figure 3.1: The above figures label gauge invariant operators in the tensor model gauge theory. Black

dots correspond to ¢¥*’s and white dots to ¢;;;,’s. A line labeled by i is a gauge index for U(N;). The

operator on the left corresponds to ¢™71¥1 g, r, 929252, 1, 939353 ok, 99484,k and the operator
on the right corresponds to ¢“*¢; .

In the language of graphs it is easy to identify the smaller set of independent variables: they are the
variables that correspond to connected graphs. The number of connected graphs can be counted using
the plethystic logarithm and is identified with the series A057005 on the OEIS website[83]. The number
of independent variables still grows extremely rapidly

1,3,7,26,97,624, 4163, 34470, 314493, 3202839, 35704007, 433460014, ... (3.76)

This growth seems to be too rapid to manage. We will now argue that we can restrict the dynamics to
an even smaller set of variables. To describe the smaller set of variables, it is useful to consider

T, = 0" F i (3.77)

T is a matrix on the vector space that carries the fundamental of U(Ny). It thus makes sense to take
powers of T’

()i, = T T T, (3.78)
The smaller set of gauge invariants that we consider is given by
¢n = Tr(TT) (3.79)
The Hamiltonian of the tensor model quantum mechanics we consider is given by
o 0 1-,.
H=-——— — 7k py; 3.80
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The coefficient of the second term has been chosen to ensure that the equal time two point function is
given by (3.42). The kinetic terms of the Hamiltonian, when rewritten in terms of the new (collective)
variables are

g 0 g 0 0
where?
Obn, OPm
P a¢n n—2
w(n) = _a&ijk (&%‘k) = ; OrPp—r—1 — NoNsmop, 1 (3.83)

It is nontrivial that Q(n,m) and w(n) can be expressed in terms of the ¢,. This implies that the Hamil-
tonian itself can be expressed in terms of this smaller set of variables, and hence that it is consistent with
the dynamics to restrict to this smaller set of variables. When written in terms of the new variables, the
Hamiltonian

1
_ ZQ(n,m) 90 8¢ + Z 8¢ ¢1 (3.84)

is not hermitian. This simply reflects the fact that in the new variables the inner product is accompanied
by a non-trivial Jacobian J[¢|. Performing a similarity transformation to trivialize the measure, we arrive
at a manifestly hermitian Hamiltonian[13, 14, 15]

1 o0 89 10w 1 0?Q

where we have used an obvious matrix notation and have introduced the momentum II(n) conjugate to

Pn

.0
On

As we have commented above, the variables ¢,, that we have employed in the description so far are a natural
generalization of the variables (3.72) used in the matrix model. The variables (3.72) are essentially the
eigenvalues of the matrix model, so that it is natural to interpret the gauge invariant variables constructed
out of T%; as providing an eigenvalue like description of the tensor model. Just as in the matrix case, the
quantum mechanical system develops an extra dimension. To see how this happens, we can explore the
range of the eigenvalues of T. In the case of a single matrix, the change to eigenvalues induces a Van
der Monde determinant which produces a repulsion between the eigenvalues ensuring they spread out to
produce a macroscopic emergent geometry at large N. To get some insight into what is happening in the
case of the tensor model, we compute the one point functions

I, = — (3.86)

(Te(TH)) = (@ (k) o101 @) = Y N{WINTO N (3.87)

€Sk

2Note that these expressions are almost identical to the answers for the Hermitian one matrix model which are Q(n,m) =
2
nm¢n+m—2 and w(n) = - Z::() GrPr—r—2.
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In the above (k) is a k-cycle which, for concreteness, we take to be (123 --- k). Lets study the limit that
N; — o0 holdlng 2 fixed and taking a = N]2V—11V3 fixed. In this large N; limit the above sum is then
dominated by a nontr1v1al class of diagrams. For example

(Tr(T)) = NyNyN3 = aN?
(Te(T?%)) = NfN2N3 + NiNINZ = (a + o) N?

(Tr(T?)) = NNyN3+3NZNIN3F + Ny N3N3 + NyNoNs
(0 + 302 + o +W)N4
(Tr(T*)) = N!NyNs+ 6N3N2N2 + 6N NJ Ny + NyNy Ny + 5N NoyN3 + 5N, Ny N
= N? (a+6a +60° +a +%+%>

(Tr(T?)) = N{NyN3+ 10N} N3N + 20N NSN3 + 10NNy Ny + Ny N5 N3
+15N7? Ny N3 + 40NZ NI N3 + 15N, Ny Ni + 8N, Ny N3
15a + 4002 4 15
= Nf<a+10a2+20043+10044+a5+ ot a2 1507 8—4)
N7 N
(Te(Th)) ~ NiH (3.88)

The growth with & as NF™ is a clear indication that the eigenvalues of T' are spreading out and are
potentially able to generate a new dimension. To construct the field theory in this extra dimension, it is
useful to introduce the field

o(z) = / % e pp = Tr(e™) (3.89)

Notice that ¢(x) is nothing but the density of eigenvalues of the 7" matrix and consequently
Te(T") = /dmgb(x)x” (3.90)
The momentum dual to ¢(z) is m(z) = 15 ¢($) and similarly mj, = 152~ ¢ . To perform the change of variables,

note that the kinetic terms in the tensor model Hamiltonian can be written as

0 0 0 0 0
_ = T ——— — N, N. :
DIk Dby ‘ori, ori; PP AT,
—/dk/dk/ Qk,k’ 7Tk7'('k/—|—/d/{7 Wg T (391)
where
_ i O Oy _ ' i(k+E)T
Qk,k’ =T lale aTl] = —kk TI"(TQ )
. / 8
and
_ ;0 (O Py,
we = 1o, (aTij) NNspr,

1
0 :
= k‘/ dr QﬁTkla—Qﬁ(l,T)k—’LkNQNgQﬁk (393)
0 T
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To obtain these results, we have used the formula

a%ij@—iw)f — (~ik) /0 (T (0= (3.94)
In position space we obtain
Qz,2) = 9.9 (xg(z)d(x — 2')) (3.95)
0 0
and
J 0¢(z)

w(z) = 25 dy o(z)d(y )x—y + (NN — Ni)—— o (3.96)
It is interesting to note that the formula for Q(x,z’) is identical to the formula obtained from the radial
sector of multi matrix models, and that the formula for w(x) is very similar - see [91, 92, 93, 94]. This

easily leads to the following Hamiltonian (we have dropped constant terms)

" - /m1@3m>gg+%§(@ing + =) 1 2 o00)

4
—M/dfl? o(x) (3.97)

where the last term above enforces the constraint [ dz¢(x) = N;. To get this result, we used

r+y
r—Yy

/mmm@w@> ~0 (3.98)

As we explain in Appendix B.3, the Hamiltonian can be written as

/da:—xgb + Vg (3.99)
where the effective potential is
2 —1)2N2
%—/mf?w+@4;1m@+%w—mw (3.100)

The classical field should minimize the effective potential, which leads to the following classical collective
equation of motion

_0Ver 5 (1 —a)’N? r
0= 5o =" Ty T
1 p 1 (1—a)?N?
= o) = 7T\/l‘ 4 42 (3.101)

The chemical potential y should be fixed by requiring that

/x+ dxo(x) = Ny (3.102)
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where the limits of integration are

Ty = 2% \ A2 — N3(1 - 0)? (3.103)

As a test of this classical solution, we would like to show that it reproduces the correct large N; correlators.
To simplify the analysis that follows, we will set = 1. In this case, after solving for p we have the density

1 /N, 1

A simple computation now gives

Ny Ny
/ r¢(x)dr = N? / 2 (x)dr = 2N}
0 /o
T

Ny Ny

/4 v}¢(x)dx = 5N} / ' ¢(z)dr = 14N? /4 2’ ¢(x)dr = 42N} (3.105)
0 0 0

in complete agreement with (3.88). This provides a nice test of classical collective solution.
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Chapter 4

HOLOGRAPHY FOR TENSOR MODELS

The work presented in this chapter is based on the author’s original research [40]. The main focus
of this work is on the holography of tensor models. For related studies, see [39, 95, 96], as well as
(66, 63, 97, 98, 99, 100, 101, 102, 103]. One possible approach to the holography of tensor models, is to
express the dynamics of the model in terms of gauge invariant variables. A systematic method to approach
this problem is the collective field theory[13, 14].

Since there are suggestions that tensor models are richer than vector models, but perhaps simpler than
matrix models, it is worth examining their collective description. This is our main goal in this work. If an
example can be found, with a space of invariant variables that is richer than vector models, it may shed
important insights into how to tackle the space of invariant variables for multi-matrix models.

Section 4.1 discusses one approach towards enumerating and then constructing the gauge invariants of ten-
sor models. We focus on rank 3 tensors which transform in the fundamental of U(Ny) x U(Nz) x U(N3).
This space of invariants is enormous and hard to handle. We start by constructing invariants under
U(Ny) x U(N3), which can be managed. The result is a collection of U(V3) tensors of arbitrary even rank,
which is a definite intermediate result on the path towards characterizing the complete space of invariants.
Section 4.2 looks for and identifies sectors that are dynamically decoupled. These correspond to stringy
states and indicate that there are strings in the Hilbert space of the tensor model and further, that this is
a useful language for classes of questions that can be pursued. We explicitly demonstrate how collective
field theory reproduces correlators in a model with interactions. This physics is however the well known
physics of matrix models. In an attempt to find some truly tensor model physics, Section 4.3 considers the
construction of the collective field theory of melonic variables. Using certain known results for the melonic
variables, we are able to construct the leading large N descriptions of the melonic invariant variables. We
find that there is no holographic dimension emergent at large N. In Section 4.4 we use a complete basis of
the tensor model invariants provided by the restricted Schur polynomials, to investigate non-perturbative
contributions to the large N expansion.

4.1 Invariant Variables

In matrix models the basic gauge invariant observables are built from a matrix Z7 which transforms as
Z — UTZU under a gauge transformation. The gauge invariant observables are given by traces and prod-
ucts of traces. For theories with more than one matrix, traces are populated with arbitrary products of
the different matrices. Although this space of invariants is complicated, many results have been estab-
lished. We know how to count gauge invariant operators both at infinite and at finite N for any number
of matrices[104, 105, 106, 107, 108, 19, 88]. There is a systematic 1 /N expansion for correlation functions,
the expansion is phrased in terms of ribbon graphs and corrections to the planar limit come in powers
of ﬁ The expansion has a graphical meaning as a sum over surfaces (string worldsheets)[1]. The goal
of this work is to generalize as much of this description as possible to tensor models. The basic method
employed in this work is the collective field theory. Applying collective field theory to matrix quantum
mechanics leads to a highly non-trivial string field theory that beautifully captures the dynamics of the
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¢ = 1 string[15]. Our primary motivation in this work is to initiate the construction of the analogous
theory of the invariants of the tensor model quantum mechanics.

In the tensor model we consider, the basic field is ¢®¢ and its conjugate ¢u.. The gauge group is
U(Ny) x U(Ny) x U(N3). Under a gauge transformation the fields transform as

o™ — (U1)§(Ua)2(Us)50™ Gave — (U1)H(Ua2)5(Us)! bae (4.1)

where U; € U(N;). The complete set of gauge invariant operators is enormous and making sense of this
space of invariants is the basic obstacle that we must overcome. Our approach is to deal with the problem
in two steps: first construct the gauge invariants under U(Ny) x U(N,), and then deal with the last gauge
symmetry as the second step. The advantage of breaking the problem up in this way is that the first step
can be tackled: there is a simple solution that can be written down explicitly. The set of U(N;) x U(Ns)
invariants is spanned by the U(N3) tensors given by

T@”)ZﬁZZH = ¢a1b1i1 $a1b2iz ¢a2b2i3q_§a2b3i4 T &anbli?n (42)
To prove that these span the U(Ny) x U(N3) invariants, we will count the number of U(Ns) invariants

and then compare to an independent count.

Our first task is to provide the independent count of the number of U(N;) x U(Nz) x U(N3) invari-
ants. This problem has been solved in [83, 39]. Invariants constructed using n ¢®“s and n @u.s are in
one-to-one correspondence with elements of the double coset

Sn \ S X Sp xS, /Sy, (4.3)
The number AN of invariants, which is equal to the order of this double coset is given by
1 - — —
Nz = (n)? Z Z §(B101 8207 )0 (Bro2B205 1) (B3 Ba0s ) (4.4)

01,02,03€5n B1,02€Sn
The first few values of N3 are shown in Table 4.1 below.
Table 4.1: N3 counts the number of gauge invariant operators for rank 3 tensor fields constructed using

n fields. We take N; = oo for i = 1,2, 3, i.e. we have not accounted for any relations between invariants
that appear at finite V;.

n=1| n=2 | n=3 | n=4 | n=5 | n=6
N 1 4 11 43 161 | 901

To argue that (4.2) are a complete set of U(Ny) x U(N2) invariants, we want to reproduce the counting
above, using (4.2) as the dynamical variables. The counting for n = 1,2 is simple. For n = 1 we have
a single invariant given by T'(2)! in agreement with Table 4.1 above. For n = 2 we have T(2)§:T(2)§,
T(2)§-T(2)z, T(4)Z or T(4);jl This gives a total of four gauge invariants, in agreement with Table 4.1.
For higher values of n things are less trivial as there are non-trivial relations between different invariant
variables. To see the origin of these relations, note that 7'(2n) enjoys a Z, generated by the n cycle
(12---n). For example, T'(6) enjoys a Z3 generated by the three cycle (123). The symmetry acts as
T(6)2%% — T(6)51i = T(6)3is0 (4.5)

129416 161214 141612



85

A nice example in which these symmetries play a role is for n = 4. For n = 4 there are 5 possible
combinations of fields that can be used to construct the gauge invariant, namely

TR2)3T(2)2T(2)5ET(2)5 or T2 T(2)02T(2)% or T(6)5 2 T(2)5

Ji Jije J1j2J3

or  T(4)M2T(4)%% or T(8)12s" (4.6)

Jij2 J3ja J1J2J374

For each of these the number of gauge invariant variables is given by computing a sum of the form*

15,//G|= é SO a(hghile ) (4.7)

h1€G g€Sy

The notation used for the LHS of this equation is explained in Appendix C.1. Using an element g € Sy, the
invariants constructed from a product of four 7'(2)s are given by T<2)2,<1)T<2)2<2>T<2)§2(3>T(2)2(4)' There
is a symmetry under permuting the fields so that G = S; and we find 5 gauge invariant operators. G
swaps the T'(2)s. For T(4)§;ff)ig(2)T(2)§i(3)T(2)§;‘(4) we find that G = Sy X Z5 and we find 10 gauge invariant
operators. G swaps the two T'(2)s and does cyclic permutations of the upper and lower indices of 7'(4).

For T(6)fo:§g(2>ig(3)T(2)§‘g‘(4) we have G = Z3 and we find 10 gauge invariant operators. G performs cyclic

swaps of the upper and lower indices of 7'(6). For T(4)§;ff)ig(2)T (4)2?;%(4) we have G = Sy X Zy X Zy
and we find 8 gauge invariant operators. GG swaps the two T'(4)s and performs cyclic permutations of the
upper and lower indices. For T' (8)2;?3;?;?2)%6)%(4) we have G = Z; and we find 10 gauge invariant operators.
G performs cyclic permutation of the upper and lower indices of 7T'(8). This gives a total of 43 gauge

invariant operators which reproduces the n = 4 entry in Table 4.1.

For n = 6 we have also verified that there is a total of 901 operators. The pattern follows that of
the computations above, but this example is complicated enough that it is worth the effort to set things
up in a more general way. To illustrate the comments that follow, consider the number of gauge invariant
operators constructed for n = 32 i.e. we use a total of 64 fields. Each possible collection of operators that
can be used to construct an invariant can be labeled with a Young diagram that has n boxes. Further,
we will see that the group G can be read straight from the Young diagram. Each row containing £k boxes
translates into a tensor T(Qk);{:'_. As an example, the Young diagram

] (4.8)

labels the gauge invariant operators constructed using 7'(16)7°(16)7'(8)T'(8)T'(8)T'(4)T(4). To read G from
the Young diagram, first note that for each row we get a cyclic group Zj, where k is the number of boxes
in the row. For the above Young diagram we’d get

ZgXZgXZ4XZ4XZ4XZQXZQ (49)
For p rows of equal length we get a factor of \S,. For the above Young diagram we get

SQ X Sg X SQ (410)

IThis is an application of the orbit counting lemma. See [109] for relevant background.
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(G is a product of these cyclic and symmetric groups. For the above Young diagram we’d have
G:ZSXZSXZ4XZ4XZ4XZQXZQXSQX53XSQ (411)
To illustrate these rules, we count the number of gauge invariant operators for n = 6. For [, G = Sg and

we find 11 gauge invariant operators. For @j, G = Z5 x S, and we find 34 gauge invariant operators. For
[]

0, G = Z3x S35 and we find 58 gauge invariant operators. For ?, G = Zy X Zy x S x Sy and we find
[T

70 gauge invariant operators. For [ , G = Z, x S5 and we find 108 gauge invariant operators. For
|

, G = Z3 x Zy and we find 136 gauge invariant operators. For , G = Zy X Zy X Zy x S3 and we

find 34 gauge invariant operators. For , G = Z5 and we find 148 gauge invariant operators. For

, G = Zy X Zy and we find 108 gauge invariant operators. For Bﬂ}, G = Z3 x Z3 x Sy and we find
58 gauge invariant operators. For (I TTT 11 G = Zg and we find 136 gauge invariant operators. This gives
901 operators in total, reproducing the n = 6 entry in Table 4.1.

The counting arguments we have given above provide convincing evidence that the U(N;) x U(Ny) in-
variants given in (4.2) indeed provide a complete list. The simple model, of rank-3 tensors considered
above, is equivalent to a model of interacting U(V3) tensors of every even rank. We can attempt a similar
construction for higher rank tensors again constructing the invariants of two of the groups appearing. In
this way tensor models of higher rank tensors are described by a collection of tensors that transform in
all but 2 gauge groups. Dealing with this remaining gauge symmetry becomes more and more non-trivial
as the rank is increased beyond 3 and for this reason we will restrict attention to rank 3 tensors. In the
sections that follow we will consider constructing collective field theory based on a subset of these invariant
variables.

4.2 A “planar limit” for the tensor model

In the previous section we have described the structure of the space of invariants for tensor models. The
complete space is difficult to manage. Consequently, we seek subsets of invariant variables that are dy-
namically closed. In this section we will find a matrix like subsector, which has non-trivial dynamics but
is still simple enough to manage.

Consider a model with two basic flavors of tensors, ¢, ¢ue and 1%, 1)u.. There are also momenta
conjugate to these fields and we have the equal time commutation relations

[Habca ¢def] = _ngégég [f_[def’ anbc] = —Zégéfég
[Pape, 9™ = —i83650] (PP Paye] = —i825507 (4.12)

All commutators between barred and unbarred fields, as well as all others commutators not shown, vanish.
The Hamiltonian for the free theory is

H = rIabcl:[abc + w2¢abcéabc + PabcpabC + wzdjabcijabc
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g 0 - 0 0
= e W e —
a¢a ¢ aqbabc awa ¢ 877Dabc
A simple set of invariants that are closed under both the splitting and joining operations of collective field
theory, are the traces of products of Ty(2)% and Ty(2)}, where

Ts(2)5 = 0 Gar;  Ty(2); = 0" Pap, (4.14)

Both transform in the adjoint of U(N3). Following [39] we can construct an exact collective description
for T(2). We will extend the discussion of [39] by considering a model with a quartic potential. Choosing
a potential which is a sum V(Ty(2)) + V(T,(2)) preserves the fact that the dynamics of T,(2) defines
a dynamically closed subsector. Motivated by this remark, we consider the interacting dynamics of the
Hamiltonian

+ WY e (4.13)

H = Habcﬁabc + wz(ﬁabc(l_ﬁabc + g‘babcéabd(éefd(ﬁefc (415)
where we dropped the 1 terms since they play no role in this discussion. The collective field
dk _. .
() = /% e gy dp, = Tr(e*Te?) (4.16)
is the density of eigenvalues of Ty(2). A straight forward computation gives
Opp O ., 0
Qe = — = ikk' — /
T D D RO
0 olo / ! .0 .
= — —— ) k| dT ¢rpi=—d(1_ryk — kNN 4.17
Wk Bpabe (8</5abc) ; T O klaT¢(1 i — thN1Nagy, ( )
In position space we obtain?
g 0
Q !/ — I _ /
O e (Ao
0 x 0p(x
o) = 2l )0l + (e — ) P (4.18)
This easily leads to the Hamiltonian (after discarding constant terms)
H= /dm—xqb — +Veff (4.19)
where the effective potential is
i N2 — N2N2
Vi = [ de | T500 4 BT ) 4 g020(0) + Paolo) — pote) (1.20)

The last term above is a Lagrange multiplier enforcing the constraint [ dz¢(z) = N3. The large N classical
field minimizes the effective potential, which implies the following equation of motion
Vs N2 — N2N;
) dx

2The formula for Q(z,z’) coincides with the radial sector of multi matrix models and the formula for w(x) is very similar
- see [91, 92, 93, 94].

= m’xg”® +

+ w? x—u+gx
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1 (i, Ni—NiN}
I S e B B’ R 4.21
o) = Ly fE e  DENENE (4.21)
where p is fixed by requiring that
T4
/ dxo(z) = N3 ¢(xry) =0 (4.22)

The above dynamics simplifies if we set Ny Ny = N3, something that we do from now on. In the Appendix
C.2 we demonstrate that this collective field reproduces the correct large N expectation values in pertur-
bation theory.

The discussion of this section shows that there is a matrix-like subsector in the Hilbert space of the
tensor model. In particular, there will be string states. This has all been extracted from a single ma-
trix subsector. To see stringy states and their excitations, we will construct the analog of the BMN
loops[110]. We carry out the discussion in the context of the free theory. The fields have the following
modes expansions

abc 1 —iwt abc iwt .abc n 1 —iw w
p™e(t) = ?(e ta 4 e tbbT) gbabc(t):%( "bape + € tlbc>
¢abc(t) _ E (e—zwtcabc + ezwtdabcT) 1/Jabc(t) — % < —zwtda be + ezwt Zbc) (423)
and the oscillators obey the following commutation relations
[a, ab, ;] = [, cho ] = 2w656205 = [baey, b*T] = ey, d™T] (4.24)
We can also write mode expansions for the conjugate momenta as follows
ﬁabc(t) _ _% (e—z’wtaabc i eiwtbabcT) Habc<t> — _% <e—iwtbabc _ ez’wtalbc>
Pabc(t) — _% (efiwtcabc . eiwtdabcT) Pabc<t> — _% (efiwtdabc _ eiwtclbc) (425)
Expressing the Hamiltonian in terms of oscillators, we have
1
H = 4 (lecaabc + babc’fbabc + cabc abc + dabCTdabc) + 2w (4.26)
Introduce the pair of fields
i akljbkl” i Cklde - (4.27)
7 2&)\/ N1N2 I 2&)\/ N1N2 .
Using these we can construct the following gauge invariant observables
O(ny,ng,---) =Tr(ZMYZm"™MYyZm ... (4.28)

These loop variables have a large N dynamics that matches the dynamics of BMN loops. We want to
compute correlators of the form

<0|q)(”,17”/27'")T‘I)(nla”2a"')|0> (4-29)
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Lets start by making a few observations. Is is straight forward to argue that
(01(Z");2710) = 676, = (0l(Y1);¥*[0) (4.30)
and
0125 (213 2 Z210) = 01(Y D3 (Y)Y, Y2(0)

J1
11 ck1 Sl ¢k 11 ck1 gio ck 11 ck1 $io ¢k 11 ck1 <o cko
= 05,05, 0,705, + (Slz 51'2 5l12(5112 - N1N2 (511 5j2 (5l225J12 + 5l2 (51'1 (5l12(5j2) (4‘31)

l1771 7l V2
The generalization of this formula to n fields is

(0|(Z" "'(ZT)i'ZZl]il .. Zzlff\(]) = <()|(YT)§11 . (yf);zyl’fl . Yzf"\0>
= Y olehHk (1 +0 <N11N2>) (4.32)

gESy

11
J1

This is a nice result because it is what we would get from the matrix model so that we have a detailed and

specific grasp on how the single matrix dynamics emerges from the tensor model. Note that the above

observations continue to work if we use the fields

T pkli T kli

s ot yiz Gl (4.33)
I ZW\/NlNQ 7 2(4)\/ N1N2 .

which employ one less oscillator. The subleading corrections to the two descriptions (i.e. (4.27) versus

(4.33)) do not agree. Again, we stress that these statements hold at the leading order in large NiNs.

The BMN spectrum of excited states is obtained by adding an interaction
o Tr ([Z21,Y")[Z,Y)) (4.34)

to the free Z,Y matrix model. It is simple to check that the spectrum of the tensor model quantum
mechanics, with loops (4.33) and with the interaction

x (bTm”hagrth‘m — ch"hagrhquM)(bkliaklj Crnj — cria™ binnj) (4.35)

agrees with the spectrum of excited string states, at leading order at large N;Ns.

The observation (4.32) above has a number of immediate implications. The subset of tensor model correla-
tors we consider follow by using the usual rules for Wick contracting matrices. Consequently, we will have
many of the matrix model results in this tensor model setting. This includes the fact that different trace
structures don’t mix, which implies a Fock space type description of this limit with the number of traces
identified with the number of particles. At large N; N, gauge invariant observables constructed using Z
and Y will have a genus expansion, exactly like the usual 't Hooft expansion in matrix models. We will
have ribbon graphs, that triangulate surfaces and the genus of these surfaces determines the power of N3
of the graph. This is a nice geometrical interpretation for the 1/N3 expansion and it provides convincing
evidence for emergent strings®. We will also have the usual simplifications of large N for matrix models
including factorization in the planar limit. It is also possible to consider the finite N3 physics of the model,
using Schur polynomials [10, 11], restricted Schur polynomials [45] and other methods [112, 113, 114] that
have been developed for matrix models.

3For another geometrical interpretation of the N dependence see Section 6 of [111]. This interpretation seems to be
distinct to the interpretation we obtain here from triangulated worldsheets.
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4.3 The Collective Field Theory of Melons

The space of all possible invariants of the tensor model appears to be too complicated to manage without
further input. In the previous section we have studied some closed subsectors which are matrix like.
The dynamics of these subsectors are certainly manageable, but one might worry that they don’t exhibit
behavior which is characteristic of the tensor model. For that reason, we turn in this section to an
approximation scheme in which we take advantage of known results for the large N limit of tensor models?.
The novelty of the large N limit of tensor models is that it is dominated by melonic diagrams and it is
precisely this feature that it has in common with SYK. The large N limit we consider in this section is
obtained by setting N; = Ny = N3. While reading this section, the reader will find it useful to consult
(115, 116, 117, 118, 119, 120]. The first result we will make use of is the fact that the large N limit is
dominated by melonic diagrams[73, 75]. For some examples of melonic diagrams see Figure 4.1 below.
By closing the loop in these melonic graphs, we obtain a graphical representation of a gauge invariant
operator. Each white vertex corresponds to a field ¢®° and each black vertex to a field ¢up.. The lines in
the graph are an instruction for how to contract indices to obtain the invariant. The lines are labeled by
an index i telling us that the corresponding index transforms under U(N;). We refer to the melon shown in
(a) as an elementary melon. The melons shown in (b) and (c¢) are dressed. It is clear that each melon, after
removing all dressing, is defined by a pair of vertices. There is a single Feynman diagram that contributes
to the large N limit, given by contracting the pairs of vertices that define a given melon®. Later we will
see that this gives us important insights into how the collective field theory of melons simplifies.

(a) (b)

Figure 4.1: Examples of melonic graphs.

In what follows, we focus our attention on the invariants formed by closing the loop in the melon graphs.
This is an enormous set of invariant variables. However, we can write equations for the resulting dynamics
thanks largely to the fact that there is a very nice way to label these invariants: they can be labeled by
D-ary trees, as explained in [73]. An example of this labeling is given in the Figure 4.2.

4Some of the equations we write only hold at the leading order in the large N expansion. With this approximation, the
collective field theory does not take us outside the space of melonic gauge invariants.

This follows immediately after computing a few examples. Alternatively, consult Section III A of [118] for a proof that
uses the Schwinger-Dyson equations.
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Figure 4.2: The tree labeling a melonic invariant.

The fact that we can label melonic invariants with trees has immediate implications for collective field
theory. The operation of joining given by () implies that joining melonic invariants keeps us within the
space of melonic invariants. Denote the loop for a melonic invariant labeled by a tree with p melons T,
by ¢a(r,). Joining a tree of p-melons and a tree of p’-melons gives a tree of p + p’ — 1 melons

Uppmmy)s dmm,) = Y bpm,,, (4.36)

Tpipr—1

The sum on the right hand side above includes pp’ terms.

LA

@) @ O @
c+c- 6@ Ee @a@

Figure 4.3: An example of tree joining. This figure shows the possible values for C' 4+ C” for the given C
and C’. The joining is performed by contracting a solid vertex in C' with a hollow vertex in C".

Splitting does not keep us inside the space of melons. Splitting a single melonic invariant can give us
back a melonic invariant (this occurs when we split on vertices defining an elementary melon), a product
of disconnected melonic invariants (this occurs when we split on vertices defining a melon which is not
elementary) or an invariant which is not melonic (this occurs when we split on vertices that belong to
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different melons). This means that the melonic invariants are not dynamically decoupled and there is
mixing between melonic and non-melonic invariants. This is a significant complication. Our approach
towards this issue is to treat the problem systematically in the 1 /N expansion. At the leading order we
can simply omit all terms involving non-melonic invariants, since these are subleading. Further, the expec-
tation values of disconnected melonic invariants have the same large N behavior as the original melonic
invariant that produced them (because the relevant splitting is a Wick contraction contributing to the
unique Feynman diagram giving the complete large N expectation value of the melonic observable). The
main obstacle to completing the construction of the collective Hamiltonian, is now determining the inverse
of Udrmr,), @ M(Tp,)). This is a formidable task that is under current investigation.

Although we have not yet managed to determine the collective Hamiltonian, even at large NV, there is
a little more we can say. To illustrate the argument, return to the free Hermitian single matrix model.
The collective field is given by

dk

o(z) = /ge_mcbk op = Tr (™) (4.37)

Summing the planar diagrams we find

=L (ik)* . L (ik)% NS (20 — 1) 2Nw 2N
<¢’“>:Z((2z))! (Tr (M )>:Z((2z))! ! ((1+1§! ==, (\/;p> (4.38)

=0

where Ji() is a Bessel function of the first kind. After a Fourier transform we obtain the usual Wigner

distribution
2N
(Ba)) = 24/ = — 2 (4.30)

describing the large N eigenvalue density. The coordinate x here is the extra holographic coordinate that
emerges from collective field theory. We will now carry out the corresponding computation in the free
tensor model. Denote N; = Ny = N3 = N. Denote the melonic variable (before closing the loop as in
Figure 4.1) by M(T},). As a consequence of the fact that a single Feynman diagram contributes, we find

Nl+2pn
(T (MUL)) = G (1.40)
Defining the collective field
dk e ik M(Ty)
ox) = | e op g =Tr (M) (4.41)

and working as we did above, we find

(o(a)) = N5 (2~ ) (1.42)

The density has support at a single point so that no holographic dimension emerges. This is a consequence
of the simplicity of the melonic limit, namely that a single Feynman diagram contributes.
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4.4 Finite N Contributions

An interesting limit of matrix model dynamics, quite distinct from the planar limit, is the limit of finite V.
This limit of the matrix model is accessed by studying operators built from a parametrically (in N) large
number of fields [5, 121, 122]. While the planar limit is dual to the fundamental string and its excitations,
finite IV sectors of the theory are dual to giant graviton branes and new space time geometries, including
black holes [6, 10, 11, 9]. They also provide an interesting window into the structure of the large N expan-
sion: in this limit one finds non-perturbative contributions that obstruct the perturbative 1 /N expansion
[123]. Another important point that should be stressed is that these non-perturbative effects are already
visible in the free matrix model since they are concerned with the expansion in 1 /N and not with the 't
Hooft coupling expansion. Given this motivation, it is clearly interesting to probe the analogous limits of
free tensor models, something that is within reach of existing methods.

One approach towards the finite N physics of the tensor model is to use representation theory tech-
niques, as developed in [83, 39]. The basic idea is to construct gauge invariant operators as a product of
the basic fields multiplied by a projection operator. Correlation functions reduce to traces of products of
projectors. This implies that they can be computed exactly in the free theory. The projectors are labeled
by Young diagrams and finite N effects are encoded as a cut off on the number of rows in the Young
diagram labeling the operator. In what follows we will simply state and use the results we need. The
reader requiring more details is encouraged to consult [83, 39], as well as [86, 124, 125, 84].

Similarly to before we consider products of tensors to build the general gauge invariant operator. As
an example, we could use

¢i1jlkf1 ¢i2j2k2 ... ¢i’ﬂjnkn (443)

A better notation [10, 11] uses a capital Roman letter to collect the little letter indices, so that for example
I stands for 41,19, -+, 7,. Thus, we write

. —_— o B B
QIR = ks giaieha .. ging Crik = Girjiky Pinjoks " * Pinjnkn (4.44)

The basis we study is as follows

;/11’:‘227‘3— Z Z Z ;/flzm 0'1,0'2,0'3)0(0'1,0'2,0'3) (445)

01E€Sy, 02€S, 03€S,

where

O(O’l, 09, 0'3) = (T)[JKq)Ul(I)GQ(J)US(K) (446)

07711,7"3,7"3 (017 02, 03) Bgiagagrrl a1 (Ul)rmo&ﬁz (OQ)Fma:&ﬂ:ﬂ (03)Bgfﬁ2ﬁ3 (447)

is in fact a restricted character, in the language introduced in [126, 88]. Thus, (4.45) provides the restricted
Schur polynomial basis for the gauge invariant operators of the bosonic tensor model. In this formula,
I'"o5(0) denotes the matrix (with row label a and column label 3) representing o € S, in irreducible

representation r, and we have made use of the branching coefficients B ,,, defined by
Z Frlalﬂl FrQazﬁQ( )FTsasﬁs (U) = Z Bglt)@anglﬁQﬂg (4'48)

) UES Y
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The branching coefficients provide an orthonormal basis for the subspace of r; ® ro ® r3 that carries the
trivial representation, i.e.

B, Bl = —=§nn (4.49)

a3 10203

and where we employ the usual convention that repeated indices are summed. The advantage of the
restricted Schur polynomial basis follows because we are able, in the free theory, to compute correlators
exactly. The results we will use are [39]

<OZ1177227“3> = n! fﬁ (Nl)sz(NZ)fTa(N?))éﬂnw (450)
9 n! n! n!
<: 01?1177227"3 e OZf’zfsS :> = (n'> 57‘1815T28257‘383f7“1 (Nl)fm (NQ)fTS (N?))d_d_d_évl%éw%
r1 Wpy Upg
(4.51)
If we normalize the operators to have unit one point function as N — oo
Y172
oz = 123 4.52
R () o (Na) o (V) (452)
the two point function becomes
1 n! n! n!
cON i OB 1) = 0p16, 000850055 — A2
< v ° > o 33fT1<N1>fT2(N2>fT3<N3> dﬁ de de
(4.53)

Now, for simplicity, set N; = Ny = N3 = N and consider the case that r; = ry = 73 = 1V, that is, r is a
single column with N boxes. This is the melonic large N limit used in Section 4.3 and not the matrix-like
large N limit of Section 4.2. In the matrix model case this choise of representations corresponds to a giant
graviton and we would expect this computation to exhibit non-perturbative effects, even for a real matrix
where the one point function doesn’t vanish. The giant graviton description nicely explains the stringy
exclusion principle as a bound that exists because the giant graviton brane stretches to its maximum size
in a compact space - see [6] for a detailed discussion. We have explicitly verified that the corresponding
matrix model correlators receive non-perturbative corrections in Appendix C.4. The tensor model two
point function becomes

(: Oy 0 OTA ) = 6y Gy Oy 0116727 (4.54)

This is an exact result, with no sign of any non-perturbative effects, and no hint into the mechanism
behind the finite N cut off. This is a significant difference as compared to matrix model physics.

Next consider the case that we set N3 = Ny = N3 (i.e. melonic large N) and consider the case that
ry = ry = ry3 = N, that is, r is a single row with N boxes. This choice of 71,79, r3 would correspond, in
the matrix model description, to dual giant gravitons. In this case

. ()12 .. ()34 N 6N log(2N)—6N
(: OINPviw 12 O 3) = Oy, Gy Oy Vs N3OV 08I =N s g2 (4.55)

This is only the leading order result. It is clearly signaling non-perturbative corrections to the large N
expansion, which is similar to what we find for the matrix model physics.
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Chapter 5

CONCLUSION

Motivated by the close connection between tensor models and the SYK model and the success the SYK
model has had within holography, the aim of this Ph.D. was to study tensor models within holography. In
order to do this a vast amount of background needed to be studied. It became clear that a good approach
would be to study the space of gauge invariants with a specific focus on the collective field theories defined
by gauge invariant operators.

Concerning the problem of counting and then constructing the gauge invariant operators of tensor models
bosonic tensor models have already been considered in the literature, and the results obtained here are
consistent with what is already known. The results for fermionic vector models are novel. Using the
operators that have been constructed, an interesting algebra was exhibited, underlying the gauge invari-
ant operators of the tensor model: the gauge invariant operators define a ring. Closed formulas for the
structure constants of this ring were written down. This algebraic structure expresses arbitrary correlation
functions as one point functions, which have been computed explicitly. Consequently, once the structure
constants of the algebra are known, the free theory has been solved exactly. These structure constants are
expressed as overlaps of branching coefficients so that their computation is now a well defined problem in
the representation theory of the symmetric group.

To study the large N dynamics of tensor model quantum mechanics a smaller set of gauge invariant
operators was identified that has lead to an eigenvalue like description. The system admits a collective
field theory description which is similar but not identical to the collective field theory of a single hermitian
matrix. This collective description shares all the good features of previous collective descriptions. Two
such features are

1. The collective description manifests the fact that the tensor model quantum mechanics has emergent
dimensions. Further, it is very attractive and highly non-trivial that the collective dynamics in this
emergent dimension is local.

2. The loop expansion parameter of the collective field theory is not & of the quantum mechanics, but
rather it is N% with N7 set by the tensor model gauge group. Consequently the classical equations
of motion of the collective field theory yield the answer obtained by summing the complete set of
Feynman diagrams that contribute at large N;. For the tensor model example considered this was

explicitly demonstrated.

The above two features are highly suggestive of holography, which claims that a local (at large N;) higher
dimensional classical system is dual to the large N limit of the gauge theory.

An approach towards describing the space of gauge invariant variables associated to tensor models was
developed for a rank 3 tensor model with gauge group U(N;) x U(Ny) x U(Ns). It was shown that the
gauge invariant variables for the U(N7) x U(Ny) gauge symmetries are tensors of the U(N3) gauge group.
There is a single tensor with k£ indices transforming in the fundamental and & indices transforming in the
anti fundamental for £ = 1,2, ---. There is an enormous space of gauge invariants that can be constructed
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from this set of U(V3) tensors. Through simple counting arguments non-trivial evidence that the resulting
set of gauge invariants is complete was given.

The dynamics of the tensor model were expressed in terms of the invariant variables. The initial strategy
was to identify sets of invariant variables that are dynamically closed. Closed subsets that mimic the
dynamics of a matrix model have been identified in Section 4.2, and they define a non-linear large N
theory that is very similar to the large N dynamics of a matrix model. The interaction of the effective
matrix degrees of freedom is attractive causing eigenvalues to clump. By moving from the matrix to gauge
invariant degrees of freedom a Van der Monde like repulsion is effectively generated. The net result of the
competition of these two effects is that there is a non-trivial function describing the density of eigenvalues
and this leads to an extra holographic dimension. This is precisely the same mechanism at work in the
¢ = 1 string [15], which is the only example in which a holographic duality has been proved. It is worth
stressing that this limit can be obtained by holding & lejj 2 fixed and taking N3 — oo, which is quite different
from the large N limit that is dominated by melons.

In a distinct effort to develop dynamics characteristic of the tensor model, the large N melonic limits
of the theory were explored. This limit fixes % and % and takes N3 — oo. The resulting collective field
theory has a number of promising features: the joining operation leaves one within the space of melonic
invariants. Although splitting does not leave us in the space of invariants, excursions away from melonic
gauge invariants is suppressed at large N. Motivated by these initial encouraging signs, the collective field
theory of melons was considered. Although, it was not possible to write a closed form for the resulting
collective field theory Hamiltonian at this point, a direct evaluation of the large N collective field was
carried out. It was found that the density of eigenvalues has delta function support and that an extra
holographic dimension does not emerge. This is a consequence of the fact that a single Feynman diagram
determines the large N value of melonic gauge invariants, so that the Schwinger-Dyson equations become
linear, as commented in [118]. The non-linearity of the Van der Monde term is suppressed in the melonic

limit.

The fact that there is an extra holographic dimension emerging in the matrix like limit that was con-
sidered but not in the melonic limit, is a consequence of how the large N limit was taken in these different
settings. In Figure 5.1 the Feynman diagrams that contribute to (¢™@upat® @, s.) were shown. In the
matrix model limit Ny N, was set equal to N3 so that both diagrams survive, matching the fact that two
planar diagrams contribute to the large N limit of (Tr(ZZZZ)). On the other hand, in the melonic large
N limit, where N; = Ny = N3, diagram (a) of Figure 5.1 is suppressed and the large N value is completely
given by diagram (b).

One of the claims often made in the literature, is that tensor models and tensor field theories admit
a 1/N expansion and a melonic large N limit which is simpler than the planar limit of random matrices
and richer than the large N limit of vector models. This gives hope that tensor models may provide an
interesting toy model that sheds light on the large N limit of matrix models. The results obtained here
imply that the melonic limit does not lead to a loop space that has enough structure to provide a useful
insight into how to organize the loop space of the matrix model. In contrast to the matrix model, there is
no holographic dimension emerging from the color combinatorics. To see the emergence of an extra holo-
graphic dimension, in the melonic large N limit, it seems to be necessary to look at a bilocal description,
along the lines of similar discussions for SYK[31, 32, 33]. In this collective field theory description, one
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Figure 5.1: The Feynman diagrams that contribute to (¢*°¢ 440/ de;.).

changes to bilocal (two time) variables which is accompanied by a non-trivial Jacobian [26] which generates
non-linear interactions. This is a key message of this study: for holography in the melonic limit, one must
use a bilocal description since an extra holographic dimension does not emerge from the combinatorics of
the gauge indices.

Non-perturbative contributions to the 1/N expansion were considered, in the large N melonic limit'and
non-perturbative contributions were indeed found. It would be interesting to find the physical interpreta-
tion of these terms.

A study of the collective field theory of the melonic limit was initiated. Completing this description
would provide a detailed understanding of corrections to the large N melonic limit. It is evident from the
description sketched that this leads to a theory of interacting random trees which appears to make contact
with the ideas put forward in [127].

'For the matrix like large N limit we have verified the answer matches the matrix model dynamics - the analysis contains
no surprises.
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Appendix A

A.1 First correction to two point function

Consider the first correction to the SYK two point function. It is given by the following expression

@/dt/dt/Jijlimnpq<Xa(t1)Xb(t2)Xz’(t)Xj(t)Xk(t)Xz(t)Xm(t/)Xn(t/)Xp(t/)Xq(t,» (A1)

The Wick contractions are restricted by the couplings because any Wick contraction that sets any of
the ijkl or any of the nmpq indices equal will result in zero. If x.(t1)xs(t2) are contracted the only
diagrams which can be produced are vacuum graphs which we assume have been normalized out. Thus,
the contractions of interest are the ones in which a contracts with one of ijkl while b contracts with one of
nmpgq or vise versa. There are 8 x 4 choices for contracting x,(t1)xs(t2) but the ones where a contracts with
one of nmpq and b contracts with one of ijkl will come with a minus sign since it amounts to swapping
Xa(t1)Xs(t2) around. The minuses that come from the different contractions of the remaining fields cancel
with the swaps of the indices of the couplings so that one gets

_1 "Toon J / / / /
TOIE / dt / At Tt TmmpaOaiOsm Go(ty — 1) Go(tz — 1) (¢ () xa (1) X0 (8) X () X () X () +

dt | dt' JijiiJmnpgOviGam Go(tz — 1) Go(tr — ) (6 (O)xk (D (O)xn ()X ()Xo (1)) (A2)

/ dt / dt’ JajkljbnquO( —1)Go(ta — t')3! 0, 0kp01q (Go(t — )+

SR 4, / dt / At T TampaGo(ts — 1)Go(ty — )31 8,00p01q (G (t — '))? (A.3)

In the first term change Go(to —t') — —Go(t' — t2) and in the second do the swap t < ¢’ and then
(Go(t' —1))? — —(Go(t —t"))? and Gy(ty —t') — —Go(t' — t3). This makes the terms the same and they
can be added to give

3' 42
= /dt/dt JajriTuikr + Jojrrdaji) Go(ta — t)Go(ty — ') (Go(t — t'))? (A.4)

Now a and b must be equal in the coupling terms for this to ne non-zero so using a delta function to set
them equal

3'42
/dt / dt' Jair JujriOarGo(ta — t)Go(ty — ') (Go(t — t'))? (A.5)
Recall that repeated indices are summed so the term JujkJpjkidar = 0ap(IN — 1)(N — 2)(N — 3)3]'V—Jg2 =
5ab%. In the large N limit this becomes

31 J2N! 31J2(N — 1)(N — 2)(N —3)

Sy = §,,
"NAN —4) T N3

= 03! J? (A.6)
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and so the first correction to the SYK two point function in the large N limit is

3142 ) , -
— (4!)23!J /dt/dt Go(ta — t)Go(ty — ') (Go(t — ') 6 (A7)

= J2/dt/dt’G0(t2 — )Gty — ) (Go(t — )6 (A.8)

This is the factor that comes with a melon. It is convenient to call the one particle irreducible part
Yo(t —t') = J*(Go(t — t))?

A.2 Collective Field Theory Toy Model
A.2.1 Investigating Hermiticity

Consider a particle in N dimensions. Denote the coordinate of this particle by z* with a = 1,2,---  N.
Imagine that rotations are now considered to be a gauge symmetry. Things that are physical will be things
that are invariant under rotations - and that means things with angular momentum = 0 or equivalently,
things that don’t depend on the angles - things that depend only on z*z* = p. It is clear that p is the only
(independent) gauge invariant that can be made using the x®. The simplest possible dynamics is given by

taking
.0 .0
H=P,P, = (— 81'@)(_283:“) (A.9)
This is Hermitian because P is hermitian. As can be seen by the following
] .0
(f (@)|P|g(x)) = /ddﬂif (@)(~i5 2)g(x) (A.10)
0
_ d . *
— [ talif@) 5 ol (A1)
0 0
_ d . * d . *
— [t ip@) gle) + [ e (@) (o) (A12)
~ [t @)y gt (A13)
= ((P")f(2)]g(x)) (A.14)
= P* = (P*)f
Now consider changing to gauge invarient variables p
_ .0 .0p 0
H = (_Zaxa)<_lﬁx“8p> (A.15)
B 9% .0 dp Op .0 .0
~(~geaw) (- 13) t o (~i3) (- 135) (10
= iwIT + QI (A.17)
where
2
__9» o 90 9 m- 2 (A.18)

0xe0z? 0z 0z ap
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The aim now is to investigate (A.17). It is the same operator as (A.9) and so must also be Hermitian. We
start by changing variables and restricting to functions which only depend on p.

(f(p)|Hlg(p)) = / dVx f*(p)P*Pg(p)
- % / dpddides - - - ddn_odf sin™2(¢) sin® (o) - - - sin(dy_o)p 2

crof(-a2ed) () ()
- %/dppN; Fp ){ 2N(§p> —4p<§p> ((%)}g(p)
X / dprdgy - - - dpn_odf sin 2 (¢1) sin 73 (¢y) - - - sin(pn_s)
—5 o]y (7)) - 4§§(p¥f*<p>)}g<p>sjv
=%/dp[2N(¥pN24f*(p)+p z —f )
n
st

[z

A S="p" T f )+ Np' T —f()

2 2

NN—-2 yu
- p

5ol ) |t

vz

1 N2 O 0 8
—§/dp{—2NP 8_pf (p) —4p a—pa—
0

0

_ 1 /dppN2_2 [(—2]\[8%]”*(/)) _4/)_/)68 )f (p)}g(p)SN

2
o (ot) () (o
= (g(p)|H|f(p))"

Thus, this is still Hermltlan as it should be, as long as the non-trivial measure is put in. In this case
the important factor is p “2*. When changing variables from gauge variant coordinates to gauge invari-
ant coordinates collective ﬁeld theory does not do it as it was done above. Above a simple coordinate
transformation from rectilinear coordinates to spherical coordinates was done, the gauge invariant parts
(stuff depending on p) and the gauge variant parts (stuff depending on angles) were kept. What is done in
collective field theory is the gauge variant part is ignored and just the gauge invariant parts are considered.
This may seem like parts of the theory are ignored but it is okay because the only part of a theory one
cares about is in fact the gauge invariant part. If one wants to simply change the measure to only go
over the gauge invariant quantities then one has to calculate the gauge invariant Jacobian. In general this
Jacobian is a highly non-trivial functional of the fields. It is determined by requiring that the Hamiltonian
is explicitly hermitian, which implies a differential equation for the Jacobian. The Jacobian can be thought
of as a change to the inner product

(D) — (@li)s = (9| J[1)

where

A

(x| J]2"y = J(x)d(x — ')
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so that
(@l = / 42 J (2)¢* (2) ()

P = —i% is hermitian with the standard inner product but when the inner product is changed by a

non-trivial measure it is no longer hermitian as can be seen by

@API)s = [t >(—z— )

s
= [drvta >(—z—< ()9 <a:>>)
d

- [assta) (=i o) + [ oot (i o)
= @iPio); + [ devtoiotar (%Ju))

Thus, when there is a non-trivial measure any operator that involves derivatives and naively looks hermi-
tian will in fact not be. The Jacobian amounts to rescaling states and operators as follows

— V)
(W] — (= @W|VJ
0—0 = ﬂoi A.19
N (A.19)
510,050, Vivio,—Vio,t .. o,V
(@] 16) = (¥] 7 7 7 )
= (Y]JO104 - O,0)
= /dmb*(x)J(x)OlOg < Opo(7)

Under this transformation in position space we have
. = 1 =1
XoX=Vix—=xVJ—=x

Vi Vi

P—>P=\/§P%z\/§<—ii> !

So that

and

After this resealing gauge invarient operators that were Hermitian before the change of variables will
remain Hermitian.
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A.2.2 Calculating the Jacobian
The requirement that the Hamiltonian is Hermitian amounts to the requirement that

JeHJ 2 — (J2HJ 2)t =0 (A.20)

g (= e 0N 90 0p( ON( 0
B Oxe0z® dp 0x? 0z dp dp

() ool 2)(-3)

1 _1 1, 6 _1 1 8 8 _1
= J:HJ 2=] zw(—za—p)J +J Q(p)(—za—p><—za—p)J

1 0 3 0 2 0102J 0 0 0 0?
— oL mJ-20(Z e =z BT o Wl
Qwapan 4Q<apan> + 2J(9p2+9( an) +w

To find (J2HJ 2)" one should use the inner product
(6172 T2 H T2 T3 [)"
— [ dpoto) 110

unfo{-13) ()

~ [do o ( - ‘”(a%) Jo(p) — ( )

= [0 () ~(5) 150 2(5) (5,) - 2(52) (5) (&)
)G e |

() 3) AT () D

o0J 0 0? 1.1
‘QQ(a—p) (a?) ‘Wa—p?)J 219)

1

=(J2HJ3)!
() (3) 52 o) ()G
2 1
-20(57) (5) - 27572)
L w0, 000, 5000 Q(QIHJ)Q —Q((%an)(% - gip? - %%%‘i+

0 0?
= — O~
wap dp?

where
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[

=JrHJ 2 — (JeHJ 2)t

0 2182 000 820 00 8 o 0 0
= Q(=mJ) +0-Z - + i+ —— 422" 420 = InJ ) — + 2w—
(ap“ ) 02 Tapap T T 0 <ap“ >ap+ “p
=0
Using
10°]  (0mJ\* 0°InJ
Jop2  \ 0p 0p?
. A 2nJ 00 0 20 00 9 B B B
2HJ 2 — (J:HJ ) =Q — 1 —— 42— — 420 =—InJ | =— 4+ 2w— =
—s J:HJ 2 —(J:HJ ?) 57 oo Yo 2,0, ((9pnj)8p+ wgs =0

(A.21)
This is an operator equation and so must hold for the action on any arbitrary function of p. Thus,
[J2HJ ™2 — (JEHT ™) f(p) =0
for any f. If f is chosen to be a constant one must have

oln J\? 1927 . 000InJ
_Q f —_—f + —
dp J 0p? dp Op

f=0

Ol J\* _19%°] 9QdInJ
e - - = A.22
= -0(%57) vasgs e g0 = (422
Plugging this back into (A.21) gives
o) 0 0 0 0
902 120 Limg) L 4 ows =
0p3p+ (8/) HJ)3P+ “op !
o5} dlnJ
=40 = A2
= p + p +w=0 (A.23)

This differential equation can be used to find J. For w = —2N and Q = 4p (A.23) implies J = ,0% as it
should be.

Alternative method One can also come to this same equation for J by separating Heg = J 2HJ" % into
manifestly Hermitian and not manifestly Hermitian parts as follows

o1 .0 1 o, .0 1
Heg = iwJ (—@—)J +Q(p)J (—Za—p><—za—p)
o (i0InJ 10lnJ 101lnJ

dp
2 . .
_ JlomJ —Ql(am‘]) L iQoInd oo onn

N[

2 0Op 4\ 0Op 2 0Op 2 ap
10InJ 1/0lnJ\> OlnJ 1_0%InJ
= —w= jwlIl — Q- 2 M+ =Q——— + QIIIT
w3 9 +iw 4( 9 ) +1 9 —1—2 o0 +
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Now

QIIIT = TIQIT + [, TI)II

:HQH+¢8—QH
dp
19InJ 1/0lnJ\?> Oln.J 1 _02InJ o0
Hoyg = —w= Il — Q- Q) M+ -0 L QI + i—1I
7 et “9 op o 4( dp ) i op 3 op? + —Hap
19InJ 1/0InJ\? 1 _0%InJ olnJ 99
— —w= Q= —Q— L TIQI + 4 ¢ 2\
“2 4( ap) 2o " “(‘” 9 +8p>

The only part of this that is not manifestly Hermitian is the last term. That means that

olnJ 00 olnJ 00
Heg— Hlg =i Q —— T 4ll 9) —
off off z(w+ o +8p) +1 <w+ p +8p)
Thus, by setting
JrQ@an+é?Q
w _—
ap dp

the Hamiltonian is ensured to be Hermitian. The effective Hamiltonian is then given by

10InJ 1/0InJ\* 1 _0%InJ
of = —W— — 0= —Q— +TIOII
Her “9 dp 4( dp ) +2 0p? *

Solving for ag{‘)‘] and eliminating it from the Hamiltonian

dInJ i)
pr— —Qil _—
dp (w i 8/))

1 o0 B oON\> 1.0 ( ., a0
— e =) - Z2)) —20—(0 = TIOQTI
= Hon = w5 (w+0p) . (Q (w+5p)> 2 6’/)( (w+3p))+

1705
4
w2 wohQ 1 o0\? 1_0 o0
- 4z — Q! Z0) o= = [IQIT
2072 9 14 (w+3p> 28p( (w+3p>)+
W' wdlQ 1 (00 21920
49

— Y PN 22 L on
4Q+2 dp op 28p2+

Plugging in w = —2N and = 4p gives

N2 N 1

Heg = — — — + — — 4411 + 4pIIII
dp p p
(N —2)

= L WII + 4pIlII
4p
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A.2.3 Testing Heg

This section aims to test the above Hamiltonian. In order to do that the potential z%z® is added to
H = P*P® so that the theory now represents a system of harmonic oscillators. Thus, the usual wave
functions should be eigenfunctions of the Hamiltonian

H/ — PaPa _'_ xaxa
After the change variables the corresponding effective Hamiltonian will be

N —2)?
éff:(él—)—élzl_[—i-llpl_ﬂ_[—i-p
1%

The N dimensional harmonic oscillator (HO) eigenfuntions for w = m = 1 are

where A is a normalisation constant, H,(z) are the Hermite polynomials, n; represents the excitation level

in dimension ¢ and @ = (ny,ng,---,ny). The corresponding HO Hamiltonian is
PaPa Iaxa
H =
HO 9 5

with the spectrum

Since the goal is to test H.; which comes from H’ which differs from Hpyo by a factor of half it is expected
that the eigenvalues also differ by a factor of half. The states must also be re-scaled. The states will be

N
:Ap¥e—§H ! H, (z) (A.24)
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Testing the ground state

) (N — 2)2 S,

H 0o (2%) = (4—) — 411 + 4pIIIT + p} Ap'Tiet
[ 4p
(N-2)? 9 02 Nz
N AL R
(N—2? (N-2 1 (N—2)(N—-6) N-2 1 -
- 4 ) . - By (2°
T 4 ap  2) 162 5 1) te| )
(N -2 N—2 N —2)(N -6 -
SIS  E NE E WNINA P
(N=2)2 N2—4N+4 .
| +N]\Ifo(a7a)
L 4p 4p
:N\Ifo(l’a)

Thus, ‘ilo(a:a) is an eigenvector of Hl; with eigenvalue N. Which agrees with what was expected. In
order to test higher order states one has to choose states which only depend on p and not on angles. The
problem is that the product of Hermite polynomials in (A.24) is not independent of angles. Thus one
needs to find the eigenstates of H.; and see how they are related to the \ifn(x“) To do this start by finding
the eigenstates of H' = iwIT + QIIIT + p and then scale those states with v/.J to get the eigenstates of H/j.
Solving the Schrodinger equation

H'U,(p) = E,¥,(p)

one finds that W, (p) takes the form

where
hn(p)zza’]p] n:07172a"'
§=0

and the coefficients obey the following recursion relation

2(j —n)
Qir] = Qs n=0,1,2---
e NG+

The spectrum of the states is

E=N+4n n=20,1,2---

Comparing this to the eigenstates of Hyo = P*P* 4 z2%, Yyor(z®) = Ae™ =5 [T, haron, (%) where

hHOnz(xl) = Zaj('xi)j n:()?lvza"'
=0
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and

with the spectrum

Eron=N+2) ni

=1

One sees that each W,,(p) can be built out of a linear superposition of ¥ yo(2%) states where Y . m; = 2n
and each m; is even. For example

1
U = E =W on(x®
2(P> N(N—|—2) LA caVYho (m )

ni+ng+-+ny=4

N
1 P
A h hros (@) hros (2
N(N+2) e {3; Hoa(x +Z n02(7) R ()
J#Z

1 p
Ae”2[2N + N? — 4(N + 2)p + 4p?]

T N(N+2)

" 4p 4p?
= Ae {1 N N(N+2)}

= Ae" % hy(p)

Similarly, for U3(p)

Wa(p) = . > alaonle?)

N(N +2)(N +4) e
n1+n72+-7--+7nN:6
1 N
= Ae”2(15) h 9y 4 Nh j
N(N +2)(N +4) ¢ 2{ ; ros(r') + Z Ho4(2" ) hmoa(v7)+
J#l
Z hios(2') hiros (7 ) haos(2¥)
1,7,k
k#j#i
N(N +2)(N +4)
2 3
= Ae5 |1 — bp + 12p 8p
N " N(N+2) N(N+2)(N+4)
= Ae”%hy(p)

This is to be expected since the harmonic oscillator states form a basis and so any state can be built from
a linear superposition of the HO states granted the state being built is in the same Hilbert space. We have
not changed Hilbert spaces by changing variables. Furthermore, the eigenstates of H!g; with energy E are
built out of a symmetric superposition of the HO eigenstates with the same energy as would be expected.
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Appendix B

B.1 Check of counting formulas

In this section we will explore the counting formulas obtained in Section 3.1. First consider the counting at
infinite N. It is rather easy to use characters of the symmetric group to compute the Kronecker coefficients
and then sum the squares of the coefficients, to compute the number of bosonic gauge invariant operators
(N,) and the number of fermionic gauge invariants operators (Ny). The results are shown in Table 1.

Table B.1: The number of bosonic N, or fermionic Ny gauge invariant tensors constructed using n fields.
This counting is for gauge group ranks Ny = Ny = N3 =

(n|t[2[3[4]5[6 |
N, | 1|4 1143161901
N, |14 1143161901

Note that the number of fermionic gauge invariant operators is equal to the number of bosonic gauge
invariant operators. This fact is easily explained: every time we have a non-zero bosonic Kronecker
coefficient, there is a corresponding non-zero fermionic Kronecker coefficient. This is easily proved using
the well known property of characters of the symmetric group

xrr(0) = sgn(o)xr(o) (B.1)

where RT is the transposed Young diagram, i.e. the Young diagram obtained from R by swapping rows
and columns. For example

R=tH1 = RT:@3 (B.2)

Recall that 1" represents the Young diagram with a single column of n boxes. Use n to denote the Young
diagram that has a single row of n boxes. The proof is as follows

Iriraramn = ' Z XTl sz Xr3( )Xn(O')
c€Sn
- IZX’”I 0)Xr2(0)Xrs (0)
0ESH
1
= Y (0 (0)xg(0)(seu(0))?
c€Sn

= =3 @)X ()sen()
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= 3 np @@y (o))

oES)

- gr?,r?,r?,l" (B3)

Since the set of non-zero Kronecker coefficients are the same for the bosonic and the fermionic tensor
models, and the number of gauge invariant operators is equal to the sum of the squares of these coefficients,
this proves that the number of gauge invariant operators one can construct in bosonic tensor models equals
the number of gauge invariant operators one can construct in fermionic tensor models.

The argument above has been for rank d = 3 tensors. It is clear that the above proof goes through
for rank d tensors with d odd, since in this case (sgn(c))¢ = sgn(o). For even d however, the above proof
does not go through: in this case (sgn(c))? = 1. However, a simple variant of the proof does work: for
rank four for example, it is simple to prove that

97"1,7‘2,7“3,7“4,71 = gr{,r%,r{,m,l" (B4)

We have verified this equality explicitly for n < 6 and ranks d < 8, which is a nice check of the above
arguments.

At finite N the number of fermionic and bosonic gauge invariant operators no longer matches. Recall
that for a general rank d tensor model the gauge group is U(Ny) x U(Ny) x -+ x U(Ny). As soon as n
exceeds any of the IV;, it is possible to have Young diagrams r F n whose number of rows is greater than
at least one of the N;. In this case, the corresponding operator vanishes and it is for this reason that we
must put a cut off on the number of rows. For example, for the bosons we have

Nb = Z 9317“27"31 (B5)

The proof breaks because we can have, for example, I(r;) < N; and [(r]) > N;. In Table 2 we have given
the finite N counting for rank 3 tensors with N; = Ny = N3 = 5.

Table B.2: The number of bosonic N, or fermionic Ny gauge invariant tensors constructed using n fields.
Here Ny = Ny = N3 = 5.

n [1]2[3]4[5]6]
N, [1]4]11]43]92] 70
Ny [1[4[11 438720

Notice that there are more bosonic gauge invariant operators than there are fermionic gauge invariant
operators. This is in fact rather general: the Kronecker coefficients relevant for the bosonic gauge invariants
are mostly short and wide Young diagrams. On the other hand, the Kronecker coefficients relevant for
the fermionic gauge invariants are mostly tall and thin Young diagrams. In fact, for the fermionic tensor
model, there is some value of n beyond which there are no new gauge invariants. In Table 3 we have
shown the finite N counting for rank 3 tensors with Ny = Ny = N3 = 3. For n > 6 there are no gauge
invariant operators.

For the first few values of n, it is possible to explicitly construct the gauge invariant operators. For
n = 1 there is a single bosonic and a single fermionic gauge invariant operator

7 in L (B.6)
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Table B.3: The number of bosonic N, or fermionic Ny gauge invariant tensors constructed using n fields.
Here N1 = NQ = N3 =3.

n (1]2[3]4[5 [6]
N, [1[4]11]12] 15118
Np|1|4]|11|8 |41 ]0

For n = 2 we have the following bosonic operators

Ji1j1k1 tiagaka Jizj1k1 1i172k2
¢ . ¢ . Dirjiy Pinjoks ¢ . ¢ . Dirjrkr Pizjok
11J2K1 A12J1K2 A L. 11J1R2 A1272K1 A | L.
¢ ¢ ¢Z1]1k1 ¢22]2k2 ¢ ¢ ¢11J1k1¢12j2k2 (B7)
which nicely matches the counting given above. There is an identical set of operators for the fermions.
For n = 3 we have the following bosonic operators

¢ Hh ¢/ 2k ¢'sd 598 i v s Din ok Di ks ¢ th ¢ 2k ¢'sd 2 s ivker Pinjaks Di ks

?iljlkl djhh k2 @i3j3k2 ¢i1j1 k1 ¢i2j2k2 ¢i3j3 ks @iljlkl Qéléj?) ks @Z‘?’h k2 ¢i1j1 k1 ¢i2j2 ko ¢i3j3 k3

(?%1311192 (él:QJ:Qk‘S (21:3313191 (b’iljlkl ¢i2j2k2 ¢i3j3k3 @Z:U:ﬂm @%2]:3/61 @Zisjizl% ¢i1j1k1 ¢i2j2k2 (z)igjgkg (B 8)
?nhkz (élzjzskzs Q?ZMle ¢i1j1k1 ¢i2j2k2 ¢i3j3k3 Q_ngJle @m]:&kz q?13]1163 ¢i1j1k1 ¢i2j2k2 ¢i3j3k3 :
¢i1j2k1 ¢i2j3 ks ¢i3j1 k2 ¢i1j1 k1 ¢i2j2k2 ¢i3j3 ks ¢ilj2k2 ¢i2j3 Fs ¢i3j1 k1 ¢i1j1 k1 ¢i2j2 ko ¢i3j3 ks

@i1izhs gyiaisk yisitka g, oo By e igioks

which matches the counting given above. The set of fermionic operators is again the same.

B.2 Examples of Operators and Correlators

In the previous Appendix some of the gauge invariant operators in the permutation basis were written
down. In this Appendix we will write down some operators in the representation theory basis. We will
then explore correlators of gauge invariant operators, in both bases.

For n = 2 fields, there are no multiplicities, so these labels are dropped. There is a total of four gauge
invariant operators that can be defined. We will give the complete set of gauge invariant operators, since
this will allow us to test that they are indeed orthogonal and have the correct two point function. The
operators are given by

i ey Tinink ikt Tir ok
OED,ED,ED e 2¢Zl]l 1¢742.]2 2¢i1j1k1 ¢i2j2k2 + 2¢12Jl 1¢’Ll]2 2¢i1j1k1 ¢i2j2k2
ik Tinitk i i oo Tiniokk
_|_2¢21]2 1(#231 2¢i1j1k1¢i2j2k2 + 2(#”1 2¢12]2 1¢i1j1k1¢i2j2k2 (B9)

o Zin ik Tindnke
OHH - 2¢1131k1 ¢12]2k2¢i1j1k1 ¢i2j2k2 - 2¢12]1 1¢”]2 2¢i1j1k1¢i2j2k’2
? ’Dj P . k N . k R . k P . k
_2¢11J2 1¢Z2]1 2¢i1j1k’1¢i2j2k2 + 2¢%131 2¢12]2 1¢i1j1k1¢i2j2/€2 (BIO)

i i et Tiniok ity Titink
OHEDH - 2¢ZU1 1¢Z2J2 2¢i111k1¢i2j2k2 - 2(#2]1 1(#1]2 2¢i1j1k1¢i2j2k2
4 U —_— . k — . k — . k — . k
+2¢le2 I(Z)ZQJI 2¢i1j1k1¢i2j2k2 - 2¢“]1 2(#2” 1¢i1j1k1¢i2j2k2 (Bll)

i 5 ket Tio ok Tioi1kt Ti1iok
OD:]BB = 29T 2¢i1j1k1¢i2j2k2 + 20" M 2¢i1j1/€1 ¢i2j2k2



_2§5i1j2k1 &i2j1k2¢i1j1k1 ¢i2j2k2 - QQ_SiljlegEiﬂzkl ¢i1j1k1 ¢i2j2k2
A simple but tedious computation confirms (4.50) and (4.51). Some sample computations are

<OD:],D:],D:]> = 2N1(N1 + 1)N2(N2 + 1)N3(N3 + 1)

<O[Dm—|ﬂ—|0r|—||—|—||—|—|> = 32N (N1 + 1)Ny(Ny + 1)N3(N3 + 1)

O O =0
(Ormrm Djﬂjg

For n = 2, the complete set of fermionic operators in the representation basis is given by
P — Q@iljdﬁi}izhkzw Wi ik — 21/_)i1j2k11/_}i2j1k2¢. Wi
HHB - i2j2ke Wi1j1k1 iajaka Vi1 j1k1
_szimkzlﬁmzhw Wik — 2&i2jlkllﬁi1j2k21/}. kWil
i2j2ke Vi1j1k1 i2joke Vi1j1k1

= 2R Wi — 20T ik

il Tk i e Tinink
+21/}“]2 1w12]1 2wi2j2k2wi1j1k1 + leljl 2wl2j2 lwizjzl@wiljlkl

H
[T
i i ke Tiniok i ik Tiviok
P Hl:\j = QWUI 1¢12J2 me]’zkzwhjllﬂ + me]l IWUQ Qwiﬂ'zkzwilj&kl
i i ke Tinivk i i e Tiniok
—QWUQ 17?12]1 2%2]‘21@%1]’11@1 + QWUI lezjz lwim’zkzwhjlkl

PE]:]E]:]H = Q@Eiljlkl&izjzmwizjzkzdjhjlh + 21/72jlkl 7721’1]‘2]62"7Z)z'2]'27€27702'1j1k:1
+2@Ei1j2k1&i2j1k2¢izjzkz¢i1j1k1 - Q%Eiljlk%zhjzklwizjzkz'lvbiljlkl
Some sample computations confirming (3.54) and (3.55) are

<PH7HJH> - 2N1(N1 - 1)N2(N2 - ].)Ng(Ng — 1)

(PHHHPHHH> = 32N (N1 — 1)Ny(Ny — 1) N3 (N3 — 1)

FOREER ) = ¢

111

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)
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B.3 Identities needed to derive the collective field theory Hamiltonian
Using the identity

Y (k)i B.23
Ve e (8.23)
we find
2 —iky )
dy re = 2we(k)mie 'k (B.24)
y—x

Our main goal in this Appendix is to explain how to rewrite the term

228, 200, 2w(yn)
T h —x Y2 —

T, = (B.25)

in a manifestly local form. This is the only term in the Hamiltonian that is not manifestly local. Use the
Fourier transform

[ dk

o) = | 5 "o (B.26)

to write (this is the only non-local term in the Hamiltonian)

dk: dk‘ dk; e—ikwl e~ ik3yz

dk; dk; dk yl —x Ty —z
o | o [ 5 [ dedwdndudve [mie(ko)e™"2"] [mie(ks)e™ "]

— _4r /dlﬁ / dkz/dkg /dl’¢kl¢k2¢k3$€ i(k1+ko+ks)x (k‘g) (k‘g) (B.27)

The expression on the last line can be manipulated, by renaming variables into

dlﬁ de d/{?S —i(ky+ko+ks)z . )
- o /_2/ 3¢k1¢k2¢k3 (108, 0 (K1 + Ko + k3)) (e(k1)e(ka) + e(k1)e(k3) + €(ka)e(k3))

3 ) or 2m
(B.28)
Because of the delta function, one or two of the k;’s must be positive so that
e(k1)e(ka) + e(k)e(ks) + e(kz)e(ks) = —1 (B.29)
and we now find
[ [5 [ osoninstn stk = 5 [dnd@) (B30

so that, remarkably, this term is local and it gives rise to a cubic interaction!
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Appendix C

C.1 Notation for Equivalence Classes

In Section 4.1, we have counted the number of invariants, by taking into account certain symmetries
of the variables involved. This amounts to formulating an equivalence relation which implements the
symmetry and then counting the resulting number of equivalence classes. Equivalence classes associated
to the equivalence g1 ~ go if go = hgy for g1,92 € G and h € H lead to the usual notion of a coset. The
equivalence just described is the right coset H \ G. The equivalence gy ~ g; if go = g1h defines elements
of the left coset G/H.

The equivalences classes used in Section 4.1 are of a different type. They can be related to our usual
notion of conjugacy classes. The equivalence relation used to define conjugacy classes says g1 ~ ¢o if
g1 = gg2g~ ! for some g € G. Although the conjugacy classes are not related to cosets, they are related to
double cosets. The conjugacy classes are given by the double coset

Diag(G) \ (G x G)/Diag(G) (C.1)

Here Diag denotes the diagonal action of G obtained by allowing G to act in the same way on both factors
in G x G. The equivalence is

(91, 92) ~ (939194, 939294) (C.2)

Now, choose g3 = g;! to map (g1, g2) to (1,9, *g2). Then the g4 action leads to

(L, 95" (91" 92)94) (C.3)

We will use the notation G//H when we want to talk about the equivalence classes of the relation
g1 ~ go if g1 = hgoh™! for g1, 9o € G and for some h € H.

C.2 Perturbative Collective Field Theory

In this section we set Ny N, = N3, which simplifies a number of the formulas that follow. We also set the
frequency w = % The collective field is given by

1 /p 1
— /B _Z_ A4
by =B -5 g (C.4)
where the chemical potential p is fixed by the requirement
x0
/ ¢(x)dx = Nj (C.5)
0

where x is the positive zero of the equation

r—4p+4gr* =0 (C.6)
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At weak coupling g, we find
T = 4p — 64p*g + O(g?) (C.7)
It is now straight forward to find p = N3 + 6gNZ + O(g?). Using this collective field we can compute

correlators, at large IV, perturbatively. As an example summing the diagrams in Figure C.1 gives

(0 Gape) = N1 NoN3G(t,t) — i29(NENG N3 + N;NoN3) / dt'G(t,U')*G(t, V) + O(¢%) (C.8)
using the following Green’s function

© 4B i .
CWWﬁZ/'gEZI:z*M”) (C.9)
. I

Gt o) = /_00 dE i

oo 2 B? — L4 e

one has

o 1 1
- dE|l—F
21 J_ o E—35+i FE+5 —ie

= %(27?@')(_1) (C.10)
= (C.11)

where the residue theorem was used in the second last line and the contour was closed in the upper half
plane. Similarly,

> > > dE [ dE' i i o
dt'G(t. )Gt .t —/ dt’/ —/ i(E+E")(t—t")
/—oo (, ) ( ’ ) —00 _0027T —oo 27TE2—i+Z.€El2—%1+Z.€e
X

o0 E// -
/ d ! (C.12)

"9 1 -
w 2m B2 — 1 +ie

) o 210(E + E') x 1 C.13

/—0027T/—0027TE2—%+i€E/2—i+i6Tr( + E') x ( )
1 o0 1

R C.14
2 Joo  (B?%— i + i€)? ( )

) L Edg—ie (BE4g-i? E-jtic (E—g+ie)?

(C.15)

1

= =5 (2mi)2 (C.16)

- (C.17)

where the second last step follows from the fact that only first order poles contribute to the residue and
the contour was again closed in the upper half plane. Putting these results into (C.8) gives

(0™ Pape) = N1Ny N3 — 4g(N2NZN3 + N1N,N2) + O(g?) (C.18)
= N — 8gN; + O(g%) (C.19)
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Figure C.1: The Feynman diagrams contributing to (¢®“@a.). The dashed lines indicate which operators
are Wick contracted.

The collective field computation reproduces this result
Zo
/ ¢(z)zdx = Nj —8gN; + O (g*) (C.20)
0

C.3 Relating Matrix Model and Tensor Model Correlators

In Section 4.2 we have argued that there is a subsector of the tensor model that is closely related to a
matrix model. In this Appendix we exhibit a connection between the correlators of the two. Consider first
correlators in the tensor model. Assuming the basic contraction

(Pajid™™) = 600567 (C.21)
we easily find
(Dira®* Grpd™) = NENjN3+ NyNyN3
(61 Oy @ Gpge ™) = BNINFNZ + NiNoNi + NP N5 Ny + N1 NNy
(Djka® " Prmp @™ Ppge @ rsad™®) = Ny Ny N3 + 5N7 N3Nz + 5N, Ny N3

+6N7 N3 N2 + 6NZ NSNS + NyNoNy
(C.22)

Now consider correlators in the matrix model. Assuming the basic contraction
(Z32}) = 6,6% (C.23)
we easily find
(Tx(ZZZ2Z)) = 2N?
(Tv(ZZ2ZZ2Z)) = 5N*+ N?

(Tv(ZZZZZZ77)) = 10N* + 14N°® (C.24)
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Figure C.2: Tr (ZZZZ) is shown on the left and ¢;1,,¢"**¢p,d'™* on the right.

Notice that if we set NyNo = N and N3 = N, the tensor model correlators map into the matrix model
correlators. Its simple to understand this rule diagrammatically: the correspondence holds diagram by
diagram. Consider the operators shown in Figure C.2

The black line in the tensor model operator is associated to U(N3), the red line to U(Ny) and the blue
line to U(Ny). One Feynman diagram contributing to the correlator is shown in Figure C.3. Notice that
in the tensor model graph, the red and blue lines follow each other, and if they are collapsed into a single
black loop, we recover the matrix model diagram. This is the explanation for the rule we have found.

@ @ N(@

Figure C.3: A Feynman diagram contributing to (Tr (ZZZZ)) is shown on the left and to
(Dika ™ P1apd™™*) on the right.

There are a number of interesting results implied by this correspondence between the correlators. For
example, factorization in the matrix model immediately implies that correlators of gauge invariant ob-
servables in the tensor model factorize at the leading order at large N. The fact that the correspondence
holds diagram by diagram immediately implies that the Feynman diagrams contributing to tensor model
observables can be identified as triangulations of string world sheets, with the N dependence of the graph
fixed by the topology of the worldsheet.

C.4 Some Matrix Model Correlators

In this section we will consider correlators of Schur polynomials of a free Hermittian matrix model. As
far as we are aware, these results are new. They are obtained using ideas and formulas developed in [85].
The Schur polynomial is given by

(xr(M Z Xr(0)Tr(o M*?") (C.25)

. oc€Son
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where R F 2n, i.e. R is a Young diagram with 2n boxes. Wick’s theorem for the hermittian matrix can
be expressed as

(MAMP2 - M2y = Y o) (C.26)

]271
o€[2n]

Using this result, we find that

Cn(M)) = 55 > Xr(0)(Tr(oM®"))

oc€Son

= n!z ZXR )Tr(o9)

o€San PE[27]

= ;!ZZZXR )xr (o) Dimyp

0ESan he[27] TH2n
1

= , Z Xr(o (C.27)

T 0€San

For the case that R is a single column with 2n = N this becomes

(xr(M)) = (xan(M)) = (=1)"(2n — D!! (C.28)

For the case that R is a single row with 2n = N this becomes

(4n —1)!
M)) = M 2n —1)! C.29
The two point function of normal ordered operators is
(: xr(M) :: xs(M) :) = 0rsfr (C.30)
We now introduce the normalized operators
. X(IN) . N! (N—l)'
Ouny = N1 Ow) = (N= DI @EN — )X (C.31)
The two point functions of these correlators are
N
(: Oany :: Oy ) = -
(:Omw):: Oy :) = V2N e Nost (C.32)

Notice that both of these results are non-perturbative in N. As explained in Section 4.4, the analog of
these correlators in the tensor model have a different behavior.
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