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Abstract

Conservation laws for nonlinear partial differential equations (pdes) have been

determined through different approaches. In this dissertation, we study con-

servation laws for some third-order systems of pdes, viz., some versions of the

Boussinesq equations, as well as a version of the BBM equation and the well-

known Ito equation. It is shown that new and interesting conserved quantities

arise from ‘multipliers’ that are of order greater than one in derivatives of the

dependent variables. Furthermore, the invariance properties of the conserved

flows with respect to the Lie point symmetry generators are investigated via

the symmetry action on the multipliers.
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Introduction

The Lie symmetry approach is now an established route for the reduction of differ-

ential equations and its advantages in the analysis of nonlinear partial differential

equations (pdes) is vast. The method centres around the algebra of one parameter

Lie groups of transformations that are admitted by the pde; when these have been

determined, the reduction of the pde is standard and may lead to exact (symmetry

invariant) solutions [7, 17]. There are a number of reasons to compute conserved

densities and fluxes of pdes. Some conservation laws are fundamental laws of physics

(e.g., conservation of momentum, mass and energy) and others facilitate the analysis

of the pde. The existence of a large number of conservation laws is a predictor of

complete integrability [5]. Other reasons are related to the numerical solution of

pdes. For example, one should check whether the conserved quantities are in fact

constant [4].

The role of ‘multipliers’ has been shown to play a significant role in the construc-

tion of conserved densities and fluxes [3] and in determining hierarchies. In short,

knowledge of a multiplier, by formula, leads to a conserved flow. Furthermore, the

use of symmetry properties of a given system of pdes to construct or generate new

conservation laws from known conservation laws has been investigated [9, 10].
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This dissertation is structured as follows.

In the first chapter, we state the definitions of the fundamental concepts that will

be required to perform the calculations and provide an illustrative example.

In the second chapter, we calculate the conserved quantities via the multiplier ap-

proach as discussed above and then we analyse the symmetry action of the Lie

point symmetry generators on the multipliers for a version of the BBM equation

(section 2.2), the classical Boussinesq system of equations (section 2.3) and the

bi-Hamiltonian Boussinesq system of equations (section 2.4).

In the third and final chapter, we apply the same technique on the fifth-order Ito

equation.
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Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we state the necessary definitions of the fundamental concepts that

will be used throughout this dissertation and then we provide an illustrative example

based on a version of the nonlinear Schrödinger equation.

1.2 Fundamental Concepts

The definitions and notations that will be used are presented below.

A function f(x, u, u(1), . . . , u(r)) of a finite number of variables is called a differential

function of order r.
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u(1), u(2), . . . , u(r) denotes the collections of all first, second, . . ., rth-order partial

derivatives, that is, uαi = Di(u
α), uαij = DjDi(u

α), . . . respectively, with the total

differentiation operator with respect to xi given by

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ . . . , i = 1, . . . , n, (1.1)

where the summation convention is used whenever appropriate.

We denote A to be the universal vector space of differential functions.

Consider an rth-order system of pdes of n independent variables x = (x1, x2, . . . , xn)

and m dependent variables u = (u1, u2, . . . , um)

Gµ(x, u, u(1), . . . , u(r)) = 0, µ = 1, . . . , m̃. (1.2)

A current Φ = (Φ1, . . . ,Φn) is conserved if it satisfies

DiΦ
i = 0 (1.3)

along the solutions of (1.2). It can be shown that every admitted conservation law

arises from multipliers Qµ(x, u, u(1), . . .) such that

QµG
µ = DiΦ

i (1.4)

holds identically (i.e., off the solution space) everywhere, not just on solutions for

some current Φi.

Definition 1. The Euler operator, for each α, is defined by

δ

δuα
=

∂

∂uα
+

∑
s≥1

(−1)sDi1 · · ·Dis

∂

∂uαi1···is
, α = 1, . . . ,m. (1.5)

Definition 2. The Lie-Bäcklund or generalised operator is given by

X = ξi
∂

∂xi
+ ηα

∂

∂uα
, ξi, ηα ∈ A. (1.6)
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This operator is an abbreviated form of the following infinite formal sum

X = ξi
∂

∂xi
+ ηα

∂

∂uα
+

∑
s≥1

ζαi1...is
∂

∂uαi1...is
, (1.7)

where the additional coefficients are determined uniquely by the prolongation for-

mulae

ζαi = Di(W
α) + ξjuαij ,

ζαi1...is = Di1 . . . Dis(W
α) + ξjuαji1...is , s > 1.

(1.8)

In (1.8), Wα is the Lie characteristic function given by

Wα = ηα − ξjuαj . (1.9)

One can write the Lie-Bäcklund or generalised operator (1.7) in the characteristic

form

X = ξiDi +Wα ∂

∂uα
+

∑
s≥1

Di1 . . . Dis(W
α)

∂

∂uαi1...is
. (1.10)

We determine the conserved flows by first constructing the multipliers Qµ which are

obtained by noting that the Euler operator annihilates total divergences, i.e., the

defining equation would be
δ

δuα
[QµG

µ] = 0. (1.11)

To calculate the conserved quantities, we need to invert the total divergence oper-

ator. This requires the integration (by parts) of an expression in multi-dimensions

involving arbitrary functions and its derivatives, which is a difficult and cumber-

some task. The homotopy operator [1, 5, 17] is a powerful algorithmic tool (explicit

formula) that originates from homological algebra and variational bi-complexes. It

is used in integrability testing and inversion problems involving pdes. It reduces the

inversion of the total divergence operator to a standard integration of one auxiliary
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variable and is calculated via calculus based formulas that involve higher-order Euler

operators [5].

After calculating the conserved quantities, we observe the relationship between the

Lie point symmetry generators and the multipliers. If the action of a Lie point

symmetry generator on a multiplier is equal to 0, this implies strict invariance,

while if this action results in a scalar multiple of the original multiplier, this implies

ray invariance. In the case where neither strict invariance nor ray invariance occurs,

this action results in new multipliers in terms of the old multipliers, so that the space

of the multipliers is closed under the action of the Lie point symmetry generators.

Thus new conservation laws can be calculated.

1.3 Illustrative Example

We first consider an illustrative example via a version of the nonlinear Schrödinger

equation. This version is called the Gross-Pitaevskii equation, which has been dis-

cussed and analysed in many texts, e.g., [17]. It arises in quantum physics where it

describes a zero temperature Bose-Einstein condensate (BEC) for which the scat-

tering length between atoms is smaller than the spacing between atoms [20]. It is

of the form

iqt − qxx − w(x)q − g|q|2q = 0, (1.12)

where q is the condensate wave function of a complex order parameter.

If we write q = u+ iv and choose w(x) = x2 and g = 1, then (1.12) becomes

i(ut + ivt)− uxx − ivxx − x2(u+ iv)− (u2 + v2)(u+ iv) = 0. (1.13)

Separating (1.13) into real and imaginary parts leads to the following second-order
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system of pdes

G1 = ut − vxx − x2v − (u2 + v2)v = 0,

G2 = vt + uxx + x2u+ (u2 + v2)u = 0,
(1.14)

where G1 and G2 are functions satisfying (1.2).

The multiplier (f, g) will satisfy the ‘joint’ Euler operator

δ

δ(u, v)
(f ∗G1 + g ∗G2) = 0. (1.15)

Equation (1.15) is a consequence of two dependent variables and is equivalent to the

action of the Euler operator on each dependent variable, given by

δ

δu
(f ∗G1 + g ∗G2) = 0,

δ

δv
(f ∗G1 + g ∗G2) = 0.

(1.16)

Thus by (1.4), we have

f ∗G1 + g ∗G2 = DxΦ
x +DtΦ

t.

It turns out that, inter alia, we get the following pairs of multipliers

(f1, g1) = (u, v),

(f2, g2) = (−vt, ut).
(1.17)

To calculate the conservation laws, the densities and fluxes respectively are given

by the homotopy formula [5] or by expanding the following

DxΦ
x
i +DtΦ

t
i = fi ∗G1 + gi ∗G2. (1.18)

This results in the components of the conserved vectors

Φx
1 = vux − uvx,

Φt
1 = 1

2
(u2 + v2)
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and

Φx
2 = 1

2
(utux + vtvx − uuxt − vvxt),

Φt
2 = 1

4
[u4 + v4 + 2u2v2 + 2x2(u2 + v2) + 2uuxx + 2vvxx].

In complex form, the densities are given as

Φt
1 = 1

2
|q|2,

Φt
2 = |q|4 + 2x2|q|2 + q ¯qxx + qxxq̄,

respectively.

To conclude this section, we apply the total divergence on (Φx
1 ,Φ

t
1) and (Φx

2 ,Φ
t
2).

That is,

DxΦ
x
1 +DtΦ

t
1

= Dx(vux − uvx) +Dt[
1

2
(u2 + v2)]

= vxux + vuxx − uxvx − uvxx + uut + vvt

= u(ut − vxx) + v(vt + uxx)

= u[ut − vxx − x2v − (u2 + v2)v] + v[vt + uxx + x2u+ (u2 + v2)u]

= f1 ∗G1 + g1 ∗G2

and

DxΦ
x
2 +DtΦ

t
2

= Dx[
1

2
(utux + vtvx − uuxt − vvxt)] +Dt[

1

4
(u4 + v4 + 2u2v2 + 2x2u2

+ 2x2v2 + 2uuxx + 2vvxx)]

=
1

2
uxtux +

1

2
utuxx +

1

2
vxtvx +

1

2
vtvxx −

1

2
uxuxt −

1

2
uuxxt −

1

2
vxvxt

− 1

2
vvxxt + u3ut + xuut + uv2ut + u2vvt +

1

2
utuxx +

1

2
uuxxt
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+ xvvt + v3vt +
1

2
vtvxx +

1

2
vvxxt

= −vt[−vxx − xv − (u2 + v2)v] + ut[uxx + xu+ (u2 + v2)u]

= −vt[−vxx − xv − (u2 + v2)v + ut] + ut[uxx + xu+ (u2 + v2)u+ vt]

= f2 ∗G1 + g2 ∗G2.

This shows that the conserved vector (Φ1
i ,Φ

2
i ) = (Φx

i ,Φ
t
i), as described above, satis-

fies (1.3) along the solutions of (1.14).
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Chapter 2

New Conservation Laws of some

Third-order Systems of PDE’s

arising from Higher-order

Multipliers

2.1 Introduction and Background

The evolutionary third-order classical Boussinesq system of equations

ut + vx + uux −
1

3
uxxt = 0, vt + uvx + vux + ux = 0 (2.1)

arises in the study of dissipative mechanics which models two-dimensional small

amplitude long wavelength water waves (see [2, 15]). Generally, finding the con-
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served quantities of (2.1) from first principles is not a trivial task. Determining

a Lagrangian, if it exists, would in itself be a nontrivial undertaking. Moreover,

obtaining higher-order conservation laws can be an even more cumbersome under-

taking. We resort to an approach that produces a larger class of nontrivial conserved

vectors from multipliers that are higher than first-order in derivatives (of the depen-

dent variables) [18, 19].

Another third-order system arises from rewriting the Boussinesq equation in the

model for unidirectional propagation of long waves in shallow water (this will be

elaborated as a final example in this chapter) [17].

Before analysing the above cases, for illustrative purposes, we study a preliminary

third-order scalar example [8, 12, 15], viz., the Benjamin-Bona-Mahony (BBM)

equation, of which we consider the following version

ut + 2uux + nux − uxxt = 0. (2.2)

This equation was originally derived as an approximation for surface water waves

in a uniform channel. We will investigate the possible existence of higher-order

derivative dependent multipliers giving rise to conservation laws.

The results of this chapter appear in [16].
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2.2 The BBM Equation

We first consider a slight variation of the scalar BBM equation with a dispersion

term, viz.,

ut + 2uux + nux − uxxt = 0 (2.3)

where n is a real constant.

By (1.6), we define X = ξ∂x + τ∂t + φ∂u to be the Lie-Bäcklund operator, where

ξ = ξ(x, t, u), τ = τ(x, t, u), φ = φ(x, t, u) that leaves invariant (2.3), i.e.,

X [3](ut + 2uux + nux − uxxt) = 0 (2.4)

subject to

ut = uxxt − nux − 2uux.

To expand (2.4) further, we use the prolongation formulae from (1.8) and the Lie

characteristic function from (1.9). This results in the following equation

2φux + φt − ξtux + (φu − τt)ut − ξuuxut − τuu2t + (2u+ n)[φx + (φu − ξx)ux
− τxut − ξuu2x − τuuxut]− φxxt = 0.

(2.5)

The governing equations are obtained from (2.5) by the separation of the monomials,
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viz., coefficients of the derivatives in the dependent variable u. That is,

ξu = 0,

τu = 0,

φuu = 0,

ξt = 0,

φut = 0,

τx = 0,

−φt − nφx − 2uφx + φxxt = 0,

−2φ+ nξx + 2uξx − nτt − 2uτt + 2φxtu − nφxxu − 2uφxxu = 0,

−2ξx + φxxu = 0,

−ξxx + 2φxu = 0.

(2.6)

The Lie point symmetry generators of (2.3) by a solution of the over determined

system (2.6) are given by

X = ∂t, Y = ∂x, Z = − 2

n
t∂t +

1

n
(n+ 2u)∂u.

We now solve
δ

δu
(Q(ut + 2uux + nux − uxxt)) = 0, (2.7)

where we suppose second-order derivative dependence of the multiplier

Q = f(x, t, u, ut, ux, utt, uxt, uxx).

Equation (2.7) has to be satisfied for all functions u(x, t) and not only the solutions

of (2.3).

When we expand the left hand side of equation (2.7), we first use Leibniz’s rule.
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This results in

Qu(ut + 2uux + nux − uxxt) + 2Qux

−Dx[Qux(ut + 2uux + nux − uxxt) +Q(2u+ n)]

−Dt[Qut(ut + 2uux + nux − uxxt) +Q]

+D2
xDt(Q) = 0.

(2.8)

The elaborated and expanded form of (2.8) is calculated using the computer algebra

system (CAS) Maple.

The tedious calculations after expansion and separation by monomials of (2.8) re-

veals that Q = f is of order zero or two in derivatives with respect to u. We list

these as

Q1 = 1,

Q2 = u,

Q3 = uxt − u2.

(2.9)

A symmetry study of the multipliers in (2.9) is done using Z, i.e.,

ZQ1 = 0, ZQ2 = Q1 +
2

n
Q2, ZQ3 =

4

n
Q3 − 2Q2 (2.10)

so that all the Qi’s are strictly invariant under the translations X and Y, and Q1

is also strictly invariant under Z. The action of Z on Q2 gives rise to Q1 and since

the action of Z on Q3 is a linear combination of Q3 and Q2, we may suppose that

Q3 forms a basis of the space of multipliers and so too would the conserved vector

following Q3. The components of the conserved vectors (Φx,Φt) (via the homotopy
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formula) are, respectively,

Φx
1 = u2 + nu− uxt,

Φt
1 = u,

Φx
2 = 1

6
(3nu2 + 4u3 + 2utux − 4uuxt),

Φt
2 = 1

6
(3u2 + ux

2 − 2uuxx)

and

Φx
3 =

1

12
[−4nu3 − 6u4 + 3ut

2 + 12u2uxt − 4uxt
2 + 2uxuxtt + ut(3nux − uxxt)

−u(3utt − 3nuxt + uxxtt)],

Φt
3 =

1

12
[−4u3 + 3utux + 3nux

2 − 2uxtuxx − uxuxxt + u(3uxt − 3nuxx + uxxxt)].

The total divergence on (Φx
1 ,Φ

t
1) and (Φx

2 ,Φ
t
2) is

DxΦ
x
1 +DtΦ

t
1

= Dx(u
2 + nu− uxt) +Dt(u)

= Q1(ut + 2uux + nux − uxxt),

and

DxΦ
x
2 +DtΦ

t
2

= Dx[
1

6
(3nu2 + 4u3 + 2utux − 4uuxt)] +Dt[

1

6
(3u2 + ux

2 − 2uuxx)]

=
1

6
(6nuux + 12u2ux + 2utuxx + 2uxtux − 4uuxxt − 4uxuxt)

+
1

6
(6uut + 2uxuxt − 2uuxxt − 2utuxx)

= Q2(ut + 2uux + nux − uxxt).
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Similarly, the total divergence on the conserved vector (Φx
3 ,Φ

t
3) is

DxΦ
x
3 +DtΦ

t
3 = Q3(ut + 2uux + nux − uxxt),

so that the above conserved vectors satisfy (1.3) along the solutions of (2.3).

2.3 The Classical Boussinesq System of Equations

Our main example is the classical Boussinesq system of equations, wherein we em-

phasize the role of the Euler operator in two variables and its complexity as the order

function on which it operates increases (we choose possible second-order multipliers).

This system is given by

G1 = ut + vx + uux − 1
3
uxxt = 0,

G2 = vt + uvx + vux + ux = 0,
(2.11)

where G1 and G2 are functions satisfying (1.2).

By (1.6), we define X = ξ∂x + τ∂t + φ∂u + η∂v to be the Lie-Bäcklund operator,

where ξ = ξ(x, t, u, v), τ = τ(x, t, u, v), φ = φ(x, t, u, v), η = η(x, t, u, v) that leaves

invariant (2.11), i.e.,

X [3](ut + vx + uux − 1
3
uxxt) = 0,

X [1](vt + uvx + vux + ux) = 0
(2.12)

subject to

ut =
1

3
uxxt − vx − uux, vt = −ux − uvx − vux.

When we apply the prolongation formulae on (2.12), we obtain

φux + φxu+ φt + ηx − 1
3
φxxt = 0,

φvx + ηux + φx(v + 1) + ηxu+ ηt = 0.
(2.13)
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Separation by monomials of (2.13) leads to the over determined system

φv = 0,

ξv = 0,

τv = 0,

ηu = 0,

ξu = 0,

τu = 0,

φuu = 0,

ξt = 0,

φtu = 0,

τx = 0,

3ηx + 3φt + 3uφx − φxxt = 0,

3φ− 3uξx + 3uτt − 2φxtu + uφxxu = 0,

6ξx − φxxu = 0,

3ηv − 3ξx + 3τt − 3φu + φxxu = 0,

−ξxx + 2φxu = 0,

η − ηv − vηv − ξx − vξx + τt + vτt + φu + vφu = 0,

φ− uξx + uτt = 0,

ηt + uηx + φx + vφx = 0.

(2.14)

We can conclude that the Lie point symmetry generators of (2.11) are

X = ∂t, Y = ∂x, Z = −1

2
t∂t +

1

2
u∂u + (1 + v)∂v.

Now, we apply the ‘joint’ Euler operator, which annihilates the total divergence

δ

δ(u, v)
(f ∗G1 + g ∗G2) = 0, (2.15)
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where

Q = f(x, t, u, v, ux, vx, uxx, vxx, uxt, vxt)

and

P = g(x, t, u, v, ux, vx, uxx, vxx, uxt, vxt).

Equation (2.15) has to be satisfied for all functions u(x, t) and v(x, t) and not only

the solutions of (2.11).

The expansion of the left hand side of (2.15) is extensive and requires the use of

Maple to enumerate, particularly in the separation of the monomials and solving

the over determined system of pdes. In summarized form, the ‘more interesting’

multipliers are given by

f1 = k, g1 = F (t)[(1 + v)uxx + uvxx + vxt + 2uxvx]

f2 = u, g2 = ln(1 + v)
(2.16)

where F is an arbitrary function of t and k is a constant.

We now observe a symmetry analysis of the multipliers f1 and g1 under the genera-

tors X, Y and Z as follows

Xf1 = 0, Xg1 = g∗1,

Y f1 = 0, Y g1 = 0,

Zf1 = 0, Zg1 = 1
2
g1,

(2.17)

where we chose F (t) = t2.

This implies partial strict invariance under the generators X and Z, since the action

of these symmetries on the multiplier f1 only is equal to 0, while we have strict

invariance under the generator Y .
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We note that g∗1 = H(t)[(1 + v)uxx + uvxx + vxt + 2uxvx] for some arbitrary function

H(t) different from F (t), so that the action of the generator X on g1 results in a new

multiplier in terms of the old multiplier and thus would result in a new conservation

law.

The components of the conserved vector corresponding to the multipliers f1 and g1

is given by

Φx
1 =

1

36
[9t2vt

2 + 27t2vtux + 18t2ux
2 + 18u2(k + t2vx

2)− 8kuxt

+ 6tv2(−2ux + 3tux
2 − tuxt) + 3v(12k − 3t2vtt − 6tux + 12t2ux

2

+ 2tvt(−3 + 4tux)− 2t2utvx − 3t2uxt) + 6tu(t(5vt + 6ux)vx

+ v((−2 + 6tux)vx − tvxt))],

Φt
1 =

1

36
[9t2vtvx + 9t2uxvx + 18t2vuxvx + 9t2vvxt − 4kuxx + 9t2vuxx

+ 6t2v2uxx + 6u(6k + t2vx
2 + t2vvxx)].

The symmetry analysis of the multipliers f2 and g2 under the generators X and Y

reveals that

Xf2 = 0, Xg2 = 0, strict invariance

Y f2 = 0, Y g2 = 0, strict invariance.
(2.18)

However, the action of the generator Z shows that Zf2 = 1
2
f2 and Zg2 = 1. This

implies partial ray invariance, since the action of the generator Z on f2 only is a

scalar multiple of f2.

The components of the conserved vector corresponding to these multipliers is given

by

Φx
2 =

1

9
[3u3 + utux + u(9(1 + v)ln(1 + v)− 2uxt)],
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Φt
2 = ln(1 + v) +

1

2
u2 + [−1 + ln(1 + v)]v +

ux
2

18
− 1

9
uuxx.

It suffices to illustrate the total divergence on the conserved flow (Φx
2 ,Φ

t
2).

That is,

DxΦ
x
2 +DtΦ

t
2

= Dx[
1

9
(3u3 + utux + u(9(1 + v)ln(1 + v)− 2uxt)] +Dt[ln(1 + v) +

1

2
u2

+ (−1 + ln(1 + v))v +
ux

2

18
− 1

9
uuxx]

= u2ux + ux(1 + v)ln(1 + v) + uvxln(1 + v) + uvx +
vt

(1 + v)

+uut − vt + vtln(1 + v) +
vvt

(1 + v)
− 1

3
uuxxt

= u(ut + vx + uux −
1

3
uxxt) + ln(1 + v)(vt + uvx + vux + ux)

= f2 ∗G1 + g2 ∗G2.

Thus, the conserved flow (Φx
2 ,Φ

t
2) satisfies (1.3) along the solutions of (2.11).

2.4 The bi-Hamiltonian Boussinesq System of

Equations

The version of the Boussinesq equation that arises in the model for unidirectional

propagation of long waves in shallow water is given by

utt =
4

3
(u2)xx +

1

3
uxxxx (2.19)
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which, as a (bi-Hamiltonian) system, can be written in an evolutionary form

ut − vx = 0, vt =
1

3
uxxx +

8

3
uux. (2.20)

The conservation laws of (2.19) and a systems version of the Boussinesq equation

have been discussed and determined in [11, 13] using ‘partial Lagrangians’. Only

the conservation laws corresponding to multipliers of up to first-order, at best, were

obtainable from Noether’s Theorem via the Noether-type symmetries. For exam-

ple, in the former case, the multipliers were 1, t, x and xt with the corresponding

Noether-type generators ∂u, t∂u, x∂u and xt∂u. The procedure used above (in section

2.3) on (2.20) gives rise to the known multipliers (Q,P ) = (v, u) and the previously

unknown second-order case

(Q,P ) = (uxx + 4u2, 3v).

The corresponding conserved flow is then calculated to be

(Φx,Φt) = (
1

2
(−8u2v + utux − uuxt − 2vuxx),

1

6
(8u3 + 9v2 + 3uuxx)).

The total divergence relating to this conserved flow (Φx,Φt) is given by

DxΦ
x +DtΦ

t

= Dx[
1

2
(−8u2v + utux − uuxt − 2vuxx)] +Dt[

1

6
(8u3 + 9v2 + 3uuxx)]

= Q(ut − vx) + P [(vt −
1

3
)uxxx −

8

3
uux],

so that the conserved flow (Φx,Φt) satisfies (1.3) along the solutions of (2.20).

As in section 2.3, we define X = ξ∂x + τ∂t + φ∂u + η∂v to be the Lie-Bäcklund

operator, that leaves invariant (2.20), i.e.,

X [1](ut − vx) = 0,

X [3](vt − 1
3
uxxx − 8

3
uux) = 0

(2.21)
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subject to

ut = vx, vt =
1

3
uxxx +

8

3
uux.

After applying the prolongation formulae on (2.20), we obtain

φt − ηx = 0,

−8
3
φux − 8

3
φxu+ ηt − 1

3
φxxx = 0.

(2.22)

The separation of monomials of (2.22) leads to the over determined system

φv = 0,

ξv = 0,

τv = 0,

ξu = 0,

τu = 0,

φuu = 0,

τx = 0,

8φ− 8uηv − 8uξx + 8uτt + 8uφu − ξxxx + 3φxxu = 0,

3ηt − 8uφx − φxxx = 0,

−ξxx + φxu = 0,

ηv − ξx + τt − φu = 0,

ηv + 3ξx − τt − φu = 0,

−ηx + φt = 0,

ηu − ξt = 0,

ηu + ξt = 0.

(2.23)

Consequently, the Lie point symmetry generators of (2.20) are

W = ∂t, X = ∂x, Y = ∂v, Z = −x∂x − 2t∂t + 2u∂u + 3v∂v.
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We observe the symmetry analysis of the multipliers (Q,P ) = (uxx + 4u2, 3v) under

the generator Z as

ZQ = 4Q, ZP = 3P, ray invariance. (2.24)

2.5 Discussion and Conclusion

We have obtained new conservation laws for some well known classes of third-order

systems, viz., some versions of the Boussinesq and BBM equations by studying the

possible existence of higher-order multipliers - each of which gives rise to a unique

conserved flow.

In the following chapter, we will apply the same approach to a fifth-order pde.
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Chapter 3

Analysis of the Fifth-order Ito

Equation

3.1 Introduction and Background

The fifth-order Ito equation has been studied extensively. It was first proposed

by Ito and he showed that this equation has multi-soliton solutions, derives a Lax

representation and a bilinear Bäcklund transformation.

It has been observed that this equation is closely associated to a Kac-Moody algebra

and a nonlinear superposition formula has been derived [6]. The Ito equation reads

Dt(Dt +D3
x)f · f = 0 (3.1)

so that via the dependent variable transform u = 2(ln f)xx, it becomes
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utt + uxxxt + 3(2uxut + uuxt) + 3uxx

∫ x

−∞
ut(x

′, t)dx′ = 0. (3.2)

We will assume the well known version ([14, 21])

uxtt + uxxxxt + 6uxxuxt + 3uxuxxt + 3uxxxut = 0, (3.3)

which plays a very important role in mathematical physics and engineering sciences.

3.2 Application of the Ito Equation

As in chapter 2 (section 2.2), we define X = ξ∂x + τ∂t +φ∂u to be the Lie-Bäcklund

operator, where ξ = ξ(x, t, u), τ = τ(x, t, u), φ = φ(x, t, u) that leaves invariant

(3.3), i.e.,

X [5](uxtt + uxxxxt + 6uxxuxt + 3uxuxxt + 3uxxxut) = 0. (3.4)

After applying the prolongation formulae on (3.4), we obtain

φxtt +φxxxxt + 6φxxuxt + 6φxtuxx + 3φxuxxt + 3φxxtux + 3φxxxut + 3φtuxxx = 0. (3.5)
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The separation of monomials of (3.5) results in the over determined system

ξu = 0,

τu = 0,

φuu = 0,

φt = 0,

ξt = 0,

φtu = 0,

φx = 0,

τx = 0,

φxu = 0,

φxtu = 0,

ξxx = 0,

φxxu = 0,

φxtt + φxxxxt = 0,

3φxxx + φxxxxu = 0,

φttu + 3φxxt + 4φxxxtu = 0,

−τtt + 6φxx + 4φxxxu = 0,

φxt + φxxtu = 0,

−3ξx + τt = 0,

−2ξx + τt + φu = 0,

−2ξx + τt + φu = 0.

(3.6)

Consequently, the Lie point symmetry generators of (3.3) are

W = ∂x, X = ∂t, Y = ∂u, Z = x∂x + 3t∂t − u∂u.

We assume the multiplier Q = f to be of third-order derivative dependence (of the

dependent variable u), i.e., Q = f(x, t, u, ut, ux, uxx, uxt, utt, uxxx, uxxt, uxtt, uttt).
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When we apply the Euler operator (1.11) on (3.3), it annihilates the total divergence

δ

δu
(Q(uxtt + uxxxxt + 6uxxuxt + 3uxuxxt + 3uxxxut)) = 0. (3.7)

As before, we first use Leibniz’s rule to expand the left hand side of (3.7).

This results in

Qu(uxtt + uxxxxt + 6uxxuxt + 3uxuxxt + 3uxxxut)

−Dx[Qux(uxtt + uxxxxt + 6uxxuxt + 3uxuxxt + 3uxxxut) + 3Quxxt]

−Dt[Qut(uxtt + uxxxxt + 6uxxuxt + 3uxuxxt + 3uxxxut) + 3Quxxx]

+ 6D2
x(Quxt) + 6DxDt(Quxx)− 3D3

x(Qut)− 3D2
xDt(Qux)

−DxD
2
t (Q)−D4

xDt(Q) = 0.

(3.8)

To expand (3.8) further, it similarly requires some kind of software package to enu-

merate.

The tedious calculations after expansion and separation by monomials of (3.8) re-

veals that there are no first, second or third order multipliers. The other nontrivial

ones independent of derivatives are, with the corresponding conserved densities,

Q1 = xt,

Φt
1 =

1

30
[−10tut − 10xux − 15tux

2 + 20txuxt + 45txuxuxx − 6tuxxx

− 5u(−4 + 3tuxx − 3txuxxx) + 6txuxxxx],

Q2 = x,

Φt
2 =

1

30
(−10ut − 15ux

2 + 20xuxt − 15uuxx + 45xuxuxx − 6uxxx + 15xuuxxx

+ 6xuxxxx),
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Q3 = u,

Φt
3 =

1

30
[−10utux − 10ux

3 + 20uuxt + 3uxx
2 + 6ux(5uuxx − uxxx)

+ 10u2uxxx + 6uuxxxx]

and

Q∞ = F (t),

Φt
4 =

1

30
[−10F ′ux + F (20uxt + 45uxuxx + 15uuxxx + 6uxxxx)],

where F is an arbitrary function of t.

The action of all the symmetries on the above multipliers are listed as

WQ1 = t, WQ2 = 1, WQ3 = 0, WQ∞ = 0,

XQ1 = 4Q1, XQ2 = Q2, XQ3 = −Q3, XQ∞ = 3tF ′,

Y Q1 = 0, Y Q2 = 0, Y Q3 = 1, Y Q∞ = 0,

ZQ1 = Q2, ZQ2 = 0, ZQ3 = 0, ZQ∞ = F ′.

(3.9)

In particular, the action of W on Q1 and Q2, X on Q∞, Y on Q3 and Z on Q∞

results in new multipliers that are functions of Q∞ = F (t). The action of W on

Q3 and Q∞, Y on Q1, Q2 and Q∞, Z on Q2 and Q3 implies strict invariance. The

action of X on Q1, Q2 and Q3 implies ray invariance.

We observe that the space of the multipliers is closed under the action of the Lie point

symmetry generators, where {Q1, Q3, Q∞} forms a basis of the space of multipliers.

Q2 is not included in the set since the action of the generator Z on Q1 resulted in

Q2.
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3.3 Discussion and Conclusion

In this chapter, we obtained new conserved densities of the well known fifth-order

Ito equation, by assuming the possible existence of higher-order multipliers. Four

multipliers were determined using the Euler operator and they were all derivative

independent. Lastly, the action of the Lie point symmetry generators on the mul-

tipliers in some cases lead to some alternative multipliers and thus would result in

alternative conservation laws.
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Conclusion

In this dissertation, our main objective was to calculate Lie symmetries and con-

servation laws of some higher-order systems of pdes and investigate the relationship

between these. To calculate the conserved quantities, we first calculated the mul-

tipliers via the Euler operator acting on a total divergence. The corresponding

conserved quantities were then determined via the homotopy formula. From cal-

culating the Lie point symmetry generators, we observed that in some cases the

symmetry properties of the multipliers gave rise to alternative multipliers. This

implies that alternative conservation laws can be calculated.

In the second chapter, we analysed a different version of the scalar BBM equation

and some third-order Boussinesq systems of equations. Some of the multipliers were

calculated to be of order greater than one in derivatives of the dependent variables.

We could then construct new and interesting conserved quantities.

In the third chapter, we applied the same approach on the fifth-order Ito equation.

All of the multipliers were calculated to be derivative independent and each of these

gave rise to a unique conserved quantity.

It was necessary to exclude many of the tedious calculations, as they were very

involved.
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