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The ability to tailor light in all its degrees of freedom has led to various applications
in fields such as medical technology, industrial, military and free-space communi-
cation. While a surfeit of techniques exists to shape light such as the spatial light
modulator (SLM), diffractive optical elements (DOEs), and deformable mirrors to
name a few, high-power beam shaping is still a challenge. DOEs and the deformable
mirrors are beneficial due to their ability to shape high power beams, however, they
are costly and complex to fabricate. We use a liquid crystal on silicon spatial light
modulator (LCoS-SLM) to investigate the minimal amount of steps or segments re-
quired to shape a phase of interest with high fidelity. In Chapter 3 we illustrate that
we only require 10 multi-level steps to generate high fidelity phase structures for or-
bital angular momentum phase (vortex beam), cubic phase (Airy beam) and axicon
phase (Bessel beam in the near-field and annular ring in the far-field) as examples. In
Chapter 4 we show a relationship between the segmented modulator geometry and
the transverse phase structure. Various phase structures with phase configurations
were demonstrated, the segments geometry that matches the geometry of the phase
structure requires less segments to align with the phase discontinuities. We also
demonstrate how rotating the phase of a non-symmetric phase structure may affect
the fidelity of a beam profile. This work will serve as a guide to those who wish to
simulate first with the LCoS-SLM before the physically fabricate the aforementioned
devices for beam shaping.
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Chapter 1

Introduction

Beam shaping is de�ned as the ability to tailor a laser beam in all its degrees of free-
dom (DoFs), that is its phase, amplitude and polarisation of light. Early beam shap-
ing involved the conversion of a Gaussian beam into a beam with uniform intensity
pro�le for industrial applications which includes laser cutting and laser welding [1].
Unlike the Gaussian beam, the �attop beam has constant intensity, and beside map-
ping techniques, it can be generated by resonators limiting the transverse extent of
the beam while exploiting the beam's maximum energy output.

Modern beam shaping involve the use of computer controlled micro-display devices
known as spatial light modulators (SLMs) to convert an incident Gaussian beam into
various spatial pro�les through the use of a computer generated hologram (CGH)
[2]–[4]. An SLM is any device that can be con�gured dynamically in real-time to
alter a laser beam in all its DoFs to generate an output intensity pro�le in the desired
observation plane [5]–[8]. SLMs offers great opportunities in various applications
(some of which are outlined by Neil Savage [9]) due to their technological advance-
ments which includes fast response time, they are less bulky, they produce high
image resolution, and they are relatively cheaper than some conventional technolo-
gies like the macro scaled deformable mirrors [10].

There are different types of SLMs which are divided into two classes: The microelec-
tromechanical (MEMS) based SLMs such as the micro-actuated deformable mirrors
[11]–[14] and the MEMS based digital micromirror devices (DMDs) [15], [16], these
two types of MEMS based devices are made up of a number of movable micromir-
rors attached to the actuators which are controlled by the electric �eld. A deformable
mirror may have a piston only actuation, where each micromirror is attached to a
single actuator responsible to deform the re�ective surface through an up or down
actuation. Deformable mirror can also be con�gured with a tip-tilt movement, where
each mirror is attached to two or three actuators responsible to tip and tilt the re�ec-
tive surface and mimic deformable mirrors made of a continuous re�ective surface.
Even though they are more costly than their piston-only counterparts, due to the
number of actuators they posses, they also prevent energy loss as result of diffrac-
tion that often occurs in a piston-only movement [17]. The MEMS based deformable
mirrors are quite different because their segmented micromirros are fabricated for a
tilt-only movement.

Other SLM devices that are commonly used for beam shaping are the MEMS based
DMDs and the liquid crystal on silicon (LCoS) SLMs. The former is an imitative
micro-display version of a deformable mirror device which was invented in 1987 by
Hornberk, who at that time was working for Texas Instruments [18]. The latter is a
widely used micro-display based on LCoS, and unlike other SLMs, the LCoS-SLMs
is able to produce higher image resolution in both phase and amplitude due to its
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controllable pixelated liquid crystal display (LCD) [19]. LCoS-SLM was envisioned
and designed at Hughes Aircraft corporation in the seventies which up to today has
lived to its expectations as one of the widely used and successful SLM [20].

Both LCoS-SLMs and MEMS based DMDs have been widely used to mimic some
optical elements such as conical lenses, spiral phase plates, q-plates, and even cylin-
drical lenses to reduce optical fabrication costs and time and for a more dynamic and
adaptable beam shaping techniques. For example more exotic laser beams have been
successfully generated, such as vortex beams [21]–[23], Bessel beams [24]–[26], �at-
top beams [27] and Airy beams [28] to name a few, one only needs to �ne tune holo-
graphic algorithms onto the micro-display device to switch between beams. They
are also used to mimic adaptive optics to correct for optical abberations present in
an incoming wavefront [29], [30]. Another technology used for phase modulation
are diffractive optical elements (DOEs) [31]. DOEs are made up of surface relief
patterns as a result of phase masks based on lithographic �lm plates etched onto a
substrate (e.g glass substrate) which are fabricated for a speci�c laser beam shaping.
Depending on the etching iteration steps conducted, a certain amount of ef�ciency
is directed into the 1 st desired order.

The history and development of these devices goes as far as the discovery of diffrac-
tion of light in 1665 by a mathematician Francesco Grimaldi [32]. Grimaldi observed
fringes (interference pattern) of light in the shadow of a rod incident by a light
source. He was the �rst to realise the tendency of light to bend as it passes through
an obstacle and he named this phenomenon "diffraction".

An English scientist Robert Hooke also realised diffraction patterns appearing at thin
�lm, however at that time there was no explanation as to why there were numerous
colored patterns of interference caused by white light [33]. Hooke did not under-
stand that light (depending on the wavelength) bend differently as it passes through
an obstacle that is smaller or equal to the wavelength of light passing through it. The
nature of diffraction made a breakthrough in 1802 which gave a solution to Hooke's
light diffraction problem when Thomas Young introduced and demonstrated the
principle of light interference patterns through a double slit experiment. He used
the sun as a light source and he witnessed different light colored fringes appeared
on the thin �lm [34], [35]. This occurred because light bends differently depending
on the size of the slit or aperture the light goes through. In this case the double slits
had different wavelength spacing that divided the light wavelengths in different an-
gles.

This gave birth to traces of DOEs that are reviewed in Chapter 3. The advantage of
using DOEs for phase modulation is the ability to obtain a 100% ef�ciency in the de-
sired order, an example is by using a blazed grating [36]. Some DOEs are dif�cult to
fabricate, in this case an approximation has to be used to generate a device through
a binary or multi-level technique, for example in the case of a binary grating or a
blazed grating respectively [37]. The former is based on two level discrete phase
approximation and is often not required for much complex approximations like the
Fresnel lens which requires more than two level phase approximation to achieve
close to a 100% ef�ciency in the desired order.

The disadvantage of this technique is often knowing the number of phase-masks re-
quired prior to fabrication for a speci�c phase modulation pattern, which may lead
to more than required phase masks resulting in high expenditure and unnecessary



Chapter 1. Introduction 3

time consumption. Since the LCoS-SLMs consist of pixels which can be dynamically
addressed to modulate the phase and structure of an incident beam into various
phase pro�les they have received enormous attention as pattern generators[38].

In Chapter 3 and Chapter 4, we use the LCoS-SLM as a testbed to explore and mimic
optical devices based on diffractive and re�ective devices. The former is the device
used to generate diffractive optical structures in a multi-level discrete way, which
can either be phase masks or resist depths in the case of multi-level DOEs or the
number of mirror segments, as well as mirror geometries in the case of deformable
mirrors. The ability to select before physical fabrication the lowest possible seg-
mented iterations that can produce high �delity spatial pro�les will reduce the cost
and time of fabrication.

1.1 Paraxial wave equation

Maxwell formulated four equations with each equation broken down into three di-
mensional planes (x, y, z) to explain the relationship between the electric and mag-
netic �elds, which we know today as electromagnetic (EM) �elds propagating in
free space [39], [40]. The equations will help us derive the Helmholtz wave equa-
tion which describes the propagation of electromagnetic waves in three dimensions
(using the x,y,z basis) [41]. Using the Helmholtz wave equation we will then be
able to derive the paraxial Helmholtz wave equation to �nd solutions in cylindrical
and Cartesian coordinates for some generated modes in free-space. We begin with
Maxwell's equations below

~r � ~E =
r
e0

, (1.1)

~r � ~B = 0, (1.2)

~r � ~E = �
¶~B
¶t

, (1.3)

~r � ~B = e0m0
¶~E
¶t

+ m0~j, (1.4)

where

e0m0 =
1
c2 . (1.5)

In the above equations r and~j are the charge density and the vector current den-
sity respectively, t is time in seconds and ~r denotes the three-dimensional gradient
operator. The vectors ~E and ~B are the electric �eld and magnetic �eld displacements
respectively and e0, m0 are the electric and magnetic permeability of free-space re-
spectively which are constants. In equation 1.5 c is the speed of light, taking the curl
of equation 1.3, we have

~r �
�

~r � ~E
�

= � ~r �
¶~B
¶t

. (1.6)

Using the cross vector product rule, equation 1.6 becomes

~r �
�

~r � ~E
�

= �
¶
¶t

�
~r � ~B

�
. (1.7)
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It is important to note that the curl of the magnetic �eld in equation 1.7 is the fourth
Maxwell's magnetism equation. When electromagnetic waves propagate in a vac-
uum, there is no induced sources of charges or currents

r = 0, (1.8)

~j = 0. (1.9)

By substituting equation 1.4 into equation 1.7 we obtain

~r �
�

~r � ~E
�

= �
1
c2

¶
¶t

¶~E
¶t

. (1.10)

If we begin �rst with the easier partial derivative of the electric �eld with respect to
time and with the knowledge of the second order partial derivative, the term on the
right hand sign of equation 1.10 will have the following expression

�
1
c2

¶
¶t

¶~E
¶t

= �
1
c2

¶2~E
¶t2 . (1.11)

On the left hand sign of equation 1.10, a curl of a curl has a known expression

~r �
�

~r � ~E
�

= ~r (~r � ~E) � r 2~E, (1.12)

where ~r
�

~r .~E
�

is the gradient of the divergence of
�

~E
�

and r 2 ~E is the Lapla-

cian of a vector
�

~E
�

. In a vacuum the divergence of ~E in equation 1.1 is zero because

the charge density does not exist in such medium. Equation 1.12 assumes the fol-
lowing form:

~r �
�

~r � ~E
�

= �r 2~E. (1.13)

Finally, bringing the two solutions together gives the following result:

r 2~E =
1
c2

¶~2E
¶t2 . (1.14)

The wave equation is therefore

r 2~E �
1
c2

¶~2E
¶t2 = 0. (1.15)

Now that the wave equation is derived elegantly, we have to use the wave equation
to derive the Paraxial approximation. Consider the following expression,

~E = E (x, y, z) exp (� ikz) exp (� iwt) x̂, (1.16)

x̂ implies that the electric �eld with amplitude E (x, y, z) is linearly polarized along
the x-direction, where w and k are the wave frequency and the wave number respec-
tively given by,

w =
2p c
l

, (1.17)
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where

k =
2p
l

. (1.18)

We assume that equation 1.16 is the electric �eld for monochromatic light traveling
along the propagation direction z. We then substitute the electric �eld of equation
1.16 into the wave equation,

r 2 (E (x, y, z) exp (� i (kz+ wt))) �
¶2(E(x, y, z) exp (� i (kz+ wt))

¶t2

1
c2 = 0. (1.19)

Completing the second partial derivative with respect to time (t) in equation 1.19
we obtain

r 2 (E (x, y, z) exp ( i (kz+ wt))) � w2 exp ( i (kz+ wt))
1
c2 = 0, (1.20)

from equation 1.17 and equation 1.18, equation 1.20 reduces to the following equa-
tion

r 2 (E (x, y, z) exp ( i (kz+ wt))) � k2 exp ( i (kz+ wt)) = 0. (1.21)

The Laplace operator has a known identity,

r 2 =
¶2

¶x2 +
¶2

¶y2 +
¶2

¶z2 , (1.22)

�
¶2

¶x2 +
¶2

¶y2 +
¶2

¶z2

�
(E (x, y, z) exp ( i (kz+ wt))) + w2 exp ( i (kz+ wt)) = 0. (1.23)

By using the product rule

¶2

¶x2 ( f (x) g (x)) =
¶
¶x

�
¶f (x)

¶x
g (x) +

¶g (x)
¶x

f (x)
�

, (1.24)

equation 1.23 reduces to the following equation

�
¶2

¶x2 +
¶2

¶y2 +
¶2

¶z2

�
(E (x, y, z) exp (� i (kz+ wt))) � 2ik

¶E (x, y, z)
¶z

exp (� i (kz+ wt)) = 0.

(1.25)
If we divide equation 1.25 by the phase term exp (� i (kz+ wt)) , we arrive at

�
¶2

¶x2 +
¶2

¶y2 +
¶2

¶z2

�
E (x, y, z) � 2ik

¶E (x, y, z)
¶z

= 0. (1.26)

For an electric �eld that spreads very slowly along the propagation direction z,

the second partial derivative ¶2E(x,y,z)
¶z2 can be ignored since the angular spread is so

small it is negligible [42],

�
�
�
�
¶2E(x, y, z)

¶z2

�
�
�
� <<

�
�
�
�2ik

¶E(x, y, z)
¶z

�
�
�
� , (1.27)
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and with the assumption in equation 1.27 we have reduced the equation to the parax-
ial equation given by,

�
¶2

¶x2 +
¶2

¶y2

�
E (x, y, z) � 2ik

¶E (x, y, z)
¶z

= 0. (1.28)

In equation 1.28, the second order partial derivatives with respect to x and y can
be written compactly as,

¶2

¶x2 +
¶2

¶y2 = r 2
T, (1.29)

where r 2
T is the Laplacian in the transverse direction, and so equation 1.28 will result

in

r 2
TE (x, y, z) � 2ik

¶E (x, y, z)
¶z

= 0. (1.30)

By solving the paraxial wave equation in cylindrical coordinates we obtain Laguerre-
Gaussian modes carrying a well de�ned Orbital Angular Momentum (OAM) and by
solving the equation in cartesian coordinates we obtain Hermite-Gaussian modes
[43].

1.2 Gaussian beam

Gaussian beams are laser beams that posses an electromagnetic radiation that is de-
scribed by a Gaussian distribution function, hence the bell-shaped 1 D intensity dis-
tribution seen in �gure 1.1. The bell shaped pro�le is due to the maximum intensity
seen in the center of the beam which decreases and approaches zero as we move
away from the center. These beams have the simplest transverse electromagnetic
mode (TEM00) which have the most desirable irradiance found in laser sources,
and they are also used as a solution to other higher order spatial beams. They are a
solution to the paraxial wave equation and therefore they are propagation invariant
in nature.

The electric �eld of the Gaussian beam is given by

E(r, z) =
w0

w(z)
exp

 �
�

r
w(z)

� 2
!

exp
��

� ik
r2

2R(z)
� iy (z)

��
, (1.31)

where w0 is the beam waist when w(z) = w0, R(z) is the radius of curvature given
by

R(z) = z
�
1 +

� zR

z

� 2
�

, (1.32)

and y (z) is the Gouy phase given by

y (z) = arctan
�

z
zR

�
, (1.33)

the term zR = pw 2
0

l is the Rayleigh range. Consider a Gaussian beam propagating
through a lens of some arbitrary focal length with a beam radius given by
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FIGURE 1.1: A 2D Gaussian beam intensity pro�le with intensity pro-
�le that drops and asymptotically approaches zero away from the
central maxima with a 1 D corresponding intensity pro�le at the bot-
tom. The 1D Gaussian beam intensity pro�le is identi�ed with a
bell-shaped Gaussian distribution with the maximum intensity at the

peak of the distribution curve.

w(z) = w0

s

1 +
�

z
zR

� 2

, (1.34)

when z = 0, we obtain the 2D intensity pro�le in �gure 1.1 given by the absolute
squared of the electric �eld expressed by

I (r) = jE(r)j2 =
2P

pw 2
0

exp

 

� 2
�

r
w0

� 2
!

, (1.35)

where P is the power of the Gaussian beam at the beam waist, which is at its maxi-
mum. At any region prior or beyond the beam waist w(z) 6= w0 and w0 in equation
1.35 is replaced byw(z).

1.3 Orbital Angular Momentum of light

When scientists explored the electromagnetic nature of light, it was realised that
the electromagnetic �eld can be circularly polarised which carries with it an angular
momentum that can either be a spin angular momentum (SAM) or an orbital angular
momentum (OAM) [44], [45], the latter will be the focus of this section. Any light
that has an azimuthal phase dependence of [46]

E(r, z) = exp ( i` f ) , (1.36)

is known as an OAM mode or a beam that carries OAM, where f is the azimuthal an-
gle and ` is known as the azimuthal index, OAM number or the topological charge.
The topological charge can assume either a negative or a positive value which can
range from ` = (� ¥ , ...,� 1, 0, 1, ...,¥ ), the change in the (` ) signs just changes the
direction twist of the wavefront helicity and not the intensity pro�le of the beam.
When ` = 1 the wavefront will twist in a clockwise direction and when ` = � 1 the
wavefront will twist in an anti-clockwise direction.
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In 1884 an English physicist John Henry Poynting discovered a quantity used to de-
scribe the size and direction of the �ow of energy in electromagnetic waves. We will
use the Poynting vector to show that there is a direct proportionality between the
OAM density and the topological charge. The Poynting vector [47] is given by:

~S =
1
m0

�
~E � ~B

�
. (1.37)

Electromagnetic waves carry energy as they propagate, for instance, if one fo-
cuses sunlight at an object say a piece of paper for a long time, you will notice smoke
coming off of the paper and this is evidence enough that light has energy. Another
example is lying on the beach sand, the sun radiation begins by warming us after a
cold swim and if you lie long enough, you will experience an uncomfortable burning
sensation and this is due to electromagnetic radiation. Since electric and magnetic
�elds are orthogonal to each other, this means that they have equal amounts of en-
ergy stored in them, and we are going to prove that. Consider a charged parallel
plate capacitor with two oppositely charged plates separated by a distance (d) and

having an area (A), the capacitor will induce an electric �eld
�

~E
�

between these

two plates. The strength of the capacitor will depend on how much electric charge
is stored in the capacitor [48], [49]. The capacitor has the following expression,

C =
q
V

= e0
A
d

, (1.38)

where C is the capacitance,q is the charge,V is the voltage induced and e0 retains its
previous de�nition. For a capacitor to produce an electric �eld, there must be energy
in the system given by:

EC =
1
2

CV2. (1.39)

The electric �eld can be de�ned as the voltage induced in the capacitor divided
by the separation distance between the charged plates,

E =
V
d

. (1.40)

Substituting equation 1.38 and 1.40 into equation 1.39, and making V in equation
1.40 the subject of the formula to solve the total energy in the capacitor, we obtain:

EC =
1
2

e0AdE2 (1.41)

where the term Ad gives the volume of a capacitor,

EC

vol
=

1
2

e0E2. (1.42)

Consider again an electric cylindrical solenoid having an area (A) with length (L)
and N rotational coils of the wire, with current �owing which induces a magnetic
�eld around this wire. The direction of the magnetic �eld inside the solenoid is
mathematically determined using the right hand rule and from this we can extract
the magnetic �ux:

f B = LBI = BAN, (1.43)

where LB is the inductor. The magnetic �eld is mathematically de�ned as:
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B = m0
N
L

I, (1.44)

where I is the current through the wire m0 retains it's previous de�nition. The Elec-
tric Motive Force (e) through the wire is

e = � N
df B

dt
, (1.45)

to attain the total energy through the wire, we have to integrate the power with
respect to time, and this results in:

EB =
1
2

LBI2. (1.46)

Substituting equation 1.44 into equation 1.43 we obtain,

LB = m0
N2A

L
. (1.47)

If we solve for I in equation 1.44, we obtain

I =
BL

m0N
. (1.48)

Substituting equation 1.47 and equation 1.48 into equation 1.46 and solving the total
magnetic energy in a solenoid, we obtain:

EB =
1

2m0
B2AL (1.49)

where the term AL is the total volume of a solenoid

EB

vol
=

1
2m0

B2. (1.50)

Now we have to show that the magnitude of the electric radiation of light is the
same as the magnitude of the magnetic radiation of light propagating in free-space.

We know that

jBj =
jEj
c

, (1.51)

where c is the speed of light. Using the knowledge in equation 1.51 and rewriting
equation 1.50, we obtain:

EB

vol
=

1
2m0c2 E2, (1.52)

from equation 1.5

c2 =
1

e0m0
. (1.53)

Substituting equation 1.53 into equation 1.52,

EB

vol
=

e0

2
E2 =

EE

vol
. (1.54)
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We have shown that light carries energy with it. In order to calculate the beam's
Poynting vector in equation 1.37, vector potential in the Lorenz gauge is expressed
by:

~A (x, y, z) = u (x, y, z) exp ( i (kz � wt) x̂) . (1.55)

The term u (x, y, z) is the complex amplitude. Both the electric and magnetic

�elds can be obtained and expressed as the curl of the vector potential
h

~A (x, y, z)
i

~B (x, y, z) = r � ~A (x, y, z) = ik exp [i (kz � wt)]
�
u (x, y, z) ŷ +

i
k

¶u (x, y, z)
¶y

ẑ
�

,

(1.56)
and the electric �eld results in

~E (x, y, z) =
ic2

w
r � ~B (x, y, z) = iw exp [i (kz � wt)]

�
u (x, y, z) x̂ +

i
k

¶u (x, y, z)
¶y

ẑ
�

.

(1.57)
From the paraxial wave equation, we have to ignore the partial derivative in the

z-direction. The solution to the Poynting vector given in equation 1.37 can be found
using the real terms in equation 1.56 and equation 1.57, expressed as

~Ereal =
1
2

�
~E + ~E�

�
, (1.58)

and
~Breal =

1
2

�
~B + ~B�

�
. (1.59)

Equation 1.5 can be expressed as

1
m0

= e0c2. (1.60)

Substitution equation 1.60 into the Poynting vector in 1.37 we get the time-average
Poynting vector with the real electric and magnetic �elds in equation 1.58 and 1.59
respectively,

~S = h~Sreali = e0c2h~Ereal � ~Breali . (1.61)

The time average Poynting vector becomes

~S =
e0c2

4

�
~E � ~B� + ~E� � ~B

�
=

e0wc2

4
( i(ur u� � u� r u) + 2kjuj2ẑ). (1.62)

we now apply equation 1.62 to a �eld that has an amplitude expressed in cylin-
drical coordinates given by

u (r, f , z) = u0 (r, z) exp ( il f ) . (1.63)

The Poynting vector applied in cylindrical coordinates results in the following:

Sr = 0, (1.64)
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Sf =
lwe0u2

0

2r
, (1.65)

and

Sz = ke0wu2
0. (1.66)

The total angular momentum assumes the following expression

Lz =
1

2c2 (r � S)z =
lwe0u2

0

2c2 . (1.67)

Equation 1.67 clearly shows that the OAM density of a propagating �eld is di-
rectly proportional to the topological charge and it will have a well de�ned OAM.

1.4 Structured modes possessing orbital angular momentum

1.4.1 Vortex beams

Optical beams that possess a helical or twisting wavefronts about their axis are
known as optical vortex beams or singular beams, they include the phase only vor-
tex beams, Laguerre Gaussian beams and Bessel beams. Due to the presence of the
topological charge ` in the azimuthal phase term, this results in the zero intensity in
the screw dislocation area. The helicity of the wavefronts can also be thought of as
a twisting corkscrew as the beam propagates along the z direction which results in
the ring or doughnut like structure with a dark central hole where the waves at the
axis cancels each other. A plethora of techniques exist to shape helical wavefronts
with a well de�ned OAM. One technique is to direct a plane wave beam onto a spi-
ral surface device, such surfaces are known as spiral phase plates [50], [51], other
techniques include holographic generation [52], liquid crystal based SLMs [53], spi-
ral Fresnel lenses [54], cylindrical lenses [55], q-plates [56] or even directly from the
laser source [57]. They have found numerous applications such as optical tweezing
[58], optical communication [59]–[61] and optical imaging [62] to name a few. Vor-
tex beams are generated from a fundamental Gaussian beam when it interacts with
an azimuthal phase singularity term. The general function of an electric �eld that
consist of a vortex beam is given by

E(r, f ) = G0 exp (� i` f ) , (1.68)

where G0 = exp
�

�
�

r
w0

� 2
�

is the Gaussian beam incident on a modulator. The

transverse intensity pro�le of a vortex beam has unwanted and uncontrolled rings
around the core intensity pro�le, these are known as radial modes and they can only
be controlled through complex amplitude modulation by generating the Laguerre
Gaussian (LG) beam(s), which will be outlined in the next section.

1.4.2 Laguerre Gaussian beams

LG modes are formed by solving the paraxial wave equation in cylindrical coor-
dinates (r, f , z) [44] and their electric �eld can be described mathematically by the
following equation [63],



Chapter 1. Introduction 12

~E` ,p (r, f , z) =
1

w(z)

s
2p!

p (p + j` j)!

 p
2r

w(z)

! j` j

exp
�
�

� r
w

� 2
�

lgj` j
p

�
2r 2

w2(z)

�

exp
��

ikr 2

2R(z)

��
exp ( i` f ) exp [iy (p, ` , z)] , (1.69)

where p is the radial mode, w(z) is the beam diameter, w0(z), zR, ` , k and R(z)
keep their previous de�nitions. In equation 1.69 there is a Gouy phase term y (p, ` , z)
which is given by

y (p, ` , z) = (2p + j` j + 1) arctan
�

z
zR

�
. (1.70)

The name LG beam comes from the Laguerre polynomials
�

lgj` j
p

�
which are

placed inside the LG beam function integrated with the Gaussian beam, and they
provide the LG beams with a radial mode component when p � 1. Just like the op-
tical phase-only vortex beam, the LG beam has a null central intensity pro�le when
` 6= 0 and the number of radial modes implies the number of rings around the core
vortex beam, if we refer to Chapter 2 �gure 2.10, we see that for p = 1 and ` = 1 we
get 1 ring around the vortex beam and when p = 3 we get 3 concentric rings around
the vortex beam and so on. When ` = 0 and p � 1 we obtain p concentric rings with
a central Gaussian beam and concentric ring(s) around the core Gaussian beam. In
order to remove the concentric rings around the central Gaussian beam, we have to
set the radial mode component to zero as well, such that ` = p = 0.

1.4.3 Bessel-Gaussian beams

Another spatial beam pro�le that has an azimuthal phase dependence is the Bessel-
Gaussian (BG) beams, they are also a solution to the paraxial wave equation. They
are of interest due to their non-diffracting nature, therefore they are propagation in-
variant [64]. In 1987 Durnin discovered the mathematical description that explains
the Independence that some types of Bessel solutions have on the propagation di-
rection [65]. In nature, these beams have an in�nite number of annular rings which
carries an in�nite amount of energy with them. Such diffraction free beams cannot
be generated experimentally, a good approximation is made by adding the Bessel
function with a Gaussian beam and as a result we obtain a BG beam with �nite en-
ergy [66], [67]. The mathematical expression used to generate the electric �eld of the
BG beams is described as

E(r , f , z) = Ez
w0

w(z)
exp

�
iz

�
k �

k2
r

2k
� y (z)

��
exp ( i` f ) J̀ (c ) �

exp
��

� 1
w2(z)

+
ik

2R(z)

� �
r 2 +

k2
r z2

k2

��
, (1.71)

where, Ez is the amplitude term, kr is the radial wave vector and w0 retains its de�-
nition. In equation 1.71 J̀ (c ), where c = kr r zR

iz represents Bessel functions of order
` , where ` is an integer � 0, such that when ` = 0, we obtain a zeroth order Bessel
function that has a central Gaussian maxima and when ` � 1 we obtain higher order
Bessel function with a core vortex beam.
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The �rst successful generation of the zeroth order BG beam involved the illumina-
tion of an annular slit at the back-focal position of a converging lens [68], the inter-
ference of the waves as they pass through the converging lens forms a BG beam as
a result of an obstacle. However, this method is inef�cient as a result most of the
intensity from the illuminated beam was blocked by the annular slit [69]. More ef-
�cient methods exist to approximate the zeroth order Bessel beam, it was realised
that holograms can generate BG beams with much higher ef�ciency of about 40.5%
[70], [71]. Another method involves the use of a diffractive optical element known
as an axicon or conical lens, if we illuminate a plane wave onto an axicon, we obtain
a zeroth order BG beam, if we desire higher order modes, a plane wave must be
replaced with an LG beam [72].One of the most interesting properties the BG beams
have besides their diffraction free nature is their ability to self heal or reconstruct
their spatial properties (phase and amplitude) after they pass through an obstacle
[73], [74].

The maximum propagation distance a BG beam can propagate without changing the
beam structure is de�ned as zmax, and is mathematically de�ned as

zmax =
2pw 0

l kr
=

w0k
kr

, (1.72)

where the radial vector can be expressed in terms of the the conical angle given by

kr = g(nr � 1)k, (1.73)

where nr is the refractive index of the axicon. In equation 1.73, the radial vector
(kr ) is inversely proportional to zmax, and this affects the distance a BG beam can
propagate while keeping its physical nature. An increase in the conical angle would
result in a much shorter distance a BG beam would propagate before it refracts, and a
decrease in the conical angle would result in an increase in the propagation distance
a BG beam would propagate without diffracting.

1.4.4 Airy beams

Another solution to the paraxial wave equation is the Airy beam, these modes are
also non-diffracting and as a result they are propagation invariant. The study of
Airy beams has a long history dating back in 1838 when Sir George Biddell Airy �rst
derived the Airy integral which was motivated by the formation of optical caustics
[75]. The �rst Airy waveform occurred in 1979 when Berry and Balazs theoretically
demonstrated that on of the solution to the Schr ödinger equation could produce a
non-spreading Airy wave packet [76]. Airy beams in nature display in�nite pack-
ets of energy [77], [78] and they can only be experimentally approximated (trun-
cated) while retaining their non-diffractive nature up to a certain propagation dis-
tance through the use of a cubic phase mask [78]. Here, the "truncated" Airy beam is
generated through modulating the Gaussian beam with the cubic phase by using a
LCoS-SLM. Airy beams can be mathematically described by

A(sx, sy, x) = Ai

"

sx �
�

x
2

� 2
#

Ai

"

sy �
�

x
2

� 2
#

exp
�

ix
2

�
sx + sy �

x2

3

��
, (1.74)

where Ai [U] represents an Airy function, sx and sy are dimensionless transverse
coordinates along the x and y planes respectively, given by
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sx =
x

w0
, (1.75)

and
sy =

y
w0

, (1.76)

where x and y are the transverse scale parameters. In equation 1.74, we also have a
normalised propagation distance (x) given by

x =
z

kx2
0
, (1.77)

where k is the wave vector. Equation 1.74 represents an Airy beam with in�nite
energy which cannot be physically generated, however, an approximated equation
is achieved by setting the normalised propagation distance to zero (x = 0) such that
we obtain the following expression from [78]

A(sx, sy) = Ai [sx] Ai
�
sy

�
exp

�
sx + sy

w0

�
, (1.78)

where the Airy beam energy depends on the input beam waist ( w0).

Airy beams have shown much interest due to their ability to exhibit a self-healing or
structural reconstruction properties [79], [80] as they encounter an obstacle just like
Bessel beams. They are also capable to freely accelerate in the absence of external
potential [81], which makes them bene�cial in applications like micromanipulation
[82]–[84], plasma guidance [85], and routing surface plasmon polaritons [86].

1.5 Flattop beams

Another interesting spatial beam with a uniform intensity that drops to zero at the
edges are known as �attop beams or top-hat beams. This beam can be divided into
into four families: the super-Gaussian, �attened Gaussian, Fermi-Dirac and super
Lorentzian [87]. Each family has a different intensity pro�le normalisation constant
and a function, let us consider the super-Gaussian as an example, which is de�ned
as from Ref[87]

I (r) = I0 exp

"

� 2
�

r
wSG

� b
#

, (1.79)

where I0 is the intensity pro�le normalisation constant, r is the radial coordinate, and
wSG is the beam size of the super-Gaussian approximation. Note that the parameter
b controls the steepness of the super-Gaussian beam, for example, whenb = 2, we
obtain a Gaussian intensity pro�le as shown in �gure 1.2 (a), when b = 10, the max-
imum peak of (a) becomes �atter with smooth edges that drop to zero and when
b = 20 in (c) the edges becomes steeper and the intensity pro�le at this point ap-
proximates uniformity. When b increases beyond b > 20 the 1D intensity pro�le
becomes �atter with much more sharper edges that approximate the ideal �attop
beam.

Figure 1.2 (c) illustrates the evolution of the approximated �attop beam from having
a central intensity maximum as a Gaussian beam, to a Super-Gaussian beam with
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smooth edges and a semi uniform intensity pro�le and �nally an approximated �at-
top beam with a uniform intensity pro�le. The beam can be generated in a Cartesian
geometry as well, this is done by replacing the radial coordinate into Cartesian co-

ordinates
�

r =
p

x2 + y2 + z2
�

.

FIGURE 1.2: Approximation of the �attop beam by controlling b to
obtain 1D intensity pro�le. b = 2, we have a bell-shaped Gaussian
intensity pro�le labeled (a), when b = 10 we have a super-Gaussian
mode with smooth edges labeled (b), and when b = 20 the edges
become steeper representing an ideal �attop beam labeled (c). The
graph labeled (d) is a simulation of three different modes already dis-

cussed in (a), (b) and (c) all on the same axes.
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Chapter 2

Devices to create structured light

2.1 Overview of liquid crystal on silicon spatial light modu-
lators

The ability to shape light is believed to date back as early as 212 BC when the Greek
scientist Archimedes used many mirrors to set an invading Roman ship on �re [88]–
[90]. The mirrors were used to focus the radiation coming from the sun to a spot size
which can cause �ames due to its concentrated spatial frequency. Monochromatic
beam shaping had to wait until 1960, when a physicist Theodore Maiman discov-
ered the �rst laser generated through a ruby crystal pump [91]. Fred Dicky reports
from [92] the footprint of beam shaping after the discovery of the �rst laser. The
�rst paper published on beam shaping was in 1965, in his work, Freiden used a �eld
mapping technique [92]–[94] made of two plano-aspheric telescope system to con-
vert a plane wave into a beam with a uniform intensity (�attop beam) [95].

It took 9 years for Olof Bryngdahl to publish 2 papers on map transformations by
using a CGH on a phase �lter imaged with 2 lenses, the �rst lens was responsible for
Fourier transforming an arbitrary hologram on a phase �lter while the second lens
is responsible to re-collimate the �attop beam to maintain the phase distribution
[96], [97]. Today we still make use of conventional techniques to shape light, how-
ever, we use a more dynamic technology that is fabricated to shape light through a
holographic approach, this is a micro-display LCoS-SLM. Unlike the conventional
refractive beam shaping techniques already explained above, LCoS-SLMs are not
just limited to beams with a uniform intensity pro�le but they are also able to shape
other intensity structures [98].

Phase only LCoS-SLM devices makes use of two technologies: the �rst are the twisted
nematic LC molecules which are in between the crystals and liquid states of matter
[99] and are used to alter the polarisation state of an incident beam due to their bire-
fringence property given by

sn = se � s0, (2.1)

where s0 and se are the refractive index of the ordinary and the extraordinary in-
dexes for incident light polarised perpendicular and parallel to the director of the
LC molecules respectively [100]. The second property is what makes the device
re�ective, each pixel is made up of a highly performing re�ective silicon comple-
mentary oxide semiconductor (CMOS), which has long been implemented for video
display applications. The backplane of the CMOS is made up of an electronic cir-
cuit which allows the voltage to be applied across each pixels giving rise to an "on
state" of the device. The on state simply means the LCs rotate resulting in the change
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of their refractive index which affects the phase delay [101] of the incident light re-
�ected off the LCD in accordance with equation 2.1. Unlike their competitor, MEMS
based DMDs, which are able to modulate any light with different wavelengths [102],
LCoS-SLMs have to be calibrated for different wavelengths to achieve a full 0 to 2 p
phase-shift modulation.

Even though LCoS-SLMs might appear to be a better choice in terms of resolution
than other SLMs that are commercially available, they have some few undesirable
disadvantages. They are polarisation insensitive and only modulate linearly po-
larised light. Another disadvantage is that more time is consumed by calibrating
the device for a speci�c laser beam wavelength used in the experiment. LCoS-SLMs
also suffer from optical phase delay or phase response time, although high preci-
sion holographic image display can still be achieved, a quick phase response time is
highly demanded in applications such as optical communication. A phase response
time is de�ned as the time taken for a circuit to change its state by a speci�ed fraction
of its total response when subjected to a change in input signal. A LCoS-SLM has a
60 Hz refresh rate [103] as compared to that of a MEMS based DMDs or deformable
mirrors which has up to tens of KHz refresh rate [104], [105]. Although it has more
drawbacks than the MEMS based DMD, it compensates it for high resolution out-
puts.

2.2 Spatial Light Modulator

2.2.1 Mechanism

In our lab, we use a HOLOEYE LCoS-SLM to structure light. The mechanical struc-
ture is divided into three components as shown in �gure 2.1 which are: the control
electronic board with video interface HDMI, a �ex cable and a pixelated LCD, each
of these components has a speci�c function that leads to both phase manipulation of
a laser beam illuminated on the LCD.

As already discussed, LCoS-SLMs work on electrically controlled birefringence to
control the polarisation of an incident light as the LCs rotate about their axis as a
result of an applied voltage in the control electronic board. In addition to the HDMI
port, the control electronic board also has a USB port that connects to the computer
and its main purpose is to digitally alter the voltages required to rotate the LCs to
achieve a 2p phase modulation of an incident plane wave of a speci�c wavelength
through a calibration procedure (see section 2.2.2). The �ex cable is designed to con-
nect the control electronic board to the LCD which in the presence of the applied
voltage, the pixels contained in the LCD will then apply a phase retardance on the
optical phase of an incident plane wave [106].

The amazing feature about the new Pluto-2.1 version is that it comes with a temper-
ature sensor that is accessible in the con�guration manager software. The tempera-
ture is always displayed in three colors (green, orange and red). When the tempera-
ture is displayed in green it is always for the values between 10 � C and 55� C, orange
for values between 55� C and 65� C and red for any value above 65 � C. It is advisable
to keep the external temperature slightly below the room temperature, about 23 � C,
either to avoid the LCs to heat up and form liquid phase (at high temperature) or
solid state (at low temperature) rather than the desired nematic phase.
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FIGURE 2.1: A representation of a Pluto-2.1 Holoeye LCoS-SLM with
a full HD resolution (1920� 1080) where each pixel has a pitch of 8
mm. The device is made up of three components, a control electronic

board, a �ex cable and a LCD [107]

2.2.2 Calibration

Before the device can be calibrated, the laser beam has to be aligned so that it propa-
gates parallel with the optical table. The laser beam is aligned with two mirrors, ( M1
and M2) and two apertures, A1 and A2 as shown in �gure 2.2. Calibration is con-
ducted by carefully varying the voltage(s) of the SLM to achieve a phase-shift from
0 to 2p in each pixel of the LCD screen. A change in the voltage changes the rotation
of the LCs in each pixel which in turn alters the polarisation state of the incident
light as it re�ects off of the LCD screen. Figure 2.3 shows the alignment of the LCs
contained in each pixel of the LCD. The �gure also illustrates that the LCs always
orientates in the direction of the electric �eld as a result of the induced voltage(s).

Figure 2.4 illustrates an experimental setup used to calibrate the LCoS-SLM for
a helium neon (HeNe) laser with wavelength ( l � 633 nm). Here, two lenses L1

(25.4mm)»L2(300mm) are placed exactly L1 + L2 apart in front of a laser source emit-
ting a Gaussian laser beam. The �rst lens (L1) is used to expand the beam along the
propagation direction ( z), while the second lens L2 is used to collimate the beam to
maintain the same beam waist (w0 as it propagates). The reason for expanding and
collimating the laser beam is to over�ll the LCD with a plane wavefront. When this
plane wavefront passes through a two pinhole mask, it creates two identical plane
waves which are incident and centered onto the LCD. The two plane waves are re-
�ected off the LCD and they overlap/interfere at the focal plane of the third lens
(fourier plane) L3 = 150 mm, fringes like the ones seen at the bottom of �gure 2.4
will be formed at the focal plane of the lens L3.

The fringes are mathematically described by the following equations:
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FIGURE 2.2: An experimental laser beam alignment setup before the
SLM calibration. Two mirrors M1 and M2 are used to make sure that
the incoming laser beam from the laser beam source pass through the

centers of each apertureA1 and A2.

u1 � exp ( iF 1) , (2.2)

u2 � exp ( iF 2) , (2.3)

where u1 and u2 are the electric �elds of the two plane waves. Since the two plane
waves overlap with one another, it is clear that the two �elds have to be added
together to obtain the total intensity pro�le of the interference pattern given by the
absolute squared of the sum of the two �elds which takes the following expression:

Iout � j u1 + u2j2, (2.4)

From �gure 2.4, it is seen that the interference pattern causes a phase-shift from
0 to 2p throughout all 256 grey levels. A phase-shift is a binary region, where 0
represents no phase-shift at a dark region, and 2p indicates a phase-shift at the bright
region. Only one plane wave goes through a phase-shift from 0 to 2 p while the
other plane wave remains at 0. The plane wave (u1) maintains a �xed phase-shift
(0), while the other plane wave ( u2) undergoes a phase-shift (from 0 to 2p ) with the
following expression:

u2 � exp ( i(F 2 + d)) , (2.5)

where d is the phase-shift component affecting the second electric �eld ( u2). The
intensity pro�le of the interference pro�le as one beam undergoes a phase-shift is
given by:

Iout = ju1 + u2j2. (2.6)

In plot (a) in �gure 2.5, there is a deviation between the measured and the de-
sired phase-shift. This is because the SLM has not been properly calibrated for the
desired laser beam wavelength. This was recti�ed in plot (b) by adjusting the volt-
age that addresses each individual pixel until we successfully achieve a desired 2p
phase-shift.
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FIGURE 2.3: A schematic representation of how the induced electric
�eld changes the rotation of the LCs. The LC rotation changes the
phase of the incident light and as a result, there is a phase-shift that

occurs from 0 to 2p across all 256 grey-scale. Adapted from [107]

2.2.3 SLM characterisation

Diffraction grating measurements

Beam splitting is a phenomenon that occurs in everyday life, this is when light splits
into various beamlets, each containing the information and power distribution from
the incident beam they were divided from [108]. A good example of a beam split-
ting occurrence we see almost every time after it rains is the rainbow displaying
numerous colors due to a spectrum of wavelength division known as spectral beam
splitting [109], however this is a refraction occurrence where white light splits into
different wavelengths of light. In this study we will investigate the effects of a beam
splitting through a diffraction grating with a monochromatic beam.

A diffraction grating is a 2 D DOE made of slits or surface relief patterns used to
divide or disperse light into different diffractive orders based on the wavelength in
study [110], [111]. In the case of a polychromatic light (white light), different color
patterns will appear on the screen depending on their wavelength spectrum as light
passes through the diffraction grating.

In our lab we use holographic gratings to spatially separate the desired 1 st order




	Declaration of Authorship
	Abstract
	Acknowledgements
	Introduction
	Paraxial wave equation
	Gaussian beam
	Orbital Angular Momentum of light
	Structured modes possessing orbital angular momentum
	Vortex beams
	Laguerre Gaussian beams
	Bessel-Gaussian beams
	Airy beams

	Flattop beams

	Devices to create structured light
	Overview of liquid crystal on silicon spatial light modulators
	Spatial Light Modulator
	Mechanism
	Calibration
	SLM characterisation
	Diffraction grating measurements

	Efficiency measurements
	Generated spatial modes
	Figures of merit

	Deformable Mirrors

	Multi-level DOEs
	Intoduction to DOEs
	Concept to multi-level DOE
	Experimental setup
	Experimental results and conclusion

	Segmented phase-shaping
	Introduction to deformable mirrors
	Mimicking the deformable mirror with LCoS-SLM
	Experimental results

	Conclusion
	Bibliography

