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Abstract

An alternative (3 the classical surface tension model is proposed for the engineering analysis
of macroscopic fluid systems comprised of a number of domaius containing fuids which have
dissimilar physical properties and which are subject to internal interactions. The Young-
Laplace equation, which represents the elfects of the internal intcractions in the classical
theory, is known to fail when the curvature of the interfaces between the domains becomes
infinite, and admits a numbar ol unphysical squilibrivim configurations for the fluid, The
interaction fleld model derived in this work reduces under suitable conditions to the classical
sutface tension theory, but where tne classical theory fails, it continues to produce physically
plausible predictions for the static and dynamic behaviour of the fluid,

The interactions within the fluid system are represented as an integral over n volume form,
called the interaction kernel, defined on the product structure M derived fromn n copies
of the space M oceupied by the fluid. The lowest-order interaction field model capable of
reproducing the predictions of the classical surface tension model requires n = 2. The inter-
action kernel need not be related to the actunl interactions present in the particular physical
system under study, but must possess certain symmetries which ensure compatibility with
the macroseopic strueture of the fluid. Construction of an algehra based on an interpretation
of M" ag a fibre bundie allows the domnin structure of the fluid on A to be teansferred to
M™. A group thesretical analysis of the Huid strwcture on M" then shows that equilibrium
configurations of the flutd system are related to the symmetry of the interaction kernel,

Direct nquivalence batween the classical and interaction fisld models is obtained where the
interaction kernel his limitingly small range. If the range of the intetnal interactions is al-
lowed to reenain finite, then the interaction field approach does not generate the singularities
nssociated with the Young-Laplace equation, and the false equilibria predicted by the classi-
cul approach are also avoided. Re-analysis, using the interaction field approach, of Platenn’s
problem for the intersection of three Nuid membranes and the linear dynamics of planar,
cylindrical and spher’cal interfaces aboul their equilibrium conflgurations shows additional
structute when compared 1o the predictions of the classicnl theory. ‘This structure may have
physical relevance but also may be strongly dependent on the particular fuem used for the
interaclion kernel.

A syatem of domains with topology other than that of an equilibrivm configuration of the
fluid evolves towards equilibrinm by ejection of domains of dissimilar fluid which oceur
within, or transect another, domain of fluid ‘This ejection oceurs by the pro-vss of flm-
draining, and extrudes any conflguration with arhitrary topology into the . imum-energy
configuration permitted by the interactions within the system.
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could be reconeiled vith an inteifacial steneture in which the (uid propertios
varled conlinuously between the propertios of the fluids ot either side of the
nterface, Fowler [29] and Kirkwood and Bull [12] later showed, under varions
asswnptions, how the surface tension could be pelated direetly to the strae-
ture of the interface and 1o the specilic form of the interactions botween the
particles comprising the Sluid, The analyses begioniug with the work of Yvon
{90, fullowing the dual paths adopted by Zwanzig ef of, (91] and Born and
{ireen [10], showed that the internal strueture of the tluid (including of cotrse
the stencture at the interfoeen within the Auid) should itsol! depend on the
spoctfic form of the interactions within the fuid®, Specification of the interac-
tions hetween the particles comprising the fubd, as well as the kinotic energy
of the particlos, scould thus be sulficient to determine the evolution of the fuid
system, The rosultant Hamiltonian model for the dynamics of the ¥ particlos
comprising the fnid is deseribed for instaxee by Kirkwood {10], and Irving and
Kirkwood [36]. This approach leads 1o the derivation of the N-fold hiorarchy
of initial-boundary value equations, known as the Bogolitbov [7] -Bora-Green
[t} -Kirkwood {£1] -Yvon {90] {or BBGKY) series, for the evolution of the
structure of the Huid, The value of N is usually too large for practical ealeulas
tion, and an algebraic closure condition is often imposed on the fuid structure
at some level of the hicrarchy, thus truncating the system of equations to a
manageable size,

The unifying feature of the approaches deseribed in thiv section is that they
rely on an inherently microscopiv view of the {luid system as a colleetion of
particlen, For the romatder of this work, the Huld dynamical model Lased on
this microscopie approach will bo termd the nink culer model,

*This approach has beeit eardirmed by molecukar dypamie simnlations sach as those of
Barleer and Watts fi] sod Bahman and Stillinger [70].



tinuous, and the magnitude of the discontinuity, Ap, is given by the Young-
Laplace equation {50]

Apmor i (1.1}

where & is the mean curvature of the interfacial membrane. This equation,
coupled with a model for the dynamics of the tioid within the domaing on
cither side of the interface, has been used with various degrees of suceess fo
atalyse quantitatively the dynamics of a fluid system containing interfaces,
Some of the applications of this approach are reviewed by Levich and Krylov
{51]. For the purpuses of this work, the macroscopic dynamies of the fluid
away from the interfaces are assumed to be governed by the Navier-Stokes
equations, augmented by the assumption of incompressibility of the fuid,

Alternatively, the surlace tonsion can be interpreted ay the work associnted
witli the creation or destruction of arca of the interfacial membrone. For an
interface with positive surface tension, energy i liberated by the destruction
of surface arca of the interface. This leads to the concept of minimisation of
surface area as the guiding principle for & qualitative analysis, using surface
tension theory, of the dynamics of & finid system containing interfuces,

For the remainder of this work, this inherently macroscopic fluid dynamical
mode] based on the membrane analogy for the behaviour of interfaces will be
termed the elaxsical model or the surface tension-bused model,

1.3 Internal Interactions

The origin of the interfacial properties in the interactions botweon the partis
cles vomprising the fluid was realised by Platean {68]. The theemodynamic
theory of interfuces was oventually developed () .ncipally? by Gibbs [$1])
ulmw that Ihv mechanical model of the interface as & membrane under tension

s e o i SIS TR 0T TR eSSl cm

a\lthnu.ﬂ;ll u moere moderm thermodynatmie teeatnient in given by Metroae [35).



1653}, while sume of the industrial applications of this class of fluid systems are
reviewed by Dickinson 22, Waldie {8G], Drake [23] and Bastress [6].

In purticular, this work is concerned with the qualitative and quantitative
dynamical behaviour of fluid systoms with interfaces as they move towards
cguilibrinm, or ay they oseillate about some equilibrium ecufiguration,  To
this end, a new dynamic mode! of such systems i shown to lead to some
particular advantages vver previous analyses when applied in the macroscopic
regime of most current engiteering interest, Previous analyses of the dynamics
of tluid systems with interfaces can be divided into two practically disjoint
approaches?, one mecroscapic and the other mictoscopic® in its treatment of
the flaid's properties. A brief review of the history of the two approaches is
the subject of the following two seetions,

1.2 Surface Tension Theury

In cortain fluid systems with internal interfaces, for example where the fuids
un either side of the interfaces are of different species or phase, o pressure
difference is measured across the interfaces. The behaviour of these interfacos
from a macroscopic, mechanieal, standpoint as though they consisted of two
homogeneous [uid doumaing separated by a uniformiby-stretched membrane of
infinitesimal thickness was pdnted ot by Young {89). A property of the
fluids on either side of the inteclace, called the surface tension, o, giving the
tensile atress across an arbitrary ent in the interfacial membrane, could be
defined in the case where the fluid on either side of the interface was of uniform
catposition.

Aceording to the membrane model, the pressure across an interface is discon-

ﬁ“;""i—-'ﬁu rt-viui!:\rﬁ:r(.iulu hy !\'?:hlik tuid Benavae [44) is iraportant, however, ag it documents
e poresgeess made in reeoneiling the (wa approachies,

Hrerhaps the most practical eutell betwesn maetoseopic’ and Cmiceoscopic’ wealea of 3
Mstiel syulom in that given by Schownluer [P4] as the seale at which Brewninn mation within
the syutern censes 1o be itmpertant.



Chapter 1

Introduction

1.1 Overview

This work {8 concerned wivh the macroscopic dynamics of clagsical uid systems
where the space ovcupied by the {luid is divided into o number of distinet
domains, These domains are separated by intorfaces across which certain of
the fluid’s chemical or physical properties may be discontinuous, Systems
siich as this are widely encountered in nature, and include foams, rmulsions,
callections of Nuid droplets moving through gas or vapour, and liguid filma
on a varicty of substrates, ‘T'his vast field bas been roviewed by Bogy [8],
Tjahjadi el ol [80), Prosperotti [69), Schowalter [73], Sountay and Strenge
[75), Kraynik [45] and Anwander «f al, [1}, to cite only those reviews most
relevant to the work to follow. Sote flavour of the engineering applications of
such fluid systems s obtained by considering that an undeestanding of foams
and emdsions iy erielid to the paint and food industries, the production and
control of droplet systems in jet and rocket propulsion, and new technology!
for the small printer industry, Fihu-flow systems ate extensively employed in
the couling and fabrication of dlectronie deviees, The relovanee of the physical
propertios of these systems to industrial applications iy discussed by Ottino

ERRTE T D

e fur inwtanee Lhe danuney L5TT issue of tae TBM Journal for Researeh and Divolop-

ment which ia exelusively dovoted to ink-jet printing toelinalogy.
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1.9.3 Integral Relations
Fragmentation of Manifolds

Auny [ragmentation of a mantlold 3 into the open sets M }iay,... such that
n ——
UM;-::'.-’-W’ (1.17)
=1}

(whore § denotes the closure of set N) and

BREY,
M”%“{uidij (L.18)

for all i,j = 1.....n will be termed an M-complete Sragmentation!! of M.
The concept of vomplete fragmentation of maniiolds is closely related to that
of partition of manifolds, the only difference being in the treatment of the
boundaries of the clements of the fragmentation or partition,

Continuity of Forms
The Iodge operatur on M allows the continuity of differential forms on M to
be delined via the metric operator
|1 s A™M - Bt
bowrer fel o kw A e 11.19)

Lot w v A™ M be continnous on M if, for all £ &M and each ¢ € B*, there
exists & ¢ R such that 18] < 6 implios [£pw| < ¢

it wan L L T

HOE eourse, M i an M-complete Mragmentntion of itsell,

16



Total Derivative

Lot wy b A"M be a parameterised ficid, If i, i+ an automorphism of M then
the derivative of w, following the flow of v, or {ofal derivative, is defined by

i H t 1
;?’M, = !_gt&:-(‘u',w.muﬁal

i

i L. . .
Lirgy = (" 49wty - g €+ O(e?) ) = wo)
=2 f?;_wu-l'-ﬂgwu (1.13)

uying definition (1.7). Rearcungetaent of delinition (1.13) leads to the lincari-
sation

"o T why - :ﬁ'u’u ¢+ OUJ) (1'1'1)

(lomparing deflnitions (1,12) and {1.13), if w, is transported by the flow of ¢,
thon S, = 0,

de

Finally, il w, » QM define the doevivative

d i
Al ow o= lim= we= | w
ar j.:u lim = WM w0

#

[ 1 " )
limwj;f( Yol == Wiy}

]} ¢

= fw sy (L15)

naing (1.6) und (114}, An important special case of thiy result occurs when w
is inv.riant with respoect to . Then

i
ol oW o= Lew
o -/;f /T

[ud(*g viv) (1.16)

o

waing (1,10},

ih



Using (1.3) the Cartan identily expressing the Lie derivative in terms of the
exterior derivalive and the inner prodact can easily be re-expressed in torma
of the oxterior derivative, the exterior produet and the Hodgoe star:

Lew = gf ) dw o d{#é | w)
= *(€ A wdw) + dx(é A »w) (1.8)

Twuo specilie cases of the Cartan idontity are used repeatedly i the analysis
to follow. If we AYM, then the Cartan identity reduces to

Lew = (& A »dw)
B (W) (1.4

This simpiified notation is lntroduced sinee »(€ A #d} can be interpreted as 2
linear differential anerator on zoero-forms!?, 1fwe M, then the Cartan identity
reduces to

Lew = d(*€ %w) (1.10)

Animportant special case of (1,10} arises if daé == 0 and w = ¢ whero g A"M.
Altor some manipulativa {1.10) can be written

Lext = wa(§ A »dg)

= (o) (111)

on substitution of the delinition of € as & lnear dilferentisl operator,

Transport by the Flow of » Map
A parameterised forn w2 A"M s sadd to be transparted by the flow of ¥, il
Yoy 52w (L12)

for all ¢

HPThin follows sinee o(£ Axd) = g, ancd the veetor g€ eaa be deflned as o linear diffeeentinl
aperator on geroefories,

14



1.9.2 Transformations on a Manifold

Lot the one-parameter map ¢, @ M = M be an automorphism of manilold M,
['he linearisation .

Ut o g€+ Ofe?) (1.4)

for all 2 € M dolines the flow field® £ v XM ol the map .

The map “¢, : A®M -+ A" M can then be induced from +,. The induced man
hias the properties

"= fow {1.5)
for f o A"M, and

-/:f!..’\f wE f:u e (1.6)

for wo QA

Lie and Exterior Derivative

Define the Lie derlvative® of w e A®M with respeet to the teansformation v,
by

H 1 L) Ly -
.Cgua:'l!_{r‘}?( Y+ &) (1.7)

where & » AN iy the fow fleld of .,

*his delinition is consistent with the idea of replacing vectors with their dun) une-forms,
Cunventionally #6 o VA would be defined as the flow field of .
"Apgain, in conventional nolation the Lie devivative would by weltten Ly,

13



Duality Between Vectors and One-Forms

The assumption of an Euclidean structure on a manifold M allows the dis-
tinetion between one-foem aud vector liekds to be relaxed. Given manifold M
with Euclidean metrie g, define the dual operator & ;.3 — VA such that
g{sw) = w loy any woe XM, In the ollowing analysis, minimal use is made
of vector Helds since the action of vectors on forms requires the use of the
tuner produet |0 VM x AP M = APUAM, and the algebra associated with
thix uperator is relatively undeveloped. As far ar nossible, a section of VM s
replaced with its dual seetion of X3, This replacement allows extensive use
of C‘artan's oxtetior algebra,

Hodge Star Operator

The motric steneture on a manifold A allows the definition of the Hodge star
operator # 1 A™ M = A™™ M, where m = dim({M) and m’ < m. Throughout
the following analysis it ix nssumed that #1 = Qr, the Euclidean volume form,
or Hodge formon M. The definition of the star operator on uther forms follows
from recursion on the delinition

*(d A ) o gy el (1.2)

after appropriate delinition of the forins e and g,

The Hodge star allows the inner prodveet between vectors and (o ms to be
replaced with the extetior product beween the one-form dual to the veetor
and the original form:

#E L w = #(€ A o) {1.3)

for € &AM and we A™ M, m' < dim{ M),

“Ftamland teforonres 10 he extotior nigeben are the books by Burke {13) and {rampin
anel Dieani {18].



ail analysed as a replacement lor the classical theory’s coneept of minimisa-
tion ol surface area as a puiding principle for the qualitative analysis of the
dvnamics of a {luid system with domains or interfaces,

Finally, in Che “ter 12 some conclusions are drawn regasding the suceess and
applicability of the technigques and models developed in this work, and some
praposals for the extension and clarification of this work ave put forward,

The remainder of thiv chapter is used to introduce some of the mathemati-
cal formalism that is used throughout the work which follows. An approach
through the exteror algebra and calewlux is used almost exclustvely, ‘This ap-
proach has seldom been wsed in the engineceting fluid dynamics community,
and vne of the subsidiary aims of this work is to demonstrate to this commu-
nity the simplicity and clarity of this approach when applied to fuid dynamic
problems, eypecially perhaps to those classical problems where [ull understand-
ing has hoen hampered al least partialy by archaic and opaque mathematical
formalism.

1.9 Notation and Conventions

1.9.1 Differential Forms

Denete the bundle of n-forms over a manifold M by A*M. The notation
w e AMM i used to indicate that the form-fickd w I8 o section of the bundle
AMM. Two bundles over M are of particular signilicance in the analysis which
follows, and are given their own notation: denote the bundle of one-forms A'AM
by XM and the bundle of fortns of maximal rank®, A™ M, where m = dim{M),
by Q4. Denote the tangent apace at x € M by T M and the tangent buadle
over M by TM, Similarly denote the co-tangent gpace at ¢ & M by Tad and
the co-tangent bundle over M by T*M, On oeeasion the veetor bundle over
M iy distinguished {rom the tangont bundle and denoted by VAL

L T T e P RLTRATA  Y o ERN Ry -

B0t 'volume [oeme’,
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be related direetly to e symmetry groups associated with the interactions
present within the fluid, The Lie geoup approach is incomplete, however, in

somte cases of plysicat relevanee,

It remains to be shown that the interaction field based approach is indeed
consistent with the classical surface Lepsion based approach. In Chapter 9 a
quantily analogous to the classical surface tension is shown to be associated
with most forms of interaction within the fluid, This analogous quantity,
however, only results in & Yonog-Laplace equation for the pressure change
across interfaces when the intoractions within the fuid are of sufficiently short
range, The classieal exampleof the pressitre at the contre of a spherical droplet
is investigated, and the interaction feld approach i shown not to exhibit
the singularity associated with the classical appronch as the droplet’s radius
goes to zero, This resalt iy particvlarly relovant to an understanding of the
analyses of Chapter 10, where a number of classical cases for the linearised
dynamics of kystems with interfaces about their equilibrium conligurations are
re-anabysed using the interaction feld based approach, The interaction foeld
approach and the classical approach are shown to yield consistent predictions
whon the characteristic dimensions of the fluid system are large compared to
vhe vange of the interactions present in the system, Alternatively, in some
cages the classical theory is shown to be a low-order approximation to the
interaction fleld model. Where the characteristic dimensions of the fluid system
are comparable to or smaller than the range of the interactions present in the
system, the classical vases ure shown to possess some interesting additional
structure if the interaction field model eather than the surface tension based
approach is employed in their analysis,

The analysis of Chapter ® shows that the number of topologies available to the
equilihrium configurations of any uid system compoded of distinet domaing
s small compared Lo the number of topologies avallable to non-equilibrium
configurations of the system. An integral geometric approceh is emploped in
Chapter 11 Lo show how configurations with arbitrary topology attain equilib-
rium conligurations which are compatible with the results of Chapter 8, Most

iterostingly, a concepl based wn the ejection of topological defeets is proposed

14



After the inteoduction of some statistical mechanieal formalism, 14 is shown
in Chapter 6 how the effects of the interactions between the particles com-
prising the fluid can be incorporated into a macroscopic model of the internal
interactions within the (uid, The natural space for {he analysis of the intornal
interactions is shown in general not to be the space occupied by the fluid, but
to be a produet steucture construeted from this space. A qualitative form for
the internal interactions, which is consistent with previous assumptions made
with rospeet to the macroscopte structure of the Duid, is then proposed. It
remaing to be shown in later chapters that, under suitable conditions, such a
formm does indeed lead to correet predictions when compared to the predictions
of the surface tension theory.

In Chapter 7, a second set of evalution cquations 18 derived using the La-
graugian approach employed in Chapter 3 and Chapter 4. By enforeing com-
putibility betweon the analyses of Chapter 4 and Chapter T, the two sets of
equations are made to be vquivalent representations of the dynamics of the
flnid system. Whereas the equutions of Chapter 4 apply on the space oceupled
by the fluid, the equations of Chapter T are based on a decomposition of the
distortions to which the tluid is subjected into & set of distortion maodes, and
hence apply on a suitably defined space of deformations, It is showu that the
distortion modes can be transferred to the produect structure on which the
internal Interactions are defined, and henee that the resulting system of equa-
tions is compatible with the produet strueture that s shown in Chapter 8 to
be required for deseription of the internal interactions within the fluid,

Several methods for the enumeration of possible conligurations of the fluid sys-
tem when it is in & state of static equilibrium are discussed in Chapter 8, As
a first example of the application of the interaction field model derived in the
previous chapters, Platean's classical problemt concerning the equilibrium of
intersecting flnid moembranes is shown to possess some interesting additional
steneture 1 the interaction field model, rather than a surface tonsion based
analysis, 1% used for its solution, 'The mont interesting approach to the enue
meration of equilibeia is that which employs the symmetry tochniques of Lie,
Sutne of the equilibrium configurations of a fluid with interfaces are shown 1o



itative and quantitative dynamical behaviour of fluid systems with interfaces
as they move towards equilibeium or as they oscillate about some equitibrium
conliguration, This restriction has primatily been made to limit the scope of
this work to manageable proportions. Thete is no reason to bolieve that the
analyses presented here should not be valid in a far broader class of dynamical

CABLS,

1.8 Synopsis

In Chapter 2 a physical model for the fluid system is introduced. It is assumed
that the fludd density in each of the domaing comprising the fluid system is
invarfant as the configucation of the Muid cvolves, The resulting kinematic
vonstraints on the fuid velocity and other physical properties of the fluid are
then derived, As a prerequisite to a Lagranglen approach to the dynamics of
the fluid, in Chapter 3 the kinetic energy, dissipation, and potential energy
in the case where there are internal interactions within the fluid ere written
as integrals over the space occupied by the fluid. In Chapter 4 the results
of the previous two chapters ate used to derive a form of the Navier-Stokes
cquations which is applicable to the evolution of a fluid system where there are
interiaces and internally generated interactions, Compatibility and continuity
conditions on the veloeity and pressure at the interfaces within the fluid are
derived, and these results ate used extensively in the chapters which (ollow,
In the absence of dissipation, the Navier-Stokes equations can be written in
terms of a velocity potential on the space occupied by the fluid, This is done
in Chapter 5. Compatibility conditions on the fluid properties at interfaces are
again derived for use in the analysis of Chapter 10, An alternate lormulation of
the dynamics {n termas of vorticity is also derived. Although this formalism will
not he taken further than this chapter, it is shown how this approach might
be used to analyse some Huid conligurations, in particular those with {ractal
interfaces, which arve nob accessible to an approach via the classical surface
tension theory,



formulation, results in a system which s as readily, if not more, accessi-
ble to analysis than the approach based on the classical surface tension

theory,

s A prime component of the intogral formulation is a spatially-distributed
potential field associated with the interactions hetween the various do-
maing constitnting the space oecupied by the fluid system. It is not.
however, necessary to mane the direct cotunection between this potential
field and the interaclions between the individual particles comprising the
fluid, as is suggested by the molecular approaches,

¢ The potential field assciated with the interactions within the fluid can
be incorporated into a macroscopic interaction field type model, and in
a suitable limit such an appruach does indeed reproduce the predictions
of the classical surface tension theory.

s ‘['he interaction feld based approach wilt v '+ insights into the physical
hehaviour of some fluid systems which -7 e tension based analysis
cannot. Indeed, some systems which are not amenable at all to analysis
via surface tension theory can be analysed using the interaction field
based approach,

1.7 Scope

In commeon to all theoretical treatments, it is by definition impossible. without
reference to experiment, to distinguish between effects which are spurious ar-
tifacts of the model and those elfects which are true properties of the physical
system that §s being modelled, No atteinpt has been made to conducet the
requisite experimentation which would support the predictions of the model
derived in this work, The necessity to validate any divergeneces between the
prodictions of the model derived here and the predictions of the elassical sur-

face tonsion model iv acknowledged, however,

As mentioned previously, the results presented in this work relate (o the quals



a model of the macroscopic offects of the interactions within the fiuid on the
dynamics of the system can be constructed, Of necessity such a macroscopic
model would require the suppression of most of the microscopic detail within
the system, and a particalarly simple [orm would thus have to be assumed for
the internal structure of the fluid. The remainder of the dynamic effects in
the system sho 1d however be accessible [rom a direct macroscopic analysis of
the {luid's behaviour. Compatibility between the clas ' al analysis and such a
hybrid approach would require that, in the absence ot .usernal interactions, the
hybrid fluid model and the classical model should revert to a common system
of equations applicable to the dynamics of the fluid system. If properly con-
structed, this hybrid model should not suffer from the failings of the classical
appreach, but, in a certain limit, or under certain non-stringent conditions,
should yield equivalent resulis to the surface tension theory,

For the remainder of this work, any macroscopic fluid model derived from a
combination of a microscopic interaction miodel and a macroscopic dynamic
model and using & simplified modei for the internal structure of the fluid will
he termed a macroscopic interaction field model, or simply an interaction field
model, The remainder of this work deals with the construction and verifica-
tion of such a madel for the engineering analysis of fuid systems containing
interfaces,

1.6 Hypothesis

'The following astatements form the basic hypothesis for the wotk to follow:

o An integral formulation of the dynarmicy of the system removes tie prob-
lems associated with the classical theory, since these problems spring
from local issues of differentiability and connectedness of the various in-
terfaces within the Huid system,

o The shift in emphasis to the domaing within the (uid, rather than their
he indaries, associated with the change from a differential to an integral

fi



1.4 Limitations of the Classical Model

The classical model is widely accepted within the engineering community, but
is known to possess a ¢« - . of limitations., The principal [ailing of the

' <ingularity in the pressure which the Young.

clagsical model arises ft ¢
Laplace equation (1.1) admits as the curvature of the interfacial membrane
becomes infinite. As is discussed in inore detail in Chapter 9, there are a
number of physical systems of interest which, when viewed on a macroscopic
scale, do indeed have interfaces with near-singular curvature. There must be
some douht as to the accuracy of any analysis of such systems based on the
clagsical model, This concern has been expressed by various authors, including

Bogy {8] and Tjahjadi et al. [30].

In addition, there are a number of cases, described more fully in Chapters 9
and 11, where the surface tension-based model predicts that no evolution of the
fluid system should take place. If additional terms, however, are introduced
into the equations of motion for the fluid, and these terms arc reiated in some
way to the presence of long-range interactions within the fluid, then the systern
does indeed evolve and improved predictions of sxperimental data over those
of the classical theory are obtainad, In this regard, the original rnalyses of
Derjaguin and Kusakov [21] and Verwey and Qverbeek [85] and the more
rgeent applicativns of this work by Erneux and Davis |26], Joosten {39) and
Ruckenstein and Jain [72] should be consulted.

1.5 Hybrid Model

The ideal fluid model, for engineering applicativns, would be macroscopic in
its applicability, ax is the classical surface tension-basad model, but would not
sulfer from the failings described in the previous section,

Comparison of the approaches described in the provious sections suggests that

the molecular model of internal interactions can bo used ag a basis from which



i Lagraugian -, ap anud inievms of a dilferential formulation of the equations
of motion, and again in Chapter T ta deei ve g set of eouations for the evolution
of the (likd system which is haved on tle wet of alloweble deformations of the

space occupted by the Inid,

3.2 Interaction Field Model
Define the interaction feld mwodel via the Lagrengian riap

oy . e+t or
fal % Dyt (3.3)
fy
where T and b are respectively the kinetie enerey and potential energy of the
ftuid system, and 12 is the rate of cnergy o for in the system.

3,2.1 System Integrals

In this section, the various terms in the Lagrangian map (3.3) are defined in
terms of integrals over the fluld Jdomain M. As such, the Lagrangian map
can be interproted bove as a map L ¢ M < R rather than as the map from
(e tangent space to the real line defined in Section 3.1, This redefiniiion
has advantages, capecially in the ewse with which the resulting integroly can
be caleulated when the interaction field model is applied 1o cases of physical
relovance. Unfortunately this redefinition leads to an element of algebrale
clumsiness in the definitions of the Lagrangian operators in Chaptee 4 and
(‘hapter 7 where the dynamic rquations for the interaction fleld model are
derived via the Lagrangian approach,

an



Chapter 3

Interaction Field Model

3.1 Overview

In this chapter the interaction field model is defined in torms of 4 Loagrangian
map L : TM = JR (rom the tangent space of a suitably defined manifold M
to the road line, he oquations of motion for the fluid system can be ohtained
from the Lagrangion map of the system by invoking Hamilton's principle that
the action

‘j L
I= L Lt 3.0

is stationary for the evolution of tle system over the arbitvaey time interval
o € t £ 1y or, in the conventional notation of the variational calenjus,
3
§1 = §Ldl
o

= (3.2)

where § is o suitably defined' vacintional operator, This approach s used ip
Chapter 4 to show equivalonee betwoeen the delinition of the systens in terns of

AT 2 T

(et neesunt of the eonntenetion of these operatard, see the hooks by Lanezos (18] and
sspeeinlly Hurke [13).

-
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interactions within the flnid which is consistent, in o fairly wealk sense, with
tHie very siniple model for the interfactal structnre assumed here,

ft shoutd be pointed vut that more general macroscopie models for the fluid
steiucture have heen derived, for example the director-fiokd models of Oseen
(62]. These more sophisticoted models allow propertios suel as the refative
ovientation of the particles cumpricing the duid to be accounted for, and can
be nsed to degeribe a more generad elass of fhiid systems, lncluding lquid cevatal
aystom, than that deseribed by the model presented here, The selection of
a macroscopic model for 1he strueture of the tuid amounts to an atbitrary
rostriction of the applicability of the particular fluid model to o particular
tlasy of physical Huid systems. This philosophy is dealt with in some detail by
[enesdel! [83]. 1t should be remembered that

Il

varions authors, particularly by
the aim of the preseat work is not to decive a medel which is applicable to as
hroad a class of fluld systems as possible, but is rather, in ay minimal a sense as
possible, to obtain a Huid mode] which reduces, in appropriste circumstances,
to the classical surflare tetision model deseribed tn Section 1.2, In the following
chapters, the model delined here for the macrescopic structure of the fuid is
shown to be a necessary component of an interaction field model which does
indeed admit this reduction,



Sinee the volune of any domain interface is zoro for all tine, (2.15) 1 satisfied
liv the stronger condition

| Mo = (2l )i, = 0 (2,16)

for all a3 & &, which expresses the condition that the normal components of
the velocitios on either side of an internal interface tnust be egual.

By peneralisation of (2.13), any € XM obeying the restriction
{mei"-MnN"‘gui o (*e!”tﬁ,l)lﬂml 53 ” (2']'?)

Or, O rearranging,

Ej.m'f
g (2 18)

]
bR

(*E|0 Hon, g

i

(e&laaa Mo

whoere &% o il fot all e & 2, will be said to obey the ne-renture
condition un the internal domain interfaces,

2.4 Applicability of the Fluid Model

In this chapter, a partienlarly simple model of the macroscopic duid steteture
has been propesed, [t might initially appear that the sssumption ¢ prior of
immiscibility and incompressibility contradicts the underlying philosophy of
the moleewdar models deseribed in Section 1.3 that the strueture of the Huid
15 governed on the microseopie level by the interactions botween the partis
thes of the various species present in the Quid, According to the molecular
approaches, the spocies compositions and density varintions of the fluid near
the internal interfaces should in principle be determined from a knowledge of
the interactions hetween the Huid particles near the interfaces, The apparent
contradiction w partially removed iy Chapter 6 by selecting a fomn {or the
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whuore

(')Ihi i {‘}‘M‘, ‘Q‘ f’}.-wii (2111)

for v € Z are interfaces lovated within M, while the external interfaces i,
a € 2, are segments of the boundary 9M as shown in Figure 2.1,

The domains of integration in {9) can be rearranged using these definitions

to give
)9 f wt T [ (%0, = #@lian,) = 0 (2.12)
agd ¥ nadgd ¥

on accounting for the opposite orientations on My 0My C by o % 0
induced by the Hodge form Q. Since the flow @ was defined a8 an automor-
phism of M.

(e )]e, = 0 (2.13)
for all e & 2. By generalisation of (2.13), any &p &M obeying the restriction
(#€)ls, = 0 (2.44)

for all ¢ @ 2 will be said to ohey the automorphiam conditzon on the boundary

of M,

Fquation 2,13 can be used to reduce (2,132) to the condition

D0 o Lt = wlas) = 0 (2.15)
wodGE Y

Jquation 2,15 implive that there is no net maotion of flukd into any of the
internal domain interfaces, and henee that the ereation of volutee in the fluld
system by tupture or interpenetration of adjoining boundaries does not oeeue,
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Sinee »p i3 transported by the flow of ¢, from Section 19,2,
] — o4

il b1
w ) (3.5)

since the Hodge form on M is time-dnvariant, Equivalently (;f;a,n)i,u,, e ) for
all & € 2. Using definition {1.13) and the Cartan identity {1.8) then yiolds

Fep +dlp s = [p A,
= 0 (2.6)

after substitution of the restrictions (2.3) and (2.4} on the form of the fuid
dengity. ence, il pla, # 0,

dapriag, == 0 {2.7)

for all @ € 2. The incompressibility condition (2.7) ean be integrated over the
manifold M, to give

f% = (2.8)

for all v € Z, on applying Stokes' theorom,

2.3.1 Interfacial Conditions

Ieom (2.8),

b az (] RN
,ﬁfﬂw | (2.9)
[e(‘t
6)1‘4.: 13 {‘)ﬂl U él’unf ("""10)
St
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Transport of Fragmentations

It follows that if p and & are teansported by the llow, then for discontinuities in
these felds to remain ot the interfaces M, ¢ € Z for all thne, each element
My, € Z, of the Me-complete [ragmentation Mz must also be transported
by the flow of @

Hodge Forms on the Fragmentation

sach M, o € Z, of the M-complete fragmentation Mz is assumed to inherit
the Hodge form Qb QM from M by restriction,

2.2.2 Fluid Species

Where appropriate, the inuax o € Z defines the species of the fluid in M.
Note that the condition (1.18) for M-completencss of { M }aez amounts to
an assurnption of the immiscibility of the fluid species comprising the fluid?,

2,3 Incompressibility Relations

F'or the moment, it is assumed that discontinuitics may exist in the veloelty
v XM, but that any such discontinuities are confined, as in the case of the
density, to the interfaces O M, o € 2. Note that this assumption places no
further restrictions on the structure of the fHuid system other than perhaps to
require that the fragmentation of M be changed to incorporate discontinuities
in the volocity as well as the density, The guestion of continuity of the velocity
ix addressed in geeater detall in Section 4.5

2ifenee physieal processes resudting feom diffusion of one species into another are heyond
the geape of the [ellowing nhalysis. ‘This restriction hag intecesting econsequences for the
topolegy of the (uid on M, ns dikeussed in Chapler L



and also
xpla, =0 and Gplyg, =0 (2:4)

Spatial discontinuitios in *»p and n are thus restricted to the interfaces M.,
o € . Note though that not all eloments of the intorlaces need be points
at which the density or viscosity {s discontinuous, It is advantageous in some
cases (see Section 4.5} to introduce a complete [ragmentation of M in which
the locations of some of the interfaces are arbitrary and do not necessarily
partition the fuid domain into regions of different density or viscosity.

A schematic of the resulting steuctare of the fluid domain ts shown in Fig-
ure 2.1,

v
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Pigure 2.1: Schematic of the structure of the fluid domain,
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2.2 Fluid Density awd Viscosity

Let #p o QM reprosent the density of the Nuid, such that the total mass of
fluid in M iy

m = fu *p (2.1)

If it is assumed that m is invariant with time, then

* = *
/..\4 M /;.M Py

d /:w T (2.2)

using (1.6), Hoence *p; = “ppep,, and thus from definition (1.12) the fluid

“msity iy transported by the low of o,

Similarly, define no A°M as the viscosity of she fluid, It is assumed that n is
also tratisported by the flow of 2y, although there is no justification for such
an assumption based on & physical invariance as there is in the case of the
density, In the work to follow, the condition that g, 1 M = R* is assumed
fo hold,

2.2.1 Continuity of the Density and Viscosity

Assume a priorithat *p and 5 are piecowise constant in M. The sssumption of
plecewlse continuity, and hence the possible presence of discontinuities in the
density and viscosity ficlds on M, leads to difficulties in interpreting clements
of the exterior caleulus on M. These problema can be circumvented by defining
an M-complete fragmentation! { M, }agz & Mz (see Section 1.9.3) where Z
is isornorphic to o subset of the integers, such that within cach domain M,,

dpja, = 0 and dylag, =0 (2.3)

e Ve A

‘hnplivit'in that mease M. # 0 for all e € 2, and henee that the ragmentation iy not
degenerate,
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Chapter 2

Fluid Model

In this chapter a macroscopic model for the structure of the luid system is pro-
posed. The fluid Is modelled on an Euclidean manifold divided into a aumber
of domaing on which the density of the fluid is assumed to be constant through-
out the evolution of the fluid system, The interfaces of the classical theory are
interpreted as the boundaries between these domains, The agsumption of con-
stant density induces & number of kinematic constraints on the velovity of the
fluid on the domains and their boundarics, and these constraints are derived
in this chapter. The chapter closes with a discussion of the applicability of the
proposed model to the description of the physical Auid systems of interest in
this work.

2.1 The Domain of the Fluid

Assume that the space occupied by the fiuid 18 adequately modelled by a
two- or three-dimensional real Hausdorfl manifold M, cendowed with a time-
independent Buelidean metrie tensor g, Denote the Hodge form on M induced
hy the metrie by +1 == Qa0 Deflne the antomorphizm ;1 M = M, where
ix time, such that the Qow Aeld po XM ol o i3 the velocity of the Huid in M,
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Measure of a Set

[0 5 ¢ M, deline the measure of § with respect to a volume form £ on M by
the integral

measq(s) = ﬂ 0 (L.23)

This definition can be used to define the measure of any wo> A™ M, m' <
dim( M) with respect to §) by

measp(w) = ﬁ awpia” (1.21)

where supp(w) is the support of w, Using definitions (1.23) and (1.24) it
follows that if N € M and N C supp(w) then measn(w) > measp(N) and if
supp({w} = NV then measg(w) = measp{N).



Stokes’ Theorem

Let m = dim(M) and ws A1, 1f an M-complete fragmentation {M:}iz1 n
can be found such that the restrictions d{wfp;,) are continuous!? for all § =

1.....1, then

fw duws i N dw

il

il;w (1.20)

i=1 /My

n

I

Note that in (1.20) the restriction operator on the integrand has been omitted
for clarity. Restriction of the integrand to the domain of integration is implicit
in all similar cases to follow.

Midpoint Theorem
if fo AYM then
ﬁﬁf=ﬂmﬁﬁl (1.21)

for some & & M,

Integratior by Parts

Lot w,» A*M and y, > A" M, n+n' £ dim(M), be two parameterised foris,
and lot @, = $uw, and ¥ = #x. a3 defined in (1.13). Then

[%mAhMc (1.22)

vig

%
[ (@r A Xe)de == [we A 7 —
LLE 1]

ont integrating by parts,

Pimplicit s that » neteic structure on M does exist so thal continuity of [orms on M is
defined.
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of the variations allows (.21} to he decoupled into the indepondat equations
(Mo Hoaw = (ot Hogs =D
(p edx}a, =0
(), = 0

((n O A wdw)|apn, ) oag = ((7 8 A wde)[npa,) oy = 0 (4.42

for all ,9 € 2. The [irst equation in this set shows that the pressure p
is continuous across internal domain interfaces while the second equation is
asttomatically satisfied by the automorphism condition on éx.

The third and fourth equations in this set impose important restrictions on the
dynamircs of tlie system only in the case whepe the viscosity n s not identieally
zero, Define the vorticity ¢ = »dp. By taking the exterior derivative of (1.18),
the vorticity iransport equation

[p&=ndis)am, =0 (4,28}

is obtained, The third equation in 4.22 implies that the restriction of the vor-
ticity to the exterior boundary 8M (since the &y C 6M) mast never hecome
non-zero, Via the {ollowing phystcal argument, it is casily scen that this re.
striction yields an important constreint on the time over which (4,18) is a valid
Jdescription for the evolution of the fluid system.

Let meas.;(¢) be the meaaure of ¢ with respect to the Euclidean volume form
#1 on M (see Section 2.1). Assume that i+ tially supp(¢) € M, so that the
third eqration in (4.22) is satisfied and 0 7 measy () < measag(M). Cn
awupp(s), ¢ = & but d¥ cannot be zero, 1t follows from (4.23) that ¢lngmnpiel
I8 none2oro, and henee ;i‘i-rf:ons.l(c.) » O for all time, implying from Section 1.0.3
the growth of supp(g) as time progeesses. At some time 2, supp(g) N &M will
thus bevome non-ompty, {(Note that by the sesumption of @y an automorphism
on M. the vorticity in M will not be transported 1o the boundary of A in
finite time by the flow of @, The encroachment of supp(s} on .M ia solely a
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4.5 Compatibility Conditions on Interfaces

Ihe boundaey integrals in (1.16) provide an additional set of equations con-
(£.18)

it

straining the evolution of the {luid & tem:
f [ 1 éx A xde + p *dx ]
I&3 \ v L]

0

&
Ay in Section 2.1, the integral can be rewritten in terms of the factorisation

& Z into internal domain interfaces and exterlor boundaries as
f [p 8% A «dw + p wix |

of (‘)Ml‘l 2
f [(7 6% A «d¥)lapty = (0 6% A %dB)|ap,)
(+.20)

0y =
wiEd

¥

+ 2

:‘I.;fﬁg i

[(p wdRYoma =~ (2 #8X} oy |

= [
Exploiting the no-rupture condition on the variation dx,

f [7 6% A *di 4 p wdix |
wizd
+ 5 [ 1 8 A sdi g = (0 85 A sd)oaa]
wuld Tag
plnMﬂ)th.mi
(4.21)

(PiﬂMn -

+ 2

waiGd ¥ g
= )

(*bx)Mﬂ :l,‘l,ps}a;“i-

;d'lf-'

*bxl,&h)ldm
The vartations 6x)a,, wéx|a, and s219, for all o, 3 € 2, can be imposed on the
Huid system independeutly of cach other and of the variationi (8x]am.,)|a
s (0X|oma )|
0 " 3 1

whore éx*! =
o3 & 3, The relationship between the variations (8Xlama) o, 6 # € 2, 18

determined lator in this seclion. Exploiting the independonce and arbitrariness
RH



where (1.3} has heen used to replace d with 6%, On exploiting (1.22) and the
condition that the variations vauish at fy and /7,

, - M '
81 = ?:J jm f{u,, dxX A #f gt 4 @ 4 dp - pedady Jdi

f

+ 3
wid

e fm [ 6% A wdy 4 p wéx |di
H ¥l

= 0 (+.16)

sinee, from (2.5}, pla, = 0 for all v € 2. Sinco the variations 8%y, 0 € Z
are arbitrary and independent of vach other {(up to the impuesitivn of the nu-
rupture condition on the houndaries 4.M,,),

[ a0 4« B 4 dp == ypedwdp J|ug, =0 (117}

for all « € 2, Since from (2.7) dep

Ma = 3, deedwpisg, =0 and henee

{ pir + 4@ + dp - yd*w |

Mo = 0 (1.18)

for all 0 @ £, whete d* = «dwd 4 (=1)™dwdx, m = dim(M). is the conventional
Laplace-DeRbham operator,

If the Lagronge multiptior p is interpreted as the pressure in the [luid, (1.18)
should be recognized ns the Navier-Stokes momentum equation! except that
tha budy-force term? dd containn a contribution from the interaal interactions
within the fluid,

800, for inatantee, the book by Landan and Lilshite [du).

? Note thnt the quantity did+p) in (1,88) ean be interpreted ag the veloeity -independent
camponent of the foree acting on Use fluid. This interpeetatlon forms the basiy of the aaalysis
of Chapter B,
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and the variation of the dissipation function is then

DS f n d{dw) A dup (4.12)

nigd
through an analysis sirilar to that in the case of the kinetie energy, by as
sumption of the transfational invanance of gla, for all o € 2. Explolting this
assumption and the A-antiderivation property of the exterior derivative,
§0) = Z / ( d{ﬂ oty A *db’]f} + 0 Ay A dudpy ]

",,u

f 7 A dwdyp + 3 f 7 6 A sy (4.13)
(3 wGd

usisig Stokes' theorem.
Finally, the variation of the poteutial energy is

§V Loy
1(:"[ ¥

fi

f §x A d® (h14)
‘lCé’

ot Tragmenting the integral and using (4.4),

4.4 Navier Stokes Analogue

Substituting (410, (1.13) and (L14) into (3.2}, the variation of the action

61 = ZL‘ ‘Ad"[ﬁﬁn(;;mUwr;ﬂla dudupdt’ ) Jdt

|t@-3

t
j;“ fM [ 6% A +d® + sdp ) !

/;, f [ p b~ n 0% A f welperdt! 1ot

tt’

.0 (1.15)
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un applying Stokes' theorem,

4.3.1 ‘Variations of the System Integrals

The variations of the various torms in the Lagrangian map as a resull of the
variations #x aud v are now calculated nsing the variational operator defined
itl ['1|l)|

Kxpression 3.6 (or the kinetie energy of the systetn can be towritten in terms
of the [ragmentation of M introduced fn Scetion 2.2.1 as

Ta Sl fu puAw (+.9)

aid

"The varation of the kinetie energy of the system s then

%f“ [pdwAse 4 Lolip) v Aww]
Ve ¥in

' fM..[ pow Ay (4.10)

ded

6T

¢

since, using the Cartan ideutity (1.9), Lieplaa = #(6X A xdp)[m, = 0 by the
assumption of translational invariance of pla,. The advantage of using the
approach vin the fragmentation of M into domains upon which the density
and viseosity is translationally invariant should now be clears the problem of
possibly having to interprot dp (and, in the vase of the dissipation function, dn)
at digrontinuities on the boundaties dM,,, o« € Z has been avolded, Use of the
{fragmentation of M has in fact doferred the classificatlon of the discontinuitics
in the various fields on M o the interpretation of a number of compatibility
equationy unt the interlaces My, « € Z (see Section L3},

Expression (3.8) for the dissipation hinction can be rewritten in terms of the
fragmentation of M as

D s }:; ! fM g dv A wdy (L11)



itaelf obey the no-ruplure condition, Similarly, 6x and é& st botlt obey the
atomorphism condition (2.11) vn the exterior intorfaces,

Within M., « € 2. the assamption of incompressibility (2.7) induces the
additional conditions on the variations that

dwdx|m, = 0

dx(v + dvllm, = 0 (4.1)

or, since ¥ is assumed already to obey (2.7},

dedp

vun = (4'5)

forall v & 2.

4.8 Modification of Hamilton’s Principle

[ amilton’s principle can be amended to include condition (4.4) by modifying
the Lagranginn ma; , .3} for the system to the form

LaTl =V f‘ﬂ‘“ Dg:dt' + 11 (4'6)
[}
where
I == d+bx (L7}
Z L.

and p > A'M s « Lagrange multiplier, Note that since dx might contain
discontinuities on the interfaces OMy, o @ Z, so might p. Consideration of
the continuity of p follows in Section 4.5,

Alternatively, using the A-antiderivation property of the exterior derivative
1l 3 fw [ d{p »6%) = #X A wdp |

a3
z/ bx A wdp (48

zf P AR -
o il Ma

I} {5 II'('.\’-'

3]

il

H



to the velocity field v, such that 8x,, = 6%, = 0 and v, = v, = 0, that is,
such that the variations vanish at the beginning and end-points of the motion.

These distortions 1o the uid system vield
6 = dwh + ox gk (4.1)

as the variational operator {or the sysioin (soe Section 3.1). The operators ;1‘-}7
and Ii!ﬁ are functional derivatives of the variational caleulua oboying the rules

dx v = 0

A ;i%;w = LW
by a‘%;u = by
i ghe = 0 (42)

where » s the fluid selocity as previously interpreted, and w e A"M, n £
dim{M), distinct from v, The messiness of the algebraic behaviour of the
variational operator is & consequence of the variations d¥ and ox actually
betug Huked via the kinematic compatibility condition

iy wm ;"}iﬁxg
S % (4.3)

The notation where the supetseript lot ropresents the total derivative with
regpeet to the time parameter # s used throughout the following seetions,

The analysis which lollows s based an the complete [ragmentation of M into
the sets My, @ € F, as deseribed in Seetion 2,21, In this case, the resteictions
%), and delag, of the varintions can be considered to be indepondeat for
all e € Z, but for the variations to he consistent with the restrictivns on the
kinematios of the system imposed by the macroscopic strieture of the thid on
M., v o and ax must satisfy the no-rupture condition (2.18) on ail internal
intorfaces in the od. weee the noopupture condition s a lincar operator
on vne-forms, it follows, sinee p aleeady obeys the condition, that 6 must
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Chapter 4

Fluid Dynamic Equations

4.1 Overview

In this chapter, the form adopted for the Lagrangian in the definition of the
interaction field model of the previous chapter is shown to yield a differential
equation on the fluid domain M. This equation closely resembles the Navier
Stokes equation which is asaumed to govern the fuid mechanies in the domains
of the classical surface tension model, 1n addition, the motdel adopted for the
macroscopic structure of the duid, derived in Chapter 2, is shown to vesult in a
sot of dynamie compatibility conditions which must be enforced at the bound-
aries between the domains in the interaction field model. These conditions
allow the continuity of the velocity ¥ & XM to be iuvestigated, and permit the
lsgues of compatibility between the internction field approach and the classical
medel raised in Section 1.5 and Seetion 2.4 to be partially resolved,

4.2 Variational Analysis

Asnuine the {tuid systern 10 be subject to time-parameterised variations 8x
M, reprosenting a distortion to M. and s e XM, representing « distuetion

32



tions which better accommadate the [orm of the interaction potential derived

in Chapter 8,
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but is independent of the fluid's velocity. Included in this term are assumed
fa 3¢ contributions to the potential energy of the fluid from effects generated
outside the fluid and also from jnternal interactions generated within the fluid
itself.

Dissipation Function

The dissipation function is ir general a time-parameterised map Dy : M —
IR, the specifie fc.m of which iy dependent on the local structure of the fluid,
Congistent with tie neglect of the internal and rotational modes in the kinetic
energy term, and with the Isotropic form of the Huid deasity assumed in Sec-
tion 2.2, the simplest, isotropic, form for the dissipation function is assumed:

D= %fMH dv A xdp (3.8)

where 7 is the viscosity of the fluid defined in Section 2.2,

3.3 Summary

In this chapter a Lagrangian approach to the dynamics of the fluid system
hay been followed: The Lagrangian (3.3), defined in terms of the energy and
rate of energy dissipation within the system, together with the specific forms
(3.6), (8,7) and (3.8) and the structural assumptions of Chapter 2 define the
interaction field model, In the {ollowing chapter it is shown that one particular
manifestaiion of this model is a dynamic cquation on M which is analogous
to the Navier-Stokes equations for an incompressible fluid, The form of the
interaction potential & in (3.7) has yet to be related to the configuration of the
[luid systam, The construction of this retationship is the subject of Chapter 6,
where the Navier-Stokes analogue on M is shown not to be the maost natural
dynramical manifesiation of the interaction field model, The resulis of this
chapter will thus be used again in Chapter 7 to derive o sot of dynamic equa-
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Kinetic Energy
Deline?

T = %fM pUA (3.6)

This form accounts for the kinetic energy contained in the fluid by virtue of
iLs valocity # but, to be consistent with the structural assumptions made for
the Huid in Chapter 2, neglects possible contributions to the kinetic encrgy
from other sources such as the rotational motion of individual fluid particles
or motion with respect to internal degrees of freedom of the fluid particles,

Potential Energy

The potential energy of the fluld is assumed to have the form

Vs fM xb, (3.7)

where the time-parameterised form @, > A°M s the potential associated with
the interactions within the Quid. As is shown in Chapter 6 and in the chaptecs
which follow, & suitable definition of this potential leads to compatibility be-
tween the predictions of the tnteraction field model and those of the clagsical
surface tension theory,

The general form of the interaction potential given here nssumes that the
potential cnergy of the system is dependent on the configuration of the fluid,

The kinotie enecgy could equivalently have been defined as
Te ) / pglev, gr) Qu (h4)
4 M
using the metric tensor on M, or
Tal f pav] vl (5.5)
M

using Lthe inner product. The torm {3.0) & to be preforeatd for rensons disenssed in See-
tion 1.4.1.
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Kinetic Energy
Define’
T = %[H pvA*Y (3.6)

This form accounts for the kinetic energy contained in the fuid by virtue ot
its velocity » but, to be consistent with the structural assumptions made for
the fuid in Chapter 2, neglects possible contributions to the kinetic encrgy
from other sources such ax ilhe rotational motion of individual fuid particles
ot motion with respect to internal degrees of freedom of the fluid particles.

Potential Energy

The potantial energy of the fluid is assumed to have the form
V= / 1 3.7
Ml {3.7)

where the time-parameterised form @, 0 AM is the potendial associated with
the interactions within the fuid. As is shown in Chapter 6 and in the chapters
which follow, a suitable definition of this potential leads Lo compatibility be-
tween the predictions of the interaction field model and those of the clagsical
surface tension theory.

The general form of the interaction Hotential given here assumes that the
potential encrgy of the system is dependent on the configuration of the fuid,

*The kinetic enorgy could equivalently have been defined os
P f p gl#w. 40} O (3.4)
M
uging the moteic tensor on M, or
T ;f p v v Sia (3.5)
M

using the inner pre luet. The fopm (3.0} ig to be preforred for reosons diseussed in See-
tivn 1.U.1,



on combining {5.12}, (5.18) and (5.19) and heace
(A Adp+0)) = —LAUp™ x Li(p 4 B,p) d?
+LAWY % L (p + Bg) dr® (5.21)
where in (5.20) and (5.21) the right-hand side is to be evaluated at {0, 2%, 2%).

Notice that the derivative normal to the interface of both the pressure and the
potential has disappeared, obviating the problems with the continuity of the
pressure and potential that were discussed earlicr in this section.

The second term in the vorticity sousce
d(n/p) Ad*w = LAW(n/p) dz' A i s (Tads? + Tada]
+LA(/p) di A 3 s [Dadia? + Tada®] (5.22)
on combining (5.12) and (5.15), and hence
*(d(n/p) Adw ) = ~LAU(n/p) x (ghaghats -+ ity eTa) da
+1AC 0/ p) X (2T + s gmT) d2® (5.23)

where agein in (5.22) and (5.23) the right-hand side is to be evaluated at
0,22, %),

It Is & simple matter to reconstruct the geometric form of the vorticity source
[rom (5.21} and (5.23). By inspection

Olows = LA™ 4d (plpag + Bag) + 207/ p) #dPvyg (5.24)
where ®,0 > A8,y and, from (5.14),
1
Py = .:,.'[ (Vann?h.-i + (”anN-‘ nd ] (5'25)

showing that the vorticity source becomes singular as the thicknoess of the
interfacial volume is reduced to zero, or, in other words, in the case where

)|



on substituting (3.14) for the velocity at the interface into definition (5.4), and
henee on the interface

d"’u = 4'1"|lr‘ [t‘ 1(1.1 l"t’gd.i" +f’;d.r ]l(tlr*‘.r‘)
-l-l,x‘-,-p[vld.r + Tatha? + Tyda™| gy 02,2y (5.17)

In Section 1.5 it was shown that the pressure is continuous through an internal
fuid interface. Hence on the interface

dp = ( LAYp du’ + ship de* + ghp dr® Yows.en (5.18)

in the limit as ¢ = 0. As in the case of the velocity, the generalisation of the
normal derivative has been used since continuity of the pressure ig insullicient
for the normal derivative to exist, It is shown shortly, however, that the first
term on Lhe right kand side of this expression cancels in the vorticity equation
and hence the problem of the existence of the pressure derivative normal 1o
the interface can be avoided.

The exterior derivative of the potential € on the interface should similarly be
generadised ag

db = {LAVD da’ + ¢ de® + F5® de? )|
= ( ‘:‘A['}'I’ dil‘l + fi"l;},-'ﬂ'q)stﬂ dm‘z + ?ig'al‘paﬁ dma )i,;:,;-ﬂ,;-‘} (5'19)

a8 ¢ ~ 0, whero &4 18 the potontial on the interface dy;. This form follows
since, as s implicd by the analysis of Chapter 6, the potential ¢ i in general
discontinunus acrogs the interface,

The results obtained above can npw be combinoed to obtain a coordinate ex-
pression for the vorticity source in the interfacial region.

The Hret torm in the vorticlty souree
dip=)Ad(p+ @) = LAWY del A ship + B do?
+EANE™ dit A alp o+ D) di® (5,20}
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Using the dual hasis introduced in the neighbourhood of P, the velocity
v = vpde! 4ogde® 4 ol (5.1%)
where vy, vy, g0 AYM. Let the velocity in the interfacial volume be given by
v = ( Tyde' + Fadz? + Bsd2® Yo, 22.2%) (5.14)

in the limit as ¢ — 0, This form is suggested by Friedricha {30] in the case of an
interface between two immiscible comalins of fuid » .d iy consistent with the
no-rupture condition on the internal Auid interfaces developed in Section 2.3.1.

Qu the interfare the Laplace-deRbam derivative of the volocity is thus
div = A(ARudr! + vde® + tadaipus .z
ik i [nde! + tpdz? v 0,22,
oty [ty dat + voda® 4 vade?] (o200

= H(ADY[vydat + vada? + vyde®]|o,,00)

ot Pz’ + Tad® o Tadz®]| g 02,00
+§%§‘£ﬁ'{'ﬂid;nl uls Fﬂd.l‘.‘a o ﬁr;d.ﬂ"i”(u.g‘l#a) (5. 15)

uaing (5.13) and (5.14) and abusing the notation stightly, in the lmit as ¢ — 0,
"This form follows since, as discussed in Section 2.3, the components v and vy of
the velocity parallel to the interface may be discontinuous across the interface.
The no-rupture condition of Section 2.3.1 of course requires the component 1
of the velocity normal to the interface to be continuous across the interface,
but continuity is insullicient for the derivative y2rgiry to exist. IHence in
(5.18), the derivativea with respect 1o 2} of all the veloeity components muat
be generalised uking the limiting procedure deseribed earlior, Note however

that on the interface

(‘3('1)311_,1(3‘1-1 -} l-‘gd;‘l‘i + l';uf.r:!]l[g,;-:,_r-!] = {) (116
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infinitesimally thick, discontinuous interface foliows as ¢ — 0. To make further
progress it Is necessary to model the variation of the Quid properties through
the interfacial volume, The best model is obviously obtained if the assumptions
made during the modelting of the interfacial properties have no el .ct on the
form of the final equations derived. As will be shown, this independance of
the (inal model on assumptions regarding the structure of the interface can be
schieved with some success,

The relationship between the density and vigeosity within the interfacial vol-
ume and that on either side of the interfacial volume will not be specified other
than to assume that the interfacial properties bear a constant relationship® to
the properties of the {uid on either side of the interface. Since the density
and viscosity are assumed to be constant on either side of the interface (see
Section 2.2.1), it follows that in the liuit as ¢ ~ 0, gla,, and nla,, should then
also be constant, or, in terms of the coordinates introduced onto the interface,

1 "r,
%PI{U.&%&"} = ﬁu‘ﬂllu.m’.mﬂ) = {

féxﬂl(u.ﬂ.»«!:-‘*ﬁ%nlto.za.za] = ) (5.11)

Jsing (5,11}, since the density and viscosity of the fluid may be discontinuous
across the interface Gy,

d(p“l) = %.f;{']p"l|(u.;,a,_.,a} da?

din/p) = LAY(n/p)|.s0 drt (5.12)

at any point on the interface 8,y in the limit as ¢ — 0.

3 Note that in some physical systems e viscosity on the interfnee differs significantly
froma the viscoslty in the fluid on either side of the interface: see for instanca the paper by
Seronsen and Hennenbery [T6]. It would eppear from Lhe simple form of the vortieity source
that resuits from the sanlysis presented here that the finid properties in these systems nre
not *suffleiently smooth’ for (6.5) end (5.7) to capture adequately their variations across the
intetfaeinl velume, Thla situation could be remedied, and compatibility with the atructural
pssumptiony of Chapter 2 conld be enforced, by including the intecfacinl volume, with s
constant interfacind viveosity and density, inte the M-complote frogmentation Mz of the
fluid dowsain. Note thongh that it s implicit in this case that the interfnels) yolume should
not teduet to a set of et measuve with eeapoet o the valume form on M but 2hould retain
a finite thickness,
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If w is ‘sufficiently smooth’ then?

ll 1 (I‘] L |

fim =AMl = grwioate) (5.6)
Likewise define

(A[‘}Jn‘-"'(!l.x’.r“l = Wl(%,,a,r:] = ogiey -k W!(-,},ra_..:} (5.7)
If w is suffciently smooth then of course

L oA 48
lim ;3'(-1\ Fulataty = 5 sovwline.e) (5.8)

Finally define the interfocial average of w,

1
B 01,0) = 5l wligona) +@liag ooy ) (5.9)
Substituting this definition into (5.7} gives the alternate definition
(A{E})aw){o,zaml} = Y T(o.e2,28) = wlios2.a) ) (5.10)

These results enable the derivatives of the fluid properties af the internal in-
terfaces to be generalised in the case where the fluld properties may be dis-
continuous at the interfaces,

Interfacial Model

For the purposes of the following analysia, assume the existence of an interfacial
volume, comprised of the thin volume of fluid, characterised by thickness e,
surrounding the surface &, In this inteefacial volume the fluid propoestios
may differ from those on either side of the interfice. The analysis for the

i
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5.2.1 Vorticity Source

At the fluid interfaces, however, there way indeed be sources of vorticity. The
analysis of the vorticity equation in the neighbourhood of the internal interfaces
proceeds hiere via the introduction of coordinates in the neighbourhood of an
arbitrary point located in one of the internal interfaces. The geometric form
of the vorticity «quation is then reconstituted by exarination of the resulting
coordinate form of the expression for the vorticity source at the interface,

Coordinate Analysis

The following analysis assumes dim{.M) == 3, but the two-dimensional case can
be handled in a similar faghion. Let (2! 2%, ¥*) be orthogonal coordinates valid
in the neighbourhood of & point P € M located in one of the internal fluid
interfaces Oy, o, F € £ (30e Section 2.3.1 for the definitions of external and in-
ternal fluid interfaces), Let P have coordinates (0,0,0), and let the coordinate
@' he normal to ag in the sense that (da')s,, = 0, where (da', de?, du®) is the
dual basis induced by the coordinates in the neighbourhood of . This con-
dition on z! and the orthogonality of coordinates implies that tha cunrdinates
2% and 2% are tangential to the interface at P.

Dearivatives at the Interface

Let w s A%M, or in other words w 1 (&, . 2™) ~ IR for all m-tuples
(#*,...,2™} in the chart induced by the coordinates defined in the neigh-
bourhood of P. Define

A[!J‘Ulm.x’.x‘l = wl(;‘:,;!,;—lj = "‘Jl(-.-'j.a:"‘.z“} (5.5)
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5.2 Vorticity Transport Equation

Define the vorticity ¢ as!

¢ = =dv
> A°M (5.1)
As shown already in Section 4.5, the vorticily transport equation on the fluid
domains M,, a € £ can be derived very simply by taking the exterior deriva-

tive of the momentum equation {4.18). Ilere a similar procedure is followed,
but (4.18) is flest assumed to be valid throughout the fluid domain A, Then

§+(n/p)dic = o {5.2)
where the vorticity source o > A°M is given by
o = [ d(5) Ad(p+ ) +d(n/p) A v | (5.3)

since exterior differentiation and the Hodge star commute with the total deriva-
tive with respect to time, the Lie derlvative and the Laplace De Rham operator,
and exploiting definition (5.1).

Away from the fluid interfaces dMa. @ € Z, o = U, by the assumption that
p and 7 are plecewise constant in M, and by definition constant in each M,
Hence away from [uid interfaces the vorticity transport equation reduces to
the linear transport-diffusion equation

L4+ (0/p)d% Jlm, =0 (5.4)

for all & € Z, devived in Section -L5.

YThe conventlonal delinition of the vorticity is of course the vector flald #(xdw), but, as
deseribed in Section 1.9.1, use of the dual section will admit the more powerful algehra.
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Chapter 5

Alternative Formulations

5.1 Overview

In this chapter, two alternative formulations, based on the Navier-Stokes equa-
tions, for the dynamics of the fluid system are derived, The vorticity transport
equation derived in Section 5.2 yields additional insight into the structure of
the deformations of internal interfaces under the influence of the interaction
potential and the pressure within the fluid. The vorticity transport equation
is shown to contain a source term which is non-zero only on the internal inter-
faces within the fluid , and in Section $.2.1 an explicit form for this source Is
obtained, This form for the source term is used in Section 5.3 to complete the
analysis of Section 4.5 of the continuity of the velocity of the Ouid by supplying
a result for the case where the f{luid has {dentically zero viscosity, The analysis
of the vorticity transport equations is coneluded by an examingtion of the prac-
ticality of the technique in the analysis of fluid systems with non-differentiable
boundaries - a class of fluld systems which is not amenable to surface tension
based analysis. Finally in Section 5.5 a second set of evolution equations, based
on the existence of & potential for the velocity in the case where the fluid has
zoro vortictty, s derived, These oquations are used extensively in Chapter 10
where the correspondence between the dynamical predictions of the classical
surface tension model and the interaction feld based approach is examined,
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the interaction field approach in the absence of internal interactions is thus
demonstrated.

It s also shown that the macroscopic structure of the fuid adopted in Chap-
ter 2 leads to a set of conditions on the continuity of the velocity which are
imposed on the boundaries of the domains comprising the Auid by the inter-
action field approach. This analysis is applied in Chapter 11 where the effect
of the topology of the fluid configuration on the evolution of the fluid system
towards equilibrium is discussed. The discussion of the continuity of the ve-
locity has no. et been completed, however, since the compatibility equations
(4.22) yield no information on the velocity continuity in the important case
of identically zero viscosity, The analysis of the continuity of the velocity in
this case must await the results of the following chapter, where two alterna-
tive dynamical formulations for the fluid system, based on the Navier-Stokes
equation (4.18), are derived.
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conditions (4,22) hold, except that the condition of pressure continuity across

the internal domain boundaries is replaced with the condition that

(Ploma)loag = (Blomas oy = Taskas (4.30)

for all @, € %, using the Young-Laplace equation presented in Section 1.2,
In this expression o5 is the surface tension, and k.p is the mean curvature,

of the interface dyg.

4.7 Conclusion

In this chapter, the structural assumptions of Chapter 2 and the forms for
the kinetic energy, potential energy and dissipation assumed in Chapter 3
are shown to lead to the dynamics of the fluid on M, under the interaction
fleld model, being governed by an analogue to the Navier-Stokes equation.
Importantly, the issiie o ~ompatibility between the classical surface tension
theory and the interaction field mode!, discussed in Section 1.5 and again
in Section 2.4, can be resolved trivially: [f there are no internal interactions
present within the fluid, then the term d® in (4.18) can be interpreted as the
usual body force term resulting from inieractions between the fluid and a field
generated externally to the fuid, and hence (4.18) and (4.20) are identical
models for the dynamics of the fAuid within the domains M,, o € Z, if it can
be shown that p = 7 in the absence of internal interactions. In the classical
model, from Section 1.3, absence of internal interactions requires the surface
tension vag = 0 on all intecfaces within M. In this case (4.30) reduces to

(Bloa o )|pas = (Bloma)lng =0 (4.31)
for all o, @ € 2, which is identical to the pressure condition in {4.22} which

is imposed on the boundarics by the interaction field approach, Hence p is

trivially equivalent to § and cormpatibility between the classical theory and
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and that

(8xlaMa e = (62|54 )l8, 4 (4.28)

on all internal doemair boundaries 8,5. Equation 4.27 is a condition on the con-
tinuity of the vorticity *dv on internal domain boundaries, while {4.28) shows
that the variation §x must be continuous on internal domain boundaries. Via
the kinematic compatibility condition (4.3), 6» must thus alse be continuous
on internal domain boundaries. Since the variations represent physically real-
isable deformations to the system, it must se concluded that the fow field v
maust also be continuous on all internal boundaries induced by the M-complete
fregmentation Mz, Note though that the result just obtained holds also in
the case where Mz is an arbitrary complete fragmentation of M in which
the viscosity is not necessarily discontinuous everywhere on the internal do-
main boundaries {ses Section 2.2.1). Hence the flow fleld # must in fact be
continuous throughout M.

4.6 Surface Tension Model

As discussed in Section 1.2, the classical surface tension model adopted in this
work assumes that the Auid dynamics within the domaina comprising the fluid
is poverned by Navier-Stokes equations analogous to (4.18):

[ pfr +d® +dF —nd%w J|m, = 0 (4.29)

for all @ € Z, where 9, instead of representing the potential arising from inter-
nal interactions and interactions with external felds, must be interpreted as
the potential arising solely from interactions with exéernal fields. The pressure
7 in (4.29) has a somewhat different interpretation to fluid variable p occurring
in (4.18). The reazon for thie difference in interpretation will become apparent
in Chapter 9 when the static predictions of the classical theory und the inter-
action fleld model are reconciled, Qu the domain houndaries the interfacial
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resutt of viscous diffusion,} Hence, for any time ¢ > ¢* the condition imposed
by the third equation in (4.22) will be violated, This equation thus imposes
a limit to the time for which the systemn of cquations derived here remains a
valid description of the dynamics of the system. An alternate viewpoint on
this restriction is cbtained by recalling that the velocity v can be obtaired by
integration of the worticity field over the domain of the fluid, as shown, for
example, by Wu and Thompson [88). 'This restriction can then be understood
by realising that the velocity on M resulting from a vorticity field 4 with
supp(g) O M cannot be accounted for by a description of the fluid systein
based on integration over M alone.

It remains to interpret the constraint on the evolution of the system impliea
by the fourth equation of {4.22), Define the sections

(o = ((nrde)l5ata) 150

(s = ((n%dw)loms)lons

&% = (8xlam, )20

§x = (5xlomy)lons (4.24)

of ¥B.n such that the fourth equation of (4,22) can be rewritten as
$o AN E%o = (3 N BXg (4.25)

If ¢, # (g then this equation can be solved to give
O%a = k(p

x5 = =k (o (4.26)

where k € IR, and hence the variations 6% oa the internal domain boundaries
are not arbitrary, as assumed, but are forced to have a particular orientation
related to the flutd velocity at the boundaries. If {; = (g, however, then
fxy = 6xg = £ where £ is an arbitrary section of AM. Arbitrariness of the
variations §x must ... be obtained by requiring that

({n*d¥)|asta Noag = ((7#d2)lants)loas (4.27)
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Differentiation
A consequence of definition (6.1) js that
d(wrsp) = (dws)sn (6.14)

8ice weyn 18 invariant transverse to the fibres i;(F, b), b € B, A siwnilar result
holds for wgsn, of conrse,

Using this result

A wis) = (dwy}e{dws) (6.15)
and

dwaews) = (dws) wsr 4 (~1)Pwge (dws) (6.16)

where p = dim(7).

It is easily shown using the Cartan identity (1,10} and the results (G.14), (6.9)
and (6.10) that

Ligynezy(warws) = (Lygwn) 0wy -+ wa o (L wy) (6.17)
Equivalently, if £ and £, are interpreted as differential operators, then
Endéy t (Wrows) 1= Lplwr)@ws + waaés(wy) (6.18)

Finally, since differentiation with respect to o parameter commutes with the
composition product,

dwpwws) = (fugows + (Fws) (6.19)
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It is lmportant to realise that, lrom their delinition in terms of the inelusion
operator, neither the composition product nor the composition sum are eom-

mutative.

Hodge Star Operator

Lot Qp and £, be the Hudge foris on B and F respectivoly. These forms

induee a Hodge lorm

0n = Quelds {6.8)
on P such that

#lwhs 1= (had 0 fls (6.9)
while

w{wy ) = (e (mos) (6.10)

Note too that, since the fibres derived Dom F awd B are orthogonal al overy
point iu X,

Wipp A #(wryp) = 0 {6.01)
and similarly

Winp A #{wyen) 2 0 (G.12)
[ follows from (G.9) and (6.10) thal

EETTORTRVENS I (I TX 0 RN § SO £ TN {6.11)

while ne simple resull holds for the eotnpasition prodiet sinee the Hodge star

aperator does not distribute oeer the exterior product,
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6.2.2 Inclusion Operator
The induced map

i NPF x B— AP (6.3)
for any n < dim{F), can be used to define the inclusion operators

> ¢ AVF - AP

HERTV TN T SN (6-4)

for all n € dim{F}, by construction of weyp such that
Wemn = "i;(w_r. b) = {) Y b ] B (6-5)

Note that by transposing the roles of B and F in the interpretation of &
as & trivial fbre bundle, tha inclusion operators >: AVB — AVP, for all
n' < dim(8), can also be defined.

6.2.3 Composite Forms

Lot wy o A" B and ws d A®F, Also definie £ao A'B and £ » AF,

Compeosition Operators

Define the composition produet by
8 1 AVBx A\'F - AP
! (Waiwr) e wpbws = wase A wWaanp ' (6.6)
andl, in the case where n' = n, the composition sum by
d L ANBx ANF o AP
b (winws) Wbty = Wanp i Wrsr {6.7)
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over a potential F defined on M®, where n is the number of particles in the
largest cluster for which the energy of interaction is considered significant. It
is demonstrated in Section 6.4.6 that the potential ® » A°M can be obtained
from the potential F s A"M" via a suitable projection onto M.

The transfer from the microscopic view of she {tuid system adopted in See.
tion 6.1 to the macroseopic perspective required by the interaction field ap-
proach forms the subject of Section 6.5. In this section the potential energy
agsocinted with iuteractions wn a microscopic level betwaen the particles com-
prising the Quid iy transformed into an energy associated solely with the macio-
scopic configuration of the fluid, This transformation follows by generalisation
of the form derived in Section 8.1 for the potential F. Finally, a form for
F which s consistent with the macroscopic structure of the fuid detailed in
Chapter 2 iy derived in Section 6.5.1.

6.2 Structure of Product Spaces

6.2.1 Tri.ial Fibre Bundles

Any product spece P = # x F can be interpreted as a trivial fibre bundle 7
over B by defining the projection

nP- B (6.1)

such that there exists the isomorphism between fibres
it + FxB=7P

V(Fh e el YheB {6.2)
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Chapter 6

Potential Energy

6.1 Overview

In Chapter 3 the potential energy of the system was written as an integral over
the potential ¢ defined on the domain of the fiuid M. In this chapter, the
dependence of the potential > A°M on the configuration of the Buid system
is determined lor a fluid where there are bolh internal interactions within the
fluid and also intoractions betveen the fuid and some externally-generated
field,

In Section 6.2 some preliminary results regarding the algebra and caleulns of
differential forms on produce spaces are derived. These results are used in
Section 6.3 to transform some of the results of Chapter 2 for the structure
of the fluid system fror. expressions on the Huid domain M into analogous
rosults on the product structure M™ = M x oo x M {n [actors), where
n € Z% These results are used in Section 6.4 and egain ln Chapter 7, In
Section 6.4 & microscopic view of the fluid system as a collection of particles is
taken and a statistical mechanical approach is then used to derive o form for
the potential energy which is explicitly dependent oo the energios associated
with the interaction belween elusters of the particles comprising the fluid, Tt is
shown that the most natural deseription of the potential energy is az an integral
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5.6 Summary

In this chapter, two additional dynamic lormulations for the fuid system are
derived from the Navier-Stokes equation. The vorticity-based approach has
enabled the analysis of the continuity of the velocity to be completed, while
the utility of the approach based on the velocity potential is demonstrated in
Chapter 10,

In all the dynamical formulations derived so far, the interaction potential ¢ has
appeared, but no explicit form for this potential in terms of the configuration
of the fluid system has yot been derived. This derivationis i ubject of the
following chapter.



and henee

¢ = =dda

= { {5.30)

An impottant property of the velocity potential arises from the incompress-
ihility condition (2.7}, Since drdxw = 0 for any @ » A'M,

d*4

Mo = (5.31)

for all @ € Z, and hence the velocity potential is harmonic in each of the {luid
domains.

The no-rupture condition (116) on the fuid velocity can be written in terms
of the velocity potential as

( (eda) e oy == { (xd)lay Doy {5.32)

on all internal interfaces ¢y, while the automorphism condition (2.13) on the
fluid velocity can be written as

(#da)}n. = 0 (5.33)

on all segments J, of the boundary oM.

Finally, an evolution equation for the velocity potential can be derived by
substituiing (5.29) into the cquation of motion (4,18):

[d(pA+p+ @) Jim, =0 (5.34)

for all e & Z, since exterior differentiation commutes with the total derivative
and dpla, = 0. Ou integrating

[ ph+p+ B, =0, (5.38)

for all o € Z, whoere degfam, = 0,



torm for the vorticity, It appears though that the pressure could be found
at any time-step of the caleulation algorithm by the conventional approach of
substituting the requisite derivatives of the velocity field into the equation of
motion (£.18}, Such an approach would neatly avold the issues of smoothness
of the velocity and pressure at the fractal boundaries. The pressure calculated
using this technique would however be based on a velocity which has been
calculated from the averaged vorticity, and may not be sufficiently aceurate to
resolve the fine structure which, as shown earlier in this section, is associated
with the vorticity source on a [ractal boundary. In addition, it remains to be
demonstrated {possibly via the techniques of Panagiotopoulos [64) or Pana-
giotopoulos ¢t al. {65]) that the appreximate dynamics described here does
indeed converge to that of the fractal system.

The work presented in this section has been somewhat speculative in nature,
but it is hoped that the analysis previded here might in future be put to good
uge. In this work, however, the analysis of Auid systems in terms of the vorticity
contained within the fluid domaia will not be continued any further. The
remainder of this chapter is used to summarise anr extremely useful formulation
of the equations of motion of the system which follows from (4.18) if the fluid
Is assumed to have zero viscosity.

5.5 Velocity Potential Formulation

If the viscosity of the Ruid is identically zero, then the vorucity transport
equation (5.4) reduces to

§lma =0 (49.28)

for all & € Z, lplyiug that if ¢jar, == 0 at some time, then it is zero for all
time, This suggests the introduction of a velocity potential A » A°M in this
vage nuch that

v=da (5.29)
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approximation to the Sierpinski Gasket., Above the diagrams of geometry ia
shown the strength of the vorticity source on the boundary as a fraction of the
maximum vo ticity source &, on the configuration, Points at which there
is zero vortici .y source have been suppressed to retain clarity of the diagram.
For the simple geometries and pressure-potential field sssumed here, the frac-
tal boundary between the two fluid domains can be divided into three sets:
those points at which the vorticily source is zero, and those points at which the
vorticity source is either equal {0 O pay OF ~Gu. This analysis demonstrates
that the vorticity source on a fractal boundary can be constructed for any level
of approximation of the fractal geometry of the boundary, and hence that the
vorticity formulation shows potential as a technique for the analysis of fluid
systems with non-differantiable boundaries.

Computational Analysis

The vorticity-based analysis may be particularly suitable for implementation as
a computational technique. Box averaging or renormalisation of the vorticity
near the fractal boundaries followed by an integral approach to the calculation
of the associated velocity on the space occupied by the fluid (as described by
Wu and Thompson [88] and Wang and W (87]) will lead to an approach to the
dynamics of the fluid system which is similar to the vortex-cloud type approach
advocated by Cherin [16]. Such an approach may even allow the constraints on
the evolution of the fluid system to be determined via an analysis of topological
featurey of the flow such as the helicity or the degree of tangling of the vortex
lines within the domain of the fluid, Such approaches have been employed
suceessfully in the analysis of somewhat simpler flows by Chorin [17], Moffatt
[59] and especially by Acnold and Khesin [4]). Alternatively, it would appear
that the transport and dissipation of the box-averaged vorticity is particularly
amenable to caleulation using a conservative transport algorithm such as that
of Toro and Brown [82] or Brown [12].

The principal obstacle Lo an effective implementation of the vorticity-based
analysis a8 & calculation method is the presence of the pressure in the source

f ]
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tems since the associated non-differentability of interfaces renders the Young-
Laplace equation, which as shown in Section 1.2 relies on the existence of the
curvature of the interfaces, useless.

R
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Pigure 5,11 Generation of vorticity on fractal boundaries. {a) Quadric Koch Island
{b) Slerpinski Gasket,

Lquation 5,26 implies that the vorticity generated in the fluid system is closely
coupled to the geometry of the system, and in the case of a system containing
fractal boundaries, it appcars that the vorticity generated on these bound-
avies will 1tself be fractal. Figure 5.1 shows an approximation to the vorticity
source on the boundacy between two domains of fluld of differing denaity,
calculated for two well-known fractal geometries using (5.24) and assuming
d(p -+ @) constant in the direction indicated. The lower part of the diagram
shows the geometry? of the [ractal boundary: on the left is shown a four-level
approximation to the Quadric Koch Island and on the right is shown a six-level

*Siandard references 10 the construction nnd analysis of fractal sbapes are tho books by
Mandelbrot [54], Pritgen and Saupe [88), and Falconer [27].
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case of identically zero viscosity the vorticity produced on the boundaries of
the domains will remain there for all time. This implies that if the velocity is
initially coutinuous within the domains M,, o € 2, it will remain continuous
within these domains throughout the evolution of the sysiem.,

This result completes the analysis of the continuity on M of the velocily of
the fluid, These results form the basis of the work of Chapter 11.

5.4 Applications

Apart from providing information on the continuity of the velocity of the fluid,
it appears that the vorticity equations may be useful in two special circum-
stances. The broad description in this section of the possible applications of
the vorticity based analysis forms somewhat of an aside to the main progression
of this work.

5.4.1 Qualitative Dynamics

The rule of thumb that surfaces containing vorticity tend to move trangver-
sally to the vorticity gradient on the surface could possibly be used to gain
qualitative insight into the dynamics, or at least of the incipient motion, fa
system of interfaces. Unfortunately this rule cannot be relied upon in all cases,
for example where the vortex surface bounds a compact domain and hence the
dynamics of the surface ig constrained by conservation of the volume bounded
by the surface.

5.4.2 Fractal Domains

The most uselul application of the formulation in terms of the vorticity of
the fluid would appear to be in the analysis of systems with fractal domains
or boundaries. Surface tension theory cannot be used to analyse fractal sys-
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the density and viscosity of the fluid may be discontinuous at the internal
interfaces within the fluid. Additionally

(x0)]ags = 0 (5.20)

implying that the vorticity source lies in the co-tangent bundle of the interface.

An expression for the interfacial potential ®,5 can be obtained by enforcing
compatibility betwesn the vorticity equation (5.2) and the Navier-Stokes equa-
tion (4.18). Using definition (5.1} and subtracting the Navier-Stokes equations
on the domains on either side of the interface 44,

Q o ((p(I.))lMﬂ)laaﬂ = ((P(I))I.Mguuaﬂ
B T ol M) 0us — (Platg)lons

(5.27)

5.3 Velocity Continuity

Equasions 5.24 and §.26 can be used to complete the analysis of the continuity
of the velocity of the fluid, begun in Section 4.5, by providing results for the
case of identically zero viscosity.

Continuity of the velocity normal to any interface within the fluid domain
is ensured by the no-rupture condition {2.16), and any discontinuity in the
velocity tangential to an interface is associated, via definition (5.1), with non-
zero (but singular) vorticity. In the case of zero viscosity, from (5.24), any
source of vorticity must be located at a point in one of the houndaries dM,,
o € Z, at which the density is discontinuous. Hence if there are initially no
disc aticuities in the velocity, only tangential discontinuities in the velocity
might develop at any later time, and these discontinuities will develop on the
domain boundaries where the density is disconbinuous,

Since, from Section 2.2.1, the domains M, and their boundaries My, a € 2
arc all transported by the flow of ©, and, from (5.4), the vorticity away from
the boundaries of the domains is also transported by the flow of ¢, in the
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is known as the nduple probubility dewsity function Tor 1he speecies contained
ine & Z% As mentioned in Chapler 1, onee the fortn of the dynamies of
the particles under their mutual interaction is specified. it is possible 1o derive
a hierarchy of inttial-boundary value equations!, known as the Bogoliuhbov-
Born-(Gireen-Kirkwood-Yvon (or BBGRY) series, for the evolution of cach of
the forms fe, o0 ¢ 2%, The difficulty with this sequence of equations is that the
equation for the evolution of any n-(uple probability density function always
cantaing Llerms involving o-tuple probability deosity lunetions, where n < 0’
N, T follows that unless the sequence is truneated al some n < N, usually by
substitution ol algebraice forms for the w'-tuple probability density functions,
the BBGKY approach yields no advantage (al least in terms of computational
or deseriptive elfort) over the use of the ovolution equation for the probability
deusity lunetion [ governing the behaviour of the compliete set ol particles

comprising the nid system.

6.4.5 Constitutive Relation

In this work, at algebrale approach similar to thal comventionally used to
truncate the BBGRY hicrarchy is employed 10 model the species probability
densily lunetions, Fhe strplest approach to the constiintion of the species
probability density funetions fy, & @ 2% {8 to assume that

Jo = poin (6.54)

where 4 = AYM™ is known conventionally as Lhe n-tuple correlation function
[or Lhe combination of species denoted by o & 2", 'This form has the impor-
tant property that i particles with the specior assoclaled with o ¢ 2% are
not present, then the probability of encountering these particles s 2oro, as it
should be, The form of the correlation funetions is of corese delermined by

the sytmnetries of the microseopic struetnte of the Quid sestem.

Hor exmmple, the BRGKY hicrnrchy which resalts from the copmon assmisplion ihat
e metion of the paricles is Tumiltepinu s derived by Coreignani [31].
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where V, o A°M™ {5 the contribution to the potentizl energy as a result of

n-particle interactions for the given combination of apecies,

Rewritoe

Vin)= |J WN:n),

FEEn

on defining
(Minlp={e€(Nin)ico{e)=re 2"}
Using {6.55) .ud (6.58), (6.52) can then be rewritten as

W= 3 5 Qs (V)
TEIN pE{N i}y

Substituting thia expression into (6,50} gives

Va X T [ f Graesti(st)

€2 ag{Nin}y My

which can be vewritten usiug the fibre integral as

ve T 5 [ L) £ f

aEEN pg{Nm)e M A po

(6.56)

(657)

(6.58)

{6.60)

Alternatively, using thic isomorphism i, to change the integrating variables,

V = 1':11'" Vc wiwl w [
ﬂg"ee%t)a/"‘““ 1 l(* ) 1, %MN-n f

> [ Ve fo

s

whoere

Jo = 2 ‘i:ljéMN“ wf

rE(N e
> APM®

74

(6.61)

(6.62)



It i commen practice to assume that ¥ can he decomposed such that

N
*V::Z Z Darmea[¥V2) (6.51)
i=1 pG{ M)

where ¥, @ A%M., ¢ € (A : n) represents the contribution to the potential
energy of the system as  resuii of interactions between the n particles with
indices in e,

For present purposes, it is assumed that the decoraposition can be terminated
for some n < ¥ , in which case (G.51) can be recast as

Wa 3 Qe s(xVy) {6.52)
ea{Mm)

where

n
W, = Z Z pnnt & (¥ V)

(=] eleg{ei)
b nMu (6.53)

This form assumes that the contribution to the potential encrgy [rom n'-
particle interactions, where n’ > n, can be neglected compared to tho cons
tribution from interactions botween smaller numbers of partlcles.

6.4.4 Interchangeability of Particles
Assume the existence of a {most likely many-to-one) map
g {(Nin)— 3" {6.514)

for wll n € [1, N], where Z is the set of chemical apecics tutroduced in Sea-
tion 2.2.2, such that for each ¢ € (A 1 n)

Va2 *1a(* Vi) (6.55)
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mechanieal context, this assumption implies that the potential energy of the
system must be solely dependent on the location of the particles comprising
the fluid, and must be indepeadent of the linear and angular momenta, and
of the internal state, ol the particles comprising the {luid, In this case the
potential energy of the system of particles, Vo AL

Lot the probability densily function fo A°My be defined such that the prob-
ability of Rnding the configuration of the system of particles within R € My
8

fn uf (6.48)

and hence

fm wf =1 (6.49)

If the system of particles is assumed to evolve through the configurations avail-
able to it on a timescale which is much shorter than the timescale over which
a typical measurement of the state of the system is made, then the measured
{or *macroscopically observeable’) value ol the potential energy of the system,
V, is the weighted mean

s wf I B
Ve[, o (6.50)

Various symmetry propertics can now be introduced to reduce the dimension
of the manifold on which the potential encrgy is defined,

6.4.3 Decomposition of Potentials

Deline the sot (£ 1 a), where £ ¢ N and € [1, V), a8 the set of al} netuples
| {1 {ih Tavy é)\} {‘(Hl‘l!\ 1.'-1(?'(1 (Jf lliﬁtiu{'t {ilt\nlﬁuts ill vy !'n e "v Hu(‘h thnt if
e,y €LE 10}, e Neg =



(with index i € N) can be described by a point on o manifold My, which
iv isomorphle to the system manifold M, the slmultaneous location of all the
particles in the fluid ean be described by a point on the manifold

My = My
il;Iv &)

= JligM (6.45)
g
where igy 1 M = My is the isomorphism referred to above, This approach to
the description of the configuration of the fluid is a reduction of the approach
proposed by (ibbs [32,

DNefine the manifold

M. = [[My

e

H i {i }.'M

e

= jM" (8.40)

for any ¢ € .V, [t follows that i, : M® — M, is an iscmorphism and n =
card(e), Obviously if ¢ C e C N, then from (6.46),

Mﬂ = M‘!I‘ X d‘wﬂwgﬂ'
2 M X e M (6.47)
where n = cord(e) and n' = card{e"),

Note that the Hodge form a = Q! on M induces the Hodge form Q" =
' Q™! on the product manifolds M", n > 1 and hence via the isomorphism
the Hodge form Q. = "1} on M,.

6.4.2 Potential Energy

In Section 3.2.1 it was assumed o priori that the potential energy of the system
ia solely dependent on the configuration of the {fluid system. In a statistical
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holds for all M2 € M%. lor consistency, condition (6.42) should of course
hold directly from the compressibility condition (2.7) on v & %M via definition
(6.38).

This can easily be demonsteated, From {(6.38) and (6.13),

*Ly

#

*(Vaaa)

(k) @ P 4 Q' (s (6.43)

using (8,13}, where Q' and $1"=t are the Hodge forms on M and M™Y. Using,
(6.16)

dowry, = (dww) o0 4 d(§2 @ (k0rget )
= (=170 o (detrn) | (6.44)

where p = dim(M™"), using (2.7) and since the exterior derivative of & volume
‘orm is zoro, Hence, by induction, condition (642} does hold as a direct
consequence of condition (2.7).

Finally, since in Section 2.3 it was assumed that diycontinuitics in v are con-
fined to the boundaries My, ‘44 € Mz, it follows (since the set product
maps boundaries to boundaries) from (6.25) that discontinuities in v, will be
confined to the boundaries BME, M2 € M3%,

6.4 Statistical Analysis

The analysis in thix « wtion follows very closely that of Kirkwood {40], aithough
somewhat more modern notation will be employed here,

6.4.1 Manifold Structure

Assume the flnid to be compreized of N particles, each indexed by an unique
clement of the set A = [LLN] ¢ Z, Since the location of o single particle
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in Chapter 8, where the conditions required for the existence of equilibrinm
configurations of the Huid system are investigated.

6.3.5 'Transport of Occupation Functions

In Section 2.1 the How feld v v XM of the map v, was defined. Let vy = v,
It then follows from the analysis of Section 6.2.3 that . induces a flow field

Un = Vdlga
= po(va(- o)}
L # T (6.38)

on the manifolds M™, n > 1, and hence, by restriction, a {low field 4| pmn on
cach M2 ¢ MY%, TFurthermore, since from Section 2.3 (%*p)an = 0 for all
a & Z, it follows fiom (6.31), (6.32) and {6.19) that

(F4pe)lmg =0 (6.39)
for all M2 € M% and p, € 0%, and hence that each p, € O% is transported

by the flow of ;. The restrictions (2.3) and (2.4} on *p translate via (6.31)
and (6.32) to the restrictions

(dpy)lag =0 (6.40)
and
(%0 )My = 0 (6.41)

on all p, € O%. Henee, through a similar analysis to that used to obtain (2.7),
the incompressibility «ondition

dxtrn|agg = 0 (6:42)
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MG = MG
0% — 0% (6.38)

if & = @, Physically the action of the coalescence vperator is to remove any
distinction between the elements associated with the indices & and 8. This
is done in the case where a # [ by rearranging 2" into a smaller set and by
combining the separate domains and occupation fuactions associated with o
and J into single objects. It is imporfant to realise though that not all sets
created using the coalescence sum are constructible via definitions (6.35) and
(6.36) from some set Z C Z. Those sets which gre will have special physical
significance, and are discussed further in Section 8.5.3.

Isomorphism

By definition of the notation for the elements of the sets {2} o+, {M%}, o2+
and {O})}, .7+, there is trivially an isomorphism between {£7}, .7+ equipped
with the set composition operator, {M3}, .z+ equipped with the set product,
and {03}, .+ equipped with the composition product.

Note also that, by construction, there exists a bijection between the sets 2",

% and O%, for any given n = 1. By definition of the notation for the
vlements of each of these sets, it follows quite simply that the definition of the
conlescence sum given above also induces an isomorphism, this time between
the spaces 2", MY and OF themselves, and as a result the coalescence sum

must be agsociative over the composition product:

(e B)o(xef) = as(Fod) (6.37)
Note though that the composition product is not associative over the coales-

cenoe sunl,

These 1somorphisms allow vperations involving the occupation {unctions and
thelr associated fragmentations of manifolds to be expressed in terms of ma-
aipulations of indices. The resulting simplification of calculations is exploited
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The set Oz can be used to define oecupation functions on the product struc-
tures M", n > 1, via the composition product defined in Section 6.2.3, Given
©OL = @3z, define the sets

O% = {0a05 = Pa®Py t pa € Ofypy € OF '} {6.32)

by recursion for all n > 1. From the definition of the composition product, the
elements of O% are all sections of AYM™, and, if o € 27,

supp(p,) = Mz € M% (6.33)
and
Pyt Mg —1 {6.34)

Hence the elements of O%, n > 1 are binary maps on M*,

6.3.4 Coalescence Sum

Note that the sum of two distinct occupation functions defined on the same
space i a binary map from that space to the real line and hence may also
be interpreted as an occupation function, This leads to the definition of the
conleseence sum ; If o, 8 € Z" define

B ot} *
Z" = (2"~ {8} )& {an s}
ME = (ME~ (MR M} )& {MLUMBU (M N M)}
Oz = (0%~ {pap} )& {pa + 9} (6.35)
ifex 2 @ and
Bied) i
P
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Then, by induction, since Uggz Ma = M,
UM = Mxm

sEIn
= M (6.27)

Hence the remaining condition {1.17) for M% to be M™-complcte ig also sat-
isfled.

6.3.3 Occupation Functions

Finally, define the set of eccupalion functions on M associated with the {rag-
mentation Mz,

Oz = {p,» A" M}uez (6.28)
as Lhe set of binary maps defined such that

supp(pe) = Ma (6.29)
and

Pat Mo — 1 (6.30)
Physically the occupation functions can be thought of as behaving as ‘tracers’

for the presence of the various domains ef fluid distinguished by the fragmen-
tation Mgz,

The fluid density *a v $IM inteoduced in Section 2.2 can then be writlen as
*p=uwp, % €2 (6.41)

{summation over repeated indices assumed) since under the assumption of
piccewise congtant fluid density glum, s Moy = 7* € B for all e € Z.
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6.3 Product Structures in the Fluid

6.3.1 Enumerating Sets

In Section 2.2.1, the set 2 used to enumerate the elements of the M-complete
fragmentation Mz = {M,}aez was defined simply as some ¢« :t isomorphic to
a subset of the integors. In this section, this idea is extended to the definition
of complete fragmentations of the product spaces M® = M X .- x M (n
factors) , where n € Z*, Given Z = Z*, define the sets

Zh = {agfiae 2,42} (8.24)

by recursion for all n > 1, where the set composition operator ¢ is non-
commutative, The set Z" created in this manner is of course isomorphic to
Z % v x E (n lactors).

6.3.2 Cnrmplete Fragmentations

Given the M-complete fragmentation My = M}, define

]

ML = (Mhgp = Mg x MY My € Mz, M5 € M3} (6.25)

by recursion for all n > 1,

It follows from the following argur.cut that M% is M™-complete, Condition
(1.18) for completeness of MY 15 satisfied by the product structure of definition
(6.25) since the elements of Z* are distinct, Also

UM = U Max 3"

rgZn wEd
de.‘!n-l
-1
= UMax U ™ (6.26)
nEd dggn=1



A simple consequence of this result is that f 7 : B — B and ¢ : F — F are
one-parameter automorphisms with flow fields £,6 4 B and €6 X F respectively,
then these transformations induce an antomorphism ¢ on P with fow field
bl XP.

6.2.4 Fibrewise Integration

If wpp QP then it is always possible to write wp = wy@§)x g» for some g > AYP,
wg & 8 and Oy the Hodge form on F. Now “i4({l5,b) go|n-1(y) i8 a volume
form on the fibre #~!(b), and hence can be integrated over the fibre. Using the
isomorphism from F 1o the fibres to change the integrating variables

L_‘(b}'ff(ﬂmb) grle-tg) = L_ﬂ,*i}'*(gﬂ{,_l(b},b)

= j;. **17 (g le-1 a3+ b)

€ R (6.20)
Hence define the fbre integral
jé:- *¥gp ¢ B—o R
b b [ i gl 6 (6.21)

The fibre integral is thus & section of A°’B. This definition cun he used to
rewrite the integral [p wp using the trivial fibre structure of X as

= 0
_/;Wp j;wne rin

= [ v frgo (8.22)

since, from the definition of the inclusion operator, wy is invariant o the fibres
isomorphic to F. Of course, if wy is the Hodge fortm on B then

Jown= [ wf van (8.23)

Note that the Hbre intogral can be interpreted as a projection operator onto
the base space of a trivial fibration of a product siructure,
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Interaction Kernels

Sinee the interaction kernels F7 o A"M®, ¢ € Z" are independent of the
configuration of the {duid systom {see Section 6.1.5).

Uyt o (7.6)

for all w € 2™,

7.3 Dynamical System on D

Evolution from a Reference State

Assume that the evolution of the luid systeta can be deseribed by a connected
path @ B — D, and honee thay the configuration of the system at any time
¢an be found ou the curve v C I defined by

v {0(8) L € 1) (7.7)

where { can be | torproted as the olapsed time. Let d(¢) € TywD denote the
tangent vector to v al the point 9(t) € 4.

Distortion Modes

The quickest route to oblaining the equations of motion of the systen on P
is via the adoption of local coordinatea (dy,....ap) in & peighbourhood D
of each o € D, The eurve ¥ reprosenting the evolution ol the system ir then
given locally by paths a; 1 R ~ CuD, i = 1. p The coordinate {orm of the
tangeit vector to v at ¥ & T is th

W= r'u(i}.??g',' SRR M (T.8)

el
ELE TS

®T



-"";tcr besh ku = fc'r':h‘;tu (7-3)

For Mz io be Mecomplete for all v @ D, then, as described tn Section 7.4,
the flow field of ¢y must obhey the ro-rupture condition of Section 2.3,1. The
MP-completeness of the [ragmentations M7 for any » @ Z% {olows from the
M-completeness of Mz via the analyuis of Scetion 6.2,

If, for cousistency with the analysis of Section 2.2.1, discontinuitios in the
density and viscosity felds are to remain on the bonndaries of the elements of
theset Mz for all ¢ & D, and the density and viscosity are also to be piecewise
constaut and d-invariant on the elements of Mz for all J € D, then the {luid
density and viscosity must be teansported by the flow field of 4y, Tlence from
the defiuition of Seetion 19,3,

Prg b [ e kp o 'J;";I*fl

P e s gt (7.4)

Occupation Functions
Let &% = {j, }agan be the set of vecupation functions on M™ induced hy the
fragmeutation M3z of the relerence state {see Section 6.3.3), Then
Yo ¢ O = O%
C f’e ol IR T {7.5)

where 0% ia the set of occupation functions on M" induced by the [ragmen-
tation YyMz. ‘This follows since from thetr definition in Section 6.3.3 the
vecupation functions must he plecewise constont amd J-invariant on the ele-
ments of M% for all ¥ € D, and henvo must be transported by the flow of
¥,
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the density and viscosity of the Quid, As in Section 2.2.1, 2 is isomorphic to a
subset of the Integors and Mz = {(M, }.gz I8 an M-complete fragmentation
such that discontinuitios in p and y ave restricted tu M, o € Z, Denote the

set of all such states by X.

Belect sotte privileged stato

A

R = (iwgf’qfhs!t’o[aa)
g N (7.1)

to bo the reference stale for the Quid system,

Automorphisms of the Reference State

Asaume the existonee of a map
o Dl
D FW PN - (7.2)

lor some suitable space T, Let D ¢ D be defined such that {1}*1;'7‘% :0gD}is
some subsot of all fuld states obtainable from the reference state vin a trans-
f[ormation which is compatible with the kinematie and dynamic constrainte
on the hehaviour of the {luid derived in Sectivn 2.3.1 and Section 4.5, This
implies from the contlnuity of the velocity in the fluid system {(as discussed
in Section 7.1) and for consiatency with the assumptions made in Section 2.1
thut 9 1 & mr g M = M lor all ¥ & D and hence that T is isomorphic to o
aubset! of the group of plecowise-continuous automorphisms of M, auta(M).
Torm the space D the configuration manifold for the Quid system.

The action of # on each of the clements of the referonce state is now oxamined,
The action of 1 on the elements of the feagmentation Ma can be writton as

ve My M

Ty in impli:'i'tl'y assumed that ¥ is in fnet inomaephie to a submanyfold of aute( M), This
anminption of undeslying continnity W sequired hetoee the dynamsbeal syatem (7.7) can be
defined on the group.
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equations of motion devetoped in Chapters 1 and 3 require, however, that the
patential energy of the mternal interactions be expressed as an integral over a
volume form on M, Reduction of the representation on M™® to an equivalent
representation on M can be avoided by devetoping the equations of motion
on a configuration manifold which is isomorphic to an appropriate subset of

auty( M},

In Seetion 7.2 it 13 shown how the assumptions made in Chapter 2 regarding
the structure of the flukd allow the motion of the fluid to be deseribed as a
dynamical system on a conliguration tmanifold which i tsomorphic to a subset
of autg( M), In Section 7.3 the evolution of the system is defined in terms of
the growth of a sot of sultably defined distortion tnodes, and in Section T4
the kinematic and dynamic constraints on the motion of the fluld derived in
Chepters 2, 4 and 5 eve then rewritten in terms of these modes, Following
re-definition in Section 7.5 of the kinetic cnergy, potential energy and energy
dissipation within the {luid system in torms of the distortion modes, the La-
greagian approach of Cthapter 3§ is used in Sections 7.6 and 7.7 to derive the
equations of motion of the system on the configuration manifold, In Section 7.8
& lincar version of this equation, valid in the neighbourhood of any point in
the configuration manifold, Is derived for use in Chapters 8 and 10, while in
Section 7.9 some tdeas for & powarlul formulation of the dynamic equations for
the interaction ficld approach, based on the theory of geodesics vn a manifold,
are put forward, The analysis of this chapter draws much of its inspiration
from the work of Arneld [3), Arnold and Khesin [4], and Ebin and Marsden
[25).

7.2 FEwvolution from a Reference State

Reforence State

Define a state of the Quid system asa list R = (Moponp, .M 2). M s the uid
domain, and *ge .M and 5o A"M are plecewise-constant flolds representing



Chapter 7

Dynamics on a Configuration

Manifold

7.1 Overview

The analyses of the continuity of the velocity > AM conducted in Section 1.5
and Section 5.3 can be combined to show that, if there are no initial discon-
tinuities in the velocity, then the veloclty will romain continuous within cach
Mo C M, ¢ € Z for all vlie, If the Quid has non-zero viscosity, then the
velocity will be continuous throughout M for all tirme, This resuit implies that
the transformation ¢y ¢ M - M agsoclated with v s a piccowise-continuous
automorphism on M and a continnous transformation on ench of the elements
Moy, a € Z, of the M-complete fragmentation Mz defined in Section 2,21,

An elegant approach to the equations of metion of the system s obtained by
constructing them on the infinite-dimensional Lie group aute( M) of plecowise
continuous automorphisms of M. This approach has particudar cconomy in
the case where there are mutual interactions betwoeen the fluid pacticles, Tt
was shown in Chapter 6 that the potential energy of 1oternal interactions
within the fluid i most naturally expressod as an integral over a seetion of
OM™, where n > 1, rather thar as an object associated with M itsell. The
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Explicit Form for F

In preparation fur the analysis of the following chapters, the explicit prototype
Fleoms; b (B s &y Pl 5a)
Gy OXP[ =A2((0 = 2 ) (g = )+ (2 = 20 ] (6.74)

for an tnteraction kernol on M2 in the absence of external intovactions is defined
hore, The parameter &, € M 18 a measure of the range of the interaction
kernel, in the sense that, ay & ~ oo, the range of the interaction kernel goes to
#ero, while ge 18 of course the amplitude of the interaction kernel. This form,
illustrated schematically in Figure 6.1, is used extensively in the caleulotions
of the chapters which follow, principally because of the ease with which it can
be manipulated, but, as is shown in the examptes of Chapters § and 10, also
because it has particularly sitmple asymptotic properties,

6.6 Conclusion

The natural reprosentation of the potential energy as an object on M?, rather
than on M, derived in this coapter suggests that analysis on M™ may in
fact yield a dynamic equation for the {uld systom which is better adapted to
the analysis of fluid systems which are subject to infternal interactions than
the cquations on M derived in Chapters 4 and 5. The derivation of such an
equation is the subjest of the lollowing chapter,
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respeet to Lhe symmelry group isof 1) must be ol the form®
Fisoim'ia 28 an s n)
i P (= ) (3 ) (2= 2)?) (6.73)

whote 1 It — IR, op interpreting the zero form F7 as o map from the chart
induced by the coordinates on M? Lo the real line, The physical interpretation
of el a form s that the interaction hotwoeon bwo infinitesimally small domains
within the Hluid i dependent on the distanee helween the donaing, but is not
dependent on the velative ovientation of the domains or on their location within
the Huid,

Note that a keeuel of the loria of (6,73) saturally possesses the projection
ayimmetry required lor uniqueness of the potential ¢ » A®M,

Example: M =i, iy
~=— Projective symmetry sef

)

\/ LS
*s

mutuc seff ~
Mﬁ Intaraction Interocﬂon
Mu@ﬂ Mﬁ@ﬁ
Intergtio " et
aractlion ntaraction
Mo M M
,Nasw e
o’

My 'MB

IMigure 6.1: Schematic of the prototype interaction kernel,

"] ltin i .m:h |1mm| tINIIly.' !h: ulumlm:l techniques deserilsed by Heagimov [15).
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structice of the fluid, any interaction keenel on M®™, » > | describing solety
an infernal interaction within the fluid should itsell be isotropic in the sense
that it should be invariant with respeet to translation and rotation of the fluid
domain M. In other words the interaction kernels describing internal inter-
actions should possess the full set of rotational and translational symmetries
permitted by the value of n, since any reduction of the symmetry of the inter-
setion kernels would require some account to be kept of the evolving internal
structuee of the system. ft is important to realise that the symmetry of the in-
teraction kernels can of course be broken in the case whete a component of the
interactions is generated externally to the Ruid. This situation is investigated
further in Chapter 8.

Thus, in the absence of external interactions, the kernels 77 » A’ M2, o ¢ B2
should be invariant with respect to the infinitesimal generators & » M3,
i=1,,..,9 given by the tronslation operato. »

& = dradr,

& = dy+dy.

gy = drbdn (6.71)
and the rotation operators

(Y ~ yu)d = (2 — 2. }dy

&1
&

fp = (&—=u)dr—(2=z)de

(7 == 2)dy = (y = i)dz

&r = (y =y ddee = (2 = 2 )dys
s
fﬂ = (J" - .P.}lf:v'. - (-3 - 3*)(!&’& (6'72)

i

{: i :.'.)d!}- b {."} = ”n)dz-

Denote the symmesry group generated from the basis & o M2, i = 1,...,9
by iso{ "), Any interaction kernel Figgme, b A°M? which is invartant with
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M 15 be isomorphic® to 1Y, and let (&,p, 2} and (24, e 2.) be equivalent,
uniformly valid, rectangular coordinates for M. Then (2,4, 2, @, Pu 20, i
voordinates for M? induced by the coordinates on M. Denote the dual basis
induced by the coordinates on M? by (dir, dy, dz, da., dy., dz.).

Projective Symmetries of F

If the potential & is to be determir- . uniquely from the interaction kernel F
via the projection (6.67), then the pecies interaction kernels must possess the
projective symmotey

}-ﬂ(‘hfh By Bar fus Su) = Fﬂ(-rnly'! Zup il Yy ¥) (6'68)

for alt & € 2%, on interpreting 7 . » map from the coordinates on M? to
the ral line,

For later use let pr; : M"™ — M he the canonice] projection onto the £'th
factor in the product M™ = M x .+« x M, Deline § C M™ s the prejective
aymmebry scl

= {xeM"ipr(x)=pr{x)Vij€{l...,n}} {6.69)

In terrs of the eoordinates on M? defined above, the projective symmeotry set
8 C M?* {a the set

S = {(sty|z;ifnyn:«) HEE I T O =-} ({5-?0)

Point Symmietries of 7

To e conststent with the isotropic form (2.3) lor the density within the do-
maing comprising the lluid and with the absenee of any model for the internal

- R

Phe ense where M s omorphic to 822 follows in similar fashion.
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As discussed in Chapter 1, a macroscopic model of any particular fluid system
cannot by definition contain a detailed description of the microscopic physical
propertics of the system. The microscopic analysis of Section 6.4 must thus
be carried through into the mactoscopic interaction field model for the fluid
system via the following two assertions:

s For the purposes of generating a macroscopic model for the dynamics of
the fluid system, the order-n interaction kernels need not bear any direct
refationship to the interactions between the particles within the system,
but can be genetalised to be any one-form field on M™ consistent with
the symmeiries of the maergscopic model adopted for the structure of
the fluid system.

» For the purposes of generating a macroscopic interaction field model
which is consistent with the classical surface tension thenry, it ig unnec-
cossary to model higher than pairwise-order interactions in the expression
for the potential energy of the fluid system.

Of course the validity of these assertions has still to be demonstrated. This
demonstration forms the subject of Chapters 9 and 10, where it is shown
that some additional conditions must, in fact, be imposed on the form of the
interavtion kernels if consistency with the classical surface tension theory ia to
be obtained.

6.5.1 Appropriate Form for F

It remains to determine a general form [or the interaction kernels which is
consistent with the model of the macroscopic structure of the fluld system
adopted in Chapter 2.

Using the second assertion made in Section 6.5 to reduce the scope of the
present analysis, only the form of the interaction kernel on M? is considered
hore, The forms of interaction kernels on the kigher dimensional product strue-
tures follow by similar arguments to those presented in this section, Assume
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Note that there are n distinet ways in which F can be projected via the fibre
integral from M™ onto M to obtain the potential @, If the potential @ is to
be uniquely determined from F then the interaction kernels 77, ¢ € Z must

ossess cortain projective symmetries, as uescribed in Seetion 6,5.1,
p

The result (6.67} shows that the approaches to the dynamics of the fluid system
employed in Chapters 4 and § will become extremely awkward if there are
interactions between the fluid particles of pairwise or higher order, ue in other
words if there are any iniernal interactions within the fluid whatsoevar, If
n > 1, the dependence of ¢ on the occupation functions on M®, and hence
through (6.32) and (6.31) ou the density xp» (2M, I8 obscured by formulating
the potential term oti M rather than on M* The s*ructure of (6.65) shows
that in general it is not possible? to write an evolution equation for ® solely ir
terms of ficlds and operations on M, and hence that any attempt to follow this
route must lead to an overcomplicated and unnatural time-paramettisation of
&, or must require substantial simplification of the dynamics involved®, Some
previous attempts to follow this route are reviewed in Chepter 9,

6.5 Generalisation

A large body of literature exists® in which spacific forms for the interactions
within specific fluid systems and detailed information on the correlation func-
tions and their dependence on such factors as the rate of deformation of the
fluid and proximity to interfaces within the fluid are deseribed. These duserip-
tions are usually derived from the results of caleulations and experiments on
the molecular level of description of the Huid system which are often intricate
and extremely difficult to perform,

#ixcopt of course when nos=z 1 i the ense where (he only inbwaction in the system
oviginases in pn external fAeld.
3%en Chapter 11 though, where an integral geometric analysiv of ¢ o /\“M is uged lo

ohbtnin some of the guafitative fontures of a simplified dynamic jor the fluid aystemn,
1As roviewad by variot. tives ineluding Boon and Yip [9), Temperley and Trevena

[70], Croxtun [19) and in the stnnd.ard reference by Hirschlelder, Curtiss and Bird [34).



Substituting (6.63) into (6.61),
V = *pa'fa":r
PN

= f WF (6.64)
where the ordern interaction kernel

F = pF°, o2

> AM® (8.65)

(summation over repeated indices assumed). The forms 77 b ACM™, o € 2*,
will be termed the order-n interaction kernels for the particular species con-
tained in ¢ € 2™, It is implicit in the constitutive assumption that the entire
dependence of the potential energy on the configuration of the fluid system
is contained within the occupation functions, and hence that the interaction
kernels for the species are themselves independent of the configuration of the
fluid system.

6.4.6 Recenciliation

Expression 6.64 for the potential energy can be reconciled with the form as-
sumed in Section 3.2.1 by using the fibre integral to expoit the fibre structure

of M™
|4 f . *F
= fm Qe F

- (8.
= f *.7%.4“-1 *F (8.66)
using (6.23).

Hence, comparing (6.66) and (3.7),

P = fw‘_l *wF

b ACM (6.67)
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7.10 Conclusion

In this chapter it is shown that an evolution equation can be derived on a
suitably-defined configuration manilold for the Buid system, This approach
avoids the need to project the potential energy of the fluid system [rom an
objuct defined on M® n >, onto an objoeet on M, as is required by the lorm
of the equations of motion derived in Chapters -} and 5 Note thoupgls that
sinee the same Lagrangian is used in the derivation of the results of both this
chapter and of Chapter 1, and since cach vaciation defined on the configuration
manifold D in Section 7.6 can be mapped using (7.10) and the compatibility
conditions of Section 7.1 to a variation ou the domain of the feid M of the
type defined in Section L2, the analyses of Section 12 and Beetion 7.8 are
cquivalent and benee (1,18) aud {7.38) are merely two alternate manifestations
of the interaction fiold model defined i Chapter 3.

The analysis of t tis chapter concludes the definition of the interaction field
mudel, In the remaining chapters of this work, the properties of this model
are explored in varipux static and dynamic contexts, aad, in addition, the
interaction Held approsch in validated against Che predictions of the clussical
surface tension model,
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Manperinis’ variational principle (7.14) for the thdd sestom can be wiitten as

6 ["rar = 8 [ VT

i i

! E "
e 8 j;"l{ (f‘a‘n ‘}T(T).l}) !ll',“
b VA7)

on substitution of (716} and the constraint on (he physical patly that 7 -
Fy -~ 4 under the assumption of zevo dissipation, Note that

T A (I’:[} I'lr" )T (T']'H]

is alko a metric tewsor on D, and Bs conlormally veleted Lo the raetrie tensor
T, Using this deffuition (T.A7) hevatnes

§ f !’[ Toh oy ['2d1 = 0 (740
Wi

which shows that the trajectories 4 (see Section Ta3) of the non-dissipative
aystom are goodostes o D under \he motrie T, 'This metsie, known as the
Jarubl moetrie, on the conliguration spaee ol the aystent hss hoey ased in the
agalysin of the dynsmies of simple mechanical syslems® and wouald appear 1o
e acdmirabiy suited to the anadysis of non-dissipative (luid systets of the type
disenssed in this work,  In parficolar, there exist o namber ol theorems on
the global propeeties of geodesies on o munifold® which may be used to yield
more general results for the dynamies of fludd systems with interfaces than
can be obtained via the analyses prosented in this work, Unlortunately, very
little appears Lo be known abowt the glabal struetuee of the gronp manilold
aute( M) on whicl D s lased, and this s 2 major impediment Lo progeess vis
an analywis of the geodesios on 7, Farther progress may s be foreed (o awalt
furtler develapments in the theory of gronps or in the theory of manilolds,

8er e [1.-'l|.it'l‘. lll,\-' Pin f-l.i'i’l'. -

Sew for instatec Hie books by Cleeger aped Ebin |15}, and Klingenhery 143).



7.9.2 Maupertuis’ Principle
An alternative, but equivalent, formautetion of Hamilton's variational principle

(soe Section 3.1} which is valid if the dissipation in the fluid system is identically
zero s that due to Maupertuls?, The action

4
A= ] Tdl (7.44)
in
is assumed to be stationary for the evolution of the system over the arbitrary

time inteyval fy < ¢ < 4, and the variational paths ave restricted to those
satislying the total encrgy condition

TVt {7.45)

where [ is the sum of the kinetic and potential energies of the of the system

7.9.3 Dynamic Metric on D

Note that (7.18) for the kinetic energy of the system is identical to the equation
T = T(9,9) {7.46)

written in terms of the coordinates on D, if T Is the second-order symmetric
definite® tonsor field on D with components T;; = MY in the coordinate basis
for P adopted in Section T.3. The tensor T thus can assume the rolé of a
metrie on D,

4Rop, for jnstaner, the book hy Abraliam nnd Marsden {2
SSymmetry and deflgitenoss follow from the properties of the exte,mr produet and the

Madge Star, and the tengorial netuee of T follows from the wansturmiation law for o change
of coordinates on T,



using Stokes’ Theorem,

Substituting (7.39) and (7.0} into (7.38) and retaining only those terms of

linear oeder in the ¢; gives

MY i OV iy 4 KY g 10 = 0 (7.12)

7.9 Geodesic Flow on D

A particularly compact formudation of the dysamic equation in the case of
identically zero viscosity of the Quid can be obtained by realising that, if ("7 =
Oand IV = Qlorall i,j = 1,.,..p, then (7.38) is the covrdinate form of an
equation governing a geodesic low on D, Although the nnalysis leading to the
formulation of the dynamie equation as a geodesic flow on the configuration
space for the system is presented in this section, for reasons to be discussed
hiere this approach will be taken no further in this work,

7.9.1 Geodesics on a Manifold

(fiven a manilold M with metric g, a geodesic connecting points », and @y in
M is a curve in M (generated by the path ¢ @ B ~ M) of minimal tength
passing through 2 and r, That is, along a geodesic the path length

n
0

[ eéienden 1 (7.43)

ir siationary, whero ¢ is the parameter along the path such that leg) = 2o,
C{eg) = &y, and ¢{r) i the tangent vector to the geodesic ot {(e) € M.
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for j=1L....p

Note though that

LMY = AP g, (7.37)

{lence the evolution of the system is given by
M7 8+ MY &l + (Y iy = F1 =0 (7.38)

for j = 1...., o on partial differentiation ol the first term of (7.38).

7.8 Linearised Equation of Motion

The equation of motion (7.38) can be linearised about any point in D. De-
fine coordinates (@y,....up) in the neighbourhood of ¥ & P such that ¢ has
coordinates (0,...,0). [u the neighbourhood of 9,

MY = MY MR g4 O(0r)?)

MR AUk iRk g Ox(0)))

C9 o= 9 O gy 4 O((a)?) (7.39)
and

e 1= K9 b Ofu)) (7.40)
where the atiffness corfficients

K9 w

= Ly [ Loy (0F)

= [H d(xv!, *d(Fevl))

DY fa‘M" wtdh wd{F i) (7.41)

aGgn v’
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from (7.17) and (7.22). Hence from definition (1.13)

- j:w.. Ly xF) (7:42)
since, from (7.6), "yF" = F* and lience Taij “aF7 ) = 0. Alternatively,

using the Cartan identity {1.11),
S I B
! jMn vl A wd(F)

= f.w wol (F) (7.54)

7.7 Equation of Motion

Since the sections ¥, § = 1,...,p already obey the incompressibility restric
tion (7.12), Equation 4.6 for the Lagrangian density can be used withont the
inclusion of the multipliers® required in the derivatir @ of Section 4.2, The
variation of the Lagrangian map for the system is taus

6L = MY & iy
» fpd i R .
+ bt /m Ctey lt’) dt!
- I ba, (7.34)
Applying Hamilton's principle (3.2),

] ) . .
f‘ By { (MY &) + €V &g o= 17 |l == (7.35)
[}

for j = 1,...,p on integrating by pacts using (1.22). Since the varlations da,,
J = Lo, p are arbitrary and independent of each other,

F(MY )+ (0 iy = P =) (7.36)

e nluenee of the p remmtite in L resulting equation of motion is snother major advan-
tage of the present approach ovoer the analysis of Chapler 4.

ok



Using this operator, the variation of the kinetic energy is
81 = MY iy bd (7.25)
T variation of the dissipation function s similarly

B = Oy 1) Big(1) (7.2

Phe variation of the potential energy is now determined, Lot o] = o/, j =
Lyoovop. Then, lollowing the analysis of Section 6.2.3, 1he map 4y, togetber
with the coordinates (¢r,, .., 1,) for P induce distortion modes

‘Ui P4 'U"I ot U‘i,_l
&AM (T

on the manilolds M*, n > 1 such that the {low ficld w2, 5,074 of ¢4 on AM®
is miven hy

Wy o ‘lh T,L {T-Ea)
Fram (6,42) and a shnilar analysis to that used to obtain (7.12). it lollows that

(dwwr) May =+ 0 (7.49)
for all i == 1oy p and M3 ¢ M5, Tlenve

61" 7 B {7.30)

where Uie foree cocfficivnls

) “‘ g
f h i 1

./:’\-'h; d:[ l"."::'ﬂr .":I'i*:p" ) (eadl)

0l



Potential Energy

Finally, if the potential energy of the system is now assumed to be of the form
of (6.64) rather than of the form of (3.7):

V o= '/‘:M*F

fM“ *p F"

o [

= [ o (7.22)
M

(summation over ¢ € Z® assumed) using (7.1) and (7.6).

7.6 Variational Analysis

At any point ¢ € D, the curve ¥ along which the system ovolves is specified
by the poitt in TP with cooedinates {ay,..., 05 @1,...,4p). Assume variations
fa;(t) and &ai{t), i = 1,...,p to these coordinates. The variations are subject
to the kinematleal constraints

By = &b (7.23)

and the end-point conditions da{le) = 8&i(t)} = 0 and dailly) = da;(#)) = 0
forali=1,...,p

The variation operator for this system? is then

6 = bigir -+ g (7.24)

3Ag in Neetion 3.1, the readee is referred to the texts by Loanegos (18] nnd Burke {18} for
the derivation of the variation operator,

42



. f L, (7.47)

wim thly
using the definition of the total devivative given in Section 1.9.2, In the follow-
ing analysis, the abbreviated notation I; or I is used to denote the derivative
of the integral I with respect to the parameoter a;.

Kinetic Energy
On combining (7.10) and {3.6), the kinetic energy of the fluid system is
T= %.‘WU tli t'lj (T-ld)

where the inertie cocfficient

MY = f\,,ﬂv"x\w"

it

aom I J ”
fMp o V' A’ ) (7.19)
using (7.4).
Dissipation Function

Stmilarly, on combining (7.10) and (3.8), the dissipation function for the system

is
D= %C.‘" G G, (7.20)

where the damping cocfficient

(¥

it

f B dut A sde
M

if

fMﬁ’ *iul dut A sdo? ) (7.21)

again using (7.1}
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non-zero viscosity the distortion modes must be continuous everywhere, while
il the viscosity is ldentically zero, th. . the definition of the distortion modes
must take into account the possibility that the velocity tangential to the in-
ternal interfaces Dy o7 € Z may be discontinuous where the density at the
interface is discontinuous,

7.5 System Integrals

fiven a reference state
R=(MphE Mz.0z3) (7.15)
lat
R = (M, o0, 2, Mz) (7.16)
The system integrals defined in Section 3.2.1 can then be re-expressed in terms

of the di-tortion modes v' e ¥M, i = 1,...,p. The following result is needed
for the analysis to follow;

Differentiation with respect to a Parameter

Let § : @ — D be a one-parameter path such that 9(0) is the point ¥ €
D with coordinates (a;,....0,) and 9(¢) is the point in D with coordinates
(@150 001 b €4y ap), The derivative of the integral / = [, ym we, where
wy b M™, for any m 2 1, with respect to the paramete. a; can then he
defined as

2
it

i 1 . .
Y '1‘{][} E( - Whie) ‘[“'u‘vm"""‘ Wu{ﬁ)]
N 1 L3 -
= lim- me( Witepiee) = Vito@io))
1]

tesl) g
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Kinematic Constraints

A kinematic constraint on the form of the distortion modes is implied by the
incompressibility condition (2.7). Since

d(a; ”i)lwwﬂq = d*”"u‘-g&!n
= 0 (7.41)

for all @ € Z and ¢ € D, or, since the &, { = 1,...,p are in principle arbitrary
and independent,

d*uilh'-'m':'l-: =0 (7'12)

foralli=1,....p,a € Zand v €D,

As in Section 2.3, this vesult can be integrated over each of the elements of
Mz, giving

f%aﬂu s = () (7.13)

foralli=1,...,p, a € Z and 4 € T, using Stokes’ theorem,

The no-tupture condition (2.16) leads, by a similar analysis, to the second
kinematic constraint on the distortion modes that

(%0 gt Moaw = (0l 00 s = 0 (7.14)

where Oy = 11’,3('3;\;[., M iad Mg If this constraint is satisfied by the distortion
modes then wm;f; is u’-'.;.‘;f-t'umplete it A;iz is J\;bcomplete.

Dynamic Constraints

Dynamic consteaints on the forms of the distortion modes age implied by the
interfacial conditions derived in Section 4.5 and Section 5.3, In the case of
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where ﬁfl-. Vees ﬁ) 15 the coordinate basis for TyD and the superseript dots
on the right hand side of the equation signify dilferentiation with respect to
t € IR, These deflinitions can of course be extended in the standard way to the

whole of -y € D via an atlas on D

Using local coordinates, gy has the linearisation
Pogey s X X Ea(l) #ut 4 O(F%) (7.9)

(where summation over repeated indices is implied) for all x ¢ M. Assume
that the maps @ aml g are equivalent representasions of the motion of the
fluid, The equivalence condition

v = t't;' ‘U'.
e M (7.10)

on the flow felds generated by the two automorphisms (see Section 2.1) must
then be satisfied.

The formas v'e AM, i = 1,...,p, will he termed the distortion modes associated
with a particular selection of coordinates for D in the neighbourhood of a
particular point ¢ € D. The transformation laws for the distortion modes
follow immediately from those for a change of coordinates on D.

7.4 Compatibility Conditions

If compatibility with the macroscopic model for the fluid structure adopted in
Chapter 2 is to be ensured, then a number of constraints on the forin of the
distortion modes must be enforeed,

b



Define the coluvmn-transpose teatsformation by
- [d’"[q H{]:‘:‘i —— [‘hr‘ !h!]::l

: (gl-lgl={g]{%] (8.19)

where the transpose matrix

(I
(%] =
b0
€ [R) (8.20)

The diagonal transpose is defined in the usual way by
v (MBS - (M, Ry

t [ g5 Jomeany = (55 Jonmy = {951 Jnum) (8.21}

Linear Independence

Define the matrix function { g* | € [ 84, iR 1a to be linearly independent il
(Al{g"1T = [BL(A]le[R]
= (Al=[0] (322

where [ 0 1s the zero of [ R n and {0 ]: M = [ 0] is the zero of { M. M2 |
{Note that this definition immediately implies that none of the eloments of
{ g* | are the null form G : M ~ 0.) Lot [ MR 13 ¢ ] M, R ]n be the sot of
lincarly independent matrix functions in ( M, £ ..

From this definition, if [£] € [ M R o and [ g" | € [ M ]a s Hnearly
mdependent, then, since [ 11 M « | R ),

[£]1lg" )" = [0)
s [F)=[0] (8.23)
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where the distortion mode ¥ bas been generadised to some r,0 X M™, Restrie-
Hous on 7y for solntions to (%,16) to correspond Lo physicatly-valid solutlons
ol the equilibrium equation (8.15) are developed in the analysis which follows,
In the fellowing sections, o aateixebased teehinique for the solution of (8.16) in
torms of the ovenpation lorms p, & ©% b developed, In Section 8.6 it is shown
how this approach allows the equilibria of a particular Quid system consisting
of o number of distinet domaing to be determined by largely algebraic means.

8.4.2 Notation and Definitions
Matrix Funetions on a Manifold

Deofine [ 2] as the sot of all i x n veal-valued matrices, Use the netatiou
[ Aij Jimeny to denote the composition of [ A ] € [ IR | in terms of s elements,
For later convenience dofine [ R Jo = [ )L and [ A )y 2 M) Jaaye Deline the
set [ M0 )7 of real valued mox 1 matrix funetions on o manifold M such that
L8] = (g lime € { M cach gi; > AM and henee { gt M = [ R ™
Ax bofore, define abbreviated notation for the case m = 1,

I}+fine the matrix produet of two matrix funettons { F) = [ fi; Jmay € [ M 0P
and { g ) = [0y Jom €1 M0 )L such that

(£10g) = [ Jfin g Jimm
e (Mn)7 {8.17)
where summation over repeated indices is casumed.

Also, If § » FA can bo interpreted as o linear differentin operator on M and
[ f ] = [ f;‘;‘ ](m.ul g [:U, !R]:‘. define

&lf o= { €0S0) Yy
a MR (8.18)
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figures 8.3, 8.4 and 8.5, whoere the asymptotic agreement botween the analysis
baged on the intoraction field approach and Platean’s ¢lassical analysis can be
more clearly seen,

8.4 Equilibrium via Symmetry Groups

Using (7.33), Equatiot 8.6 for static equilibrium of the reference state of the
(luid system ean be rewritton as

JEI fw »ui,(F)

£

[w “i(p,F) . @@ B
= (8.14)

forall j=1....,p

8.4.1 Strong Condition for Equilibrium

Fquation ¥.14 is satisfed in the strong sense if
Vi{p F ) =0, og2" (8.15)

for all j = 1,...,p. This equilibrium eguation should be recognised as the
genecrating equation for the point aymmetrles of p, ", ¢ € 2. i is assumed
that the interaction kernels F*, « & Z%, representing the interactions within
the fluid, are known forms on M" and that the equilibrium conflguration of
the system is given once the forms p, & OF satialying (8.15) ave determined.

Sinee the differential operator is a derivation with respect to multiplication,
(8.18) can he rewritten as
FT talp) + o Ta(FY=ll, g E" (8.16)
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Figure 8.5: Energy variation for Plateau’s problem (£ < 1).

interactions® between the agments comprising M, particularly between the
segments oy and oz when the angle 4 ig particularly acute. Indeed, over a small
interval of & a second stable equilibrium is encountered where the included
angle between the segmonts oy and oz is approximately w/10. Comparing the
two contour disgrams for 8, = n/3 and 8, = v /6, this second equilibrium
would appear to be a strueturally stable feature of the system, The comments
of Section 3.1.1 as to the physical relevance of results such as those discovered
here are relevant and in this particular case it is surmised that the conditions
required for differentiation of the two neardby equilibria In an experimental
situation would be somewhat specialised,

For completeness, the variations of the potential energy with the geometric
parameters ¢ i each of the regimes & » 1, k& 1 aud & < | are shown in

A8 iy discussied in Chapter 9, Jong-range intesactions nre exchucled from analyses hosed
ot the elussical surlace tenston based theory.
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Figure 8.4 Energy variation for Plateau’s problem (k = 1),

The potential cnergy of the system then follows from (6.6:4) as

V[ o (8.18)
Figure 8.2 shows the relation of the potentisd energy of the system to the
geometric parameter ¢ and to the parsmoeter & representing the range of the
interaction kernel F, Fnergy contours for §, = n/3 and 0, = x/6 are shown,
and the stable equilibria of the system (assuming & to be fixed) have been
identified.

It appears that in the limits as & = 0 and as & -— o, that is, as the vange of the
interaction becomes respoctively large or amall compared to the radius of the
cirele ayz, Plateau’s result is cegained, while where the range of the interaction
is comparable to the radius of ryz, significant deviation from the clagsical
regult i found. This deviation would appear to result from the long-range

107



Logend

L Keb

. k=10
I k=60
v, k=100
v. ke 500
vi. k= 1000

Figure 8.3: Energy variation for Plateau's problem (r X 1).

the interaction kernel F o AYAM# sucly that
?IMH'?J-‘I = Fige (S-IU)

i50¢ gt

hud

Fltaia = Fitag, = F

My 77 (i [H'! l)

where is 1he four-dimensional analogre to the kernel defined iy Sec-

4
igor Ny
Sion G.5.1, This kernel ean he weitton as

T v, b (0o B v - expl CREC PR e Beecos{l - 0,) )] (8.12)

isag et

using equivalent, unilormiy valid, polar coordinates (0, 8} aud (r,., 60,) for M.
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Figure 8.2 Energy contours for Plateau’s problem.

or, oy and oz representing the fluid membranes in Plateau’s analysis, and M,
consisting of the complement of M, in M. The thickness of the {luid mem-
branes is asswrned to be irrelevant to the analysis, The extremities 2, y and 2
of the segments comprising .M., are conatrained to lic on the cirele zyz of unit
radiug, while the point ¢ is [ree to move along the diameter passing through
2, The displacement of o [rom the centre of the cirele xy2 Is given by the
parameter a as shown, while the locations of the extremitios are governed by
the angle 8.

By simple trigonometry, the included angle 4 between the segments oy and o3
i1 refated to the geometric parameter ¢ by

¢z cos ), -~ T (8.9

The fluid i M,, is assumoed to be subject to a pairwise interaction with {tself,
while the Bnid in M, is assuraed not to be subject to any interactions. Define
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and oz /

Figure 8.1: Geometry for Plateau’s problem,

The equilibriutn condition derived in this section will not be used again in this
work, except Indirectly in Chapter 11 and, by way of example, to determine
the equilibrium configurations of the following well-known classical system.

8.3.1 Platean’s Problem

Plateau [68] showed, using surface tension theory, that three thin fluid mem-
branes in stable equinbrium always intersect such that the angle between ad-
jacent membrancs s Ur/3 radiang. As a simple {llustration of the use of the
system energy to locate equilibrium configurations of a Huid system, Plateau’s
problem 13 re-analysed using the interaction field approach. Consider the ge-
ometry shown in Figure 8.1, Let the Auid domain M be lsomorphic to 2722
and let M congists of the two domains M, comprised of the three segments

SS50e for tnutagee the toxt by Araold [3).
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bourhood surrounding the point about which the equations have been lin-
carised. Ience the linearisation (7.42) of the equation of motion on the con-
{iguration manifold D of the fluid system can be used to locate points on the
configuration manifold which correspond to equilibrium configurations of the
{fuid system.

If the point ¥ € D is to correspond to a static equilibrium configuration of
the Huid system, then, from (8.1) and {7.10), @{0) = 0 and 4;(0) = 0 for
all # = 1,,..,p. (It has already been assumed during the derivation of the
lincarised equations that ¢;(0) =08, alli=1,...,p).

Henee, from (7.42) and definition (7.31), the fluid system is in static equilib-
tium if the force cocfficients

Moo= Ay

day
= 0 (8.6)

for all § = {,...,p. LEquivalently, if (da;,...,day) is the dual baais on the
configuration manifold induced by the coordinates in the neighbourhood of 4,
then

aV = £Vday 4+ f=Vda, (8.7)
on interpreting the potential energy V as a section of AP, and hence (8.6) is
satisfied if 4V = 0.

Define the set of critical points of some f o A°M as

Cu(fl={ceM:(df),=0) (8.8)

There is thus a 1:1 corregpondence between the elements of the set Cp(V)
of critical points of the potential energy V o AP and the set of aquilibrium
conligurations of the Duid system, It can be shown® that those critical pointe
where the eneegy is locally a minimum correspond to stable equilibrium con-
figurations of the system,
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experimental confirmation of the precictions of any system which claims to be
a model of the physical warld, and the generality of analysis based on a fow
explicit examples, should however be borne in mind throughout the analysis
of the following chapters.

8.2 Equilibrium via Equation on M

A simple substitution of {8.1) into the equation of motion (4,18) and the in-
terfacial conditions (4.22) yields the conditions

d(p~ PYm. =0 (8.2)
subject to interfacial conditions

(plosma Hows = (Ploma)lans = 0 (8.3)

for all @, € Z, for static equilibrium of the flui! system. Integrating (8.2)
over M, gives

(p— BNt = ta (8.4)

whete ¢ € R, and on substituting this result into (8.3) the interfacial condi-
tions can be rewritten as

(QlaMu)lﬁna - (@|BM5)|3M = Cog (8'5)

forall o, € Z, where cyg =y — ¢y € R,

8.3 Equilibrium via System Energy

Any lincarisatica of the dynamic equations for the fluid system is a valid
description of the dynamics of the system confined to a limitingly small neigh-
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equilibrium configurations of the fuid system which is based on the theory
of transformation groups., Although this method [ails in a number of circurn-
stances, it ig perhaps the most elegant approach and yields some of the deepest
insights into the characteristics of static equilibria in fAvid systems which are
subjected to internally-generated interactions.

8.1.1 Physical Interpretation

In this chapter the first comparisons of the predictions of the interaction field
model derived in the previous chapters with the predictions of the «'agsical
surface tension theory ate made. The interaction fleld model is treated as a
fluid dynamic model which he~ potentally greater validity than merely as a
surrogate for the classical surface tension based approach, and all predictions
of the interaction ficld model, even where they contradict the results of the
classical approach, or where no direct equivalence between the interaction field
model and the surface tension based approach can be shown, are analysed for
their physical relevance and plausibility,

It is essential that agreement between the prediciions of the classical approach
and those of the interaction field based approach ghould exist in some suit-
able limit if the validity of the interaction field Lased approach as a physical
fluid model is to be supported. This follows since the applicability of the sur-
face tension model to a wide variety of physical aystems is experimentally well
established! , The more interesting cases occur of course where the predictions
of the two approaches do not agree, 1t is known that the classical approach is
not without its problems?, and in these cases it is argued that the interaction
fleld approach yields the more valid prediction, or at least that the interac
tion feld model shows additional physical insight into the fluid system under
analysis, and hence is a description of the physics of macroscopic fluid systems
with interfaces which s superior in certain respects to the classical surface
tension model. The comments made in Chapter 1, regarding the necessity {or

15ae for instance the review article by Bogy [8] mentioned in Chapter 1.
“8ee the discussion of Chapter 1 and also of Section 9.2.
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Chapter 8

Equilibrium

8.1 Overview

In this chapter, the conditions under which a fuid system governed by an
interaction fleld model exists in static equilibrium, that is, in a state where

v = 0
v =0 {8.1)

for all time, are investigated. Three approaches are adopted. In Section 8.2,
the equations of motion derived in Chapter 4 are used to derive the condi-
tivns for static equilibciurn in terms of the balance hetween the pressure and
interaction potential in the fluid induced by the compatibility conditions de-
rived in Section 4.5 on the fluid properties on the internal domain houndaries.
This result is used in Chapter 9 when the static predictions of the interac-
tien fleld theory are reconciled with those of the classical surface tension the-
ory. A second approach, described in Section 8.3, {ollows directly from the
modal analysis developed in Chapter 7, and is perhaps the most powerful and
generally-applicable meti.od for determining the equilibrium states of the fluid
systern, The third approach, described in Sec’ .« 8.4, uses the linearised eque-
tions developed in Section 7.8 to derive & method for enumerating the static
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8.6.1 Symmetries of the Fluid Interfaces

Let M be isomorphic to B and let {25, 5) and {£ay.2) be identical,
globally-valid, rectangular coordinates for M. These coordinates can then
be used to generate rectangular coordinates (a, ), 2, Lu e 5 for the product
structure M2,

Any symmetry ficld v &M of the occupation functions on M can be written
using the dual basis (dz, dy, dz) induced by the coordinates (i, y, #) for M as

Y = u{a, . 2)de + ole gy, 2)dy + wle, y, 2)dz {8.61}

or equivalently, using the dual basis {dr., dip, d2.) induced by the coordinates

(T Yoy ) 88
T = U{ Ly Yoy Za)Tw  V{Wuy Yuy Zn) Gl -+ W[ Ty Yus )2 (8.62)
where u, v, w» A M. The physically realisable flelds rar v XM? must then
be of the form
rer = u(x,y,2)de-+v(r,y,2)dy + w{z,y, 2)dz
Uy o 2u)ia + V(Zas o e W(Te ¢y 2)d2 (8.63)

when written in terms of the dual basis (dir, dy, d2, dizy, dy., dz) induced by
the coordinates (z,¥, 3, Zui Yui ) on M2

Since
dFigamy = 2 [(r—r)(de = ded) + (g — pad(dy - dy)
+(5 = 2)(de = de) | Flygme,(7) (8.64)

whore

re(e=a ) b g () (3.65)



If two fields 1,79 2 XM can be found such that vy and 1, both satisfy the
equilibeium equation (3.59) and generate a foliation of M as deseribed in
Section 8.5.1, then (8.59) implies that

(4[5, = (8.60)

for all &« € Z, and henee condition (8.5T) required for (8.56) to hold will be
satisfied if M, € Mg, Thus any configuration of the Auid system in which the
locacions of the boundaries of the minimal fragmentation of M are related to
the symmetries of the interaction kernels via (5.53) will satisfy the equilibrium
comdition (8.11) expressed in terms of the distortion modes available to the
fluid system,

8.6 Equilibrium Configurations

Although the techuiques developed in the previons sections can account for
arbitrary-order interactions between the particles of the fluid, and ean account
for an arbitrary number of species present in the Quid, there is little point
in introducing unnecessary complexity into the present work for its own sake,
especially f udded complexity results in no additional understanding of the
hehaviour of the fluid system,

The principal goal of the following analysis & to detive some initial results
demonstrating the validity of the assertions made in Section 6.5 regarding
ithe properiies required of the interaction kernels in an iuteraction feld madel
which, under suitable conditions, yields cquivalent predictions to those of the
clagsical surlace tonsion model. To this emd, it is assumed in the examples
which follow that the lnteraction between the vatious domaing compriging the
uid can be charactorised by a kornel defined on M3, and that cach of the
kemols for the various speciey present in the system has the same symmetry
group as the kernel Figg ges, defined in Section 6.5.1.
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Since vd o £M™ ix constructible from v/ e XM projection via the fibre integral

vields

j:w Wi (F)an [ vl Ade (R.54)

L

fur all j = 1,....p, where

§ = wF (3.55)
A=l

is the potential on M delined in Section 6,46, Hence, using Stokes' theo.
rox and the incompressibility condition (7.12) on the distortion modes, the
equilibrium condition on M® can be projected onto M as

b n/w ® w2 D) (8,56)

agd
From the incompressibility condition (7.13), Equation 8.56 is satisfled® by any
of the distortion modes v/ s AM, = 1,...,p, if

(dD)apty = 0 (8.57)

for all @ € Z, or in other words if @ i3 constant on each of the domain
houndaries,

Again using the fibre integral, if vy » AM® s constructible from r e XM, then
the generalisation of the vquilibrium condition (8.14) in termy of the arbiteary
operator r, can be transferred from M™ to M as

an TalF) = [\4 A dd
= 0 (8.58)

itnplying in the strong case that

*r Add =} (8.89)

"Nute thet this is nstronger conmdition than 1he interfneinl condition deiver in Seetion 8.2

lrom the equation of mation on M,
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the minimal fragmentaiion of M, rech interface M, a € Z in the M-
vatmplele lragmentalion Mz of 1he equitibrium conlignration of the Buid must
e fsvmorphic to one of U surfaces 8 ¢ By 7, M,

The tangeney condition on the two operators ¢an be expressed oquivalently as
((ry Ars) s =0 ( 50)

[or overy surlace & & Fp, ., M. Sinee a foliedon of M ean be defined polntwise

nx
FraoMou{SiafeeMiN ()= u}iee B} (8.51)

for some Sy, p, ¢ M <> B, 38 follows on interpreting Sy, p, a5 a seetion of A"M
that

[.d'qf'l.?'g)ln""u B u [ﬁ"'ll"n
for all ¢ ¢ . Combining (- 52) and (8.50),
w(ry Arg) o k d.‘\'n.” (8.3}

where &5 APM. Lience fur the operalors vp and vy Lo deline a Glpation of M,
the Hodge star of thele exterior product showld be an rract section of ATM,
al least up to multipiiention by a scalar liold oy M,

8.5.5 Distortion Modoes

In this section the analysis of Seetion 8,13 s completed by determiniog the
conditios under which the equilibreisun equation (8,11 is satislied by the dis.

tortion mades o, g T o i addition 1o being satislied by the svmmetry

uh o

operators of the inferaction kernels,
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This form of the equilibrium comdition accounts both for the requirement that
the equilibrium conliguration of the vr (e be physically realisable and for the
restriction on the symmetries of the equilibrium confip.aration of the system
imposed by the condition that r, be an operator in the group @,

The st of fields r satisfying (3.18) can be determined algrtraically and can he
arranged to form a basis of generatars for the symmtry yroup of the elements
of Oz, The elementa of (I3 can then be found by inspection or by solving
the characteristic equations genecated by this basts, again using the standard
procedure deseribed by lragimov, Finally, the M-complete fragmentatica
M g lsomorphic 1o Qg via the coalescence sum and the composition product
defined in Section 6.3.1 and Seetion 6.2.3 can be obtained, and this set defines
the equilibrivm conligurition of the daid system in terms of the locations of
the various domains comprising the systom.

8.5.4 Solutions Defined by Foliations of M

If M is three-dimensional, then the interfaces in the (luid are all two-surfaces,
In this section, a technique for deriving these twe-surfaces from the physically-
vealizable symmetry operators obtained vie the analysiz of the provious seetion
Is doveloped,

Lot r1,75 XM be two physically-realisable symmetry operators satislying
(8.8), Under suitable restrictions on the forms of these operators, a unique
follation Fp,.p, M of M can he defined by the operators ¥y and r by requiring
thet both operators be overywhere tangential to the surfaces § of the [oliation,
‘T'hen, since (8.45) projects onto M ag

(«7)opg, =0 (8.18)

for all ¢ & E, or in ather words since any operator ¥ & XM satislving the
equilibrinm conditions suust be tangont to the boundaries of the clements of

I e AW LML FAT T AT T AT

A nimilor unri.lysia g thing presented heee folfows in the ¢ase whete M is twosdimendional,
pxeepl that valy & single symmoetry opeeator is required to define the folintion on M.
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since the elements of { F. | are a subset of the elements of { F ], Rowrit-
ing (3,16) using the exterior detivative {see Section 1.9.2} allows (8.28) to be
interpreted ag requiring

»To AdF, =0 (3.17)

foralli=1,...,r"

8.6.3 Physically Realisable Solutions

It should be noted that the minimal fragmentations of M" generated by
procedure described in Section 8.5.0 do not all correspond to some physically
realisable couliguration of the faid system. In particular, those fragmenta-
tions which do not yield a set of oceupation functions which are constructible
via the vomposition product from some set of occupation functions on M (see
Section 6.3.1) must be rejected since they do not correspond to any physical
configuration of the fluid on M. Assume that the set {j }iat...a of oveupation
functions on the minimal fragmentation of M® introduced in Section 8.5.1 is
indeed physically reallsable, or in other words is construetible via the compo-
sitlon product from some set O of oceupation funetions on M.

It is assumed vhat the group of symmetrics @ common to all the interaction
koraels Fy, ¢ € 2™ is known a priord, or that the group @ can be determined
by performing o standard analysis of the invariants of the set of interaction
kernols. Let Fgo A°M™ be any form which is invariant under the action of 2.
Fa can be found by solving the characteristle oquations generated by a basis
of generators of @ as described in the standard reference by Tbragimov [35].

Let e &AM be everywhere tangential to the discontinuities in the occupation
functions in Q3. Then, following the analysis of Section 6.5, v indueces the
field v ruay 0 XM" on defining vy = v On recursion. 79 Tawt = rp o a7 (0
[actors), allowing the equilibrium condition (A7) to be rocast as

#(ryoar) AdFg =0 (Ro1¥)
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8.5 Structure of Solutions

8.5.1 Minimal Fragmentation

Let {MP}iat,. 0 be & M%-complete fragmentation such that (dp})| wp =0
for all i = L....,r and & = 1,,... &, Let the fragmentation be minimal
in the sense that cach & € M} i a point at which one of the forms o,
i = 1.0, is discontinuons, Such a fragmentation is constructed from any
arbitrary complete fragmentation of M*® by using the corlescence sun defined
in Hection 6.3.4 to combine elements of the arhitrary fragmoentation on either
sides of any interna) boundary at which there is no discontinuity in any of the
fields pf, ¢ = L,....r". In Section 6.3.1 it was shown that the coalescence qum
induces wn isomorphism between occupation functions and fragmentations.
Let {pg}amto.ar e the set of occupation functions on the minimal fragmen-
tation gencrated from the set O% of occupation functions vu the arbitrary
fragmentation via this isomorphism. Delinition {8.38) can then be rewritten
in terms of the matrix of oceupation functions on the minimal fragmentation
[2]=[7y o o

[o')=[p][ L) CREY

for some ratrix [ L) & | @ )%,

8.6.2 Geometric Interpretation

Equation 8.37 can be lnterpreted as requiring ra to be paralled to all disconti-
nuities in pf, { == 1,1, that ix

(*rn)iiia\;[;," = () (3.'1-5)
for all & == 1.... &, Equation 840 {m.olios that

tal [ Fu]) = (0] (8.16)
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The et of equations (8.37) and {3.10) is now in soluble form, If F*, o € Z*
aduiits the group of point symmetries @,. then any r, satisfying (8.40) is an
infinitesimal operator of the group

=[] @~ (8.41)
PI-FA

whaere the intersection iy to be inlerproted as the largest subgroup common to
the groups Q.. ¢ € 2%,

The static equilibtium conligurations of the Quid system are then obtained by
delining the clements of [ 2/} in termy of the occupation funetions on M* such
that (8.37) is satlsfied, in other words such that all the elements of [ pf ) are
invariant under the symmetry group &,

Note that
nF o= (p)IFI
LA

[p') [ F. ] (H12)

H

using definitions (8.33) and (8.38), Hence (&.11) cau be recast as
[ Al AR =0, im (3:13)

[ Fu] = [FE ey andd [ 2] = {4} Joye [t has been ghown that (8.43) and hencoe
(8.14) is satisfied if vl is an operator corresponding to a point symnietry of the
interaction keenels, but it remainy to be shown that this equation is satisfied
by each of the distortion modes v, j = 1,...,p defined in Section 7.6 i the set
of vecupation funetlons g, i = 1, .. r' i suitably defined, This demonstration
pequires the additional analysis of the [ollowing section, and is deferred to

Seetion 8.58.5,



If in addition it is assumed that no element of { F ] can be written as a linear
combination® of the elements of { p |, the matrix [ L ] in (8,28) can be written
in the form

L | 0
[L]={ v oo (8.35)
0 | I

using matrix structire notalion, where [ I] € [ JR |7 is the identity matrix,
and the elements in the upper right and lower left partitions of [ L ] are all

Zar0.
Henee
ORI
(&) (Ll=[pt F]| - - (8.6)
0|1

The structure of { L | allows (8.36) to be decomposed by quadrants as

ral {p'])=(0] (8.87)
where
(] = [plIL]
& [M"R|» (8.38)
and
tal (F)1))=]0] (8.39)

or equivalently, since the column transpose commutes with v, and v, ( {1] ) =
(0],

([ F])=(0] (8:40)

“Ilie cave where there ta linear dependence between the clements of these matrices may

even be considered to he pathologival.
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and

(F, F" )y (8.30)
It can be shown very simply that [ p | is linearly indey: dent: Let [ X ] =
[, ] € [ B )s. Sinceeach p,JbAD.M“ in MY has non-zero support, and since

% is M"-complete (see Section 8.3.2), suppp,, Nsuppp,, = M7 NM; = {B}
if ¢ 5 J (see Section 1.9.3). Thus '

[Allp] = [O]
s A =0Y¥ogZ
= [A]=]|0] (8.31)

and hence { p ] is linearly independent. Using matrix structure notation®
[G]=[:-' ‘ ;5] (8.32)

and from the previous argument, if { G | is not linearly independent, then it is
because there is a linear dependence between the elements of the matvix { F |.
If there is linear dependence, then v elements of [ F ] can be written as a
linear combination of the remaining r — r' elements, Hence

(7 =[L][F) (8.33)
where the inleraction matriz for the fluid system [L' ) € {R )}_and [ Fu ] €
[ M™ R N, giving

(&) = 7] 5]

g [MYR .. (8.34)

in matrix strueture notation,

¥The eonvention is used thai dotted lines denote partitions of the matrix into equal
nimbery of rows or columns, whils solid lines denote less symmetric partitions of the matrix
structure.

113



and

[F]={F"]n (8.30)
It can be shown very simply that | p ] is linearly independent: Let [ A ] =
[ As, iy € [ R ]r, Since each g, A’ M™ in M% has non-zero support, and since

M is M™-complete (see Section 6.3.2), suppp,, Osuppp,, = Mz M2 = {§}
if ¢ # j (see Section 1,9.3). Thus '

[Allp] = (0]
= A =0Voez"
= [A]l=(0] (8.31)

and hence | p | Iz linearly indopendent. Using matrix structure notation®
[G]=[:F ; ;6] (8.32)

and from the previous argument, if { G ] is not linearly independent, then it is
because there is & linear dependence between the elements of the matrix [ F |,
If there is linear dependence, then » elements of [ F ] can be written as a
lincar combination of the remaining r — r' elements, Hence

(FIP=[V][F.] (8.33)
where the inleraction matriz for the Quid system (L' e (R |I_and [ F. ] €
[ M? I |5 giving

(6"} = [7 | 5]

e (MR, (8.34)

in matrix gtructure notation.

¥I'he eonvention is used that dotted lines denote purtitions of the matrix into equal
numbers of rows or eolumns, while solid lines denote less aymmeteic partitions of the metrix
structure,
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8.4.3 Solving the Strong Equilibrium Equation
Equation 8,16 can be rewritten in the matrix notation described above as
m({G]}[G] =(T] (8.24)

if [ G )= [ G Jam € [ M™, IR g, is defined in terms of its elements by

“. if l<)<
G=y 77 B isisT (8.25)
Prapeyin if r<jg2r
whare Z% = {¢1,...,0.}.
In general, [ G ] is not linearly independent, It ~ possible however to
write
[ =[L][G& ) (8.26)

for some [ L | € [ R [T and some linearly independent [ G* | ¢ [ M™ K |7,
where m < 2r,

Hence
rW({G])[GIT = m({G]) LG

.
il

Wl (G] [L])[G ] (8.27)

since r( {L])=[0].
Then, since [ G* | is linearly independens, the solution to (8.24) is given by
the matrix equation

ra({G] E1)={0] (8.28)

Further progress can be made by examining the structure of the matrix [ L ]
which follows from the definitions < the occupation functions and the interac-
tion kernels on M". Define

(p]=1{p I (8.20)
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functions on M? obtained in the stronger case is constructible as a subset of
U4, where Qg = {p,, ps: 0.} The equilibrium configurations of the fluid in
this case are thus obtained when M, 8Mj and M, are all isomorphic to
elements of one of the fibrations of M enumerated in Section 8.6.1.

8.6,3 Properties of the Strong Solutions

The process of obtaining the static equilibrium configurations of the Auid sys-
tem via the strong form (8.13) of the equilibrium condition (8.11) has some
inveresting properties:

Structural Instability

o ler a {luid system in eguilibrium within the domain M. The introduc-
tion of a new domain anywhere within M coataining a fluid with a different
symmetry group to that of the fluids in the original system will, according
1o the analysis of Section 8.4.3, collapse the set of equilibrium conligurations
available to the fluld system into the smaller set generated by the intersection
of the symmetry group of the original {luids and that of the introduced {luid.
The fact that the domain of introduced fluid may be arbitrarily small, or be
located at an arbitracly large distance from the domain boundaries in the orig-
inal system, shows that the solutions generated by the strong procedure are in
fact structurally unstable in the sense that the solutions may be destroyed by
acbitrarily small perturbationy to the strueture of the fuid system.

Incompleteness of Solutions

Tt is casily shown by example that the strong formr (8.13) daes not in general
yield all the static equilibria of any given Huid system,

Consider the following example. Lot the fuid domain M be isomorphic to £,
and lot M be comprised of two distinet domaing such that Z = {a, d). Lot
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In this example el there be three distinet (that is, lincarly independent) inter-
actions: the self-interactions botween Lhe fuids in the domains M,y and M,
charaeterised by interaction kernels 79 and F*7, and the mutual interaction
betwoen the {luids in the domains My and M., characterised by the interac-
tion kernel F#7. Assume each interaction kernel to bave the same sytnmetrics
a8 Flgg ey Lhius

[ F]= [ Fod gy EYY (R.101)

and the interaction matrix is

[0 0 0
000
000
000

(L']=|100 (8.102)
010
000
010
[0 0 ]

Ther
[0 1= [N 1= [ Augn Bagn+ oo Prew | (8.1083)

Now the set of occupation fanetions {2, g, Aagy+ Pugy,n Pryy} o1 M? derived
from the elements of [ p’ ] is not constructible from any set - occupation
functions on M. Note though thet if (8,37} holds in the sironger case where

[00J ] h [ Baa Buawy Prud Pagy } (8'10‘”

thon, sinve the diflorential operator commutes with summation, (%,37) bolds
for [ o' ] given by (8103} The et {pa,60 0aqys P ey} of oecupation
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(o)} (o)) <

Exornple: Z = | o B Pl Bis B )
Configurations (@), () and {¢) are all (h equilibriurm.

Figure 8,0: Schematic of multi-domain equilibrium.

Example 8

In this example it is demonstrated how certala combinations of interaction
kernel can load to an equilibrium configuration on M? which is not physically
realisable since the ovcupation functions on M? satisfying the equilibrium
equations cannot be conytructed from a set of ocenpation functions on M.

Assume the fluid system on M to be comprised of threo distinet domains, such
that & = {o, 3,4}, Again, assuning pairwise intoractions to be the highest
order interactions present in the system, the analysis takes place on M? with

F2 o (s ey o Bl et e yed, Yo v] {(8.94)

stivh that

[p]= [P.m.; Pagd Passy Pasa Pios Py Page Paga .H-\,;.,-.] (8.190)
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From (8.38)

[ =L L )= [onam + 0+ Panis] (8.47)

In this cage the set of occupation functions {p 4, 5 4+« +p,4,5,] on M obtained
ay the set of elements of the matrix [ o' ] is physically constructible from the
sot Qg = {p, P4 g g} 6F vecupation functions on M since

{0500 t  F g aad = (P 0pa + +py 005}
= {{pgy +otpadnlog kb opy))
{(pagd v p ) 8003 b pg)}
= {(p(hm'--@;j,)W(pm-ﬂ»-upd.}}

C {Pur Py gt P (3.08)

using the coaleseence sum defined in Section 6.3.4. Performing the isomorphic
operations on the set Mg yields Mg = {Ma, My 2001+ Hence from See-
tion 8.8.3, M, and My 594 are both isomorphic to one of the surfaces
engmerated in Section 8.0.1, This equilibriuns case is illustrated schematically
in Figure 8.6, where three of the various equilibrium configurations available
to an example system (on assurning o particular eoncentric-sphere equilibrium
couliguration of the interfaces M, and M, p.ag. ) re shown,

Note that one way of lnterpreting the interactions present in this example is
that the fluids in the demaing M.y, ... My, are all of the same species, sinee
the self-interactions and the mutual interactions between the dotnaing ave all
governed by the same interaction kernel, It i3 of course to be expected that an
analysis for multiple domaing of fluid all containing the same species of Huid
should reduce, as hag been demonstrated, to an analysis for a single domain
of fluid consigting of the union of the multiple domains.
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Example 2

The [ollowing example has relevance in Chapter 11, where the equilibeia of
gysterus having arhitrary topology at sono stage during their evolution, rather
than the simple topologies of the conligurations enumerated in Section 8.6.1,
are considered, The fuld system on M iy assummed to be comptised of r + 1
distinet domains, Lot 2 == {o ., 00 ), henee Oz = {p,,p5,4...1p5.} and
Mz = {M, My, M b asin the previous example, interactions of
areater than pairwise order are assumed not to be present. Again anslysis
takes place on M2, but this time with

Z¢ = {ana,and, e dn drn i o dewide} (R.43)
1
and hetiee

[p]=: [ e Pogay ' Pawas Phedy 7 Pieads ] (8.94)

Again sssume the interactivng to be characterised by the single interaction
kernel Figa mny 8+ 2h that

(F]= [-:F‘isatm“l ] (-.08)
but in this case lot the intersetivns in the Quid consist of both sell-interactions

within, and mutual interactions between, all the domains Ma,,..., My, such
that the interaction matrix for the system must be written as

i I’.‘ ] =3 1 Uy (ﬂ.gﬁ)
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Assumae that the interactions within the Huid are charactotised by the single
interaction kernel Figy g, Then

[ 7] = | Fisoqe | (8.89)
Furthermore let the interaction consist solely of the interaction of the fluid in

M., with itsell. This assuruption allows the interaction matrix for the fluid
system to be written as

—

[L']= (3.90)

= O

Hence from (8.38)

[0 ]= (2] = [puga] (8.91)

Note though that the set {4, of occupation .unctions on M? obtained as
the set of vlements of the matrix | p' ] i physically constructible from the set
Q3 = {p,, pa} of occupation functions on M, since

{Pagal = {200,

C {pspa)’ (8.92)

from the definition of the oceupation functions on M? in terts of the occupa-
tion functions on M, The set M3 = {M., M3} I8 of course the M-completo
frugmentation which is isomorphic to Os. The analysis of Section 8.5.1 thus
implies that dM., and ¢.'4, are both isomorphic to one of the surfares enu-
merated in Section 8,6.1. This prototype example shows that the interfaces in
& two-domain system in equilibrium, where one of the domains is subject to a
pairwise self-interaction, can adopt only those geometries which are permittod
by the fllations of M tndueed by the symmetries of the interaction kernels,
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8.6.2 Examples

Some examploes of the application of the symmetrey techniques developed in the
previous sections to the enumeration of the statie equilibrium configurations
of 2 Huid with internal interactions of the form assumed in Section 8.6 are
now given, The first example fHustratey the simplest case of two domaing of
fluid in coutact along a common interface. The second illustrates the case
where there are multiple domaing of fluid, but all share the same interaction
kernel, Exampie 3 illustrates the case where the form of the interaction kernels
limits the number of equilibrium configurations available to the {luid since a
matrix of ocrupation unctions iy generated which cannot be constracted via
the composition sum {rom the mateix of ovcupation functions vn the fluid
domaln M.

Ixample 1

In this example the simplest case whare the fluid domain M is composesl of two
distinet domains is analysed. Lot £ = {a, 4}, The set of occupation functions
on M Iy thus Oz = {p,, p,}, corresponding to 0. M-complete [ragmentation
Mz = {Mqy, My} Sinee the highest order interactions within the Auid aro
assumed to be pairwise interactions, the equilibriven analysis takes place on
M2, Then

B = {ago,and dne, ded) (8.86)
and hence

Ofﬁ = '[f)aﬁﬂmﬂql"-ii’Jmf’,iWP.'fc p_ll'b'}p:t}

w {puwmpwmhpdun!p,'igtm} (8-3?)

Henee from (8.20)

101 | faga Pasi Pase Pion | (R.58)
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8.6.2 Examples

Some examples of the application of the symmetry teehniques developed in the
previous seetions to the ennmeration of the static equilibrium contigurations
of & Muid with internal interactions of the form assumed in Section 8.6 are
now given. The first example illustrates the simplest case of two domaias of
fluid in contact aloang a commeon interface. The socond illustrates the case
where there are multiple domains of fluid, but all share the same interaction
kernel. Example 3 illustrates the case where the form of the interaction kernels
limits the number of equilibrium configurations available to the [luid since a
matrix of aceupation functiony is genevated which cannot he constructed via
the composition sum from the matrix of occupation funetions on the fluid
domain M.

Example 1

In this example the simplest case where the fuid domain M is composed of two
distines domains is anafysed, Lot 2 = {e, 7}, The set of occupation functions
on M is thus Oz = {p,, ps}, corresponding to a M-complete fragmentation
Mz = {Ma, Ms}. Since the highest order interactions within the fuid are
agsurned to be pairwise interactions, the equilibrium snalysis takes place on
M2, Then

2 = {ane,and, doa, J0.) (8.86)

and honce

|

oi’, {pl"l' B Py PR Pa® p:t}

ii

{purmx!pmmdlﬂdﬁu'f’;md} [887)

Henee from (8.29)

[ﬂ ] = { n"“a:eu ﬂ.u:-a.! f’.f:q.: p;fmi ] 13’88)
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case

rw—tagl, u=0,v=0b=0 =0 (8.80)
in which case (8,73) reduces to

XdX +YdY =0 (8.81)
ot the elements of the foliation. This expression solves to give

FraaM={8S={{XY.2): X?+Y?=q):igc R} (8.82)

in other words a set of arbitrarily located, coaxial, cylinders all with the same,
arbitrary, oricutation within M.

case 4:

r#0, t=0, u=kh vate, w=0, b#Corc#{ {8.83)
in which case (8,73) reduces to

XdX +-YdY +(Z + k)dzZ =0 (8.84)

on the elements of the foliation, This expression solves to give

Fﬁ.'}‘:M =

(Se= {5V, 2): X Y e (Z+kPmglige R ) (8.85)

which is a set of concentric spheres, arbitrarily located within M.,

Degenerate Solution

Another solution to the equilibrium equations of course oceurs when Lhere
are no domain boundaries within the Auid at all and hence (8.15) or (8.19) is
identically satisfied by any symmetry operator satisfying (8.48).
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The exact two-forms defining the foliativns of M can then be obtained by

arranging the parameters r, 1w, v, w0, a, b, ¢ such that groups of teems in the

above expression cancel, The various combinations of patamecters which yield

exact two-forms ate

case I;
r#0,t=0,usftlorvld, w=0,4=0 ¢=0
in which case (8.73) reduces to
dZ =0
on the elements of the foliation. This expression solves to give

Fr;.r:M={Sn: {(X,Y,Z]:Z:q}:qeﬂi}

that is, a set of parallel planes with arbitrary orientation within M.

case B

r=0,t#0, u#lorv#0, a=0, b=0, e=0

In which case (8,73} reduces to

vdX - udY =10

on the elements of the folintion. This expression solves to give
F?‘h'.i"g ‘M =

(S ={(X,V.Z) 10X -u¥ = quvé R}:1qe R}

(8.76)

(8.77)

(8.78)

(8.79)

which is again a set of paralie]l planes with arbitvary orientation within M.
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and uniform scaling of the coordinates (2.y,z) for M, the actual transfor-
mation being dependent of course on the parameters &, 4, ¢, 4, & and w, Of
particular importance is that the map from the parameter space to the co-
tangent bundle T*.M indured by the coordinate transform is a surjection, and
hence the symmetry operators of the system are linear coinbinations of a rota-
tion operator centred upon an arbifrary position £ € M and oriented along - n
arbitrary axis defined by the one-form 5, and a translation operator directed
along the same axis.

Yoliations Yielding Equilibrium Configurations

It remains to establish the foliations of M which are generated by pairs of
symmetry operators of the form given in (&.70), and hence to enumerate ihe
equilibrium configurations of the interfaces in the virimal fragmentation of
the fluid systenu.

To simplify the resulting algebra, let one of the pair of symmetry operators be
defined in canonical conrdinates:

r) = r(XdY — YdX) +tdZ (3.71)

The other operator will then have the general form
12 = udX +vdY + wdZ
+a(XdY = YdX) 4 H(ZdY ~ Xdo - WY ~VdZ) (872

when expressed in the same canonicel coordinates, The Hodge star of the
exterior product of the two operators is then

*rAr)=
(trw = 1a)X =r X(bX + oY) =tv~itcZ X
+((rw ~{a)Y = V(X + )+ tu+tbZ Wy [(8T3)
4 = 40X + cY) —r(uX +oY))dZ
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and
Fleoaey (1) = 3= Fisormn(r) (8.66)

Equation 8.48 beromes, after some simplification,
(z ~z.)(ule, g, 2) — w(Tespar 24))
Hy — p ) (W23, 3) — 020y Yoy 22))
(2~ za)(wlr gy, 2) — w(ey Yuy 2a)) = 0 (8.67)
This equation has the non-trivial solution
u(r,y 2) = t-ay+oz
e,y %) = U—ar-+is
w(z,y,2) = - be—éy (8.68)

by inspection or by substitution of a polynomial trial solution, where 4, b, &,
i, U and w are arbitrary real constants, Thus any symmetry field r o XM ol
the configuration of the fluid system at equilibrium is of the form

r = fdx+ vdy + wdz
+a{xdy — ydz) + b{zdz — xdz) + e(2dy ~ yd2) (8.69)
This is not however the most useful form in which to analyse the symmetries
ol the equilibrium configurations of the fluid system. It is easy (but somewhat

tedious) to show that any field of the form of (8.69) can be brought into the
canonical form

riny 1) = v(XdY ~ YdX) 4 dZ (8.70)

for some one-form 4 = dZ € Ty M and constant ¥ and {. The coordinates
(XY, Z), and hence 5 and 2, are obtained by a suitable translation, rotation

123



s Lot SO ALt !

(s 2 Py Yoy Za) 18 & system of globally valid coordinates for M3,
Assume the fluid domain M to be divided into two domainy M, and M,
cach of infinite extont, by the interface dyy = 9M, N OIM,, I

Ong = {{w 4, 3) 17 = Z{2.4)} (9.1)

(with an equivalent definition in terms of the coordinates (Tu, pu, =a)} then
My = {(.r:,y,-':) te > Z(‘ﬁ!y”
My = {(r,y5) 3 < Z{a )} {9.2)

and hence, using the analysis of Section 6.3.3, the occupation functions®

VIE or e A,
Pl 2) = { ; (23]

pa(®, 7)) =

b ACM (9.3)

can be defined, These in turn induce the occupation functions

Paga ¥ Pa®Pa = Pl 02) Palas s 24)
Pags = ra®Pg P By 3) pﬂ(‘r“ Uns Su)
Agga = A30p A, Y1 2) Po(@uy Yur 24) (9.4)
Paga ™= %P Pl ) Palias Yus %a)

¥

H

o ADM2
and so on for each M", n > 2,

This topological strueture for M s of conrse by no ineans general, and in
Seetion 9.4.3 the effects of one of the luid domains having finite, rather than
infinite, extent is investigated,

203 R AT

out this chapter ng it amplifies the eoordinate-bnged presentation of the following sections.
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a consequence of bounded range of the interaction kernel,

Physical systems exhibiting the effocts of long-range intoractions are relatively
comtmon, It is known, for example, that a foree can be generated between
(wo negrby water droplets by virine of their long-range mutual {interaction,
and a .dmilar sicuation occurs in thin hlm fows. Traditionally these effects
have been accounted for by the addition of extra terms into a classical surface
tension model for the behavionr of the system, Introduction of the so-called
disjoining pressure, beginning with the analysis of Derjaguin and Kusakov
(21] and {ncluding the analyses of Erneux and Davis [26] and Joosten [39),
to account for the interaction belween the opposing surfaces of a thin fiquid
fim would appear to be an unnatural attempt to introduce some elements of
the global structure of an interaction field type approach into the inherently
local classical theory, ‘The analysis of Ruckenstein and Jain [72] whoere the
interactions hetween opposing surfaces are accounted for by a body-foree type
term rather than by a disjoining pressure goes some way to introducing some
of the structure of the iuteraction field type approack. Uanfortunately the
integral dependence of the internal interactions on the overall configuration of
the fiuid as suggested by the 1alysis of Chapter 8 is not accounted for, and
hence even this analysis faila to account properly for the global structure of
the interactions within the fluid, The various enbaneements to the classical
surface tension theory proposed in the varlous analyses cited here all appear s
somewhat unnatural attompts to shore up the failings of the classical approach?
especially when, as shown in Chapter 8, a concise description of the ellects
described here can be obtained using an interaction fleld model with a suitably
deflned Interaction kernel,

9.3 Preliminary Results

Lot M be isomorphie to B and lot (2,y, 2) and (re,pe 2 be equivalent,
globally valid, rectangudar coordinates for A, Then, as i1 Section R.6.1,

ey

“Unfortunately the allusion to the work by Kubin [16] can hardly be avolded.
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termining fluid properties such as the pressure. The analysis of Section 5.4.2
even suggests C(hat the intevaction ficld model can be uked to analyse systems
where the curvatare is not defined at any point on any of the interfaces in
the fluid, If reconeilistion between the prodietions of the classleal approach
and the predictivna of the interaction field model can be achieved in all situ-
ations where the classical model does not break down, then this continuation
of the good belaviour of the interaction field model into situations which are
inaceessible to the classical model yields strong evidence to suggest that the
juteraction field model ls superior Lo the classical approach as a miodel for the
dynamies of ffuid systems whicll have the structure devived in Chapter 2,

The second failing of the clagsical theory as a vonsequence of its inherently
loeal deseription of the interactions within the fluid systew is its [ailure to pre-
diet effocts rasulting from long-range Interaction between neatby, but possibly
non-connected, domains of flutd, Effects of this type have already been encoun-
tered in the analysia of Plateau’s problem in the provious cliapter, where the
interaction Held approach shows effects which are not predicted by the classical
surface tension theoty, and in particular where it s claimed that some of the
structure of the potentlal energy surface of the system is indeed an effect of
the long-range character of the interactions within the system, The origin of
the structural ingsability of the solutions to the strong form ol the equilibrium
equation derived in Section 8,4 can alse be traced to the effeets of finite range
of the intornal Intcractions on the bebaviour of the fluld system, It is iraplicit
in the derivation of the strong solutions to the equilibriuru equation thet any
symmetry operator of the interaction kernel ju uniquely delined at each point
in M" by (8.48). If the interaction kernel Fg las bounded range, however, in
the sense that supp(Fp) A M™ ¢ M*, then outside supp{Fge) any oprrator
satisfies (8.48), This implies that il the interaction kernel has bounded range
then the Introduction of a new domain fate the {uid, following the snalysis of
Seetion 8.6.3, need not lead to changes to the equilibrivm structuee of the Quid
uxcept within sorte bounded neighbourhoeed of the new domaln, This issue is
nddleessed again in Chapter 11 where the possibility of coexistence of multiple,
independent, equilibrium configurations within the fluid system is shown to be
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of the generalised oceupation functions has zero support, physically the most
plausible veduction of @ to a point property occurs if the species interaction
kernels 77, & @ Z" have vanishing support, and in addition supp(F"} 2 8
for all ¢ € 2%, where 8§ is the projective symmetey sot of M™ doefired in Sec-
tion 6.5.1. Thae physical implication of these requirements is that the interacs
iions between the fluid particles must have infinitesimal range, Tlis argument
generalises the work by Kirkwood and Buff {42], where the surface tension
is related to the internal interactions within the fluid uader the assumption
of vanishing range of the internal interactions, Here it has been argued that
vanishing of the support of the interaction kernels Is in fact necessary for the
clossical surface tension theory 1o oxist,

The most, obvious [ailing of the pointwise treatiment of the Interactions withln
the fluid by the classical surface tension model is found in the behavioue of the
Young-Laplace vquation, A primary problem with the Young-Laplace equa.
tion is that it becomes singular as the mean curvature of the interface becomes
infinite, and hence the Young-Laplace equation can allow the pressure in the
Nuid to beconte inlinite, Systerns with large interfacial curvature are encoun-
tered frequently in nature, for example in aerosol droplets, at the Intersections
between the liquid films comprising foams, and during the breakup and co-
alescence of liquid droplets, The physical existence of pressure aingularitios
in such systems is more than doubtful, and snalysis using the Young-Laplace
oquation, given its inherently pathological behaviour, might quite easily lead
to incorrect physical insights in these syatems, Inciuded here are, for example,
the analyses of the instabilities of thin liquid ftlma and threads of Rayleigh [71)
and Taylor {77, (78] and many of the analyses of physical systems reviewed by
Bogy [8] and more recently by Tiahjadi ef al. [80].

The integral approach of the interaction field model contradicts the classical
approach by implying that infinite curvature of the interleces within the sys-
term shoula not lead to singularities, and, since the interaction potentinl is
determined by integration over a volume form deflned on the fluld domain,
that in {act the euevature of the interfaces has only a secondary effect in de-

eI % A {03 ey -

on the luid propetties within an infiniteamaol neighbeurhool of x.
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surlace tension in the case where the characteristic dimension of the fluid
system approaches the range of the internal interactions are obtained in the
case of upherical interfacial geometry,

9.2 Limitations of the Classical Model

Various authors have noted that the measured surface tension at the interface
between two fluids in a system charvacterised by a very small length scale
differs, in sonie cases quite considerably, from the surface tension measured at
the interface between the same two fluids in a systom with larger length scale.
This dependence has been exarnined by several authors, notably by Tolman {81)
in his stuely of the variation of the surface tension of a spherical droplet as the
raciug of the droplet is varied, Staied differently, the existence of these systemas
shows that the surface tension is not only a funetion of the properties of the
tluide at the interface, as is assumed by the clagsical model (see Section 1.2), but
is b function also of the geometry of the aystem. The classicol approach thus
appears to incorporate o fundamental oversimplification of the interactions
that occur within the fluld system. Qa the other hand, the interaction field
approach accounts in a very natural way for those interlacini effects which
ate induced by the overall geometry of the fAuid system. Thia follows since,
through the integral relationships of Section 6.4.6, the interaction potential
®, or equivalently the potential cnergy, for the system is dependent on the
generalised occupation functions for the system, and hence 1s dependent on
the configuration of the fuid system as a whole.

Direct r-e~.ciliation between the classical surface Lension model and the ine
teraction field approach is only possibla if the potential & describing the inter
actions within the {fluid system in the interacuion fleld medel can be made to
be indepeadent of the everall conliguration of the fluid. This independence i
schieved only in the case where the form of ¢he Integrand in delinition (6.67)
reduces @ to o point property of the fluid!. In the general case whers nene

FI'hnt is, 1o & section of /\“M the value of which at any point x & M 18 depondent only
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Chapter 9

Reconciliation with Surface

Tension Theory

9.1 Overview

'The analysis of this chapter ahows how the predictions of the classical surface
tengion model and the interaction feid model cin be reconclled when the
fluid system is in static equilibrium. Reconcilintion of the dynamic predictions
of the two approaches 19 considered in Chapters 4 and 11, In Seetion 9.2
the introductory discussion of Section 1.4 on the limitations of the classical
surface tension theory is continued, and various previous attempts to correct
the shortcomings of the classical theory are reviewed. In Section 9.4.1 it is
shown that an interaction Reld analogue to the classical surface tenston can
be defined i{ the interaction kernel exbibits sufficiently rapid decay, but that
equivalence with the classical m.'vn of the wtrfoce tension is only obtained in
the limit as the range of the interaction ketuel approaches zero, In Section 9.4,2
its 18 shown that even more rigoro s constraints on the range of the internal
interactinns must be enforced for the interaction feld approach to reproduce
the Young-Laplace equation of the classical theory, Finally, in Seetion 9.3,
restlts similar to those of Tolman [81] and Mehliose [35] for the reduction of
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each equilibrium configuration for the fluid syster generated by the approach
of Section 85,1 using the interaction kernels defined in Section 8.6, there is an
isvmorphic equilibrium conliguration gencrated by the classical surlace ten-
sion theory, This amounts to o partial validation of the assertions made in
Section 6.5 that an interaction kernel on M?* with the symmetries derived in
Section 6.5.1 can he used to create an interaction feld model which reproduces
ihe predictions of the classical theory,

Unfortunately the enumeration of all two-surfaces which have constant mean
curvature and are cmbedded in 22 has not not yet been completed® and hence
it rannot yoet be determined whether the strong approach yields all rquilibrium
cotfigurations of the Nuid system, even in the absonce of external lields.

8.7 Coxclusion

It is extremely interesting that predictions of the equilibrium configurations
of the fluid system which are equivalent to those of the classical theory are
obtained from an intecaction field model whoere only the symmetry properties,
aitd not the xact forms, of the interaction kernel have been specified. This
generality does not carry through to the dynamics of the fluid system: As is
shown in Chapter 10, the dynamic predictions of the interaction feld model
are indeed affected by the exact form of the interaction kernal, and agreement
with the classical theory Is only obtained under restrictions on the form of
the interaction kernel. In the following chapler, however, the analysis of this
chapter is continued, and several general results concerning restrictions on the
form of tho interaction kernel which must be obeyed for reconciliation of the
static predictions of the interaction fietd approach and the classical surface
tension theory are derived,

Y Thin miuntion exists desbite vansidecable effirt aver neacly two copturics. See she his-
tavieal reviow by Femenko 8

139



or tranalational invariance of potential equilibrium configueations would seem
Lo be innocuous cnough, however,

Additionally, in cortait cases there may exist special solutions ry,re 0 XM
of (8.48) which do not foliate M, but nevertheless generate a single aur-
face embedded within M which satisfies the equilibrium condition (8.49).
‘The presence of these solutions is suggested by the various analyses of self-
gravitating fuids interacting with extornal flelds conducted by Lichtenstein
152), Greenspan [33] and Lyttleton [53] wmongst others, and by the appear-
ance of the volume of the Duid domains in expressions such as (8.112) for the
internction kernels on M? when interactions with external fields are present.

Solutions in the absence of External Fields

From the analysis of Section 4.6, if there are no Interactions with external
fields, then the classical surlace tension theory predicts the fluid system to be
in static equilibrium if

(dP)imq =0 (8.123)
or equivalently il
PlMa = Ca (8.124)

for all @ € Z where ¢, & IR in a constant, Hence from the interfacial condition
(4.30), if the surface tension is uon-zero on the internal interfaces Oyg 3 6 2
within the fluid, then the mean curvature of the internnl interfaces

Kay = constant (8.125)

for all e, 4 € 2.

Note that all the surfaces genetated in Section 8.6.1 as equilibrinm ronfigura-
tions for the fuid aystem do indeed have constant mean curvature, Henee, for
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for all » and y. Hence the strong form of the equilibrium equation requires
the external field (7 to be constant on M, implying that the external field will
have no effect on the dynamics of the system, or the symmetry operators of
the equilibrium conligurations to be of the form

v o= p(e,p)dy 4 v{ae ) dy.
b AM? (8.121)
or equivalen.ly
r = vlz,y)dy
b XM (8,122

implying that the fHuid interfaces at equilibrium all te parallel to the y coor-
dinate, Hence the strong form of o equilibsiner squation will omit solutions
in a fuirly general range of circumstances?,

8.6.4 Generality of Strong-Farm Solutions
Solutions in the Presence of External Fields

The analysis of Section 8.6, shows that the breaking of the syrametry of
the equilibrium configurations of the Muid system which s precipitated by
the Introduction of the external fleld into the strong analysis ia excessively
severe in certaln cases. This (law in the strong approach might be corrected
by defining a veduced strong form of the equilibrium oquation, perhaps by
eliminating some of the terms in the coordinate ferm of {8.48) which throngh
cortain symmetry arguments can be shown to disappear on integeation over
Mt An approach such as this would suffer from thie vbvious drawback that
some a priori knowledge of the equilibrium configuration of the systom, or
at least of some of the symmetries of the equilibrinm configuration, would be
required for its implementation, Use of asstunptions such us the axisymmetry

el

*A witemiboe analysis ean of coueme be peplormed when A has dimension grenter than two,
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= /: f”m f: _/:m A& — E)ewy ~ 2y )dydrdy.de.

sl e m=l(z.) Yz 0 Syz=i[r)

2

= 0 (8.115)

by direct integeation where I(z) = b/l — r¢fa?, and hence the symmetry
aperator of the ellipse does satisfy the weak form of the equilibrium equation,

Strong Form Solutions in an External Field

The analysis can be taken further by generalising the form of the pairwise and
external interaction kernels: Lot
F iz ey
= P2 -2 (= )P+ Gle) + Gle.) (8.116)

A physically-constructible symmetry operator on M is of the lorm
8 = ulr, ydde 4 (@, §)dy + @ yo)die + (2. Yo )dy. (8.117)

and hence the atrong form of the equilibrium equation becomes
QY [ (2 = 2)( ufzy ) ~ u(Laia} } ]
+28 [ (3 = ) vl y) - eleapa) ) ]
+G (@) vl )+ Gled) ulaaye) = 0 (8.118)

where ' = £F(r) and ¢! = £G(r). Consider the bohaviour of this equation
on the projective symmetry set (see Scction 6.5.1) of M? where 2 = 2. and
¥ = Yu. Then

2w ule,y) =0 (#.119)
implying that

(M) =0 or u(2,y)=10 (8.120)
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By inspection, the cllipse has the single sytametry operator
T = fdr - Sdy (8.111)

It is now shown that the stvong-syst~ 1 analysis of Section 8,43 does not
generate the equilibrium shown to exist by the divect integral approach, Using
the analysis of Section 6.4.5, the pairwise interaction and the external feld
acting on the fuid in M, generate the single interaction kernel F b ACAA2
such that

F i@ yoasiin)
R (LR SN RN o ;%(a:"‘ + &) (8.112)

sinec [y, *1 = rab. The symmotry operator of the ellipse, transforred to M?
using the composition sum, becomes

r = fdy— Sdy + Bdr. ~ Sdy,

b HM? (8.113)
giving
T(F) = 23 ~ fo)ewy = 2p) (8.114)

on substitution of {8,110}, This strong lorm of the equilibrium equation has
the solution a = b, implying & = 0 or in other words that the external field
should be of zero strength.

The symmetry operaior of the ellipse where a % b is rof & solution of the
strong [orm of the oquilibrinm equation, It is easily shown that the omission
aof this cose as an equilibrinm configuration s a direct result of adepting the
strong rather than the weak form of the equilibrium equation: Returning .0
the weak form of the equilibrinm equation

\[.'til" T{ pﬂ‘ ﬂ:r‘?:‘)



the fiuid in M, be subject to a pairwise self-interaction such that the kernel
for this interaction has the explicit form

For = (=24 {y-p)t)
b APM2 (8.108)

where (z,y) and (2. 3] are equivalent, globally valid rectangular coordinates
for M. In addition, let the fluid in A, be subject to an interaction with an
external field, such that the kernel for this interaction is

F* = hat
> ACM (8.104)

where £ € 12, The fluid in My will not interact with itself or with the fluid
in M., nor will it interact with the external field.

If M, is the elliptical domain
Mo={(ty): E+% <1 abe R) (8.107)
then the potential ® o A°M can be obtained by dircct integration:

¢ = F'4 " F
Mo

= kz®—rab (4 4 x4y (8.108)

on substituting (8.105), (8.106) and the limits on the integration implied by
(8,107). From (8.5}, for equilibrium |y, I8 constant since ®|ap, = 0. Now

Blom, = ha? —mab ( LE 44 (1~ ) 2?) (8.109)
from {8.107), where —u € » £ g, imiplying that
k= mab (1 - &) (8.110)

for equilibrium of the system,
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of (0,0,0), but ir {9.40) this expausion is integrated over the entire fluid do-
main, This contradiction is resolved if the support of the interaction kernel
F ig confirned to a suliciently small noighbourhood of (0,0,0). Equivalently,
since the Taylor expansion contains infinite powers of huth 2, and y., F muat
converge to zero away from {0, 0,0) at a faster than polynomial rate? to ensure
that the error in (9.40} and in the expressions to follow remains finite.

‘xploiting the symmetries of the interaction kernel, r. and y. can be inter
changed and hence both integrals on the right hand side of (9.40) are equal.
Writing

it )
Il)'ﬂ(m‘! Y. 3) = [_m f;w F(l‘, Wy &3 Ly Yoo 0)3:3dy,dm. {!‘] 1-1)

atlows (9.40) to be rewritten as

(IJ(‘F" yiz) = ¢l!2(‘7) + (cl + Cz)fm(ft'y. 3-') + E(mvys 3) (!’.-‘12)

Pressure in the Fluid

Substitution of (0.42) into the equilibrium equation (8.4} gives the pressure
aleng the axisz =y == 0 a8

P00 2) = P = 0 (9.48)

if & > 0, where py € £, while if 2 < 0,
P(0,0,2) =P = @2f0) & (€1 + o} T1/2(0,0,0)

=( dya{2) & (04 -+ e2)012(0, 0,2 )

3Thia implies practically that supp(F) N M7 € M2, which is f course u more rigorous
enndition on the asymptotic bahaviowr of the internction kernel than that implied by {5.7).
In addition, if the etror in (9.40) is to disagppenr, then Lhe monsuro of supp(F) with respect
to the volume form ot A2 must in fact be vanishingly small. This iy o similar condition 1o
that derived in Section 9.2 for equivalence betwoen the interaction fleld appeoach and the
vlassical sutlacr Lengion theory,




e pox prddcaylde.
= F’,‘j{-ﬂ'y';‘}f-m fmm/ ?(lr|y;zg&rl\yi‘zt}dzndy-dir-

-

(9.37)
on substituting (%.10) and (%.4) with Z{z, %) given by {(3.35). Henee if 2 »
egie? 4 egy® oo then ®{2,y, 2} = 0, while If 2 < 012 4 epp? 4. ., then

M po patdbeayd
B{x,p,2) = f f f FLR U %y Ty Yoor 2 Jdudyadlsy
w3y of mmitgy S

+e112) (8.35)

by decomposing the integeation domain into the half-space 2 € 0 plus 2 second
rogion between the plane z = 0 snd the sueface & = &2 + eap® + ... Note that
¢17a is the interaction potential gonerated by the system when the interface
Is plavar {(sce Section 9.4), and hence the first term on the right hand side
of (9.38) is Lthe contribution to the interaction fleld {rom the distortion of the
interface.

By Taylor expansion
[ f@)te = F(m) - PO
(£(0) + f(0)m + O(m?)) — F(0)

i

S(0)ym & O(n?) {9.39)

where I'(z) = [ f{z)dz. Using this result to evaluate tha integral with respect
t0 2w, the potential when » < eye? + egy® + ..., can be written as

O, y.2}) = dypulay.2)

EAR T
. i n w ]
+en j_,n ./:-.w {w.?}.n,-ﬂ-;!}.,ﬁ).ﬂ_dy*d.l!‘

- [_’: f: F(2, B 2, o o, Vi dyudzs
+E{v 1 ) (9.40)

where £ symbolically denotes the error introduced by the truncation of the in-
tegral, It would appear that & contradiction has been introdoeeds The Tayior
expansion of the interfacial geometry is only valid within some neighbourhood
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of the point with coordinates (0,0,0) as

Z{z,y) = er® + ot + O, ") (9.35)
where ¢ = %3’;’;2 |y and ¢ = %;%T;‘Z][n,o). This form relies on suitable

urier ation of the coordinates; The zero~order coefficient in the expansion is
ma..¢ zero by allowing the interlace to pass through the point with coordinates
(6,0,0) and the coeflicients of 2 and y are made zero by allowing the - and
y-axes to be tangent to the interface. Finally, the coefficient of xy is made zero
by suitable orientation of the z- and y-axes, Note that 2¢, and 2eq arve the
principal curvatures of the interface at (0,0,0), and hence the mean curvature

Kour(0,0) = 2(ey + eq) (9.36)

Reconciliation of Pressures

Reconciliation between the Younpg-Laplace equation of the clagsical surface
tenslon theory and the analogue derived using the interaction field model re-
quires the assumption that the pressure 7 acting on a surface § € M in the
surface tension based approach ia the sum of of two compenents which are con-
sidered separasely in interaction field approach. The first component p of the
pressure in the classical model Is stply the pressure in the fluid required to
maintain equilibrium against the action of the forces arising from the internal
interaction, while the second contribution p; to the pressure in the classical
rage results divectly from the internal interaction across the surface S,

Interaction Potential in the Fluid

The determination of the interaction poteniial in the fluld follows closely the
analysis of Section 9.4.1, Uning (9.18), the potential in the Huid is

B,y oz} o AWM
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Figure 9.1: Force near a planar interface.

the classteal analysty may differ from the interpretation given to the pressure
in the interaction feld based approach.

In this section it is shown that under suitable interpretation of the pressure
within the Buid system, and under suitable restrictions on the range of the
interaction kernel, the pressure change across the internal fluid interfaces pre-
dicted by the interaction field model indeed obeys the Young-Laplace equation
{9.34).

The Curved Interface
Aga'n assume the configuration of the fluid system to be as described in Sec-

tion 8.3, If the interface 8, 18 sufliciently smooth then o Taylor series expan-
slon can be used to write the equation of the interface in the neighbourhood

Lid



where ¢ : R — 1. Henee, [rom (9.27)
ap= [ Fla)ds (9.42)

where, as shown in the previous section, the integrand

0 it £>0
F(s) = 9.33
(=) {ﬁ’-&(arf{fcz)'{-l) if z<0 (939

can be interpreted as the foree exerted across a dividing plane placed normal to
the interface. This function is plotted in Figure 9.1 for various values of &, It
is casily seon how, as the range of the interaction kernel is decreased, the forco
transmitted across the dividing plane effectively concentrates at the interface
and hence how the mechanical view of the surface tension as an interfacisl
stress (sce Section 1.2) is obtained In the limit as the range of the iniernal
interactions within the fluid system goes to zero.

9.4.2 The Young-Laplace Equation

The classical surface tension model for the fiuid configuration defined in Sec-
tion §.3 i based on the Young-Laplace equastion

AT = (Flomallows = (Flasmta)ags
= OpKog (9.34)

for tho changoe in pressure across the fluid interface Jua, Whete gag > A%ug is
the mesn curvature of the interface, Since the surface teasion in the classical
approach is assumed Lo be a property of the fluids at the interface, and thus
to be independent of the configuration of the uid, assume oy, to be equal to
the equivalent surface tension for the system derived in the case of the plaaar
interface, If the fluid system is in static equilibeium then, from (8.124), #oam,
and Filaas, are In fact the pressures measured throughout the demains M, and
M. Overbars are used o signify that the interpretation of the pressure in
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or, from deflnitions (9.9) and (9.10),

o = 3 f_‘; f_"m [ |7 F(0,0,8,00 0 2 )dudyedds

_.%fw f_: /:L: F(0,0, 2, £ay Y 20 )dradydzads (9.20)

or, by manipulation of the limits of integration,

1 p0 pea poo poo
o= ~3 f , fn ~ f  F(0,0,2, 20, Yoy 1)yl (9.30)

where, since ¢y and ¢y, are independent of x and », » and y have been set
equal to zero arbitrarily, The reasons for this will hecome clear when this
result and the result obtained {or the surface tenaion in the case of a curved
interface are reconciled.

Equation 9.30 defines o stress associated with the interaction field approach,
which, through the manner of its derivation, is ~nalogous to the surface tension
defined in the clagsical approach. Ilor this reason this stress wifl be + ‘med the
eg  alent surface lension associated with the kernel of the intersction field
mo. it a8 yet to be shown however that the properties of the equivalent
surface tension endow the interaction field approach with any of the dynamic
or static choracteristics of the classical surface tension model, In the following
example, the reduction of the equivalent surface tension, ag the range of the
internal interaction approacher zero, to an object which in a sense exists within
the interface, and hence conlorms to the clasaical notion of the surface tension,
is demonstrated.

Model Problem

Assnme the explicit lorm given by (9.8) for the interaction kernel, By direct
integration using definition (9.10)

T
b3z} = g orf(ka) - 1) {9.31)



on substituting (8.18), where
o i3]
? == 2 2
P [ pdyd (6.24)

Reconciliation

In the interaction field approach, the total normal force fo transmitted across
S is the sum of the normal forees resulting from the internal interactions and
the pressure. Thus

fore = fit+hy

D 00
== L‘, /:_m(%%z[z) = ¢12(0))dydz + P (9.26)
on subatituting (9.22) and (8.23),

Using the classical surface tension approach, the normal force transmitted
across S 19

-]
fim - j " opdy + P (9.26)

whete ay 15 the surface tension for the planar interface. Reconcilintion of
the surface tension and Interaction fleld approaches finally follows by setting
fi = fonio Hence, by comparing (9.25) and (9.26),

o= ;(%;&1;2(:) ~ Gya(0))d (0.27)

Note that the symmetries of the interaction kernel F have led to a value of the
surface tension which in this simple case is constant everywhere on the planar
interface.

fiquation 9.27 for the surface tension can be rewritten in terms of the interac-
tion kernel itself, Note that, from {0.13),

0
ifp = %‘LM(@U!(?] - @y Jdz R
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The force’ on the Muid arising from tuis potential is thus zero if 2 > 0, bu .f
z <0, the foree 1s

~dp = ~ gy y(w, 2)de ~ %ﬁbm(l‘a 2}y — ol 2)dz (9.20)

The component of the foree on the fluid acting in & direction normal to the
dividing surface is thus

— g bupule, 2)da (9.21)

if z <0 and zero if 2 » 0,

The total normal force on the fluid to the right of the dividing surface arising
from the internal interaction with the fluld to the left of the dividing surface
Is then

fi

P
=PI e, )dedyds

-

- f.l; Ln;(¢1{¢(m,zj — 14 (0, 2))dydz

i

=4/ ‘; [ bunteydyds (9.22)

i evaluating the integral over x and exploiting the symmetrics of ¢y 4.

Pressure Force across the Dividing Surface

The normal force transmitted across & s & consequence of the pregsure in the
ftuid 's simply

b= [ [ pedyds

i o
= .f_m I.,w('f"f'zw) - $17a{2))dydz + P
(9.24)

tSee Footnote 3 1> Chopter 4,
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9.4.1 Surface Tension of a Planar Interface

Lot the interface 8zg between the two domains of fluid M, and My defined
in Section 8.3 be given by {9.1) in the case where Z(z,y) = 0.

Equilibrium Potential and Pressure

In this case, using (9.16), the potential in the Auid is

o] o2 i
‘D(E,%Z) = Pﬂ(‘r!y!‘:] -/:-uﬁj:-ao f_m‘?(msy|3|mh I}u-’fu)dz*dy-dw.
0 ‘1E ax»0 (9.17)
qu(z) if 2<0
on substituting (9.10) and (9.4).
The equilibrium equation (8.4} thon gives the pressure in the fluid as
0 i z2>0
- '"'p = . 9.18)
P( ) = { 451,"3(0) - d)uq(z) if z<0 (

where pes € R, on applying the pressure matching condition (8.3).

Internal Force Across a Dividing Surface

If the dividing surface is chosen atbitrarily to be the plane § = {{z,y,2) 12 =
0} then tire potential vesulting from the fluid to the left of the dividing surface
is

0 R {1
B = p,g(m.-y,z) -/:-co ‘/:.w -/:--'xa FLEy Yy 2y B Yoo 2e)dzad oy

t il z>0 |
gﬂlg
{ $drpar,2) if 2 <0 (9.18)

I

on substituting (9.11).
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Interaction Potential

From (6.67) and {6.65), the potential
qlz fM *Pﬁﬁﬂf

oh  poo pod
P{)‘(Tiyiz) [-w [_w/;wpﬁ(mﬂynz*)'?:(m!yvz!x" Yor 22 )2 AT Y

p A'M (9.15)

on substituting (9.4), This result can be rewritten using (9.3) as

o0 Z{nutre
&= f” j o 80 1 o Yoo )2l (9.16)
- =

-0

ilz< Z(z,y) and @ =0 if 2 > Z(x,p).

9.4 Surface Tension in terms of Interaction
Fields

In this section, the mechanical analogy of Fowler {20] and Kirkwood and Bulf
{42} is used to reconcile the surface tension and interaction fleld approaches
for planar and curved interfaces. In a static fluid this reconciliation relies on
determining the force transmitted actoss an arbitrary dividing surfece placed
normal to the interface. In the classical approach this force is attributed to the
action of the pressure across the dividing surface and an additional contribution
from an effective tonsion existing in the interfacial surface, In the interaction
fAeld wpproach, the force transmitted across the arlitrary dividing surface has
& contribution f; arising from the lnterna! interactions within the fluid ae
well as another contributlon f, from the pressure fleld required to maintain
equilibrium against the internal forces.
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where the fibre integral is defined in Section 6.2.4, and the related integrals

b= [ nw [ Fleyzien i s)deadyade. (9.10)

and

] ca o0
¢1,4=f_m f_@ /_mF(;r,y,z,az.,y.,z.)dw.dy.dz. (9.11)
If these integrals exist then ¢, ¢y and ¢4 inherit the symmetries of the
interaciion kernel F such that
$1 = constant
0"1,*2 = ‘b!f‘!(:)
by = diale, z) {9.12)

In addition, the symmoetries of the interaction kernel and the asymptotic con-
dition (9.7) result in a number of simple relationships between ¢, ¢y and
$174 84 various points in M:

$12(0) = 3
d17a(00) = 0
¢io{—c0) = ¢ (9.13)

and
ﬂblfd(‘ﬂam] = 0

(61{4(0“, ‘7) =0

¢174(0, %) Yy a(5) (9.1

In all cases the proofs follow by realising that the value of the interaction kernel
is not affected by reflection of any of the coordinate axes,
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Assume ¢hat the fluid cccupying M, is not subject to any interactions, cither
with itself, with an external feld, or with the fluid occupying Mg, Assume,
however, that the fluid in region My interacts with itself, and that this in-
{eraction has a kerne! F » AOA4? which has the same symmetry group as the
kernel Figg g, dofined in Section 6.5.1. Hence, as in Section 6.5.1,

F(2 Yy By Ly Yos 20) = F(rh) (9.5)
whete

r = (2= w ) b (y ~ ) 4 (2 = ) (9.6)
In addition, assume that F obeys the asymptotic condition

lim F(r?) =0 9.7)

In the examptes which follow, where an explicit {orm for the interaction kernel
is required, agsume that
F o= IS'OE .0

= —oxp( &'r?) (9.8)

where 7P, s i the explicit form defined in Section 6.5.1 and & & IR. Note

that if k # 0 then this form does indeed satisly the «symptotic range condition
implied by (9.7).

Integral Symmetries of the Interaction Kernel

Ior later converience, define

= .%H »F

f:: f_: f_: FLE Y 20 Bas Yoy 2a) ATy udlz, (9.9
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Chapter 10

Linear Dynamics

10.1 Overview

Tn this chaptor the reconeiliation between the predictions of the classical surface
tension theory and the interaction fleld approach is continued by rederiving
the classical results for the small-amplitude oscillatory behaviour and stability
of several near-equilibeinm systems using the interaction fleld approach. The
linearised equations derived in Section 7.8 ave used throughout this chapter to
model the dynamics of the [luid system using the interaction Held approach.
and an equivalent linearised systom is derived for the classical surfare tension
model, It may be argued that the full, but non-linear, equation of motion (7.38)
should be used in the verification of the dynamic predictions of the interaction
fleld model, From Section 7.8, however, the major ellect which is climinatid
by the linearisation process is the modal coupling related to possibly non-zero
MY# terms in the full dynamic equation, Since this is an inertial elfect rather
than one related to the interactions present in the system, the verification of
the interaction field approach through use of the linearised equations of motion
for the (luid system woutd appear to be sulficient,
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equation, where bublle lormation in bulk Huid iy thought to be suppressod by
the large vapour pressures required to initiate the process,

9.5 Conclusion

Having derived the propertios required of the interaction kernel for reconeil-
iation to be possible between the statie predictions of the interaction Held
approach and the classical surface tension theory, attention s tuened in the
following chapter to the reconciliation of the dynamic predictions of the two
approaches,
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(1,0,0). Finally, a result in the form of (9.74) can be constructed by combining

the two interaction field conteibutions to the pressure in the classical approach:
2o,

Ple 4 pi = ==+ pla (9.79)

This result effectively defines the surface tension o, for the spherical interface.

The absence of internal interactions within M, yields pla = 5, [or any point
A E J‘H(rl

Combining (9.74) atd (W7

e o Ple s+ pi = pla
Ty

(9.80)

23

"This equation, evaluated using the explicit form of the interaction keenel given
in {(0.8), is plotted in Figure 2.2 and shows how, as the radius of the sphere
bacomes large compared to the range of the interaction kernel, the ratio o /oy
approaches unity and the classical Young-Laplace equation becomes increas-
ingly valid, Where tho radius of the sphere becormes comparable to the range of
the interaction potential, however, the cquivalent surface tension of the curved
interface reduces below that ol the surface tension of the planar interface, and
tends to zero ag the radius of the sphere tends to zeto, This result is in ac-
cordance with the results presented by Tolman [81) and by Melrose [58], The
structure assumed for the fluid in Chapter 2 allows the vesults presented here
to be given directly in terma of the range of the interaction kernel, however,
rather than in terms of the less-vasily accessible position of the Gibbs surface
a8 is given in the snalysis by both Telman and Melrose,

Note too that the mteraction feld approach shows the pressure at the centre
of the droplet golng Lo zero as the radius goes to zere, whereas the Youug-
Laplace equation allows the pressure to become singular as the radiug goes
to zero. The results of the analysis given here have erucial fmplication for
the simpler theoriey of nueleation” hased on application of the Young:Laplace

il e

“See for instance the paper by Crum [20).
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can be ovaluated using (9.73). By direel integration
T ™A £y
o, e e o oxpl—-kérd]dr
» .2 fu - pI ] -
T

o

T (9.75)

where, as before, & is o measure of the range of the interaction kernel, The
interaction field techniques developed in the previous section can also be used
o find the pressure al the centre of the spherical domain My, simply by
modifying the limits on the integrations to account for the finite extent of
M To avold unnecessary and tedious repetition, these results will merely be
sumnmarised. The potential of the internal interaction follows from {9.16} as

¢lm, = 0
Blu, = j@w*a-‘ (9.76)

from which the pressure p throughout M can be determined {up to the addi-
tion of the arbitrary constant p,) using the equilibrium conditions (8.4) and
(8.3}, The force exerted at the centre of the sphere as a result of the internal
interactions must then be ca. .ulated after choosing the dividing surface across
which the net orer ia to he evaluated as the plane {(z,y,%) + # = 0}, Let
L= {{2,y,%): & <0}, Ibe potential ¢y, resulting from the fuid to the left of
the dividing surface follows from (9.16) as

(PL)lme = 0
(@rYmy = ;HM*F (9.77)

The additional component of the clagsical pressure at the centre of the sphere
which can be attributed to the internal interactions is then

po= (@u)le = (P)im (9.78)

on integrating over the infinitesimal element aurrounding the line {{2,4,2) ¢
D<o B oy=b, 2=10) and defining R as the point with roordinates
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Figure 9.2: Equivalent surface tension for a spherical droplet.

As in Soction 0.8, lot the fluid domain M be isomorphic to 8, and let (2, y, #)
and {Z.,yu o) be eqivalent, globally valid, reetangular coordinates for M.
[t M consist of two domaing M, and M defined respectively as the regions
exterior and interior to the sphere, radius R, located with its centre at the point
¢ & M with coordinates (0,0,0). Lot the interactions for the two domains be
a2 defined in Scction 9.3 and let the kornel F have the explicit form given by
(9.8). The pressure B, at the centre of thoe spherical domain My predicted by
the elassical surface tension theory follows from (9.34), Since x4z = <2/ R,

ﬁl‘. = 7:“ + ?lel (Q'T'i)

where 7, & I The surface tension oy of the interface {9 assumed, as in the
previous soction, to be independent of the configuration of the Auid system
and henee is st equal to the equivalent surface tension assoviated with the
interaction feld model for the planar interface, The equivalent surface teasion
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Figure $.2: Equivalent surface tension for a spherical droplet,

As in Section 9.3, let the iluid domain M be isomorphic to R*, and let (z,y, =)
and (., ¥ ) bo eqivalent, globally valid, rectangular coordinates for M.
Let M consist of two domains M, and My defined respectively as the regions
exterior and interior te: the sphere, radius 1, located with its centre at the point
C € M wish coordinates (0,0,0). Let the interactions for the two domaing be
as defined in Scction 9.3 and let the kernel F have the explicit [orm given by
(9.8), The pressure P, at the centre of the spherical domain My predicted by
the classical surface tension theory follows from (9.34). Since ez = =23/ 0.

2oy v
g, = v + Pog (9.71)
where T, € B, The surface tension o, of the interface is assumed, as in the
previous section, to be independent of the configuration of the fluid system
and heneo iy 5ot equal to the equivalent surface tension associated with the
interaction field model for the planae interface, The equivalent sucface tension
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Let 72 4 u? = a. Then by the chain rule

d . d 2]

TnT e = g Flelgrae
d
= =Fa) (9.71)
and
0 _d g
wF(a) = m?(a){,jua
= () (0.72)
““da -

Hence (9.70) can be written
- ” E 313 3 0 f_)'
o = =3 fn * j-‘_ w aﬂf‘(a}dudm

= .,.% fn‘” PF(r2) = F(oo))dr

RN e P g7
- jﬂ PBE(rdr, (0.73)

2

on evaluating the integral over w and exploiting the asymptotic property (9.7).

Comparing (9.64) and (9.73) shows that &, and oy are in fact the same object
and hence that the two forms of the Young-Laplace equation, (9.34) and (9.58),
oue obtained from the classical surface tension theory and the other from the
interaction field approach, are indeed equivelent under suitable restrictions on
the interaction kernel F,

9.4.3 Pressure at the Centre of a Spherical Droplet

As digcussed in Section 9.2, there are certain [nid configurations where the
pressures in the fuid system are sivongly inluenced by the geometry of the
system, In this section, the approach of the previous sections is used to devive
& result for the variation of the pressure at the centre of a sphetical domain of
Buid as the radiug of the domain s varied.
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on converting to polar coordinates and integrating over 6., where

L] ®
2 2 ] Evlag Yuy i JB2ads
ga+yl) = [ [ FO0p 20 g n)dnd

K

4]
f /: Fla? 4 g2+ (2 — 2 ¥)dsude (9.66)
-0

and again the assumed form of F and rectangular coordinates have been used
to simplify the expression.

Nate that, for given 2. and p., the integrand in {9.66) is invariant along the
lines on which z — 2, ts constant. This suggests the change of variables

W o= X
v o= oz, (9.67)

Noting that the Jacobian of the transformation from {z, z.) to (u,v) coordi-
nates is 1/2, (8.66) can be rewritten as

1 r0 1 . )
gl + y2) :j‘f_mj;u?(ﬁf o+ 42 4 ut)dodu

]

1H
=3 [ ouF (@l + 42 + vl (0.68)
5 ) oo

on exploiting the invariance of the integrand with respect to v. Hence, by
combining (8.85) and (9.68) and integrating by parts

op = FOONEIE =x [" gt gear,

o0 d .
= --ﬂ‘fu d[ ) ( ]dr., (9°b9)

since G(r2)r? =0 at r. = 0 and, if § exists, by the asymptotic property (9.7).
Hence, in terms of the kernel F, from (9.68),

] 0
o = =3 [0 e f WF(r? + v)dudr,

_ _E ] .:i_ 1} " 8
= =3 - 3)%« + u®)dudr, (9.70)
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hence that the equivalent surface tensions associated with the interaction fleld
modeis for the curved interface and for the planar interface are identical,

Ry definition (9.41),
hp©,0,0) = [ /"’ 22F(0,0,0, 2u. gy 0)dpudz.

-] =]
= j f Y2F(0,0,0, Za, ga, D)y, (9.60)
hy previous argurment. Hence, from (9.539)
_ l PO 2 2 N
0o =7 f_ - f_ " (24 y)F(0,0,0, 24, g, O)dyud, (9.61)

Now, from (9.5} and (9.8), in rectangular coordinates
F(UH 0,0, 24, ey 0) = F(":E + yE) (9.62)

henee, on changing to polar coordinates
3 2 .2

rn = a:it + ym

r, = r.cosf,

Yo = rusind, (9.63)
(9.61) transforms to
oo pAw
g = -i-j{; A 1S F(rd)dldr.

o
4o
on evaluating the integral over 0.

* WEdr, (9.64)

From (8.30), tha surface tension in the case of a planar interface can be written
a8

| o g
oy '"Eifw f_wG(xf-PyE]dw-dy-

~ -l g plr 2

= -3 j; L GUr)radbodr.

— e T a2 e

= -7 jn G(r?yr.dr, (9.65)
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The change in pressure A} across the interface &z in the classical surface
tension model for the tluid configuration can be interpreted as the quantity
F{oo) — F(—o0). From {9.55)

AF = Loya(—o0) = dya(0)
+(e1 + e2)( $1142(0,0, —00) -~ 1(0,0,0) )
+€
= ~(e1+a)p(0,0,0) +& (9.56)

by exploiting the symmetries of ¢, wad since, as a result of the symmetries
of the kerne] F,

I”;(O, 0, "‘CO) ={ {9-57)
Hence
AP = KngOe (9,58}

where the mean curvature of the interface is defined in {0.38), The quantity
g. can be interpreted as the equivalent surface tension associated with the
interaction fleld model for the curved interface, and is given by

0c = =3 1n(0,0,0) (9.59)
Comparing {9.34) and (9,58}, the surface tension based approach and the ap-

proach through the interaction feld can be completely reconciled if it can be
shown that o, = o).

Surface Tension for Curved and Planar Interfacas

It is now shown by change of variables that the integrals for o, and for o, in
terms of the interacticn kernel can both be brought to a commen form, and
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and hence, on evaluating the integral,
pi(0,0,2) = ©4(0,0,2) ~ ®1(00,0,2) (9.50)

or, on substituting (9.46),
pi(D!OI ‘7) = '?51{4(0! 2) - (bl{'i(ooi :)

+{c1 + ez)( [174(0,0,2) — I114(00,0,2) )

+£(0.0,2) (9.51)
Note that
1174(0,0, 2) = $1112(0,0, 2) (9.52)
an {
I1ja{00,0,2) = 0 (9.53)

as a reault of the symmetries of F, and hence, on exploiting the symmetries of
#1145 {9.51) can be rewritten as

p,‘(o, 0, z} = %051;2[2) + %(01 + 02)[112(0& 0,z) + E(U!Ds z) (9'54]

Reaconciliation

As described earlier in this section, the quantity p + p; should be interpreted
ag the pressure P in the classical surface tension model, Thus along the axis
z=y=0,0(2) = po il z > 0, while if z < 0, from (9.44} and (9.54),

Bz) =P = ¢172(0) ~ §612(2)
+{ey + e2)( 7(0,0,0) — 111/2(0,0,2) )
+E(2) (9.55)
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+£(0,0,2) (9.44)

on applying the pressure matching condition (8.3).

Arbitrarily define the dividing surface § across which the contibution to the
classical pressure from the internal interactions is calculated as the plane
{(z,y.2) : # = 0}. The interaction potential of the fuid to the left of the
dividing surface iy then

) to  prizitepyia.
Op(z,y,2) = f_m _L”f_m F(Ey Y 23 Ly Yuy 7 )20y dxa  (9.45)

Following the same procedure as before,
Qﬁ(ms 'R Z) = ¢1f4($s 2) + (81 + 62)11/6(31 ¥ 2) + S(£| s Z) [9’46)

where ¢4, defined in (9.11), is the interaction potential generated by the fluid
to the left of the dividing surface in the case of a planar interface, and

"] o0
tula2) = [ [7 F(w,y,2,0 0, 0)aldydo. (9.47)
iz the contribution w the interaction field from the distortion of the interface.

The internal force® transmitted across the infinitesimal area element S* sur-
rounding the point (0,0,2) on the dividing surface is then the component
normal to S of the internal force exerted by the fluid to the left of the dividing
surface on the fluid in the infinitesimal volume element R* surrounding the
ray {(z,5,#) 1z >0, y =0, 2 = constant},

Since the component normal to the dividing surface of the internal force is
- £ o1(z,y,3)de (9.48)
from {9.45) ko total internal force transmitted across §* is

pi0,0, £)dyds = ~dyds [~ & (2,0,2)de (9.49)

981rictly, the force arising from the internal interactions within the fluid.
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System Dynamics

'The results of Seetion 10,2 can be used to examine the stability of the system.
Note that the ineriia and stillness coellicients of the system are already in
diagonal form, and hence (10.8) can be used to analyse the stebility of the
system.

In the case where the system stiffness results from the gravitational potential,
the eigenvalues of the motion of the interface are given by

{Fj:‘.l - ﬁd)

2 2 A
FEP) g+ ) (L0.9RY

(Aig)t =
which is identical to the classi~ 1 result given by Lamb [17}, and shows the
expected ingtability when 7 > 5, that is, when a domain with greater density
lies above another with smaller density.

The case where the system stiffness arises from the internal interaclions is
more interesting. Ilere the eigenvalues of the motion of the system are given

by

'ﬂ'

W‘F(I - ﬁ-‘f"‘l'j’}f("k’]](iﬂ +J'2)U2 (lu-:‘]?]

(App) ==~

showing the system to be unconditionally stable’. Note that the first term in
a Taylor expansion in (i* + j%)1/2 about (% + j4)? = 0 of (10.57) Is

T g g
(Al = "'mm(eg-&.}al"’z

Ty 3, rdaafd ]

st ssre—pmmanmems | 9 oy 10-38
(?}-" + F"f] l J ) ( }
where, as shown in Section 9,11, o, is the equivalent surface tension associated
with the Interaction kernel assumed here, Equation 10.38 is identical to the

clussical result grven by Lamb [17]

INote that if Lhe u_[:[ljl.la:l'tu au;n for F in nssumoed, the nnalysic =ady to unconditional
inatnbilily.
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tience, from (10.10), the stilfness coetlicionts can be wrilten as
K(I-Jl(' 2’} e g Ja § JO RTINS (10.29)

where

(O f; w0 4y k(g0 )
Had

= () sl [ HHY (10.30)
and
G = "'Mﬁ.?:'
= ““((‘rf\k:)-l) {10.31)

from Section 9.4.1. Then, since &y = v /&3,

G ..,U ) i (iJ) #( ;J’) (10.32)
R@ ) ) =00))

The second component of the stiffness intogral is

FO = [ L (s (R
by iy

0 i (i) # (1431 "
{ B8 o JAYemIWERY (G ) () (10:4)

hy direct integration on substitution of {10.25) and (10,17), noting that

t*dle))l T ,_;(*dH( ¥ 1)1 had

“‘”(.r. PRI} H" . ]{.r...y..{]) dr dy de. dya (10.34)
Henee
VIR 0 it L)) A0
K)o , 10.35
BL(i b O e oI 0 Gy = (7)) i)
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PR L Sl el SRELU T

b A M (10.25)
where g € IR, p is the iluid density, and p,, o € {n, 3} are the occupation
functions on M defined in Section 6.3.3.

Since F & AYM, the stilfness coofBeients for 1he system can be caleulated via
an analysis on M. From {7.41),

RO =l [ oo pgdznst )
Tad
e T
g
= N
b 1"

=740y [ (HEPHE)
iy

. { 0 it (4,4) # (i",5°) (10.26)

(HLPH)

L7 =gl + 7% 10 {4 ) = ()
where the negative sign arises since the Hodge form induced on 8, by the
Hodge form on M, has oppesite orientation compared to the Hodge form in-
duced on 3 by the Hodge form on My,

Interaal Interaction

A in Section 9.3, assume that the Ruid in M, is not subjeet to any interac-
tion -, either with itself, with an external field, or with the fluid in M., Assume
however that the fuid in region M, Is subjeet o a pairwise interaction with
itself. Let the kernel Fo AYM? of this interaction be of the same form ax that
used in the examples of (hapter 4:

yl‘“ﬂ@ﬂ(m' y' :1 " ,i)‘-. ::.)
= "F:I‘;rciﬂi“)

v oxpl B2 = )2k (g = )P (2= 2% ) (1027

whore, as & — ou, the range of the interaction kernel approaches zoro, while

FLH!! 1] R ‘F}-Mqﬂji 2 'F'v“{iﬂq == [] [1[]‘28)
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Figure 10.1: Eigenvalue-wavenumber reation for the planar interface with pair-
wise internal interactions,

N { 4 it (4 # (00 (10.24)

LT+ + PR () = (009

by direet integration afier substitution of (10,17},

‘The stiffness coefficients for the system can he ealeutated once Lise interactions
within the Auid have been specifiea, A moentioned earlior, Lwo cases are anal-
ysed here:

(ravitational Polential

Assume that the {luid in both dematny M, and M,; Is subject to an extoer-
nal interaction F» AYM madelling a constant gravitational fleld, but that no
higher-order interactions are proesent, Lot the interaction kernel

Fy = pga

SR



The dynamics of the systetn can be teansterred 1o the conliguration manifold

D delined in Section 7.2 by comparing (10.21) with (7.10}, 1f coordinates
for D in the neighbourhood of the reference condition are (ag.. .., ax), then
the tangent v etor at the referenve condition Lo the curse repre-enting the
evolution of the system is
3 s : i
g = t‘lum'l'""l-ﬂmm:

= o o o T (10.22)

after identifying distortion modes 89 b ¥M, where §,§ € {0,...,20}, such
that

v = dHLY
vy, = —dHi {10.23)

and identifying each of the coeficients ey ) uniquely with one of the coefficients
&) of the tangent vector,

System Integrals

Take the condition of the undistorted planar interface as the reference condi-
tion corresponding to the point ¢ in the conliguration manifold, The systom
integrals required for the linear analysis of the system’s dynamics abous ¢ can
then be caleulated using the rosulty of Section 7.5,

From (7,19}, the inertia coellicients for the Luid system are

MO o j‘u gt A gl

B

o ; ot
[P

o

+ f&d,; F‘jU“'J}L\d.; A *U[il"’f)fMa

i

fu AR A wdHOT 4 fw AR A wdHY)
¥l

¥y
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where summation over all repeated indices is implied. Then, from (5.28),
yl.’t‘fn - F?‘IJldHH'Jl
S W TTILE) 10,16
UL\&.; = OG0 ( ' b)

where the exterior derfvatives van be ovaluated in terms of the elemoents of
harme ( 234

R HEE G g 4§ dy) 3 WP G ) d
ngAi+l.3J+1} = Hgli'.ij] (i dnl?+j dy)+ H;:ll'-lvl.ﬂg-l-i] k(iﬂ +jg)”2 ds
{10.17)

where (da, dy, dz) s the dual basis induced on M by the coordinates, The
no-rupture and automorphism conditions of Section 7.4 can be nsed to reduce
the number f independent coelliclents in the expressions for the veloeity, To
satisfy the autc morphism condition #da = 0 on the boundarics {(x,y,5): 3 =
o0} sud {(&yy,2): a = ~c0) of M,

Sl S
T = 0

ey = 0 (10.18)

In addition, the no-pupture condition on dayy requires
!lfi,la') = "“Eﬁ.l;) £ i) (10.10)

on substituting (10.17) into (10.16), and using (10.14) since

N s = HEP (10,20)
[lenee

Vi = g dHYY

Viam, @ ~cpdHey (10.21)
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Harimonic Forms
The complete sot of harmonie zero-forms
harm®™" (%) = {HE_,"”},,,EU;..O,@}. kE{=1.) (10.12)

whore

M, g, 2) e \-',-!a-c-."'“a""aw"mu(a'.r + Ju)

i
H,‘f”““’*”(.ﬂ. Yy2) = :-,%;f:*i“'*-’”m”' sin{ér + jy) {10.13)

(where the wavenumbery i, f € {0,...,00}) can be used to analyse disturbanees
on the plenar interface, since this set of forms obeys the integral condition

ot TRt ot Y
[ amgng ¢ O 8 GAEBS) or KRS (19.14]
o L i (G)=0J) and k=¥

and henee is orthogonal on dyy x B = B In {10.14), L = Sy Qo] S
and & = {{a,p2)i3=0 e<e gt dSsy<idn +d, e,de R} C
Depending on context, {3,y i the Hodge form on Oyg induced by either the
lodge form on M, or the Hedge form ou My The factor L appears since
the elements of barm™* (M) are strictly orthogonal on & x R ¢ 2 rather
than on /R itself. Note that the pertodicity implied by orthogonality over this
subset of I can be varied guite siiply by roscaling the coordinates adopted

{for M,

Digtortion Modes

Since, [rom Section 4.5, the veloeity potential is harmouic in both M, and

JVL-n

b

I\L\d,, F‘lid)HL‘IJ)

]

Ay = el HEY (10.185)
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interaction kernel. On the other hand it would appear that. although certain
elements of the dynamics of the system in the case of non-infinitesimal range of
the interactions are indeed form-specifie, there appear to be certain elements
of the dynamics that ace shared hetwoen the examples presented here, and
there is hence strong support for the proposition that these elements are ine
deed universal characteristics of the dyuamics of fluid systeins maodelled using
Lthe intcraction field approach,

10.4.1 The Planar Interface

Lot (2,y,2) and (2., 9 2) be cquivatent, uniformly velid, rectangiiar coordi-
nates for M. Define

J‘Hn = {(VBQ yg 3) v > 0}
Mz = {{a,p2)12<0} (10.11)
then o 1s the plane {{x.y. 2) t z = 0}

Two particularly well-known clagsical analyses for the lincar motion of this
panar interface hotween the two dissimilar domalns of ftuid exist, The firss
is the so-called gravity-wave cose, where the fluid is subject to a gravitational
flold acting normal to the undisturbed interface, The second cuse is the soe
ealled capillary-wave analysis, where disturbances on the interface are driven
by the surfnce tension in the interface, Both cases are re-analysed here using
the interaction fiekd approach. In the gravity wove case, the analysis [ollows
directly by deflning an interaction kernel which is equivalent to the gravita-
tional potential on M. For consistency with the results of Chapters ¥ and 8
and the assertions of Section 6.5, the capillary wave case iv modelled in the
situation where a pajewise intersal interaction exists within M,; and hence an
interaction kernel on M?* can be dofined,
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and any harmonic zero-form on M can be written as a linear combination of
the elements of any ohe of the sets harm™ (M),

Stiffness Integrals on M?

If the interaction kernel F o AYMM2, then expression (7.41) for the stiffness
¢oeflicients of the Huid system can be specialised as

ey g o
K ",,,E.;LMJLMM (v putind(Fe(v 2 v7))

w2V ot

2 X Flsv')o (%) (10.10)

aered My M

since v} = v'pt and IM? = (OM x MYU (M x dM).

Topology of the Fluid System

In all cases to follow the Auid domaln M is assumed to bhe isomorphic to
H® and to consist of two domaing M, and My separated by an interface
Jag = M, N OM .

10.4 Comparative Results

In this section the results for some of the well-known classical interfacial con-
figurations are compared to the predictions of the interaction fleid approach,
The analysis which follows is not general, but is presented in the form of a
series of examples based on the agsumption of speafic forms for the intecac-
tions within the {fluid, This reduction of generality is roquired in most casen
sinee oxplicit vesults (or the dynamics of the system are reliant, in the case of
non-infinitesimal range of the intevaction kernel, on the explicil fovm of the



in a number of references, for example in the haoks by Lemb [47] and by Lan-
dau and Lifschitz |... to which the reader is referred for the derivation of the
classical results for the dynamics of the various example systems to follow,

Principal use is made of the analysis presented by Lamb [47], oased on the
theory developed by Rayleigh [Ti], thuoughout which i was assumed that
the luid was inviscid. To match these risults, throughout this chapter it is
assumed that n = 0 throughout M, Through {7.21} this implies that the
damping coefficients CV for the system ¢ re zero and hence any diagonalisation
of the eigenvalue ecquations is of the forn;

K
Y Sl
(}‘i) - ﬂ-! (10-8)

implying instability of the mode v* if £/M < 0 and stability of the system if
K/M = 0 for all modes.

In addition, the agsumption of an inviscid system allows the analysis in terms
uf the velocity potential, derived iu Section 5.5, to be used Lo establish suitable
forma for the distortion modes of the Ouid system,

10.3.1 Preliminary Results

The following definitions and results are used repeatedly in the analysis to
follow,

Harmonic Zero-Forms

Lot har™(M) = {H')iez, where T < Z and each H' > A°M, denote the n-th
set of harmonic zero-forms which is orthogonal and complete on M. Then (if
auch a set does exist)

. 0 it &%
HHY) = 10,9
fy ) {rem-»m} T 1o
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The analysts simplifies if {10.2) can be brought into diagonal form such that
MO+ CM+ K =0 (10.4)

(where M, C and K are possibly different for each eigenvalue), in which case

N JIO) —sMK

! 2M

{10.5)

10.3 Classical Results

The classical surface tension-based theory of the dynamics of fluids with in-
terfaces is described in Section 4.8, This classical model can also be lin-
earised about some equilibrium reference condition for the fluid system (see
Section 7.2). Let Mz be the M-complete fragmentation at the reference con-
dition, The condition imposed by the Young-Laplace equation (4.30) on the
pressure at the domain boundaries is transferred to the locations of the undis-
torted boundaries as

(Plosra)ls,s — Planiy)ls,; = Tankas (10.6)

for all o, 8 € Z, where ag = 9Mq N OMp and Fes b A%Oas. Away [rom the
interfaces, the linearised [orm

[pv +dB+df—pd?v )|g =0 {10.7)

of (4.29) is assumed to govern the dynarnics of the system. Philosophical recon-
ciliation between the classical approach and the the interaction field approach
is obtained by realisiug that the pressure entering the classical equations is
in fact the ‘effective pressure’ defined in Sectiot. 8.4.2 which contains within
it a contribution from the internal interactions within the {luid. The linear
dynamic theory based on the surface tension approach is presented in detail
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10.2 Stability of Equilibria

The small-amplitude dynamics and stability of a particular near-equilibrium
configuration can be determined from the linearised dynamic equation {7.42),
Let # € D, where D is the configuration space of the fluid system defined in
Section 7,2, correspond to an equilibrium configuration of the Huid system.
Let (ay,...,ap) be coordinates for T in the neighbourhood of ¢, and let the
distortion modes associated with the choice of the equilibrium configuration
as the reference condition for the system be v', where i = 1,...,p.

Assume the coordinates along the path 9(t) of the fluid system to vary with
time according ‘o

a; = Aie™ {10.1}

(no summation intended). The constants A; and the eigenvalues Af arc possi-
bly complex, but combine in (10.1} to yield real coordinaies a;, i = 1,...,2.
Substituting (10.1) into the lnear equation (7.42)

MY +CYM + KV =0 (10.2)

where the inertia, damping and stiffness coeflicients are given by (7.19), (7.21)
and (7.41), and since from {8.6), at equilibrium

Fi=10 (10.3)

Equation 10.2 can be solved for the eigenvalues ;. The equilibrium config-
uration is unstable il any mode can be found such that the real part of its
associated eigenvalue is ) sitive, indicating a mode with displacement which
increases exponentially with time. On the other hand, if no mode with positive
or zero real part of its associated eigenvalue can be found, then the equilib-
rium configuration is (linearly) stable since &'l sufficiently small displacements
to the equilibrinm configuration of the system will disappear after sufficient
time,
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of the gpherical interface, caleulated munerically using the same interaction
kernel as adopted in Section 1041 and Section 10.4.2, for various values of the
interaction range parameter &, Numerical experiments confirm the diagonality
wl the sysiem and the independence of the eigenvalues of the systetn on the
modal index j. {Interestingly, neither the inertia coefficients nor the stiffness
voeflicients are themselves independent of j.) Once again it is scen that as
the range of the interaction kernel becornes small compared to the radius of
the interface, the range of modal indices over which agreement between the
cigenvalues obtained using the interaction field analysis and those obtained
using the surface tension approach becomes larger, until in the lmit it would
appear that the two approaches yield identical results,

10.5 Conclusion

In Chapter 9 it was shown that the surface tension theory could be recancited
with the predictions of the interac jon field approach, in the sense that an
exprossion for the surface tension of a static interface could he obtained oven
where the interaction kernel tad ron-infinitesimal range. In the limit as the
range of the kernel beecame small compared to the curvature of the interface,
the Young-Laplace equation governing the pressure change across the interface
could be extracted, The exaniples of this chapter suggest that in dynamic fluid
systems, at loast where the dynamics is governed by the linearised cquations
darived in Section 7.8, & simitar situation holds: Reconciliation between the
predictions of clagsical surface tension theory and the interaction feld approach
is obtained in the limit as the range of the interactions within the fuid sys-
tom becomes small compared to the characteristie dimensions of the systom,
Additionally, several cases have been shown where the resulls of the interne-
tion fteld approach suggest that the classical analysis may be inappropriate in
physical situations of interest, Of rourse, the statements made in Section 8.1.1
should once again be borne in mind when considering the interaction tield ap-
proach as a replacement for the classical theory, As in Chapters 8 and 9, the
results presented here are highly suggestive, but the analysis of the present
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Figure 10.7: Eigenvalue-modal relationship for the spherical intertace,

Systun Integrals

The momentum and stiffness coeflicients for the system can be calenlated by
integration over the distortion modes, following the same procedure as used in
Section 10.1.1 and Section 10,42, Sinee numerieal evaluation of the resulting
forms is required in most cases, oxplicit formulations for the coellicients will
not he given here,

The cdassical analysis by Landau and Lifsehitz [49)], wsing surface tension the.
ory, gives

gl = b i (= 1) (i +2) (10.60)
ﬁs

which is valid fur ¢ 2 1. and where o, and 57 ace defined as belore,
Figure 10,7 shows the eigenvalue wavenumber relationship for the dynamices
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Harmonic Forms
The set of hartmonie zero-{orms
harm™ () = {H'}ig(u...0) (10.56)

ot defining

H¥(r, 0, 8)

It

P 1% {cos 0) cos(j 6)

H!H‘l(’.‘ 0‘ Qﬁ)

P (s 0) sin(j 6) (10.57)

{no summation intended) where the modal indices i,/ @ {0,...,2¢] and the
P e APM are the associated Legendre polynomials, can then be used as o
complete basis for the velocity potential alpyy, inside the spheve, under the
restriction that the potential be finite at the origin of the coordinates, It is
cagily confirmed that the elements of harm®™ {R*) are otthogonal on &,y %
Rt = R,

Distortion Modes

The dynamics of the system [ollows once agein by deflning distortion modes
v = gH! (10,58)

such that the fluid welocity
v|mg = (dadlm,
= v, (10.59)

where again the 4; are the coellicients of the tangent vector to the curve rep-
resenting the evolution of the system ot the conflguration manifold associated
with the distortion modes,
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Figure 10.8: Eigenvalue-wavenumber relation for the cylindrical interface for large
wavenumbers,

Lot (r.4.4) and (ra.fh ¢e) be cquivalent, globally-valul, spherical coordinates
for M, defined in the conventional sense, (Hence the Hodge form on M is
#1 = r?sin Odr A d0 A do or equivalently «1 = ¥ sin Oudr, A df. A dé.. ) Define

Mg = {{(nt¢):r<l}
My = {(n0d):ir>1} [10.55)

then 8, iy the sphore {(r,8,0) : r = 1}, The analysic for spheres of different
racliug follows as belore by rescaling the coordinates,

Asi o the case of the eylindrieal inteeface, the momentum of the {luld exterior to
the eylinder is negiected Lo obtain closest agreement with Rayleigh's elassical
analysis. Thin leads to the same simplilications as in the case of the cylindrical
interface,
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{10.81) asymplotes to

(A)? 2 = (i= 3} Bl (£0.54)
for lurge 4 a <l finite &, and hence, ar in the case of the planar interlace,
the dynamics of the cylindrical interfaee tends to an externalsfield type limit,
governed by the feld geperated by the equilibrium configuration of the system,
88 the wavenumber ol the distortion becomen large,

10.4.3 The Spherical Interface
The final case to be considered here (more for completeness than for any ad-
ditional insight that this case might yiedd) is that {or the dynaties of a liguid

droplet susperded within an inllnitely farge domain of fluid,
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Figure 10.4: Eigenvalue-wavenumber relation: eylindrical intarface regime ii.

this third rogime may of course have important implications for the hehaviour
of the vory thin threads of luid encountered, for example, in the context of the
rupture of cylindrical tubes of {luld as described by Tjahjadi [80] and others.

Figures 10,3, 10,4 and 10.5 show the eigenvalue-wavenumber relation for the
system within each of the regimes i, ii, and ili of Figure 10.2. Of partlcular in-
terest is Figure 10,3 which shows the asymptotic approach, as & bocomes large,
of the eigenvalue-wavenumber relation calculated using the interaction field
approach o the relation ebiained using sucfoce tension theory, Finally, Fig-
ure 10.6 shows the large-wavenumber hehaviour of the eigenvalue-wavenumber
relation for the cylindrical interface, Since for large

Ioli) & e (10.53)

V2

187



logond __

epppb— I. k = u.a

012% GP il =10

1 . Mok a 12

v, K= 18

v. ko220

0.1 Vi ke 3l

vi. Kk = 40

0.0 surfoco tension
"011
'Oe2
gk b
vl vt v,

Figure 10.3: Eigenvalue-wavenumber relation: cylindrical interface regime i.

The classical result 18 well known to predict instability of all distortions to
the interfece which have a wavelength greater than the circumlerence of the
eylinder {that is, o wavenumber less than unity). Figure 10.2 shows that, if
the effects of nonsinfinitesimal range of the interacticn kernel are taken into
aceount, then the stability boundaries for the system have a more complicatod
behaviour than the classical theory would suggest. As the range of the inter-
action kernel bevomes limitingly small compared to the radiug of the eylinder
{that is, & = so, ur regime L of Figure 10,2) the classical result is regained,
but for ranges comparable to the radias of the cylinder (8 & | or regime i
of Figure 10,2} the range of wavelongths for which the system is enstable is
somowhat greater than that prodicted Ly the classical theory, Floally, as the
rauge of the interactivn kernel becomes large compared 1o the radius of the
evlinder {that is, & = 0 or cegime iii, of Figure 10.2). the range of wavelengths
over which the system i unstable sliinks until ab the limit the system is stable
to distortions of all wavelengths, The beltaviour of the stability boundaries in
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Figure 10.2: Stability-wavenumber relation for the cylindrical interface.

after manipulation ol the Bessel functions, Bxplicit calculation of the cigen-
values using this velatiouship would appear to require numericpl evaluation of
the integrals for the potentinl and for the function R(k).

The analysis? by Rayleigh {T1] using surface tengion theory yields the classical
result

()t = Zethell) g (10.52)

where, as before, o, an bo interpreted as the surface tension for the planar
interface, As in Uhe case of the dynamics of the planar interlace, comparison
of the clasaical analysis and the result derived above using the ioteraction ficld
approach follows equation of #, to the valne caleulated in Section 8.4.3 for the
internction kernel Fodedined o (10.27).

i sl e i . b 5 -l T 1) e

“8oo atwo Drazin [24) for 8 more tiedeen approoch 1o the problem.
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where the scaling parametor associated with the interval of orthogonality has
been suppressed and the density of the Huid in Mg is 57

If the same interaction kernel F A®M? i3 assumed as in the case of the planar
interface subject Lo internal interactions, then the stiffness coeflicients of the
system can be calculated by substitution of (10.42) into (10.10) and direct
integration as

y 0 Ty
K = . . 10,47
‘ {2«?5“!&(0*(;’:%—R(k)e-""“’h tisg O
where
VT T i) _
R(k) = kfu ¢ du (10.48)

and once again the scaling parameter associated with the interval of orthogo-
nality has been suppressed. The potential

$ = /:: f:“ f;.ﬁ"(r.ﬂ,:, Pay Oy 2 )rudrodiodz, (10.49)

follows from the expression

:FlMg@a(rs 01 T ., n'-'-]

= —exp| £ (r? 4 = 2rr, cos(0 = 0.) + (x ~ =) (10.50)

[or the interaction kernel in cylindrical coordinatea.

System Dynamics

As onee again the system integrals are in diagonal form, (10.8) can be used
divectly to calculate the vigenvalues of the Nuid motion as

("\tla Iﬁ(i)'i ' (ﬁ;(_{)l,ml _ R(k){,_l‘z““i))

TP (i) ¥ Ra(in)
LON
7Aluli)

it

(3 blear ~ B(k)e™ /0 (10.51)

ir
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axisymmetric velocity potential Ajyg, inside the cylinder, This follows since it
is casily shown that the elements of this set are orthogonat on &' x IR* ¢ R?
whore

S = {(rndz)ir=1 8<z<2r+3s, s R}
< O (10.43)

Note that the hyperbolic Bessel functions of the second kind can be eliminated
from the basis since they do not result in finite velocity at the centre of the
cylinder,

Distortion Modes

The dynamics of the system on tha configuration manifold follows as before
by defining distortion modes

v = dH! (10.44)
such that the fluid velocily
l“'lMﬂ = (d‘\)lMg

= 0| m, (10.45)

where the 4; are the cocfficients of the tangent vector to the curve ropresenting
the evolution of the system on the configuration manifold associated with the
distortion modes,

System Integrals

The inertia coefficients of the system can be evaluated by substitution of
(10.12) into (7.19) and dicect integration as

. ) if ist] .
WY = 10,48
’r {'—’Tf“?""iz‘fé(ﬂé(i?‘}‘+Iu(ir°)“]dr‘ it i = (0:46)
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10.4.2 The Cylindrical Interface

This example is most interesting since the classical theory predicts a transition
from stability to instability of disturbances which arc rotationally symmetric
with respect to the axis of the cylinder as the wavelength of the disturbance
i3 increased.

Let (r, 8, 2z) and {r.,0., 2.) be equivalent, globally-valid, cylindrical coordinates
for M, defined in the conventional sense, (Hence the Hodge form on M is
*1 = rdr A dd A dz or equivalently »1 = rudr, A df. A dz.. ) Define

Mz = {(n0,3):r<1)

My = {{rndz2):r>1} {10.40)

then fag is the cylinder {(r, 8, 2) : r = 1}. The analysis for cylinders of different
radiua follows of course by rescaling the coordinates.

Harmoniec Forms

To obtain closest agreement with Rayleizh's classical analysis, the momentum
of the fuid exterlor to the cylinder iz neglected. Only the flow within the
eylinder then needs to be represented in terms of a suitable velocity potential,
and in addition there is o need to apply the no-rupture condition on 9.
Assurne that the flow within the cylinder is symmetric with respect to arbitrary
rotation about the z-axis. The set of harmonic zero-forms

harm™'(/R?) = {H'.]iE{U.....no} (10.41)
where
H¥(r, 0,2} = Ip(ir)cos(iz)

H¥* Y r0,2) = fylir)sin(iz) (10.42)

whete the wavenumber { € {0,....2c} and fyo A"M is the order-zero hy-
perbolic Bessel function of the first kind, can then be used as a basis for the
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The eigenvalue-wavenumber relations for the planar interface given by (10.37)
and (10.38) are shown in Figure 10.1. The manner in which reconciliation
between the result based on the interaction field approach and the result from
classical analysis is achieved is somewhat surprising, In Section 9.4.1, recon-
ciliation hetween the two approaches is achieved in the limit as the range of
the interaction potential goes to zero. Here no such limit is necessary, and the
classical theory iy shown to bear a first order relationship to the interaction
field approach even in the case where the range of the internal interactions
is non-infinitesimal. Hence the limiting process is encountered in a different
way: the classical theoty becomnes increasingly valid as the wavenumber of
the distortion to the interface becomes small, and hence as the wavelength of
the distortion becomes large, compared to the range of the interaction kernel,
Note too that, on comparing (10,36) and (10.38), the limit {or large wavenum-
bera 1 and j is identical to the result which would have been obtained if the
interaction kernel was

F = Ldyplemo 2
> AOM (10.39)

in other words, if the interaction originated from a gravity-like external field
rather than an internal interaction, This large-wavenumber behaviour can
be explained by analysing the contribution of the components G and
TS o the stiffness of the system, GUEIIY can be thought of as the
contribution to the stiffness from distortions to the interface under the influ-
ence of the potential field generated by the unperturbed fluid at . yuilibrinm,
I} iy the direct contribution to the stiffness from the potential changes
‘accorapanying the distortion to the interface, As the wavenumber of the dis-
tortion becomes large, the external field-like behaviour becomes more apparent
as the effects on the potentia) energy induced by the distortion modes becomes
incrensingly imsmersed in the field generated by the bulk fluid,
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11.8 Critical Point Topology of &AM

In this section the critical point structure of the poteatial on M generated
by the interactions within a fluid system with the simple steueture delined in
Seetion 1.5 is analysed. The results obtained here are wed to support the
derivations of the qualitative dynamic resuits of Section [LALL

11.8.1 Containment of Critical Points of &

Lot the Auid domain M have the simple straeture assumed in Bection 11,5, and
lot the interaction kernel F o AYM? have the form specified in Section 11.5.1.
The following result shows that the critical points of the potential on M gen-
erated an a result of the iuteractions within this simple fuid system are all
confined to within the convex hull of the nnion i of the interacting fluid do-
main.

Convex Hull

(Jiven the rectangular coordinates (o', 22, 2%) on M define the sets

PMay = fiethefeye Mia g}

Pra) = {2\ a2 eMia ga) {11.m
where ¢ € 2, Then define

af = infle g M : PN U = {B}}

af = sup{e & R: L7 {e)NH = {B}} (11.10)

and [inally the sels

Hy o= Pra?) u P (e]) (1L.11)
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with respect 1o the volume form on M. Then, [ur any finite w e (3M,

fe“"‘“[«ﬂ”.ﬁ:“ (11.5)

Let S, © M he an e<perturbation of 5 if

messa (S = meas.(S) (11.6)
that is, the two sets have the same volune, but

measa { dif(8, 5. ) < ¢ (11.7)

It then follows very simply from the midpoint theorem that

fm"wmfﬁuu:«i-u(u t) (11.8)

for any finite w » 2M™ Deline S, as an e-perturbation of 5 based on g if
&~ 8, has measure-zero set ooy a deformation retreet,

The notion of an e-perturbation based on a set of measure zero can be used
to define the *nearncss’ to equilibrinm of the conlignration of a system of
fluid domains which might have difforeut homology to that of the equilibrium
vonfigurations associated with the interactions present within the fluld, This
lollows sinee, by combination of (11.5) and the definitions of Section 7.5, in
the limit as ¢ — 0, any e-perturbation of an equilibrium configuration reverts
to o vystem with the same variation of energy and hence dynamical charactor-
intica as the equilibrium configuration, but possibly with a dilferent topology.
while (11.8) shows that the difforence in the variation of the energy of any
e-perturbation of the equilibrinm configuration and that of the equilibriun
configuration itself is bounded, By defining the structure of the Quid system
in teems of an e-perturbation to some reference configuration of the fuid, the
energy charncteristics of a wide variety of {luid nystems of physical interest,
for example foamy and systema with fractal boundarios, can be aleulated by
eforring these xystems back fo other systetnn with simpler topalogy.  This
approach is adopted in the analysis presented in Seetion 119,11,
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Figure L1.1: Schematic showing perturbed topologies of domain 5.

two configuratlons of the lluid system which applics ierespective of whether
the two configurations of the {luld syatem have the same topology or not.
Considering the approach adopted in this work, where the dynantic equations
for the system are defined in terms of a number of integrals over the Huid
domain, the most relevant approach to the generation of a fuld conliguration
with perturbed topology compared to another configuration would appear to
involve the removal of o point set with zero measure wikh respect to the volume
form on the fluid domain. This follows since the removal of a set of zero
meesure from the fluid domain does not change the value of any utegeal over
any finite volure form on the Huid dowmain, but ean be used to modlly the
bomology groups associated with the fluld conliguration.

Formally, ot & € M be some open set, Define the open wet 8 2 8 be
measure-zere equivalent to 8 i Y o 8 ~ g wheee p & M s of measure zero

I
ki



11.6 Critical Point Topology of V& A'D

If, in addition, F s invariant with rospect to the sytnmetry group iso( #2%)
defined in Section 6.5.1, then, from the analysis of Section 8.6 and in particu-
Jar the second example of Seetion 8.6.2, it would sppear that the equilibrum
conliguration with lowest energy, resulting in a domain with [nite volume, ix
obtained when ¥ is the interior of a sphere with finite radius. For given vol-
une of i, it is casily shown using the technigues of Chapters 8 and 10 that
the concentric spherical shell-type equilibrium conflgurations admitted by the
symunetries of F have greater potential energy than the spherical equilibrium
configuration, and are unstable to perturbations to the concentrielly of the
shells. The dynamical analysis of Section 11.1 thus suggests that this spheri-
cal equilibrium is an attractor for ell ether configurations of the system where
i hos Anite volume,

Similarly, in the case of systems where & has uabounded volume, it is simple
to aliow that the minimum potential enorgy is obtained whon ¥ = {#}, or in
other words when the whole of the luid domain is fitled with the interacting
fluld, It would appear that there are no other stable equilibria, and henee that
this state is an attracior [or all other configurations of the system where &f has
unbounded volume,

Naving postulated this rather bleak picture for the final state of any fuid
gystem with the structure described in Soction 11,5, the remainder of this
chapter is concerned with ostablishing those principal characteristios of the
evolution of a system with arbitrary topology which eventually allow it to
reaeh one of the two stable equilibrium configurations described bere,

11.7 Perturbed Topology

To make any progress in the anslysis of the approach to equilibrium of systems
with arbitrary topology, it is necessary to define some notion of ‘nearnoss' of
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Physically this structure models any (luid system in which a number of do-
mains of a single, interacting, flnid are immersed in a second, inert, fluid
domain. This class of fuid systems should be recognised aa the same class of
sysioms as that uved in Chapters 9 and 10 to reconcile the static and dynamic
predictions of the classical surface tension model and the interaction field ap-
proach, The genceralisation of the results presented here to fluid systems with
more complicated interactions js not at all straightforwaed and will not be
atlempted in this work,

11.5.1 Form of F

Lot (2t 2%, 2% and (2}, 03, r3) he equivalent, globally valid, rectangular coor-
dinntes for M. Then (o, 22, 2%, 0!, 2, £3) are suitable coordinates for M2,

Assume & 1 M? — ™, In addilion, assume this map to have a single
‘degenetate) critical point on the projective symmetey set where &* = xt for
all i = 1,2.%, and to asymptole to zero as o' — xlf -+ oo for cach i =
1,2,3. Assume F o be sufficiently smooth for these conditions to be expressoed
equivalently as

<0 if #f=at<0
=0 if rr=2i=m0
—0 i @pi-wlj~0
>0 il 2'=-2t>0

4

(et o, 2t el 0k, 2d) (11.4)

Jor all{ = 1,2,3, These cestrictions on the form of the interaction kernel imaply
additlonsl ~susteaints on the asymptotic propertivs of the interaction kernel
used in the dorivation of the results of Chaptor . Note that the prototype
interaction kernel Fg pn. s defined in Section 8.5.1 and used extensively in the
examploes of the previous ehapter, 1s of the form deseribed here il the amplitude
of the kertel iy restricted to be an element of F™.
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Nute that {11.1} is identical to the equation
Cliy - dt7 = 0 (11.2

writien in terms of the covrdinates on the vonfiguration manifold 2,3l Cis the
second-otder sympietrie delinite® tensor Beld on D with components Gy, = (™
in the cooedinate basis for 2 adopled in Section 7.3, This Torm lollows since,
as doseribed in Section 83, the foree cocflicients K% 7 = Lo, p are the
components ol dV, il the potential energy 1V is considered ax a zero-form on
. I the distortion modes can he arrauged 1o remain constant throughout (he
evolution of the system, then € can asstune the rale of a thine-invariant metrie

on D, Faguation 11,2 ean tien be weitten equivalently as
i e gdV (11.3)

nsing the dual operator defined in Seetion 190, This equation shows that
Lhe enrves in T along whicl the (uid system esolves ave Lhe streamlines on D
generaled wiader the metric € by the potential energy 3¢ AYD, Since these
streamniines must necessarily torminate al the eritieal points of Vo AYD, the
long-term evolution of the system fnvolves mation sway from the maxine and
towards the minima in the potential energy of the system, o in ather words
away from Lhe unstable equilibria of the system towards the stable equitibria,

11.5 Fluid Structure

For the semainder of Liis chaptor, » nositen? iy simple siructure o the Budd
domain M is assutned, Lot M boe | osaorpale to 88 and 1ot M contain o
pumber of conneced donems Moo @ Zall subjeet 1o mutual and sell
interactions witlh the awne internetion kornel Fo AP Doline 26 - U 0 M,
aned {1+ M o~ 3, Awststte the ifdd fi 27 ol 1o be subject 1o any interactfons,
SAw i Sortion T!l.iﬂnmmt ..'I,\".Imti dediniteness tollow fron detinition (7.21) via the
progwerlion al e exterior prodie. ad O flodye siar aperator, aied te lepeerial nabeas of
C lollowa frae Uie teaustorination taw Tor o elsige of eonkdinates on 7,
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The presence of the cicele components to the deformation retract in three
dimensions allows for complex tangling of domains (since circles do not admit
any notion of ‘exterior’ or ‘interior’) whereas no such Sangling is possible in
two dimnensions, [n three dimensions it is partially this tangling which leads to
the problems, associated with the relaxation of the system to an equilibrium
configuration, described in the introduction to this chapter, In two or three
dimensions an additional impediment to the relaxation proccss arises fromn
the entrapl snt of ali voids located within the domains comprising the fuid
systentt,

11.4 Simplified Evolution Equations

For the purposes of studying the motion of ~ny {luld systen towards its fi-
nal equitibrium configuration, the equations wetived in Chapter T contain too
tnuch detail of the initial dynamics of the Huid system. A simplified set of
equations applicable 1o the flnal dynamlics of the system can be derived if it is
aggumed that the initial dynamies of the system {perhaps [ollowing some per-
Lurbation from equilibrium) ls governed by the interaction between the kinetie
and potential energy terms in the equations of motion, but as time progresses,
the kinetic energy of the system is dissipated through the action of the fluid’s
viscosity, In this case the initial dynamic eventually decays into a motion
where the kinetic energy of the wystem is small enough to be neglected, and
wheyve the dynamices of the fuid is governed in the long teem by the interaction
hatween the potential cnergy and the dissfipation.

The squations of motion for this final, dissipation-dominated, phase of the
dynamics are ensily derived from the results of Chapter 7. H the kinetic energy
of the system can be neglected, thea {7.38) reduces to

(W, - 7 ) (11.1)
where i,/ = Loy
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11.3 Specification of Topology

When caleulating of the potential assoviated with a particular Huid conligura-
tion, specification of the topology of the system via the homology groups® of
the domains M, « € Z i3 usually sulficient, This follows since the steucture
of the Nuid domains, in terms of the number of enclosed voids, is captured by
these topological invariants, It is shown in Section 11.8.2 that the critical point
topology of the potential ®o A" M is strongly governed by the number of voids
in cach domain within the fluid and hence that the critical point topology of €
strongly influences the route which the {luld configuration follows in its motion
towards its final equilibrium.

11.3.1 Homology

By suitable definition, each of the domains My, o € 2 can be arcanged
to be a connected subsct of the fluid domain M, If M ia twe-dimensional,
then cach connected lomain My, & € 2 nag a deformation retract® which is
homeomorphic to an object H?(e) consisting of ¢ € Z circles intersecting at
n single point, If M is thres-dimensional then matters are somewhat more
complicated, Iach connected [luid domain has n deformation retract which
i3 homeomorphic to an object H3(s,¢p,...,¢;) consisting of & € Z spheres 9,
i=1,...,48, nested such that 5 is interior to S and such that all the spheres
intersect at o single point P, together with a-+1 sets of sircles & = {5 }jat,n
i =0,,..,8, nested such that the elements of C; are exterior Lo the sphore S,
but interior to the sphere Siyy (on dehaing an imaginary, non-physical, spheve
‘.‘?-'u 10 lie in the interior of &) and intersect at P, This approach, although not
nearly ay elegant as the usual approach to homology through group theory, is
adopted here as it glves a more conctete phyaical picture of the configuration
of the fuid system than that obtained through the usn ' moroach,

34 full account of homotopy and hamology theary in the eontext of the mechanies of

continuous tnedia is given by Meemin {56].
YA discussion of the relation between the homology gronpa nad the deformation retrpet

ol n paint ket is contnined in the book by Nnsh and Sen [61),
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of the transformation associated with the [luid’s velocity®.

From the analysis of Chapter 8, it would appear that the set of domain topalo-
gies associated with the equilibrium configurations of the Auid systom, given
the symmetry group of the interaction kernel, is in general only a small part
of the set ol all possible topologies that the domains within the fluid might
be able to adopt, Sirce, via the argument presented above, the topology of
the (uid domains cannot change within finite time, this suggests that if the
topology ol all the domains M, « € Z, compr! ag M does not conform
to one t{ the topologies associated with the equil’ orium conlignrations, given
interaction kernels for all the species present in the Huid, then the topology
of the domains may act in some fashion to restrain the fduid from attaining
an equilibrium configuration within finite time, This idea has been explored
by Moffatt {57}, 58] in the context «* the velaxation of magnetic wystems and
incompressible Quids to their equibrium config - wtions, Some of Motfatt's
ideus are continued in the work presented in this [ap -

It is possible that the evolution of the fluid system will drive the configuration
of the fluid to within an appropriately-d- dned neighbourhood of one of the
equilibrium configurations generated by the particular form of the intoractions
within the system, but it is not immediately obvious which of the equilibrintn
configurations associated with the interactions serves as the attractor [or an
arbitrary system with arbitrary tepology. .u this chapter it is shown how the
dynamics of o fluid configuration, the topology of which can be constdered as a
perturbation to the topology of o given equilibrium configuration of the fuid,
can be reconstructed from a knowledge of the potential agsociated with Lhe
unperturbed gystem, and henee how a fuid system comprised of domains with
osgentiully arbitrary topology attains an cquilibrium configuration.

IThe test general appreonch to the varlous limitations to tepelogical change in continuum
ayatema is possihly that adopted by Truosdel) aod Toupin [84].
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Section 11,5 te the class of fluid systems for which the classical results of Chap-
ter 10 were derived, In Section 11.6 it i2 shown that the sct of final equilibrium
configurations adopted by this clags of Quid systems may be even more limited
than the analysis of Chapter & would suggest, In Section 11.7, a method for
relating the integral properties of two Auid configurations which are nearby in
a certain sense is derived, and, after derivation of some supporting results in
Section 11.8, this analysis is used in Section 11.0 to derive a mechanism by
which a system comprised of domains having arbitrary topology might, given
sufficient time, attain ite final equilibrium configuration. Finally, the same
integral geometric approach is used in Section 11.10 to resolve the reasons for
the petsistence of those classically-modelled systems, mentioned in Chapter 9,
which would appear to have a non-equilibrium configuration when analysed
using the interaction field approach.

11.2 Topolegical Change

From the analyses of Section 4.5 and Section 5.3, the velocity v o XM in the
fuid is continuous within each M,, C M, @ € Z for all time provided that
there are no initial discontinuities in the velocity, In the case of an identically
inviscid fuid, the vorticity, and hence any discontinuity in the velocity, in the
fluid system is confined to the interfaces within the fluid, while if the systern
has non-zero viscosity then the velority will be ¢ atinuous throughout M for
all time,

These results imply that the transformations @i : M = M and ¥, : M — M
‘associated with the velocity ¥ (see Section 2.1 and Section 7.2) ate continuous
on cach My, and hence, if the velocity is assumed to be finite everywhere,
are homeomorphisins sver finite times. This implies that the domains A,
a € Z, cannot undergo any topological change in finite time! under the action

10Observed topological change in finite time in some fluid systems is most likely associnted
with bulk tranafer processes such ns diffusion and evaporntion, These physieal effeets wore
excluded from the present analysis al an early stage: see Chapter 2,
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Chapter 11

Domains with Arbitrary
Topology

11.1 Overview

In the previous ¢hapter, linearised dynamic results were obtained for a num-
ber of fluid systems subject to pairwise interactions with a kernel having the
symmetry group iso{f??) defined In Chapter 8. In each case, the topology of
the fiuid system coincided with the topology of one of the cquilibrium confige
urations enumerated in Chapter 8 for systems subjected to iso(JR°%)-symmetric
pairwige interactions. In this chapter, some heuristic arguments enabling a
qualitative understanding of the dynamics associated with the motion towards
equilibrium of fluld systems composed of domains which have more arbiteary
topology are derived.

The results derived in Chapters & and § for the continuity «f the velocity of
the fluid are shown in Sectlon 11,2 to impose strong constraints on the evo-
lution of the topology of the domalns comprising the lluid system. After the
introduction of seme preliminary results in Section 11.3, a simplified evolu-
tion equation, valid during the final decay of a system towards its equilibrinm
configuration, is derived in Section 114, ¢ he analysis I8 then speciatived it
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chapter lacks complete generality through the assumption of a single specific
form for the interaction kernel, [t should thuy be realised that an interaction
fleld model based on an interaction kernel cther than Fi, i will, if the kernol
has non-infinitesimal range, in all likelihood yield detailed predictions of the
dynamics of the fluld system which ace somewhat different to those presented

here,

In this chapter, the dynamics of fluid .ytems with faicly simple topology have
been considered. Tt remains to extend the resuits developed here to the dy-
namics of systems with more general topology. Some progress towards this
generalisation, at least in a qualitative scuse, is presented in the following
chapter,
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% Homologous to » lia

Figure 11.6: Relaxation to equilibrium: Rupturing droplet.

with the motion al a set of domains in M where the sets in M" wpresenting
the mutual interactions all lie outside & is small. From the analysis of Sec:
tion 11.4, the configuration of the system is drawn towards one of minimum
energy at o rate which is proportion.l to dV, and hence in the case of a slowly-
varying interaction kernel there are likely to oxist some modes, principally
thoge governing the motion of the weparate domains relative to cach other,
in which the system evolves slowlgt! compared 1o the evolution of the sepa-
rate domaing towards indopendent equilibrium configneations. 'F'lie evolution
towards independent oquilibrinm configurations is of course governed by the
changes in energy wssociated with deformations of the sets in A" representing
the self-interactions within the systen, and, sinee these sets all interseet with

e e e

TiNote that sinee the wedes assoriated with Uhe sxpulsion of defects Tnll into this cotegory.
the ejertion meehnnism deseribed in Scetion 11.9.1, eapeeially in the eage of splioroidal
defoety, will also be inhilited in a systens whers the intornetions have the eharacteristics
deseribed fere.
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i Homologous to O T

Figure 11.5: Relaxation to equifibtium: The bursting bubble.

of M™ Tsee Section 6.5.1 and Section 9.4). Again assume the simple structie
for M given in Section 115, In the case of rostricted suppors for F, as shown
sehematically in Ifigure 11.8, il the separation between the domains comprising
i heeomes greater than a certain value, then the contributions to the potential
encegy from the mutual interactions betwoeen the domainy becomes zevo (that
iz, when the sets in M reprosenting the mutual interactions all lie ontside
supp(F)). n this case the only contributions to the polential encrgy are due
to the self-interactions within the domaing, and the various domaing bebave
essentially as though they were independent of cach other,

Physically the more likely ease (and the case consistent with the assumptions
made in Svetion 1151 rogarding the forn of the interaction kerntel) is that
F s ntut zero anywhere within V®, but outside some 8 ¢ M enclosing the
projoctive sytnmetey set of M™ the ivteraction kemne! i slowdy-varying in the
wonse that dF inosmall, i this case, the poreatial energy changes assoriated



likely be drawn into that domain,

The results presented hore assurne a rathor constrained form for the inter-
actions in the Quid, The generalisation of these results to more complicated
interactions will not be condueted here, but any such generalisation 1o the case
whete both the defect and the Jomain containing the inclusion are both subject
to interact’ s should of course show thut the ¢jection mechanism disappears if
the mutuat and self-interactivns in the inclusion aad in its containing domain
all have the same form,

Sorne examples showing how a fluid system with arbitrary topology might relax
to an equilibrivmn configuration via the cjection mechanism are preseated!? in
Figures 11.5, 11,6 and 11.7.

11.10 Coexistence of Equilibria

An doeseribed in Chapter 9, there appears to be an essential contradiction
between the predictions of the surface tension and interaction feld based ap-
proaches, ‘The interaction field approach predicts the existence of very low
aquilibria, towards which, as shown in Section 11.4 the system will evolve in
the long term. In the classical analysis there are however certain systems, the
conflgurations of which do not conlorm to any of these equilibrium configu-
rationd, but for which the analvsis based on surface tension theory and the
Young-Laplace equation predicts no further evolution.

Reconeiliation flollows from the analysia of Chapter 9 and Chapter 10, where
it {s shown that the intecaction held and surface tension based appro: ches
are [ully compatible cifeetively only if the support of the interaction kernel
Fo AL M {s rostricted to a linite neighbourhood of the projective symmetry set

P T ]

WNote thet theae figures are highly sehomatie. The actunl sequence of distortions whick
the systums undergoes ie not only dependent on the range of the inteena) inteentions within the
aystom, but also, of routse, on the viscosition ahd dennition of the various luidy compraing
the system.
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Figure 11.4: The draining mechanism for ejection of defects.

Generalisation

A similar argument follows where o = M, UZ but M, N7T = {#}. The
analogous cquation to (11.24) in this case is

f) 4 L2 Ly ]
v fw,.;a*m fﬂ oF 4 2A0|, (11,25)

whore A = fp#l i8 the volume of the defect and 2 Is again some point In
Z. The same tendency towards an equilibrium configuration is indlcated hy
the fiest two terms an the right hand side of the equation, but the change in
sign of the third term indicatos, through analogous arguments to those of the
previous seetion, that the defect will be drawn towards a minimum, rather
than a maximum, in the poteatint generated by the domain M, Henee, from
the containment result and the analysis of Seetion 1L8.2, defocts lying near
the boundary of @ nesrby domain with the same form of interaction will most
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that I8, f+®/ [ #1 15 maximised, Bince © s a maximum at the boundary of
M., this average is of course maximised if T is itself located at the boundary
of M,. Hence, the distortion of au extended defect in such & way as to shift
its volume towards the boundary of the domain containing the defect will
be energetically favoured. Of course, the instability associated with extended
defeets suggested by the analysis of Seetion 10.4.2 may lead to the formation of
a series ol spheroidal defects within the fuid before this process is completed,
but the resultant defects will in turn will bo subject Lo the ejection mechanism
a3 already discussed.

The somewhat heuriatic analysis presented above is of course strongly depen-
dens on there being a dynamic mechanism, or, in the terminology of Chapters
7 and 10, a distortion mode, preseat which allows the fluid to deform in such a
way as to expel the defect. The dynamics would most likely involve the film-
draining moechanisim® desceibed in detail by various authors® including Mysels
et al, {60], Lsenberg [37) and Johannes and Whitaker {38]. It appears that this
mechanism is capable of Lransporting o defect with arbitrary topology to the
boundary of its containing domain simply, in the case of a spheroidal defect, by
a process of extrunion of the fluid separating the defect {rom the boundary, ov,
in the case of an oxtended dofoct, by extrusion of the fluid in *he defeet itself as
illustrated in Mgure 11,4 Note that she action of the draining mechanisn on
any domain in M Is to convert the domain into its deformation retract. This
implies that under the action of the draining mechanism, every luid domain
in the final configuration of the system will have the same homology groups
as it had in the initial configuration of the fuid system. It v nportant to
realise thet the draining mechanism is singular, and henece, s diseussed in
Section 11,2, in general the expulsion of defects [rom a domain will require
au infinite amount of time to un 1o completion, Equivalently, the draining
mechanism satisfles the implicit condition on any evotution process acting on
the Huid, derived in Section 11,2, that no tepological change within the system
should ocenr within fnite time,

Rk e,

A Ao known s *marginal eegenoeation’ in the fontn communily.
MWow also e Teactal version af this mechanism dmvezibed by Breaner of ol {11] and Shi

el al, [T).




where A = fr #1 is the volume of the defect and & is some point in 7. Equation
11.21 shows two competing eflects: The first two teris on the right-hand side
arise from the intecaction of the fluid in M, with itself, and, tom the frst
example of Section 8.6.2. drive the conllguration of both M, and the defect
to an equilibrium conliguration related to the form of F,

The second term in (11.24) shows the potential conergy to be minimised when
r is such that @}, is maximised, and bence motion of x in the direction of
increasing potential @ ia favoured energetically,. Remembering that v € Z,
motion of x can only be achieved by & combination of distortion and convection
of Z.

For limitingly small dofects where T reduces to the infinitesinal ncighbourhooud
of x, only the transport mechanism can be operational, For larger spheroidal
defects the distortion mechanism will be inhibited by the previously-mentioned
tendency of the configuration towards an equilibrivm configuration, which, ifZ
i+ compact, is one with spherical houndary if, as in Sec:ion 11,6, the interaction
kernel is agsumed to be invariant with respect to the sytumetry group ise’ ).

Motion o wards a maximum in @ in the case of spheroidal defects will
thus in general he accompanied by a motion of the defect itsell, The spheroidal
delect will be driven lowards the increase in potential associated with any other
defocts (see Section 11.8.2) and this process would lead to a coalesvence of
defects. Alternatively, sinee as shown in Seetion 11.8.2 the potential generated
by a kernel of the form specified in Section 11.5.1 generally increases towards
the boundary of My, eventually a single defect or a coalescence of defects
will be ejected onto the boundary of the domain M,. OF course, once having
reached the boundary, the driving potential gradient is no [onger present and
the Gnal stages of the ejection process will be dominated by viscous and inertial
eifects.

It the case of extended defects the convecti o mechanism is inhibited by the
attachinents of the defect to the boundary of M, In thiy ease, motion ol »
must oceur neimarily by distortion of the defect, The second werm of {11:21)
van be ceinterpreted to imply that 1 is minimised if the average of ¢ over I,
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11,9.1 Dynamics of Defects

Lot § € M. Aset T C 8 will be termed a spheroidal defeetin S iE 2098 = {§}.
while i 7068 # {B), thea T will be termed an extended defeet in 8, Note that
it is not necessarily implicit that Z kave a volume which iy small compared to
that of 8.

[n this section, the mechanist by which any system whick is a perturbation
of an equilibrium configuration attains measure-zero eqnivalence to (he equi-
librium eonfiguration is established by eonsidering the dynamics of a defect
immersed somewhers within one of the domains comprising the [uid systeni,

Tjection Mechanism

To model the dynamies associated with defecta, assume M to have the simple
structure agsumed in Bection 11.5. Lot I consist of a single connected domain
My ~ T, where the defect domain 7 C Ma. As before, lot 27 = M ~ U, Let
the interaction kernel for the fluid in U obey the restrictions on form required
[or the containment result of Section LL.8.1 to apply. Then, (rom (6.66), the
potential energy of the system is

Vo= f wF

(ManT)
f *F - f *F - ®F — w
(d\‘ln]a I Ay xl IxMa

-/[qu]ﬂ *F + /ri *F - ':’.fr*tb (11,22)

where

G=oF *F (11.23)

.b! "

ia the potential on M created by the fluid in M, when the defect §s not
present, Vinally, uving the midpeint theorem,

. fw JAF [p W F = 240, (11.24)
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By k? = 2 Bpk2 =1 B k% = 05

Iigure 113 The interaction kernel as 8 smoothing function.

11.9 Evolution to Equilibrium

The critical point structure of & associated with some luid configuration can be
used to obtain a qualitative deseription of the dyuamics of any perturbation to
that configuration. In Section 11,4 it was argued that the long-term evolution
of the fluid system terminates at the stab’s equilibrlum associate ! with the
minimum potential energy which the fluid system can attain, In this section it
is pustulated that the principle mode of evolution to equilibrium of a system
with arbitrary topology is via the cjection of domains of malerial, leading to
a final configueation which is neasure-zere cquiva.ent to the minimum-cnergy
equilibrium configuration of the system admitted by the interactions present
in the system,
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o A%M induced on M by this kernel® is, from (11.13),
= qpy (11.21)

after substituting (11.20) into (11.13).

By inspection, the number of maxima in this potential is equal to the mini-
mutm number of connecied domainy from which & can be constructed, while
the number of minima in the potential is equal to the minimum number of
connected domalns from which I can be unstructed. In the case of non-zero
range of the interaction kernel, the monotone nature of the derivatives of F
imply that (11.15) can be interpreted as a convolution of the occupation func-
tion gy, with a smoothing funclion given by the interaction kernel itsolf, or, by
substitution of (11.21), ay a smoothing operation ou the potential obtained in
the limit of zero range of the interactions present in the system. This smooth.
ing operation of course modilies the critical point topology of the zero-range
potential through both the creation and destruction of maxima aad minima,
but the smoothing is concentrated in those parts of M where the characteristic
dimensions of the domains I and 2{ are of the same order as, or are smaller
than, the range of the interaction kernel. This smoothing of the zero-range po-
tential, and the associated generation of additional critical points, is illuctrated
in the example of Figure 11.3 which was calculated using the kernel F

ina ity

defined in Section 8.3.1 as a four-dimensional analogue to the kernel Fl, 4.
defined in Section 6,5.1. Most importantly for the analysis which follows, il the
interaction kernel is of the form specilied in Section 11.5,1, then the potential

on I ia usually at or near ity maximum value close lo the houndary of 24,

?An intoresting nside is that if the interaction kernel wna indeed given by (11.20), then
from (11.21) and (3.7} the patentinl cnergy of the aystem V = q meas, gy =  mengaldd
which romains constant s the Huid system undergoes a volume-preserving deformation,
[lence, in the conlext of the dynamics of the system, a kernel of the form given by {11.20)
woutld lead to n lower order approximation than even the surfaes tension bhasad theory, since
all conlig.rotions of the systemn would be in newteat equitibriom!?
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where § € {1,2,3]. If oo < &' € o], then 2* —+! < 0 and from (11.4) the
integrand in (11.19) is always negative, Hence the integral itsclf cannot be zero,
Similarly il aff € #' < 20, then 1! — 2! > 0, the integrand {s always positive
and the integral again cannot be zero. Hence any zeros of this integral, if there
are any, must lie in M ~ H; or at |z'] = co. Combining similar analyses for
cach i € [L,2,3)], the zeros of ddy must lie in # or on the infinite boundary of
M. Henee, combining the analyses for all possible rectangular coordinates on
M, the critical points of ®y, and hence from (11.16), except for the degenerate
critical point oceupying the whole of #, the critical points of the potential &
generated by the interactions in & must lie in the convex hull of U or on the
boundaty of M,

11.8.2 Estimating the Critical Point Topology of &

"L he number and type of critical points associated with the interactions within
the fluid can be estimated if the interaction kernel has the form given in Sec-
tion 11.5.1. If the range of tix interaction kernel i identically zero, then the
voly kernel which is compatible with the restrictions of Section 11.5.1 is (up
to scaling by some value ¢ € J27) the delte kernel

Fe 1 MR

oot e et el el i) e TT 620 - al) (11,20)
=103

uging the rectangular coordinates on M? defined in Scetion 11.5.1, where &
IR = IR is the usual delto function on the real line

If M hes the simple structure assumed in Section 115 then the potential
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= fu*}r (11,11

where the occupation function

Py =Y Pa (11,14

agdf

and p,>A’M, o € Z' are the occupation functions associated with the domains
M, a € B, defined in Section 6.3.3. Define

By = fM N

= f*}' (11.15)
1
Then
By = Oy
By = 0 (11.16)

Equivalently, in coordinate form,

Dy 2t 2?2 =f Fleb eh o el 0 22 delde?dz®  (1117)

(zlededtelt

and the potential gracient

d‘I'u(l’l. a,‘.'l! 33)

= dr' .

1,3 .3 .0 .2 3y g3 3
i ftr}.z!,ri)elf Fle' et 2’ e, 2., 2)) deodeids

= dat [ AR 0 al 50 0d) deldelds (11.18)
Fankaly

where summation over { = 1,2,3 is implied and (de', dz?, de®, diel, de?, died) is
the dual basis induced by the coordinates on M2,

The bounds a;, a} and the sets H; and H associated with the set U can then
be obtained for the particular rectangular coordinates used to obtain (11.18),
Congider the intogral

/[‘, 2 et anF (et 2% 00 el o3, Yy daldeddad (11,18)
Jadd 2!
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Figure }1.2: Schematic itlustrating the convex hull of a domain {.

and

H= H; {11,12)
3

izl

Let H* be the union of all sets ff obtained from all poseti ‘e rectangular coor-
dinates on M. Then M ~ [1* is defined® as the conver hull of U,

-Potential on M

The potential on M resulting frown the interactions in & is, [rom (6.67),

¢ = fu P Py

%I'he definition given heee is not Le most rcononical ope, bt dev allow sote reduetion
of eomplexity in the analyms to [ollow,
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as desceribed in Section 7.9, should vield an extremely clegant approach to the
dynamics of inviacid systems if certain clementy of the pure mathematics can
Lo resolved. Most importantly, the few examples presented here using an ex-
plicit form for the interaction kernet have satisfied the objective of proving the
validity of the interaction ficld approach, but the range of physical behaviour
encompassed by the interaction ficld approach, only hinted at in the examples
presented here, has not yet heen fully explored. Such exploration is probably
hest conducted together with an experimeatal investigation into the physical
systems of interest, This would allow a range of physically relevant forms for
the interaction kernel to be established, It is In its ability to incorporate a
range of physical effects that cannot be handled by the classical surface ten-
sion theory that the major contribution of the interaction ficld approach may
indeed be made,

It i3 hoped that the anctysis and ideas presonted in this work will be of use
to rescarchers studying the behaviour of Quid systems with interfaces, and
especially to engineers engaged in the expleitation of the industrial and tech-
nological potential of this particular class of fluid systems,



over which the system is unstable when the cadius of the tntorface is comparable
to the range of the interaction, and the subsequeny shrinkage of this cange as
the radiug becomes small compared to the range of the interaction which the
interaction field approach predicts. may have important consequences for the
physical interpretation of many previous studies of the coslescence and breakup
of luid systems with eylindrical interfaces.

12.6 Qualitative Dynamics

Although the number of equilibrium configurations, and hence the equilibrium
topalogles, accessible to a fluld system is limited by the symmetry group of
the interaction kernels, the number of topologies available Lo the domains com-
prising the fluid system {s comparatively very large. Analysls of the long-term
dynamics shows that a system cornprised of domalos with arbitrary topology
will attain the lowest-energy equilibrium configuration permitted by the inter
actions within the system. The cjection of domains of dissimilar Huid which
pecur within, or transect another, domain of fluid Is energetically {favoured.
It is postulated thai this efection occurs by the process of Alm-draining, or
marginal rezeneration, whereby any configuration with arbitrary topology is
extruded into the minimum-encrgy configuration for the system, This process
is the interaction field analogue of the deive towards minimum surface arca
which governs the qualltative behaviour of a {fluld system under the classical
surface tension model,

12.7 Extensions

A number of ideas put forward tn this work have not yet been oxploited to thelr
full potential, Devalopment of the analysis of Section 5.4 on fractal boundaries
into & computer algorithm seems immediately feasible, and might have appli-
cation to the study of industeially-relovant systens such as foams and colluids,
The analysis in tornis of geodesies on the conliguration manifold of the system,
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the classical Young-Laplace equation for the behaviour of the pressure near the
interface between two domains, then the keenel must in fact have limitingly
small range. On the other hand, it is in fact this imposition of a condition
of limitingly short range on the interactions within (he [tuid in the clagsical
approach that precipitates the probletms encountered by the classicat sueface
tension model, If the range of the interaction kernel in the interaction feld
model iy allowed to remain finite, then the interaciion feld approach does not
generate the singularitics associatesd with the Young-Laplace equation, and the
false equilibria predieted by the clagsical approa ' are also avoided.

The interaction feld model with Rnite-cange interaction kernel yields addi-
tional strueture in solutions to some elassical problems, and this additional
structure may have physical celevance. A re-gnalysis, using the interaction
field approach, of the behaviour of the pressure at the centre of a spherical
droplet as the radius of the droplet is varied confirtns existing analyses that
the pressure, rather than becoming singular as the droplet radius goes to zevo,
should in fact become zero, This result i relovant to studies of droplet nu-
cleation. In the re-snalysis of Plateau's problem [or the interseetion of three
thin Auid membrancs using an interaction-field approach, an additional equi-
librium confguration for the system ls identified. The additional strocture
ohserved o these systems may be strongly dependent on the particular form
of the interaction kertiel used in the interaction field approach.

These observations of the behaviour of the classical and interaction field mocdels
carry through into the analysis of non-static fuid systems, I Chapter 10
the well-known classical results for the lincar dynamies of planar, cylindriral
and spherical interfaces about their equilibrium configuravions are re-anadysed
teing the interaction field model. It is shown that the classieal pesults are
tirst-order approximations to the dynamies predicted by the interaction field
approach, or, alternately, as in the static analyses, that the classical vesults
ate rogained in the limit of Infinttestmal range of the interaction kernel. The
interaction field analysis of the stability of the sylindrical interface suggests
that the classical aunlysis yields a particulatly extreme oversimplification of
the physical strueture of the systen, The growth of the range of wavenumbers



12.4 Equilibrium

In this work, particular emphasis is placed on the hehaviour of fluid systems
as the structure of their domaing approaches an equilibrium configuration. In
Chapter 8, an approach through Lic's transformation group theory shows that
equilibrium conligurations of the {luid system arc obtained if the domains com-
prising M are all invariant with respeet to a set of symmutries which is velated
to the largest symmelty group comimon to the interactions present within the
systemn, Il the interactions within the system are expressed as a section of
the bundle of one-forms over M*®, where n > 1, then an additional constraint
vn the equilibrium configuration of the fluid system on M 14 impoesed by the
requiverent that the symmetey group on M of the equilibrium ec ifiguration
teansfer from M to M™ uging the composition sum. Kquivalently, the domain
steucture on M implied by the symemetry group wust transfer from M to M*®
using the composition operators, The Lie group approach, when coupled to
the composition algebras, yields a powerful algebraic approsch to the enumer-
ation of the cquilibrinm configurations of the fuid system, This approach Is
most concisely expressed in termy of operations on matrices whose elements
are sections of the bundle one-forms over M®. Unlortunately, it i3 casily shown
that the Lie group approach is incomplete in the sense that it can be shown
that there are equilibrium configurations for the fluid system which are not
predicted by the transformation group analysis,

12.5 Reconciliation

The Lie group analysis of Chapter 8 suggests that possession ot a suitable
symmetry group is all that is roquired of the interaction kernel in an interaction
field model which ig to ceproduce the equilibrium conligurations predicted by
the clagsical surface tension model, (n Chapter 9 it {s shown that an analogue
to the classical surlace tension can be defined in an interaction field model if
the strength of the interaction kernel decays salficiently quickly with distance,
bt if the keenel is to encdow the interaction field model with an analogue to



hetween the domains.

The space occupied by the Huid, .M, does not provide the the most convenient
manifold lor the analysis of the dynamics of the fluid system if the poteatial
energy of the system iy most naturally defined on M*® where n » 1, Again
the interpretation of M™ as a fibre bundle over M can be used to define an
algebra in terms of two operators, here called the composition produet and
the composition sum, which can be used to teansfer the properties of the fluid
from M to M". Under the composition product, the domain structure on
M has an analogue on M" which is preserved throughout the evelution of
the fluid system. This follows since the velocity on M™, which Iy created
via the composition sum [rom the velocity on M, preserves the property of
incorpressibility which was shown to hold for the velocity on M, given the
structure of the luid system assumed heve,

Using the same exprossions for the kinetic eneryy, potential energy and dis-
sipution which were used to derive the Navier-Stokes equation on M for the
interaction field model, an equivalent dynamic equation can be derived on a
suitably-delined configuration space D for the [luid system, This is done in
Chapter 7. Constraints on the continuity of the velocity field which are im-
posed by the structure of the fluid and by the [orms (or the cnergies of the
Quid assumed here imply that, in the absence of viscosity anywhere in the
{luid, this configuration space is the space of automorphisms of M which are
piecewise continuous on the domains comprising the fiuid. I the viscosity of
the fluid is non-zero, then T is the space of continuous antomorphisms of M,
On assuming coordinates, the equation of motion for the system on D tukes on
a particularly simple form in terms of a number of seetions of the bundle one-
forms over D defined as integrals over the energies contained in the distortion
modes available to the [luid system. This equation can be linearised about
some reference condition lor the fluid system through a particularly simple
analysis.
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classical approach. In addition. the potential term contains a contribution
from the internal intcractions ocenrring within the fluid. In the absence of
these interactions, the equations of motion of the classical and interaction fleld
models reduce to a common form,

Reformulation of the dynamic equations for the interaction field model in terms
of the vorticity of the fow is used in Chapter § to show that the interaction
field approach may allow analysis of fluid systems where the interfaces hetween
the domains comprising the fluid are nowhere differentiable, and hence are not
smenable Lo a classical analysis using the Young-Laplace equation,

In Chapter 6 an explicit form for the potential energy of the fluid system ‘s
derived. The fluid is assumed to consist of a nurmber of particles and a clas-
sieal statistical mechanics approach is used to write the potential encrgy of
the system ag an integral over a volume form delined on the product struc-
ture obtained by sot multiplication of as many copies of the space occupied by
the fluid as there are particles in the fluid, An integral projection technique
based on tha interpretation of this product structure as a fibre bundle is used
to determine the resulting potential which appears in the Navier-8tokes equa-
tion for the interaction field based approach, If interactions between groups
of greater than n particles can be neglected, then the most nawu | space for
the representation of the potential energy is in fact the product space formed
by set multiplication of n copicg of M. This work shows that n = 2 for the
lowest-order interaction field model capable of reproducing the predictions of
the classical surface tension model. In addition the form on M® represent-
ing the internal interaction within the (uid, here called the intoraction kernel,
reed not bear any relationship to the actual interactions present in the par-
ticular physical system under study, but in fact can be generalised to be any
form possessing certain symmetry requirements which ensure compatibility
with the assumed macroscopic structure for the fluid system. Foc the partic-
ularly simple fluid steucture assumed bere, the interaction keenel should be
invariant under all rotations and translations permitted by the dimension of
M, and hence the potential energy associated with the interaction between
two Ditfinitesimal domaing of fluld should be dependent only on the distance
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of the dynamic and static properties of such systems, but is known to fail in
a number of important practical cases, The classical theory is based on the
Y-ung-Laplace cquation relating the pressure difference measured across an
interface between domains to the curvature of the interface. This pressure
difference is unbounded as the curvature of the interface hecomes inlinite, In
addition, the classical approach allows the co-existence in equilibrium of cer-
tain fluid configurations which are known from physical experiment to evolve
further,

A hybrid model, 1, - croscopic in its application but based largely on the anal-
ysis of the microscopic interactions between the particles comprising the fuid,
is proposed in this work, The principal feature of this model is that it can
be shown to reduce under suitable conditions to the classica. surface tension
theory, but where the classical theory fails, it can also be shown to continue Lo
produce physically plausible predictions for the static behaviour and dynamic
evolution of the fluid systems described above,

12.3 The Interaction Field Model

This hybrid model, proposed in this work as an alternative to the classical
surface tension model, is called here the interaction field model. In the absence
w internal interactions within the Auid, the surface tengion model and the
interaction field model should reduce to identical models [or the dynamics of
the fluid. That this reduction does oceur in shown in Chapter 4. Here it is
assuined that, in the classical approach, the dynamics of the Ruid in the various
domalns comprising M, the space occupled by the fluid, is governed by the
Naviet-Stokes equation which, in ths work, is interproted as a restriction on
a section of the bundle of one-forms over M. By dellning suitable forms for
the kinetic energy, potential encrgy and dissipation in the fluid, the interaction
lield approach yields a dynamic equation which is identical to the Navier-Stokes
cquation, except that the term interpreted as the pressure in this equation has
a somewhat dilferent interpretation to that attached to the pressure in the



Chapter 12

Conclusion

12.1 Introduction

It remains to summarise the major contributions of this work ia the light of the
hiypotheses stated in the introdus tory chapter, and te put forward a number
of ideas for the extension of the analysis presented here.

12.2 The Fluid System

This work has considered the macroscopic dynamics of classical Ruid systems
where the space occupied by the fluid can be decomposed into a number of
domains. By assumption, within each of these domains the density and the
‘viscosity of the fluid is invariant with time, and the action of the velocity of
the fluid is such that the volume of the interfaces between the various domains
romprising the fluid remains zero for all time.

"The physicat properties of the fluids in each of the various domains may not all
be the same, A clawical theory, based on a mechanical model of the interfaces
between the domains as & membrane subjected to a tensile stress, called here
the classical surface tension theory, has been successful in predicting many
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Figure 11.8: Interaction kerne) with bounded support.

domains comprising the fuid system have arbitrarily complex topology, the
iluid system evolves, in the limit of infinite time, to a configuration which,
except for the posgible absence from the configuration of a point-set with zero
volume, is identical to the lowest-energy equilibrium configuration allowed by
the symmetries of the interaction kernel for the system, The set with zero
volume is the only artifact of the original topology of the fluid system which
is retained by the equilibrium configuration of the fluid system. The mecha-
nism of ejection of domains of dissimilar fluid via film-draining (or marginal
’regenemtion) is proposed as the mode through which the [. 11  ystem evolves
to its final equilibrium configuration. The principle of the expulsion of defects
via this mechanism, as developed in this chapter, can be interpreted as the in-
teraction field analogue for the principle of minimisation of surlace arca which
is available for the qualitative analysis of the dynamics of iluid systems which
are governed by the classical surface tension madel,
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the projective symmetry set of AM™, some part of these sets must lie within §
where F is not slowly varying,

Incidentally, the surface tension model is a good approximation to observa-
tion: it appears that [ew experimentalists have had the putience required to
keep these slowly-evolving systems under observation through to the eventual
formation of the equilibrium configuration predicted by the interaction ficid
based approach!

11.11 Summary

In this chapter an integral-geometric approach has been used to show ho the
classical fluid systems contal ;.2 a single type of interacting [luld immersed
in another, inert Huid relax towards an equilibrium configuration. Kven if the
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