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ABSTRACT

In this thesir, we stud; the following four types of optimal control problems:

(i) Problems governed by systems of ordinary differential equations;

{ii} Problems governed by systems of ordinary differential equations with

time—delayed arguments appearing in both the state and the control

variables;

(i) Problems governed by linear systems subject to sudden jumps in parameter
values;

(iv) A chemical reactor problem governed by a couple of nonlinear diffusion
equations.

The aim of this thesis is to devise computational algorithms for solving the optimal control
problems under consideration. However, our main emphasis are on the mathematical
theory underlying the vechnigues, the convergence properties of the algorithms and the

efficiency of the algorithms.

Chapters I and TII deal with problems of the first type, Chapiers IV and V deal with
problems of the second type, and Chapters VI and VII deal with problems of the third and
fourth type respectively. A few numerical problems have been included in each of these

(*napters to demonstrate the efficiency of the algorithms involved.

The class of optimal control problems considered in Chapter II consists of a nonlinear
gystem, o nonlinear cost functional, initial equality constraints, and terminal equality
constraints. A Sequential Gradient--Hestoration Algorithm is used to devise an iterative
alporithm for solving this class of problems. 'The convergence propertics of the algorithm

are investigated.
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The class of optimal control problems considered in Chapter III consists of a nonlinear
system, a nonlinear cost functional, und terminal as well as interior points equality
constraints. The technique of control parameterization and Liapuncv concepts are used to

solve this class of problemms.

A computational algorithm for solving a class of optimal conirol problems involving
termina! and continuous state cemstraints of inequality type was developed by Ref. 103 in "._'
1989. In Chapter IV, we extend the results of Ref. 103 to a more general class of
constrained time—delayed optimal control problems, which irvolves terminal state equality
constraints, as well as termainal state inequality constraints and continuous state inequality

congtraints.

In Ref. 104, a computational scheme using the technique cf control parameierization was

developed for solving a class of optimal conirol problems in which the cost functional -
includes the full variation of control. Chapter V is a straightforward extension of Ref. 104 '_ 4 _ .- o
to the time—delayed case. However the main contribution of this chapter is that many . _

numerical examples have been solved. - -~

In Chapter VI, a class of linear systems subject to sudden jumps in parameter values is b |
considered. To solve this class of stochastic control problem, we try to seek for the best e
feedback control law depending only on the mecasurable output. Based on this idea, we '
convert the original problem into an approximate constrained deterministic optimization

problem, which can be easily solved by any existing nonlinear programming technique.

In Chapter VII, a chemical reactor problem and its control to achieve a desired output
temperature is considered. A finite element Galerkin method is wsed to convert the
vriginal distributed optimal control problem into a quadratic programming problem witl R |

linear constraints, which can be solved by any standard quadraiic programwing software. 3
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CHAPTER I
INTRODUCTION

Optimal control theory has been of considerable importance and has many successful
applications in engineering, natural science 2nd social science. The theory hag heen
developed and formalized as a generalized extension of the calculus of variations. It has
been used to solve a diverse collection of problems. However, reai—world problems ae
often too complex to be solved analytically. Therefore, computational algorithms are

unavoidable in solving these real-world problems.

Our main concern in this thesis is to develop efficient algorithms for solving the following

four types of optimal contro! problems:

(i) Problems governed by systers of ordirary differential equations;
(ii} Problems governed by systems of ordinary differential equations with

time-delayed arguments appearing in both the state and the comtrol

variables;

(iii) Problems governed by linear systems subject to sudden jumps in parameter
values;

{iv) A chemical reactor problem governed by a couple of nonlinear diffusion
equations,

i1  Ordinary Differextial Equations

There are many efficient gradien.! {ype algorithms in the literature for solving optimal
control problems governed by ordinary differential equations. As early as in 1988, it was
used in conjunction with the method of penalty functions in Refs. 21, 44. In 1970, the

gradient information together with the approach of Bryson—~Denham was used in Ref. 16.
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However, both of these methods did not ensure the satisfaction of all the constraints and
the beundary conditions at the end of each iteration. Thus, the comparison of the cost
funetional values between each iteration was not possible. To avoid this drawback, Kelley
in Ref. 35 proposed to have a restoration phase at the end of the gradient phase. He
superimposed to the change of the control associated with .he gradient phase a
perturbation obtained by combining linearly some arbitrarily prescribed functions fi(d),
Ja(8),+++. The constants of the combination were determined iteratively in order to satisfy

the terminal conditions. Unfortunately, there is no clear--cut way to choose the functions

fl(t): fift)s' e

In the late 1960%, the Seynential Gradient—~Restoration Algorithm (SGRA) was developed
for solving equality constrained nonlivear optimization problems by Miele and his

co—workers in Refs. 58—50. The algorithm consists of a sequence of two major phases: a
gradient-type minimizatic in a subspace tangent to the constraint surface, and a
feasibility restoration procedure. Tt has been used with great success for many large—scale

problems, mainly in the area of engineering optimization.

However, convergence properties of the SGRA for nonlinear programming problems were
studied only recently by Rom and Avriel in Ref. 7677, where global convergence was

successfully proven, and an asymptotic rate of convergence was established.

In Ref. 60, Micle et al extended the use ot SGRA fo opt .al control problems.

Nevertheless, no convergence properties of the SGRA were included.

In Chapter I we develop the SGRA for solving a class of optimal control problems
governed by ordinary differential equations, which involves both initial and terminal

equality constraints, This class of optimal control problems is more general than that of
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ref, 60, because the state variable z is fixed at the time ¢ = 0 in Ref. 60. The problem is

summarized as follows:

Minimize s function J which depends on the state variable « (£), the control variable u (),
and the parameter r, where J is a scalar, £ is an n—vector, u an m—vector and r a p—vector,
and {1is the normalized time (cf. Ref. 43) with 0 ¢ £< 1. (%), » (f) and = are required to
satisfy n scalar equality differential equations. TFurthermore, z(f) and « are 1equired io
satisfy ihe initial condition (r scalar equality equations) as well as the final conditions (g

scalar equality equaiions),

The SGRA developed in Chapter II is very similar to the SGRA developed in Refs. 76--77
for solving nonlincar programming. Moreover, the proof of convergence result of the SGRA
for solving opfimal control problems is established for the first time in history. The proof
of this convergence result is strongly motivated by that of Ref. 85, More precisely, we have
extendud the convergence result for the mathematical programming problems reported in

Ref. 65 to optimal control probiems,

An important feacure of our algorithm is that a scheme is incorporated in such a way that
at points far from optimum, only 2 rough estimate of feasibility is required; and the
feasibility requirements are gradually tightened as the optimal solution is approached.

"This scheme can save a great deal of computational time,

In Chapter III, we present a new innovative approach for soiving a class of optimal control
problems governed by ordinary differentizl equations which involves both terminal and

interior points constraints. The problem is summarized as follows:

e e sy e £ T~
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Minimize a functional J whicl/ @¥8nds on the state variable 2 (¢}, the control variable « (¥
and the parameter m, where J is a scalar, ¢ is o n-vector, @ is a r—vector and s a
p—vector, s the normalized time with 0 < <L 2 (8), % (t) and 7 are required to satisfy q

terminal or interior puints constraints,

Using the technique of controt parameierization described in Refs. 15, 28, 32, 86, 88, 89, 95,
97, 102, g, 108, 110, 112, 125, 126, the optimal controi problem ean be approxinmated by
a constrained nonlipear programining problem. There are many existing techniques for
solving this problem, sach as the constrained Quasi—-Newton method deseribed in the
Appendiz of Ref. 112, We shall however, resort to another rather unconventional,
somewhat brate foree manner for solving this problem namely a method based on the

Liapunov Concepts which wag originaily suggested in wef. 74,

After having converted the original control problen: into a vonstrained nonlinear problem,
we onvert this ¢ trained problem into an nnconsirained problem via Liapunov form.
Based on the fact that tae stationary pots of the Lagrangian function can be found by
setting all the derivations equal to zero, we define a suitable positive~definite Lispunov
Function (1) with terms consisting of all the derivatives of the Lagrangian function,
Finally, the problem of finding the minimum of (£) can be casily solved by any existing

unconstrained nonlinear programming technique, such as the conjugate gradient method.

From the illustrative esamples solved in Section 3.7, the methed of control
parameterization in conjunction with Linpunov Concept appears to work very officiently

for the class of probleris desevined in Chapier 1L
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PRIV

1.2 Ordinary Delay-Difforential Equations

In recent years, significant emphasis has been given to time-delayed differential equations,
hecause of mnany applications in engineering, natural science and social sciens 2, Fxcellent

biblivgraphics for such practical problems can he found in Refs. 18, 120

In Ref. 85, Kharatispvili extended Pontryagin’s Maximum principle to systems with

diserete delays in both the state and the control variables.

Kesults coneerning the existence of optimal controls for systems governed by ordinary
delay-differentin! equations have been investigated by Ahmed (Kefs. 3—-4), Angell (Refs.
6-8), Chyung and lee (Ref. 19), Georgauas and Ahmed (Ref. 24), Lee (Refs. 37-38),
Nababan and Teo {Ref. 67), Ognztdreli (Ref. 69,pp. 181~102), Teo, Wu and Clements
(Ref. 116), Tsuzakan (Ref. 117) and Wang {Ref. 118).

It appears thai very few results (Refs. 66, 96, 116, and  122-126) on computational

algorithms for hereditary optimal control prolsems are availabie in the open literature.

In both Chapter IV and V of this thesis, we consider optimal control problems governed by

the following delay--differential equation

dx

E; = f(te(8), 2 (0 B), w (&), u (¢~ Ah)

t€ [0,1] (1.1)

together with some given imtial econditions.




In Chapter IV, a computational s-heme using the technique of control parameterization
and u new comsiTaint iranscription is presented for solving the nonlinear iime—delayed
optimal control problem governed by (1.1), together with terminal state equality
constraints, terminal state inequality constraiuta, and continuous siate constraints.
Moreover, the cost funeiional consists of a terminal cost and an integral cost. The
traditional method of constraint transcription is to convert the continuous state constraints

of the form

g(ta{t) <, te 0,7 {(1.2)
into the form

T
f max {0, ¢ (Fa ()} db=0 (1.3)

n

However, as mentioned in Ref. 103, the equality constraint (1.3) so ubtained is non—-smooth
and du not satisty the usual constraint qualification. Thus, convergence is not guaranteed

and some oseillation may exist in the numerical computation,

Thus, in Chapter IV, we nse the idea of Ref. 103 wo obtain a new constraint transcription.
By wusing this new constraint transeription, we can overcome the two disadvantages

moentioned abave.

The ahove technique has already been adopted by Teo and Jenning in Ref. 103 for solving a
class of optimal control problems involving terminal state incquality constraints and
condinuons state constraints. In Ref, 110, Teo and Wong extend all the reyulis of Ref. 103
to 2 mure general class of optiwal control problems involving additional terminal equality
coustraints, together with the constraims veported in Ref. L. The contribution of

Chapter 1V of this thesis ix to extend the result of Ref. 110 tu a peneral class of
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time~delayed control problems.

Although the convergence result of this paper is exactly the same a6 that of Ref. 110, the
assumptions that we use in obtaining these convergence resuit are much less restrictive
thar those of Ref. 110. In fact, only one additional assumption apart from those given in

Reof. 103 has been used.

The problem considered in Chapter V is very similar to that considered in Chapter IV,
with the exception that the cost functiopal in Chapter V is the sum of not only the
terminal cost and the integral cost, but also the full variation of the control. Moreover, for

the sake of simplicity, we have omittad equality constraints in our discussion in Chapter V.

In Rel, 14, Blatt initiated the idea of including a cost associated with switching control
from one discrete value to ancther into the usuwal cost functional in an optimal control

problem,

In Ref. 68, Noussair extended this concept to the case where the conirols are piecewise
continuous functions defined on [0, T} with values in some compact subset of R®. The fall

variation of a control is defined as the sum of variaticns of all ivs components.

In Ref. 510, Matula derived the necessary condition in an integral form and a local necessary

condition in the case of monotonic controls.

The optimal control problem considered in Ref. 104 was very similar to that considered in
Chapter V of this thesis, with the exception that the system considered in Ref. 104 had no
time-delayed arguments in both the state variables and the control variables. There, by
using the control parameterization technique presented in Refs. 15, 32, 86, 88, B9 and the
enforced smoothing technique presented in Ref. 100, the optimal control problem can be

approximated by a sequence of standard optimal parameter selection problem,, which can
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he solved Ly any standard mathematical programming technique, such as the standard
consirained Quasi~Newton method. It is interesting to note that by using the control
parameterizition technique, the term involving full variation of control appearing in the
cost Tunctional simply becomes a ron-smooth function in the form of &-norm. This
non—smooth function is then smoothed by the enforced smoothing technique mentioned

above. Rigorous convergence results have been obtained in Ref. 104,

The main contribution of Chapter V is that we extend all the convergence results of Ref,
104 to the time-delayed system.  Although this extension to time-delayed systom is quite
straightforward, we have solved 3 few numerical examples in Chapter V of this thesis to
illustrate that the techri-ue used in Ref. 104 works equally well for time—delayed

problems.
1.3  Linear Systems Subject to Sudden Jumps in Parameier Values

In Refs. 22, 37, Florentin, Krasovskii and Lidskii initiated the study of optimal control for
a class of near systemns with random parameters. Some of their research focused on the
case of jump linear quadratic (JLQ) systems where the parameters are Markov jump
processes with finitely countable states and where an optimal control law is sought with
respeel to the mathemarical expectation of a quadratic cost. Tn Refs. 41, 128, 129, Sworder
and Wonham established that, in this case, the optimal control law consisted of a full state
feedback regulator, In Ref. 40, Levine and Athans considered the case without jumps and
proposed the optimal control law for the LQ problem. In Ref. 53, MeLane did the similar
work for the Linear Quadratic Ganssian (LQG) problem which takes account of the
continnously acting disturbances modelled by Gaussian white noise. In Ref. 48, Mariton
and Bertrand established the best feedback control law depending only on measurable
output rather than on the state of the system for the J1.6) problem. This result was further
improved when Mariton designed JLQG regulator in Ref. 47 where only part of the system

stase, the ontput, is measured.

T wenmmennl— T T T T T e e



In Chapter VI, we deal with exa.ct’l';‘the same problem as that considered in Ref 48, By
gsecking for the best feedback control law depending only on the measurable outpni, we
convert the original problem: into an equivalent standard constrained deterministic
P i optimization problem, which can be easily solved by any nonlinear programming technique,
This method is better than those considered in Refs. 40, 48 which are based on the o S
necessary condition of optimality, because their algorithms could not guarantce that the
system would be stable in every mode during each iteration of the algorithm. Samo as in
Ref. 9, the gradients of both the performance index and tho constraints were derived via
the introduction of the Hamiltonian and co-state matrices. Finally, an example has been

solved to illustrate the efficiency of our method.
14  Nonlinear Diffusior Equation for the Chemical Reaction _ -

In Chapter VII, a chemical reactor problem and its comtrol to achieve a desired output i ‘ e,
temperature is considered. The variables to be controlled are the iemperature and the ot
concentration of oxygen, which are functions of buth position and time, and are described .

by a couple of nonlinear diffusion equations. The available controls are input temperature f - e

and input oxygen concentration. The objective function to be minimized is the mean "
square error in the actual output temperatnre compared to a desired output temperature.
By linearizing the differential equations around a nominal solution and then applying a ey

finite element Galerlin Scheme to the resulting distributed system, the uriginal problem

can be converted into a sequence of quadratic programming problems with linear ¥ Yo
constraints which can be easily solved by any stundard quadratic programming software.
The approach of first converting the original distributed optimal control problem into a |
sequence of approximate problem involving only lumped parameter systems and then |
developing computational algorithm for solving the discretized problem has been widely

used in Refs. 11, 73, 115 (Chapter VI, Section 7).

PRI R

T F e N
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CHAPTER I«I
CONVERGENCE PROPERTIES OF THE SEQUENTIAL GRADIENT-—
RESTORATION ALGORITEM FOR A CLASS OF OPTIMAL CONTROIL: PROBLEMS
INVOLVING INITIAL AND TERMINAL EQUALITY CONSTRAINTS

21  Introduction

The class of optimal control problems considered in this chapier, which is more general
than that of Ref. 60 , involves a nonlinear dynamical system together with terminal

equalily constraints and initial equality constraints.

Our main aim is to use the Sequential Gradient—Restoration Algorithm (SGRA) for
golving the opiimal control problem iteratively and to investigate the convergence

properties of the algorithm.

In Section 2.2, we introduce certain notations, which will be used throughout this thesis.

In Section 2.3 and Section 2.4, we describe the optimal control problem {2.F), and impose

certain sssumptions.

In Section 2.5, we derive first—order necessary conditions for optimality together with a

counsizaint qualification for the problem.

In Section 2.8, we describe an approximate method for solving the problem (2.F). 'This
approximate method involves minimizing the cumulative errors in both the constraints and

the optimum conditions.

KO
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In Section 2.7, the resioration phase is discussed. The restoration phase is designed to
restore feasibility. More precisely, in the restoration phase, we use nominal functions Z (),
% (£), 7 to generate functions T (£) + A% (#), % () + A% (f), T + AT so that the new
functions so generated will satisfy both the differential equations and the boundary

conditions.

In Sectlon 2.8, the gradient phase is first discussed. The gradient phase is designed to
decrease the functional in a subspace tangent to the constraint surface. More precisely, in
the gradient phase, nominal functions z (¢), « (¢), 7 satisfying the differential equations and
boundary conditions are assumed. We then try to seek fumctions z (f) + Az (f),

# (£) + Az (f), v + Az so that the value of the functional is decreased.

These variations Az (t), Au (#), Ax are obtained by minimizing the first—order change of
the functional subject to the linearized differential equations, the linearized boundary
conditions and a quadratic constraint on the variations of the control and the parameter.
After having discussed the gradient phase, we present the SGRA in Section 2.8, Each
iteration of the SGRA consists of a sequence of gradient—type minimization and feasibility
restoration, The convergence properties of the SGRA are discussed in Section 2.8.

In Section 2.9, one numerical example is solved 10 demonstrate the efficiency of the SGRA.

2.2  Notation

Let || denote the usual rorm in an Buclidean space. For any matrix M = (My),
i=fyrraali gy
jolieaniy

let

.
]
a
L ]
B
_ »
. ]
"
A
; -
£y
\ .
i
;. .
}
.
W
P »
Lk




12

p=[ Y Y owd

i=h-+3mg j2ly-+yng

for any ¢: R™ — B2, let

8G\[ 8y, --- 8G:[Byn,
G

8y

aGnn/ayl ve- @Gy .’a'ynl

2.3  Statement of the problem

The purpose of this chapter is to study the minimization of the functional

13
7= [ 10 @8 @t + [g (@), + k() (21)

with respect to the functions z (£), u (1) together with the parameter x which satisfy the

differential equation

z(8) = ¢ (ha (8, v (2), 7) (2.2)
together with the initial condition

[w(z,m)], =0 (2.3)

and the final condition

T e & s - i >
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[#(zm] =0 (24)
where z : [0,]] — B is an 2 ately continuous function such that & (%) ‘s essentially
bounded on [0,1); #: {0,1] — E* is a bounded measurable function; 7 is a vector of EP, and
$:[1] x R » #* x RP — R*, f:[0,1] » B" x R"x RP — A, g: B" x RP — R,
h:R%« RP— R, w: R%x RP — R, ¢: R® «x R? — R are given functions.
For convenience, the above probiem it referred to as 1 roblem (2.F).

2.4  Basic Definitions and Assumplions

Let L: denote the Banach space Lm([O,l], BE®) of all essentially bounued measurable

functions from [0,1] into B®. Its norm is defined by

=l = ess ?31:1] E20] (2.5)

I.et % be the set defined by

% = {z = (gu7) : z:[0,]] — R is an absolutely continuous function such that

' n m

a:ELm;uELm;-:rERP} (2.6)
For any z¢ %, let

lzll =il + &0+ el + il + |l + |2y 2.0

Let & be a subset of % defined by

F = {¢= (zu.nr) € ¥ :(zu7x) satisfies constraints (2.2), (2.3) and (2.4)}

o
-
o
»
]
-
g
.-

£
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We assume that the following conditions are satisfied.

Assumption {2.4A) :
2.4.A1, The functions fand ¢ are continuous on [0,1] for cach L
(z,n,7) € R" » R* = RP.
2.4.A2. There exists positive constants Kj and K guch that -*
I‘Fﬁ(trmliul?wl)l < Ky, (28)
IGB[:FI,‘!TI)l < Kl: (2'9)
and
| Faltyzt,utywt) Fa(t,a?,utp?)| < Ka (|28~ 2| 4 |ut—u?] $ |at—a),
| ) (2.10) ~
| Gty m) =G, e) | & Ko (za2| + [mi=ml), (211) BN
"~ ' :# . "
for any t € [0,1], 2, 22 € RY, ul, w?€ RS, ¢, n? ¢ RP, where F' (respectively, 4 *.
. . ; .
G) denotes any of the functions fand ¢ (respectively, g, b, wand ¥); and Fy .
(respectively, Gy} denotes the gradient of the function I3 (vespectively, G) ' e
4
with respect to 5. Hore, f represents any of ihe vectors &, u ond . '. _ _‘ d
- - v
2.4.A3. The functions 82 F/ 64,00, and 82 G/80,0B; are continuous, where for each ' .Mi
1= 1,2, §; represents any of the variables 2, § = 1,..0) 93, § = 1,...,m, and e
Ty i=10p . .
9%  First—Cader Necessary Conditions and Constraint Qualification : v
In this section, we shall desive first-order necessary conditions for optimality together with ' i
a. constraint qualification for the problem (2.7). The main function of the constriing
qualification in the mathematical programmily; is to ensure that the algoritlun does not i"‘.
jam up at undesirable points. .
X !
.
: 4
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' -
For brevity, we write
= F(t,01) (212)
G =G (zn) (2.13) ‘
Fo= Fy (Lo, 2.14 S
p= Fs (47 (2.14) 1 _
and A
Gy = G (o) (2.16) L - !
\ _ |
. oa ) L ™ X :
where ¥, G, Iy, and G are as defined before. - ‘
Remark 2.5.1 From the standard existence and uniqueness theorem in the theory of
ordinary differentia} equations, it follows that the trajectory #f) that satisfies (2.2) is
uniguely determined once {z (0), 4 (t), #) is specified. -
Let 5= (2 (t), » (#), 7) € .F be given. By adjvining the differential equation (2.2) to J with A . T
_ the Lagrange multiplier function A%(#), we get ‘ . "
. . ‘ |
;I i | T : - . :
Tl + 1+ [ 1+ O G- 0) & (2.16) S
3 [\ . . - . JI
| :
‘; Integrating by parts the last term on the right hand side of (2.16}, we pet f i :
i — Y
I ] . o _ !i
1= [yt 1+ [ 1= 000 g (30 o D
w! oT "
+ [(A%)" g}~ [(A)" (2.17)
e
In viow of Remark 2.5.1, 2 iz completely determiaed by (2(0), «(#), 7). Thus, by considering
the variation in J due to the variation in (2 (0), 4 (£}, 7), we obtain ]
| \
s
: )
[ 4
. !
. |
. |




a 16
AT = [g, = (A9, [Ad, + Uy + (00); [Ad, ,
' T ST £ T
b f - 097 0,- 00} Bader | U= () o} Bu
4]
t
1
o J 1= 007 6 Br et {lady + (bl & (.19
nd
Choose A" to satisiy the following system of differential equations: )
A = fme (A 0 (2.192)
A == = ], (2.19h)
~
Then, AJ sunplifies to ' . "~
. w s
- *
T ' T ! .
AT oy 0N 8do + [ 1= ) ) At s
t ‘ b
. + {J: Ifr; - {A“)T ‘f’-u} dt} Am+ {lgﬂ]ll + [h"..lll.} Ar (2‘20) ; - -.'..‘ |
O
Consider the constraint functions: e
feoy]o R N § (2.21) P
where [wi],, denotes the @ component of [o],. In this case, we have l )
I
: (Awy], = [“’i.x Art o o A, TS . (2.22)
: We now consider the constraint functions: .‘
: !
.
)
‘ .
-




1%

[l =18 (2.23)

where [1;], denotes the #h component of {41, Then, by using a similar argument. as that

given for AJ, we can show that

H
(8w, == (1" (8, = [ (7 by A

1
+ {lzbi,,rhwj; (A" @, di} A, i 1.8 (2.24)
where
()T = = (AT 9, (2.25a)
O =19, i (2.25)

Let us now comsiruct (Az (U), Au (£), An) such that AJ < 0 and that the following

constraints are satisfied.

[Aw], =0, i Ly (2.26)
and
[Agyl, = 0, i1y g8 (2.27)

Multiply the ith equation in (2.22) by g; and the ith equation in (2.24) by ji;. Sum them

together. Then, by adding the resnlting equation to (2.201), we: obtain

“ LI 1
AT+ Y wldw], 4 Z AR f K' Awdt+ K Az + K [Ad,
HER] i1

(2.28)
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where
URFACL R WA S (2.200) o
i=t f .
t 8 .
; o T T .
| = -0 %-—?ui(h) ¢.} dt !
=1
Iy ] R
Float X a0 ok ek D Y, gl (2:200)
i=1 i=1
and
r 8, ¢ A
K = (8s — (A“)T + Z o, = Z 2 (A1), (2.29¢) ' .
i=1 i=i - | .
.
Now choose -‘ ‘ i
Au () =& (K'(&) 2.30) S
Ar=—k (K ) (2.31) i v
(Ag), = —w (K" (2.32) o
where & > 0. Then,
] AJ+ 2 B [Awi]n + 2 ;‘i [A'l!’ih !i . v
: i=1 =1 | ~
1 :. Fi
zwm(f KD dt K2+ | K| (2.33)
\
»
o - rJ .
..,r_’
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which is negative unless K () =0¥te[0,1], E'=0,and K =0.

Next, we need to determine gy, 1 = 1,...,7m, and g5, = L,...,8, 50 that the constraints (2.26)

R L

and (2.27) are satisfied. In view of (2.23), (2.24), (2.30)(2.32) and (2.2), the matrix -, '
equation for g and ;z takes the form \
M1 M? [ Wt .
ol
My M) | we
where Mt e ™, M2 ¢ K™%, M3 ™", M ¢ R™°, Wic KY, W2 e R, and
- T _ T
= lo @ o=l (9 (2.352) =
. T l. ™ L
Mﬂmmlui,f)ﬂ]n*[whﬂo {([¥,, 1) . e
~ [ (07 ¥ ag (2.350) S B
0 | - ‘_ =
M= () (g, Jo - 100, i | Oy 4 (1o -
(2.35¢) o ’;1 o
R
17 3 bt T yj i / '
M= = O W+ [ 007 a0 ¥ e 2
AR LT T ’
ity Jo-f O ey ] @V a— (v, )0 -
i (2.35d) ' ;
I 1 T : T T -
Wi = [""li,x]n [(-r"x) - J\n]n + [wi,-;r]u [j; {(fn) - ('ﬁ'n) )\”} di
+ (gl + (A1) (2.36a) :
- .ﬂ" ‘
i




20 : . |

1
W= — (A, )t = 3= [ % o )7 - ()" 2]

o, - 00 goa ) 1A -0y &

. .
+ (lgalo)” + ('] (2.36b) g |
i\.i
Let ' |
.
M\(z) M2)
M(z) = (2.37)
Mi(2) MYz)
Then, for cach z& %, p(2) and ;z{z) exist if and only if the matrix M (z) is nonsingular. In |
other words, if (M (2))-t does not exist, it is not possible to control (Az {0), Au (2), A7) to
-,
gatisfy one or more of the constraints (2.26) and (2.27). ‘
S -
Definition 2.5.1 Any z € % (not necessarily feasible) is said to satisfy the . . .
consiraint qualification of the problem (2.P) if (3 (2))-! exists. :_ -
S
Note that we have allowed non—feasible z to be included in the definition of constraint : “ - L
; .y O
qualification. This is done for the convenience of future developmen: . ' y
; d .I VA ’
At this stage, we have constructed {Az (8), Au (t), An) that decreases J and satisfies the -
constraints (2.22) and (2.24). From (2.33), the only case in which we cannot decrease J is ' '
when T . . ‘
. |
E=ovie[01, K =0, K =0 (2.38) L.
Now, let
-
A
»
U
»
e
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\ L )
M) = 2(8) + Y, M) (2.30)
i=1
Then, by (2.19) and (2.25), we have : '{ =
MO = £~ ¢, (2.400) .
[J‘T + by + (;)T Yyl =0 (2.400) : o -. N

Next, by combining (2.29) and (2.39), the conditions (2.38) become

Li=AT g, =0 (2.41a)
.
! T T . .
LT ot o a8 ot o =0 (2410) L
' .
. I ‘ e
AT+ g, + 8w, = 0 (2.41¢) . ‘
_. -
Thus, under the constraint qualification condition, we seck o 2z € F together with A(E), 4, . 41” .
and ;s, such that (2.40) and (2.41) are satisfied.
d /
» . " - " - M
Note that the technique used in this section is motivated by that of Ref. 17.
9.6  Approximate Method
For each z= (zu,m) € %, A () € R*, p€ R, ;.'.e RS let P, Pand ) be defined by ' N
’ .
P2 = PziuT)
1 "
= [ 11t el + el (242) X
»
>
' »
L
ol

e b i
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and
Q (a2 nh)
1 . .
=,£ (AT =+ AT g2 - 2T 8,17} at .
l ~
; +'f° (5= 2T 6.} di+ log o+ 47 wnly + [ + 8 91

il AT gy + g w2+ AT+ bk T 0 (2.43)

Here, P measures the cumulative errors in the constraints, while @} measures the

cumulative errors in the optimum condition.

Remark 2.0 In view of Assumption (2.4.A2), we see that the function P (2) is .

continuous in z with respect to the norm defined by (2.7). Thus, we conclude that for any . e )

z€ ?(,P(z)#m. o
3 o
Define - - ‘
.
' . T
T£={ze %) P(z)ga} (2.44) I
a.'ﬁd ) s / ,
A={a€ ¥:3NGc B pe R andpe B L

such that«l Q (&A,i’u,;s)s e}, (2.45) ‘ ‘ I\

where A : [0,1] — RP is an absolutely continuous function.

The approximate method is to seek a z such that - T
b,
ze 40T N4, ;:_1._

.
.
. »

_-;."‘_ -

1,’ .
! #
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where ¢; and s are s.i~all, preselected numbers.
2.7  Restoration Phase "

For any nominal funciion % € (%,%,7) € % - T, we seek a function: o 3

Y+ A= (3+ AL L+ AL T+ AT e ¥n T,

1f quasilinearization is employed, equations (2.2) - (2.4) are approximaied by

. n L] LY L] n
A% - §,0%— ¢, A% — ¢ AT+ (B—¢) =0 (2.46a)
[+ @ AZ + AT, =0 (2.46b)
n ~ ~ L] N *"\
(¥ + ¢,AZ + 9,07, =0, (2.46¢) i
a7 o,
where the tilde imposed on the functions ¢, w, ¥ and their derivatives denotes evaluation of ' , .
the functions at the beginning of the restoration phase. In order to brevens A% (8), A% (1), ; ,. i
and A% from becoming too large, we imbed (2.46) in a one—parameter family: -
S
M -
) . ~ ~N L . ~N e’ -
'; A% - ¢ A%~ p AU~ 6 AT + 0T~ §) =0 (2.472) - 4
: A NoaM N e : h i
[B + D AT + A, =0 (2.47b) S
. ~~ ~ " ~ L. f""
; [ + 9, AT + P,A7], =0 (2.47c)
:; where % is a constant. For each prescribed &, we seek tue minimum of the cost functional 4
~ 1 I S
=L [f |A%]2 dt + | A% 2] (2.48) o |
20 a F YO
subject to (2.47) ‘\
b .
’ k A,
v . ‘ :
-




oo
|
|
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i
Let the above problem be referred to as (2.P).
Remark 2.7.1 Since system (2.46) (and hence sysiem (2.47)) is obtained from - - B
equations (2.2) — (2.4) by quesilinearization, it is clear that the constraint qualification for ' r I. 1
- ™,
the problem (2.P) is exactly the same a3 that for the problem (2.P). Thus, by {ollowing !
exactly the same argument as that given in Section 2.5, we can show that if 7 satisfy the v o 1
constraint qualification of the problem (2.P) (i.e., (M (%))t exist), then there exist ' BRI |
A% = (A%, A% A¥) and A(#) € B, i € &', fi € B° such that (2.47) together with the
following equations are satisfied: _ o ;
M) == AT gy (2.49a) S 1
wl o~ Vg ™ l. o~ \.I_ :
AR fa—X ¢,=0 (2.49b)
L ow o~ w~ »nT o I ‘\!
T ~ T L I '
'—J; {}‘ ¢1t} dt + [TI'T ""J-n]o + [-u' %]1 + "_:-' =0 (2'490) ¥ T
[4 4 ' N '
AT+ b, =0 (2.484) " .
L' ':‘ LY H N -”.. 1
[}‘T + J-‘T "l’x]l =0 (2'493) ] ” e "
R .
-’q
2.7.1 Coordinate Transformation - / '
Let '
. A L '
Ay ———, {2.50) “
o .
~ A%(t)
(o, = (2.51) *
~ A% | " ,
O, (2.52) s |
o X ;
3 *
Then, (2.47a), and (2.49a) — (2.49¢) become: .
.
- L
t,‘” - E
|
!
i
i
‘ &

o amimml e e er———es e W emede = e orer—— B R R A e N s+ 0~ - =Ty g




A=A+ B+ G — (E"' ) (2.58)
~ N j o
N NN b ‘h p
B'=2"4, (2.55) S
~ La_ & N~ - I| »
& = [ 3%, a0 B~ 5 (2.56) o L
C
and the voundary conditions (2.47b) — (2.47¢) and {2.43d) — (2.49e) become: e
[+ 9,4 + 8,0, = 0 (2.57) ,5
[+ oA + 9,0l = 0 (258) o
IR TR T
[~ A"+ 1wy = (2.59) v | 'i .\3“
N :l ~ - i
A+ i )y =0 (2.60) " —
_ -]
Lo |
2.12 Integration Technique a - :
'I,WJ *ﬁ : i
Ty 'lH:. p
The aumn of this section is to describe a method for solving the restoration corrections A1), 2
~ ~ ’ /
B(f), and C. e
S
From {2.54) and (2.60), we obtain - 3 1“
~ L] L] ' " I
T N . . I |
MO == (N (L) ([ & (2.61) .
¥ ,
A
where N {1,7) satisfies the following matrix equation: )
“‘ . ;I ". ’J__,.
ON(t,T) : k
{2.62a) *

= B(t) N (47)

gt ot ' .
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N{rg)=1I (2.62b)
N(tr) =0 if 7> 4 {2.62¢)

where 1 denotes the identity matrix of aprropriate dimension.

Using equation (2.61), it follows from (2.55), (2.56) end (2.59) that ‘
B()=%Dh (2.63)
s g ot g o (2.64)
and
Sy oA Ry o= ) (2.65)
wher
.~
Mo g T T (1o 1T Y fite
R(1) = - (0(0)” (N (1,8)° ([9])) (2.66a) _
(AN (2.66b) "
~ AR T o 13T PR 14 >
tym S @ 0T ()T - () (2.660) .
R = (fid" (2.060) o
-
and A
%o (9 (L0 (Ghd)" (2.650) B )
o .
B Thus, from (2.58), (2.68) and (2.64), we abtain el
AU N{0) A (0) + RO 4 Ryt + Ra(D) (2.67) ‘ .
where ‘ )
t n F
M =<1 W () () dr] (2.6%)
1]
. A
» -

o v B A y——— v T el ﬂ

R
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1 ~ " t N ~ -
k() = j; N (47) ¢,(r) Ky(7)dr + {J; N (4,7} ¢, (T)dr] £y (2.68b) '
t . M
Kglt) = .,,f N7 [E () — ¢ ()] dr (2.68¢)
L]
Then, it follows fram (2.68), (2.57), (2.88), (2.67), and {2.64) that ' T N
By fot Ko == 0 (2.69a)
LBl 4 (1) o+ [l B+ (R, do ==~ [l (2.60b)
n o N N L] L) L
[1‘{'::]1 Ntls“] 4 (U} + [?!"\?':'h + wn?'.'zll-”’ + [wx“? + 1)‘"u“"':i‘.llﬂ‘
= e [ Pefigly (2.64¢)
“‘ 1
Remark 2.7.2.1 System (2.69) constitutes o system of (n4-145) equations in {ntrds) :
\ L] L]
- unknowns (i.e., 4 (0), fand ). It has a unigue solution if and onty if the nominal function g .
% satisfies the constraint qualification (cf. Remark 2.6.1). ' ' | - )
L ~ L ) - o
Remark 2.7.2.2 Note that A (), B (¢} and € can be easily obtained from (2.67), "’_‘
N ~ ' e -
(2.55) and (2.58), respectively, once 4, T and j are determined from (2.69). Then, A% (1), _ ' 4
v -
A%, A% can be calenlated from (2.50) — (2.62) if 1 is known. /
L -
The method for determining the step-size t is discussed in the next seetion. :
7.3 The Restoration Algorithm . |
Algorithm 2.7.3 (Restoration Algorithm) ro
Step O Let % € (0d), A ¢ (4,1) be gven constants  Choose _ &
B (B0 F) ¢ WL Betdoe
Step 1 16 2 (%) w0, et 4 o 3OV § s 0 and stop; otherwise go to Step 2. :
F 3
s
o —'. .

4

.

‘
1



8

Step 2 Let the ,minal function be #. Then, calculate A (3)(8), B (0){#) and

€ (#1) by the method described in Section 6.2.

Step 3 Choose & to be the first clement in the sequence 1, §, (£)%...such that .
PO+ 3D (3)) - P(3) ¢ -2% 8 P(E) (2.70) ! ,\!
where '

3 : n ~ n " ~ o . N
a D (%) = (A (%), B (#), C(3) (2.71) -

Step 4 Sot
B+ = B4 g D (3), (2.72)
and go to Step 1.

Definition 2.7.3 Let » (%4 be the function generated at the &b iteration of o~

Algorithm 2.7.3, starting from the nominal function r (2,0) = % -

‘ - L
L
To continue, we assure that the following assumptions are sadisfied, ’ ' -
Assumption 2.7.3A S
' B b -
’ d

(2.7.3A1)  Assumption (2.3.A) is satisfied. 4 ; .

(2.7.3A2)  Let {r (%,i)} be a sequence generated by Algorithm 2.7.3. Then, each of its it
elements satisfies the constraint qualification. Henee, from Remark 2.7.2.1,
for each ? and 4,

Det [M (r(3,4))] 4 0 (2.73) . |
where M is the eoofficient matrix of system (2.69). If {r (%,4)} is an infinite oY , .
sequence, then i

bim Det {M{r(58)] # 0 (2.74)

Ir iy o

»
L ’ “ .
- -
- oa #
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Lemma 2.7.3.1 Let Assumpiion (2.7.3A) be satisfied. If {r (2,9} is & sequence
generated hy Algorithm 2.7.3, then {r (%,4)} has the following propertios:

(i)  There exists a constant 4, > 0, independent of both % and 4, such that

R0 (» (H Dl < £ [P i (5 (2.75)
(ii) :;,J) (r{%a)e # forany r (%0 ¥ (2.76)
Proof Fa taovny, &)1 vsed to denote »(3,4) in the proof.
Proof of Paxt (i) Ao {2.62), we have
N7 = 1+ r d (2(8) N (3,9)(47) ds (2.77)

Thus, frum Assnmption (2.3.A2}, we obtain
t LT
NG $Fa+ | K NG5! ds (218)
1

By Gronwall's lemma (of. Ref. 5, p.62, Lemma 2.3.5), it follows that

[N (Z4)(67)] ¢ exp (¢ - 7) K]
€ oexp (K (2.79)

Thus, by (2.79), Assumption (2.4.A%2), the Canchy-Schwarz incquality, and (2.42), we
deduee from (2.66) and (2.68) that there exists a constug f(l > 0, independent of buth 2

and 4 such that

. ._“-

"
-4
y
']
:’ f‘“
|'-‘
1
»
N
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mj(né:i)l $K, j = 2y00sB (2-80)
mj(’}:«,z‘)(a)l ¢ K, Yielul], j=1,8,7 (2.81)
and
(RO < K, [P (51 ¥ te[o), (2.82) t
where %, i = 1,...,8, are as defined in (2.66a) — (2.662) and (2.68a) — (2.68c). o
From {2.69), Assumption (2.7.3A2), we have
'iﬁ
[4 (3.0,
ﬁ(%’ z) » - A
_w .
t »
u L B LTI, T ! . 1.
= [M (3,07 |~ [@28], (2.83) : P
=920, + [ (59) B(Z4)], '
. .Kf
e
~ oy S
where M is the eoefficient matrix of the system (2.69). ' 4
’} .
/
\ . o , P
In view of (2.79) - (2.81) and Assumption {2.4.A2), it is clear that all the coefficients of
the matrix M (2',?2) arg bounded. Thus, we deduce from (2.75) that there exists a constant .
E{E > 0, independent of bosh ¥ and 4, such that : " .
5 |18 (2.4} ¢ K, (2.84) ’
By (2.83), (2.84), (2.42), (2.82) and Assumption (2.4.A2}, it {ullows that .
; | '
- ,
e
" -
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HA (2.9,
i [P G [+ (1 R = Ky 1P (2.858)
|l BNt < K, [P Gt (2.850) ’
!
and , b
|l (%)L € Ky [P (30* (2.85¢)
where
Ky= Ky [+ (1 + Kg (2.86)
Thus, by virtue of (2.79), (2.81) — (2.82), (2.85) and {2.80), we deduce from the formulae of
A (1), B (#) and C (defined by (2.67), (2.63) and (2.64), respectively) that there exists a _
. -
constant K, > 0, independent of both Z and 4, such that |
N -~ ' X I.\‘
{4 Gl < K, [P (2T (2.872) S
; -
4 ()l ¢ K, [P (a0 (2.870) o
1B B, € Ky 1P () (2.87c) B
and ' B )
L ~ " .J
10 Gl < K [P (P (2.87d) T
Hence, from (2.53), (2.87h) — (2.87d), Assumption (2.4.A2) and (2.42), it follows that there _
exists a constint f{r, > 0, independent of both % and 4, such that i )
4 (Bl ¢ Ky [P ) (2.88)
'
"Thus, from (2.7), (2.87b), (2.£8), {2.87:) — (A.87d), (2.85a), and (2.87a), we obtain }
1
) P ]
. .
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WD Gl

= 1A Gl + 1A Gl + 1B B, + 1G(91 + 1[4 Gl

+ |14 Gl < & [P (Bt (2.89)
wleve

=R, + 4K, + K, (2.90)
Proof of Part (ii) The proof follows easily from (2.80) and Remark 2.6.1.

Lemma 2.7.3.2 Let Assumption (2.7.3A) be satisficd. Then,

P(r(%a + %D (r (B9 — P (r (1)

lim = -2 P{r(%3))
a— o a
(2.91)
Proof For brevity, define
r(%8) -2 = (557 (2.92)
from (2.42), we have

PG+EDE) PO
= (B0 + B A G0 ~ o063 () + 5 A ()0, B(0 + BB (0, F+ B O
— %0 ~ (8% (9, B (1), P17} at
+ [[F + %A (3), % + 3C Aol - (B, 12

+ g - BA (), T+ %C ()12~ | (WP, (2.98)

TR R

|
j
1
_I
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By the mean valued theorem, we obtain o o

B+ 4 ()0 - 8% (0 + B 4 ()0, (D + 5B (0, 7+ 3O
— 155 - (83 (&), %0, M| o
= 19 + aﬁ (3D — 6% (1), B (8), ) - & &, (A)(Y]° |
| - 1300 - K83 (9, 2 (9, D)?
i - % 14 ()0 - LI
+2 &) - (63 (8,5 (9, D [fi () - L, (2)(8)
= 32 14 () Ly (XA
+ 28 (A (0 - 1 GO L2430 ~ L (B0 o N
B 1 Ly (3)() — L, ()1 - o
R G I Cs [5’1 (E)(8) - Lg (2)()] o

#2505 () - 063 (0% (95N 12,0 - Ly (3)(O) (2.94) e .

where :
L%
(2)(t) ) ) . e
= B (63 (1) + A ()05 () + 2B ()% + aC (A (BB
i. o (b3 () + 34 (NOA () + B ()05 + 5 (3)B B)Y

+ 0 (43 (1) + 64 ()O3 () + aB ()03 + 6CENC ),
(2.95) ;o

L)
= S (8300, % (0, D) A ()0 + 63 (0, (2, %) BN 3

6 (83 (0, % (0, %) O ), (2.96)
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and & is an intermediate value satisfying
0 &g (2.97)

From (2.94), (2.96), and (? 53), it follows that

.
)+ B4 ()0 — o83 () + B A (30, B9 + & B, F+ B OGN
— 150 - 0% (), % (9, ]?
= (-2 3) |50 — o83 (1), 5 (9, D2
(25— 2 8 (30 — 863 (9, % (0, T L3 = Ly (B
+ 87 | L, (30 — L (XD (2.98)
i ey
From (2.95), (2.96), Assumption (2.4.A2), (2.89) and (2.97), we obtain o <
w s -
N - LG, <Ky BaP ()< K £ &P () (2.99) ot
Thus, from Caunchy—Schwartz inequality, (2.99) and (2.42), it follows that _ m .' -
L - - ﬂ’l' .
U; [ — ¢(t% (8, % (8), N [Lo{2)(8) = L, (2)(0)} dt o , A
=K, E&[P ('E)]"} (2.100) .~
Now, by (2.88), (2.100), and (2.98), we deduce that ' ' ;
[im— [ e + 5200 T
=0 o 0 _ g
LR R A B0+ & B, F+ 3O
LR I CRI0N TS 2
, -‘ b '
‘.‘” .
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1,
va [ 1130 - 463 (0, 200, DI @

Clim{EP()+[25—28 K 41PN+ B K34 (P (AT}
a0

(2.101) :
"Phag, it follows from (2.101) and Remark 2.5.1 that t N
1. . ~ . ¥
pim—i 10 + 340
o0 a "0
— (L3 () + & A (D), U+ EBE)(), T+ aCE?
— |%(8) — g8, (8), B (), TN
1,
=—2 [ (10 - a(e3 (9, 00, DI (2102 |
1} M,
Next, by following a similar argument as thai used to obtain (2.102) from (2.94), with the O hr “
exreniion that (2.53) is being replaced by both (2.57) and (2.58), we can rcacily show that o 4 ".‘_‘_‘ R
1i m {I[w(E+ & A (3), %+ & C (NI~ (B, |}/ & -
o= b 3 - .
=2 (B, T, (2.103) : -
and . d ; .
ol
.Eai m {19z + & 4 (3, F+ & CEL - [WED)] 2 o
= —2 | [%(E, T,/ {2.104) a .'
Combining (2.93), (2.102) — (2.104), we obtain T
‘0
P(z+aD(®)~P(2) . :
lim - =32 P(2) #.105) = . o
0w o ' '
rJ
b .
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This completes the proof of the lemma.

Remark 2.7.3.2 Consider Step 3 of Algorithm 2.7.3. Since ¥ € (0.°'2) and
P(r(25) > 0, it is clear from Lemma 2.7.3.2 that the inequality (2.70) will be tu. sfied
when &; is sufficiently small, Thus, Step 3 of Algorithm 2.7.3 is well--defized.

Remark 2.7.3.3 Let {71} be a sequence in % such that 1i m P (31) = a, wherc ais a

i—m

finite number. Farthermore, let {o;} be 4 sequence of real numbers such that 11 i a; = 0.
i—w

Then, by following a sim’lar argument as that given in the proof of Lemma 2.7.3.2, we can

show that

PG+ a D (R~ PG

lim
i—m /31

Theorem 2.7.3 Let {21} be a sequence gemerated by Algorithm 2.7.3. Then the

sequence { P (#1)} converges to zero at & quadratic rate.

Proof Firstly, we want o prove that

Lim P (3) =

i= @

Since {P (%1)} is a non—increasing sequence of real numbers, which has a lower bound zero,

it is convergent. Suppose that

limP()=a>0 (2.106)

i—wm

From {2.70) and (2.72), we have

a
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2 %% P () ¢ P (M) - P (3i) (2.107)
s : for all i. Hence, it follows from (2.107} aad (2.106) that
g lim =9 (2.108)
- i o
L
. Now, let N be a positive integer such that 'E'u,; < 1forall > N Since Ezi ig the first element
- in the sequence 1, §. 62, ... such that (2.70) holds., Furthermore, @/ f is the element which
just preceeds &; ‘n the above sequence. Thus, {2.70) does not hold if we replace 'b'ei by ?.'zi/ﬂ
in {2.70). On this basis, it follows that
P(3 + (%/0) D (3) - P (3) > — (2 &/B) % P (23) (2.109)
foralli> N.

From (2.106) and (2.108), we note wiat 1im P (%) = a and lim {&/6 = 0,

i—w i~

) ~
‘ respectively. Thus, by substituting o; = o,/ in Remark 2.7.3.3, we have
| Lim {P (3 + (&/8) D (30) - P (2)}/2(&/8) = - .
! 1~
On the other hand, it is clear from (2.108) that
|
1im {P (3 + (&/8) D(3) - P BOH2A5:/ 2 2 -2
b i-
i
1| Combining them together, we obtain
!
L
|
- |
] {
£} A




a8

1im{1--%) P(z) < 0.

= m

This is, however, a contradiction. Therefore, we conclude that

lim P{Z)=0. (2.110)

= 3

Next, we want to prove that {£ (3)} converges to zero at a quadratic rate.

By letting & = 1 in (2.98), we obiain from (2.98) and (2.99) that

1350 + A )00 — oL + 1 (30, W) + B (D, B + CR)I*
S K [P ()P (2.111)

In view of the mean value theorem, (2.57), Assumption (2.4.A2) and (2.75), we have

oo (38 4 A (39), %+ € ()],

i

o (35, 55) + Bg( + i 4 (3, ¥+ @ C(3)) 4 (3)

L3 ~ N
i (B4 & A (B, 0+ 0 (3) O,

+

[l (¥ 4+ 7 A (B0, Bk & O () = (B4 A (3, B4 (B A (D)

+ [y (85 4 e 4 (30), ¥+ & C(30) ~ wy (814 4 (2), 7+ C(3) C (3|

< “’ - a,)‘.! I{E I[A (El) + ¢ (Ei')]nljl

< RED (e
< K38 [P (3L, (2.112)

.
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where & is an intermediate value satisfying
0¢agl

Similarly, we can prove

|1 (31 + 4 (3), ¥+ C (3,12
<EA PR (2.118)

From (2.111) - {2.113), we get
P34 D(3) <3 KIA1P(F)? (2.114)

Now, in view of (2.110), there exists an integor 4, > 0 such that whenever § 2 i, we have

vy, 1 =99 .
P (%) ¢ =nad (2.115)
8 Ko

From {2.114} and (2.115), we get
PO+ D) ¢ -2% P

whenever ¢ 2 4,
Thus, inequalisy (2.70) can be satisfied by choosing & = 1 forall 42 4, Henee,

L™ [ “

M Z g D) (2.116)
foralk i 2 4,

From (2.110), (2114) and (2.116), we conclude that (P ()} comverges to zemo at

imadratic rate.
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*  Remark 2.7.3.4 From Theorem 2.7.3, it is clear that under Assumption (2.7.3A),
Algorithm 2.7.3 generates in a finite number, i (¢, %), of iterations, a function 7 (2,1 (6,2)) h .

such that r{%i(e,2)) € T,.

| Lemma 2.7.3.3 Suppose that Assumption (2.7.A3) is satisfied. Let % ¢ % be such ' { ' \
that P (%) > 0, and let r (%7 be as defined in Definition 2.7.3. Then, there exists a - “
constant &, > 0, independent of both % and 4, such that o
I (3d) ~ 3l € & [P (B!
Proof For hrevity, let
_ " A,
r(30) = 3o (0, W, ) _
o '-.' . -'.‘1
Let & (%,9) be the value of & obtained in the ¢ jteration of Step 3 of Algorithm 2.7.3. " . ]
Without loss of generality, we can assnme that § 0(%,3)} is an infinite sequence. _ . |
n ’ -‘/‘I ‘
Prom the proof of Theorem 2.7.3, it is clear that for each 2 ¢ #n 7, and for all 5 .- .
. "oy i
A
Ny . r .
1 (5,8) » 0 (2.117) /
i . -
: and
| lima(3) =140 (2.118) " |
. ’ Lt - 1
4
Maw, it is elear from (2.117) and (2.118) that there exists an &, 0 <2 & < 1, independent of -
hoth % and ¢, such that ’ ’
N 1
12 (5,0 i (2.110) 1
l
'R 4‘
|
* .1
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From (2.70) and (2.72), we have
PG ¢[t-2% 8 P(3) = o P(3)
where |
0<o=1-2%a<]1 (2.120) (. \
*,
, _
Thus, C.
P(3) < (a)i P (3) (2.121)
/
By {2.75) and (2.121), we have 7
v ) vy L : " : |
1D @1 ¢ (o) P (3 (2.122) .
o,
But " *
o
. . i-1 ~ " ~
j Biee B4y (3D D(ED (2.128) _ J
.
'Z 4
Phus, from (2.123), (2.119), (2.122) and (2.120), it follows that /
5 Lo
%
1 V% - 3| .
R . o
: 3 ':": j [
| <& (P (3)] }j[(n)] PR
| jeu . |
nd "L . - _
i OO {1 - () .
LT '
| = 4, |P (Y, ;
i 3 |
‘1.. r
o 1;
. » |
- - |
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where

=4/ 1t- (o)}
This completes the proof.

2.8  Sequential Gradieni—Restoration Algorithm
2.8.1 Gradient Phase

Let 7= (z,u,7 € T, be any nominal function for the gradient phase. Define
2+ Az={z+ Ax, v+ Ay, T+ An).

Then, the fixst variation of
{J(z+ Az} J(2)}

can be expressed as:

1
Ad e f {f Dz + fAu+ L AT} d+ (g A2+ g d7), + [h bz + b A7),

(2.124)

If ¢ > 0 is sufficiently small, then the differential equations {2.2) together with the

boundary conditions (2.8) ~ (2.4) can be approximated up to the first order by

Ar= g Ar+ Py du+ dAr (2.125a)
[w A -} w AT, =0 {2.126D)
[ A+, An]y = ) (2.125¢)

9
i

3

v

% .
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To the first order, the minimum of J is achieved if the first variation (2.124) is minimized
subject to (2.125a) — (2.125¢). To make the probler- meaningful, we want the variations

Aw (t), Ar to satisly the isoperimetric constraint

1
f |Au|? dt+ |An|?= K (2.126)
a

Let the above problem be referred io as (2.P)

Remark 2.8.1 Sinee system (2.125) is obtained from equations (2.2) — (2.4) by
quasilinearization, it is clear that the constrsint qualification for the problem (2.?’) is
exactly t.e same as that for the problem (2.P) (cf. Remark 2.6.1). Thus, by following
axactly the same argument as that given in Section 2.5, we can show that if » satisfies the
constraint qualification of the problem (2.7) (i.e., (M (2))! exists, where M is defined by
(2.37)), then there exist Az == (AxAuA7) and A(t) € B%, g € RY, p. € RS, ¢ R(1/2cis
the Lagrange multiplier of the isopetimetric constraint (2.126)) such that (2.125) ~ (2.126)

together with the following eguations are satisifed.

Ao f = AT g, (2.127a)
Adfo-- AT g, 4 £ =0 (2.127h)

1 -
f‘ =AY 3) dt o+ [g + 1 ], + [By + 6F il + AT Ja=0

(2.127c)

[ AT b gy o+ i g, = 0 (2.1274)
AT+ g+ pf ) = 0 (2.127¢)
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2.8.2 Coordinate Transformation ’ .. - PO
Let
A=Az/a (2.3%8a) - _
B=Au/a (2.128D) ' 1. .
\
C=Ar/a (2.128¢) i |
i
Then, equations (2.125a) and (2.127a) — (2.127c) become:
A=A+ ¢ B+ ¢, C {2.1292)
Mg oy (2.120b)
B =-f + Mg, (2.129¢) o«
. _
T T iy S
C‘a‘:'J; {""'fn'[')‘ ‘zbﬂ}dt'"[gn'*‘“ w,,,]o—[h“+,u wﬂ]l : v ' o
(2.120d) ad » |
4 - )
and the boundary conditions (2.125b) ~ (2.126¢) and (2.127d) —~ (2.127e) become: -
. - )’r’
™ .
".ﬂ' \..-.
{w,d + w,Cl, =0 (2.130a) )
[t + ¥, Ch = 0 (2.1300) "y "
AT+ g +d w],=0 (2.130¢) L
T b+ fF ) =0 (2.1304)
Morcuver, the isoperimetric constraint (2.126) becomes: . .
et [f B Bdt+ (:'] = K (2.181) : ek
1] .

o ——

¥




45
»» Since we do not know what value of K 10 usgein (2.131), weeshall consider « 35 the J— e ,.4
_- steplength in the equations ' |
Az () = a A (1) (2.132a) S
Au(f) = a B (1) (2.132b) I O \‘
Ar=aC (2.132¢) . {
in order to perform a line search on the objective function J. The method for determining -

the step-size a is given in Section 2.8.4.

283 Integration Techanique
Y M-\'
In this section, we shall describe a method for solving the gradient corrections A (¢}, B (¥) .
and C. . N
| - : i
‘ 1
Y . -
From (2.129)), (2.130d) and (2.62), we obtain _ .
g AT T T R _,.
A(t) = = (N {1} [(Th]))” + (%) 4 T
1 ! -y : i
- o e (2133) | 4
r ’ , -
1 Lo
! Using (2.133), we obtain from (2.129¢), (2.129d) and (2.130c) that |
| B(t) = £0) p+ £oft) (2.134) ‘ J
;l = iéaﬁ"‘ rf&ﬂ-"}‘ '65 (2.134b) ) J:
J and : ‘|
‘: N ! i .;
: dopt €= 4y (2.135a) |
: A48 = = (9 () (¥ (LT ([]) (2.135b) k |
} ]
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g - wd e erm{f () = (6,00 [V (L) (1) )"
+f W () (A
by =~ ([wglo)'
b= = (0 U a0 (v L0 091)°

i
bo== [ (0 or

i 1
~1f] @ I L0 (" | (o) (40 i)

~ (o) + (R
by = (o)
£y = (N (1,0)" (19,])"

by =~ (Uad Y L) ()" = W) Gl e

Thus, from (2.129a}, (2.134a) and (2.134b), we obtain
A(l)= N(0) A(0) + £,(8) p+ £yglt) pt £1(2)

where
L
£y(t) = 'Qj; N (1) ¢ {r) dr
tad= [ NG ) A7) + 60 Q ar

= [ B 600) 40+ () Al ar

From (2.135a), (2.130a), (2.130b), (2.136) and (2.134b), we have

(2.135¢)
(2.135d)

(2.135¢)

(2.135¢)
(2.135f)
(2.135g)

(2.135h)

(2.136)

(2.187a)
(2.137h)

(2.137¢)

-t
4
Ty
L
!.
}
]

) F ]
P




: A7
E: byt byu= & (2.1382) |
ftado A Q) + [ £3lo o+ [ Ao 4= =l 4l (2.138b) ' .
[¢x11 N (1:0) A (0) + [11’:( ‘69 + #’-n '6:1]1 L+ [wx '610 + 1!"’11 ’{.]1 K .
== [, £y + Uy £l {2.138¢) T
: ( ..
Remark 2.8.3.1 Similar to the system (2.69), the system (2.138) has a unique solution y
in A (D), pand ,u if and only if the nominal function z satisfies the constraint qualification e
(cf. Remark 2.8.1). a
Remark 2.8.3.2 Note also that A (f), B (f) and C can be easily calculated {rom
(2.136), (2.134a) and (2.134b), respectively, once A (U), # and ;z are determined from
(2.138). Thus, Az (t), Az (f), Ar can be obtained from (2.128a) — (2.128c) if - is known.
: ~
2.84 An Tieration of the Sequential Gradient-Restoration Algorithm ! _
o T
L
1, ‘ , -
Let 7, € (0, %), fe {%, 1) be arbitrary but fixed. Then, we define _ L
A = [t ()f e - |
(e) = (8" (82 Yg & £e {0, 1, 2, s (2'1"”) ~ .
AR - Lt
i.e., the set, A(e), of step-size corrections contains all the values of the form 1, B, (B, g ;
(4)3,... which are equal to or greater than 7, €. N
| |
E H %
We now define an iteration of the Sequential Gradient Restoration Algorithm as follows: '\ '
Algorithm 2.8.4 ¢ .
Step 0 Let 1, 7€ (0, -;-); fe (;i-, 1) be given constants. C e
Step 1 From a nominal function p=(mum) € T, N %, obtain

D) = (A(z), B(z), C(z)) ¢ % together with A(2), p(2), ;;. (2) by solving
system {2.129) — (2.130).

PIEEEIRE T L
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Step 2 Compnute the step-—size a(z,¢) as follows:
ofz.€)
ﬁ 0 if % () < Ty €
=] o £ (r(2+aD@il6staDEN) - I (2) > -10Q()

V aé Afe)

max (o€ (9 : Ar(z +a D(ilea+ aDEN =T () & - 2@ (2))}
(2.140)

where
0(3) = @ ({2, M2), Wa), =) (2.141)
and i {¢,2) denotes the minimum number of iterations of Algorithm 2.7.3
required for obtuining a function belonging to the set T, starting from the
nominal fanction z
Step 2 Let

GR{z¢) = z+ r{z+ & (2e) D (), {62+ a(ze) D(2)

(2.142)

In order to establish some important properiies concerning Algorithm 2.8.3 and to prove a
convergence result for the sequential gradient—restoration algorithm given in the next

section, we need the following assumptions:

Assumption (2.8.4A)

2.8.4A1 The constraint qualification is satisfied for any nominal function 2z in Step 1
of Algorithm 2.8.4.

2.8.4A2 Assumptions (2.7.3A1) and (2.7.3A2) are satisfied.

2.8.4A3 The set A, N T, is non-empty, le., there exisis & 2 € & such that the

necessary condition for optimality is satistied.

. ’
4
f_ ;
.
coa
-
"
»* s
»
- . -
S
- .{v' |
" [
Y
. e N
ﬁ -
-
£
1
-
. .
1 f
g

a me o L
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Lemma 2.8.4.1 Suppose that Assumption (2.8.4A) is satisfied. Then, there exists &

constant &; > 0 such that

1D (2t ¢ & (2.143)

for any nominal function z defined in Step 1 of Algorithm 2.8.4.

Proof The proof can be easily obtained by usiny, 4 similar approach as that given in

the proof of Lemma 2.7.3.1.

Lemmz 2.8.4.2 Suppose that Assumption (2.8.4A) is satisfied. Then, there exists 2

constant £, ~ 0 such that

1D (22) = D ()] ¢ & |2 — & (2.144)

and

Y] 7]
1@ ()~ Q (9] < 412~ 2 (2.145)
for any nominal function z!, 22 defined in Step 1 of Algorithm 2.8.4.

Proof Let z, 22 be any nowinal functions defined in Step 1 of Algorithm 28.4.
Using (2.62) and Assumption (2.4.A2), we get

| [N (2)(t,) ~ N (25(t,7)]

¢ [ 10406 N (i) = 8(26) N (335, s

<[ 1180 W26 = 8206) ¥ ()
F 18,((3) N (2)(51) = 44(20(0) N (2)om) 1} ds
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t
¢ [ B IN@a) - Na)ar] ds

b
+f K, | N {21)(s,1)] |22 — 2 ds (2.146)
1
. . t
By using & simi.ar approach s that used to nbtain (2.79) from (2.62), it follows that
[
| ¥ (2){a7}] € exp (K)) (2.147) -
| for alt nomina! functions z defined in Step 1 of Algorithm 2.8.4.
Thus, from {2.146) and (2.147), we get
-,
[N (2) (1) ~ N (21)(2,7)! N,
v b w . . .
¢ J KN @R = N (o] do + Ky exp (K, [l - 21 .,
T 8
L
(2.14%} .
‘ Applying Gronwall’s lemma, it follows that ' : .
v
N (2) () - N(zl)(f.,?-}| -
< By exp (K} exp (K (¢ 7)) |2~ 21 L
:. |, -
g <Ky loxp (KO 2 =2l ¢ & 2~ 2] (2.149) -
| where
= K, [exp (K)]* (2.150)
Using (2.149), Assumption (2.4.A2), and (2.147), ard then following a similar approach as v
) that used in obtaining (2.149) from (2.62), we deduce from (2.135) and (2.137) that there P o
exists  constant 6 o > (Fsuch that for all ¢ € [0,1], we have |
1 >
F
. .
» -
i-.# K
rd




e

51

| A0 = £z} < 2 2, S 128,101 (215
and
| €~ A1 $ 5 18 = 2, 5= 34588 (2152)
where £, j= 1,..,,11, are as defined in (2.135) and (2.137). {
¥rom (2.138), Assumption (2.8.4.A1) and Remark 2.8.3.1, we have e
[4 (2], (4 (23)], .
w(z2) |~ ple)
p(22) | | a2
= [V (2)) b (32) — M (2] b () (2.153) .
where _
» | .
4 (%) I
b(2) = | - [(wl2) 42, (2.164) : o~
~ [9x(2) £4,(3) + 9:(2) 4(2)] .
I’-’-
and Mis the coefficient matrix of the system (2.138). i -
r /
Using Assumption (2.4.A2), (2.152), (2.151), {2.149) and (2.147), we deduce from (2.138) -
that there exists a constant % ¢ > 0 such that s
16(22) ~ b ()] € 5 4 128 - 2] (2.155) .
and .
Ii}ij(zg) "":i}ij(zl'” ¢ %4 |22 =~ 24, 4d= Lyisntrts (2.156) I
i
- .
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where E}ij is the coefficient of the matrix M of system (2.138). By Assumption (2.8.4A1)

and Remark 2.8.3.1, it follows that there exists a constant J& ; > 0 such that

[Det (3 (2] ¥ & (2.157) { -
for any rominal funclion z defined in Step 1 of Algorithm 2.8.4. ’
.
Thus, we deduce from (2.156) and (2.187) vhat there exists a constant 5 g > 0 such that -
(M ()7 = (M ()71] < 22— 21 (2.158)
T'hus, from (2.153), (2.158) and {2.155), we can show that there exists a constant & >0 -~
guch that .
- -
. ,:z i ‘ -
1[4 ()], ~ [4 (]| § F ¢ 122 2] (2.159) | .
| ) ~ )| ¢ 122 = 21 (2.159D)
and _ __./ 1
A A " - e
[a(22) — p(z1)| € 4 [122 = 2t (2.159¢) | et ;
v P * l
In view of (2.149), (2.151), (2.159) and (2.152), we deduce from the formulae of 4 (£), L e |
B(#) and C (defined in (2.136), (2.134a) and (2.134b}, respectively) shat there exists a I
constant & _ > 0 such that L L j
i [N !
[[4 ()]~ {4 (] & &y |12 = 21 (2.160a) L ‘
14 (2) 4 (2l € b g 122 - 21 (2.160b) .
i L
Il’ L}
»
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1B () = B (20l < & g 122 — 24 (2.160¢)
and

|C(2) = O ()] § F 5 22 (2.160d)

Thus, from (2.1205), Assumption (2.4.A2) and (2.160b) — (2.160d), it follows that there

exists a constant * , > 0 such that

4 (22) — 4 (20} & K g 122 — 2] (2.161)
Thus, from (2.7), (2.160b), (2.161), (2.160c), (2.160d}, (2.150a) and (2.160a), we get

15 (z2) - D ()]

= 14 () = A (], + 14 () - 4 @, + IB{A) ~ B (20,
+ 16 ~ C @), + 1A (@)~ [4 (ol + 1[4 ()]~ [4 (20

$ T gl = 2] (2.162)
where
JE?/ 10 = v.z} [ + 4 lﬁj 8 "+‘ a%} b (2.163)

From the definition of @ {7) and @ () (defined in {2.141) and (2.43), respectively),
together with the definition of A(2), u(2) and ;s(z;) {obtained by solving the system (2.129)
and (2.130)), it follows that

2(2) - @ (=)
1
= [ uBE0I- 1BE0 e+ 0@~ @)
(2.184)

B4
a,
..
* AT
L B
. |
Ty
- ’,a
rl
b
; Bl
.
/
4
&
=
[
T
i
#
L
-
i
L
:
L4
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Thus, from (2.164), (2.160c), (2.160d), Lemma 2.8.4.1 and tLe definition of D (z), we

ohtain

|7 2) = @ ()] 24 K g =2 (2.165)
Let

£, = max { ¥ A & 8t (2.166)

Then, the rest of the proof fullows easily from (2.162) and (2.165).

Remark 2.8.4.1 In view of Lemma 2.8.4.1, it iz clear that for any z€¢ %, the set
{z+ aD(2): ac[0l]}
is compact with respect to the norm defined by (2.7).

Lemma 2.8.4.3 Suppose that Assumption (2.8.4A) ia satisfied. Then,

I D -J ~
lim fre a(z)) ) =~ Q(2) (2.167)
' a—

Proof Define

z= (zu,7).

From (2.1}, (2.128) and the mean value theorem, we obtain

Ja+aD(@)-7(3)
= | (L0300 + L)) ~ Ly (0] e

+ afLy(2) + Ly(e) = L (3], (2.169)




il

where

L)) = bz (8, v (B, 7) A (D) + f{ba (), ), ) B ()
+ fiLz(f), u (£}, 7} C(2), (2.170)

Ly{2\(8) = £{hz (2) + @ 4 ()(3), v (D+ & B(2)(), 7+ 7 C () 4 (:)(8)
+ f(hz () + a A (2)(2), v (8)+ 7 B((E) v+ @, C(2) B(2)(8)
+ £tz (D) + @, 4 (2)(F), w (O)+ & B()(8), 7+ a, C(2)) C(2),

(2.171)
Z2) = o (o) A (], + loa(mm) C (3,
4 [hylzm) A ()] + [Re(zx) C{2)]; » (2.172)
Ly(s) = lgla+ Ty A (0, 7+ 5, C () 4 (I,
+ [ga(2+ 3 A ({t), 7+ @& C(2) C (2,
+ [hx(m + EB A (2)(3), T+ -&3 G(z)) 4 (3)]1
+ [z + Ty 4 ((0), 7+ 8 C(2)) C () (2,173}
and @; 7= 1,2,3. are appropriate intermediate values satisfying
0<% ¢ a (2.174)
From (2.170), (2.171), Assumption (2.3.A2), (2.143), and (2.174), we deduce that
L) — Lof)(B)] ¢ Ky G B¢ Ky 2l (2.175)
Similarly, by (2.172), (2.173), Assumption (2.3.A2), we obtain
| L(a)(1) = LD < Ky 8 (B +Ty) <2 K 2 (2.176)
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Now, combining (2.169), (2.175), (2.176), it follows that

liml G T Da(z)) A f 131(3)@) dt + L(z), (2.177)
=+ ]

From (2.170), (2.120b) — (2.120d), (2.120a), (2.130d), (2.130c), (2.172), (2.130b) and o 5
{2.130a), we can show that

[ o

- f (A @) 4 (D + (O ()

{d {6z (8), u (1), m) A (2)(8) + $, (hz(2), 2 (2), 7) B (Z)(%)
+ paltz (D), u (i), 7) C(2)} dt .

- B B @ @~ (@ 0
~{galmsm) + (12’ w(mm)} € (3], T .
= o) + (@) delmn)} € (AL, LT
= [(M2)" 4 (&), = (M) 4 (2,
- [ @ B0 a-@@r o e
~ Houtem) + () wi(mm} O3, .
= [halam) + () #ylzm)} C (@),
= = [{h{mm) + ()" vlmm} 4 (2],
~ [{g,(mr) + (62’ wlzm} 4 ()],

1
- 3@ B0 - 0@
~ H{ga(mm) + (1) welzml} C (2], L.
~ Hholam) + (1(2))" da(mm)} € (a)], - )
=T~ | (BT BEX d-(C ) 0

(2.178) b
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Of*ihe other hard, from the defifftions of Q (2) at @ {2) (defined i (2.141) and {2 43),

respectively) together with the definitions of A(z), p(2) and ;z.(z) (obtained by solving the
gystem (2.120) and (2.130)), it follows that

2w =f (B0 BE0 @+ (CON 0 (217)

Combining (2.177), (2.178) and (2.179), the conclusion of the lemma follows readily
Definition 2.8.4 For any z€ % and ¢ > 0, let

B(ze)= 2€ % :||Z— 2 ¢ €} {2.180)
Lemma 2.8.4.4 Let Assumption (2.8.4A) be satisfied, and let Z € T, be such that

z¢ A, Then, there exisis a constant g% > 0 and an integer <% > 0 such that for any

z € B(%p¢) and forall i € {0,1,2,...}

Ir(z+ (% D), 0-7@ <~ 1O Q) (2.181)
Proof For each z¢ %, let
24 aD (8 =z= (z,07) (2.182)
anu
r(e+aD (@) —[z+aD (@l =D=(4,50) (2.183)

Thus, by (2.1), the mean value theorem, (2.4.A2), definition of l[D I, (2.183), and

Theorem 2.7.3.3, it follows that

S = ey
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o J(r{zd4 aD(2), d—Jjzp ¢ D) - -
= et e O A+ KG+ o DX B+ A+ o, DN B

+ {glz+ a; A, 7+ o C) A~ {g(z+ A, 7+ a, ) C),

+{lm o A, 7+ @y O) A—{h(a+ ay 4, 7+ o O) O,

2K, D[ $2 K, 4P (z+ a D
where :zi, i=1,2,3 are intermediate values satisfying

0¢e;<1

Now, from (2.168), (2.178), (2.179), (2.175) and (2.178), it is clear that

lJ (z+ a« D ‘(mz)) - J(Z)+Z?(z)|$35{2aﬁ

for all z¢ % und for all a € [0,1].

Thus,

IJ (z+ aD(g)-J (z)+ &(z)l < 0.01 5(2)

&

for all z¢ % and for all o € [0,5,], where

.01 Q3
3K, &

Combining (2.184) and (2.185), we have

. r .
(2.184) : -\
~
(2.185)
|M. ’
(2.186) e
v ‘.
.
4
_ -
s
' e T -
L ey :
(2.187) " )
.
(2.188) L,
F
i
K
- F
.r-""-' '

e L

i O T T T T T Y T
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Hr(z+ aD (@) ) =T (2) + 12 Q(3)

2K 5|{P(z+ a D () —a(l-1) 29

+0.01 2 Q%)
for all ze % snd for all w€ [0,0,).

In view of (2.189) and Lemma 2.8.4.2, we have

J{r{z+ a D(2)), fs‘)—-J(z)+7a~Q(z)

COK AP (z + a D (9)-a(099-7) Q2
+0.01 o ¢, ||z 2|}

forsll ze % and for all a € [0,q,).

Define

Hza)=2 KLZJP (z + & D (2}~ a(0.80~9) ZJ(z)
+0.01 a gy |z~ 7

Now, in view of the fact that Z € T, satisfy the systam (2.2) — (2.4) exacily, the mean

value theorem and {2.129a), we get

HEE () + o A (B, T() + e BE, T+ a CE) [ (1) + o 4 (B)(0)]
=[¢(tZ (&) + a4 @, 2 () + aBED), 7+ a C(2))

— H(6E (D), 5 (1), F)] — o 4 (3)(1)

(2.189) I ;
i -
N
!
(2.190) -~
* T 1'
# "\'_i
°. )
. - ‘-i
.3 !
_I”- :
Il“' . ‘
(2.101) ,
/
.

L .

Cwm emmmm T ey
: - .
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2 & 02g(z (3))
“tex[Y Y el
j=11i=1
82¢(s( 1) |
A0+ Y 2 ——— « B o,
j=1i=1 uj i . : \
a2 ¢(x( 1))
=B(7(t)+2i x C(A - 63
i=11ie J I ‘-
oo 02(z(8))
Dy e x A x B
+ 2 )y P Gl ()
j=11=1
&, 02e(e(2) (%)) -
jet 1=1 i - . ) \“
.
B & 83¢(a( 1)) e
£y Vo—o i BA)(H) » cg(z)] (2.192) -
jut i=1 v . * /./
. i » .
where oo ' 4
g / -
2(f) =G0+ 3 4G 5() + ¥BEE, 7+ EC@) .~
—3() + %D () (2.193) | |
| |
‘I and & is an intermediate value zatisfying
|
5 0¢a<a (2.164) C a .j
Hence, from (2.102), Assumption (2.4.A3), Remark 2.8.4.1 and Lemma 2.7.4.1, it is clear .i i‘
that there exists a constant X ,(z) > 0 such that :
3 5
o &
.;-“* 1
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[6(8,2() + e A @), T () + 2« BEA), T+ a C(3)

—E@)+aA @) KD @

for almasi all ¢ € [9,1].

(2.195)

Now, by using a similar argument =+ that used to obtain (2.275), with the exception that

(2.129a) is now being replaced by beth (2.130a) and (2.130b" we can readily show that

there exists a constant K,(2) > 0 such iaat

|[fZ+ 2 A(E), T+ ¢ C(@)],| ¢ Ky?) = ?
and
[E+ e 4 (2), T+ o C@| £ K(F) » o

Thus, from {2.42) and (2.195) — (2.197), iv is clear thai

PG@W+ aD @K@t
where

K (3 = K43 + 2 Ki@E)

(0.9 — 7) 5(3)]

055 = min [054, -
K(Z) »4 K §

Thus, from (2.191), (2.4 and (2.200), it is clear that

Hz) ¢—£(099-7) QD
for all @ ¢ [0,a).

(2.196)

(2.197)

(2.198)

(2.199)

(2.200)

(2.201)

- T_A__jri -

e — _.-,__T_ﬁ.._‘._ Sy i

T

:. ._-..—'—-—-'t 7
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in view of Remark 2.6.1 and Lemma 2.8.4.2, it follows that for each a » 0, ¥-,a) i
continuons with regpect to the norm defined by (2.7). Now, let a = ﬁ"z, where ¢ is a

positive integer such that ﬁiz < &, In view of the above fact together with (2.201), it is

clear that there exists a positive constant g2 such that for all z€ B (2,0%), we have

Y " |
Ke, 6°) - 065, 67) ¢ — (099 = 1) @ ) -
. i " B
= 2, §) ¢~ ——(0.99— 1) (D <O (2.202)
4
Thus frorm (2.190), (2.191) and (2.202), we gei
a“
J(r(z+ 6 D(D), ) - (2 + 16" Q2 .
i '
$ Oz ) v °
<0 (2.203) M
. A
for all z € B (3, p%). 7.
D ey
This completes the proof of this lemma. 4 /
.
Theorem 2.8.4 Let Assumptions (2.8.4A) be satisfied, and let 2 ¢ T, b2 such that .
Z¢ A, Then, there exists p(Z) > 0, (2} > 0 and §(z) -. » such that for all ¢ € [0,e(2)], |
J{GR (2,6} —J(2) ¢ 8z), ¥ 2e B(Zp(R)) n T, (2.204) S
, H
where GR (2¢) is the function generated from z € T, by Algorithm 2.8.4.
{
»
i .

T
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Proof

o
except that Assumption 2(i) and Assumption %(iif) in the proof of Proposition 4 of Ref. 65,

63

The proof is exactly the same as that given for Proposition 4 of Ref, 65,

are being replaced by Lemma 2.8.4.2 and Lemma 2.8.4.4.

285

In this subsection, we present & computational algorithm, called the Sequential Gradient

The Main Algorithm ,

Restoration Algorithm (SGRA), for solving the problem (2.FP). Its convergence properties

will also be investigated. ‘I'hir algorithm has two main features. Firstly, sufficient amount

of decrease in the objective function J within each combined minimization — restoration

step is guaranteed in order o ensure convergence of the algorithm. Secondly, in order to

prevent the disadvantage of requiring a huge amount of iterations in the restoration

algorithm {Algerithm 2.7.3), we develop a scheme in which the value of ¢ is reduced as the - =
alporithm approaches the optimal solution. Thus, at points far from the optimum, we
require only a rough estimate of feasibility, whereas by approaching the optimal solution, | " -
the feasibility requirements are gradually tigntened. : -
Algorithm 2.8.5 (SGRA) S
Step 0 Let 7 € (0, %), E £ (-%, 1), € > 0 be given constants. Choose & function P
2€¢ % Setk=0,{=0,¢=¢, oA
Step 1 Use Algorithm 2.7.8 to generate a function 7 (2k,i (¢,2%)) € T,. Ses I"J
z== v (2K (6,25)) (2.203)
Step 2 Use Algozithm 2.8.4 to compute GR (z¢). i
Step 3 If _ .
J(GR(5e) =T (D §-T s (2.200) o
go to Step 4; clse sct ygz-: 2 €= E & &= {4 1 and go to Step 1. g
Step 4 Set A4 = CR (z,¢), k== k+ 1 and go to Step 1.
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Theorem 2.8.5 Let Assumption (2.8.4A) be - :tisfied. Suppose that the sequence {2}
generated by Algorithm 2.8.5 is contained in a compact set (with respect to the morm

defined by (2.7)). Then, one of the following two terminations can occur:

(i) If Algorithm 2.8.5 jams at a particular point % snd gemerates an infinite

sequence {?f!}?r_(}’ then any accumulation point y* (with respect 1o the norm a
defined by (2.7)) satisfies N
e T na, (2.20) K
(i)  If Algorithm 2.8.5 generates an infinite sequence {2k}, then any accumulation
point 2* of this sequence (with respect to the norm defined by {2.7)) satisties
FeT,NA, (2.208)
A
Proof The proof of (i) fellows easily fiom Theorem 2.8.4 and Theorem 2.6.3. The . .
proof of the fact that z* € T, in part (i) is exactly the same as that given for Proposition 2 .
of Ref. 5. The proof of the fact that #* ¢ A, is exactly the same as that given for s
Proposition & of Ref. 65, exc pt that Assumption (2 33} in the proof of Proposition 3 of R I
Ref. 65 18 being replaced by Theorem 2.8.4. - .-”:
-
;l 2.9  An Nlustraiive Example ;
f ;

Consider the problem (cf. Ref. 35, pp. 245-247) of minimizing the cost functional

!

!

% = — 2,(1) (2.209)
subject to the differential constraints

= (et fud) 2 (2.210a) ..
By = Uz (2.210b)
_J‘I ..‘" \ ‘
o !
i »
. K I
- -
‘_”
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and the boundary conditions

1el)+ (1-7) = wl(ﬂi (2.2112)
7 25(1) = 25(0) (2.211b)

By letting g,(0) = 7, and z,(0) = 75, (2.2112) and (2.21.b) sre iransformed to

#(0) =71 =0 (2.212a)
2(0) - 13 = 0  (22120)
ye{)+ (1= =m=10 (2.212¢)
ya(1) =1y =0, (2.212d)

Thus, this problem belongs to the same class of problem as that described in Seciion 2.3.

Choose 4 = 0.1 and # = 0.5. Furthermore, let
L = (2°,9°,77),

where

2(8) = [ ! ] 2o{t) = 0, 10 = [ H (2.213)

as the nominar function. Then, Algorithm 2.8.5 is employed to solve the problem

iteratively. From - he computed result tabulated in Table 2.9.1 it is clear that at the 40th

iteration, both P (2) and @ (z) are extremely close to zero. The optimal control is plotted
in Figure 2.9.1a. The optimal states are plotted in Figure 2.5.1b. The optimal parameters

are m = (.05 and = = 0.91.
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No. of iteration J (2%) P () Q@ (&)
0 —0.5350 6.48 x 1070 0.91046
2 —0.5516 6.96 x 10 000701
~.5573 8.54 x 10~ 0.00323
6 —0.5610 9.38 x 105 0.00106
3 —0.5644 1.53 x 108 0.00121 "
10 —0.5662 3.08 = 107 0.00085 o
12 -0.5675 2.26 x 10 0.00063
14 —0.5685 1.78 » 19°8 0.00048
16 —0.5602 1.59 x 10°6 0.00038
18 ~{.5607 1.55 x 1075 0.00031
20 —0.5703 2,00 » 10 0.00026
29 ~0.5707 1.64 x 109 0.00022
g4 —0.5710 1.61 x 105 0.00018
26 —0.5714 1.60 = 106 0.00016
o8 -0.5718 1.56 » 10 0.00014 .
30 ~0.5719 1.60 x 106 0.60012 \
32 —0.5721 2.23 x 105 0.00011 —
34 ~0.5722 1.95 x 105 0.00010
36 —0.5723 3.04 x 107 0.00008
38 ~0.5725 1.83 x 106 0.00008
40 ~0.5727 1.96 x 10 0.00007 5

Table 2.9.1 The Numnerical Results for Example 2.9.1 i
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0.1 ,
0.01

1 i 1
0.0
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'
0.2 03 04 05 068 07 08 09 1.0

Time t
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Computed Optimal States for Example 2.9.1
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Control u
4,01

3.61

3.01

2.5°

2.07

1.61

1.01

0.51

0‘0- T

0.0 0.1 02 03 04

0

S 0.6 07 08 09 1.0

Time t

Tigure 2.9.1b Computed Optimal Control for Example 2.9.1.
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CHAPTER II
A COMPUTATIONAL METHOD FO®R OPTIMAL CONTROL PROBLEM WITH
TERMINAL AND INTERIOR POINTS CONSTRAINTS

3.1 Introduction

The class of optimal control problems considered in this Chapter involves terminsl equality
constraints and interior points equality constraints. In this chapier, we developed a new
innovative computational scheme using the technique of control parameterization and

Liapurov concepts for solving this class of optimal control problems.

In Section 3.2, we describe the optimal control problem (3.P,) and assume certain

conditions.

In Section 3.3, using the technique of conirol parameierization, the problem (3.P,) is

converted into an optimal parameter selection problem (3.P).

In Section 3.4, using the technique of Liapunov concepts which was originally suggested in
Ref. 74, the problem (3.7} can be converted into an unconstrained problem in Lagrangian
form (3.P3). Based on the fact that the stationary points of the Lagrangian function can be
found by setting all the derivations equal o zero, we define a suitable positive — definite
Liapuncv Function (L) with terms consisting of all the derivatives of the Lagrangian
function. Finally, the problem (8.7;) of firding the minimum of (L) can be easily solved
by any existing unconstrained nonlinear programming technique, such as the conjugate

gradient method.

F



T
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However, to find the gradients of the function (Z), we need to calewlate both the gradients
i ond Tessian of the objective function and the consiraints of the problem (3.Py). The

formula for these gradients and Hessiams are derived in Section 3.5 and Section 3.6

respectively.
Finally, two examples are golved numerically in Section 8.7. { .
32 Siaterent of the Problem N
Counsider the following differential equation o the fixed time interval [0,1]
E(8) = f(te (8), w(2), T (3.1a)
“-
where & € RY, u € RY, v ¢ RP are respectively, the state, the control and the parameter .
vector; f= [f,,...,fn]T ¢ &"; and the superscript T denotes the transpose. The initial function . _ s
for the differential equation (3.1a) is § v 5
- e
2(0) = 20 (3.1b L
. ' ) Ve
+ o TN Y
1 ' *‘-‘., .
l where 2° is a given vector in R®. The terminal and interior point conditions are _
1' oo
; o (3 (tk)r "T) =0, k= 1.4 (3‘2) E:
1 where 0 < 1 < 1 with at least one f; equal to 1 to constitute the terminal constraint. :
| ' »
: Let % be the class of all admissible controls defined by
s #={u: [ul,...,'u,]T is & bounded measurable function from [0,1] into Rt} » e
'}’;
. *
" '.*‘ b

e —— B T ™ T
X Rt~ asaiann .
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Define
¥={z=(um):uveE %7€ RP}. (3.2d)

For each z€ ¥, let z(+|2) be the corresponding vector—valued function which is absolutely
continuous on (0,1] and satisfies the differential equation (3.1a) almost everywhere on (0,1],

together with the initial condition (3.1b). The fanction is called the solution of the system

(3.1) corresponding to z€ ¥. Let & be the set of ail feasible 2 defired by
F={z€ ¥: g (z(&]2), M) =0, k=1,.,q}
We may now state our optimal control problem as follows:

Problem (3.Py) Subject to system (3.1), finda z2€ F guch that the cost functional ' o

. _
I =ple(la D+ [ hlhatta, u(d, D é (33) S
is minimized over &, where ¢ and f; are given real—valued functions.

Let L; be the Banach space as defined in Section 2.4,

We assume throughout thas the following conditions are satisfied.

(3.A1) F:[0,1} x R* x RF x RP — A" i
| ¢ :RPx RP— R | .
| £:[0,1] x R® = B« RF — R, o
! o R x RP — R, k=1,.,a . , .

BT G —
Y-

.

- _J!L._-_.L :JL -

et
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(3.A2) There exist positive constants K and X such that
|Fﬂ(t,zl,u‘,1rl)| ¢ K,
| Galaha)] ¢ Ky
and
i Fﬂ(t,z‘,ul,w‘) - Fﬁ(t,z“,ua,ar”) |
K|zt =2 + ot -] + |7 - )
|Gyl — Gl ¢ Kffst— 2] + |2t )

for any £ € [0,], &', «* € R%, ul, »? € R" and !, 7* € RP, where F

(respectively G) denot- any of the functions fand f, (respectively, ¢ and g,

k= 1,..4) Fa (respectively Gg) denotes the gradient of F (respectively G)

with respect to 5. Here A represents any of the vectors z, w and

(3.A3) There exists positive constant Ky such that

& f'i (t,x,ﬂ,'ﬁ')

1 i=0,..,m
6a1 dog
8 ¢{z,m)
< Ks
6a1 602
and
B2 g (3:"7) <
hY 35 i= 1,...,q
day Bag ’

(3.4)

(3.5)

(3.6)

for any ¢€ (0,1}, z€ B®, v € Rf and = € RP. Here & and o represents any of the variables

mhn-,zn, ul,-u,ﬂr, 1‘1‘1,...,7!'1,.
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33  Control Parameterization

The control parameterization method will be ased i voavort th problem (3.Py) into an

optimal parameter setertion problem (8.P1). ! .

. i L

Let .0 be a partition of the interval [0,1] such that .7 consig*s of m eiements defined by : N
i

-7 S L

J= {L}5=1
where
I = [ 4}

and
j=0,..m—1

O=to< i< <=1 ;

Let Z be the set consisting of all those elements from % which are piecewise consiant and
b

consistent with the partition 7. It is clear that each z€ ¥ can be written as

&

' f

. E

. *
T =Y, ok xg(0), te [0,1) (37) - {r,_fm

k=1
! » ‘
H s

where ok € Rr and xdenote the indicator function of I defined by

otherwise
h

X}(t) = {0

t

\
|
1
|
1, tel o .
(38) | L
; b !
;
|
|
l
1

This means that each control € # can be identified uniquely by & control parameter o _

and vice versa, where '
CE

.o

L

l

|

)

H
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o= [(1) 1 (on)] € B
Thus, wher no confusion can arise, we shall interchangeably refer to % € Z and o e R".
Define
¥ = (¢ =[o%, 7]’ € R™P: g€ R™, 7€ R},
where ¢ is the overall decision pai ueter vector.

"Phus, for each £ ¢ 7, the differential equation (3.1) takes the form

z(®) =T (4 (8 &) (3.9a)

with the initial condition

z (0} = 2° (3.9b)
where
. T (b2 (8, &) = Fho(®), Y, o xp, (0 7. | (3.9¢)
i ket

! Let z (+ | £) be the solution of system (3.9) cotresponding to each £ € 7. Let

7€) = [a1 (5 (b1} &)y Myoraty (2 (261 &), )" (3.10)

Let & be the set of all feasible ¢ defined by

N . W,

I W
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F={te 7:5(¢=0}
We may now specify the ¢roroximate problem (3.Py) as follows:

Problem (3.P;) Subject to system (3.9), find an overall decision parameter vector

t.
¢ ¢ F such that the cost functional | W
; | .
t T
T@=oElon+ [ T (o, 0 (3.1

is minimized over F , where J, is obtained from f; 1 an obvious manner.

3.4  Liapunov Concept a

The problem (3.F,) can be converted irto a non—constrai. d problem in lagrangian form as . ' _

follows: ) .
Problem (3.P5)  Minimize P
Z : -
" ! ) “" : -
: Q(&l )‘) = ;(E) + A §(£)$ (3.12) 4
| -
j where A € Ris a constant Lagrange multiplier.
;
[ Using the gradient of the function (3.12), we can introduce a positive—definite Liapunov J
‘ Function (L). For example, let s " |
v ),

L(w)= Y Kill(u)l (3.1)
ll i=1
A )
A '
.p vl * | 1
R




[ TR _ S

i

T6

where
N=mr+p+6 {3.14)
- 0Q(EN)  8T(E) N d A dgi( ¢)
&3 0¢ 4 e 064
I(.) f=1,,.., mrI +p (316)
i (W) = .
h 362(5,)\) -
i 22 ) am T -P (E)
3A i »mrsp
j=mr +p+1,...,N
|
aud Kj, i = 1,..,N are arbitrary chosen positive weighting factors. Obviously, L becomes

zero only when all the gradients of (£,2) becomes zery - B NCCESSATy condition for
optimality for the problem (3.P;). Thus, we do know that (£*,A*) satisfy the necessary
condition of optimality of the problem (3.P3) when L = 0 in (3.13). Accordingly, we pose

the fullowing optimization problem:

Problem (3.P¢)  Find a vector we &' which minimizes L defined in (3.13).

Remark 3.4.1 1 may also be defined as follows:
N

(a) L{w= E Ky Abs [A ()] (3.17)
is1
N

) L{u)= 2 Ky [y (w)]?m (3.18)
{=1

oy
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where m;, Ma,..., Ty 1€ real integers,
() L ()= [y () (l]" 5 [P () by (0l (3.19)
where Sis a positive definite N » N matrix.

Problem (3.P,) is an unconstrained mathematical programming problem, which can be

solved using one of the existing optimization techniques such as conjugate gradient method.

.dost of these techniques require the computation of the gradient of L and hence both the
gradient and Hessian of J~ and Jx, k = 1,...,0; because

L w)

a¢;

L, [Ki [aﬂ€)+ & 3§k(§)] ) [6=J’(£J+i . 32315(5)]]

) ok
pgs & Tag | ooy S st

-

a1

N
- fj.‘-?i- ,(E)
+2 Y LK (€) 0 --].jw 5o o B,
immr 414l an
(3.20)
and
an(w)  we [ (AR & GO F
= 2 A‘i [Ki {""";"—-‘ + 2 Ak ]] x < ), j= 1,44
A ; fcy a¢ 3 kel 8¢5 94
(3.21)




JERLE T TS T

78

Since J and i are not straightforward explicit functions of ¢, the gradients B8J] 8¢s,

8gx/ 0¢; and the Hessians 8277 0¢;9¢; and 9%gy/0£10€; need to be computed in & round

about way — by forming artificial optimal control problems and taking Fréchet derivatives.

We shall discuss the method for computing these gradients and Hessians in the next two |

sections.

3.5  The Gradients of J and %x

"The methods for computing the gradients of J~ and i are well known in the literature of

combined optimal control and optimal parameter selection problem. (For example, see

Ref. 95). We shall summarize the results as follows:

The gradient of J is given by

a7
dg

—

fi OH(Lt] £).4:¥°(U )
0 at ’

(3.22)

where ¢ (££) is the solution of system (3.9); H : [0,1] = R » RPT x BP — R i the

Hamiltonian function for J defined by

H{L269) = To (hat) + () T (4

and ¢° (¢| €) € BP satisfy the following adjoint system

9 () =~

[v° (L] =

OH(tz( ] £),£,4°(1))
oz (| €)

, 1€ [0,1]

oy 08(=(11€).7)

g et

)

(3.23)

(3.24a)

(3.24b)
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Remark 3.5.1 When we solve (3.Py) by an iterative method, such as the conjugate
gradient method, the value of £ is"l?u':wn at every iteration. Thus, the solution of system

(3.9) and (3.24) do not constitute a two poirt houndary value problem.

The gradient of gy is given hy

i b o(talt] ), 6 (E
i J; OH(4a(t] £),6,94(¢) £) i =L (5.25)

% o

where = (£] ) is the solution of system (3.9); H : {0,1] x B x R"+ » R* — R is the

Hamiltonian function for each of the constraint g, k = 1,..,0, defined by

N

(bt = (0" T (68 (3.26)

and ¢k (£ 8) € BY, k = 1,...,q, satisfy the fullowing adjoint systems

[‘iﬂk (t) T . f’;f(f,ﬂ‘( tl 5) . i-;,.{_,{.l\( t))

(RS . be o, il {3.272)
br (2]€) ‘
- (@ h] €)im)
[0 (] = e = ¥ (2 (] €), 7) (3.27h)
iz (1} £)

TLemma 3.5.1 There exists a positive constant Ly, independent of £ € R™+1 such
that

It-wk(.f)”ws Ly k= 0,00 (3.28)
Proof The proof is similar to that given for Lemma 3.2 of Rel, 1},
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36 Hessisnof J and G

The method for computing the Hessian of T and B is much more complicated. Firstly, we

ghall derive the formula of 8 J/8¢: 0¢j, i,j = 1,...,mr + p. For each i = 1,..,mr + p, we

consider the following associated optimal control problem ' o
Minimize "
. 8Tt 8H(a(t €),&¥(t]€))
Ji(.f)s--:f Htalt1©) (I dt. (3.20)
o§; 0 3
Foreach £€ ¥, let
% .
z (1] e)] C
n o T,
[w“ (o)) ¢ # (3.30) SR
‘ ;‘ . B
be considered as the new state variable, where z (11 €) and P (¢|£) are solutions of (3.9) N .
and (3.24) respectively., For eachi = 1,...,mr + p, let . ;o
. L -
H1:00,1] x R" x R® x R™+F x B"x R"— R
7
-
be the new Hamiltonian function defined by _
ﬁ’(t.ﬂlﬂﬁ:g:‘i’u,‘i’) " o v T 'i'
aH(ttzifi"p) —_— - aH(tlziglw) T I °
= e (O F (12,8 - ()] [_._..___._] , _-
u‘;1 ' g i
i
»
‘.
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dfa (tm6) aF (t,2€) ~ g 15Falt,3:E) F (4,2.6n?
= +(¢)T——5E—+(W)T7(t,z.£)-(W)T[ 4 ) ]
(3.31)

Now, let ToY(t]¢) ¢ ™ and ‘I""’(t| £) € R" be the co-state variable corrasponding to the
state variable z (¢| £) and 9°(¢| £) respectively. Then WOi(] £) and ¥°Y(2} £) need to satisly
the following adjoint system:

{eoi(a)t

308 (6ald] ©.4°(H1 )6, ¥ .91 €)
s (1]€)

—

_ a [aﬁ! (tsz( tl 'E)’E)]
aa(te) 8¢

aF (t,2(t1€).8)
dz {t}€)

~ ot 3T
[ (|§ua$(t|£) T3

| - teeia”

. 0 afi(t.o(t]£).€) 8 prfF (4a(t] €607
+[xvm(t1£)1TL (:m[ 4 —— ] ] ma]]

Bz (t]¢) az (£ £) Oz (31 &)
{3.32a)
with the final condition
POi(1) = 0 (8.32b)
and
o
I._# - .
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i)

|0 (6t 9021 £),6,2°'C £),1041))

ay°(t] §)
_ [_{37 (t,:c(tlﬁ):ﬁ)]T_l_ oy TS (3.332)
i az( £ £)
with the initial condition
$93(0) = 0. (3.33b)
wemark 3.6.1 During every iteration of any iterative method, the value of £ is

known. Thus, we first solve systems (3.9) and (3.24) to obtain ot ¢) and ¢¥°(t]€)

respectively. Once the value of z(#{£) is known, we then solve sysiem {3.33) to obtain

\i’“i(ﬂ £). Finally, ¥0'(¢] £ can be obtained by solving system (3.32) after all the values of

£ (£ €),9°(¢] £) and ¥9%(#] £) have been obtained.

Lemma 3.6.1 There exists 4 positive constant Ls, independent, of £, such that

19°%(18)| ¢ s
and

Wi )] ¢ Ly .
for alli = 1,...,;mr + p and for all ¢ € [0,1].

Proof From (3.32), we get

(3.34)

(3.35)

F AR
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i3] 6)

v 8f (rz(7if), 8F (7,2(7|€),EhT - |
=f{f (2 |E)§)+[T. (7]€) )] 'I’Ul(‘rlf)}d‘r.
0 B¢ dz (7€) |
(3.36) -
i .
Thus, from (3.36), the Cauchy—Schwartz Inequality and Assumption (3.A2), we get _
[woi(t] €)|
b L]
sf K14 |3°Y7|£)| ér
1
o~
. T
<Kit J o Ki¥0(7)]| dr. (3.87) . .
0 » . ) ..
.
k ' -
By Gronwall’s lemma, (¢f. Ref 15,p.62, Lemma 2.3.5), it follows that '

. -
TR R
< Ky exp (Kit)
< K exp (Kj) -/
= ky (3.38) -l
where _.

ki = K exp (Ky) . (3.39) '
From (3.32), we get *
Fi
v
e
. -.,’. -
’ :
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[eoz| &)

U8 T (ralrl €. 8 OF (ralr1OW8)
-J {az(-rlé)'[ ot )]J’W(T'E)]Taz(ﬂa[ 7 ]

gt T OATIO o T{ 5 BT (ralr]€),ENT
g e ) az(ﬂe)[ 8z (r1¢) )

a af (r,2{rE)ENT
—_ 0 dr. 3.40
2e{71€) I 5e(71) )] “T'ﬂ]] (340)

Thus, from (3.40), the Cauchy—Schwariz inequality, Assumption (3.A3}, Lemma 3.5.1,

(3.38) and Assumption (3.A2), we get

1
0o ] kot [l 9or )] (1.41)
where
k3 = Ka{n + nLy + n2k; + niL)) (3.42)
and
kz = 12 K, (3.43)

Thus, by Gronwall’s lemma, it follows that

Jwoi(e] £)]
< ky exp fks(1 - )]
< kp exp (ka). (3.44)

P

Cer

DL T
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I
By choosing : ff
- |
L= max ks b exp (ka)}, SN
the conclusion of the lemma follows easily from: {3.37) and (3.44). _ | b
Theorem 3.6.1 The Hessian matrix of J can be computed as follows: } -\
o J I
0806 ‘:.
I
. oP(z(11€)n)  0°(<(11E)m) o |
=~ [l | + S was )
0¢; dz{1¢) » | )
A, E
6F (1,2(21€),6) N
I asid 98 dt] .o ANy
} e
=
fl' 8% I(t!m(tl £)s¢°(t| g),giq;ui(tl e),q;ni(tl &)) o R .
+ dt, i,j=1,..,mr+p, i .
0 0¢ ;T
(3.49) S
f L
= where f° is as defined in (3.24b) and N (4,7) satisfy the following system ;-—'i |
| |
! () OF (201169 |
; T 3 ' S
: = N(t7), 0¢rgigl (3.46a) B S
Z b2 (4]¢) | T
"
! N (7,7) = I (identity matrix). (3.46b) ) 1
| -
i ¥ 1
| |
; !
I 1 ot
ﬂ | -
.4 \- C
| STy
| |
L
Y . b
o \ L
‘-\, I. -
r 1 |
l_. -




Proof Let £ € R™*P be given and let p ¢ R"*P be arbitrary but fixed. Let

ée) = &+ oy

where ¢ i3 an arbitrarily small real number. For brevity, let z (-,¢) and ¢°(-,€) denote,

86

(3.47)

respectivel, the solution of (8.9) and (3.24) corresponding to £(¢). Clearly, from (3.9), we _ .,

have

Az (t€)

do(t ¢)
de | €=0

= f‘ [3?(7'.2(1'[5),15)
o dz (7€)

Thns,

Az (t1¢)

| — Az (7€) +

af (ral(r|£).¢)
0¢

7 (411, I (el l94)

= e 2 s () + —
0 (4])

5 AT (ta (8]€), &)
with the initial condition

Az (0]|8) = L.

0§

p] dr .

(3.48) e

(4.49a) | .

{2.49h)
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In view of (3.48) and Assumption (3.A2), it can be proved, by using a similar argument as

| : that used in the proof of Lemma 3.6.1, ihat

| ’ e
| | Az (2 €)1 < ilol, (8.50) . o
where . .
k], = K exp (Kl), (3.51) .
and K, is ae defined in (3.7). Moreover, from (3.49), we get )
t OF (nefr[£):4)
Az(t|€) = [J; N(47) »—-—T d-r] p (3.52)
where N (4,7) is as defined in (3.46). s
Now, in view of (3.24), it can be proved, using similar argument as that used to obtain o . -
(3.49) from (3.9), that ' - ‘
AY(1]€) B
h ;.'
i) SH{ta(t] €),&, ¢ (t E)WT .
o [ 1t 2(2 €),€ (N))J Az(1]2) ;
B (] £) 8z (t]€) ~
LD om0, 6O .‘-
o w1l ’ o
8 [OH(L1€),1,3°(t| )y o
L " av o,
o (4 ) dz (£} §) .
‘. if
. -
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= Ao (3 (1}€), & P41 ) (3.53)

with the final condition

Al (a(1] £),m)* . ap(a(11 &), "

| A1 €) = p Az (1]8), (3.53b) '
| d¢ de (114)
where o : [0,1] x B® x RP « BY — R* i3 defined by :
OH(t, 7, 69N T
U(t,ﬁ,g,'{b) o= [" ——— ] ' (3.53(‘.)
dr
In view of (3.53), (3.28), Assumption (3.A2), {8.%0), Assumption (3.A2) and (3.24b), it is
clear that -
L] ’ B
| &9°([ )i . .
¢ Ky|p}[n2ky + n2Lyky + 1 (mr + p) + n(mr + p) L] + K Apo(t] £)]
- d
(3.54) Y

and ' ' 4

| Ag(11€)] & Kafe|[n(mr + p) + n2k]. (3.55) S "
From (3.54) and (8.55), it can be proved, using a similar argument as that used in the
proof of Lemma 3.6.1, that co .

Age(t] £) £ ksl (3.56) oo
where ’ ‘e

I".
- | R
“' "
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ky = Kafn?y + n2lyky + omr + p) + n(mr + p)Ly + n{mr + p) -+ n2} exp (Ky)
(3.57)

Now, in view of (3.29), (3.31) and (3.53¢), it is clear that for each i = 1,...,mr -+ p, JI(&(¢))

can be expressed as

Ji(g(e) BN
f 1 . .. r .. .
| mf LI (Ee), P(6), £(e), WOi(2]€), ¥O1 ) = [ZOH(E ) /(82 (e, £(e))
 [HOE| S ol = The), £y PP(5E))} dt (3.58)
Thus, from {3.58), 543 and (3.53a), we got
-
AJH(E) '
_di(g) T
m--——-af Ea{} . .
.l{"
3
o/
~ . F”.
[ LB (b ] €)0°C 1] €), £, 171} £),8%(t] &) |
= { : Az (8 £)
0 oz {1]¢) =
D {t,2(t] €),0°( ] €),€, W¥i(t] £),1%(2} £)) :
+ Ay
S #(t) €) e
) I EX
N E (ot £, (2] EhE Y E £),4°(H] €)




v it A =

20
— {9 ) A% (114) - [¥e 6 29P(el ) et (859)
Thus, from (3.50), (3.32a) and (3.33). we get

ari(§) P |
o¢ P | . \:

= J:l {-—- a’% [ewoi(e €% s (21 €) + (P03 ) Ago(s] &)]

8¢ (8] €190 £] £),6,0°H(2] €112 €))
+ ﬂ} dt

/3
(101 £))T Az (0] ) - (941 )T A (1]€) + (301 )" A¥(01) =
~ (17(1] &))" AvR(11€) o
y
‘ .
adgi : , 2 ni '|imi .
+J“ (t,a(¢] £),9°( 1] £),E,%"(¢] £),%°'(2]| £)) o it (3.60) )
0 3§ -
However, from (3.40%), Lemma 3.6.1, (3.32b), (3.38b), (8.50) and (3.56), we obtain D e 4
I )
(3] €))7 Az (0]§) = 0 (3.61) o
(@' (118)) Az(1]¢) =0 (3.62) ;
and é
(290[&)) A¥(]¢) = 0. (3.63) ’
"Thus, in view of {3.61)--(3.63), (3.58b) and (3.52}, equation (8.60) can be simplified as :
(-




a1

dJi(§)
4
T : . .
. a°(2(118),m)  AF(2(11€), M) ! - |
= |-t o | . [ wan o
; a g (1]€) "0 | |
| aF (ta(t|€)4) dt] b _ N\,
4 :
; j‘ 13 i(ta(t €),9°( £] £).6 1081 £, 9l €) dt}
0 ag )
(3.64)
Since p is arbitrary, the conclusion of the theorem follows casily from (3.64) and the
definition of Ji(¢). "
Our next aim is to derive the formula for 82 gu(£)/P¢:10;. for each k = 1,..,4 and ; | . s
i,j = 1,..,mr + p. For each k = 1,..,mr + p. For each k = 1,....,q and i = 1,.,..,mr + p, we ; -
consider the following associated optimal control problem. s
v
. ™
Minimize T T
' F
o |
L EY | O (i 0.6900) -
gl = dt. (8.65) . _
oy 0 ¢ : .
For cach § = 1,..mr -+ p, let 1 : [0,1] « R x B% » RSP « % « R —s B be the new S '
Hamiltonian function defined by ] o
/-
w | ‘
3 -"_.,& I
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L] ~ B;I (t,z,{,w) T * T a;I (t,ﬂ,&,tb) T
0?1“,9-’#"‘;&:'1':11’):“_'_";5_4'(‘11) T(tvzag)"(‘p) [ P ]

(3.66)

Tet UXi(t}€) € R and ¥ki(t|¢) be the co-state variable corresponding to {¢|¢) and

[ .
$¥(4] £) respectively. Then, they need to satisfy the following adjoint system:
D
cooon B8 ot .94 (¢1), £,9¥(E] £), 71| £))
) =~
az(t| £)
{3.67a)
with the final condition
V() =0 (3.67b) e \
and | ..
{vir“(f,)]T _ 3% i(t,28] €), 9 ( £] €), &, T¥I(E] £),9%(2] £)) ' ' . ’
' By(¢1€) '
(3.682) S
; e
with the initial condition b ey
: ¥EY(0) = 0. (3.68b) -
| !
-, -
Lemma 3.6.2 There exists a positive constant Ly, indepe - " £, such that
842 €)] ¢ Ls (3.69) ‘;
and : )
| k(] €)] < Ly 2 70) ’
'y
v
’ &
L 2 .
» -
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foraltk = 1,...,q,i = 1,...,mr -+ p and for all ¢¢ [0,%].

Proof The proof is similar to that given for Lemma 3.6.1.

Theorem 3.6.2 The Hessian matrix of gk, k = 1,...,q can be computed as follows:
gy

8E10¢;

a6%(a{tx | £),7) . (el €)m) fﬂk N {t)
ag‘i ﬂi’(tklg) °
H“P ti t i
Tustiag
i

= = (4 ) |

d c;‘i ’ ,'Jk ) sq’ki ,{pki
[ROF GG PO

0L 5
(a.11)

Proof The proof is similar to that given to Theorem 3.6.1, except that Lemma 3.6.1

is being replaced by Lemma 3.6.2 in the proof.
4.7 An IHustrative Bxample

In this section, we consider two examples. For each of these two examples, the fourth
order Runge Kutta integration scheme is used to integrate the system forward in time and
the adjoint system backward in time. To solve the corresponding approximate problem

(3.7;), we used the nonlinear programming software NLQPTL described in Ref, 82,

e
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Example 3.7.1 Optimal design of suspended cable (cf. Ref 94).

Consider & cable under self-weight and distributed load along its span. After appropriate

statistical analysis and normalizatior, the total (non-dimensional) weight of the cable is

given by
1
J=j; é./‘(l + s2)(1 + (dy(z)/d2)?) dz (3.72)
where
dzy(:) =ayl + (dﬂ(ﬁ)/dﬁ)zJ 1+ st4+ 8 (3.73a)
dz(0)
¥ (0) = 0, T = { (3.73b)
%i—l)- = g, {3.73c)
where

o= given constant which relates the specific weight and the maximum permissible
stress;

f= ar adjustable parameter representing the ratio of total loading to horizontal tension
in the cable; and

s=  maximum slope of the cable which is also adjustable.

The optimal design problem is o determine # and s such that Jis minimized.
Let
i) = g (2) (3.74)

ya(2) = dy (2)/ dz. (3.75)

o
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The problem is equivalent to

mn J={s-8/8
subject to

dyg(z)= rx./l + (yg(m))le + 344

ya(0) =0

and the constraint

ap2(1) = yo{1) ~ 5 =20,

The approximate problem

min L (#s,))

(3.76)

(3.77a)

(3.77b)

(3.77¢)

has been solved using the weighting factors Ky = 1, K3 = 1 and Kj = 10, where L is as
defined in (3.18). Using (1,1,1) as the initial guess for the parameter (f,s,A), NLQP™

generated the optimal parameter for & different values of o as listed in Table 3.7.1. It

appears that the method works very well for this problem, since ali the numerical results

are extremely close to the optimal solutions obtained in Rer. 94. At the computed optimal

parameter, the values of L and g are very tlose to zero.

B T I ey T o




: o8
’ Optimal parameter Number . k
a of i J g1 =
A 3 A iterations B
0.1 11.1711(1.3858[ 9.5628 44 0.5860 x 10-6 |1.8383]-v..788 = 10-¢ ";
0.2 10.7689(1.4252| 6.7807 13 0.4363 = 10-9 |2.8455|-0.1810 x 10-8 N \
0.4 |0.5625(1.4467] 9,0825| 18 0.1202 x 10-40)3.9286 0.5955 x 10-8
.t 0:15 0.457811.4579(11.9096] 18 0.2248 = 10-9 (4.8538] 0,3036 x 10§ *
0.5 10.3521}1.4603]17.7048] 26 0.2091 = 10-8 |5,38461!-9.9790 = 10-5 . .
1 f
Table 3.7.1 The Numerical Besults for Exasmple 3.7.1
L=
» K
N -‘A- .
} S _1
'. Y L
i el -
a4
, :
‘ j
4
. j
L]
_ a1 -
“.
v oo ’ ‘i
"

o ——h
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Example 3.7.2 _ Y

Consider the optimal contral problem of minimizing
1 .
= [0 K8 + 2500 + () (3.78) e
a .

gubject to the differential equations

it} = u () — 23(f) + 1 (3.792)
za(t) = u (£) — 2(t) 2o{t) (3.79b)
with the initial conaition .
z{0) = 0, w(0) =1 (3.79¢) .
' L 3
and the terminal equality constraints _ ‘o
g B
_ P
a(z(1)) = z(1)-1=0 (3.79d) e T
g2(z2(1)} = 25(1) — 2 = D. (3.79¢)
£
P 'f‘d
Using the control parameterization method with the number of partition m equal to 10, the
|
i approximate problem
! min L (0‘1;0'2,---1010»31;)\2) ’
is solved using the weighting factors K = 0.4, - = 1,...,,10; K); == 1.5 and K3 = 1.0, where )
L i5 as defined in (3.13). Using 0.5 as the initial guess for ail the parameters, NLQPI, "
generated unal convergence afier 66 iterations. The corresponding value of I is
|
_ .. ‘
- : T
-




g8

0.23807 = 10-5, which is extremely close to zero. At the computed optimal control, the 4‘

value of J is 7.04450 and the values of g; and gz are 0.30044 « 10-7 and —0.86640 = 107

respectively, which are extremely close to zero. 'The optimal contrel inm plotied in
Figure 8.7.2a. ' L i
Loy .
\\l
.
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CHAPTER IV
A CONTROL PARAMETERIZATION ALGORITHM FOR TIME-DELAYED
OPTIMAL CONTROL PROBLEMS WITH TERMINAL STATE CONSTRAINTS AND

CONTINUOUS STATE CONSTRAINTS

41 Introduction

In this chapter, we extend the results of Ref, 110 to a more general class of constrained
time—delayed optimal control problems, which involves terminal state equality constraints,

as well a3 terminal state inequality constraints and continuous state congtraints.

In Section 4.2, we descri’: the optimal control problem (4.P), and assume certain

conditions.

In Section 4.3, we generate a sequence cf approximate problems (4.P (P)) by the technique

of conirol parameterization.

In Section 4.4, by using & constraint transcription similar to that used in Refs. 103, 110, we
replace the siate continuous inequality constraints by integral constraints consisting of v.ery
smooth functions. The integral constraints so comstructed can satisfy the usual constraint
gualification. For more detail of the properties of this constraint transcription, please refer
io the Introduction Section in Chapter 1. The new approximate problem with the stute
contintous inequality constraints in (4.P (P)) being replaced by the integral constraints

can be easily solved by the Algorithm A2 of Ref.103.

(e
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In Section 4.5, we investigate the convergence properties of the sequence f optimal
controls of the approximate problems to the irue optimal control. The main onvergence

results is given in Theorems 4.5.1 and 4.5.2.

In Section 4.6, two examples have been solved to illustrate the efficiency of the method

discussed ir this chapter.
42  Statement of the Problem

Consider & process described by the following system of delay—differential equations on the

fixed time interved (0,79,
z (8) = e () z (- h), u(8) u (t - h)), (4.1a)

where ¢ = [.'c;,...,s;,-]T € BY g = [ul,...,ur]T ¢ R' are, respectively, the state and conirol
vectors; f= [f;,...,f,u]T € R®; the superscript T denotes the transpose and h is the time-delay

satisfying
b<h< T (4.1b)

For the sake of simplicity, we have confined our discussion in this paper 1o the case of a
single time delay. However, all the results can be extended in a straightforward manner to

the case of multiple time delays. The initial function for the differential equation (4.1a) is

z(t) = { (1), 1€ [~ h0) z(0) = 2, (4.1c)

g
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where ( = [C;,...,(,,]T ¢ R is a given, piecewise continuous function on [~ h,0) and ° € R®

is a given vector. Define ' - |
Us {v={meu] € o€ ng By i=Luh (4.2) | S

where a; and 8 4, i = 1,...,7 are real numbers, Clearly, U is a compact and convex subset

of BF. Let % be the class of all 2dmissible coutrols defined by e

%U={u:u= [u,,...,ur]T is a bounded measurable function defined on
[~ k, 7] such that u (&) € Ufvx all ¢ € [0,7] and w () = §(¢) for all
1€ [- &0}, (4.3

where £ is a given piecewise continuous ™ ction defined on [~ 4,0).

Let L7 denote the Banach space Lm([— k), R} of all essentially bounded measurable .

functions from [~ . 7] into R". Its norm is defined by . .

L b 3 .. .
el = ess ts?:EIl:,T] { Z (‘ui(ﬁ))*] : (4.4) | :

For each u € L7, let z (- |u) be an absolutely continuous function defined on [0,7] which
satisfies the differential equation {4.1a) almost everywhere on [0,7] and the initial function |
{4.1c) everywhere on [~ h,0). This function o (|u) is called the solution of system (4.1) ;

' = i ¢

corresponding to the control % € L:;. . .

- A

The terminal state inequality and equality constraints and continuous state inequality e

constraints are specified as follows:

' J‘*
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&z (T|w) 2 0, -~ N {4.5a)
Pz (Tfu)) =0, i 1""'NB (4.5¢)
gtz (t|u), z (t—h|w) 20, ¢€ [0, 1], i=1,N, (4.5¢)

where 43, i = 1,.,N; and #;, i = 1,.,Ng are real—valued functions defined on R»; and

gi, 1 = 1,...,N are real—valued functions defined on {0,7] x R*. Let

O ={ue % ¢i(z(Tiw) 20, i=1,..,Ny;
min  gi(tz (8] w), 2 (§—k|w)) 20, i=1,.,N} (4.6)
e [0,7]
Let
F = {ue0: vz (T]u)) = 0i=1..N}. (4.7)

Elements from & are called feasible controls and & is called the class of feasible controls.
‘We may now state the optimal control problein as follows.

Problem (4.P) subject to the system (4.1}, find a control u € & such that the

functional

1) = wute (Tl + [ Altr (119), 5 6=l (9, 5 (1B @

(4.8)

L | ] .
is minimized over ¥, where @, and %, ar2 given real-valued functions.

We assume that the following conditions are satisfied throughout.
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(4.A1) F:[0,7] « R*™ x R*™ -~ R™ is piecewise continuous on [0,7] for each
(z,,u,9) € R™ x 2¥ and are continuously differentiable with respect to each
of the components of 2,3,z and v for each ¢ € [6,7]. Furthermore, for each

compact set {} € B¥, there exists a constant X > 0 such that

|f (b)) € K1+ |2 + |9l) (4.9)

for all (,7,%,2) € R?™ » 2, where | - | denotes the usual Euclidean norm;

(4.A2) tor each i = 1,.,N,, ¢ : B" — R1is continuously differentiable;

(4.A3) for each i = 1,...,N, # R® — R is continuously differentiable;

(4.A4) for each i = 1,...,N, gi + 10, 7] x R*™ — R is continuously differentiable;
(4.A5) by : B® — R is continuously differentiable;

{4.A6) #o i [0,7] x R™ = BR¥ — R is piecewise continuous on [0,7] for each

(z,3,8,2) € R®™ x R™ and is continuously differentiable with respect to eack of

the components of z,5,u and vfor each £ ¢ [0,7).

Remark 4.2.1 For each w € %, there exists a unigue absolutely vector—valued
function z (« |u) which satisfies the system (4.1). This is done as follows: We subdivide
the interval [0,7] into [0,R], [£ 4, (£ + )4}, £= L.,k [(k + 1) A, 7]. Thus, finding unicue
solution of system (4.1) is the same as finding unique solution (4.1} on each of these
subintervals successively with appropriate boundary couditions. Thus, the conclusion

follows from repeated applications of well-known results on ordinary differeniial equations.

Lemma 4.2.1 There exists a bounded subset X of Pn such that
‘[||3('|‘u)||m:u6 ¥} X

~n

i
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1
Proof Sinee {7 is bounded, the proof is similar to that given for Lemma 4.2 of . :
Ref. 125. . :
)
4.3  Control Parameterization -
‘ |
\1
As in Chapter 3, control parameterization method will be used to solve the problera (4.P). ‘
t However the method used in this chapter is not exactly the same as that wsed in Chapter 3. » -
| To be more precise, lot {.7,}5= be a sequence of partitions of the intcrval [0,7] such that .7 .
p has ng, elements; .7, is a refinement of J;, and |7l =— 0 a8 p — o, where |7l is the
length of the largest interval in the partition .7),. In this chapter, we assume that
Sp={1FY (4.10)
1= -,
where
fl; - [t‘.;]_l, J;), 0= t]‘_: < tl: <. tz:l, w T (4.11) , ‘.. | : e "‘.‘
2 »
v , ‘ ) -
Let 4 be the subset of all admissible controls which are piecewise constant and concistent : .o
with the partition .%,. Then, each & & % can be writton as = __
- . !/ |
. .
), te - h,0) Dl -
b < | N ;
=1, (4.12) : ..
l =y PP . ! o‘.
L t'Tk xk(f), LE [[],I] . W
k=1 i
where afll: € R and x;: denote the characteristic function of I!k', ie . J
i : '
If n
" L, if tel ' L.
xilf) = , (4.13)
0, otheraise : /
:
oy
L 1
. - .
: .
o :
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Thus, each control @ ¢ % can be uniquely identified with a control parameter vector b _ 5
o U
and vire versa, where ' -
1
A (ARGt (4.24) I
f .
. p P p P \;
Thus, we shall interchangeably refertow ¢ % and o € . !
Given a control parameter o e o, lata (-] arp) be the solution of the differential equation ’ Coa
(8 = f (b (), z(t—~ k), o) (4.153)
with the initial conditions
-
z (t) = A2}, t e [- h,0), z (0) = 20, (4.15b) , * S
_ '1
where t . .
Fltalt)z(t-h), o) = fhe(), z{t- P (1), o’ (t-B)). -
4.15¢ T
(4.15¢) o
) ) e ™
I«t © and 5 be defined, respectively, from ©® and F by replacing u by o in the | A
definitions of © and 5 . Y T
. -
We define the approximate problem (4..° (p)) as follows: . |
Problem {4.P (p)) Find a control vector ¢’ € 3" such that the cost functional B -
i
D P T . 1] P P h Y
J(0") = do(z(T]a )) -+ . Lotz (e ), z(i~hla ), ¢ ) db .
(4.16) _
i
" - .
- l
. d
e f
m*’*
n_,*_ .
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o "
15 minimized over ¥, where

2o(ta(tld™), 2 (E—ha"), o) = Lotz (), 3 (2~ h|w), &°(8), &' (2= R)).
(4.17)

The following theorem is a consequence of Lum na 4.3 and 4.4 of Ref 125.

Lemma 4.3.1 Let {up}”" . be a sequence of admissible control, which converge to %
]1:

almost everywhere on [0,T}. Then

Q) lim o (") — e (@), =0 (4.18)
p—

(i) VimJ{u )= J(%) (4.19)
p— m

44  Constraint Approximation

fnr each ¢ = 1,...,N, the corresponding state inequality constraint (4.5¢) when restricied to

b .
the space % can be written as

Gi(a") = f Tmin {0,g:(tz (i a"), T (e~ 2| e N} dt =0 (4.20)

which is, however, non--smooth,

As in Ref. 103, we replace the non-smooth functions min {0,gi(¢,2 (2] arp), z(t—hl ap))} by

the smooth ones given by g, (£ (2] "), z (L~ k| a")), where
Iy
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g, {te(tla), 5 (t~h|d"))

stz (tld), z(t-hld")),

if gi(t,z (t107), o (£~ Blo")) < —¢

={-[o(t,2(t] ™), 2 (t- bld™)) — ' f4e, i |giltz (¢]07), 2 (8 — BN Se
0 if (e (2| 0°), z (E— hlo")) > e

For each ¢ = 1....,N, define

T
G [ = j; g, (6 (d o)z (t— k| d")) di.

(4.21)

(4.22)

We define two approximate problems, which w'll be referred to as (4.P(p)) and

(4.p, (p)}-

Problem (4.P,(p)) Problem (4.P(p)) with the continuous state inequalty

constraint (4.5c) replaced by
P .
Gi,e(o' ) =0, j=1,..,N.

Let 5, be the feasible region of (4.7, (p)), defined by

B p

F,o= {0’ £ ‘Z(p : Gi’f(ﬂ'p) =0 i=1,.N;

Gz (Te") 20, i=1u,Ny

We(Tle) =0,  1=1..Np

Then, it is clear that

(4.23)

(4.24)

(4.25)
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Note that the equality constraints (4.24) fail tu satisfy the nsual consizaint gualificancn.
Thus, we may encounter numerical difficuity. To overcome this difficuity, we consider the

second approximation problem as fullows:
Problem (4.P, ,r(p)) Problem (4.P (p)) with (4.5¢) being replaced by
»
G, (a¥)2 -, i=1,..,N. (4.26)

In order to study the ielationship betwesn the optimal solution of the problems (4.P (p))

and (4. P (p})) as £ ~ 0, we need the following additional assumptions:

_‘p R y _‘"l 3
(4.A7) For each o ¢ & , there exisis a soquence {o‘"’ﬁ} g 7 : such that {crp’c}
CONVETEes to @ in the Euclidean norm whene v ¢~ 0,
L]
Lemima 4.4.1 For wach p > 0, les {al:’ } be a sequence in ¢ of optimsl controls of

{4.P(p)) anr let ¢ be an aptimal contrel of the problem (4.7 (p)). Then

Y
(i)  the sequence {a‘I:’ } has a subsequence which converges to an optimal control of the
problem (4.7* (p}) in the Enclidean norm.
ﬂp’t

() 1imJ(a")=J(s
£ 0

.. Bl

-y
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Proof (i) From the definition of %", the sequence of vectors {o{."*} is obviously

L]
bounded in the Euclidean norm. Therefore, there exists a subsequence, denoted by {aﬂ’ }
E
. P _b. . . p.* P P . .
such that {o_* } converges to & in the Euclidean norm. Since each o’ € F_¢ 5, it is
€ E £

clear from Lemma 4.3.1 (i) and Assumption (4.A2) — (4.A4) that & is also a feasible

control of (4.P (p)). We now wish to prove that #" is an optimal control of the proilem

(4.P (p)).

" C h *®
In view of Assumption (4.A7), there exists a sequencu {O’p’ ’c]- € F_ toch that P

LI . . . px .
converges to ¢ in the Euclidean norm as ¥ — 0. Since ¢ ' is the optimal control of
€

P (p), we have

ORIt (4.28)
E
Using Lemma 4.3.1, we obtain by taking limit as § — # in (4.28) that
P ¥ -
J{E)sJ(e ) (4.2

Thus, from (4.29) and the definition of arp’*, we conclude that &' is also an uptimal control

of the problem (4.P (p}).

s . LI . .
(ii) Since the sequence {J (¢’ )} is 2 non-increasing sequence of € and has a

lower bound J (a"7"), the whole sequence {J (ar“)} is convergent.

Now, from part (i) and Temma 4.8.1, we have
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llmJ(a SEVICE . (4.30)
g~ 0

where {aﬂ'*} is the subsequei~v of {a‘:"} as described in part (i) of the proof of ihis
13

lemma. Thus, we have ' ¢
llm.}'(ur )-ilmJ(ar )—J(ar ) (4.31) .
=0 t—0 :

Lemma 4.4.2 There exists a 7(¢) > 0 such that for all 7, 0 < ¥ < 3(¢), any feasible |

control veetor a of the problem (4. P (p)), ie

1,£(ﬁ£ 7 i i= 1,...,N \4323-) - _
#i(z(21d} )20, = 100N (4.32b) -
n PR R '
i{z (T 05"?)) = [, i=1,.,Ng (4.32c) ,
| »
| ; * .
i : is algo a feasible control parameter vector of the problem (4.P (p)). o™
| : - _
. " 4
| Proof Let 7 -
D ey
y(£) = & (£ — ). {4.33) .
j ’
Then, for eachi = 1,...,N and any o ¢ %" wehave ‘il
1 Oyl(tv(tla N6 dnta(tle) ultl o)) n .
, 2 e (b2 (8]0, % (2 0) |
i ’ . ! .
. i datz(tla” ), it o)) Byst] e’ | ”
tult|a") at '~
. » +
o b

- — . - 2 g - =
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, Dottt o Yalt-h] o))
1)

(4.34)

Now, by (4.A4) and Lemma 4.2.1, there exists a positive constant m; such that, for all

:rp £ 'it,'p,

T CraY (1)
it

<my, VienT]. (4.35)

The remainder of the proof of this lemma is very similar to that given in Lemma 3.3 of Refl.

103,

In view of Lemma 4.4.2, we can compute a sequence of suboptimal control parameters
{rrf::} to Problen, (4.2 (p)) with each of them in % ¥ The following algorithm is exactly

the same as Algorithm A2 of Ref. 103,

Algorithm 4.4.1
Step 0. Choose initial values of (= 10-2) and (= %‘«(-), REN S
3 w4 P H 1 ["*
Step 1. Solve F-l,ff_?,y\p)) to give @’ .
Step 2. If erl:‘;, is not feasible, then set v = 9/2 and go to Step 1; else, if € > &, (0.

say € = 10°6), then ¢ == ¢f 10 and -y = ¢/ 10 and go ta Step 1; else, stap.

Remark 4.4.1 Frum Remark 4.2 of Ref. 105, the problem (4.9 ‘, ,r(p)) is essentially a
nonlinear mathematical programming problem in control parameters, which ean be solved
by any standerl software package such as NLPQL (see Rel. 83). However, in order to
sulve the problem {4.] " w(p)), we noed to know the gradient of the cost functional and

o 1 . 1
that of the constraints with respeet to the vector il

t
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Remark 4.4.2 For each o', let the function J\(t|ap) s {—h T+ h — R™ be the

solution of the adjoint system

M8 = ~ Rz (8a"), 2 (¢ = B a”), 6" M)

e fll A by w (e ALY, e 6"), &) A (6 + R) —
| — bz (Be"). 2 (t—h|a"), a), te [0,7] (4.362) |
L}
l with the final conditions _ -
MT) = & la(T1e")) (4.36h)
' A1) = 1, LT, T4 ] (4.96¢)
A,
Following a similar approach as that used in the proof of Theorem 2.4 of Ref. 125, it can b s
shown that the gradient of the cost functionat J is given by r _ )
. .
t .
1‘.
I3 T‘ -
‘ij-‘i:T = f £t (07, & (2 A @), o) At) v
g" Y T
b (4 bz (t RYeY), 2 (8] 07), o) AL+ B) N
+ Loba(tla), v (t-hlo), ' )] dt (4.87) : .
: 1 I T2 . B 1 ! /
: Remark 4.4.3 Lot A(tfe ) 2 [ &, T B - H® be defined from A(t] # ) by replacing :
: the terms 7, and 4, in the definition of A by 0 und ¢; respectively. Thep the gradient of
j the eonstraint function ¢; is given by
. 7 L.
d'ﬁi ' ' ] w oo .
e | e, 2 i), o) A -
e fn i £
b (i R, e (e’ o) ME - )] d (4.38) L
,
.
- - C
x_,
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Remark 4.4.4 The method for caleulating the gradient of the constraint functicns

is exactly the same as that given for the gradient of ¢4

Remark 4.4.. 1. A(t|¢") : [ b T+ h] — BP be defined from A(t| ") by replacing
the terms .7, ond & . ' the definition of A by 9. and 0 respectively. Then the gradient of
Gi. ¢ 18 given by
T

ity ’
Zne [ [nita (oM, 2t hlo™), M) A(Y
il 0

+ fo(t 4 b 2 (E 4 A o), z (] a’p), op) A(t+ B)

+9, (be(tlo), 2 (el "), o)) dt (4.39)
Theorem 4.4.1 Let {a‘:’:} be a sequence in e of control parameter vectors produced

L]

by Algorithm 4.4.1. Then
IR — T, (4.40)

where o™ is an optimal control of the problem (4.P (p)}. Furthermore, any accumulation

point of {al:’:} i3 also an optimal solution of Problem (4.P (p)).

Proof Cleatly
J(a™T) ¢ T (b)) < T (oh7) (4.41)

where af" is as defined for Lemma 4.4.1.

Thus, by Lemma 4.4.1 and (4.41), we have

n.o*

lim J(ai_’:;) = J (™). (4.42)

== 1)

[ ] alla—— T T N et 7 S i
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* 3
To prove the second part of the theorem, we note that the sequence {a']:'q} ir : belongs to
H
‘ a
a compact subset of B *'P, Thus, there exists a subsequence of the sequence {ai”.,}, which
L]

is again depoted Ly the original sequence and a & such that

lim }a_)’* - ?rl'l wz ) (4.43)

'Thus, from (4.43}, Lemma 4.3.1, and (4.4.2), we have

1im J(a{'::) = I = J (@

| Sl ¥

) (4.44)

Now, from Asswmption {4.A2) — (4.A4) and part (i) of Lemma 4.3.1, it is clear that & is

also a feasible contrel of the problem (4.2 (p)). Thus, the proof iy complete.
4.5  Some Convergence Resulis

In thisn section, we shall investigate some convergence properties of the sequence of

approximate optimal condrals fo the true optimal control.

. b . ; 3 f
bet {00 7 | be a sequence of uptimal control vevtors of the finite—~dimensional problem
p=

{4.2 (p)) and let {w.':-p'm}"u ~be the corresponding sequence of controls in %, Clearly
P

JY sy,

As in Refs. 28, 97, 103, we shall investigate the following two questions:

K
() Does J (2" converge ta the true optimal cost?

. Bt ; : ’
(i) Does#* converge to the true optimal control in some sense?
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For the above iwo purposes, we first need to define the é—tolerated version of the

approximate problem (4.P (p)) and the original problem (4.P).

Definition 4.5.1 A contral vector o© € ©° (respectively, contral v € @) is said to

be é~tolerated if it satisfied the constraints

|95z (T| )M ¢ 6, P 1N (4.45)
(respectively),
[9dz(Tu)}] < § i=Lo.Ng (4.46)

Let ™0 (respectively, 56) be the subset of o’ (respectively, ©) such that the é~tolerated
constraints (4.42) (respectively, (4.43)) are satisfied. We can now define the é—tolerated
version of the approximate problem (4.P (p)} and the original problem (4.P) as follows:

§

Problem (4.P8(p}) Find a control veator ¢ € # *° such that the cost functional

{4.16) is minimized over ¥ P8

Proulem (4.76) Find a control 2 € &° such that the cost functional {4.8) is minimized
over 54,

P, 8,*

Lemma 4.5.1 For each p > 0, let {¢ '™ } be a decreasing sequence in § of optimal

contzols of (4.P8(p)) and let 2" be an optimal control of the problem (4.P (p)). Then

) p,6,* .
(i)  the sequence {v b, } has a subsequence which converges to ar optimal control of

the problem (4.P (p)) in the Euclidear norm.

@ Limd"t =06, (1.47)
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*
Proof (i) From the defisition of %', the sequence of vectors {r.rp"s’ } is

obviously bounded in the Enuclidean norm. Therefore, there exists a subsequence, denoted -

by {crp’a“}, such that { ap,ﬁ,*} converges 10 % in the Euclidean norm. By the continuity

of the constraint {4.42) with respect to 5, Assumption 4.A3, and part (i) of Lemma 4.2.1, it

i
is clear that @ € ¥ . We want to prove that & .. also an optimal control of the problem
(4.P (p)).
Since & ¢ ¥ for all 3> 0, we huve o™ € 5™ for all > 0. Thus |
78N < (™). (4.48)
. — M .
Using pact (ii) of Lemma 4.3.1, we obtain by taking limit as § — 0 in (4.48) that
p n* o
J(E)$JI(o ) (4.48) . -
: _ b
Thus, from (4.49) and the definition of arp'*, we conclude that 7" is also an optimal control - .
- "f
of the problem (4.7 (p})}. “
' B )
Proof (ji) For cach p > 0, the sequence {J (09,6,*)} is a non-decreasing /
sequence of & and has an upper bound J (¢**"), thus the whole sequence {J (ap’é'*)} is —
convergent, Now, from the result of part (i} of this lemma we have : '
Lim ("8 = J (™" (4.50) | .
3“—' [} S »
i
. »
.
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where {ap-"""*} is the subsequence of {ap,,s,*} as described in part (i) of the proof of this

lemimna.

Thus, we have,

im 7 (") = 11 m g (™) = g (o™,
-0 FEY

Before we proceed further, we need the following additional assumption:
. 5 ¥ *

(4.A8) 161 mJ(ur)=J(u)
)

5% and +” are optimal control of the problem (4.P?) and (4.P) respectively.

where u
Remark 4.5.1 The result of (4.A8) (for bounded measurable controls) caanot

proved by nsing an argument similar to that given for Lemma 4.4.1 (for control vectors).
This is due to the fact that the sequence {uﬁ’*} does not necessarily Lossess any
accumulation poiat, either in the a.e. jopology or Lm topology. However, the result of
(4.A8) remain valid in almost all real-life problems. In fact, our formulation of ihe

problem may be wreng if (4.A8) is not satisfied.

Remark 4.5.2 The problems (4.P%p)) and (4.P%) involve only continuous state
inequality constraints sud terminal staie inequality constraints. Hence they have the same
strneture as the problem (4.P (p)) and (4.P) in Ref. 103 respectively. Thus, the
convergence result of Theorem 4.2 of Ref. 103 caa be applied to the problem (4.P%(p)) as

p — o. In other words, for ench § > 0, we have

%
Y
.
k“”:
Ve
- .
El
F X .
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1im J (@) = 7 (%), (4.51)

p—tw

where 2% and o are optimal controls of the Problem (4.Fi(p)) and (4.PY)

respectively.

26y* 8

Theorem 4.5.1 Let o * and #™*" be the optimal control of the approximate
problem {4.P%p)), (4.P%) and (4.P(p)) respectively. Let % be an optimal control of the

Problem (4.P). Then

, &

lim J{s™") = J(u). (4.52)

p—m
Proof From part (ii) of Lemma 4.5.1 and Assumption (4.A8), it is clear that for
any given integer p > 0, J (up,é,*) -J (u's' *), considered as a function of 4, is continuous
at some interval [0,6,), where 8, > 0. From Remark 4.5.2 it is clear that for any & € {0,4,),
{J (up'g’*) -J (u‘?'*)} considered as a sequence of p, converges monotonically to zero as
p——w. Hence by Dini Theorem {cf. Ref 80), {J (up,é,*) - J (ua'*)} converges to zero
uniformly with respect to 4, § € [0,6]. In other words, for any given ¢ > 0, there exists

Pe > 0 such that
17 (5" = 7 (u87)] ¢ of3 (4.53)
forallp 2 poand O < 6¢ 6.

Again by part (ii) of Lemma 4.5.1 and Assumpiion (4.A8), for each p > pg, there exists
&i(p), 0 < &i(p) € &, such that

L ESEENY L g (P < era (4.54)

and

Ay
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[78HY — 7 (Y] ¢ o3 (4.55)

for all 0 < § ¢ &{p). Hence by substituting & = §y(p) in (4.53), we deduce from (4.53),
(4.54) and (4.55) that

*
| =T )| <e (4.56)
for all p 2 po. This completes the proof of this theorer-
Theorem 4.5.2 Let u* be an optimal control of the problem (4.P). Supp.se that the
sequence { up’*_]%:l of optimal controls of the approxims.e problem {{4.P (p)}}p.: converge

almost everywhere on [0,7] to a control % Then % is also an optimal control of the

problem (4.P),
Proof Since v”*" = T a.e. on [0, 7], it foliows from part (ii) of Lemma 4.3.1 that

limJ(x"") = J(%). (4.57)

p— o

From part (i) of Lemma 4.3.1 and Assumptions (4.A2) — (4.A4), it is clear that % is also a

feasible control of the problem {4.P). However from (4.57) and Theorem 4.5.1, we have
J(®) = J(x). (4.58)

Thus, the proof of this theorem is complete.
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4.6  Ilusirative Examples

Example 4.6.1 Consider the problem of minim. ing

2
J(1) =322) + } j; [22(£) + u3(#)] ¢

subject to the delayed differential equation -
s =z(Qsin(z() +z(t—1) + = (L), te [0,2]
z(8) =13, te[-1,0]
Q‘ .

togethar with the terminal state equal.ty constraint
ai(=(2)) = ~119.854 - 22z (2) — 222} = 0
ang the continuous state inequality constraing bt

gz (t)) = 114.6 —8i —22(8) 2 0, £ € [9,2]. .

The problem has been con.puted using the constraint transcription of Section 4.4 to handle o

the continnous state inequality constraint (4.5¢). Let 9, be constructed from g, according
to (4.22). We can then present two measures of constraint violation. The results obtained /
by using Algorithm 4.4.1 are tabulated in Table 4.6.1, The constrained state and the

optimal control produced are given in Figures 4.6.1a and 4.6.1b, respectively.

In Figure 4.6.1a, the graph of z (f) lies below the curve {1146 — 8t for all £ ¢ [0,1]. This
implies that z (¢} ¢ fI14.6 — & for all £ € {0,1]. Hence it is clear that go(z (£)) > 0 for all Lo

t € [0,1]. : R

Lv. T R R R i —— R rei== 5 =
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2 2
e a1 v@) aeo| o] o6
10-% | 10-¢ }164.584(-0.20 = 10-4] -0.1 = 10-3 0
10-4 | 10-5 |164.510(-0.83 = 10-4] -0.1 = i0-¢ 0
10-5 | 10-8 1164.308|-0.46 = 10-5; -0.1 » 10-§ 0
10-6 | 107 |164.306]-0.11 x 1J-F| -0.1 x 10-9 0
10-7 | 10-8 }154.306(-0.11 » 10-5[ -0.1 = 10-7 0

Table 4.6.1 Results generated by Algorithm 4.4.1 for Example 4.6.1.

et e

bl Sl LT e
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Example 4.6.2 Consider the problem of minimizing

T I
J () = _I” [2(£) + oD - 0.005 u¥(2)] 4

!
subject to the delayed differential equations
. N 1
.Tl( t) = ;!!;3(1, - :—J;]
2af) = — 2o ) + w i)
#{0) =0
a(0) =~ 1, t€ [~ 0]
-,
together with 1he terminal state inequality const raint :
_ .
g (1)) = = (1) 2 0 -
and the continuous state inequality constraint - Fa
.
o
B |
golr (+)) =~ &8} + 8t~ 5P -~ 0.5 2 0, fe[0,1).
Fi
-’
The problem has been solved by using exactly the same method as that deseribed for '
Fxample 4.6.1. The results obtained are tabulated in ‘Mable 4.6.2. The constrained state : v
: 2o(#) and the optimal control produced are given in Figures 4.6.2a and 4.8.2b, respectively.
. [ 3
: In Fignre 4.6.2a, the graph of m(f) also lies below the curve {8 B =05 for all i ¢
1 SV S . Fe
: 0,1], Thus wy(f) € R =0T =05 forall te [0,1}. Hence go{a (2)) 2 0 iorallt € fu,1].
) »
» " >
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1 1
ol 1w neen | [ | [ o0 e
!
10-2! 10-4 | 0.5047 | 0.30 = 10-8 }-0.1 x 10-3 0
10°4| 10-5 | 0.5029 | 0.58 = 10-6 [-0.1 = 10°4 0
.
10-5] 10-6 | 0.5055 | 0.35 x 10-2 |-0.1 « 10°8 0
10| 10-7 | 0.5055 | 0.35 = 10-2 }-0.1 = 10-6 0
Toble 4.6.2 Results generated hy Algorithm 4.4.1 for Example 4.6.2. *
.
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State x

10.8-
1017-\\% e .
\""m\ (3raph of\/—l-lll.ﬁ - bt _ N
""\\
10.61 \"‘\:\/
10:5' \\'\\
\\\‘\
"\\.\
10-4“ \\\“n )
\\\ -,
10.3+ °
10.2- o ]
I\ qq
10.1
4
pt
10.0 '
AN
i 9.9-! v 1 ! I ' { ! ] ' | T I T T T I T " T 1 :‘.
| .0 0.1 0.2 03 04 0.5 0.8 0.7 0.8 0.9 1.0 S,
!
Time t
JI Figure 4.6.1a Computed Optimal State for Example 4.6.1.
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CIIAPTER V
CONTROL PARAMETERIZATION METHOD FOR A CLASS OF NONLINEAR
TIME-DELAYFED OPTIMAL CONTROL PROBLEMS WITHE A COST OF CHANGING
CONTROL

5.1  Tntroduction

Similar to Chapter 1V, the problem considered in this chapier also consisis of a nonlinear
time~delayed system, together with terminal state inequality constraints and continuous
state ineqnality constraints, However, the cost functional of this Chapter is the sum of not
only the integral cost and the terminal cost, but also the full variation of the control.
Morecver, for the sake of simplicity, we have omitied terminal state equality constraints in

this chapter.

The main contribution of this chapter is that we iave extended all the resuits of Ref, 104

to the tine—delayed system.

In Section 8.2, we deseribie the optimal control problem and assume ceriain conditions.

In Section 5.3, the technique of control parameterization is used to vbiain 3 sequence of

approximate problems (5.1 (p)).

- The.gim f Section 5.4 is to *smooth’ the term involving the full variation of the control of

the problem (5. (p}), since this term is not & smooth function in the £-norm.

In Section 5.5, we use the constraind iranscription similar to those used in Roefs. 103, 104
and Chapter IV of this thesis to convert the continuous state incqnality constraints of the

problem (5.7 (p)) into integral censtraints, so that the resulting integral constraints

H
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can satisfy the usual constraint qualification. Similar to Chapter IV, the modified problem

obtained in such a way can be easily solved by Algorithm A2 of Ref. 103.

In Section 5.8, the convergence properties of the sequence of approximate optimal controls

of the problem (5.P (p)) to the true optimal control i discussed.

In Section 5.7, we solve two numerical examples to illustrate that the technique developed

in Ref, 103 works equally welt for time-delayed systems.
52  Statement of the Problem

Let = (£) satisfy the same differential equation and initial condition as defined in (4.1). Let

U be as defined in (4.2). As mentioned in Section 4.2, U is a compact and convex subset of

v

The full vasiation of a function v = [tr;,...,w,-]T : {0, 7] - RF is defined as:

\«T u(t) = 2 ‘3“ w(d), (5.1)

i=1

T
where V wi(f) denotes the total variation of the real—valued function vi(-) on [0, 7].

T
1f '\f: # () < w, then the function v (-) is said to be of bounded variation.

Define
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Ve{u:iu= [1.'.1,...,-ur]T is a function of bounded variation defined on [~ &, Tj such

that © (£) € Ufor all t€ [0,7], and 2 (#) = B (£) for all t € [~ A0}
where 4 is a given piecewise continuous function defined on [— k,0). Foreach ue ¥, let
z(-|u) be the solution of the system (4.1) corresponding to the control » € ¥. The

inequality terminal state constraints and inequality comtinuous state constraints are

specified as follows:

¢z (7)) 2 0, i= 1Ny (5.2)
where ¢,1=1,...,N, are given rea! valued functions defined on K", and
alt,z (2| u), 2t~ h|u)) 2 0, Vie [0,1,i=1,.,N, {5.3)
where g3, i = 1,...,N, are given real valued functions defined on [0,7] x R™.

Let % be the class of all those control functions in ¥ such that the constraints (5.2) and
(5.3) are satisfied.

We may now state our optimal control problem as follows:

Problem (5.Q) Given the system (4.1), find a control » € ¥ such that the cost
functional
T T
J (1) = ®ofz (T]w)) + j; Lo (b (tfw), o {f—h|w), v (), u{t—h)} di+ c\uf w (t)
(5.4)
t._# .
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is minimized over ¥ , where ¢ is a positive weighting factor, and o, £, are given

real-valued functions.

The following conditions are assumed throughout:

(5.A1) fsatisfies the conditions appearing in (4.A1);
(5.A2) for each i = 1,..,Np, ¢ RY — R is continuously differentiable;
(5.A3) for each i = 1,...,Ng, i : [0,7] » R*™ — R is continuously differentiable;
(5.A4) &, ; R* — R is continnovsiy diffarentiable;
(5.A5) ' Satisfics the conditions appearing in (4.A86). .
Define

T

2o(z) = Po{z (T|w) + _I; o (4 (8w), z(t—h|u), v {8, w(i—h)) dt
from (5.4) and (5.5), we have
J (1) = gol2) + c\? % (1)
If u, v€ ¥ are such that
u (f) = v (£), a.e. in [0, 7]
it is clesr from Lemma 4.3.1 that

fo() = g(7)

(5.5)

(5.6)

(6.7)



[ ' _}
| f
However, it is not necessar * true that
. J
{
._ . |
3 ' qd
fa ?ﬂ(f.) "?”(t)‘ Ji
115 Consider & wontrol v = [ﬂl,...,ﬂr]T € 7. Let . ‘ -\ _
L |
'- iy e It '
be the discontinui' y points of the itb component ¥ of the control vin (0, 7). Let o ;
m E]
L —4 1
. A k'?fl {ti,k} :

From theorem 2.9.3 of Ref. 104, we note that A; and hence U‘i"l A;; contair s at mos’ &

countable number of points.

We niow constvact a function = [ul,...,ur]T from v as follows:

w(ty iee [(0,T) VU (-h,0)\As
w(t— 0)if ¢ € A\[{0} U {T}]
vi(t + Oyift =0
| w(t—9)ift=T

u(t) =

Clearly, € 7 and is such that

i) w () = v(f) a.e in [~ A, 1]
and

(i) ‘?u(t)s\?v(t)
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We call ¥ a minimal bounded variation function of the set {v} of functions where

2(8) = = {8} a.e. in [~ h,I]. Clearly,

go() £ gol1)- (5.12)

Let % be the set which consists of all such minima! bounded variation functions of 7.

Flements of % are called admissible controls and % is called the class of admissible

controls.

Remark §.2.2 Note that our aim in problem (5.6)) is to minimize the cost functional
(5.4). Thus, by (5.12) it suffices to confine our attention to the set 9 rather than the set

% in the minimization process.

Let & be a set which consists of all those elemenis in % such that (5.2) ard (5.3) are .

satisfied.

For convenience, problem (5.Q) with % replaced by # will he referrcd to as problem -

(5.P). Clearly, an optimal control problem to problem (5.P) is also an optimal control fo ~

problem (5.0Q), and vice versa.

i 53  Control Parameterization g

As in Chapter 3, the control parameterizativn method will be used to solta the problem

(6.F). Let.%y, fj’, #", ¢ and z (- |rrp) be as defined in Section 4.3.

Then, the total variation term appearing in the cost functional (5.4) takes the following

simple form:

PR N S,

.“

- o e e s o g NS D I



T I!p -1
Z 2 arn"kﬁ-- a_n'k| (5.13)
i § .
i=t %=1
Define
f .
AP = ("¢ «": ez (Tio")) 20, i= 1. Np} (5.14)
and
= ¥ glteitio) z(t—nld )20 Ve[ T i=1,..N}
{5.15)
We may now specify the approximate problem (5. (p}) as follows:
Problem {5.P (p}) Find a contrel parameter vector o e 0 such that the cost »
functional -
E!. T ) :'(’-
: Go(ap) = &z (7] an)) + j; & (t,a:(tlap), a:(t——h.lap), a") dt ‘- S
I r Ilp'l .
i p k¢l p ko . /
+02 2 ‘ai’ -’ (5.21) et
| izt k=)
!
i )
| is minhmized over Qp, where ., is obtained from o, in an obvious manner. !
i ¥
!
1
i
A
»
-
-~ -
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54  Smoothing the Cost Functional

To solve the problem (5.7} via the control parameterization technique, we need o solve a
sequence of finite dimensional optimization problems (5.P (p)). However, the last term in

the cost functional of the problem (5.P (p)) is non~differentiable. The aim of this section

" .
is to use the idea of Ref. 100 to "smooth” the cost functional. Same as in Ref. 100, we
define
|9l it |yl > » |
Sy) = _ (6.22)
(w2420 iyl <0
We now consider the following approximate problem.
ey
Problem (5.7,(»)) The problem (5.F(p)) with the cost functional (5.21) replaced .
by | .
T g
1 y A b
(o) = 0w (DM + [ Folbaltl ), s (e 1o, o) :
r vl . - -
NS WACIETAY t
i=1 k=!
r up-l
— p L v llak“l p!k 1
T XCAEED W WA CAMETAD (5.23) —
i=1 kel
- ~ . . S
Thecrem 5.4.1 et ¢ and g be, respectively, optimal solutions to the problem -
(6.7 (p)) end problem (5.P,(p)). Then
ne¢ (’Y (D-plp!*) - (¥ PN < 1 [ n
J 3 ![;tf" ) s [7‘ (np - )]p/“- (‘)‘24) v
’ \-" P
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Proof The proof is exactly the same as that given for Theorem 4.1 of Ref, 104, ,

55  Constraint Approximation

For cach o ¢ %', let G‘i E(nr']) he as defined in (4.22). Same as in Section 4.4, we define I - 4
the following relate] approximate problem (5.!’[,"‘(11)). The problem (5.P,(p)) with (5.15) : \‘
replaced by
G (o) =0, is=1,..,N (5.25) '
17
Problem (5.Pp ; ,Y(p)) The problem (5.P,(p)) with (5.15) replaced by
7+ G, Lo} 20, D= LN (5.26) ~
Now, let 7 S be the feasible region of (5.P, (p)), defined by ' . -
1.‘"11 P 1] L |3 . -
Fom{o eA (;M[a Y0, i=1,.,N} (5.27)
Now, we need to make the following assumption: o P
F
(5.A8) mxactly the same assumption as that given for (1.A7). -
7
Remark 5.5.1 By using exactly the sime assumption as (4.A7), it is clear that for
wwcach fixed p > 0, all the convergence results given in Lemma 4.4.1 will 5till remain valid for
the problem Fy Ap)as e 0. .
Remark 5.45.2 In view of Temma 4.4.2, it is clear that for any given ¢ > 0, there
e ) Ly
oxists & F (¢) = 0 such that for all 7, 6 < v < 7 (e), any feasibie control vector a:, ey Of
problem (5.7, , .(p)), i.e.
*
-




v+ G (& . )20, i=1,.,N (5.28a)
}Er P 6T

¢ (z (7] a;‘s,,r)) 20, i= 1Ny (5.28h)

is also a feasible control vector of the problem (5.P,(p)). Thus, Algorithm 4.4.1 can be
used to generate a sequence of sc'  ‘ons to problem (5.Pp(p)).

Df*
Theorem 5.5.1 Let {o e 7(E)
generated by Algorithm 4.4.1. Then

} be a sequence in ¢ of the sub—optimal control vectors

. b,p,* Fo D0,
i GoTgrnie ) = Gale " )

where o *" " is an optimal control vector of the problem (5.7,(p))-
Furthermore, any accumulation point of {a:’f;iz) } is a solution of the problem (5.7,(p))-

Froof The proof is similar to that given for Theorem 4.4.1, except that Lemma

4.4.1 is being replaced by Remark 5 5.1 in the proof of this theorem.

Remark 5.5.3 Phe method for calculating the gradient of the cost functional and

that of the constraints of the problem (5.P 5,¢ 'y(p)) is similar to that given for the problem

(3P, ,r(p)) {cf. Remark 4.4.2 - Remark 4.4.5).

Iw
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56 Some Convergence Results

Similar to Section 4.5, we shall now investigate some convergence properties of the optimal

control of the approximate problem {5.P(p)} to the trme optimal control.

t
To continue, Iet & be the interior of the set & in the sense that the constraints (5.2) and _ “
(5.8) are satisfied as strict inequalities.
13
Similar to Section 6 of Ref. 104, we assume that the following condition is satisfied: |
(5.-AT) Let u* € & be an optimal control of problem (5.P). Then, for any ¢ > 0,
there exists & control z € & such that
0¢ T (w)=dolt) S e ~
.
The next theorem is a direct consequence of Theorem 6.2 of Ref. 104. ' » A
: Theorem 5.6.1 Let {up“} be a sequence of optimal control of the approximate -
; problem (5.P {p)). Then {-up’*} has a subsequence {up(z)’*} which converges to a control -
: ) K TN -
. % a.e. on [— A, 7], and % is also an optimal control of the problem (5.P). e :
| kL
" /
Remark 5.6.1 Note that the above convergence result is much stronger than that -
given for Theorem 4.5.2. .
I
-
i ‘
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5.7 Ilustrative Examples

For illustration, we solved the approximate problems (5.P(10)) for each of the two
examples below. The first example is 3 simple linear time—lag optimal control problem,
where an additional cost is introduced for the variation of the control. The second example .
is & nonlinear time-lag optimal control problem, where the computation can be regularized

by a small penalty on a cost of changing control.

e

Example 5.7.1 Consider the problem of minimizing

1
J(?I.) = J; {-" g 51(3) —12 mg(t-— 0.2) + 3 ﬂl(t) + ‘Eg(f)} dt

1 1 .
+o{Vu(® +V ulf) =
subject to .
. ey
(1) = up(d), G<tgl -
Bo(t) = — zi(t — 0.2) + w(d), D¢t¢l e
i -
‘1! o -y’
with initial conditions: /
parrt
n(f) =1, —~0.2¢£€0 .
zt) = 0, —0.281¢0
and constraints: .
.
fui(g)] £ 10, i=1.2.
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Figures 5.7.1a to 5.7.11 show graphs of the two optimal control functions and the two
optimal state functions for three different values of the penalty parameter (¢ = 0.01,

0.1, 1).

This example is very similar to that considered in Example 5.7.1 of Ref. 104, with the
exception of the term involving time-lag. In Example 5.7.1 of Ref. 104, the linear optimal
control changes from a bang-bang control to a control with no variation as the penalty
term changes from »ero to a large number. This interesting property also holds for this
example. That is, as the penally increases, the econtrol u;, changes from the nearly
bang--bang wlution to an almost constant solution (see Figures 5.7.1a to 5.7.1c) and the
control g changes from the bang~bang salution to smoather functions (see Figures 5.7.1d
to 5.7.1f). Furthermore, the state fanctions are also smoothed and vary less when the

penalty terms get larger (see Figures 5.7.15 10 5.7.1i). ~

Example 5.7.2 Consider the problem of minimizing

]
J(u) = f et [1L4{1 + 0.26 (1 ~e¢™} 2 (- 01928 u(t ~0.1)] di+ ¢ \:f u (£),

a o
suhject to
Z(8) =05 {t —u(t—0.1) 2(f) ~ 22D}, 0¢tgt
with initial condition:
{0} =045 N

and constrainta:
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z(f)» 0.44

0w (t) < Ymnyx -

Graphs of the optimal control and the optimal state functions for three different values of

the penalty parameter (¢ = 0, 0.001, 0.01) are presented in Figures 5.7.2a to 5.7.2f (where o ' .
the control is bounded by umy = 2) and 5.7.2g to 5.7.2¢ (where the control is essentially : o l‘-\_i'
allowed to be unbounded by setting umax = 10).
.
With no variation term (¢ = 0), the conirol do not vary smoothly, however. even with a
small amonnt of penalty term ¢ = 0.001 and 0.01, the control functions are smoothed (see
Figures 5.7.2a to  5.7.2¢ and 5.7.2g ta 5.7.2). Like the previous example, the state
functions ean be further smoothed if we increase the value of the penalty parameters (see
Figures 5.7.2d to 5.7.2f and 5.7.2j to 5.7.2¢). o
1 ‘ "1
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CHAPTER VI
OUTHIFT FEEDBACK FOR A CLASS OF LINEAR SYSTEMS WITH STOCHASTIC

PARAMETERS

6.1 Introduction

The class of stochastic optimal control problems considered in this Chapter, which overlaps
with that of Ref. 48 involves & linear systemn where the parameiers are Markov jump
processes with finitely countable states, and where an optimal control law is sought with
respect to the niathematical expoctation of a quadratic cost. Based on the idea of seeking
for the best feedback control law, depending only on the menrsarable ontput, we convert the

original problem into an approximate constrained deterministic optimization problem.

In Seetion 6.2, we deseribe the optimal vontrol problem and recall certain results relating

to this problem.

In Section 6.3, by restricting the control to have the form of linear output feedback mode,
we obtain an approzimale consirained deferministic optimization problem (3.P), which can

B easily solved by any existing nonlinear programming technique.

In Section 6.4, we present the method for calenlating the gradient of the cost functional

and the gradieats of the constraints of the approximated problem (3.7).

In Section 6.5, an exanpie of Ref. 48 is resolved using the method disenssed in this

Chapter. ‘The results obtained are as good as those optained in Ref. 48.
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8.2  Statement of the Problem

The system under study is described by its state — space reprerentation. ‘The plant state

z (i) € B" satisfied a linear vector differential equation

{5:(:&) = A{r(N =B+ Br{Hud) (6.1a)
y ()= C(r()z() (.1b)

where w () € R is the control vector and y (#) € R¥ is the output vector. The entries of
the matrices A (r (£)), B (r (t)) and € (» (¥)) are random, since they depend on the plant
mode 7 (%), which is a stochiastic jump process with a finite valuation set £ = {1,...,.N}.

The dynamics of the plant mode r (£) are then described in terms of known transition

probabilities

Prob {r(t+ A) = j|r () = i}

M{wi;A+ﬂ(A) iid] (62)

14 7iid 4 0{A) Af iz

The matrices [4 12), B (£), < ()] will be denoted by [4s, Bi, €3] when the system operates
in the #h mode (r ({) = i). A distribution P, of the initial mode r (£,) completes the

process description.

For certain purposes, & performance criterion is defined as follows:

I (b, (&), L))

I S
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(2 (7')T Qzir)+ 11;;(':')T Ru(7)} dr |tz (fa), r{tu)}

i

-5}t

Tzl

(6.3)

where B stands for the mathematical expectation and @ and R are, respeciively, a semi—

pusitive and a positive symmetric weighting matrix.

From Refs. 81, 128, 129, it is clear that the optimal control w* can be expressed in a

closed-luoyp furm

() = U (2 (1), (1) (6.4)
with gains involving a set of N conpled Riccati equations. lHowever, in practice all the
required state and mode variables are often not available to the designer. As mentioned in
Ref. 48, the more realistic control structures, if it exists, is the best linear output feedback
mode dependent control law, i.e. the law

wk(t) =~ F(r (1) v (B (6.6)
which would minimize (6.3).
#.3  An Approximate Problem

Firstly, we restrict the control to have the form of linear output feedback mode

u () = — Fy (1) when 7(#) =i, (6.6)

where Fi (i = 1,...,N) € R™" is the gain matrices when the system is operating in mode 1.
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Theorem 6.3.1 Assuine that the system starts in mode i, and the initial state is z.

Then t4. performance criieria (6.3) can be reduced to

where K3 € BV (when r (£) = i) satisfy the following equation

N
Kody + A+ Q+ CIFR FiCL+ ), miKi =0, { = 1,.,N
je1

where

A; = Ay— BiFiCy, i=1.,N,
provided that the matrices

— N l

A= (4 + 5 m13d), i=1,.,N

are stable.

BT

(6.7) o -
. . J
£ ,.1_
N
i
(6.8)
W
(6.9) S
. -
(6.10) SR
-
-~
-y y
o
, _
'—”ﬂ

Although the result of Theorem 6.3.1 was taken from Ref. 48, no proof has been given in

Ref. 48. Thus, for the sake of convenience of the reader, we shall provide the proof of . .

Theorem 6.3.1.

Proof of Theorem 6.3.1 From (6.3), {6.5), (6.1b), we get

o

P
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T 7 . J@E{; [ s 1@+ Ctr@F P RF(r () 1
; £p=0 B
C(r{n))z(r) dr | to, 2 k), r(to)]. (6.11)

In view of (6.8), (6.11) can be simplified to . .- . 1
= E{éft () (A (e () K (r (1) +
¥
E(r () Alr(n) + 2 L S L)) z () dr | to, 2{k); T(to)}-
-
J (6.12)
Now let =
V0 =2 K (r () 200 (6.13) . R
Then, from (6.1a), (6.5), (6.1b) and (6.9), we have -
S
-‘ (=4, (0)z(). (6.14) T
Thas, by differentiating (6.13), we get -
v ()== (1) [A (r ()T K (r (1) + K (7 (7)) A (r (D) + K {r ()] 2 (7). Tl :
(6.15) ot
On the other hand, ' I
. .,* _.’ ‘
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f

plke@)|r@=i}= 1im sficteron|o = i} — Bfseto)| = o
Ao+

A
(6.16)
But,
lim E{K(r(t+ A))lr(t) =i}
A0+
N
= Ki+ 6 Y miK+9(4), (6.17)
-
50 that (6.16) becomes
. N
E{x (r(t))lr(t) = i} = Y mik. (6.18)
i

Thus, from (6.15), (6.18), we get

. " ~ N
V() =2l [A (r(F K () + K(r(D) A(r (1) + Y, mjfrjl 1),
~

(6.19)
From (6.12) and (6.19), we get

t g:ﬁ

T“E&f uﬁmﬁ MNMJM4

-} [:T,, Ki 7 -E { Yoo) ‘ boy 2 (o), 7 (zu)}] (6.20)

Since 43 + -;- r13d is stable for all 1, we have
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E{V(oo)

tor 2 (t0), (8} = 0. (6:21)
The conclusion of this theorem follows easily from (6.20) and (6.21).

Furthermore, by assuming that the initial state zois e random vector unifornly distributed

on the surfac: of the n—dimension unit sphere, the performance (6.7) can be reduced to
=1
J = - trace (Ki,). (6.22)

The performance degradation of J with respect to the optimal performance vnder full

state feedback J* can ba measured by the degree of subopt nality »

=i

- J*
et 623
- (623)

p‘,m

Equation (6.22) emphasizes the dependence of the performance on the imtial plant mode
r(f,). As it was done for the initial plant state, it ig possibl. w average owt this
dependence by assuming a uniform distribution for r {f,). More precisely, if,

Poi = Prob (7 (t) = 1) == , {G.24)

L
N

an average suboptimal criterion is defined by

2Nn

N
T om et 2 trace (Kj) (8.25)
i=l

Furthermore, 4 sufficiont condition for 05, § = 1,..,,N, to be stable is

4
H

l'!“.
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' -
=g |=Fi- T (6.26)

L

B3] =

to be positive definite Y'hus, by Sylvester's criterion, it is necessary and sufficient to

ensure that for each i = 1,..,N, the determinants of all the principle minors of A; ace

greater than or egual to ¢ > 0, where ¢ is some small positive mumber. Let the | t
determinants of the n principle minors of Ay be denoied by giy1,--,f1,n TesDectively. Then |

we have
gi 3 j 2 E j= 1;---:“ (6-27)

Thus, we obtain a deterministic optimization problem (6.P) as follows:

N -
min J" = —L z trace (K3) (6.28) | R e
6.P) subjec t ilfn i=1 ' \
gia52 & i=1...,N j=1un (6.29) *

' o,
where K; are the solutions of (6.8). The problem (6.P) can be easily solved by any existing . )
nonlinear programming software, such as NLQPL. ) S

oy . -
In order to solve the problem (6.P), we need to calculate the gradient of J and g;,; with Y,
respect to the gain matrix Fi. The method for calculating these gradients ame given in """"
Section 6.4. '
T
.
'",_.*.' -
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6.4  Gradient of the cost Functional and the constraints

To derive a formula for the gradient of the cost functional J and the constraints gi;, we

need 1o regard equation (6.8) as the state equation in optimal control problem. We first

introduce the Hamiltonian % and the co-state matrices Ax (k = 1,.,N) for J. Let

N n

a i)

W omn 1 N N']_‘ . 1T’ﬁ' ¥ g LT

= i e )+ Fmoe b AL 0 0GR AG )
= j= .lc

(6.30)

where the co~state matricos Ay (k = 1,..,N) € B"" are symmetric matrices satisfying ihe

following adjoint system:

8% .
dKy
N
s b " Ty
qunI+AkAk+Akhk+zﬂik,\l_{] (6.31)

i=sl

Theorem 6.4.1 The gradient of J is given by

r’if' B8 T
e 13 e 22 3 R PO (i = 1,..,N} (6.32)
aF;  dF

Proof Let Fy be any parameter matrix when r () = i and let AF be any

perturbation about ¥y Define

Fye) = Fi+ (AF; (6.38)

o
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For bremﬂ\let Ki(+) and Ki(+,¢€) (k = 1,...,N) denote, respectively, the golutions of the
gystera (6.8) corresponding to parameter matrices (Fl,...,Fi,...,FN) and the perturbed

parameter matrices { Fi,...,Fi-,Fi + eAFi,Fm,...,FN) respectively. Let

de('sE)

de €=

(k =1,...,N) (6.34)

k=

Then, from {6.28), (6.30) and (6.8), we get

_d JUFy(e
AJ = (—))-
de
= A S

¢=0

5 N iy
= .Z.;; AF5>+ ) .Z-i M\‘k> , (6.35)

where the inner produce of two matrices

A = (a'kl)k=li“ Yy aud B = (bkl)k=hlt-,rl
lutsrreary FESPREERY L]

is defined by

(4,B) = i i ax1 b (6.36)

1=1 k=1

Hence from (6,31} and (6.35), we get .

AT r:(-n-‘-, &F;) (6.37)
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Since A F is arbitrary, the conclusion of the theorem follows readily from (6.37).

aF
Rerais 641 To calculate —-, we need to solve the system comprising of (6.8)
i .
and (6.30). 'F'us system is Jmown as system of Liapunov equations, which can be solved by t .
existing software.
Remark 6.4.2 The method for caleulating the gradients of the constraints is exactly

the same as that foc caleulating the gradients of J.

6.5  Ilustrative Example

Y
Example 6.5.1 (Same as the example givan in p.899 of Ref. 48)
Lut 2 € B? u € R, y€ R. There are two modes, with the transition matrix I = [[1' __2]. _ .
In mode 1, the plant is governed by ~ .
. R
’ fa}
~1 0.5 0 o
Ay = [ ! 1] , 131=[1], = (0,1).
!
- M
In mode 2, the plant is governed by ;
_fo.28 0.5 [0 v o "
Ay = [ 0.25] ) Ho= l 1 ], (fy == (1),
'fhe criterion (6.3) is eonsidered with unity woighting matrices @ and X e
F
From Ref. 48, we know that the optimal solution with full state feedback is given by: :
r.
-+
e
-




175

K= [g‘}g‘ig 3;2;2] and a gain matrix Fy = (0.1010 2.4495);

Ky = [ggg‘;g ‘1}3233] and a gain matrix Fy = (0.5635 1.7688);
The tcchnique employed by Ref. 48 which is based on the necessary condition of

optimality, yields the following resulis:

y!
Ky = [0 0.5  0.09951 14 5 gain matrix  Fy = 2.5135;

0995 2.4503]

[ 3.0 o.8877 e R
Ky = [0.6577 1.?967] and a gain matrix My = 1.9318.

The results obtained by solving the approximate problem (6.P) is as follows:

_[ 05 0.1010 : ; o O
K = [0.1010 2.449?] and a gain matrix Fy= 2478

Let J*, Jo and J1 be the value of the objective function which corresponds to the fyll state
feedback solution, the optimal output feedback obtained by Mariton and Bertrand (Ref.
48) and the optimal output feedback obtained by cur method respectively. Let u° and u!
be the value of s obtained by substituting J = J° and J = J'in (6.28) respectively. The

performance can be summed up in Table 6.5.1, depending on the initial mode distribution

2]
P, = [1 i o })Dl]

From the values of u¢ and g! in Table 6.5.1, it is clear that the expected performances
obtained by our method is slightly better than those obtained by Mariton and Bertrand
(Ref. 48). In both cases, the worse performance (Poy =0, r (£} = 2) nsing output feedback
(6.5) is only about 10% worse than the optimal expected performance using full state
feedback.

. I‘.‘ -

*,.”-




Po1 1 0.8 0
8 x J* ; 2.0444 | 3.6308 4.3168
8 x Jo | 2.9503 | 3.8735 4.7967
8 « Jt | 2,0497 | 3.8732 4.°1967
wo (%) ]0.20 | 6.68 11.12
g% o8 | 6.67 11.12
Table 6.5.1 Comparison of Cptimal Solmtion

T "




177

CHAPTER VII
OPTIMAL CONTF.OL OF A CHEMICAL REACTOR

! ' 7.1  Introduction

In this chapter, we consider & chemical . *actor problem involving a couple uf nonlinear
diffusior. equationz and boundary conditions. The variables to te confrolled are the
temperature and concentration of oxygen, which are functionr of both position and time.
The objective is to choose the best input temperature and input oxygen concentration in

order to achieve 2 desired output iemperature as much as possible.

In Section 7.2, we describe the differential equations governing the chemical reaction,
together with the boundary conditicns of the chemical reaction. Then, the optimal contrel RS N

problem is defined. .

In Section 7.3, a finite element Galerkin method is used to convert the distributed optimal oy
control problem into a sequence of finite dimensional guadratic progrsmming problem e

(7.P), which can be solved by any standard quadratic programining technique. - s ’

In Section 7.4, specific computational aspect for implementing the method fur solving (7.P)
is discussed. Most significantly, we describe a method for finding the exponential of an pr”
extremely ill-conditioned mains, whose eigenvalues and inverse cannot be easily |

evaluaied.

In Section 7.5, we first solve numerically the chemical reactor problem when there is no
constraint on the comtrol, that is, no comstraint on the input temperature and the input
oxygen concentration. Secondly impose certain upper and lower bounds on the input

oxygen concentration and resolve the problem. Thirdly, we impost certain upper and lower

e T BT
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bounds on the input temperature and resolve the problems. In all cases, the output
temperature obtained is extremely close 1o the desired output temperature. In general, an
incsease in the number of partitions of the linear spline function used over the time interval
[0,1] will lead to the convergence of the optimal control of the approximate problem to the

irue optimal control.
7.2  Nonlinear Diffusion Equations for the Chemical Reactor

The differential equations governing the chemical reaction are given by

oy oy L d%

—=afe ! ——— 4 B Dn R(nT 7.1
i 8z Dy, 828 (%) (1)
. faz 1 0% Da B (3,2 (
o P A — v lanel, 7.2
8z Pey 02 n Ay )
where
Ry =cexp{7(1~[y(1+ e Ty} (7.3)

where f is a given constant representing the velocity parameter of the reaction; Pen, f, Du,
Pey, 7 and o are also given constants. Values of these constants taken from a chemistry

laboratory are as follows:

f=10.01, Pey =95, fi=0.38812, Dy = 0.89173, Pey = 235,
= 12,297 a = 2.5696 = 104,

The boundary conditions for the problem are

. P
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By (=t dz {a,8)
( )=u (o, =0 (7.4) =y
dz oz )
¥ (0.8) = y(d), z (0,) = z,(1) (7.5)
| 0, ar (0,8 . 1
o (0 (o) ) N
0z 0z
1
Here, z (1) and g (5f) are normalized variables representing, respectively, the oxygen .
concentration € and the temperature T at position zand at timg ¢, where .
<,
z(at) = C{z8)/Cr (7.7)
and .
‘t‘\
y(ad) = T'(a)/ T (7.8) |
__ Values of the constants Cy and T taken from the chemistry laboratory are as follows: _ .
: C. = 0.01 mole fraction oxygen {1 mole %) -
| " = 434.27 Kelvin. . /: N
. "y N ]
“t
#,(2) and g,(2), the inlet oxygen concentration and the inlet temperature respectively, are W )
the controls for our problem. Sometimes, the gradient of the inlet oxygen concentration "'J
and the gradient of the inlet temperature can also be regarded as controls, in which case 3
equation (7.6) can be replaced by "
oy (0,2) oz (0,8 e
= Fy(8) = Z,(1), (7.9) -t
oz L oz -
F I
where ,(#) and %,(¢) are now additional controls.
b
! .
- 4
Y o
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The objective is to have the outlet temperaiure y (2, £) to approach a desired ternperature

distributicn yg(#) as closely as possible. This can be formulated as

1
minimize J = f ly (21,8) — ;t,,'d(t)]2 df (7.10)

Here, the time interval t € [0,1] is used. Any other time interval ¢ € [0,7] can be

converted into the time interval £ € [0,1] by using the t:. isfosmation

7.3  Method of Solution

A finite glement Galerkin method will be used to convert the distributed optimal control
problem into a finite dimensional mathematical programming problem with the values of
the initial temperature and input oxygen concemtration together with their respective
gradients at every grid point being the variables. Let the temperature and concentration

be approximated as Iollows:

N+l

y(zt) = z Bi(?) Yi2) (7.12)
i=1
and
N+l

o(z8) % Y, Bi(t) X(2), (1.13)

i=1

where the integer N and the functions Bi(£) are subject to :hoice substituting (7.12) and

(7.13) into (7.1), we get
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¥+l | N+l ,
2 By(t) Yi(o)=—f z By(t) Yi(2)
i=1 fa1 . [ :
1 N+l » _ o
+— Y Bi(t) ¥, () + 8 Du R (43) (7.14) ; §
Pen {7 b -

Multiplying (7.14) by B;(¢) and integrating over f0,1}, we get ij
. e
N+l 1 , . . [ ;
Y v [ B B @ e / .
i=1 v ' {
N+l , L . _ i
= - fz Yi(z)j; Bj(%) Bi(t) | 4'
1=1 | '
- f‘ | ' J |
— vy Bi(f) Bi(f) dt L
+Pehf_"‘1 , () Bt B{Y) ~ 1
! ?}. nl ‘I j
+ 4 DmL R (y,z) Bi(t: di (7.15) L \
To convert (7.15) into 2 linear differential equation involving Yi(2) and Xj(2), the term o o
R (y,2) must be linearized 2round a suitable steady state solution (¥ (2), % (2)) as follows: T
. Ed ’. e ]
. _ . I
R(yz) = R (38) + (y—7) Ry (%2) + (z~7) Bx (B2 (7.16) E B 'I Al
/ |
However, from (7.3) = : -
¥
R = R (59 (r.17) N :
4. - I[ !
Combining (7.16} and (7.17), we get ‘ _ 11 'j!
F A | l[ j
R(5a) = (v=7) By (33) + 2 Rx (53) (r.18) ; k
. |
H I.‘Ej ‘
.
|
. ) i » \ 4
N \
N -
. w\”‘ : )




R LA

182

s suitable choice for the steady state solution is = 0.8175 and % = 0.25. This solutica is
independent of z and corresponds to a concentration of oxygen of 0.0025 and a temperature

of 82" C.

In view of (7.18), (7.12) and (7.13), equation (7.15) can be written a8

N+1 N+1

1 . ' ,
E Yiwf" B0 ) dt==1 %, ",(")fo Bj(t) B(t) ds
is1 1 Nl ) 1 iol
¥ }5;:;:; Y ("').I; B;(¢) By(Y) dt

1
B0 TR G | B9t
4]

N+t 1
PR () Y, W [ B B @

il

N+i 1
+ 8 D Ry (3.9 2 () j; Bi{1) Bi(t) dt (7.19)

i=1

By using exactly the same argument as that used to obtain (7.19) from (7.1), we can easily

deduce fiom (7.2) that

N+l

==fy X(2) f: Bj(t) By(?) dt

int

N+l

i ‘s 1
o 2 x(2) j: By(t) Bi(®) dt

iel

! o
A
-~
L ]
-
oty
'm j'f-'
£
o ey’ ¥
I
L2 '
e’
| |
N
L]
.o
I
I
i
2
e
-
ra

|
- e e e
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'l

N+l 1
~ DR G Y, i) | B Bad
i=1 I t
Nal \
DR GR) Y, X [ B(H B o (720)
i=1
Now let
X(2) = [Xd2)s Ko@) Xy (N (7.21)
-
X&) =50) (7.22) .
: »
Y (2) = [Yit2), Va2 Yy, () (7.23) -
| Y@=Y0 (7.24) e R
; oy
" of the matrices 4 and €' and the vector b be defined as -y
ot
! '_
5 Aji=f Bi(t) Bi(t) dt, 1j=L..N+1, (7.25) '
<: o j‘
Cii =f Bi(f) Bi(f) dt, Li= LN +1, (7.26)
: 0 *
! t .
- b = f Bi(t) at i N+ 1 (7.27) ;
’ n
r
!
) R
’ "_'_‘_5 .
I_w .
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Then the equations (7.19) and (7.20) can be writien as
X=X
X (2) = £ Pen £ (2) + Poa Du By (5:3) ¥ (2)
+ Den Dy Re (55) X (2) ~ Pew Du 7 Ry (59 41}
Y (@)=Y
V() = fPen Y (3) + (Pes A C= P D Ry (38) Ty,) ¥ (2
— Pey B Dy Bx (53) X (9) + Pen f Du Y By () A1}
Let
x () = [§a), e, ¥,
Then

x (=1 x(2)+ L

o

where

[P acm e oasoienssnreraiCOsIRIETY  T 0

(7.28)

(1.20)

(7.30)

(7.31)

(7.32)

(7.33a}

F RN
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. 1[” 0 Dot 0 g ]
= Ky IN+1 K IN-w-l Ks IN+1 ¢ (7.33]))
0 2 0 bin
| KoYy, 0 A Ky Ly, |
f .
07
. Ky
E == . (7.33(:)
g
| K7 |
where
4 i ‘*‘
K, = Pen Dy Ry (9,2), (7.33d)
Ky = f Pen, (7.33¢) : -
Ky = Pey Dn Ry (9:2), (7.331) .
Ky =~ Pey B Da Bx (3,2), (7.33g) .
K = f Pen, (7.33h) - _
o=~ Pea Da 3 Ry (i) 47} (i.3%) e
K1+ Pew fl D § Ry (33 A} (7.33]) -
A= Pey A1 C— 3 Pey Dy Ry (.37’5) IN+1 (?'33!‘) v
045 the N + 1 by N - 1 zero matrix, 0 is the N + 1 zero vector, and IN+1 isthe W + 1 by :
N < 1 identity mutrix. -
Yo far, the functions Bi(t) have not heen specified. A suitable choiee of B;(t) is the lincar B e
splines function defined on the time interval {0,1] with N equal subintervals. ‘That is, lat i
'r +
) i
N ) “‘. '.’
|.” .
! s
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Bi(f) = 8 (N t=1i),

where
1+¢ te{~1,0
$i(t) = {114, £ & [0,1]
0 , otherwise

Then it can be easily verified that the elements of 4, Cand } ure given by

. 2 P
A= Ayt =R Ai=w o i= 2.8
N o L s
i1 = 1= Ll A = L 2 il
and Ai P = 0} otherwise
3
. | o L
01,1 - 2 CN+1,N+1 ~a
‘ C...=f i=1,.% ¢, . =i i =2, N4
E 1iel © 3 g v ey i,i1 g ye

! and C-‘i 5= 0, otherwise
1

- = ok =4
nql T Al TN 'éi TN
From (7.32), it is clear that
'i
1

i W~

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

F I



T

-

IO T\ VI

x(2) = &%y (0) + f er(z'T)I;‘ dr

= 2 x (O +71(3) (7.39a)

where

r ()= (¥ )T (7.39b)

Now, let ga(t) = ya be a constant in (7.10). Then, in view of (7.12), (7.25} and (7.33), the

objective function {7.10) can be written as

1 N+l 2
minimize J = f [ 2 Bi{t) Yi(ar) — ‘.Uri] dt
a

i=y

1 N+L i
= J; [ 2, Bi(f) Yi(ar) + 2 Z Bi(t) By f(8) Yilz) Yioar)

i=1 iat

N+1
2
-2 Z Bi(£) Ys{x) + yd] dt

i=1

Y HY () + & Y (%) + v, (7.40)

where the matrix I and the vector g are given by

S . ., .
H1,1'” NelNel — 3% Hi'j—ﬁ-. 1= 2,0

B, = led Booowd, i=2.m41

i,i+1 7 BN’ e i,i~1 BR? yry

Hi ;= 0, otherwise (7.41)
L]
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;i':_'y%: i=18+1
|
| = -g%-‘-l- s i=2,...8 (7.42)
In view of (7.32), the objective function (7 .40) can be written as
i s X 4T 2 .43
minimize J = x () H¥ x () + 6 x (=) + @ (7.43)
where
0o 0 0 0
¢ 0o 0 0
B* = ) , (7.44)
0 0 H 0
0 ¢ 0 0
: 0
P RaN (7.45)
| g
| g

Substitute (7.39a) futo (7.43), we get

e e— - -

g minimize 7 = x (0 H x (0) + ¢ x (0) + & (7.46)
| N Y]
where
i
il -

He () x4 (7.47)
'i
4
4
N

L — . _
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o= (07 [(H + BT) £ (ar) + 4] (7.48)
- 3
k=) B g () + (69 1 () + 0 (7.49)
{ .
Now, in view of (7.12), (7.18), (7.24), (7.22), (7.32), the boundary condition (7.4) can be
written as
N+l N+l
Y, B ¥,() = Y, By X () = 0
i=1 iel
N+l . N+l -
= Y B Y(m) = Y, Bt) X(m) =0
i=1 jat . .
Nel N+1 !
= Y B Xyugurl) = 2, B Xy 0 (z.50) .
i=1 i=1 -,
By letting £ to be equal to the grid points 0, % , % ..,1, we ensily obtain from (7.50) and . -
(7.39a) that . _.
2f " 7
{er x(0)+ 1 (_z.f)}i 0, (7.51) ot
where i = N+2,...,2N+2 and )
3N, 404,
Similarly, the boundary condition (7.6) can be written as -
. 7
Y(0)=X(0) =0 .
'[
- .
P .
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= {x(Oh=0 (7.52)

i= N+2,...,28+2 and
aN+d, ... AN+,

x=x(0) (7.53) :

Then, in view of (7.46), (7.51} and (7.52), the problem with the gradient of the inlet

temperature and the gradient of the inlet oxygen concentration equal to zero can be written

as
. . . -~
minimize J=—;-HTH§+QT3§+& . )
y ¢ R v v )
subject to .
[y} =-ria) s
i .
(7.P1) i=N+2..28+2and 34 +4,..,48 + 4 . -
~
and : -~
ey
=0 %
1= N+2,.,28+2and 3§ + 4,...,4¥ + 4 !
o’
Similarly, the problem with the gradient of the inlet temperature and the gradient of the . .
inlet oxygen concentration being regarded as additional controls can be written as
H :




et ek C meen e — = e e

|
et
2
m »
2
-1
2y
e
+
oy

(7.P2) minimizes J
y € B ~

subject t0
() ==

fo= Na2,.,282and 3N + 4,40 +4

Both (7.P1) and (7.P2) are quadratic programming problems with linear constrainis, which

can be easily solved by any standard quadratic programming soft ware.

Once the optimal value of g is found, the optimal control can be easily found by the
formula

z(1) =z (0,%)

N+l
=y Bi(t) Xi(0)

i=g

Nai
= 2 Bi(¥) 1:(0) (1.53)

yl(t) =¥ (U,t)

N+1
= Z Bi(®) Yi(0)

i=1

N+l
= 3, Bl®) X0, 0) (7.54)

i=i
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8z (0,t)
oz

N+l ,
= Z By(t) X,(0)

ist

N+l

= 2 Bi(9) Beted

i=1

dy (0,9)

= — —

dz

N+1 ,
=Y, Bi(t) Y0

i=1

N+1

= z Bi() Uy,

i=1

The temperature and concentration and their respective gradient at any time ¢ and at any

position z can be easily obtained by the following formulae

z (1) =

y{at) =

N+t

Y, Bt x2)

=1

N+l

z By(¢) x2ﬂ+2+i(z)

i=1

N+l

z (z:t) = 2 By(1) XN-i-i-bi(z)

is1

{
(7.55) .
-
»
(7.56) S
-y
Y
g’
(7.57) |
7.58) T
(7.59)
|
_ s
P
“*P
’
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H+1

v (a8 =Y, B Xgygulo

i=1

(7.60)

where x (#) can be found from (7.40) and (7.53).

N
74  Cuomputational Aspects and Implementation ; |
l.
Only two aspects of implementing the above method need discussicn. They are (i) S
evaluation of ['(2) and (ii) calculation of the exponential matrix € F'
From (7.39b), the evaluatin of 7 (7) involves the calculation of the invesse of T-L ,
However, T is extremely ill-conditioned — the reciprocal of Is condition number is o ' ‘_. o
;
order 10" Thus, any attempt to calculate the inverse of I' num-rically failed. Thus » {(#) _ ?\ .
cannot be calculated directly from (7.39b). Instead we use the Gaussian quadrature rule ! , \\
of order 5 to evaluate the integral .
b
|'
2 - N
r{2) =f er('a"f)g dr T 4
o . ' BN
o
The illconditioning of I' also affected the choice of method to calenlate the exponential VR
matrix £ 2. Numerical metheds for caiculating the eigenvalues of I' ull failed. Thus, we ""’J l‘
need to find some methods which does not involve the eigenvalues of I, Two approaches 1 _
can be adopied. ) : -
L,
Firstly, we consider the series expansion of the exponential matrix, viz . 1
£ ‘1‘
LI - '~_
=y A (7.61) '.g
iz : RYY
| |
r L II.
] 4
1 :E
, ;o
T R £ e irel o "m

e
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The series is considered to have converged when the difference between two successive
intermediate matrices is less than 107 in both the Iy and .. matrix norms. These norms
are ratenlated by the IMSL rontines DNRIRR and DMRIRR respectively. However, the
series expansion method to calenlate the exponential matrix can sometimes create two
types of errors, namely, ronndolf and cancetlation errvrs, which can render the method
unusable. Thus, a second method 15 used in order to check the accuracy of the result that
we obiained in the series expansion method. This method involves scaling and the Padé
approximation (ef. Ref. 119). Tt has teent £ nd that the tate of convergence of the second
method was faster than that of ihe first method, but there was go significant difference
between the results produced by the two methods.

A further disfieulty in caleulating the exponential matrix is encountered in the choice of 2r
For 5 > 0.1, the exponential matrix consists of some elements which is so large that they

cannot he handled by the computer. As a compromise, we choose 7 to be U.1.

Finally, the IMSL routine DQPROG, hased on an algorithm by Goldfarb is used to solve

the quadratic programming preblem (7.P1) and (7.P2).
7.5  Yiustrative ¥xamples

Example 7.5.1 We consider the problem (7.F2) with the following desired outlet
temperature g = L7, (LG8, 0.5 and 0.8, which corresponds to 31°G, 0°C, - 55 C and 74°C

respes tively.

For wg = 0.7, the problem his been solyed with N = 4, 8 and 12, For g = 0.63 and 0.5,
ihe problem has bren solved with N = 8 only, For gq = 0.8, the problem has been solved

with N = § anly,

-
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F-om the results tabulated in Tables 7.5.1-7.5.6, it is clear that all the optimal solutions

have the following same properties:

(i) The optimal value of J is extremely close to zero, which shows that the o
actual output temperature is almost the same as the desired output S
. temperature,
] (ii) T+ boundary condition (74) is satisfied with the value of '(z, 1) and

g’ (a5, 1) being of order 107 or less.

(iii) The controls z {0,8) and y (0,2) are almost constant functions of ¢, with the
input temperature y (0,1} almost the same as t«o desired output temperature
for all ¢ ¢ [0,1]. The variations of the controls 2'(0,%) and 3’ (0,t) are also
very smail as ¢ varies from 0 to 1.

(iv) For each fixed z, the oxygen concentration 2 (z,£) and the tempernture y (2,8)

remain almost constant with time. *

(¥) For each fixed £, the oxygen concentration z (2,f) increases slong the reactor, ' »

while the temperature y {.t) decreases along the reactor. L=

Moreover, from the results tabwiated in Tables 7.5.1--7.5.3 oaly, we can also ohserve the ”

following convergence properties of the optimal contral with respect to the number of partitions
when g4 is fixed at 4.7, the optimal controly g
2 (0,£) and g (0,£) will converge to 0.5 and Ll
0.71 respectively for all { € [0,1], as the

number of partitions N increases. However,

this convergence property is not so prominent

in the controis 27 (0,8} and 3’ (0,8). .,
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Graphs of the optima! conirols for yq = 0.7 and N = 12 are plotted in Figure 7.5.1.

Example 7.5.2 We consider the Problem (7.P2) with the desired outlet temperature

ya = 0.7 and the following additional constraint
20,8 ¢ 03 (7.62)

The problem has been solved with N = 4, From the results tabulated in ‘Table 7 5.7, it is
clear that the optimal solutions obtained in this example have exuctly the samr .- operties

a5 thosz obtained .n Example 7.5.1.

Example 7.5.3 Same as Bxample 7.5.2 cxcept that the constraint (7.62) in Example

7.5.2 is now being replaced by
z(0,8) 2 0.6 {7.63)

The problem has heen solved with N = 4. From the resulis tabulated in Table 7.5.8, it is
clear that the propertics of the optimal sulutions obtained in these cxamples are almost the
same a8 those obtained in Examples 7.5.1 and 7.5.2, with the exception that the last
property obtained in both Examples, 7.5.1 and 7.5.2, is now being reversed, i.e. for each
fized 4, the oxygen concentration z (,8) decieases slong the reactor, while the temperature

1 (4,4} increases along the reactor.

Example 7.5.4 Same as Example 7.5.2, except that the constraint (7.62} in Example

7.5.2 is now being replaced by

y (0,5 < G (7.64)

-

R A
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The problem has been sotved with N = 4, From the results tabulated in Table 7.5.9, it is
clear that the optimal solutions obtained in this example have exactly the same properties

as those obtained in Example 7.5.3.

Example 7.5.5 We consider the problem (7.F2) with the desired outlet temperature

g == 0.7 and the following additional constraints

n0¢c(0,0.0)<0.2 (7.65)
0.2 < 20, 0.25) < 0.4 (7.66)
0.4 ¢ z (0, 0.50) € 0.6 (7.67)
0.8 ¢ z {0, 0.75) < 1.8 {7.68)
08 < (0, 1.00) < 1.0 (7.69)

The problem has been solved wivh N = 4. From the results tabulated in Table 7.5.10, it 18

clear that the optimal solution have the following properties:

{i} Fxuctly the same as the first properiy obtained in the optimal solution of
Example 7.5.1.

(i1} Exactly the same as the second property obtained in the optimal solution of
Example 7.5.1.

(iii) The input temperature y (9,f) still remaing almost $he same 45 the desired

output temperature for all ¢ ¢ [0,1]. However, all the other controls 2 (0,8),

2/ (0,1) and 3 (0,8) are not constant functions of ¢ any more. In faet, 2 (0,{)

[P
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switches from itzmmgper bounds when ¢ = 0.2 and 0.4 to its lower hounds
when ¢ = 0.8 and 1.0. (See Figure 7.5.2).

{iv) For each fixed z the temperature ¥ {2,t) still remains almost constant with
time, but not the oxygen concentration & (2,£).

(v) For cortain values of 1, # (z) and y (zt) may increase along the chemical

i

reactor, while for other ~slues of &, 2 (1) and y (2,f) may decrease only the

.‘ . chemical reactor.

| Graph of optimal control = (0,t), together with its upper and lower bounds, are plotied in

Figure 7.5.2.
Example 7.5.6 We consider the problem (7.72) with the desired ouilet temperature
y = 0.7 and the following additional constraints *
.
0.0 ¢ y(0,0.0)¢0.2 (7.70) ' -
0.2 < 7 (0, 0.25) < 0.4 (1.71) o
1" - w: . ’
0.4 ¢ % (0, 0.50) < 06 (.72) -y,
: ~
0.6 ¢ y (0, 0.75) ¢ 0.8 (7.74)
0.8 ¢ y (0, 1.00) < 1.0 (7.74)
| .-
1 The problem has been solved with N = 4. From the rosults tabulated in Table 7.5.11, it is s
| clear that the optimal solution have the following properties: '
t
!
»
Lt

——— i e e
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(i) Exactly the same as the first property obtained in the optimal solution of

Example 7.5.1.

(ii) Exactly the same as the second property obtained .a the optimal solution of
Exampie 7.5.1.
{iii) None of the controls z (0,8), ¥ (0,8), z(0.1) and ¥’ (0,£) is a constant function

of t. In fact, y (0,f) switches from its lower bounds when £ = 0.2 and 0.4 t0
its upper bounds when ¢ = 0.6 and back to its lower bounds when £ = 0.8 and
1.0. (See Figure 7.5.3.)

(iv) For every z # z, both the temperature = (zt) and oxygen concentration
¥ (%) are not constant functions of time &

(v) Same as the last property obtained in the optimal solution of Example 7.5.5,

Graph of the optimal control (0,%), together with its upper and lower bounds, are plotted

in Figure 7.5.3

7.6  Conclusion

From the numerical results obtained in Sectivn 7.5, it appears that the method devetibed in
this paper works very well for the problem (7.P2) described in Section 7.3. It all the
numerical examples solved, the actual output temperature obtained is almost the same as
the desired output temperature. In general, an increase in the number of partitions N over
the time interval [0,1] will lead to the convergence of the optimal control of the

approximate problems to the true optimal control.

By imposing various restrictions on the control, the nature of the optimal solutions will

change considerably.

Unfortunately, we have not successfully solved auy nimerical examples for the problem

(7.P1) described in Section 7.3 at this moment.
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: Table 7.5.1 Computed Results (ya=0.T ¥N= 4)
: The iptimal Controls
; t x(0,t} x* (0,t) y(0.t) y*{0.%)
0.00 4,875 16E-01 1.38732E-01 7.01047E-01 w1, 82872E-02
0,25 5. 05336E-01 1. 10186E-01 7.010583E-0t ~g, I4300E-02
0.50 4, 88080E-01 1,78394E~01 7. 01532E-01 ~3,058206-02
0.75 4.86434E~01 1.42181E=-01 7. 01164E-01 -2, 27T1T5E-02
1.00 4, 84256E-01 1.84058E-01 7.017358-01 =4.11885E-Q2
objsctive Vajum = -0.6238883803E-18
: Saluticns for X{x,k)
! - z=0.02 zu0, 04 z=0.08 z=a.08 z=0.10 1.
u.00 5.00029E~01 5, 02012E-~01 5. 03453E-01 5,04334E~01 5,04E33E~01
0.25 5, 07337E~01 5.08522E~01 5, 10075E-01 5. 10781E-01 5. 11021E-01
0.50 4.893168-01 4,91874E=01 4.93T73SE-01 4,94874E-01 4. 95280E~01
6. 7% 4,98011E-01 5. 01048E-01 8. 02528E-01 5.03434E~-01 4.03742E-01
1.00 %,87800E-01 4.90248E~01 4.92177E-01 4,93358E~01 4,83757E~01
Sotutions far xX*{2.5} D
t z=0,02 z=0.04 z=0,08 z=0,08 z=0,10
Q.00 1. 12484 -01 A. 57283602 5. 82128E-02 2,871058-02 «3, §0790E~14
0.25 8,37797E-02 5.85881E-02 4.88176E-02 2.37978E~02 =3,852T1E-14
g.50 1. 45Q23E-u1 1.10881E-01 7.52014E~02 2.83884E~02 -2, 542175=14
0,78 14 15464E-01 £.80710E-02 5.85250E-02 3.0%535RE=02 ' =3.90792E-14
1.00 1, 5002 7E~01 1. 54840E=01 7. 18208E-02 3, 87TTRE=02 =3, 19744E~14
salutions Tar y(z,t}
o,
t =0.02 z=0. 04 2=9,08 z=0.08 2=0.10
0.0 7.00E23E~0Y 7.00403E~01 7.£0185E~01 7.00D4TE=0Y 7.000D0E~01 -
0,25 7.00848E-01 7.00353E~-01 7.00154E-01 7.00032E-01 7.00000E-01
0.50 7.00981E=01 7.00551E=01 7.C024BE-01 7.000851E=01 7. 00DGUE~01
. 0.7 7,00752E~01 7.00429E~01 7.00183E-01 T.00049E~01 7. 00000E~01
- 1.00 7.01083E-01 7.0059%E-01 7.00258E-01 7. D0GBAE=-01 7.00000E-01 g
.
: Saiutiona for y*{z,t)
% t 220.02 220,04 290,08 0,08 2=0.10 - _
: Q.00 -1.613205-02 -1,279795-02 -8, 94203E~03 wd, BT415E=03 3, TT47EE=15 . 4
! -] 1 nl.73344E-02 -1, 2222EE-02 -7.81147E-03 «3,82229E~03 4, A4DBAE«18
: 0,50 -2, 45792E~02 =i, 84048E~02Z -1,22382E-02 ~§. 12209E-03 &, 440R0E~18 -
; 0,75 -1,83770E-02 -1, 40340E-02 -8, §32395=-03 =4, B4LNBE-03 -1.11022%~15
i 1.00 ~Z. 36 T155~02 =3, 05288502 =1, 3NASNE-02 ~&,19300E-C3 B.BB17bE~16
E f
i pr’
!
[
i
|
i
i »
|
| N
|
\
i
. j .-
1
i
) *
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‘Table 7.5.2 Computed Results {ya = 0.7 N =8§8)
The Uptimal Controls

t x{0,5) x*{0,£) y(u.t) ¥'{0,%)
0.004a 4. 9751 TE~01 1,380876-01 T.011188~01 -2. 1B404E~02
0.1258 4, 95549E-01 1,29570E-01 7. 01 115E-01 =2, 20258E=-02
0.250 4. 576 44E~01 1,376075-01 7.01200E-01 ~2. 44212E~02
0.375 4.96782E~01 1. 40518E-01 T.01183E-01 ~2.330406-02
0,500 4. 95869801 1.40485E=-01 7.01185E-01 =2.M930E-02
0.875 4,971 TTE-01 1,39504E~01 T+ 01151E~0% -2, 227208-02
0.750 A, 98842E-01 1,92¢28E-01 T.01107E-01 wl, 17822E~02
0.87% 4,99363E-01 1.318706-01 7.01121E-01 =2, PEE14E~D2
1.000 4, 9HBOSE-01 1.33801E-01 1.01142E-01 =2. Z9424E~02
Chjective Vatue ¥ -0.¥3322B7829E~14
Solutions for x(z,Z)

& =0,02 2=0,04 z=0,08 2=0.08 20, 10 -
o, D00 5.00120E-41 5.02097E-01 5.03534E-01 5. 044 13E-01 5. 047116-01
0.125 5. GzegqE-01 5, 04157E-01 5.0%508E~01 5.08335E~01 5.088145-01
0.250 5. 00140E-01 2,02115E-01 %, 0a551E-03 5. 044 29E~01 5.04720E-01
D 37% 4,95335E-0% 5.0%354E-01% 5.02821E-0% §.03719E-01 5.04024E-01
0, 500 4.99417E-01 5.014316-01 5.02896E~01 5.03aTIE-01 5.04026E=01
0.875 4.99706R-01 5. 01 708E-D1 5.0313RE-01 5.04047E-01 5.04349E-01
0,750 5.01265E-01 £.03179E-01 5. 04571E-01 5.084235-01 5,05712E-01
0,875 §.017518-01 5.03539E-01 5. 05012E-01 L. DSAS2E-01 5.08137E~01
1.060 5.01232E-01 5. 03148E~01 5.04541E-01 5.05398E-01 5,058336-01 -«
Solutions for x*(z,%)

t z=0,02 2:0.04 z=0.08 2=0.08 250,10
0,000 1.12094E~01 A.B4885E-02 E.BO873E~02 2. 95282202 =5,08981E-14 ‘
0.125 1,05330E-01 8.03801E-02 5. 48102E-02 2,78751E~02 ~7.1C542E~14 .
0,250 1. 11BSBE~01 #.54057E-02 5,B0327E-02 2.46228E=-02 -5, 32807614 .
0.375 1, 14420E=01 A.73025E~02 5.893107E-02 3.02743E-02 =8, 75018E~14 '
6,500 1. 1416TE=01 B.71108E-02 5. 9180HE=0R 3, 02079%-02 ~5.68434E~14
0,875 1. 193 11E-01 8. 54414E-02 5.87220E~02 2.857338-02 =5.30482E-14 v
€. 750 1.085448-01 B.28043E-02 E.B2508E~02 2.871175-02 -8, TEQIGE=14
0,875 1.07015E~01 8, 16559E-02 5.54788E-02 2.23133E-02 -5, SB434E=14 ;f’
1.4000 1. 0B554E-01 4.28885E~02 5.83020E-02 2.87T388E-02 =8,039516=14 7 -
solutinne for yiz,.t)

- 2=0,02 ==0.04 z=0.08 z=0.48 »=0.10

/ !
0,000 7.007245-01 7.00414E=01 7.,007188E-01 7.0004 7E-01 7.00000E-01
0,128 7.007028-01 7.00398E-01 T.00177E-01 1.0004 AE=01 7.00000E=01 o’
0.550 7.00783E-01 7. 0042TE-01 7. DOIASE-01 7.00047E=01 7.00000E~01
0.37% 7.00781E-01 7.00430E-01 7. G019 2E-01 7. 00048E=01 7.00000E=01

500 7.00781E-04 7. 004305-01 7.00192E-01 7.U0D48E-01 7.00000E=01
0,575 7.0DT45E-01 7.00423E«01 7.00190E~01 7.0004RE~01 7.00000E~-01
0,750 7.00714E~01 7.0040BE~0% 7.001382E-01 T.00043E-01 7.GODOCE=-01
0.875 7. Q071 7E=01 7.00404E-01 7.00180E-01 T.00045E-01 T, QOO0QE-D1
1,000 7.00730E~01 7.00411E=01 7.00983E=01 7.00D48E~01 7. 00000E=01
salutiona far y'{z.t)

t 2=0.02 o) 04 z=0.08 z=0.08 20.10 "
0.000 =1, T56E7E-02 =1.34773E-02 ~8, 20156E-03 ~d, BE248E-03 4,44D89E=15 i
0.125 =1, THT2BE-02 =1, 32634F-02 -8,083458E-03 =4, $372Z16~03 0. 00000E-00
0.2%50 =1, 53082E=02 -1, 43135E-02 -3, 46RB0E-03 ~4, 72885203 9,992018-15
0.37%5 ~1,383858E~02 =1, 42440E~0D =0, 54204E-03 w4, B1552E~03 ~2. PPOAEE~1Y
¢, 500 -1, 8887RE-02 ~1, 42348E-02 -8, 544 256-03 «4, §0SB0E02 5,55112E-15
0.675 »1,A2350E«02 «1,35233E-02 -8, 41306E~03 -4, 70172E+03 5.21725E~15
0.750 -1, T5E68E~02 «1,.33342E-02 -4.N0BOBE~DA =4, 55950E-03 2. 22045E-15
0,878 -1, TH1BIE-02 -1, 34108E-02 -8, 86181E-03 =1, 506716-03 1,33227E-15
1.000  -1.B270QE-02 ~1,366089E=-02 -9, t1728E~03 =4.57EBOE~03 B, S6134E-13

»
-
u-“‘w -
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Table 7.5.3 Computed Results (yg =C ' §:=12)
I
: The Optimal Controls
t x{0,k) x’ (0,1} y(o.t) y'{0,%)
0.000  4.97334E-01 1.38358E-01 7.01120E~01 -2, 182888~02
0.083 4,892308E-01 1.32099E-01 7.01124€=01 =2.A4728E-Q2
0.167 4. 28208E-01 1.35236E-01 T.0117BE=-01 ~2. 3074802
0,250  4,8723BB-01 1.39698E-01 7.01044E=-01 =1,80B58E-02
0.333 §,03055E~01 1.188B4E-01 7.M023E-OY -2.21050E-Q2
0.417  4.989385-01 1. 28434E~01 7.01140E-01 -2, 21882E~02
0.500 5.NOGBEE-01 1,27584E-01 7.00925E-01 =1.5370BTE~02
0, 5B3 5, 04808E-01 1. 11822E-01 7.01001E~Q4 w3, 28X98E~-02
a, 8EY 5. 02008BE~01 1,21965E~01 7.01128E~0 -2.AZAE1E-Q2
0.730  4,59708E~01 1.3CEEAE~OY T.01D4BE~01 =1,82315E-02
0.832 5.01571E-01 1.23964E-01 7.01053E-01 =2, 24148E~02
0.317 5. 00455E-01 1.27085E-01 7.01283E~01 -3, 048 T4E-N2
1.000 4,52021E-01 1. 563589E-01 T.01845E-01 =8.33452E-02
Dhjective Value = 0, 1585945587E~14 e
Solutions far x(z,.k})
t =02 2=0.04 =0.08" =008 Ze0. 10
0. ono 5.00041E-01 5.02023E-01 5.03463E-01 5, 04344E-01 5.04643E-01
a.083 E.0183SE~01 &, 035308-01 5. 0430TE~-01 5.05750E~DY 5. Q603 EE-D1
0.187  B.0D7B1E-07 £.02702E-01 5.041138-01 5;04977E-01 5,052T0E-21
0,250  4.B978EE-01 5. M 7a5E-01 5.03216E-01 S.04103E-01 5.04404E~D1
0,377 5.0520BE-D% 5.06910E~-11 . OR14TE-O1 5.08804E=01 5.03181E~-01
0.41%  5.022BBE-0% 5.041448=-01 5. 05488E-01 5.08323E-01 5, 08804E-01
Q.500 5,029B0E-01 5. 04804E~01 5.08129E~01 £.08939E~-01 5. 07214E-01
0.583  5.05888E-01 5.08575E-01 5. 09743E-01 E.10457E~01 5.19TQDE-01
0,867  5.04222E-01 5. 058 7T5SE-0 5.07251E-01 %5.08031E=-01 8.08208E-01
C.750 5.0207T4E-01 5, 08943E-11 5.053088-01 5.0813RE-01 §.084208-01
0,823 5.03R198-01 5, 0554968E-01 E.0EABRE~O1 5.0767RE~01 5. O07940E-01
0.817 5.02763E-01 5,04594E-01 3.05827E-01 3. 08T42E-Q1 5.0TOTEE-D1
1.000 4.348B4E~01 4, 37120E-1 4.98T62E-Q1 4,25788E-01 $.0010EE~M .
_
Solutions far x*(z.5)
t =0.02 z=0.04 z=0.08 0.08 2=0, 10
-
! 0.000  1.12331E-01 §.58702E-02 5.81512E-02 2.9T015E-02 -3, 23706E-14 -
: 0.083 1, 0737TE-01 B.19340E-02 5.568278-02 2.84319E-02 =5, TEU16E-14 ..
' 0. 187 1,0997EE-)1 B.39573E~02 5. TOATAE~Q2 2.91205E-02 =B, 52GE1E~¥4
. 0.250  1.13258E~01 A,63249E-02 X ,a8256E~02 2,99222E-Q2 7. 480TOE=14
: 0,333  9.64722E-02 7.36018E-02 4,39975E-02 2,.55155E=02 -8, 8B17BE~14
: 0.417  1.05PB8E~0% 8,03B78E-02 X, AB28TE-QZ 2.78a83r-02 =i, 1T124E-14
0,500 1. 0344BE~01 7.8B307E=02 8,35312E-02 2.73215E-02 «7.81547E~14
: 0. 583 9. 10452E-02 §.94831E-02 4, 72045E-02 2, 40945E-02 -8, S2851E-14
: 0.687  9,3313BE-02 7.5B5BBE-02 5. 15578E-02 2.83194E=02 ~8.17T124E=14
[ 0.750 1., 08079E-O01 2.08134E~02 5. 49680E-~02 2.805838-027 ~A,88178E-14
i 0.833  1.00733E~-01 7.6E453E~02 5,22002E8-02 %.88438E~02 =8, B8178E-14
: 0,917  1.03824E-01 7.92530E-02 5, 38723E~Q2 2. T50455E-02 -3, 58233E-14
i 1.000 1,27694E-01 9. TES41E~02 B.83874E~02 3.3897TE-02 =7.81537TE~14
I '
! Sotutions for y(z,.t)
i t z=0.02 2=0.04 z=0.08 =0.08 2=0.10
,4 0.000 7.00726EE-01 7T.00415E=-01 7.00187E-01 7.00047E~01 T.00000E8-01
i 9,083  7.00718E-01 7. O0AGAE~DY 7.001B0E-01 7.QU045E-01 7, 00000E-01
5 0,167  7.0075%E-01 T.00422E=01 7.00137E~01 7.00047E-01t 7.00000E=-01 a:
: 0.250 7.00702E-04 7.00410E-01 7.08187E-01 7. 00048E-01 7. 00000E~O1
0.332  T.00541E-01 7.003E0E-01 7.00161E=01 T.00041E-01 7. 00000E~Q
0.447  T.00730E-01 1.0040TE~01 7.00178E-01 T.00045E~01 ¥, 00DN0CE-DY
f a. 500 7. 00B3I0E-01 7.003718-01 7.0917T08=-01 T.00043E~01 1. 0000D0E~0%
: 9.583 7,0DG61BE-01 T, 00343E-01 7.00%53E-01 7.00038E~01 7. 00000E-(H
' 0.657 T,00707E~01 7.00389E~01 7.00170E-" 7.0600428-01 T, CoO000E~01
' 0. 750 7.00830E-01 T.00385E-01 7.00172E-01 T.00045E=-01 7T.000008-11
! 0,823 7. UDBBEE=1 7.00378E-01 7. 00Y68E-01 7.00042E-01 7,C0000E-01
817 ¥.00770E=-01 T,00413E-Q1 7.00178E-01 7.00044E=01 7.00000E~01 "
1.900 7.00280E-01 7.00821E=-C1 7,00223E-01 7. D0055E-01 7. 00D0DE=-0%
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solutionm for y’ (Z.t)

t

0.000
J.082
Q. 167
0. 250
Q.333
0. M7
0.500
0,583
0. 667
Q. 75%
0.833
0.917
1.000

z=0.02

-1.78051E-02
-1, 81841E~02
~1.B%907E-02
~1.50078E-02
-1,636828-02
=1,B4310E-02
~1.41043E-02
-1,518826-02
«1.84608E-02
=1, 64697E=02
-1, 873106-02
~Z, 14782602
~2,76430E~02

2=0.04

~1,35103E-02
»1,3425BE~02
-1.421128-02
-1.30198E-02
-1,19250E-02
-1.37004E-02
=1,16561E~42
-1,15156E-02
«1.33743E-02
~1,290818-00
={,23604E~02
=1, 453408-02
-1.A6084E-02

101

ﬂ‘o.

~5,22867E-03
=4, 85816E-02
=£,37347E~03
=g, 15702E-03
~7,87248E~03
=9.03522E-03
-§,29152E-03
~7.58511E~03
-8, 62023803
=fi,808472-03
-8.31857u~03
=3, 10463E~73
~1.14703E-02

z=0.08

w4, TOS2BE-GI
w4, 51501E-D3
-4, 5583 2E-03
-4, T2545E-03
-4 ,04403E-03
-4, 4688 1E-08
-4,30605E-03
-3.82618E~03
i, 22614E-03
=4, 45882E-03
-4,223000-03
wh, 423485~03
=5, 48658E-03

z=0.10

-6, 88134E-10
3.55271E~13
5.66134E~15
%.329078-15
1. 11022E-14
5.98520E-15
1.5327116-14
9.103B3E-15
1.28788E-14
1.24345E-14
8. 56134E-18

~d, 44QBOE-1€
1.700745-14

-

.-

Fa

—n
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Tatle 7.5.4
The Bptisal Controls

L x(0,t)
0.0a0 7.9387JE-01
0.128 7.26331E=-01
g.250 T B41T5E-01
2,375 7.8926435~01
¢. 500 T.241206-01
0.5873 7.23137E-M
0.750 7, 35386E-H1
1.875 7.34184E~-01
1.000 7.9B270E-01%

x! (u':}

2.20535£-01
2. 118516-04
2. 184782-01
2.21542E-M
2.13T40E-
2,23399E-01
2,13183E-MN
2.18621E-01
2.04722E-M

thiective Value = -0, 7771561172E-15

Solutionn
t

0.000
0.122
0.2k0
0.375
0. 500
0.675
0.750

'0.875

1,200
golutionn
c

0.000
0.12%
9. 25C
0.375
Q9.E5C0
Q.575
Q,750

8735

1,300
Salutions
t

2.008
0.125
&, 2ED
0,375

. SO0
0.875
Q.730
9.875
1.000

Ter x(z,t)
z=0,02

7.9797tE-C1
8. 001 7SE-Q1
7.18155E-01
7.37660E-01
7.98105E-N
7.871BBE~M
7.929B62E~-M
7.98175E~01
4. 997E-31

Tar x*(z,&}
=0, 02

1.7210RE-1
1.72271E-N
1. 28418E-01
1.B0000E-01
1. 78537E-31
1,81470E-21
1.73248E-M1
1. 78416E-21
1.6GBRAE-

for y(z.t)
2=0.02

8. 31171E=-D1
6. 31155E~91
8.31204E~01
#,31194E-M
5, 31128E-21
6.31196E~-01
B.31155E-1
6.31185E-04
6.31058E-0t

Salutioom far y*(z,t)

£

0. 00u
Q.13
0.2EQ
0,378

JE00
0.375
D, 7}

LR 1]

z=0.02

-2.882958-02
-2, 88802E-02
=-3.0208BE-02
~2.95211E-02
«Z. $9202E~02
-2. 93556802
~2.87561E~02
~=2.11807E=-q2
~Z. A505EE 02

z=0.04

2.01130E-0
8., 33214E-01
8.01303E-01
8.00836E-01
8, 01285801
8.00389E-M
B.02918E-01
8,013258E-01
A.04840E-01

z=0.04

1.386228-01%
1.31458E-1
1.361626=-01
1.37353E~01
1, 34Z86E=-01
1. 38442E~01
1.32191E-01
1.36128E-04
1.272398~01

2=0.04

B. J0GBEE-01
K. 30E50E-01
§.30877E~-01
8. 30876E-Q1
6.30675E~01
8. 3N67IR-01
6. 30652E-91
8.30671E-01
6.30611E-01

z=0.04

-2.1834BE-02
~2. 160615-02
=-2.28707E-Q2
=2.23287E-02
-2. J4302E-02
=-2.23525E-02
=2.15888E-02
-2, 21B53E-92
-1,364BBE-02

2.0%

Compuied Resulis (yg3 = 0.63 N=8)

¥(o,t)

8,31812E~-01
6.31808E-01
&, J18B5E-D
6. 11B56E-0
6.31872E~01
6.31851E-01
6. 3T/03E-DY
§.31834E-01
5.315B4E-01

z=0.08

B.02427E-0
B.05424E-01
8.02593E-01
8.02145E-01
A. 034 TE-01
8.027T18E-01
2.05141E-01
8.03812E-01
4.07078E~D1

=0.08

9.28083E-02
a.33098E-02
9. 25120802
9.325R0E~02
9,25922E-02
9.40481E=02
8.53083E-02
9, Z4RQ5E~02
8.54205E~02

z=0.08

4.30292E-01
6.30220E~41
6.30301E~01
9. 80302E-21
§,20301E~01
§.30304E-01
6.30231E-01
8.30300E-01
5.30277E~D1

=0.08

=1, 4804T7E=-0Q2
=1.44272E~02
-1, 5L208E~02
-1.80121E-02
~1.49B04E=-02
=1, 80204E-Q2
1. 5473702
-1,49022E-F2
-1,36228E-a2

¥ (015

-3, 54807E-02
-3,65787E-02
~3. TAB4BE~OZ
=2.88160E-02
~3, T4B61E~Q2
-3, 60B37E~G2
=-3.8070AE-O2
=3, 863 T4E=02
-2. TROO0E-C2

z=.08

8.04832E-01
8.087752-01
8.045353E-01
8. 04557E-O1
8.043485-01
2. 04140E-01
€. 065006-01
4, 05012E~04
2.02387E-01

=0.08

4.73T02E-02
4.538838-02
4,722220-02
4.76223E=02
4, T2827E-02
4.20048E-02
4.58402E-02
+. TROS2E-Q2
4. 41096E-02

=0.08

8.300758-01
6.30073E-01
6.3007Y5E-01
8. 20078E~-01
8,30075E-01
4.30077E-01
§.30073E-01
8, 3007%E~01
5.30070E-01

={,0n

~7.81464E-03
=7, 25+ 55E-03
-7, 52580E~03
7. 5721203
=7, 52H20E-03
«7,F27BRE-03
~7T.22028BE-03
=7.50340E-03
-6, 3T886E~-03

Zz=0.10

B.05309E-31
8.07235E-01
8.054632-01
B.05037E~01
8.0B425E-01
8.04023E~-01
8.06862E-01
1. 0S4BTE-01
8.0BOSRE-01

z=0.10

=-4.26326E=14
. BEBA34E~14
i BTI90E-14
w8, 884 34E-14
5. 32907E~14
=-4.51853E-14
=4, 373U0E-14
~4,26326E~14
-4.61853E-14

2=0.10

5.30000E-01
6. 30000E-01
8.30000E-01
&, 30000E~01
6.300D0E-01
8. 0Q00E-01
4,30000E-01
8. 30000E~01
6. 30000E-01

z=0.10

8,8R8178E-16
4.44083E~15
4 AB43GE-15
C.BBISAE-15
-2.8BBEHE-1E
1.110288=-18
-2,20C45E~13
§.88338F-"S

JRR1LEE-12

—— e e o e e il

SN

i
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N
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3
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Table 7.5.5 Computed Results (ya =05 K= 8)
The fiptimal Controls
t x(0,t) x° (0-t) ¥(0,t) yrinny
0. nug 1.34440E+00 2. T3442E-011 5.03120E8~01 -g.133218-02 .
0.125 1.34601E+00 3,B67644E-01 5.03103E-01 -5, 1834BE~02
0.250 1.3454BE+00 3, 59404E-01 5.03135E-01 -§, 27095E-02
0.375 1. 34460E+00 3.72282E-1 5, 03142E~01 -8, 24904E-02
¢, 500 1,34498E+00 3. 71273E-01 5.03155E-01 -4, 28810E-02
0.875 1.34359E+00 3.75348E~01 5.03122E-01 -8, 12287E-02 :
0,730 1. 34762E+00 3,51781E~-01 5. 0VD2RE-01 ~§,25948E~02 :
6.&75 1.34080E+00 3.79737E-{1 5.03172E-01 -8, 13798E-02 {.
1,000 1.350B3E+00 3. 52463E~01 5.028658-01 -4,55320E-02
objective Value = -0.5522560269E-15
2piutions for x{z.t) v
-4 . 02 z=0.04 =0.08 2=0.08 z=0.10
9.ng 1.35117E+00 1.35652E+00 1,3E041E+00 1.38279E+00 1.3B63B0E+00
g. 5 1,8525TE+0D 4.357348+00 4 .351TRE+C0 1.36412E4+00 1.36492E+00
0.u0 3. 35218E+00 1.3574BE+00 1.36133E+00 1.363RAE+00 1 36448E200
0.375 1. 351448400 1, 35878E+00 1. 3B08SE+00 1.38203E+00 1.3628- i
0. 504 1.351BBE+00 1.35701E+00 1.360ARE+00 1.38324E+400 1,380 il
0.675 1.3504 1E+00 1.35591E+00 1.35873E+00 1,362{3E+00 1,3625.7 -
6. 750 1.354185+00 .35927E+00 1,38315E+00 1. 38545E+00 1. 388248400
0,878 1.24948E+00 1.35492E+00 1.358BAE+00 1.381308+00 1.36212E+00
1,000 1,35704E+00 4.36205E400 ’  35572E+00 1.38795E+00 1.36872E+00
salutiona Tor x*(z,t) A
; z2=0.02 z=0.04 =0.08 =0.08 2=0.10 .
1] -
0.000 3.03398E-01 2,31473E-01 1.5725D0E-01 B.02850E=02 -3,30728E~14 '
0.125 2. 98750001 2.27940E-01 1.54881E~01 7. SD4E5E-02 =3, 19T44E~14
0. 550 3.D0Z224E-01 2, 29092E~01 1.55843E-01 7. S44E3E-02 =3, 552T1E-14 .
0,375 3.02519E~01 2.30828E-01 1.58315E~01 8.COAASE-02 =2, B4Z1TE-14
g, 500 3. 01744E-01 2, 30255E-01 1. 55434E-01 7T.90501E-02 =3, ROTESE-14 - om
0.875 2.05724E=-01 2.33236E~01 1.58445E~01 8.0B749E~02 ~3.5078%g~14
G.750 2.940725~at 2. 24402E-H1 1.82463E-01 7.79232E-02 -3, 5527 1E~14 -
7,875 3.08822E-01 2.35400E-11 1.529258-01 8. 18312E-02 ~3.50:716~14 .
1,890 2, BEEZIE-D1 2. 1T350E-01 1, ATPE3E-C1 7.55507E=02 -3, 552747-14 s pe
-~
Solutions for y(z.t) ]
iy
_ 5 z=0.02 z=0.04 2=0.08 z=0.08 =i 10
: £.000 5.020"8E-01 5.01137E-81 5. QUSGEE~Q1 5.00128E-01 5,00QC0E-C1 ;
: d.128 £.01990E-01 5,01124E=-01 5,00502E-01 %,00126E~01 3. 00200E-01 -
. 2,250 5.02011E-1 5,01133E- 4, 00505E-01 5.00127E-H 5. J00O0E-01 '
; 0,278 5,02016E-01 5,01158E~01 E.C0DS08E-01 5.001288-01 #.00000E-01 :
| 0,500 5.02022E-01 5.01133E-M1 5, 00508E-01 5.00127E-01 8. 00C00E-Q1
: 0. 875 5, 020176~ E.01144E-01 5. 00812E~01 5,00128E~01 % ,00000E-01
: 0.750 5. 01875E-0t 5., 011118~01 5. 00495E-01 5. 004 24E~01 . 0COC0E-01 .
! 0.875 5.02050E-01 8, 09181E-21 X, 00519E-01 5,00120E-01 5, ONDOOE~D1 :
i 1.000 5,01790E-01 5. 01041E-01 5.00473E-01 £.00120E-01 5. G0000F-01
; tpiutioms for y* (2,5 ..
i |
, t z=0.02 z=0.04 2 3. 08 2=0.08 z=0.1Q b l ‘
i 0.000 wd, S5REEE-02 -3, 752BEE~02 -2.52045E~-02 -1, 27572E-02 2.66454E-15 \ j
: 0. 1258 -4, 9470BE-02Z -3, 722306-07 -2, 495T4E-02 -1,25T28E~Q% B. 43528E-15 " ,l )
0. 250 -5, 01399E-02 -5.763B4E-02 2. 51518E~02 =1, 264715~02 a.BEt17BE-15 L
0.375 -5, DDBSOE~O2 ~3, 7T092E-00 -2.82823E-02 -1,27332E-02 2. 4424BE-15 ;
o, 500 ~§,03804E-02 -3, 78563E-02 -2, 58033E~02 =1, 2T1a58E=-n2 2.22045E~15 | |
0.573 -4,35985E-02 -3,76790E~02 -2.54227E-02 =1, 28503E~02 2,98650E-15 i
o.750 =4, 868 76E-02 -3, 69949E~d2 -2, 466A3E-02 ~1,23800E~52 d.88338E-18 ‘ -
i 0.875 5, JAT4TE-Q2 -3,83807E-02 ~2.F795RE-02 -1,29BUEE-02 3.10BEZE-15 ' chd
. 1,000 -4, 13810E~02 ~3.32777E-02 -2.32270E-02 -1, 19403E-0Z 7.10543E~-15 L
: ! . . E
] | | |
R ‘ .
|




Table 7.5.6

The Optimal Contrels

& x(0,t)
0.00 -7.7TTEERE=3]
0,25 =-1,26217E=27
Q.50 1,83494E-27
0.75 ~5,.4B2B8E- 32
§.00 2, 20369E~28

x*(0,E)

2.817492~01
N.B1TASE-01
a,81748E~01
a.81749E-01
2.817438-1

obinctive Yalue o -, 8714451465E~16

axjutions for x{z.%)

soluticns for x*(2,2)

-
4.0

)
.59
.75

1.00

z=0.02

&, 10824E=03
5.108248-03
£, 10924E-03
5, 10324E-D2
5.10924E-03

ur 02

2, 20854601
2. 2B854E=01
2.28254E-01
2,28854E~01
2,08354E-1

solutions far y(z.t)

€
n.20

0.:5
0.50
.75
1.35

agtutionn far ¥’ (Z.5)

t

0.00
0.:8
Q.20
Q. '8

1,30

.02

A, G1527E-01
8.01527&-01
a,01527E-01
8.015376-01
8,015278~31

z=0.02

-3, 79313E-02
-3,78319E~02
-3,79319E-02
-3.79319E-02
-3, 79318E-02

z=0.94

3. t4D41E~03
B, 1434 1E-03
9, 14841E-03
9, t4841E~03
8, 14841603

2=0.04

1., 74807E-H
7. TABYTE=OY
1, 746978-01
1.74837E=01
1. TABTE=01

2=0.04

8, 00862E-01
5. 0NBG2RE-01
8,00882E-01
g.00B52E~D1
#.008628~01

z=0.04

-2, BEB14E-02
=2, A5614E-712
-2, B56145-22
-2, 855 14E~22
-2, B5614E-02

PA

Computed Results (yg = 0.8 K

¥{0,kt)

8, 02378E~01
8.02379E-01
a.02379E~-01
§.02378E-CY
2.0237%E-01

z=3.08

1.20B54E-02
1.20854E~02
1. 20BE4E-(2
1.20804E-02
1.20B54E~02

2=0.08

1. 18884E5-01
1. 18684E-01
1. 180B4E-01
1.188B4E~01
1. 18684E-01

z=0.06

&.003BLE~D1
a,0038588-01
8,00385E~01
8. 00285E-0%

. OD2BSE-01

250,06

~1, 31435802
«1,91435E-02
=1{.91423E~02
~1,51438E-02
1. 91435E~02

4)

y' (o, L)

-4, 72896E-02
-4, T2886E~0Z
«4, 72B96E-02
-4, 72898E-02
=4, 7289QE-C2

2=0.08

1.38819E~02
1,38m19£~02
1. 38019E~02
1.38819E-02
1.38819E-02

=0.00

6.08807E-02
8.05807E-02
8.05807E-02
4.05A07E-02
8. 08B07E~02

m. an

8.00097E~01
8. DOuaT7E-1
8.00097E-01
8. 00097E-01
4.00097E-01

ﬂ.m

-3, 53n20E~-03
-, BAA28E-Q3
-8, §3922E-03
=3, 13A29E-)3
-4, 53N2RE-00

»=0.10

1,44921E-02
{.44921E-02
1. 4A92TE-02
1. 44921E-02
3. 4449216-02

==0.10

-2, 455B0E-14
=7 40E00E~14
-2, 48630E~14
=1, TTE3GE~14
»1,T7636E-14

z=0.10

. ngoolE-01
4, 000008-01
3. 000QOE-N
4, 00000E-M
#.40000E-01

z=ﬂ. 10

~8.88178E-18
4, 21BBSE~15
€. 000GUE+DD
4,10882€-1%
5.55112E~15

g




Table 7.5.7
The Bptimnl Gontrols
t x{0,&}

.00 3.00000E-01
0.25 1, 00000E-01
0.50 3.00000E-01
0,78 2,00000E~0
1.00 3. N0OLRE-01

x*{U,t)

o, 34370E-01
8,34370E-01
B.34370E-1
8,383 70E-0
8.543708-01

ohjective Vaiuve = -0, 416333633E-18

salutions Par x{z.%)

t

0.00
Q.2%
0.50
0.7%
1.00

gsalutions Tar x*(Z.5)

:]

0.00
0.55
0.50
0.75
1.00

2=, 02

3. 15130E-0
3.15130E~01
3, 15130E~H
3.15130E-0
3, 15130E-01

2=0.02

5. TROHE=Q1
5. 7BOC4E-01
. TA024E~-01
§.7B024E~-01
8. 7h024E-01

splutions for y{i.,t)

t

6.00
R -]
0.50
Q.73
1.80

solutions for y'{(z,)

t

0.08
2.3
EQ
+ 78
1,30

z=0.02

7.045218-01
7.04521E~01
7.045216~31
7.04521E-01
1. 04521E~31

7=0.02

-1, 123322-01
~1,12332E~-Y
-1,12332E-01
~1,12332E=N
-1, 123326~

z=0. 04

3.27092E-01
3, 27052E~01
3, 2T092E-01
3, 27082E-01
3, 27092E-01

o=0,04

5, 17347E-N
$.173476~-01
5. 173478-0?
8, 173478~
5,17347E=-01

0. 04

7.02852E-01
7.025528-01
7.02552E~01
1.0255206-01
T,028528~01

z=0.04

~B,458186-02
«§, A5B1BE~02
-8, A5819E-0d
-8, 45R18E~0D2
«G, 45418E-02

9207

»{0,t)

7.0TOASE-01
7.07055E=-01
7.07046E-01
7. 070458E=01
7.07046E~01

z=0.08

3.38720E-01
3,35730E-0%
3,35730E-01
3,3572CE-0%
3,3E790E-01

2r0.08

3.591472E-01
3. 514726-01
3, SHATIE-D
3.814726~01
3. 51472E-01

2=0.008

7.01139E-01
7.61139E~01
7.011398-N
‘t.01139E~01
7.01135E-01

=0.08

-5, SES1EE-02
~5, GEI18E«02
-5 . §EI1GE~0Z
~%, 88916E~D2
=5, §E916E-02

Computed Results (yg =07 ¥=4 z(0,f) <0.3)

¥y (0E)

-1, 40043E-01
=1, 40043E-01
-1, 40043E-01
-1, 40043E~01
-1, 40043E=-01

z=0.01

3.41110E-01
3. 4T1I0E~E
3. 411106-01
3. 41110E-01
3. 41119E=-01

=0, 08

1, 78404E-01
1.79404E-01
1. 79404E-01
1. 79404E-01
1.78404E-01

#=0.00

7.00246E~01
7. 0ULABE-(1
T.00288E-01
T.0028EE-01
1.002B58G-01

=0.08

=3, 85420E~02
=2 354 ZRE~G2
=2, 45408e-02
=-2.55428E-072
“2, ASAZRE-G2

z=0.10

3., 429176~
3.42817E~01
a.42817E-01
3. 42917E~-01
2, 429176-01

»=0.10

=3, 55271E=is
=3, 58271E-14
=2, 4BGIUE-14
~-4,26328E~14
-4, 26326E~14

zed.10

7.000008~01
7. 00000E-01
7.00000E~01
7. 00000E-01
7.H0000E~D1

=0.10

=4, 44089E-14
5,32907E«18
2,8B6HEE15
2. ANGEEE~15
5, 43928E-15

g

..
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Table 7.5.8 Computed Results (ya = 0.7 §=4 #(0,) 2 0.6)
The Uptimal Controls
t x{0.t} x’ (0,%) ¥(oE) y*{0,t) /
¢.00 4.000C0E~01 ~2.23000E-01 §.98117E-01 2. 74291 E-Q2
0.25 0. 00000E 01 ~2,230008- 4, 9811 7E-01 3. 74201E-02
0.50 8, J0QC0E-~01 -2, 230005~01 £.0B117E-Q1 3. 74291E-02
0.75 %.000008-01 -2, 23000E-01 4.98117E-08 3. T4291E-Q2
1.00 5. 00000E-01 =2, 23000E~01 8.98117E~01 3.74291E-02
Ohjective Value o 0. 124900090E~15
Sotutions for x{z.t)
+* =10, 02 2=, 04 z=0.08 3.:0-03 2=0.10 .
0.00 £, 95850E-01 5, 92759E-01 5, 5OK35E-Q1 5.880138-(1 &, 83530E-01
25 8, Q58ESE-01 5, 82759E~01 5.50438E-01 5. 89013E~01 ¥, 46530E-01 .
£0 5. A5RERE-01 5,82750E-01 5. BU4356~01 5. B90138~01 5,88530E-01
8.78 5, 8545RE-01 5, 92758E-01 §.30435-01 5. 89013E=1 8,88530E-01
1,80 8,953E5E-01 5, 32759E-01 8. 80435E-01 5.89013E~-01 5, 88530E-Q1
Salutions for x*(z,8)
t =0,02 z=0.04 z=0.0B =.08 z=h.10
0.90 =1, B2 t4E~D «{,38R70E~D1 -8, 3RATIE~QR -4, TR48AE~D2 =i, TATSAE=14
¢, 25 “1, 8129401 -1,38270E-01 -8, 38371E-02 wd, TH4EBE~(2 =3 S5RT1E~14
0. 50 -1, A1214E=01 =,38270E-N =9, 353TIE={2 wd, T4BBE~(2 w3 19744514
G.78 =i, A1214E=~01 =1,38270E=01 =-9,3893T1E-00 =i, TIABE-O2 3, 19744514
.00 =1,81214E=-01 -1.382708-01 =,39371E-02 ~d, TSABNE=D2 =3, 55271014
eotuttons far y{z.t} _
t z=0.02 720,04 250,08 2=00.08 2=t5, 10 '
]
0.90 6. 28732E~M g.99318E~D1 ®,29EGHE~01 8. 99924E~01 ‘7, H00COE-D1 . A
Q.28 8, 9BTYRE-MN 6,983 | 3E~1 8, DOSOSE-D 4. 28824 E-01 7.00000E-1
.59 &,98792E-01 8.39518E-01 8, 98508E=-01 8, B3024E-01 T, DOG00E~D1
Q.75 £, 20AT7TS2E~21 6, BU31HE-QY 4, 38898E-QT 7, 89924E=-01 7. ODOQO0E-D1
1.38 5. 887928~ 8. 033 18E~01 8, 49996E-31 0.29824E~01 1, 000UDE-T1 -
Soiutions for y*(z.%) -
t =0.02 zu0.04 et OF 0.04 z=0.10
0.00 4,002288-02 « ABOBNE~02 1. 5151RE-02 7,.82857E~03 0. HO0C0E+QQ
W28 4, N0ERRE-02 2. 28080E~02 1.51518E-02 7.B82057E~03 1. 11082E=~15
0.50 3,00226E~02 2. 280608-02 «S151RE-(QR T.52B57E-03 2, 20DASE~15
0,78 3, 00228E-42 2. 260B0E~92 1, 51518E-02 7.B285TE~03 1,99849E~12
1,20 3.00026E-02 2,28080E~02 1. 5151RE-02 7. 02857E~Q3 3.330678«18 !




Table 7.5.9
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t

0.00
0,38
0.50
0.7%
1,00

x(0,%)

3.89630E+D0
3.89590E--00
3, BBE90E+00
3. 895690E+00
2, BBHA0E+Q0

Computed Results (vq = 0.7

x*(0.%)

=1, 18432E+01
«t, 18432E+01
=1, 184326+01
=t, 18A32E+01
=1, 184326401

objeckive Valus = -0,380Bu24B3E-15

Saluytionw for x{z.t}

t

0.00

28
0.50
0.785
1.00

Sglutions far x* .2, )

t

0.00
G.25
0. 310
8.7%
1,00

z=0,02

3.68214E+00
3. 6B 4E+00
. REZt4E+OD
3.662146+00
3.60594E+0N

z=0.02

«3, GIASAE+O0
=0, ER294E-00
«3. SRI90E+U0
=4, 82396E+00
=B, 5R3YGE-00

solutioos ar yiu.o

t

0.00
Q.25

D
9.78
1.00

Satutions for ¥y’ (z,4)

t

9.40
G.cK
0.50
Q.78

1,00

. 02

§,35023E=1
§.35822E~-01
§,3582RE Q1
8, JEAR2E-N
§.358208-01

z=i.02

1.58445E+00
1, 59445E~Q0
1, 59445E+00
1, E844EE-00
1. 5844 5E+00

2=0.05

J.51238E+00
3, 5122 6E+00
3. 51234E+00
3. 51L3EE+D)
3, S12I6E +00

2204

w7, 34328E+00
=iy §328L+00
7. 34321400
~%, 34320400
« 4 JAEEREHO0

e=0.04

a.837T4E-0
5.83774E-01
5. EATTAE-Q1
6, BuT7T4E-01
6. BATT4E-O1

2=0.04

1. 20088500
1. 30056E~00
1. 20056E+00
1, 20056E»00
1. 20086E+00
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y(0.%)

6. O00COE-Q1
8. Q0QO0E~-{}1
8. 0O0NOE-01
8. 00D0DE~-01
5. 000DOE-01

mlnu

3.20880E+00
3. 28620E+00
3. JA080E+0D
3. 3A480E+Q0
3.388490E+00

2=0.08

=i, ABBA4E+OC
=d . JR8R4E+OD
w4, JRAU4EHQD
wi, GEABAE+O0
-4, 388A4E+00

7=0,08

5.83832E-01
5. 83232601
6.83832E~01
G.A3B32E-01
£, 8383%E=1

2=, 06

8. 04¢88E-1
B.040BAE-G1
8, J48BEE~DT
4. 048BBE-01
8,04688E-01

N==4 3{0,2) < 0.6)

Y (B,t)

1.86780E+0C
1. 387BLE+DO
1,3878UE+0D
1.987BCQE+0Q
1. 38780E+CD

z=0.08

J.31239E+00
3.31338E+00
. 31329E+00
3.31238E+00
3.313398+00

=0.00

=2 S404BE+0Q
»2, J4848E+Q0
2. 54640E+00
=2+ SH0ABEHQD
~2. S4848E400

»=0.08

8. 9593RE~01
8.45338E-M
e, 85538E~01
0. 35938E-01
5. 55938E~01

=:0.08

4. 0514 1E~01
4.05141E-01
4,03141E~-01
4. 08141E=-01
4,08141E~M1

z=0.10

3.30773E+00
3,2a8773E+00
3, 287TIE+0D
3.28713E+00
3. 28TISEAQ0

z=0.10

3, BA21TE~14
=3, 19744814
«2,B4317E="14
=3, 19744E-14
=2, 48530E~14

z=0.10

7. QOGC0E=-01
1. 00000E~H
7.0000CE~D1
7. 000008-01
7. 040008~

2=0.1¢

4, 44083E~16
3. 98EROE~15
&, d0BRE-15
n. Q0QOUE+GD
%, 107038418

-~
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i
Table7.510  Computed Results (yg =07 N=4 2{0,{) bounded) =
J
0.0 = x(0,0.00} $0.2 .
0.2 € x(0,0.25) < 0.4
0.4 <x(0,0.50) S0.0 |
0.8 % x{0,0.75) £0.8 .
0.8 <x(0,1.00) 51.0 |
The Bptimal Contrels .4
& X(0,5) x*{0,t) ¥(0,) ¥* (0, t) "
0. 00 2, 00000E-01 1, 19499E+00 7, 0BOGOE~DT -1, 21BB5E~01 :
0,28 4,000008-71 4, B6679E-N 7.02801E-01 =3,80198E~02 K
Q.50 &, A8T14E~-U 1,78123E~1 7.00785E-~01 -2,33B95E~04 ‘
0.75 5. D00C0DE=-01 w, {E7H4E-01 4. 968515E-01 1. D25A4F=01 !
1.00 a,00000E=-01 =f, 19738E-01 8. 80102E-M 2.37741E-01 !
objectiva Value = o0, 416B22483E~16
Salutions far x{z,t)
+ zz0.02 2=0.04 z=0,08 z=0.08 7:=0.10
0.00 2. 21820E-01 2.388B0E~01 2, 51032E~-01 2.58%87E-01 2.011578-01
wob 4. 0BT737E-01 4, 15720801 4, 2D7AEE=-O A, 23818E~01 4,24858-01 :
0,50 4.89345E~01 D2481E-01 4. 34318E~01 4, 958417 ~-01 4, 95825E-01
0.7% %.86030E~01 5.923528~01 5. 30526E-01 5. 89104E~01 8. BB620E-DY
1.00 7.8327118-01 7.68853E-01 7.80321E-01 7.34402E-01 7.52391E=0
Salutiona for *{z,t)
¢ 2=0.02 2=0.04 Z=0,08 =008 a3, 10
0.00 8. C8833E-01 7.362736-01 4, 89818801 2. 5507E«G1 -2 84TE~14 -
[+ - 3. 83084E-01 2.B8039E-01 2,02931E~01 1. 03856E-01 ~2, 84217614 b
.50 1. 45085808 1.094298-01 T+ 42942E-02 3, TASENE-D2 =2, 40680E=-14
0.75 =1, T9369E-I1 -1,37383E-01 =B, 4033DE-QZ «d  AQIGI1E=02 wd, 1974AE~14 -
1.00 =¥, 51586E=-01 ~5,74980E~01 =3, 810018-01 ={,88624E=01 w2 AAZTITE-14 ~
Saiutions far y{z,%) .
t m=0.02 =0.04 z=0,08 ==0.,08 z=0,10 e
4.C0 T.055THE-O 7.033538-01 7.01584E~01 7.00402E- 7. 00000E~D1 ™
0.28 T.081128-01 7.01390E-0 T.00824E-01 T.00183E=01 1. 00000C-01 R
.50 7.00651E-01 7.00445E-1 7. 002236~ 7, 00055E-01 T+ 0QuQ0E=D1 A
0,75 5, 98146E8-01 5, 98115E-01 8. 9985BE~-Ut 0,58921E~-01 7.00000E=Q1 .
1,00 4, 841 22E-01 E.98081E-D1 8, 3B678E~uv1 8.90E7TRE=01 7.G0000E=-01
aglutions for y*{z,t}
% z=0,02 a0, 04 z=0.08 i), K 2c:0.10
.00 -1, 183108~-01 =1, 02177E~01 =7 51 2E-02 =-3.98807E~02 2.22045E-18
0,258 =4, DBO32E-02 w3, B1972E~00 ~2.E4501E-D2 «1,805488- 02 3. 33087E~13
0. 8¢ =8, 87058E-03 =1.16846E=02 -1,.013%3E~02 =B, 79507 2~03 4, AB4RBE~15 -
Q.75 4, 28578E~02 3,01646E~02 1, 91 448E=D2 B.13852E~03 =, 60134E=16
5.00 1.67152E=-01 1. 11987E-01 8, 34082E-02 2. 243045~02 1. 85B40E~18

4
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Table 7.5.11 Computed Results (yg = 0.7

0.0 £ y(o,0.00} € 0.2
0.2 % y(0.0.25) £0.4
0.4 % y(0.0.50)
0.8 <y{0,0.75}
0.8 < y{0,3.00)

F=4 30, bounded)

o.a
0.8
1.0

INIALA

The Nptimal Controls

¢ X(0,£) 27 €0,8) y10,8) ¥ 10.%) i
4
0.00 2, 44365E+01 -f, 4260TE+3 0. 0LOABE+0D 1.334158+01 ]
0,28 2, 10581E+01 -7, 276530+ 2. GH10DDE-(1 7. T1500E+00 N,
0.50 #, 438DSE+00 =2, 11110E+(1 . HIDOQE~{1 8,89152E-01 k
0,75 4. 1H4TOE+0D -1, 20TOUE+ 4. COQODE~01 1. 78132E+00
1.00 1,07348E-27 1. 50057E+00 #, D0O00E-01 =3, 49800E+00 ;
ohjective Yalue = 0.0257459256-06
Salutions for x(z.t}
t 2=0, 08 2=0, 04 203,08 z=0.08 2=0,10
0.00 2. 290BBE+D1 2, 1TO12E+0 2,08231E+01 2.02080E+0Q1 2.01038E+01
0.3% 1. 874126 +01 1. 8703 1E+01 1 794D1E+01 1. 74881 E+01 1.793158401
¢.50 B, OESBYE+0D 5. 75667E+00 . 83374E+00 5. 4071 7E+0D 5,35714E400 |
0. 75 3.85155E+00 3. 10751400 3. B3378E+00 3, 85200E400 3, 52422E+00
1.00 2.517365-02 %, 44548E-00 7.334933E~02 A, SZINEE-02 8,.92780E~=02
Solutiune for x°{z2,%)
& z=0,02 2=0,04 2=0.03 =0.08 z=0,10
.00 =8, §A5D5E+01 ~5, 220888401 -3, 540408+01 «1,81127E+01 =2, 04217E=14
0.5 =5, 8305AE+01 «A, ABBSCEH01 =3, OASIHE T =1, ES450E+01 ~3.90788E-14 .
0.50 =1, 70006E+01 =1, 201406+ =8, TEOUL T+ =k, 4700TE+0Q »2.13153E~14
0.7% =1, 04375E+01 ~7, 4562 15+00 w5, AQZHUEHID <2, T5158E+00 w3, 1974kH=14 .
1,00 1.35322E+00 1. 117B0F 200 7. TR2052-01 4. 0UB18E=-01 w2, B4217E~14 -
Solutions for y{z.t)
t 220,02 2=, 04 I=0,00 =0, 08 220, 10 »
#
6.09 2. 48379E-01 4, A2084E-01 5.84772E-01 8. 71184E=01 7,001BSE=01 "
0. 05 3, 535158~ &, SAZ4TE-0Y 5. 04070E-01 8. 75140E~01 8, 1R578E~) ' .
0,20 8.19850E-0Y 8. 47311E=01 G T424BE~01 5.837188-01 7.00816E-01 :
0.75 8. 33148501 8. EOAB7E-DY &, A0HB3ED1 8.83TTBE-01 ¢, 98 141E5-01 r
1.00 7., 4B091E-1 T.21818E~-01 7.08202E-01 7.04238E=11 7.02981E-01 -
Solutions for y* (2.t}
+ z=0,02 ar0.04 z=0.08 z=0.08 20,40
_ 0.00 1. 11127E 401 8. 51356E+00 5. 79 EH0D 2. 892416400 1.35447E-14
" 0.25 7. 4TE20E+00 5. 37211E+00 4. 62030E+A0 2.42898E+00 1. 554318-18
i &.50 1. 24721E+Q0 1, 42203E+00 1. 21173E+00 8. 33701E~01 2, 220456-18
0.75 1, 52140E+00 1, 20402E+00 8, 35058E-01 4,33338E-01 2. 44249515 -
. 1.00 «1,B4ZEIELQ0 =8, 3TRT9E-0 ~3,ABBE3E-01 wt, S5 TERE~DT 3,33067E~15
f P’y
A i
-
i
-
n“ .
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CHAPTER VI
CONCLUSION AND SUGGESTIONS FOR FURTHER STUDY

The main voncern of this thesis has been to devise efficient algorithms ivr solving the four
types of optimal control problems mentioned in Chapter I. A fow numericul problems were
included in each chapter to demonstrate the efficiency of the algorithms used. For the case
of deterministic control problems governed either by ordinary differential equations or
ordinary differential equations with time—delayed arguments, convergence properties have
also been established for the algorithms vsed in Chapters IT, IV and V. In the nuar future,
we would like to establish convergence results for the method used in Chapter ITI also,

which involved control parameterization technique in conjunction with Liapunov concept.

For the sequential gradient-restoration algorithm discussed in Chapter II, the rate of
convergence is usually very fast during the first few iterations, but becomes much slower in
the vicinity of the optimal solution. Thus, it appears that « method for determining any
norm between the sequence of controls generated by the algorithm and the true optimal

control is very desirable.

Also, it will be & very interesting problem to extend the convergence results obtained in
Chapter II to a more general class of nonlinear problems, which involve not nnly the initial
constraints and terminal constraints, but also continuous constraints. The proof o
convergence result of such a class of optimal control problems will be much harder than
that given for the problem discussed in Chapter II, owing to the existence of continuous

constraints.

R T

. ke

Y
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For the method discussed in Chapter III, it can be very time—consuming when the total

number of parameters in the approximate problem is large.

Another disadvantage of the algorithm is that there is no clear—cut wr . to choose the
weighting factors in the approximate problem. At this moment, we neew .1 determine
these factors by trial and error. However, in spite of these drawbsasks, we still believe that
it is a very good method, since very accurate results have been obtained f the two
numerical examples that we solved in Chapter III. As mentioned in the first paragraph of
this section, some proof of convergence result for the algorithm used would be very

desirable,

In Chapter IV, a computational algorithm similar to thai developed in Ref. 103 was used
for golving a class of time-delayed optimal control problems which involved a nonlinear
functional, terminal state inequality and equality comstraints, together with continuous
state constraints. This method involved both the techrique of conirol parameterization

and constraint transcription.

At the present moment, the constraint transcription does noi atlow the con - -ous state
constraints to be of their full generality, because we need to exclude the control variable
from these continuous state constrainis. It will be very uwseful if we can extend the
application of the method developed im Ref 103 to the case where the continuons

constraints can have the following form

giftc(),z(i-h),u(f) e(t-h)20,i=1,.,N, ¥Yie[0,7]
(8.1)

Az mentioned in the Introduction Section in Chapter I, the problem considered in
Chapter V differed from that considered in Chapter IV only in the way that the cost

functional of the problem in Chapter V consisted of not only terminal cost and integral

e =
e e oy ..

o
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: cost, but also the full variation of contrc' Since this problem was actually formed from the

i problemr considered in Ref. 104 & yedition of time—delayed arguments in both the

| gtate variables and the control variables, all the convergence results of Nef 104 were
extended to the problem describcd in Chapter V in a astraightforward manner. However,
the zaihor does not kmow if the method develuped in Ref. 104 can also be applied to the i
loss of optimal control problem, where the cost functional involve not only the fall '
variation of control, but also the full variation of the state variable. This is an open .

problem,

In Chapter VI, we considered a stochastic linear quadratic problem with Markov jump
processes in the parameters. By seeking for the best feedback control Jaw depending only

on the measurable output, we converted the originai stochastic optimal control problem

into a standard constrained deterministic optimization probless. A very challenging job for .
. future research will be to use this idea to solve the following time-delayed stochastic )
control problem »
; m C e ’
; min £ {%f (7 Qz(r) + u(n) Ru(7) R
° Rl
i +o(r—h)T Qa(r—h) + u(r—m Bu(r—h) dr) (8.2) L,
| g
! .
| subject to : :
| ;
i . . |
| z(f)=A(r(®))z() + B(r () s () .
| :

+A(r(E~R) o (t=R) + B{r(t=H)) z(t-- 1) (8.32) e
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y{(f} = C(r (1) z(9) (8.3b)
z () = ¢ (1), L [~h,0] (8.3¢)
u () = 8 (t), t& [~h,0) (8.3d)
and
Prob {r{t+ Aj =] | r(f) =i}
7 Ak 0 (4) ifid] Yiel|-hw)

- (8.4)
L4+ 735 A+ 0(A) ifi=]j.

The chemical reactor problem considered in Chapter VII involved a couple of nonlinear
diffusion equations. The available control variables were the input temperajure and the
input oxygen concentratiom, which wure both funetions of time. By linearizing the
differential equations arcund a nominal solution and then applying a finite element
Galerkin Scheme to the resulting distributed system, the criginal problem were converted

to a sequence of quadratic programming problems with linear constraints.

From the numerical result, it appeared that the above method worked very efficiently for
the problem defined in Chapter VIE However, if we madify the above problem a little bit
by taking the velocity parameter f (f) of the chemical reactor o be another control
varnable, then the above method will not work for this modified problent any more, gince
we shall not be able to converd the original problem into a sequence of approximate

problems. A more sophisticated algorithm needs to be develeped for the modified problem.

At
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i Finally, for the problem defined in Chapter VII, we have not yet established any

,'
convergence properties of the sequence of optimal control of the approximate problem to . i
‘ i

the true optimal control. This question i yet to be answerad, also.




&
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