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Abstract

The theory of financial models play a crucial role in understanding and predicting

the behaviour of various financial instruments. In this thesis, we explore the applica-

tion of Lie symmetries and boundary conditions in four prominent financial models:

the Black-Scholes, a generalized bond-pricing, a CEV type, and an option-pricing

model. These models revolutionized the field of mathematical finance by introducing

a framework for valuing options or bonds. We investigate the Lie symmetries under-

lying these equations and explore their implications in financial mathematics. By

employing Lie symmetries, we are able to identify invariant solutions, leading to a

deeper understanding of the dynamics and behaviour of the equations. Furthermore,

the thesis delves into the role of boundary conditions in financial models. Boundary

conditions play a vital role in defining the behaviour of financial instruments, and

their accurate specification is essential for obtaining meaningful results. We ana-

lyze the impact of different boundary or terminal conditions on option and bond

pricing models. By examining the effects of boundary conditions, we enhance our

understanding of the limitations and nuances of these models in different financial

scenarios. Bond pricing models are vital in the valuation and risk management of

fixed-income securities and their investigation provides insights into the behaviour

of bond prices and yields. By uncovering the underlying symmetries and under-

standing the implications of boundary conditions, we aim to enhance the accuracy

and predictive power of bond and option pricing models.
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Chapter 1

Introduction

Preliminaries

The theory of option pricing has a long history. It dates back to the late 20th century,

accredited to the French Mathematician Louis Jean-Baptiste Alphonse Bachelier,

the first person to model the stochastic process [1]. Bachelier is also known as a

pioneer of the mathematics of finance, as his work formed or laid a base to the most

widely used mathematical models [2]. He was working on his PhD thesis when he

first had this phenomenal discovery - he deduced an option pricing formula based on

the assumption that stock prices follow a Brownian motion with zero drift [2]. Since

then, numerous mathematicians and researchers have contributed to his theory [2].

His work was and still is very influential in the development of other widely used

mathematical models, including the Black-Scholes model, attributed to economists

Fischer Black and Myron Scholes (1973) [2]. The Black-Scholes model is commonly
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defined as a pricing model used to determine the fair price or theoretical value

for a call or a put option based on six variables such as volatility, type of option,

underlying stock price, time, strike price, and risk-free rate [2, 3]. Below is the 3-D

representation of the Black-Scholes model, showing the relationship between time

to expiration, spot price, and the option value [4].

Figure 1.1: The Black-Scholes 3-D model

Mathematically, the Black-Scholes model can be described as a second-order PDE,

which originates from SDEs [5]:

dSt = µStdt+ σStdWt, (1.1)

where St is the stochastic process which follows the GBM, Wt is the Wiener process,

and µ is the percentage drift and σ is the percentage volatility and are constants.

A more generalised definition of the Black-Scholes PDE follows.
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Definition 1.0.1 The Black-Scholes equation is a PDE that governs the price evo-

lution of a European call or European put under the Black-Scholes model. It is

commonly given by:

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0, (1.2)

where V is the price of the option as a function of stock price S and time t, r is the

risk-free interest rate, and σ is the volatility of the stock, with the exception that the

European call or put on an underlying stock pays no dividends [2, 5, 6].

The European call is the class into which an option gives the owner the right to

acquire the stock or bond at expiry [2, 3].

The European put is the class into which an option allows the holder the right to

sell the stock or bond at expiry [2, 3].

The Black-Scholes PDE (1.2) is derived using the SDE and Ito’s Lemma [2, 6]. It is

imperative to know and understand this derivation as it is of interest. Consider the

option value V (S, t) at maturity, and assume that the Black-Scholes model follows

the general geometric Brownian motion [2], that is,

dS = µSdt+ σSdW, (1.3)

with discrete form:

δS = µSδt+ σSδW. (1.4)

Employing Talyor series on this option value results in the following series expansion

for V (S, t) [2]:
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δV = VsδS + Vtδt+
1

2!
VssδS

2 +
1

2!
2VstδSδt+

1

2!
Vttδt

2 + · · · (1.5)

Substituting equation (1.4) into equation (1.5) and cancelling all the insignificant

terms we get:

δV ≈ Vs(µSδt+ σSδW ) + Vtδt+
1

2!
Vss(µSδt+ σSδW )2. (1.6)

Taking the limits δS → 0, δW 2 → δt as δt → 0 gives (1.6) in the following form:

dV = Vs(µSdt+ σSdW ) + Vtdt+
1

2!
Vss(µSdt+ σSdW )2. (1.7)

From equation (1.3), we have

(dS)2 = (µSdt+ σSdW )2 = µ2S2dt2 + 2σµS2dWdt+ σ2S2dW 2. (1.8)

Applying Ito’s Lemma to equation (1.8) and assuming that dW 2 → dt as dt → 0,

we get

dS2 → σ2S2dt. (1.9)

Remark 1.0.1 Itô’s lemma is an identity used in Itô calculus to find the differential

of a time-dependent function of a stochastic process. It is mathematically defined

as: Let Wt, t ∈ R+ be an Itô process W : ω · R+ → R and f = C2(R · R+ · R+).

Then the stochastic process ft = f(Wt, t) is also an Itô which satisfies [2],
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dft =

(
∂f

∂t
+ a

∂f

∂x
+

1

2
b2
∂2f

∂t2

)
dt+

∂f

∂x
dWt. (1.10)

Substituting (1.9) into (1.7) results in

dV =
∂V

∂S
(µSdt+ σSdW ) +

∂V

∂t
dt+

1

2!

∂2V

∂S2
(σ2S2dt). (1.11)

Therefore, by Itô’s lemma for two variables we have

dV =

(
µS

∂V

∂S
+

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2

)
dt+ σS

∂V

∂S
dW. (1.12)

Now consider a certain portfolio consisting of one option with value V (S, t) and the

number ∆̂ of the underlying assets [2]. The value of these holdings will be:

Γ = V − ∆̂S, (1.13)

and the change in portfolio will be

dΓ = dV − ∆̂dS. (1.14)

Now, substituting equations (1.3) and (1.12) into (1.14) we get

dΓ =

(
µS

∂V

∂S
+

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
− µ∆̂S

)
dt+ σS

(
∂V

∂S
− ∆̂

)
dW. (1.15)

We then choose

∆̂ =
∂V

∂S
, (1.16)
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to eliminate the main contribution of randomness.

We note that ∆̂ is chosen such that the portfolio (1.13) will be deterministic. The

rate of return on this portfolio must be equal to the rate of return on any other

risk-less instrument; otherwise, there would be opportunities for arbitrage [2, 6].

Now, assuming the risk-free rate of return is r, we must have (after simplifying)

dΓ = rΓdt =

(
∂V

∂t
+

1

2
σ2S2∂

2V

∂S2

)
dt, (1.17)

over the time period [t, t+ ∆̂t][2]. Finally, substituting the value of Γ from (1.14)

into (1.17) and dividing by dt throughout we obtain the Black-Scholes equation

(1.2) [2]. The rest of the models considered here have a similar derivation, but rely

on many transformations to get to its particular form, and hence the details are

omitted.

For a long time, the Black-Scholes equation was commonly known for it’s flexibility

in governing the price of the option over time [2]. However, recent progressive

studies has proven that the Black-Scholes equation has many more functions or

uses due to its simplicity and clarity to obtain the price option call [2, 5]. This

second-order PDE holds for any type of option as long as its price function V is

twice differentiable with respect to S and once with respect to t. Different pricing

formulae for various options will arise from the choice of payoff function at expiry

and appropriate boundary conditions [6].

In this thesis, we examine other several financial models, which we find as indis-

pensable tools in quantitative finance, enabling the valuation and risk assessment of

various financial instruments. Over the years, researchers have sought to develop ef-

ficient and accurate analytical solutions for these models to better understand their
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underlying dynamics. This thesis provides an approach, on how to get these ana-

lytical solutions, focusing on Lie symmetries, terminal conditions and convolution

techniques.

Lie symmetries, named after the mathematician Sophus Lie, form the basis of this

study. By exploring the symmetries present in the model or equation understudy, we

can derive analytical solutions that remain invariant under certain transformations.

These symmetry driven analytical solutions then provide deeper insights into the

pricing and risk management of options, illuminating their sensitivities and dynam-

ics.

Boundary conditions on the other hand play a crucial role in financial models, en-

suring that the solutions remain valid within specific domains. In this regard, we

investigate the impact of a particular boundary condition on the model or the PDE

understudy. By imposing appropriate boundary conditions, we can obtain mean-

ingful results that align with market dynamics and constraints. Understanding the

effect of boundary conditions on option pricing enhances the accuracy of valuation

and aids in decision-making.

Linear bond pricing models are vital for the valuation and risk assessment of fixed-

income securities. Terminal conditions, which represent the value of a bond at

its maturity, are of utmost importance in these models. We examine symmetry

invariance for suitable terminal conditions of linear bond pricing models. By utilizing

symmetry driven approaches, we aim to derive new symmetries inherent in the

underlying mathematical equations, leading to more accurate bond pricing and risk

assessment.

The Cauchy problem, which involves determining a solution based on an initial con-

dition, arises in various financial instruments. We explore the Cauchy problem of

18



financial instruments and its associated Lie symmetries, which enable the derivation

of analytical solutions. To this end, we make use of convolution integrals which

are also powerful tools. We investigate the application of convolution and sym-

metry invariance in financial modelling. By employing convolution, we can solve

complex equations efficiently and derive analytical solutions that exhibit symmetry

invariance. This approach enhances the accuracy of our solutions.

Through a combination of theoretical analysis, mathematical derivations, and nu-

merical simulations, this thesis aims to contribute to the field of quantitative fi-

nance by exploring analytical solutions in financial models. By investigating Lie

symmetries, terminal conditions, the Cauchy problem, and convolutions, we seek

to enhance the accuracy, efficiency, and interpretability of financial modeling. The

insights gained from this research have the potential to improve pricing accuracy,

risk management strategies, and decision-making processes in quantitative finance,

benefiting both academia and industry practitioners.

1.1 Outline of Chapters

In Chapter 2, we highlight the basic notation used throughout this thesis, and outline

our methods.

In Chapter 3, we investigate a general bond-pricing model in terms of its solutions

that meet a specified terminal condition. We start by deriving reversible transforma-

tions that convert the model into the one-dimensional heat equation. Furthermore,

we demonstrate that the terminal condition undergoes a transformation into a non-

smooth initial condition. A significant outcome is revealed wherein Lie symmetries

are employed to address the equation within the framework of its distinctive set of
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initial conditions.

Chapter 3 has been published in [35].

In Chapter 4, we analyze a CEV model in relation to its terminal condition. We

establish that specific transformations can be employed to simplify the equation,

revealing known solution methods. Here, four distinct cases emerge, each contribut-

ing to the determination of numerous unknown parameters within the model. The

associated terminal condition is converted into an initial condition, and we illus-

trate the resolution of this Cauchy problem using Lie symmetries and convolution.

Ultimately, we study the behaviour of the solutions obtained.

Chapter 4 has been published in [44].

In Chapter 5, we demonstrate the application of transformation techniques and

convolution integrals to solve a generalized option-pricing model, encompassing the

Black-Scholes model, with a specified terminal condition. We also notice that the

convolutions stemming from the initial-value problem with Lie symmetries and an

invariant surface condition are intricate. The key finding from this investigation is

that point symmetries effectively generate solutions meeting the prescribed terminal

condition.

Chapter 5 has been submitted for publication.
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Chapter 2

Notation and Theory

Consider a PDE for u(x, t), whose domain is (x, t) ∈ R2 [7]. It often happens that a

transformation of variables gives a new solution to the equation [7]. In general, by

a symmetry of such a differential equation we mean a transformation which takes

solutions to solutions [8]. A general approach to solving PDEs uses the symmetry

property of differential equations, that is, the continuous limiting form of small

transformation of solutions to solutions [7, 8]. For instance, if µ(x, t) is a solution to

some differential equation, say, the heat equation ut = uxx, it is easy to show that

µ(x − x0, t − t0) is also a solution [7]. In this regard, symmetry methods are very

useful as they allow the construction of new solutions from the ones already known.

Given a function u(x, t), the independent and dependent variables can be trans-

formed by a mapping (x, t, u) → (x̂, t̂, û) [7].

We define point symmetries of an n-th order PDE [9] as

G(x, t, u, ux, ut, . . . ) = 0 (2.1)
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The point transformation Γ is a point symmetry of (2.1) if

G(x̂, t̂, û, x̂x̂, ût̂, . . . ) = 0 (2.2)

when (2.1) holds [9]. In most cases, the symmetry condition (2.1) is solvable by auto-

mated software. However, it is quite simple to check if a given point transformation

is a symmetry of a PDE or not [9].

Just as for Lie point transformations of the plane, each one-parameter (local) Lie

group of point transformations is obtained by exponentiating its infinitesimal gen-

erator [9], which is

X = ξ∂x + τ∂t + η∂u. (2.3)

Equivalently, we can obtain (x̂, t̂, û) by solving

dx̂

dε
= ξ(x̂, t̂, û),

dt̂

dε
= τ(x̂, t̂, û),

dû

dε
= η(x̂, t̂, û) (2.4)

subject to the initial conditions

(x̂, t̂, û)|ε=0 = (x, t, u).

Lie point symmetries are obtained by differentiating the symmetry condition (2.2)

with respect to ε at ε = 0 [9]. That is to say, we may obtain the linearized symmetry

condition

XG = 0 (2.5)

when G = 0.

We have mentioned that the concept of Lie symmetries originated from the work of

the Norwegian mathematician Sophus Lie. This occurred in the late 19th century
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and the Lie symmetries refer to transformations that leave a given mathematical

object or system invariant. These transformations form a group, known as a Lie

group, which possesses certain algebraic and differential properties. Lie groups pro-

vide a powerful framework for studying continuous symmetries in particular, and

have found applications in a wide range of fields, including differential equations,

differential geometry, quantum mechanics, and more.

One of the key insights derived from the theory of Lie symmetries is the concept

of symmetry invariance. Symmetry invariance refers to the property that certain

quantities or equations retain their form under transformations generated by Lie

symmetries. Invariance under these transformations provides deep insights into

the structure and behaviour of systems and allows for the derivation of analytical

solutions.

In mathematics, the study of invariance has had profound implications in the analy-

sis of differential equations. By identifying the symmetries inherent in a differential

equation, one can reduce the complexity of the problem and derive solutions that

exhibit the same symmetries. This approach, known as symmetry analysis or Lie

symmetry analysis, has been successfully applied to a wide range of differential

equations, including ODEs, PDEs and integral equations.

If a group transformation maps a solution into itself, we arrive at what is called

a self-similar or group invariant solution [10]. The search for this type of solution

reduces the number of independent variables of the equation in question. Namely,

the invariance with respect to the one-parameter group reduces the number the

variables by one. Further reduction can be achieved by considering an invariance

under symmetry groups with two or more parameters. For example, the construction

of these particular solutions is reduced, in the case of the one-dimensional Black-

Scholes model, either to ordinary differential equations if the solution is invariant
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under a one-parameter group, or to an algebraic relation if the solution is invariant

with respect to a multi-parameter group [1, 10]. The construction of invariant

solutions under one-parameter groups is widely known in the literature.

The operator in Eq. (2.3) defines a Lagrange system or characteristic equation

dx

ξ
=

du

η
,

whose solution provides the zero-order invariants

W [0](x, u), (2.6)

that may be used to transform or reduce a given equation.

In physics, the application of Lie symmetries has been instrumental in understand-

ing the fundamental laws governing the universe. Noether’s theorem, formulated by

mathematician Emmy Noether, establishes a deep connection between symmetries

and conservation laws in physical systems. According to this theorem, for every con-

tinuous symmetry of a physical system, there is a corresponding conserved quantity.

This profound result has played a pivotal role in the development of modern physics,

from classical mechanics to quantum field theory.

Furthermore, in the realm of quantitative finance, Lie symmetries have emerged

as powerful tools for pricing and risk management. The application of symme-

try approaches in option pricing models, bond pricing models, and risk assessment

has provided valuable insights into the behaviour and sensitivities of financial in-

struments. By exploiting the symmetries inherent in these models, one can derive

analytical solutions, improve pricing accuracy, and gain a deeper understanding of

market dynamics.

As we see, Lie symmetries are central concepts in mathematics, physics, and quanti-

tative finance. Their applications span a wide range of disciplines and by exploring
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these concepts in this thesis, we aim to uncover new insights, derive analytical so-

lutions, and enhance our understanding of complex systems. The insights gained

from this research have the potential to advance various fields of study and provide

practical implications for real-world applications.

2.1 Group Classification of Differential Equations

Mathematical models often contain unspecified parameters and/or arbitrary func-

tions of specific variables. Usually, these elements (parameters or functions) are

either deduced experimentally or selected based on simplicity criteria. Lie group the-

ory offers a systematic approach for identifying arbitrary elements from a symmetry

point of view. This investigation area is now recognized as the Lie group classifica-

tion of differential equations. The Lie group classification of differential equations

furnishes a theoretical foundation for what can be termed as group-theoretic model-

ing. In this framework, equations exhibiting greater symmetries are considered more

desirable, often leading to equations with notable physical characteristics. When

dealing with a set of differential equations, the process of Lie group classification

begins by identifying the primary Lie group of this set or principal Lie algebra. This

primary group is applicable to any equation within the specified family [10].

2.2 Transformation to the Heat Equation

Let us recall Lie’s result of group classification of linear second-order PDEs with two

independent variables. In the case of evolutionary parabolic equations this result is
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formulate as follows. Consider the family of linear parabolic equations:

P (t, x)ut +Q(t, x)ux +R(t, x)uxx + S(t, x)u = 0, P ̸= 0, R ̸= 0. (2.7)

The principal Lie algebra is spanned by the generators:

X1 = u
∂

∂u
,

Xϕ = ϕ(t, x)
∂

∂u
, (2.8)

of trivial symmetries. Any equation (2.7) can be reduced to the form

vτ = vyy + Z(τ, y)v (2.9)

by a transformation - Lie’s equivalence transformation:

y = α(t, x),

τ = β(t),

v = γ(t, x)u,

αx ̸= 0, βt ̸= 0, (2.10)

obtained with the help of two quadratures.

If equation (2.7) admits an extension of the principal Lie algebra by one additional

symmetry operator then it is reduced to the form:

vτ = vyy + Z(y)v (2.11)

for which the additional operator is

X =
∂

∂τ
(2.12)
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Likewise, if the Lie algebra extends by three additional operators, equation (2.7) is

reduced to the form:

vτ = vyy +
A

y2
v (2.13)

the three additional operators being:

X1 =
∂

∂τ
,

X2 = 2τ
∂

∂τ
+ y

∂

∂y
,

X3 = τ 2
∂

∂τ
+ τy

∂

∂y
−
(
1

4
y2 +

1

2
τ

)
v
∂

∂v
(2.14)

Lastly, if the Lie algebra extends by five additional operators, equation (2.7) is

reduced to the heat equation:

vτ = vyy, (2.15)

with the five additional operators being:

X1 =
∂

∂y
,

X2 =
∂

∂τ
,

X3 = 2τ
∂

∂y
− yv

∂

∂v
,

X4 = 2τ
∂

∂τ
+ y

∂

∂y
,

X5 = τ 2
∂

∂τ
+ τy −

(
1

4
y2 +

1

2
τ

)
v
∂

∂v
. (2.16)

Equations (2.11) to (2.15) provide the canonical forms of all linear parabolic second-

order equations (2.7) that admit non-trivial symmetries, that is, extensions of the

principal Lie algebra. We apply the above theory in determining when it is possible

to find transformations to the heat equation.
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2.3 Heat Equation: Fundamental Solution

We study the heat equation in the form

ut −∆u = 0 (2.17)

subject to appropriate initial and boundary conditions [11]. Here, t > 0 and x ∈ U

where U ⊂ Rn is open. The unknown is u, defined as

u : Û × [0,∞) → R, (2.18)

where u = (x, t), and the Laplacian ∆̂ is taken with respect to the spatial variables

x = (x1, . . . , xn) : ∆u = ∆xu =
n∑

i=1

uxixi
(2.19)

2.3.1 Derivation of the fundamental solution

An important first step in studying any PDE is often to come up with some specific

solutions. We observe that the heat equation involves one derivative with respect

time variable t, but two derivatives with respect to the space variables xi (i =

1, . . . , n). Consequently we see that if u solves the heat equation (2.17), then so

does u(λx, λ2t) for λ ∈ R. This scaling indicates the ratio r2

t
(r = |x|) is important

for the heat equation and suggests that we search for a solution of the heat equation

(2.17) having the form

u(x, t) = v

(
r2

t

)
= v

(
|x|2

t

)
(t > 0, x ∈ R2),

for some function v as yet undetermined.
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Although this approach eventually leads to what we want, it is quicker to seek a

solution u having a special structure.

u(x, t) =
1

tα
v
( x

tβ

)
(x ∈ Rn, t > 0), (2.20)

where the constants α, β and the function v : Rn → R must be found. We come to

equation (2.20) if we look for a solution u of the heat equation invariant under the

dilation scaling

u(x, t) 7→ λαu(λβx, λt). (2.21)

Setting λ = t−1, we derive equation (2.20) for v(y) := u(y, 1). Let us insert equation

(2.20) into equation (2.17) and compute

αt−(α+1)v(y) + βt−(α+1)y ·Dv(y) + t−(α+2β)∆v(y) = 0 (2.22)

for y := t−βx. In order to transform (2.22) into an expression involving the variable

y alone, we take β = 1
2
. Then the terms with t are identical, therefore equation

(2.22) reduces to

αv +
1

2
y ·Dv +∆v = 0. (2.23)

We simply further by guessing v to be radial: that is, v(y) = ω(|y|) for some

ω : R → R. Thereupon, equation (2.23) becomes

αω +
1

2
rω′ + ω′′ +

n− 1

r
ω′ = 0, (2.24)

for r = |y|, ′ = d
dr
. Now if we set α = n

2
, this simplifies to read as follows:

(rn−1ω′)′ +
1

2
(rnω)′ = 0. (2.25)

Thus

rn−1ω′ +
1

2
rnω = α, (2.26)
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for some constant α. Assuming limr→∞ ω, ω′ = 0, we conclude α = 0; whence

ω′ = −1

2
rω. (2.27)

It follows then for some constant b, we have

ω = be−
r2

2 . (2.28)

Combining equations (2.20), (2.28) and our choices for α, β, we conclude that

b

t
n
2
e−

|x|2
4t solves the heat equation (2.17). This computation motivates the follow-

ing definition

Definition 2.3.1 The function

Φ(x, t) :=


1

(4πt)
n
2
e−

|x|2
4t , (x ∈ Rn, t > 0),

0, (x ∈ Rn, t < 0)
(2.29)

is called the fundamental solution of the heat equation [11].

Remark 2.3.1 Note that Φ is singular at the point (0, 0). We sometimes write

Φ(x, t) = Φ(|x|, t) to emphasize that the fundamental solution is radial in the variable

x [11].

The choice of normalizing the constant (4π)−
n
2 is dictated by the following lemma.

Lemma 2.3.1 (Integral of fundamental solution). For each t > 0 [11],∫
Rn

Φ(x, t) dx = 1. (2.30)
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Proof 2.3.1 We calculate∫
Rn

Φ(x, t) dx =
1

(4πt)
n
2

∫
Rn

e−
|x|2
4t dx (2.31)

=
1

(π)
n
2

∫
Rn

e−|z| dz

=
1

(π)
n
2

n∏
i=1

∫ ∞

−∞
e−z2i dzi

= 1

2.3.2 The Cauchy Problem

We now employ Φ to fashion a solution to the initial-value (or Cauchy) problem [11]ut −∆u = 0, in Rn × (0,∞),

u = g, on Rn × {t = 0}.
(2.32)

Remark 2.3.2 We note that the function (x, t) 7→ Φ(x, t) solves the heat equation

away from the singularity at (0, 0), and thus so does (x, t) 7→ Φ(x − y, t) for each

fixed y ∈ Rn [11].

Consequently the convolution

u(x, t) =

∫
Rn

Φ(x− y, t)g(y) dy (2.33)

=
1

(4πt)
n
2

∫
Rn

e−
|x−y|2

4t g(y) dy (x ∈ Rn, t > 0)

should also be a solution.
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Theorem 2.3.2 Solution of the initial-value problem [11]: Assume g ∈ C(Rn) ∩
L∞(Rn), and define u by (2.33). Then

(a) u ∈ C∞(Rn × (0,∞),

(b) ut(x, t)−∆u(x, t) = 0 (x ∈ Rn, t > 0)

(c) lim(x,t)7→(x0,0) u(x, t) = g(x0) for each point x0 ∈ Rn, (x ∈ Rn, t > 0)

where C∞ and L∞ represent spaces of functions defined on Rn with certain prop-

erties. C∞(Rn) denotes the space of smooth functions on Rn. L∞(Rn) denotes the

space of essentially bounded functions on Rn.

Proof 2.3.3 1. Since the function 1

t
n
2
e−

|x|2
4t is infinitely differentiable, with uni-

formly bounded derivatives of all orders, on Rn × [σ,∞) for each σ > 0, we

see that u ∈ C∞(Rn × (0,∞)). Furthermore,

ut(x, t)−∆u(x, t) =

∫
Rn

[(Φt −∆xΦ)(x− y, t)]g(y) dy (2.34)

= 0 (x ∈ Rn, t > 0)

since Φ itself solves the heat equation.

2. Fix x0 ∈ Rn, ϵ > 0. Choose σ > 0 such that

|g(y)− g(x0)| < ϵ if |y − x0| < σ, y ∈ Rn. (2.35)
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Then if |x− x0| < σ
2
, we have, according to lemma (2.3.1),

|u(x, t)− g(x0)| = |
∫
Rn

Φ(x− y, t)[g(y)− g(x0)] dy| (2.36)

≤
∫
B(x0,σ)

Φ(x− y, t)|g(y)− g(x0)| dy

+

∫
Rn−B(x0,σ)

Φ(x− y, t)|g(y)− g(x0)| dy

=: I + J

Now

I ≤ ϵ

∫
Rn

Φ(x− y, t) dy = ϵ (2.37)

owing to equation (2.35) and lemma (2.3.1). Furthermore, if |x−x0| ≤ σ
2
and

|y − x0| ≥ σ, then

|y − x0| ≤ |y − x|+ σ

2
≤ |y − x|+ 1

2
|y − x0|. (2.38)

Thus |y − x| ≥ 1
2
|y − x0|. Consequently

J ≤ 2||g||L∞

∫
Rn−B(x0,σ)

Φ(x− y, t) dy

≤ C

t
n
2

∫
Rn−B(x0,σ)

e−
|x−y|2

4t g(y), dy

≤ C

t
n
2

∫
Rn−B(x0,σ)

e−
|y−x0|2

16t g(y), dy

=
C

t
n
2

∫ ∞

σ

e−
r2

16t rn−1 dr → 0 as t → 0+. (2.39)

Hence if |x− x0| < σ
2
and t > 0 is small enough, |u(x, t)− g(x0)| < 2ϵ [11].
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Remark 2.3.3 (a) In view of Theorem (2.3.2) we sometimes writeΦt −∆Φ = 0, in Rn × (0,∞),

Φ = σ0, on Rn × {t = 0}.
(2.40)

σ0 denoting the Dirac measure on Rn giving unit mass to the point 0.

(b) Notice that g is bounded, continuous, g ≥ 0, g ̸≡ 0, then

u(x, t) =
1

(4πt)
n
2

∫
Rn

e−
|x−y|2

4t g(y) dy (x ∈ Rn, t > 0) (2.41)

is in fact positive for all points x ∈ Rn and times t > 0.

2.4 Symmetry Incorprating Boundary Conditions

Our primary solution technique contained in this thesis is outlined below.

Consider the 1+1 heat equation of the form

ωt̂ − ωyy = 0, (2.42)

where ω = ω(y, t̂). Given the theory above, let the fundamental solution of the heat

equation be denoted as

A(y, t̂) :=


1√
4πt̂

e−
y2

4t̂ , (y ∈ R, t̂ > 0),

0, (y ∈ R, t̂ < 0)
(2.43)

with convolution

ω(y, t̂) =

∫
R
A(y −m, t̂)ω(m, 0)dm (y ∈ R, t̂ > 0). (2.44)
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The symmetries of the heat equation (2.42) are denoted by

X = ξ(y, t̂, ω)
∂

∂y
+ η(y, t̂, ω)

∂

∂t̂
+ ϕ(y, t̂, ω)

∂

∂ω
, (2.45)

or, equivalently

X =
(
4c1t̂

2 + 2c2t̂+ c6
) ∂

∂t̂
+
(
4c1yt̂+ c2y + 2c3t̂+ c4

) ∂

∂y((
c1(−2t̂− y2)− c3y + c5

)
ω + α(y, t̂)

) ∂

∂ω
, (2.46)

where α(y, t̂) is an arbitrary solution of the heat equation, i.e. αt̂ = αyy.

Therefore, we may consider the initial-value problem:ωt̂ − ωyy = 0, in R× (0,∞),

ω(y, 0) = F (y), on R× {t̂ = 0}.
(2.47)

Next, we recall the the ISC

ξ(y, t̂, ω)ωy + η(y, t̂, ω)ωt̂ − ϕ(y, t̂, ω) = 0, (2.48)

which holds at the boundary where we impose t̂ = 0 and ω(y, 0), to obtain the

condition [28]
ϕ(y, 0, F (y))− ξ(y, 0, F (y))F ′(y)

η(y, 0, F (y))
= ωyy(y, 0). (2.49)

From condition (2.49), we have that

α(y, 0) =
(
c1y

2 + c3y − c5
)
F (y) + (c2y + c4)F

′(y) + c6F
′′(y). (2.50)

The function ω(y, 0) will be found from a transformation of some given terminal

condition. Notice that (2.47) can be constructed for the function α(y, t̂) as well.

Our problem lies in finding α(y, t) subject to α(y, 0). This process would create a

symmetry that incorporates the given initial-values, and we highlight that it applies

to boundary value problems too.
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Chapter 3

A Terminal Condition in Linear

Bond-Pricing Under Symmetry

Invariance.

In this chapter, we examine a general bond-pricing model with respect to its solutions

that satisfy a given terminal condition. Firstly, we obtain reversible transformations

that change the model to a classical and well-known PDE, the one-dimensional

heat equation. We further show that the terminal condition is transformed into

a nonsmooth initial condition. The important result that emerges is that the Lie

symmetries are adopted to solve the equation subject to its unique configuration of

initial conditions.

36



3.1 Introduction

Consider the general bond-pricing equation

∂

∂t
u(x, t) +

1

2
ρ2x2γ ∂2

∂x ∂x
u(x, t) + (κ− λρxγ + βx)

∂

∂x
u(x, t)− xu(x, t) = 0, (3.1)

where κ, β, ρ, λ (the market price of risk) and γ are constants, t is time, x is the

stock price or instantaneous short-term interest rate at current time t and u(x, t)

is the current value of the bond. This model, like many other related bond-pricing

models, exhibits a terminal condition.

The terminal condition is

u(x, T ) =

x− k if x > k

0 if x ≤ k,
(3.2)

where k is the strike price and T is the time of expiry of the option. Noting that

this terminal condition is continuous but not smooth at x = k.

Bond-pricing originated in the remarkable paper by Bachelier [12] that connected

stock prices to Brownian motion. This later led to major developments by Merton

and Black and Scholes [3, 13] in mathematical finance. Eq. (3.1) is a linear parabolic

PDE, that is formulated from stochastic differential equations. Various modified

versions of equations of this type exist, for example, the Vasicek model (γ = 0),

Cox-Ingersoll model (γ = 1/2, λ = 0), and Dothan model (κ = β = 0, γ = 1), see

[14, 15, 16, 17]. In [17], the above model was considered in order to render it into

Lie canonical forms and obtain solutions.

The key difference with this study is that the ISC is invoked to find a symmetry

generator that incorporates a transformed version of the terminal condition. This

itself is a nontrivial task and it is the first time that symmetry invariant solutions
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that satisfy the terminal condition are presented for the model under study. Ad-

ditionally, we consider novel transformations and different cases of the model that

yield unique boundary conditions and hence new solutions.

The theory of Lie’s classification of linear second-order PDEs, translated in English,

can be found in Ibragimov’s remarkable contribution [10]. Subsequently, Ibragimov

showed that the Black-Scholes model, which has a similar symmetry group to the

heat equation, is then included in Lie’s classification, via equivalence transformation

formulae [10]. Lie’s formulae may then be extended to any model that satisfies these

classification properties.

The model in this paper is first transformed and then its initial value problem is de-

rived. The method of Lie symmetries plays a pivotal role in constructing solutions

to the initial conditions. We emphasize that symmetries are not at the forefront

when solving initial or boundary conditions. This method is categorically avoided

for PDEs with nonsmooth boundary conditions, where derivatives may not exist at

certain points and/or the imposed conditions result in asymptotic behavior. How-

ever, we show how to engage with such problems in light of the equation under

study.

The plan of the chapter follows. In Section 3.2, we introduce the parameters and

transformations required to manipulate the model into the classical heat equation.

Section 3.3 contains the main results, whereby we detail certain features of the

boundary condition, and go on, to provide exact solutions of the model subject to

the condition (3.2). Finally, we conclude in Section 3.4.
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3.2 Transformations

In this section, we establish successive transformations that convert the model (3.1)

to the well-known heat equation. The change of variables is necessary to apply some

of the forthcoming initial value results to the model (3.1). It turns out that this

model is transformable under precise forms of its arbitrary parameters. Hence we

prove the following result.

Theorem 3.2.1 The option pricing model Eq. (3.1), is reducible to the heat equa-

tion (2.42), under the following specific parameter settings: γ = 2, κ = β =

0, λ = −1
ρ
, and ρ is arbitrary. The transformations are

t̂ = T − t, (3.3)

y = −
√
2

x · ρ
. (3.4)

Proof 3.2.2 An invertible change of the independent variables of the form y and t̂,

reduces Eq. (3.1) to the form

a(y, t̂)uy + c(y, t̂)u+ ut̂ − uyy = 0, (3.5)

where u(y, t̂), a(y, t̂) = y

(
− 2

y2
−

√
2

y · ρ

)
and c(y, t̂) = −

√
2

y · ρ
.

Thereafter, under another transformation, the dependent variable u(y, t̂) undergoes

a transformation

u(y, t̂) = ω(y, t̂) · e−ϕ(y,t̂), (3.6)

where

ϕ(y, t̂) =
y√
2 · ρ

+
t̂

2ρ2
+ ln |y|. (3.7)

This transformation procedure converts Eq. (3.5) to the heat equation (2.42).□
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It is also possible to convert the PDE into the heat equation, under the parameters

γ = 1
2
, κ = ρ2

4
, β =

√
2iρ, ρ = i and λ = 0, with transformations

t̂ = T − t, (3.8)

y =
2
√
2
√
x

ρ
, (3.9)

ϕ(y, t̂) = − t̂

2
√
2
− y2

4
√
2
, (3.10)

following the same procedure as above. However, this is inconvenient due to the

imagrinary terms.

Naturally, the above result gives rise to the following lemma.

Lemma 3.2.1 The corresponding terminal condition (3.2) is transformed into a

boundary condition of the heat equation, viz.

ω(y, t̂) = max
{
− e

y√
2·ρ

+ t̂
2ρ2

+ln |y|

( √
2

y · ρ
+ k

)
, 0
}
. (3.11)

Proof 3.2.3 The terminal condition (3.2) may be expressed as u = max{x− k, 0},
and with the application of the transformations (3.3), (3.4), (3.6) and (3.7) from

Theorem (3.2.1), a boundary condition for the heat equation follows for Case I. Sim-

ilarly, the transformations (3.8), (3.9), (3.6) and (3.10) yield a boundary condition

for Case II. □

3.3 The Initial-Value Problem

The heat equation is often bench-marked as one of the most useful PDEs. It admits

the Gaussian function as a fundamental solution, which leads to several analyti-

cal applications. We note that many studies of parabolic PDEs involve the heat
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equation, we refer the reader to [20, 21, 22, 23, 24, 25, 26, 27]. In our context, we

showcase that the heat equation is an easy facilitator of boundary conditions.

From Lemma 3.2.1, we construct the initial-value problem for the heat equation as

described in Section 2.4.

To proceed, we consider the well known symmetries of (2.42), that is, (2.46). Note

that equation (2.50) is an ODE which when solved yields the most general initial

condition. This condition gives less restrictive conditions on the initial conditions

such that they be defined by a particular symmetry. We shall demonstrate several

special conditions and solutions below. Now, the known the fundamental solution

of the heat equation is (2.43), which is singular at the point (0,0). The knowledge of

A(y, t̂) allows the construction of a solution to the initial value problem of the heat

equation. Since A(y−m, t̂) is also a solution for each fixed y ∈ R, then consequently

the convolution (2.44) is a solution to the one dimensional heat equation as well [11].

Next, we apply the theory above to explore various solutions to the heat equation

and subsequently, the general bond-pricing equation. All solutions are subject to the

initial conditions given above, while solutions to the general bond-pricing equation

is subject to the terminal condition (3.2).

For simplicity, let c4 = 1, c1 = c2 = c3 = c5 = c6 = 0. Therefore, from (2.50) we

have

α(y, 0) = F ′(y),

and the symmetry we apply is

X =
∂

∂y
+ α(y, t̂)

∂

∂ω
.

Hence, with the ISC (2.48), we find that the solution to the heat equation is

ω(y, t̂) =

∫
α(y, t̂)dy +H(t̂).
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Without loss of generality, we let H(t̂) = 0, and we are now faced with the challenge

of finding α(y, t̂). Since α(y, t̂) is a solution to the heat equation, it will also satisfy

the convolution property (2.44). Thus by integration with Maple, we obtain

α(y, t̂) = −
e

t+
√
2ρx

2ρ2
(
2kt+ kρ

(
2ρ+

√
2x
)
+ 2
)

2ρ2
. (3.12)

We let x = y and t = τ , then we integrate again with respect to y to find

ω(y, t̂) = −
e

τ+
√
2ρy

2ρ2
(√

2kτ + kρy +
√
2
)

ρ
(3.13)

which is a solution to the heat equation (2.42).

Now recall the transformations from Theorem 3.2.1 to reverse the substitutions and

yield the solution to the general bond-pricing model (3.1), viz.

u(x, t) = −

(√
2k(T − t)−

√
2k
x

+
√
2
)
e

−t+T− 2
x

2ρ2 e
−T−t

2ρ2
+ 1

ρ2x
−log

(
−

√
2

ρx

)
ρ

(3.14)

If we let t = T the time of expiry, we see that (3.14) simplifies to

u(x, T ) = x− k,

which shows the solution is subject to the terminal condition.

Below is the graphical illustration of our solution.
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Figure 3.1: 3D illustration of our analytical solution (3.14), with k = 1.

Figure 3.2: 2D plot of (3.14), with k = 1 .
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3.4 Conclusion

A general equation linked to bond-pricing has been solved subject to its terminal

condition, for several parameter values. We have transferred the problem of solving

this equation to a different problem corresponding to the heat equation. Specifically,

we have employed symmetry generators to solve for invariant solutions that satisfy

some resulting initial values. In fact, the analytical solutions at the boundary in-

volved the nontrivial computations of functions that solve the heat equation. Note

that these conditions may be badly behaved but the technique used is up to the

challenge. In the wider context of other applications, one may encounter integration

difficulties for the solutions itself.

The heat equation possesses other well-known solutions aside from (2.43). As an

example, take the infinite series solution [29]. However, such solutions also admit

other boundary conditions. Hence, we remark that in principle, it is the fundamental

solution or heat kernel defined above that fits perfectly when we transform the

terminal condition into a specific initial condition, and thereby set up the convolution

and any ensuing integrations required to solve the equation.

For nonlinear equations, it is possible to apply the above approach, in one of two

ways, namely: either by first linearising the equation and then constructing transfor-

mations to the 1+1 heat equation, or secondly if one can find direct transformations

to the heat equation. Both scenarios would certainly pose interesting challenges to

pursue.
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Chapter 4

A progressive approach to solving

a generalized CEV type model via

symmetry invariant surface

conditions.

In this chapter, we examine a type of constant elasticity of variance (CEV) model

subject to its terminal condition. We prove that certain transformations may be ap-

plied to obtain a simpler equation that has known solution processes. Four cases are

obtained that play a role in specifying the many unknown parameters of the model.

The corresponding terminal condition is transformed into an initial condition, and

we then demonstrate how to solve this Cauchy problem with Lie symmetries and

Poisson’s formula. Finally, we examine the behaviour of the obtained solutions.
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4.1 Introduction

In the theory of PDEs of a financial nature, the Black-Scholes model [3] is arguably

the most researched equation in mathematical finance. Most importantly, in [12] the

equation was reduced to the classical heat equation. Other mathematical interest

in such equations is because stock prices are often linked to Brownian motion [3].

However, more complicated models exist, that may not be reduced to simple models

with known solutions.

A CEV or constant elasticity of variance model [13] is commonly used to investigate

option and asset pricing. Consider a type of CEV model that has been modified for

a portfolio optimisation problem and that contains unknown constants [30], viz.

∂

∂t
u(x, t) = −

(
αλ− δ

1− λ
+

λx(β − α)2

K2 (2(λ− 1)2)

)
u(x, t)−

(
2γλ(β − α)

λ− 1
− 2βγ

)
x
∂

∂x
u(x, t)−

γ(2γ + 1)K2∂u(x, t)

∂x
− 2γ2K2x

∂2

∂x ∂x
u(x, t), x > 0, t ∈ [0, T ] (4.1)

where x is the stock/asset price at current time t and u(x, t) is the value function for

the portfolio optimisation problem. The constants α, β, γ, δ, λ and K represent; the

interest rate, the expected instantaneous return rate of stock, elasticity parameter,

a subjective discount, a parameter linked to a utility function assumed by the model

for optimal investment and consumption, and a constant related to the instantaneous

volatility of the stock, respectively.

This model must satisfy a terminal or boundary condition, namely [30]

u(x, T ) = 1, (4.2)

where T is the time of expiry. This approach will work for other types of terminal

conditions.
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Eq. (4.1) is a linear parabolic equation, which may be studied from various perspec-

tives [31, 32, 23], but finding a solution is nontrivial.

Within the remarkable theory of Lie’s classification of linear second-order PDEs

[19] is a nontrivial and rarely used mechanism to transform certain models into a

heat transfer equation. This is our approach in the present study. We find new

transformations that convert the above model into the classical heat equation. This

provides us with selection criteria for the numerous free parameters of the model,

resulting in four cases of interest.

The solution of Cauchy problems for parabolic PDEs, such as (4.1) can be manip-

ulated into a particular solution with specific singularities or so-called fundamental

solutions [33]. In some cases, the fundamental solution is an invariant solution [34].

We shall prove this property for the model under study.

As a major achievement in this study, the ISC is exploited to find a symmetry

generator that will solve the model subject to the terminal condition. This is also

a nontrivial task and it is the first time that such solutions are pursued. As we

shall demonstrate, these new symmetries are extremely involved, but nonetheless

invariant solutions are possible.

The technique of Lie symmetries is rarely used in evaluating PDEs that are subject

to initial or boundary conditions. In most of the literature, initial conditions are

ignored under symmetry analysis, however, in this study, we highlight the need for

symmetries in tackling such problems.

The plan of the chapter follows. In Section 4.2, we prove the transformations of the
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model that we require. Section 4.3 describes the initial conditions and the theory in

approaching the solutions of the model. Finally, we conclude in Section 4.4.

4.2 The Construction of Transformations

In what follows, we use the heat equation as a tool in solving a Cauchy problem.

Hence, we first need to transform the PDE (4.1) and its terminal condition. It turns

out that this model is transformable under specific restrictions on its arbitrary pa-

rameters. Hence we prove the following result.

Theorem 4.2.1 The model Eq. (4.1), is reducible to the 1+1 heat equation (2.42)

under the following cases.

(a) Case I: α =
√
2, λ = 1

2
, β = 1, K = 1

γ
, γ = −1 and δ is arbitrary.

The transformations are

t̂ = T − t, (4.3)

y =
√
2x. (4.4)

(b) Case II: α =
√
λ+ 1, λ = 2, β =

√
3λ, K = −1 γ = 1 and δ is arbitrary.

The transformations are

t̂ = T − t, (4.5)

y =
√
2x. (4.6)

(c) Case III: α = 1
β
, λ = 4, β =

√
2, γ = −1 and K, δ are arbitrary.

The transformations are

t̂ = T − t, (4.7)
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y =

√
2x

K
. (4.8)

(d) Case IV: β = α
√
λ, γ = 1 and α, λ, K, δ are arbitrary.

The transformations are

t̂ = T − t, (4.9)

y =

√
2x

γK
. (4.10)

Proof 4.2.2 Consider Case I. An invertible change of the independent variables

of the form y and t̂, reduces Eq. (4.1) to equation (3.5) where u(y, t̂), a(y, t̂) =(√
2− 2

)
y and c(y, t̂) = 2δ +

(√
2− 3

2

)
y2 −

√
2.

Thereafter, under another transformation, the dependent variable u(y, t̂) undergoes

a transformation (3.6), where

ϕ(y, t̂) = 2δt̂+ t̂− 3t̂√
2
− 1

4

(√
2− 2

)
y2. (4.11)

This transformation procedure converts Eq. (3.5) to the heat equation (2.42).

The proofs for Case II, Case III and Case IV are analogous, but where

a(y, t̂) = −
2
(
1
2

(√
6− 2

√
3
)
y2 + 1

)
y

and c(y, t̂) =
1

2

(
2
(
2
√
3− δ

)
−
(√

3−
√
6
)2

y2
)
,

for Case II,

a(y, t̂) = −1

3

(√
2y
)

and c(y, t̂) =
1

3

(
2
√
2− δ

)
− 1

9

(
1√
2
−
√
2

)2

y2,

for Case III, and

a(y, t̂) =

√
λ (αy2 − 2)− 2(√

λ+ 1
)
y

and c(y, t̂) =
αλ− δ

λ− 1
− α2λy2

4
(√

λ+ 1
)2 ,

for Case IV.
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Similarly, we define the transformation,

ϕ(y, t̂) = −δt̂−
√
3t̂+ 3

√
3

2
t̂+

1

4

(√
2− 2

)√
3y2 + log(y), (4.12)

for Case II,

ϕ(y, t̂) = −δt̂

3
+

5t̂

3
√
2
+

y2

6
√
2
, (4.13)

for Case III, and

ϕ(y, t̂) =
3α

√
λt̂

2(λ− 1)
− αλt̂

2(λ− 1)
− δt̂

λ− 1
− α

√
λy2

4
(√

λ+ 1
) + log(y), (4.14)

for Case IV.

All of the restrictions on the above parameter are mathematical requirements, but

do not violate any financial interpretations of the model. The elasticity parameter

γ is often negative, but special situations do exist for positive elasticity. It follows

that the same transformation are applicable to the terminal condition, hence we

have the following lemma.

Lemma 4.2.1 The terminal condition (3.2) is transformed via the transformations

(4.3)-(4.14), such that

ω(y, t̂) = e
2δt̂+t̂− 3t̂√

2
− 1

4(
√
2−2)y2 , (4.15)

for Case I,

ω(y, t̂) = e−δt̂−
√
3t̂+3

√
3
2
t̂+ 1

4(
√
2−2)

√
3y2+log(y), (4.16)

for Case II,

ω(y, t̂) = e
− δt̂

3
+ 5t̂

3
√
2
+ y2

6
√
2 , (4.17)

for Case III, and

ω(y, t̂) = e
3α

√
λt̂

2(λ−1)
− αλt̂

2(λ−1)
− δt̂

λ−1
− α

√
λy2

4(
√
λ+1)

+log(y)
, (4.18)

for Case IV.
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The proof is rudimentary and therefore left to the reader.

4.3 The Initial Problem

It is well-known that the heat equation (2.42) is an important PDE that has fuelled

many analytical studies of the past [35, 36, 22, 37, 38]. Significantly, it admits a

fundamental solution, which is pivotal to our solution process.

From the Lemma 4.2.1, let ω(y, 0) = F (y). Next, the Lie point symmetries of (2.42)

are of the form (2.46), where α(y, t̂) is an arbitrary solution of the heat equation,

αt̂ = αyy. Hence, the ISC (2.48) holds at the boundary where ω(y, 0), such that we

have condition (2.49), [28].

Consider the initial-value problem for the heat equation (2.42), that is, (2.47). The

Cauchy problem (2.47) is well-posed. For uniqueness of the solution, see Tikhonov

[39]. Now, the fundamental solution of the equation (2.42) is (2.43), which is singular

at the point (0,0). The function A(y −m, t̂) is also a solution for each fixed y ∈ R,

then consequently the convolution (2.44) is a solution to the one-dimensional heat

equation (2.42) [11]. This integral is also called Poisson’s formula.

As mentioned before, we may now apply the above theoretical considerations to

solve the heat equation (2.42) subject to its initial values. Subsequently, we reverse

all the transformations and ultimately solve the original PDE, the CEV model. By

virtue of the above formulation, these solutions will satisfy the terminal condition

(3.2). Note that these solutions are lengthy and we have not provided an exhaustive

list of obtainable solutions, but rather, we have depicted selected solutions for each

of the four cases. More solutions do exist.
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Suppose we begin with Case I and let c4 = 1, c1 = c2 = c3 = c5 = c6 = 0 for

simplicity. Therefore α(y, 0) = F ′(y), and the resultant symmetry that incorporates

the initial condition is

X =
∂

∂y
+ α(y, t̂)

∂

∂ω
. (4.19)

Hence, with the condition (2.48), we find that the solution to the equation (2.42) is

ω(y, t̂) =
∫
α(y, t̂)dy+H(t̂).Without loss of generality, we letH(t̂) = 0, and we must

then determine α(y, t̂). Since the α function is a solution to the heat equation (2.42),

it will also satisfy the convolution (2.44). Thus by integration with Mathematica,

we obtain

α(y, t̂) = −
(√

2− 2
)
ye

− (
√
2−2)y2

4(
√
2−2)t̂+4

2
√

1
t̂
+
√
2− 2

√
t̂
((√

2− 2
)
t̂+ 1

) , (4.20)

and we can integrate (4.20) to find ω(y, t̂), which is a solution to the heat equation

(2.42), viz.

ω(y, t̂) =
e
− (

√
2−2)y2

4(
√
2−2)t̂+4√

1
t̂
+
√
2− 2

√
t̂
. (4.21)

Now the transformations from Theorem (4.2.1) are used to reverse the substitutions

and yield the solution to the model (4.1), viz. u(x, t).

u(x, t) =

exp

(
2δ(t− T )− 2(

√
2−2)x

4(
√
2−2)(T−t)+4

+ 3(T−t)√
2

+ t− T + 1
2

(√
2− 2

)
x

)
√(√

2− 2
)
(T − t) + 1

.

(4.22)

52



If we let t = T the time of expiry, we see that (4.22) simplifies to

u(x, T ) = 1,

which shows the solution is subject to the terminal condition. All solutions below

satisfy this relation.

Similarly for Case II, the same procedure is followed and we obtain the functions

α(y, t̂) =

√
1

t̂
+ 2

√
3−

√
6
√

t̂e

√
3(

√
2−2)y2

4−4
√
3(

√
2−2)t̂ ×((

36− 24
√
2
)
t̂2 − 2t̂

((
9− 6

√
2
)
y2 + 2

(√
2− 2

)√
3
)
+
(√

2− 2
)√

3y2 + 2
)

2
(√

3
(√

2− 2
)
t̂− 1

) (
6
(
7
√
2− 10

)√
3t̂3 + 18

(
2
√
2− 3

)
t̂2 + 3

(√
2− 2

)√
3t̂− 1

) .
(4.23)

We then integrate (4.23) to find

ω(y, t̂) = −

√
1
t̂
+ 2

√
3−

√
6
√
t̂
(
6
(
2
√
2− 3

)
t̂+
(√

2− 2
)√

3
)
ye

√
3(

√
2−2)y2

4−4
√
3(

√
2−2)t̂

√
3
(√

2− 2
) (

6
(
7
√
2− 10

)√
3t̂3 + 18

(
2
√
2− 3

)
t̂2 + 3

(√
2− 2

)√
3t̂− 1

) ,
(4.24)

and it follows that the solution to the original PDE is

u(x, t) = − exp

(
δ(T − t) +

2
(√

2− 2
)√

3x

4
(√

2− 2
)√

3(t− T ) + 4

)
×

exp

(
√
3(T − t) + 3

√
3

2
(t− T )− 1

2

√
3
(√

2− 2
)
x

)
×√(

2
√
3−

√
6
)
(T − t) + 1

(
6
(
2
√
2− 3

)
(T − t) +

(√
2− 2

)√
3
)

√
3
(√

2− 2
) ×

1(
6
(
7
√
2− 10

)√
3(T − t)3 + 3

(√
2− 2

)√
3(T − t) + 18

(
2
√
2− 3

)
(t− T )2 − 1

) .
(4.25)
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For Case III, we have the functions

α(y, t̂) =

√
3
2
ye

y2

6
√
2−4t̂(

3−
√
2t̂
)3/2 ,

(4.26)

and

ω(y, t̂) =

√
3
2

(
3
√
2− 2t̂

)
e

y2

6
√
2−4t̂(

3−
√
2t̂
)3/2 ,

(4.27)

and it follows that the solution to (4.1) is

u(x, t) =

√
3
2

(
2t− 2T + 3

√
2
)
exp

(
1
6

(
−2δ(t− T ) + 6x

K2(2t−2T+3
√
2)

+ 5
√
2(t− T )−

√
2x

K2

))
(√

2t−
√
2T + 3

)3/2 .

(4.28)

For Case IV, we have the functions

α(y, t̂) =

(√
λ+ 1

)2√
t̂
√
− α√

λ+1
+ α + 1

t̂
e
− α

√
λy2

4
√
λ(αt̂+1)+4

(√
λ
(
2αt̂− αy2 + 2

)
+ 2
)

2
(√

λ(αt̂+ 1) + 1
)3 ,

(4.29)

and

ω(y, t̂) =

(√
λ+ 1

)2√
t̂y
√
− α√

λ+1
+ α + 1

t̂
e
− α

√
λy2

4
√
λ(αt̂+1)+4(√

λ(αt̂+ 1) + 1
)2 ,

(4.30)
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and it follows that another solution to the original equation (4.1) is

u(x, t) = exp

1

2

−
t
(
αλ− 3α

√
λ+ 2δ

)
λ− 1

+
α
√
λx
(

1√
λ+1

+ 1√
λ(αt−αT−1)−1

)
K2


exp

1

2

T
(
αλ− 3α

√
λ+ 2δ

)
λ− 1


(√

λ+ 1
)2√(

α− α√
λ+1

)
(T − t) + 1(√

λ(αt− αT − 1)− 1
)2 .

(4.31)

We have recorded four unique solutions for (4.1) as seen above, obtainable through

convolution and invariance, and restrictions on the parameters K,α, β, γ, δ, and λ.

Theorem (4.2.1) highlights how these parameters were selected.

Table 4.1 shows the arbitrary parameters for various solutions, as per Figures 4.1-

4.12.

Table 4.1: Values of the arbitrary constants across all four solutions.

Parameter Solution 1 (4.22) Solution 2 (4.25) Solution 3 (4.28) Solution 4 (4.31)

T 2 2 2 2

δ 0.5 0.5 0.5 0.5

K 2 2

α 1.5

λ 0.75

Below are the graphical illustrations of the analytical solutions (4.22), (4.25), (4.28)
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and (4.31), respectively.

Figure 4.1: 3D illustration of our analytical solution (4.22).

Figure 4.2: 3D illustration of our analytical solution (4.25).
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Figure 4.3: 3D illustration of our analytical solution (4.28).

Figure 4.4: 3D illustration of our analytical solution (4.31).
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Figure 4.5: 2D illustration of our analytical solution (4.22) for 0 < t ≤ 2

Figure 4.6: 2D illustration of our analytical solution (4.25) for 0 < t ≤ 2
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Figure 4.7: 2D illustration of our analytical solution (4.28) for 0 < t ≤ 2

Figure 4.8: 2D illustration of our analytical solution (4.31) for 0 < t ≤ 2
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Figure 4.9: 2D illustration of our analytical solution (4.22) for 0 < x ≤ 2

Figure 4.10: 2D illustration of our analytical solution (4.25) for 0 < x ≤ 2
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Figure 4.11: 2D illustration of our analytical solution (4.28) for 0 < x ≤ 2

Figure 4.12: 2D illustration of our analytical solution (4.31) for 0 < x ≤ 2
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4.4 Graphical Results

The obtained solutions help us deduce the relationship between the value, time and

the asset price as shown in figures 4.1-4.4. From these plots, we see that as time

increases, the asset price decreases and the value increases. We note the direct

relation between time and the value, as opposed to time and the asset price. We

also note that at an early stage, the asset price is very high, and this is where one

buys an asset at an amount the market assigned to it. But as time passes, the value

of the asset depreciates and so does the price.

Figures (4.5-4.8) show the relation between the value and the asset price. From these

plots, we see a direct relationship between the two variables. As asset price increases,

so does the value. This relationship is not linear, but follows a convex curve. The

plots for solutions (4.22) and (4.28) are not far from being linear, meaning the rate

of increase for the asset price is not too much higher than that of the value, unlike

in solutions (4.25) and (4.31). We also take into account that solutions (4.25) and

(4.31) are impacted by the extra values K, σ, α and λ. These factors have a notable

impact on the value. Lastly, from these figures, we also see that at t = 2, the value

u(x, t) = 1 (very clear on plot (4.8), again proving our solutions to indeed satisfy

our boundary condition u(x, T ) = 1.

4.5 Conclusion

Investment and consumption problems are an active area of study, although not

many findings report exact solutions subject to the terminal condition. In this

work, we have successfully derived such solutions for several parameter values. This

62



approach may be applied to similar types of models, however, the convolution inte-

grals may sometimes be challenging to solve.

We have derived new symmetry generators, viz. (4.19) for each case with the α co-

efficient (4.20), (4.23), (4.26) and (4.29). These symmetries with the α coefficients

are extremely involved but are essential in the sense that they incorporate the im-

portant initial conditions. Hence, these are novel solutions and we have presented

a substantial advancement in the application of symmetry groups to models in the

mathematics of finance.
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Chapter 5

An approach to solve parabolic

financial equations by point

symmetries that incorporate

boundary conditions

In this chapter, we show how transformation techniques coupled with a convolu-

tion integral can be used to solve a generalised option-pricing model, including the

Black-Scholes model, and a given terminal condition. The special convolutions are

extremely involved as they arise from the initial-value problem with Lie symme-

tries and an ISC. The main outcome is that the point symmetries are effective in

producing solutions that satisfy a given terminal condition.
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5.1 Introduction

In this study, we consider a general pricing equation, given by

∂u(x, t)

∂t
+ κxp ∂2

∂x ∂x
u(x, t) + λ(β − x)

∂

∂x
u(x, t) + γxqu(x, t) = 0,

x > 0, t ∈ [0, T ], (5.1)

where p ≥ 0, q ≥ 0, are arbitrary constants. Other constants, in various contexts,

may be linked to the volatility of the stock (κ), the risk free interest rate (λ and β)

and elasticity (γ). Also, x is the stock price at time t, T is the time of expiry and

u(x, t) is the value function, where u : (0,∞)× [0, T ] → R. This approach will work

for many types of terminal conditions. Suppose we consider a European call-option,

that is

u(x, T ) =

x− k if x > k

0 if x ≤ k,
(5.2)

where k is the strike price. This terminal equation is continuous and unsmooth at

x = k.

Eq. (5.1) is a generalisation of several popular models in financial mathematical

applications.

Originally, many financial models such as the one above, appear as evolutionary

PDEs with unknown coefficients. Black-Scholes [3] were the first to reduce a finan-

cial equation to the classical heat equation. In another study [40], Kolmogorov re-

lated equations which were transformable to the backward heat model were studied.

However, along with Eq. (5.1), more complex models exist in the known literature,

but many cannot be reduced to simple equations with known solutions.

In fact, in the nineteenth century, Lie [19] devised a way to classify certain classes
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of equations that reduce to the heat equation. However, this particular application

of his work is certainly not trivial and not well-known. This is our approach in the

present paper.

The equations that model financial instruments have long been an important re-

search area. A parabolic model of this type was previously considered in [49, 45]

to find solutions based on symmetry invariance, but did not consider the terminal

condition. Symmetry analysis is commonly performed without any consideration of

initial or boundary values. However, in this work we apply the symmetry genera-

tors in such a way that the above terminal condition is satisfied for the obtained

solutions. We consider two cases, one of which is related to the popular equations

mentioned above but the other case is introduced here, from certain assumptions of

the free parameters. As a consequence of this study, we offer a mathematical way

of determining how such free parameters of the model should be determined. This

is a significant step in formulating equations for mathematical modelling.

We note that many studies of equations, in finance or otherwise, involve the Black-

Scholes model or the famous heat transfer equation [10, 22, 23, 35, 38, 41, 43, 44,

47, 48], to mention a few. As we will uncover below, Lie symmetries are a versatile

tool for manipulating initial or boundary conditions. As previously mentioned, the

solution of initial data problems for parabolic models, such as (5.1) can be reduced

to the construction of a particular solution with specific singularities known in the

literature as fundamental solutions [33, 42] According to [34], for certain families of

equations, the fundamental solution is an invariant solution.

In Section 5.2, we define the unknown coefficients and specify the transformations to

reduce the above equation to the one dimensional heat model. Section 5.3 describes

the primary results of this investigation. We establish certain characteristics of the

Cauchy problem, and thereafter provide analytical solutions of (5.1) given some
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terminal condition. We conclude our results in Section 5.4.

5.2 Transformations and Parameters

We first prove that it is possible to transform (5.1) to the classical heat equation, un-

der specific restrictions on the free parameters of the model. The change of variables

is important to set up the Cauchy problem and manipulate the solutions such that

they satisfy the terminal condition (5.2). This idea provides a mathematical tool

for choosing the parameters and formulate experimental models for further study.

Therefore we will prove the following.

Theorem 5.2.1 Eq. (5.1) is converted to (2.42), which is the 1+1 heat equation,

with the parameter choices:

(a) Case I: p = 2, q = 0, κ = A2

2
, β = 0, γ = −B and λ = −B, (A,B

are arbitrary constants). The transformations are

t̂ = T − t, (5.3)

y =

√
2 log(x)

A
. (5.4)

(b) Case II: p = 0, q = 2, κ = 1
4
, β = 0, γ = 4 and λ = 2. The

transformations are

t̂ = T − t, (5.5)

y = 2x. (5.6)

Proof 5.2.2 Case I: application of y and t̂, reduces Eq. (5.1) to the form (3.5),

where u(y, t̂), and the functions are a(y, t̂) =
A2 − 2B√

2A
and c(y, t̂) = B.

67



Thereafter, the variable u(y, t̂), is defined as (3.6) and

ϕ(y, t̂) =
B2t̂

2A2
− y (A2 − 2B)

2
√
2A

+
A2t̂

8
+

Bt̂

2
. (5.7)

This transformation procedure converts Eq. (3.5) to the heat equation (2.42).

Case II is analogous, but with a(y, t̂) = −2y and c(y, t̂) = −y2 and similarly, we

define (3.6) with

ϕ(y, t̂) = t̂+
y2

2
. (5.8)

Case I is equivalent to the Black-Scholes call option model while Case II can be

viewed as a modified pricing model. We note that the transformation of the Black-

Scholes model to the 1+1 heat model is well known but we include it under our

study to validate our approach below. Theorem 5.2.1 induces the following lemma

involving the terminal condition.

Lemma 5.2.1 The corresponding condition (5.2) is, via the transformations (5.3)-

(5.8),

ω(y, t̂) = max
{(

e
Ay√
2 − k

)
exp

(
B2t̂

2A2
− y (A2 − 2B)

2
√
2A

+
A2t̂

8
+

Bt̂

2

)
, 0
}
, (5.9)

for Case I, and

ω(y, t̂) = max
{
et̂+

y2

2

(y
2
− k
)
, 0
}
, (5.10)

for Case II.

The proof follows easily from the transformations given in Theorem 5.2.1.
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5.3 The Cauchy Problem

The 1+1 heat equation is one of the most unique models, whose fundamental solution

is remarkable. In the work that follows, we illustrate how the fundamental solution,

combined with symmetry properties, solves a Cauchy problem for Eq. (2.42), the

heat equation. This process, once the transformations of Theorem 5.2.1 are reversed,

leads to the solution of (5.1) subject to the terminal condition.

From Lemma 5.2.1, let ω(y, 0) = F (y), where F (y) is the max function.

We now proceed to the application of Lie point symmetries This is an intricate

process and often requires one to evaluate complicated integrals. Recall that the

symmetry generators of (2.42), are given in the most general form as (2.45) or,

equivalently (2.46). In this symmetry form, α(y, t̂) is an arbitrary solution that

satisfies the heat equation, i.e. αt̂ = αyy. We apply the invariant surface condition

(ISC) (2.48) which holds at the boundary where it is imposed that t̂ = 0 [46]. This

leads to the condition (2.49) [28]. If we evaluate condition (2.49), we have that (2.50).

Equation (2.50) is an ODE which is connected to a general initial condition and it

provides less restrictive criteria on the initial data so that they may be obtained by

a specific symmetry. We now illustrate some solutions, where we do not provide an

exhaustive list of solutions that can be found by the method described above, but

rather we focus on several special conditions and solutions.

As mentioned previously, the above theory gives rise to various solutions to (2.42)

and consequently, Eq. (5.1). We emphasise that all solutions are subject to the

Cauchy problem, while solutions to (5.1) satisfy the terminal equation (5.2).

Noting that it is rare to find a symmetry study involving initial conditions, we start
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with Case I. Let c1 = c2 = c3 = c4 = c5 = 0, c6 = 1 to obtain the symmetry

X =
∂

∂t̂
+ α(y, t̂)

∂

∂ω

and function

α(y, 0) = F ′′(y).

Thus, with (2.48), the solution to (2.42), the heat model is

ω(y, t̂) =

∫
α(y, t̂)dt̂+H(y).

Without loss of generality, the arbitrary function may vanish, i.e. H(y) = 0 but

α(y, t̂) is still unknown. However, we recall something remarkable about α(y, t̂) - it

is also a solution to (2.42).

Hence form integrating the convolution, we find

α(y, t̂) =

exp

(
(A2−2B)(A2 t̂−2

√
2Ay−2Bt̂)

8A2

)(
(A2 + 2B)

2
e

Ay√
2
+Bt̂ − k (A2 − 2B)

2
)

8A2
,

(5.11)

and another integration to find ω(y, t̂) subject to (2.47), we calculate that

ω(y, t̂) = exp

(
(A2 − 2B)

(
A2t̂− 2

√
2Ay − 2Bt̂

)
8A2

)(
e

Ay√
2
+Bt̂ − k

)
. (5.12)

To construct the solution to the original model (5.1), we induce the transformations

from Theorem 5.2.1 to find that

u(x, t) = x− keB(t−T ), (5.13)

subject to (5.2).
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As a final illustration, consider Case II. For simplicity, let c4 = 1, c1 = c2 = c3 =

c5 = c6 = 0. Hence

α(y, 0) = F ′(y),

and

X =
∂

∂y
+ α(y, t̂)

∂

∂ω
.

Thus, via the ISC (2.48), we obtain that the solution to (2.42) is

ω(y, t̂) =

∫
α(y, t̂)dy +H(t̂).

We let H(t̂) = 0, and determine α(y, t̂).

Thus, repeating the procedure, we obtain

α(y, t̂) = −
e−

y2

4t̂+2

(
−2k(2t̂y + y)− 2t̂+ y2 − 1

)
2
√

1
t̂
+ 2

√
t̂(2t̂+ 1)2

, (5.14)

the heat equation solution subject to (2.47) is

ω(y, t̂) =
e−

y2

4t̂+2 (y − 2k(2t̂+ 1))

2
√

1
t̂
+ 2

√
t̂(2t̂+ 1)

(5.15)

and the pricing equation has solution, subject to (5.2), as

u(x, t) =
e−

4x2

4(T−t)+2
−t+T+2x2

(2x− 2k(2(T − t) + 1))

2
√

2(T − t) + 1(2(T − t) + 1)
. (5.16)

More solution can be found in this manner. If we let t = T the time of expiry, we

see that (5.13) and (5.16) simplifies to

u(x, t) = x− k,
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which shows that the solutions are subject to the terminal condition. We plot the

solution of (5.13) which shows a steady growth in option value, but (5.16) predicts a

steep option value as asset price rises to a particular value. We also see the following

solution arising:

u(x, t) = eC(t−T )
(
xeB(T−t) − k

)
(5.17)

which was also tested and found to be indeed satisfying the PDE (5.1). It was also

found to be subject to the terminal condition (5.2) at t = T .

Below are the graphical illustrations of the analytical solution (5.13):

Figure 5.1: 2D Solution (5.13) for 0 < t < 2, with k = 2, T = 2, B = 4.
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Figure 5.2: 3D plot of solution (5.13), with k = 2, T = 2, B = 4.

Below are the graphical illustrations of the analytical solution (5.17):

Figure 5.3: 3D illustration of our analytical solution (5.17)
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Figure 5.4: 2D illustration of our analytical solution (5.17), with 0 ≤ t < 2.

Figure 5.5: 2D illustration of our analytical solution (5.17), with 0 < x ≤ 2.
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Below are the graphical illustrations of the analytical solution (5.16):

Figure 5.6: 3D illustration of our analytical solution (5.16), when k = 6.

Figure 5.7: 2D illustration of our analytical solution (5.16), when k = 6.
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5.4 Conclusion

A general equation composed of European options has been solved for certain pa-

rameters. The unknown parameters were chosen to effect a transformation to the

heat equation. Consequently the main pricing equation was analysed subject to its

terminal condition. We have set up a Cauchy problem to the heat equation and

used Lie symmetry generators to obtain new and non-trivial solutions. Most of

the equations that model financial derivatives are of the type considered here, and

therefore this approach may be adopted for many of the models. Such models are

often plagued with difficulties in finding solutions, however we have demonstrated

how effective transformations are in simplifying these models in order to obtain

solutions.
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Conclusion

Through a combination of theoretical analysis and numerical simulations, this thesis

contributes to the existing body of knowledge on financial modelling by incorporat-

ing Lie symmetries, boundary conditions and convolution into the analysis of the

Black-Scholes model and the pricing models. The insights gained from this research

have the potential to improve pricing accuracy, risk management strategies, and

decision-making in the field of finance, benefiting both academia and industry prac-

titioners.

By employing symmetry analysis, we uncovered the symmetries inherent in the

transformed model’s governing equation, the heat equation, which allowed us to

derive invariant solutions and gain deeper insights into the behaviour of options.

Furthermore, we explored the impact of boundary conditions on financial models,

and have discovered that accurate specification of boundary conditions is crucial for

obtaining meaningful results in option pricing and bond pricing models. We also

examined the effects of different boundary conditions, on these models, enhancing

our understanding of their limitations and providing insights into their behaviour in

various financial scenarios.

We have also studied the convolution technique, a powerful mathematical tool which
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play a significant role in solving heat models. We investigated the application of

initial or Cauchy problems, in option pricing and bond pricing models. These tech-

niques allowed us to solve complex equations efficiently, leading to solutions offering

more accurate pricing and risk assessment. Through these techniques, we were able

to effectively derived insights on the relation between the value function u(x, t) and

the asset or stock price, as well as the relation between the value function and time.

Moreover, we explored the role of the heat equation in financial modelling. The

heat equation emerges as a fundamental equation in many financial models due to

its diffusion-like properties. We analyzed the connection between the heat equa-

tion and the Black-Scholes model, option pricing models, and bond pricing models,

highlighting the heat equation’s role in solving these models and understanding their

underlying dynamics.

In further applications, we plan to extend this study to other models belonging to

different fields.
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Appendix
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Chapter 3: Solution (3.14)

Verification that the solution (3.14) is indeed a solution to the PDE (3.1), and it’s

subject to the terminal condition (3.2).
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Chapter 4: Solution (4.22)

Verification that the solution (4.22) is indeed a solution to the PDE (4.1), and it’s

subject to the terminal condition (4.2).
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Chapter 4: Solution (4.25)

Verification that the solution (4.25) is indeed a solution to the PDE (4.1), and it’s

subject to the terminal condition (4.2).
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Chapter 4: Solution (4.28)

Verification that the solution (4.28) is indeed a solution to the PDE (4.1), and it’s

subject to the terminal condition (4.2).
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Chapter 4: Solution (4.31)

Proof that the solution (4.31) is indeed a solution to the PDE (5.1), and it’s subject

to the terminal condition (4.2).
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Chapter 5: Solution (5.13)

Verification that the solution (5.13) is indeed a solution to the PDE (5.1), and it’s

subject to the terminal condition (5.2).
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Chapter 5: Solution (5.16)

Proof that the solution (5.16) is indeed a solution to the PDE (5.1), and it’s subject

to the terminal condition (5.2).
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