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An alteruativo t ) the classical surface tension model is proposed for the engineering analysis
of macroscopic fluid systems comprised of a number of domains containing fluids which have
dissimilar physical properties and which am subject to internal interactions. The Young-
Laplace equation, which represents the effects of the internal interactions in the classical
theory, is known to fail when rhe curvature of the interfaces between the domains becomes
infinite, and admits a number of unphysical equilibrium configurations for the fluid. The
interaction field model derived in this work reduces under suitable conditions to the classical
surface tension theory, but where tne classical theory fails, it continues to produce physically
plausible predictions for the static and dynamic behaviour of the fluid.

The interactions within the fluid systern are represented as an integral over a volume form,
called the interaction kernel, defined on the product structure ,\II' derived from n copies
of the space ,\II occupied by the fluid. The lowest-order interaction field model capable of
reproducing the predictions of the clnssical surface tension model requires n = ~~.The inter-
action kernel need not be related to the actual interactions present in the particular physical
system under study, but must possess certain symmetries which ensure compatibility with
the macroscopic structure of the fluid. Construction of an algebra based on an interpretation
of .-\IIn as a fibre bundle allows the domain structure of the fluid on ,Vi to be transferred to
.\ljn. A group the-iretical analysis of the fluid structure on ;\ljn then shows that equilibrium
configurations of the fluid system are related to the symmetry of the interaction kernel.

Direct equivalence between the classical and interaction field models is obtained where the
interaetion kernel has limitingly small range. If the range of the internal interactions is al-
lowed to r--naln finite, then the interaction field approach does not generate the singularities
associated with the Young-Laplace equation, and the false equilibria predicted by the classi-
cal approach are also avoided, Re-analysis, using the interaction field approach, of Plateau's
problem for the intersection of three fluid membranes and the linear dynamics of planar,
cylindrical and spher' cal intorfnces about their equilibrium configurations shows additional
structure when compared to the predictions of the classical theory. This structure may have
physical relevance but also may be stroruly dependent en the particular f<..I'mused for the
interaction kernel.

A system of domains with topology other than that of an equilibrium configuration at' the
fluid evolves towards equilibrium by <'jection of domains of dissimilar fluid which occur
within, or transect another, domain of fluid This ejection occurs by the pr·. 'l'~S of film-
draining, and extrudes any configuration with arhitrary topology into th' ... irnum-energy
configuration permitted by the interactions within the system.

ii
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could IH' roconcik-d -vith all illl!':facial structure in which tile fluid properties

vari('d con Iinuously lH'\W('I'1l III!' \'l'ol)('rti('li or til!' fluids Oil «ithor side· of tIt(·
int!'l'l'al'(', l'\nvlt,l' [:W] and Kirkwood and Buff [l::.jlul(·!' showed, under various

ussumpt ions, how I II<' Hllrl'il('(' IC'C1Hi(}1l could hI' I'Platt'd rlil'c'c'lly to 1111' strur
Iurc of t h(' iutc'rfac(' and I () I iI(' spt'dlk Iorrn of t\H' interactions 1)(1l.w('(,11the
pHl'ticlC's comprising thl' fluid, Tho annlysos lH'p;inllillg with the work of Yvon
[DOJ. following \ 11(' dual path" adoptod by Zwanzip; fl at, [nl] and Horn and
nr('('lI [ill], showed Ihat t lu- int vrnal st 1'11('\111'(' of Ih(' fluid (including of ('otlt'S('

til{' K\I'Ut'\Ul'P itt 11ll' int!'r!'i1c'('H within titl' fluid) should ilsl·lf dq)('IHi on the

slH'cifk form of tho interactions within the Iluid", Sr)('Cifirat.iofl of IIIC' interne-
t ions llC'tW('('lI Ihe' pari kl('H ('()1l1rj['isinp; tIll' lluirl. all well tll-! the kinoti« ('IH'l'gy

of Ilw partirlos, 1'I •• ould thus lit' sullirlont to cil'll'rmillt' tilt, evolutlon (If th« fluid

system. Tho result Hilt Ilamih ouian model fot' t 11<'dynamlcs of I ho IV [HU'\.id\':i

comprislng tl\(' Iluld i:'i d(\~('l'i1)('cl for instur.c« by Kirkwood [10], and Irving and
Kirkwood [an]. This approach t('ads to Ill(' derivation of tlte' N·fold hiernrchy
of initial-boundary value equations, known us the Hogollubov [7]·!3om,UI'('('!1
[to] -Kirkwood [11] -Yvon [DO] (or BBOI\Y) SNit's. Ior tit!' evolution of tho
structure (If Ih(' fluid. TIlt' value of .v is usually too larg<' Ior pr!lctintl calcula-
tion, and an algebraic t'lOHIlI'(' condition is olton imposed Oil tho Iluid structuro
at S()Il)(, level of tho hic'l'IU'chy, thus Irull<'Minp; tho system of oquations I () U.

manugoable siz«.

TIll' ullifying Ioature of t h(' approacho» dl's('ril)('d in this Iwdjofl is t hat t h<,~'
['ply 011 an inhetontly microscopic view of til(' fluid SYHt('lIl ilil it ('()Ilt'f'lio[J of

particles, For til<' rcmalnrk-r or I hiH WOI'I(, t 1H' tlllid (lynamical model ba:wd on
this microscopic ilpp['o1trh will hI' t t'l'IllI'c! the TIfOl. cular mods],

upptonch has l)(,(,tt I'CllIfirnwd hy Illtl\('I·,tiar dynamic simulation» Hudl ilS lhlls!' of
BarilN IUIII WaltH [Ii) an. I Ilnlunan nud St illingor [70].



tinuous, and t 11<'magnitudo of ttl<' discont inuity, ~p, is giwll by the Young-
Lnplacc oquation [IiO]

u.:)

when: H is tlw mean curvature of the in terfacial membrane. This equation.
coupled with it rnode] [ot' tIl<' dynamics of th(' liuid within the domains on
(Ii t h(ll' Hid!' of th(l i uterfaco. has boon used with 'various dup;r(I(\s of SU('(,(\SH tu
analyst' quantitatively III<'dynamics of a fluid system containing interfaces.
Some of tho appllratiou« of rhis approach nrc' rovlowod hy Lovlrh and Krylov
[ii1], For tho pUrpWH'B of this work, the macroscopic dynamic» of tho fluid
awa.y from tho int.t'l'fa('('s {U'P assumed to bo governed by tl (' Navior-Stoke«
equations, uugmentcd by tll(l assumpticn of incctnpressibility of tIl(' Iluld,

Alternatively, the Hurfil('(' tension can bl' interpreted as the work associatod
with the creation or dmltructi()rt of area of the interfacial mombrnne. Fot' all
interface with positive surface tension, energy i:; liberated by tho destruction
of surfac« (11'('(\ of the inlt'rfu.c(', Thill lends to the concept of tniul.nlaation of
surlaco area as the guiding principle Ior 0. qualltative twu.1YHis, {wing surface
tension tJWOl'Y, of tho dynamics of a fluid system containing int<'l'fo.('('s.

For tho remainder of this work, thiH inhorontly macrosccpic !hli<l dynamical
model hnH(,d on the membrane analogy for the behaviour of lntorfncos will be
termed the cial'liliral modI'! or tho snr/arc lcn.'lion.ba8cd model.

1.3 Internal Interactions

Th« origin of til<' lntvrlncial propt'l'ti(ls in tho intomctions botwoou til<' parti-
des cOlllprising thl' fluid wna r('alitwd by Pln.tl'HII [(l8j, TI\l' thermcdyuaruic
thoory of iutNfa('('s was ovontunlly t1(lVt'\OplH\ (I .ncipally'' by <libbtl [:11]) to

Khow !hitt tlw !ll('('hnnicallllocll'l Dr Ihl' illt(II'fuel' (lS It mombruno under tonslun



[Ii:!]. whil« some or till' Industrial applirutu.ns of' this class of fluid systems ar«
1'('vi(>w('(\ by Dlckinson ['2'2]. Waldie' [Xli], Drak« [2;{j and Bastrcss [0],

In PH!'t lrular. I his work iH ('O!l('('l'IIpd with t h(' quulitativc and quantitutiv«
dynamical I>l'h[1viol11' or Iluid syst ems wit h int ('l'fa('('s as t II('Y move towards
oquilihriurn. or ilH they osrillut« about some equilibrium ('culigllmtiotl, To
Ihis (Ind. a new dynatnir tlllH\t'\ of such systems is shown to h'ad to some
partirulur advt1.ntap;('s 0\'1'[' previons analyses when applied in tho macroscopic
regime uf must current ('!lgin('('rlllJ!; int ('l'('st. Previous analyses of the' dynamlcs
of fluid "YHI('IllS wit h inl('rfan'H can bc' divided into two pructirnlly disjoint
np[ll'oILchc'sJ. OIl(' fll1'Crmwopir' and the other microsroplc" ill it K t l'('[Ltnl<'llt of

Ill<' fluid's [>1'01>(lrli('s. ;\ i>riC'f review of till' histdl'Y or till' two approaches iH
til<' NlIbjC'C't of jill' followin,ll; two soctions.

1.2 Surface Tension Theory

In cortuin fluid systems with Internal intmfn.(·('s, for oxamplc whore the fluids
on oithor sid(' of tht' in\(ll'fac('H iUP of tiUfe'f('nt spl'cil's or phase, u [Jl'l'SHUl'(,

dilfC'l'('IH'(' is IIH'ilBUl'('<i 1Wl'OSH till' interfuces. The behaviour of 1.1)(,H(· int('t'fl1(,('s
from a macrcscoplc, mochaniral, standpoint IUl though they consisted of two
homogeneous Iluld domalns H('pa.mtl'd by a uniformly-stretched membrane of
infiniteslmal thickuess wns P lintc1d out by Young [SO], A property of thc'
Iluids on either :;id(' 1)[' t Iw intorfaco, called tho Ilttrfac(l tens ion , 0', ~ivinp; tho
tenslle str('ss across an arbitrary cut in thl' lntorfaclal membrane, could \w
defined ill the nuw wIIPr(' t h(' 11111<1 on <'itht'!, side of tho lntcrfac« waa of uniform
composl tlon,

;\('('()rdill~ to til<' momhrun« modl·l. tho PI'<'BSlll'P across an intwfa('(' iii discon-

tt'YII'W Ill'tidl' by Koplik and !lillliWltf [·I·IJ iH important, howevr-r, all it c!Ot'UIlWIl!S

IiiI' prll!ll'l'Hfl nUlIl!' in 1'1'('llIIl'iling t hI' IWI) npproaclu-s.
:l1'1'rllilfm thl' 1II0St. practical ('I(toll' bfltWl'flll '1lllll'I'OIlWpic' iWe! 'rnleroscupiv' Kl'ait'll Ill' i\

fluid Hy~l('lIl iH thnt If,iwll by Svuowulu-r [7:1jltll II\(' HI'[\it' at which Brownian motion within
I lu- ~.yf!ktn 1'('[\IH'fI I.ll hI' important,



Chapter 1

Introduction

1.1 Overview

This work iH concortu«: wich the macroscopic dynamics of clas:;ical fluid systems
whore th« H!HW(' occupied by tho fluid is divided into a number of distinct
dornulns. 'I'hoso domains an' separated by intorfuces across which certain or
t lic Ilukl's chemicul or physical [H'OPC'l'tl('S may 1)(' dlscontlnuous. Syst('ms
such as this al'(' widoly eucountcred in nature, and include foams, emulslcns,
('olket ions of Iluid dl'Opl('t.s moving through gllS or vapour, and liquid films
Oil it varietv of substrute«, This vast (ield has 1)('('11 reviewed by Bogy [8J.
'I',iahjadi d Ill, [~Ol, Prosporottl [GUl, Schowalter [ial, Sonntag and Stl'(lng(l
[,Ii], Kraynik [,tii] and Anwander 1'1 al, [1]. to din only those reviewa most
relevant to the work to follow, Some' Iiavour of till' (\ll,!';ill('(lring appllrutions of
HIlCh fluid systems iel ubtalnod by ('ollsid<'l'inp; that 11[1 understanding of foams
and emulslons is vruciul to the puint and food lndustrlos, til(' production and
('(lilt rol of dl'opkl HYH\(,l1lH in jC'\ and rocket propulsion, 111\(1I1('W technology'
Ior tilt' small printer industry, Fllm-Ilcw SYHt('lIIH aro oxtcnslvoly employed in
til<' ('()()lillA and Iuhricatlon of l'il'('tl'()[lic devlces. '1'11<'l'(·JC'ViUl('(' of tilt, physical
proportlos or th~'!wsvstotns to lndustrial applications i:; (IiH('USlWd by Ottino

St'!' I~)r instunc« (hI' ,'allllilry 1Hii i~HlI('of I Ill' IBM ,Journal for H"H'\II'('h lind 1l('vl'lopu
1111'111which iii <'xcillHivcly dl'v()(l'd (0 ink ,)l'( printiug ((I('linolo!);y,
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1.9.3 Integral Relations

Fragmentation of Manifolds

Any fl'1l~~m('ntati()1lof it manifold .lJ into the open sots {Mr}I",l, .."I! such that

n

U ,\11:::: Ti
1::::1

( 1.17)

(whore :V denotes til(' closure of H(lt N) and

(1.18)

for all i, j ~ 1."" n will be termed an AI •compleu: fragmentatlon 11 of AI,
'I'll!' concept of complete Irugrnentation of manifolds is closely related to that
of partition of manifolds, the only difference being in the troatmcnt of the
boundaries of t.he olornents of the ft,'agnl<'ntu.tioll or partition,

Continuity of Forms

'I'he Hodge operator on JI allows tIl<' continuity of diffel'('ntial forms Oil AI to
Iw defined via tho metric operator

"l.Hl)

Lnt w .",Nfl' AI h,' coutinuous on At if. for (\11e t'> .'1:,\1 and each ~ E lU+, there
exists l> (~ lit" such that lei < 0 impllos I'cewl < (,

1101' cours«, At ifi ILlI M 'l'Orrlplt'tt' frflp;nWIlI,ation of it8Plf,

..



Total Derivative

Let v), I> ,\1I.\l )(' it pamllll'tc'l'hwd Iicid. If ,;\ i.; un automorphisrn of AI then
the derivativ« of ....·r following t II!' Ilow of ~'" or total cin·il'alim.', is defined by

IlHinJ~delini lion (1. 7), H(liLrt'tI.!I!l;('tt1('nt, of dolinition (1.1:~) 11'a<iHto til(> linoari-
sntion

(L 1,1)

Comparlng di!rinitiollb (1.1~) and (1.l:J), if w, is transported by the flow of ~'(I

t hl'lI .'l.v) 5: ()'It t. •

Finally, if ..oJ, t> OM, dc' fino the dcrlvatlvo

;~ (,\11.\) :':E: liml(r 1.\), ,_ r wo)1.1 ,.",1) (J1i.'tA.f hr

(LUi)

Ilsing (1.(;) and (t.l:'I), :\1\ important spocial ('aHI' of thiH result ()('CUl'S when W
is inv-rant with rt'Hl)('c( to e.. Then

" '~f c.~v)

r d(*e 1Iw)
J.\f

( l.Ui)

llHinp; (1.1 ()),



FHillg (l.:~) the Carum idcutity ('xJ)!'(lssing th(' Li(' derivative in terms of the
exterior dorivative and t he inner product can «asily h(, rc-oxprcssed in torms
of Ih(' exterior rlorlvativc. Ill<' exterior product and til<' llod,q(' star:

(l.H)

Two Hp('cific ('asps of tho Carlan i(it-ntity are used l'(lp<'(lt.{'dly in t!t(, analysls

to follow. Ifwr-l\llAl. then th« Cartan identity reduces to

(1.1))

'l'hls simplified notation iK Introduced siu(,(1 *(e /\ *d) can 1)(' interpreted as i1

llm-ar (lilt'l'l'elltiiLi olH'ratol' on zoro-Iorms'". Ifwt>~Ul, then tho Cartnn identity
t'(,t!u(,(,!4 to

(1.10)

An important s[)('eial CiUi(I of (1.10) al'is<1tiif c!*e :;;-;:0 and w :''i'l *¢ WhPl'(1 ,:Jt>N M.
After some manipulation (1.10) can be written

(l.11)

Oil substituclcn of th« dollnltlon of e as a lirH'ar dilferentil11 operator.

Trunsport by the Flow of {I Map

A IHU'am(ltoris('d Iorru w, r, 1\'1M iHHaitI to be /1'(1'187107'1((1 by tlu. .flow of ~'I if

( 1.12)

for all (.
IUThill {'llll0WH Hilll'l' *(e A ",dl tt~, and t.1t(' V('I'tor #e <'lin lw IHlnl'ti ilH iI lirH'ilf Ilifl;'rl'lltia)

olll'rott or oil ll'W' f"l'IIlH,

11



1.9.2 Transformat ions on a Manifold

Let tl\(' cnc-parameter map I;', : M -t M 1)(,all autcmomhisrn of manifold AI.
1'11(' uncarisntion

( 1,·1)

Ior all .1' l~ J! d<'finPH lh(' jloll' jldtlH e t:> ,i'M of the map ~'f'

The map ·1,,, : 1\nM ~~ I\".H can thou be induced from //'1' 'I'll!' induced mu!'
has Ill(' propertlos

!II 1,'\, f ~;;;:f 0 lilt (l,Ii)

l <>. f .;,,,) ._ /., r, ,w
".'.M ,.\I

(1.0)

for w t> nAt,

Lie and Exterior Derivative

Deline Ill(' Llo dpri vat iV('!I of w t> 1\nAI with l'PHP('t't to the t ransformat ion 1/'(

by

( t. 7)

.' '=,.",,,,,,,,,=,,,,,,,,,,,,=-.,-=.,,"",,,-,,,-"""",,,,,,.-.,.'.-,

IlThiH cit'liuIlion IK ('(jn~iHklll wiu: tho idou or l'ppliwinp; vpl'torH with their dunl one-forrna.
( 'nllvpllt tonally tAe t> V;\[ would hI' dt'llrlt'd '\~ t he Ilow l\n1d of Ii',.

'I Ap;ain, ill eonvontiounl n(tl at inti tilt' Li« dcrivntive would hl' Wl'ttt,('n L:#~.



Duality Between Vectors and One-Forms

Tho assumption of an Euclidean struct 111'<' on it manifold M allows the dis-
tinction 1H'IW(I(ln one-Iorrn and vector fields to be relaxed. Given manifold AI
with Euclidean metric g, define tho dual operator #- : ,t'M ,~~VAt such that
g( #~) :,:;;;w for any w () ,t'M, In lil(' following analysis, minimal usc hi made
of vector lipids since tl\(' action or V('C(Ol'S on forms requires the lise of tho
iunnr product .J : V.\1 x I\".\! -} /\,1-1 AI, and the algebra associated with
this operator is relatively undeveloped. As far as oossible, a section of VM is
roplnrod with its dual section of ,'t'M, This replacement allows extensive use
of Cartan 'i-l exterior alp;('\Jl'a"',

Hodge Star Operator

The mctrlc struct nrc (In a manifold Ai allows Ih(\ definition of the Hodge star
oporator >I< : /\m' AI .~ /\l7Io,m' AI I where rn ::::dim( AI) and m' =5 rn. Throughout
the following analyais it is ussumcd that *1 ::. !hr, the Euclidean volume form,
or llocllJ(1 form'.n AI, Tho delini tion of the star operator on other forms follows
from recursion on th" definition

( 1.2)

after approprlate dellnition of the forms 0: and ~;,

The I10dge star allows til<' iIUWI' prod I' ct between vectors and ro·, 'Hi to be
replaced with the exterior product lH'w(I('[J the one-form dual to Ill<' vortor
and tho original form:

'''Standard fl'fl'!'l'w"'1l 10 thl' I'xll'l'ior idg!'brlL 'HI' till' ho()k~ by Burk« [1:1J .ind Ctump in

and Piruni [II1J,

l:.!



and analysed ilt< it ,'pplaC('lll(\llt Ior tilt! dassical theory's concopt of mlnimisa-
t ion of surface area as it guiding principle for tho qualitative analysis of th«
dynamics of a fluid system with domains or illlc\rfa('c's,

Finally. in Che 1(It' l:l some coucluslons are drawn f('p;a.:ding the SIl<'C(,Sd and
applicability of t h(' teclmiques and models developed in this work, and some
proposals for (he' extension and clarification of this work arc' put forward,

Tho remainder of this chapter is used to introduce some of the rnathemati-
cal formalism 111M is used throughout the work which fellows. An approach
t hrough tho exterior atgebrl1nnd calculus is used almost exclusively, This ap-
proach lias seldom hoon tlSl'<i in t 11<'enginooring Iluld dynamics community,
lind one' of tilt' sub1'litiial'Y aims of this work is to demonstrate to this commu-
nity till' simplicity and clarity of this approach when applied to fluid dynamic
problems, I'HIH'('ially porhaps to those classical problems where full understand-
ing has ])('(,£1 harnpe\t'f,d at least purtia.ly by archaic and opaque mathematical
formalism,

1. 9 Notation and Conventions

1.9.1 Differential Forms

Denote tho bundle of 1!·fot'ms over ,1 manifold AI by /\ n ,\1, Tho notation
W I> /\ nAI b UH('d to indicate that the Iorm-Iicld w iH a soction of the bundle
/\ "M, Two bundles ()VC'r M ar(' ()f particular significllnC(' in t ho analyai« which
follows, and arc giwTl their own notation: denote the bundle' of one-forms NAt
by ."t'Al and the bundle of Cornu; of maximal rank", /\111 AI I where' m :t;: dim] AI),
by nM, Denote tht' tang<'llt spac(' a(, .1' E M by T .rAJ and the taIlgl'nt bundle
over ,\1 by T,V, Similarly denote (Il(' eo-tangent space Itt. .r E .\1 by T,;.Al and
t 11('co- tang('llt bundlo I)VN AI by T"M, On occaaiou t.lll' vector bundle over
M iN dlst In~~11islH'd Irom tIll' t Hnp;C'll f, bundle and dcnotod by VAl,

11



1)(1 l'<'1al('<1 dil'(I('lly 10 Ill!' symmvtry groups assoriuted with the interactions

present within the Iluid. 'l'ho Lle Al'OIIP illl[lroll,ch is incomplete, 11OWeV('l .. in
K<HtH' caSt'S of pitysiC'il1 rclcvanre,

It romulus to \)(' shown thai the intornctlon Iicld hil~()d approach is indeed
ccnsistent with Ih(' classicu! surfa«: (msioll based approach. III Chapt<'r D 11

quantity analogous to thl' classical surfac« tension is shewn to \)(' associatod
with most forms of interaction within the fluid, This analogous quantity.
however, only rosul ts in it Young- Laplac« ('<1nation for the pr('HHIU'(' change
across interfucos W1Wll tl\(' interurtions within the fluid arc' of sufflclcntly short
range, TIt(, da~lHkal oxampl« of the pressure ILt Ih<' ('(mIre of <t spherical droplet
is investigated, and tho intoraction lipid approach ls shown not to exhibit
the singulurity aSKoci'L(pd with tho dltHHiml approach as til<' droplet's radius
gO(,H to zero, This !'(\sult is par: lcularly rvlovant to an understanding of the
nnalysoa of Chapter 10. whore a number of classirul cases for the linearlsod
dynamics of systems with interfuces 111>0l1t their equilibrium conflgurutions aro
re-analysed Ilsing till' interaction field basod approach, The interaction Iiold
approach and tho classicu! approach IU'(' shown to yield consistent predictions
whon t.lw ('hl1l'l1rtc'ristk dimensions of lil<' fluid system are large compared to
thc' l'nnp;l' of the lntomctious prosent in 111(' system. Altemutivoly, in some
casos Ill<' classical theory ill shown to be It low-order approximation I.() tl1('
lnteructlou field model, WIH'l'(~tho chaructorlstlc dimonalons of the fluid system
ttl'(l comparable to or smaller Ihan the range of !:h(· lntersctlons present in tIl('
system, the classical ('asl'S art' shown to POHtoi('HH some interesting cdditlonal
structuro if tho lntornction [kId model rathor than tilt' HUt'fIl.CO tension baH('d
approach is nmplo,Y<,d ill tholr mmlysis,

Tho IUH1IYHiH or Chapter K I'h()WH that t.ho number of topologlos available to I he
I''lllilibriurn conligunulon« (If any ll11id system composed of (listinc\ domalns
is HITHlll compared 10 I\l<' 1I11111\)(,1' l)f topo\Ogi<'H availahlo to non-equilibrium
('oldip;lll'at hms of Ill<' systoru. An illl.l',v;ml geometric ilP[lt'OI cit is employed in
('hapl(ll' 11 10show how I'OlIligllmliolls with arblt rary topology attain v(jnilih.
rium runliuurations which <tl'l' compatibl« with thl' results of Chapter K, :Ylo!il

inl(lt'<'HI inf~ly. it ('(l[lI'(lpl liil}i(·d (}II I he' <'.il'clioll or topological rll'fC'C'ts is proposed

10



Aftel' tilt' int.roducl ion of sorn« stal istical I1lC'cbanicaJ formalism, it is shown
in Chaptor (j how t.1l" <'If('cts of th(' interactions lH'tw('en the particles com-
prising t he' Iluid can hI' inrorporatnd into it marrosropic model of Ihe internal
interactions within the fluid, The natural space lor t 11<'analysis of tlw lutcrnal
iut!'ral'lions is shown in gouernl not to ho the SfHU'(' occupied by the fluid, but
to be' it product sttucturo constructed from this space, A qualitative form for

tl\(' internal inteructions, which is ('Ollsisl<'nL with pr('ViOUH assumptions made
with l'<'s[>('('(.to the mncroscoplc structure of the fluid, is then proposed. It
romaine to lH' shown in later ehaptNs that, under suitable conditions, such it

form dOC'Hind('ed I('<td to correct predictions when compared to the predictions
of Ilw surface tension theory.

In Chapter ;, a ~i!'('ond sot of evolution equations ill derived using the La-
grangian approach ('1I1pio},<,d ill ('hapter a and Chapter ,1. By enforcing corn-
patibility between the analysos of Chapter ,t and Chapter 7, till' two [')(Itt; of
equations 'l.I'(' mado 10 1)(' equivalent l'(,Pl'C'SI'Uta.tiOIlS of the dynamics or tho
fluid »ystom. Whereas the equutions of Chapter 4 apply oil the space occupied
by tho fluid, 11H'oquatious or Chapter 7 11.1'(' lH1S('d on a decomposition of the
distortions to which the fluid is subjected into 1'1, set of distortion modes, and
honco apply on 1\ suitably dellnod apace of dcformaticns, It is shown that the
distortion modes run 1)(1transferred to the product structure on which tho
iutomal inteructions arc defined. and 11<'11('(' that tho resulting system of oqua-
tions is compatible> with till' product structuro that is shown in Chttpt(ll' (l to
be required for description of til(' internal intoractious within tlw Iluld,

Sevoral methods for the enumorntion of poaaiblo coullgurutlous 1)[' tho fluid bYS-

tern when it is in it stal<, of static equilibrium are discussed in Chnptor x. All

n. fit'st example of th(\ application of the interaction Ilold modo! derived in tho
previous chapters, Pla\t'1LlI'H 1'l<~H['iical problem cor.coming tho equilibrium of
int('t'H(lcting Iluid mornhrancs is shown to [ll)HS('HS some intorosting additional
structur« if the interaction 1it'l(1 1t1Od(,[, rather than a ~iIIl'rIL(,(' tonslon bIUH't!

analysis. is llH(ld Ior ttH solution. 'I'h« ll10H! intc'l'<'Ht.ing approach to t Itt' <'1111·
nioration or ('<luilibriiL is thnt which employs tho Hyrnnwtl'Y l('chniqtH'H of Lie.
;JonI<' of tilt' oquilibrium collfip;matiotlH or it fluid with interfaces M(' shown to

!)



itativo and quantitatlvo dynamical behaviour of fluid systems with interfaces
as they move towards equilibrium or as they oscillate about SOUl<' equilibrium
configuration. This restriction has primarily been made to limit the sC()P(~ of
this work to manageable proportions. There is no reason to believe that the
analyses presented her« should not be valid in (1 far broader class of dynamical

1.8 Synopsis

In Chapter ~ it physical model for the fluid system is introduced, It is assumed
that the fluid density ill each of the domains comprising the fluid system is
invariant as the configuration of the fluid evolves, Tho resulting kinematic
constraints on the Iluid velocity and other physical properties of the fluid are
then derived, As iL prerequisite to a Lagrangian approach to tho dynamics of
the fluid, in Chapter a the kinetic energy, dlsslpation, and potential mWl'gy
in the case where there 1W(' internal interactions within tho fluid are written
as integrals over the space occupied by the fluid, In Chapter 4 the results
of the previous two chapters are used to derive a form of the Navlor-Stokos
equations which is applicable to tho evolution of a fluid system where there arc
interfaces and internally generated interactions, Compatibility and continuity
conditions on the velocity and pressure at the interfaces within the fluid are
derived, and these 1'(18\11[.11 MO used extensively in the chapters which follow,
In the absence of dissipation, the Navier-Stokes equations call bo written in
terms of a velocity potential on the space occupied by the fluid, This is done
in Chapter I), Compatibility conditions on the fluid properties at interfaces are
again derived for lISI' ill tho analysi» of Chapter 10, An alternate formulation of
til<' dynamics in terms of vorticity is also derived, Although this formalism will
not bCI taken further than this chapter, it is shown how this approach might
1)0 lUwd to IUlItiYH(, HOm(' (1111<1 rouliguratlons, in partieular those with fractal
interfaces, which ar« not it<'('('sHiblo to an approach via the classical surfnco
1!'lu;1on theory.



formulation, results in a system which is as readily, if not more, accessi-

ble to analysis than t.1l(' approach based on the classical surface tension
theory .

• A prime component of the integral formulation is a spatially-distributed

potential fjc,td associated with the interactions between the various do-

mains constituting the space occupied by the fluid system, It is not.

howcve r • necessary to ma.,e the direct connection between this potent ial

Iield and tho interactions between the individual particles comprising the
fluid, as is suggested by the molecular approaches .

.. Tho potential field ilsH<'iatcrl with trw interactions v ithin the fluid can

be incorporated into a macroscopic lnteractlon fi(~ld type model, and in

it suit ..ble limit such an approach does indeed reproduce the predictions

of the classical surface tension theory .

• The interaction fi('ld based approach wl': I ,: ; insights into the physical

behaviour of some fluid systems which ....e tension based analysis

cannot. Indeed. some systems which are not amenable at all to analysis
via, surface tension theory can be analysed using the interaction field

based approach.

1.7 Scope

In common to all theoretical treatments, it is by definition impossible, without

reference to experiment, to distinguish between effects which art' spurious ar-

tifacts of the model and those dl'('cts which are true properties of the physical

system that, is being modelled, No attempt has been made to conduct the

requisite expcrimentutiou which would support the predictions of the model

derived in thia work, The ll(·('('t-''lit.y 10 validate any divergences between the

prodlctlon» of tho model derived here' (111<1 the predictions of tho classical sur-
fac(' tension model iH acknowledged, however.

AH rnontloned previously. t hI' results presented ill thiH work rC'\at!' to t ho qual-

i



it model of the macroscopic C'Jfccts of the interactions within the fluid on the
dynamics of the system can 1)(' constructed. Of necessity such it macroscopic
model would require the suppression of most of Ill!' microscopic detail within
Ihe system, and it particularly simple form would thus have to be assumed for
Ihe internal structure of t.hc fluid. The remainder of the dynamic effects in
t he system sho ld however be accessible from a direct macroscopic analysis of
dH' fluid's behaviour. Compati bility bet ween the clas 11 analysis and such a

hybrid approach would require that, in the absence at "Hernal interactions, the
hybrid fluid model and the classical model should revert to a common system
of equations applicable to the dynamics of the fluid system, If properly con-
structed, this hybrid model should not suffer from the failings of the classical
approach, but, in a, certain limit, or under certain non-stringent conditions,
should yield equivalent results to the surface tension theory.

For the remainder of this work, any macroscopic fluid model derived from a

combination of a microscopic interaction model and a macroscopic dynamic
model and using a simplified model for the internal structure of the fluid will
be termed a macroscopic interaction fir.lrl model, or simply an interaction field
model. The remainder of this work deals with the construction and veriflca-
tion of such a model for the engineering analysis of fluid systems containing
interfaces.

1.6 Hypothesis

The following statements form the basic hypothesis for the work to follow:

• An integral Ionnulation of the dynamics of the system removes tire prob-
lerns associated with the classical theory, since these problems spring
from local iasues of differentiabilit.y and connectedness of the various in-
turfaccs within the lluid system .

• The Hhift. in emphasis to the domains within the Iluld, rather than their
be mdaries, associated with the' change from it dirr('l'C'ntial to an integral

s



1.4 Limitations of the Classical Model

The classical mod!') is widely accepted within the engineering community, but
is known to possess 11 1 • of limitations. The principal failing of the
classical model arises [r '1 I' , ingularity in the pressure which the Young-
Laplace equation (1.1) admits as the curvature of the interfacial membrane
becomes infinite. As is discussed in more detail in Chapter 9, there are a
number of physical systems of interest which, when viewed on a macroscopic

scale, do indeed have interfaces with near-singular curvature. There must be
some doubt as to the accuracy of any analysis of such systems based on the

classical model. This concern has been expressed by various authors, including
Bogy [8] and Tjahjadi ei ol. [~O].

In addition, there are a number of cases, described more fully in Chapters 9

and 11, where the surface tension-based model predicts that no evolution of the
fluid system should take place. If additional terms, however, are introduced
into the equations of motion for the fluid, and these terms arc related in some
way to the presence of long-range interactions within the fluid, then the system
does indeed evolve and improved predictions of experimental data over those
of the classical theory are obtained. In this regard, the original r nalyses of
Derjaguin and Kusakov [21] and Verwey and Overbeck [85] and 'bt' more
recent applications of this work by Erneux and Davis [26], Joosten [1\)] and
Ruckenstein and ,J ain [72J should be consulted.

1.5 Hybrid Model

The ideal fluid model, for engineering applications, would be macroscopic in
its applicability, as is the classical surface tension-based model, but; would not
suffer from the failings described in the previous section.

Comparison of the approaches described in tho previous sections suggests that

the molecular model of internal interactions <'iUI bo used HS it basis from which



it Lagl'<lllp;iilll . ,tP .md ill '('l'lllH o] it ciilf"I'('lllial formnlatiou or t he equations

lit' mot ion, and ,w;aiu ill {'lta[ltt,l' 'j' to r!<'!'i ,(, i1 ;;C'(, d ('(;lWt ions for thi'«volution
or Ihe' tluid ~\VSI.(·ll\ which i,; has('d oil t lu Hl't of nllowublo dclorrnation» of t h-
HI)(L('(' o('cupi<'d by t he' Ilul.l,

3.2 Interaction Field lVlode:l!

Doflne the intorurt ion iidd mode] via the LHgl'liIlgiau CHiLl'

whore T and V ilI'(, I't'~I)(·(,tiV<'ly Ill<' klnotl- (In!'!,"'y lIud l'()(.(\lll i.ll,\!lt'lgy of till'

Iluid system, and J) is t 11('rat!' of ('IH'rp;y d ion ill the svstem,

3.2.1 Sy£\tell1 Integrals

In this f,wct.ion, til<' various tcrrns in the Lagrangian rnap (;J,:l) <11'0 (i<'lillC'd in
terms of lntogrnls over tho fluid domain }-If, AH such, the L;l/~ran,~iu.l! map
('lUI 1)(1interpreted horo i1:i i\ map L : ,vI .=~1R rather than as the map from
tho t nngcnt SP<1.('(' to Ill(' real line defined in S(l('tiorl :J.l. This 1'('df'(inidoll
hus udvantage», (·HI)('('ia.lly in Ihl' ('ItH(, with which tho resulting intl'gralH can
Iw calculated when tho interaction llold model is appllod to cases \)1' phYHied.l
r<'!ovl1nctl, trnfort unatoly this l'('tit'liui tlon 1<'lldH to lUI element d Itlgehrnk
clumslness in t.1l\' dofinltlons of dIP Ll1p;rl111p:il\ll operutors in Chapter ,1 and
Chapter 7 whore tIl<' dyn,tlllk (qtlatil)ilS Ior t}w int(lt'll.('lio!l Ilold model are'

derived via the Lagrangi!lll approach.



Chapter 3

Interaction J?ield ModEll

~;.1 Overview

In t.his chapter the lntoraction field model is defined in terms of It LagI'all~iitn
map L : TM n",~ !R from tiw tang<'Ilt spuce of a uuitnbly doflned manifold AI
to the 1'('0.1lint'. I'IH' equations of motion fol' the fluid syatern can II(' obtained
from the Lagrl1ngian map of the system by invoking Hamilton's principle that
t11<'1\('Han

is stationary rOl' til<' evolution ()f the HYH\:(l!I1 OWl' tho 1l1'bitl'!tl'Ytime intorval
to ! t S tl 01" in the rouvontioual notation or tho varlntlonal calculus,

['61 "_.",, su.
10

~--,.. () t:t~)

whore 6 j;; a sultably cle!itl<'(i' variational operator. ThiH approach is used ill
Chapt(tl' ,1 to show (lC[lIival<I!l('(1 bC'tw('('1l tho doflnl Lion of IllC' system in (H'mH of

For un !\(','iHlnt (1[' t hI' ('0 1111\\,\1 \'( '''II of lill'H(l tll1l1rlttnrfl, H('(' tIl<' bookfl hy LIlIl('ZOS [·1H]and
I'Hln'('ially Hurko [laJ.

.)..

..I



inh'I'adiolll' within Ihl' Iluid which i" cunsistont , ill it ('.tirly weak ~i('IlS(',with
til(' very slmpl« mo(kl fur' Ihc' illll'1'fadal strurtur« assumod hor«,

It should II(' (lOilltl'cl (Ill I· I hill morr- IWIlI'l'il1 rnnrroscopic models for the Iluid
stl'lIct 111'(' hnvo lwt'll derivod, for «xumpl« the <Iir{'cl()l" lipid 1ll()(l1'1Hof OH('l'fl

[02], Th('s(' tlWI'I' sophisl iclltl'd IIlIHIt'iK allow properties :-IIII'll itS til(' rolarlvo
orientation of tho pat'tici{'s ('olllpriHing the fluid to 1)(' itt'('mmlt'll for, and run
b(, Il'iI'd to cl(,Hl'l'ih{' a more g(\lH'rnl daHs of Iluid ~yHt(l(nH. iudllding liquid cryst.al
HYH«'mH, t han that d('Hct'ih('d by thp modol pr<'H(,llt od }lI'rl'. 'I'he "d('('lioll of
11 marrosvopic modo I for t hI' strurtur« of (hp Iluld amounts to an arbl tl'lll'Y
(,('strict btl of til<' applkahility of tIll' particulur fluid model to it particular
daHH of physical fluid :i~'Ht(lrtlH. 'I'his philoH()plty is d.'alt with in some dl'tail by
various authors. particularly hy Tmosdoll [Ha]. It should II(' remembered that
Ihe aim of tll(l PI'(II1<'1I1 work ill !lot t () d<'rivt' a model which is upplicubl« to Illi

Immel it dam; of Iluld ~'yHll'ms IUl possihl(', but ill l'utl1<'l', in itS minimal a H('IlS(, IlH

possible, to obtain it Iluid model whirl! t'l'clu{,(ls, in appropriate circumstauces,
to till' dUH~i('ttl surfuco tonsion model described itt Sect.ion 1.2. In tho following
dlfl.r-I{ll'H, the' model dl'lhwd hl'l'(' for tilt' macroscopic structur« of the Iluid is
shown to bll it necessary component of un lntoractlon Ilold model which dO('H

indeed admit this reduction.

:W



Sillt'{' Ih{\ volumo or nnv domuir: intorface is l.!'!'O for all t imp, (:!.lii) is satisfied
II,\' Ih{' st rongor condition

(2.l(i)

rot· nil ct • .11: Z. whk'h ('Xlll'('H1'I('S til(' condition t hat tit!' normal components of
I hI' vdocith's Ol1 (Ojt 11<'1'Nid{'of an internal il1t('rfa('(\ must 1)(· equal.

By g{\lll\ralishtillll of (~.l:i I, illlY e t'> .1:'.;\I( obeying till' restriction

(2.1 i)

or, 011 t'(\"l'I',tnging,

(:118)

w11('1'(' eJ..··.i t'> na.,j, flll' all 0, /1 tE 3, will 1H' said to obey tho no-ruuturc
rondition .in til<' intornal domain lnterfncos.

2.4 Applicability of the Fluid Model

In this chapter, a pllrt.klllarly slmplo modol of tho macroscopic fluid structuto

has boon }.H'oIHlS('(l. It might initially appear that tho essumptlon a priori of
lmmtaclblllty and iUi o III pt'!'ssi bility contradicts tho undcrlyinp; philosophy of
til<' molecular models d!'Hl'rilll'd in S('ctiou La thhL til<' structure of IIH' fluid
is p;oV('I'Il('ll on tho microseupic level by till' interactions butwoon tho purti-
cit's of I he various ~f)('d('H In'I'spnt in the lluld, A('cording to t he' molecular
approllcll<'s, tlw H[)('c'jps rompositions and dC'Jlllit}' variatlons 0[' tho Iluid near

till' intorunl ill\('rflt('('K »obolllcl in principle 1)(' d<,to!'rni!l<'d from it knowkxlg« or
till' in\t'rltl'lioIlH betwoon t IH' llllit! part ide's I1('a!' t hc' iuterfacos. TIl(' appal'('llt.
rout rudu-tlon :!i pitt'liall,v t'(\[Ilov('(1 in C!:itptt'l' (i hy li!'h\('ting <L form 1'01' tho



where

(~.ll )

Ior n . .1 t: Z ar« iutorfures located within .VI, while' Ill<' (Ixt<'l'twl interfac('H iJ".

(~ E Z, are H('p;nH'nls of tho boundary i)/v{ lUl shown in Figuro 2,1.

TIll' domai ns of int <'gmt ion ill (~. D) can be' rearranged using tll<'se dofini tions

to give

(~, 12)

on account ing for \ II(' opposite oriontutions ,m O,A/L,. i)'V!d c: /)",1, (~ ~ d
induced by tho IImlp;(' form n,vl. Since til<' How it was defined as an autornor-

phism of .\It.

for ull n E: Z, By g(I!l('rali:mtiotl of (2.1a). any ~ t> .:t',;V! olll'yin,!!; the restriction

(2.1-1)

fen' all (l: (~ Z will 1)(' said to obey tho Il,lttornol'phism ('ondiiw1! on tho boundary

of.VI,

Equation :,U:3 can \)(' usod to rl'l!ttt·(' (:lot.!) to th(' conditiou

(~o Hi)

Equation 201!i illi\,,!h i{ tfllt! t h(I!,!, is lIO n(lt motion of tlukl into ,U1~' of tIll'

intornal domain illtC'l'fan'B, and ll<'u('(' that. t.Ill' creation 0(' V()IUIlH' in tilt' Iluld
S~'HI<'111by rupture 01' intl't'pl'IW\ 1'1\( ion \if adj()il\i[lI~ hl)lllldal'kH (IO(,Hnot occur,



Silll'l' 'tIP is trnnsportcd by till' Ilow of ;1. Irorn S('('( ion l.!).2,

,i ,I
,ji *P '~ * :ji P

(,) ~)
•• ,i) .

since tho Hedge Iorrn oil .\11 is tlmo-lnvariant. Equivalontly (ft~*p)!.\A,. ~ () rot'
all it E Z. Psinp; dolinitiun (1.1:1) and the Cartan identity (l,H) then yiolda

Uh*p +, d(p w))I,\A" ",. [f) dwll.\4.,

O~. () (2,0)

aft\.l' substitution of the' rrstrict ions (~.:3) and (2,,1) OIl tho form of tho fluid
dcnsitv, II('Il(,(', if (11.\4" .:f 0,

(~.7)

for all n E Z, Th« incomprcssi bili ty condi tlon (2,7) can 1)(' integl'nt('d over the
manifold .\11.1 to giv!'

(~,8)

for all ('t E: Z, on iLp[llyinf~Stokes' theorem.

2.3.1 Interfacial Conditions

From (2.1'1),

(2,D)

i).\II" c;;: u, U i)"d
,in.!

(2,10)



Transport of Fragmentations

It follows thut if p and I] (tn' tranaportod by the Ilow, then Ior discontinuities in

these fields (0 temain Oil the interfaces ()ivL~,(t IE 2 for all time, each dement

,\It,), n E 2, of the' .\It·complete Iragmentatlon /vtz must also be transported

by t he How of 'Pt,

Hodge Forms on the Fragmentation

Each .\It". nEZ, of the' .\It·complete Iragmentation .\ltz is assumed to inherit
t ho Hodge form H,VI p n,-vt from .\It by restriction,

2.2.2 Fluid Species

Where appropriate, the im>x ('( IE Z defines the species of the) fluid in ,-vt~,
Note that tho condition (1.18) for ,\It·completeness of {i\ltc) h)EZ amounts to
an assumption of the immiscibility of the fluid species comprising the fluid2,

2.3 Incompressibility Relations

For the moment, it is assumed that discontinuities may exist in the velocity

1.1 p ,t'M, but that any such discontlnuitles are confined, as in tho case of the

density, to the interfaces i)/V(,ll n ~ Z. Nolo that this assumption places no

further restrictions on the structum of the fluid system other than perhaps to

roqulro that. tho frugmeutation of J\It be changed to incorporate discontinuities
in the' velocity lUI well as 111(1 density, Tho question of continuity of the velocity

is addrc'Hs(ld ill gl'('ltt(·l' el('lnil in Section 1.13,

211!'ncp phYBil~!l1 [ll'()('I'HHPH rpHltl(,in~ from diffusion of one ~rwd('1l into another III'P boyoml
tilt' seopl' (If till' following IlllalYHill. ThiH resttiction has inlN(\llting cousoqucncos for lhl'

topolo!-lY of t\\l' Iluid on ,vI, lill diH('UHHt'd in Clliiptpr t 1.



and also

'/ I 1 ;1;Ti*fI ,\If" "" 0 nne :;i'/!.Vf.,:c.,; () (2.,1)

Spatial discontinultk-s in *p awl 1/ (l!'P thus restricted to the interfaces O}.A.1n
n E Z. Note though that !lot all clements of the interlaces nr-ed be points
at which tho density or viscosity is discontinuous. It is advantageous in some

e(ts('s (see Section ·Ui) to introduce it complete Iragmentatlon of ,vt in wh ich
t he' locations of ~()1lH' or tho interfaces arc' arbitrary and do not necessarily

partition the Iluid domain into regions of different density or viscosity,

A schematic of tIl(' resulting structure of the fluid domain is shown in Fig-
ure 2.1.

(a) Fluid domain (b) ~ragmen1atlon (0) Boundaries

Exompie: Z = { ex,~, y, 8 I

------ -------------------,------------------------~
rlgur(l ~.1: Schematic of the structure of the 'fluid domain,



2.2 Fluid Density 8Vlrl Viscosity

Let *fl (> O.\.It represent (lH' density of the fluid, such that til<' total mass of
lluid in .\.It is

II! == j *P
/1'1

(2.1 )

If it is assumed that m iii invariant with time, then

r *t>o .=l.IA

(I) I))
w.w

using (l.ti). Hence *flo :0;: ·..pt*Pt. and thus from definition (1.12) the fluid
mHi ty is t ranspottcd by t he Ilow of ..pt.

Similarly, define 71 t> AO.VI as the viscosity of the fluid. It is assumed that r/ is
also transported by the flow of :Pt, although there is no justification for such
all assumption based on 1~physical invariance as there is in the case of the
density. In the work to follow, the condition that p, Tl : ,,\II -~ n: is assumed
to hold.

2.2.1 Continuity of the Density and Viscosity

Assume a pr'iori lhat *p and 1/ uro plocewlso constant in .;\It. The aasurnption of
piecewise continuity, and 1l<'IlC(, tho possible presence of dlscontlnuitios in the!
density and viscoslty Ilcids on .\11, leads to difllculties in interpreting oloments
of tho exterior calculus on .vl. These problems can be circumvented by defining
lUI }"1·wrnpl('tC' Irugrnontatiou' {.\II,)}')G$ E:'E ,,\.13 (:WO Section U).:3) where' Z

iH isomorphic to a subset of thc' lntegors, such that within each domain .\11,),

Implicit III tlmllllt'OIH;q.\l(., 1- () for all nEZ, and henco that 1111'fraglllt'tltittioll IH nut
tll'p;t'!wmtp,

'20



Chapter 2

Fluid Model

In this chapter 1L macroscopic model for the structure of the fluid system is pro-

posed. The fluid is modelled on an Euclidean manifold divided into a number
of domains Oil which the density of the fluid is assumed to be constant through-

out the evolution of tho fluid system, The interfaces of the classical theory are

interpreted as tho boundaries between these domains, The assumption uf con-
stant density induces n, number of kinematic constraints on the velocity of the

lluid on the domains and their boundaries. and these constraints are derived

in this chapter. 'I'he chapter closes with a discussion of the applicability of the
proposed model to the description of the physical fluid system» of interest in

this work.

2.1 The Domain of the Fluid

Assume that the space occupied by tIl<' fluid is adequately modelled by 11

two- or (.hren-d irnonslonnl rea] Hausdorff maul fold }vI, endowed wi Ihat ime-

independent Euclidean me'l ric tenser g. Denote the llcdge form on ..\If induced

by the rnotrlr by *1 ",,0,\.1. J)t'[inC' the automorphism ..pI : .\It ~-) .\If. where' I

ii'l time, such I hat tho Ilow tit-It! II t> ,'t'.\If O['..pl is the' velocity of tlH' fluid in .Vl.

I!l



Measure of a Set

If ....,'C ,\1. define t\J(' 111((18117'(, of S with I'('SPI'C\ to a volume form n on .\1 by

\ \w integral

This definition can be used to define the measure of any w t> N"" M. m' :::;
dim(M) with respect to n by

!llectHn(w):::: f P
iSH PP("'}

( 1,:H)

where 8Upp(W) is the support of w, Using definitions (1.2:3) (11111 (1.24) it

follows that if 1Vc M and N C supp(w) then measn(w) > rneasn(iV) and if
supp(w) = N then measn(w) = nWllsn(N),



Stokes' Theorem

Let m = dim(M) and wt>l\m-1 M. If an AI·complete fragmentation {Mdi:! ...n
can be found such that the restrictions d(wl.lI,[,) are continuous'? for all i =
1. ...• n, then

(1. 20)

Note 1hat ill (1 20) the restriction operator on the integrand has been omitted

for clarity. Restriction of the integrand to the domain of integration is implicit

in all similar eases to follow.

Midpoint Theorem

l *J = J(.l:) r :d.hl hI (1.21 )

for some .r E A[.

Integration by Parts

Lot w( t> 1\n.Vi and \, I> 1\II'.VI. n + n' ~ dirn(.;\It), be two parameterised forms,
and let w, :;::-!f;,,J.)r and X' :.! 1;\( il'l defined in (l.t:~). Then

( 1.22)

on integrating by parts.

is that " .netric srructur« OCI AI dol'S l'xi!lt so thnt continuity of forms Oil M is
dl>fillt'd,

17



of the variations allows (-l.:ll) to \lp docouplod into t \1<' indopen« nt equations

(1' ",c'ix) 1:1" c.o. 0

(.U!2)

for n.11n,1'1 E Z. The' first equatlon in this sot shows that the pressure P
is continuous across intornal domain illt(,1'fl1(,(,8 while' till' S('('OfHi equation is
automatlcally :;atisfi('d by t h!' automorphism condition on bx.

The third and fourth equations in this set impose important restrictions on the
dynamics of tho »ystem only in tho ease where tho viscosity '1 is not identically
zero. Deline: tho vorticity c; ~;:: *ov. By taking the exterior dOl'iV{Lt1V(, of (4.18),
the vorticity transport equation

(,:1 '>'1), • loJt)

is obtained. Tho third equation in ,1-.22implies tlw.t the restriction of the VOl'-

tid ty to the exterior hourHliL~'y OJVi (since the ()(~c: (),,\A) tu.ist never become
non-zero, Via the following physical argument, it is eaaily ('1('(,11 tlH~t this re-
striction yields an lmportant construlut on t:1C time over which (.1.l~) iii a valid
description for the evolution of the fluid system,

Let m{las~j(~) be the meaauro of" with respect to th« Euclidean VOlUIIl<' form
*1 on ,\It [see Section ~,l), Assume that i- tinlly HUpp((,') c .\It, SI) that the
third ("i!'at:iofl in (L:l:n is sittisfi('c1 and 0 ~ m(\(ts'l(C;-) <: llll'IU1.1(';V!), en
ilHtl[JP(C;), (J'.;:: 0 but d~1; cannot bel ;,Wl'O. It Icllows from (-t.2a) thnt. ~'ils"np(c;)
is non-zero, and 11<'11<'(' j~lli0t1H'1 (I,) > 0 for al] time, lrnplying Irom S('ctioll Ul.:l
Ill<' growth of Hllpp(c;l at! time Pl·ogt'('HtWB. At HOTlW timo'·, HllllP(C;) nO.VI will
t.llllH \)(I('otn(1 non (Imply. (Not» that hy thl' uasumption llf ~t <\1\ automorphism
on .Vi, till' v()rticit? in .\It will not b(, transported to till' boundary of .V ill
Iinit« tim(1 by til<' Ilow of ""t, 'l'lu: r-ncroucltment of supp(lo)) on i).Vi iH ~()I(lly 11



4.5 Compatibility Conditions on Interfaces

Th(' boundary int(,~l'il,IH in (1.lG) provide an additional Het of equations con"
Htl'ailliuf.'; the evolution of tIl(' Iluid t~ tern:

- 0 CLW)

As in S('('tion ~,:U, the ir.\(IAl'al can \)(> rewritten in t('rrnH of tiL<' Iactorisation
of O.i\lttn t~ l~ Z into intornal domain int('rfa('('1l and extorior boundaries as

sn .:::;2: I [1/ ~x /\ *dll + P *bx J
l\G.;~ Ii tltt

(,1.:20 )

Exploiting the no-rupture condltlon on the variation 8x,

+ 2.: J [(II Ox /\ *dll) Iil,V1" ~~ (1) 8x /\ *dll)I"l,V1{ll
tY,!If]J ,j'lll

('l.~l)

TIl(' variatiun« hxl'l". *bxlil" and hXl.t'il, Ior all o, J; E 2. can b(l imposed on tlw
lluid SYHt('1l1 lndepondou tty of each ot [WI' and of til<' varlatlon., (8xlil.\.j,,) 1;1,,,n

n,,~ (~ Z. Tho l'!'litliOllHhip Iwtw('(11\ til<' variatlon« (hxl;I,\t1,,)I'/'Hi' n,!,J \~ Z, iH
d(·IC'I'min(·tj lulN in tlllH S('ct,j01l. Exploiting tho ludepondonro and arbitral'ilH'HH



whore (1.:1) lWH 1)('('11 wwcl10 l't'plan' (IV with (IX. On exploiting (1.2~) and tlu:

condition that the variations vanish at /0 ilIld t I.

61

(1.11))

since, from (~.!j). jJI.VI" :-:: () fOI' all n (~Z. Sinn' tll(' variations (lXI.VI", Ck (~ Z
(1.1'(' urbi 11'iU'Y and indopondent of each otlWl' (up to till' imposit ion of thv no-

rupture condition on tho boundnrios i).Vi,,),

(,1.1i)

for all n € Z. 8It1('(' from (2.;') dWI.VI" tt: (), J*d>l<lll.'v1,l c:;., () nud h(·tH·(·

fot' nil n G:;3, where dJ c;:' *d*dcr(=,l)lItd*ch, m::;;! dim(JVi). iH th" ronveutiouul
Lapluco Doliham operntor.

If th« Lagrango multiplier JI is iutnrpreted as the pressure in tilt' Iluid, ('1.111)
should be recognised lUi tilt' Navier-Stoke» momentum equation' ('x('('pt that
tho bcdy-Iorc« t(\rm~ d(r) contains 1\ rontribution Irorn th« internal illt('l'uctiorW

within the fluid,

1S(!(!, for inst.me«, till' hook by Landau and Lifshitz [,Iv].
2 Note tlmt the quantity d«I'+[I) in CUM} can 1)(,inLNpM('d as tlH' vI'loritj ·illdt'fH'IHlel1t

cumpouent of tlli' fort't' iLt'ting Oil lilt' fluid. 'I'hie interpretation forlll~ {hi' b~iH of tl\(' lLl\alYHis
of Chltpll'r 9,



and t lw variat ion of tit<' di.ysipat ion fUl1ct ion is thou

0,12)

through all uuulysis slrnllar to that in til(' ('1111(' of tlw kinot lc t'lH'rgy, by us-
sump! ion of tht' translational invananco of 111.'vI"f(JI' all 0' (~ Z, Exploit.ing t\liH
assurnption and tIl(' /\'·an!i<i('rivlttioll pl'OjH'rty of tho vxtorior derivarlve,

6f) '" '~J/'vI,,[d(11811I/\*dllt') ! r/hv,/\d*dvt']

,~/' ..-I" '/ hllt /\ d",dlll' + ,~lIM,. 1/ 811! 1\ :;.dVt' (,1.l:n

IlHiup; S(Ok('H' theorem.

FilHtlly, til!' vnriutlou of tlH' POI(IUtiilll'IWl'IJ;Y ill

(,1.1-1)

(In fro.p;tucmtinp; the int!'grnl and using (·Lit).

4.4 Navier Stokes Analogue

Substitut.ing (-i.IO), (-l.la) mltl (-1.1,1) into (:1.2). tho variation of tho action

liJ ::J ,~1.:1,L ..[8* /\ ( (i'w c~ 1/./.:°+1 dlfldv"dl' ) Jdt

,[I /V!"[ 8x 1\ ( .. d<p + :;.dp ) lIlt

() ( 1.1.1)

:lG



on applyill~ Slok('H' t ln-orcru.

4.3.1 Variations of the System Integrals

TIll' varlations of the various torms in the Lagrangian map as a result of the
varlntlons (IX and bv nr(' !lOW calculated uslng the variational operator defined
in (1.1).

Expresslon :I,G rm' the kinvti« (11lt'L'{!;y of the system can IH' rewritten in (HlUS

of the' Iragrnentation of .VI introduced ill S(1ction 2.2.1 as

(·U))

TIll' varlutlon or t he ki netlc ('ll('rp;y of Ihe system iH then

.~ ,~1V1,.[ II OIl 1\ *v 1

sinco, uHin!!; tlw Curtnn ideutity (1.\)), 'c6xPI.VI" :;;;;:*(6'x 1\ *dp)I.'vf" :;;;;0 by tho
assumption of translatlcnal invariunce or pLVb' The advantage of using the
upprcach via tho fragnH'lltllti()(l of ,M into domains upon which the density
and visroslty is tranalatlonally invariant should now he dear: the problem of
possibly having to Interpret dp (and, in the ease of the disaipntion function, dry)
Il.t discontlnuiuos Oil tho boundaties O/vt,,, n E Z has boon avoided, th,e of the

(,1. 10)

fragmentation of ivl haH ill fact d<'fol'l'('d the clnaslllcatlon of til!' dis('ol\tinlliti(,B
it! tlw various 1i('lds OIl .\It to t hl' intprp!'C'tatio!l of 11number ()r compatlbillty
(l(l'lI1tiOrlH on tho int('('(',U'('H 0/\11 nnE Z (/l(I(' S(,ctio!l .1.;1).

'·:Xpfl'.'1Hi()l1 (:).8) for 111(' <IiHHipat.ioll Iunction can 1)(' rewritten in torrns of t\1(I

fmgml'I1t nl ion of .VI IHi

(1.11 i



ltsolf obey the no-rupture condition. Similarly, (IX and (Iv must both obey the

automorphism condition (:2.11) oll til<' r-xtorior iutt'l'fac('s.

Within .\lC,. n E; 3, tl)(' assumption of inromprossibillty (2.7) induces thn

additional conditions on tho variations that

or, Mince v is assumed already to obey (2.7),

for ,111 Ct E Z.

4.3 Modification of Hamilton's Principle

I amiltou's principle CU·! be amended to include condition (.1..1) by modifying

the Lagrangian ma; , .a) for the system to the form

110+1
L ::;;:T - V + Dtldt' + II

to

where

(.1. i)

and 11 I> NM is ,. Lagrn.n,!1;<' multiplier. Note that since 8x might contain

discontinuities on the int('ri'll.c('s O.lVt,l' nEZ, so might p. Ccnsidoration of

tho continuity of p follows in Section ·Ui.

Alternatively, IIHing 111(' /\oitlltidprivatioll property of tho oxtrrior derivative

II ;"'~ 2;:, 1'v1., [ d(ll *8x) ,~ fix 1\ *d]1 1
In,:,c,

(·LB)

:11



to !lU' velocity lipid u, such that CiX/n '''' hXtJ ::::; 0 and hV/1l :::;~ CiVil::: 0, that is,

Hitch that til<' variutions vanish iLt j 11<'IJ<'ginning and ond-poirus of the motion.

Th('s(' dil'iloZ'tiotls to t he fluid sYHI('tll viold

as th,' variational operator for til!' H,Ybl I m !SPC Section :l.1). The operators <fil
and tlk are' functional derivntives of the' variatlonal calculus obeying the rules

bx ·fLv "Ue, ()( x

hx d c",xw(Ixw """"

(iv ';t;i=v '""'"" hv(v

bv Cl1~W ',,",,_' () (-L2)

whore u is tho fluid \\·!t)(·ity IlS ['\'('Viollsly interpreted, and iN' t> /\ n.;1/1. t n :5
dirn(},/1), distinct from v. Tho ITl<'sHirW8S of the algebruic behaviour of tho

variational operator is <1 consequence of tho variations bv and bx actually

being linked vla tho kincmat!« compatibility condition

livi - ,;,,{,bxt
dt

,,- trXt (-La)

The notation where' til<' supcrsrript lot represents tho total dorivative with
rt'sp('('t, to the tlmo panunoter I is used throughout tho following soctions.

The analysis which follows is \HtHl'd on tho complete frf\gul<'ntatiotl of ..\It into

tit€' s('t.s i\t!.~,n E. Z, itS dl'HCI'ib(,(l in S('ctiotl 2.2.1. In this C!lH(', tho rostrictlona

hxl,\A .• and ill;'I.\II., of tIl(' variutions can ho considered to btl indopondont for
all n t;:; 3, but. rot' tho varlatlon« 1(> \)(1 consiston! with th(' ,'('stl'idh'lls Oil th('

kinematics of thl' ~y!lt(,1Il imposed by tho tnacroacopic st rurturo of tit<' Iluid (HI

,\It, v + hi) and c'lx must ~lttiHry t ho no-rupture condition (:!.lH) on all intornul
inINfH('('H in th(· ;q \"'" dol' "tl"l'Ilptllr(l condition i~i it linear oporut.or
(ill (J1I('··foI'IIlH. it follows, sinco v ahvady tltH'yH tho coudltion, t hUI bv must



Chapter 4

Fluid Dynamic Equations

4.1 Overview

In this chapter. tho form adopted for the Lagrangian in til<' definition ()f the
interaction lield model of the previous chapter is shown to yield it differential
equation on the fluid domain M. This equation closely resembles the Navier
Stokes equation which is ussumed to govern the fluid mechanics in the domains
of til<' classlcal surt'!\('(' tcnslon model. In addition, the mode! adopted for the
macroscopic structure of tho fluid, derived in Chapter 2, hi shown to result in t\

!wt of dynamic. compatibility conditions which must be enforced at the bound-
arios between tho domains in tho interaction Held model. '1'11('8(' ccndi tions
allow tho continuity of the velocity v r> .i',:VI to he illVC'stigated. and porrnl t tho
issues of compatibility \)('tW('(lll tho interaction f\('ld approach and the classical
model raised in Section 1.G and Section 2.,1 to be pnrtially resol vod.

4.2 Variational Analysis

AHKUtlW til<' fluid Hy~l('m to 1)(1IHlbj('ct to tim("p<U'amPtC'rispd varlat ions 8x C>

,\'.\It, representing a distortion to .\It. and hll D ,t'.VI. representing it dilltl,l'tion



t ions which \H't\('1' arromuicdate t 11<'form of the lntoraction potential derived
in ('hap!!'r n,

:n



but is independent or the lIttid's velocity. Included in this term are assumed
k io contributions to tIl<' potential energy of the Iluid from eff(!lIs generated
outside tho fluid and also from internal intcractlons generated within the fluid
itself.

Dissipation Function

The dissipation function is iI' general it time-parameterised map D, : .1:'0\-1-+
IR, the specific Ic. m of which is dependent on the local structure of the fluid.
Consistent with the neglect of the internal and rotational modes in the kinetic
energy term, and with the isotropic form of the fluid density assumed in Sec-
tion 2.2, tho simplest, isotropic, form for the dissipation function is assumed:

(a.s)

where 'I is the viscosity of the fluid defined in Section 2.2.

3.3 Summary

In this chapter a, Lagrangi,111 approach to tho dynamics of tho Iluid system
has been followed: The Lagrangian (3.3), defined in terms of the energy and
rate of energy dissipation within the system, together with the specific forms
(3.6), (a.7) and (a.S) and the structural assumptions of Chapter :2 define the
interaction Hold model. In the following chapter it is shown that one particular
manifestation of this model is a. dynamic equation on J\.tt which is analogous
to the Navier-Stokes oq.rations rOI' an incompressible fluid. The form of the
interaction potential <I> in (:3.7) has yet; to be related to the configuration of tho
fluid syst-m. 'I'he construction of this telatlonshlp is the subject of Chapter H,
where tlw Nuvior-Stokes analogue 011 .\.tt is shown not to be tho most natural
dynamical manifeatation of tho interaction fidd model. TIH~results of this
chapter will thus he used again in Chaptor 7 to derive a. :wt of dynamic <'<jUI\-

an



Kinetic Energy

(:l,G)

This form accounts Ior Ih(1 kinetic energy contained in the fluid by virtue of
its velocity 1.1 but, to be consistent. with the structural assumptions made for
tho fluid in Chapter ~, neglects possible contributions to the kinetic energy
from ot her sources such as the rotational motion of individual fluid particles
OJ' motion with respect to interne! degrees of freedom of tho fluid particles,

Potential Energy

The potential energy of the fluid iH assumed to have the form

(:l,7)

whore the time- parameterised form <1>t t> 1\0 /v1.. is tho potential associated with
the lntoractlons within the fluid. As is shown in Chapter 6 and in the chapters
which I'ollow, (1 suitable definition of this potential leads to compatibility be-
tween tho predictions of the interaction field model and those of the classical
surface tension theory,

The general Corm of the lnteraction potential given hero assumes that the
potential energy of the system is dependent on til(' configuration of tho lluid,._----,---

2Tlw kinetie I'nNgy could equivalently haw boon defined as

'f'.", ~. r fl g(#v, IW) (2,\.1.I,IA
IIHing the metric tensor on ,\I(, or

r }1. (I #11 J II n.1A
,\.1

(:l.!i )

UHlll~~ th!' inner product: Till' l.irtn (:l.0) is to b(' (lI·(·[t'rrt'd for r('IIIlClIlIl disl'IlHI:H'd in S",'-
tion 1.0.1

:.!!)



Kinetic Energy

Deline )

This form accounts for the kinetic energy contained in the fluid by virtue ot

its velocity v but, to be consistent with the structural assumptions made [or
the fluid in Chapter 2, neglects possible contributions to tho kinetic ('tl('rg~'

from other sources such as the rotational motion of individual fluid particles
or motion with respect to internal degrees of freedom of the fluid particles.

Potential Energy

The potential energy of the fluid is assumed to have the form

(:~.7)

where the time-parameterised form <PI [> I\o.'vi i\l the potencial associated with
the intcractlons within tho fluid. As is shown in Chapter 6 and in the chapters

which follow, a suitable definition of this potential leads 1.0 compatibility be-
tween the predictions of the interaction field model and those of the classical
surface tension theory.

The general form of the' interoction )oL('Utia.1 given here aSSUllH'S that the

potential energy of til<' system is dependent on the configuration of tho Huid,

2The kinetic ennrgy could equivalently iuwo been deflned ll,~

T;:;:·~ r "g(#v, 1W) OMJ,Vi
uaing the IIll'trk tensor on lvt, or

r .:::~ r P 1W.1 1/ ti,\;1J.Vi
Ullin!!; I hI' inrll'r pre IUl'1 '1'\11' i'nrrll p\.li) is to Ill' prl'fl'rrpd for 1'("I.MltlH diHl'uSHl'd in See.
lion 1.n 1.

:W



on combining (5.12), (lU8) and (5.19) and hence

'1« d(p-l)t\d(p+<f_») :::.: _~.6.(!)p-l >< ,')~.'(P+'<[>,,{i) dx2

++~(')p-t X i}~;'(P + <J>,~;1) dx:l (5.21)

WhHC in (5.20) and (5.21) the right-hand side is to be evaluated at (O,X2,.1)3).

Notice that the derivative normal to the interface of both the pressure! and the

potential has disappeared, obviating the problems with the continuity of the
pressure and potential that were discussed earlier in this section.

The second term in the vorticity source

d (17/ p) t\ d21J :.:::: ~.6. (I) (Til p) dx1 t\ O~:I ;J~:I[V2dx2 -I- L'3dx:J]

+~.6.(()(r}1 p) dx1 t\ o~.)II~J ['lT2dx2 + vadx:l] (5.22)

on combining (,1).12) and (5.15), and hence

*( d(rl/ p) t\ d21J) = -~.6.(()(17/ p) x (u~:l1i~:IV3 + il~~1 d~" V3) d:J.~2

+~~((,)(ll/p) x (()~~O'~~V2 +- ;)~J i)'~JV2) dx3 (5.23)

where again in (5.22) and (5.23) the right-hand side is to be evaluated at
(0, J..2, .r-'I).

It is a simple matter to reconstruct the geometric form of the vorticity source
from (5,21) and (5.23). By inspection

where <1>0111> NlJoil and, from (5.1-1),

(5.25)

showing that t.he vortici ty source becomes singular us the thickness of tho
interfacial volume is reduced to zero, or, in other words, in the case where

51



on substituting (ii,1,t) for the velocity at the interfuce into definition (ii.H), and

lienee on the interface

(5.17)

In Section 1.5 it was shown that the pressure in continuous through an internal
fluid interface. Hence on the interface

L (t) . L 'j 2 ') . 'IdlJ == ( - .'<\ P d V ,L•• ,;~. .p d.l' ,.1, _' 1) (1,,' )I(() J 1)f ~ ~ r :Jx.·· 1 a.r.() ..,\Jv •.1' ,;t' (tUS)

in the limit as (, - O. As in tho case of the velocity, the gcneralisatlon of the
normal derivative has been used since continuity of the pressure is insullicient
for the normal dorivat! ve to exist, It: is shown shortly, however that, the fir!!t
term 011 the rip:ht hand sido of this exprosslon cancels in tho vorticity equation
and hence the problem of the existence of tho pressure derivative normal 1.0

the interface can be avoided.

Tho exterior derivative of the pot('ntiallP on the intorface should similarly be
generallsed as

t (,) I 'J q 'l 'Id([) - (I~ <I) d.-c + '1~7([ld.n" + 1:xJ<I> dx' ) 1(1),.\:~.rl)

_, (t,~(t)(f) d,~·l+ i)~~(l),ya (LJ;1. + :Gh<l)'~i1 cb:a ):"),:r2,x~) (1).l9)

as f. -+ 0, where (l,>,~,jis tll<' potentia! on the Interface Ot,(II' This form follows
since, as is implied by tho analysis or Chapter G, tho potential (f) is in general
dlscontinuous a('I'OSS the int('rfuc:n,

The results obtained above can now be combined to obtain I.t coordinate ox-
pression for tho vortrcity SOIIl'C(, in the intnrfadal region,

The fir!'!: torm in tho vorticity S()U1'C(,

d (p'~ 1) 1\ d ([i + (1))

I .\(tl 1 i t 'J ( I I '1+"'-1 f)- (.I~ 1\ -:"-~~P .~. (a.)j) (.1"
t . tIl'" IH Ui.20)

no



Using the dual basis introduced in the neighbourhood of P, (hI' velocity

where 1'1,1'2, l'a!> AU.VI. Let the velocity in the interfacial volume be given by

(G.1/1)

in the limit as e -) O. This form it'!suggested by Friedrichs [aO] in the case or an
interface between two immiscible clornains of fluid ," "J iH consistent with the
no-rupture' condition on the internal fluid interfaces developed in Section 2.a.1.

On the intC'rf1v (I the Laplnco-deliham derivative of tho velocity is thus

2 1 . (()) 2 [ d 1 .;1 '1]Id v ~ ;-;(...'.l. vI.r + vadx + t':lcix' (O•.t'2,.t'~)

using (G.13) and (5.H) and abusing the notation slightly, in the llmi] as ( ......o.
This form follows since, as discussed in Section 2.:3, the components V'2 and Va of
the velocity parullel to the interface may be· discontinuous acrose the intorfuco.
Tho no-rupture condition of Section 2.:3.1 of course requires the component VI

of tho velocity normal to the interface to be continuous across the interface,
but continuity is lnsulllclont for the derivative d~'i/1;i'Vl to exist. Hence in
(.i'i.Ui), the derivatives with 1'1'!>[H'ct to J~l of all the velocity components must
be !l;en<>ralis('d IlHing the limiting procedure described oarlior, Note however
that on the interfnco

(lUG)
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infinitesimally thick. discontinuous interface follows as c .......O. To make further
progress it is necessary to model the variation of the fluid properties through
the interfacial volume. The best model is obviously obtained if the assumptions
made during the modelling of the interfacial properties have no d .ct on the
form of tho final equations derived. As will be shown, this independence of
the final model OIl assumptions regarding the structure of the interface can be
achieved with some success.

The rclationshlp between the density and viscosity within the interfacial vol-
ume and that on either side of the interfacial volume will not be specified other
than to assume that tho interfacial properties bear a constant relationship:l to
the properties of the fluid on either Bide of the interface, Since the density
and viscosity are assumed to be constant on either side of the interface (sec
Section 2.2.1), it follows tlH1t in the limit as (:.-; 0, plllo{l and 171,1,"1 should then
also be constant, or, in terms of the coordinates introduced onto the interface,

(1).11)

dsing (5.11) I since the density snd viscosi ty or the fluid may be discontinuous
across the interface a(~j~'

d(p-t) == I,' (() -11 .L. 1i-~ P (O,x~,xl) (,r

tl).12)

at any point on the Interface i)r~jJ in tho limit as c -; O.,----.._.-._--_._.--------
3 Note that in some physlt:n! systema LIH~ viscosity on the intrrC{\c(' dillers significantly

from the viscosity in the Iluld on cliher sldo of the interfuc«: see for instunco the papet by
Serenaen and llennenberg [7nJ, It would appoat from the simple form of the vorticity source
thnt, results from the analysis presented lH'rp. that the fluid properties in theao systotns art'
not 'sufflcienely smooth' for (5,5) I11HI (5,7) to capture nd(!quntcly their vaeiatlons across tho
intorfncial volume. This sltuauon could he romedled, and compatibility with the atructurnl
asaumptlone of Chapter :2 could hI' enforced, by including tho interfucial volume, -vith its
('QllHtant, inlNfnc!lll vlsccsity ami dl'llHity, into the .vt-completo Irugmontution ,VIz \)1' till'
fluid domain. Note Ihtltl!';h that it ill implicit in this l'fill<' that tilt' intrrfllrial Vr)IIIIlW Klwuld
not reduce to n. sot of ?'''rI) measure with rpS(ll'l't to tho volume form on ,VI bIll. Ilwuld rcotllin

a HIlIII' thickucss.



If w is 'sufficiently smooth' tJwn'

t• 1 \(r) I . .__ ;1 'I
\!l(l) -w. w (0 •.1'2,.1'.1) -~ (1,1'1'" (l),x',,rJ),_.. f

(5.6)

Likewise define

(~ "),J, {

If w is sufficiently smooth then of course

(5.8)

Flnally dellno the lntorfadal nVC'l'Itge of w,

(5,B)

Substituting this definition into (,Ii. 7) gives j he alternate deflnition

(5,10)

These results enable the derivatives of the fluid properties 11t th« internal in-
terfaces to btl generalised in the case whore the fluid properties may be dis-
continuous at the int!'l'fuc('s,

Interfacial Model

For the purposes of the following annlysis, nssumc tho existence of 1111 interfacial
volume, comprised of the thin V01UlIW of fluid, chaructorised by thlekucss e,
surrounding t.11<'surfac(, i)",j, In this lnterlucial volume tho fluid propoerties
ma.y differ from thORP OIl either Hide of ttl<' int(lrf.'lc('. The allalysis for tho



5.2.1 Vorticity Source

At \lH' fluid interfaces, howe ver , t 1}('1'(,may indeed be sources of vorticity, The
analysis of the vorticity equation in tlH' neighbourhood of the internal interfaces
proceeds here via the introduction of coordinates in the neighbourhood of an
arbitrary point located in (JIl(' of the internal interfaces, The geometric form
of the vorticity equation is then reconstituted by examination of the resulting
coordinate form of the expression for the vorticity source at the interface,

Coordinate Analysis

The following analysis aS8UllH'S llim(.Vf) ::::a, but the two-dimensional case can
be handled in a similar fashion, Let (Xl ,r2, ,'1':1) be orthogonal coordinates valid
in the neighbourhood of a point P E ./vt located In one of the internal fluid
interlaces Or'i!! o, /1 E Z (H~~('.Section 2,:3.1 rot' the definitions of external and in-
ternal fluid interfaces). Le t P have coordinates (0,0,0), and let the coordinate
,vI he normal to i)"lj in tho sense that (da:t)I,1"o = 0, where (dx1, dx2, d.-c3) is the
dual basis induced by the coordinatea in the neighbourhood of P. This con-
clition on ,vi and the orthogonality of coordinates implies that tlv! coordinates
.1,'2 and .1)3 aro tangential to tho interface at P.

Derivatives at the Interface

Let WI> N.M, or in other words w : (,v'" .,xm) -\0 ll~for all m-tuples
(xl, . , , ,.vm) in the chart induced by the coordinates defined in t he neigh-
bourhood of P, Define

(5,5)



5.2 Vorticity Transport Equation

Dc·tine the vorticity <; ilSl

(5.1 )

As shown already in Section 1.,5, the vorticity transport equation on the fluid

domains ';\'1,,, n E Z can be derived very simply by taking the exterior deriva-

tive of the momentum equation (4,18), Here a similar ProCI duro is followed,
but (4.18) is first assumed to be valid throughout the fluid domain .Ali. Then

(5.2)

where the vorticity source (J't> N/vt is given by

0" == *[ d(p- t) 1\ d(p + cI») + d(rt/ p) 1\ d211 1 (5.:3)

since exterior differentiation and the Hedge star commute with the total deriva-
tive with respect to time, the Lie derivative and the Laplace De Rharn operator,

and exploiting definition (5.1).

Away from the fluid interfaces DiVin• o E Z, (J' == 0, by the assumption that
p and 1) are piecewise constant in .\If, and by definition constant in each Mn.
Hence away tram fluid interfaces the vorticity transport equation reduces to
the linear transport ..diffusion equuticu

(5..1)

for all nEZ, derived in Section ,L5.
"_"~.-,,,,,--. _,.." ...._ ...__ ...._"--,,.,-,_,..,..._. -

ITII!! couvontlonal definition of thl' vorticity is of course the vector field #(*dv), but, fill

described in Sectlon L!J.l, U~(! of tlw dua! section will admit the more powerful algebra,

,15



Chapter 5

Alternative Formulations

5.1 Overview

In this chapter, two alternative formulations, based on the Navier-Stokes equa-
tions, for the dynamics of the fluid system are derived. The vorticity transport
equation derived in Section 5.2 yields additional insight into the structure of
the deformations of internal interfaces under the influence of the interaction
potential and the pressure within the fluld, The vorticity transport equation
is shown to contain a source term which is non-zero only on the internal inter-
faces within the fluid, and in Section 5.2.1 an explicit form for this source is
obtained. This form for the source term is used in Section 5.a to complete the
analysis of Section '1.5 of the continuity of the velocity of the fluid by supplying
a result for the case where the fluid has identically zero viscosity. The analysis
of the vorticity transport equations is concluded by an examine tion of the prac-
ticality of the technique in the analysis of fluid systems with non-differentiable
boundaries - a class of fluid systems which is not amenable to surface tension
based analysis, Finally in Section .1.5 l1 second set. of evolution equations, based
on (,[1(' existence of u potential Ior the velocity in the case where the fluid has
Z('1'() vorticity, is derived. These equations are used extensively in Chapter 10
where the correspondence between the dynamical predictions of the classical
surface tension model I1rHl tho interaction Held based approach is examined.



the interaction Held approach in the absence of internal interactions is thus

demonstrated.

It is also shown that the macroscopic structure of the fluid adopted in Chap-
ter ~ leads to a set of conditions on the continuity of the velocity which are

imposed OIl the boundaries of the domains comprising the fluid by the inter-
action field approach. This analysis is applied in Chapter 11 where the effect

of the topology of the fluid configuration on the evolution of the fluid system

towards equilibrium is discussed. The discussion of the continuity of the ve-

locity has no, 'ct been completed, however, since the compatibility equations
(4.22) yield no information on the velocity continuity in the important case

of identically zero viscosity. The analysis of the continuity of the velocity in
this case must await the results of the following chapter, where two alterna-

tive dynamical formulations for the fluid system, based on the Navier-Stokes
equation (,1.18), are derived.



conditions (4.22) hold, except that the condition of pressure continuity across

t he interned domain boundaries is replaced with the condition that

(4.30)

for all a, ri E Z, using the Young-Laplace equation presented in Section 1.2.

In this expression (j(~!] is the surface tension, and !<'"j] is the mean curvature,

of the interface O(~iJ.

4.7 Conclusion

In this chapter, the structural assumptions of Chapter 2 and the forms for
the kinetic energy, potential energy and dissipation assumed in Chapter 3
are shown to lead to the dynamics of the fluid on )vi, under the interaction
Held model, being governed by an analogue to the Navier-Stokes equation,
Importantly, the issue ('. «ompatlbillty between the classical surface tension

theory and the interaction field model, discussed in Section 1.5 and again

in Section 2.4, can be resolved trivially: If there are no internal interactions

present within the fluid, then the term d<I> in (,1.18) can be interpreted as the

usual body force term resulting from interactions between the fluid and a field
generated externally to the fluid, and hence (4.18) and (,1.29) are identical

models for the dynamics of the fluid within the domains j\lt,~, a E Z, if it can

be shown that p == p in the absence of internal interactions. In the classical
model, from Section 1.a, absence of internal interactions requires the surface
tension V'af3 :::: 0 on all interfaces within ,\It. In this case (4.30) reduces to

(4.31 )

for all (~.I'j E Z, which is identical to the pressure condition in (,1.22) which
is imposed on the boundurios by ttl!' interaction Held approach. Hence p is

trivially equivalent to p and compatibility between the classical theory and



and that

(4.28)

on all internal domain boundaries Oaf). Equation 4.27 is a condition on the con-

tinuity of the vorticity *dll on internal domain boundaries, while (4.28) shows

that the variation ox must be continuous on internal domain boundaries. Via

the kinematic compatibility condition (4.3), Sv must thus also be continuous

on internal domain boundaries. Since the variations represent physically real-

isable deformations to the system, it must oe concluded that the flow field v
must abo be continuous on all internal boundaries induced by the J\Ii-complete

fragmentation .;Viz. Note though that the result just obtained holds also in

the case where lvtz is an arbitrary complete fragmentation of M in which

the viscosity is not necessarily discontinuous everywhere on the internal do-

main boundaries (see Section 2.2.1). Hence the flow field v must in fad be

continuous throughout ;\It.

4.6 Surface Tension Model

As discussed in Section 1.2, the classical surface tension modei adopted in this

work assumes that the fluid dynamics within the domains comprising the fluid

is governed by Navier-Stokes equations analogous to (4.18);

for all a: E Z, where <I>, instead of representing the potential arising from inter-

nal interactions and interactions with external fields, must be interpreted as

the potential arising solely from interactions with external fields. The pressure

pin (4.29) has a somewhat different interpretation to fluid variable p occurring

in (4.18). The reason Ioi this difference in interpretation will become apparent

in Chapter !J when the static predictions of the classical theory and the inter-

action field model are reconciled. On the domain boundaries the interfacial

·11



result of viscous diffusion.) Hence, for any time t :::::i" the condition imposed

by the third equation in ('1.22) will be violated. This equation thus imposes
a limit to the time for which the system of equations derived here remains a
valid description of the dynamics of the system. An alternate viewpoint. on

this restriction is obtained by recalling that the velocity v can be obtained by

integration of the vorticity field over the domain of the fluid, as shown, for
example, by Wu and Thompson [88J. This restriction can then be understood

by realising that the velocity on ;\4 resulting from a vorticity Held ~ -vith
supp( c) :::) j\4 cannot be accounted for by a description of the fluid system

based on integration over j\4 alone.

It remains to interpret the constraint on the evolution of the system implied
by the fourth equation of (/1.22). Define the sections

(t' - (( 7J*d£l) laNln) 11).,,e

(/3 - (( 7J*dv) laMil) la,,)3

8xcr - (8xlaM")h'l,e

8xp _. (8xI8M,e)laO{l C1.24)

of N 8cr/l such that the fourth equation of (4.22) can be rewritten as

(4.25)

If (cr -:f:. ({3 then this equation can be solved to give

OX" = k (i3

OX{3 = -k (a (4.26)

where k E JR, and hence the variations ox Oil the internal domain boundaries

are not arbitrary, as assumed, but are forced to have a particular orientation
related to the fluid velocity at the boundaries. If (cr = ({3, however, then

fix" ::.= 8x(3 ::: ~ where ~ is an arbitrary section of ,t.'M. Arbitrariness of the
variations ox must v , J • be obtained by requiring that

(4.27)
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Differentiation

A consequence of dolini lion ((l.1) is that

(i,H)

since WF>1' is invariant transverse to the fibres iJ(P, b), bE B, A siuiilar result
holds for WIJ> l' , of ('Olll'H("

(6.15)

and

((),l6)

where p :::::dirn('P),

It is easily shown lUling the Cartan identity (1.10) and the results (6.1,1)1 (6.!))
and (6.10) that

((U7)

Equivalently, if eo and eF 111'(' interpreted as differential operators, then

(6,18)

Finally, since dilforcutlatlon with respect to a parameter commutes with the
WIll posi t. ion prod uct,

(tU IJ)



It is important to realise that, from their ci<'finitioll in t.('rIllH of ttl<' inclusion

OI)(')'lltOI', Il('itll<'l' t.h(' composition product 1101' (11<' composition SUIll nrl' com-

11l\l~.ativo,

Hodge Star Operator

L('( nCl awl n, lH' th<, lIoclp;<, forms on Band :F l'!'S])('c't ivclv. 'I'hoso forms

indur« it Ilodgo Ionu

( (' "),:-\)

on 'P such Ihat

(G, D)

while

(G,IO)

NO\(1 too that, sinn' tho fihr('s derived ['I'OIll :F und B arc' orthogonal at every

point ill .'\.',

OUI )

Ilnd similarly

(G,12)

It follows [rum (CUI) and (0,10) thnt

(ILl :1)

whil« no si111PiP 1'('s1t11 holds lur !11<'ruinposit iOIl product !'Iill(,(' tlH' llodgc' sl ill'

opornt.or dOl'S nol elis! ribut« 1)\'(,1' ! Itt' ('x«'l'iol' product,



6.2.2 Inclusion Operator

The induced map

for any n :5 dim(.r), can be used to define the inclusion operators

> NI:F -+ N'P

(6..1)

rot, all n :5 dirn(:F). by construction of W'>'> such that

(G.5)

Note that by transposing the roles of l3 and :F in the interpretation of ,1;'

as a trivial fibre bundle, tr ..:J inclusion operators >: An' l3 -+ An' P, for all
n' S dim(l3), can also be defined,

6.2.3 Composite Forms

LN Wn t> N'l3 and w~ t> N:;::, Also define ell t> ,1:' l3 and eJ t> .1:':;::.

Composition Operators

Defino the composition pfodud by

(') NI' 8 x An:;:: -+ A n'+n,p

(6.6)

and, in tho case whore rt' :::;:n, tho ('ompo8itioll snm by

((I. 7)
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over a potential :F defined on .;\IIn, where t! is the number of particles in the

largest duster for which the energy of interaction is considered significant. It
is demonstrated in Sortion (iA.n that tho potential <I> t> A 0.\11 ('all bc! obtained
from the potential F» AO.\IIn via u suitable projection onto ,\II.

TIl(' transfer from the' microscopic view of the fluid system adopted in S(,C-

tion 6.·1 to the macroscopic perspective required by the interaction field ap-
proach forms the subject of Section G.5. In this section tho potential energy
aaeociatod with interactions (,n a microscopic level between the particles com-

prising the fluid iHtransformed into an energy associated Huldy with the macro-
scopic configuration ()f the fluid. This transformation follows by generalisation
of the form derived in Section (i.,l for the potentlal P. Finally, a form for
:F which is consistent with tho macroscopic structure of till' fluid dot ailed in

Chapter 2 is derived in Section 6.0.1.

6.2 Structure of Product Spaces

6.2.1 TrL ial Fibre Bundles

Any product spuce P ::::f3 x :F can be interpreted as a trivial fibre oundle -p
over !3 by defining the projection

7r:'P- !3 (G.I)

such that there exists tho isomorphism between fibres

(G.2)

no



Chapter 6

Potential Energy

6.1 Overview

In Chapter a the potential energy of the system was written as an integral over
tIl(' potential <I)delinod on the domain of the fluid M, In this chapter, the
dependence of the potential <].) I>N/Ilt on the configuration of the fluid system
is determined for a 11ui<1where there are both lnternal interactions within the
fluid and also intornctlons twt~ 'ecn the fluid and some oxternally-generated
Hdd,

In Section (),2 some preliminary rosults regarding the algebra and calculus of
differential forms on product spaces are derived, These results are used in
Section {),3 to tl ansforrn some of tho results of Chapter 2 for the structure
of the fluid system fr(H', oxproaslons OIl the lluid domain ..VI into analogous
results on the product structure •\It 'I ::;: .M x '" x .;\It (n factors), where
n E Z", '1'11(180 results are usod in Section (),.! and again in Chapter 7. In
Sect ion G..t 11 microscopic view of the fluid system as It collection of particles is
taken and i1 stath,ticat mechanical upproach is then used to derive It Iorrn for
the potential energy which iH explicitly dependent on tho onorgies asaociatcd
with tho lntoruction hotweeu clusters of tile' particles comprising the fluid. It. is
shown that the most natural description of 11t<' potential <'l1C'rgy iH all an integral

GD



5.6 Summary

In this chapter, two additional dynamic formulations for the fluid system are
derived from the Navier-Stokes equation, The vorticity-based approach has
enabled the analysis of tho continuity of the velocity to be completed, while
the utility of the approach based on the velocity potential is demonstrated in
Chapter 10,

III all tho dynamical fortnulutions derived so far, the interactlon potential <1> has
appeared, but no explicit form for this potential in terms of tb(l configuration
of the fluid system has yet been derived, This derivation is t libjoct of the
following chapter.



and hence

_ 0 (1i.:30)

An important property of the velocity potential arises from the incompress-
ibility condition (2.7). Since d*d*<.t):: 0 for any w (> A°.;Vi,

" Id·A ,\.1" :::::0 (1i.:31)

for all (~ E Z, and hence the voloci ty potential is harmonic in each of the fluid

domains.

The no-rupture condition (:l.l!i) OIl the fluid velocity can be written in terms

of the velocity potential 11:-1

on all internal interface's i)'~li'while the automorphism condition ('.ua) on the
fluid velocity can be written us

on all segments iJ() of tho boundary O/vt.

Finally, an evolution equation for the velocity potential can be derived by
substituting (5.2fl) into the equation of motion (;US):

[d(pA + 11+ (ll) lL\I1" := 0 (1i.:34 )

Ior all ('f E Z, sincn extt'l'ior differentiation commutes with the total derivative

and dpl,\I1., "" O. On int('gt'!ttirtL~

(1i.:Ui)

for all n E Z, where dc"I.\I1,. ce. 0.



term for the vorticity. It appears though that the pressure could be found
nt any time-stop of the calculation algorithm by the conventional approach of
substituting the requisite derivatives of the velocity field into the equation of
motion CLl8). Such all approach would neatly avoid the issues of smoothness
of the velocity and pressure 11t the fractal boundaries. The pressure calculated
using this technique would however be based on a velocity which has been
calculated from the averaged vorticity, and may not be sufficiently accurate to
resolve the Ilne structure which, as shown earlier in this section, is associated
with the vorticity source on a fracrol boundary. In addition, it remains to be
demonstrated l possi bly via the techniques of Panagiotopoulos [M] or Pana-
glotcpoulos d at. [()5j) that the approximate dynamics descri bed here does
indeed converge to that of the fractal system.

The work presented in this section bas been somewhat speculative in nature,
but it is hoped that the analysis provided here might in future be put to good
use, In this work, however, the analysis of fluid systems in terms of the vorticity
contained within the fluid domain will not be continued any further. The
remainder of this chapter is used to summarise an extremely useful formulation
of the equations of motion of the system which follows from (4.18) if the fluid
is assumed to have zero vlscosity,

5.5 Velocity Potential Formulation

If the viscosity of the fluid is identically zero, then the vorvicity transport
equation (5.4) reduces to

(5.28)

for all ,~ E Z, implying that if ,,1M., == 0 at some time, then it is zero for all
time, This suggests the introduction of a velocity potential At> I\().vt in this
case such that

(5.29)



approximation to the Sierpinski Gasket. Above the diagrams of geometry is
shown the strength of the vorticity HOUl'Ce on the boundary as a fraction of the
maximum VOl tid ty source am,,. on the configuration. Points at which there
is zero vortici ,y source have been suppressed to retain clarity of the diagram.
For the simple geometries and pressure-potential field assumed here, the frac-
tal boundary between the two fluid dorna'ns can be divided into three sets:
those points at which the vorticity source is zero, and those points at which the
vorticity source is either equal to a m .. or -crm.~' This analysis demonstrates
that the vorticity source on a fractal boundary can be constructed for any level
of approximation of the fractal geometry of the boundary, and hence that the
vorticity formulation shows potential as a technique for the analysis of fluid
systems with non-differentiable boundaries.

Computational Analyela

The vorticity-based analysis may be particularly suitable for implementation as
a computational technique. Box averaging or renorrnalisation of the vorticity
ncar the fractal boundaries followed by an integral approach to the calculation
of the associated velocity on the space occupied by the fluid (as described by
Wu and Thompson [88] and Wang and Wu [87]) will lead to an approach to the
dynamics of the fluid system which is similar to the vortex-cloud type approach
advocated by Chorin [lGJ. Such an approach may even allow the constraints on
the evolution of the fluid system to be determined via an analysis of topological
features of the flow such as the helicity or the degree of tangling of the vortex
lines within the domain of the fluid. Such approaches have been employed
successfully in the analysis of somewhat simple- flows by Chorin [17], Moffatt
[59] and especially by Arnold and Khesin [4]. Alternatively, it would appear
that the transport and dissipation of the box-averaged vorticity is particularly
amenable to caiculatlon using a conservative transport algorithm such as that
of '1'01'0 and Brown [82] or Brown [12].

The principal obstacle to an effective implementation of the vorticity-based
analysis as a calculation method is the presence of the pressure in the source



terns since the associated non-differentability of interfaces renders the Young-
Laplace equation, which as shown in Section 1.2 relies on the existence of the

curvature of the interfaces, useless.

('I'

I,

b;:-.
d(p+cI»

Figure 5.1: Generation of vorticity on fractal boundaries, (a) Quadric Koch Island
(b) Sierpinski Gasket,

Equation /j,2(i implies that the vorticity generated in the fluid system is closely

coupled to the geometry of the system, and in the case of a system containing

fractal boundaries, it appears that the vorticity generated on these bound-
aries will itself be fractal. Figure 1),1 shows an approximation to the vorticity
source on the boundary between two domains of fluid of differing density,
calculated for two well-known Iructal geometries using Ui,24) and assuming

d(p + <[» constant in tho direction indicated, The lower part of the diagram

shows the geometry" or the fractal boundary: on the left is shown a four-level
approximation to the Quadric Koch Island and on the right is shown a six-level

---'-'--~._,"", _'''-
4Sliludard references to tho ccnstruction and analysis of fractal shapes urn the books by

Mandelbrot [54J, PC'itgr.n and Saupe [lHlJ, and Falconer (27).



case of identically zero viscosity the vorticity produced on the boundaries of
the domains will remain there for all time. This implies that if the velocity is
initially continuous within the domains A'C" 0: E Z, it will remain continuous
within these domains throughout the evolution of the system,

This result completes the analysis of the continuity on At! of the velocity of
the fluid. These results form the basis of the work of Chapter 11.

5.4 Applications

Apart from providing information on the continuity of the velocity of the fluid,
it appears that the vorticity equations may be useful in two special circum-
stances. The broad description in this section of the possible applications of
the vorticity based analysis forms somewhat of an aside to the main progression
of this work.

5.4.1 Qualitative Dynamics

The rille of thumb that surfaces containing vorticity tend to move transver-
sally to the vorticity gradient on the surface could possibly be used to gain
qualitative insight into the dynamics, or at least of the incipient motion, r a
system of interfaces. Unfortunately this rule cannot be relied upon in alJ cases,
for example where the vortex surface bounds a compact domain and hence the
dynamics of the surface is constrained by conservation of the volume bounded
by the surface.

5.4.2 Fractal Domains

The most useful application of the formulation in terms of the vorticity of
the fluid would appear to be in the analysis of systems with fractal domains
or boundaries. Surface tension theory cannot be used to analyse fractal 8yS-



the density and viscosity of the fluid may be discontinuous a.t the internal
interfaces within the fluid. Additionally

(5.2F)

implying that the vorticity source lies in the co-tangent bundle of the interface.

An expression for the interfacial potential <I>afJ can be obtained by enforcing
compatibility between the vorticity equation (5.2) and the Navier-Stokes equa-
tion (4.18). Using definition (5.1) and subtracting the Navier-Stokes equations
on the domains on either side of the interface Berp,

<I>er~= ((p<I»Lllta)18<l/3 - ((p<I>lIMilllu",1
(pIM.,)IDail - (pl~lItil)Ii)"1l

(5.27)

5.3 Velocity Continuity

Equations 5.24 and 5.26 can be used to complete the analysis of the continuity
of the velocity of the fluid, begun in Section 4.5, by providing results for the
case of identically zero viscosity.

Continuity of the velocity normal to any interface within the fluid domain
is ensured by the no-rupture condition (2.16), and any discontinuity in the
velocity tangential to an interface is associated, via definition (5.1), with non-
zero (but singular) vorticity. In the case of zero viscosity, from (5.24,), any
source of vorticity must be located f1t a point in one of the boundaries oMen
Q E Z, at which the density is discontinuous. Hence if there are initially no
disc .itinuities in the velocity, only tangential discontinuities in the velocity
might develop at any later time, and these discontinuities will develop on the
domain boundaries where the density is discontinuous.

Since, from Section 2.2.1, the domains Met and their boundaries (J';vta, Q E Z
are all transported by the flow of 'Pt and, from (5.4), the vorticity away from
the boundaries of the domains is also transported by the flow of 'Pt, in the
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is known as thl' II-II/p/r {i/'()bllbilil!/ dlllsilll [unrtiou rOI' the Sfwci('S contuincd
in (T E: Z7l, As mont.iouecl in ('1111(11.('1' 1, olin' t If(' form of Ill<' dynamics of

I Itt' pari kit'S under 111('\1'mutual lntcrart ion is specified. it is possibl« 10 rk-rivc
ct hiorarrhv of inlt ial-bouudury value cquat lous", known IlS the Bogoliubov-

Horn-Grcon-Klrkwood- Yvon (or BBGKY) KNh,s, 1'01' l.lu- ovclution or ('ncll of

tl\(' forms fIT, (T (:, Z", 'l'h« difficulty with this S('<[ll('Il('(' of equations is t llid t hr'

(·quatioll Ior th« evolution of any /I IUp]!' probability <[(,tlsily fUllction always
contains tonus involving /{tupl(· probability .louslty lunrt.ions, wi 1<'1'<' II < II' :.~

N, It follows that unless 111(' scquonre is t.runcatod at HOHl<' n < N, usually by

su hsl iI u lion of Illg<,hrll it' forms for t hI' )I'. t IIpic pl'obabi Iity donsi ty functions,
lhl' BB(H<Y approach yi(·lds no advantage (at lells! in tl't'lllS of comput.at ional
01' d('sniptiv(' ellort.) OWl' tho uso of t.ho ('V0111Iioll equation for I II<' pl'obabili(y
c\('l1Hity function .r goV<'t'nillp; t ho hohnvlour of til(' complete s('1 of IHll'ticl('H

COtllpt'isillg thr: fluid SYKU'lll.

6.4.5 Constitutive Relation

In t.hls work, all nlg(,lmtic approach similar 10 that ('011\ out ionally Ils<'d I (l

II'UIl('lt{(· til<' BBCl["Y hinrurchy is oruployod 10 model I lit' s[ll'cil's prohability
d(lm:i!.y Iuuct ions. 'l'ho si ttl plest nppro(lc)J 10 (1)(. ('ollsl it u tlou of the' HIH·ri(·s

probability dpmdty fU1l!'tions ./:" (1' E Z" is (0 asaum« Ihnl

whr-ro "ItT l> Ali/vi" is known convent ionnllv HS Iil(' /l-III/llf cornluiion fUlICfioll
1'01' t.he rombinution or SIll'riC'S c1('IIOI('(\ hy (1' (: 3", This form has Ihe' 11ItpOl'

t.ant pl'OjlC'l'ty t.hn: if part kl<'l'l wit It IItt' SP('Cll>S ilHsllcint(·c1 wit.h (T (; .3" (\\'('
not P)'('H('llt, I h('11 the pl'ohahililY or ('I)('Ollll\.t'I'ing thc·se· Pill'l kll's is ;/'(')'0. ilS it
slroulr] 1)('. Tilt' form of t.ho ('o1'l'<'inl ion 1IIIIel ious is of ('oPt'S(' c!1·t(·I'llliIWd by
I lu- SYllllllt'tl'i('s of IhI' III irroscopi« sl 1'1l!'1urr of I It<' Iluid H,\'sl om.

11/01' I'XlIJIlph', t 1)1' BIIUK Y hil'l'ill'l'hy which I'I'~ntlt s lroiu I hI' «uumou ilHHlIlIlpl illll I hal
lilt, motion Dr 11)1'PlIl'licll'H iH lhuuiltoninn i~ dl'I'ivl,d h~' ('I'ITi~\llalli [11],

7;j



where Vo' c> 1\0 ,VITI is the contribution to the potentiol energy as 11 result of
n-particle interactions for the given combination of species.

Rewrite

(N : n) == U (N : n)11
I1EZ"

().fi6 )

on defining

(N : n), :::: [e E (N : n) : O"(c) =: 0" E Zll} (6,lii)

Using (6.55) .•nd (6.56), (6.G?) can then be rewritten as

*1;:= L L: n,I/",!.0·i,!(*v~)
",(lZ" cE(N:TI)"

(6,58)

Substituting this expression into (G,50) gives

«>'59)

which can be rewritten usiug the fibre integral as

(f>.GO)

Alternatively, using tho isomorphism I, to change the integrating variables,

V =: :L L 1 ·i;l·ir(*V",) ·i;lt *f
lYe.!;-' r.e(N:II)" .'vI" MAl",.

(6.n1)

where

f", '"' ,=-. •. ~.teL fc: if Jj >\I
rE(N:n)" • MN",.

(G.()~)



It, }:' common ; -rnctico to assume t hat ~I earl be decomposed such that

tv
*f' ,;,;! 2: L: nN"'r:o}('!<~')

i:=1 rG(N:i}
(6})1)

where i'r E I\(),'vtc, (; E (N : n) represents the contribution to the potential

energy of the system as a resui; of interactions between the n. particles with
indices in e.

FCH' present purposes, it is assumed that the decomposition can be tormlnated
for some n < N , in which case ((Ull) can be recast as

*t':=:: 2:: nN"",(v(*17c)
,'6(N:Il}

whmc

(6.5:1)

This form ItHSIlIrleS that tho contribution to the potential ('twrgy from n'·
partido lntoructions, whore n' > 1£, can be neglected compared to the con-
tribution from interactions between smaller numbers of partlcles.

6.4.4 Interchangeability of Particles

Assume the oxisteneu of 11 (trIost likely many-to-one) map

a : (/1/ : n) -, zn (6,/H)

for all n ~ [I, Nl, whore z iH Lilt' HC't. of chemical HIH'ei(IH introduced in Sec-
lion 2.2.2, such that for each I' E (N : n)

((LM )



mecheniral context, this assumption implies that the potential energy of the
system mUH!: be Hokl.v d('P("ld('nt on the location of tho particles comprising
1)1<' fluid, and must be indcpoadcnt of the linear and angular momenta, and
of the Internal state, of ~he lHLrtid('H comprising the fluid, In this case the
potential energy of the system of particles, V l> /\0.'" .r.

Let the 1)1'Obability dcn8ilv function f l> /\0 ,ivlN be defined such that tho prob-
ability of finding the conflguratiou of the system of particles within R: c. /vf..v

and hence

(6..1U)

If the system of pl1l'tk)t'li is assumed to evolve through the configurations avail-
able to it on a timescale which is much shorter than tho timescale over which
a typical measurement of the state of the system is made, then the measured
(01' 'macroscopically observeable') value of the potential energy of the system,
V, is the weighted mean

(6,GO)

Various symmetry properties can now be introduced to reduce tho dimension
of the manifold on which the potential ('norgy is defined,

6.4.3 Decomposition of Potentials

D('Hrl<' til<' SI't (& : II), whore E c: .v and It (~ [1. Nj, as tho set of al; n-tuplos
(' ,:" {il."" in} ('om!, lsl'd ()l' distinct elements ii"" I in E .V such that if
('II f'l E~(e : n), {'I n ('J :.c:: 0,

~,)
I ..



(with index i E N) <'1111 be descrlbod by a point on a manifold '~{i} which
i~isomorphlc to the system manifold /,t{ I t.1l{'simultaneous location of all the
particlee in the Iluid can \J(' described by !1, point. on the manifold

.VI,v = II.VI{I)
lEN

= IIi{i}"VI
leN

where i{i} : .M ~>~ .VI{t} is the isomorphism referred to above, This approach to
the doseription of tho conflguratiou of the fluid is a reduction of tho approach
proposed by Gibbs [:12].

(6.'15)

Doflno the manifold

.Vlt' := II.M{i}
H~(I

((;AO)

for any e C N. It follows that ill : .Vill -Jo ,VI0 is an isc morphism and n =:

card]«), Obviously if c' C e c:.;V, then from (6.'16),

• .1 All' • I An-II'
.~ Ic',iVI X lp"'c"VI (6.4 i)

where n :::en,rd(e) and n' =: cardie'),

Note that tho Hodge form nM :E ~il on M induces the Hodge form nil :::
n10on-Ion tho product manifolds .vtn, It ;:,.1 and hence via the isomorphism
the Hodge form nt' =: "irnn on Mp•

6.4.2 Potential Energy

In Soctlon :3.2.1 it was assumed a pT'io1'i that the potential enerp;y or tho system
is solely dependent on the configuration of the Iluid systorn. In it statistical
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holds for all ,\tt~ E ,\Ii Z' For consistency, condition (6.42) should of course
hold directly from the compressibility condition (2,7) on lIl> ,:t',;\t( via definition
((i,:l8),

This can ('(lsily be d('rn~/:':ltrat('(l. From (6,a8) and ((i,1:l),

using ((),l:n, where n1 and 51n-1 Me' the>Hodge forms on ,'\!t and .'\!tn-I, Uslnr,
((\.16)

d'!IlIn =: (dw):.lnn-t +d(nl(o)(*lIn-t))

- (-l)pnl~o)(d*lIn._l) (6.44)

where p := dlrn(MIl), using (2,7) and since the) exterior derivative of a volume
"orrn is zero, Hence, by induction, condition (6.42) does hold as a direct
consequence of condition (2,7),

Finally, since in Section 2,;3 it was assumed that discontinuities in II are con-
fined to the boundaries (}M(~, 11a E .!\ttz, it follows (since the sot product
maps boundaries to boundaries) from (6,25) that discontlnuitloa in lin will be
confined to the boundaries i)M~, /vt~ E ,M~,

6.4 Statistical Analysis

The analysis in this ~ ictlon follows VC'l'yclosely that of Kirkwood [,10], although
somewhat more modern notation will be employed here,

6.4.1 Manifold Structure

Assume the lluld to btl comprised or N particles, each indexed by an unique
element of t Iw sot N :: [1. N] c Z, Since tho location of 11 Hinp;l(' particlo
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in Chapter 8, where the conditions required for the existence of equilibrium
configurations of the fluid system are investigated.

6.3.5 Transport of Occupation Functions

In Section 2.1 the Ilow field III> .t'.;\It of the map 'Pt was defined. Let III == II.
It then follows from the analysis of Section G.:'>'.:3that 'Pt induces a flow field

((;.:38)

Oil t:lw manifolds ,iV-In, n > 1, and hence, by restriction, <1 Ilow Held IInIMi: on
each /vt~ E Jvt~. Furthermore, since from Section 2.:3 (~*p)IM" = 0 for all
(~ E Z, it follows f"lm (G.3l), (6.:}2) and (6.19) that

(G.3n)

for all M~ E M~ and Pa E <?~, and hence that each Pu E O~ is transported
by the f1()W of 'Pt. The restrictlons (2.3) and (2..1) on *p translate via (6.31)
and (().32) to the restricticns

(6..10)

and

(G.·H)

on all PIT E 01. Hence, through a similar analysis to that WH'd to obtain (2.7),
the incompressibility condltion

( ()A2)



(6.36)

if (f = .13. Physically the action of the coalescence operator is to remove any
distinction between the elements associated with the indices a and fl. This
is done in the case where 0: -:j:. ;3 by rearranging zn into a smaller set and by
combining the separate domains and occupation functions associated with a
and ;3 into single objects. It is important to realise though that not all sets
created using the coalescence sum are constructible via definitions (6.35) and
(6.36) from some set Z C Z. Those sets which are will have special physical
significance, and are discussed further in Section 8.5.3.

Isomorphism

By definition of the notation for the elements of the sets {zn} neZ+' {Mz} neZ+

and {O~} nEZ+' there is trivially an isomorphism between {zn} neZ'~ equipped
with the set composition operator, {Mz} neZ+ equipped with the set product,
and {O~} neZ+ equipped with the composition product.

Note also that, by construction, there exists a bijection between the sets zn I

.;\liz and Oz, for any given n ~ 1. By definition of the notation for the
clements of each of these sots, it follows quite simply that the definition of the
coalescence sum given above also induces an isomorphism, this time between
the spaces zn, M~ and O~ themselves, and as a result the coalescence sum
must be associative over the composition product:

(6.37)

Note though that the composition product is not associative over the coales-
cence sum.

These isomorphisms allow operations involving the occupation Iunctions and
their associated fragmentations of manifolds to be expressed in terms of rna-
nipulations of indices. The resulting simplification of calculations is exploited
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The set 0z can be used to define occupation functions on the product struc-

tures M1\, n > 1, via the composition product defined in Section 6.2.3. Given

01 == Oz, define the sets

(6.:32)

by recursion for all n > 1. From the definition of the composition product, the
dements of O~ are all sections of 1\0MTt, and, if (J' E Z1\,

supp(p.,.) ::: Att~ E Mz (6.33)

and

(6.34)

Hence the elements of Oz, n > 1 are binary maps on MTt.

6.3.4 Coalescence Sum

Note that the sum of two distinct occupation functions defined on the same

space is a binary map from that space to the real line and hence may also
be interpreted as an occupation function. This leads to the definition of the
coalescence sum: If (x, {3 E Z1\ define

zn ~ (zn '" {o, p} ) & {(x (D {3}

Oz 1-+ (Oz""{P(,'Pil})&{PI~+PiJ}

if n: rf. 11 and

(6.a:»

Z1\ f"'; Z1\

()i



Then, by induction, since U<'EZ Jvt" == _Vi,

U -11 - -'1-1,A,t f1 = .:Vi x Jvt

=: ,ViII (6.27)

Hence the remaining condition (1.17) for /\tt~ to be _,ytn-compku! is also sat-

isfied.

6.3.3 Occupation Functions

Finally, define the set of occupation functions Oil lvt associated with the frag-

mentation .Mz,

(6.28)

as the set of binary maps defined such that

(6.29)

and

((3.30)

Physically the occupation [unctions can be thought of as behaving as 'tracers'

for the presence of tho various domains of fluid distinguished by the fragmen-
tation /\If z.

The fluid density «p» SL\It introduced in Section 2.2 can then be written as

(~E Z (6.:n)

(sumrnatlon over repeated indices assumed) since under tho assumption of

piecewise constant lluid density {JIM" : ;\;1,> -~ 7P E 1R for all (¥ E Z.

G(3



6.3 Product Structures in the Fluid

6.3.1 Enumerating Sets

In Section 2.2.1, the set Z used to enumerate the elements of the .I\1i.completo

fragmentation j\liz = {.;\Iia}aEZ was defined simply as some l:t isomorphic to
a subset of the integers. In this section, this idea is extended to the definition

of complete fragmentations of the product spaces M" = M x ... x M (n

factors) , where n E Z+. Given Z == Zl, define the sets

by recursion for all n > 1, where the set composition operator 0 is non-
commutative, The set Z" created in this manner is of course isomorphic to
Z x ... x Z (n factors).

6.3.2 C')mpiete Fragmentations

Given the M-complete fragmentation lvts == .\111, define

M7I - {Mn - )vI t'171-1 . M E M Mn-' E Mn-1}z - (~® (J = a X .IV (l . a z, /3 - Z (6.25)

by recursion for all n > 1.

It follows from the following argur .ent that }v'1~ is Mn.complete. Condition

(1.18) for completeness of }"1~ is satisfied by the product structure of definition
(6.25) since the elements of zn are distinct. Also

U Me. x ,Vf;rl
lX€Z

ilez"-l

:= U .Vi" X U ,\irr·t
llEZ ifeZn-1

(6.26)
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A simple consequence of this result is that if It'~: B -~ Band l/'{ : F -4 :F are
one-parameter automorphism!' with flow fields ~at>(¥Band ()'t>,'¥:F respectively,

then these transformations induce an automorphism 1/.'; on P with now field

eo tD e" !> ,'t;p.

6.2.4 Fibrewise Integration

If Wp t>i1P then it is always possible to writewp == wl3®HTg1) for some 9v t>;\op,
Wa I> n Band nJ" the Hodge form on:F. Now *i,(nF1 b) 9vl,,-I(b) is a volume
form on the fibre ?r ~ 1 (b), and hence can be integrated over the fibre. Using the

isomorphism from :F to the fibres to change the integrating variables

r "if(!1FI b) !llll..,.-I(b) = r nF*ijl(9'P1" .. t(b)I b)
j,,-l(b} jF

= l:.r: :t*i71(gvl,,-l{b)I b)

E lR (6.20)

Hence define the fibre integral

l3 -4 IR

(6.21)

The fibre integra'! is thus a section of NB. This definition can he used to

rewrite the integral Jp Wp using the trivial fibre structure of ,1;' as

h Wp == h WIl(~n:Fgp

_. fa Wa £ *g1' (6.22)

since, from the definition of the inclusion operator, WIl is invariant or the fibres
isomorphic to :F. Of course, if WCl is the Hodge form OIl B then

r Wp == r * J. *g"Jp 18 t-:
Note that the fibre integra] can bo interpreted as a projection operator onto
the base space of a trivial fibration of a product structure,



Interaction Kernels

Sinc« tho interaction kernels F" l'> N',I.;tIl, rr !"~ Z" are' independent of til<'
configuration of tl\(' Iluid system (S(I" Section n, Ui).

(7, (j)

for all rr E Z",

7.3 Dynamical System on 7J

Evolution from a Reference State

Assume that the evolution of tho fluid systelll can be dcscribod by it connected
path I) : lli - ''0, and hon..e that thl> configuration of tho system ilt, <my tlrne
can be Iound on tho curve ~, C J) delinod by

,,:z: {l}(t): t E fH} (7,7)

wl.ere !can bo : t(ll'prN('d as tho elapsed time, 1.('1, l}(t) E Ttl(t)]) clC'IWU> 1.11<'
lang<'rl!, vector to "r at til<' point d(t) E "'/,

Distortion Modes

'I'hc quickest rout!' \.0 oblainillp; t.h(' equations of motion of the systo n on '0

iH via tho adoption of local coordinates (rill",. IIp) in It neighbourhood C,/1)
of (~adl ,) E 'D, 'I'll<' ('III'\'(' "r rl'pr'C'H('nl lug Ill!' evolution of the system i~tlWII

nivon 1m'ally by pat.hH III : IH c, C/D. i :"~1."" p, 'I'he coordinate Corm of tlH'
I ltn1J;('llt '1('1'101' to "r at I} !~ 'D is t hUH

x7



(i,a)

For .\11,3 to 1)(' .:vt"('ompl('\(> fot' ill! tJ 'i 'D, t.hou, all (kscrihed in Sl'ctiotl 7,1.
Ihe Ilow fidd of U',I must obey the no-rupture rondition of SI'I'liOll 2,:U, 'I'he

.\11 H·('OIll plot l'tl<'HH of tiH' Iragmentut ions •\,1~ for any II (;: Z+ Iollow« Irorn t hI'

.\I1.('ornpil'\.(IIll':lS of ,\11,! via til(' analysis of S( ction 0.:),2,

If, for ronslstcncv with Ill!' iUHtlYHiK of Sl'ctiOll 2,:U, discontinuitlcs in t he

cknsity and vlscosity li<'itiH arc' to remain on eho boundarlcs of Ih!' (·Il'llH'lltH of
tho sot /\11 s rOI' allt) E D. and till' <!1,tlHity and viscosity nro also to lw piecewise
constant and 1)·invariant on tlH' t'[Plllt'nts of .\It s for all i) E '7), then the lillie!
density and viscosity must b« transported by tb(' Ilow field of Ij',), Ilenco from
the dclinition (If S('di()11 l,f),2,

( 7A)

Occupation Functions

LI·t (.0~,;;:{iJ" }lfEZ" be Ih!' sC't of orcupution functions on .\IIn induced by Ih£'
lragmeutation J~ z of t he l't'fN('!H:e StiLt<' (B('(' Sectlon (i.a.a), Then

(Vi)

where O~ is the BPI, of orrupatlon functions on .\IIn induced by til<' lragmen-
tatlon l/'vi~Z' This follows since from their doflnitlon in S('('\iOIl (La.a tho
occupation functions must bo pil'('('wiHI' constant and 1}·invariant OIl the d<·-
monts of ,1vt:k for all 1) f; 'fl, and 11(1[11'1' mils! he tl'{tIlHpm'ted by the flow of



til<' dl'llsity and vil;('l)sity ut' th" lluid. As in S('('lioll 2.2.1. Z is isomorphic to it

subset of t.ho in\.(').!;('I'Hand .vt,:! {_IA"},,tiZ is all 'V('('o!Ilpll'te fragmentation
such that disrontinuitie« ill p and 'I itr(' restricted to a.VI,,, (t E Z. I)C'Iwt(! tho
s('t o] all such state's by ~~.

S<'l,l('[ sorn« pri vi kg('d SIlLlo

'R (M,p.ri,Z,,~z)

(7.1 )

to bCI tho r'(jo'tTlC'I 81all for Iht' fluid system.

Automorphlsms of the Reference State

(7.2)

for 110In!! suitable HTIIlC(' 'D. Let 'J) C 'b be defined such that {~'tJ'7~.: 1) E 'P} is
some subset of all fluid slltt('s obtainable from the reference state via a ttana-
Icrrnaticn whlch is cornputible with the kinematic and dynamic ccnstrnints
on tho behaviour of the Iluid derived in Section 2.3.1 and S('('tiotl ,1.Ii. This
implies from tlio continuity of tho velocity in the fluid systern (IW dis('ussC'd
in S('ction 7.1) nnd Ior consistency with tho assumptions IlHHh' in Sod,ion 2.1
that 1/, : 19 I-~ lj't?;\It ~ .VI fol' all t) t2 'D and hence that'D ill isomorphic to It

subset! of the group of plcccwise-rnutinuous nutomorphisms of .'\It, auto(iVl).
Term tho space '[) tho ('onji!lnration manifold for tho fluid system.

Tho actlou of If' on each of til<' <,1(·trwntH of tho rdC'l'OtH'Ostate ill now examined.
Th« action of 1/' on the' oloments of the Iragrnontatlon "~.3 can 1)(, written Ull

1/"1 • 1".1 1 ',"'c. vt,
.1 I .. VL,-, .. "'''

1 It If! implldtly IUlhUtTU·t! t!t,\t, I' ill in f'1\I·t isomorphio to a vubmallI/li/d of auto(.\4), I'hl)!
)\IifJIIlllptioll Ill' unciC'rlyin)', continuity i~"'quire'll \J1'1'orr till' d~ll\ntl1ical Hj'st(l(l\ (7,7) ('an I)p
d!'filll'd 1)(1 th« group,



equations of motion developed in Chapters ·1 and:; require, however, that. the>
potentia] ('tl<'rp;y of 11lf' 1111('1'11(11 ill!('radiotls 1)(' ('XI>r('SHPd as an integral over a
volume form on -"1, [{('ducl ion or Ih!' ropresentation on .VI" to an equivalent
representation on .\.1 can 1)(' avoided by dovoloping Ihe c>quatiOll:l of motion
on a conliguration manifold which is isomorphic to an appropriate subse] of

auto(.VI ),

In Section 7,2 it: is shown how til<' assumptions made in Chapter :2 regarding
tilt' structure of til(' fluid allow til<' motion of til!! fluid to [w described as a

dynamical system on a configuration manifold which iH lsomorphic to a subset
of auto(/VI), In Section 7.a the evolution of tl1<' system if'! defined in terms of
the growth of a set of suitably dolim'ci distortion modes, and in S('d.ion 7,·1
tho kinematic and dynamic constraints on the motion of the Iluld derived in
Chaptol's 2. ·1 and !i r "(' then rewritten in terms of those modes, Following
re-definition in Section 7,0 of the kinetic energy, potential energy and energy
dissipation within tlw fluid system in terms of the distortlon modes, the La-
grangian approach of Chapter a is used in Sections 7,C) and 7,7 to derive the

equations of motion of the Hj'HI('mon the conflguratlon manifold, In Section i',~
a linear version of this equation, valid in the neighbourhood of any point in
the configuration manifold, is derived for uso in Chupters 8 and :0, while in
Section 7,U some ideas for a poworlul formulation of the dynamic oquat ions for

the interaction fidel approach, based on tho theory of gcodeHics on 11 manifold,
are put forward. The analysis of tiliH chapter draws much of its lnsplraticn
from the work of Arnold [aJ, Arnold and Khosiu [4], and Ebin and Marsden
[25],

7.2 Evolution from a Reference State

Reference State

Dolin« c\ ,'lint! of tilt' fluid systom (I~ It list R... ;;;; (.\It. fI, 1/, Z. ,VIz) .• VI is til(> Iluid
domaiu, iLllll *p t:> n.\I1 Itnd I} t:> N).VI are piecowise-ronstan« il<'lds represonting



Chapter 7

Dynamics on a Configuration
Manifold

7.1 Overview

The analyses of tho contlnuity of the velocity VI:> ,:t'M conducted in Section ,U>
and Section 5.3 can be combined to show that, if there Itre no initial discon-
tinuities in tho velocity, then the velocity will remain continuous within each
,Vi" c .;\It, ex E Z for all .iuw. If the fluid has non-zero viecosity, then tho
velocity will be) continuous throughout .iV!for all time. This result implies that
the trunsforrnation 'PI : ,\It -t ,\It asscclated with v is a piocowlse-continuous
automorphism on /\1( and a continuous trunsforrna' ion on {~It('bof the dements
.McY, (.~ E Z, of the .M·COIllpl()l.() fragmentation ..Viz donned in Section :~.2.1.

An elegant approach to t~le oquations or motion of tho system :8 obtained by
constructing them on the infinite-dimenaional Lie group auttl(.\I/) of piccowlse
continuous automorphistns of .\1(. This approach has particular economy in
tIl<' cas(' whore thoro aro mutua] lntornctluns between the Iluid partlclce, It
WitS shown in Chapter (l that the potential energy nl IIItc'mal intotnctlons
within tho fluid is most naturnily <'XPl'(\HHNI cUI lUI int('t-;l'ltl over it section of
!LVllI, where n > I, ruther (hUl' as all object assocluted with ,\I( ltsel]. Tho



Explicit Form (01' F

III preparation fur the analysis of (.11('following chapters, the explicit prototype

(6.7-1)

fOl'1111 interaction kcmcl OIl ..\.12 in the absence of external interactions is dotined
horo. Tho parameter k". E IR is a measure of the range of the interaction
kernel. in the 8('[180 that, as k -t 00, tho range of the interaction kernel goes to
zoro, while>q" it, of (,OIH'se the amplitude of the interaction kernel, This form,
illustrated schernaticallj' in Figure G,}. is used extensively in till' calculations
of the chapters whirh follow, principally because of tho ease with which it can
1)('manipulated, but, itH ls shown ill the examples of Chapters Band 10. also
because it. has particularly simple asymptotic properties,

6.6 Conclusion

The natural representation of t\l<' potential onetgy as an object on ,Vin, t'ltthpl'

than on ,M, derived in this C,H1ptOl' suggests that analysis on /\.111 may in
fact yield a dynamic equation for tho fluid system which is bettor adapted to
tho unalysl« of fluid HYHtt'tllS which are subject to internal lnteractlons than
tho oquations on J\.1 dorivcd in Chaptors ·1 and i), The derivation of such an
equation is the subjoet (If tho following chapter,

~I)
lw



1'<'SI)('ct.to til£' HYll1IJ\('Ll'Y group iso( 11111) must he 0[' t.h« Iorm"

whor« F : ll! .-t JU, on interpret ill~ the ;t,(ll'O form F" as it map from lh(' chart
induced by (II(' ('()ot'dillatc~ 011 ,/vt~ to Ih!' rcal llno, '1'1", phYHkal int.('1'I.1l'C'lnlioll

or HIH'h it form is t IIat (he iIIINaction botwoon two inf 1\ i(.('Hilllally Hili all domains
within til<' !luid is dopoudont Oil t h(' diHtaJlC(' \)('1\V('('1I (II<' domains, hut is not

cl(~P('I}(l{'Il( on til<' rclntiv« orientation 0(' (Itt' domains or Oil (ltd!' location wit hin
Ill<' filii d.

Note tita( a koruol of the' lorm of (G.T!) naturally POSS('SH('H IIH' projection
symmetry required ['or uniqueness or thc potential (11(,> (\o.'vt.,

(G.7:l)

Example: .M c,MllU .A11l

- .. - Projective symmetry set

mutual
Interaction

.MO:®13

self
Interaction

Mo:C',I'X,
" i

mutual
Interactlol"l

M~0I'X

Flgm(' 1i.1: Schematic of the prototype interaction kernel.
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structure of the fluid, any interaction kernel on '\-1'\ n > I describing solely
an infernal interaction within the fluid should itself be isotropic in the sense
that it, should be invariant with respect to translatlon and rotation of the fluid
domain Art, In other words the intornction kernels describing internal inter-
actions should posseHR the full set of rotational and translational symmetries
permitted by the value of n. since any reduction of the symmetry of the inter-
pction kernels would require some account to be kept of the evolving internal
structure of the system. It is important to realise that the symmetry of the in-
teraction kernels can of course he broken in the ease where a component (If the
interactions is generated externally to the fluid. This situation is investigated
further in Chapter 8.

Thus, in the absence of external interactlous, tho kernels :FJ r> N/v(2, (J E Z2
should btl lnvarlant with respect to the infinitesimal generutors ei I> ,¥,\lt2,
i =: 1,. , . ,g given by the translation operate

6 == d:c+ d»,

6 _- dy + dyo

((UI)

and the rotation operators

eo = (zo _. ::.)dy - (1/ ~~ ".)d::

eo ::: (x - ,l'.)d:: - (:: - ::.)d.v

e., == (1; - 1/. lcl,r. - (.1: _ .• ['.)dy_

es - (z - ::. )dIJ. - (!J -- IJ. )dz.

e!1 - (J~ - ,Z', )d::. - (:: - z. )d,v. ((' ""»)).( ..

Denote the symmetry group p;('rH'mt(~dfrom tho busis e, t> ,t')v't~, i ,:; 1.",,!)

by iso(JRB
). Any intcractiou kernel JiSO(U!o) t> /\O/vt2 which is invariant with

80



.\It to be isomorphic" to IR:!, and l(lt. (x, y,::) and (.r., ,l}., e.) be equivalent,

uniformly valid, rectangular coordinutes for ,Vi. Then (x,lI,::,X.,!lM,:../ ..re
coordinates for ,\112 induced by the coordinates on iVi, Denote the dual basis
induced by the coordinates OIl /1112 by (Lr, ely, <1::, dx., ely., ri::.) ,

Projective Symmetries of :F

If the potential eli is to be dctcrrni- : uniquely from the interaction kernel :F
via the projection ((i,G7l, then the .pecies interaction kernels must possess the
projective symmetry

(fl,GS)

for all a E Z~, 011 interpreting:F1T
, ~ map from the coordinates on ,\;l'a to

the t "al line,

For I£Lt (It' lise let PI't : ,\IItI ~, .\11 be the canonical projection onto the nil
facto!' in tlw product }vit1 =: .\It x .. , x .;\1{, Define S C .:ViIl as the p1'ojectipc
8ymmetry scl

S::: [x E .:\IItI : pr,(x) = pt'J(x) V i,j E {l"", n}} (B,GU)

In terms of tho coordlnatos on /vt'~ defined above, the projective symmetry set
S c ,:v(l is tho set

(Ii. (0)

Point Symmetries of :F

To 1)(1consistent with (hI' isot.ropic form (2.a) Ior tilt' density within tht' do-
Plai llH coni prisi n)4 11)(' fluid and wi th tIll' 11b~H\Il<'('of any modol for t 11('intcrunl

"TIl<' ('aNI' whf'f(' /vl is isomorphic to Dl~ follcws in similar faHhiol\,

Tn



As discussed in Chapter 1, a macroscopic model of any particular fluid system
cannot by definition contain a detailed description of the microscopic physical
properties of the system. The microscopic analysis of Section 6.4 must thus
be carried through into the macroscopic interaction field model for the fluid
system via the following two assertions:

• For the purposes of generating a macroscopic model for the dynamics of
the fluid system, the order-a interaction kernels need not bear any direct

relationship to the interactions between the particles within the system,

but can be generalised to be any one-form field on A1n consistent with
the symmetries of the macroscopic model adopted for the structure of
t he fluid system,

III For the purposes of generating a macroscopic interaction field model
which is consistent with the classical surface tension theory, it is unnec-

cessary to model higher than pairwise-order interactions in the expression
for the potential energy of the fluid system.

Of course the validity of these assertions has still to be demonstrated, This
demonstration forms the subject of Chapters 9 and 10, where it is shown
that SOUle additional conditions must, in fact, be imposed on the form of the
interact ion kernels if consistency with the classical surface tension theory is to

be obtained,

6.5.1 Appropriate Form for :F

It remains to determine it general form Ior the interaction kernels which is
consistent with the model of the macroscopic structure of the fluid system
adopted in Chapter 2,

tifling the second assertion made in Section G,5 to reduce the H(,OP(' of the
pr('s('nt analysis, only the Iorrn of the intcruction kernel on ),tfJ is considered

1)('1'<'.The forms of interaction kernels on tho higher dimensional product struc-
(mPH follow by similar arguments to those presented in this srrtlon. Assume



Note that. there are n distinct ways in which :F can be projected via the fibre
integral from .I\I(n onto /v{ to obtain the potential <P. If the pot cntial <P is to

be uniquely determined from :F then the interaction kernels :F", (J E Z must
possess certain projective symmetries, as uoscribed in Section (i.,5.1.

The result (6.67) shows that the C1PPI'OC1Chcs to the dynamics of the fluid system
employed in Chapters 4 and 1) will become extremely awkward if there are
interactions between the fluid particles of pairwise or higher order, or in other
words if there are any lnernal interactions within the fluid whatsoever. If
n > 1, the dependence of <D on the occupation functions on .\1('\ and hence
through (6.32) and (G.:n) on the density »p I> nM, is obscured by formulating
the potential term on .\1( rather than on ,.'vllI. The .,' ructure of (6.Go) HI.~)WS

that in genera! it is not possible! to write all evolution equation for <P solely in

terms of fields and operations on -,vi, and hence that any attempt to follow this
route must lead to an overcomplicated and unnatural time-pnrametrisation of
<P, or must require substantial simplification of the dynamics involved". Some
orcvious attempts to follow this route arc reviewed in Chapter n.

6.5 Generalisation

A large body of literature exists" in which specific forms for the interactions
within specilic fluid systems and detailed information on the correlation func ..

lions and their dependence on such factors as the rate of deformation of tho
fluid and proximity to interfaces within the fluid are described. These descrip-
tions are usually derived from the results of calculations and experiments on
the molecular level of description of the fluid system which are often intricate
lind extremely difficult to porform.

. - -
2 r';xct'pt of course 1'11\('11II I:: 1 1~1 tho ('(lH,' where tilt' only jpt"nctioll in the system

originllLPs in M external lleld.
:18('(1 Chapter II though, wlif'r<> an intf'gral p;r.orni'~m IttmlY!lIH of (I' C> /\i1,lvl is used to

obtain some of the quailtal'lllt' ft':ltltrI'H of n simpliflo« dyunmi: i'or the Iluid system,
,1AIl r('vil'wHd by vario; 1,,(IlNIl includlng Boon and ViI' [\I]. 1'mnperh'y nnd 'Irevcnn

[70J, Croxton [iOland in tlIP Htlwd"rd rt'fer!'lJ('o by l(ir~,dl((';dt'r, ('ul'!isH and Bird [:l.I] ,



Substituting (6.f):3) into (f).f)1),

V = L r *PIT'YIT'~
ITEzn JM"

({).64)

where the order-ii interaction kernel

(sumrnation over rep Hated indices assumed). The forms :'P' I> NlAn, (J' E zn,
will be termed the order-n interaction kernels for the particular species con-
tained in (J' E ZTl. It is implicit in the constitutive assumption that the entire

dependence of the potential energy on the configuration of the fluid system
is contained within the occupation functions, and hence that the interaction
kernels for the species are themselves independent of the configuration I)f the
fluid system.

6.4.6 Reconciliation

Expression 6.64 for the potential energy can be reconciled with the form as-
sumed in Section 3.2.1 by using the fibre integral to expoit the fibre structure
of MTI:

= /."'1 *h,1n-1 *:F'
using (6.2:3).

(6.66)

Hence, comparing (C).56) and (:3.7),

ell - fWI-l *:F'

(6.67)

7f)



7.10 Conclusion

III this chapter it is shown that all evolution rquation can 1)(' derived 011 it

sui Iably-defined conligurution manifold Ior t.he lluid system. This approach

avoids the' 1H'('d to project tilt' potential {'!lC'rgy I)f tho Iluid system from an
objert defined on ,\1(". It :> l , onto all objC'ct on /\.1, itS is required by Ih« form
of tho equations of motion d('rh·pd in Chapters ·1 and G. ;-'';0[(' though Ihat
since the> same Lagrangiau is used in tho derivation of the rosulta of both this
chapter and of ('hap!.!'!' 1. and since each variation d('fitl<'d on Ihl' ('()nfi~u!iltion
manifold V in Section I.fi run be mapped using (7.10) and the compatibility
conditions of S(,(,(.;,lIl ;.1 to it variat ion Oil the domain of the Iluid .\.1 of tIl<'
type> defined in S('ctiO!l 1.2, t 11<' illlalys('s of Section .1.~ awl S('C'! ion ;.n are

oqulvalont and b\'IH'(' (1.l~) iLIHl (7,:!H) iU'P ItWl'('\Y two alternate mnnllestations
of the interaction Iicld model dditH'd in Chapter ;3.

The analysis of t tis chapt<'l' concludes the definition of till' lntcruction Ii(,\<l
mvdel. In the remaining chapters of this work, the proportios ol thia model
<11'(1 explored in various Htat.k and dynamic contexts, and, in addition. t 110
interaction Ilold approach iH validatod against tho predictions of 111('ciw,sical
H\lt'face tension model,

!)!l



["6 T(ll
, I"

o t (' .17)

oil substitut.icn of (7.W) illld Ill!' ('()Ilstl'aillt Oil IluI phYHic'al palh that T
h'D \. uudor \ IIl' nssum ption or ZI'!'O (IiK~ipi\ I ion. N01 I' I hal

t (l':n \')T ct.1H)

is llhm a IIlI'tl'il' \1'IlHOI' l>ll '1\ HIlII is ('(lIlr\)I'IIli\II~' l'pl •.I.pd to I.hl' \lH'1 ric \1'IIK(Jl'

T, {'HillA tid!' ddiuil ion ('t. II) IH'{'(llIH'H

(7. !!J)

which shows 111111 th!1 tl'aj('('loril'H 'I (SI'I' S!'('tioll '1.:1) 0(' I tu- nou dh.nlipativp
HYHI('11l 111'(' g('()d<'Hic~ ()I, .[' under I II(' !llPII'iI' r. 'l'hls rnctrl«, known I\S Ih'

Jurcbi mottle, oll tlu: conllnurntion I,PiH'I' 0\ 1111' Hy~II'1l1 hll~ IWI'1l Ilsl'd ill Ih(,

atl1lly"iH or IhI' dYllillllks ur silllplt, nux-hnnlrnl H,\'HI('ll\sl' nll(\ would Hppl'ill' to

bll urhnimlilv Hllil(ld II) II\[' unulvsis 0(' uun diH~i[>illi\'(' flllid H,\'sll'ltlS of thl' I~'p('
clb';('lhSC'd ill I hin work. III pn!'1 knlur. I hl'1'<' ('xisl u 1111illlH'1' or I !t!'O!'('lW' Oil

till' ~"I()bnlpropP!'I!pH or g(l()dl'i'lic~ 011 11 Illl1llirold7 which Illil}' b(, WH,d 10 ,vil'ld
!lID!'!' PoI'lIllj'ill rosults I'll\' 1Ill' d,\'llilll1ks or !lllid SYi'iI!'llIK wit h inl('l'ran'H I hall
run Ill' ol,\aill!'d via l!tl' allHl~'lHIH Pt'(,~l'llt(,cl ill lIds work. {:IlI'()l'tllIlH\.(-l,V, VI'I',\'

little, appI'al''' to be' \\l\()WII aholll Ill(' globnl struct.ur« or Ih!' ~~WIlP manifold
uuto(.\t() Oil whlrh '['i iii 11iI~(ld, il[)d tlri:i iH il IlwjUI' illlppdillH'lll 10 fll'og('('!lS via

all Hllal.\'"iH or I hI' )I.('()dl':;k~ on D. l-urt l« r II1'0,l\I'1':, 1'1 I\\H~' I hilS Ill' Cun'l'd 10 uwai:

1'111'1Itl'j' d('\'do[>IlIl'llt sin t hI' Ilt<'ol',v or ),\I'OIlP:i 01' ill Ihe' t lH'lll',\' or IllillliroldH.

"S,'I' I Ill' 1':1111'1' h,v Pill [I;',"J,

'''SI'!' fill' ilHilalii" I Itl' Ihl!lkH h.\' ('111'1'/',1 :' ill'd Fhill '1 ill, alld hlillAllIlll'i'p; pal,



7.9.2 Maupertuis' Principle

An alternative, but equivalent, Iormulntlon of Ilamiltou's variational principle
(;i(,(! Soctiou ;l,1) which is valid if tlw dlsslpaticn in the Iluld system is identically
I.('fO is that due to Muupertuis", The action

(7,,1,1)

is assumed I.() 1)(,stationary Ior tho evolution of the system over the arbitrury
fiIIW interval 10 < t < II and the variational paths ar« restricted (.0 those!
sa.tisfying tlto total (ltl<'l'gy condition

(7..15)

where Eo is the Hum of the kinetic and potential energies of the of the sY,yt<'rl1

at t ~ to.

7.9.3 Dynamic Metric on 'D

Note tha.t (7.18) for tho kinetic erwrp;y of the system is identical to the equation

("1.1.6)

written in terms of the coordlnatos Oil 'V, if T is the socond-ordor symmetric
d(lfinit(lu tensor fleld on D with components r'J :;;.:AliJ in the coordinate hasls
for 'D adopted in Section 'i' ,:3. The tensor T thus can assume tho role of n.
metric on 'L).

'lSI'Il, for inst,arH'p, tho houk hy Ahrl\hall\ I\ntl Marsden [2),
"Symnwtry lind drfinit('!l!'SH follow froll! tho proprrtiea of tlu ('XI,'d'lr product. and tho

lIndgn SIal', un-l the tcnaorinl uuture of T Iollowa from tlH' ,rnnhfor'lIlltioTl law lor " d\(I[\I~r
of roordilli\l.l'H on 'fI,



using Stokes' 'I'hcorem.

Substitut.ing (i.:W) and (i.!O) int o t i.:lK) and rl'tlLining only thOH(~terms of
litwar order in tilt' eli giV<'s

(i.18)

7.9 Geodesic Flow on 'D

A particularly compact Iorrnulation of t1w dynamic equation in the case of
ideuticully zero vi~('()sity of til<' [Jllid can be obtained by realising that, if elJ E

o and FJ ~ G for nil i,j -::::I, .... p, 111<'11 (i.:H3) is tho coordinate form of an
equation gov('rning a g(lmh'Hk Iiow OIl 'I:>.Although the analysis leading to the
formulation of the dynarruc equatlon 11:; 11 geodesic How on tho conligutation
space for the system is t>1!'s<'tlt('d in this section, for reasons to tw discussed
here this approach will be takon IlO further in this work.

7.9.1 Geodesics on a Manifold

Given a manifold AI with metric g, 1\, geodesic connecting points .1'1 and ;1.\1 in
Al is a curve in AI (genoratod by the path ( : lEt -t At) of minimal length
passing through ,VI and .I'J. '1'l111t is, along (1 goodesi« tho path length

if! stntionary, where ( ill til<' parameter along the path such that (( to) ~~ .1'0,

((cI) e: ,I'll and ((t) is the tungeut vector to tho geodesic at ((c) E: ,\1,

D(i



for j :::::L, .. ,p.

Note though that

.'.1.. ..\/iJ _ .1/1J.k it
,ie' -.. k ('( .:37)

Ilcnco the' evolution of til!' system is given by

(7.:18)

for j ~ 1. ... ,p. Oil partial diff('l'('ntiatiorl of the first term of (7.a6).

7.8 Linearised Equation of Motion

The equation of motion (7.:38) can be llnearlsed about any point in 'D. De-
nne coordinates (al •.. , ,<Lp) ill tho ueighbourhood of 1) E V such ChiLL t) has
coordinatea (0., .. ,0), In tho neighbourhood of 19,

M,j ~ Ali) +M1J.k ak + ()((ak)~)

(7.:Hl)

and

(7.,10)

where> tho 8lijJnc88 ('ot'11ld('nts
KiJ __ /<,J,1

(7.,11 )

!lii



from (7.17) and (7.22). Ilcnce from dolinition (1.1:1)

FJ =.: ( [*il,~ .;,; ( ·',"I:Fff' ) + LV) ( *:F) 11.,\11" I J . t1

( ... '}'»)( II};;"

since, from (7.G), 'll'tI:F'1 ;c= :FIT and hence ~i~( "/',lP1 ) "'" 0. Alternatively,
1.(1)

using til<' Cartan identity (1.11),

FJ = J v;, II *d(F)
;yln

7. '7 Equation of Motion

Since the sections Vi, i := 1, ... ,]J already obey tho incompressibility restric-
tion (7.12), Equation ·Ui for tho Lagrangian density can be used without tho
lncluslon of tho multipliots" required in the derivatl- ,f) of Section ·1.2. The
variation of tho Lagrangian map for tho system is LCllul

51. ~ MiJ it.i MIj

(7.:)·1)

Applying Hamilton's principle (:1.2),

(7.:3.1)

['Ot' j ::;::1, ... ,TI, on int(',a;ratinp; by putts ueing (1.22). ~linee the variations ba),

j ,'c" 1, .... P are lll'bitrlu'y and lndependent of each other,

a\l:Wl\l'(' of lilt' pr.'sHUrt' in lht· rl'ulllting equntion 0[' motion ill another major ndvan-
1111\1'of t.hl' prl'lwnt approach oVt'(' tht' l\lllllysis of ('IlI\ptt'r ,I.

(7.aG)

!).1



{Tsillg this operator, the' varlntion or t.ho kiuot k energy ill

TIl<' variation or Ill<' <liHsipatlon ['UI1('[ iou iK similarly

(i.2Ii I

'1'11(' variation lif t.h« pot.ont.ial ('Il('l'g~' is now d('I!'I'lJlilH'd. 1.1'1 v[ vj, j

L, .. ,JI. TIt(,It. lollowing til<' analysis or S('('liOll (i,2,:I. (II(' map 'i',!, !(W'I hor

wi: II the' roordinntes (Cll"'" (II') fot' 'J) iudur« distortion modes

on III<' manifolds ,1\11'''. II > I such l.hut Ill<' flow (iold II" t, ,t:' 1" of (,\1 on ..\..1"
iH gi \'('11 by

. i
IIi VII (i,2H)

From ((j,t!) nnd H Hlrnilnl' unulysi« 10 IhnIIlH(\c1 to oht.ain (i,12). it Iollows Illill

(;,:W)

rot' nil il"".}1 nud ,;\It:: c ,:\II~,.11<>1\('(\

(i.:lO)

WI)('I'(1 111(1 .tim'r ('or,/li!';r III.,

! .{(.. .y·,t

.
I "'(I, 1,I,I.~·

. "\'1'1 Ill, 1



Potential Energy

Finally. if the potentia) energy of tIl!' system is now assumed to be of ~he form
of ((i,(j.1) rather than of tho form of (a,7):

V ::::

(7,22)

(summation over o IEZ71 assumed] using (7A) and (7,(i),

7.6 Variational Analysis

At any point I) E V, the CUl'W\ 'Y <11ongwhich tho system evolves is specified
by the point in TV with coordlnatos (al."" a." alt"" iLp), AHSUIIl<' variations
6u1( l) and O(li( 1), i ::;::1" , , I P to these coordlnates. Tho variations are subject
to the kinematical constraints

((,28)

and t.ho end-point conditione 6u1( Ill) "~ O(Li( t 1) :;;: 0 and bai(lO) :;;;: c'ia,(l1) ::::;:()

for all i :;;;:1, ' , . ,p.

The variation operator rot' this sysl(\rrJ2 is then

In S('rtIOl\ :U. thl' rp;HIN IH rl'fl'tr!'d to th(· t('xts by Lanezos [·IH]lwd Ilurk» p a] for

till' d!'rivl\tloll uf tI\I' variation O(H'rator,

(7,:H)

!)2



(7,17)

using the definition of the total derivative given in Section Ul.2, In tfl(l follow-
illp; analysis. the abbreviated notation [,j or [,j is used to denote tho derivative
of the integral I with respect to the parameter aj,

Kinetic Energy

On combining (7.10) and (a.G), tho kinetic energy of the fluid system is

'I' . 1 ·\1· ij ' .•:: :;;.. al tlJ (7.18)

whore the inertia ('()('jjiC'icnt

Alij = f P Vi 1\ *'uJJ•.."

('(.to)

using (70.1).

Dissipation Function

Similarly, on combining (7,10) and (:Ul), the dissipation function for the system

(7.20)

where tho dampin!l ('()(J.ll<'irut

('I) .::;.:r '1 du' 1\ ",d'uJ./,\A

(7.:>.1)

ap;ain Il~inp; ('i.l),

01



non-zero viscosity the distortion modes must be continuous everywhere, while

if the viscosity is identically zero, t.h. \l the definition of the distortion modes
must. take into account the possibility that the velocity tangential to the in-
ternal interfaces i)'~i!'n, rj E Z may be discontinuous where the density at the
interface is discontinuous,

7.5 System Integrals

Given tt reference state

(7,15 )

lot

(7.16)

The system Integrals defined in Section :3,2,1 can then be re-oxpressed in terms
of the di-tortion modes Vi I> .'1:'A-1,i == 1" , , .p. The following result is needed
for tho analysis to follow:

Differentiation with respect to a Parameter

Let J : fa -l- 'D bo a one-parameter path such that J (0) is the poi nt 1) E
1) with coordinates (a""" lLp) and l~(f) is the point in 'D with coordinates
(al' ' , , ,ai + r, ' . , ,Clp). Tlw derivative of the integral 1 = J~I~''v1mWII, whore
W'I1 C> O;v(,ll, Cot' any tti ~ 1, with respect to the parametc. a, can then be

defined as

()()



Kinematic Constraints

A kinematic constraint on the form of the distortion modes is implied by the
incompressibility condition ('2.7). Since

-. () (7.11)

for all n E Z and {j E 'V, or, since the ai, i = 1" .. ,p arc in principle arbitrary
and independent,

(7.12)

for all i:::: 1" ..• p, n E Z and 1) E'D.

As in Section 2.a, this result can be integrated over each of the elements of
}v'lz. giving

(7.la)

for all i ::::1, ... ,p, n E Z and rJ E 'D, using Stokes' theorem.

The no-rupture condition (2.lG) leads, by a similar analysis, to the second
kinematic constraint Oil tho distortion modes that

(7.U)

where a(~rI :::: 1/119D/\tt.) n 1)'!lI).;\t{d' If this constraint is satisfied by the distortion
modes then tf)'9i\t{.,"\ is 1j\1.\t{·('omplete if .~z is .;\~.complete.

Dynamic Conetralnts

Dynamic constraints (Ill Ih« lorrns of the distortion modes are implied by the
iutorfacinl renditions d{ld\'!'cl in Soction ,1.5 and Section ii.a. In the case of

89



where (:-l,'l--., "I f-) is Ihe coordinate bash; for T,/D and the superscript dots
I. (1\ cap

on tho right hand side of the equation signify dilforentiatiou with respect to
I E In, These definitions can of course be pytenci<,d in the standard way to the

whole of y C 'D via an atlas on 'D,

Using local coordinates, ~'1l(!) has the linearisation

(7,9)

(where summation over repeated indices is implied) for all x E ..Vi, Assume

that the maps 'PI and 1/'tl(1) are equivalent representations of the motion of the
fluid. Tho equivalence condition

, i
II == (lj V

!> N,/vi (7,10)

on the flow fields generated by the lwo autornorphisms (S(IC Section 2,1) must
then be satlsfied.

The forms vl!>,t'}.;t, i == 1." , .p, will '·)C termed the distortion modes associated

with a particular selection of coordinates for 'D in the neighbourhood of a
particular point 1) E 'D, The transformation laws for the distortion modes
follow Immediately from those' for a change of coordinates on 'D,

7.4 Compatibility Conditions

If ccmpatibility with tho macroscopic model for the fluid structure adopted in
Chapter 2 is to be ensured, then a. number of constraints on the Ionn of (he
distortion modes must be cnforcod.



-[ g ]1->[ g l= [ g 1 [ % 1 (8.1 D)

where the transpose matrix

[
0 " 1 1[%] :=

1 0

E [1R l~ (K.20)

'I'he diugonal transpose is defined in the usual way by

(8.:21)

Linear Independence

Defino the matrix Iunctiou [ g' 1 E [ M, ilt In t\) be lincaI'ly itulepetulen! if

[ x ] [ g"]T ,~ [a J, [ " 1 E [ if? In

"';' ["]=[0] (" 'J'»)0, .......

where [ 0 1 is the zero of [ 1ft ]n and [ (j'l : u -.~[0 1 is tit,. zero of [ J/, fa In.
(Note that this dellnltiou lrnmed.ately implies that none of til(' elements of
[ g' ] aro the null Iorrn 0' : st -+ (J.) Lt,t [ st. lR ]~ C [ At,m 111be t ht' sot of
linearly independent matrix Iunctions in [ u. fH ]n.

From this definition, if [ f 1 E [ AI, III ln' and [ g' 1 ~ [ st. iN In is linearly
mdopendont, then, since [ f 1 : At -,~ [ IR ]11'

[ f J [ g*]1' ·u. [(i 1

~. [f] ,'" [ 0' J

III



where rho uistortion lll<Hj(' t'f, bils \)('('11 p;C'Il('ralh,('d to SOUl(' r",t>,\'.'v'ttL, Rostrir-

liotls Oil rn for solution» to (H.lt;) to ('OI'1'('IIPOI1<1 to physicallv-valid solutions
0[' tho oquillbrium oquution (~, 1~l arl' developed in III<'analysis which follows.
In 11a>r\)llowill~ Kl\t( iOIlH, ,L IHl.trix,IHtHl'd tcchnlquo for tIl<' solution of (tUIJ) in
tvnus of th( ocruputlou forllls p" 0; c.)J is dl\Vl'lo!H'd. In i'll'('! ion ~.(i it is shown
how tllil' approar]: allow)! till' rqulllhriu or it particular Iluid H'yst<'ltl !'ollsistinp;
of a number of IliHtin('t domains to lw dotormlned by largely algebraic ruoaus.

8.4.2 Notation and Definitions

Matrix Functions on a Manifold

Defino [ IR 1:;1as t h,' }It'l of all 111 ,,; II real-valued matrices, PHI' rho notatio«
[ '\'J I(m"l) to dr noto the romposltlcn of [ ,\ J ('~ [ IN 1::1 in t('['ms of it}! elements.
Fc)J' lulc'l' nHlv('ni('!lc'(I d('lill(' [ IR 1n [ lIt ]~I and! '\1 ](Il) ~ [ ,\,) l(Ln)' Deline tho
Het [ M, II? l:? or rN11 \'alul'd m x It matrix functions Oil I.Lmunifold AI such that
if [ g J ::.; [ !}I,I ](IIl.n) IE. [ .Il./U l:~I (,!tch ,IJIJ ,., 1\1)AI and IWHC(' [ g 1:M =~[ lU l~"
AM boforo, dplirll' ubhrovlatod notation for tho ('IUl(' m :;:; 1.

IHiJw the' matrix product. (If two matrix Iunctluns [ f J :::: [ IIJ )("1,1) G [ ,\I, IU )irl
Hnd [ g 1 ~ [ !llJ l(l.n) G [ Al, 1R l~! such !lInt

[ f 1 [ s J

(K.l i)

whore summation ovor 1'1'1)tlatl'd indic'PH ill IlSHIIIlW(l.

Also, if ~ t> ,1:.'.\; can \)(' intorprotod tlH u llnoat (lil['(If(\lItinl oporatcr on J! and
[ f 1 .::~ [ }"J llm.ll) t~ [,\1, II?]~', clt'li!\('

(; [.\], mJ:~ (~.l~)
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IigUl'I'H t3.!3, 1'1..1 and KJi. whor« (h(' asymptotic ill!,l'(><'tlH'nt. between Ill<' analysis
b:uH'd on tl\(' interaction Ilcld approach and Plateau's classical tl111l.1YHis can be
more clearly H('('II.

8.4 Equilibrium via Symmetry Groups

Fsing (7.a:n. Equutlou lUi Ior static equilibrium of the reforrnce stato ()f the
fluid syst.em can be rewritten ml

for all j ::"~1. ...• ]I

8.4.1 Strong Condition for Equilibrium

Equation H.i,! is aatlslicd in the strong sense if

for 1111 j ~;;;;1, ... , p. Thill oqulllbrium oquation should be recognised as the
generating equation for the point symmcttiea of fll1:FlT, (J' E Z", It is assumed
t hut the intoractlon koruels :FIT" E zn. reproscntlng the lntoractious within
tho fluid, are known f()rnUl 011 .vtfl and that tho equilibrium conllgurution of
111('system is giv('11on«: tlj(l forms flit E O2 satisfying (H.l!i) aro detormlned.

SIIlCt' th« diffl'r('nt.\al op<'mtol' iH it dorlvatlon with r('Hlw('[: to rnultiplication,
(H.ln) can l)(! !'('writt('ll ItS
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vII" LO'lOM
\ I. K to Q,(Jlvi \.

v, , II. K ::l 0.05
lV, III. k Q 0.10
III, iv. k to 0.20

v, I< '" 0.30
vi. I< c 0.40
vII. I< to 0.50

Figure H.5: Energy variation for Plateau's problem (k <~ 1).

interactlons'' between th( ;'gments comprising AI/(t, particularly between the
segments ay and 0:; when the angle "f is particularly acute, Indeed, over a small
interva) of k 11 second stable equilibrium is encountered where the included
angle between the Ht'p;nwIlts 011 and 0:: is approximately 7r'1 10, Comparing the
two contour diagrams for 0" ';;'i! 7r'/a l1IHl Oc =: 7r'/O, this second equilibrium
would appear to be a structurally stable feature of tho system. Tho cornments
of Section 8.1.1 as to the physical relevance of results such as those' discovered
here are relevant and in this particular cas« it is surmised that the conditions
required for dlffcrontiation of the two nearby (·quHibria in an experimental
situation would \)(1 somewhat speciallsed.

For cornpleteness, tho varlatlons of the potential ('Il('t'P;Y with tho geometric
paramoter (L in onrh of tho r<'p;iUlC'H h' ;:;:''' 1, k ~ 1 aud k <i?... 1 arc shown in

is discussed ill ('hIlPIPr n. IOllg·rrtngt' inteructioua lUI' excluded from 11!lIlIYHf'H h!l.HI'd
lin Ihl' (ojaHsicaIHUrf(1I'I' I ('t1siOIl bali!'d IllI'ory,
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kV7,5 Logend

i. k::: O.B
ii. k:: 1.0
iii. k c 1,2
iv. k 4
v. k =1.6f

a
1

Figure /ol"t: Energy variation for Plateau's problem (k ~ 1).

The potential energy of tll<' system then follows from ((l,G·!) Illi

Figure ~,'2 ShOW8 tho relation of the potential energy of the system to the
geometric parameter a and to th(, parameter k ropresentlng tho range of the

interaction kcrnel F, Ell<'l'gy contours for 0" =.: 1'ila and 0" !:',: 1'i IG are shown,
and the stable' equilibria of til!' system (ttHHuming k to be fixed) have been
identified,

It appears that ill tho limits lUi k ."~ () and as k ._) 00, that is, as tho !'aug" of I he
intoructiou becomos respoctivoly large or small compared to the radius of [.1)(1
clrclo J'lI::, Plateau'« result ii, r<',[?;l1itwd. while where tho I'l1ng(' of the lnteractlon
is cornpuruhle 1.\) III!' radiu» of ,1','1::, significan] deviation Icom thl' clussicai
result is Iound. This dcviat ion \\ ould appear to result from the long" range
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r
I~

Logond
L k c 5
il. K c 10
III. k::: 50
Iv. K::: 1ClO
v. k '" 500
vi. k c 1000

Figur« H.a: Energy variation for Plateau IS problem (A' );> 1).

bill

(tUO)

(H.I 1)

wlicr« :Fil~'OIJ/i'I) is t lio Iour-dinu-nsionnl HllilloiJ,l!!' to II!!' 1((,I'Ilt'1 ddill('d ill S('('
t len (i.Ii.l. This 1\('I'11('} ('all \)(' writ \.('11 ilK

llHinlJ, equivah-ut , llllil'ot'lltl.\' valid, polnr ('oonlillill!'H (,,,0) aud (1' •• 0.) 1'01' .VI.
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Figure H.2: Energy contours for Plateau's problem.

O.l~,oy and oz representing tho fluid membranes in Plateau's analysis. and /vt.1i

consistlng of tho complement of '\;('1 in .\;(, Tho thickness {If the lluid morn-
branes is assumed to be irrelevant to tho analysis. The extremities r, y and z
of the sogments comprising ,'\;('1 aro constrained to lie on the circle xy:: of unit
radius, while the point. () it! ['n'(' to move along the diameter passing through
.c. 'I'he displacement of /) from the centro of the circle J:YZ is given by the
parameter a as shown, while tho locations of the extremities are governed by
the angle 0."

By simple trigonometry, tho included angle " between the segments O!J and oz
is related to the goo[lwtric parameter a by

sin o,
u ::::('OS Ol~- _,

tan

Tho Iluid in '\;('1 it! assumed to be subject. to a, pairwise interaction with itself,
whil€' til<' fluid in .M/I is assumed not to be subject to any internctious, Define



r:lulr.l membranes are
reprosented by ~--
segments ox, oy /
ana OZ, /

/

Figure 8.1: Geometry for Plateau's problem.

The equilibrium condition derived in this section will not be used again in this
work, except indirectly in Chapter 11 and, by way of example, to determine
tho equilibrium configurations of the following well-known clasaical system.

8.3.1 Plateau's Problem

Plateau [GS] showed, using surface tension theory, that three thin fluid mem-
branes in stable equiubrium always intersect such that the angle between ad-
jacent membranes is '!:rr /:1 radians As it simple illustration of the lise of the
system energy to locate equilibrium configurations of a fluid system, Plateau's
problem IS to-analysed using the interaction fteld approach Consider tho gpo
ornctry shown in Figure 8.1. Let tho fluid domain .\;( 1)(' isomorphic to iN?
and let /\;( consists of tho two domains '\;('>1 comprised of the three segments

:ISl'(' fur instance the It'xL by Arnold [:I),

1{)·1



bourhocd surrounding the point about which the equations have been lin-
earised. Hence the linearisation (7.12) of the equation of motion on the C011-

figuration manifold [l of the fluid system can be used to locate points on the
configuration manifold which correspond to equilibrium configurations of the
liuid system.

If the point i) E V is to correspond to a static equilibrium configuration of
the fluid system. then, from (8.1) and (7.10), ai(O) = 0 and o'i(O) == 0 for
a1l i = L ... , p, (It has already been assumed during the derivation of the

linearised equations that ai(O) == () fl. all i == 1, ... , p).

Hence, from (7A2) and definition (7.a1), the fluid system is in static equilib-

rium if the force coefficients

== 0 (n.6)

for all j == 1, ... , p. Equivalently, if (da" ... , dap) is the dual basis on the
configuration manifold induced by the coordinates in the neighbourhood of {),

then

dV = +-Vdal + ... + dad VdapfAal TI
(8.7)

on interpreting the potential energy V as a section of "oV, and hence (8.6) is

satisfied if dV = O.

Define the set of critical points of some f I> "OAf as

CMU) = {x E AI : (df)l,r == O} (8.8)

There is thus a 1:1 correspondence between the elements of the set Cv(V)
of critical points of the potential energy V I> Nv and the set of equilibrium
configurations of the fluid aystem. It can be shown" that those critical points
where the energy is locally a minimum correspond to stable equilibrium con-
Ilguratlons of the system.
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experimental confirmation of the predictions of any system which claims to be
a model of the physical world. and the generality of analysis based on a few
explicit examples, should however be borne in mind throughout the analysis
of the following chapters

8.2 Equilibrium via Equation on M

A simple substitution of (8.1) into the equation of motion (4.18) and the in-
terfacial conditions (4.22) yields the conditions

d(p - cI»IMIl = 0 (8.2)

subject to interfacial conditions

(8.a)

Ior all 0:,;3 E Z, for static equilibrium of the flui.; system, Integrating (8.2)
over ,VIC! gives

(8.4)

where CCl E In, and on substituting this result into (8.3) the interfacial condi-
tions can be rewritten as

(8.5)

for all 0:, j3 E Z, where C,~i3 = e,i - CCI E In.

8.3 Equili.brium via System Energy

Any linearisatio.i of the dynamic equations for the fluid system is it valid
description of the dynamics of the system confined to a Iimitingly small neigh-
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equilibrium configurations of the fluid system which is based on the theory
of transformation groups, Although this method fails in a number of circum-
stances, it is perhaps the most elegant approach and yields some of the deepest
i-isights into the characteristics of static equilibria in fluid systems which are
subjected to internally-generated interactions.

8.1.1 Physical Interpretation

In this chapter the first comparisons of the predictions of the interaction field
model derived in the previous chapters with the predictions of the ( 'assical
surface tension theory are made. The interaction field model is treated as a
fluid dynamic model which he''' potent ally greater validity than merely as a
surrogate for the classical surface tension based approach, and all predictions
of the interaction field model, even where they contradict the results of the
classical approach, or where no direct equivalence between the interaction field
rr odel and the surface tension based approach can be shown, are analysed for
their physical relevance and plausibility.

It is essential that agreement between the predictions of the classical approach
and those of the interaction field based approach should exist in some suit-
able limit if the validity of the interaction field Lased approach as a physical
fluid model is to be supported. This follows since the applicability of the sur-
face tension model to a wide variety of physical systems is experimentally well
established! . The more interesting cases occur of course where the predictions
of the two approaches do not agree. It is known that the classical approach is
not without its problems", and in these cases it is argued that the interaction
field approach yields the more valid prediction) or at least that the interac
tion field model shows additional physical insight into the fluid system under
analysis, and hence is a description of the physics of macroscopic fluid systems
with interfaces which i~ superior in certain respects to the classical surface

tension model. The comments made in Chapter 1, regarding the necessity for
---------_._-----

1See for instance the review article by Bogy [8) mentioned in Chapter I.
~See the discussion of Chnpter 1 and also of Section 9.2.
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Chapter 8

Equilibrium

8.1 Overview

In this chapter, the conditions under which a fluid system governed by an
interaction field model exists in static equilibrium. that is, in a state where

lJ == 0

v _ 0 (8.1)

for all time, are investigated. Three approaches are adopted. In Section 8.2,
the equations of motion derived in Chapter ,1 are used to derive the cor.di-
tions for static equilibrium in terms of the balance between the pressure and

interaction potential in the fluid induced by the compatibility conditions de-
rived in Section iL5 on the fluid properties on the internal domain boundaries.
This result is used in Chapter D when the static predictions of the interac-
tion field theory are reconciled with those of the classical surface tension the-
ory. I\. second approach, described in Section 8.a, follows directly from the
modal nnalysis developed in Chapter 7, and is perhaps the most powerful and
generally-applicable rnetl.cd for determining the equilibrium states of the fluid
system. The third approach, described in Sec' " 8..1, IlS0S the liuearised equa-
tions developed in Section 1.8 to derive a. method for enumerating the static
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8.6.1 Symmetries of the Fluid Interfaces

L(,t .'v1 bn isomorphic to JR.:1 and Iet (.r,y,::) and (.r.,yo,'::.) bl' identical,
globally-valid, rectangular coordinates Ior .\It. These coordinates can then
be used to generate rectangular coordinates (x,)j,'::,.l'.,y.,z.) for the product

structure ,r\lt2•

Any symmetry field r t> ,:t'.\It of the occupation functions Oil ,\It can be written
using the dual basis (dx, dll, dz) induced by the coordinates (.1', ,II,::) for ,\It as

r::: u(J ,.t/, :;)<1.1' + l)(X,!I, ::)ciy + w(J:,!J, z)d:: (8.(1l )

or equivalently, uslng the dual basis (d.t., dyo, d::~) induced by the coordinates

r::: lL(.r.,y.,:.:.)dx. + v(.r.,y.,::.)dy. + w(x.,y.,:;.)dz. (8.{l2)

where II, V, 11) t> N/vL The physically realisable fields r,liY t> ,1:'}.ll~ must then

be of the form

r e r =: u(:t,u, ::)dx + 1'(,1',1/, z)dy + w(;c, y, ::)dz

+u(,r.,ll., ::.)d;r. + v(;"e., ,II., z.)d1Jo + w(J.:., !I., ::.)<1::. {lUi:n

when written in terrns of the dual basis (dx, dl/, de, (Ll:., el1/., d::.) induced by
the coordinates (:1:,11,::, ,r.,II •• .::.) Oil 1\lt2,

where

). ) :I
I' :;;:: (.1' .- .!~.). + (,1/ -. II. ). + (.::.~z.) (S,(iJi)



If two fields Yt. r~ I> .1::.\11 can bl' found such that Yl and r~ both satisfy Ill<'
equilibrium equation (<'l,.'j~)) and gl'TH'I'illl' i1 Iolintion of .\11 ilS described in
SC'dioll li.iU, 111<'11(8JiD) implies that

(8.(iU)

for all n E i. and hence condition (li.5i) 1'<'([\1i1'e<1 for (tUi(i) 1.0 hold will be
satisfied if .\11" E .\IIz. Thus any configuration of tilt' fluid system in which the
IO(,i~( ions of the boundaries of the minimal fragmentation of .\11 are related to
the symmetries of the interaction keruols via UJ.ii:{) will satisfy the equillbrium
condition (8.11) expressed in terms of the distortion modes available to tho
fluid system.

8.6 Equilibrium Configurations

Al though tho t('('h, iiques developed in tho previous sections can account for
arbitrary-order interactions between the particles of the fluid, and can account
for an arbitrary number of SPCci(IR present in the fluid, tlwl'(' is little point

in introducing unnecessary complexity into the present work for its own sake,
espoclally if added complexity results in no additional understanding of the
behaviour of t.he fluid system.

The principal goal ()f tho following analysis is to dorivo some initial results
demonstrating the validity of the ossortlons made' in Section ().Ii l'C'gardinp;
the properties required of the intoraction kernels in an iutoruction lipid model
which, under sui table' condi t i()!IS, yiolds oqui valent predict iO'lS It.' t hose' of the
claaslcnl surface {('US ion model, To this ('1)(1, it is assumed in tlh' oxumplos
which follow that till' :ntl'l'!lction \J('tWI'(\t1 the various dornuins ('ornprisinp; tl\('
fluid can \)(' charncterisor! by a kernel d('IiTWd on .;\II~, and that I'I1('h of tho
IWt'YlC'IH for Iho various Hlw<'it'H pr('Hl'1I1 in tho systr-m has t ho snm« symtnotry

group as tht' kernel :P1sodH"1 dPlirwr] in Sect.ion (i.iU.
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SiIlC(, V;, c>,t'.\II1I is constructible from V' r>::t'.\11 projection via the fibre integral
yields

(xJi4)

fur all j = 1, ... ,p, where

iii the potential on .\1( delined in Section G.·1.(i. Hence, using Stokes' tlioo
ro n and the inCOrnpl'C'llHibility condition (7.12) on the distortion modes, the
equilibrium condition on .\1111 can Illl projected onto ;\11 as

(~.!'i(l)

From tho lncomprcssibility condition (7.1a), Equation 8,G(1 is satislicd" by any
()[ the distortion mcdes vJ t:> ,1::'\1(, j "'" 1" , , ,/), if

( toUr;)

Ior all 0: E Z, or in other words if (b i!i constant on each of ttl<' domain

boundaries,

Agaln using tho llbre lntccral, if rill> ,1:'.\.1!! is constructible Irom r e, ,1:',\11, thou
tl.e generallaation or tho oquilibriurn rendition (8.H) in terms of thl' arbitmry
cpcrator r 11 can be t I'I111Hf('rl'('d from .\1( II tu ,\It as

r *rn(J') ,_, r. j *1" 1\ d([lj,I;tfl .vi

- 0 (8.ii8)

implying ill tho strong ('l\H(I th'1t

H 1\ dcP ;;c,: 0 PUiD)

thatthis hll~str(JIlV;l'r eondition than tilt' intt'ri'!ll'inlwtltiitiol\ d('riVt'rl ill SI'('I.IOll H.'.l

!'1'O1ll t ln- ('(l'mt ion 1)1' mot ion, III .\.1
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\h' minimal lrugmoutution of }v!, «(lch in\('l'fan' (J/vt". (\ C Z in thc ,\1( ..

(\)mpHC' fl'ap;lllC'lIiIlLioll ...Vlj, of 11)(' oquilihrinm conllgurut.ion or t.ho [lllid must
1)(1 isomorphk: to 011(' or til<' HurfH{'(ls 8 c F II .r ... \I(.

'I'ho laugC'II<'Y condition oil Lh(, two opcrntors can 1)(' ('XIJt'(Iss('d <'C[ttivalc>li\,ly ilS

(1' ~())

ilS

(H.G! )

for sOI1H' ""','''111'.:.\11 .. ~ !If. it follows Oil illl('qlt'('\illg ,""'rl,r, us iI HC'ction of 1\0,\11
thai

['ot' all a <: IU. Coruhinitu; ( . ii8) and (K.iiO).

whore In> 1\1l.\I(, lkIl('(' COl' thcl OI)('t'(llol'!oI rl Brld r~ 10 d('liIH' It fibl'alioll of .\It.
lite' lItH\!!.\' HIIlI' of IIH'il' ('Xu'l'iot' pro<[\lt'l. l'iJoukl he' all (,1'(11'( H(,(,! iou or /\1,\1(.

ill 1('aHI lip \0 llIt1ltipli(,111lOll by n srulur lie'lt! Oil .\1(,

8.5.5 Dlseortion Modes

III I his ,~('cI iolt I It(' allillysis of St't'liOIl ~,I.:~is (,()1l1plc'lt'd hy t\c'\('1'111illillA II\('

t'Olldil ie' 1M under wld!']l til(' oquililirhuu t'<{llill iOIl (H,tl) i~iSit! islit'd by II\(' diH

l.ort ion Illllth's v:,. .i 1•. ". p. ill addil lou lu lH'iIlP, sal h:[kd h~' t hc' S~'lllll\t'II'Y

OP('l'lllol'i' of 1II!' illl ('t'ilel ion kernels.
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This form or the cqullihriurn condition accounts both for tho requirement that
the equilibrium configuration of 'lli~'; .em \)(' physically roallsable and for the
restriction 1)11 the symmetries of tht' ('Cluilibriutn conflg .iraticn of the system
imposed by t IH' condition t hat Tn [)(' an operator in the group Q,

Tho H>t of Ik-lds r satisfying (8,IH) can be tlc·tC'l'Illi[H'd illg!'lil'llically and can be
arrangr«! t I) form a basis of goneratcrs for the synu» -try rr()up of tho elemeuts
of t,.) i' Tho elements of tJ i can then be found by inspection or by solving
the chaructcristic equations g<'Tl<'rated by this basis, again using th€' standard
procedure described by Ibraglrnov. Finally, tho ..AA.compld.e fragmcntnticn
..\.1 z isomorphic to (1:2 via the coa\(,SC(,IH'O stun and the composition product
defined ill Section n,:l..t and Section (),'2,:~('lUI be obtained. and this H<'t defines
t 11<'oquili bri tim configura: ion of the IIuid system in terms of the locations of
the various domains romprisim; tho system.

8.5.4 Solutions Defined by Foliations of .A1

If /\.1 ill thrce-dlmonslonal. then tho interlaces in tlt!' Iluid are all two-surfaces",
In this soction, a technique for deriving these two-surfaces from the physically-
l'f'alisable symmetry operators obtained via the analysis of the previous section

is developed.

Lot Til r2 c> ,:'t',vt be two physk-ally-realisaulc symmetry operators satisfying
(8..tt5) , Under suitable restrictions OIl tho forms of these operator», 11 unique

follation Frl.T~,M ()C .M can 1)('d<·firwd by the operators rl and r, by ['('(Jutring
that both operators 1)(' ovorywhoro t angential to the surfaces S of tho Iollatlon.
Thon, since (8..11i) projects onto .M lUi

(H"HI)

for al] (~ E i, or in other words sinrc any O!)(,l'IL\Of r t> ,t',,\.1 satisfying tho
equilibrium conditions must Iw tungont to the boundarles of the olomouts of

A uimilur alli\IYHi~ to ihu; Iltl'Ht'lltl'd hPrI' Iulluws in t.!H' ('liNt' whero /Ilt is two-dimensionul,
('X('I'pl that. only n single symnll'Lry o/ll'rlltpr is required to dl'f1I1" lltl' Ioliuticn on .\.1.
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since tlw elements or [ :P. j are it sllb~i(lt of the elements of [ :P j, Rewrit-

ing (K,·Hi) using the exterior derivative (S('(' Section 1.9,2) allows (8,'lH) to be
interpreted as 1'1'quiring

(8.17)

Ior all i= L, . , , r',

8.5.3 Physically Realisable Solutions

It should be noted tllltt the minimal Irngmontatlona of ..vlll goncrated by
procedure described in S('ctiOl\ ~.r,.1 do not all correspond to HOllW physically
realisable coullgurudou of the fluid system. In particular, those fl'1lgmentn.-
(ions which do not yield a sot of occupation functions which art' constructible
via the compoeltion product [rom some set of occupation functions on ..Vi (sP(~
St'cti(J" 6.a,·1) must be rejected since they do not correspond to any physical

configuration of the fluid on ..Vi, Assume that the sot {Pi;}kot..".kl of occupation
functions on the minimal fmgnwntatio!l of .Vill introduced in Section tl.5.1 is
Indeed physically reallsablo, or in other words h; constructible via tho compo-

sitlon flt'oduct from HOflH' Hot 0 i of occupation functions on .Vi.

[t it) assumed that tilt' group of symmetries Q common to all the Interaction
kernels :FIT, (!' E ZII is known a priori, or that tho group Q can be determined
by perfonning a standard analysis of tho invariants of the wt't of interaction
kernels, Let. :F\J. t> I\() .;\tin [W any form which ill invariant under the action of Q.
:F~ can be found by solving tho churacteristlc equations goneratod by 11 1>o.:;il{
of generator» of Q aHri<-<'I!'I'ilwd in the standard t'('ft'rl'llt'(l by Ibragimov [an].

Let r I> ,i;',M \)(' t'V('l'Yw\H'1'<' tlulgl'nlial to tho discontinuities in tho occupation
functions in l'J ~1' Then, following tht, analysis of Soction (i.a.li, r induces Ihe
liPid r'll rn •• ! C> ,t'.vln on d(lfininr.; rl r. On l'('(,III ..sion, r'flrn~! ~:;;r'i' ... ·1,T (n
factors), allowing tho oquillbrium condition (H,·ti) to 1)(' f('('l\st ItS

(X. 1~)
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8.5 Structure of Solutions

8.5.1 Minimal Fragmentation

Let {.~nk::ll.",k' Iw a .Vln'C()lllpl('tc~ fragmentation such that (dpDI.~~ "'" ()
for all i == 1." .• 1" and k "'" 1."" k', I.('t the Iragmcntation Ill' minimal
in the S('1\S(1 that. each .t E i).;~~ is (t point at which otto of the forms p;,
i :::::L"",.' \ is discontinuous. Such it Iragmen! ation is constructed from any
arbitrary complete Irugmentntion of ..VIa by using the coulescence SUIn defined
in Section (l.:l"l to combine clements of the' arbitrary fraHnwtltatiotl on either
sid('s of any lnternal boundary at which there is no discontinuity in any of the

fields P:, i :,;:1"",1", In Section G,:l.·l it was shown that the coalescence sum
induces un isomotphism between occupation functions and fragmentations.
Let {Pk }kot. ....kl be tho :wt. of occupation functions on tht' minimal fragmen-
tation generated from tho set O:z of occupation functions ~1I1 tho arbl trary
fragmentation via this isomorphism. Definition (8.38) can then be rewritten
in terms of tho matrix or occupation functions on the minimal Iragmontatiou

[ jJ ] ~ [ h J(kl) as

[ p' 1 ~ [ p ][ f/ ]

Ior sorne matrix [ f/ 1IE [ 1U l~:.

8.5.2 Geometric Interpretation

Equation 8.37 can bo interpreted us tequirlng Til to bo [)[l1'I\11(\[ to all disconti-
nuitios in p;, i:= L .. ,.r', Ihilt iH

(8..15 )

for ttl! k 1, , . , .k'. Equution H. to in ..llit'H that

r I, ( [ JC'. 1 ) "~ [ 0 1 (/ol,IO)
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The IWt or equations (~.:n) and (1'\.(0) is now in soluble form, If :F", a E En
admits til(' group of point svmmotrlcs QIT. then any rn HtLtisl'yinp; (~.tO) is an
iniinitesirnal operator of the gwup

Q= n Q"
f1Ezn

(~.11)

whew the intersection is to be lnterprotod us the largoet subgroup common to

the groups QI7' a E zn.
The static equilibrium conliguruticns of t he fluid system aro (hen obtained by
ddini ng (he elements of [ p' 1 ill Ierrns of (he occupation Iunct ions on .VlIl IHlCh
that (8.:37) is satisfied, in other words such that 1111 tho elements of [ p' 1 are
invariant under the symmetry group Q.

Noto that

(I,,:F17
- [p 1 [ :F ]I'

._ [p J [ L' ][P. rr
,_- r P' 1 [ :F. f (HA2)

tlsing definitions (H,:3:3) and (H.a8). Hence (8.U) cau he r('cast as

if [:F.] ::;: [:F! ](r') and [p'] ~~;:[(I: ](1")' It has been shown that (8.,1:3)and hence
(8.111) is satisfied if 'l)~ ill an operator corrospondlng to a point svnuuctry of the
tnternction kernels, but it remains to 1)(' shown thai Ihis equation is satisflod
by each of tho distortion mode's 'l)~l' j ""~1, ... ,p doflned in Soction 7,G if the set
oj' occupation Iunctlons fJ:. i :7.' 1. ... r is :4l1itably doflned. This demonstration
requites til(' additional analysis of Ill<' following section, and is doforred to
S(,!'( ion tUi.li.
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If in addition it is assumed that no element of [ :F 1 can be written as a lineal'
combination'' of the elements of [ p ], t Ill' matrix [ L ] in (8,28) can be written
in the form

[

l'

[L l= '~' (8,:35)

using matrix structure notation, whore [ I J E [ In 1; is the identity matrix,
and the elements in the upper right and lower left partitions of [ L J are all

zero.

Hence

[
1/ I 0 1[OJ [LJ=[p:;:] '" '"
o I I

(8,3G)

The structure of [ L ] allows Ul.:lG) to be decomposed by quadrants as

rn( [ pi 1 ) "" [ 0 1 (8,:m

where
.1'

[ pi 1 == [p][ L' ]

(8,:]8)

and

rn( [;-][1] )=[0] (s,an)

or oquivalently, since the column transpose commutes with rn and Tn( [I J ) ==
[ f5],

cnse where till'r£' iH linear d('PPIHI(,lIcl' bl't.WI'PII the olornonts of Ihl'81' matrices may
even be ronsidenxi to be pat hological,

(8,,10 )
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and

(8.30)

It can be shown very simply that [ p ] is linearly lnde,« : dent: Let [ .\. ] ==
[.\11) ](r) E [1R Jr. Since each p,,)'>l\o.vtn i11.M2 has non-zero support, and since
.\;iz is ,\lin-complete (see Section fU.2), SUPPPI1I nSUppptT) == .M~lnJ\II~J == {0}
if i i: j (see Section U).3). Thus

[.\.][p] == [0]

:::} [.\]=[0] (8.81)

and hence [ p ] is linearly independent. Using matrix structure notation!

[Gl==[~: p] (8.82)

and from the previous argument, if [ G 1 is not linearly independent, then it is
because there is a linear dependence between the elements of the matrix [ ~ ].
If there is linear dependence, then 1" elements of [ ~ J can be written as a
linear comblnation of the remaining r - r' elements. Hence

(8.:3:3)

where the interaction matrix for the fluid system [ L' 1 E [ in l~-rland [r. J E
[ Jvtn, IR l;-rl, giving

[ G* 1 -- [~. I P 1

(8.:H)

in matrix structure notation.
convention is !lHI'lI that dotted lines denote purtitions of the matrix into {~qllnl

numbors of rows or columns, while solid lint'S denote \c'SH symmetric. partitlcns of t ho matrix
structure.



and

[ :F 1 :: [ FIT) ](rj (8.30)

It can be shown very simply that [ p 1 is linearly independent: Let [ A 1 ::::
[AIT) ](r) E [lR Jr. Since each P(1,f>l\o.vt'l in .'\.1t has non-zero support, and since
A1z is .Mn-complete (see Section ().3.2), sUPPPrr, nsuppp,,) ::::J\.1~, ni\.1~) = {0}
if i =f. j (see Section 1.D.:3). Thus

[A] [p] = [0]

::} A'1 = 0 V (J' E zn
::;. [>']=[0] (8.:31)

and hence [ p 1 is linearly independent. Using matrix structure notation!

(8.32)

and from the previous argument, if [ G ] is not linearly independent, then it is
because there is a tineal' dependence between the elements of the matrix [ :F ].
If there is linear dependence, then r' elements of [ :F ] can be written as a
linear combination of the remaining r - r' elements. Hence

[ :F f = [L' 1 [ :F. f (8.a3)

where the interaction matrix for the fluid system [ L' ] E [ IR l~-rland [ :F * J E
[ .l\Itn, HZ l;-rl, giving

[ G* J = [:F. I Ii 1

(8,:H)

in matrix structure notation.
- nTh~ convention is used that dottad lines denote partitions of the matrix into equal
numbers of rows or columns, while solid lint'S denote less symmetric partitior-s of the matrix
structure,



8.4.3 Solving the Strong Equilibrium Equation

Equation 8.16 can be rewritten in the matrix notation described above as

(8.21)

if [ G 1= [ OJ ]('2r) E [ ,,\lin, iF? hr is defined in terms of its elements by

{
:FfTJ if 1 ~ j ~ r

OJ =
PIT2r-J+1 if r < j s 2r

(8.25)

In general, [ G j is not linearly independent. It :
write

possible however to

[ G f = [L 1 [ G' f (8.:26:

for some [ L j E [ IR ];; and some linearly independent, [ a* J E [ _\lin I JR l~,
where m ~ 2r.

Hence

Yn( [ G ] ) [G F' = Yn( [G ] ) [L]( G'jT

.- Yn( [ G 1 [L 1 ) [ G* jT (8.27)

since Tn( [ L ] ) = [ IT].

Then, since [ G· ] is linearly independent, the solution to (8.2,1) is given by
the matrix equation

-Yn([Gj LjJ=[IT] (8.28)

Further progress can be made by examining the structure of the matrix [ L 1
which follows from the definitions {.:.the occupation functions and the interac-
tion kernels on ,\lin. Define

(8.2D)
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functions on .\It. obtained in the stronger case is constructible as a subset of

O_}, where OJ ;: {p", P.l' p..,}. The equilibrium configurations of the fluid ill
t his case are thus obtained when O.\It", ai\lt/l and OJ\It.., are all isomorphic to
('i<'ll\('tlts of OtH' of tho fibrations of A1 enumerated in Section B.G.l.

8.6.3 Properties of the Strong Solutions

The process of obtaining the static equllibrlum configurations of the fluid sys-
(em via the strong form (8.15) of the equilibrium condition (8.11) has HOm('

irueresting properties:

Structural Instability

,.0n'· ler a fluid system in equilibrium within the domain }A. The introduc-
tion of a. new domain anywhere within ;\It containing a fluid with a different
symmetry group to that or the fluids in the original system will, according
10 the analysis of Section 8,·1.3, collapse the set of equilibrium conflguratlons
available to the fluid system into the smaller' S{~tgenerated by tho intersection
of tho symmetry group of tho original Iluids and that of trw introduced Iluid.
The fact that the domain of introduced fluid may be arbitrnrily small, or be
located 11t an arbitrMily large distance from the domain boundaries in the orig-
inal system, shows that the solutions generated by the strong procedure are in
fact structurally unstable in the sense that the solutions may be destroyed by
arbitrarily small perturbations to the structure of the fluid system,

Incompleteness of Solutions

It is easily shown by exam pi" that the sttong Com (8, Hi) does not: in g<'twral

yield all the static ('!jllilibria of any given fluid system.

Considor til<' Iollowing oxamplo. Let. the fluid domain .\It 1)(' isomorphic' to IU~\
and lot .\It be' comprised or two distitl<'t. domains such that Z ~,::in. d}, Lot



In this example lot there 1)(' thrce distinct (that is, linearly independent) inter-
actions: th« s('lf·intc'l'action,., l)('IWPC'll the fluids in the domains )vLI and .\1(..,

characterised by interaction kernels :Fii,j and :F~", and til<' mutual intoractlon
between tilt' fluids in t he domains .\1( Ii and J\tt. , characteriecd by the interac-
tion kernel :Fih, Assume each interaction kernel to have the same symmetries

as JiSO( Illl), 'I'll IlS

rs.iun

and the interaction matrix is

() II 0
0 () ()

() 0 ()

() 0 0
[L'l ,,",:! 1 o 0

0 1 ()

0 () 0
0 1 ()

0 ()

(~,1()2)

'1'11<'r

(tl,lO:1)

Now the HeL of occupation Iunrtione {P,i(.)d' Pd(~ ..+P.. :,)/l, P"':""1} 011 .\1(2 derived
from the elements of [ p' 1 is not constructible from any H<'t • ,! occupation
functions on .\It, Note (.111)1Ip;hthLt if (1{,:l7) holds in tlw st,l'()llger (,IWI' where

(~,10,l)

t.h(ltI, sin(,(1 til<' dim'I'C'flti(d O!H'I'lllor t'Ol1l11111tI'S with summation. (K,;17) holds
for [ p' 1 p;iwl\ by C'U ():l) , Tltl' s('1 {P,I;,;d,{JdWy,(I'Yi'l,jO(lc,:-l'''} of occupation



(a) (b) (c)

Example: Z :I [a. PI' ~2' PI' P,I )
CC'Jnflguratlons (a), (b) and (c) are all In equilibrium,

Fip;ul'(' ~,(l: Schematic of multi-domain equilibrium.

Example a

In t.his example it is demonstrated how ('(,l'tai,l ccmbinaclons of interaction
kernel ran 1('1\(\to all rquilibrium conliguration on ,\1(2 which is not. physicnlly
I'p,tlisable since the occupation Iunctiona Oil .\I('l satisfying the equilibrium
equaticns cannot be constructed from 11 sot of occupatlon functions on .,\1(,

AHSUITW tho fluid system Oil .Vi to 1)\,comprised of three distinct; dcmalns, such
thn.t Z ".~{Cl:'/',l'}' Ap;llin, assuming palrwiao intoractions to he the highest
order interactions pr('s(lnt in tlw system, the nnalysis takes place on /v(~ with

such that

1:31



From (8.a~)

(~.!l7)

In this case the Hel of occupation Iuncticns {i).Jllll+ ... + P,l,"ir 1 on ,\'1 ~obtained
as the 1l1'( of dements o] til(' matrix [ pi J is physically constructible from the

1m! O;~ == {P",Pdl ,!' .... l"d cf occupation functions on Ali since

-- {(Pill + ... + p,!, ) C'¢ (Pill + ... + P,lr)}

(8.D~)

using the coalescence Hum defined in Section 6.:3.·1. Performing the isomorphic
operations on tilt' HPj, ,,\It,J yields ,\ltz {,\It,n ;vCh 'P .... Il,ir}. 1It>IH'(' from SI'C·

lion tUi.:l, i)J\It.~ and iJ.\ltJil.r. ""l.d. urv both isomorphic to one' of the surfuces
«numccated in Section ~.(l.l. This oquili bri UIU case IS illustrated schematicully
In Figure H.G, where thl'e(' of the various equilibrium configurations available
to an example system (Oil assumlng a particular concentric-sphere ('quill bri 11m

couflgurntlon of tho inlC't'l'a('('S t).\It" and Div!.l! 'D''''Dlir) an' shown,

Note that one way of interpreting the lnteractions present ir, this example III
that tho Iluide in the domains .\ltdl, ... ,\It,ir are all of the same species. sinco
the scll-iuteractions and til(' mutual interactions between tho dcmalns ur« nil
govortwd by tho same lntoract ion kernel. It b or course to 1)(' expected Ihat an
analysis for multi pi!' domains of Iluid all contniuing the same speci('s of fluid
should reduce, itS hUH beon dcmonstrntcr], to an analysis for it single' domain
ol' lIniel consistiru; of tho union of tho multiple domains.

l:W



Example 2

'1'11(' ['oUowinp; oxamplc hils relevance in Chapter 11. whore till' equilibria of
~yst('Itl~ having arblt rnry topology at som(l :;lrtp;!' during their evolution, rather

t hall Hl(, simple lopo\ogips or the couligurations «numerated in Section ~.(i.l.
an' ccnsiderod, Th« 11111<1 system on .\It is assumed to bo comprised of r + 1

distinct domains. Ll't.3·" {n.rJ1 •.•. ,dr}' 111'11('(' O,;:c:: {P'l'PUI •... 'Pdr} and
\liz .:~ {.\-til ,\ltdl'''' ,.\II.I,} .• \s ill tho [l1'('\,\0\18 example, intcractious of
Ar('alpt' than pairwis« 01'(1(,[' 1tl'(' assumed not 1:,) 1.(' present, Again analysis
fakes pla« on .1\11'2, hut Ihis time with

.~.

and lwu('('

(~.!J.1)

Again IUHiUtlW the lutcraction» to h,) charactorieod by the si11g10 lntetaction
kernel JisOIlJ!Ii) H. ~h that

(·.ll!i)

hut in this (',Ul(' [(It tho int('ractlollH in 1:11<'fluid consist of both H(t\f·intNactiollS
within, and mutual intoractlons botwoon, all tho domains ,VlIII, •••, .VI.l,. such
that tho lnternction matrix for tho system must 1)(' written itS

()

01

[ r/ 1 Or (K.DG)

11

I,.

1 :10



A~HII!l\(, (hat the interactions within 11w fluid MC' cbaract(l!'isod by the single

lntcraction k('1'11('1.1iSOII/{I'I' 'I'hou

(8.8!))

Furthermore let the interaction consist solely of the interaction of the fluid in
.VI,. with itsolf'. This assumption allows the interaction matrix for the fluid
system to 1)(' writton at>

[1,' j := o
o
o

(8.DO)

[ pi 1 == [ p ][ L' 1 :.:: [P"~l,~l (8.1)1 )

Note though that the set {,i')(I"] of occupation .unctions on A1~ obtained as
the set of clements of the matrix [ pi 1 b physically constructible from the sot
t'?:!, == {p,x' Po} of occupution functions on .VI, since

{P()(-la} .- {P'i!·)P,.}

C {P,,'Pil}~ UU)2)

from the deflnitlon of till' occupation functions on .VI'.! in terms or the occupu-
tion Iunetions OIl ,M. TIlt' set .\ttj "'''-{.\It'l' .\ttll} is of course tho .VI ..complete
frugmentation which is isomorphic to Oz. The nnalysis of Section 8.li.·1 thus
implies that. 0.\1(" and 0."(,1 aro both isomorphic to one of tho surface's enu-
rneratcd in Section K,(i.l. Thia prototype example shows that the interfaces ill
i' two-domain HYKt('1ll ill equilibrium, whore one of the domains is SUbjll('t to a
pairwiso self-intcruction, ran adopt only those goomerrios which ttl'(, permitted
by tho foliations of .VI inducod by till' syrnmet rj(IH ()f the int crartlon kornols.



8.6.2 Examples

Some ('x1tlllpl('H or tl)(' appllcation or tl\(' symmetry techniques developed in the
previous sections to tho enumeration of the static «qulllbrlum con figurations
of a Iluld with internal interactions of the form assumod in Section H,G are
now given, 'rile first. example illustrates tho simplest case of two domains of
fluid in contact, along 11 common interface, The second illustrate's the case
WI1<'1'(l there arc multiple domains of fluid, but all share the same interaction
kernel. Example a illustrates tbo ('lUi(' where tile form of till' interaction kernels
limits the number o] equilibrium configurations available to the fluid since a
matrix of ocrupatlon Iuncr 'ons is [1;(II1('rat('d which cannot ho constructed via
tho composition sum Irom the matrix of OCCUIHttiou functions on the fluid
domain .'\it,

Example 1

In tltlH example till' simplest case where the fluid domain .1It is composed of two
distlnct domains is analysed. Lot Z ::,.'! {n, /1}, The Hnl of occupation functions
on ,\it is thus 03 := {P ...., P,I}' corresponding to 11 ..vt-complote fragnwntatioll
,AI! z ~ {.\If(y! "vei}. Since tho highest order interactions within the fluid nro
HS811tned to be pairwise' interactions, tho equilibrium analysis takes place on
.\tt'J, Then

(H.H6 )

aud hence

Hence Ircm (M,2D)

I/OJ'~:':[/J~ • \ Y !~}L.t

1'J'"... 1



8.6.2 Examples

SOllie' examples of the application of til!' symmetry «'chniqu!'s developed in the
previous sections 10 the enumcratiou of the static equilibrlum configurations
of 11 Iluid with internal internet.ions 0[' tho form assumed in Section S,G ar«
!lOW given. The Iirst example Illnstrntes Ute' simplest ('(Ui(' of' !:\VO domains of
fluid in contact along a common lnterface. The second illustrates the ('(tOO

where there are multiple domains of Iluid, but all share the Harne interaction
kernel. Example a illustrate's the (,(~H(, when' tho form of the inter-action kernels
limits tlV' number of equilibrium configurations available to tho fluid since a
matrix of occupation functions is g('IH'['atc'd which cannot be constructed via
till' composition Hum from the matrix of occupation functions on tho Iluid
domain ;\It.

Example 1

In this example tiw simplest ('as(~where the fluid domain ,lit is composed of two
distinct domains is analysed. Lot ~ :.= {n, ~:I}.Tho ~l('tor orrupatlon functions

on ,lilt is thus Oz =: {PilI Pill. correapondlng to a ,\It-complete fragmentation
.\ltz ,:;::{,II(., , .VlI!}. Since the highest order interactions within tho fluid are
assumed to be pairwiso lntcrncticns, the equilibrium analysis takes place on
i\tt~. Then

(8.86 )

and hence

(~.~7)

Hl'!I('(I from (1'l.2!»)

(K.KH)

1')"wi



C1l8C ,J:

rw ~ t.a :f. 0, ll::;: 0, I' ,= 0, b:::: 0, c == 0 (R.SO)

in which case (8. fa) reduces to

XliX + }~d}' = 0 (8.81)

on the elements of the foliation. This expression solves to give

(8.82)

in other words a. set of arbitrarily located, coaxial, cylinders all with the same,
arbitrary, orientation within .VI.

case 4:

r f. 0, i :.::0, lL :::: kb, v = kc, III = 0, b f. ° or C::f () (8.8:3)

in wl.ich case (8.7~) reduces to

XdX + YdY + (Z + k)dZ ::::0 (8.8·1)

on the elements of the fellation. This expression solves to give

{ Su :::: {(X, Y, Z) : X.·J + y2 + (Z + A·)2 :::: q} : q Em} (8.85)

which is i1 set of concentric spheres, arbitrarily I(JC'Lt(~d within .M.

Degenerate Solution

Another solution to the equilibrium equations of ('I)Ut'S(' O(,CIlI'S when tl1('['('

it!'(' llO domain boundaries within the fluid at all and hence (8. lfi) or (8. I!l) is
identically satisfied by any symmetry oporutor satisfying (Ii. 18).

12(i



The exact two-forms defining the foliations of },II can then be obtained by
arranging the parameters 1', l, Ii, I', W, (I, b, (' such that groups of terms in the
above expression cancel. The various combinations of parameters which yield
exact two- forms ate

case 1:

r :f- 0, t == 0, u ¥: 0 or v 1= 0, 10 == 0, b = 0, c = ° (8.71 )

in which case (8.7a) reduces to

dZ = ° (8.7.5)

on the elements of the foliation. This expression solves to give

Fr,,1'2'!\1( == {Sa == {(X,Y,Z): Z == q}: q E IR} (8.76)

that is, II set of parallel plant's with arbitrary orientation within ;Vi.

ease 2:

r == 0, t:f 0, U:f ° or 11 :f 0, a == 0, b:.:: 0, c == 0 (R,77)

ill which case (8.73) reduces to

veiX ._ ueiY ::: (J (8.78)

on the clemente of the Iolintion. This expression solves to givo

{ ,5" =: {(X, Y.Z) : I'X - ui' =: q, 1£,11 f JR} : q E Iii } t8.7l))

which is again 1L set of parallel planes with arbitrary orientation within .vt.

12fJ



and uniform scaling of the coordinates [z , Jj, c) for •\It , the actual transfor-
mation being dependent of course Oil the parameters ct, b, c, 11, II and Ib, Of
particular importance is that the map from the parameter space to the co-
tangent bundle T*.M induced by the coordinate transform is a surjection, and
hence the symmetry operators of the system are linear combinations of a rota-
tion operator centred upon an arbitrary position ,r E ;\It and oriented along n
arbitrary axis defined by the one-form TI, and a translation operator directed
along the same axis,

Foliations Yielding Equilibrium Configurations

It remains to establish the foliations of ,'\It which are generated by pairs of
symmetry operators of the form given in (b,7G), and hence to enumerate Ute
equilibrium configurations of the interfaces in the ninimal fragmentation of
the fluid system,

To simplify the resulting algebra. let one of the pair of symmetry operators be
defined in canonical coordinates:

Tl == r(XdY - YdX) + tdZ (8,71)

The other operator will then have the general form

T2 ::: udX + vdY + wdZ

+a(XdY - I'dX) + b(ZrlX - .\.d, (8,72)

when expressed in the same canonical coordinat es. The Hodge star of the
exterior product; of the two operators is then

((rw -Ia).\' -1'.\'(/)X + ('n·-lv-teZ

+( (1'10 - la)}' - d"(bX + ('}')+fll+lbZ

)dX

)dY (g, 73)

+( -l'Z(bX + cY) -r(IlX + I'Y))dZ

12,1



and

(8.G6)

Equation 8.'18 becomes, after some simplification,

(.r - x.)( u(.l', y, z) - u(x., y., z.))

+(y - y.)(v(.r,y,z) - v(x.,y.,z.))

+(z - z.)(w(.r, y, z) - W(l~., 1I.,z.)) = 0 (8.67)

This equation has the non-trivial solution

u(.r,y,z) = It+ily+oz

w (x, y, z) = ill - b» - cy (8.68)

by inspection or by substitution of a polynomial trial solution, where ct, b, c,
li, iJ and to arc arbitrary real constants. Thus any symmetry field r I> ,t'JVi of
the configuration of the fluid system at equilibrium is of the form

r = adx + l'dy + lvd::

+d(.rdy - yd.r) + b(zd:z: - ;cd::) + c(zdy - ydz) (8.69)

This is not however tho most useful form in which to analyse the symmetries
of the equilibrium configurations of the fluid system. It is easy (but somewhat
tedious) to show that any field of the form of (8.69) can be brought into the
canonical form

r(l], X, I',l) =: l'(XdY - '(elX) + telZ (8.70)

for some one-form 1/ "'" ell, E T;.,\I( and ('(JIlHt,Wt. l' and i, The coordinates
(X, V, Z), and hence I] and .1" are obtained by a suitable translation, rotation



(x,y,::,.r.,y.,::.) is it system of globally valid coordinates for .\lt2•

Assume the fluid domain ..\It to be divided into two domains .Mi) and )V(li,

each of infinite extent, by tho interface ()'~Il := IJ,Vi,) n I).ViIi' If

(D.l)

(with an equivalent definition in terms of the coordinates (;v., y., ::.)) then

o'\It I~ _. { ( .1\ 11, z) : z > Z (l~,11) }

,\.1/1 "'" {(;r:, 1/,::) : z < Z(.r, lJ)} (9.2)

and hence, using the analysie of Section 6.a.a, the occupation functions"

Pa('-C,y,::) {~
if z :> Z(x,1/)

=:
if ::<Z(x,y)

P/l(x,y,z) {: if :: < Z(tC, y)- if z> Z(x,y)

p /\oM (9.3)

can be defined. These in turn induce the occupation functions

p,y~)() s' r: (q PIl := p,)(;c,y,::) Pt¥(x"y*,z.)

Pet 0 iJ - J',;r'li Pi! :;::: p(/l:,y,::) PrJ(.r:.,y.,z.)

PfJ~)()
._

P,j~h11
_. PiJ(.C,l;'::) p,)(:r., y*, z.)

P{30iJ
._

PI10Pa -~ P13('v, y, Z) PtJ(X., y~, :.:.)
(I)A)

and so on for NU'h Mt!, n > 2.

This topological structure for .Vi is of course by no means gorH1ral, and in
Section !)..1.:l tho I'lf(lctH of OIl<' or tho fluid domains having finite, rn.tlwl' than
infinite, l'xt('lIt ill inVl'Ht.igat(ld.

ubus« 0[' notation committed by wnfuHill)1; n. map and its image is continued through-
out this rhnptl'f lI.q it armpllflca tho cootdinnte-bnsed pr('.l(,lllt\tion of tl\!' f()lIowin!~BN~tion8,



it consequence of bounded rang!' of th« interaction kernel.

Physical systems exhibiting the dfects of long-range interactions am relatlvely
common. It is known, for example, that fl. force can be gonoruted between
two llPHby water droplets by virtue of their long-runge mutual interaction,
and a .imllar situation occurs in thin film Ilows, Traditlonally th<"l:i('effects
haw been accounted for by the addition 01 extra terms into a cluseical surface
tension model for tho behaviour of tho system, Introduction of tho so-called
disjoining PI'('8811I'e, \H'p;inning with the analysis of Dorjaguln and Kusakov
[21] and including the ItluLiyses of Erueux and Davis [26] and Joosten [:mJ,
k account for the interaction between the opposing surfaces of a thin liquid
film would appear to be an unnatural attempt to introduce some olements of
the global seructure of an interaction lipid typo approach into the' inherently
local classical theory. The analysle of Ruckensteln and .Jair' [72] whore the
interactions between opposing surfaces are accounted for by 1\ body. force type
term rather than by a disjoining !H'('SSUl'e goes some way to introducing Horne

of the structure of tho Interaction field t.ypo approach, Unfortunutely rho
integral dependence of tho internal interactions on the overall conflgurution of
the fluid as suggested by the ialyaia of Chapter 6 is not accounted for, and
IWflC<1 even this analysis fails to account properly for the global structure of
tho lnteractlona within the fluid. The vacious enhancements to tho classical
surfuco tonslon theory proposed in the various analyses cited here all appear as
somewhat unnat ural aucmpts to shore up the failings of tho clussical approach"
e8p('<'inlly when, as shown in Chapter 6, ll. concise description of the I'lf(,('ts
described here can be' obtained using an lnteraction Ileld model with a suitably
defined interaction kernel,

It

9.3 Preliminary Results

Lot, .VI 1)(, lsornorphle to JJ{1 and 11'\ (,1',1/, z) and (.r., 11., ::.) 1)(' equivalent,
globally valid, r('('tiUlI~I1I(\I' ('ool'ciinat.(·fj for .VI, The II, as in SI'('lion x,G,l,

~T nfortlllll\t.l'ly til!' aliuHioll to tlH' work hI' Kuhn [-to] can hardly 1)(1aveided.

IH



rermlnlng fluid properties "Hell as the pressure. The analysis of Soction ii,.t,2
,'\'('11 Hllgg<'Hls that !Il!' in torart ion fidel model can btl used 1;(\ analyse systems
where til(' curvature ill not d(>Jirwd itt any point, on allY of til(' interface's in
the fluid, If reconciliation between the prodictions of the classical approach
and the predictions of til!' interaction field model can be achlevod ill nil situ-
ations where till' classicul model does not break down, then this continuation
of the good behaviour of tho interaction Iield model into situation« which arc
inuccosslble to t.he dusyical model yields strong evidence to suggest that the
luternction field model itl superior to the classical approach as a model for the
dynamic's of fluid aystems which haw the structure derived in Chapter 2,

The second failing of the dassical tlw()I'y as a consequonco of itH inherently
local description of the interactions within tho fluid system ill its failure to pre-
dict (\ffoc\.s resulting from long-range interaction between nearby, but possibly
non-connected, domains of fluid. Effects of this type! have already been encoun-
tered in the analysis of Pluteau's problem in the previous chapter, whore tho
interaction field approach shows ('(fects which are not predicted by the clusslcal
surface tension theory, and in particular where it is claimed that SOHI(' of IIll'
structure or the potential energy aurface of the system is indeod an {'ffeet of
the long-range dUl.!'o.ctm' of the interactions within the system. Tho origin or
the structural instability of the eolutlons to the strong form 0[' the equilibrium
equation derived In S,'ctiotl 8,11 (,lUI also bo traced to the ('{feets of Ilnlt« rango
of the lntornal lntcractions on the behaviour of tho fluid system. It is irllplki t
in the derlvatlon of tho strong soluticns to the equilibrium equation thct any
symmetry operator of tho lnteractlon kernel ls uniquely dollnod at each point
in Mil by (BA8), If th« intorncticu kernel :FQ, has bounded range, however, in
the sense that supp(.:F~) n .VlTI c: .VI", thou outside' HUpp(:FQ) any operator
sl~tislios (HAS), This implies that if tho interaction kernel has bounded range
then tho introduction of a now domain into tho fluid, Ioliowlng the analysis of
S('rtio!l H,(l,:~,need not load to chanp;('s to the equilibrium structure or the lluid
(lXC('pt within some bounded neighbourhood of tho now domain, This iHHIl<' is
addressed again in Chapt(11' 11 where tho possibility of coexistence of multiple,
independent, equilibrium ('()n!ip;llflttlollS within tho Iluid system is shown to \)('



of the generalised occupation functions has zero support, physically the most
plausible reduction of <[> to it point property occurs if the species interaction
kernels :P', 11 e ;en have vanishing support, and in addition supp(J"") C S
Ior all (f E zn, W here S is the project! ve symmetry set of .\.It n defined in Sec-
tion (Ui,i, Tho physical implication of these requirements is that the interac ..

lions between the fluid partidl's must have infinitesimal range, This argument
gonerallsoa the work by Kirkwood and Buff [42], where til(' surface tension
is related to the internal interactions within the fluid under the Cl881lmption

of vanishing range of t.he internal lntoractlous, Here' it has been al'.D;uodthat
vanishing of the SlIPPO['t (If till' interaction I\C'l'TwIH is in £.1('1; lWfr'8.9arv for the
classical surface tension theory to exist.

'I'he most obvious failing of th« pointwise treatment of the luteractions within
the fluid by the classical surface tenslon model is found in the behaviour of the
Young-Laplace equation, A primary problem with the Young-Laplace oqua-
tion is that it becomes singular as the mean curvature of the interface beCO!1WH

infinite, and hence tilt' Young-Laplace equation can allow the pressure in tho
lluid to become lnlinlte Systems with large lntorfucial curvature am oncoun-
torod frequently in nature, for example in aerosol droplets, at the lntersections
between the liquid films comprising foams, and during the breakup and ('0·

aleseonco of liquid droplets, The physical existence of pressure singularitles
in such systems is more titan doubtful, and analysis using the Young- Laplace
equation, given its inherently pathological behaviour, might quite easily lead
to incorrect physical insights in these systems, Included here are, fol' example,
tho analyses of the instabilities of thin liquid Illms and threads of Rayleigh [7)]
and Taylor [77], ['t8] and many of the analyses of physical systoms reviewed by
Bogy [8] and more recently by Tjahjadl ct ol, [tlO],

The int('gral approach of the interaction field model contradicts til!' classical
upproach by implying that infinite curvature of the lnterfsces within the sys-
tem should not. lead t.o singuluritios, and, since the internction potential iM

dl'tt'l'mitwd by illtC'gmtillu over a. volume form defined OIl tho fluid domain,
tlmt ill Iact tho rurvatur« (If tlw iul('rfa('('s has only 11secondary (llft'el in <1(,.

on the fluid prolH1rtil's within un inflni: " umnl uoigbbouehood ofx,
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surface tension ill the C!1He where the characteristic dimension of the fluid
system approaches the runge of tlw internal interactions are obtained ill the
CUS(' of spherical interfacial geometry,

9.2 Limitations of the Classical Model

Various authors have' noted that the measured surface tension at the interface
between two Iluids in a system characterised by a very small length scale
difl\'ril, in some cases quite considerably, from the surface tension measured at
tb' intorface between the same two Ilulds in a system with larger length scale,
This dependence has been examined by several authors, notably b~'Tolman [81]
in his study of til<' variation of (II(!surface tension of i1 spherical droplet as tho
radius ~)fthe droplet. is varied. StaLed differently, the existence of these systems
shows that the surface tension is not only a function of the properties of the
tluid- at the interface, u.sis assumed by the classical model (see Section 1.2), but;
is a function also or the gC'ornetrj of the system. The classical approach thus
appeal'S to incorporate 11 fundamental ovnrsimplilication of the interactlona
that OCGur within the {Iuid system. On the other hand. the interaction field
approach accounts in a very natural way COt' those intel'fuchl effects which
are induced by the overall geometry of the fluid system, This follows slnce,
through the integml rclatlonahips of Section 6.4.6, the lnteraction potential
(1), or equivalently the potential energy, fol' the system is dependent on the
generalised occupation functions for the system, and hence is dependent on
the configuration of the fluid system 0.8 n whole.

Direct l"·{''';.ciiiatiotl between the classical surface tension model and the in-
tcraction field approach IS only posalble if the potential (11describing the inter-
actions within the fluid system in the interucrion fl<'ld model can be made to
he lndopcndont of tho oV<'l'I111coullgurution of tflO fluid. This independence is
achieved only in the, ('aw where the form of tlio Integrand in (hdinition (G.G7)
reduces (~ to It point property of tho flukP. In 1:11(> p;('[wl'al case wher.i 11( no

"'~lTh~~i;~~~~~;.~~i;;;l<~:;f:;:ll,\1·~;\~,VIl1\1<' of which M '111Y point x E ,Itt IH dependentonly

iu



Chapter 9

Reconciliation with Surface
Tension Theory

9.1 Overview

Tho analysis of this chapter shows how the predictions of the classical surface
tension model and the interaction Iie.d modei C in be reconciled when the
fluid system is in !itatic equilibrium, Reconcillation of the dynamic predictions
of tho two approaches is consldorod in Chapters ,1 and 11. In Section !),2
tho introductory discusaion of Section 1.4 on the limitations of the classical
surface tenalon thoory is continued, and various previous attempts to correct
the shortcominge of tho clesslcal theory are reviewed. In Section !lo'l,l it is
shown tlmt an lntoractlon field anulogue to the clasalcal surfnoe tension can
be defined if the lntcraction h'l'nd exhibit» sufficiently rapid docay, but that
equivalence with the claeslca] n..' 1')10 \,: t}1I' "lIrfat~e tension is only obtained in
the limlt as the range of the iutm'actl"'1 kernel approaches zero, In Section !J,,1.2
lts is shown that even more rigoro. , constraints on the range of the internal
lntoractions must bo onforcod for the interaction lipid approach to reproduce
the Young-Laplace equation of Ihe claHsical theory. Finally, in S('('tiOll 1),·L,a,
rosult.s simllar to thoso of Tolman [,~l] and Melrose [M] Ior til<' roductlon of



each oquilibrium conliguratlon for t he iluid system generated by the approach
of Section 8.!'i, [using Ihe interaction kernels defined in Section 8,G, there is an
isomorphic equilibrium configuration genornted hy ttl(' classical surface ten-
sion theory, This amounts to a IJill'tial validation of the assertions made in
Section (Ui that an interaction kernel on ,,\,f~with the synunctrics derived in

S('ction (Ui, 1 can be used to «reate an interaction field model which reproduces
the predictions of the classical theory,

Unfortunately the enumeration of all two-surfaces which have! constant mean
curvature and are embedded in ll{l has not not yet been rornploted 10 and hence
it cannot y('t be determined whether the strong approach yields all «quilibnum
\'onIip;llrtl.tionH of the Iluid system, oven ill the ubsonce of external Iielda.

8.7 Conclusion

It is extremely interesting tlld,1 predictions of the equilibrium configurations
of the fluid system which are equivalent to those of the clusaical theory arc
obtained from an lnteractlon field model whore only the symmetry properties,
and not; the -xact Iorms, of the lnteractlon kernel have been specified, This
generality does not carry through to the dynamics of tit" fluid system: As is
shown ill Chapter' 10, tho dynamic predictions of the interaction Hold model
arc indeed allcctod by tho exact form of the interaction kernel, and agreement
with the) dassical theory is only obtained under restrictions on the form of
tho interaction kernel. In the following chapter, however, the analysis of this
chapter is continued, and sevctal gonoral rosults concerning restrictiolls on the
form of the interaction kernel which must be obeyed £01' roconclliatlon of tho
st.atic.: predictions of ttl<' interaction field approach and tho dassical surface
tonaion theory are derived.

situution ,'xists dl'Hpill' ('ollsidl'rubll' pffort ()\'('r nearly two ('('nluril's. SI'(\ till' his-
torical review hy Fcrnenko [:.11<).

l:m



or translational invariance of potential equilibrium configurations would soem
to be innocucus enough, however.

Addit.ionally, in c('rtait C(lHC'H (1)('1'(' may exist special solutions rl, r2 I> ,;c}vt
of (8,,18) which do not foliate .\11, but nevertheless generat« It singh' sur-
face embedded within ,\II which aatlalies the equilibrium condition (8..J9),
'I'll<' presence of these solutions is suggested by the various anulyscs of self-
gravitating fluid» interacting with external fields conducted by Lichtenstelu
[:,)2J, Greenspan [:3:3] and Lyttlcton [5a] amongst others, and by the appear-
ance of the volume of thc' Iluld domains in expressions such as (8,112) for the
interaction kernels on ,\IIJ when interactions with external Iields are present,

Solutions in the absence of External Eields

From the analysis of Section 4.G, if there are no interactions with external
fields, then the classical surface tension theory predicts the fluid system to bo
in static equilibrium if

(8.123)

or equivalently if

(8.12·1)

for all ()! E .z whorl' ("t f; II? iH a conatant. Hence from the interracial condition
(,1.30), if the surface tension is 1l0[HI,m,.' on the internal interfaces l),~d' n. d E Z
within tho fluid, thou t.ho moan curvature of the internal interfaces

K(lll :::: constant

for all n, ,11 E Z,

Note that all the' surfncos gmwt'at('d in Section 8,(U 11S equilibrium configura-
tions Ior t.he Iluid system do indeod have constant mean curvature, fIC'[\('(\, for



for all ,1' and 1/, H!'llC'P the strong form of the equilibrium equation requires
the extcmal field G to be const ant on ,Vi, irn plying t hal \ he external field will
have no ,,[feet Oil the dynamics of the system, or til!' symmetry operators of
tho equilibrium couligurations to be 1)1' the form

r - 1'(;v,y)dy+p(,r •• ,IJ.)d,lj.

(8.121 )

or equivaleu.ly

r ..' I'(x, IJ)d1/

(8,122)

implying that the fluid interface's at cquilibrlum all lie parallel to the 1I coor-
dinate, Hence the strong form of "w cqulllbriur nqlHLti()tl will omit solutions
in a fairly general range of ciecumstancos'',

8.6.4 Generality of Strong-Form Solutions

Solutions in the Presence of External Fields

The analysis of S(ICtiOrl t{,(j,:j shows that tho breaking of tho syrnmotrv of
tho equilibrium configurutlons of tho fluid system which is precipitated by
the introduction of the ('xLc'mal Bold into the strong analysis is ('xcC'Hsively
severo in ('el'ta.in C!lSOS, This Ilaw in tho strong apuroach might bo corrected
by defining a reduced strong form of the equilibrium oquation, perhaps by
eliminating Homo of tho terms in the coordinate form of (I'Ul'l) which through
certain symmetry argumrut« (an he shown to disappear on lntogratlon over
.Vi!\. An approach such n'i tllb would sulfC'l' from the obvious drawback th(1,t,
some a p riori know lcdgo of t 11<'«quili bri \I III configurat ion of t!1<' system, ()r
at. 1('£lSt. of HOltI<' 0[" the' symmetries of tl1(' oquilibriurn conflguratlou, would 1)('
requlrod for its implcmcntution. tlHI' of assumptions such us i.ho axlsymmctry

:1A similar arlillysis ran of course 1)(' [It>rfot'llH'd w11l'!1/vf hns dimension gr(1(\t(lr than two,
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::::0 (8.115 )

by direct integration where I(.t) = bjl-=' .l'~/(L2, and hence the symmetry
operator of the ellipse doc" satisfy the weak form of the equilibrium equation.

Strong Form Solutions in an External Field

The analysis can be taken further by generalising the form of t he pairwise and
external interaction kernels: Let

:F: (.1,',l/,;1'., 11.)

1-+ F((;(; - x.)2 + (v - V.)2) + G(.r) + O(x.) (8,116)

A physically-constructible symmetry operator on .VI is of the form

r2 :::: u(x,y )elx + l'(.L·,lJ )dy + u(.r., v. )d,c. + u(,v., y. )d.1J. (8.117)

and hence the strong form of the equilibrium equation becomes

2]<" [ (x - ,v.)( u(.r:,!J) - u(,r .. y.) ) 1

+21'" [ (y -1/.)( v(.t',1/) 1'(.1'" Y.) ) 1

+G'(x) u(J:,y) + O'(.!:.) tt(.l:.,y.) :::: 0 (8.118)

where P' = :;~]i'(r) and 0' ::::::;*O(r). Consider the behaviour of this equation
on the projective symmetry set (see Section (l,u.l) of iVl~where .Z' ::=: .t. and
.lJ ~:,: v-. Then

(8. lUl)

implying thnt

0'\,1') ::::() 01' 11 (J\ !I) "', 0 (8,120)

1:H\



By inspection, the ellipse has the single symmetry operator'

r :::frdx - f;dy (fU 11)

It is now shown that the atrong-syst-: 1 analysis of Section 8.,1.:3 does not

generate the equilibrium shown to exist by the direct integral approach. Using
the analysis of Section 6.4.5, the pairwise interaction and the external field
acting on the fluid in .\ltl) generate the single interaction kernel :F t> 1\0.,\1(2

such that

:F: (,r,y,;r.,y.)

H -[ (x·- ,1'.)'l + (y - y.)~ 1 + kb(X'~ + .r:)
7l'a

(8.112)

since fMo *1 == 1l'ab. The symmetry operator of the ellipse, transferred to ,;\lt2

using the composition sum, becomes

(S.l1:})

giving

r(:F) == 2(;b - MCr.y - ,vy.) (8.1H)

on substitution of (8.110). This strong form of the equilibrium equation has
tho solution a :: b, implying k :.-.:0 or in other words that the external Held
should be of zero strength.

The symmetry operator of the ellipse where it '1 b is 7")/ a solution of the
strong Iorm of the equilibrium equation. It is easily shown that the omission
of this case as an equilibrium configuration is a dil'('ct t'c,"iUltof adopting 1:'",
strong rather than the weak form of the equilibrium equation: Returning ,0

the weak form of thl' equilibrium equation



the fluid in }vL, be subject to a pairwise self-interaction such that the kernel
for this Interaction has the explicit form

(8,105)

where (z, 1)) and ,,c., 11.) are equivalent, globally valid rectangular coordinates
for /\11. In addition. let the fluid in .AA , be subject to an interaction with an
external field, such that the kernel for this interaction is

(8, lOG)

where k E la, The fluid in ,;\11,1 will not interact with itself or with the fluid
in 1\11,,,, nor will it interact with the external field,

If Mil is the elliptical domain

~ 2.M,. = {(,I~,y):~: + ¥.r < 1. a,b E lIt} (8,107)

then the potential (1) I> 1\0 /\It can be obtained by direct integration:

<J.i = :Fe. +.f *:p"a
[\1()

(8,108)

on substituting (8.105), (8, lOG) and the limits on the integration implied by

(8.107), From (8,5), for equilibrium (1)1.:1,\11,. is constant since (~IIlM" ::: 0, NOIII

(S,lO!»)

from (8,107), where --a ~ ,),:5 c, implying that

(8.110)

for equilibrium of the system,



of (0,0,0), but ir (DAO) this expansion is integrated over the entire fluid do.
main, This contradiction is resolved if the support of the interaction kernel
:;: is confined to a sufficiently small neighbourhood of (O,(),O), Equivalently,
since the Taylor expansion contains infinite powers of both x. and y., :F must
converge to zero away from (0,0,0) at a faster than polynomial rate" to ensure
that the error in (9.40) and in the expressions to follow remains finite,

Exploiting the symmetries of the Interaction kernel, x. and 11. can be inter-
changed and hence both integrals on the right hand side of (!),·1O)are equal,
Writing

(n.H)

allows (HAU) to be rewritten as

Pressure in the Fluid

Substitution of (9,it2) into the equilibrium equation (8.4) gives the pressure
along the axis x :::::'!J :::: 0 as i'

p(O, 0, z) - pt)O "'" 0

if ,\r > 0, where P,x, E JR, while if;:. < 0,

-( tPI/2(::) + (Ct + C2)llj?(0,O,.:-J )

-=n1~i~il~pli(,;{;~Li~nlly'th~t-;;~i)p(F) n "'12 c ..W, which IS uf course r~morn rigorous
condlelon on the asymptotic bflhavi,)ur or the intorection kernel than t.hat implied by (G.7),
In addition, if the error in (\lAU) is to disappenr. then tht) measure of kUpp(J') with rrHpC'ct
to the volume form on ,}"t2 11I11~ltill fact \)(' vnnishingly sruall. 'l'hia is n Hirnilnr condition to
that derived ill So('tion U,2 for equivalence \wtWI'I'II till' lnterucuon Ilrld ILppr(li\ch and tlw
clnssical surlnc» tension theory,

Wi



(f).ai)

on substituting (n.10) and (HA) with Z(x, 1J) given by (!l.a!i). Ilenco if z :>

('lX2 1" ('2112+ ... then <p(x,y,z) =: 0, whlle if;: < CI.r~ + ('~II'"'''' then

(D(;r,v,z) ::::

by decomposing the lntogration domain into the half-space c '5 0 plus a second
region between tho plano :: e~ 0 and the surface z ~ c,.cJ + c~v~+ ... Note that.
¢1{2 is tho interaction potcntiul generated by the system when the interface
is planar (see S('ct.i()U !H), and lW[I(~<, the first torn, on the righi hand side
of (f).aS) ifol tho contribution to the! interaction Hold from tho distorticn of the
interface.

By Tn.ylor expansion

!o1ll l(x)clx ~" F(m) - 1"(0)

~ (P(O) + f(O)m + O(rn2)) - F(O)

';;;: J(O)m + O(m2) (9.:}!))

where F(.r) := J f(x)d.l!. Using this result to evaluate the intogl'al with respect
to ::., the potentia! when e < Cl.C2 + C21J~+ ... can btl written as

!''A.! /00
+1'1 J"(X,llo::, .v.,y., O)x:dy.dx.

~ ~'XJ -'XI

(0.·10)

where £ syrubclically d('1l0t.PH Ihn error Introduced by the truncation of tho in-
t('gml. It would appear that i~ ccntradlction has ~)('('!l introduced: The Taylor
oxpansion of tho interfaelal g('Ollwtry is only valid within some neighbourhood

lliH



of the point with coordinates (0,0,0) as

(!l.a5)

, 2 ' 2
where Cl ::::: ~ i~~2ZI(o,o) and C2 :::: t i;~l ZI(o,()). This form relies OIl suitable
orier ation of the coordinates: The zero-order coefficient in the expansion is
ma, t\ 11(\1'0 by allowing the interface to pass through the point with coordinates
(0,0,0) and the coefficients of .r and yare made zero by allowing the x· and
y-axcfi to be tangent to the interface. Finally, the coefficient of xy is made zero
by suitable orientation of the z- and y-axes, Note> that 2Cl and 2C2 are the
principal curvatures of the interface at (0,0,0), and hence the mean curvature

(9.:36)

Reconciliation of Pressures

Roconciliation between the Young-Laplace equation of the classical surface
tension theory and the analogue derived using the interaction Held model re-
quires the assumption that the pressure 'fJ acting on a surface 5' c:: .\It in the
surface tension based approach is the sum of of two components which arc COIl-

sldered separately in interaction field approach, The first component p of the
pressure in the classical model is simply the pressure in the fluid required to
maintain equilibrium against the action of the forces arising from the internal
interaction, while the second contribution Pi to the prossurc in the classical
('",se results directly front tho internal interaction a('1'OSS tho surface ,'-,',

I,

Interaction Potentlul in the Fluid

The determlnatlcn of til!' interaction potential in the fluid follows clw;dy th(
analysi« of Section !lo'[ 1. \ 'Hing (!l.ltl), the potential in tho Iluid is

1M
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Figure 9,1: Force near a planar interface,

the classical analysis may differ from the interpretation given to the pressure
in the Interaction Held based approach.

In this section it hl shown that under suitable interpretation of the pressure
within the fluid system, and under suitable restrictions on the range of the
lnterectlon kernel, the pressure change across the internal fluid interlaces pre-
dicted by the interaction field model Indeed obeys the Young-Laplace equation
(9,34).

The Curved Interface

Aga'n assume the conligurution or the fluid system to be as described in Sec-
tion !l.a. If the int(\rfM'(' O'}li is sulliclently smooth then a Taylor serios expan-
sion can be used to write the equation of 1,11(1 interface in the neighbourhood

LM



where Q : Ia .-~ lU. Hence, from ((1.27)

Jf)<.)

rTT' "'" -'Xl F(::)d:: (!J.:i2)

where, as shown in the previous suction, the integrand

,,,( ..) _ { 0 if z > 0
~ - 3/2

~Ikderf(kz) + 1) if z < 0
(9.aa)

can be interpreted as the fOfCI' exerted across a dividing plane placed normal to
the interface. This function is plotted in Figure 9.1 for various values of k, It
is easily seen how, as the range of the interaction kernel is decreased, the force
transmitted across the dividing plane eflectively concentrates at the interface
and hence how the mechanical view of the surface tension as an interfacial
stress (see Section 1.2) is obtained in the limit as the range of the internal
interactions within the fluid system goes to zero.

9.4.2 'I'he Young-Laplace Equation

The classical surface tension model for the fluid configuration defined in Sec-
tion f),a is based on the Young-Laplace equation i'

(9.;34)

for tho chango in pressure across the fluid interface i)"'iJ. whore ~fIij () 1\1l(J.~IJ is
the mean curvature of the Interface, Since the surface tension in the clasalcal
approach is assumed to be a property of the fluids at the interfaco, and thus
to 1)(' Independent of tho configuratlon of the fluid, assume O'p to be equal to
the equl valent, surface tension for the system dori ved in the cas« of tho plcnar
iutorfuce. If tho fluid syatcrn is in Htatk equilibrium then, from (8.12·1), plUM!,
and j11;lMll 111'(> in fact the pressures measured throughout tho domains J\It!~ and
,,\II,!. O\l('1'bl11'S 111'(' used to Hip;nify that the' lnterprotution of the Pl'('SHUl'n in



or, from dellnitions (9.f)) and (f).10) ,

O'p :::: ~ j_'~1:;,1: 1: F(O, 0, z; x., 11., ::.)dx.d1l.dz.dz

1 jO t: t:t.--2 . .1'(0,0,::, x., y., ::.)dx.dy.dz.dz
-00 -(X) -00 -co

(9.29)

Of, by manipulation of the limits of integration,

1 jO laoo t: 1.00O'p =: --2 .1'(0,0,s, x., 1/., ::.)dx.cly.dz.dz
-GO 0 -00 • -r)O

(9.30)

where, since (/;1 and </11/2 arc independent of x and 1/, x and y have been set
equal to zero arbitrarily. The reasons for this will become clear when this
result and the result obtained for the surface tension in the Case of a curved
interface arc reconciled,

Equation 9.30 defines a stress associated with the interaction field approach,
which, through the manner of its derivation, is -nalogous to the surface tension
defined in the classical approach. For this reason this stress will be ~ 'mad the
eq (!,lent surface tension associated with the kernel of the interaction Held
mo , Lt 'ras yet to be shown however that the properties of the equivalent
surface tension endow the interaction Held approach with any of the dynamic
or static. characteristice of the classical surface tension model. In the following
example, the reduction of the equivalent surface tension, as the range of the
internal interaction approaches zero, to an object which in a sense exists within
the interface, and hence conforms to the classical notion of the surface tension,
is demonstrated.

Model Problem

Assume the oxplici] form given by (9.8) Ior tho interaction kernel. By direct.
integration using definition (H.lO)

(!).:ll)



on substituting (9,18), where

l' = JOO JOO Poodydz
-ecc -r::>.1

(9,24)

Reconciliation

In the interaction field approach, the total normal force Ip+i transmitted across
5' is the sum of the normal fo1'('OSresulting from the internal interactions and
the pressure, Thus

Ip+i = I, + ,("

:= _[0...,L: (k¢1/2(Z) - tPl/2(O))dydz + P

on substituting (H,22) and (9,28).

(9.25)

Using the classical surface tension approach, the normal force transmltted
across 5' is

It::: _jOO O'pdy + P
-00

(1).26)

where 0'1' is the surface tension for the planar interface. Reconciliation of
the surface tension and interaction field approaches finally follows by setting
It::':: Ip+i' Hence, by comparing (9.25) and (9.26),

(!).27)

Note that the symmetries of the interaction kernel J" have led to a value of tho
surface tension which in this simple case is constant everywhere on the planar
interface,

Equation n 27 for the surface tension can be rewritten in terms of tlw interne-
Lion kernel itsolf Note that, from (!Ua),
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The force" on the Iluid arising from tuis potential is thus zero if z > 0, but If
z < 0, the force is

d r ;J, ( )d il.J, ( ) I il, ( )d"_ (J![, ''''' -'7i,i;¢l/4 ,c,:: ,x _. ay'i't/,I ;2.', Z all - il,~¢l;'1 x,:: z (9.20)

The component of the fOI'''') on the fluid acting in a direction normal to the
dividing surface is thus

(9.21)

if z < ° and zero if z > n.

The total normal force on the fluid to the right of the dividing surface arising
from the internal interaction with the fluid to the left of the dividing surface
is then

._ '-I~Xl[:(¢1/4(OC,::) -- ¢l/.,(O,z))dydz

== t I:1.:¢1!2(::)dydz (H.22)

Gil evaluating the integral over oX and exploiting the symmetries of 1/11/,"

Pressure Force across the Dividing Surface

The normal force trunsmitted across 8 as a consequence of the pressure in the
Iluld :8 simply

/p ~ L:L:~lll(z)dydz
- r.1.:(4~1/2(O) _. IPl/2(::))dllciz + P

(!J.2:3)

'ISt'll Footnote :l t, Cllllptl'r 4.
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9.4.1 Surface Tension of a Planar Interface

Let the interface DCid between the two domains of fluid .VI" and ;\--ill defined
in Section !).3 be given by (9.1) in the case where Z(a!,y) = o.

Equilibrium Potential and Pressure

In this case, using (9.16), the potential in the fluid is

<I>(X,lI, z) :.=:: Pa('v, y, e) jOO j(Xl fO. F(x. y, z, a!., 1/., z.)dz.cly.dx.
-'Xl -'Xl -(Xl

__ { 0 if:; > 0
¢1/2(Z) if z < 0

on substituting (9.10) and (9.'1).

(9.17)

The equilibrium equation (8.'1) then gives the pressure in the fluid as

( ) {
0 if z > 0

P:; - Poo :::::
tPl/2(0) - rPt/2(Z) if z < 0

(9.18)

where Poo E JR, on applying the pressure matching condition (8.:!).
IV

Internal Force Across a Dividing Surface

If the di viding surface is chosen arbitrarily to be the plane .'1' ::::: {(x, 1/I z) : ;1: :::

O} then tl'C potential resulting from the fluid to the left of the dividing surface

is

::::: { 0 if s > 0
tPt/,I('!" e ) if t: < 0

(D.lD)

on substituting (f),11).



Interaction Potential

From (6.67) and (6.65), the potential

([> =: t\l1 *Pi' <'I i):F

= Po(x, y, z) roo roo roo po(;-r;.,v., z.):F(x, y, z, x., y., z.)dz.dx.dy~1-00 t.;i.;
(9.15)

on substituting (9.4). This result can be rewritten using (9.3) as

100 100c:<P = :F(x, v, s, x., y., z.)dz.dx.dv.
-';0 -00 -00

(9.16)

if z < Z(x,y) and <P = 0 if z > Z(x,y).

9.4 Surface Tension in terms of Interaction
Fields

In this section, the mechanical analogy of 'Fowler [29J and Kirkwood and Buff
[·t2] is used to reconcile the surface tension and interaction field approaches
for planar and curved interfaces. In a static fluid this reconciliation relies on
determining the force transmitted across an arbitrary dividing surface placed
normal to the interface. In the classical approach this force is attributed to the
action of the pressure across the dividing surface and an additional contribution
from an effective tension existing in the interfacial surface. In the interaction
field approach, the force transmitted across the arl.itrary dividing surface has
It contribution I, arising from tho internal lnteractione within the fluid as
well as another contribution JP from the pressure field required to maintain
equilibrium against the internal forces.
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where the fibre integral is defined in Section ().~A. and the related integrals

fo roo f'XlcPl/2:::: -'Xl J .. ,XJ -'Xl :F(x.1/, z, ;1'., y., ::.)dx.dy.dz. (9.10)

and

fo fC<l fO¢t/<I == , :F(;r. y,::, ;r.., y., z.)dx.dy.dz.
-00 -(:xl -00

(9,11)

If these integrals exist then (Pt, rPlf:l and ¢1/4 inherit; the symmetries of the
interaction kernel :F such that

cPt == constant

(9.12)

In addition, the symmetries of the interaction kernel and the asymptotic con-
dition (9,7) result in a number of simple relationships between cPt, ¢1/2 and
4>t/<I at various points in M:

cPl/2(0) = ~cPl

¢1/2( 00) - 0

cPli~(-oo) -- cPt

and

(Dl/'t(X,oo) == 0

cPl/ol(CYl,Z) == 0

¢l/'I(O, c) """, ~¢1/2(::)

(9.13)

(9.1.1)

In <lll cases the proofs follow by realising that tho value of the interaction kernel
is not fdfe<'ted by reflection of any of the coordlna te axes,



Assume that the Iluid occupying }A" is not subject to any interactlons, either
with itself, with an external field, or with the fluid occupying .VI.o. Assume,
however, that the fluid 111 region A1.iJ interacts with itself, and that this in-
teraction has a kernel :F I> 1\0,;\1.2 which has the same symmetry group as the
kernel JisO(lHO) defined in Section (UU. Hence, as in Section 6.5.1,

:F(a:,1/,;r,a:.,y.,z.) = .r(rl) (9.5)

where

(9.6)

In addition, assume that .r obeys the asymptotic condition

(9.7)

In the examples which follow, where an explicit form for the interaction kernel
is required, assume that

It
(9.8)

where '~~(UlO) is the explicit form defined in Section 6,5.1 and k E In. Note
that if k :/::0 then this form does indeed satisfy the I.: syrnptotic range condition
implied by (9.7).

Integral Symmetries of the Interaction Kernel

For late!' convenience, define'

:::: j'~.)f'''". f''-' .r(.I"!l,Z,.I~.,,lJ.,z.)d.r.dy.cl::.
-,~ -i'Xl -''Xl

(!l.D)



Chapter 10

Linear Dynamics

10.1 Overview

In this chapter the reronclllation between the predictions of the classical surface
tension theory and the interaction Held approach is coutinuod by roderiving
the classica] results for the smell-amplitude oscillatory bohavlour and stability
of several near-equilibrium systems using tbe interaction field approach, The
linearised equations derived in Section 7,8 an' used throughout this chapter to
model the dynamics of the fluid syatom using tho interaction Iicld approach.
and an equivalent lincariscd system is derived for the classical Hl1t'fa{~e tension
model. It may be argued that the full, but non-linear, equation of motion (7 ,a8)
should be used in the verification of til<' dynamic predictions ()f till' interaction
field model. From S<'dioll 7,g, however, the major (·(feet, which is ('limillllt(!d
by the llncariaatlon PI'()(,PSS is t.ho modal coupling related to possi bly non-zero
AIIJ,k terms in the full dynamic equation, Since this is an inortiul ('{r(lcl rather
than one related to the interertlons present in the system, the vorillcaticn of
the iutcraction Hold approach through 1I~(' of tho linearised <'qIHtt\OIlS of motion
for tile fluid ~YHt('!n would appear to 1)('sulfirient.



equation, whore buhblo formation in hulk lluid is thought to be suppressed by
til!' large' vapour pl'(lSHIl1'!'S required to init late til!' Pl")('('SH,

9.5 Conclusion

Having derived (11<'propertios required of til!' intoructlcn kernel for reroncil-
iation to bll pOlisih!!1 b~,tWI'('11 tho HI atic prodictlons of t he iuteraction lipid
approach and tile classiru! sUl'fill'(l tension theory, attention is turned ill til<'
following chapter to tho t'(,(,(lItdllittion of tht' dynamic prodiction» of tho two

approaches.

'1

Hi7



(l?, 0, 0), Finally, it result in tht' form of (U,7l) can be constructed by combining
the two interaction fidel contributions to the pressure in the classical approach:

(n,7'l)

This result ('[f<'ctiv<'iy defines the surface tension a, for the spherical interface>,

Tho absence of internal interactions within }v't.~yields piA:::: P'Xl for any point

A E ),It",

Combining (D,H) and (\),7D)

tt, JIlt- + Pi - lIlA""'-~~~=~~-.- (f),HO)

This equation, evaluated uHing tho explicit form of the interaction kernel given
in (!l.H), is plotted in Flguro !),2 and shows how, as tho radius of the sphere
becomos large compared to the range of the interaction kernel, th« mtio (f.,j(fp

approaches unity and the! classical Young-Laplace equation becomes increas-
ingly valid, Where tho radius of tho sphere becomes comparable to the range of
t.iw interaction potential, however, tho oqui valent surfaco tension of the curved
intC'rfu('c reduces below that of the surface tension of the planar interface, and
tends to Z('l'O as tlw radius of the sphere tends to 20l'(), This result is in nc-
cordanco with the results presented by Tolman [81] and by Melrose [!iii], The
structure assumed for tho fluid in Chapter 2 allows the results presented hero
to be given directly in terms of the range of 'he interaction kernel, however,
rather than in tenns or the teas-easily accessible position of the Gibbs surface
ItS is given in tho analysi» by both Tolman and Melrose.

Note too that the mtoraction field approach shows the pressure at tho centro
of tIll' droplet going to zero lUi the radius g()(IS to zero, whereas the Young-
Laplace oquat ion allow!' tIl<' pressure to become singular aH the radlus g()eH

to zero, The rosults of tlw nnalYHiH given here have crucial implication for
tho ;jilllpl<'r thoorlos of nucloation" hasod Oil application of tbe' Young-Laplace

"S,'(' for ill,~tllllt'(' tho parlC'f by ('rum [20J,

IIW



can f)(! evaluated using (n.n). By direct lntograticn

7r

·lk'
(B.71i)

where, as before, k is a measure of the range of the interaction kernel, The
interaction field techniques tieveio[J\'d in the previous section can also be used
to find the pressure at t.he centre of tho spherical domain .\It,I, simply by
modifying the limits on the iutpp;rations to account for the finite extent of
,/vld' To avoid uunecessary and t.P(liOUH repetition, these results wilt merely be
summarised. The potential of tho internal interaction follows from (1).16) as

(9.76)

from which the pressure p throughout ,VI can be determined (up to the addi-
tion of tho arbitrary constant Poo) using the equilibrium conditions (tU) and
(8.:3). The force exerted Itl the centro of the sphere as a result; of the internal
interactions must then be ca. ulated after choosing the dividing surface across
which the net force is to be evaluated as the plane {(x,y,.z) : x:= a}. Let
L ::: {(.r, Y f z) : ,I: < o}. I'he potential (IlL resultlng from the fluid 1.0 the left of
tho dividing surfnr« follows from (D.W) as

(n.77)

The additional component of tho classical pressure at tho coutre of tilt' sphere
which can be attributed to til<' internal interactions is then

(n.7B)

Oil intl'p;mting OV('t' tIl<' iulinlteslmal element surrounding the line {(x, 11,'::) :
() <: ,i' < H, .11 ~" ll, :; '''' lJ} and defining 'R, ill'! tho point with coordinates



II. Legend

6

I. l. k = 0,5
II, k = 1,0
III. k = 2,0

As in Section f),3, let the fluid domain ,,\,;( be isomorphic to Ill'\ and let (x, y, :.:)
and (.v.,y.,::.) be cqivalcnt, globally valid, rectangular coordinates for ,M,
Let. ,\,;( consist of two domains ,VI (k and AlliJ defined respect! voly as the rogions
exterior and interior to tlto sphere, radius H, located with its centro at the point
C E /111 with coordinates (0,0,0), I.c!t the interactions for the two domains 1>(1
M defined in Section !l,a and !C't the kernel :F have the explicit Corm given by

(f),8), The pressure Ill: at tho rentre of tho spherical domain ;\lCI predicted by
the clasalcal surface tension til<'Ol'Y follows from (l1.:J.1) , Since /'1,).1 := - 2/ R,

2 4 5
R

"

(!J,i4)

where Fx; E m, Tho surface tonslon f1'p ol tho intorfac« iB assumed, llH in the
previous s('elioIl, to I)(! lndopendent of tIl(' configuration of tho lluid system
and lWIlC(' iH HOt equal to til(' equivalent surfac« t('n~ion ussociatod with til<'
interactlon Iield model for the planar interfuce. Th« equivalent surface tension

3

Figure \),2: Equivalent surface tension for a spherical droplet.
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Figure 9.2: Equivalent surface tension for a spherical droplet.

As in Section 9.3, let tho Iluid domain o'\It be isomorphic to Ina, and let (,v, y, z)
and (;c., 1/., :.:.) be eqlvalcnt, globally valid, rectangular coordinates for /\It.
Let ,Vi consist of two domains MI, and ,ViIi defined respectively as the regions
exterior and interior t(' rho sphere, radius R, located with its centre at the point
C E .AI( with coordinates (0,0,0), Let the interactions for the two domains be
as defined in Section 9,;3 and let the kernel :F have the explicit form given by
(D.8). The pressure Pc at the centre of the spherical domain Md predicted by
the classical surface tension theory follows from (\).:14). Since ~'Hl :;:: -2/ R.

where p,X) E 1Il. The surfaco tension fill of the interface is assumod, as in the
previous section, to he independent of the configuration <,f the fluid system
and hence ill hPI equal to the equivalent surface tcnslcn assoclatod with the
interaction field model for til<' planar interface, Tho equivalent surface tension

6

(D.H)



L(!t r; + ll~ == (1, Then by the chain rille

Ii :F' )-[( ")' (a ._-c r:
rl iJ~-:F((l)--, (/
cia 1)( r~ )

d
"- -[ :F(a)( a

(0,71)

and

j}_:F(a)
.Iu

Ii ()
== T:F(a)-:--) (L(a ou

,J

::::: 2u i::F(a)
( (t

(D,72)

Hence (1),70) can bo written

1l' l'X) . 1° ()-:; )'~ -:-):F(a)dudr.
w (J -.Xl ( II

on evaluating the integral OWl' u and exploiting the asymptotic property (9,7),

Comparing (f),M) and (f),7:3) shows that O"c and O'p are in fa('\ the same object
and hence that the two forms of the Young-Laplace equation, (!),:J4) and (9,58),

one obtained from the classical surface tension theory and the other from the
interaction Hold approach, are indeed equivalent under suitable restrictions on
the interaction kernel :F.

It

9.4.3 Pressure at the Centre of a Spherical Droplet

As discussed in Section 1),2, them are certain fluid configumtions where the
pressures in the fluid system are si rongly influenced by the goorrwtry of the
syatem, In this section, the approach of the Pl'C'Vi()UH sections is used to derive
It result for the variation of tho [>1'('H;;t11'(' at the centre of a sphericn! domain of
Iluid as th« radius of till' domain is varied.



on converting to polar coordinates and integrating over 0., where

"} l'x!I 2 2 /Q(,r,. + Y.) ==" F(O,O,y,z"r.,y.,::.)d::.dz
J-'.X).(}

(9.G6)

and again the assumed form of :F and rectangular coordinates haw been used
to simplify the expression.

Note that, for :~ivcn .v. and 1/., the integrand in (9.66) is invariant along the
lines on which z - s, is constant. Thill suggf'''ts the change of variables

U .= Z + z; (~).67)

Noting that the Jacobian of the transformation from (z, z.) to (u, v) coordi-
nate] is 1/2, (9.66) can be rewritten as

2 2 1 fO fll ., 2 ~
Q(x.+lI.) = 2' -,")0 _lI:F(x;;+1J.+u)dvdu

= ;}fO 2uF(x: + y: + u2)du
~ -00

(0.68)

on exploiting tho invariance of the integrand with respect to v. Hence, by
combining (9.65) and (9.68) and integrating by parts

7r '.l ','! I'Xl roo 3 d t'?( 2)d
O"p = "29(r.)r. o -IT io 7"J(r:)l:1 r. r,

(00 ;j d ., 2 d
.- -7r io r'd(rn~(r.) r;

It

(D.G!»)

since 9(1';)7': = 0 at r, == 0 and, if Q exists, by the asymptotic property (9.7).
Hence, in terms of the kernel F, from (9.68),

1l'1°O d ,·0
:1 j '):F( ,2 + 2)d d--;; r.-[(T) ~U'I. It ur.

~ 0 (r. _'"><J

1l' ("Xl:I jO, d 2 2- -'2 Ju 1'. - _'(; 2ud(rF),'F(r. + It )dudr. (9.70)
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hence that the equivalent surface tensions associated with the interaction Held
models for the curved interface and for the planar interface are identical.

By definition (9"i 1),

[1/2(0,0,0) = 1-:I: x:F(O, 0, 0, ;v•• y., O)dy.dx.

= 1-:I: 1I::F(O, 0, 0, .1.'., !I., O)dy.c!:r:.

by previous argument. Hence, from (9,5H)

(9.60)

1 t: ;00o; ::::-~ _,"" -'X> tor: + y:)F(O, 0, 0, .r., y., O)dy.dx. (9.61)

Now, from (9.5) and (!Ui), in rectangular coordinates

(9.62)

hence, on changing to polar coordinates

.r. :::: r, cos O.

y. = r; sin O. (9.63)

(1),6l) traneforrns to

(jt~ = -l 1000 10
2
1' r:F(r:)dO.dr.

it

(9.M)

on evaluating the integral over 0•.

From (9.30), the surface tension in the case of a planar interface can be written

(9.6,15 )

161



The change in pressure .6..p across the interface f)rxi3 in the classical surface
tension model for the iluid configuration can be interpreted as the quantity
p(oo) - p(-oo). From (9 ..55)

.6..p = ~!fJl/2( -(0) - <Pl/2( 0)

+(Cl + C2)( Vl/2(0, 0, -00) -. £(0,0,0) )

(9.56)

by exploiting the symmetries of ¢t/2 c.nd since, as a result of the symmetries
of the kernel :P,

£1/2(0,0, -co) =: 0 (9.57)

Hence

(9.58)

where the mean curvature of the interface is defined in (9.36). Tho quantity
O'c can be interpreted as the equivalent surface tension associated ,,·:th the
interaction field model for the curved interface, and is given by

(9.59)

Comparing (9.31~) and (9.58). the surface tension based approach and the ap-

proach through the interaction field can be completely reconciled if it can be
shown that G'c ::: O'p.

Surface Tension for Curved and Planar Interfaces

It is now shown by change of variables that the integrals for G'c and for CTp in
terms of the lnteractic n kernel can both be brought to a common form, and

If)0



and hence, on evaluating the integral,

Pi(O, 0, c) = <1>[,(0,0, z) - <1>L(oo , 0, z) (9.50)

or, on substituting (9.46),

+£(0,0, z) (9.51)

Note that

(9.52)

ani

11/4(00,0, z) = 0 (9.53)

as a result of the symmetries of :F, and hence, on exploiting the symmetries of

rPl/4, (Q.51) can be rewritten as

Pi(O, 0, z) = !¢1/2(Z) + He! + c2)11/2(0, 0, z) + £(0,0, z) (D.54)

Reconciliat ion

As described earlier in this section, the quantity P + Pi should be interpreted
as the pressure p in the classica.l surface tension model. Thus along the axis
x = y = 0, p(z) = P()J if z > 0, while if z < 0, from (9.4iL) and (9.54),

p(z) - Peo = rPl/2(0) - t¢1/2(Z)

+(Cl +C2)( 1(0,0,0) - Vl/2(O,O,Z))

+t'(z) (9.55)
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+£(0,0, z) (9.H)

on applying the pressure matching condition (8.3).

Arbitrarily define the dividing surface 8 across which the contibution to the

classical pressure from the internal interactions is calculated as the plane

{( x, y, z) : x = O}. The interaction potential of the fluid to the left of the

dividing surface is then

fo foo fCt'l'~+C2Y~+'"<I>r,(x,y, z) = :F(x, y, z, x., y., z.)dz.rly.dx" (9.45)
-00 -co -00

Following the same procedure as before,

(9.'16)

where rPl/4, defined in (9.11), is the interaction potential generated by the fluid

to the left of the dividing surface in the case of a planar interface, and

I1/,t(x,y,z) =i: :F(:l),y,z,x.,y.,O)x;dy.dx~ (9.4 7)

is the contribution co the interaction field from the distortion of the interface.

The internal force" transmitted across the infinitesimal al'ea element S· sur-

rounding the point (0,0, z) on the dividing surface is then the component

normal to S of the internal force exerted by the fluid to the left. of the dividing

surface on the fluid in the infinitesimal volume element R* surrounding the

ray {(x, y, z) : z » 0, y:= 0, Z = constant}.

Since the component normal to the dividing surface of the internal force is

(9.'18)

from (9.45) til.' total internal force transmitted across S· is

p;(O,O,z)dydz = -dydz l'XJ ~~<I>dx,O,z)dx (9.49)

6Strictly, the force arising Irorn the internal interactions within the fluid.
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System Dynamics

The results of Section 10.2 ran 1)(' used to examine (he stability of the system,
Note that the incr-ia and 81 illness coclllcicnts of t.he system are already in
diagonal form, and hence (lO.S) run be used to analyse tbe stability of the
system.

In the ease where the system stiffness results from the gravitational potential,
the eigenvalues of the motion of 1,11('interface are given by

(lO.aA)

which is identical to the c1assi .. I result given by Lamb [.til. and shows the
expected instability when {5" > p.!. that is, when a domain with greater density
lies above another with smaller density.

The case where the system stilfness arises from the lnternal interactions is
mort' interesting. Here the eigonvulucs of tho motion of the system aro given
by

( lO.:l7)

showing the system to be unconditionally stable'. Not« that the first term in
a Taylor expansion ill (i2 + ]2)1/2 about (i2 + j2)1/2 == 0 of (10.:37) is

\ 2 11' ('2 '2):1/2
(. (i.J)) ::= -lk.I(._',_1-::::;;-) 1 + J. ' p -r· P

= IT), ('l "l):l/l._ (.',r +-::::'7') 1 + J
fl· II'

where, as shown in Section D.1.1, ITp is the equivalent surfuco tension !tssociated
with the interaction kernel ltSSUHl<'<! here. Equation lO.as is identical to the

(10.:38 )

_~ .... ~,' '",>C",' ...~ ",~"._"'."" ·, .._,.~.0 __ ·''''''·_' _~,., ._,.,.,..-.,

I Not!' that if tIl(' ll(lPOhit(\ HI!l;1\ for F b nsaumed, lIlt' unalys» 'ads I.e nnconditlonul
instabillt.y,

l~O



Hence, from (lO.lO), the' stilfnPiiii c·ol·Hici1'nts can be written as

( 10,20)

where

( 10,:10)

and

( 10.:31)

( lO,:l2)

The H\'('()I1d eomponent of the [,tifFn('HH illtllgrn.l iH

,t

,_, { () If (i,j) ¥= (ii,}')
!rl.( ". + .~) _(I~+Jl)/('lkl) 'f (' ') (" ")·~ki ,•.. J C' I 1.)~::,' ,J

( [O,aa)

hy direct integration Oil substitution of (lO,2!i) and (lO, 17), notiug that

( d 1..1(I'J) ) I (' d H(I',)'») I'" -,+1 :l,,,J (.J * + 1 ;)"J

( 10,:1'1)

Hence

li!l



( lO,~i))

whol'e,q E JR, p is the fluid donstty, and p", (I' E {Il, rJ} are lilt' occupation
functions on _\It defined in Sect ion (L:3,:j,

Since :;::1 t> 1\(J.'vI, tht' stlfftlC'ss ('o('Hid('nts for tlw system can be' calculated via
an analysis on ,M, From (7,,11),

[\'(I,J)(i',/) :;;;; p,jg r . *V(i,J) I.M,i*d(z:l.v(i',)') 1.\1;l)t-:

( 0 if (i,i) ¥: (i',}')_. 1 L(p'i - p'))[J(i2 + jJ) if (i,j):= (i',j')
( lQ.2(l)

where til',) nogativo sign arises since the Hodge form induced on Om! by tho
Hodge form on ,'vi" hits oPP,'sito orientation compared to tho Hodge form in-
ducod OIl (J",l by the IIodgp form on /\1i1'

Inter.tal Intcraction
AH ill Section g,:3, itHHIUn(' that, the fluid in .M" is not subject to any interuc-
lion either with itsolf', with all external field, or with tho fluid in /vtd. Assume
however that the fluid in t'<'p;ion .'vI11 is subject to n, pairwise lnteracuon with
itself. Let the kernel :F c> AU_\It'~of t his interaction hI' of the HIUll<' form as that
used in the examples of ('hapt('l' \1:

[ t. ~ " 'l· ~ 1,~ ," <,xp tc ((,1' ,,. ,r.)" + (,1/ '-1/.) "r (:: -' ::.) ) (lO,~7)

w11('['(I, lUi A' ~,) 00, Ill<' !'lW!l;(' of till' interaction lwrlwl approaches ZI,'l'O, while

17K
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Figuro 10.1: Eigenvalue-wavenumber relation for the planar interface with pair-
wise internal interactions.

{
() if (i,j) f. (i',j')

:::: /,(p'Y + p,i)(i'J + P)I/2 if (i,j);;:: (i',j')

by dill,(,t, integratlon a.f(I'!· suhsrltutkm of (lO.l i).

(1 O,'2·1)

Tho stiffnoss coofficionts for tho system can 1)(' calculated once the lnteractions
within the fluid haw \.('<'!l sp('c·ifi('(l. As mentioned earlier, (WI) rusos art' aunl-
ysod here:

Gmuita/ionnl Polnt/ini

Assume that the Iltud il' both domains ,vI., and .Vld is suilj('c\: to an oxtor-
nul intoraction F'> N', VI modelling it cons! ant gravltutionnl lipid, hut (hat no
hip;lwl··orri<'r intornctions aro proscnt, Lot t 11<'intvrucl.iun kernol

'1:', "'''"-:1 ," P!J~

li7



The dynamics of t~lC' system can be tl'llns!"lTl'd to t he configuration manifold
'D defined ill Section i,:,l by comparing (10.21) with (i.10), If coordinates
for D in the neighbourhood or I}lt' reference condition ,W' (ao."" It.....,), then
the tangent v ictor at the rpfm'(~I\(,()condition to thl' ('UI','(' repre enting the
evolution of tbc system is

1 . 1
- ('(O,O)a'ao +'" + ('("",(X));I~X: ( 10.22)

aft('r identifying distortion modes V{I,)) I> ,:t',VI I where iI j E {D",., w}, such
that

dH{i'J)
,e, -1

V(i';)j u dH('·J).v,,3 - - +1 ( 10.23)

and identifying each of the coelllclents cu.)) uniquely with one of the coelliclonts
ill of tho tangent vector,

System Integrals

Take the condition of tho undistorted planar interface as the reference condi-
tion corresponding to 111('point 19 in the configuratlon manifold. The system
int()gl'l1!Grequired for the linear analysis of the eystom's dynnmics about 1) can
then be (~akul!ltod using the results of Section i,ii.

From (7.W), t)!e inertia coelllcients Ior til(' fluid system at'C'

M(I,J)(i',J') "C! j pV(I,;) /\ *V(i'.J')
.V1

li(i



whore summation over all repeated indices is implied. Then, from (1),2!l),

vl,vt" .,k dH((,Jl-- ((I,JJ k

V L\II ,1
_u (.k dH(I.J) (10.16)-(I.J) k

where (he exterior derivative's can he evaluated in terms of til<' elements of
harm?" (11{1):

(10,17)

where (cia', <iy, d::) is tlH' dual busis induced OIl .\It by the eocrdinatos. The
no-rupture and automorphism conditions of Section 7o'! can be used to reduce'
the number (If independent coolllcicnts in the) oxprcaslons for the velocity. 'Io
:·mtisfythe autcnorphlsm condition *d" := 0 on the boundaries {(.l', y,::) : z :31

co] and {(.l" 11, :::) : z ~ ~.':)O} of At(,

-ri'! (J( (I.)J -
('=1 ~ 0~(I,J) (lO.1S)

In addition, the no-rupture condition on i)'~ljrequires

( 10.1!J)

on hubHtituting (10.17) into (lO.lG). and using (IO.H) since

(lO.:W)

[[(,lIC'('

III _. c' dH(IoJ).\11" (1,,/1 I

I d IJ (l,T)
II ,\11,1 ,~ "('(i,}l "l+l (10.21)



Harmonic Forms

Tit!' complete SI'\ of harmonic zero-forms

I, , .1'1." (l'I):!) - {H('d)}},lltll It ~ II ',JE{IJ .. ",,.:,}. k('{-1.1} (10,1 ~)

where

(10.1:3)

(where the wavonumbcrs i.j E {O.,'" ,:;,o}) can lw 1IsN1 to analyse dlsturbancos
on the planar interface, since Ihili Het of forms obl'YIl Ilw int(>gral condition

r *H(~'J)H(,""J'),~ { 0 if (i,j)". (i',j') or k 7' 1/
ii, N k l 'f' (' ') (., ") i" 1,/1.,,1 . ,I 1, J :::: r,J anc ~ ::.: ,\'

(W,l·l)

and hence is orthogonnl on 0'1;1 x fft"" IR:!, In (10.1·1), L ,= L,.J H(Ydl JSt Stul
and $" :;';l {(.t', V, z) : z ::::0, (. <: ,I' «; 21t' -+ (', tl <: II <: 271" +- d. (., dE JR} (: i)"d'

Depending 011 context, !I",i is the Hodge form on Oml lurlu('('cl by ('il11('1' the
Hodge form on "\.It,, or the Hedge form on ;\.Itll. The facto!' L ar.·pP1tl'H sin('('
tho elements of hal'mPI."( II{I) itl'(' Htl'icLly orthogonal on 8' x lU c {HI 1'!1.tiH'r
than on lRl itself. Note that the periodicity implied by etthogonality over this
subset of lU:J can be varied quito shuply by rescaling tho coorrlinutes adoptod
for ,Iv!,

It

Distortion Modes

SilH't', Irom Sl'('\ ion ~,;j. (Ill' volocity potentlal in hunnonic in both •VL, and

.\.Itd.

;\ 1.'v1 ,., '''" (.k(' ) H \,I,J)
,,1.,1 " (10,1J»)
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interaction kernel. On the other hand it would appear that. although certain
elements of t he dynamics of til<' system in the case of non-lnlinitcsimal range of
th« interactions art' indeed Iorm-speciflc, there appear to be certain elements
of tIl<' dynamics that are shared between the examples presented here, and
there is hence strong support for the proposition that these elements are in-
deed universal characteristics of the dynamics of fluid systems modelled llsing
the intoracticn field approach,

10.4.1 'I'he Planar Interface

Let (,1,',11,:::) and (J' •• !J.,z.) be oquivaleut, uniformly valid, rectangular coordi-
nates for ,Itt, Define

(HUt)

then (J"J) is the' plane {(.E.!I • .z-) : z "" O},

Two pllrticulariy well- known classical analyses for the lineal' motion of this
planar interface between the two dissimilar domains of fluid exist. Tho first
is tho so-callod gnwity-w(\w case, where the fluid is subject to a gravitatlonal
field acting normal to the undisturbed interface. The second case is the so ..
called capillary-wave analysi», where disturbances 011 the lnterface are driven
by the surfnce tension in tho interface, Both ('ases arc' re-unalysed here using
the lnteractlcn field npproach. In tho gravity wave case, the analysis follows
directly hy defining an interaction kernel which it; equivalent to til(' gravita.
tiona! potential on .\It, For consistency with the l'('SU!tH of Chapters !) and H
and the assertions of Section (i.i'i, the capillary wav« case is modelled in the
situation whore 0. pairwise internal iuteracticn exists within ,\It,1 and hence au
iuterartion koruel on •\It J can be defined.



and any harmonic zero- form on M can be written as a linear combination of
the elements [)f anyone of the ;'I'ts harrn"(M),

Stiffness Integrals on ,Vl2

If t he interaction kernel :F I> N.Vl2, then expression ((,11) for the stiffness
coefficients of the fluid system can be specialised as

(l(),lQ)

Topology of the Fluid System

In all cases to follow the fluid domain .'VI is assumed to be isomorphic to
IH:l and to consist of two dornai us ,VI,~ and ,VIIi separated by an interface

()"I! =: a,VI ,) n O.;VIii,

10.4 Comparative Results

In this section the results for some of tho well-known clessical interfacial con-
Iiguratlons are compared to the predictions of the interaction field approach.
Tho analysis which follows is not general, but is presented in the form of a
series of examples based on the assumption of specitic forms for the lntcrac-
t.ions within tilt' Iluid. This reduction of gonorelity is required in most ('IUWH

since explicit results for t I\(' dynamics of the system are reliant, in (he ('ast' of
non- in !llli (Pl·dmal range or tit!' intoruct ion kernel, ott tIl<' «xplici t Iorrn or (h('



in a number of references, for example in the hooks by Lamb [,17] and by Lan-
dau and Lifschitz ~'L. to which the reader is referred for the derivation of the
classical results Ior the dynamics of the various example systems to follow.

Principal use is made of the analysis presented by Lamb [t17], cased on the
theory developed by Hayleigh [71], throughout which it was assumed that
the lluid was inviscid. To match these rssults, throughout this chapter it is
assumed that I} == 0 throughout ,,\II. 'Through CUll this implies that the
damping coefficients CIJ for the system ere zero and hence any diagonalisatlon
of the eigenvalue equations is of the Iorn:

(Ai _ K, -'-AI ( 10.8)

implying instability of the mode Vi if KIM < 0 and stability of the system jf

K 1;V[ :> 0 for all modes.

In addition, the assumption of an lnviscid system allows the analysis in terms
of the velocity potential, derived ill Section 1i.5, to be used to establish suitable
Iorms for the distortion moues of the fluid system.

10.3.1 Preliminary Results

Tho following; definitions and results are used repeatedly in the analysis to
follow.

Harmonic Zero-Forms

Let harmll(M) "" {HiLEr, where I C Z and each Hi!> NA1, denote the n-th
set of harmonic zero-forms which is orthogonal and complete on M. Then (if
such a set doc's exist)

{
() if i~jr *(H'HJ):::::i.H rE1U·,,{O} if i=! uo.s )
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The analysis simplifies if (10,2) call he brought into diagonal form such that

(lOA)

(where Al, C and /( are possibly different for each eigenvalue), in which case

-c ± V(C)2 - olAf J(
..\ -
1- 2M (10,5)

10.3 Classical Results

The classical surface tension-based theory of the dynamics of fluids with in-
terfaces is described in Section ,1.6. This classical model can also be lin-
earised "bout some equilibrium reference condition for the fluid system (SE)C

Section 7.2). Let iWz be the M-complete fragmentation at the reference con-
dition. The condition imposed by the Young-Laplace equation (4.:30) on the
pressure at the domain boundaries is transferred to the locations of the undis-
tor ted boundaries as

( 10.6)
if

for all ('r,(3 E Z, where D"i3 = i),I\:1" n aNln and k.,p t> ,,°8,)/3, Away from the
interfaces, the linearised form

(10.7)

of (4.'20) is assumed to govern the dynamics of the system. Philosophical recon-
ciliation between the classical approach and the the interaction field approach
is obtained by realising that the pressure entering the classical equations ill
in fact the 'effective pressure' defined in Sectior, flA.2 which contains within
it a contribution from the internal interactions within the fluid, Tl11~linear
dynamic theory based on the surface tension approach is presented in detail

170



10.2 Stability of Equilibria

The small-amplitude dynamics and stability of a particular near-equilibrium
configuration can be determined from the linearised dynamic equation (7.42).
Let 1) E V, where'D is the configuration space of the fluid system defined in
Section 7.2, correspond to an equilibrium configuration of the fluid system.
Let (at, ... ,ap) be coordinates for 'D in the neighbourhood of v, and let the
distortion modes associated with the choice of the equilibrium configuration
as the reference condition for the system be vi, where i = 1, ... ,p.

Assume the coordinates along the path 19(t) of the fluid system to vary with
time according :0

(10.1)

(no summation intended). The constants Ai and the eigenvalues IV arc possi-
bly complex, but combine in (10.1) to yield real coordinates ai, i == 1, ... .p.

Substituting (10.1) into the linear equation (7..t2)

(10.2)

where the inertia, damping and stiffness coefficients are given by (7.1\)), (7.21)
and (7A1), and since from (8.6), at equilibrium

I.,

pi == 0 (10.a)

Equation 10.2 can be solved for the eigenvalues 1\. The equilibrium config-
uration ls unstable if any mode can be found such that. the real part of its
associated eigenvalue is j: sit; ve, indicating a mode with displacement which
increases exponentially with time. On the other hand, if no mode with positive
or zero real part or its associated eigenvalue can be found, then the equilib-
riuru configuration is (linearly) stable since a'l suiiiciently small displacements
to the equilibrium configuration of the system will disappear after sufficient
time.

16(1



of the spherical interface, calculated numerically using the sallie interaction
kernel lUi adopted in Section lO.·Ll and Section 10..1.2, for various values of the
interaction range parameter k, Numerical experiments confirm the dlagonality
1)1 the system and the independence of the eigenvalues of t he system on tho
modal index j. (IntN('stingly, neither the inertia ccellicients nor t ho stiffness
coefficients arc themselves independent of J.) 011(,(' again it is seen t hat itS

the range of tho interac.tion kernel becomes small compared to tho radius of
the interface, the range of modal indices over which agreement between the

oigonvalues obtained using tho interaction field analysis and those obtained
using the surface tension approach becomes larger, until in tho limit it would
appear that the two approaches yield identical results,

10.5 Conclusion

In Chapter n it was shown that the surface tension theory could bo ro('ull('i1<'d

with the predictions of the interne ion field approach, in the sense that. an
expression for (he surface tension of a static interface could be obtained oven
whore the interaction kernel had non- infinitesimal range, In t he limit all the
range of the kernel became small compared to the curvature of the interface,
the Young- Laplace equation governing the pressure change across tho interface
could he extracted. TIll' oxamples of this chapter Huggost that in dynamic: fluid
systems, at least where the dynamics is governed by tho lincariscd e(jlltltiollS
derived in Section 7.S, a similar situation holds: Reconciliation botweon t.ho
predictions of classical surface tension theory and the intoractlon fidel approach
is obtained in tho limit as the range of the' lnteractions within tIl<' lluid sys"
torn becomes small rom pared to the characteristic dimensions of tIl<' system,
Additionally, sevornl CiUH'S have beC'n shown where the results of the' interne-
tion (l(·ld approach SIlP;P;l'st that tho classical analysi» may Il!' inappropriate' in
physical situations of interest, Of ('()Ill'SC', the staterneut« mad(· in Section 8.1.1
should once ngain be berne in mind when considering tho interact ion lipid all'
preach as it replacement for the clnssical t hooty, As in Chapters ~ and n, the
rosult» presented 11<'1'<'are highly suggc·~t ivo, but t hI' anulysis of t Iw presont

ID2



2 4 6 8 10~~~ . ,~ -----_._~,,_~::~~~---',,~_~-II
Logond ' " ~

'-'-,
"~" Ii

-200
I. k::l 1.0
iI. I< c 2.0
III. k '" 3.0
IV. K" 4,0
v, k Q 12,

eurtcco tonsiC'n

-400

-600

v

Figul'O lD,7: Eigenvalue-modal relationship for the spherical interface,

System Integrals

Tho moment urn and HtiifllPHS ('o('UkkntH Ior the system can b{l calculated by
itlt(·~l'tLtl()n over Hl<' distortion modes. Iollowlng tho SarIH' procodur« ill; used in
Section 10..l,1 and S{·ctl()Il 10..1.2. Since numerical evnluution or tIl<' rosulting
forms is required in most l'aH(lH, explicit Iormulatlons Ior tho ('o('lIidt'ntH will
not be givon 11('1'('.

The ,:Ii1HHkalanalysis by Landau and LifsdIitll [,W]. llsing surfac(I tonsion tho-
ory. giv(\s

1) (i + ~~)

Figlll'l' IO,T shows til<' ('i~~I'n\'alH(, wavouurnber n'litti()[Iship for t IH' dynamics

un

( 1!l.GO)



Harmonic Forms

Till' sct of harmonic zero-forms

1 .. tl'llh( /fJ:J) - {HI}l,lll 1(1 ,,- I€{U,.",XJ} (10Ji(i)

( 10.1i7)

(no summation intended) where til<' modal indices i,j E {O"", ec ] and the'
P/ t> AO,,'vt. aro fhp assoclutcd Legendre polynomials, ran then be used as a
complete basis for the velocity potential .\L'v1iJ Inside the sphere, under the
restriction that the potent .ul he finite at the origin of the coordinates, It, is
easlly confirmed that tho elements of harm?" (IJi;l) arc or thogonal on O,,.i x

IFl+ :::: In:l,

Distortion Modes

The dynamics of the system [()!lOWH once again by delining dlutortlon modes

(lO,iiH)

such that tho fluid velocity

(lOJHl)

where ng:lin th(' it, <11'(' tho coellicients of tilt' tangent vector to til" curve rep-
{'('spnling till' ovolutlon of tho system on th« configurat ion manifold (tsHociat('(;

with tit(' distortion IllIH[l'H,

l!lO
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Figure lO.£): Eigenvalue-wavenumber relation for the cylindrical interface for large
wavenumbers.

Let (7', i), <i)) and (r'., 0., t/J.) he equivalent, globally-valid, spherical coordinates
rot' ,\It, defined in tilt' convontlonal sense. (Hence the Hodge form on JVi is
* 1 =: r2 sin Odr /" dO ,\ dtn or equivalently '"1 := 1'; sin O.d,.. IIdO. IIdr}J., ) Define

(1(),i)ii)

then O(~tl is t 11<'sphere {( t, (),c.5) : r ::::: l ], The analysis for spheres of different
radius Iollows as Iwfore by rescaling the ccordinatee.

i\H in the ('L\tl(' of tho rylintil'1t-al lnterfac« the momentum of the Iluid exterior to
the cylinder is fwp;lel'tl'd to obtain clO!l<'st ag«~('rn('nt with RtL,ylt'ip;h'~ classlcal
analysis. This 1(lltds (0 tlw sumo almplllicntlcns itS in the call(' of the' cylindrical
int(\t'fit('(l,

IH!J
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Figtll'(' 10.l'i: Eigenvalue-wavenumber relation: cylindrical interface regime iii.

(10,i)1) asymptotes to

. \ );1 '1) /1 r I(, I ~ ~ (l'- '2 ii;:{tI I't,l ( lO}j,l)

for large i a. ,[ Iinito k, and h(,I1('(" (til in tho case ()f the planar interface,
tlw dynamics of th(' cylintil'ical intl'rfac(' tonds to IHl pxtl'rnal·li('\d Iyp!' limit.
governed by the {i('ttl P;t'l't'ri.1.(.ed by rho equilibrium conflguratlou of tho system,
as the wavenumber of tho dlstort ion becomes large,

10.4.3 The Spherical Interface

'I'll!' Iinu] ('liS!' to 1)(' cousidorcd 111'['('(mort' fo!' cumplctoneas than for any ad-
ditiollal inHight. that this ('iUll' might yil'ld) is that [Ill' the dynamics of it llquid
dl'Op!d StlHI)(lllci<,d wit hin an lnllnit ely large domain Ilf fluid.
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i
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Figure 10..1: Eigenvalue-wavenumber relation: cylindrical interface regime ii.

this third regime may of course have important implications for the bohaviour
of the V('l'Y thin threads of Iluid encountered, Ior example, in the context of the
rupture' of cyllndrical tubes of fluid as described by Tjahjadi [80] and others.

Figuros IO,a, lOA and ll).!i SllOW the eigenvalue-wavenumber relation for til<'
system within cadi of the regimes i, il, and iii of Figure 10.2. Of particular in-
terest is Figure 10.a which shows the asymptotic approach, as k bC'C'OtlH'H large,
of the eigenvalue-wavenumber relation calculated \Ising the interaction field
approach to tho relation cbtaincd using surface tension theory, Finally, Fig-
ure 10.6 shows tho large-wavenumber behaviour of the vigmlvalu().wctVOllUllllwl'
relation for the cylindrical interface', Since for Illrge i

( 1(J.n:!)

1~7
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Figure ll).:!: Eigenvalue-wavenumber relation: cylindrical interface regime 1.

-0.21
!

N· Hi, II I,
vII VI. v,

'I'ho c1asHiml result ill wl'lI known to predict instability of all distortions to
tho illt{'t'fu('p which have 11wavelength gr('at!'!' than tho clrcumleroncc of tho
cylinder (that is, !.~ wavenumber 1<'Hi! than unity), Figur(' 10.8 shows that. if
(II(' ('ffecls of non-inliniteslrnal mnge of the interaction kernel ar« taken into
account, then the stability boundaries for the system IHW(' a more complicated
behaviour than the classical t h('ory would sllgP;<':-lt. As tho rango of the inter
action kernel bt·\ omes limitingly small compared to till' radius of til(' cylinder
{that is, k -+ 00, or l't'gillW i, of Flguro 10.8) tho classical result is l'('gaitwd,
but for mngl'll comparublo to ttIP mdLw of till' cylind(ll' rA' ::::: I or rogimo ii,
of Figuro 10.2) tho mnA<' of wavelengths fol' which tlH' system is uustablo is
scmowhat ):11'('[1\('1' than that prodictod i)y tho classicu] theory. Finally. ilS til<'
raug(' of tl\(' intoruc: ion kernel 1H'(,(HlH'H larp;<' compared to tht' radius of tho
('~'lilld('t' (that is. k ,,-.0 or r('~~inwiii. of Figuro 10,2). tho range or wavelengths
OWl' which tho SYS\('lll is unst abl« shrinks until itt t II(' limit till' systorn is st.ahl«
t I) distortiolls of all wavoleugt hs. TIl(' bohuviour of t hI' st abillt y boundurirs ill
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Figure 10,2: Stability-wavenumber relation for the cylindrical interface,

after manipulaticn of tho Bessel functions, Explicit; calculation of the (ligen-
VahH'H using this relatiouship would appear to require numerical ovaluution of
the integrals for the potential and for the function R( k),

Tho nnalysis! by Rayleigh [Il] using surface tension theory yields t:lw classical
result

(10.52)

where as before, O'p an 1)(' interpreted as Ill(' surface tension for the planar
Interface, As in til" CIlSe' of th<' dynamics of the /lhnal' interface comparison
of th« classlcal analysis and tlw result derived above \Ising the intornction Held
approach follows equation of 0'" to t he valn« calculated in Section H"L:! lor the
lntr-ruction kpt'lld :F delined ill (10.27),

~s{'(' also Drnain [2,1] for 11 murf' 1l1Od('rn approat'h to I he problem.

lKii



where the scaling parameter associated with the interval of orthogonality has
b(,Ptl suppressed and the density of the lluicl in .\11(1 is 7pl.

[f the same interaction kernel J't>I\U/\IIl is assumed as in the case of the planar
interface subject to internal interactions, then the stiffness coefficients of the
system can be calculated by substitution of (10.42) into (10.10) and direct
integration as

(10.·17)

where

(10.48)

and once again the scaling parameter associated with the interval of orthogo-
nality has been suppressed. The potential

t.1271'11<ll = J'(r, 0,::, r., 0., ::.)r.dr.dO.d::.
-.x> 0 ()

( lOA!))

follows from the expression

(10.50)

(or the interaction kernel in cylindrical coordinates.

'System Dynamics

As once again the system integrals are in diagonal form, (10.8) can be used
directly to calculate t.he pig('nva\twH of the fluid motion as

1'(')2
("I)~ ::: --',"_.,... __~.!l.:_". ~"~-"-(+!-(~lr~'1 _l?(k)c-12

/('lk
1
))

Wi ~~(T'lWI')2 + 111(ir)2)dr dr -

." .- if(,i~L.(.l.<I) I -1 _ H( A:) (' _II /('''''))
(il1111(i) dr r_

(lO.ril)
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axisymmetric velocity potential Ai,\If,J inside the cylinder, 'I'liis follows since it
is easily shown that the elements of this set are orthogonal on S' x u: C Ur.3

where

S' = {(r, 0, c) : 7' =: I, s < z < 27r + 8, ,~ E lR.}

( l()..1:3)

Note that the hyperbolic Bessel functions of the second kind can be eliminated
from the basis since they do not rCHu!1 in finite velocity at the centre of the
cylinder,

Distortion Modes

The dynamics of the system on the configuration manifold follows as before
by defining distortion modes

( 10..l·1)

such that the fluid velocity

(10.'15)

where the iIi are the cocfflclents of the tangent vector to the curve representing
the evolution of the system on the configuration manifold associated with the
distortion modes.

System Integrals

The inertia coefficients of the system can be evaluated by substitution of
(10.·12) into (7.1D) and direct integration as

( lOAn)



10.4.2 The Cylindrical Interface

This example is most interesting since the classical theory predicts a transition
from stability to instability of disturbances which arc rotationally symmetric
with respect to the axis of the cylinder as the wavelength of the disturbance
is increased.

Let (r, 0, z) and (r., f)., z.) be equivalent, globally-valid, cylindrical coordinates
for JVI, defined in the conventional sense. (Hence the Hodge form on M is
*1 = rdr 1\ dO 1\ dz or equivalently *1 = r.dr, 1\ dO. 1\ dz •. ) Define

/vtJ = {(r,O,z): T' < I}

JVlo = {(r,O,z): r > 1} ( 1040)

then aerO is the cylinder {( r, 0, z) : r = 1}. The analysis for cylinders of different
radius follows of course by rescaling the coordinates.

Harmonic Forms

To obtain closest agreement with Raylt::t:h's classical analysis, the momentum
of the fluid exterior to the cylinder is neglected. Only the flow within the
cylinder then needs to be represented in terms of a suitable velocity potential,
and in addition there is no need to apply the no-rupture condition on aorJ.
Assume that the flow within the cylinder is symmetric with respect to arbitrary
rotation about the a-axis. The set of harmonic zero-forms

(10.41)

where

H2i(r, 0, z) = 10(ir) cos(iz)

H2i+l(r, 0, c) ._ 10(i1') Hin(iz) ( 10.42)

where the wavenumber i E {D., ... cc} and 10 t> (\ll,VI is the order-zero hy-
perbolic Bessel [unction of the first kind. can then be used its a basis for the
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The eigcnvalue-wavenurubur relations for the planar interface given by (10.:37)
and (10.:38) are shown in Figure 10.1. The manner in which reconciliation
between the result based on the interaction field approach and the result from
classical analysis is achieved is somewhat surprising. In Section 0..1.1, recon-
ciliation between the two approaches is achieved in the limit as the range of
the interaction potential goes to zero. Here no such limit is necessary, and the
classical theory is shown to hear a first order relationship to the interaction
field approach even in the case where the range of the internal interactions
is uon-inflnitesimal, Hence the limiting process is encountered in a different
way: the classical theory becomes increasingly valid as the wavenumber of
the distortion to the interface becomes small, and hence as the wavelength of
the distortion becomes large, compared to the range of the interaction kernel.
Note too that, on comparing (lO.:3G) and (10.38), the limit for large wavonum-
bel's i and j is identical to the result which would have been obtained if the
interaction kernel was

( 10.:lfJ)

in other words, if the interaction originated from a gravity-like external field
rather than an internal interaction. This large-wavenumber behaviour can
be explained by analysing the contribution of the components (Jri,))(i'.;') and
[(i,J)(i',.i') to the stiffness of the system. e(i,j)(i',j') can be thought of as Ihe

contribution to the stiffness from distortions to the interface under the influ-
ence of the potential field generated by the unperturbed fluid at luilibritlm,
I(i,j)(i',;') is the direct contribution to the stiffness from the potential cl.anges

'accompanying the distortion to the interface. As the wavenumber of the dis-
tortion becomes large, the external field-like behaviour becomes more apparent
as the effects on the potential energy induced by the distortion modes becomes
increasingly immersed in the field generated by the bulk fluid.

ltil



11.8 Critical Point Topology of (p I> l\()j\I[

III this section tho critical point structure of IllI' potential on ,\.1 g('tl<'l'iltC'd

by IIH' interactions within it fluid system with the simple' structure d('lin('d in
S('('l ion ~l,li is analysed. The results obtained 11<'1'('are used to support til<'
derivations of the qualitative dynamic results of Soction l l.Il.l .

11.8.1 Containment of Critical Points of ill

Lot the Iluid domain ,\I( have till' simple structure assumed in Section 11,1), and
1<>\ the lntoraction kernel :F t> N,\I(J have' the form spociliod ill Section l l Ji.l .
'1'11(' following result showH that tl\(' criticnl points of the' potential on ,\I( gen-
orated as i1 result of the intoractions within this simple (I\1i<1system are all
confined t,) within the (,OIlV<'X hull or the union U or the lntoractlng fluid do-
mains.

Convex Hull

It

(11.D)

where a ~: JR, TIH'lt dulinc

(ll.lO)

and Iinally tho HC'1 Ii

II 1'+( +) 1'''"( ')I ;,:; I al U I (/, ( 11.11)



with respect 10 thl' volume form Oil .\It. '1'1)(,11, fur any finite w t> n.'vt.

(u.s:

L(I! :.,', c ,,\It \)(' an (.pcT'tul'lmlio1! of ....' if

(lUi)

that is, the two iwts hav« tl)(' same volume, hut

(11.7)

It (IH'1l follows Wl'Y simply from t 11<'midpoint theorem that

r w =. r w r O(T! e)
./(i;.) " J.~." ( t 1.8)

for any finite w t> !L\ltn• Deline 8, as an e-perturbatlon of ,....' ba.ml on It if
..,'" S, has measure-zero HPt, It as u dofonnation retract.

TIl<' notion or an c-perturbutlon bnsod on It set of measure zero can bc' used
to define tho 'nearness' to oquulbrlum of tho conflguration of 11 system of
fluid domains which might 11I1v(' (liffol'('ut homology to that of the equillbrlum
configurations assoeiated with tho lntoracticns present within the Iluid, 'l'hls
follows since. by comhlnation of (11.1i) and the' definitions of Section 7,il, in
the limit us t -t 0, any r-porturbution of 1>:1 equilibrium ('onfigumtion reverts
to a systern with tho same variatiou of !'1lC'rp;y and IWI1(,(' dYlll1rnka.l character-
istics as the equilibriuru conflguration, but, p()ssibly with 11. diffet'ent topology,
whil« (1 Un shows Ihat: tIl<' diH<'rl'flc(' in tho varlatlon of tho ('nl'I'gy or any
e-perturbatlen of tIl<' cquilibriurn configuration and that of the oquillurium
configuration itsol] ill bounded. By (kfining tho structur« of the Iluid system
in terms of nn e-perturbutiou to som« I'('['(,I'('IIC(' conflgnrntion of tho fluid, tho
l'IWI'!!,y chal'act('riHtks of 11wide' varivty of lluld systoms of physical lntorost,
fOI oxample Ioam« and HYHlt'IlIH with Iructal boundurlcs, ('iLII \)(' l alculated by
l'l'['t'l'l'iup; th!'~(' HYHt(llllK bark to 01[WI' Hy!ltl'IllH with simpler topology. This
approach iH adopt (lei ill tht' iUlilly:,iH Pt'l'Ht'lIt('<\ in St'CIIOIl l l.ll, 1.
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Figure 1J.l: Schematic showing perturbed topologies of domain S,

two configurations of til(' fluid system which applies irrespoctivo of whet hot
the two conllguration« of the fluid system have the SItrIW topology or not,
Considering tlw approach adopted in this work, whore tho dynumic equutlons
for the system uro defined in tN'tUS of a number of intograls over (It!' fluid
domain, tho most relevant approach to the generatlou of a fluid conflguratlon
with perturbed topology compared to another configuration would appoar to
involve t.ho removal of lL point K<'t with zero measure with respect to the volume
form on tho fluid domain, This follows since tlH' removal of a s!'t of ;Wl'O

rIl<'USU1'e from tho fluid domain does not chang<' tho value Dr any intt'gral OWl'

any Ilnlto volume form on t 11<'Huid domain, but can be used to modify tho
homology groups !tsHuciate<i with til<' Iluld conflgurutlon.

S measure-zero
equivalent
S .. j..l

Formally, 1(,(. ,'" c: .}vt b(, HOlW' ot,l('ll HOt. Deline the open H('t ,,"," C: ,..,' \)0
1I!f'Cl8ItT'('·:;('T'O cquivulcn! to ,..,'if ......' c:: ..... "" It whoro !l C .'vI iii of rnoasuro :I,('I'()

homologous to homologous to

•



11.() Critical Point Topology of V [> 1\0"0

If, in addltion, :r ill invariant with respect to t h« synunetry group iso(lln
t\ditwd in Section (i,G.1, then, from tho analysis of S('diOll ~,G and in particu-
lar the second example of Section K,(1.2, it would appear that the equilibrurn
ronligurution with lowest onergy, rosultiug in a domain with linito volume, il'i
obtalned when U is t.lll' interior of it sphere with finite radius, For given vol-
ume of U, it is ('asily shown Ilsing the techniques of Chapters ~ and 10 that
the concentric splI<'l'ical shell-typ« equilibrium configurntlons admitted by the'
symmotries of :F havo gl'('ut<>r potential energy than t;lw /iplwricnl equilibrium
conllguraticn, and are unstable' to perturbations to tlw eoncentriclty of til<'
shells. Tho dynamicul analysis of S('ction 11.1 thus HUp;g(IKtH tbat this sphori-
cal equilibrium is 1111 attractor for (Ill oilier cenfigurations of tho system where
U has Ilnite volume.

Similarly, in the case of systems where U has unbound: d volume, it is simp]!'
to show that the minimum potential energy is obtained when i( ""'"{0}, or in
other words when til<' whole of the lluid dcmaln is filled with tIl<' int<'l'Ht'tillg
fluid, It would appear that th('l'(' ure IlO other stable equilibria, and hence thnt
this state is ,111 attractoe for at! other configuraticne of the aystem where U has
unbounded volume.

Htwinp; postulated lids raeher bleak picture for tho final state of any fluid
system with tho structure desct ibod in Section ll.!i, fhe remainder of thls
chapter is concerned with (lstablishing those principal cli11l,ltct('ristics of tho
evolution of 11 syatom with !1rbitrary topology which eventually allow it to
reach one of tho two stnblo cquilibtium configuration» d('HcritH'd hero,

11.7 Perturbed Topology

To mak» any pl'ogr(,;;H in till' allill~'Hi:l of 11)(' approucl; to oquilibrium of systems
wi tit urhi CI'H1'Y t.opology, it is 1l('('PHflilry In dnfiw' H()IlJ(' notion oJ' •II 1'111'11t'SH ' of
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Physically this strurt uro rnork-ls any iluid sysl PIn in which a number of do-
mains of a single, inl('t'act.ing, Iluid are immersed in it second, inert. fluid
domain, rllis class of fluid systems should be recognised u~ t he same class of

systems itS that used in Chapters !) and 10 to reconcile ttl<' static and dynamic
predictlons of the classical surface tension model and the interaction Iiel-i ap-
1>1'O,,('h,The generalisation 0[' till! results presentod horo to fluid systems with
11\01'(' complicated interactions iii not at all straightforward and will not be
attl'lllptc'd in this WOII<.

11.5.1 Form of :F

fp( (,t1"rJ.i1) and (.l'!"l':,.r;) 1)(' equivalent, globally valid, t'('cti11lgular coor-
dlnatos rot .VI, '1'11<'11 (,l't"r~,.!,:I"I,!"t:"r~) are suitable coordinates for ,;\1(2,

AbS'mH' :F : ,\tt2 ~,. sr. In addition, assume this map to have it single
(d('!~etH'rat(') critical point on the projective symmetry s('l where J~i :::: ,r~ for
all i := 1,2, :1, and to asymptote to zero as I,l,i - ,r~I ~.~00 for each i :::.::
1, ,~,;3, As!,nrne:F to 1w sulliciently smooth for these conditions to be expressed
equivalently as

,ri - ,l!~ < ()
,r,1 .- ,r~"'"()

I,l!' - ,!!~I -~ 0
,r' ~. ,l'~> 0

(11,.1)

for all i ~=1,2,:3, T1II's(' r('Htrkti()IlH on the form of tho interaction kernel imply
nddltional '·.:lJstl'nillts on t ht' asymptotic properties of the interaction kernel
used in tho dorivation of Ihl' results of Chapter I), Note tllllt tho prototype
interaction k('I'I1<'1 :Fi~~(/llfll'dolinod in Section 6,1).1 and usod extonsivoly in tho
oxarnplos (il' the previous dlitpl('l', is of the form described 11<'roif tho amplitude
of til(' k('l'upl i~{'('sl rlcted 1\) 1)(' an ('lc>rllt'nt of sr,
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Not.c I hal (11.1) is idc'IlI kill I () I he· oquat ion

(J 1.2)

writ 1('11 in Icrms of llic' coordinutcs on I hI' coufigurution muuilold D. if Cis I lip
s('('olld'ot'd!'l' HYlllllldl'ic ckfillit,," I('llHOI' li(,ltl 011'[l with compouents Ci.l C"
ill (lip coordinate baHis lor D adopled ill S('clioll i.a. This Iorm follow!' sill(,(',

HI' dC'HCriJ)('d in S(,(·tioll K.a, til<' ['orc!' ('()('{fi('ic'nIH r, i l •.... p, ilI'(' t.lu-
(,()llIPOIH'llIB of d\'. if Ih(' [>ol('lll,iai (,llc'rAY \' is ('ollsidC'l'('c1 as u zoro-Iorrn Oil

D. If t.1l<' dis(ol'lioll ItlOd('H CUll })(' HrrHllAl'cl 10 rouiain roustuut. t hroughout IIII'
evolution of I he' S,YH(('lll. I 1H'1l C ('1\1\ HSKllIlIC' Ill!' 1'01(, ,)1' 11 1illl<' lnvarianl Ilwll'ir
Oil 'D. EqullI ion 11.2 run then 1)(' \\'l'i1(,11 oquivuk-nt.ly as

( 11.:l)

using Ih(' dunl operator d('fitJ('d ill S<'ctioll I.D.I. This equat.ion ShOWH that
Ih(' ('UI'V('H ill'[I along which tit!' Ilukl systont evolves ar« the' strcatnlines oil '})
g;('tl(,t'llL<'d III1(k,' tIl<' met ric C by til<' POll'1l1 ia] ('llNg,\' \' e ADD. Sinco t.1H'HC'
Htl'('amliIWH must 1l('('('HsHrily t('I'nliIlall' HI Iltp nil :nti point H or \. I' N)'[), \ Il<'
lOIlI','\.('rlll evolution of litc' !-IyRlc'lll involves motion «w.iy Irom Ih(' maxinu, aile!

toward:; t lH' minlmn ill t lio Pol(,tlt.inl ('Il('l'gy 0[' II\(' ,;ysl('Ill, or ill 0111<'1'words
away lrom Ill!' llllHlnhlC' ('(ptililH'ia or Ill" sysl<>lll I.()\\ al'dH Ilit, Hlnhl(' oquilihriu.

11.5 Fluid Structure

1'(>1' til<' t'l'lllaill(kl' of I his ('hlll)1 <'1', -, ') .'1:('1. ~ 1':.\ slmplo st.ruct \11'(' 10 (iI(' fluid
domain ,;'vl is IUiHUll\('d. LC'f .VI hl' i ;:h"llllc 10 /iiI ilnd II'I ..VI ('()lllain 11

JI .. lllll!'1' or ('Olltlt'clccl t!t •. IH.lI'''i ,\II", (\ I 3' nll ~lIh.i(,('t 10 mut nill Hlld H('ll'

illtc>:'nrlioIlH with Ih( "u'lnitlll'l'I.('lioll kvruol :F'l>AIl.'v{;). Ih'lilH'l{ 11,,1,,,,'v(,.

lind II .VI "" U. ;\K:;llIIH' Ill<' .lnld illl! !lol II) Ill' ~HllJ.it't·1 III HII,\' iut oruct ious,

:',\11 III S"ctillll i,\I.:1. Hytllllll'l'Y nnd ddilli(I'II"~~ (,,,IIIl\\' 1'1'11111 "I'Ilnlli,," I'r':!l) via Ill<'

1'1'''11.'1'( 1"/1 ,,!, t lu- "xl"I'jlll' I'I'otllll' i\lld I II' 111I<l1',i'H(al' "IH'I'all I, Ilil" I Iif' Il'II~IlI'11l1 llall!I'I' "J'

C 1'"II11\\'1< 1'1'(1111 (h,' I l'a11f<i"I'lJlal.I111 law 1,"' a 1'11111111" "I' """I'dillalt'~i1111 T,
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The presence of the circle components to the deformation retract in three
dimensions allows [!>I' complex tangling of domains (since' circles do not admit
any notion of 'exterior' or 'Interior') whereas no such tangling is possible in
two dimensions, In three dimensions it is partially this tangling which loads to
the problems, assocluted with the relaxation of the system to an equilibrium
conflguratlon, described in the introduction to this chapter, In two or throe
dimensions an additional impediment to the relaxation process arises from
the entrap: ,'ut of all voids located within the domains comprlsing the fluid
system.

11.4 Simplified Evolution Equations

For the purposes of studying the motion of -ny Iluld system towards its Il-
nal equilibrium conflguration, the equations q, lived in Chapter 7 contain too
much detail of the initial dynamics I)f the fluid system. A simplified set of
equations applicable to the final dynamics of the system can be derived if it is
assumed that the initial dynumics of the system (perhaps following some per-
turbatlon from equilibrium) is governed by the mteractlon between tho kinetic
and potential energy terms in tho equations of motion, but as limo progresses,
the kinetic ('norgy of the system is dissipated through the action of the fluid's
viscosity. In this case the initia] dynamic eventually decays into a motion
where the kinetic ('rt<'l'gy of the system is small eno ugh to be t\(\!!;lectod, and
whore the dynamics of the fluid is governed in tho long term by tho interaction
between the potential (IIll'l'gy and the dissipation.

The equations of motion for this Ilnal, dissipation-dominated, phase of tho
dynamics are easily derived from tho results of Chapter 7, If the kinetic energy
of tho system can be ll<'gl(·ct('(l, then (7.:18) reduces to

(11.1 )

WlH'I'(' i, j c.-:: 1,,,., p,
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11.3 Specification of Topology

When calculating of the potential associated with a particular fluid configura-
tlon, specification of (1)(' topology of the system via the homology gI'OUPH:1 of
tho domains .vLy, n E Z is usually sullicient. This follows since Ih{' structure
of the Iluid domains, in terms of t.he number of enclosed voids, is captured by
these topological invariants, It is shown in Section 1l,8,~ that the critical point
topology of the potential (PI>I\().VI is stl'ollgly governed hy the number of voids
in each domain within Ihe fluid and hence that tile critical point topology of <f>

strongly influences tilt' route which the' fluid configuration follows in its motion
towards its final equilibrium,

11.3.1 Homology

By suitable detinitlon, each of the domains .A;f,~, l~ E Z call be arrangod
to he a connected subset of the fluid domain ,\It, If.\It is two-dimensional,
then each connected lornaiu ,\It,}, o E Z i.as 11 deformation retract" which IS
homeomorphic to an object 'H,'J(c) consisting of c E Z circles intersecting at
It single point, If.VI is thr("~·dinwnsiona.l then matters are somewhat more
complicated, Each connected fluid domain has a deformation retract which
is homeomorphic to an object 'H,)(,~, Co"", ('8) consistlng of 8 E Z spheres ,'i\,
i:= 1"",8, nested such that Sj is interior to ,""'rt and such that all the spheres
intersect at a single point P, together with 8+ 1 sets of 'irclosCi :::;{('J}F.:lI,,,,,,·,,
i := 0" , , , 8, nested such that the elements of Ci art' exterior to the sphere S,
but interior to the sphere ,...,',+1 (on dehclng an imaginary, non-physical, sphere
.'0'0 to lie in tile interior of .'0\) and intctsect at P, This approach, although not
nearly as elegant as the IWIH\,I ',PIJroach to homology through group theory, is
adopted here as it gives a morn concrete physical picture 0" the configuration
of t.ll(' fluid system than that obtuincd through the UHl' ' "')rolwb,

full nccount of h()m(}top~ and homology tlll'ory in till' context of the mvchunics cf
continuous media is p;iVl'1l by Mermin [fin],

'\A discussion of the relntion lll'twel'tl til!' h()rn()I{)!~y groups and tht' doformution retract
or 1\ point HI'! is \'ontltirwd in the hook by :--InHh and Son [(il] ,
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of the transformation associated with the fluid's velocity",

From till' analysis of Chapter ~, it would appear that the sot of domain topolo-
gi<'Hassociated with tho equilibrium ronfiguratlons of the fluid system. given
the symmetry group of tho interaction kernel. is in g('neral only a small part
of the set of all possible topologies that the domains within the fluid might
be able to adopt. Since, via the argument presented above, the topology of
the fluid domains cannot change within finite time, this suggests that if the
topology of 111 I he domains ,\I(,~, (~ E Z, compr' ,111; ,\I( docs not conform
to one ( r the topologies associated with the «quil' oriurn ccnfigurations, given
interaction kernels for all tho species present in tho fluid, then the topology
of the domains may act ill Homo Iashlon to restrain the lluid from attaining
an equilibrium ('()nligul'atioll within Ilnite time, This ideu has been explored
by Moffat t [tli], [/j8] in tIl<' context ,,r tIl(' relaxation (If trlltgrwt ic systems and
incompressible fluids to their oquii.brium conftg .i.tions. Some of Moffat.t's
ideas are continued in the work presented ill this : n[ '1',

It is possible that II\(' evolution of' the fluid system will drive the conflgurnrlon
of tho Iluid to within an uppropriately-d- lined neighbourhood of one of till'
equillbrl urn conflguraticns g(lnerl~t(,(l by the particular form or the interactiona
within the system, but it is not lmmcdlately obvious which of the equilibrium
conligurations associated with tho lnteractions serve's as t!H' uttructor fot' an
llrbitmt'Y system with 1l1'i>itral'Y topology, .11 this chapter it is shown how the
dynamics of a fluid configurutlon, the topology of which can be considered as It

perturbation to the topology of a given equilibrium conliguration of til<' [luid,
can be roconstructcd from it knowledge of t 11<'potent ilL! associated wi til Ihe
unperturbed system, and Ill'T\('P how a Iluld system comprised of domains wit h
ossentiallv arbitrary topology att ains an equilibrium conliguraticn.
-- -_.,.",.;,--"" - .....,_"'-~'''_,..=...'.._''''''''-".--'''''',''-,,.-

:J'1'1I1'most gerwr.tl appronch to tht' various limitntlons to topologicnl chanPi" in continuum
Myst('rn~ is [I(lSHlhly that adopt"d by rrilf\~d('lIlli'd Toupin [HilJ,
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Section 11.5 tc the class of fluid systems for which the classical results of Chap-
ter 10 were derived. In Section l l.f it is shown that the set of final equilibrium
configurations adopted by this class of fluid systems may be even more limited
than the analysis of Chapter R would suggest. In Section 11.7, a method for
relating the integral properties of two fluid configurations which are nearby in
a certain sense is derived, and. after derivation of some supporting results in
Section 11.8, this analysis is 1I,;('d in Section 11.!) to derive a. mechanism by
which a system comprised of domains having arbitrary topology might, given
sufficient time, attain its final equilibrium configuration. Finally, the same
integral geometric approach is used in Section 11.10 to resolve the reasons for
the persistence of those classically-modelled systems, mentioned in Chapter D,
which would appear to have a non-equilibrium configuration when analysed
using the interaction field approach.

11.2 Topological Change

From the analyses of Section ·1.5 and Section 5.3, the velocity v!> ,1:j\lt in the
fluid is continuous within each .11,;(,') C ;1,;(, (): E Z for all time provided that
there are no initial discontinuities in the velocity. In the case of an identically
inviscid fluid, the vorticity. and hence any discontinuity in the velocity, in the
fluid system is confined to the interfaces within the fluid, while if the system
has non-zero viscosity then the velocity will be c: ntinuous throughout .\It for
a.ll time.

These results imply that the transformations ~t : ..;\;( -J. il,;( and 1/,'( : .M -J. ,!I,;(

associated with the velocity II (see Section 2.1 and Section 7.2) arc continuous
on each ';;\;(('ll and hence, if the velocity is assumed to be finite everywhere,
are homeomorphisms )VCl' jlnitc times. This implies that the domains J~1,.,
nEZ, cannot undergo any topological change in finite time! under the action

Observed topologcnl chango in Ilnite time in some fluid systems is most likely associated
with bulk trnns['c>r [,WCt'HSI'S such I\S diffllsion and evaporation, The'S!' pbysicnl t'lfprts wero
excluded from the present anulysie at un early stugo: set) Chupter 2,



Chapter 11

Domains with Arbttr ary
Topology

11.1 Overview

In the previous chapter, linearised dynamic results were obtained for a num-
ber of fluid systems subject to pairwise interactions with a kernel having the
symmetry group iso(JRtJ) defined in Chapter 8, In each case, the topology of
the fluid system coincided With the topology of one of the equilibrium config-
urations enumerated in Chapter 8 for systems subjected to iso(lRtJ)-symmetric
pairwise interactions, In this chapter, some heuristic arguments enabling a
qualitative understanding of the dynamics associated with the motion towards
equilibrium of fluid systems composed of domains which have more arbitrary
topology are derived,

The results derived in Chapters ·1 and 5 for the continuity (,f the velocity of
the fluid arc shown in Section 11.2 to impose strong constraints on the eve-

lution of the topology of tho domains comprising the fluid system. After the
introduction of' some preliminary results in Section 11.3, 11 slrnplifk-d «volu-
tion eq uation, valid d urlng th« final decay of a system towards its I'(\ld 1:hri ,!ttl
configuration, is derived in Section il..1, ~he analysis is chen ~p{'dalis<,d it
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chapter lacks complete generality through the assumption of a single specific
form for the interaction kernel. It should thus be realised that an interaction
field model based on an interaction kernel other t han :fi~~{ml\)will, if the kernel
has non-infinitesimal range, in all likelihood yield detailed predictions of the
dynamics of the fluid system which are somewhat different to those presented
here.

In this chapter, the dynamics of fluid .>jtems with fairly simple topology have
been considered. It remains to extend the rcsulta developed here to the dy-

namics of systems with more general topology. Some progress towards this
generalisation, at least in it qualitative sense, is presented in the following
chapter.
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Figure lUj: Relaxation to equilibrium: Rupturing droplet,

with the motion of it set or domains in ,\II where the sots in ,;\1111 roprescnf.lng
t he mutual internctions all lit' outside h' is small. FWIll the analysis of Sf'(,
Hon 11.·1, t he ('onfigllr<t(.i.>tl of the system is drawn towards one of minimum
energy at a rate which is proportion 11 to dV, and hence in tho ease or It slowly-
Y!ll'ying interaction kernel (.1\('1'0 are likely to exist Home modes, principally
those govorning the motion of tho separate domains relarive to ('adl other,
in which lll!' system ovolvos slowly!' compared 10 tIl!' evolution of t he sepa-
rate domains towards independent equilibrium conligurations. 'l 1.(' evolution
towards indcpendont equilibrium conllgucatlona is of courso !!jov('!'[wd by tho
change'S ill (IIll'rp;y a-sociated with deformntions of til<' ~i(ltH in .\ i" t'<'IH'(IS(·nt.ing
Ill<' :-;<'If·int('l'lwtions within th« system, and, Hillen these S<'tH all iut<'I's(lct with

If

NIl!1' tim!. since I h,' tllOd"M i\H~\)"H\tl d wit h lht' expulsion of "('fp('ts fall into thiH ('IH(~p;ory,

thv 1'.)(I('lll)n mvrhunism d"~('I'IIlt'd in s,('[ioll 11.0,1. I'Hpt'dally in IhI' "ilSI' 11Csphl'l'oitll\1

dl'lt'<'(H. will 1111111hI' 1IlIllbill'li in a .'ly~tl'rli wlJl'rl' I b,' iutl'rIl{'tiof}s huve th« f'llIulu'tt'riHtl\'H
dI'H('rih('d Iwr!'.
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Fi,llUl'(, lI,Ii: Relaxation to equilibrium: The bursting bubble,

of .I\1t" is('p Spcti()!l (Ui, 1 and S(,('tion !l.~:),Again IlHSUl1W til<' simple structure
COl' ;\ti giWfl in Section ll.!i, In tlw CIlRe of rt's(,l'ict:ed HUP!)()!'t. Ior :7=', itS shown
sdwlIlMkally ill Fignr(' 11.1'. if the separation lH'tw('<'1l the dOItUtiUH {'ompl'iHing

U horomca grc'o,tl'l' than i1 cortuin value, then the contributions to tIl(' potc'llt.ial
('[Wt'gy Irom til<' mutual lntoracticns between the domains hl'rolllP:; zero (that
ls, WIWll t11{' H(,t,~ in .\tin 1'('(H'(ltH'ntinp; the mutual intoractions all li(' (Jlllsi<i('

supp] J")), In thiH <'ClH(' t II<' only contributlons to til<' potential enorgy are' d \1('

to the :'l('lfoint<'ruct.iuns within lh(1 domain«, and the variou« domains boluwo
(lHH('Iltiltlly itH though thny \\'1'1'(, intil'l)('flc«'nt. of ('(tch ot 11<'1',

.,

PhYHically tho more likl'ly (',Uil' (lUIII Iht' (,{uw ronsiatont with tho assumptions
mad« ill SI'('lion l l.ri.I l'<'gal'ding Ihl' fonn of the' illt('!'tll'tiO[l komol) i.~that
:P is notzoru iHl~'wh('l'll within .\.t'l, but outsido some ,..; ("~ .VlII l'l\('loKing til<'
Pl'oj(l('1 iv(' Hyml1wtl'Y HPj or, VI'I !lit' irterucrlon kornr: is ,~I(ilI'I1l.1'(P',llill.ll ill t ttl
HI'I\iW that d:P iH small, III I hi14 ('UH(', t !tl' potont iul ('!l!'rp;y l'ha!ll~('.~ rll',)'I(1cint('t\

:! l!i



likely 1)(1drawn into that domain,

The results presented here assume a rather constrained Iorm for the Inter-
act ions in the fluid, The generallsatlon of these results to more complicated
interactions will not be conducted here, but any such generalisation to the case
where both tho defect and the dornain containing the inclusion are both subject
to interact' ;tl sl.ould of course show thut the ejection mechanism disappears if
the mutual and solf-interections in the inclusion and in its containing domain
all have the same form,

Some examples showing how 11 fluid system with arbitrary topology might relax
to an equilibrium configuration via tho ejection mechanism are pt'c's('lltodlO in
Figures lUi, lUi and 11,7,

11.10 Coexistence of Equilibria

AH described in Chapter 9, there appears to be an essential contradiction
between the predictlons of the surface tension and Interaction Held based I1P-
preaches. The interaction field approach predicts the existence of vory few
equilibria, towarde which. as shown in Section 11.,1 thc system will evolve in
the long term, In the classlca! analysis there are however certain systems, the
configurations of which do not conform to Il,UY of these equilibrium configu-
ratlons, but for which the analysis based on surface tension theory and the
Young-Laplace equation predlcts no further evolution,

Reconculatlon follows Irom the analysis of Chapter !) and Chapter 10, where
it is shown that the interaction fidel and surface tension based appror.. hcs
are fully compatible ('If('ctivdy only if the support. ()f tht interaction kernel
F»N .\tt'l if'! restricted to it finite nolghbourhcod of the projectivu symmetry set

thnt thoso liillHPS nro highly schematic. The nctuul s('q'l('n(~c' of dibtm'tions whirl
til!' HYHtC!ll1llntic'r!ioc'H iH uot ordy dependent on tho rangl' of thl' intrrn,tlintC'rlltilltHl within t Iv
IlYl1tl'm, hilt nlso, of ('(lUtHI', on till' viscoHitiC'[, 1\1111delvlitiPH of the vartous fluids l'ornpr':iinp;

Illl' Sj'1I It' III ,
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Figure 11.,1: The draining mechanism for ejection of defects,

Generalisa.tion

A similar argument follows where U -= /\It,~ U I but M'l II 1 ,~ {0}, Tho
analogous equation to (11.~'1) in this case is

(11.25)

where A :::::Ix *1 is tilt' volume of tho (it,feet and .t is again some point in
I, The same tendency towards an equilibrium configuration is indicated by
tIl(' first. two terms OIl the l'ip;ht hand side of the equation, but tho chang. in
sign of tho third term indlcatcs, through analogous arguments to thOH(' of tho
previous 'H'e-lion. thut tho defect will 1)(· drnwn towards a minimum, mtho!'
than ,t maximum, in lb· potontiul gC'!\('l'ltt('d by tho domain .\{" II(,lH'('. from
til!' containment result HUt! tho analysis of Soction l1.tl,~. d('f('(~tH lying 11<'<\1'

til<' boundary or n IlI'iiI'by domain with tlt(' same form \If lntoructlon will most



t hal is, II *<1>/ .JI * 1 is maxunisod. Sinc<' <t>is a maximum at the boundary of
.\II'n lith> average is of course maxlrnised if I is itself located at the boundaiv

of .\11", Ilence, the distortion of an extended <[pfp('t in such ,t way as to shift
its volume towards the boundary of the domain containing the def('\"( will
be «nergctically favoured, Of course, the lnstabllity UHso('ial('d with ('xtell(kd
d('f('('ts slqgested by the analysis of Section 10.4,2 may lead to the formation of
11 series 01 spheroidal ddoctH within the fluid before this process is completed,
but the resultant d('f(,(,\H will in turn will bo subject to the ejoctlon mechanism
as already discussed.

The somewhat hcurist.ie analysis presented above is of course strongly depen-
dent on thoro being 11 dynamic mechanism, or, in the terminology of Chapters
7 and 10, lL distortiou mode, present which allows the Iluid tl) deform in such a
way as to expel tht' defect. Tho dynamics would most likely involve the Iilm-
draining mechanism" described ill detail by various authors" including l\IYllI'ls
d ai, [tiO], Isenberg [:n] and Johannes ant! Whitaker [:ltl], It appears that this
mechanism is capable of transpOt'tillg a defect with arbitrary topology to the
boundary <)f its containing domain simply, in tho case of a spheroidal delcct, by
it process of extrusion or the fluid separatlng the defoct from the boundary, 01',

in tho case of an extended defect, by extrusion of the Iluid in '11C'dd('rt itsolf 1ln

lllustruted in Figure 11. L Note that the action of the dr<dllin!~ mechanism on
any domain in ,\II is to convert the domain into its deformatiou retract, This
implies that under the action of the draining rnechanlsm, ('V(,l'Y Iluld domain
in tho flnal conliguration of tho system will have tho same homology groups
as it had in the initial conflgurution of tho Iluid system. It is important to
reallsc til," the draining mechanism is singular, and honce, «1S dlscusscd ill
Section 11.2, in geu('l'ttl the expulsion of defects from a domain will require
an infinite amount of timo III run to completion. Equivakntly, tho druinlng
mechanism satisfios tIl<' implicit condition on any evolution [H'()('('SS acting on
tl1(' tluid, d<'l'iwc\ in S('('lioll 1[,2, that no topologicnl Ch'Ulgt' within til<' systorn
should OCCllI' wit hin lini!(' t imp,

HAhl() known 11H '1llIlfllin(11 t"p;('IlI'mtiou' in tho foam rornrnunity.
"SI'!' also till' Irnctnl veruion (If thiM mechnnism dl'Hwbed h>' Ilrt'lIlll'f It 11/, [Ill und Shi

I till, [j.\],
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where A == Jr *1 is Ill<' volume of t.he defect and .r is some point in 1. Equation
11.:H shows two competing ('ffc'cIS: The first two terms on tho right-hand side
arise (rom the interaction of Ilte' fluid in .\It" with itself, and. from the first
example of Section tUi.2. drive the conllguratlon of bot.h /1,11., and the' defect
to an equilibrium configuration related to the form of :F.

The second term in (11.:21) shows Iho potential energy to 1)('minimised when
.1' is such that <Pl., is maximised. and hence motion of .1' in the direction of
increasing potential <P is favoured energetically. Remembering that .r E 1.
motion 0[' .r can only 1)(' achieved by a combination of distortion and convection
of 1.

For limitingly small dofocts whore I I'rdU('('H to the infinitesimal ncighbourhccd
of .r, only the transport mechanism can be operatlonal, For larger spheroidal
defects the distortlon mechanism will be inhibited by the prcvlously-rnentionod
tendency of the configuration towards an equilibrium configuration. which, if 1
i" compact, is OIW with spherical boundary if, as in Sel ion l l.tl, the lnteraction
kernel is assumed to be invariant with respect to the symmetry group iso' ).

Motion 01 wards a maximum in (I> in the case of spheroidal dC'f('cts will
thus in genet'ltl be accompanied by It motion of the defect itself. Till' spheroidal
d('fC'ct. wiJl be drive» towards the increase in potontlal ussociatcd with any other
Il('fl'cts (SOl' Section 11.H.8) und this process would lead to n t'O!t1I'!H'('IH'(' or
defects. Alternatively, since as shown in Section 11.H.2 tho potential generated
by a kernel of the form spocified ill Section l l Ji.l g('[lemlly increases towards
the boundary of .;\It,n eventually a Hingle d('f()(~t or a coulescence or defects
will be ejected onto the boundary of the domain ,vL" or course, once having
reached the boundary, the driving potentia] grndlcnt is no longer present and
the final stages of the Pjt'C'tioll process will be dominated by viscous and inurtia!
l'If('cts.

III tho (',UH' of extonded d('f('ctll the' convect! 'C' mochunism is lnhibltod by the
,tttaC"iHlH'llls or til<' (kf('('t to tho boundary ()f .\It'l' In this ntH(,, motion or .1'

1ll1lS! 1)('('\11'!lrimal'ily by distortlou of tho dd(,(·t. Tho H{'nmd term or (ll.~,l)
('UII Iw reinterpreted 10 imply that V is minimised if thc' 1ll'ITa!l( of c~ over I,

:.! 11



11.9.1 Dynamics of Defects

1.<'1 S C }vI. A set Ie S will 1)(' termed fl8phrroidlll drj'l('/ in S if Ini)S ::::;{0}.
while if InOS f. {0}. then I will be termed all l'J:tuulcd cirjrl'l in S. Note that
it is not necessarily implicit that I have it volume which is small compared to
that of S.

In this section, the mechanism by which any system which is it perturbeuon
of an equilibrium configuration attains measure-zero equivalence to the equi-
Iibrium configuration is established by considering tile dynamics of it defect
immersed somewhere within one of tho domains comprising the fluid system,

Ejection Mechanism

To model the dynamics associated with defects, assume .\It to have the simple
structure assumed in Section lUi, Let U consist of it single connected domain
i\-1., ,.,. I, where the dofcct domain I c: .\.1(1' As bofo ('(I, let: a :::::/\11 '" U. Let
the lnteraction kernel for the fluid in U obey the rcstrlctione on form required
for the containment result of S(I('tio[l l 1.8.1 to apply, 'I'hcn, from (tUHi), the
potential onergy of the system is

V :-,,: f *:F
Ju'v(" "'T)l it

(11.22)

where

(11.2:l)

is the potential on :lIt created by the fluid in .vL, when the (h'f(I('\. is not
prrsent. Fmally, using (11l' midpoint thcorom,

( 11.:1.1)

:.!l0
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Figure 11.:1: The interaction kernel as a smoothing function,

11.9 Evolution to Equilibrium

The critical point structure of <Daasociatcd with some fluid conflguration call be
used to obtain It qualitative description of the dynamics of allY perturbation to
that ('onfiguration, In Section 11..t it was argued that the long-term evolution
of the fluid system tonnina-os at the ata!l') equilibrium essociate I with tho
minimum potential ('IH'l'gy which tho fluid system can attain. In this soctlon it
is postulated that til<' principle mode of «volutiou to equilibrium of a system
with arbitrury topology is via tht' <'j<'l,tion of domains of material, loading to
.t linal configuration which is t1It:(Lsltrr,zl'ro ('quil'a:i:nt to the mlnlmum-energy
oquillbriurn ronllgurutiou of tho system admitted by tho interactions present
in tlt(' systom.

~!on



<1> t> N.V( induced on 'v( by this kpt'll(lF is, from (11.1:3),

(~ ;: q Pli (11.21)

(tfte'r substituting (11.2D) into (ll.l:l).

By inspection, tho number of maxima in this potential is equal to the mini-
mum number of connected domains from which a can be constructed, while
the number of minima in the potential is equal to the minimum number of
connected domains Irom which U can be onstructcd. In the case of non-zero
t'ilnge of the interaction kernel, the monotone nature of tho derivatives of :F
imply that (11.113) can 1)(' interpreted as a convolution of the occupation func-
tion (III with a smoothing junction given by the intcrnction kernel itsell, or, by
substitution of (11.21), uS it smoothing operation on the potential obtained in
the limit of zero range of the interactions present in the system. This smooth-
ing operation of course modi lies the critical point topology of the zero-range
potential through both the creation and destruction of maxima and minima,
but the smoothing is concentrated in those paris of .M where till' characteristic
dimensions of the domains U and z.( are of the same order as, or are smaller
than, the range of the interaction kernel. This smoothing of the zero-range po-
tential, and tho associated generation of additional critical points, is illuotrutod

in the example of Figure l l.d which was calculated using the kernel :Fi~'OlIH'I)

defined in Section 8.8,1 as a four-dimensional analogue to the kernel :Fi~ro(ll!~,

defined in Section 6,5.1. Most importantly Ior the analysis which follows, ir the
interaction kernel is of the form specifled in Sec.tion l1.Ii.l, then the potential
on U is Ilsually at or {H'i\!' its maximum value close :0 the boundary of U.

1An int<1r('sting aside is that if ti~{'interacticn kernel was indeed given by (11.20), then
fr0111 (1l.21) 11l1d (a.7) the potontial energy of tl.(> SYHt(,111 V :: I} tlWaq'IPIi "" tJ IIlPl1S.IU

which remains constant as tht' lluid system undergoes 1\ volume-preserving deformation.
!I"II,'l', in the context of til" dynnmics of the system, II.kernel of tho form given by (11.20)
would load to 1\ lower order upproximutlon than evon the surface tension bl\S'~d llwory, since
all rl)nl!p;.iratilltl~ of the systom would be' in neutral «quilibrium!



where i E [1,2,:1]. Hoc < .r'::; ai, then Xi -x~ < 0 and from (11.1) the
integrand in (11.1 P) is always nogati ve, Hence the integral itself cannot be zero.
Similarly if at :::;Xl < :::-0, then .r' - x~> 0, the integrand is always positive
and the integral again cannot be ZOI'O. Hence any zeros of this integral, if there
are any, must lie in ./\..1 '" Eli or at Ix'! :: 00. Combining similar analyses for
each i E [1,2,a], the zeros of d(Pu must lie in H or on the infinite boundary of
.M. Hence, combining the analyses for all possible rectangular coordinates OIl

.\..1, the critical points of cPu, and hence from (11.16), except for tho degenerate
critical point occupying the whole of ({, the critical points of the potential cp
generated by the interactions in U must lie in the convex hull of U or on the
boundary of ,M.

11.8.2 Estimating the Critical Point '1'opology of <I>

'tile number and type of critical points associated with the interactions within
the fluid can be estimated if the interaction kernel has tl.e form given in Sec-
tion 11.5.1. If the range of til" interaction kernel j identically zero, then the
only kernel which is compatible wi th the restrictions of Section 11.5.1 is (up
to scaling by some value q E 1R-) the delta kernel

(.Vl,.V2,;L';I .. I:!,J·:,X~) t-+ IT 8(.ri - .l:~)
l:::l,2,iJ

(11.20)

using the rectangular coordinates on .;\..12 defined in Section 11.5.1, where b :
IR ~ In is the usual delta function on the real line.

If .Vi has the simple structure assumed in Section 11.5 then the potential

:!07



== p .L *FII ]i(
where the occupation function

(ll.la)

( 11.1,1)

and Pt~c>1\0A'I, Q E Z' arc the occupation functions associated with the domains
/vt(), a E Z', defined in Section b,a,a, Define

<Ill! == 1 Pu*:F,T.Vf

(11.15)

Then

i~lu - <[>u

<PIa == 0 (ll.H»

Equivalently, in coordinate form,

1 . 2:3 J 1 2 'I 1 ~ 3 1'~ 'I<PU(l.' "r ,.11 ) == :F(x "r "L" "v.,x:"r.) d,r;.dx.dx~
(.l::,.r~,.rllEU

(11.17)

and the potential gradient

d<['U(Xl, ;v2, xa)

== '[ni i) J '7::'('1,1 1,2 ,,:) ,,1 x,2 yo:!) dx1d,,2d'r:l
t,~ n. J " ,1, ,"t- ,''' .. , *'WIII '* ''-'III " ••

,... (l'l,.d"d)ell

__ [,,,i J .'J '1:'( 1 2.:1, ,1 2 ,a) l ,1 lx2l :I
(,u ,'j"7i.r of .. r. ,X "I,., X."t,. (;L.( .1,V.

(J'L.d,.dleli . x

where summation OVOl' i == 1, 2, a is imp lied and (d,1:1 , di~ , d.c:!, d» ~, d.c:, d,l.'~) is
the dual basis induced by the coordinates on /vt'2,

(11.18)

The bounds ai, at and the sets Hi and f{ asecelated with the set U can then
be obtained Ior tho particular rectangular coordinates used to obtuin (l l.Ix).
Consider the integral

(ll.lD)
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I. definitions II. convex hull of U

L _
Figure 11.2: Schematic illustrating the convex hull of a domain U,

and

II = U u,
i=I,2,:I

Let If" be tho union of all 8(~t8H obtained froro all poss ,; 'c rectangular ('(JOt'_

di nates ;)U J\It, Then .:\It ,.... Il" is defined" as the U1T!!lC.c hull of U.

Potential on .Iv!

The potcntlal on /vt resulting from the interactions in U is, from ((i,G7) I

<V :::: ;.. flu NPII*:FT.V1
doflnition given lll'rt' iH not tho Ill11Ht -conorutcal ono, bll.t dc.\ nllow sotne reduction

of complexity in tho nnnlysi» to follow.

ll1.J2) It
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as d(':-;cri1)('([in Section 7,!), should yield all extremely elegant approach to the
dynamics of inviscid systems if certain clements of the pure mathematics can
[)(' 1'( solved. :\{ost importantly, the few examples presented here using an ex-
plicit form for tho interaction kernel have satislied the objective of proving tho
validity of the interaction fi<'ld approach, but the range of physira] behaviour
encompussed by the interaction field approach, only hinted at ill the examples
presented hero , has not yet been fully explored. Such exploration is probably
best conducted top;(·(.lwl' with an experimental inV<'stigatioIl into the physical
systems of interest. This would allow a range of physically relevant forms for
t he' interaction lwrne I to be established, It is in its ability to Incorporate a
range of physical elf(·(·ts that cannot be handled by the classical surface ton-
sion tlwot'y that the major contribution of the interaction Jid(l approach may
lndoed be made,

It is hoped that the ILtl:·1Yf1isand ideas presented in this work will he of use
to researchers studying the behaviour of fluid systems with interfaces, and
especially to cnglneers engaged in the exploitation of the industrial and tech-
nological potentlal of this particular class of fluid systems,



over which the system is unstable when the radius of the int.nfuce is comparable
to the range of the intoraction, and the subsequent shrinkage of this range as
the radius becomes small compared to the range of tilt' interaction which the
interaction field approach predicts, may have important. consequences for tile
physical interpretation of many previous studies of the coalescence and breakup
of fluid systems with cylindrical interfaces.

12.6 Qualitative Dynarnics

Although the number of equilibrium conflguraelons, and hen co tho equilibrium
topologies. acceseiblc to a Iluid system is limited by the symmetry group of
the lnteractlon kernels, the number of topologies avallahle to the domains corn-
prising tho Iluid system is comparatively wry largo. Anaiysl» of the long-term
dynamics shows that it system comprised of domains with arbitraey tcpology
will attain the lowest-energy equilibrium configuration permitted by Ih!' inter-
actions within the system, The ('j<lction of domains of dissimilar Iluid which
occur within, or transect another, domain of fluid is energetically favoured.
It is postulated that. this ejoction occurs by the f)WC()SS of Iilm-draining, or
marginal r"?;<'tlcration, whereby any configuration with arbitrary topology is
extruded Into the minimum-energy configuration for the system, This procosa
is tho interaction field analogue of the drive towards minimum surfuco area
which governs the qualitativ« behaviour of Il. fluid system under the classical
surface tension model,

12.1 Extensions

;\ number of ideas put forward ill this work have not ypt Iw('ll exploited to tlwi1'
fllll potential. Development of tho annlysla of Section 1).,1 on fmetal boundaries
into ,1 computer algorithru H('('mH immediately f('itsibl(', and might IHw(~appli-
cation to the Hilldy of induHtt'iallY'rpj('vltllt sYHlt'lllH such us foams and colloids
Th« allalysis in terms of g('()cl('HicH on til!' configuration manifold. of til(' :;YHt('!Tl,



the classical Young-Laplace equation for t he behaviour of the P!'('SSl1l'!~ 1)('111' t he'
interface' between two domains. then the kernel must ill faet have limitingly
small range, On the other hand. it is in fact this imposition of il. condition
of limitingly short range on the interactions within lh!' fluid III the classical
approach that precipitates the problems encountered by the classical surface
tension model, If the range of tho interaction krt'lwl in the internet.ion fidel
model is allowed 1(> remain Iinit», then the interaction fidd approach dol'S not
g<'l1cl'ute tho singularitios asso<'ia.tell with tho Young" Laplace equation. and the
false cquillbrla predicted by til!' classical apprca , ill'!' also avoided.

Tho lnteraction field model with flnitc-range interaction kornol yields addi-
tional structure in eolutions to some classicnl problems. and t his additional
structure may have' physiral rOI('VnIH'(', A t'('"ulaIYHis. usillg the Interaction
field approach, of the behaviour of the Pl'!'SH\1rC' ttl til<' ('('ntr(' of t1 spherical
droplet as the radius of the droplet is varied confirms existing arlulys(H that
the pressure, rather than becoming singular as tho droplet radius g'~)('H to iWI'O,

should in fact be-come ZOl'O. This result is relevant to studies of .lroplet nu-
cleation. In 1111'ro-analy.as of Plateau 'H problem for the interscctiou of tIm'('
thin fluid membranes using an interaction-Held approach, an additional «qui-
libriurn conflguratlon for tho system is identified. TIll) additional structure
observed in tl1('8(1 systems may be strongly dependent on the particular form
of tho Interaction kernel used in tho interaction field approach.

These observations of the behaviour of the crassieal and lntcraction Iicld rnodels
carry through into the unnlysis of non-static fluid systems. hi ChaptN J ()

the well-known clnssicn] l'!'HlIlls for the linear dynamics of planar. vyllndri/ al
..mel spherical intorlacos about their «qulllbrium conligurations a1'(' re-analysed
using the interaction Hold model. It is shown that tho dllKSi<'lll results an'
first-order approximations to tJH' dynamics predicted by the interaction field
approach, 01', alternately, us in the static analyaos, that tho classical results
nrc l'('gailH'd in the limit, of lnfinilc'simall'1lngo of til!' lntornctlon kernel. TIl<'
iuteractiou Iiold anulysis of til!' stability oj' tho I'ylindrical iIllPrf,u'(1 HllggOHtH
IhiLt ttl<' dassiml analysis yi('lds JL partlcularly ('xl ['('TIl!' ()wnlirl!plificatioll of
till' phYHicnl structure of til!' ,;~'~lpm,The growth of tIl<' range' of wavenumbers



12.4 Equilibriurn

In this work, particular emphasis is pltH'(ld on tIlt' IdtUvioul' of fluid systewH

as the structure of thr-ir domains approachos an equilibrium configuration, In
Chapter 8, an approach through Lie's trunsformation group theory shows that
equilibrium configurations of the Iluid system art! obtained if the domains com-
prising ,\I( are all invariant with respect to a S(~t of symmetries which is related
to the largest symmetry group common to the interactions present within the
system, If the inteructions within the system are expressed as it section of
the bundle of one-forms over .\I('~, where n > 1, then an additional constraint
OIl the equilibrium conllgurat.ion of tho fluid system on Ai is imposed by the
requirement that tIl(' symmetry group OIl ivt of tho equilibrium ('(' :!igumtioll
transfer from ivl to ,;\I(tl using tho composition sum, Equivalently, the domain
structure on .VI implied by the symmetry group must transfer from .\1( to .'\I(tI
using the composition operators, The Lie group approach, when coupled to
the composition algebras, yields a powerful algebraic approuch to the enurner-
ation of the oquilil.rium configurations of the fluid system, This approach is
most concisely (,XP1'(IHSedin terms of operations on matrices whose elements
are sections of the bundle one-forms over .VltI, Unfortunately, it is caslly shown
that the Lie group approach is incomplete in the sense' that it can be shown
that there are equilibrium configurations for the fluid system which ale not
predicted by the tcansformatlon group analysis,

12.5 Reconciliation

Tho Lie group analysis of Chapter ~ suggests that possession or it suitable'
symmetry group ls all that is required of the) interaction kernel in an interaction
tleld model which ill to reproduce the equilibrium conligurntions predicted by
tho dasbil'al surfnco tension model, ln Chapter !) it is shown that 1H1analogue
10 tlw classical surface tension call hI' defined in an lnteruction Ilold model if
th(' s!I'(lngth of till' lnteructlou kernel d(lcays sulficiently quickly with distance.
hilt if til(' kernel is to «ndow tho iuteraction field model willian analogue to



belween Ihe domains.

The space occupied by tlie fluid . .!vI. does not provide the the most convenient
manifold for the analysis of the dynamics of the fluid system if the potential

energy of the system is most naturally defined on ,\liT! where n > 1. Again
the interprotation of ,\Ii" as a fibre bundle OWl' .vl can 1)(' used to defin« an
algebra in terms of two operators, here called the composition product and
tho composition SIIIll, which can be used to transfr'r the properties of the fluid
from .i\li to ,\Ii", {Tudor tho composition product, the domain structure on
.\It has an analogue on ,\It" which is preserved throughout Ihe evolution of
tho fluid system, This follows since the velocity on .M'l, which is created
via the composition Hum from the velocity on /vt, preserves tho property of
lncompressibillty which was shown to hold for the velocity on /vI, given the
structure of tho Iluid system assumed lu-re.

Using the same expressions for tho kinetic onergy, potential energy and dis-
sipation which were used to derive the Navior-Stokes cquat ion on .;\It for the
interaction field model, an equivalent dynamic equation can be derived on a
suitably-defined configuration space 'V Ior the 11ui<1system, This i8 done ill
Chapter 7. Constraints on the continuity of the velocity field which arc im-
posed by the structure of the fluid and by the forms for the energies of tho
fluid assumed here imply that, in the absence of viscosity anywhere in the
fluid, this configuration space is the HIHt<~{ of automorphisms of ,VI which are
piecewise continuous on the domains comprising the fluid. If tho viscosity of
the fluid is non-zero, then 'J) in tho space of continuous automorphisrns of .M,
On assuming coordinates, the equation of motion Ior the system on 'V takes on
,a particularly simple form ill terms of a, number of sections of the bundle one-
forms over 'V defined as lntogruls over til!' energies contained in the distortion
modes avallablo to the iluld system. This equation can be liueariscd about
some I'(~fvl'('n('(' condition Ior tho fluid system through 11 particularly simple
analysis.



classical approach. In addition. the potential term contains a contribution
lrom the internal Interactions occurring wit hin the fluid. In t he absence of
t 11('81' interactions. the equations or motion of the classical and interaction field
moncls reduce to a common form.

Reformulation of the dynamic: equations for the interaction Iield model in terms
of the vorticity of the flow is used in Chapter 5 to show that the interaction
field approach may allow analysis of fluid systen,s where the interfaces between
the domains comprising the fluid are nowhere differentiable, and hence are not
amenable to a classical analysis using the Young-Laplace equation.

In Chapter (i an explicit form for the potential energy of the fluid system .,
derived. The fluid is assumed to consist of a number or particles and a clas-
sical statistical mechanics approach is used to write the potential energy of
the system as an integral over a volume form defined on the product struc-
t.ure obtained by set multiplication of as many copies of the space occupied by
the fluid rtS there are particles in the fluid. An integral projection technique
based on the interpretation of this product structure as a fibre bundle is used
to determine the resulting potential which appears in the Navler-Stokes equa-
tion for the interaction field based approach. If interactions between groups
of greater than n particles can be neglected, then tho most natu ~\ space Ior
the representation of the potential energy is in fact the product space formed
by set multiplication of n copies of ,Vi. This work shows that n :;:: 2 for the
lowest-order interaction field model capable of reproducing the predictions of
the classical surface tension model, In addition the form on .Vill represent-
ing tho internal interaction within tho fluid, here called the interaction kernel,
need not bear any relationship to the actual interactions present in the par-
ticular physical system under study, but in fact can be generalised to be any
form possessing certain symmetry requirements which ensure compatibility
with the assumed macroscopic structure for the fluid system. For the partie-
ulnrly simple Iluid structure assumed here, the interaction kernel should I)l'
invariant under all rotations and translations permitted by the dimonsion of
.Vi, and hence the potential energy associated with the interaction between
two lufinlteslrnal domains of fluid should be dependent only on the distance



of the dynamic and static properties of such systems. but. is known to fail in
it number of important practical cases. The classical theory is based on the
Yr ung-Laplace equation relating the pressure difference measured across an
interface between domains to the curvature of the interface. This pressure
difference is unbounded as the curvature of the interface becomes infinite. In
addition, the classical approach allows the co-existence in equilibrium of cer-
tain fluid configurations which are known from physical experiment to evolve
further.

A hybrid model, r, croscopic in its application but based largely on the anal-
ysis of the microscopic interactions between the particles comprising the fluid,
is proposed in this work. The principal feature of this model is that it can
be shown to reduce under suitable conditions to the classica. surface tension
theory, but where the classical theory fails, it can also be shown to continue to
produce physically plausible predictions for the static behaviour and dynamic
evolution of the fluid systems described above.

12.3 The Interaction Field Model

This hybrid model, proposed in this work as an alternative to the classical
surface tension model. is called hero the interaction field model. In the absence
Vi internal interactions within the fluid, the surface tension model and the
interaction field model should reduce to identical models for tho dynamics of
the fluid. That this reduction does occur is shown h Chapter ,1. Here it is
assumed that, in the classical approach, the dynamics of the fluid in the various
'domains comprising A1, the space occupied by the fluid, is governed by the
Navier-Stokes equation which, in th.s work, is interpreted as a restriction on
11 section of the bundle of one-forms over .t\tt. By defining suitable forms for
the kinetic energy, potential energy and dissipation in the fluid, the Interaction
liold approach yields a dynamic equation which is identical to the Navicr-Stokes
equation, except that the term interpreted (LA the' preSHIU'(' in this equation has
it somewhat dilierent interpretation to that attached to the pressure it. tho
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Chapter 12

Conclusion

12.1 Introduction

It remains to summarise the major contributions of this work in the light of the
hypotheses stated in the introdu. t.ory chapter, and to put forward a number
of ideas for the extension of the analysis presented here.

12.2 The Fluid System

This work has considered the macroscopic dynamics of classical fluid systems
where the space occupied by the fluid can be decomposed into a number of
domains. By assumption, within each of these domains the density and the
'viscosity of the fluid is invariant with time, and the action of the velocity of
the fluid is such that the volume of the interfaces between the various domains
comprising the fluid remains zero for all time.

The physical properties of the fluids in each of the various domains may not all
be the same. A classical theory, based on a mechanical model of the interfaces
between the domains as a membrane subjected to a tensile stress, called here
the classical surface tension theory, has been successful in predicting many
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Figure 11.8: Interaction kernel with bounded support.

domains comprising the fluid system have arbitrarily complex topology, the
fluid system evolves, in the limit of infinite time, to a configuration which,
except for the possible absence from the configuration of a point-set with zero
volume, is identical to the lowest-energy equilibrium configumtion allowed by
the symmetries of the interaction kernel for the system. The set with zero
volume is the only artifact of the original topology of the fluid system which
is retained by the equilibrium configuration of the fluid system. The mocha-
nism of ejection of domains of dissimilar fluid via Him-draining (or marginal
regeneration) is proposed as the mode through which the f. t ystcm evolves
to its final equilibrium configuration. The principle of the expulsion of defects
via this mechanism, as developed in this chapter, can be interpreted as the in-
tcracuon Held analogue for the principle of minimisation of surface area which
is available for the qualitative analysis of the dynamics of fluid systems which
are governed by the classical surface tension model.
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Figure 11.7: Relaxation to equilibrium: The rupturing cylinder.

the projective symmetry set of j\1tl, some part of these sets must lie within .9
where :F is not slowly varying.

Incidentally, the surface tension model is a good approximation to observa-
tion: it appears that few experimentalists have had the patience required to
keep these slowly-evolving systems under observation through to the eventual
formation of the equilibrium configuration predicted by the interaction field
based approach!

11.11 Summary

In this chapter an lntegral-geometric approach has been used to show hov the
classical fluid systems contai: . C1 single type of interacting lluid immersed
in another, inert fluid relax towards an equilibrium configuration. Even if the
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