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1. Introduction

The nature of the Dark Matter (DM) in our universe remains a
significant unsolved problem in modern physics. The accumulation
of evidence over the past several decades, including observations of
anisotropies in the Cosmic Microwave Background (CMB) [1], galaxy
cluster and merger dynamics [2], galactic rotation curves [3] and
gravitational lensing [4], as well as implications from the current view
of the large-scale structure of the universe [5], all point towards a
likely particle nature of this currently unidentified substance (see [6]
for a recent review). There is thus a global effort underway to try
and detect DM, either directly through terrestrial observatories and
particle colliders, or through characteristic signatures of astrophysical
DM observed indirectly with telescopes. These methods are often com-
plementary in nature, probing different aspects of candidate particle
properties, and have grown in scale such that there are now multiple
dedicated experiments that generate huge datasets to search through.
Of particular interest in this work, the field of indirect detection (ID)
presently contains many studies that span multi-wavelength and multi-
messenger disciplines, producing constraints on DM model parameters
from radio to gamma-ray, cosmic ray and neutrino observations.

Even with the given observational constraints, there are a multitude
of viable candidate particle models that have been proposed to fit the
role of DM (see [7]). Weakly Interacting Massive Particles (WIMPs) are
a generic class of models that contain some neutral, weakly-interacting

species with properties that not only provide a clear candidate for the
cosmic abundance of DM, but also appear naturally in extensions to
the Standard Model (SM) of particle physics [8-10]. These particles are
often considered to be collisionless and cold, due to constraints deter-
mined by the layout of large-scale structure [5,11], which allow them
to fit as a component into the standard ACDM model of cosmology.
The presence of WIMPs within astrophysical structures can be probed
through ID, which is predicated on the expectation that they may self-
annihilate and produce a set of SM products, which may in turn be
observable by existing telescopes and astronomical observatories.
Given the non-detection of any (confirmed) WIMPs to date, a set
of limits on viable particle parameters that generate more indirect
emissions than expected have been found (for reviews of the extensive
amount of study in this area, see of [7,12,13]). Prompt gamma-ray
fluxes have typically been the most popular search channel in ID stud-
ies, with significant interest in the literature propelled by data from the
Fermi-LAT space telescope [14] and a tantalising excess signal found at
the galactic centre [15,16], which is still generating debate and further
investigation [17,18]. There has also been a significant effort to search
the dwarf spheroidal (dSph) satellite galaxies of the Milky Way (MW),
as these targets are highly DM-dominated structures with relatively low
baryonic foreground emissions, with gamma-ray observations of dozens
of dSphs used in recent studies [19-22]. Radio wavelength ID studies
have also enjoyed recent interest, driven by the excellent observing
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capabilities of modern radio interferometer telescopes like the LO-
FAR [23], ATCA [24], JVLA [25], and most recently the SKA precursor
instruments like MeerKAT [26] and ASKAP [27]. Since the reference
work of [28], the number of radio wavelength ID studies has grown
substantially, and now includes notable works regarding dSphs [29—
32], galaxies like M31 [33] and the Large Magellanic Cloud [34], and
galaxy clusters [35-39]. Finally, the use of multi-messenger species in
ID studies has also advanced substantially in the past several years, with
notable studies including [40-43] for neutrino searches and [44-49] for
cosmic ray searches.

The studies highlighted above display the abundance of both data
availability and interest in the literature, and new generations of ob-
servatories are likely to only amplify this abundance. To keep up
with this incoming data, it is vital for ID studies to have access to
a modelling framework that provides the accuracy needed for high-
resolution data and the computational efficiency needed for high data
volumes. There are existing open-source tools that are able to compute
the multi-wavelength emissions from WIMPs, the most notable of which
is the RX-DMFIT [50] package which was developed to provide the
earlier DM-FIT [51] package with X-ray and radio flux capabilities,
and the recent DM-related patches which extend the functionality of
the GALPROP [52] package by the author of [33].! The GALPROP [52]
and DRAGON (2) [53] code packages provide solutions to the related
problem of cosmic-ray transport in the galaxy, and some of the numer-
ical techniques used in these packages have inspired development of
segments of the code presented in this work. However, each of these
open-source tools lack some functionality in what we would consider
as a complete solution for a highly accurate, efficient and generalised
ID DM tool. In particular, the semi-analytical nature of the solution
method implemented by RX-DMFIT for the calculation of radio emis-
sions leads to several disadvantages when compared to DarkMatters,
which uses a more complex numerical solution method. The princi-
ple of these disadvantages are a necessary adoption of simplifying
assumptions for the spatial structure of magnetic field and gas profiles,
and significantly slower computation times for the determination of
equilibrium electron distributions. When compared to the GALPROP
package, which makes use of similar numerical techniques to the
one presented here to overcome the previously-mentioned drawbacks,
DarkMatters provides an additional suite of functionality for cal-
culating multi-wavelength WIMP emissions from a completely general
astrophysical target. We have thus developed DarkMatters to be a
tool that is general enough for a wide range of scenarios while still
being accurate and computationally efficient, and we now provide it
with a permissive and open-source format to the community.

The structure of this paper is as follows. Section 2 contains a descrip-
tion of the theoretical framework for all physical models, including DM
halo and particle models, gas density and magnetic field profiles, and
resulting multi-wavelength emission. Section 3 includes details of how
to interface with the code and general outlines for obtaining and using
the software. In Section 4, a set of comparison calculations with an ex-
isting software package, RX—DMFIT, are described and any differences
apparent in the results are analysed. Section 5 contains a discussion
on the use of this package in the wider context of astrophysical DM
indirect detection, as well as a set of concluding remarks. A detailed
technical description of the numerical method used to solve the electron
propagation equation is additionally provided in Appendix A.

2. Modelling framework
2.1. DM halos
There are several physical characteristics that play a role in the

modelling of DM halos. Although there is evidence to suggest that

1 Patches can be found in https://github.com/a-e-egorov/GALPROP_DM
until they are upstreamed.
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DM halos are likely to have tri-axial shapes (see [54,55]), we make
the common assumption that the halos are spherically symmetric. This
assumption correlates with the spherically symmetric magnetic field
and gas density profiles used in the code, and should provide a good
approximation for many astrophysical scenarios. The full halo parame-
ters can be divided into two categories. The first are the characteristic
values of density and radius: p, and r, respectively. The second set
contains the virial mass, radius, and concentration: M,;, R, and
¢yir- The minimum information required to specify a halo is simply a
virial mass/radius. This is combined with numerical fitting functions for
the concentration to fully specify the halo parameters. Otherwise, the
following pairs are accepted as minimum information: (r,, any), (R,
¢yir)s and (M., ¢,;.). We will now proceed to specify the definitions of
each variable.
First, we note that the virial radius is determined according to

1 Ry
" 4nr p(rydr = 4.(2)p(2), )}
27zR3.
3 vir
with the critical density being given by
3H(z)?

= . 2
pc(2) 832G (2)
while the virial contrast 4, is
A, ~ 187% — 82x — 39x% 3

where x = 1 — Q,,(z). Here Q(z) is the usual cosmological density
parameter, for matter (m) or the cosmological constant (A), and £2,,(z)
is given by

1

Q,(z) = . (€]
2,(0) 3
1+ _Qm(())(l +z)
We can then define the virial mass via
4 3
M, = gﬂAcpcR;/ir > )
and the virial concentration by
R..
Cyir = r:]lzr . (6)

Note that r_, is the radius where the logarithmic slope of the density
profile p(r) is equal to —2. This is not always equal to r; but the code
accounts for this discrepancy in all of the predefined density profiles.
The virial concentration can also be determined by one of a suite
of numerical fitting functions from Prada 2012 [56], Munoz-Cuartas
2011 [57], Colafrancesco 2006 [28], or Bullock 2001 [58].

The first halo density profile available in the code is the Navarro-
Frenk-White (NFW) profile [59]
Ps

Potw(r) = ———— . @)
(2)(+7)
— 1+ —
rS rS
There is also a generalised form of this profile
Ps
Pantw (1) = - €))

a 3—a’
(£) (=)
rS rS
with free parameter . We also have the Einasto profile [60]

pem(r>=psexp{—§ [<i> —1]}, ©)

again with free parameter a. Then there is Burkert’s profile [61]
Ps

Pour () = o~ (10$)
<1+L)<1+(L> )
rS rS
and the pseudo-isothermal profile
prolr) = —22 an

—b
1+(1>
rS
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Note that we the same symbols r, p,, and « in all profiles, despite
their differing physical interpretations in each case. This is done to
reflect the structure of the code.

2.2. Particle spectra

The observable radiation from the halos described above is also
dependent on the nature of the constituent DM particles. The generic
WIMP models considered here are parameterised by two quantities: the
WIMP mass (m,), and either cross-section ((cv)) or decay rate (I') in
the case of annihilation or decay, respectively. The energy spectrum
of the SM particles produced by each WIMP annihilation or decay is
then represented by dN,/dE, where N; is the produced multiplicity,
i refers to the species of the final state stable SM particle, and E is
the corresponding particle energy. The final state is reached through
various intermediate particle interactions — known as channels and
denoted by f — which can be represented generally through the reaction
pathway of y y - f — i (y — f — i) in the case of annihilation (decay).
A general form of the produced energy spectrum is given by

dN; de—n'
T

dE °

where the considered spectrum is a combination of all relevant inter-
mediate channels, and the contribution of each channel is determined
by the branching ratio B,. As is standard in the indirect-detection
literature, we consider results for individual channels (corresponding
to a branching ratio of B =1 for the channel of interest) that
can be specified explicitly for each computation within the code (See
Section 3.2). The final state species are likewise chosen according to the
desired observable to be computed (i would be gamma-ray photons for
the case of calculating prompt gamma-ray emissions, for example), and
these will be discussed in further detail in Section 2.5.

The produced particle spectra, as calculated from any source, can
be specified as an input to the code. By default, DarkMatters makes
use of the latest version of the pre-computed and model-independent
numerical tables provided by the Poor Particle Physicist Cookbook
for Dark Matter Indirect Detection (PPPC4DMID) [62], which are also
hosted in an online repository.? The tables (‘ingredients’) provided
by the PPPC4DMID have also been computed with corrections for
electroweak radiative effects, following the prescription given in [63].
These corrections can have an impact on the final energy spectrum,
especially when particle energies are larger than the electroweak scale,
which is relevant for DM models with a large WIMP mass. The ac-
cessible and model-independent nature of the results provided by the
PPPC4DMID allows for a convenient utilisation of these particle spec-
tra, which has made this package a popular resource in recent indirect-
detection literature.

To then determine the spatial and energy distribution of the parti-
cles that are injected into the halo from WIMP annihilation and decay,
the particle spectrum defined above is multiplied by the number density
of WIMPs to yield the source function Q(r, E), which can be written as

(12)

follows:
2
% (ﬂN)) (o0) % ’ (annihilation)
06, E) = m, (13)
p,(N\ _dN,
< L ) r— (decay)
X

In these equations, p, represents the radial density of WIMPs in the halo
as described by the profiles given in the previous section. The number
density in the case of annihilation assumes Majorana WIMP pairs, and
one should include an additional factor of 1/2 for the case of Dirac
WIMPs.

2 http://www.marcocirelli.net/PPPC4DMID.html.
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2.3. Electron propagation

Following the annihilation or decay of WIMPs, the indirect detection
of the observable products will depend on the final state of the SM
particles. In the case of gamma-ray photons or neutrinos, their prop-
agation from the DM halo to the Earth is relatively straightforward,
as they do not interact with intermediate environments like magnetic
fields (see Sections 2.5.2 and 2.5.3). However, for radio-frequency
synchrotron emissions (resulting from yy — f — e*), the evolution
of the charged final state electrons is governed by several physical
interactions between the electrons and magnetic fields and thermal
gas populations that are ubiquitous in large astrophysical structures.
To model these effects, one typically employs a cosmic-ray transport
equation, such as the one used in the GALPROP package [64], and
presented in the Appendix of [52]. Although this form encapsulates
all possible physical interactions, the two dominant effects in most
astrophysical scenarios that pertain to the indirect detection of WIMPs
in large DM halos are those of spatial diffusion and energy losses. By
neglecting all sub-dominant terms, the full transport equation reduces
to the standard diffusion-loss equation,
oy (x, E)

ot
In this equation, we have represented the spatial and energy distri-
bution of electrons by y, as in Galprop. We further simplify this
equation by assuming spherical symmetry, so that x — r, which should
be valid for typical cool-core galaxy clusters and dSphs (for an example
of the detailed solution to this equation without this assumption in
the M31 galaxy, see [33,65]). The solution to this partial differential
equation is the equilibrium electron distribution, which can be found
through one of several mathematical techniques (this is discussed in
further detail in Appendix A).

The effects of diffusion and energy loss are determined by the cor-
responding coefficients in Eq. (14), D(r, E) and b(r, E), respectively. In
DarkMatters, we utilise the following general form of the diffusion
coefficient,

) E \0(B®)\
D(r,E)—Do(lGev) (B(O)) ' Y

where D, is the diffusion normalisation constant, § is the diffusion
index and B(r), B, represent the magnetic field profile and normal-
isation, respectively. When modelling the effects of spatial diffusion
with Eq. (15), it is necessary to choose a description of the turbulence
in the magnetic field that gives rise to the diffusion of the charged
particles in that field. This choice determines the value of the index 6,
and common descriptions include the cases of Kolmogorov (6 = 1/3),
Kraichnan (§ = 1/2), and Bohm-like (6 = 1) diffusion. The inclusion of
factor of (B(r)/By)~% in Eq. (15) is motivated by form found in [66]
where the average field strength is used. This means D scales with
B~%. Thus, to introduce spatial dependence we use a term that traces
the radial profile of the magnetic field in a similar manner to [30] but
preserving the 6 exponent. This should result in an equilibrium electron
distribution that accurately reflects the geometry of the environment
when using numerical solution methods.

The energy-loss coefficient, defined as the energy-loss rate b(r, E) =
dE/dt, encapsulates all of the physical process that reduce the total
energy of the electron distribution. The dominant effects at high ener-
gies (relevant for typical WIMP models) are synchrotron emission and
Inverse Compton (IC) scattering, though we also include the effects
of Coulomb scattering and bremsstrahlung, which can be relevant at
lower energies. The full form of the energy-loss coefficient that is used
in DarkMatters when solving Eq. (15) is given below,

U, 2
b(r, E) = b ph3 (1(]35V)
eV/cm €

E \2/B(M\>
+bsynch(1Gev> <1pG

=V -(Dx, E)Vy(x, E))+ aiE (b(x, E)y(x,E))+O(x,E). (14)
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—2 0 2
logyy(E) [GeV]

Fig. 1. The equilibrium distribution of electrons, computed numerically as the solution
to the diffusion-loss equation (Eq. (14)). This solution is for a set of sample DM halo
and particle parameters, namely for the Coma galaxy cluster with an NFW halo profile
and 100 GeV WIMPs annihilating solely through the yy — bb — e* channel.

ne(r) Y
* boul ( Iem—3 ) <10g <ne(r)/l cm™3 ) * 73)

n,(r)
+ bprem Lom=3 y (log(y) +0.36) , ae)

where n,(r) is the thermal gas number density, U, is the target photon
energy density (U, =0.26 eV/cm® in the case of CMB photons), y is the
usual Lorentz factor and we use the approximation y — 1 ~ y for the
highly relativistic electrons. We consider the Thomson scattering limit
for IC effects, and use only a fully ionised plasma as the ambient particle
field for bremsstrahlung effects. Each of the effect’s loss rate coefficients
are taken from the values presented in [33], which have recently been
corrected from errors in previous works. The coefficients, in units of
GeVs™!, are thus big = 1.0 x 10710 by = 0.025 X 10716, beyy =
7.6x 10718 by 0 =7.1x107%.

With the explicit forms of the functions Q,D and b given by
Egs. (13), (15) and (16) above, the diffusion-loss equation can be
solved for an equilibrium distribution of electrons. An example solution
is provided in Fig. 1, which shows the full 2-dimensional electron
equilibrium distribution that has been computed for the Coma galaxy
cluster environment and a set of typical WIMP parameters. Note the
larger concentration of low-energy electrons within the inner regions
of the halo, which is a common feature of the equilibrium distributions.

2.4. Gas density and magnetic field

A variety of gas density and magnetic field strength radial profiles
are available by default within DarkMatters. These consist of the
constant (flat), power law (pl), B, double g, and exponential profiles.
Every profile has a normalisation constant n, or B, for gas density
and magnetic field respectively. We then use a notation system that
a physical scale associated with the profile is either r, or r, while an
exponent is §, or §,. In the case of the double f# profile there exist two
scales, normalisations, and exponents.

Below we list the gas density and magnetic field strength profiles in
their functional forms

o) = g az)
r Be
) as)

Te

- 2\ 2
Hopeta() =g [ 1+ <r_> , (19)

"e,pl(") =y <
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3pe 3be2
- 2\ 2 , 2\ 2
ne,d-beta(r)=n0<1+<_> ) +"0,2<1+<—> > , (20)
re re,2

M exp(r) = g exp (—f) , 1)
and
Bgai(r) = By, (22)
By
By(r) = By <l> , 23)
b
g
r 2
Bbeta(r) = BO <1 -+ <r—> ) N (24)
b
Bd,beta(r):B0<l+<é> ) +B0Y2<1+<$> > , (25)
Beyp(r) = Byexp (—i> . (26)
rp

2.5. Observables from DM

Once the physical environment of the DM halo and the parti-
cle model is fully specified, various multi-messenger observables can
be calculated in DarkMatters. There are three broad categories
that we focus on, which include radio emissions from synchrotron
radiation, gamma rays produced from both prompt annihilation and
secondary mechanisms, and prompt neutrino emission. The details of
the implementation of each of these emissions are described below.

2.5.1. Radio

The method used to calculate the radio emissivity from relativistic
electrons follows a standard framework, as laid out in [28]. Firstly,
the isotropically-averaged power of the synchrotron emission from a
population of electrons is expressed as in [28],

PV, E,r) = / do Sn©
) 2

27V 3 r,mgcv,sin () F(x/sin (0)), 27)

where r,, m, and v, are the electron’s classical radius, mass and
non-relativistic gyro-frequency, respectively. The function F and the
variable x are defined as follows:

F()=t / ) dz K 3(2) (28)
t
and
3/2
_ 2wl +2) v \?
=55 [1+ (v(1+z)> ] , (29)

where K53 is a modified Bessel function of order 5/3 and v, =
8980(n,(r)/1cm=3)!/2 Hz is the plasma frequency of the gas. This form
incorporates the Razin-Tsytovich effect for synchrotron radiation in
plasma (see e.g. [67-70]). We have used the fitting formulae provided
by [71] to calculate the kernel function in Eq. (28). The synchrotron

power is then used to calculate the emissivity, by

my

Jsynen(vo1) = / dE (y_(r, E) + v, (r, E)) P(v, E,r), (30)

me
where v, are the equilibrium electron and positron distributions found
by solving Eq. (14). Various common observable quantities, such as
the radio surface brightness or the flux density spectrum, can now be
calculated from the emissivity. Firstly, the radio surface brightness is
defined as

i(v,Vs2+12

Tyynen (v, s) = / di u (31)

L 4
Here we have used a cylindrical coordinate system with origin that
coincides with the centre of the target DM halo centre, with / and
s representing the cylinder’s axial and radial parameters respectively.
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Fig. 2. Sample calculations for the radio surface brightness emissions from the Coma galaxy cluster for a wide range of frequencies and two annihilation channels; (a): bottom
quarks and (b): muons. Also shown is the characteristic scale radius r, of the DM halo, in equivalent angular units, as a vertical line.

108 Halo scale radius
=
S 107104
=
—
>
5107121
wn
§
- —14 |
10— 100 M
= Lg-16] T 107 MM
g — 10° MHz
;5) 10-18 —— 10* MHz my = 100 GeV
10° MHz XX — bb
10!
Angular radius [arcmin]
(a)

10_8< Halo scale radius
=
< 107104
=
—
<)
=, 10712<
wn
§
= 1014
@10 — 10' MHz
8 el 10% MHz
g — 10° MHz
@ 10-184 10" MHz 4, = 100 GeV
10° MHz  yx — ptp~
1
10!

Angular radius [arcmin]

(b)

Fig. 3. Equivalent surface brightness calculations as shown in Fig. 2, except for the Reticulum II dSph target.

The line-of-sight through the halo is denoted by the path L, which can
be traced by a spherical radius r> = s + /2, and which is bounded
by the edges of the halo. With this implementation, we consider the
integral over a single path, rather than all the paths within a finite
solid-angle resolution element AQ. This is effectively both an infinite
resolution limit, which can be appropriately binned when comparing to
observational data, and that where the photons propagate to observer
in parallel (the physical size subtended by a resolution element is much
smaller than distance to the source).

Sample results calculated using Eq. (31) can be seen in Figs. 2 and 3.
As modern radio datasets are often accessible as 2-dimensional images,
DarkMatters provides a mapping of the above surface brightness
profile onto a 2-dimensional spatial grid, which allows for convenient
comparisons between model and data. The sky coordinates and desired
pixel size or image resolution of the produced image are all adjustable
parameters when interfacing with the code, and DarkMatters also
provides an option to save these images conformant to the FITS data
file format,®> which is a standard multi-dimensional data format used
extensively in the radio astronomy community. A sample 2-dimensional
image of radio surface brightness emissions (calculated with Eq. (31))
is shown in Fig. 4.

3 https://fits.gsfc.nasa.gov/.

The final radio-frequency observable that we consider is the inte-
grated radio flux density, defined as

R . /
v, r")
Seynen(vs R) = / g
0

_ 32
4r (di +(")?) 32)

where R represents the maximum radius of the halo within which the
emission is integrated, and d; is the luminosity distance to the halo.
A set of sample calculations of the integrated flux, as calculated with
Eq. (32), is shown in Fig. 5.

2.5.2. Gamma-ray

Primary (prompt) y’s The differential flux of gamma rays that are
produced directly from WIMP annihilations and decay, referred
to as the ‘prompt’ emission, is calculated as follows.

J(AQ, ) = / / pA(r)dl'de’
42 J1

D(AR,]) = / / p(x"ydl'd’,
AQ J1

(33)

(34)


https://fits.gsfc.nasa.gov/

M. Sarkis and G. Beck

my: 100 GeV

v: 1000 MHz

F—>5.0
28°00 .
o)
F—5.5 %
~ 2,
= ~
.S >
§ 27055/ '7603
o —BJSEZ
S
50/ 70 &

-7.5

13200™15% 008 12"59™45% 30° 5°
Right Ascension

Fig. 4. Sample 2-dimensional radio surface brightness image, computed by mapping
the results of the radial surface brightness calculation in Eq. (31) onto a 2-dimensional
grid. Calculation parameters follow the sample for the Coma galaxy cluster with an
NFW halo profile and 100 GeV WIMPs annihilating through the bottom quark channel.
Results shown here are for synchrotron emission frequency of 1 GHz. Note that this
image can be saved in the FITS data format by DarkMatters.

dN;
{ov) J—, (annihilation)
a», |8zm2 " dE
S (E)= — = “ (35)
dE r D ﬂ S (decay)
4dzm v dE

where the energy spectra of the produced gamma rays are found
from Eq. (12).

Secondary (ICS) y’s This is composed of high-energy photons pro-
duced via the equilibrium electron population within the DM
halo. The mechanisms used are Inverse Compton Scattering
(ICS) and bremsstrahlung.

The ICS power at observed frequency v from an electron with
energy E at redshift z is determined via [72,73]

Prc(v, E,z) = cE,(2) / de n(e)o(E, ¢, E,(2)) , (36)
where E,(z)=hv(l+2), ¢is the seed photon energy distributed
according to n(e). The Klein-Nishina cross-section is defined
according to

307
o(E,e, E,) = WG(% r,), 37)
where o is the Thompson cross-section and

(L9)*( - ¢

I,)=2ql 14+2¢9)(1 - e -
G(q,I,)=2qIng+ (1 +2¢q)(1 —¢g) + N (38)
with
g

T(ymec? — E,) (39)

_ ey
T mye?’

where 7 is the electron Lorentz factor.

For bremsstrahlung of an electron colliding with target species
Jj we use [72,73]

Py(v, E,r)=cE,(2) Z n;(rjog(E,, E) , (40)
J
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where the notation remains the same as for ICS. Note that n; is
the target species number density and the cross-section is given
by

_ 3aor E, 2 2 E,
it (0 (-3) )3 (- )e]

(41)

where ¢, and ¢, are species dependent factors [72,73]. In
DarkMatters we use only protons as the target species and
equate n; to the gas density within the halo environment.

The fluxes from the mechanisms is determined following the
same process as for radio emissions, but with the appropriate
choice of power function in Eq. (30) (see Fig. 6).

2.5.3. Neutrino
Neutrino fluxes are computed in the same manner as prompt
gamma-rays

dN,
{ov) J—=, (annihilation)
do, 8zm2 ~ dE
Sy (E) = = ¥ (42)
’ dE r D dn, (decay)
4xm, = dE ° y

where J and D have been previously defined in Egs. (33) and (34).
A set of sample calculations using the above equation can be seen in
Fig. 7 for the Coma galaxy cluster.

3. Implementation and usage details
3.1. Installation

The package is installed merely by cloning the GitHub repository
and ensuring all the dependencies are installed (a file require-
ments.txt is provided for this purpose).

3.2. Specifying input files

DarkMatters uses either yaml or json files for input and output,
the default option is yaml. Below we specify a yaml input for an
example calculation

halo_data:
name: "seguel"
profile: "einasto"
index: 0.3333
rho_norm:
value: 1.738e+8
unit: '"Msun/kpc~3"
scale:
value: 0.15
unit: 'kpc"
distance:
value: 23.0
unit: 'kpc"

mag_data:
profile: "flat"
mag_norm:
value: 2.e-6
unit: "gauss"

gas_data:
profile: "exp"
gas_norm:
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Fig. 5. Sample calculations for the integrated radio flux density from the (a): Coma galaxy cluster and (b): Reticulum II dSph. Results shown vary the WIMP mass and annihilation
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Fig. 6. Spectral Energy Distribution (SED) for the multi-wavelength WIMP-related emissions from the (a): Coma galaxy cluster and (b): Reticulum II dSph. The dominant contributions

from each major emission type (corresponding to the radio synchrotron, prompt gamma-ray and secondary gamma-ray emissions described above) are labelled at the relevant

value: 1.e-4
unit: "1/cm~3"

scale:
value: 38.0
unit: "pc"

diff_data:
diff_index: 0.7
diff_rmax:
value: 1.6
unit: 'kpc"
diff_constant:
value: 3.0e+26
unit: "em~2/s"

part_data:
part_model: 'bb"

em_model: "annihilation"

calc_data:
calc_mode: "“flux"
freq_mode: "radio"
m_wimp:
value:
-10
-100
- 1000
unit: "GeV"
f_sample_limits:
value:
-5.etl
-2.et4
unit: '"MHz"
f_sample_num: 40
f_sample_spacing: '"log"

calc_angmax_integrate:
value: 4

unit: '"degree"
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Fig. 7. Sample neutrino flux output from the Coma galaxy cluster, calculated using Eq. (42).

os_delta_t_min:
value: 0.1
unit: "yr"

The above example input also serves to illustrate the data struc-
tures used in the package, these being a set of python dictionar-
ies halo_data, mag_data, gas_data, diff_data, part_data,
and calc_data. These store the properties associated with the halo,
magnetic field, gas, diffusion environment, particle physics, and calcu-
lation to be performed. Another feature to remark on is the specification
of unitful quantities: they are given by a dictionary with a ‘value’ and
‘unit’ entry. Any unit of same type (mass,distance,density) can be given
and astropy is used to convert it into the internal unit system of
DarkMatters. This requires that the unit entry be specified in an
astropy friendly format.

One other dictionary exists: cosmo_data. This contains the cos-
mological parameters to be used in calculations. If left unspecified, it
defaults to the Planck 2018 results [1].

3.2.1. halo data

Here we specify the information on the DM halo. A summary
of how modelling parameters link to the dictionary is presented in
Table 1. Note that the density profiles can be accessed by specify-
ing the halo_profile parameter with the allowed values ‘nfw’,
‘gnfw’, ‘einasto’, ‘burkert’, and ‘isothermal’. Additional profiles can be
added by modifying the halo_density_profiles.yaml file, in
the dark_matters/conf ig folder, as well as adding a function
recipe to the halo_density_builder function in the
dark_matters/astro_cosmo/astrophysics.py file. An ex-
ample can be found on the Wiki.*

3.2.2. mag data

The magnetic field data is linked to the modelling parameters in
Table 2. The common options for mag_profile are ‘flat’, ‘powerlaw’,
‘beta’, ‘doublebeta’, and ‘exp’ (given by Egs. (22)-(26)). The beta-
type profiles are included due to their common use to describe gas
distribution in galaxy clusters [74,75], where the magnetic field is often
found to follow a related distribution, as in [76,77]. The exponential
profile is motivated by baryon distributions in galaxies [78] and its use
in [30].

4 https://github.com/Hyperthetical /DarkMatters/wiki/Custom-spatial-
profiles.

Table 1

Examples of DarkMatters halo parameter correspondence to modelling.
Quantity Variable Type Unit
M, mvir Float Mass
Ry rvir Float Distance
Coir cvir Float -
r, scale Float Distance
Py rho_norm Float Mass density
:)7\ rho_norm_relative Float -
a index Float -
p(r) profile String -
d; distance Float Distance
z 4 Float -

Table 2

Examples of DarkMatters magnetic field parameter correspondence to modelling
from Egs. (22)-(26).

Quantity Variable Type Unit
B, mag_norm Float Magnetic field strength
By index Float -
ry scale Float Distance
B(r) profile String -
Table 3

Examples of DarkMatters gas density parameter correspondence to modelling from
Egs. (17)-(21).

Quantity Variable Type Unit
ngy gas_norm Float Number density
p. index Float -
r, scale Float Distance
n(r) profile String -
3.2.3. gas data

The gas density data is linked to the modelling parameters in
Table 3. The common options for gas_profile are ‘flat’, ‘powerlaw’,
‘beta’, ‘doublebeta’, and ‘exp’ (given by Egs. (17)-(21)). The beta-type
profiles are included as they are common for the modelling of gas in
galaxy clusters [74,75]. The exponential profile is of utility in galaxies,
where baryonic distributions are often of this type [78].

3.2.4. diff data
This dictionary is quite simple, containing the radius at which
the boundary conditions are applied diff_rmax as well as D,, the
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diffusion constant, in diff_constant. The parameter diff_index
specifies the index 6 in Eq. (15).

It is also possible to choose the target photon field for ICS by
specifying the photon temperature (at present the code only accommo-
dates black-body target fields) through the parameter photon_temp.
Additionally, the energy density of ICS seed photons (for calculating
energy loss in Eq. (16)) can be specified via photon_density which
has units of energy density.

3.2.5. part data

Here we specify the particle physics data. The annihilation/decay
channel is given by part_model and we choose between ‘annihila-
tion’ or ‘decay’ options using em_model. Custom models can also be
included by setting up an input file with appropriate structure. See the
Wiki® for more detail.

3.2.6. cosmo_data

This is not displayed as it defaults to Planck 2018 [1]. Note the
numerical fitting function for ¢, can be chosen here using the pa-
rameter cvir_mode. The options are ‘pl2’ [56], ‘munoz_2011’ [57],
‘cpu_2006’ [28] and ‘bullock_2001’ [58]. Note that the default value is
p12.

3.2.7. calc data

In this dictionary we actually specify what we want to calculate
with all the other input data. This is principally chosen via two
parameters: calc_mode and freq_mode. The first can take options
‘flux’, ‘sb’, or ‘jflux’. These refer to integrated flux, surface brightness,
and flux from a J or D factor respectively. The second parameter
decides on the mechanisms to be considered. Its options are ‘all’,
‘gamma’, ‘radio’, ‘pgamma’, ‘sgamma’ or ‘neutrinos_x’ (where x can
be mu, tau, or e). These options correspond to the calculations given
in the related sections in the text, i.e. for ‘radio’ the calculations in
Section 2.5.1 are used (specifically Eq. (31) for ‘sb’ and Eq. (32) for
‘flux’). For the options ‘pgamma’ and ‘sgamma’ the primary (prompt)
and secondary high-energy emissions described in Section 2.5.2 and
Section 2.5.2 are used (specifically, the flux from Eq. (35) and the
power from Egs. (36) and (40) together with Egs. (30) and (32)). The
‘gamma’ parameter results in the sum of both high-energy emission
mechanisms being used. The ‘all’ parameter uses all of the above
electromagnetic mechanisms, while the final ‘neutrinos_x’ parameter
uses Eq. (42). Further parameters specify more detail. For example
m_wimp provides a list of WIMP masses (in energy units) to perform
the calculation for. Then f_sample_limits, f_sample_num, and
f_sample_spacing decide what frequencies to perform the calcu-
lation at. These can be manually specified using £ _sample_values,
which provides a list of the values, instead. The parameter
calc_angmax_integrate gives the radius within which to inte-
grate the flux (a physical radius can be specified instead with calc_
rmax_integrate). Finally, os_delta_t_min tells the algorithm
the smallest time spacing value to use. This tends to need to be adjusted
from the default only for small structures like dwarf galaxies (see the
Wiki for further detail).

3.3. Running the code

The following simple script will run DarkMatters

5 https://github.com/Hyperthetical /DarkMatters/wiki/Custom-particle-
physics.
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import sys

sys.path.append(dark_matters_path)

from dark_matters.input import read_input_file

from dark_matters.calculations import run_calculation
from dark_matters.output import make_output

data_sets = read_input_file("example.yaml")
output_data = run_calculation(**data_sets)
make_output (x*output_data,out_mode="yaml")

This assumes the path to the folder containing the dark_matters
folder is specified in place of dark_matters_path and that the
input file is called example.yaml. The code will produce an output
yaml file with a name that reflects some of the associated calcula-
tion parameters. This file will contain all of the input dictionaries
and include the results in calc_datal[‘ ‘results’’], which is
itself a dictionary. The file contents is identical to the contents of the
output_data variable above.

When the code is executed it conducts a set of consistency checks on
the input dictionaries and calculates all the supplementary parameters
needed to perform the requested tasks. It then proceeds to execute the
instructions in the calc_data dictionary.

4. Comparisons with existing tools

Aside from an internal test suite, a set of simple calculations with
the Radio and X-ray DMFIT (RX-DMFIT) package [50] have been per-
formed to compare and validate the results from DarkMatters. The
RX-DMFIT package® was originally written to extend the DMFIT [51]
package with radio and X-ray fluxes. At the time of writing, surface
brightness outputs (of the form in Eq. (31)) are not supported in
RX-DMFIT, so the comparisons are focused on emissivity and inte-
grated flux outputs. For this, we have considered two typical and
common targets of study in the literature — the Coma galaxy cluster
and the Reticulum II dSph. These targets exist on opposite ends of size
and mass ranges for astrophysical structures, and provide edge cases
for the physical environments that our package is designed to process.
For these tests, we have kept the input configurations between the two
codes as similar as possible, to highlight differences in the underlying
method rather than any differences in parameter choices. The input
configurations used in these tests have been provided as online material
alongside this manuscript through the Zenodo doi.”

The comparisons between both the radio emissivity and integrated
flux are displayed in Figs. 8 and 9. We have also calculated simple
relative differences between the methods to quantify the changes,
where each result has been found relative to the larger value, i.e. we
take (|y; — y,|/y1)x100%, where y; > y,. In the Coma galaxy cluster, we
see DarkMatters produce ~46% higher emissivity values throughout
the halo. The integrated flux values are likewise higher, by ~30% at
10 MHz, down to ~15% at 10 GHz with an average of ~23% difference
over all frequencies in this range. In Reticulum II, we observe larger
overall differences, with the emissivities from DarkMatters higher
by ~76% at the centre of the halo, dropping to ~60% when averaged
over all radii. Notably, the emissivities converge at a point within
the halo, with values from RX-DMFIT larger at large radii — this
trend will be discussed further below. The integrated flux outputs from
Reticulum II have a maximum difference of ~80% at 10 MHz, which
drops to ~50% averaged over all frequencies. The trends between each
package’s results shown above can be attributed to the treatment of the
spatially dependent variables in the solution to the diffusion-loss equa-
tion. This is one of the primary differences between the two packages,

6 https://github.com/alex-mcdaniel/RX-DMFIT.
7 https://doi.org/10.5281/zenodo.13312389.
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Fig. 8. Direct comparison of outputs calculated using the DarkMatters (black curve) and RX-DMFIT (orange curve) software packages. Results shown here are the emissivity
(Eq. (30)) in the left panel and the integrated flux (Eq. (32)) in the right panel, for the Coma galaxy cluster modelled with parameters shown on the figure. For a full list of
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with RX-DMFIT using the semi-analytical technique first described
in [28], and DarkMatters using the numerical technique outlined
in Appendix A. One consequence of using the semi-analytical method
of [28] is that all parameters involved in the diffusion-loss equation
cannot depend on spatial variables (in this case the radius variable r).
To illustrate how this point affects the observable emissions, consider
first that a factor of the magnetic field strength appears in both the
diffusion and energy-loss functions (Egs. (15) and (16) respectively). To
satisfy the above condition, an average value for the halo is calculated
in RX-DMFIT according to

L[
By = a /0 dr B(r),

where r;, defines the maximum radius of the diffusive environment
[50]. As the relevant astrophysical magnetic field profiles B(r) mono-
tonically decrease from their central strength B, in general we have
B,,s < By, especially when r, is larger than the scale radius of the
magnetic field. Since synchrotron radiation (which depends on B(r)) is
the dominant energy-loss mechanism at higher electron energies, the
overall energy-loss function b(E) would be reduced at the centre of the
halo when an average value of the magnetic field is used over the full
profile. Now, the semi-analytical solution method of [28,50] makes use
of a set of Green’s functions that are defined with a variable v(E) as

(43)

10

follows:

o .
o(E) = / "4 2D (44)
E b(E)

The quantity ﬁ, which represents the mean distance that an electron
would travel while losing a specified amount of energy, depends in-
versely on b(E). Lower values of b(E) that are caused by averaging the
magnetic field will thus result in larger values of v and electrons that
diffuse further in the halo while losing the same energy.

This interpretation can be used to explain the differences in the
emissivity results seen between the two packages. With a central mag-
netic field strength that is relatively large in the DarkMatters case,
the electrons are confined to the central regions of the halo where they
continue to radiate. However, with the larger diffusion scale length
determined by the lower overall magnetic field strength, electrons
in the RX-DMFIT case travel further through the halo to the outer
regions, while losing an equivalent amount of energy. This effect can be
seen in Fig. 9, which shows relatively less emissivity from RX-DMFIT
at the centre of the halo, but slightly more as r — rj,. This is likely
a stronger effect in Reticulum II than in Coma (Fig. 8) because of
the steeper exponential magnetic field profile found and comparatively
smaller diffusion region in Reticulum II, both of which more effectively
reduce the average magnetic field strength from the central value of B,,.
Then, we note that the integrated flux calculations show larger fluxes
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from DarkMatters for all frequencies. This is expected behaviour
given the larger emissivity values for each target, especially at the
centre of the halo where the emission is strongest.

Finally, we note the presence of some minor numerical artefacts in
the emissivity calculations from RX-DMFIT at large radii in the Coma
cluster, which are also present in the results displayed in [50]. These
artefacts have been observed to worsen significantly with different
values of the diffusion radius r,, especially if this value becomes com-
parable to or larger than the virial radius of the DM halo. The artefacts
seem to originate from the numerical integration scheme used in the
solution method of [28], and should be accounted for in the RX-DMFIT
package through the use of alternative integration schemes provided by
the GNU Scientific Library (GSL) [79]. We note that the results shown
here were found with the default method, a quadrature non-adaptive
Gauss—Kronod technique (QNG), though the quadrature adaptive inte-
gration with singularities (QAGS) method produced similar results. The
use of the recommended scheme options for computational speed in
RX-DMFIT, i.e. the use of QNG integration, with a lookup table for the
Green’s function calculations, resulted in a average computation time of
295 s (taken over all performed calculations on the author’s personal
desktop computer). In comparison, the average computation time for
the results from DarkMatters, performed on the same hardware,
was 28 s. Of this time, an average of 24 s was used for finding the
equilibrium distribution of electrons as the solution to the diffusion-
loss equation, with the remaining time taken for emissivity or flux
calculations. Profiling the code reveals that the vast majority of the
compute time is made up of calls to the linear algebra method used to
solve the matrix equations described in Appendix A, and the specifics
of these methods will be discussed further therein. The code profiling
results shown here correspond to the claim made in [29] that the nu-
merical solution method is faster than the semi-analytical one. The use
of advanced numerical techniques — like completely vectorised, sparse,
block-matrix algebra with dedicated SciPy [80] libraries that are
designed for fast numerical calculations and an accelerated timestep-
switching technique inspired by GALPROP, have further improved
computational performance of the DarkMatters package.

5. Discussion and conclusions

In this paper we have introduced DarkMatters, the codebase
which was developed to calculate all of the relevant physical properties
of WIMPy DM halos and simulate their observable multiwavelength
emissions. The functionality and configurability of the software should
provide a complete solution - from basic input parameters of the system
to final observable quantities — for a wide range of astrophysical envi-
ronments. To fulfil this purpose, we have included and pre-configured
a comprehensive set of parameters for possible modelling scenarios. At
the current release, there are 6 separate profiles for the DM halo density
and magnetic field strength and 5 separate profiles for gas density, with
a straightforward method for adding further custom profile functions.®
There is also support for both WIMP annihilation and decay modes,
with a default interface with the excellent PPPC4DMID [62] resource
which provides particle spectra for all relevant SM products from
these annihilations and decays. Outside of the typical input the user
is expected to provide, the data structures used in the code are written
with the intention of being simple to understand and comprise mostly
of python dictionaries with explicit key—value pairs which makes the
identification and manipulation of relevant variables as convenient as
possible.

When compared to existing open-source tools, DarkMatters pro-
vides several scientific and practical benefits, particularly when calcu-
lating radio emissions. In the RX-DMFIT package, the calculation of

8 https://github.com/Hyperthetical /DarkMatters/wiki/Custom-spatial-
profiles.
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the equilibrium electron distribution follows a semi-analytical prescrip-
tion. This method results in an effective reduction of the magnetic field
strength at the centre of the halo, while allowing diffusing electrons
to travel further throughout the halo. This effect can thus underes-
timate the radio emissivity in these regions, particularly in compact
objects with steep magnetic field profiles and small diffusion regions.
In regards to practical use cases, the solution method adopted by
DarkMatters also not only provides quicker computation times, but
is more robust to artefacts associated with integration over the diffusion
zone. We note that the GALPROP package is able to calculate the equi-
librium electron distribution using a similar numerical solver to the one
used here, thus also avoiding the issues mentioned above. However, it
does not provide the host of auxiliary functions related to determining
radio emissions from WIMPs that are included in DarkMatters, and
has been designed primarily for use with galaxies that have a similar
morphology to the MW, which limits its usefulness when considering
a wide range of astrophysical targets and the observations associated
with them.

The aspects of the code mentioned above thus allow the indirect
emissions from any DM halo target, from small dSph satellite galaxies
to large galaxy clusters, to be used in the ongoing effort by the astron-
omy sector to complement terrestrial DM experiments. This is a vital
aspect to indirect detection experiments, as the current generation of
astronomical observatories are already producing huge, high-resolution
and high-sensitivity datasets from a large number of targets, through
both directed observations and survey programmes. The use of this
data in DM searches thus requires not only accurate modelling of
the emission process, but also the quick and practical computation
provided by DarkMatters to keep up with the available data. The
DarkMatters package has already been utilised successfully in a
recent indirect detection study [39] using MeerKAT Galaxy Cluster
Legacy Survey [81] observations of several radio-faint galaxy clusters,
setting stringent constraint on the WIMP annihilation cross-section. The
open-source nature of this code should also allow for extra features to
be added as they are developed by the community, so that this tool
may come to play an increasingly helpful role in the ongoing hunt for
DM in our universe.
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Appendix A. Solving the diffusion-loss equation

The standard, spherically symmetric diffusion-loss equation used to
describe the evolution of cosmic rays in a magnetic field is given by
w =V -(D(r, E)Vy(r,E))+ % (b(r, EYw(r,E))+ O(r,E). (A.1)
Several techniques to solve this second-order partial differential equa-
tion for the equilibrium distribution of electrons exist in the literature.
These include the semi-analytical methods of [28] (used in a multi-
tude of WIMP indirect detection studies and the method of choice in
the RX-DMFIT software package [50]), and the method developed
in [86] (also recently used in indirect WIMP searches [31,32]). The
DarkMatters package employs a set of numerical techniques to
solve this equation. Some of these techniques were inspired by existing
codebases, like the GALPROP [52] and DRAGON(2) [53] packages,
while others have been developed in this work. We also note that the
authors of [29] have used a similar numerical technique in a series of
WIMP indirect detection studies [30,34,87].

The numerical solution used here is based on the Crank-Nicolson
(CN) finite-differencing of Eq. (A.1). The discretised operators of each
dimension, namely the spatial and energy (momentum) dimensions,
are then solved individually and alternatively in a technique known
as Operator Splitting (OS), which leads to a drastic reduction in the
computational requirements of the solution. Further, the full spatial
dependence of magnetic field and gas density profiles that are relevant
to the evolution of the system can in this case be considered at each
step of the modelling process, unlike in semi-analytical methods.

Firstly, we take Eq. (A.1) and make the variable transformations
7 =log,o(r/ry) and E = log,((E/E,), where r, and E, are characteristic
scaling values. In DarkMatters, the defaults for these values are r,,
the scale radius of the DM halo, and 1GeV, respectively. With the
aforementioned assumption of spherical symmetry, the diffusion-loss
equation then becomes

_2F 2
dy _ 107 <[ln(10)w+ 0_13] W v
or — (In(10)ry)2 oF | oF o2
10-£ ab oy
— (L4 A2
In (10) E, <0EW+ 6E>+Q’ *-2)

where y = (7, E). This transformation of variables results in function
evaluations and discrete grid points that are more convenient to handle,
given that the relevant physical scales can encompass many orders of
magnitude. To discretise Eq. (A.2), we make use of the CN scheme,
which is described in [88]. This scheme uses the average of explicit
and implicit differencing terms, which has the benefit of having the
unconditional stability of implicit methods as well as the second-order
accuracy for small-scale effects. A representation of this scheme applied
to a one-dimensional diffusion-loss equation can be written as in [52],

n+l1 n+l n+l n n n
_ Ay Ty ey, + MYy T QY ey +0
241 241 !

n+l
yit =y

At

(A.3)

Here the functions have been discretised over the grid with spatial
and temporal indices given by i and n, and the grid spacing is 4r =
"1 — ", The a coefficients are generalised coefficients containing
some combination of the diffusion and energy loss functions and grid
spacings which will be defined below. The form of Eq. (A.3) shows the
use of both explicit (n + 1 terms) and implicit (» terms) differencing
techniques. This equation is also commonly written in the form

) 1 a 1 Qas +1 _ oy ay
_71”1_"71 +<1+7>Win _7 in+1 _Ql_At+7W’f7_l+ 1_?)Wl"
a3
* 7W;1+1 ’ (A4
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where implicit and explicit terms have been grouped to yield the overall
updating equation

Ay"' = By" + Q. (A.5)

The matrices in this updating equation have tri-diagonal forms which
contain the a-coefficients. The tri-diagonal nature of these matrices
is an important factor in the computation of solutions, as specialised
algorithms have been developed that perform the calculation more effi-
ciently than fully populated matrices. However, when generalising this
scheme to multiple dimensions, the tri-diagonality of the matrices is
lost. The OS method is thus used to retain the benefit of the tri-diagonal
matrix structure. Representing the diffusion-loss equation as
oy

— =Ly,
ot v

where Ly is a linear combination of independent operators, then each
linearly independent operator can be applied in turn during an iterative
solution algorithm, as long as each operator has a valid finite differenc-
ing scheme in the absence of all others. In this case, the operators for
the spatial and energy dimensions in Eq. (A.2) can be split and written

(A.6)

as
—2F 2
=10 (pd ;D0 O A7)
(10In (10) ry)? oF | oF oF | oR
and
ab d
Lp=24p2 . A.
E=58 T 3E (A-8)

Representing the finite differencing schemes of these operators symbol-

ically as ¥, and ¥, we obtain the following
[‘I’m ~Vi-1

—27;
L —-Y 10 —
24F

T T 100 (10) 7 2

<1n(10) 2D+ %D)

7

Virl = 2¥i + i
+— D A.9
e ao
and
—E; by, —by;
P L [ i+ ’] ‘ (A.10)
(Epln (10)) AE

We have only considered the upstream case for the energy dimension,
as in GALPROP and [29], under the assumption that electrons only lose
energy. In the above schemes the 4 quantities have their usual mean-
ings and the subscripts i and j have been reserved for the spatial and
energy grids, respectively. The overall updating scheme for the points
n to n+ 1, using the OS method, can then be expressed symbolically as

an+1/2 — ,{/r(wn’ At/Z)

= w2, Ar)2), (A.11)

The computation of Eq. (A.11) requires the solution of large matrix
equations at each iteration, which can draw significant compute power,
especially in the case of high-resolution grids. To mitigate these com-
putational requirements, we describe below a technique to reduce the
number of iterations and method calls necessary for the algorithm
to run, significantly speeding up the runtime of the code. Now, the
discretised 2-dimensional electron distribution y; ; is represented by a

2-dimensional array in the code of form y € R/*/, where the 2 spatial
indices i, j run from O to I, J, respectively. This function is flattened to
a single column vector in the operation y € R/ — y € R!/X1, There
are two ways to perform this operation, and in each dimension (7 or E)
the flattened vector will have blocks of sub-matrices that are composed
solely of function values that are independent of the alternate dimen-
sion. For example, when performing the 7 step in the algorithm, the
first I elements in the column vector will compose one block of values
that are independent of E. Consequently, each of the matrices A and B
in the general updating system (Eq. (A.5)) will then also be composed
of an equal number of sub-matrix blocks that act on the independent
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blocks in y. We represent these tridiagonal block matrices as M, and
they have the following form (derived from Eq. (A.4)):

M, E;)
_ w36 Ej

a(Fy.Ej)
(1 + 20000 0

_al(Fl.E/) ay(F1.Ej)
— 1+ -—

(1 " flz(ﬁ;]”zﬂ) _”301;1@‘)

a(Fr.Ej) @ (Fr.Ej)

-— 1+ -
(A.12)

and similarly for M(F;, E). With this definition, the full A matrices in
each step of the algorithm then resemble:

M(F, Ep) 0
M(F, E)
Ay = (A.13)
M@F E;_y) i
0 M(F, Ey)
for the spatial dimension and
M(f()a E) 0
M, E)
Ap = (A.14)
MEFr_y, E) y
0 My, E)

for the energy dimension (the B matrices are constructed similarly).
The total size of each matrix is then the total size of each block matrix
times the number of block matrices, for example M(%, E;) € RIX! and
A; € RIYXIJ Each half-step of Eq. (A.5) can now be solved with a single
matrix equation solution function call, instead of I or J times.

The forms of the matrices in Egs. (A.13) and (A.14) are clearly
extremely sparse. In most practical scenarios, the sparsity index (cal-
culated by S = (N — N,.)/N x 100%, where N and N, are the total
number and number of non-zero elements in the matrix) is >99.9%.
Thus, when working with these matrices in the code we have made
use of the scipy.sparse Python module, which stores the above
matrices in various memory-efficient storage configurations. In particu-
lar, the matrices are stored in the ‘csr’ (compressed-sparse-row) storage
format, which allows for fast array vector operations. Since the solution
of the matrix equation is required at every iteration of the algorithm,
the efficiency of the overall numerical solution is directly linked to the
efficiency of this library’s sparse matrix implementation.

The forms of the discretised operators that appear in the OS scheme
in Eq. (A.11) are now accessible through the method of equating
coefficients, and we find:

- aD
d C a0 b Ej) * oF Fi.Ej D(F/,Ej)
a T 247 A7
2D, E;)
7] s =
Y. 4= =C. | ——— A.15
. Y, ’< A2 ) ( )
. oD
a3 C o D(ri’Ej)_’— o P Ej D(Fian)
= =(C. +
At ’ 24F AF2
for the spatial dimension and
a
LI
At
e _o b
Yeils =Cigp (A.16)
%3 bjs1
= -1
At EAE
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—2F;
for the energy, where the coefficients are defined by C; = _1o
. (In(10) rO)2
-E
and Cj = 10—’ We use the DM electron source function Q(F, E)
In(10) E,

as the initial condition, and we apply the following Dirichlet and
Neumann boundary conditions:

Y(F = Fpa) =0,
0
a_‘g (F = Fopi) = 0. (A.17)

The Dirichlet condition corresponds to the free-streaming of the elec-
trons out of the halo at the maximum diffusion radius, and is enforced
simply by setting all values of y at 7 = F,,, to O at each iteration of the
OS method. The Neumann condition is satisfied by the calculation of
new a-coefficients for the points 7 = 7_;,, which represents the smallest
sampled radius in the spatial grid. Analogously to Eq. (A.15), we find

a
ZLo—o
At
O _ o (4PEE)
F=Fmin . At r A2 (A]-S)
G 4D, E))
At " A2

As described in Section 3, the values of 7,,, and 7, are configurable
in the input parameter file.

Finally, we discuss the conditions which determine the continuation
and eventual termination of the algorithm to find the equilibrium
electron distribution. These conditions are closely related to the various
physical timescales that are involved in the problem, which we define
as follows. The timescales of energy-loss and diffusion are z = E/b(E)
and 7, = A /D(#, E) respectively, and the timescale of changes to

the y distribution are 7, = y/

(%)‘ which we estimate using a

simple first-order Forward-Time difference. We have implemented two
separate methods to advance each step of the updating algorithm
given in Eq. (A.11), each inspired by the techniques developed in the
GALPROP package (see [52] or the Explanatory Supplement®).

In the first method, called the ‘accelerated’ (ACC) method, the
initial timestep 4r; is chosen to be larger than the timescales of both
energy-loss and diffusion. Then, after a set number of iterations, At
is reduced by a factor of 2, after which the entire process repeats
until Ar reaches a minimum value. This timestep-changing technique
allows for all relevant physical scales to be included in the final
solution, while reducing the total number of iterations required to
find an accurate solution. The motivation for this method arises from
considering a variety of astrophysical structures and scenarios, which
could have a wide range of timescales related to energy-loss or diffusion
impacting the evolution of the electron distribution. If the timestep
At is small enough to capture the short timescale effects, converging
on the final equilibrium distribution could require a huge number of
iterations. Conversely, while needing only relatively few iterations,
large timesteps can lead to inaccurate final solutions as the impact from
short-timescale processes are lost during each iteration. If the variables
governing the ACC method (through the parameters os_delta_ti,
os_max_steps and os_delta_t_min) are chosen appropriately,
the dynamic nature of the timestep value solves both of the above issues
during a typical run, and it is thus the recommended method when
using DarkMatters.

The other possible method has no cap on the number of itera-
tions, and has a constant step size (CSS) for the timestep A4z. In this
method a tolerance T can be set for the relative difference between
the electron distribution at subsequent iterations, and if the relative

9 https://galprop.stanford.edu/code.php?option=manual.
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difference is below this tolerance, i.e. |1 —y""!/y"| < T, then the
algorithm is considered to be stable. This condition ensures that the
changes in the distribution over all the grid points (which are initially
large) approach zero instead of diverging or oscillating due to potential
numerical effects. Because of the range of timescales discussed above,
this method typically takes much longer to find the solution as the ACC
method. However, we have also utilised this method to perform a set
of benchmarking tests that have strict criteria for the final convergence
of the algorithm to the equilibrium distribution. In these tests, we use
a very small timestep (4r < min{zg,7p}) with no cap on the iteration
number. Then, similarly to the tests performed in GALPROP, we signal
convergence with the following condition:

oy
— =0
ot
n-1 _ . n
N 4 Y _o, (A.19)
At

where Eq. (A.19) must hold for all points in the electron distribution.
While ensuring the maximum level of accuracy in the final solution,
these runs are most useful as a comparative tool, as the number of
iterations required to satisfy the above condition is usually prohibitive
for practical purposes. As the relative difference in the electron distribu-
tions between iterations also tends to rapidly diminish at large iteration
numbers, these final steps can in general be avoided without significant
risk of a loss of accuracy.

Outside of benchmarking and accuracy tests, the general condition
for convergence to the equilibrium distribution is set by

7, > max{zrg,7p}, (A.20)

which ensures that the timescale of changes to the electron distribution
is larger than the timescale of any physical effects involved.

Data availability

Supplementary data used in this work is hosted in the Zenodo repos-
itory located at the doi:https://doi.org/10.5281/zenodo.13312389. The
source code of the software package presented in this work is avail-
able through the GitHub repository https://github.com/Hyperthetical/
DarkMatters/.
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