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ABSTRACT

In this thesie, we EtU(~.:the following four types of optimal control problems:

(i)

(ii)

Problems governed by systems of ordinary differential equations;

Problems governed by systems of ordinary differential equations with

time-delayed arguments appearing in both the state and the control

variables;

(iii) Problems governed by linear systems subject to sudden jumps in parameter

values;

(iv) A chemical reactor problem governed by a couple of nonlinear diffusion

equations.

•
The aim of this thesis is to devise computational algorithms for solving the optimal control

problems under consideration. However, our main emphasis are on the mathematical

theory underlying the techniques, the convergence properties of the algorithms and the

....

efficiency of the algorithms.

:(

Chapters II and TIl deal with problems of the first type, Chapters IV and V deal with

problems of the second type, and Chapters VI and VII deal with problems of the third and

fourth type respectively. A few numerical problems have been included in each of these

Cnapters to demonstrate the efficiency of the algorithms involved.

The class of optimal control problems considered in Chapter II consists of a nonlinear

system, a nonlinear cost functional, initial equality constraints, and terminal equality

constraints. A Sequential Grudient-Restoration Algorithm is used to devise an Iterative

J.

algorithm for solving this class of problems. 'I'he convergence properties of the algorithm

are investigated.
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The class of optimal control problems considered in Chapter III consists of a nonlinear

system, a nonlinear cost functional, and terminal as well as interior points equality

constraints. The technique of control parameterization and Liapunov concepts are used to

solve this class of problems,

A computational algorithm for solving a class of optimal control problems involving

terminal and continuous state constraints or inequality type was developed by Rei. 103 in

1989. In Chapter IV, we extend the results of Ref. 103 to a more general class of

constrained time-delayed optimal control problems, which involves terminal state equality

constraints, as well as terminal state inequality constraints and continuous state inequality

..

constraints.

In Ref. 104, a computational scheme using the technique cf control parameterization was

developed for solving a class of optimal control problems in which the cost functional . :.,I
•includes the full variation of control. Chapter V is a straightforward extension of Ref. 104

to the time-delayed case. However the main contribution of this chapter is that many

numerical examples have been solved.
...

In Chapter VI, a class of linear systems subject to sudden jumps in parameter values is

considered. To solve this class of stochastic control problem, we try to seek for the best

feedback control law depending only on the measurable output. Based 011 this idea, we

convert the original problem into an approximate constrained deterministic optimization

problem, which can be easily solved by any existing nonlinear programming technique.

In Chapter VII, a chemical reactor problem and its control to achieve a desired output

temperature is considered. A finite element Galerkin method is used to couvert the

original distributed optimal control problem into a quadratic programming problem with

linear constraints, which can he solved by any standard quadratic programming software .

I
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CHAPTER I

INTRODUCTION

Optimal control theory has been of considerable importance and has many successful

applications in engineering, natural science End social science. The theory has heen

developed and formalized as a generalized extension of the calculus of variations. It has

been used to solve a diverse collection of problems. 'However, rear-world problems ale.

often too complex to be solved analytically. Therefore, computational algorithms are

unavoidable in solving these real-world problems,

..

Our main concern in this thesis is to develop efficient algorithms for solving the following

four types of optimal control problems:

(i)

(ii)

Problems governed by systems of ordinary differential equations;

Problems governed by systems of ordinary differential equations with

time-delayed arguments appearing in both the state and the control

variables;

Problems governed by linear systems subject to sudden jumps in parameter

values;

i
'/
;L~

•

(iii)

(iv) A chemical reactor problem governed by a couple of nonlinear diffusion
'( I

equations.

1.1 Ordinary Differential Equations

There are many efficient gradlen; t.ipe algorithms in the literature for solving optimal

control problems governed by ordinary differential equations. As early as in Id6S, it was

used in conjunction with the method of penalty functions in Refs. 21, 44. In 1970, the

gradient information together with the approach I)f Bryson-Denham was used in Ref. 16.

1
<

, i
I j
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However, both of these methods did not ensure the satisfaction of all the constraints and

the boundary conditions at the end of each iteration. Thus, the comparison of the cost

functional values between each iteration was not possible. To avoid this drawback, Kelley

in Ref. 35 proposed to have a restoration phase at the end of the gradient phase. He

superimposed to the change of the control associated with .he gradient phase a

perturbation obtained by combining linearly some arbitrarily prescribed functions Nt),

/2( t),· . '. The constants of the combination were determined iteratively in order to satisfy

the terminal conditions. Unfortunately, there is no clear-cut way to choose the functions

fl( t), !2( t),· . '.

In the late 1960's, the Sequential Gradient-Restoration Algorithm (SGRA) wag developed

for solving equality constrained Jlonlinl'n,r lli.?!jmh~at.i()n p_Tob}mnB,by Miele and his

co-workers in Refs. 58-59. The algorithm consists of a sequence of two major phases: a

gradient-type minimizatn in a subspace tangent to the constraint surface) and a

feasibility restoration procedure. It has been used with great success for many largo-scale

problems, mainly in the area of engineering optimization.

However, convergence properties of the SGRA for nonlinear programming problems were

studied only recently by Rom and Avriel in Ref. 76-77, where global convergence was

successfully proven, and an asymptotic rate of convergence was established.

In Ref. GO, Miele et al extended the use 01 SGRA to opt tal control problems.

Nevertheless, no convergence properties of the SGRA were included.

In Chapter II w\~ develop the SORA for solving a class of optimal control problems

governed by ordinary differential equations, which involver; both initial and terminal

equality constraints. 'I'his class of optimal control problems is more general than that of

..

•
'-

..to

I

,
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Kef. 60, because the state variable x is fixed at the time t ::: 0 in Ref. 60. The problem is

summarized as follows:

Minimize a. function J which depends 011 the state variable x (t), the control variable u (t),

and the parameter 11", where J is a scalar, x is an n-vector, U an m-vector and 11" a p-vector,

and t is the normalized time (d. Ref. 43) with 0 ~ t ~ 1. x (t), u (t) and 11" are required to

satisfy n scalar equality differential equations. Furthermore, x (t) and 11" are required to

satisfy the initial condition (r scalar equality equations) as well as the final conditions (8

scalar equality equations).

..

The SGRA developed in Chapter II is very similar to the SGRA developed in Refs. 76--77

for solving nonlinear programming. Moreover, the proof of convergence result of the SGRA

for solving optimal control problems is established for the first time in history. The proof

of this converge nee result is strongly motivated by that of Ref. 65. More precisely, we have

extended the convergence result for the mathematical programming problems reported in

Ref. 65 to optimal control problems.

.....

•

An important feature of our algorithm is that a scheme is incorporate-I in such a way that

at points far from optimum, only 0, rough estimate of feasibility is required; and the

feasibility requirements are gradually tightened as the optimal solution is approached.

This scheme can save a great deal of computational time.

- ....

/

~

In Chapter III, we present a new innovative approach for solving a class of optimal control

problems governed by ordinary differential equations which involves both terminal and

interior points constraints. The problem is summarized as follows:



-

,_-------""""~--

4

Minimize a Iunctional J wil1elf(~blds on the state variable x (I), the control variable 'cJ, (t)

and the parameter lf', where J is a scalar, :1: is an-vector, u is a r-vector and 'IT is a

p-voctor, tis tne normalized time with II ~ t ~ 1. x (t), 1£ (t) and 7i arc required to satisfy q

terminal or interior points constraints.

Using the tl'dllliqllt' of control paramctcrizution described in Refs. 15, 28, :~2, 86, 88, 80, 05,

D7, 1112, 111:1,ius, 110, J 1:2, l:>fi, 12G, the optimal control problem can be approximated by

a constrained nonlinear progrumming problem. There are many existing techniques for

solving this problem, such as the constrained Quasi-Newton method described in the

Appendix of Ref. 112 We shall however, resort to another rather unconventional,

somewhat brute force .nunner for solving this problem namely a method based on the

l.iapunov Concepts which was originatly suggest.ed in ",d. '7·1.

After having converted the original control problem into a constrained nonlinear problem,

we .OIl vert this c', 1 rained problem :~it() au unconstralncd problem via Liapunov form.

Based OIl the fact that tHe stationary Pi 'It, of the Lagrangian function can be found by

setting all the derivations equal to zero, \H~ define a suitable positive-definite Liapunov

Function (L) with terms cunsis ling of all the deri vati ves of the Lagrangian function.

Finally, the problem of finding the minimum of (L) call be easily solved by any existing

llIlcollStrnillc<iuonlincal' programming technique, such as the conjugate gradient method.

From the illustrative examples solved in Seetioll !L7, the method of control

parameterization in conjunction with Liapunov Concept appears to work wry effieilmtly

. .".. _.

..

•
""",

..

,
I,
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1.2 Ordinary Delay~Differential Equations

In recent years, significant emphasis has been given to time-delayed differential equations,

because of many npplicutious in engineering, natural science ami social scion. ;;\. Excellent

bibllographics for such practical problems can be found in IV~fH.18, 120

In Hd. ail, Kharatispvili extended l'ontl'yagin'B Maximum principle to systems with

discrete delays in hot h the' state and t.h« control variables.

Results conccruing the existence of optimal controls f(li systems governed by ordinary

delay differential equations have been investigated by Ahmed (Hef~l. :~-·4), Angell (Refs.

Ii -R), Chyung and Lee (Rd. 1!J), GC()rgalltis and Ahmed (Ref. ~:4), Lee (nors. :W-:J8) ,

Nahaban ami 'i'vo IHd. (7), Ogl1;ctiireli (Rd. (iD,pp. IBI-Ul2), Teo, Wu and Clements

(Ref. 1Hl), 'I'suzakan (Rd. 117) and Wang (Rd. 118). •
It appears tha: very few results (Refs. on, HO, l lti, and 122--12G) on computational

algorithms for hereditary optimal control prulnems are available in the open literature.

In both Chapter IV and V of this thesis, we consider optimal control problems governed by

t he following dday"-dif:l'rt'lltlal eq Ita tion

(
J

~

dx
,,-~" f(t,:!!(t;), ;I: (i Il), Ii (t), 1l (t e_ h)),
tit

i : [0,1] (1.1)

togptlwl' with some ~;iV('ll initial conditions. J'

_______________ 'F- -.- e e_ I
"?iiY-gr·,-·--·'ti~\IIIS_7 .S."



In Chapter IV, a computational s"heme using the technique of control parameterization

and a new constraint transcription is presented for solving t11(' nonlinear time-delayed

optimal control problem governed by (1.1), together with terminal state equality

constraints, terminal state inequality constraints, and continuous state constraints.

Moreover, the cost functional consists of a terminal cost and an integral cost. The
,
'\

traditional method of constraint transcription is to convert the continuous state constraints

of the form

[J (t,:r (t)) ~ D, t E [0, T] (1.2)

into the form
....

'I'J max {O, g (t,:I: (t))) tit :=: n
11

(La)
""'"

•
'...

However, as mentioned ill Rd. loa, the equality constraint (1.:3) so obtained is non-smooth

and du not sat.isfy the URIHll constraint qualification. Thus, convergence is not guaranteed

and some oscillation may exist in the numerics 1 computation. ....

Thus, ill Chapter IV, we use the idea of lief. lOa to obtain it new constraint transcription.
,

I
".,-'

By using this J1('W constraint transcription, we can overcome the two disadvantages

mentioned above.

'I'he ahov« technique has already helm adopted by Teo and Jenning in Ref. lOa for solving a

(']'''is of optimal control problems involving terminal state inequality constraints and

coutinuous statl~ «onstrmnts. In Rd. llU, Tell ami Wong extend all the results of Ref, 10:{

..
,.

til a more gt!lWI'<lJ dasH (If optimal control problems involving additiona' terminal equality

«onstraints, j,ngdlwI' with the «onstruints reported in Rd. ius. The contri bution of ,
I'

( ~hapte!" IV of this tlu 'SiH iH to extend the result (If Ref. llll to it general class of ~

.J>

.:\

~~=c:.;~:.;;t~----"!'!J!IIIIJ .. m.j
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time-delayed control problems.

Although the convergence result of this paper is exactly the same as that of Ref. 110, the

assumptions that we use in obtaining these convergence result are much less restrictive

than those of Ref. 110. In fact, only one additional assumption apart from those given in

Ref. 103 has been used.

The problem considered in Chapter V is very similar to that considered in Chapter IV,

with the exception that the cost functional in Chapter V is the sum of not only the

terminal cost and the integral cost, but also the full variation of the control. Moreover, for

the sake of simplicity, we have omitted equality constraints m our discussion in Chapter V.

In Ref. 14, Blatt initiated the idea of including a cost associated with switching control

from one discrete value to another into the usual cost functional in an optimal control
•problem.

In Ref. 68, Noussair extended this concept to the case where the controls are piecewise

continuous functions defined all [0, T] with values in some compact subset of Rn. The full

variation of a control is defined as the sum of variations of all its components.
I I

,...-'
In Ref. riO, Matula derived the necessary condition in an integral form and a local necessary

condition ill the case of monotonic. controls,

The optimal control problem considered in Ref. 104 was very similar to that considered in

Chapter V of this thesis, with the exception that the system considered in Ref. 104 had no

time-delayed arguments in both the state variables and the control variables. There, by

using the control parameterization technique presented in Refs. 15, 32, 86, 88, 89 and the

enforced smoothing technique presented in Ref. IOO, the optimal control problem can be

approximated by a sequence of standard optimal parameter selection problems, which can

J,

,
I,•
t ,

..~

,
I
i;

.~~jJ'jjTGr-""'~~1.7•••••• '



he solved by any standard mathematical programming technique, such as the standard

constrained Quasi-Newton method. It is interesting to note that by using the control

parameteriz ation technique, the term involving full variation of control appearing in the

cost functional simply becomes a non-smooth function in the form of £l-norm. This

non-smooth function is then smoothed by the enforced smoothing technique mentioned

above. Rigorous convergence results have been obtained in Ref. 104.

The main contribution of Chapter V is that we extend all the convergence results of Ref.

104 to the time-delayed system. Although this extension to time-delayed system is quite

straightforward, we have solved a few numerical examples in Chapter V of this thesis to

illustrate that th« techn' "l1l' used in Rd. ID·l works equally well for time-delayed

pro blerns,

1.3 Linear Systems Subject to Sudden Jumps in Parameter Values

In Refs. 22, 37, Florentin, Krasovskii and Lidskii initiated the study of optimal control for

a class of near systems with random parameters. Some of their research focused on the

case of jump linear quadratic (.JLQ) systems where the parameters am Markov jump

processes with finitely countable states and where an optimal control Lw is sought with

respect. to the mathematical expectation uf it quadratic cost. In Refs. !n, 128, 120, Sworder

and Won ham established that, in this case, the optimal control Iaw consisted of a full state

feedback regulator. In Ref. (W, Levine and Athans considered the ease without jumps and

proposed the optimal control law for the LQ problem. In Rd. 5a, Mel.ane did the similar

work for the Linear Quadratic Gaussian (LQG) problem which takes account of the

continuously acting disturbances modelled by Gaussian white noise. In Ref. 48, Maritan

and Bertrand established tilt' best feedback control law depending only on measurable

output rather than OIl the state of the system for the .1LQ problem. This result was further

improved when Marlton designed .JLQG regulator in Ref. 47 where only part of the system

state, the out put, is measured

•
'.....

_ ...•

...._ ......
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I
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P"'\
In Chapter VI, we deal with exactly the same problem as that considered in Ref 48. '.:3y

seeking for the best feedback control law depending only on the measurable output, we

convert the original problem into an equivalent standard constrained deterministic

optimization problem, which can be easily solved by any nonlinear programming technique.

This method is better than those considered in Refs. 40, 48 which are based on the

necessary condition of optimality, because their algorithms could not guarantee that the

system would be stable in every mode during each iteration of the algorithm Same as in

Ref. 9, the gradients of both the performance index and the constraints were derived via

the introduction of the Hamiltonian and co-state matrices. Finally, an example has been

solved to illustrate the efficiency of our method.

...
"

..

1.4 Nonlinear Diffusion Equation for the Chemical Reaction

In Chapter VII, a chemical reactor problem and its control to achieve a desired output

temperature is considered. The variables to be controlled are the temperature and the

concentration of oxygen, which are functions of both position and time, and are described

by a couple of nonlinear diffusion equations. The available controls are input temperature

\)

....

and input oxygen concentration. The objective function to be minimized is the mean

square error in the actual output temperature compared to a desired output temperature.

By linearizing the differential equa.tions around a nominal solution and then applying a

finite element Galerkin Scheme to the resulting distributed system, the original problem

can be converted into a. sequence of quadratic programming problems WIth linear

constraints which can be easily solved by any standard quadratic programming software.

The approach of first converting the original distributed optimal control problem into a

sequence of approximate problem involving only lumped parameter systems and then

developing computational algorithm for solving the discretized problem has been widely

used in Refs. 11, 73, 1Hi (Chapter VI, Section 7).

(

I

".'.

••
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CHAPTER II

CONVERGENCE PROPERTIES OE' THE SEQUENTIAL GRADIENT-

RESTORArfION ALGORITHM ]i'OR A CLASS OF OPTIMAL CONTROL PROBLEMS

INVOLVING INITIAL AND 'fERMINAL EQUALITY CONSTRAIN'fS

\
"

2.1 Introduction

The class of optimal control problems considered in this chapter, which is more general

than that of Ref. 60 , involves a nonlinear dynamical system together with terminal

equality constraints and initial equality constraints.

Our main aim is to use the Sequential Gradient-Restoration Algorithm (SGRA) for

solving the optimal control problem iteratively and to investigate the convergence

properties of the algorithm.

•
In Section 2.2, we introduce certain notations, which will be used throughout this thesis.

In Section 2.3 and Section 2.4, we describe the optimal control problem (2.P), and impose

certain :..ssnmptions.

...

(

In Section 2.5, we derive first-order necessary conditions for optimality together with a

constraint qualification for the problem.

In Section 2.6, we describe an approximate method for solving the problem (2.P). This

approximate method involves minimizing the cumulative errors in both the constraints and

the optimum conditions.

.'

J

'.
,,.
•, '

-'

h 7
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In Section 2.7, the restoration phase is discussed. The restoration phase is designed to

restore feasibility. More precisely, in the restoration phase, we use nominal functions x (t),

u (t), '* to generate functions x (t) + ,6,':1; (t), u (t) + !:::..u (t), '* + !:::..'1r so that the new

functions so generated will satisfy both the differential equations and the boundary

conditions. \

In Section 2.8, the gradient phase Is first discussed. The gradient phase is designed to

decrease the functional in a subspace tangent to the constraint surface. More precisely, in

the gradient phase, nominal functions x (t), ~/,(t), 7r satisfying the differential equations and

boundary conditions are assumed. We then try to seek functions x (t) + !:::..X (t),

u (t) + !:::..X (t), If' + !:::.. 'ff so that the value of the functional is decreased,

These variations D.x (t), D.U (t), !:::..7r are obtained by minimizing the first-order change of

the functional subject to the linearized differential equations, the linearized boundary

conditions and a quadratic constraint on the variations of the control and the parameter. •
......

After having discussed the gradient phase, we present the SGRA in Section 2.8. Each

iteration of the SGRA consists of a sequence of gradient-type minimization and feasibility

restoration. The convergence properties of the SGRA are discussed in Section 2.8.
- ...,.'

{
I

~
In Section 2.9, one numerical example is solved to demonstrate the efficiency of the SGRA.

2.2 Notation

Let I· I denote the usual. norm in an Euclidean space. For any matrix M :: (Mij).
l=h· ..,tll'
j=1"",1l2

let

I

----~.·~--·'-------------- IIIIIiI_"',~~--'--,---

.
i
'j
j

71
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IMI = [ L
i=b' •• ,Dt j=b"" D2

Ba
-=
By

2.3 Statement of the problem

The purpose of this chapter is to study the minimization of the functional

J = J If( t,x (t),U (t))1r) dt + [9 (x,7r)]o + [h (X,7r)]l
o

(2.1)

with respect to the functions z (t), u (t) together with the parameter 7r which satisfy the

differential equation

X (t) == IP (t,x (t), '/1 (t), 7r) (2.2)

together with the initial condition

[w (x,7r)]o ~ 0 (2.3)

and the final condition

"

'.rf

• •

...
.. .....,

I
",...,

..

I

\.,

,,.

/ ,;j

I
.,~_.Y71"r-·-ln4••• ".711.·'
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I

(2.4)
~I
i

where x : [0,1] -I Rn is an a' . ,ltely continuous function such that x (t) '3 essentially

bounded on [O,lJ; 11 : [0,1]-1 R'" is a bounded measurable function; 1f is a vector of RPj and

¢ : ['J,l] x Rll x ilm x RP _, Rll, f: [0,1] x Rll x Rm x RP -I ii, g:.Rll x RP -I R,

h : Rli x RP -I R, w: R!I II RP -I RI', 7/J: Rli x RP -I RS are given functions.

\

For convenience, the above problem if referred to as i roblem (2.P).

2.4 Basic Definitions and Assumptions

IILet Lm denote the Banach space LIll([O,l], RIl) of all essentially bounced measurable

functions from [0,1] into R!I. Its norm is defined by

•
Ilxll s ess sup Ix(t)1

III t E [0,1)
(2.5)

Let 'It be the set defined by ,1'/ j

~.--.•._""_'- ...

'It == {z = (x,u,1/') : z : [0,1] -! RIl is an absolutely continuous function such that .'f J
• 11 m
X E L ; u E L ; 1/' E RP}

III m
(2.6)

For any z E '/I, let

II z Ii ::-: il x 1100 -I- II X IIIll + II u 11m + 171'1+ I e] 0 + I xl! (2.7)

I

Let tl be a subset of w: defined by

';J
Lo/:= {z = (X,?L.lr) E 'l1: (x,1l,lr) satisfies constraints (2.2), (2.3) and (2.4)} I

if

\

\

.. ~ " .' <I ... .. • !.
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We assume that the following conditions are satisfied.

Assumption (2.4A)

2.4.Al. The functions Jand ¢ are continuous on [O,lJ for each

2.4.A2. There exists positive constants K, and /(2 such that
,

I ]'r-l(t,X1,1/,1,'lT1) I ~ 1("

IGn(X1,7T1) I ~ 1([,

and

(2.8)

(2.9)

, '

IFr,(t,xl,Ul,7!1)_-I,[}(t,x2,7L2,7f2)1 ~ J(dlx1-X21 + IUI-u21 + 17rl-'iT21),
(2.10)

,
IGr,( Xl, 'lT1)-G(-I( X2, 7f2) I S [(2 (I XLx21 + I7f1-7f2 I), (2.11)

.
for any t E [0,1], Xl, x2 E RIl, 'ul, u2 E Rill, 'IT!, 7f2 E RIl, where F (respectively,

'oIJ/

• •
. '
G) denotes any of the functions Jand ¢ (respectively, !l, h, wand 'I/J)i and Fli

" ,,"

(respectively, Gr-l) denotes the gradient of the function P (respectively, G)

with respect to (1. Here, {J represents any of the vectors :r, U and 7f'.
'Or

2.4.A3.
. .

The functions {l2 FI ()lM}t12 and 02 GI [}/11(){12 are continuous, where for each
(

J

1 ",' 1,2, (1i represents any of the variables Xi' i = 1, ... .n; Ui' i = 1, ... .m, and

'lTi' i '''"'1, ... .p,

2.5 First-Order Necessary Conditions and Constraint Qualification

In this section, we shall dei ve first-order necessary conditione for optimality together with

a constraint qualification for the problem (2.1'). The main function of the constraint

I,

quallficution in the muthcmatlcnl programming hi to ensure that the algorithm does not
\
\

jam up at. undesirable points .

.. ... __• -..1",...__ '""',..,.- .. . -.--.-"··-ZjFTfi.;;~-~---JJlI_7 " ••
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For brevity, we write

A ,_

G == G (x,1f)

(2.12)

(2.13)

(2.14)

A A

F:= F' (t,x, u, n)

A "

Fri == F(1 (t,x, U, 1f)

and
A _,

Gr1 ::!. Of (:1:. -n') (2.15)

"
where P, G, ['(I' and Gf) are as defined before.

Remark 2.5.1 From the standard existence and uniqueness theorem in the theory of

ordinary differential equations, it follows that the trajcetory x( t) that satisfies (~t2) is

uniquely determined once (x (0), u (t), IT) is specified.

Let::;::::; (;~ (t), u (t), IT) E /'llw given. By adjoining the differential equation (2.2) to J with

the Lagrange multiplier function A O( t), we get
•
'-

(2.Hl)
-. ,...

Integrating by parts the last term 011 the right hand side of (2.16), we get j

(2.17)

In view of Remark 2,11.1, ,j is completely deterrni.ied by (:r{O), u{t), 7T). Thus, by considering

the vnriation in .1 duo to the variation in (x (0), 'lL (t), 71'), WI' ohtuin

.----.------------.._~
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Choose An to satisfy the following system of differential equations:

Then, I~J snnplifies to

.+ {fl L~t -" p,,)T ,/l'al dt} Alf + {[g.nL + [h,.\} !J.7f
,)

Consider the constrain t functions:

i :c: 1,... .r

where [Wi]., denotes the it,ll component of [wL" In this case, we haw

i ,;;1,... ,1'.

We now consider the constraint Iunctions:

, .. ... _.''I'f'" "

(2.18)

(2.19a)

(2.19b)

(2.20)

(2.21)

(oj ')")..J./kJLI

,"'"
• 0..

...- .....

r

J

••,,"'
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i == 1,... ,8 (2.23)

where ['1hl! denotes the ith component of hi,]!. Then, by using ~1similar argument as that

given for tsJ, we can show that

i :co:: 1,... ,8 (2.24)

where

(~i)T "''' .- (All It).l(

(/V)T :;;: ·"l~!.I1 1> X I

(2.25a)

(2.25b) •
Let us now construct (t.:r (0), t.u (t), t.7r) such that t.J < II and that the following

constraints are satisfied. ."......

i c::: 1,.... 1' (2.2G) I

.,..-'and

i ccc 1,... ,.., (2.27)

Multiply the ith equation in (2.2:~) by ILi and the ith equation in (2.24) by iii' SUIll them

together. Then, by adding the resulting equation to (2.20), we obtain

I,

I' :,

t::.J + L Ili 1~(lJiL t L Iti [b'V'il,

(') ')H)
'\
r ,

i ::1 i « I

J

________________ ... _"T"-
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and
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i = I

J('!t""'" ~1 {f'lt •.• (AO)T cP'fi - i ~i (Ai)T cP'lt} dt
i e I

r S

+ [911 + L.. ILi wj,7flo + [h'll + L ~i '1/\)1
i = I

Now choose

D.u (t) := - ti, ([(II(t))T

D.7f:::::': - ti, ([('I?

(D.X)t) := - ti, (It)T

where ti, > o. Then,

r S

D.J + '1ILi [D.Wilo + L ~i [D.1hll

(2.29a)

(2.29b)

(2.29c)

(2.30)

(2.31)

(2.32)

(2.aa)

..

•
'..

I
,~

{ I

~

I,
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which is negative unless KU(t) :: 0 V t E [0,1], gll :: 0, and If = o.

"
Next, we need to determine JLi' i := 1,... ,r, and JLi' i == 1,... ,8, so that the constraints (2.26)

and (2.27) are satisfied. In view of (2.22), (2.24), (2.30)-(2.32) and (2.29), the matrix
,

equation for I)' and JL takes the form

[
Ml M2] [jI,] [w!]
M3 M4 ~ = W2

(2.34)

MI = - [w (w )T] - rlw (w )T]. . . . 0 . 'n"" • or 0
1IJ 11)( J'X 11" .1,,,

(2.35a)

(2.35b) •

(2.35c)

..
I I

~

(2.35d)

..
Wi:= [w. x10 [(gx)T - ;\°Jo -+ [w. 7[10 [(I {(f1i·_ (¢;ll)T ;\'l} tit

1, 11 . Jo
+ ([gnUT + ([hnl!)TJ (2,36a)

'\
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(2.36b)

Let

[
Ml(Z)

M(z) ==
M3(Z)

M2(Z)]
M4(Z)

(2.37)

,
Then, for each Z E 71, f.J,(z) and f.J,{z) exist if and only if the matrix M (z) is nonsingular. In

other words, if (M (Z))-l does not exist, it is not possible to control (.6.x (0), .6.u (t), .6.71') to

satisfy one or more of the constraints (2.26) and (2.27).

Definition 2.5.1 Any Z E 'it (not necessarily feasible) is said to satisfy the •
......

constraint qualification of the problem (2.P) if (M (Z))-l exists.

Note that we have allowed non-feasible z to be included in the definition of constraint ..._._,
qualification. This is done for the convenience of future developmen:

I

At this stage, we have constructed (.6.x (0), !:::.u (t), !:::.7f) that decreases J and satisfies the

constraints (2.22) and (2.24). From (2.33), the only case in which we cannot decrease J is

when ;..

u [. 11K "-~0 V t E 0,1J, J( ::::0, (2.38)

I,

Now, let

••

__ ~ •• __ "'1I7·;~C.-~.-
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h

),(t) = ),O(t) + L ~i ), i(t)
i e 1

(2.39)

Then, by (2.19) and (2.25), we have

(2.40a)

(2040b)

Next, by combining (2.29) and (2.39), the conditions (2.38) become

(2A1a)

(2.41b)

(2.41c)

Thus, under the constraint qualification condition, we seek a Z E ,'''I together with ),( t), /1".
and u; such that (2.40) and (2.41) are satisfied.

Note that the technique used in this section is motivated by that of Ref. 1'7.

2.6 Approximate Method

. .
For each z:=;: (x,U,7r) E 'It,), (t) E RIl, It E RI, f.L E R\ let P, P and Q be defined by

P (z) == P (x,x,U,7r)

== .r I x - tftl2 dt + I [w(x,1f)]oI2 + I [?/J(x,7r)]II :
o

(2.42)

•

•
'..

i I

~

I..
t ,
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and

.
Q (z,>''>',IL,J.L)

::::f 1 { 1~ T _ Ix + AT ¢x 12 + 1Iu - AT ¢1I12 } dt
o

(2.43)

Here, P measures the cumulative errors in the constraints, while Q measures the

cumulative errors in the optimum condition.

Remark 2.1I. ~ In view of Assumption (2.4.A2), we see that the function P (z) is

continuous in z with respect to the norm defined by (2.7). Thus, we conclude that for any

Z E ~t,P (z) * m.

Define

(2.4,1)

and
"

b. :::::{ZE 'tt:3).(t)cRIl,ILERrandILER5
e

such that j Q (Z,A'~'IL'~) ~ E } , (2.45)

where>. : [0,1] - .. Rll is an absolutely continuous function.

The approximate method is to seek a z such that

•

I
I

/'

..

"
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where <I and 1:2 are s.~<l,ll,preselected numbers.

2.7 Restoration Phase

For any nominal function Z E (x,l1,,*) E 'it._ To, we seek a function:

N A IV (IV N IV A IV N A IV) Tz + I..l. Z = x + !::..z, u + [..l.u, 'If' + I..l. 1[' E 'it no' ..

If quasilinearization is employed, equations (2.2) - (2.4) are approximated by

rv IV N

[~)+ 'ifJx!::..x -I- 'l/J716.'*]1 =" 0,

(2.46a)

(2.46b)

(2.46c)

where the tilde imposed on the functions <p; W, 'l/J and their derivatives denotes evaluation of

the functions at the beginning of the restoration phase. In order to prevent !::..X (t), !::..u (t),

and A 7f from becoming too large, we imbed (2.46) in a one-parameter family:

tV N tv

[Q'l/J + 'l/Jx!::..x + 'l/J71t.'*1 1 == 0

(2.47a)

(2.47b)

(2.47c)

I

~

where Q is a constant. For each prescribed Q) we seek tue minimum of the cost functional

(2.48)
I·

subject to (2.4 7)

...
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Let the above problem be referred to as (2.P).

Remark 2.7.1 Since system (2.46) (and hence system (2.47)) is obtained from

equations (2.2) - (2.4) by quasilinearisation, it is clear that the constraint qualification for

the problem (2.P) is exactly the same as that for the problem (2.P). Thus, by following

exactly the same argument as that given in Section 2.5, we can show that if z satisfy the

constraint qualification of the problem (2.P) (i.e., (M ('Z))-l exist), then there exist

N

IV IV

/::,."Z = (t:,.'x, /::,.11" /::"')r) and ,\(t) E Rn, ~ ERr, p, E RS such that (2.47) together with the

following equations are satisfied:

(2.49a)

(2.49b)

.._
N "'T rv

'\(t)==-'\ ¢x

(2.49c) •
rv

[
T rvT rv 1-,\ + /.l Wx 0 = 0

N r..; rv

[/\T + p,T ~xll = 0

(2.49d)

(2.4ge)
....-:t'

2.7.1 Coordinate Transformation I,_.,.
Let

rv /::"'X(i)
A (t) == -rv '

(l

N /::,.11,( t)
Blv,=--",-,

(l

(2.50)
,..

(2.51 )

rv /::,.'1r
C=--.

N
Q:

(2.52)

Then, (2.47a), and (2.49a) - (2A9c) become:

.1

l
j

"~_-cawiii~-"-·-"'NI•••• m.1I11:
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fV ruN ruN NN • tV

A"'" ¢xA + ¢uB + ¢'IlC- (5;- ¢)

and the ooundary conditions (2.47b) _. (~.47c) and (2.4:Jd) - (2.4ge) become:

N rv

[w + w;xA + W'IlCjo :..: 0
tV rv tV IV (\j

[.1jJ -:- 'l/JxA+ 'I/J'IlCJl = 0
rv

[_ >.T + ~T ~\]() :-, 0

[;r + ~T ~xll = 0

2.7.2 Integration Technique

(2.53)

_.

(2.54)
,

(2.55)
\."
"1

(2.56) ..

(2.57)

(2.58)

(2.59)

(2.60) •

The aim of this section is to describe a method for solving the restoration corrections A (t),
OJ N

B (t), and C.

From (2.54) and (2.60), we obtain

rv rv N

A(t) = - (N (l,t))T (['l/Jxll it

where N (t,7) satisfies the following matrix equation:

8N( t,7) N

-- = ¢x(t) N (t,r)
at

.'

I _-,

(2.61)

. ,I..'

(2.62a)
,.

\

\
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N(r,r) = I
N (t,T) "'" 0 if '1' » i,

(2.62b)

(2.fi2e)

where 1 denotes the i<lentity matrix of appropriate dimension.

'-
Using equation (2Jil), it fellows from (2.55), (2.56) and (2.Fi!l) that

tv IV

B (t) ~I(t) jL (2.6:3)

(~~.(j4)

N
N ('.I N •.

":4 It + /'i'n It () (2.m;)

"-.,

(') 6(,~)Of_!, ht

(2.0Gh) tI ..
(2.6tic)

!.
'-.

(2.G6d)

'".......
(') (_jf ,) A.,. It.

J

--"
".,.,

where

and

Thus, from (~l.5a), (~~.t;:~)and (2.tl4), we obtain

tv tv N

A (I,): ,Ill (t,lI) A (0) + ~t1(t)~ + ~:7(t)j't + %i t) (~Uj7) .-
whore

OJ ( ,'"Ii t)

I

(2.GHa)

..

. .J/If'

______ '~ __ IIII. I __ M _ ..MIT -
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(2.68b)

(2.08c)

'l'hen, it follows from (2.05), (3.117), (2.58), (2.0'/), and (2.tH) that

.-N N rv ,",
N',1 IL +. fl,!i It ::::;11

(2.69a)
N N

[~Jxl(l A (0) + [z:.f1t~21(1~ + [~'nt;:lL it [1Jln (2.G9b)

rv (\J N (\J tv f\J N

['V:,Jl N(l,O) Ii (0) + [~Ixh:li + \bt1/{211!J. ..~ [l/Ixh:·, + 'V1'lIh:allJt
OJ N

[1/1 + ~J)i'flli (2.mlC)

Remark 2:1.2.1 Syctcm (2.tHl) constitutes [1 system of (n+r+.9) equations in (n+r+.9)
,_ N

unknowns (i.e., A (u}, ~ and [1,). It has a unique solution if and only if the nominal Iunction

:~satisfies the constraint qualification (cf. Remark 2.li.l).

Remark 2.7.2.2
('I.J tv N

Note that Ii (t\ 11 (t) and C can be easily obtained from (2.07),
f\J N

CUifi) and (Viii), respectively, OIl(\~ An' ~. and ~ are determined from (2.69). Then, Ax (t),

~u,1)"'* can he calculated from (:UiO) ._. (2.1\2) if ~ is known.

TIll' method for determining the step,,'si,w (~is discussed in the next section.

2.7.3 'I'he Rcstoretlon All~()rithm

Algorithm 2.7.3 (H.(~st()ra.ti()nAlg')rithm)

Step 0
tV

Let (~c ((),~), fi c 0, I) be gIVl'I1 constants Chn()b'~

(
tv N f',J \.,,11 1[" i" " '),'
Ll' , .. ~ I \_, Ii. (I.

Step 1 If jl (;;i) n, let 'Zi'.i ~i V j:> u ami stop: IJT.1Wl'wis(' go to St!'I! 2.

..

" •, • '",

,~
" ..,.... ..

",.

I____.

II

. \ .

.';:!!'Ia'r __ .. •••• __ •••• II'.IA•••• C1V" .
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Step 2

Step 3

tv N

Let tile .minal function be zi. Then, calculate A (zi)( t), B (Zi)( t) and

tv

C ('Zi) by the method described in Section 6.2.
rv N

Choose O:i to be the first clement in the sequence I, {J, (!3)2,... such that

'"P (~i+ (~J)(Zi)) - P (zi) $ -" 2 '1- (xi P (~i) (2:(0)

where
r\J (\J rv tv

D (zi) "'" (A ('ti). B ni), C (Zi)) (2.71)

Step 4 Set

Definition 2. 7 .s

(2.72)

and go to Step 1.

Algorithm 2.7.3, starting from the nominal function T 0,0) "'"Z.

Let r (1:, i) be the function generated at the ith iteration of

•
To continuo, we assume that the following assumptions are satisfied, '.
Assumption 2.7.:lA

(2.7.3Al)

(2.7.3A2)

...

Assumption (2.:{.A) is satisfied.

Let {r ('z,i)} be a sequence generated by Algorithm 2.7.:3. Then, each of its

elements satisfies the constraint qualification. Hence, from Remark 2.7.2.1,

£0';' each 1. and i, , ...
fV

Det [At (r (z,'i))] * (l

tv

where 1\[ is the coefficient matrix of system (2.u!)). If {r (z,i)} is an infinite

sequence, then II

N

1i m Ikt [M (7' ('z"i))] f (I

'l'~' 11'

(2:14)

I '

• '.~t··l!ITlllt__ II'I" -__ "._ ••• IE••• 7•• I?·-·-



Lemma.2:UU Let Assumption (2.7.3A) be satisfied. If {r (z,i)} is a sequence

generated hy Algorithm 2.7 .:i, then {1' (Z, i)} has the following properties:

(i) There exists a constant £1 > 0, independent of both z and i, such that

(2.'Ni)

IV

(ii) D (r (~,i~) ( 'It for any 7' (~,i) t; "t. (2.70)

Proof F 11 i,,(\'>ny, ,~,i) i; ised ~u denote 7' (Z,i) in the proof.

Proof of Part (i) ·'lO~P ('.!.ttl), we have

f
~ t '"

N(z,i)(t,T) 1+ r!\(z,i)(8) N(Z,i)(IJ,T) ti.'l
I

('> ...,,,,)~.I (

'rhus, from Assumption (2.:tA2), we obtain

IN(z,i)(t,T)1 ~ ~7i+ ft J(I IN(z,i)(s,r)! ds
'I

(2.78)

By Gronwall's lemma (d. Rd. 5, !l.ti2, Lemma 2.:UI), it follows that

IN (Z,i)( t,T) I ~ ex I) [(t ~" 1') /(,]

~ exp (}{l) (,> ryC»)tLl.l,

jl

'I'hus, hy (2.'7!l), Assumption (2.4.A:~), the Cauchy- Schwarz inequality, and (:1,.42), we

detinet' from (~Ui!i) and (!UiH) that there l~xhits d constant K, Il, indepeudcnt of both 'z
and i, such that

, '

mn - 7.r7r·~···



j:.;;;: 2,,,.,5 (2.80)

1~.('z,i)(t)1 $ [(I' 'II tE [U,l],
J

j "'"1,0,7 (2.81 )

and
(2.82)

where ~i' i """1,,,.,8, are as defined in (2.66a) - (2.66,)) and (2.6811)- (2.68c).

From (2.(H)), Assumption (2.7.aA2), we have

N

. [A (z, i)lo

~(z,i)
N

jl(z,i) ..,.,
(2.83)

...
where M is the coefficient matrix of the system (2'(i!1).

In view of (~~.79) Ut81) and Assumption (2A.A2). it is dear that all the coefficients of
(,I

the matrix !It ('z,i) are bounded. Th11s, we deduce from (2.75) that t~;ere oxis til a constant

[(2 > 0, independent of both z and i, such that
,..

N .,

I[M(z,i)]"11 ~ «, (2.84)

By (2.H:{), (2.101.1),(~;.42), (2.H2) and Assumption (2.4.A2), it follows that

,

Ll!lII' __ .... ,, ••• It=-.! a IIZ•• T'-
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N

I [A (z,i)]o I
~ 1(2 [P (z,i)]~ [1 + (1 + K/(1)21~"'"1(3 [P ('z,i)]! (2.85a)

(2.85b)

\,

"'1

(2.85c) ..

(2.86)

and

I[~(z,i)ll ~ 1(3 [P (z,i)l~

where
"" rv 1

[{3""' K2 [1 + (1 + K1[(1)2]2

Thus, by virtue of (2.7H), (2.81)·~ (2.82), (2.85) and (2.80), we deduce from the formulae of
N rv (\J

A (t), B (f.) and C (defined by (!~.(37), (2.(33) and (2.64), respectively) that there exists a

constant /(4 > 0, independent of both z and i; such that

I [A (z,i)Jll $ 1(4 [P (z,i)]'~

IIA (z,i)lIru s 1(1 [P (z,i)l~
N , ,

liB (z,z)lIw ~ [(.1 [1' (z,i)P

'rill'

•• I....

r
"" ..._ ....... '

...
,I

I

'"
,....,

(2.87a)

(2.87b)

(2,87c)

anti

(2.87d)

Hence, from (2.5:1), (2.87b) - (!~.8'7d), Assumption (2.4.A2) and (2.42), it follows that there

exists a constant /(li > 0, independent of both z and i, such that

.
IIA (z,i)llro s 1<5 [I' (z,i)r~ (2.88)

J,

Thus, from (2 7), (2.87h), (2.HR), (2.R,?,;) - e~.87d), (2.8Ua), and (2.87a), we obtain
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N

liD (z,i)1I
N N ('IJ tv tv

=IIA(z,i)1I +IIA(z,i)1I + liB (z,i)11 + IC(z,i)1 + I[A(z,i)]ol
!D ID !D

(2.89)

where

... .. 0'

f! ::=: /(3 + 4 [(4 + /(5 (2.90)

Proof of Part (ii) The proof follows easily from (2.89) and Remark 2.6.1.

Lemma 2.7.3.2 Let Assumption (2.7.3A) be satisfied. Then,

to

P (r (z,i) ',' ~" D {r ('z,i))) - P (r (z,i))1 im -_._-_._ .. - N' -:= - 2 P {r (z,i))
a-w a

(2.91 )

Proof For brevity, define

(N.) rv ('" N "')r Z,'6 - Z == X,U,7r (2.92)

from (2.42), we have

N

P (z + aD o» - p (Z)

::=: II {Ii(t) + a~ (z)(t)-¢(t,x(t) + aA (z)(t), u(t) + aB(z)(t), 7f+ Q C(z))l?
o

- 1x( t) - ¢( t,x (t), u (t), 1T) 12} dt
II) II)

+ I[w(x+ CiA ('z), 7f+ (~C('Z))JoI2'-I[w(x,7f)J()12
N tv

4· i ['1,'.'(1 I, aA (,z), 7f+ (~c('::))]112 -. 1['lb(x,7f)] 11 2 (2.9a)

•
.....

/

~
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By the mean valued theorem, we obtain

lif(t) + (i A (z)(t) _. ¢(t,x (t) + (i A (z)(t), u (t) + 0: B (z)(t), i + 0: C(z))12

- 1x(t) - ¢(t,x (t), u (t), i) 12

. '"
== Ix(t) -I- aA (z)(t)-¢(t,x(t), u(t), 7I-)-·aL1(z)(t)12

-Ix(t)-¢(t,x(t), U(t), 71-)12

N

= (X2 i A (Z)( t) - L/7,) (t) 12

+ 2 a [~(t) "- ¢(t,x (t), u (t), i)IT [A (z)(t) - t., (z)(t)]
.
N

=: 0:2 1 A (z)(t) - L2 (z)(t)12

fV

+ 2 (i2 [A (z)( t) - L2 (z)( t)]T [Ll~)( t) - t., (z)( t)]

+ (i2 1 L2 (7,)( t) - t., (z)(t) 12

+ 2 Q [if (t) - ¢(t,x (t),u (t),i)]'f [A (:';)(t) - L3 (z)(t)]

+ 2 a [if (t) - ¢(t,x (t),u (t),i)]T [Llz)(t) - Ll (z)(t)]

where

rv N N N

"" c)Jx(t,x(t) + aA (z)(t),u(t) + Cd3(z)(t),1r+ (~C(z))A Cz)(t)
rv N J'\,j rv

+ ¢a(t,x (t) + aA (Z)(t),u (t) + (xB (,z)(t),7r + aC (z))B (z)(t)
f\J (\) (\J N

+ ¢n(t,x (t) + aA (,z)(t),u (t) + aB (z)(t),i + (J:C(Z))C(z),

~ fV

== ¢x(t,x (t), u (t), 11-) A (Z)(t) + ¢u(t,a: (t), u (t), i) B (Z)(t)
N

+ ¢n(t,x(t), 7t(t), IT) C(z),

-~-~t.-•• • JII&_.II•• P _mv---~

1

\."\;

.." •'. "~

(2.94) ,,<
I,

....'. ""'" ...
r'

I

'"
""..,.....

(~t!)5)

I,

(2.06)
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and Otis an intermediate value satisfying

O~Ot~O: (2.97)

From (2.94), (2.96), and (? 53), it follows that

• N N t\J N

Ix(t) + aA (z)(t)-~(i,x(i) + aA (~)(i), u(t) + aB(z)(t), '*+ a C(Z))12

- 1 'x( t) -- ¢( t,x (t), u (t), '*)12

~ ((;,2 2 (~) Ix(t) - ¢(t,x (t), u (t), :;;')12

+ (2 a - 2 a2) [~(t) - ¢(t,x (t), u (t), 7r)f [Llz)(t) - Ll (z)(t)]

+ a? 1 L2 (z)( t) - £1 (z)( t) 12 (2.98)

Prom (2.95), (2.96), Assumption (2.4.A2), (2.89) and (2.9'7), we obtain

(2.99)

Thus, from Cauchy-Schwartz inequality, (2.99) and (2.42), it follows that

(2.100)

Now, by (2.98), (2.100), and (2.99), we deduce that

I
('. N

1i III -~- J [I x( t) + ex A (z)( t)
(x-+ 0 (t 0

N N N

-. ¢(t,x (t) + (~Ii (z)(t), u (t) + Q B ('z)(t), 7r + (k C(z))! 2

- 1 x(t) - ¢(t,x (t), u (t), 7r) 12] dt

-~~---..,
1

•'. '""",;

/

..

I
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Jl •

+ 2 [IX(t) - ¢(t,x (t), u (t), 71-) 12] -
(I

~1i m {a P (z) + [2 a - 2 a2] [(2 £i [P (z)]~ -+ a3 l\1lt [P (z)]t}
OI~ 0

(2.101 )

'1'~tlS, it follows from (2.101) and Remark 2.5.1 that

1im+JI [I?c(t) + a ~ ('z)(t)
01--> 0 a 0

N N N

- ¢(t,x (t) +. a A (z)(t), u (t) + a B ('z)(t), 'if + a C(Z))12

-Ix(t) - ¢(t,x (t), u (,),71-)12] dt

Jl •

:::-2 [Ix(t)-¢(t,x(t), u(t), 71-)12] dt (2.102)
o

Next, by following a similar argument as tha, used to obtain (2.lU2) from (2.94), with the

execution that (2.53) is being replaced by both (2.57) and (2.58), we can readily show that

."" •, • ..;.

/
t

".
- '..:-- - ....., ·1

A
y

I

'"
,..-'

'" N!i m {I [w(x + a A (z), 71-+ a C (Z))]oI2 - 1 [(L{x,~)lo 1
2}/a

a--> 0

=-2 1 [w(x, 7r)loI2 (2.103)

and

N N

!im {I [7jJ(x + 0: A (z), 11- + Q C (Z))]tl2 - 1[7jJ(x,7I-)1112}/a
a-~0

= - 2 I ["!J(X, '*)]112 (2.104) ..
Combining (2.93), (2.102) - (2.104), we obtain

'"p (z + a D (z)) p (z)
!im ----. --'--",-- _::;: -- 2 P (z)
a-ru ex

~n.105)

r .a ftJ rr,·
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'I'lus completes the proof of the lemma.

Remark 2.7.3.2 Consider Step 3 of Algorithm 2.7.3. Since 7- E (0: I'),) and

P (r Cz,i)) > 0, it is clear from Lemma 2.7.3.2 that the inequality (2.70) will be :..... sfied

when Qi is sufficiently small. Thus, Step 3 of Algorithm 2.7.3 is well-defined. , '

'''1

Remark 2.7.3.3 Let {zi} be a sequence in 'tt such that lim P (.~i) = a, where' a is a
i-+ ro

finite number. Furthermore, let {aJ be a sequence of real numbers such that 1 i m il:i = O.
i·_, 00

Then, by following a sim'lar argument as that given in the proof of Lemma 2,7.3.2, we can

show that

N

P (Zi + ai D C'~i)) - P (zi)
lim ----=-2(l~
i-+ ro ai

'-~

Theorem 2.7.3 Let {zi} be a sequence generated by Algorithm 2.7 3. Then the

sequence {P Czi)} converges to zero at a quadratic rate.

Proof Firstly, we want to prove that

1 imP (?:i) :.:::0
i-I ro I

Since {P (Zi)} is a non-increasing sequence of real numbers, which has a lower hound zero,

it is convergent. Suppose that .....'
1 imP (Zi) :;:::a > 0
i__,Il)

(2.106)

I,

From (2.70) and (2.72), we have

I

,..

, •• dII,," ------_ar



I

(2.107)

for all i. Hence, it. follows from (2.107) and (2.106) that

l' .J "1 m eli = ~I
i-.....OJ

(2.108)

Now, let N be a positive integer such that a; < 1 for all i~N. Since G:i is the first element
N N N

in the sequence 1, {3. /32: ... such that (2.70) holds. Furthermore, ad {3is the element which
N

just preceeds ai 'n the above sequence. Thus, (2.70) does not hold if we replace ai hy ai/fJ
in (2.70). On this basis, it follows that

N N N

P (zi + (ad {3) D (zi)) - P (zi) > - (2 ad {3) '1P Cfi) (2.109)

for all 'i ~ N.

From (2.106) and (2.108), we note o11at lim P ('Zi) ::;;;:a and 1 i m
i-;OJ i-;oo

N

respectively. Thus, by substituting eli = ad{3ill Remark 2.7.3.3, we have

N N N

lim {P (zi + ('ad fj) D (zi)) - P Czi)} /2(aJ {3) == - a.
i.....OJ

On the other hand, it is clear from (2.109) that
."

N N N

1 i m {P (zi + (aJ!}) D (zi)) - P (zi)}/2(c.J::! ~ -'1 a.
i---4 co

J,

Combining them together, we obtain

..

, -, . ,. .• ,. .. ,. • ..,. ''"; ."'. k
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1 i m (1 _.~) P (zi) ~ O.
i-'"'II)

This is, however, a contradiction. Therefore, we conclude that

1 imP ('zi) :0' O.
i~ll

Next, we want to prove that {P ('zi)} eon verges to zero at a quadratic rate.

By letting (~ ::cc 1 in (2.08), we obtain from (2.H8) and (2.99) that

.
• I\i N (\J N

Ixi(t) + 11 C~i)(t) --1J(t,xi(t) + A ('zi)(t), ?/,i(t) + B (zi)(t), r,i + C(z:))I~

< ~'2 ',1[]1 ("~.)l~_1\2tl "'1

In view of the mean value theorem, (2.[i'7), Assumption (2A.A2) anti (2.71)), we have

IV I\J

l[vJ(xi + A Obi), 'ti'i + C(Zi))](lI~

IV IV
I{[ ("" "l('V') IV. "( (N')),.'" (tix :1:1 + I~ 11 .01., 'IT'l + (~ .: Zl

N N 1\'

wlxi + A (zi), '7ri + c (z~))l Ani)
L'\J f i tv fV tv

+ [w
1
( (xi + i'~A (~i),,*i -I i~C(~i)) -".iVll (Xi + A (;;;i), ,*i -I C{Zi)) C(zi)}(I!

IV (\J

~ (1 ., i~)2 J(~ 1[.4 ('zi) + C(zi)]"11
IV

5 R~ liD (zi)ll-l

~ [(ii t1 []I (Zi)F,

• -4 ,. .. ... ~ " • • ~-rrr

lIS 'i

(2.110) \.

•

(2.111)

•

•

J,

....
"
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where ex is an intermediate value satisfying

Similarly, we can prove

1\1 N

I ['if) (xi + A (zi), '7ri + C (zi)] d2

S I(~ £i [P C~i)j2 .
\

(2.113)
to

From (2.111) -> (2.113), we get

N

P (zi + D Czi)) ~ a l{~ t; [P (zi)F (2.114)

Now, in view of (:),.110), there exists an integer in .> () such that whenever i~iI)' we have

(2.115) •

From (2.114) and (L llll), we (,pt

N

I' ('Zi + n nil) ~ [1·" 2'1] ]I (Zi)
...

... ....
~

...
I

~

whenever i? i".

'nus, inequality (~l:lO) can he satisfied by dlC)sing ~~i 1 for all i>. ill' Hl'1H~l\,

rv

ZI+1 Zi'l j) l,") (2.1H;)

F"I)1ll (!l.1l0), (~1.11,1) and (:~.llti), W(' ronclude that Il' Oi)} CllI\v(!l'l',l~S tu zero at it

quadratic raft'.

"~",~,••__.r..sll' 'IPIIi]r
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... Remark 2.7.3.4 From Theorem 2.7.3, it is clear that under Assumption (2.7.3A),

Algorithm 2.7.3 generates in a finite number, i (r, z), of iterations, a function 7' (OZ, i (t,z))

such that r(z,i(c,z)) E T(.

Lemma 2.7 .s.a Suppose that Assumption (2.7.A3) is satisfied. Let z c: ?t be such

that P ('z) > 0, and let l' (z,i) be as defined in Definition 2.7.3.

constant g" > 0, independent of both z and i; such that

Then, there exists a

Proof For brevity, let

7' (z,i) N. (r." ",. N.)-vl FC"" ','1 (J/1 '~Il
N ~-"" l· \ L') J •

Let (l: (z,i) be the value of 0: obtained in the ith iteration of Step :J of Algorithm :~.7.3.

Without loss of generality, we can as same that {ti(Z,i)} is an infinite sequence,

From the proof of 'I'heorem 2:1,;{, it is dear that for each z (: 'lIn T, und for all i

(\J (N ')
I~ :;,2 >!l (2.117)

and

1 i III t~(~~,i) c; 1 if 0
;., • m

(2, lIS)

NIIW, it is dear from (:U 1'1) and (~~.ilH)that there exists an I~, II < it~:1, independent of

both ~ and i, such that

~.,,--- •. ,""!IP,

.....

.., ,
•'. '",

f
..t ..... -.

~
If'

I

~

J
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From (2.70) and (2.72), we have

where

Thus,

(2.120)

"

'.

P (~i)~(o-)i P (z) (2.121 )

By (2.75) and (2.121), w(~have

But

N .,

liD (~i)1I ~ PI [(ali P (~)r! (') 1'.I'»)
Ad •.. a4 ....

w,

'. •
',,_

i-I N

"',,. ~rv(rv;'\I)("")Zl :,~~Z .+. i.J n Z,)) . Zl (2.)28)

.i 1I

Thus, from (2.12a), (~UID), (iU22) and (:).1211),it follows that

.'
,i I)

I·

,

_..1$' F.
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where

This completes the proof.

2.8 SequentialGradient-Restoration Algorithm

2.8.1 Gradient Phase

Let ~:"'" (X,U,7T) E T; be any nominal function for the gradient phase. Define

z + ~z O':! (x + t.x, 1l + /:lu, 'If+ ~'If).

Then, the first variation of

{J (a + LlZ) _. J (z)}

can be ~xprm:sed as:

1'1

~J "'" J {f-.:~x·+ itlilu + ht/~'If} dt + [!7x~X + g'll~'Il"lri + [hxLlx + hn.6.'Il"ll
"

If ( :> () is suffidt~!1tly small, then the differential equations (:.::.2) together

boundary conditiuns (2.3) .~ (2.4) can be approximated uo to the first order by

[wx~;r ·1· Wil!:J,.1F]1l 0

[~'x!:J,.:J.; -+ ».&'\ 11'11 u

" '" ft. .. '.' r;

•

!
" ...~ _..,

.~...
/

(2.124) "...,~

with the
J

"

(2.1253.)
I

(') 1')~'1 ).:,. "",) J

(2.125e)
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To the first order, the -ninimurn of J is achieved if the first variation (2.124) is minimized

subject to (2.125a) - (2 125c). To make the problerr meaningful, we want the variations

D.u (t), I':::. 'if to satisfy the isoperimetric constraint

fll.6.'U'12 dt+ 11':::.7f12::.: J(
o

Let the above problem be referred to as (2.P)

(2.126)

Remark 2.8.1 Since system (2,125) is obtained from equation'; (2.2) - (2.1) by

quasilineanzation, it is clear that the constraint qualification for the problem (2. P) is

exactly t:.e same as that for the problem (2.P) (cf. Remark 2.6.1). Thus, by following

exactly tne same argument as that given ill Section 2.ii, we can show that if z satisfies the

constraint qualification of the problem (2.P) (i.e., (AI (Z))'l exists, where AI is defined by
..

(2.:r7)), then there exist t::..z ,~" (l).;l:.I':::.U,.6.1f) and >'(t,) E RIl
, It E Rr, JL E RH, (~ (: R (1/2cy. is

the Lagrange multiplier of the isoporimetric constraint (2.12li)) such that (2.125) ._ (2.1:1(3)

together with the following equations are satisifed,

(2.127a)

(2.127h)

(2.12'fe)

(2.127d)

(2.127(~)

..•
'"

..

...•
.' "1

•

........

I
,.......,.

i

.J

i

•

" I' '. . ,
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2.8.2 Coordinate Transformation ,.

Let

A == !:::..x / O!

B=tlu/et

C=!:::..'ff I a

Then, equations (2.125a) and (2.127a) _. (2.127c) become:

A =: rPxA + rPuS + rP7(C
'T T
).. '=' Ix -,), rPx
T TB :=:: =I« + A ¢u

CT "" f 1 {_ IT<. + ..\T c,D7(}dt -- [911 + Jl W1110 - [hll + ~T '¢I'll]!
tJ

and the boundary conditions (2.125b) _. (2.125e) and (2.127d) - (2.127e) become:

[wxA I- (u11C1o :.:::0
['¢IxA + V11/11 ,_,0
[-..\ T + e, + l wxlrl == 0

T "'1'[A + ILx + Jt '¢Ix]!::=: 0

Moreover, the isoperimetric constraint (2.126) becomes:

(2.128b)

(2.128c)

(2.129a)

(2.129b)

(2.129c)

(2J 29d)

(2.130a)

(2.1301»

(2.130c)

(2.130d)

(~u:n)

~;f_iit1liiuir
r.a~~;

' ....

...

/



45

""1"' Since we do not know what value of K to uSf;.in (2.131), wjleshall consider a <)oil the

steplength in the equations

t.x (t) =: a A (t)

t.u (t) := a B (t)

t.1r=aC

-
(2.132a)

(2.132b)

(2.132c)
\
l

,f

in order to perform a line search on the objective function J. The method for determining

the step-size Oi is given in Section 2.8.4.

2.8.3 Integration Technique

In this section, we shall describe a method for solving the gradient corrections

and C.

From (2.129b), (2.130d) and (2.()2), we obtain

.~(t) == - (N (l,t))T [([hxll + ([lbxll~]
- JI (N(r,t))T (fx(r))T dr

t

Using (2.13:3), we obtain from (2.120c), (2.129d) and (2.1:30e) that

,

B (t) == I:1( t) Il '1 1:2(t)
.,

c= I:all + I:dt + 1:5

and
"

I:G It + ,(:7 It ~'" l H

T T TI:1( t) :;:;." UJll (t)) (N (1, t)) l [l/1xl,)

~
A (ti, B (t)

':.ttl •'\ ....

I"
" ...~ ....

(2.1:33)
" I

~ '1

(2.1:l4a)

(2.1:J4b)

J

j

/,

(2.135a)

(2.1:l5b)
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,. {'.t2(1; ~fll( t))T - (¢u(t))T [(N (l,t))T ([hxll

+ fiN (r,t) ((fx( 1'))T d1'l (2.135c)
t

r (2.135d).£3 == - ([[v1l1o) , ..
T r 1 T T 1([ l)T (2.135e)"4=-(['1fJnJl) -[J (¢ll(t)) (N(l,t)) dt '1fJx 1

0 "i1 I

T ,.
.1,5:= - (fll(t)) dr

0

- [i \ ¢'R(t)l [(N (l,t))T ([hxll + fiN (t,1') (f/1'))T dr] dt

..

o t

- [(g,Jo + (hll)l]T (2.135e)

,t0 ,,;: ([ wxlo)T (2.135f)

T· l' (2.135g)'7 = (N(l,O)) ([1P,rll)

.I,8 == - ([.qx]o)T- (N (l,O))T ([hxll- i 1 N (7',0) (M 1'))T dr .....
(1

(2.135h)

>.ttl "i•
Thus, from (2.129u), (2.134a) and (2.1341», we obtain '. '...

,.

A (t) =-~N (t,n) A (0) + 'g(t).u + '£1O(t).u + "l1(t) (2,136) I
'" ...*-. .~

where
.Ii

"

.I,g( t) "'" Is f t N ( i,1') (Pit (7') dr

I

(2.1:~7a) ~
0

'!O(t)::::: It N(t,7') [9u(1') 4(1') + ¢,,(7) ~J dr (2.137b)
0

'11(t):::: It N(t,1') [¢u(1') 4(1') + <Pll(1') 4.J d1'
J

(2.137c)
li

From (2. J.35a), (2.1:{Oa), (2.130b), (2.1ati) and (2.134b), we have I

..ni1I ,: ~ ..
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"

,{6J.L+ ,{rJ.L=,{s

[(Uxlo Jl (0) + [W'jl .t310 J.L + [Wll ~lo J.L == - [w'll 410
"

[ 'lfixl t .N (1,0) A (0) + [1p" ,{ 9 + 'ifJ1l 4] 1 It + ['lfix ,{ 10 + 'lfi1l 1,11 J.L

"" - ['lfi1: i 11+ 1P'll 411

(2.138a)

(2.138b)

(2.138c)

\.

Remark 2.8.3.1 Similar to the system (2.69), the sjstem (2.138) has a unique solution
.

in A (0), J.L and J.L if and only if the nominal function z satisfies the constraint qualification

(d. Remark 2.8.1).

..

Remark 2.8.3.2 Note also that A (t), B (t) and C can be easily calculated from.
(2.1:i6), (2.134a) and (2.134b), respectively, once A (0), J.L and J.L are determined from

(2.138). Thus, box (t), bou (t), b.1f can be obtained from (2.128a) - (2.128c\ if ': is known.

2.8.4 An Iteration of the Sequential Gradient-Restoration Algorithm

•
Let 'Y£ E (0, ~), (J E (~, 1) be arbitrary but fixed. Then, we define

(2.1'JD)

i.e., the SN, 11.( f), of step-size corrections contains all the values of the form 1, fl, (fi)2,

(fJ)3, ... which are equal to or greater than 'Yf E.

I'

We now define an iteration of the Sequential Gradient Restoration Algorithm as follows: ..i

I' .
J .,

,Step 0

Algorithm 2.8.1

Let ,,(, 'Ye E (n, ~); /1 E (~, 1) be given constants.

From a nominal function z"" (x,U,71') E T; n 'It, obtainStep 1

D (z) "" (A (z), B (e), C (z)) E ill together with >.(.0), Il(Z), It (z) hy solving

system (2.129) - (2.130).
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Step 2 Compute the step-size a(z,€) as follows:

N

o if Q (.7) < 'Yi e

IV

== (J ifJ(r(z+Q(D(z),i(€,':;+(.l!D(.z:~)))-J(z) >-'YcxQ(z)
V a (~A ( €)

lmaX{aE A(€) : J(1\Z + a D(z),i(€,z+ aD(z))))- J (z) ~ -'YaQ(z))}

where
N ,

q (z) e- Q (z,),(z), '\(z), J.l(z), tt(z))

(2.140)

(2.141 )

and i (c,z) denotes the minimum number of iterations of Algorithm 2.7.3

required for obtaining a function belonging to the set. To starting from the

nominal function z.

Step 3 Let

GR (z.e) "-"z + r (z + li (z,t) D (z), i (f,Z + li (z,€) D (z)))

(2.142)

In order to establish some important properties concerning Algorithm 2.8.3 and to prove a

convergence result for the sequential gradient-restoration algorithm given in the next

section, we need the following assumptions:

Assumption (2.8.4A)

The constraint qualification is satisfied for any nominal function z in Step 12.8.4A1

2.8.4A2

2.8.4A3

of Algorithm 2.8.4.

Assumptions (2.7.aA1) and (2.7.3A2) are satisfied.

necessary condition for optimality is satisfied.

The set D.n n Tn is non-empty, i.e., thew exists ~. z E ,')' such that the

. , ',~ ._:;;'~"'JJ3f@ __ ., .7_.7F.'.r.7r:r~·

. ..,. .

\:

•

...

"

'I .j
I,.

"I
, \
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~a2.8.4.1 Suppose that Assumption (2.8.4A) is satisfied. Then, there exists &.

constant £3 > 0 such that

(2.143)

for any nominal function z defined in Step 1 of Algorithm 2.8.4.

..
Proof The proof can be easily obtained by using d. similar approach (is that given in

the proof of Lemma 2.7.3.1.

Lemma 2.8.4.2 Suppose that Assumption (2.8.4A) is satisfied. Then, there exists ~

constant £4 '> 0 such that

(2.144)
:.1/

~'. t.....

(2.145)

and
IV IV

IQ (z2) - Q (ZI) I ~ £4 IIz2 - zll1

for any nominal function ZI, z2 defined in Step 1 of Algorithm 2.B.4.

Proof Let ZI, Z2 be any nominal functions defined in Step 1 of Algorithm 284.

Using (2.62) and Assumption (2.4.A2), we get

1<'.'

.• ! '
I
!

~'

IN(z2)(t,r) - N(zl)(t,r)1
t

5 f I <Px(Z2)(S) N (z2)(s,r) - <Px(Zl)(S) N (zl)(s,1') I ds
1

'j

t

$ f {I !flx(z2)(S) N (z2)(s,?") - cPx(Z2)(S) N (.&1)(8,1') I
1

+ I ¢l<:2)(S) N (zl)(s,r) - <Px(ZI)(,1) N (2"1)(8,1') I} ds

.1

.'
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t~f [(1 IN (z~)(s,r) - N (Zl)(s,·r'·1 ds
'I

t

+f J(2 IN (Zl)(S, r) I IIz2 - zll1 ds
'I

(2.146)

By using a simi.ar approach 1S that used to obtain (2.79) from (2.62), it follows that
.1

(2.147)

for all nominal functions z defined in Step 1 of Algorithm 2.8.4.

Thus, from (2.14t3) and (2.147), we get

!N (z2)(t,r) - N (zl)(t,r) I

•
(2.14")

Applying Gronwall's lemma, it follows that

'..
.~.'."""t'

IN(z2)(t,rj -- N(Zl)(t,T)1

~ J(2 exp (I<1) exp (1(1 (t - r)) IIz2 - zll1

S /(2 [exp (r'\Jj2 IIz2 - zlll S ~¥1 IIZ2 - zlll

"

(2.149)

where

(2.150)

Using (2.1,1!J), Assumption (2.4.A2), and (2.147), and then following a. similar approach as

that used in obtaining (2.140) from (2.62), we deduce from (2.135) and (2.137) that there
,

exists a constant .It, 2> () such that for all t E [0,1], we have

./I
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_,

1 Jj(Z2)(t) - Jj(zl}{')i t. ,:: ·lIz2- zll1, i= 1,2,9,10,11

and

1 Jj(Z2) -- Jj(ZI) 1 s "r'6 ~ IIz2 - zll1, j = 3,4,5,6,7,8

(2.151~

(2.152)

where .tj, i= 1, ... ,11, are as defined in (2.135) and (2.13").

From (2.138), Assumption (2.8.4.Al) and Remark 2.8.3.1, we have

l-[A (Z2)]0] [ [A (ZI)]o]
~(z2) - ~(ZI)
JL(z2) Jt(ZI).

== [1\.1 (;;2)]-1 b (Z2) - [1\.1 (ZI)]-1 b (zl) (2.15:3)

where

•
(2.154)

and -"'fis the coefficient matrix of the syst!':"'l (2.138).
.....

r'

Using Assumption (2.4.A2), t2.152), (2.151), (2.149) and (2.14'1), w(~deduce from (2.1 a8)
/

~
"

that there exists a constant ,)f'".1 )" 0 such that

,

1 b (z2) - b (ZI) 1 S ,It' 4 IIz2 - zll1 (2.155)

and
,

1Mij(Z2) - J1ij(ZI) 1 ~ .IF 411z2 - zlll, i,j"'" 1, ... ,n+7'+s (2.156) I

.. ' .,..
, ,...,_,

_______________ ... _!fj. '
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where Mjj is the coefficient of the matrix M of system (2.138). By Assumption (L.8.4A1).
and Remark 2.8.3.1, it follows that there exists a constant .Ai 5 > 0 such that

.
IDet [M(z)JI ? .Ai 5 (2.157)

for any nominal function z defined in Step 1 of Algorithm 2.8.4.

"
Thus, we deduce from (2.156) and (2.11.'7) that there exists a constant .IF 6 > 0 such that

.
I(M (Z2))-1 - (M (Zl))-q S "r; ollz2 - ·~ql (2.158)

"
Thus, from (2.11>3), (2.158) and ('.2.155), we can show that there exists a constant ,.1;' 7>- 0

such that

.-

I [A (z2)]o - [11 (z~)lol ~ ,/'i,' 71!z2 _. zlll (2.159a)

(2,159b)"I J1.(Z2) "~J1.(Zl) I ~ '/l'j 711z2 - zlll
and

, " "IJ1.(z2) - J1.(ZI) I ~ ,5F 7 IIz2 -- zlll (2.159c)

In view of (2.1,10), (2.151), (2.150) and (2.152), we deduce from the formulae of A (t),

B (t) and C (defined in (2.136), (2.134a) and (2.134b), respectively) that there exists a
"

constant X' > 0 such that

"
I [A (z2)11 - [A (.\:1)]11 $ .Il,· sllz2 _. zll1 (2.160a)

(2.160b)
"IIA (Z2) .-. A (.::~1) lill) ~ .11,' R IIz2 - .0111

..

'411

• .....

/
I....

.........
.~_,
. ,

I i
~ . j

l
l

~~
j

I r

I !
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A

liB (z2) - B (.<1)1!00 ~ .% 8 IIz2 - zlll (2.160c)

and
A

Ie (Z2) - C (ZI) 1 ~ .JiJ' 8 IIz2 - zll1 (2.160d)

Thus, from (2.129a), Assumption (2.4.A2) and (2.160b) - (2.160d), it follows that there
\.

exists a constant ,7(' 9 > 0 such that

. . .
IIA (Z2) - A (zl)lloo ~ ,~r0 IIz2 - zll1 (2.161 )

Thus, from (2.7), (2.160b), (2.161), (2.160c), (2.160d), (2.159a) and (2.160a), we get

liD (Z2) _, /) (zi)11
. .

;;:: IIA (z2) -- A (zl)11 + IIA (Z2) - A (zl)11 + liB (Z2) -- B (zl)1100 CD ro

+ IIC(Z2) - C(zl)1I + I[A (Z2)jo - [A (zl)lol + I[A (z2)11- [A (zl)lll
CD •A

5 ,Jl.;' 10 IIz2 - zlll (2.162)

where

A ,\ " '"

l~; 10 ::::: ,%; 7 + 4 .)f;' s + ,It 9
...

(2.163) '. ~

OJ

From the definition of Q (:::) and Q (z) (defined in (2.141) and (2.43), respectively),.
together with the definition of .~(z), IL(Z) and IL(;;) (obtained by solving the system (2.129)

and (2.130)), it follows that

OJ N

Q (.~2)._ Q (Zl)

"':il [I B(.z2)(t)12··-IB(zl)(t)12] dt-l'I(;(Z2)12_-IC(ZI)12
(l

(.) 1 "4)...., .... () ~

~

__ ---7';;;1iiii.iW ·~n"""'_""""' .7d.'·
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'I'hus, from (2.164), (2.160c), (2.160d), Lemma 2.8.4.1 and tl.e definition of D (z), we

obtain

"rv •
1 ,? " ~.') - Q (Zl) 1 ~ 2 £3 .% 8 IIz2 - zlll (2.165)

"
Let

. .
£4 == max { ,)!;' 10' 2 £3 .IF B} (2.166)

Then, the rest of the prooffollows easily from (2.162) and (2.165).

Remark 2.8.4.1 In view of Lemma 2.8.4.1, it is clear that. for any Z E 'IL, the set

{z+ aD(z): aE [O,l]}

is compact with respect to the norm defined by (2.7).
4$

'...
Lemma 2.8.4.3 Suppose that Assumption (2.8.4A) ia satisfied. Then,

J (z + a D (z)) .- J (z) IV

1 i m .------'-',' --.-----" "'" - Q (z)
a-' 0 (l

(2.167)

I

Proof Define

z "" (x,u,'ff).

From (2.1), (2.128) and the mean value theorem, we obtain

J(z+ o:D(z))-J(z)

"" 0:Jl (L1(z)(t) + 'L2(z)(t) - I~l(;~)(t)l dt
o

(2.HlO)

••
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where
-
Ll(Z)(t) := JX(t,:t (t), u (t), 11") A (z)(t) + lu(t,x (t), u(t), 11") B (z)(t)

+/'1I(t,:z:(t), u(t), 11") C(z), (2.170)

-
L2(zl(t):= fx(t,x (t) + (il A (z)(t), u (t)+ a1 B (z)(t), 11" + a1 C(:~)) A (z)(t) "

+ j~(t,x (t) + at A (z)(t), u (t)+ n1 B (z)(t), 11" + a1 C (z)) B (z)(t)

+ In(t,x (t) + 'a1A (z)(t), u (t)+ a1 B (z)(t), 11" + a1 c (z)) C (z),

-
L3(z) := [9x(X,11") A (z)lo + [9'11(x, 11") C (z)lo

+ [hx(x,11") A (z)] 1 + [h'1l(x,'.r)C (z)ll ,

-
L4(z) := [9x(X + a2 A (z)(t), 11" + a2 C (z)) 11 (z)lo

+ [9'11(X + a2 A (z)(t), 11" + 0;2 C (z)) C (z)lo

+ [hx(x + aa A (z)( t), 11" + 0;3 C (z)) A (z)ll

+ [hr,{x+ aa A (z)(t), 11"+ aa C(z)) C(z)ll

and ai' i"" 1,2,3 are appropriate intermediate values satisfying

e s ai ~ 0:.

From (21'10), (2.171), Assumption (2.3.A2), (2.143), and (2.17'4), we deduce that

.....". -
I £1(Z)(t) - L2(Z)(t) I ~ /(2 o;ll~ ~ /(2 0: l~

Similarly, by (2.172), (2.173), Assumption (2.a.A2), we obtain

.,,-~. "'.~-"

I L3(z)(t) -" L4(Z)(t) IS/(2 p.~ (a2 + 'Qa) $ 2 1(1 0: P.5

(2.171)

(2.172)

...,;

" •
(2.173)

I'.- ...
... ',.....

(2.174) I

~

(2.175)

},

(2.176)

II

.,."",
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Now, combining (2.169), (2.175), (2.176), it follows that

J (z + a: D (z)) - J (z) I1- -
lim - = LI(z)(t) dt + L3(Z),
Ct-; 0 Ct 0

(2.1'77)

From (2.170), (2.129b) - (2.129d), (2.129a), (2.130d), (2.130c), (2.172), (2.130b) and

(2.130a), we can show that

f I LI(z)( t)
o

=I I (). (z)(t))T A (z)(t) + ().(z)(t))T
o

{«Px(i,x (t), u (t), 11') A (z)(t) + 1>11 (t,x (t), u (t), 71') B (z)(t)

+ ¢'1I(t,x(t), u(t), 71') C(z)} dt

,_ II (B (z)(t)l B (z)(t) dt- (C(z))T C(z)
o

- [{g7l(:r.,7l') + (f.l(z))T w,/x,7l')} C (z)lo
A T

- [{hll(x,71') + (f.l(z)) W'I.(X,7T)} C (z)ll

::::: [(>.(z))T A (z)L - [(>.(z))T A (z)]o

._il (B(z)(t))T B(z)(t) dt.".(C(:t)l C(z)
o

~ [{9r.(X,7T) + (f.l(z))T wll(x,71')} C (z)lo
A T

- [{hll(x,1T) + (IL(Z)) Wll(X,7T)} C (Z)]l
A ,T

"" ~ [{hx(x,7T) + (/L{Z) Wx(X,7T)} A (z)ll

- [{9x(X,7T) + (f.l(Z))' wJx,1r)} A (z)]o

- JI (B(z)(t))T B(z)(t) dt-(C(.~))T C(z)
o

..., ..• ....

("

..~ .....

I

~

(2.178)

I
i

, I l
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N

O'hthe other had, from the defiltrtions of Q (z) a;lf'tlQ (z) (defined ill.' (2.141) and (243), r- I'.
respectively) together with the definitions of >.(z), J1.(z) and J1.(z) (obtained by solving the

system (2.12H) and (2.130)), it follows that

'" (1Q lZ) = (B (.~)( t))T B (z)( t) dt + (c (z))T C (z)
c. 0

(2.179)

Combining (2.177), (2.178) and (2.179). the conclusion of the lemma follows readily

Definition. 2.H.4 For any z E 'It and t > 0, let

B ("i.E) " ,Z E 'U; IIz- zil $ e] (2.180)

Lemma 2.8.4.4 Let Assumption (2.8.4A) b2. satisfied, and let Z E To be such that

z ~ 6.
0
' Then, there exists a constant pz > 0 and an integer ./ z > 0 such that for any

z € B (z,pz) and for all i E {O,1,2, ... }

_ •• N

J (1' (z + (8) s» D (z)), i) - J (z) S - 'Y (m [" Q (z) (2.181)

Proof For each z E 'It, let

.
z + Oi D (z) = z:= (x,U,71') (2.182)

anu
r (,,' + Oi D (z), i) - [z + Oi D (z)] = D::! (A,B, G~ (2.183)

Thus, bv (2.1), the mean value theorem, (2.4.A2), definition of liD II, (2.183), and

Theorem 2.7.3.3, it follows that

•

I,.,..

¥.

/

. -.IiI~--.------ .
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- .. J(r(zt'raD(.l)),i~-J;'z-rO!D~)) • /"-1 """

= J 1 {fx(~ + a1 D)(t) A (t) + fu(; + a1 D)(t) B (t) + f'ft(; + a1 D)(t) 2} dt
o ~ ~

+ [{gx(x + a2 A, 7l" + 0!2 C) A - {g'ft(x + a2 A, 1f + a2 C) C10
~ ~

+ [{hx(x + a3 A, 7l" + a3 C) A - {h'ft(x + a3 A, 7l" + a3 C) C11
~ 2 K, liD II ~ 2 s, £2 [P (z + «t: (z))]1 (2.184) \.

A

where ai' i= 1,2,3 are intermediate values satisfying

(2.185)

Now, from (2.169), (2.178), (2.1'19), (2.175) and (2.176), it is clear that

J (z + a D (z)) - J (z) tv

I a + Q (z) I ~ 3 K2 a fa (2.186)

•
for all z E U and for all a E [0,1].

Thus, ...

J (z + a D (z)) - J (z) tv tv

I - a + Q (z) I ~ 0.01 Q (z) (2.187)

for all z E 91 and for all a E [0, Ct4], where

tv

·0.01 Q (z) }
a4 = max {---- , 1

3 J(2 £~
(2.188)

Combining (2.184) and (2.185), we have

,tI>

[

,:~·.~~~~=~=r'--.g._s_/2~.__ rJIIII
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N

J (r (z + 0:'D (z)), i) - J (z) + 70:' Q (z)
'"

~ 2 s, £2 ~ P (z + 0:' D (z)) - a (1 - 7) Q (z)
N

+ 0.01 0:'Q (i)

for all z E 'it and for all 0:'E [0,0:'4]'

In view of (2.189) and Lemma 2.8.4.2, we have

N

J (r (Z + exD (z)), i) - J (z) + 7 ex Q (z)

~ 2 s, £21. P (z + 0:' D (z)) - 0:'(0.99 - 7) Q (z)

+ 0.01 0:'£4I!z- 'ZI!

for all z E 'it and for all 0:'E [O'O:'d]'

Define

N

O(z,a) = 2 K, £2 ~ P (z + c.'i D (z)) - a (0.9!) - 7) Q (z)

+ 0.01 0:'£4 liz -. zll

(2.189)

(2.190)

(2.191 )

Now, in view of the fact that Z E To satisfy the system (2.2) - (2..1) exactly, the mean

value theorem and (2.129a), we get

.
¢(t,x (t) + 0:'A (z)(t), u (t) + 0:'B (z)(t), 7r + a C (z)) - [x (t) + 0:'A (z)(t)]

== [¢(t,x (t) + LX A (z)(t), u (t) + ll:' B (z)(t), 7r + 0:'C (z))

- ¢(t,x (t), u (t), r.)]- 0:'/1 (z)(t)

.....

..., "_
o. 1

• "--1~....

,/',
", ... i.._

i

J ·1
~

j

1

1

1
J.

,.

l
1
1

~
~

I
I

/
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n n a2¢(X( t))
=~a2x [L L 'x Ai(z)(t)

B», ax·
j=li=l 1 J

m m a 2 ¢;( x( t))
x A/z)(t) + L L x Bi(z)(t)

Bu, Bu.
j=li=l 1 J

p p a 2 ¢;( x( t))
x Bj(z)(t) +L 2: --- x Cl~') C/i)

87r· {}7r.
j=li=l 1 J

m II a2¢;(x( t))
+ L L 2 x --- x Alz)(t) x BjC)(t)

ax· 8u·
j=li=l 1 J

P II 82¢fX(t))
+ I L 2 x \ x Ali)(t) x Cli)

ax· 07r·
j=li=l 1 J

where

x (t) == (x (t) + Q A (z)(t), u (t) + Q B (z)(i), r. + a C (z))

= z (t) + a D (z)( t)

and a is an intermediate value satisfying

(2.192)

(2.193)

(2.194 )

Hence, from (2.192), Assumption (2.4.A3), Remark 2.8.4.1 and Lemma 2.7.4.1, it is clear

that there exists a constant KtCz) > 0 such that

..

•

.. ' ....
.'

/

~

j..

I
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I¢J(t, X (t) + a A (z)(t), u (t) + rJ! R (z)(t), 7r + a C (z))

- Lx (t) + a A (z)( t)] I ~ KtCz) )( a2 (2.195)

for alrmst all t E [0,1].

Now, by using a similar argument ''','' that used to obtain (2.1' '))1 with the exception that

(2.129a) is now being replaced by both (2.130a) and (2.130b' we can readily show that

there exists a constant K2(Z) > 0 such ~iiat

I [w(x -+ .l! A (z), 7r + a C (z))]ol 5 Kli) x a2 (2.196)

and
(2.197)

Thus, from (2.42) and (2.195) - (2.197), it is clear that

~P (z (t) + a D (z)(t)) ~ K(Z)( a2, (2.198)

where

K (z) ::: [I<i(z) + 2 ~(z) F (2.199)

Let
'"

[
(0.99 - 7) Q (Z)]

a5 ::: min a4, ------
K (z) x 4 Kl £2

(2.200)

Thus, from (2.191), (2.;~:,_\) and (2.200), it is clear that

N

O(z,a) ~ - ~ (0.99 - 1) Q (z)

for all a E [0,a5].

(2.201)

..

\

•

_.
I

~

II

'.
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In view of Remark 2.6.1 and Lemma 2.8.4.2, it follows that for each a ? 0, 0(· ,a) is

continuous with respect to the norm defined by (2.7). Now, let a :.: rii, where iz is a

positive integer such that fJiz < as' In view of the above fact together with (2.201), it is

clear that there exists a positive constant pi such. that for all z E B (z,pz)! we have

iz~ ~ fJ IV

O(z, fJ~z) -- O(z, fJ2Z) ~ - (0.99 - 'Y) Q (i)
4

.-' rP IV

=? O(z, rP) ~ - - (0.99 - 'Y) Q (z) 5 0
4

(2.2C2)

Thus from (2.190), (2.191) and (2.202), we get

J(r(z+ ii D(z)), i) -J(z) + 'Yiz Q(z)

5 O(z, t/
(2.203)

for all Z E IJ (z, pz).

This completes the proof of this lemma.

'I'heorem 2.8.4 Let Assumptions (2.8.4A) be satisfied, and let Z E To b') such that

z ¢ l\(J' Then, there exists p(z) > 0, £(z) > 0 and 5(z) " J such that for all f E [0,€(z)l,

J (Gil (Z,E)) - J (z) 5 8(z), V Z E B (z,p(z)) n TE (2.204)

I where em (z,t) is the function generated from Z f T, by Algorithm 2.8.4.

1
1
,

1
1

I
,..,....,.

.'

I

,

j

J
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Proof The proof is exactly the same as that ~iVfm for Proposition 4 of Ref. 65,
~except that Assumption 2(i) and Assumption 2(iii) in the proof of Proposition 4 of Ref. 65,

are being replaced by Lemma 2.8.4.2 and Lemma 2.8.4.4.

2.8.5 The Main Algorithm

In this subsection, we present a computatio tal algorithm, called the Sequential Gradient

Restoration Algorithm (SGRA), for solving the problem (2.P). Its convergence properties

will also be investigated, 'I'hi:; algorithm has two main features. Firstly, sufficient amount

of decrease in the objective function J within each combined minimization - restoration

step is guaranteed in order to ensure convergence of the algorithm. Secondly, in order to

prevent the disadvantage of requiring a huge amount of iterations in the restoration

algorithm (Algorithm 2.7.3), we develop a scheme in which the value of f. is reduced as the

algorithm approaches the optimal solution. Thus, at points far from the optimum, we

require only a rough estimate of feasibility, whereas by approaching the optimal solution,

the feasibility requirements are gradually tigntened.

Step 0

Algorithm 2,8.5 (SGRA)

Let '7 E (0, ~), /J E (~, 1), € 0 > 0 be given constants. Choose a. function

zO E 71. Set k:::: 0, e =- 0, E :;:: Eo'

Use Algori thm 2.7.3 to generate a function r (zk, i(e,.i:k)) E 7'£. Set

z;:;: r (zk,i (F.,zk)) (2.211:;)

Use Algorithm 2.8..1 to compute Gli (z,c).

If

Step 1

Step 2

Step 3

Step 4

J(GR (z,€)) - J(z) ~ -'7 €,

e -go to Step 4; else set y :;-~Z, e ::;:: fJ c, £ ::-.::C + 1 and go to Step 1.

Set ;-k ~1"'" GIl (Z,E), k:;:: I. + 1 and go to Step L

(2.206)

,~

- .....

i ".

I

' ....,
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Theorem 2.8.5 Let Assumption (2.8.4A) be -...tisfied. Suppose that the sequence {zk}

generated by Algorithm 2.8,5 is contained in a compact set (with respect to the norm

defined by (2.'7)). Then, one of the following two terminations call occur:

(i) If Algorithm 2.8.5 Jams at a. particular point z and generates an infinite

sequence {l}[::::Q' then any accumulation point y* (with respect to the norm

defined by (2.7)) satisfies

\

(2.207)

(ii) If Algorithm 2.8.5 generates an infinite sequence {zk}, then any accumulation

point z" of this sequence (with respect to the norm defined by (2.7)) satisnes

(2.208)

Proof The proof of (i) follows easily from Theorem 2.8.4 and Theorem 2.6.3. The

proof of the fact that z* E To in part (ii) is exactly the same as that given for Proposition 2

of Ref ~!). The proof of the: fact that :t E /).n is exactly the same as that given for

Proposition L of Ref. 65, em :It that Assumption (? !l 3) in the proof of Proposition 3 of

Ref. 65 is being replaced by Theorem 2.8.4.

•
'".

...

2.9 An Illustrative Example /

Consider the problem (cr. Ref. 35, pp. 245-·2,~7) of minimizing the cost functional

.T:::-.:.: - x2(1) (2,209)

subject to the differential constraints

(2.21Oa)
).x2 :,,:: 1lX1 (2.210b)

II



65

and the boundary conditions

:':1(0) - 71"1 ::: 0

X2(0) - 71'2:;" 0

'Yxl(l) + (1«~ 'Y) -71"1::::: 0

'Y x2(1) - 71"2 := 0,

(2.21la)

(2.211b)

"
':

(2.2t2a)

(2.212b)

(2.212c)

(2.~12d)

'Y xt(l) + (1 - 'Y) := x1(O)

'Y x2(1) ::: :1:2(0)

By letting x
1
(0) := 71"1 and :riO) :: 71'2' (2.211a) and (2.21.i.h) are .ranaformed to

Thus, this problem belongs to the same class of problem as that described in Section 2.3.

Choose 'Y ::: 0.1 and {3= 0.5. Furthermore, let

where

(2.213)

J

as the nominar function. Then, Algorithm 2.8.5 is employed to solve the problem ',_.-'

iteratively. From he computed result tabulated in Table 2.9.1 it is clear that at the 40th

iteration, both P (z) and Q (z) are extremely close to zero. The optimal control is plotted

in Figure 2.9.1a. The optimal states are plotted in Figure 2.9.1h. The optimal parameters

are 7r'1 :::::: 0.05 and 71"2 =. 0.91.
J,

'.

,It

t •
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----
OJ

No. of iteration j' (zk) P (zk) Q (zit)
•._----

0 -0.5350 6.48 )( 10-6 0.91046

2 -0.5516 6.26 )( 10-~ 0.00701

A ·-{).5573 8.54 x 10-5 0.00323

6 -0.5610 9.38)( 10-5 0.00106

IS -0.5644 1.53 )( 10-5 0.00121 ':

10 -0.5662 3.98 )( 10-5 0.00085

12 -0.5675 2.26 )( lO-t, 0.00063

14 -0.5685 1.78)( 1()-5 0.00048

16 -0.5692 1.59 )( 10 5 0.00038

18 .c-ij.5697 1.55 x 10"5 0.00031

20 -0.5703 2.00)( 10-5 0.0;)026

22 -0.5707 1.64)( 10-5 0.00022

~li -0.5710 1.61 )( 10-5 0.00018
"-

26 -0.5714 1.60 x 10"5 0.00016

28 -0.5716 1.56 II 10-5 0.00014

30 ·-0.5719 1.60 )( 10-5 0.00012 •
32 -0.5721 2.23 )( 10-5 0.00011 '...
34 -0.5722 1.95 )( 10-5 0.00010

36 -0.572J 3.04)( 10-5 0.00009 r

38 -0.5725 1.83 )( 10-5 "0.00008 ...
40 -0.5727 1.96 )( 10"5 0.00n07

- ....
-~~-. __."""------

J

'"........T,able 2.9.1 The Numerical Results for Example 2.9.1

I'

~..

" '

;

,~ ,_ ... _, 111'--"'--
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States
1.°1
0.9

0.8

0.2

•

0.7

0.6

0.5

0.4

0.3 ..l'"

I

0.1

0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 ..

Time t
I'

TYPE State Xi ------ State Xi:

'",

.~ Fignre 2.9.1a Computed Optimal States for Example 2.9.1 .. -.

• 1
i

I

.~
.~
"

.I

,~,..........
.""'"

________________ _,"_IIII'IfI"~---
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Control u
4.0

3.5 \
"

3.0

2.5

"
2.0

",
•

'..
1.5

I".- .._ .....
1.0

I

~

0.5

0.0 !.r--.---r----r, -j-r,---r-r'-l '-'--'-1----.-,-,.--,-r-I -·',...·--rl--,r-,---.----.-T

1.00.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
I

Time t

Figure 2.9.1b Computed Optimal Control for Example 2.9.1.
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CIIAPT~R ITI

A COMPUTATIONAL METHOD FOR OPTIMAL CONTROL PROBLEM WITH

'I.'ERMINAJ, AND INTEIUOR POINTS CONSTRAINTS

3.1 Introduction

The class of optimal control problems considered in this Chapter involves terminal equality

constraints and interior points equality constraints. In this chapter, we developed a new

innovative computational scheme using the technique of control parameterization and

Liapunov concepts for solving this class of optimal control problems.

,.

In Section 3.2, we describe the optimal control problem (3.Pl) and assume certain

conditions.

In Section 3.3, using the technique of control parameterization, the problem (3.P1) is

converted into an optimal parameter selection problem (3.P2).
•
'...

In Section 3.4, using the technique of Liapunov concepts which was originally suggested in

Ref. 74, the problem (3.P2) can be converted into an unconstrained problem in Lagrangian

form (3.P3)' Based on the fact that the stationary points of the Lagrangian function can be

...

/
found by setting all the derivations equal to zero, we define a suitable positive - definite '".,...

Liapuncv Function (L) with terms consisting of all the derivatives of the Lagrangian

function. Finally, the problem (3.P4) of finding the minimum of (L) can be easily solved

by any existing unconstrained nonlinear programming technique, such as the conjugate

gradient method.

II

I'

" ,

_____ ._ ....b __ ~',-" --"=~-''' ...'-~·'I!In•• _
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However, to find the gradients of the function (L), we need to calculate both the gradients

and ilessian of the objective function and the constraints of the problem (3.P2)' The

formula for these gradients and Hessians are derived in Section 3.5 and Section 3.6

respectively.

Finally, two examples are solved numerically in Section 3.7. ....

3.2 Stater-eat of the Problem

Consider the following differential equation on the fixed time interval [0,1]

x (t) == f(t,x (t), u (t), 71"),
(3.1a)

where x ERn, U E Rf, 71" E RP are respectively, the state, the control and the parameter

vector; f= [fh ... ,frl E R"j snd the superscript T denotes the transpose. The initial function

for the differential equation (3.1a) is
•

(3.1b)

where 'Jfl is a given vector in Rn. The terminal and interior point conditions are .'

" l
;~

!Jk (x (tk), 11') = 0, k =' 1,... ,q, (3.2)

where 0 < tk ~ 1 with at least one tk equal to 1 to constitute the terminal constraint. ..
Let 9t be the class of all admissible controls defined by

'It:::: {u: [Uh ... ,urlT is a bounded measurable fuuction from [0,1] iuto Rr}.

...
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Define

'Y= {z= (u,7I"): uE 'it, 7I"E RIl}.
(3.2d)

For each z E 'Y, let x ( . Iz) be the corresponding vector-valued function which is absolutely

continuous on (0,1] and satisfies the differential equation (3.1a) almost everywhere on (0,1],

together with the initial condition (3.1b). The function is called the solution of the system

(3.1) corresponding to z E 'Y. Let [/ be the set of all feasible z defined by

[/ = {z E r:!/k (x (tklz), 71") = 0, k = l, ... ,q}

We may now state our optimal control problem as follows:

Problem (3.Pt) Subject to system (3.1), find a z E [/ such that the cost functional

J(z) = if! (x(llz), 7f) + Ii fo (t,x(tlz), u(t), 7f) dt
o

(3.3) ..

is minimized over Sf, where ¢ and fo are given real-valued functions.

...

Let. LS be the Banach space as defined in Section 2.4.
III

We assume throughout that the following conditions are satisfied.

I
.~

(3.Al)

¢ : Rn )( RP -I R

fo: [0,1] )(Rn x W)( RP --I R,

!Jk : RII )( RP -l R, k = l, ... .q

, .

• ..,fIII'

~
..~~--3ii5GXbj_·_--__",, IIIlJ
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(3.A2) There exist positive constants KI and [(2 such that

IFf3( t,xl, u!, 1r1) I ~ KI

IGp(X
I,1r1) I ~K1

and

IFp(t,xl,U1,7rI) - Fp(t,il,U2,'1l'2) I

~ K2( I Xl - x21 + I ul- u2
1 + 17r1- 7r21)

IGp{XI,1r1) - Gp(x2,1r2) I ~K2( IXl- x21 + l1rl- 1r21)

for any t E [0,1], Xl, [£2 E RIl, ul, u2 E Rr and 71"1, 71"2 E RP, where F

(respectively G) denot any of the functions f and fo (respectively, dJ and !]k,

k = 1,... ,q); F~l (respectively G~) denotes the gradient of F (respectively G)

with respect to {i. Here {i represents any of the vectors x, U and 71".

(3.A3) There exists positive constant K3 such that • ....
82 Ii (t, X,U,7r)
------5[(3, i = D, ... ,'t, (3.4)

........
82 ¢ (x, 71")
----~K3 (3.5)

/

and
82 gi (x,7r)
----~K3, i = 1,... ,q, (3.(l)

for any t E [0,1]' x E RIl, U E RI' and 71" E FlY. Here (:\'1 and ((2 represents any of the variables
,.

I
"

/1

~ ~-
I

-.01

...

_·_-ZUW-iJ;'TT"'''''''-......,inlZ __ r__ .m.'
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3.3 Control Parametf.ri;.;a'tioL1.

The control parameterization method will be used tu convurt tit pH,blem (3.Pl) into an

optimal parameter selection problem (3.P2)'

Let ..:; be a partition of the interval [0,1] such that ,7 consists of m eiements defined bv

where

and
,

tj+l-tj::-~ , j = 0,...,m-1

° = to < tl < ... < tm = 1.

Let 'fl be the set consisting of all those elements from 'it which are piecewise constant and

consistent with the partition ..."'. It is clear that each U E 'fl can be written as

m

U (t) = L uk Xh(t),

k » !

t E [0,1) (3.7)

where uk E R) and X I denote the indicator function of I defined by

t to I (3.8)
otherllise

This means that each control U E i[l can be identified uniquely by a control parameter 'J'

and vice versa, where

, .
_'. ,.. ....• ~. ~ .~ t~ .. '

-.----"

f.

..,

.(r
"i )

~ __ / :L.~._.

_'_' I

.'

I
.~

)! -

,.

I

.,(
',."-

\
I

\

\
\
\ 1

\l
\i

~
, . '

". ~ J •• ,..
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[I 1)-T (m)T1 Rmra=,O' ,... ,0' E .

Thus, when no confusion can arise, we shall interchangeably refer to u E 'il and a ERr.

Define

where ~ is the overall decision pal deter vector.

Thus, for each ~ E 'J?, the differential equation (3.1) takes the form

X (t) := T (t,x (t), ~)

with the initial condition

x (0) "" xo,

where
m

T (t,x (t), e) == f(t,x (t), L O'k Xlk(t), 71").
k = 1

Let x ( .1 e) be the solution or system (3.9) corresponding to each e E v. Let

Let /ij' be the get of all feasible ~ defined by

...

____________ 'r

(3.9a)

(3.9b)

(3.9c)

(3.10)

."'''!iii

•

I.~

,-

11
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We may now specify the "C"')!oximate problem (3.P2) as follows:

Problem (3.P2) Subject to system (3.9), find an overall decisi.on parameter vector

e E .'if such that the cost functional

(3.11)

is minimized over /'1 , where 7~is obtained from J~)• 1 an obvious manner.

3.4 Liapunov Concept

The problem (3.P2) can be converted into a non-constrain d problem in lagrangian form as

follows:

Problem (3.P3) Minimize

~•
....

r"
·to....

(3.12) "'I

J

~
where A E R,<i is it constant Lagrange multiplier.

Using the gradient of the function (3.12), we can introduce a positive·-ddinite Liapunov

Function (L). For example, let

J

N

L. (w) ~ L i; PH (W)]2,
i e 1

I'

..

i··'",'_.... tt__ ... !:i·=iit"C'M~~'
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where

N:::: mr + p +~, (3.14)

(3.15)

oQ( ~,A) aJ{ e)_- "'-.:_.._-_. +
a[' 0 c .
"1 ." 1

o7ik( 0
Ak --,

De i
k=1

i :::::1, ... , mr {- p (3.16)
aQ(~,A) __ . (e)

----"- 91 -m r-p
OA i -mI'-1' i :::::mr + p + 1, ... ,N,

and ](i, j :;:: 1,... ,N are arbitrary chosen positive' weighting factors. Obviously, L becomes

zero only when all the graditmts of q( f"A) becomes zero - a necessary condition for

optimality for the problem (3.P3)' Thus, we do know that (e* ,Xl<) satisfy the necessary

condition of optimality of the problem (3.1'3) when L == 0 in (3.13). Accordingly, we pose

the following optimization problem:

•
'...

Problem (itI).) Find a vector wE [IN which minimizes L defined in (:3.13).

Remark 3.4.1 L may also be defined as follows: I
.~

(a)
N

L (w);::: 22 s, Abs [hi (111)]
i c I

(:3.17)

(h)

N

L (w):=;: L x; [hi ('w)Frni
i c 1

(:1.18)

, '

••.,..

z··t 's<r'--
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I

where mit m2""'~ are real integers.

(c) L (w)::::: [hI (w), ... ,}~ (w)]T S [hI (w)).··,'ll (w)], (3.19)

where S is a positive definite !II )( N matrix.

Problem (3.P4) is an unconstrained mathematical programming problem, which can be

solved using one of the existing optimization techniques such as conjugate gradient method .

..lost of these techniques require the computation of the gradient of L and hence both the

gradient and Hessian of T and 9k, k ::: 1,... ,q, because

ilL(w)

•
..... ,

+2
N [ ,~- ( )]• _ (1m -m r -p eL s, Bi-rnl-!' (e) x -'{;--'- ,j:= 1,o.o,mr + p,

r=m r +il+I" ~ol I.,__.
(3.20)

and

(3.21) I

•

I

~"';";3GS-"'V.-' ._'.-.n_.n __ .s.Jllli
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Since T and Ok are not straightforward explicit functions of ~, the gradients all 8gi,

1J9k/ aei and the Hessians 82J7 a~iaej and a2"iAI a~iaej need to be computed in a round

about way _ by forming artificial optimal control problems and taking Frechet derivatives.

We shall discuss the method for computing these gradients and Hessians in the next two

sections.

"3.5 The Gradients of T and 9k.

The methods for computing the gradients of rand 9k are well known in the literature of

combined optimal control and optimal parameter selection problem> (For example, see

Ref. 95). We shall summarize the results as follows:

The gradient of T is given by

a: := i 1 aB( t,x{tl O_~,1/JO(tl e)) dt,

de 0 ae
(3.22)

where x (tl~) is the solution of system (3.9); 1I : [0,1] x Rli x Rmr+p x Ril _. R is the

Hamiltonian function for r defined by /
.~

(3.23)

..
and 'lIP (tl e) E Rll satisfy the following adjoint system

/'
• T aH(t,x( tl 0, e,~JO(t))

['l//) (t)] ::~ - . r~ ---- t E [0 1]ax (t 10 ' ,
(3.24a)

(a.24b)
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Remark 3.5.1 When we solve (:{.P'l) by an iterative method, such as the conjugate

gradient method, the value of ~ iS~[()Wll at every iteration. Thus, the solution of system

(a.D) and (a.24) do not constitute a two point boundary value problem.

The gradiellt l)f ~k is givt'n hy

k:::;:: 1, ... ,q (8.25)

rv

where :1: (tl 0 is tlw solution of system (:1.D); II : [0,1] x WI x RIII!+!> " R,ll -l R is the

Hamiltonian function for each of the constraint 9k, k == 1,... ,'1, defined by

N

Il (t.,:r, ,;, '1/') ::;: (VI)'!' T (t,:l:'~) (3.26)

and I/)k (tl~) E RIl, k := 1, ... ,'1, satisfy the following adjoint systems

",
(3.27a)

(3.27h)

Lemma :t5.1 There exists it positive constant LII independent of ~ E R'lll'+P, such

that

k :=, 11" .. ,q. (:3.28)

Proof 'I'he proof iii similar to that giVPll for Lemma :{.~~of Rd. l:lti,

•

•

_ .....

,I

..
II

, .

,.

, ," r.;;:;....-". ~.
':':_:-,;(
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3.6 Hessian of T and 9Jr.

The method for computing the Hessian of T and ~ is much more complicated. Firstly, we

shall derive the formula of 82 II a~i a~j, i,j = l, ... .mr + p. For each i = l,,,.,mr + p, we

consider the following associated optimal control problem

Minimize

(3.29)

For each e E W', let

(3.30) "?" .....

•
be considered as the new state variable, where x (tl c) and 'l/J0 (tl e) are solutions of (3.9)

and (3.24) respectively. For each i = l,,,.,mr + p, let

I

~
be the new Hamiltonian function defined by

, -

I,

Ii

,

j
=



81

8fo(t,x,e) T8f(t,x,~) T- "T[&fo(t,x,~) T8f(t,x,~)]T
= + (1/1) + (lJI) f (t,x,e) - (lJI) --- + (1/1) -- .

8~ ~i & fu
(3.31)

.
Now, let lJI01(tl~) E Rn and lJIOi(tl~) E RII be the co-state variable corresponding to the

state variable x (tl~) and 1f,o(tl ei respectively. Then lJIOi(tl e) and lJIOi(tl e) need to satisfy

the following adjoint system:

ad{ i(t,x{tl e),1/1°(tl ~),~, IJIOi(tl e),lJIOi(tl ~))=-------------------------ox (z] 0

=
& [oTc, (t,x( tl s),e)]

ax (t I e) Be i
.1"'-

10' "T a [8f (t,x(tle),e)] . ToT(t,x(tle),O
- ['I{) ttl ell ----.- - [\l1Q1(t)] ---ax ( t I0 ae i ax ( t I0

", T~ a [Bfo(t,x(t1e),e}]T a [[oT(t,x(tle),e)]T ]}+ [\l101(tl e)] -- - + 7/P(tl e)
?x ( t I () ox ( tie) ax ( t I e)· ax (t I e)

(3.32a)

I
,.."....

" with the final condition

IJIOi(l) = 0 (3.32b)

and

'--41'

'j

'~"-C=-~'i:r--'''!Iii•• •.JM·
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82

= --------------

(3.33a)
..

with the initial condition

(3.33b)

iwmark 3.6.1 During every iteration of any iterative method, the value of ~ is

known. Thus, we first solve systems (3.9) and (3.24) to obtain x( tl~) and 'l/P(t I e)

respectively. Once the value of x(tl e) is known, we then solve system (3.33) to obtain

q,oi(tl ~). Finally, 1ll0i(tl~) can be obtained by solving system (3.32) after all the values of

x (tl ~),'1/P(tl~) and 1ll0i(tl 0 have been obtained.

•
....

...
Lemma 3.6.1 There exists a positive constant L2, independent of ~, such that

(3.34)

and

I qtOi(tl e) I ~ L2

for all i = 1,... ,mr + p and for all t E [0,1].

(3.35)

..
..

Proof From (3.32), we get I,

." I .

...~ ...~-, ""'_iIr'!



83

Jt{8r (r,x(rl~),e) [at (r,x.(rl~)/hT.. }= + ' \}IOI( 71~) dr.
o aei ax(rl~) j

(3.36)

Thus, from (3.36), the Cauchy-Schwartz Inequality and Assumption (3.A2), we get ..

(3.31)

•
By Gronwall's lemma (cf. Ref 15,p.62, Lemma 2.3.5), it follows that

1 \}Ioi( tl ~) 1

S KI exp (Kit)

~ KI exp (KI)

(3.38)

I
,_;

where

(3.39) ..
From (3.32), we get ,

..

______ . , '_r~~~~-
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(3.40)

Thus, from (3.40), the Cauchy-Schwartz inequality, Assumption (3.A3), Lemma 3.5.1,

(3.38) and Assumption (3.A2), we get

(3.41)

where
(3.42)

and
(3.43)

Thus, by Gronwall's lemma, it follows that

IIltOi( tl ~) I
~ k2 exp [k3(1 _. t)]

S k2 exp (k3)' (3.44)

'"

•

,.,tr'/

,_.

/

1
j

,j
I
J

OJ

l
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By choosing

L~ =: max {kll k2 exp (ka)},

the conclusion of the lemma follows easily from (3.37) and (3.44).

Theorem 3.6.1 The Hessian matrix of :r can be computed as follows:

{)2 :r

oj (t,x(tl ~),~) ]
x . dt

a~j

J 1 ad! i(t,a;(tl e),7/P(tl (),~,wOi(tl (),;J!Oi(tl f,)) ..
+ dt, 1,J = 1,... ,mr + p,

o a~j

where (!' is as defined in (3.24b) and N (t, r) satisfy the following system

aN(t,r) aT (t,x(tl(),()
___ =: N(t,r),

at ax (tl ()

N (r,r) =: I (identity matrix).

(3.45)

(3.46a)

(3.46b)

',./111'

'rr

/

~

, .,..-

~ I•• f'.· ".~#J ...
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Proof Let e E Rmr.p be given and let p E Rmf+P be arbitrary but fixed, Let

(3.47)

where € is an arbitrarily small real number. For brevity, let x (, ,E) and 'l/P(. .e) denote,

respectivel ,, the solution of (a.9) and (3.24) corresponding to e(€)· Clearly, from (3.9), W()

have

(3.48) •
....

'1'h11B,

..

(:i.4!la,)

with the initial condition ,

~x (0 I ~) ,;; U. (:t4!)h)

. ,.' IIIIiIIIIIIIP"F' . J
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In view of (3.48) and Assumption (3.A2), it can be proved, by using a similar argument as

that used in the proof of Lemma 3.6.1, that

(a.50)

where
(3.51 )

and [(I is as defined in (3.7). Moreover, from (:J.4\}), we get

(3.52)

where N Ct,'f) is as defined ill (:1.46).
.._.

Now, in view of (3.2.1), It can he proved, using similar argument as that used to obtain •
(3.49) from (3.9), that

tl~P( tl ~) .....
A

" [l)[I( t,x( tie) , ~, 'l/P( tie))] T
~ - ~.",,"~.---.--.-~-. ----- p

O{ ax (t 1 e)

J.

"

. . .. .. ~;
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:.:c: L\(J(t,x(tle),~, ?IP(tl~)) (3.53a)

with the final condition

(3.53b)

where (J: [0,1] " H" " [lmI+p x Rll ---I RII is defined by

In view of (3.53), (a.28), Assumption (a.A2), (3.:;0), Assumption (3.A2) and (3.24b), it is

deal' that

•

(3.54)

and
(3 ~'r')t .,h) I

~

From (3':).1) and (3.55), it call be proved, using a similar argument as that used in the

proof of Lemma 3.6.1, that

(3.56)

whew
J,
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(3.57).
Now, in view of (3.29), (3.31) and (3.53c), it is clear that for each i "'"l,,,.,mr + p, Ji(e(f))

can be expressed as

f,

"
Mi(t,)

"",~- ..-'p
e'J(

.. ..J...l.n__ .ll1u.a.· ••••••• r·

(s.ss)

\,
"

..

•
'..

..........

I

..

J

...

/
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(3.59)

'I'hus, from (3.59), (3.32a) and (3.33). we get

.
dJi(O
~--p

at;

..

+ -: i(t:x(tl e),~p(t.1 ~~e,IlJ~Ji(tl_e),_~:i(tl e)2 p} dt

oe

=:.: (IlJOi(OI{nT t.x(OI~).~·('l'Oi(1le))T .!lx(lle) + (WOi(OIO)T t.1/p(Ole)

__ (Wdi(ll {))'l' D.1/P(11 e)

..
+ f 1 .~(Jr..~~t,x(tl e),~p( t Ie),{.,:~~(tl~~:~i( t19J. pdt.

o a~

.....
(3.60)

...
However, from (3.49b), Lemma 3.6.1, (3.82b), (3.33b), (3.50) and (3.5(j), we obtain

/

(3.tH)

(3.62)

and

(:~.63)
. "

I.

'I'hus, in view of (3.61)~·,(a.6a), (a.5:3b) and (3.52), equation (:UiO) can be simplified as

..

.-~.~----.----'
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..

+ f 1 add i(t~tl e),1/p( t Ie),e:"~_~i(tl e),Il'Oi(~~)) dt}.
o ae

(3.64 )

Since p is arbitrary, the conclusion of the theorem follows easily from (3.64) and the
.

definition of Ji( O.

Our next aim is to derive the formula for 82 [Jk(e)/aeiOej· for each k :::: 1,... ,q and

i,j == l, ... .mr + p, For each k :::: L,... .mr + p. For each k == 1, ... ,'1 and i = 1, ... .mr + p, we

•

consider the following associated optimal control problem.

Minimize

(3.65)

For each i ::::.:1, ... ,mr + p, let (i~'i : [0,1]>< [lll )( ]lll x RlUr+1l x Rll x RII ~-'I R he the new

Hamiltonian function defined by

I

..

, ,",J::lIiIiIIIM III ._I .,...'lr'·'
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N '

N • • 8H (t, x,e,7/J) T _ ' T [8H (t,x,e,7/J)]Tor l(t,x,7/f,e,IJI,lJ!) == + (IJI) f (t,X,~) - ('*') ----
~i &

(3.66)

Let IJIki( tl e) E Rtl and q,ki( tl e) be the co-state variable corresponding to x( tl e) and

7/f(tl£) respectively. Then, they need to satisfy the following adjoint system:

N '

'. T 8$ i(t,x(tl e),7/f( tl e), e,wki(ti e),wki(tl e))
[Wkl(t)] == ---- ----------- axe tl 0

with the final condition

and

:. T {)iti(t,x(tle),~lk(tIO,e,wki(tle),~ki(tle))
[lJIk1(t)] == - .---

87f}t( tl e)

with the initial condition

(3.67a)

(3.67b)

..
...

(3.68a)

(3.6Sb)
I

,--"
Lemma 3.6.2 There exists a positive constant L3, indepe . e, such that

and

.,

(3.69)

'") 70)
J
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for all k = 1, ... .q, i ::::1,... ,mr I- p and for all t E [O,tk].

Proof The proof is similar to that given for Lemma 3.6.1.

Theorem 3.(j.2 The Hessian matrix of 9k, k = 1,... .q can be computed as follows:
\""

-":

•
(3.71)

Proof The proof is similar to that given to Theorem 3.(1.1,except that Lemma 3.6.1 ...
ill being replaced by Lemma a.ti.2 ill the proof

3.7 An Illustrative Example

I

~

In this section, we consider two examples. For each of these two examples, the fourth ..
order Runge Kutta integration scheme is used to integrate the system forward in time and

the adjoint system backward in time. To solve the corresponding approximate problem

(:l.P.1), we used the nonlinear programming software NLQPL described in Ref. 8~t

s .

" " .' ,*" .' ' .. :,,'. I' .~ ~"
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Example 3.7.1 Optimal design of suspended cable (cf. Ref 94).

Consider a cable under self-weight and distributed load along its span. After appropriate

statistical analysis and normalization, the total (non-dimensional) weight of the cable is

given by

J=f1!,f(1 + s2)(1 + (dy(x)/dx)2)dx
o f3

(3.72)

where

d2y(x) -_ ",j 1 j
u + (dy(x)/dx)2 1 + S2 -{- (J

dx2
(3.73a)

y (0) = 0,
dy(O)
--=0
dx

(3.73b)

dy(l)
--=8,
dx

(3.nc) ..
where

ex= given constant which relates the specific weight and the maximum permissible

stress;

!3 ::.: ar adjustable parameter representing the ratio of total loading to horizontal tension

in the cable; and
J

s = maximum slope of the cable which is also adjustable.

The optimal design problem is to determine !3 and s such that J is minimized.

Let
,..

e .

Yl(X) :: y (x) (3.74)

I,

Y2(iL:):: dy (x)/dx. (3.75)

I

~. -, ~;~ .. _ •... - •• 2 _r'



(3.76)

.oj,

, i

(3.na)
"'-i

j

;,

(3.77b)
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The problem is equivalent to

min J= (8 - (3) / (3

subject to

and the constraint

(3.77c)

The approximate problem

min L ((3,8,)..)

has been solved using the weighting factors /(1 ::: 1, K2 = 1 and K3 = 10, where L is as

defined in (3.13). Usir g (1,1,1) as the initial guess for the parameter ((3,8,)..), NLQP-::,

generated the optimal parameter for 5 different values of (l as listed in Table 3.7.1. It

appears that the method works very well for this problem, since all the numerical results

are extremely close to the optimal solutions obtained in Rei. 94. At the computed optimal

parameter, the values of Land 91 are very close to zero,

lu.ll ~RJI .. ..-·'''-''

•
I....

I

",,_.,.

..

,/
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r
~Pti.al par.. eter I NlIIlber

-_
h Ja I of 91P s A iterations

-.
0.1 1.1711 1.3858 9.5639 44 0.5860 )(10-8 1.8333 -I". ,i88 )(10-4-

..._
0.3 0.7689 1.4252 6.7807 13 0.4363 )(10-9 2.8455 -0.1910 ){10- 6

'._
0,4 0.5625 1.4467 9.0825 18 0.1292 )(10-10 3.9296 0.51>:;";)(10'6
~" •..

0.·'\50.4578 1.4579 11.9096 18 0.2248 )(10-9 4.8538 0,3036 )(10-5
0.5 0.3521 1.4693 vt, 7048 1 26 0.2091 )(10-8 5.3461

1
,\.),9790 )(10-5

,...,
1

Table 3.7.1 The Numerical Results for Example 3.7.1

• ....

...

" .

...,_,

: ., - .. - , .. • • • • ~ .. #. '~
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Example 3.7.2

Consider the optimal control problem of minimizing

(3.78)

subject to the differential equations
..

Xt( t) == u (t) - x~(t) + 1

X2( t) = u (t) - Xt( t) X2( t)

(3.79a)

(3.79b)

with the initial ccncition

(3.79c)

and the terminal equality constraints

gl(Xl(l)) = xl(l) -1 -:::0

g2(x2(1)) = x2(1) - 2 == O.

(3.79d)

(3.7ge)

.... '!:'.

I

~
Using the control parameterization method with the number of partition m equal to 10, the

approximate problem

min L (0"t,0"2, ... ,0"1O,IQ,>'2)

is solved using the weighting factors K, == 0.4, , :=: 1, ... ,10; [(11 = 1.5 and K12 == 1.0, where

L is as defined in (3.13). Using 0.5 as the initial guess for ail the parameters, NLQPL

generated nnal convergence af:.er 66 iterations. The corresponding value of L is

•
....

..

I
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0.23807 x 10-5, which is extremely close to zero. At the computed optimal control, the

value of J is 7.94450 and the values of 91 and 92 are 0.39044 " 10-7 and -O.8ti640 x 10-7

respectively, which are extremely close to zero. The optimal control in plotted in

Figure 3.7.2a.

•

l

t

I
I

w
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CHAPTER rv
A CONTROL PARAMETERIZATION ALGORITHM FOR TIME-~DEIAYED

OPTIMAL CONTROIJ PROBU~MS wmr TERMINAIJ STATE CONSTRAIN'rS AND

CON'l'INUOUS STA'fI<1CONSTRAINTS

4.1 Introduction

In this chapter, we extend the results of Ref. 110 to a more general class of constrained

time-delayed optimal control problems, which involves terminal state equality constraints,

as well as terminal state inequality constraints and continuous state constraints.

In Section 4.2, ':V(' descrit e the optimal control problem (4.P), and assume certain

conditions,

In Section 4.3, we generate a sequence cf approximate problems (4.P (P)) by the technique

of control parameterization,

•
',,>

In Section 4.4, by using a constraint transcription similar to that used in Refs. 103, 110, W~1

replace the state continuous inequality constraints by integral constraints consisting of very

smooth functions. The integral constraints so constructed can satisfy the usual constraint

qualification. For more detail of the properties of this constraint transcription, please refer

to the Introduction Section in Chapter 1. 'I'he new approximate problem with the state

continuous inequality constraints in (4.P (P)) being replaced by the integral constraints

can be easily solved by the Algorithm A2 of Ref.103.

.. ......

j

,...

I,

_.··,~m 2
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In Section 4.5, we investigate the convergence properties of the sequence )f optimal

controls of the approximate problems to the true optimal control. 'I'he main zonvergence

results is given in Theorems 4.5.1 and 4.5.2.

In Section 4.6, two examples have been solved to illustrate the efficiency of the method

discussed in this chapter.

4.2 Statement of the Problem

Consider a process described by the following system of delay-differential equations on the

fixed time interval (0,~n

X(t) ::= f(t,x (t), x (t - h), u (t), u (t - h)), (4.1a)

where x = [Xh""XIl E RIl, u = [Ub ... ,ur]T E nr are, respectively, the state and control

vectors: I= [ill'" ,!xl E Rll; the superscript T denotes the transpose and h is the time-delay

•

satisfying

0< h < T. (4.1b)

For the sake of simplicity, we have confined our discussion in this paper to the case of a

single time delay. However, all the results can be extended in a straightforward manner to

the case of multiple time delays. The initial function for the differential equation (4.1a) is

x(t)"'. ((t), te [-,h,O); (4.1e)

",
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where ( :; [(h"',(ll E Rn is a given, piecewise continuous function on [- h,O) and 'JfJ E Rn

is a given vector. Define

where ll:j and fJ it i := 1,.."r are real numbers, Clearly, U is a compact and convex subset

of RI'. Let. ?I be the cl~I,SS of aU admissible controls defined by

'It "" {u : u:::: [Uh"" ul is 3. bounded measurable function defined on

[- h, 71 such that u (t) E U fur all t E [0,11 and u (t) ~ fJ (t) for all

t E [- It,O)}, (4.3)

where p is a given piecewise continuous" ction defined on [- h,O).

Let £f denote the Banach space L ([- h; TJ, Ifl) of all essentially bounded measurablew ru

functions from [- '1 into W. Its norm is defined by

•

Ilull :,:,;ess sup
w t€[-h,71

(4.4) ......t'

For each '1L E L~), let x ( ,I u) be an absolutely continuous function defined on [0,71 which

satisfies the differential equation (4.1a) almost everywhere on [0,11 and the initial function

(4.1c) everywhere on [-~ h,O]. This function x (,1 u) is called the solution of system (4.1)

corresponding to the control 1l E LI~.
W

. '

"

The terminal state inequality and equality constraints and continuous state inequality

constraints are specified as follows:

i'

. " ~,.J'••I" •••••••••••• 17•••• ·.'1.1[" -
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¢i(X (TI u)) ~ 0,

1/)i(x(Tlu)) "" 0,

9i(t,x (tI1.L), x (t - hi u)) ~ 0, t E [0,21,

i == 1, ,N1
i == 1, ,NE

i= 1, ,N,

(4.5a)

(4.5\: )

(4.5c)

i
"

j

where 1Jh i :::I, ... ,N1 and 7/Jb i := 1,... ,NE are real-valued functions defined on Rnj and

gi, i ::::1,... ,N are real-valued functions defined on [O,1j x R2n. Let

e ::::{u E 'it: rPi(X (TI u)) ~ 0,

min 9i(t,x(tlu), x(t-hlu)) ~ 0,
t e (0, 11

i::::: 1, ,N1i

i:= 1, ,N}.

Let

5t == {UE e: 1/li(x(Tlu))::::: O,i::;:; 1, ... ,NE}·

(4.6)

(4.7)

Elements from .:7 are called feasible controls and tl is called the class of feasible controls. ,

We may now state the optimal control problem as follows.

"

Problem (4.P)

functional

subject to the system (4.1), find a control u E 5( such that the . ....,

J(u):::: If>o(x(Tlu)) + fT .,1.'o(t,x(tlu), x(t-hlu), u(t), u(t-h)) dt
o

• • •
is minimized over ~o/,where If>o and .,1.'0 are given real-valued functions.

We assume that the following conditions are satisfied throughout

"

(4.g)

I



(4.Al)

(4.A2)

(4.A3)

( l.A4)

(4.A5)

(I1.A6)

Remark 4.2.1
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f: [0,1'] )( R2n )( R2r --I RIl is piecewise continuous on [0,1'] for each

(x,y,u,v) E R2Il )( :t2r and are continuously differentiable with respect to each

of the components of x,y,u and v for each t E [0,1']. Furthermore, for each

compact set n E R2r, there exists a constant J( > 0 such that

\,

If(t,x,y,u,v) I ~ J( (1 + I xl + I yl)
..

for all (x,y,u,v) E R211 x 0, where 1·1 denotes the usual Euclidean norm;

tor each i := 1,... ,N1, ¢i : RlI -+ R is continuously differentiable;

for each i ::::1,'H,NE, 1/Jj : Rll _, R is continuously differentiable;

for each i := l ,... ,N, 9i : [0, T] )( R2!l -f R is continuously differentiable;

<Po : RIl -I R is continuously differentiable;

:!.(I : [0,11 )( R211 )( R2r
-I R is piecewise continuous on [0,~'1for each

(x,y,u,v) E R2n )( R2r and is continuously differentiable with respect to each of

the components of x,y, u and v for each t (; [a, T].

,
•

For each u E 'it, there exists a unique absolutely vector-valued ...
-"'"

function x (,1 u) which satisfies the system (4.1). This is done as follows: We subdivide

the interval [0,11 into [D,h], [£ h, (£ + 1)11,], £:= 1,.. .k; [(k -I- 1) IL,11. Thus, finding unicue

solution of system (4.1) is the same as finding unique solution (4.1) on each of these

subintervals successively with appropriate boundary conditions. Thus, the conclusion

follows from repeated applications of well-known results OIl ordinary differential equations.

Lemma 4.2.1

/

~

There exists a bounded subset X of pu such that

{llx('lu)11 : UE U} C X.
III

Ir

I

\' ~, .." " I •. : .. ~ :
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Proof Since II is bounded, the proof is similar to that given for Lemma 4.2 of

Ref. 125.

4.:~ Control Parameterization

\. i
v, •

As in Chapter :~, control paranrcterization method will be used to solve the problem (4.P).

However the method used ill this chapter IS not exactly the same as that used in Chapter 3.

To be more precise, let {.)jl}~;=1be a sequence of partitions of the iII orval [0,1'] such that .'/

p has nl' elements: ,1p>! is a refinement of .II> and IIJl.!! --! 0 as p ~ !D, where II·Jpl! is the

length of the largest interval in the partition }'p' In this chapter, we assume that

(4.10)

whore

I P [tP p) P l' P 'J'.
I':=:: '\' -1' tj ,II zzz t.el < tl < ". <: til :=::, . , Jl

(4.11 )

•
Let 'lIP be the subset of all admissible controls which are piecewise constant and consistent

with the partition .71" Then, each uP E 'Ill' can be written as

'.~

t C [- h,O) "'_'(4.12)
I

t E [0,71

wlH'I'C a~ E HI and X;: dl'llote the characteristic function of Ii;, i.e, ,...
, P
1ft E II;

(4.1a)
...

J,

'.::;:[2' 5' & , E , !Rr--~-'--
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Thus, each control l E 'ltP can be uniquely identified with a control parameter vector (l
and vice versa, where

(4.14)

. p P P P
Thus, we shall interchangeably refer to u E U and (J E 'It .

Given a control parameter (JP E UP, let x ( • Il) be the solution of the differential equation

" Px(t) =f(t,x(t), x(t-h), a) (4.15a)

with the initial conditions

x (t) ::; (j(t), t E [- h,O), (4.15b) ,
where •

f (t,x (t), x (t - h), l) :::f(t,x (t), x (t - I.) l(t). uP(t- h)).
....

(4.15c)

. p . P. P
Ltt e and <9 be defined, respectively, from e and <'7 by replacing ~l by a in the

definitions of e and L~l.

We define the approximate problem (4.P (p)) as follows:

Problem (4.P(p)) Find a control vector l E 5'P such that the cost functional ..
T

( p) (( '1 '» J' p P PJ a == q,,, x 1(]') + ,,t'o(t,x(tla), x(t-hla), a) dt
(l

J.

(4.16)

~ .. .' , • f'l
'. • ... I
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IS minimized over ,,1', where

;;' P" P P _' p p p p_, u( i.x (t I (J ), a, (t -- hi a ), 0 ) -- ,;t o( t,x (t I u ), x (t - hi u ), u (t), u (t - h)).

(4.17)

The following theorem ill 11 consequence of Lcm .na 4.3 and 4.4 of Ref 12fi.

Lemma 4.:t1 Let {1lr)J be a sequence of admissible control, which converge to 'it
1'= 1

almost everywhere on [0, 'Fl. Then

(i) lim !Ix (uP) - 1: (1l)!I'I) = (I
p--t (11

(4.18)

(ii)
11

I i III J (IL' ) := .J (7t)
p~fl'

(4.11))

4.4 Constraint Approximation

!'r'r each i= 1, ... ,N, the corresponding state inequality constraint (:1.5l~) when restricted to
p .

the space ?! can be written as

'Fa (p) f . { (' ('I p) (" I I p))' dJi (T:::: rum U,gi t.x £.j (J , x ~- n it J t = 0
n

(,1.20)

which is, however, nou=smooth.

As in Ref. lOa, we replace the non-smooth functions min {Il,gi(t,x (tl c/), :r (t - hi (,Y))) by
. p p

the smooth ones given by g. ((t,:r (tl (J' ), :r: (t - h! (J' )), where
I, ,

, .,
"

/

,,-"

...'

··~:..J.aeE.l¥••••••••••••••••• J.·I[~'·_.-
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P P
9. (r,z (tier ), x (t - hi a ))
1 I €

P p

1
9i(tlX (tl a ) I z (t - hi a- ».

p P 2= ~[9i(t,x(tla), x(t- hla ))-c] /4f.,

For each i::: I •... ,N, define

.j,

if gi(t,x (tl ell, a: (t - hi el)) < - c

if Igi( t, z (t Ia\ x (t - hi aP)) I 5 f.

p p
if 9i(t,x (tl a ), x (t - hi a )) > f.

(4.21 )

..

r
P f P PG. (a)::: 9. (t,x(tla), x(t-hla)) di.

I,e 0 hf.
(4.22)

We define two approximate problems, which w'll UE' referred to as ~4.P((p)) and

(4.P (p)).e, 'Y

Problem (4.P((p))
,

Problem (4.P (p)) with the eontinuous state inequality
....constrain t (4.5c) replaced by

PG ((J) = 0,
i, €'

i::: 1,... ,N. (4.23)

'1Ii
Let ,'Y( be the feasible region of (4.P((p)), defined by

II p
${ ::: {a E

f.

p P
'iI : G (a)::: O.. ~ .

1 I -
p

¢i(X (1'10' )) ~ 0,
P7/Ji(X (TI a )) == 0,

Then, it is clear that

I

~
i == 1,... .N;

i == 1, ,1-iI;

i = 1, ,NE; (4.21)

(4.25)

.nrr.~----
H..._

,
l

j

.-ttn~
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Note that the equality constraints (4.24) fail to s[\tisfy the usual constraint qualificauon.

Thus, we may encounter numerical difficulty. To overcome this difficulty I we consider the

second approximation problem as follows:

Problem (1.P (p))e , 'Y
Problem ('1.P (p)) with (4.5c) being replaced by

i = l ,... ,N. (4.26)

In order to study the relationship between the optimal sol ution of the problems (4.P (p))

and (/l.P,(p)) as f ,.". 0, we need the following additional assumptions:

(4.A7)
, Jl .. P. l' (. _." P cI.or each tr E :" ,there exists a sequence {rr ' } E ,';. f. such that {c ' }

converges to (l in the Euclidean norr WlWlW '''I' f ---; O.

Lemma 4.1.1 For each p > 0, let {rY;"*} be a sequence in ( of optimal controls of

(4.P(p)) ann let 0.1',* he an optimal contrcl of the problem (4.P (p)). Then

(i) the sequence {rr~' *} has it suhseqncnce which converges to an optimal control of the

problem e1.f! (p)) ill the Euclidean norm.

(ii) ), " Jl •I i III .T «(T,' ) ;;;;: .1 (IT ' )
( .._, ()

(4.27)

..

"'"

,

'i

..,_c~----'----

IT iU.\
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~ Proof(i) From the definition of UP, the sequence of vectors {IT~' *} is obviously

bounded in the Euclidean norm. Therefore, there musts a subsequence, denoted b:y {IT~'*},
f.

h h . P *} _P. h E lid S' h P * C'"P ""P..sue t at t (J _' converges to IT lJl t e uc I ean norm. ~mce eac (J' _' E ..r _. C <J' ,It IS
E E E

clear from Lemma 4.3.1 (i) and Assumption (4.A2) - (4.A4) that cl if; also a feasible

control of (4.P (p)). We now wish to prove that cl is an optimal control of the proolem

(4.P (p)).

P"'c h P"',In view of Assumption (4.A 7), there exists a sequence {()' , , } E <'7 _ such that a ' ,
t

converges to ell* in the Euclidean norm as 7: -t Q. Since aP'* is the optimal control of
I

Pjp), we have
[

p'" P * f·J ( 0'_' ) $ .1 ((J ' , )
f

(-1.28)

Using Lemma 4.:3.1, we obtain by taking lima as E --I f) in (4.~8) that

Jl p*.J(a)~J((f').

Thus, from (4.21)) and the definition of !T
Il,*, we conclude that <:l is also an optimal control

of the problem (4.P (p)).

(ii) Since the sequence {J (a~"*)} is a non-increasing sequence of E and has [I,

P *) P *lower bound .J ((T' ,tlw whole sequence {.J ("I' )} is convergent.

Now, from part (i) and Lemma ·1.:U, we have

.:t••· ~

..

•

., .....

I

.",.-'

J .
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P'" D *1 im J ( (J_' ) ::. J (rr ' ),
"€-+ 0 l

(4.30)

where {(J~'*} is the subsequezv 0: {(J~)*} as described in part (i) of the proof of this
E

lemma. Thus, we have

p* P* p*1 im J ( (J(' ) == 1 i m J (a_' ) = J (a ' )
€-O ('-to E

"\

(4..31 ) ..

There exists a 'j'(E) > 0 such that for all 7, 0 < 7 < 'Y(€), any feasible

control vector l -v of the problem (4.1'. (p)), l.e,
E, IE, 7

i ::.:1,,,.,N

l' ._1 N._.,.'" I

i :::= 1,... ,NE

is also a feasible control parameter vector of the problem (4. P (p)).

Proof Let

y (t) ""' x (t _-h).

Th f h . 1 NIP P 11 en, or eac 1::- '''., an: any (T E 71 .we lave

T~"__ ._~ ~ __ • ~

(4.a2a)

(4.32b)

(4.82e)

It

(4.83)

I

I

!
""'4iiiitMliiiiiir·~··~___"'i!il7•• 17.1
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. p p
i)m(t,a:(tl (T ),x(t-hl (J ))

+ -~-----.~-.--~
i) t

(4.84)

Now, by ('1.A4) and Lemma 4.2.1, there exists a positive constant mj such that, for all

P E 'I._"l'a . ~ ,
\,

-, .l

"( (I p. (I p).

I
C!li t.» tll.T. ),y t o· ) I~~.---~-~_~--_~ ~ mi, V t E [0, 'Fl.

(it
(4.85)

'I'he remainder of th« proof of thin lemma is very similar to that given in Lemma a.a of Ref.

ins.

In view of Lemma ·1A.2. WI! can compute a sequence of suboptimal control parameters

{ P *} I 11 . I ()) . I fl' ..'/i.Jl.IT, : "1 to 'rob l'11. (·1.1 !J WIt 1 each () t iem 1Il

the same as Algorithm A2 of Ref. lU:l.

The following algorithm is exactly

..
'..

Algorithm 404.1

Step O. 'I'Choos« initial values of ((,~ ]()_~) and 1'(:-: '~f")',;ay.
'I '. .) p *So ve p.l' (Il), to give rr ' .

f. , '/ ( , 'Y
If <:., ii'> not fensi hie, then lipt '/' ,_::"i/2 and go to Step 1; else, if ( > i., (e.g,

"

Step 1. .j.,.
. IStep 2.

say! [IJ -Ii), then f (fIll and l' :,.:1j 1() and go to Step 1; else, stop.

Remark 4.4.1 From Remark ·1.2 of Rd. lO!i, the problem (4.1', ,.,,(p)) is essentially aI., I

nonlinear mathematical programming problem in control parameters, which can be solved

by anv Htandi~nl softwar« pa('kag(~ such as NLPqL (Bee Hef. 8::). However, in order to

solve tho problem (4.ll
t

,./1»). WP need to know the gradient of the cost functional and

that (If the constraints with n'sJll~('j, to the vector 0".

",\ill: I ~'lIIIIn_....Ir."
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Remark 4.4.2 p . P [For each rr , let the function ..\(tl a ) : - h, '1' + hJ -I RII be the

solution of the adjoint system

,\(t) ""' j~(t,J~(t I rr\ :/:(t .- hi0'\ (Tp) .\( t)

~ J,(t + h, :V (t + hi (/), J: (tl (/), (/) A (t + h)

'( (I p) , I I p) p) [f"l~. ';/"'x t,x t,eT • J'(t-'IL IT ,(T ,tE O,l] (4.36lt) ..

with 1he final conditions

A( '1') =" <I',.,Je ( 'f'1 ,/))
.\( t) ,~ II, tli: [T, 1'+ It]

(4.:Hih)

(4.8(k)

.....,

Following a similar approach as that used ill the proof of 'I'heorem 2.1 of Ref 125, it can be

shown that th« gradif:nt of the cost functional J is given by ..
T

.~)~{~ ~7. J [I:,{'.:I (tl ,/'), :r (t. hiIr\ 1/) .\(t)
iJrT II

+ ,t;J(t + h, J~(t + hi)'), J; (tl a\ rl) >"(/' + h)

" (I)" ( . 1)1, 1')] i+ s, 'n (t,:f t If ), ;1: t. n (T ), IT di

- ....
(·1.:W)

Hernark 4.4.a , , p 1 ' P .Let ,\(tl rT ) : [-- h, T + ti .. I Ifll bl~defined from ,\(tl IT ) by replacing

I

,.-'

the terms .<, and <I'" ill till' definition of ,\ by t) and qJj respectively. Then the gradient of

the constraint function .fli i~giVl'll by

iJtPj
. -1)
ita

II T
f [fn(t,,1' (fl 01'), :l~(t.'hl(l'\ /) .\(i)
"0 !

~.,'.

,II<

____________ ~ ........ T---- j

_.~_:~~7T".·-·--...·~.-I:·__·.'I1'_
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Remark 4.4.4 The method for calculating the gradient of the constraint functions ~:Ji

is exactly the same as that given for the gradient of CPi.

Remark 4.11.:" I,t .x(tl (,P) : [- h, T + h]-I Rn be defined from )..(tlll) by replacing

the terms ':';0 and 1, "n the definition of .x by g. ~ and 0 respectively. Then the gradient of
1, "

G. ~ is given by
11"

80 .T
.€ j p p p-T = [!o(t,x (tl (J ), x (t - hi 0" ), (J ) >.(t)

8 (J 0

+ f(f(t + h; x (t + hi 0"\ x (tl 0"\ O"P) ..\(t + h)
p p p+ g. ( t, x ( t I0" ), X ( t - hi 0" ), (J ))] dt1,C(1

(4.39)

P "Theorem 4.4.1 Let {(Jf' "t} be a sequence in e of control parameter vectors produced,
by Algorithm 4.4.1. Then

•
(4.40)

where l·" is an optimal control of the problem {4.P (p)). Furthermore, any accumulation

point of {O"~,,~} i3 also an optimal solution of Problem (4.P (p)).,

'..
.4

Proof Clearly

J(l,") $ J«(J~'~) ~ J«(J~'*),

J

",_.'"

(4..11)

P II< •wnere 0"(' IS as defined for Lemma 4.<1.1.

Thus, by Lemma 4.'1.1 and (4.11), we have J

l' " p "lim .1 (a .. '1) := J(a ' ).
[.~", () , (4..12)

",,.

._---- ------------_ ,., ..
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p *To prove the second part of the theorem, we note that the sequence {O"E 'l} ir _ belongs to,
rxll. P * .a compact subset (If R 1'. Thus, there exists a subsequence of the sequence {O" € '~J,which,

is again denoted by the original sequence and a i'l such that

P * . pI i III lar'"j-a I;:::: II
E--t (J ,

(4.43)

Thus, from (-1.:1:3), Lemma 4.:1.1, and «1.4.2), "'e have

, I, * P P *1 i IlI.1 (O"['K) c'::: .1((7 ) "" J (II ' )
f-> (J ,

(4.44)

Now, from Assumption (4.A2) -- (.1.A'1) and part (i) of Lemma 4.:1.1, it is clear that ('l is

also a feasible control of the problem ('1. P (p)). Thus, the proof is complete.

4.5 Some COIl vergence Results •
In tlti~ section, we shall investigate Home convergence properties of the sequence of

approximate optimal controls to the true optimal control.
...

p "Lot {o ' fl! be it SP(IUPlI('e of optimal control vectors of the finite-dimensional problem
1'"1

P "(.1.lJ (1))) and let {II '}tl! be the corresponding sequence of controls in 'It. Clearly
jI : I

I

~

p+l * P *
J (u '~) 5 J (Il ' ) .

As in Hds. 28, D'7, lOa, W(~shall ill vestigate the following two questions:

(i)
~) *

Does J ('1/." ) con verge to the true optimal cost'?
I

(ii) D()cs '/11',* converge to the true optimal control in some BPI1H(~'!

.1

1

-..--~-=-~
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For the above two purposes, we first need to define the 6-tolerated version of the

approximate problem (4.P (p)) and the original problem (4.P).

Definition 4.5.1 A control vector l E eP (respectively, control U E e) is said to

be 6-tolerated if it satisfied the constraints

i = J .... ,N., .. ;';
(4.45)

(respecti vely ),

IW1(X(Tlu))1 ~ 0, (4.46)i = 1,... ,N1f

Let 5rP,o (respectively, ~'j"6)be the subset of eP (respectively. e) such that the 6-tolerated

constraints (4.42) (respectively, (4.43)) are satisfied. We can now define the 6-tolerated

version of the approximate problem (4. P (p)) and the original problem (4.P) as follows:

Pr-iblem (4 ..Pll(p)) Find a control vector l E co/P,o such that the cost functional

(4.16) is minimized over co/P,o.

Problem (4.1J6)

over ~)t.o.
Find a control u E c'1° such that the cost functional (4..8) is minimized

LL'JIlma4.5.1 For each p > O,let {/,o,*} be a decreasing sequence in oofoptimal

controls of (4 ..Pll(p)) and let aP' * be an optimal control of the problem (4. P (p)). Then

(i) the sequence {aP, 6,*} has a subsequence which converges to an optimal control of

the problem (4.1' (p)) in the Euclidean norm.

.. Po* p*IlmJ(a I' )=J(a').
b__, 0

(ii) (·1.4 7)

• 1...,
'....

-_
/

~ . ,

I
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Proof (i) p P 8 '"From the definition of 'it, the sequence of vectors {(J • , } is

obviously bounded in the Euclidean norm. Therefore, there exists a subsequence, denoted

by {(fP' 6,"'}, such that {(JP' 6, ..} converges to 7/ in the Euclidean norm. By ths continuity

of the constraint (4.42) with respect to 8, Assumption 4.A3, and part (i) of Lemma 4.?: 1, it

is clear that 7/ E srp• We want to prove that c/.J also an optimal control of the problem

(4.P (p)). ..

P p6 - p'" pi) -
Since sr C"'" for all Ii > 0, we have (J' E sr' for all li > O. Thus

(4.48)

Using part (ii) of Lemma 4.3.1, we obtain by taking limit as b -lOin (4.48) that

(4.49) ..
'""

Thus, from (4.49) and the definition of l' "',we concI ude that a" is also an optimal control

of the problem (4.P (p))

Proof (ii) For each p > 0, the sequence {J (l' 6, "')} is a non-decreasing I

sequence of 8 and has an upper bound J (aY"\ thus the whole sequence {J (aP,o,*)} is ~

convergent. Now, from the result of part (i) of this lemma we have , ,

1 i m J{cr",8,*) =: J((JJl,*)
{j_, 0

(4.50)

,

"'~
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where {i,l,*} is the subsequence of {(Jp,£5,*} as described in part (i) of the proof of this

lemma.

Thus, we have,

1'0* p8* Jl*lim J «(J ' , ) cc lim J «(J , , ) ::;" J t (J , ).
0-> 0

Before we proceed further, we need the following additional assumption:

(4.A8) £5 * *I i III .J (Il ' ) == .J (11. ),
/5-. 0

8 * *where 11.' and II are optimal control of the problem (4.Ph) and (4.P) respectively.

•Remark 4.5.1 The result of (4.A8) (for bounded measurable controls) cannot

proved by using an argument similar to that given for Lemma 4.4.1 (for control vectors).

This is due to the fact that the sequence {1[ti, *} does not necessarily l;'0ssess any

accumulation point, either in the a.e. topology or L topology. However, the result of
m

...- .....
(4.A8) remain valid in almost all real-life problems. In fact, our formulation of the

problem may be wrcn~ if (I1.A8) is not satisfied. I

~

Remark 4..1.2 The problems (4. Pb(p)) and (4. PC) involve only continuous state

inequality constraints and terminal state inequality constraints. Hence they have the same

structure as the problem (,LP (p)) and (4.1') in Ref. 10:3 respectively. Thus, the

convergence result of Theorem 4.2 of Ref. lOa can be applied to the problem (4.pll(p)) as

p ..- ....1)1. In other words, for each S'> 0, we have ,J I

.,...-,.

~.~ ..~ __ ._--------------_._-"'"
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P 0 * S *limJ(u" )=J(1./,'),
p-' m

(4.51)

where l,o,* and uo," are optimal controls of the Problem (4.P8(p)) and (4.P6)

respectively.

Theorem 4.5.1 PO* 0* P*Let u ' , , u' and u' be the optimal control of the approximate

"'problem (4.po(p)), (4.P<~) and (4.P(p)) respectively. Let u be an optimal control of the

Problem (4.P). Then

p * *1 i m .J (u ' ) = .J (u ).
p-+ (lJ

(4.52)

Proof From part (ii) of Lemma 4.5.1 and Assumption (4.A8), it is clear that for

any given integer p > 0, J Cl' 0,*) - J (uO,\ considered as a function of 0, is continuous

at some interval [0,00]' where 00 "> 0. From Remark 4.5.2 it is clear that for any 0 E [O,oo},

{.J (up· 0, *) - .J (uO' '» considered as a sequence of p, converges monotonically to zero as

P 0 * 0 ..P -I m. Hence by Dini Theorem (cf. Ref. 80), {J (u ' , ) - .J (u ' )} converges to zero

uniformly with respect to 5, 0 E [0,00], In other words, for any given c > 0, there exists

Po > 0 such that

(4.53)

for all p ~ Po and 0 < 8 ~ 00'

Again by part (ii) of Lemma 4.5.1 and Assumption (4.A8), for each p ~ Po, there exists

o,(p), 0 < o,(p) ~ 0o, such that

(4.54)

and

..

,
c,

•

/ ...

/

~

J
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(4.55)

for all 0 < c ~ Cl(P). Hence by substituting C = Cl(P) in (4.53), we deduce from (4.53),

(4.54) and (4.55) that

P * *IJ(u' )-J(u)1 ~ c (4.56)

for :JlI p ~ Po. This completes the proof of this theorer

Theorem 4.5.2 *Let u be an optimal control of the problem (4.P). Suppose that the

sequence {up, *\~=1of optimal controls of the approxima.e problem {(4.P (p))}~=1 converge

almost everywhere on [0,11 to a control U. Then u is also an optimal control of the

problem (4.P).

Proof Since l,* ._, u a.e. on [0,11, it follows from part (ii) of Lemma 4.3.1 that
r

• ••

lim J (up, *) = J (u).
P-+Ill

(4.57) _._
From part (i) of Lemma 4.3.1 and Assumptions (-1.l ..2) - (4.A4), it is clear that u is also a

feasible control of the problem (4.P). However from (4.57) and Theorem 4.5.1, we have
J

, ".-."

*J (u) = J (u ). (4.58)

Thus, the proof of this theorem is complete.

J,

, ,·f

...

/
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4.6 Illustrative Examples

Example 4.6.1 Consider the problem of minim. ing

~
J(u) = ~x2(2) + ~f" [x2(t) + u2(t)] dt

o

subject to the delayed differentia! equation

X (t):= x (t) sin (x (t)) + z (t-1) + u (t),

x (t) = 1-',

t E [0,2]

t E [-1,0]

together with the terminal state equal.ty constraint

gl(X (2)) = -119.81'4·' 22x (2) - x2(2) = 0

and the continuous state inequality constraint

g2(X(t)) = 114.6-8i-x2(t) ~ 0, tE [0,2]

The problem has been computed using the constraint transcription of Section 4.4 to handle

the continuous state inequality constraint (4.5c). Let 9 be constructed from 92 according
2, f

to (4.22). We can then present two measures of constraint violation. The results obtained

by using Algorithm 4.4.1 are tabulated in Table 4.6.1. The constrained state and the

optimal control produced are given in Figures 4.6.1(1,and 4.6.1b, respectively.

In Figure 4.6.1a, the graph of x (t) lies below the curve ~114.6 - 8t for all t E [0,1]. This

implies that x (t) ~ ~ 114.6 - f;,. r<'lT all t E [0,1]. Hence it is clear that 92(X (t)) ~ ° for all

t E [0,1].

..

•

,/
"

/,_..

I

, .
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J:r--:~ 2

€ I r 92 E
of 0 ,

10-3 10-4 164.584 - 0.20 x 10-4-1-0.1 )( 10
1---.

10-'1-0.110-4 10- 5 ~64.510 - 0.83 )( " 10"

10" 5 10-6 164.306 - 0.46 )( 10-10'5 -0.1 x
j

10"6 10-71164:306 -0.11 x h)- 5 - 0.1 )( 10-

10-7 b~--;-:ti~4.306 -0.11 f--.
It 10- 5 - 0.1 x 10-
-----~

-3

2

dt f min[g2,0] cit
o

o
4 0

Table 4.6.1 Results generated by Algorithm 4.4.. 1 for EXample 4.6,1,

J'



Example 4.0.2 Consider the problem of minimizing

.1

J ('lI) ~~ J [:ti(t) + :r~(i)T n.()05 1[~(t)1 dt
i. n

\

subject to the delayed differential equations

. ( . . 1)
Xl t) :=~ :r:!(t -~.

j;2( t) ,~~~., J;:;( t) + ?1 \ t)

~:l(U) 'co (l

:1:2(0) ;:'" .~ 1, t (; [- :i, (Il

together with the terminal state inequality constraint

•
.....

and the 1.'ontinl1011S state inequality ronstraint

t E [n.t].
I

~

'I'hc pruhlein has h('('11 solved hy using ('xactlj' the same method atl that described for

Example -l.ti.I. The results obtained are tabulated in "'abl« 4.0.2. The constrained state

:t2(t) and the optimal control produced are given in Figures 4.0.2a and 4.ti.2h, respectively.

il:i, fuJ' all i c: [0,1]. Iklll'P ::;:(;t (t)) ? () for all t C [11,1].
j,

_______~ .__ , lHT-~·· -
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Ta.ble 4.6.2 Results generated lJy Algorithm 4.4.1 for Example 4.6.2.

-,""" .... ..... 1__ ... ' '"!'fe-

';

•
'...

I

~

•
J,

I
_"';si c~yc MG::'"'-z;-"l\1~I••••• DI
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State x
10.8

10.7
\.,
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10.4
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10.2 ,..
I,.

10.1 ~

10.01
9.9~---,~--r-'-~~-r~--,r-~~~~~~--r-~~~

0.0 0.1
•

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Time t

Computed Optimal State for Example ,1.().1.

JI

.~ "'_InI':"l" ...
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Control u
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-
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0.2 0.3 0.4 0.5 0.6 0.7 O.B 0.9 1.0

Figure 4.6.11>

0.0 0.1 •
I

Time t

Computed Optimal Control for Example 4.(i.1.
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I
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States
I" 1.5 ,~

I
I
I
I
I
I
I

~,/'
I
I
I
I
I
I
I
I
I
I
I
1,,
I
I

\
\
\
\
\
\
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Computed Optimal States for Example 4.6.2.Figure 4.6.23.
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Control u
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Figure 4.6.2h Computed Optimal Control for Example 4.6.2.
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CnAP'l'I~H. V

CONTROL PARAMI';TmUZA'l'ION MWl'UOD FOR A CLASS OF NONLINEAR

'I'IMI'j--DELA YI<;I) OPTIMAL CONTROL PROBI,EMS WITH A COS,}, OF CHANGING

CONTROL

5.1 Introduction "

Similar to Chapter lV, the problem considered in this chapter also consists of a nonlinear

time-delayed system, together with terminal state inequality constraints and continuous

state inequality constraints, However, the cost functional of this Chapter is the sum of not

only the integral cost and the terminal cost, but also the full variation of the control.

Moreover, for the sake of simplicity, we have omitted terminal state equality constraints in

this chapter.

The main contribution of this chapter is that we uave extended all the results of Ref. 104

•

In Section 5.2, we describe the optimal control problem and assume certain conditions.
...

In Section 5.;~, the technique of control parameterization is used to obtain a sequence of

approximate problems (5.1' (p)).
i

~ '. Tl,w.~h ''I Se('t\on 5.4 is to 'smooth' the term involving the full variation of the control of

the problem (I), P (p»), since this term is not a smooth function in the el~-n()rm.

In Section 5.li, we use the constraint transcription similar to those used in Hofs, lOa, 104

and Chapter IV of t his thesis to con vert the continuous state inequality constraints of the
I:

problem (5,!' (]l)) into integral ccnstraints, so that the resulting integral constraints

,II-

-----~----------...-----_.,-"--"--" -""
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can sa' isfy the usual constraint qualification. Similar to Chapter IV, .he modified problem

obtained in such a way can be easily solved by Algorithm A2 of Ref. 103.

In Section fi.6, the convergence properties of the sequence of approximate optima! controls

of the problem (5.P (p)) to the true optimal control is discussed.

In Section 5.7, we solve two numerical examples to illustrate that the technique developed

in Ref. 10~ works equally well for time-delayed systems.

5.2 Statement of the Problem

Let :1~(t) satisfy the same differential equation and initial condition as defined in (4.1). Let

U be as defined in (4.2). As mentioned in Sectinn 4.2, U is a compact and convex subset of

RI.

..
The full variation of a function 11:= [l!h ... ,·vr]T : [O,1'j --I R.I is defined as: '..

T I 7'
\
T ~ • T

• II (t):=: ). V 'lJi( t),
u .Itwal 1.1

(5.1) - ...... '

i = 1

7'
where V di( t) denotes the total variation of the real-valued function Vi(') on [0,71.

OJ

\1'.If / v (t) < UJ, then the function v ( . ) is said to be of bounded variation.
(l ..

Define
I,

,
.i

l
.J
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r =. {u : u = [uh ... ,ul is a function of bounded variation defined on [- h, Tj such

that u (t) E Ufor all t E [O,Tj, anti i.L (t) = f3 (t) for all t E [- h,O)}

where f3 is a given piecewise continuous function defined on [- h,O). For each u E r, let
x(.lu) be the solution of the system (4.1) corresponding to the control u E ,/1". The

inequality terminal state constraints and inequality continuous state constraints are

specified as follows:

rPi(X (TI u)) ~ 0, i =. 1,...,N1
(5.2)

where rPh i == 1,... ,N1, are given real valued functions defined on RIll and

9i( i,x (t I u), x( t - hi u)) ~ 0, 'if t E [0, 11, i := 1, ... ,N , (5.3)

where gi, i = 1,... ,N, are given real valued functions defined on [O,Tj x R211. •

Let 'R be the class of all those control functions in 'r such that the constraints (5.2) and

(5.3) are satisfied.

,'.
,_ ....,'

We may now state our optimal control problem as follows:

Problem (5.Q) Given the system (4.1), find a control u E 'R such that the cost

functional

J
T T

J('u) = <I>o(x(Tlu)) + $0 (t,x(tlu), x(t-hl~), u(t), u(t-h)) dt+ c V u(t)
o 0

(5.4) ; 'J

~..,~ .. "'..-----------,._- ....-~
1
1

=~X5'~y=-"'~--~-~ij~'........ 7~J
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is minimized over '#' where c is a positive weighting factor, and <Po, .:I 0 are given

real-valued functions.

The following conditions are assumed throughout:

(5.Al)

(5.A2)

(5.A3)

(5.A4)

(5.A5)

f satisfies the conditions appearing in (4.Al);

for each i= 1, ,N
1
, ¢i : Rn _, R is continuously differentiable;

for each i = 1, ,Ns, 9i : [0,11 x R2n
--I R is continuously differentiable;

<Po : Rii _, R is continvcr.sly differentiable;

06'0 satisfies the conditions appearing in (4.A6).

Define

T
qo(u) = <po(x(Tlu)) + i .:10 (t,x(tlu), x(t-hlu), u(t), uU-h)) dt

(5,5) •
from (5.4) and (5.5), we have

' ..
t:

J (u) :::: qo( u) + c V u (t)
(0

(5.6)

I

If u, v E 'j/ are such that

u (t) = 1) (t), a.e. in [0,11 (5.7) \ -.

..
it is clear from Lemma 4.3.1 that •

I

(5.8)

/



I
/
[ 1
[

133

However, it is not necessar :' true that

Ui(t) =

Vi(tj if t E [(O,T) U (-h,O)]\Ai

vi(t-O)iftE Ai\[{O} U{T}]

Vi(t+ O)ift= 0

Vie t - £I) if t = T

"

T_ T_v u (t) = V V (t).
o 0

Consider a ....ontrol V:: [vt,...,vl c r. Let

i , i, ,...
111 112

be the discontinui' y points of the ith component Vi of the control v in (0, T). Let

From theorem 2.9.3 of Ref. 104, we note that Ai and hence u: Ai; coutai: s at mos: a1,1

(5.9) _,

, (

countable number of points,

We now construct a function . = [ut, ... ,ur]T from V as follows:

;
~

\ ':

Clearly, U E 'f' and is such that ..
(i) u (t) = V (t) a.e. in [- h, T] (5.10)

and
I, .

(ii) l'r l'rv u (t) ~ v 'u ( t)
o 0

(5.11 )
. , ,

_.<--'

"

~~~ .~,". ' .
... t , : • ,,~.. • t; ; , .:~..' f t
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We call u a minimal bounded variation function of the set {v} of functions where

v (t) := 1~ (t) a.e. in [- h, Tj. Clearly,

E'o( u) $ 90(0). (5.12)

Let 9.t be the set which consists of all such minimal bounded variation functions of r.
Elements of 'It are called admissible controls and 'It is called the class of admissible

controls.

Remark 5.2.2 Note that our aim in problem (5. Q) is to minimize the cost functional

(5.4). Tll1~8, by (5.12) it suffices to confine OUf attention to the set 'It rather than the set

}' in the minimization process.

Let <"I be a set which consists of all those elements in ?I such that (5.2) and (5.3) are

satisfied. ..
For convenience, problem (5.Q) with '1/ replaced by :;r will he referred to as problem

(:i.P). Clearly, an optimal control problem to problem (5.P) is also an optimal control to

problem (Ii.Q), and vice versa.

...

5.3 Control Parameterlzation

I
".,....,.

AH in Chapter 3, the control parameterization method will be used to soh ~~the problem
p P P Jl(5.P). Let, 7p, Ij, 'II , a and x ( .j (T ) be as defined in Section 4.::l.

Then, the total variation term appearing in the cost functional (5.4) takes the following

simple form:
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r I!p-l

L L I 0 k+t P kl
(1' --(1'
i i

Define

and

~'1P=: {aP E '1,/: gi(t,x(tia\ x (t- kll)) ~ 0, V t € i 1,71, i == 1, ... ,N}

We may now specify the approximate problem (5.P (p)) as follows:

(5.13)

(5.14)

(5.15)

Problem (5.P (p) Find a control parameter vector / E nP such that the cost
'....

functional

'1'
Jl ,P J"' P l' PGo( (1 ) := q> o( X ( 71 (T )) + :!o {t,x (t I (1 ), x (t - hi (1 ), (1 ) dt

II

I' IIp-1

+
c L L I

Jl k+l Jl },'
a',' - (T.' I
1 1

I' "is minimized over n , where .;to is obtained from "to in an obvious manner.

•

•

,
(1).21)

....

)

l
!

...- ••a*ki~""C~'--'i••__ •• J



136

504 Smoothing the Cost Functional

To solve the problem (S.P) via the control parameterization technique, we need to solve a

sequence of finite dimensional optimization problems (5.P (p)). However, the last term in

the cost functional of the problem (5.P (p)) is non-differentiable. The aim of this section

is to use the idea of Ref. 100 to "smooth" the cost functional. Same as in Ref. 100, we

ciefine

f 1111
8p(Y) ::: t (y2+p2)/2p

if Iyl > p

if Iyl $ P
(5.22)

We now consider the following approximate problem.

Problem (5.Pp(p))

by

The problem (5.P(p)) with the cost functional (5.21) replaced

lip -I

'\:"1 ". ( p k + 1 p k)J ,I o:' _. (J ,

.... " i i
i = 1 k » 1

•
'...

",

r:;

....- -.,.
~

I
(5.23) .,..,....

T
d(a'') '"""<1'0 (x (1'1 all)) + J ;[1(t,x (tl a'\ x (t- hi (l), l)
u 0

r

+ e L.
IIp -I

L C ( P k+I II k)d (5' -:«:'
P i i

i" 1 k = 1

Theorem SA.1
1'>10 ... pp*" •let a' ar.d a ' I be, respectively, optimal solutions to the problem -...

(H,P (1')) and problem (5.Pp(p)). TheIl

., pp* y,p*n $ (rll(cr ' , ) -, ('uta' ) ~ C [I' (Ill' _. 1)]p/2. (5.24) J •

.",,,"

------------_ .....__.(.



Proof The proof is exactly the same as that given for Theorem 4.1 of Ref. 104.

5.5 COIlstraint Approximation

For each / E 711', let G. (ll) he as defined ill (.1.22). Same as in Section 4.4, we define
BE

the following related approximate problem (ii.Pp ,(p)). The problem (5.Pp(P)) with (5.15),
replaced by

,
'.

1 1')('. (a ~O:O,
I' (

(5.25)i;;=: 1, ... ,N

Problem (5.P . (p))p, f, 'Y
'I'he problem (5,P,,(P)) with (5.15) replaced by

, P'Y+ (1. (((1) >. (1,
I,

(5.2H)

Now, let ,7~he the feasible region of OJ.P,, (p)), defined by, •
....

.. 1' l' P l':1' , "" {(T E A : 0, t.( (T ) :c-: 0,
I,

(5.2")i::::: 1,...,N}
,

F

Now, we need to mako the following assumption:

(S.AU) Exactly the same assumption as that given for (.1.A'l). /
~

Romark 5.5.1 By using exactly the same assumption as (4.A7), it is clear that for

_(~aeh fixed p > 0, all the convergence results given in Lemma ·1.4.1 will still remain valid for

the problem PI' ,(p) as f·-I O.,

Remark 5.5.2 In view of Lemma 4.·1.2, it is clear that for any given { > n, there

exists it "1 (r) :> {I such that for all 'Y, () <: 'Y < "1 (I), any feasible control vector 17:: 1'1 of, ,

problem (fd',t" (p)), i.e,
, , 1

I

·,, .....rr
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i = 1,... ,N (5.28a)

i:= 1,...,N1 (5.28b)

is also a feasible control vector of the problem (5.Pp(p)). Thus, Algorithm 4.4.1 can be

used to generate a sequence of sr' 'ons to problem (5.Pp(P))·

Theorem 5.5.1 Let {(i;:~.(:) } be a sequence in € of the sub-optimal control vectors

generated by Algorithm 4.4.1. Then

d.JPI'* f.PP*1 i m (a" ) 0:': G (a ' , )o f "'( €) 0 . ,
f-O ' I

......
p p *where Ij , , is an optimal control vector of the problem (5.Pp(P)).

Furthermore, any accumulation point of {a:: ~(:) } is a solution of the problem (5.Pp(p )). •

Proof The proof is similar to that given for Theorem 4.4.1, except that Lemma

4.4.1 is being replaced by Remark 5 5.1 in the proof of this theorem. ., ....

Remark 5.5.3 The method for calculating the gradient of the cost functional and j

that of the constraints of the problem (5.P (p)) is similar to that given for the nroblemp, E, "f

(-tIl ",(p)) (d. Remark 4.4.2 ~- Remark 4.'1.5).
f, I

J

I
I

"";";-'=,: rr:-"W--1iil' •• ·.'•••• j
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5.6 Some Convergence Results

Similar to Section 4.5, we shall now investigate some convergence properties of the optimal

control of the approximate problem {5.P(p)} to the true optimal control.

To continue, let :7 be the interior of the set ::; in the sense that the constraints (5.2) and

(5.3) are satisfied as strict inequalities.

Similar to Section 6 of Ref. 104, we assume that the following condition is satisfied:

(5.A7) Let u* E 5; be an optimal control of problem (5.P). Then, for any e > 0,
c

there exists a control u E tl such that

*o ~ J ('u) _- Jo( u ) ~ f.

The next theorem is a direct consequence of Theorem 6.2 of Ref. 104. •

Theorem 5.6.1 Let {up, *} be a sequence of optimal control of the approximate

p * pte) >I<problem (5.P (p)). Then {u ' } has a subsequence {u '} which converges to a control

it a.e, on [- h, 11. and u is also an optimal control of the problem (5.P).

Remark 5.6.1 Note that the above convergence result is much stronger than that

I
~

given for Theorem 4.5.2.

J •
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5.7 illustrative Examples

For illustration, we solved the approximate problems (5.PlO-4(10)) for each of the two

examples below. The first example is a simple linear time-lag optimal control problem,

where an additional cost is introduced for the variation of the control. The second example

is a nonlinear time-lag optimal control problem, where the computation can be regularized

by a small penalty on a cost of changing control.

Example 5.7.1 Consider the problem of minimizing

J(1J,) = JI {-·6 XI(t) -12 x2(t·-0.2) + 3 UI(t) + U2(t)} dt
o

1 1

+ C {V Ut(t) + V U2(t)}o u

subject to •
'.,.

Xl( t) = U2( t),

X2( t) = - Xl( t - 0.2) + UI( t),

0$ t $ 1

o ~ t $ 1 ....,
with initial conditions:

Xl(t) = 1,

X2(t) = 0,

_. 0.2 $ t ~ 0

- 0.2 $ t $ 0

"
and constraints:

I

i::;: 1,2.

'I.JiII· 1 1 -. .. ..:
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Figures 5.7.1a to 5.7.11 show graphs of the two optimal control functions and the two

optimal state functions for three different values of the penalty parameter (c == 0.01,

o.r, 1).

This example is very similar to that considered in Example 5.7.1 of Ref. 104, with the

exception of the term involving tillH~~lag. In Example 5.7.1 of Ref. 10,1, the linear optimal

control changes from a bango-bang control to a control with no variation as the penalty

term changes from zero to a large number. This interesting property also holds for this

example. That is, as the penalty increases, the control UI changes from the nearly

bang~bang solution to an almost constant solution (see Figures 5.7.1a to 5.7.1c) and the

control 'll2 changes from the hang-hang solution to smoother functions (see Figures 5.7.1d

to s.r.ir). Furthermore, the state functions are also smoothed and vary less when the

Example 5.7.2 Consider the problem of minimizing

J
I I

J ('u.) ;;;::: e-t [1 '1{1 + 11.25 (1 -.- o-(,t)} 3: (t) - O.1!l23 u (t - 0.1)] dt + c V 'U (t),
rl 0

subject to

X (t) = !l.ti {I -- II. (t --n.1) x (t) - a:2(t)} ,

with initial condition:

x (0) "" 0.45

and constraints:

~
'It

'.._

c:

·to- -..
~

I

~

...'

1''_.' .. I.·IiI, __ .IIIaE'f~-~--··

j

I
---;...J



142

x (t) ? 0.44

I) $ 'U (t) $ Ulllax .

Graphs of the optimal control and the optimal state functions for three different values of

the penalty parameter (c :::::0, (I.OOI, 0.01) are presented in Figures 5.7.2a to 5.7.2f (where

the control is bounded by UlllllX =: 2) and 5.7 .2g to 5.7.2£ (where the control is essentially

allowed to be unbounded by setting 1!III<tx := IO).

With no variation term (c = 0), the control do not vary smoothly, however. even with a

small amount of penalty term c = 0.001 and (!.lll, the control functions are smoothed (see

Figures 5.7.2a to il.7.2c and 5.7.2g to 5.7.2i). Like the previous example, the state

function« can be further smoothed if we increase the value of the penalty parameters (see

l'.'11' r ,t",.·) 1 t, ~ 7 ·)f· i r. ~( 'J' t r. 7 ')/:')'15 • cs ,J. (.~( I,) i) •• ~ .tIl( ,J •. _,J ,0 .J. ,~ •.

•

... --.. '

,I

i~

J,

I .

.".

,----.----------- ....~"--'" '

i
i
1

.. :;;;.;;:;.~-'i¥'iiiiiilf.r:r' .....---~i.__ /111__ ..1
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Time t
Figure 5.7.1a Computed Optimal Control (u 1) for Example 5.'i'.1.
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c = 0.1
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~
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Computed Optimal Control ('U 1) for Example 5.7.1

~------------~

I .. ,<.

i
i

# '

,II>

~
l

I
I
I

:::~,~~,_.a -'ltn_./.' _ .... 1



145

c = 1

Control u1
10

,
1
~
1
'j,

. 1
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5 I

o
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". hi·' ---4

I
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Time t

Figure 5.7.1e Computed Optimal Control (u 1) fur Example 5.7.[.
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c 0.01

Control u2
10 -"" ~--,-------
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j

o
•

5
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- --5
/

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
J

'I'ime t

P:: .ire 5.'1.1<l Cntnpllt('d Optimal Control (1L:~) for Example fi.7.1.

...
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c == 0.1
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state x
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Umax 2
c - 0
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state x
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Umax = 2
c = 0.001

0.401L,--..---r-.-,--.---.---,---.--...--....-.,.---.,...--._"___""--r-'--r"--r---.--...-
I I"

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 5 7.2e
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Time t
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liT" ~X = 2
:: 0.01

State x
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Figure 5.7.2£ Computed Optimal State for Example 5.7.2.
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c = 0
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Control u
4.0

Figure Ii.7.2h
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Control u
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Umax 10
c - 0.01
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Umax = 10
c = 0
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Time t
Computed Optimal State for Example fl.7.2.
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Umax == 10
c = 0.001
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Figure 5. '1.2k Computed Optimal State for Example 5.7,2.

,
. .,.



163

Umax 10
c - 0.01

State x
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0.44
!
r'

" ...
0.43 "'" ..~

'"I

0.42 ...,.,..".
0.41

0.40·T-~~'-r-r~~~-'~r-rl·---~1~~~-'----r-r-~I~~1
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 J

Time t
Figure li.7.2l Computed 0 lltimal State for Example 5.7.2.
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otrn-trr Fm~DBACK I.'OR A CLASS OF LINEAR SYS'rEMS WITH s'rOCHAs'rIC

6,1 Introduction

The class of stochastic optimal control problems considered in this Chapter, which overlaps

., j
v, I

1,,

with that of Ref. 48 involves a linear system where the parameters are Markov jump

processes witl. finitely countable states, and where an optimal control law is sought with

respect to thl' mathematical expectation of a quadratic cost. Based OIl the idea of seeking

for tho best feedback control law, depending only on the measurable output, we convert the

original problem into an approximate constrained deterministic optimization problem.

In Section (j,2, we describe the optimal control problem and recall certain results relating

to this problem. •
In Section (i.a, by restricting the control to have the form of linear output feedback mode,

we obtain an approximate constrained deterministic optimization problem (:3.P), which can

he easily solved by allY existing nonlinear programming technique.

In Section GA, W(' present the method for calculating the gradient of the cost functional

and the gradients of the constraints uf the approximated problem (:3.P),

In Section lUi, an uxar iple of Rd. 118 is WSOIVlcd using the method discussed in this

Chapter. The results obtained art' as good as those obtained in Rd. 48. ..
I

,If ' ,... r: • • ~. ~" II' (. • • '.".. ,.,J
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6.2 Statement of the Problem

The system under study is described by its state - space representation. The plant state

x (t) E Rn satisfied a linear vector differential equation

{

X (t) =: A (r (t)) :r. (t) + B (1' (t)) u (t)

y (t) ::: C (1' (t)) x (t)

(B.la)

(3.1b)

where u (t) E Rm is the control vector and y (t) E Rr is the output vector The entries of

the matrices A (1' (t)), B (1' (t)) and C (r (t)) are random, since they depend on the plant

mode r (t), which is a stochiastic jump process with a finite valuation set S == {l, ... ,N}.

The dynamics of the plant mode r (t) are then described in terms of known transition

probabilities

Prob {1' (t + .6.) 0:= jl r (t) :.:: i}

r1l'i j.6. + 0 (.6.)

:=: II+ -r i i.6. + 0(.6.)

if i * j
ifi=j

(6.2)

The matrices [A it), B (t), L:(t)l will be denoted by [Ai, Bi, eil when the system operates

in the ith mode (1' (t) ::::::i). A distribution Po of the initial mode r (to) completes the

process description.

For certain purposes, a performance criterion is defined as follows:

I
t
1

·1

1
i
~

1

\·1
I
1

•

.:'"
- '"'t'

/

~

..
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1(l()

""E'lf~J'l: [:l:(r)T q:z:(r) + 'ucd R u(r)] dr I i",x(t,,), r (to)Jl
",,:cO

(6,3)

w here E stands for the mathematical expectation and q and R are, respectively, a semi-

positive and a positive symmetric weighting matrix,

From Refs. 01, 128, 120, it is dear that the optimal control '11* can be expressed in a

closed+loop form

11* (t) oc_: U (;c ( t), r ( t)) (6.4)

with gains involving a set of N coupled Riccati equations. However, in practice all the

required state and mode variables are often nut available to the designer. As mentioned in

Ref. 48, the more realistic control structures, if it exists, is the best linear output feedback •
mode dependent control law, i.e. the law

7l* (t) ::: - F (r ( t)) y (t) (6.5)
-_"

which would minimize (fi.3),
I

_~

(j,3 An Approximate Problem

Firstly, we restrict, the control to have the form of linear output feedback mode

'U (t) :;;:;- V,:I (t) when r (t) :;:;::i. (ti.6)
I

where Pi (i ;::;1,.. "N) E Rm"l is the gain matrices when the system is operating in mode i.

:-~a »:>' .. : ~ ..:.}.
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Theorem 6.3.1 Assume that the system starts in mode io and the i-iitial state is Xo·

Then tt:~ performance criteria (6.3) can be reduced to

(6.7)

where K, E Rn><n (when r (t) == i) satisfy the following equation

i == 1,...,N (6.8)

where

N

Ai = Aj - BjFiCj, i =: 1,... ,N,

provided that the matrices

i == 1,... ,N

are stable.

Although the result of Theorem 6.3.1 was taken from Ref. 48, no proof has been given in

Ref. 48. Thus, for the sake of convenience of the reader, we shall provide the proof of

Theorem 6.3.1. ."

Proof of Theorem 6.a.1 From (6.3), (6.5), (6.1b), we get
J,

, .

,''t
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,. ~E{~{.O .(r)'[Q+ C(r(r))T F(r(r))' EF(r(r))

C(r(T))] x(r) dr I to, x(to), r(to+ (o.ll)

In view of (6.8), (6.11) can be simplified to

T = E {~fro _,x (r)T [A (r (r))T K (r (r)) +
t 0:::0

K(r(r)) A (r(r)) + ± ",(r),j K(r(r))] dr) dr I to. .(~), r(l,;+
.J = I

(6.12)

Now let

"

V(t):::: x (t)T K(r(t)) x(t) (6.13)

Then, from (6.la), (6.5), (6.lb) and (6.9), we have

,_ ......
N

X (t) ::::A \ (t)) X ( t). (6.14)

i

Thus, by differentiating (6.13), we get

• N rv'

V (t):::: x (t)T [A (r(r))T K(r(r)) -I- K(r(r)) A (r(r)) + K(r(T))] x(r).
(6.15)

.'
I

On the other hand,

,II>

•....""
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{. I } E.{X(r\t+~))Ir\t) = i} - E{K(r\t))Ir\t) = i}
E K(r(r)) r(t)=i = 1 im _

~ .....o+ ~

But,

1 i m E{[(r(t+ ~))Ir(t) =i}
~ .....0+

N

= «. + {} L 7rijKj + 'l(~),
j = I

so that (6.16) becomes

N

E { .;qr (i)) Ir (t) = i} -= L 7rij KJ•

j = I

Thus, from (6.15), (6.18), we get

N

~~ (t):= x (t)T [A (r(r))T K(r(r)) + [«r(r)) A (r(r)) + ~ 7rij[(j] xft).
r :

From (6.12) and (6.19), we get

:= ~ [x~Kio Xc - E { V( 00) I tn, X (to), r (to)}]

Since Ai -I ~ 'lfiil is stable for all i, we have

- ·.:~::'7~· !illS.· .' •• ;I••• lillll·I•• _r~~·~.

(6.16)

(6.1'7)

(6.18)

,
, :1

•

(6.19) ...

I

(6.20)

I,

II

/
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E{V(OO) I to,x{to),r{to)} =0. (6.21)

The conclusion of this theorem follows easily from (6.20) and (6.21).

Furthermore, by assuming that the initial state Xo is , random vector uniformly distributed

on the surfac: of the n-dimension unit sphere, the performance (6.7) can be reduced to
\

.-- 1 (J = 2n trace [(in)· (3.22)

The performance degradation of r with respect to the optimal performance under full

state feedback ,1* can be measured by the degree of subopt mality J.L

(623)

•
Equation (6.22) emphasizes the dependence of the performance 011 the imtial plant mod-

r (to). As it was done for the initial plant ~~ate. it is possibb ,..) average out this

dependence by assuming a uniform distribution for l' (to). More precisely, if, ...

Ps:= Prob (7' (to) ::::i) :..::1. ,
N

(ll.24 )

an average suboptimal criterion is defined by

(ti.25)

I.

Furthermore, a sufficient condition fur 'Ji, i ":,1,... ,N, to be stable is

O'~ " O'j!<--
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A' = .!. 11-4, _. 1'1'1 (6.26)
1 2 L '·1 I

to be positive definite Thus, by Sylvester's criterion, it is necessary and sufficient to

ensure that for each i :::::1, ... ,N, the determinants of all the principle minors of Ai a.e

greater than or equal to t > 0, where t is some small positive number. Let the

determinants of the n principle minors of Ai be denoted by 9id, ... ,9i,n respectively, Then
\

we have

j == l, ...,n (6.27)

Thus, we obtain a deterministic optimization problem (G.P) as follows:

t6.P)

N

lffiinr :;:;:;2~~ I trace (Ki)
subj e c t to i e 1

gi ,j ~ €, i == 1,... ,N; r= 1,... ,"1

......
(G.28)

(6.29) •
where K, are the solutions of (6.8). The problem (n.p) can be easily solved by any existing

nonlinear programming software, SUGh as NLQPL.

In order to solve the problem (6.P), we need to calculate the gradient of rand 9bj with

respect to the gain matrix Fi. The method for calculating these gradients are given in

Section 6.4.

J •

___________ I ..... -_~'··· •
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6.4 Gradient of the cost Functional and the constraints

To deri ve a formula for the gradient of the cost functional T and the constraints Bi,i> we

need to regard equation (6.8) as the state equation in optimal control problem. We first

introduce the Hamiltonian (Jt? and the co-state matrices Ak (k := 1, ... ,N) for r Let

N N N

,7t/ =:: 2~n L trace {I(j} + L trace {Ai[KiAi + A1 tc; + Q + C1Ji~R r.c. +L7rijJ(j]}

i v l i e I j=1
(G.30)

where the eo-state matrices ,\k (k ::.: 1, ... ,N) E RilXU are symmetric matrices satisfying ihe

following adjoint system:

[i,'ll ;:.;:(1

tJKk •
(6.:n)

...
'I'heorem 6.4.1 The gradient of :r is given by

I

~

(i "" 1, ... ,N) (0.32)

Proof Let j;\ be ~ny parameter matrix when 7' (t)"- and let llFi he any

perturbation about Pi. Define

I,

(Il.:~a)

/I



173

For brev~let J(k(') and I<k(',f) (k == 1,... ,N) denote, respectively, the solutions of the

system (6.8) corresponding to parameter matrices (F" ... ,Fi, ... ,FN) and the perturbed

parameter matrices (F\, ... ,Fi-hFi + f.6.Fi,Fi+" ... ,FN) respectively. Let

dKk( . ,c) I
b,[(k :::;:---. - ,

de t=U

(k == 1,... ,N) (6.34)

Then, from (6.28), (6.30) and (6.8), we get

;.....

(6.35)

•
....

-
...

• ""t

,
..........

(6.aG)

where the inner produce of two matrices

A:=: (akl)bll ... ,q
1::" ••• , 1'2

and B,,,,(bkl)k"I, ... ,q
1"1>""1'2

is defined by
r 2 1'1

(A,B) ::::L L akl ilkl

b 1 k e 1

lienee from (0.:31) and (6.:l5), we bet,

J

(6.a7)

~ "".:t::st ~_I!L&&i__ .tll.l_ij'fr- - --,
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Since 6.Pi is arbitrary, the conclusion of the theorem follows readily from (6.37).

Renn.,'~ {,4.1
aT

To calculate --. , we need to solve tbe system comprising of (6.8)
OFi

and (tUW). !"i!J system is known as system of Liapunov equations, which can be solved by

existing software.

Remark 6.4.2 The method for calculating the gradients of the constraints is exactly

the same as that for calculating the gradients of T.

6.5 Illustrative Bxamplc

Example 6.5.1 (Same as the example given in p.gOg of Ref, 48)

Let x E 112, U E n, y E R. There are two modes, with the transition matrix IT ,', [~ _~]. •

In mode 1, the plant is governed hy , ,

il :=:- [,-1 0.&]
•11' 0 1 01 ,,-, (0,1) .

In mode 2, the plant is governed by

A f'O.:1.5 0.(1]
"~c- I• _. () O.2ii '

r (I )u, :::;l• l'

The criterion (t).:~)is considered with unity weighting matrices Q and R.

J

From Ref. ,18, we know that the optimal solution with full state fpedback is given hy:

-''F.' __ .. I._IIi=_IIIIZ_I!I'Ir'~ '5
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T.( [0.4949 0.1010] d . tri F (0 1010 2 4495)r I:::: 0.1010 2.4495 an a gam rna nx I::::.' • ;

[(2:::: [~:~~~: ~:~~manJ a gain matrix F2:::: (0.5635 1.7688);

The technique employed by Ref. 48 which is based on the necessary condition of

optimality, yields the following results:

T/" [0 ,5 0.Og951
J
and a gal' matrix F 2 ;':135'

HI:::: 0.09lJ5 2.4~03 n 1 =.v ,

for __ r 3.0 0.5577] i . at '. F, - 1 9319\.2 - LO.5577 1.'1967 anr a gam rna nx 2 -. .

The results obtained by solving the approximate problem (G.P) is as follows:

rr [0.50.1010] d .. F ')479
1\1::= 0.1010 2.4497 an a gam matrix 'I::::'" ';

•
" _ [3.0 0.6583] d " t . ", - 1 ('319
1\.2~· 0.6583 1.7967 an a gam rna nx t: 2 - .. }, •

Let J*, JO and .11 be the value of the objective function which corresponds to the full state

feedback solution, the optimal output feedback obtained by Marlton and Bertrand (Ref.

48) and the optimal output feedback obtained by Pur method respectively. Let Iii' and f.Ll

be the value of It obtained by substituting J::::: J" and J:::: JI in (6.2:1) respectively. The

performance can be summed up in Table IUi.1, depending on the initial mode distribution

/
~

}) .~_ [ P" I ]'" _. .1 - POI

From the values of W' and IL! in Table 6.5.1, it is dear that the expected performances

obtained by our method is slightly better than those obtained by Marlton and Bertrand

(Ref. 48). In both cases, the worse performance (PUI "" 0, r (to) == 2) using output feedback

(6.5) is only about 10% worse than the optimal expected performance using full state

feedback.

I
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.
PO! 1 0.5 0

~-- i-
8 x J* 2.9444 , 3.6309 4.3168

1----. --
8 l< JO 2.9503 3.8735 4.7967

f------ --
8 K JI 2.9497 3.8732 4.796"
Jto(%) 0.20 6.68 11.12

-._
Jtl(%) 0.18 6.67 11.12

L...-. -

Table 6.5.1 Comparison of OptiroalSolution

•

... '....

J,_,.

I

_'.
".

i
,.z&·-7rr~--·----·"i"ilI•••• I?5
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CHAP TER VII

OPTIMAL CONTT"OL 01" A CHEMICAL REACTOR

7.1 Introduction

In this chapter, we consider a chemical. -actor problem involving a couple of nonlinear

diffusion equations and boundary conditions. The variables to be controlled are the

temperature and concentration of oxygen, which are function" of both position and time.

The objective is to choose the best input temperature and input oxygen concentration in

order to achieve a desired output temperature as much as possible.

\,

In Section 7.2, we describe the differential equations governing the chemical reaction,

together with the boundary conditions of the chemical reaction. Then, the optimal control

problem is defined.

•
In Section 7.3, a finite element Galerkin method is used to convert the distributed optimal

control problem into a sequence of finite dimensional quadratic programming problem

,(7.P), which can be solved by any standard quadratic programming technique.

In Section 7.4, specific computational aspect for implementing the method for solving (7.P)

is discussed. Most significantly, we describe a method for finding the exponential of an

extremely ill-conditioned matrix, whose eigenvalues and inverse cannot be easily

evaluated.

In Section 7.5, we first solve numerically the chemical reactor problem when there is no

constraint on the control, that is, no constraint on the input temperature and the input

oxygen concentration, Secondly impose certain upper and lower bounds on the input

oxygen concentration and resolve the problem. Thirdly, we impost certain upper and lower

J r

_/~T_~"---I-__".ill_rr_._ •• r:tr1l.l~n"j_~-__~
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bounds on the input temperature and resolve the problems. In all cases, the output

temperature obtained is extremely close tv the desired out,put temperature. In general, an

Increase in the number of partitions of the linear spline function used over the time interval

[0,1] will lead to the convergence of the optimal control of the approximate problem to the

true optimal control.

7.2 Nonlinear Diffusion Equations for the Chemical Reactor

The differential equations governing the chemical reaction are given by

8y By
-=-f-at . f)z

1 82y
--- + {3 Dm R (y,x)
Pt.h 8z2

(7.1)

8x 1 ()2x
0= -f-+ _- -- Drn R (y,x),

8z Pern 8z2
(7.2)

•
where

R: (y,x) = :r exp {'Y (1 - [y (1 + a 'Tr y)j"l)}, (7.3)

where f is a given constant representing the velocity parameter of the reaction; Peu, {3, Dml

Pem, 'Y and Q: are also given constants. Values of these constants taken from a chemistry

laboratory are as follows:

t= 0.01,

t= 12.297

{3= 0.38812, Dm == 0.89173, Pe« == 235,

Q: == 2.5696 x 10-4• ..
The boundary conditions for the problem are I

.iI>
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8y (Zf,t)
=0

8x (zr,t)
---=0 (7.4) ..

{)z 8z

y (O,t) = yr(t) , (7.5)

8y (O,e)
---=0

ax (O:t)
---=0 (7.6)

8z 8z

Here, x (z,t) and y (z,t) are normalized variables representing, respectively, the oxygen

concentration C and the temperature T at position Z and at time i, where

x (z, t) = C (z, t) / Cr (7.7)

and

y(z,t) == T(z,t)/Tr (7.8)

Values of the constants Cr and T; taken from the chemistry laboratory are as follows: •

CX'= 0.01 mole fraction oxygen (1 mole %)

Tr = 434.27 Kelvin.

Xr( t) and Yr( t), the inlet oxygen concentration and the inlet temperature respectively, are

the controls for our problem. Sometimes, the gradient of the inlet oxygen concentration

and 'the gradient of the inlet temperature can also be regarded as controls, in which case

equation (7.6) can be replaced by .'
811 (O,t)
---= yr(t),

{)z

ax (o,t)
---:: X (t),

Bz I
I,

(7.9) •

where Yr( t) and xr( t) are now additional controls.
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The objective is to have the outlet temperature y (zr, t) to approach a desired temperature

distributicn Yd( t) as closely as possible. This can be formulated as

1

minimize J = J [y (zr,t) - Yd(t)]2 dt (7.10)
o

Here, the time interval t E [0,1] is used. Any other time interval t/ E [0, T] can be

converted into the time interval t E [0,1] by using the L aaformation

t'
t= ._.

T
(7.11)

7.3 Method of Solution

A finite element Galerkin method will be used to convert the distributed optimal control

problem into a finite dimensional mathematical programming problem with the values of

the initial temperature and input oxygen concentration together with their respective

gradients at every grid point being the variables. Let the temperature and concentration

be approximated as follows:

•

....

N+l
Y (z,t) ~ L Bi(t) Y~tz)

i = 1

I

~(7.12)

and
N+l

x (z,t) ~ L Bi(t) Xi(Z),
i = 1

(7.13)

where the integer N and the functions Bi(t) are subject to zhoice substituting (7.12) and

(7.13) into (7.1), we get

I,

/
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N+l N+lL .8i(t) Yi(Z) = - fL Bi(t) i(z)
i e I i=1

1 N+l
+ _" Bi(t) i I (Z) + f3 Dm R (y,X)

Peh'- 1
i = 1

(7.14)

Multiplying (7.14) by Bj(t) and integrating over [0,1], we get

N+l 1L. Yi(Z) _( Bj( t) Bi( t) dt

i = 1
N+l 1

= - /L Yi(Z) ~ Bj(t) Bi(t) ;t

i = 1

1 N+l i 1
+ _: Y~I (z) Bj(t) Bi(t) dt

Peh 1 0
i = 1

+ fJ Dm fiR (y,x) Bj(t. dt
o

(7.15)

To convert (7.15) into a linear differential equation involving Yi(Z) and Xi(Z) , the term

R (y,x) must be linearized around a suitable steady state solution (y (z), x (z)) as follows:

R (y,x) = R C1i,x)+ (y - y) Ry (y,x) + (x - x) Rx (y,x) (7.16)

However, from (7.3)

R C1i,x) = x Rx (y,x) (7.17)

Combining (7.16) and (7.17), we get

R (y,x) :::-;:(y - y) Ry (y,x) + x Rx (y,x) (7.18)

J

/',II
Ii
(i
I ~

/ " '~!
I ""[ ,

,---~
1

...

i
I
i ., I
f--'
r--j
: ...
I _.1

I
~

•

I,

I,
i

i j
Ii
I'

\1

I
~
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a suitable choice for the steady state solution is y = 0.8175 and x = 0.25. This solution is

independent of z and corresponds to a. concentration of oxygen of 0.0025 and a temperature

of 82°C.

In view of (7.18), (7.12) and (7.13), equation (7.15) can be written as

-- (3 »; Y u, (l/,a:) J 1 B/~) dt
o

N+l 1

+ {3 o: Ry (. .1;) L Yi(.Z) ~ Bj( t) Bi( t) dt

i" !

•

Nt1 1
+ {3 o; Rx Cfj,X) L Xi(Z) ~ Bj( t) Bi( t) dt

i = 1

(7.19)

By using exactly the same argument as that used to obtain (7.19) from (7.1), we can easily

deduce from (7.2) that

N+l 1

o :=: - fL X:(z) ~ Bj(t) Bi(t) dt

i" I

I

'"I
-r

I

____ ..__ . b --- -_.
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j'l+ o; Y Rr Cy,x) Bj(t) dt
o

l'i+l r 1

- D,., Ry Cy,x) 2, Yi(Z))o 13j(t) llitt) dt

i" 1
\,

N+l 1

- o; u; (y,x) L Xi(Z) ~ 13j(t) Bi(t) dt

i = 1

(7.20)

Now let

(7.21)

.....

(7.22)

•
(7.23) '....

;s (z) :::: ;{ (z)

,
t(z) == r (.;:) (7.24)

. _,,'

~ct the matrices A and C and the vector b be defined as
(v

Ajj::::: (1 IJj(t) Bi(t) dt, i,j.-.:: l, ... ,N + 1,
-'0

(7.25)

(1 .
Cji"" J_ Bj(t) Bj(t) dt, i,j"'" 1,... ,N + 1,

o
(7.2{i)

I,

bj :::0 J 1 Bj (t) tit ,
n

j ::C" i, ...,N + 1 (7.:~7)
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Then the equations (7.19) and (7.20) can be written as

Let

,
K (z) := is (z)

--,is (z) == f Pern ~ (z) + Pem »; lly (V,X) ~. (z)

+ PCm DOl u; ("Y,X) is (z) - Pem DOl V Ry (V,x) kl £

,
X (.z)"" X(z)

...-.,y (z) :::0; f Pell r (z) + (Pelt k1 C -/~ PCb Dm Ry ('!i,x) IN+1) r (z)

x (z) := [KT(z), ~\z), ,~,!f(Z),rf(z)]T
N

Then

.
X (z) :;C": r X (z) + £,
N rv

(7.28)

(7.29)

(7.30)

(7.31)

("(.32) " ...

I

~

(7.3311)

J,

F



185

~O IN+1 0 0

1..
KIIN+1 ](2 IN.,.1 J(3 IN+1r=

0 I) 0 1;1+1

[(4 IN+1 () A KG IN+1

0
rJ

f' ::::::
[(6

N

0
tv

l£<7

(7.33b)

(7.33c)

where
(7.33d)

(7.33e)

(7.33f)

(7.83g)

(l.33h)

U·33i)

('7.a3j)

('l,:~ak)

•
[(2 == f Pern,

[(3 := Pem o; Ry Cy,x),
[(4:= .- Pelt (3 o; n; ('V,x),

....

[(5 ::: f P(;h,
KG::':: -" Pelll D« Y n; (y,X) A"l b
N • N

J(.; := Pelt {3 Dill Y fly (y,x) A -I 11
tv ,. N

/
.",.....

o is the N + 1 by N ,! zero matrix, Q is the N + 1 zero vector, and IN+l is the 1'1 + 1 by

N + 1 identity matrix.

So far, the {unctions Bi(t) have not been specified. A sui I, able choice of Bi(t) is the linear B

splines function defined on the time interval [1l,1] with N equal subintervals. That is, let /,

, ~~~4-'_·--.TI""~".".SS.



Bi(t)::: SI (N t-i),

where

(

I + t, t E [-1,0]
'i( t)::: 1 - t, t E [0, 1]

o , otherwi se
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Then it can be easily verified that the elements of A, C and 11 arc given by

1A .. 1:::: fiN' i "'"1,... ,N1,1+

and A. . == 0 otherwise
1,J

c ==_1.
1,1 2

and C. . "" D. otherwise
1,J .

From (7.82), it is deal' that

. 2
A .. == 3N1,,1 l

1
A .. 1 == -6-,·T ,1,1- ),

c. . 1::C" - ~21.,
1,1-

b. ::;;,~
"'} N

i :0:: 2, ... ,N

i :c' 2, ... ,N+l

=: 2 .... ,N+l

i '''''2, ... ,N

(7.34)

(7.35)

(7.36)

..... -.
(7.37)

I

~

(7.a8)

I,
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z

x(z)=lZx(o)+f l(Z-7)~dr
N N 0

= lZ x (0) + :c (Z) (7.39a)
N

where
(7.39b)

Now, let Yd( t) := Yd be a constant in (7.10). Then, in view of (7.12), (7.25) and (7.33), the

objective function (7.10) can be written as

1 [N+l ]2
minimize J == ~ ~ Bi(t) Yi(zr) _. Yd dt

1 = 1

•
N+l 1

- 2 Yd I. Bi(t) Yi(0f) + Y(;j dt

1 = 1

(7.40)

. "
where the matrix II and the vector 9 are given by

A A 1
II ==H :::::--1,1 N+l,N+l 3N

2
H.. - 3N

). ,.] .

• 1
ll. . 1:';:;: -fj-N '1,1+ )

i =::: 1,... ,N • ... .J:.
II.. 1 - "N '1,1-- o

i ::C',' 2, ... ,N + 1 J

II . "'"0, otherwise
I,,]

(7.41)
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i ::::1,... ,N + 1

• 2
g. = _.J1!!
• 1 N' i= 2, ... ,N (7.42)

-,
In view of (7.32), the objective function (7.40) can be written as

(7.43)

where

[0
0 0 0

Q () 0 0

h* = ~ 0 II 0

0 0 0

t~[ll'

(7.44 )

•
(7.45)

Substitute (7.39a) into ("/.43), we get

minimize J == X (0)1' II X (0) + il X (0) + k, (7.46)

'" '"

where

(7.4'1) Ji

, .._ ....._nVlT"·-- -.
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(7.48)

• T 2
k = l(zr) H* 1; (zr) + (g*) z; (zr) + Yd

IV

(7.49)

Now, in view of (7.12), (7.13), (7.24), (7.22), (7.32), the boundary condition (7.4) can be

written as

N+1 N.1
L, Bi(t) y'i(zr) == L Bi(t) X:(zr) :::. o
i = 1 i e 1

N+1 N+1~ L Bi(t) yt~f)== L Ei(t) Xi(zr) :;:::0

i" 1

N+1
L, Bi(t) X3Nt3+i(Zf) =
i e 1

N+1
".., B·(t) y .l·Zf) =- 0
'-' 1 "N+1+1

(7.50) •
i = 1

.....

By letting t to be equal to the grid points 0, ~ , ~ ,.. ,I, we easily obtain from (7.50) and

(7.39a) that

(7.51)
I

,...,....,

where i == N+2,...,2N·~2and
3N+4i .. ·,4N·~4. ..

Similarly, the boundary condition ('7.6) can be written as

I,

l'(0) =, 1$ (0) == n

.I

___ ~ ""_'FIF.'-"--- - -
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Ix (O)h = 0, (7.52)

i = N+2, •.• ,2N+2 and
3N+4, ... ,4N+4.

Now, let

:!f:: X (0) (7.53)

Then, in view of (7.46), (7.51) and (7.52), the problem with the gradient of the inlet

temperature and the gradient of the inlet oxygen concentration equal to zero can be written

as

1 T' "T •
numrm ze J::= ~2u H 'u + 9 u + k

N rv N

U E R4N+4 rv
N

subject to •

(7.P1) i = N + 2, •.. ,2N + 2 and 3N + 4, ... ,4N + '!

and

~'i = 0

i= N + 2, ... ,2N + 2 and 3N + 4, ... ,4N + 4
I

~

Similarly, the problem with the gradient of the inlet temperature and the gradient of the

inlet oxygen concentration being regarded as additional controls can be written as

J!
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(7.P2)
. ., J 1 T HA AT k'mimmrzes = '2 u U + 9 u +

u E R4N+4 t'V t'V (OJ tv

tv

subject to

i = N + 2, •.. ,2N + 2 and 3N + 4, ... ,4N + 4
\."

Both (7.P!) and (7.P2) are quadratic programming problems with linear constraints, which

can be easily solved by any standard quadratic programming software.

Once the optimal value of ;(f is found, the optimal control can be easily found oy the

formula

:1J( t) = z (O,t)

N+l

= L Bi(t) Xi(O) •
i = 1 '....

N~1

=1Bi( t) ;(fiCO)
i = 1

(7.53) ' .. ,.

= Y (o,t) .I

N+l
= l:Bi(t) Yi(O)
i = I

N+l
= L Bi( t) X2N+2+i (0)

'"
(7.54)

I

.1

g m
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-«
8x (a,t)
_,---

{)z

N+l
=L Bi(t) x:(a)
i = 1

N+l
= ~ Bi(t) 'IL.. 1 .L..J N+ +1

(7.55)

i = 1

8y (a,t)

az

N+l
:0:: L Bi(t) Y~ (a)

N+l
=L Bi( t) U3N+3+i

i = 1

(7.56)

The temperature and concentration and their respective gradient at any time t and at any

position z can be easily obtained by the following formulae

N+l
x (z,t) = L Bi(t) Xi(Z)

i = 1

(7.57)

N+l
Y (z,t) = I Bi(t) X2N+2+i(Z)

i = 1

(7.58)

N+l
x' (z,t) == L Bi(t) XN+1-t.i(Z)

i = 1

(7.59)

"""'"

I'.

',.' .... '

I '

I .

"
,~ .. yW'..,..-" -----
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N+l
Y'(Z,t) = " Bi(t) X2N ') . ("'/,'-' +.,+l

(7.60)

i = 1

where X (z) can be found from (7.40) and (7.53).

7.4 C"mputational Aspects and Implementation

Only two aspects of implementing the above method need discussion. They are (i)

evaluation of r(Z) and (ii) calculation of the exponential matrix lz.
!
I

From (7.39b), the evaluation of ,r (z) invol-es the calculation 01 the inverse of r·1•
However, r is extremely ill-conditioned - the reciprocal of I''s condition number is j

order 10 -18. Thus, any attempt to calculate the inverse of I' numerically failed. Thm.~ (;)

cannot be calculated directly from (7.39b). Instead we use the Gaussian quadrature rule

of order 5 to evaluate the integral
.. /.

"l

z

J; (z) = J l(z-r) t dr
o

The ill-conditioning of r also affected the choice of method to calculate the exponential

matrix lz. Numerical methods for calculating the eigenvalues of I' 0.11failed. Thus, we

need to find some methods which does not involve the eigenvalues of 1'. Two approaches

can be adopted.

/

i ._

I',

Firstly, we consider the series expansion of the exponential matrix, viz

f

(7.61)

i=L1

\
, I

\
\

\

t
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The series is eonsldcred to have converged when the difference bet ween two successive

intermediate matrices is less than 10-10 in both the L, and .; matrix norms. These normstu

are "akulatul by the IMSL routines DNHlIW, and Dl'!HJRR respectively. However, the

series expansion method to «alculatc the exponential matrix can sometimes create two

types of errors, namely, roundoff and Cl\ll(~ellation errors, which can render the method

unusable. Thus, a second method is used in order to cheek the accuracy of the result that

we obtained in the series expansion method. This method involves sealing and the Pade

approximation (cf, l{ef. 110). It has been I, nd that the rate of convergence of the second

method was faster than that of the first method, hut there was no significant difference

between thp results produced by the two methods.

A further lli~fj'~lllt~·ill calculating the exponential matrix is encountered in the choke of er.

For ;::1:> ILl, the CXjllllll'lltial matrix consists of Home elements which is so large that they

cannot he handled by the computer. As a c.nnpromise, we choose .cf to he n.l.

411

Finally, the Il\lSL routine DQl'H.OG, based on an algurithm by Goldfarb is used to solve '....

the quadratic programming problem (7.1'1) and (7.1)2).

7.5 Illustrative I'~xamples

Example '1.5.l w(~consider the problem ('7.P'2) with the following desired outlet
/

........ 1

tmnpcraturo y,\ :;" 11.7, Il.Oa, 1),/1 and D.H, which corresponds to :H' C, un C, -- 5!j"C and 74" C

J'(~Sp(" lively.

..
tlw problem has been solved with N C~ II only, For /ld ".: O.H, the problem has been solved

I,

with N ,1 on1.'",
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From the results tabulated in 'I'ables 7.5.1-7.5.6, it is dear that all the optimal solutions

have the following same properties:

(i) The optimal value of J iii extremely close to zero, which shows that the

actual out.put temperature is almost the same as the desired output
\,
"

temperature.

(ii) '1'1> boundary condition (74) is satisfied with the value of x' (Zf, t) and

y' (;:'f, t) being of order 10 -14 or less.

(iii) The controls x (O,t) and 71(n,t) are almost constant functions of t, with the

input temperature y (O,t) almost the same as t."t: desired output temperature

for all t E [0,1]. The variations of the controls x' (O,t) and y' (O,t) are also

very small as t varies from n to 1.

(iv) For each fixed z, the oxygen coucentration a: (z,t) and the tt~mperi'ture y (z,t)

remain almost constant with time.

(v) For each fixed t, the oxygen concentration x (z, t) increases along the reactor,

while the temperature 1/ (z,t) decreases along the reactor.

•

Moreover, from the results tabulated in Tables 7.5.1 -7.5.a only, we can also observe the

following convergence properties of the optimal control with respect to the number of partitions

when Uriis fixed at U.7, the optimal controls

x (O,t) and 11(n,t) will converge to (Ui and

0.71 respectively for all t E [0,1]' as the

I

",.,..,.'

number of partitions N increases. However,

this convergence property is not so prominent

in the controls x'(O,t) and 1/'(O,t).

______________________ !_-_rrmn.. __ ~ .. ~enre- :~;r__'-"-'.......,, •••I



x (O,t) ~ 0.3 (7.62)

~
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I
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Graphs of the optimal controls for Vel :::~ 0.7 and N ::; 12 are plotted in Figure 7.5.1.

Example 7.5.2 We consider the Problem (7.P2) with the desired outlet temperature

Yel :::: 0.7 and the following additional constraint

The problem has been solved with N "" ,1. From the results tabulated in Table': 1.7, it is

dear that the optimal solutions obtained in this example have exactly the sam' operties

as those obtained .n Example Vi.l.

I·jxa.mplc :.5.3 Same as Example 'j.ii.2 except that the constraint ('7.(j2) in Example

7.IL2 is now being replaced hy

x (n,t) ~ (l.ti (7.0a) It

....

.
....~'....,

j

,_..".".

..,,

The problem has been solved with N ,;:; 4. From the results tabulated in Table 7.5.8, it is

dear that the properties of the optimal solutions obtained in these examples are almost the

same as those obtained in Examples 7.[i.1 and 7.5.2, with the exception that the last

property obtained in botn Examples, 7./i.l and 7.5.2, is now being reversed, i.e. for each

filW(1 t, the oxygen concentration x (;;,f) decreases along the reactor, while the temperature

11 (;,;,t) increases along the reactor.

I'~xa,mplc 7.5.4 Same as Example 7.5.2, except that the constraint (7.02) in Example

'l.5.2 in now being replaced hy

y (o,~)S lUi (7.(i·1)

- -
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The problem has been solved with N := 4. From the results tabulated in Table 7.5.9, it is

clear that the optimal solutions obtained in this example have exactly the same properties

as those obtained in Example 7.5.a.

Example 7.5.5 We consider the problem (7.1':'1) with the desired outlet temperature ..
'\

1M"-"0.7 and the following additional constraints

o 8 ~ x (U, 1.00) ~ 1.0

(7.55)

(7.66)

('7.67)
.c....

(7.68)

•
(7.H9) '....

0.0 5 x (0, o.o) ~ 0.2

0.2 5 x (0, 0.25) 5 0.4

OA ~ x (n, 0.50) S (uj

0.\1 ~ x (0, n.75) ~ 0.8

The problem has been solved with N "" 4. From the results tabulated in Table 7.5.10, it Xg

dear that the optimal solution have the following properties:

l'~xlLctly the same as the first property obtained in the optimal solution of

Example 7.5.1.

(ii) Exactly the sante as the second property obtained in the optimal solution of

Example '15.1.

(iii) The input temperature y (n,t) still remains almost the same as the desired ..
output temperature for all t (; [n.t]. However, all the other controls x ((l,t),

x' (n,t) and y' ((I,t) are not constant functions of t any more. In fact, x (n,t)

.....,.
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switches from itli1'per bounds when t :;:;::0.2 and 0.4 to its lower bounds

when t:::; 0.8 and 1.0. (See Figure 7.5.2).

(iv) For each fixed z, the temperature y (z,t) still remains almost constant with

time, but not the oxygen concentration x (z,t).

(v) For certain values of t, x (z,t) and y (z,t) may increase along the chemical

reactor, while for other -alues of t, z (z,t) and y (z,t) may decrease only the

chemical reactor.

Graph of optimal control x (O,t), togetber with its upper and lower bounds, are plotted in

Figure 7.5.2.

Example 7.5.6 We consider the problem (7.P2) with the desired outlet temperature

lid :'C' 0.7 and the following additional constraints

..
0.0 $ y (0, 0.0) ~ 0.2 (7.70) ......

0.2 ~ Y (0, 0.25) $ 0..1
(7.71) r

,.,....

,....
"' ...",.

0.4 $ 11 (0, 0.(0) $ o.e (·t,72) I

~

(Ui $ y (0,0.75) $ (J.S (7.7~{)

0.8 ~ 11 (0, 1.0(1) $ 1.0 (7.74)

"

The problem has been solved with N ;::0 4. From the results tabulated in Table 7.S.l l, it is

dear that the optimal solution have the following properties:

,Ii



199

(i) Exactly the same as the first property obtained in the optimal solution of

Example 7.5.1,

(ii) Exactly the same as the second property obtained :ll the optimal solution of

Example 7.5.1.

(iii) None of the controls x (O,»), y (O,t), x' (O,t) and y' (O,t) is a constant function

of t. In fact, y (O,t) switches from its lower bounds when t == 0.2 and 0.4 to

its upper bounds when t = 0.6 and back to its lower bounds when i = 0.8 and

1.0. (See Figure 7.5.3.)

(iv) For every z t Zf, both the temperature x (z,t) and oxygen concentration

y (z,t) are not constant functions of time t.

(v) Same as the last property obtained in the optimal solution of Example 7.5.5.

Graph of the optimal control y (O,t), together with its upper and lower bounds, are plotted

in Figure 7.5.3

•
7.6 Conclusion

From the numerical results obtained in Section '7.5, it appears that the method dercribed in

this paper works very well for the problem (7.P'2) described in Section 7.3. It all the

numerical examples solved, the actual output temperature obtained is almost the same as

the desired output temperature. In general, an increase in the number of partitions N over

the time interval [0,1] will lead to the convergence of the optimal control of the

approximate problems to the true optimal control.

f
,/ ...

I
~

By imposing various restrictions on the control, the nature of the optimal solutions will

change considerably. J

Unfortunately, we have not successfully solved allY numerical examples for the problem

(7.1'1) described in Section 7.3 at this moment.

c ,__ • .r ,
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Table 7.5.1 Computed Results (Yd = 0.7 N= 4)

The Optilla.l C()ntrols
t x(o.t) x' (o.t) y(o.t) y·co.t)

0.00 4.97516E-Ol 1.38732E-01 7.01047E-01 .-1.92872E-02
0.25 5.0!i336E-01 1. 10186E-01 7.01053E-01 -2.34300E-02
0.50 4.81l080E-01 1.783904E-01 7.01533E-Ol -3.0582I5E-02
0.75 4.96434E~01 1.42~B1E-Ol 7.01164E-01 -2. 27175E-02
1.00 4.84256E-01 1.84058£-01 7.01796E-Ol -4.11886£-02

Objective V.'ua = _0.6938893903E-16

Solutions far x(%.t)

t z=0.02 z=0.04 z=D.01I z=Q.aa z=0.10

0.00 5.0oo29E-01 5.02012E-131 5.03453E-Ol !5. 043341E-O'I 5.04633E-01 \\

0.25 5.0733711-01 5.08922E-01 5.10075E-01 5.10781E-01 5.11021£-01
0.50 4.89316E-Ol 4.91874E-01 4.93735E-01 4.94874E-01 4.952150E-Ol
0.75 4.99011E-Ol 5.01048E-01 5.02528£-01 5.03434E-01 5.037<12E-01
1.00 4.87600E-01 4.90249£-01 4.92177E-Ol 4.93356E-01 4.93757E-01

Solutiona far x'(z.t}
t z=0.02 z~.04 Z=O.OIl z=D.oa z::O.10

0.00 1. 1248<1E-01 II.57263l!-02 5.82128E-02 2.9710SE-02 -3. 90'(99E-l<I
0.25 8.97797£-02 15.85881£-02 4.11111715E-02 2.379711E-02 -3.55271E-14
0.50 1.45023E-1.11 1.101181E-01 7.52014E-02 3.1138114E-OZ -2.84217£-14
0.75 1.15464E-01 1I.80710E-02 5.98250E-02 3.0153158E-02 -3.90799E44
1.00 1.50037E-01 1.14640E-01 7.79208E-02 3.97778E-02 -3.19744E~14

SOlutions for y(z,t) ....
t ~.02 z=O.04 Z-~.OI z=O.08 z=0.10

0.00 7.00593E-01 7.00403E-01 7.00185E-01 7.00047E-01 7.00000£-01
0.2~ 7.00154BE~01 7.00353£-,01 7.CI015<1E-01 7.00038£-01 7.00000E-01
0.50 1.00981£-01 7.00551 E-'01 7.C'0245E-01 7.000111E-01 7.00000E-01 .,
0.75 7.0075:1£-01 7.00<l29E-·01 7.00193£-01 7.00049E-01 7.00000E-01 •
1.00 7.01093E-01 7.00593E-·01 7.0025BE-01 7.000114£-01 7.00000E-Ot ',..
SOlution. for y'(z.t)

t z=O.02 ::=0,04 z--O.OIl ,.:<0.08 z::O.10

0.00 -1. G1320r-0:! -1.27979£-02 -8.99203£-03 3.77<175E-15
/"

-4.81415£-03 '"
0.::5 -1.7334<1E-02 -'.22225E-02 -7.81147E-03 ~3.82Z23E-03 4.4<1089E-Hl ...
0.50 -2. 45792E-02 -1.840<4910-02 -1.22382£-02 -11.12209£-03 ".44089E- Hi

......
0.75 -1.83770E-02 -1.40340E-02 -9. 53239E-03 -4.84':"IIE-03 -'1.11022~-15 ..
1.00 -2.96715E-02 -2.06298£-02 -1.3"990E-O? -1I.39300E-C3 1I.!lI.l17b';-16

J,_...

!I

1
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Table 7.5.2 Computed Results (Yd = 0.7 N= 8)

The Opt.u.al Controls
t X(O,t) x' (O,t) y{U,t) y'co,t)

0.000 4.971117E-01 1.38067E-01 7.0111!lE-01 -2.1fl404EH)2
0.125 4. 999<49E-01 1.29570E-Ol 7.0111!iE-Ol -2. 28259E-02
0.250 4.97644E-Ol 1.37607E-01 7.012001:-01 -2. 44272E-02
0.37!i 4.96782E-01 1.40B1SE-01 7.01'1I3E-01 -2.3303!1E-02
0.500 ".911869E·,Ol 1.40495E-01 7.01185E-01 -2.3<t990E-02
0.575 4.97177E-01 1.39504E-01 7.01Hi1E-01 -2. 22720E-02
0.750 4.9B842E-01 1.33525E-01 7.01'07E-01 -2. 17!52ZE-02
0.875 4.99363E-01 1.31670E-01 7.0"21E-01 -2.1'5f114E-02 ..
1.000 4.9aS09E-01 1.33S01E-01 7.0114ZE-01 -Z.Z9424E-02 '\

Objective Value = -0.i332267629E-14
301utiona for x(z.~)
t z::0.02 :z:=0.04 Z=O.OfS 2:0.01 z=G.10

0.000 5.00120E-01 !5.02097E-01 !5.0353<!E-Ol :i.C44,3E-01 !5.04711E-Ol
0.125 5.C2299E-Ol !5.04157E-01 5.05508E-01 5.01S335E-Ol 5.06816E-01
0.250 5.00HOE-01 !5.0211!5E-01 5.03!5!51E-01 5.04429E-01 5.04728E-Ol
o 375 4.95335E-01 5.01354E-01 5.02821E-01 5.03719E-01 5.04024E-01
0.500 4.99417E-01 5.01431E-01 5.0289fjE~01 5.03791E-01 5.04D9GE-01
0.1575 4.9970fiE-Ol !5.0170SE-01 5.03Hi8E-01 5.04047E-01 5.D4349E-Ol
0.750 5.01255E-01 !5.03179E-01 5.04571E-Ol 5.05"23E-01 5,0571ZE-Ol
0.B75 5.017511:-01 5.03539E-01 !i.05012E~0' 5.05852E-01 5.05137E-01
1.0CO 5.01l:!32E-Ol 5.03148E-01 5.04541E-01 5.05393E-01 5.05683£-01 ....
801uticns far x' (z,t)

t %:0.02 %::0.04 Z:O.oa Z=O.OS %",0.10

0,000 1.12094E-01 8,54885E-02 5.80873E-02 2.963821:-02 -15.03961E-14 •0.125 1,05330E"01 l'I.03S01E-02 5.415102E-02 2.78751E-O;! -7.10543E-14
0.250 1.118SBE-Ol 8. 54097E-02 5.803271"-02 2.915228E-02 -5.32907E-t<4
0 ..;75 1.1-i420E-Ot 8. 73025E ..02 5.93107£-02 3.027431:-02 -15. 750115E-14 ....
0.500 1.1.'57E-Ol B.71108E-02 5.91808E-02 3.02079E-02 -5.158434E-U
0.575 1.13311E-Ol 8.154414E-02 5.87220E-02 2.99733E-02 -6.394S8E-U
0.750 1.0854<1E-01 8.28043E-02 5.152!50IlE-02 2.87117E-02 -6.75016E-14
0.875 1.07015E-01 8.1ISSgeE-02 5.5478I5E-02 2.83183E-02 -!5.158434E-U
1.000 1.0859~E-Ol 8.28695E-02 5.63020E-02 2.87388E-02 -15.039:i1E-14 ....
SOlutiona fer y(%.t}

. .....
Ai

'G %::0.02 ::=0.04 Z:O.OG 2:=:O.Ja z=0.10
I

0.000 7.00724E-01 7.00414E-01 7.0018I1E-01 7.00047E-01 7.00000E-01
",_.,.0.125 7.00709E-01 7.00398E-01 7.00177E-01 1.00044E-01 7.00000E-Ol

O.::SO 7.007153E-Ol 7.00427E-01 7.00189E-01 7.00047E-01 7.0000CE-Ol
0.375 7.00751E-Ol 7.0C430E-Ol 7.0019:2E-01 7.00048E-01 7.00000E-Ol
0.500 7.007151E-01 7.00430:':'-01 7.00192E-01 7.00048E-01 7.00000E-01
0.6'15 7.00745E-Ol 7.00423E-01 7.00190E-01 7.00048E-Ol 7.00000E-Ol
0.750 7.00714E-01 7.00405E-Ol 7.00182E-Ol 7.0004:1E-01 7.00000E-01
0.875 7.00717E-01 7.00404E-01 7.00180E-Ol 7.00045E-01 7.00000E-01
1.000 7.00730E-Ol 7.00411E-01 7.00~e3E-Ol '.0004I5E-01 7.00000E-Ol
Solutiona for y'(z,t}
t Z:::O.02 z=-O.04 Z::O.OIS z=Q.OS %=-0,10

0.000 -1.75657E-02 ~1.304773EuOZ -9.20156E-03 -4. 69348E-03 ".4408!lE-IS .f,
0.125 -1.7872SE-02 -1.326941:-02 -8.83<4581:-03 -4.<13721E~03 O.OOOOOE·,OO
O.2f;O -1.9308ZE-02 -1.43135E-02 -9.46890E-03 -4. 721585E-03 9.99201E-15
0.375 -1.aS3£l5E-02 -1.42440E-02 -9. 55294E-03 -4.81652E-03 -2. 22045E- Hi
0.500 -1.aaa7BE-02 -1.4234fiE-02 -9. 5442SE-03 -4.80590E-03 5.55112E-15
0.675 -1.82360E-02 -1.39235E-02 -9.41356E-03 -4.715172E'·03 'i.21725E-15
O. '150 -1.7556SE-02 -1.333-'21:-02 -3.00806E-03 -4. 55950E-03 2.Z2045E-15
0.B75 -1.79161E-02 -1.34103E-02 -S.9B1alE-03 -'.50671E-03 1.332~7E-' 5
1.000 -1.B::!709E-O:! -'.366B9E-02 -9. 11728E-0:i -01.576BOE-03 6,66134E,;-15

,I
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Table 7.5.3 Computed Results (Yd = C H= 12)

The Optimal Controls

t x(O,t) x' (O,t) y(O,t) Y'(O,t)
0.000 04.97!534E-01 1.3B3S8E-01 7.01120E-01 -2.18286E~02
0.OB3 04.99239E-01 1.32099E-01 7.011341:-01 -2. 34726E-02
0.167 4.98308E-Ol 1.35236E-C1 7.0117BIH31 -2.30704IlE-02
0.250 4.972381:-01 1.39S98E-01 7.010404E-Ol -1.806!55E-02
0.333 5.0305!5E-Ol 1.1861:14E-01 7.01023E-Ol -2.21050E-02
0.411 <I. 9993BE-01 1.29434E-01 7.01HOE-Ol -2.21B52E-02
0.500 5.00G6SE-Ol 1.275641:-01 7.00929E-Ol -1. 570B7E-02
0.583 5.049:18E-01 1.11922E-01 7.01001E-01 -2.Z5596E-02 -,
0.IlS7 !5.0200Br:-Ol 1.21969E-Ol 7.0112IlE-01 -2.32Bto1E-02
0.7S0 4.99706E-01 1.30664E-01 7.01049E-Ol -1.923HiE-02
0.833 5.01571E-Ol 1.2<l!l64E-Ol 7.01053E-01 -2.241~9E-02
0.917 5.00453E-Ol 1.27096E-Ol 7.012B9E-01 -3.09974E-02
1.000 4.92021E-01 1.S!5359E-Ol 7.0Hj45E-01 -3. 93462E-02
Objective Value = 0.1595945597E-14
~luti~ far X(Z,t)

t z::O.02 %--0.04 z=O.OIl' Z::O.oa z=O.10
0.000 5.00041E-Ol 5.02023E-01 5.03453E-01 5.04344E~Ol 5.04643E-01
0.083 !5.011l35E-01 5.03S30E-Ol S.049071HJ1 5.05750E-Ol 5.06035E-01
0.Hi7 !S.00761E-01 !.02702E-01 5.04113E-01 5;04977E-Ol lS.05270E-Ol
0.250 4.9976BE-Ol ~.01765E-01 !I.03216E-Ol 5.04103E-01 5.04404E-Ol
0.3;:''1 5.0520BE-01 !l.06910E.-Ol !5.08147E-Ol !5.0BS04E-Ol !I.09l6tE-Ot
o.~n 5.0228!lE-01 5.04144E-Ol !5.G54SIlE-0'l 5.0B323E-01 !5.0!5604E-01 "0.0500 5.02980E-Ot 5.04(104E-Ol 5.0151:191:-01 !5.06939E-01 5.07214E-Ol
o.sea 5.015968E-Ot 1;.085'1510-01 !!.09743E-01 !5.104!S7E-01 !l.10700E-Ol
0.567 S.0~222E-01 !I.0597SE-Ol !5.07251E-Ol 5.0B031E-01 !5.08295E-01
0,750 5.02074E-Ot 5.03945E-01 5.0!13015E-Ol !5.08138E-01 5.06420E-01
0.233 !5.03819E-01 5.0!S!595E-01 ~.O!i88BE-Ol !S.0787BE-01 5.07940E-01
0.917 5.02753E-Ol 5.04594E-01 5.05927E-01 !S.015742E-01 !S.0701SE-01 •1.000 4.94854E-Ol 4.97120E-01 4.9B7152E-01 4.9971lSE-01 !S.0010$E-01

.".

SOlut:'lcna~ar x' (z,t}
t z::(i.02 %--0.04 z:=O.OIl Z=O.OII 0:::0.10

0.000 1.12331!H~1 9. 56702E-02 !S.B1912E-02 2.97015E-02 -9.23705E-14
0,OB3 1.07377E-01 B.19340E-02 !S.56t127E-02 2.84119E-02 ~6. 75016E-14 "
0,167 t.09975E-01 8.':'lS:'3E-02 5.70474E-<l2 2•.91205E-02 -B.526S1E-'4 - .....
0,~50 1.13255E-01 8. 632491!-02 5.8t52!i6E-02 2.99222E-02 -7.46070E-14 ~
0.333 9.154722E-02 7.36018E-02 4.9997Sf-02 2.!S!5195E-02 -8.88n8E-U
0.417 t.05l'B5E-01 8.0387!lE-02 s.~«52S7E-OZ 2.7BB83E-02 oB.17124E-14 /
0.500 1.03 .."8E-01 7.88307E-02 5.35312E-02 2.7321SE-02 -7.S15!!7E-14
0.S83 9.10452E-02 6.904831E-02 4.72045E-02 2.04094SE-02 -8. 52651E~U ~
0.657 9.93138E-02 7.58589E-02 !S.15578E-OZ 2.1l3194E-02 -8.17124E~14
0.750 1.0e079E-01 B.09t34E-02 5.491l150E-02 2.8051l3E-OZ -B.a8178e-u
0.833 1.00733E-Ol 7.IIB0453E-02 S.22002E~OZ 2.«511439E-02 -8.8B178E-14
0.917 1.03694E-Ol 7.9253CE-02 5.387231'.-02 2.750~5E-02 -9.59233E-l<1
1.000 '.27694E-01 9.75541E-02 II.53974E-02 3.3S977E-02 -7.e1 597E-14

Solutions far y(z,t)
t z::0.02 :.:=0.04 z:=O.08 Z:O.08 %=0.10

0.000 7.00725E-Ol 7.00415E-01 7.00187E"OI 7.00047E-01 7.00000E-01
0,OS3 7.00719E-01 7.00404E-01 7.00180E-Ol 7.000045E-01 7.00000E-Ot
0.167 7.007SSE-01 7.00422E-Ol 7.00iB7E-01 7.00047E-Ol 7.00000E-O, I,
O.:!SO 7.00702E-Ol 7.00410E-01 7.00187E-01 7.00048E-01 7.00000E-Ol
0.333 7.001S41E-01 7.00360£:-01 7.00161F.-01 7.00041E-Ol 7.00000E-01
0,417 7.00nOE-01 7.00407E-Ol 7.0017SE-01 7,Q0045E-01 7.00000E-Ol
O.~OO 7.00630E-Ol 7.00371E-Ol 7.('0170[(-01 7.000043E-01 7.00000E-01
0.583 7.00518E-Ol 7.00343E-Ol 7.00:S3E-01 7.00038E-Ol 7.00000E-Ol
0.667 7.00707E-01 7.003B9E-Ol 7.00170E-01 7.00042E-01 7.00000E-Ol
0.750 7,OOS90E-Ol 7.0039SE-01 1.00178E-01 7.000045£-01 7.00000E-01
0.833 7.U0555E-01 7.00375E-01 7.001S8E-lll 7.00042£-01 7.00000E-oJt
0.917 7.00770E-Ot 7.00413E-01 7.00179E-Ol 7.00044E-01 7.00000E"01
',000 7,00980E-Ol 7.00521E-C1 7.00223E-01 7.000S5E-01 7,OOOOOE-01



Solutions for y·(%.t) .2.03

t &:0.02 z=Q.04 :z;::O.OIS z=(1.oa ~.10

0.000 -1. 71!051E-02 -1.35103E-02 -9.228117E-03 -4.70523E-03 _6.S6134E-Hi

0.OB3 -1. 8HI4 1E-02 -1.34259E-02 -O.956l6E-03 -4.51!:i01E-03 3.S5271E-1S

0.167 -1.89907E-02 -1. 42112F.-02 -£1.37347E-03 -"'.6S632E-03 6.1!6134E-15

0.250 -1.60078E-02 -1.30199E-02 -9.1!570211:-03 -4. 72545E-03 5.32907E-15

0.333 -1.636B2E-02 -1. 19250E-02 -7.9i249E-03 -4,04403E-03 1.1l022E-14

0.417 -1.B4lil0E-02 -1.37804E-02 -9.03!522E-03 -4."66alE-03 5.99520E-15

0.500 -1. 41043E-02 -1.16561E-02 -9.29152E-03 -4.30605E-03 1.53211 E-14

0.583 -1.1!16BZE-02 -1. 15156E-02 -7.595l1E-03 -3.82616E-03 9.103831;-15

0.667 -1.84609E-02 -1.33H3E-02 -B. 62023E-03 ··"'.22ISl4E-03 1.2B786E-14

0.750 -1.64697E-02 -1. 29091E-02 -e. 809'\71:-03 -"'.459S2E-03 1.24345E-14

0.833 -1.67310E-02 -1.23604E-02 -e •.::!195n.-03 -4.22380Li-03 6.S6134E-1!!

0.917 -2.1475211:-02 -1.45340E-02 -!l.1046I1E-',)3 -4.42348E-03 _4.4<10B9E-IS

1.000 -Z.76430E-02 -1.B60B4E-02 -1. 14703E-02 -5.486515E-03 1.70!l74F.-l"

\"

'to

I
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Table 7.5.4 Computed Results (Yd= 0.63 N= 8)

The Optimal Controls
t x(O,t) x'co,t) y(O,t) y'(O,t)

0.000 7.9397JE-Ol 2.20~:::jt:"01 6.31812E-01 -3.5046071:-02
0.125 7.95331E-Ol 2.11951E-0~ 6.31809E-01 -3.1157871:-02
0.250 7.94175E-Ol 2.19479;;-01 6.31885E-01 -3.78848E-02
\l.375 7.93643E-01 2.2Hi42E-Ol 6.31856E-01 -3.116160E-02
0.500 7.941201:-01 2.19740E-Ol 8.31972E-01 -lI.74561E-02
0.575 7.93137E-01 2.23399E-01 1I.31851E-01 -3.60!537E-02 -~

j

0.7!S0 7.95996E-Ol 2. 13193E-Ol 15.31803E-01 -3.1I0768E-02 l0.875 7.94194E-Ol 2. 191.O:)1E-01 6.31834E-01 -3.!51537~E-02
1.000 7.9827IJE-01 2.Q!i729E-Ol 6.31584E-Ol -2.78000E-C2 \,;

•Objective Value = -0.7771561172E-15
Solutions for xCz,t)
t z=0.02 z:O.04 ~.015 z;::O.OI5 z=O.10

0.000 7.97971E-01 8.0"3010-01 8.0S427E-0~ 8.04832E-01 8.05309E-Ol
0.125 1I.00175E-Ol 8.03214E-Ol 6.05424E-01 II.OIl776a-Ol 8.07235E-Ol
O.2~0 7.:18155E-01 8.01303E-Ol 8.03593E-01 8.04993E-01 8.05469E-Ol
0.375 7.97550E-Ol 8.00836E-01 8.03145E-Ol 8.04!5!57E-Ol 1I.05()37E-Ol
O.Sul) 7.9810SE-Ol O.012!itlE-Ol 8.03547E-01 8.011949E-01 8.05425E-Ol
0.575 7.97188E-01 I).OOS89E-01 8.C2715E-Ol 1J.04140E-t.l1 8.04623E-Ol
0.750 7.99852E-01 8.02915E-01 8.05141E-01 11.011500£-01 8.05962E-01
0.875 7.SalHE-01 e.01323E-Ol 8.03512E-01 8.05012E-01 IJ.Q5487E-Ol
1.JOO 8.0·,997E-1)1 8.04940E-Ol 6.07079E-01 11.02'387£-01 1I.0803:'E-Ol

Solutions for X'Cz,t) '""
t z=O.02 z=O.04 z-;:O.OIS Z::O.08 z=O.10

(J.ooa 1.7S10SE-·jl 1.35622!H11 9.28053E-0:/'. 4.73702E-02 -4.26325E-14
0.125 1. 72271 E-·j1 1.31456E-Ol 8.93095E-02 4.55869E-02 -5. 58434E-14 ,~,
O.':!C 1.16418E-Ol 1.36162£-01 9.25120E-0:a 4.72222r.-02 -4.97:1'30E-14 .-
0.375 I.BOOOOE-O' 1.373;'3E-Ol 9.32980E-02 4.76223E-02 -$ .1I8.',34E-14
0.:00 1.78597E-·Jl 1.31i28fjE-·:11 9.259221'-02 4.72627E-0:: -5.32!107E-14 ....
0.575 1.81470E-·:11 1.38442E-01 9.40481~-OZ 4.t\OO48E-02 -4.51853E-14
0.'7'~0 1.i3248E-01 1.32191E-Ol 8.98053E-02 ~.5e402E-OZ -4.973110E-14
0.::75 1.7841Gt;-·Jl 1.36 128E-Ol 9.241305E-02 4.7~~052E-02 -04.26325E-14
1.000 1.56884E-·)1 1.27Z39E-01 8.S4205E-02 4.4109SE-02 -4.51853E-14

Solution. for y(z,t) ....- .....
t z:O.02 z::O.04 z=D.015 z=O.08 z=O.10 ~

0.000 6.31171E-·)1 1i.30S!55E-01 !!.30299E-Ol 8.30Q75E-Ol 6.30000E-01 I0.125 5.31155E-Ol 6.30650E-Ol 6.30290E-01 1I.30073E-01 8.30000E-01
0.::50 6.31204E-·Jl 5.30577E-Ol 6.30301E-01 6.30075E-01 1I.30000E-Ol ~
0.375 5.31194E-01 1I.30675E-Ol 5.30302E-')1 1I.3007I5E-01 15.30000E-·Jl
0.500 6.3119EE-·Jl 15.30575E-Ol 1I.30301E-01 8.30075E-01 8.30000E-Ol
0.675 6.3119I5E-01 1S.30579E-01 c'l.Z0304E-01 !I.30077E"01 8.30000E-01
0.i50 6.31155E-·31 6.30552E-01 !5.30291E-Ol 1I.30073E-01 !!.300()OE-01
0.575 6.31185E-Ol 5.30671E-Ol 6.30300E-01 G.30075E-01 1I.30000E-Ol
1.000 5.al056E-01 5.30611E-Ol 5.30277E-01 I5.Z0070E-01 1I.30000E-Ol I

.i

Solutions for y'(z,t)
t :.=0.02 %=0.004 z::O.OI5 z=D.OB z:O.10

O.O(Ju -2.851:93E-02 -2. 18348E-02 -1.48047E-02 -7.!S1464E-03 a.SB17BE-1S
0.1::5 -2.B9302E-OZ -Z.16061<;-OZ -1.44Z72E-02 -7.25,55E-03 4.4<1089E-15 ,
o.:!!:o -3.02086E-02 -Z.25707E-02 -1.5("208E-02 -7.52590E-03 " 88498E-15
0.375 -2.9521'E-tl2 -Z.:!''3267E-02 -1.50121E-02 -7.S'1212E-03 C.G6'34E·15
0.500 -2.99202fi-0:: -Z •.:z4302E-02 -1. 49804E-02. -7.52520E-03 -a.SB6SilE-1S
0.575 -2.93595E-02 -2..235251:-1)2 -1.50904E-02 -7.f2788E-03 1•11O:;::E-1S
0.7il) "G.S7561E-O:! -Z.15989E-02 -1.44737£:-·)2 -7.290El9E-03 -2.22C45E...~5
c ,.s -2. 31BO';'F.-i]Z -2.~!16S3E-·J;: -1.49029EH"! -7.5091\0E-03 6.8B338E-'5
, . ",)0 -Z. ·lI;oS~E-'ii: -1.96468E-0: .. t , 3G2~SE-')~ -6.97996E-u3 '.:~':5c-14

.f .

,
~:
.~
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Table 7.S.5 Computed Results (Yd = 0.5 N= 8)

The Optimal Controls
t x(O,t) x·(o.t) y(O,t) r r~.j?·i

o.oon 1.:34<440E+OO 3.7344ZE-01 5.03120E-01 -6.Hi3Z1E-02
0.125 1.34601E+OO 3.67644E-01 5.03103E-01 _6.1B34BE-02
0.25(.) 1.3454BE+OO 3.69404E-01 5.03139E-01 ~6.27095E-02
0.375 1.34469E+00 3. 722B2E-O' 5.03142E-01 -6.24904E-02
0.500 1.34495E+00 3. 71273E-01 5.03155£-01 -G.28610E-02
0.575 1.34359E+00 3.76348E-01 5.0312':£-01 -~.122B7E-02
0.730 1.34752E+00 3.S1781E-01 5.0:)098E-01 ~G.26948E-02
0.B75 1.34:!SOE+00 3.79737E-Ol 5.03172E-01 -e.137geE-02
1.000 1.35063E+00 3.52463E-01 5.02665E-01 -4.55320E-02

Object;". 'J.lua : -0.652::560269E-15
Soluticos for x(%,t)

,.,-_r •.

t %::.1).02 z=1).04 z=O.CIS z=O.oa :;=0.10

o. ,nl) 1.3!5117E+OO 1.35552E+OO 1.36041E+00 1.311279E+00 1.36360E+00
O. ,s 1.352!i7E+00 1.357941':+00 1.315178£+00 1.38412E+OO 1.36492£+00
O ... :iO 1.3521BI::+OO 1.3574BEtOO 1.311'33£+00 1.311358£+(10 t 36449EN)O
0.375 1.351<14l"+00 1.3567BE+OO 1.36066£+00 1.3113C3£+00 l.::lIj':~-,- u'

O.SOt; 1.35168E,,00 1.35701 E+OO 1.36088£-1>00 1.3113201E+00 1. "3~41 .',:'."'J :.

0.57~ 1.35041£+00 1.355B1E+00 1.35973E+OO 1.3112'l3£+OO 1.362!> 1

0.750 1.3!l419E+OO 1.35937E+00 1.<)6315E+OO 1.311545E+OO 1.36624.'.-I-OU
0.875 1.349.4BE.,.00 1.35492E+OO 1.358BIlE+00 1.3ti130E+OO 1.36212E+00
1.000 1.35701E+OO 1.36205E+OO ,•365721!+00 1.311795£..00 ~.36872E+OO

5oluti0n8 for x·(~.t)
,...._,

t %::0.02 %:0.04 z=(1.01J Z::O.oa z=0.10

O.COO 3.03398E-01 2.31473E-01 1.57250E-01 1I.02650E-02 -3.90'/99E-14

0.125 2.98750:::-\.)1 2.279~!)E-Ol 1.548!51E-01 7.90465E-02 -3.197HE-14

0.:':50 3.00224E-01 2.29092E-01 1.55543E-01 7,94463E-02 -3. 55271E-14 •
0.375 3.0251!lE-01 2.30826E-\.)1 1.515816E-01 8 ,r-0445E-02 -2.S4217E-14
O. ·00 :3.0174o4E-Ol 2.Z0255E-Ol 1.554341::-01 7.9B501E-02 -3.90799E-14 ">to;!>

0.675 a.05724E-Ol 2.33235E-01 1.58445E-01 8.08749E-OZ -3.907E9t:~14

Ci.750 2.9<40721:-01 Z.Z4409E-Ol 1.52453E-01 7.782.32E-02 -3,55Z·,E-14

'l.575 3.0B!523E-Ol 2.35400,,-·)1 1.59925E-Ol 8.15312E-02 '<J.~~&71E-14
1.MO 2.e5S:::E-ill 2.17890E-Ol :.47983E-Ol 7.553071::-02 -3.5~27'ir""4

SQlutions for y(z.t)
.... I~

""",-I~ ,

%=0.02 %:0.04 z=1).OB %=0.08 z·~C.10

f . :;00 5.0:W' 6E-01 5.01137E-Ol 5.00S09E-0' 5.aOOOOE-01
.

5.00128E-Ol
0.125 5.01990E-Ol 5.01124E-Ol 5.00502E-01 5.0012BE-01 G.OQ~00E-01
C.ZSO 5.020'1E-01 5.01133E-01 5.0Q5013E-Ol 5.00127E-01 5.00000E-01 ,,_.,.
0.375 5.0:Z016E-·Jl 5.01138E~01 5.00130SE-01 !S.OO12!!E-01 5.00000!:-01
0,500 5.02022E-Ol 5.01139E-01 5.00!SOSE-O' 5.00127E-01 5.00000E-01

0.f:7S 5.02017E-Ol 5.0'1~4E-01 5.00512Eu01 5.00129E-01 5.00000E-Ol
O.iSO 5.01975E-Ol 5.01111E-01 5.00495E-01 5.00124E-01 5.0COOOE-Ol

c.ers 5.02050E.-Ol is. on 611:-01 5.0051BE-01 5.00130E-01 !i.OOOOOE-O'
1.000 5.01790E-Ol 5 01041E-01 5.00.73E-Ol 5.00120E-Ol !I.OOOOOF-01

Solutions f~r y'(z.t)
e .

t %-"'0.02 z=O.04 a:;;..1.06 ~.oa z::;0.11)

0.000 -04.95855E-02 -3.'/5285E-OZ -Z.52MSE-02 -1.27572E-02 2.66454E-15

0.125 -04.9470BE-02 -3.72230E-O? -Z.49S74E-02 -1.25728E-02 6.439291::-15 I

0.250 -5.01399E-02 -3. 763S.4E-02 -2.51616E-02 -1.26471E-02 B.88178E-15

0.375 -5.00850E-02 -3.77092E-O~' -2.!i2823E-OZ -1.27332E-02 2.442491:-15

0.500 -5.039B4E-02 -:;).7B563E-02 -2.5:::1033E-02 -1.21135E-r'l2 2.22045E-15

0.675 -<I. 9598SE-02 -S.76799E-02 -2. 54Z27E-02 -1.:!S503E-02 2.!la65IlE-'S

0.750 -4.95876E-02 -3.69949E-02 -2. "66S3E-02 -1.23900E-02 6.88336E-15 I

0.875 -5.0~747E-02 -3.B3607E-02 -2.!'7958E-02 -1.298961:;-02 3.10862E-15 'fl
1.000 poI.l.810E-O:: -3.32777E-02 -2.3ZZ70E-OZ -1.19<102E-02 7, 10543E-·1G

II

_________________ I1:1111_.~"'c~-~-
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Ta.ble 7.S.6 Computed Results (Yd = 0.8 N= 4)

The Optimal Controls
t x(O.t) x' (0 ,t) y(O,t) y'(O,t)

0.00 -7.7755!1e~30 2.81749:;-01 8.02:l79E-01 -4. 72B9!iE-02
0.:::5 -1. 25217E-Z7 ;;.0174!;jE-01 8.02::179r:-01 -4. 72896E-02
0.50 1.63494&:-27 2.B1749E-Ol B.02379E-01 -4. 72896E-02
0.75 -5.48288E· 32 2.81749E-01 a.02379E-Ol -04.7289t1E-02
1.00 2.20369!H!B 2.8174910-01 8. ml379EQ01 -04.728911E-02

Objective Value ~ ov.97144S1465E-16

t'lo1utions for x(z.,:;:

t %::0.02 z=0.::I4 %"'1l.0~ :::0,,08 %:::0.10

0.00 5.10924E-03 9.14041E-03 1.2085olE-02 1.38B19E-02 1.44921E-OZ

" :;:5 5.109241;-03 9. U841E-03 1.20854E-02. 1.38B19E~02 1.44921E-02

0.50 5.10924E-03 9. 14841E-03 1.20B54E-02 1.31.1819E-02 1.44921E-02

0075 5.10324E'·0? 9.14841E-03 1.20854E-02 1.38819E-02 1.44921E-02

1.00 5.10924F.-0~ 9.14841E-03 1.2085"11-02 1.381l19E-02 1.44!:121E-02

Solutions f~r x'(=.~,

t z::(' 02 ~O.O4 %::0.0" z=O.OIS :::0.10

(J.CtJ 2.28954E-01 1.7.&119i5-01 1.1011841:-01 II.O!lB07E-02 ~2.48(j90e-14

0.;;5 :i!.2B954E-01 -; 14697E~OI 1. 181584E-01 e.05807E-02 _~.4a690E-14

0.::0 2.2B9S4F.-01 1.74fi97EHl 1 1. 18158"E-01 8.05B07E-02 ~2."8690E~I"

o "C 2.289541:-01 1.74fJll7lHJ1 1. 181584E-01 8.0:;807E-02 _1,77836E-14.."
1.00 :::.:;8:354E-01 1.7<11597E-01 1•18684E-01 e.0580?E-02 _1.77636E-14- '....

Solut~ons fCF y(z,t)

t %::0.02 ~.::O.04 z:..-Q.01S z;.'O.01'l :r:=0.10

0.00 e.01527E-01 8. C)OS52E-01 B.00385E-01 5,00097E-01 B.00000E-01 ..
0.:5 e.01527E-01 8.00862E-01 8.0038SE-01 a.aOC97E-01 II.OOOOOe-01

O. SO B.01527E-01 e.00862E-Q1 8.00385E-01 8.00097E-01 8.00000E-01 ,.,,,,,.,

0.75 B.015::nHll 8.00862!H)1 8.00385E-0' 8.00097E-01 a.OOOOOE-Ol

1.CO 6.01527EH)1 8. 006Ei2E-o:l1 .00385E-01 8.00097E-01 8.tlOOOOE~0'

SOlutions for y' (;t,t)

t :::0.02 z=0.04 ::.:;0.015 :Z::O.03 %=0.10 ."-~
0.00 -3.79319F.-02 ~2.8!i514f.!-OZ -1.91.&35E-02 -9.~3e29E-03 _8,89178£:.-111 ...

0.:5 -3.79319E-02 -2.85514F.-12 -1.91"35E-02 -9.S382ge"03 4. 218B!IlH5

O. :;0 -3.79319E-02 -2.8561 AEft·n -1.e1435E-02 -9. 83829E-03 O.OOOOOE+OO I

c. ,.~ -3.79319E-02 -2. !lS614E-oJZ M1.91"35E-02 -9. 838:Z9E-03 3.1C3lS2E-l!l

1.;)0 -3.79319E-02 ~Z.85!i14E-02 .•,•91435E~02 -9,fl3829E~0:i) 5.551121H5 ~

/I

7 • rEel"
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Table 7.5.7 Computed Results (Ud = 0.7 N=4 x(O,t) s 0.3)

The Opti..d Controls

t x(O.1:) )(' (O,t) ~(O,t) 'I' (o.t)

0.00 3.DOOOOE-01 8.34370t:-01 7.07045E-01 -1.4C'Q43E-01
0.25 3.00000E-01 8.34370E-01 7.07045£-01 -1.40043E-01
0.50 a.OaOOOE-01 8.34370E-01 7.07045E-01 -1.40043E-01
0.75 3.00000E-01 6.34310E~01 7.070o4!iE-Ol -1.40043£-01
1.00 3.0aDOOE-01 8.34370F'·01 7.070oHm-Ol -1.40043E-01

Objectivo Value ~ _0.416333D33E-16

~lution. for x(z,t)
,

t z=0.02 z:::().04 :z;:::O.Ol'l Z:=(J.08 %:-:0.10

0.00 3.15130E·01 <1.27092£>-01 :;.3l579otH)1 3.41110E-01 3."2917E~OI

O.2~ 3.1!S130lH)1 3.:!70G2E-Ol J.35790E-01 3. 41110l:'Hl1 3.42!l17£-Ol

o.!:O 3,,15130E-01 3. 27092!!-01 3.35790£:.-01 3.41110E~Ol :1. 42017E-01

0.7S 3,15130E-Ol 3.27092E-Ol 3.35790E-01 3.41110E-01 3.>42917E-Ol

1.00 3. 15130E-01 3.27092Ec·01 3.3!'i790E-01 3.41110£:-01 3.42917F.~01

SOlutions for x'(z,t)
t z.-:O.02 =,,0.04 ;;t.~.08 :r:::1l.Ofi %::0.10

0.00 fS,780;?4E-01 5.17347E-01 3.514nE-01 1.79404E-01 -3.5S2711!-;';

0.25 5.7BO::4F1-01 5.173471'-01 3. 51.c72E-01 1.7!l404E-01 -3.55271E-14

O.SO 15.78024E~01 e;.17341E-O~ 3.!S14·l2E-·:l1 1.79404E-01 _2.4BG90E-14

0.75 (I.7B0241:".-01 5,173.HE-01 3.5147~E-O' 1.79404E-01 _4.253261:-14

1.00 15.7b024E-Ol 5. 17347E-01 3.51472£-01 1.19404E-Ol _4.<!5326E-14
,....

Sl:llutiCINI fOI" 1( .. ,'1:)

t %=0.02 z::tl.04 z:(l.OIS ::=c.ca %=0.10 .,

0.00 7.04521E-Ol 7.02552E-01 7.01139E-01 7.00286E-01 7. DOOOOE-Ot ..
'0. :5 7.04521E-Ol 7.02!l52E-Ol 7.01139E-Ol 7.0028I1E-Ol 7.tlOOOOE-Ol

0.:0 7.04521E-·ll 7.02S52E-Ol 7.01139Er-01 7.0028151::-01 7.00000E-01
....

0.75 7.04521E-Ol 7.02!lS2t:-Ol 7.011395-01 7.0028GE-01 7.00000!!-01

1.00 '1.04521E-01 '! •02552E-01 '1.011,WE-O' 7.00ZeIlE-01 7. (lOOOOE-,ll

Solution~ for y'(z,t)
/'..

'"
t %::0.02 z=0.04 z:;1).01l Z=O.oa %::O.1Q

.... ""'
0.00 -,.12332E-01 -B.4SB1BE:-02 -5.fl8915E-02 '"Z.85428E-02 -4. 4~089E-Hi ..
O.:!~ -1. 12332E-Ol -B.45818E-02 -5.fiI59'6E~02 '"<:.~!s428E-U2 5.32907E-l!5

O,~O -1.12332£;-"')1 -9. 451l1BF.-02 -5,1I11916E-02 -' ..8~W'.8t.~02 2.8B65BE-15 l

0.':5 -'.12332F. ..Ol ~6.45alBE-02 -!i.5!1916E~1.)2 -2.5!5428E-02 Z.8Bfi5BE-IS

I.00 -1. 123nE-Q1 ..e.~5B'8E-02 -e. 5691tiE-02 M2.!15428E-02 G.43929E-15 .~

I • ~ • •••• • t
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Table '1.5.8 Computed Results (Yd :::::::0.7 N=4 :z(O,t) !:' 0.6)

The Opti....l Controls
t x(o.t) x'(O,t) ),(0.1:) y'(O,1:)

0.00 e.OOOOOE-01 -2.23000E-01 6.98117E-01 3.74291E-02
0.25 ~.OOOOOE-01 -2. 23000e-01 tI.9B117E~01 3.74291E-02
0.50 1I.00000E-01 ~2.23000E-01 e.!l8117EHOl 3.74291E~02
0.75 tI.COOOCE-01 -2. 23000EH11 e.98117E-01 3.74291E-02 ..
1,00 6.0flOOOE-01 -2. 23000E-Ol l!.tlil117E~01 3.74291E-02

Objective '/all.111r:: O.1249000!lOF.-Hi
aolutioo'} fI:ll")«%.t)

t %::0.02 %=0.04 ::::::0.01.'1 =0.08 %=0.10 ..
0.00 5.95955E-01 !5.92759E-01 5.f!0435E-01 !I.1I9013E-01 5.Bd530E-01
O.::!S !5.95955E-01 5.92759E-01 5.S0"35E-Q1 !5.89013E-01 5.BS~30E-Ol
O,SO S.95956E-01 !5.92759E-01 5. !.1043!'JE-O1 !5.89013E-01 !'I.BII530E-01
0.75 5.!l5!J56E"01 5.92759E-01 5.90435E-01 5.119013EHl1 !5.3S530E-01
1.00 S.95955Eu01 5. 92759E-01 lS.9c;435E-01 5.8!1013E-01 5.88530E~(;1

~1utiona far x·Cz.t)
t :::=0.02 %::0.04 %::0.011 :t=O.M z::0.10

0.00 -1.1!12HE~()1 ~1.38270E-01 -9.39371E-O:: -4. 794811E~O;'! -3.197404£:-14
0.:5 -1.81214F.-01 -1.38270E-01 -9. 39371f:~02 ~4.79"8I1E-02 ··3.55271E-14
o. SO -1.812HEu01 -1.38270E-01 -9.353711':-02 -4. 794(;IIE-02 -3.197441.\--14 "'~
0.7S -1.81214E-01 -1,38270[:-01 -0. 39371E-0:'. ~4. 7948l'E-02 -3.197HeH4
1.00 u1.S1214E-Ol -1.382705-01 -!J.393711i"02 -4.794l!IIE~OZ -3.5!l2'llt-14

eDlutions fer y(z.t)

t :::::tl.02 %::£1.04 z::O.OIS 2.=0.08 :1::=0. ttl •
0.00 e.91!79:!E-01 6.993185-01 ,. .1l969IH:;-01 8.99!124E-01 7.00000E-Ot ....
0.:::5 e.98792E-01 6.993 IOlE-01 6. (l9t1955-01 8.9992~E-01 7.00000E-()1
O.SO 5.99732E-01 6.993182-01 6. 99!1!lI5E-01 8.99924E~01 7.0(lOOOE-01
0,75 5.98792e··), 6.9931SE-01 e.99159!5E-01 8.99924E-01 7.OOOOOIHl 1
1.00 6.9B7!l2E~·j1 5.933 HIE-01 !.I.MI59SE-01 t'J.99924E-01 7.000UOE-01 f

/

SOlutions far y' (~~.t)
...

.....
t :::::0.02 %=0.04 r-o.nu :t=O.oa :1::.:0.10 ..

0.00 3.00::::::eE-02 Z.2f10tiOE-OZ 1.51!51I!E··02 7,15ZI157E-03 o.OOOO()E+OO I
O.:!S 3.0022!HHl2 2.:::50150E-02 1.S1~1I1E-02 7.112857E-03 1.110~!:ZtH S
O.SO 3.00226E-02 2.2150f.lOE~02 1.!!1!518E"02 7.!l28S7E"03 2. 220~!5E-15 P"'"
0.75 3.00226E-02 2.2!l050!HJ2 1•.5151I1E-02 7. 82B!57E-03 1.996~CE-1S
1.00 3.00:!Z5E-02 2 .•250501:-0:: 1.51518£:-02 7.112857E-03 3.331J57E-15

J,
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Ta.ble 7.5.9 Computed Results ('It1 ::::::O.'{ N=4 y(O,t) ~ 0.6)

The Optimal Controls

t x(O,t) x' (O,t) y(O,t) y'(O,t)

0.00 3.89690£(+'::10 -1.181\325+01 1I.000001!~01 1.9B780E+OC
0.25 3.895S0E·OO -1.1B0432E+01 1I.00000E~01 1.9B7BOE+OO
0.50 3.B9690E+OD -1. 18432E·t01 a.ooonOE-01 1.SB7BUE+OO
0.7!i 3.89590EtOO ~1.1e43ZEt01 II.OOOOOE~01 1.987BOE+00
1,00 3.896906+00 ~1 •1B43~E+01 II.OOOOOE-01 1.S81BOE+OO

Obj~-tiv. Valu. ~ ~o.~e08~24B3E-15
SolutionK for x(%,t)
t :::=0.02 %=0.", %::0.011 Z=O.OIl %:::0.10

0.00 3.58214I!+OO :J,S123fJUtOO 3.38890E+OO 3.31339E+OO 3.~a773EtOO
0.25 3.684!i4E ...OO 3.512<'5E+OO 3.38B90E+OO 3.31339E+OO 3. 28773E+00
0.50 c. ~1l,!1"El+on 3.512~bE+OO 3,JSS90Ei'OO 3.31339E+cO 3.2B7731: ...00
O.7n 3.68214C ..00 3. 51:':35E:+OO 3.31l8!lOE+OO 3.31339E+OO 3.2S713E1'QO
1.CO 3.u[j~'4E+IJf) 3. G 12361hOO 3.38890E+OQ 3.3133912+00 :3.:!B773E;.OO

:!kIlut:iOll:"l i"or x' "~. ')

t a::O.02 %:00.')4 z=O.OIS :a:=o.08 %::0.10

a.ao "9.1323~1iE;+OI) ··'7.~13:;ge+oo ~04.9nB84E+OO g2 •.541148t+OO -2.84217EnU
0.;::5 -9.1l23!JtH:..OO ., .9'63~\9!~+t)O -01.98884E+OO N2. :WI48E+OO -:3.19744!!~14
o. so -9. !)::~'86E ..UO -1. 313::!~'SiO(l -4.9BBB4E+OO -2 •.548416£:+00 -2.1:l4217EH4

0.;5 -[J.1i2:39fiE:+OO -? ;;l4a2!1~o"OO -oI.9B884E+OO QZ•.501a48E+OO -3.197441::-14
1.00 ·g.e2:.1~!m ...oo • i. J4~;.:!Jt;;.OO -01.988B4f.+OO -2. 54(l48E+OO -2,4B690!H4

SOlution .. '!'ory(~.\;)
t z~O.02 '1::.0.04 r-CI.OII :-:0.08 %::0.10

0.00 6,2~e::;:;E·")1 I5.S3'174E-01 1I.83B32E<'01 n.9!5938E-01 7 •OOOOO!~~O 1
O.::~ e.SSe2:;E -01 II.S37701E-01 6.B3832E-01 1I.95938E-01 7.o000oe-o,
O. ~O e.:3S82::E·ill 15.6.17'14Ihl1 e.B3832E-01 C.95!l3Bfz-lJ1 7.00000E~O'
0.75 5.35B~::;E"')' 6.6~774E~\)1 15.83B321:-01 11.9;)9:38£:-01 7.00000E~O'
'.00 5.358:::£:·»;)1 1S.63·i74E-01 B. a383<:E~')1 !S.9!S938E-01 7.00000E-01

SOlutiCl"I. for r' (Z,1;)
t %=0.02 %=0.04 r.:(l.OB z.=o.oa %=0.10

0.00 1.~9u5E+OO 1.::0055f.!+OO B.O"'t588E-01 4.0!5141E~i)1 4."4069!H5

O.:S 1.S9445E.,.OO 1.200!:fiE"OO 1I.04I5BBE-01 4.0!5141E-Ol 3.99630E-15

0.:0 1.S94"'5E ...OO 1.20056E+OO II.0458IlE-01 4.05U1E-01 4.A4089E-1~
Q.7~ t , ~94A~E"()O , •:!OO5BF.+OO 8.04IlBIIE-01 4.0~141IH)' n.OOOOOfltOO
1.00 '.;9"'4~E~(lO t , ';:OOfi6E+OO 8.0468BE-Ol 4.05141E~01 5. lO'70JE"15

, ,..J.. IUiW••••• 771•• I .. '&ziXI

1

..
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Table 7.5.10 Computed Results (Yd ::, 0.7 N=4 :z;(O,t) bounded)

0.0 :S X(O,O.OD} :;0.2
0.2 :S x(O ,D. 25) :; 0."o,~ :S x(o,o.r;o) S 0.8
0.1l :S x(O ,0.75) $0.8
0.8 s x(O,1.oo) S 1.0

The Optimal Controls
t x(O,t) x' (0 .tl Y(O,t) y'(O,t)

0.00 2.00000E-01 1. 19<199E+00 7.0aOOOEZ-01 -1.211111!lE-01 \'1
0.25 4.00000E~:J1 ".866'191:-01 7.0Z90Hl-(l1 -3.1591981:-02
0.50 04.85714E-01 1.79123E-01 7.007115E-01 -Z.33895E-O"

I

O. '/5 5.00000E-01 u2.1675.41:-01 15.!l6519E~01 1.02584f-01
1.00 1l.00000E-01 -9. 19738e ..01 8.90102E-01 2.37741E-01

Objective Va1ua = _0.<l15B22483E-16

Solution~ for x(z,t)
t :z:=0.02 %=0.0 .. Z::O.Ofl z=).oa :1:=0.10

0.00 2. 21!l20E-01 2.3B6fiOE-01 2. !5103:.:1E~O'1 2. !U!l597E-01 2.1511!HE-O'
0.25 4.08797E-01 4. 15720E-01 <I.20745E-01 iA.23B1I!E-01 4.24859f.i-D1

0.1:0 4.89945E-01 4.:J241J1E-01 <I.904:318f.i-01 4. 9!5U1f -1)1 4.95823E-01
0.75 5.960aOE-01 5.923521.;-01 5.90!52BF.!~01 5.a910<lE~01 !5.88f:j20E~01
1.00 7.83271e~01 7. 69993E-01 7. tl03211H)1 7.544025-01 7.52391E~O

SOlutHx,a for " (:t.t)
'l.

t ::::0.02 :.:=0.04 z::O.O!l :r.:O.oa :::0.10

0.00 9. C593:1E-01 7.afi2n!:~01 4.99818E-01 2.55079E-ot -2.84217E-1<1
O.:!5 3.9S0B"fl~01 2.99039E~01 2.02931E-01 1.0355fjE-01 -2.84217£:-14 .,
O.S(' 1. "';09!lE-01 1.09429E-01 7."2'42E~02 3. 781le1lE-02 -2,40590E-14 •
0.75 -1.7!l3tl9E-v1 -1.37999E-01 -9."0330E-02 -".80301E~02 ~3.197""E-U ,
1.00 -;.515B8E-01 -5.7,(9801;-01 -a.S1001E-01 -1.991l24E-01 -2.fIoI217E-14 '-

SQlution. for 1(z.t)

t ::=0.02 :r.=0.04 z::O.Ofl :t:.-D. DB z:::0.10

0.00 7.0557BE-01 7.03:l53E-01 7.015154E-01 7.00403E-01 7.00000E-01 ...
O.:zS 7.02112E-01 '1.01310E-01 7.00tJ24E-01 '1.0011l3EN01 t, OQOOO[;'>O1 ....
0.50 7.006151Ei-01 7.00H!iE-01 7.00222E-01 7.00059E-01 7.001.)001:-01 ..
O.1!i tI.98U6!Hl1 15.99115EHl1 15.99155!sE~01 a.99921E ..01 7.000001:"01
1. 00 6.9<112:;E~Ol l5.95891E-01 15.9Se79Ewvl 15.99117&E-01 7.00000E-01 I

Solutions tor y·(:z:.t) ~

t %=0.02 :z:=0.04 ;r.;:O.Ofl z=Il.oa %::0.10

0.00 -1.1S310\!-01 -1.02177E-01 $7.51012['.-02 -3.981107E-02 2.2Z0<l~E~115
o.:lr; "~.09032E~02 ~3.819nE-0:': -Z.S4501E-02 -1.IIO!l<l9F.·.:12 3.330!l7E"15
o.se -8. 970SBE-03 -1.1IiS46EHl2 -1.01393E~02 -5.7950'7'.:-03 04.8114!18E"15 .;

0.75 !!.~e578E-D2 :3.51646E-O:~ 1.9144SE-02 S.131l52E-03 -e. 6151341:-16
1.00 1. 671 52E-01 1.11!lB7E-01 6. 8401l2!Z-02 3. 24304E-0<! "!lge<40E~ 15

I,

I" ...

~ ~ . .. . . ~. , . ".L
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Ta.b1!) 7.5.11. Computed Results (Yd :::::0.'1' N==4 y(O,t) bounded)

0.0 S y(O,O.OO) :S 0.2
0.2 S y(0,0.25) S 0.040." :S y(0.CI.50) :S 0.11
0.6 :S y(O,O.75) :S 0.8
0.8 s y(O,1.00) :S 1.0

The Optimal Controls
t x'co,t) y(O,t~

-<
x(o.t) y'(O,t:) i

•
0.00 2.4<1365E+01 ~8."'2607E+01 O.OUOOOE+OO 1.334191:;+01 I

O.:l~ 2.10fiS1E+01 -7.:!7!5!55F.+01 2.0nOOOE-01 7.71!500E+OO \.~
0.50 !!.431585E+00 b2.11110f:+01 II.OCJQOOE-01 a.89152E~01 •
0.75 4. 18470E+OO ~1.2870flEi+Ol ,~,O(lOOOE-01 1.7811.12E+00
1.00 1. ;';'j349EH!7 1.500S7EtOO l\.0(1000E-01 -3. 49!500E+OO

ObjDC~iv. Value = 0,B25745925Q-06
~lutions for x(z,t)

t :1:::0.02 z=0.04 z=I),08 z:::O.08 z=0.10

0.00 2.290BOE+Ol 2. 11012E+01 2.081!31E+01 2.02MOE+01 2.01Q3,~E+01
0.:::5 1.97041Zrt01 1.87031!!TOl 1 79191E+01 1.74S81E+01 1. 73Z 1!:iE+01
0.50 15.055871::+00 15.75667£ ..00 5. S3:l?4[1+1,10 5 ••!il717E+OO 5.36;UE+00
o ~" 3.U51!S5E+OO 3.757~lE+OO a.1I3:178E+00 3.!55200E+00 3.5242:'!E+C10

• I ~

1.00 2. 9173tllZ-02 !l • .c3!l"5[i-0~ 7 •33£IJ3E-02 8.!523(58E-02 8. !l27SIJE-02

Solutiunl far x'Cz.t) ",
t z:::0.02 %:::0.04 2::::0 .0;] ::!l.CI z=0.10

0.00 -5. 84525i'l>f>01 ~5.:!.l2B9Eof-01 -3. !i411"'~E+Ol -1.81127E+Ol -2.!l4;::1iE~U
O.::S ~!.i. es054E+01 -01•.0186521::+01 -3.04!591lE'i+01 -1.!55450E+01 -3.90799E-14
0.50 -1.70005Ei'01 -1.2!lU!lI.l1'OI -El.71!0O,!':+OO -4. 47001E+00 -2. 13Hi31i-14 ..
0.75 ~1.0.ol319E1>O' -7.9!ifi21l:+00 ~5. 402tHlE+i)0 ' 2.75755E+00 -3.19744E-14
1. 00 1.35322E+00 1. 11780rc'1'OO 7.78Z0a,\::-01 4.00815E-\)1 ,,2.84217EH 01 • '"",

801utions for y(z.t)
t %:::0.02 %:::0,04 z::O.OIl: z=O.08 z:::0.10

I'
0.00 2. 45319E-01 4. 4201!4E-Ol 5.847"t9E··01 8.71184£:-01 7.00185E-OI ,- ...
0.;:5 3.S351SE"1J1 4.9324SE·'01 5.04075E-01 15.75140E-01 1.1.'l9:i78E-vl ..,.
O.~O 8,19950E~01 6."731H:~OI ij,74246F.-01 8.93718E~O' 7.008 HiE-01
0.75 e. <HI148E~01 15.60487E-Ol 6.80993E ...01 a.9377I1E-Ol 1I.98141E-Ol ..
1.00 7,~et'11Eall' 7.::1!S1SE-Ol 7,0!l202E-01 7.04;';3I5Ew01 7. 0291i1 E-1)1

SOlutions. for y·(z.t) ~
t z=0.02 %::.0.04 z::=O.OI5 Z-'"O.OI ::=0.10

0.00 1. 11127Et01 8.51356E+I)0 5.73991E+OO 2.89'241E+OO 1,35U7F.-14
O.2S 7. ~n20EtOO rJ.3n11E+00 ",152030[;+00 2. 4293flE+OO 1,55431Eu1~j
O.SO 1. 24'721E+OO 1. 42203E1>00 1. 21173E+00 1I.9a701Ew01 :::,2:!045EHtl
0.7S 1.S2160e"oO 1.2040:lE+OO !I,39058E~Ol 4.33335EM01 2.44;';49~~t5
1.00 -1.8~!553E+OO ~e.97879E-01 ~3,B9863E-Ol -1.38748E-01 3.330Q7EH5

,
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C HAP T E R. VIn

CONCLUSION AND SUGGESTIONS FOR FUR.THER STUDY

The main L:'ncern of this thesis has been to devise efficient algorithms Icr solving the four

types of optimal control problems mentioned in Chapter 1. A few numerical problems were

included in each chapter to demonstrate the efficiency of the algorithms used. For the case

of deterministic control problems governed either by ordinary differential equations or

ordinary differential equations with time-delayed arguments, convergence properties have

also been established for the algorithms used in Chapters II, IV and V. In the near future,

we would like to establish convergence results for the method used in Chapter HI also,

which involved control parameterization technique in conjunction with Liapunov concept.

For the sequential gradient-restoration algorithm discussed in Chapter II, the rate of

convergence is usually very fast during the first few iterations, but becomes much slower in

the vicinity of the optimal solution. Thus, it appears that a method for determining any

norm between the sequence of controls generated by the algorithm and the true optimal

control is very desirable.

•

...
Also, it will be a very interesting problem to extend the convergence results obtained in

Chapter II to a more general class of nonlinear problems, which involve not only the initial

constraints and terminal constraints, but also continuous constraints. The proof c

convergence result of such a class of optimal control problems will be much harder than

that given for the problem discussed in Chapter II, owing to the existence of continuous

constraints.

I

'~

/'
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For the method discussed in Chapter III, it can be very time-consuming when the total

number of parameters in the approximate problem is large.

Another disadvantage of the algorithm is that there is no clear-cut w: to choose the

weighting factors in the approximate problem. At this moment, we neeu .) determine

these factors by trial and error. However, in spite of these drawbacks, we still believe that

it is a very good method, since very accurate results have been obtained $'l'i the two ~

numerical examples that we solved in Chapter III. As mentioned in the first paragraph of

this section, some proof of convergence result for the algorithm used would be very

desirable.

In Chapter IV, a computational algorithm similar to that developed in Ref. 103 was used

for solving a class of time-delayed optimal control problems which involved a nonlinear

functional, terminal state inequality and equality constraints, together with continuous

state constraints. This method involved both the technique of control parameterization

and constraint transcription.

At the present moment, the constraint transcription does llOt allow the COIl ·OUS state

constraints to be of their full generality, because we need to exclude the control variable

from these continuous state constraints. It will be very useful if we can extend the

application of the method developed in Ref. 103 to the case where the continuous

constraints can have the following form

gi (t. x (t), x (t - h), u (t), u (t - h)) ~ 0, i == l ,... ,N, V t E [0, T]

(8.1)

As mentioned in the Introduction Section in Chapter I, the problem considered in

Chapter V differed from that considered in Chapter IV only in the way that the cost

functional of the problem in Chapter V consisted of not only terminal cost and integral

..
....

..

H
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cost, but also the full variation of centre' Since this problem was actually formed from the

problem considered in Ref. 104 b lddition of time-delayed arguments in both the

state variables and the control variables, all the convergence results of Her. 104 were

extended to the problem described in Chapter V in a straightforward manner. However,

1he author does not know if the method developed in Ref. 104 can also be applied to the

class of optimal control problem, where the cost functional involve not only the f.uU

variation of control, but also the full variation of the state variable. This is an open

problem.

In Chapter VI, we considered a stochastic linear quadratic problem with Markov jump

processes in the parameters. By seeking for the best feedback control law depending only

on the measurable output, we converted the original stochastic optimal control problem

into a standard constrained deterministic optimization problem. A very challenging job for

future research will be to use this idea to solve the following time-delayed stochastic

control problem

ill

min E {~f [x ('r)T Q x (r) + 11 (r)T R u (-r)
o

+ x (r- hl Q x (r- h) + u (r- h)T R u (r- h)] dr} (8.2)

subject to

x (t) :::: A (r ( t)) x (t) + B (r ( t)) u (t)

+ A (r(t-h)) x(t-h) + B(r(t~h)) x(t--h) (8.3a)

L.

..,..........

/

',_...

/'
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y (t) '-'" C (r (t)) x ( t) (8.3b)

x (t) "" <b (t), t E [-h,O] (8.3c)

'U (t) ~ fJ (t), t E [-h,O] (8.3d)

and

Prob {r(t + .6.) =, j I r (t) "'" i}

;::: (11'1'.i+j .6. I· 0 (Ll)
11'ij L":" + ()(.6.)

if i. f j V t E [-h,ill)
(8.'1)

if i ''''j .

The chemical reactor problem considered in Chapter VII involved a couple of nonlinear

diffusion equations, The available control variables were the input temperature and the

input oxygen concentration, which were both functions of time. By linearizing the

differential equations around a nominal solution and then applying a finite element

Galerkin Scheme to the resulting distributed system, the original problem were converted

to a sequence of quadratic programming problems with linear constraints.
...

)

From the numerical result, it appeared that the above method worked very efficiently for .~

the problem defined in Chapter VII. However, if we modify the above problem a little bit

by taking t llf~ velocity parameter f (I) of the chemical reactor to be another control

variable, then the above method will not work for this modified problem any more, since

W(~ shall not be able to convert tho original problem into a sequence of approximate

problems. A more sophisticated algorithm needs to be developed for the modified problem.

~ ,c.'iiII·,· 71i117_m .IIM!la!l7 •••• ·.7.IIUc~·
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Finally, for the problem defined in Chapter VII, we have not yet established any

convergence properties of the sequence of optimal control of the approximate problem to

the true optimal control. This question is yet to be answered, also.
I..,
1

\,,'

'1•
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