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ABSTRACT

In this thesis a number of different constructions on ordered algebraic structures
are studied. In particular, two types of constructions are considered: comple-
tions and finite embeddability property constructions.

A main theme of this thesis is to determine, for each construction under
consideration, whether or not a class of ordered algebraic structures is closed
under the construction. Another main focus of this thesis is, for a particular
construction, to give a syntactical description of properties preserved by the
construction. A property is said to be preserved by a construction if, whenever
an ordered algebraic structure satisfies it, then the structure obtained through
the construction also satisfies the property.

The first four constructions investigated in this thesis are types of comple-
tions. A completion of an ordered algebraic structure consists of a completely
lattice ordered algebraic structure and an embedding that embeds the former
into the latter. Firstly, different types of filters (dually, ideals) of partially or-
dered sets are investigated. These are then used to form the filter (dually, ideal)
completions of partially ordered sets. The other completions of ordered alge-
braic structures studied here include the MacNeille completion, the canonical
extension (also called the completion with respect to a polarization) and finally
a prime filter completion.

A class of algebras has the finite embeddability property if every finite par-
tial subalgebra of some algebra in the class can be embedded into some finite
algebra in the class. Firstly, two constructions that establish the finite em-
beddability property for residuated ordered structures are investigated. Both of
these constructions are based on completion constructions: the first on the Mac-
Neille completion and the second on the canonical extension. Finally, algebraic
filtrations on modal algebras are considered and a duality between algebraic and

relational versions of filtrations is established.
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1. GENERAL INTRODUCTION

Non-classical logics, such as modal or substructural logics, often have both nat-
ural algebraic and relational (Kripke-style) semantics. One of the primary con-
cerns of algebraic logic is the identification of classes of algebras that are suitable
for the study of various logics. If a class of algebras can be found that algebraizes
a given logic in a natural way, then algebraic methods may be used to better
understand the logic. A very well-known example of such a class of algebras is
the class of Boolean algebras that algebraizes classical propositional logic.

The properties of such a class of algebras often correspond to properties of
the logic and the relational semantics — thus introducing new ways of establish-
ing results through duality and correspondence theories. An example relevant
to this thesis is that decidability of the logic can often be obtained by showing
that the class of algebras is generated by its finite members.

Once a class of algebras has been identified there are, broadly speaking,
two courses of investigation to follow. Firstly, we can undertake a thorough
investigation of the class of algebras. In doing so, we seek to obtain favourable
results that will be applicable in the logic setting. This then introduces the
second course of investigation, namely establishing links between properties of
the logic and properties of the class of algebras. That is, translating logic
problems into their algebraic counterparts and then translating algebraic results
back into logic terms.

In this thesis we will focus, mostly, on algebraic models of non-classical logics
— usually without explicit mention of the possible logics that may be interpreted
on these algebraic structures. Moreover, for the most part we will pursue the
first course of investigation by focussing our attention on the development of
the algebraic theory. In particular, we will study a number of constructions
on classes of ordered algebraic structures that are algebraic models for various
non-classical logics. We do, however, also consider one problem where our focus

will be on the translation of relational methods into algebraic ones and vice
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versa.

By preservation theorems we mean the following types of results. We say
that a class of algebras is closed under a construction if, given an algebra of the
class, the algebraic structure obtained via the construction also belongs to the
class. For example, substructural logics are logics whose algebraic models are
residuated structures [GJKOO07]. We are therefore interested in constructions
that, when performed on residuated structures, yield residuated structures.

Furthermore, we say that an identity (an expression of the form (VZ)(s(Z) =
t(Z)), for terms s,t in the language) is preserved by a construction if, whenever
the original structure satisfies the identity, then the structure obtained through
the construction also satisfies the identity. We similarly define what it means
for an inequality (an expression of the form (VZ)(s(Z) < t(¥)) for terms s,t
in the language), quasi-identity or any other property to be preserved by a
construction. Our research is partly motivated by considerations on modal
algebras. An important problem in modal logic is that of canonicity — the
preservation of identities by the canonical extension. A classical result there
is that the class of Sahlqvist identities [Sah75], a syntactically defined class, is
preserved by the canonical extension [J6n94]. For a number of the constructions
considered in this thesis our aim has been to prove Sahlqvist-like results by
giving syntactic descriptions of classes of identities preserved by the respective
constructions. Our algebraic approach is motivated by the algebraic approach
for modal algebras in [J6n94] and [GV99].

This thesis is divided into two parts. In the first part we focus on comple-
tions. A completion of an ordered algebraic structure is a pair consisting of a
complete ordered structure (see Chapter 2) and an embedding that maps the
original structure into the complete one (see Chapter 3 for a precise definition).
We will explore the motivations for completions in Chapter 3.

In most cases the properties of completions do not depend on the algebraic
structure, but only on the underlying partial order of the algebra we wish to
complete. For this reason we focus, firstly, on completions of partially ordered
sets into complete lattices. We investigate ways of extending operations defined
on the partially ordered set, to operations defined on the completions. We in-
vestigate properties of the operations preserved by the completions, for example
order-preservation, residuation and distribution properties.

To start with we consider the filter and ideal completions of partially ordered
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sets in Chapter 4. In the literature a wide range of different up-sets and down-
sets have been called the ‘filters’ and ‘ideals’, respectively, of a partially ordered
set. We survey these possible definitions. In particular, we will focus on four
different families of up-sets and down-sets — different types of filters and ideals
of a partially ordered set — that we believe are representative. Three of these
families of filters (respectively, ideals) form complete lattices into which the
original partially ordered set can be embedded, i.e., completions of the partially
ordered set. The four types of filters and ideals introduced in this chapter will
also be used in a number of the other constructions studied in this thesis (see
Chapters 6 and 7). Next we investigate some of the properties of these filter and
ideal completions. In the course of our investigations we consider the possible
definitions of ‘prime filters’ (respectively, ‘prime ideals’) of a partially ordered set
and relate them to the join-irreducible (respectively, meet-irreducible) elements
of the completions. Prime filters and ideals of a partially ordered set will be
used again in the completions considered in Chapter 7. Finally we consider the
extension of order-preserving operations to these completions.

Next, in Chapter 5, we turn our attention to the MacNeille completion. The
MacNeille completion of partially ordered sets and lattices has been studied in
great depth and is well understood, see for instance [Mac37, TV07]. Further-
more, we can use the MacNeille completion to complete MTL-algebras [vA1l]
— the algebraic models of monoidal t-norm logic (see Chapter 5.2). We con-
sider the expansion of an MTL-algebra with a single unary, order-preserving
operation that we will call a modality. Such algebras will be called modal MTL-
algebras. We begin by axiomatizing the class of modal MTL-algebras. We then
use the MacNeille completion of modal MTL-algebras to obtain a Sahlqvist-like
result for modal MTL, i.e., we give a syntactic description of properties (involv-
ing the newly added modality) that are preserved by the MacNeille completion
of a modal MTL-algebra.

The third type of completion we study in Chapter 6 is the canonical exten-
ston or completion with respect to polarizations of partially ordered sets. We
note that different completions have been called ‘the canonical extension’ of a
partially ordered set. This is due to the fact that, depending on the type of
filters and ideals of a partially ordered set used in the construction, one may ob-
tain distinct completions. We investigate the construction in general, but also

consider specific instances of completions obtained through this construction.
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More specifically, the four types of filters and ideals introduced in Chapter 4 are
used to obtain four, generally different, completions of a partially ordered set.
We consider the extension of additional operations to each of these completions
— focusing on distribution and residuation properties. An alternative construc-
tion that makes use of an intermediate structure is described. Finally we give
some results toward a syntactical description of a class of properties preserved
by these completions.

In Chapter 7 we characterize the partially ordered sets that can be embedded
into completely distributive complete lattices and describe the construction of
such a completely distributive complete lattice. The construction makes use of
the ‘prime filters’ and ‘prime ideals’ defined in Chapter 4. We characterize the
partially ordered sets for which the completion obtained in this chapter is iso-
morphic to one of the completions obtained in Chapter 6. We also consider the
extension of order-preserving and order-reversing operations to the completion.

In the second part of the thesis we focus on constructions that produce finite
models. These constructions have been used to prove the finite embeddability
property for many varieties of algebras. A class of algebras has the finite embed-
dability property if every finite partial subalgebra of some algebra in the class
can be embedded into a finite algebra in the class. Once the finite embeddabil-
ity property has been established for a variety of algebras, the decidability of
its universal (and hence, equational) theory and of the associated logic (if it is
finitely axiomatized) may follow via algebraization results. See Chapter 8 for
more details on the motivation behind such constructions.

In Chapter 9 we use the standard construction [vA09] for obtaining the finite
embeddability property for a class of residuated (ordered) algebras, to obtain
the finite embeddability property for the class of modal MTL-algebras. We
also establish the finite embeddability property for a number of its subclasses
by investigating properties preserved by the construction. The standard con-
struction is based on the MacNeille completion (studied in Chapter 5). This
then introduces the following question: Can a construction be devised that is
based on the canonical extension (studied in Chapter 6)? In fact, it was this
question that led us to investigate the canonical extensions of partially ordered
sets. The answer to this question is ‘yes’ for decreasing lattice-ordered residu-
ated structures. We describe this alternative construction, called the canonical

FEP construction, and show that it may also be used to establish the finite em-
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beddability property of some classes of algebras. We consider some additional
properties preserved by this construction.

Finally, in Chapter 10 we study finite embeddability constructions for modal
algebras. A modal algebra is a Boolean algebra equipped with a unary operator.
We show that the algebraic constructions considered in this chapter are algebraic
versions of model-theoretic filtrations. A filtration of a (Kripke) model is a finite
(Kripke) model obtained with respect to a subformula closed set of formulas.
We use the methods developed in this chapter to obtain the algebraic versions

of a number of well-known model-theoretic filtrations.
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2. PRELIMINARIES

In this chapter we give some basic definitions and fix the notations. The reader
may consult [Bir67], [DP02] or [BS81] for more on the definitions and results
given here.

For a set Q, let P(Q) denote the powerset of Q. We write M C/" Q to
denote that M is a finite subset of Q. For n € N, let M C™ @ denote that
M C Q and M has n or fewer elements. If S C @, then @ — S will denote the
set complement of S'in Q, ie., Q—S={a€Q:a ¢ S}.

2.1 Partially ordered sets

One of the main themes of this thesis will be to investigate various ‘completions’
(see Definition 3.0.1 in Chapter 3) of partially ordered sets. In this section we

recall the definitions of partially ordered sets and related notions.

Definition 2.1.1. A quasi-ordered set is a pair Q = (Q, <) such that Q is a
set and < is a binary relation on Q such that, for all x,y,z € Q,

(i) v <z, ie., < is reflexive, and

(i) x <y and y < z imply x < z, i.e., < is transitive.
Then < is called a quasi-order on @ and Q is called the universe of Q.
Definition 2.1.2. A partially ordered set, or poset for short, is a quasi-ordered

set P = (P, <) such that, in addition to (i) and (ii) in Definition 2.1.1 above,
< satisfies, for all x,y € P,

(i) x <y and y < x imply x =y, i.e., < is antisymmetric.

Then < is called a partial order on P.
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We will sometimes write <P to indicate that we are working with the order
defined on the universe P of a poset P = <P, §P>. If there exists an element
y € P such that y > x for all x € P, then y is called the top element and is
denoted by T or 1. On the other hand, if P contains an element z such that
z < x for all x € P, then z is called the bottom element and is denoted by L
or 0. We sometimes write T® and LF to avoid ambiguity. A poset P is called

bounded if it has both a top element and a bottom element.

Definition 2.1.3. The dual of a poset P = <P, §P>, is the poset P9 =
<P, §P8> such that P2 has the same universe as P but where gPag P x P
is defined by:

r<Py = y<Pu

for all x,y € P.

In general, given any statement about posets, the dual statement can be
obtained by replacing < with > and vice versa.

A poset P is said to be linearly ordered if, for all z,y € P either x < y or
y < z. That is, any two elements of P are comparable. A linearly ordered poset
is also called a chain.

Let P = (P, <) be a poset and let S C P. An element x € P is an upper
bound of S if x > y for all y € S. Dually, an element z € P is called a lower
bound of S if z < y for all y € S. Let S* and S* denote the sets of all upper
and lower bounds of S, respectively. That is, define ¢ : P(P) — P(P) and
v P(P)— P(P) by

St={acP:a<bforalbec S}

and
S*={ae€P:a>bforallbe S}

If S* has a least element, then that least element is called the supremum of S.
Dually, if S¢ has a greatest element, then that greatest element is called the
infimum of S.

(i) If the supremum of S exists in P, then we denote it by \/ S and call it the
join of S.

(i) If the infimum of S exists in P, then we denote it by A S and call it the
meet of S.
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The join and meet of a set {x,y} are denoted by x V y and x A y, respectively.
We will use a superscript P if it is necessary to indicate that a join or a meet
is being found in a particular poset P, i.e., we write VF or AP. It should be
clear that the partial operations V and A are induced by the ordering < and
implicitly defined for any poset P.

Definition 2.1.4. A subposet of a poset P = (P, <) is any poset Q = <Q, §Q>
such that Q C P and <QC Q x Q is defined by

x<%y = <Py

for all x,y € Q.

Definition 2.1.5. The (direct or Cartesian) product of the posets Py,..., P,
for somen € N, where P; = <PZ-, §Pi> fori=1,...,n, is the poset H?Zl P; such
that ]\, Pi is its universe and its ordering < is the coordinate-wise ordering

defined by:
@1,y Zn) < (Y1, Un) = @ <Piy fori=1,...,n

for all (x1,...,2n), (W1, yn) € [[1=y Pi. If n =2, then we write P1 X Py to
denote the product of P1 and Ps.

2.2 Algebras, lattices and Boolean algebras

A type (or language) of algebras is a set T of function symbols such that a
nonnegative integer n, called the arity, is assigned to each f € T. If the arity
of f is n, then f is said to be an n-ary function symbol.

An algebra of type T is a structure A = <A, 'H‘A> such that A is a set called the
universe (or underlying set) of the algebra A and for each n-ary function symbol
f € T there is a function f4 : A» — Ain TA. Each operation f4 € T is called
a fundamental operation of the algebra. We will often omit the superscript A

(and write f instead of f4) when it is clear from the context.

Definition 2.2.1. A join-semilattice is a poset L = (L, <) such that L is a

non-empty set and the supremum of each finite subset of L exists.

The order < now induces a (fully defined) binary operation V¥ on L such

that = V¥ 5 equals the supremum of {z,y} for all 2,y € L.
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We will sometimes write L = <L, \/L>7 where VI is idempotent, commutative
and associative, when we refer to a join-semilattice to emphasize that VI is
defined on the entire L x L and that V¥ forms part of the language. Then the
associated partial order of L is defined by, for all z,y € L,

r<y = zViy=y.
A meet-semilattice can now be defined dually.

Definition 2.2.2. A meet-semilattice is a poset L = (L, <) such that L is a

non-empty set and the infimum of each finite subset of L exists.

The order < now induces a (fully defined) binary operation A¥ on L such
that 2 AT 3 equals the infimum of {z,y} for all 2,y € L.

As with join-semilattices we will sometimes write L = <L, /\L>7 where AL is
idempotent, commutative and associative, to indicate that AL is fully defined
and that AT forms part of the language. The associated partial order of L is
defined by, for all z,y € L,

<y &= :v/\Ly:x.

Definition 2.2.3. A lattice is an algebra L = (L,V,A) such that L is a non-
empty set equipped with two binary operations V : LX L — L and A : LXxL — L
that satisfies

(xVy)Vz=zV(yVz) and (xAy)Az=zA(yAz)
xVy=yVze and xANy=yAzx
zVz=x and zAzx==zx

zV(@Ay)=x and zA(xVy) ==z
for all x,y,z € L.
We can now define a partial order < on L in terms of V and A as follows:
;ngy < xVy=y < rNy==x

for all z,y € L. Then <L is called the associated lattice order of L and <L, §L>
is a poset. Furthermore, the operations V and A correspond with the induced

join and meet operations of <, respectively, i.e., the processes of obtaining
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supremums and infimums in <L, §L>, as defined in the previous section. That
is,  V y is the least element of {z,y}* and = A y is the greatest element of
{x,y}¢, for all z,y € L. We may therefore view a lattice as a poset such that
the supremum and infimum exist for all finite subsets of L (even though the
languages are technically not the same). Hence, a lattice can be seen as both
a join-semilattice and a meet-semilattice. Depending on the context, we will
sometimes view a lattice as an algebraic structure and at other times view it as
a poset.

If L = (L,V,A) is a lattice such that <L, §L> is bounded, then we often
denote the top element of L by 1 and the bottom element by 0. Moreover,
ANl =zand V0 =z for all z € L. Sometimes 1,0 are included in the
language in which case we write L = (L, V, A, 0, 1).

Given the above we can now make the following definition.

Definition 2.2.4. A complete lattice is a lattice L = (L,V,A) such that the
sumpremum and the infimum (with respect to the associated lattice order <I)

exist for all subsets of L.

Definition 2.2.5. A sublattice of a lattice L = <L,\/L, /\L> is a lattice L' =
<L',\/L/,/\L/> such that L' C L and if z,y € L', then V¥ y = 2Vl y € L' and
ANV y=azAlyel.

Thus, VL' is the restriction of VL to L’ and AL is the restriction of AL to L.
Definition 2.2.6. Let L = (L,V,A) be a lattice. Then L is said to be
(i) distributive if it satisfies the distributive law: for all z,y,z € L

xA(yVz)=(xAy)V(xAz).
(i) modular if it satisfies the modular law: for all z,y,z € L
x>z impliesx A (yVz)=(xAy)Vz.
For complete lattices we have the following stronger condition.

Definition 2.2.7. If a lattice L is complete, then L is called completely dis-

tributive if, for any doubly indexed subset {z;;}icw jes of L, we have

AVa) =V (Amo).

i€V \jed vV =P \ie¥
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where v : U — ® is a choice function, i.e., y(i) = j for some j € ®.

Let S be any set. Then L = (P(S),U,N) is a completely distributive com-
plete lattice. In fact, any complete lattice (L, V, A) such that L is a set of sets,
V is U and A is N, is completely distributive.

Definition 2.2.8. Let L = (L,V,A) be a lattice. An element x € L is join-

irreducible if

(i) x is not the bottom element (if it exists in L),

(i) x =y V z implies x =y or x = z for all y,z € L.
The following condition is equivalent to condition (ii):
(i) If y < x and z < x, then yV z < x for all y,z € L.
Dually, an element x € L is meet-irreducible if

(a) x is not the top element (if it exists in L),

(b) © =y Az impliesx =y orx=z for ally,z € L.
The following condition is equivalent to condition (b):
(b)) If y>x and z > x, then y Az > x for all y,z € L.

Equivalently, an element 2 € L is join-irreducible if, whenever z = \/ X
and X is finite, then x € X. Dually, an element x € L is meet-irreducible if,
whenever z = A X and X is finite, then z € X. That is, an element is join-
irreducible (respectively, meet-irreducible) if it cannot be written as a finite join

(respectively, meet) unless it forms part of the finite join (respectively, meet).

Definition 2.2.9. A Boolean algebra is an algebra A = (A,V,A,—,0,1) such
that

(i) (A,V,A,0,1) is a distributive lattice with greatest element 1 and least el-

ement 0,

(i) — is a unary operation on A such that xV —x =1 and x A —x =0 for all

r € A.
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2.3 Varieties

We give some background on varieties that will be required.

Definition 2.3.1. A subalgebra B of an algebra A is an algebra of the same
type as A with B C A such that every fundamental operation of B is the re-

striction of the corresponding operation of A to B, the universe of B.

Definition 2.3.2. If A and B are two algebras of the same type T, then a map
¢ : A = B is called a homomorphism from A to B if o(f*(ay,...,a,)) =
B(p(ar),...¢(an)), for all ay,...,a, € A and each n-ary fundamental opera-
tion fA € TA. If, in addition, ¢ is onto, then B is called a homomorphic image
of A.

Definition 2.3.3. Let A; be an algebra of type T for each i € V. Then the
(direct) product [,y A is defined to be the algebra of type T with [[;cq Ai as
the universe such that for each n-ary f € T and each (a;)icw € []
have that fllicv & ((a;)icy) = (fA(a:))

iew Ai, we
ISV

For a class of algebras K, we define S(K), H(K) and P(K) to be, respectively,
the class of all subalgebras of algebras from K, the class of all homomorphic
images of algebras from K and the class of all direct products of algebras from

K. Then S, H and P are called class operators.

Lemma 2.3.4. The class operators S, H and P preserve identities, i.e., if an
identity is valid in a class of algebras K, then it is valid in S(K), H(K) and
P(K).

We note that in this thesis we will take the universal quantification over the
variables occurring in an identity, inequality or quasi-identity as implicit. For
example, we will write s = ¢ rather than (VZ)(s(Z) = ¢t(Z)).

We can now define the notions of a variety and a subvariety.

Definition 2.3.5. A non-empty class of algebras K of type T is called a variety
if it is closed under S, H and P.

The smallest variety containing a class of algebras K of the same type, is
called the variety generated by K. A variety is finitely generated if it is generated
by a finite set of finite algebras.

Definition 2.3.6. A subclass of a variety that is itself also a variety is called

a subvariety of the variety.
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2.4 Operations and operators on ordered sets

We introduce the types of operations on ordered sets that will be considered.

Let P,Q and P; be posets, for i = 1,...,n for some n € N. For a unary
map f: P — Qand S C P, let f(S) = {f(a):a € S}. Similarly, for an n-ary
map f:[[_, P — Q and S; C P, let

f(Sl,...,SQ):{f(al,...,an):aiGSi,i:L...,n}.

The maps f1, fo : P — @ can be ordered using the point-wise ordering: f; < fo
if, and only if, fi(x) < fa(x) for every z € P. Let f1 : P —» Q and fo: R — P;

then we will write f; - fo for the composition of f; and fs.

Definition 2.4.1. Let P = (P,<F) and Q = (Q,<%) be posets. A map
f:P—Q is called

(i) one-to-one if: f(x) = f(y) implies x =y for all x,y € P;
(i) onto if: for every y € Q there exists x € P such that f(x) = y;

(i4i) order-preserving (or monotone) if: x <F y implies that f(z) < f(y) for
all x,y € P;

(iv) an order-embedding if: x <¥ y if, and only if, f(x) <Q f(y) for all
z,y € P;

(v) an order-isomorphism if: f is an order-embedding that maps P onto Q.

If P and Q are posets such that there exists an order-isomorphism f : P — @
from P onto @, then P and Q are said to be order isomorphic. If P and Q2
are order isomorphic, then P and Q are said to be reverse order-isomorphic.

Let P = <P, §P> and Q = <Q, §Q> be posets. A map f: P — @ distributes
over finite joins if \/ f(M) exists and \/ f(M) = f(\/ M) for all M C/" P such
that \/ M exists. If \/ f(S) exists and \/ f(S) = f(\/ S) for all S C P such that
\/ S exists, then f distributes over arbitrary joins.

Distribution of a map over finite and arbitrary meets can be defined dually.
That is, f : P — Q distributes over finite meets if A\ f(M) exists and A f(M) =
F(AM) for all M Cf™™ P such that A\ M exists. If A f(S) exists and A f(S) =
f(AS) for all S C P such that A S exists, then f distributes over arbitrary

meets.
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The distribution of a map over joins is often called join-preservation in the
literature (see, for example, [GHO1], [GJKOO07] and [Suzl1]). Observe that if f

distributes over finite joins or meets, then f is order-preserving.
Definition 2.4.2. A map f between posets P and Q is called
(i) an operator if it distributes over finite joins.
(i) a complete operator if it distributes over arbitrary joins.
(i11) a dual operator if it distributes over finite meets.
(iv) a complete dual operator if it distributes over arbitrary meets.

An operator on a Boolean algebra A = (A,V,A,—,0,1) is an operation
f: A — A that distributes over finite joins and satisfies f(0) = 0.

We can now generalise these notions to n-ary maps.

Definition 2.4.3. Let P;, for i = 1,...,n and Q be posets. An n-ary map
T, P — Q is called

(i) an operator if it distributes over finite joins in each coordinate.
(i) a complete operator if it distributes over arbitrary joins in each coordinate.
(111) o dual operator if it distributes over finite meets in each coordinate.

(iv) a complete dual operator if it distributes over arbitrary meets in each

coordinate.

Let L; = <L1, \/Ll,/\L1> and Ly = <L2, Ve, /\L2> be lattices. If f : L1 — Lo
is one-to-one, onto and both an operator and a dual operator, then f is called
a lattice isomorphism and the lattices Ly and Lgy are isomorphic. Lattices Ly
and Ly are (lattice) isomorphic if, and only if, <L1,§L1> and <L2,§L2> are

order-isomorphic.

Definition 2.4.4. A closure operator f : P — P is a map that satisfies, for all
x,y € P,

(i) x < f(x), i.e., [ is increasing,
(i) x <y implies f(x) < f(y), i.e., [ is order-preserving, and

(iii) f(f(z)) = f(x), i.e., f is idempotent.



2. Preliminaries 16

2.5 Residuated operators

In this section we recall the definitions of residuated operators. We also give
some standard results concerning residuated operators that we will use when
proving preservation theorems involving residuated operators.

Let P = <P, §P>, Q= <Q, §Q> and R = <R, §R> be posets.

Definition 2.5.1. A map f : P — Q is called residuated if there exists a

corresponding map g : Q — P, called the residual of f, such that, for all x € P
and oll y € Q
fl@) <®y = = <P g(y).

The following holds for unary residuated operators.

Lemma 2.5.2. Let f : P — @ be residuated with residual g : Q — P and
let S C PandT C Q. If VS exists in P, then \/ f(S) ezxists in Q and
V f(S) = f(\VS). Similarly, if NT exists in Q, then \g(T) exists in P and
Ng(T) =g(AT).

Hence, a unary residuated map is a complete operator while its residual is a
complete dual operator. Let f: P — @ be a residuated operator with residual
g:Q — P. Then,

(i) g is uniquely determined by f.
(ii) f and g are both order-preserving.
(iii) ¢ - f is a closure operator.

(iv) = < g(f(z)) for all z € P.

(v) flg(y) <yforallye Q.

Let Ly and Lo be complete lattices. If f : Ly — Lo is a complete operator,
then f is residuated. In this case, the residual g : Ly — Lp is definable by
gly) =V{x € Ly : f(x) <y} for all y € Ly. We can also define f in terms of g
by f(z) =Ny € La:x <g(y)} for all z € L.

Definition 2.5.3. A binary map o : P X Q — R is called residuated if there
exist maps \ : PX R — Q and / : R x Q — P such that for allxz € P, y € Q
and z € R

roy<Pz «—= y<Qz\z = <P 2/y.
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The maps \ and / are called the left and right residuals of f, respectively.

A binary residuated map, o : P X Q — R, is order-preserving in both
arguments. If \ : Px R — @ and / : @ X R — P are the left and right
residuals of o, respectively, then \ is order-preserving in its second argument
and order-reversing in its first, while / is order-preserving in its first argument
and order-reversing in its second. For all x € P and z € R we have that
zo(z\z) <® z; and for all y € Q and 2z € R we have that (z/y) oy <R 2.

Lemma 2.5.4. Let o : P X Q — R be a binary residuated map with left and
right residuals \ : P X R — Q and / : R x Q — P, respectively. Let S C P,
TCQ andU C R.
(i) If \| S exists in P, then \/
(VS)ob=V,cglaob).
(i) If VT exists in Q, then \/,cp(a o b) exists in R, for any a € P, and
ao(VT)=Vyer(aob).
(iii) If \/' S exists in P, then N\, .g(a\c) exists in Q, for any ¢ € R, and
(VS \e = Agesla\e).
(iv) If AU exists in R, then \..y(a\c) exists in Q, for any a € P, and
a\ (AU) = Acev(a\o).
(v) If NU exists in R, then \ .y (c/b) exists in P, for any b € Q, and
(AU) /b= Aeew(c/b).
(vi) If I T exists in Q, then N\, r(c/b) exists in P, for any ¢ € R, and
¢/ (VT) = Nper(c/b).

Hence, a binary residuated map o is a complete operator. If P, Q and R are

wcslaob) ewists in R, for any b € Q, and

complete lattices, then a binary map o : P x () — R is residuated if, and only
if, it is a complete operator. If this is the case then the left and right residuals
of o are definable as a\c = \/{be Q :aob<c}and ¢/b=\{a € P:aob<c}.

If a binary residuated operator o : P x P — P is commutative, then its left
and right residuals coincide, i.e., 2\y = y/z for all z,y € P and the symbol
— is usually used to denote the residual. That is, x — y = z\y = y/x for all
x,y € P.
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2.6 Galois connections

The constructions studied in Chapters 5, 6 and 9 all make use of Galois connec-

tions as defined in this section.
Let P = (P, <P) and Q = (Q,<®) be posets.
Definition 2.6.1. Maps ® : P = @ :¥ form a Galois connection, if, for all

r € P andy € Q we have y <Rz if, and only if, v <¥ y<. The maps * and

< are called the polarities of the Galois connection.

Lemma 2.6.2. Let ® : P 2 Q :< be maps that form a Galois connection.

Then, for x,x1,z2 € P and y,y1,y2 € Q:
(i) If x1 <P x4, then x5 <Q a7 . That is, © is order-reversing.
(ii) If y1 <R yo, then y5' <F y. That is, < is order-reversing.

(iii) The maps < : P — P and 9% : Q — Q are closure operators. Therefore,
x <P 2P and y <Q y>.

(iv) We have % =% and %< =9 je., 2" = 2% and y= 9 = y.

Lemma 2.6.3. Let™ : P 2 Q :< be maps that form a Galois connection. Then

both maps convert existing joins into meets, i.e., for S C P and T C Q:
(i) If \/'S exists in P, then \(S™) exists in Q and (\/ S)” = A\(S™).
(i) If T exists in Q, then \(T<) exists in P and (\/ T)~ = \(T).

Let P,Q and R be sets. If R C P x @, then R induces a Galois connection
between (P(P),C) and (P(Q),<). The maps * : P(P) &2 P(Q) :<, defined by,
for SCPandT CQ

S” ={y € Q:x € S implies (z,y) € R}
and
T<={x € P:yeT implies (z,y) € R}

are called the polarities of R and form the Galois connection induced by R.
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2.7 Up-sets, down-sets, filters and ideals

Different families of up-sets and down-sets of posets are central to this thesis.
A special family of up-sets (respectively, down-sets) is the filters (respectively,
ideals) of a lattice. In Chapter 4 we investigate possible generalizations of these
notions to posets. We then use these different generalizations in the construc-
tions studied in Chapters 4, 6 and 7. One of the constructions considered in
Chapter 9 employs the filters (respectively, ideals) of meet-semilattices (respec-
tively, join-semilattices).
Let P = (P, <) be a poset.

Definition 2.7.1. A subset F' C P is called an up-set (or order-filter) of P if
F satisfies:

ifev € F andy € P such thaty > z, theny € F, (2.1)

and whenever P has a top element F # &.
Dually, a subset I C P is called a down-set (or order-ideal) of P if I satisfies:

ife el andy € P such that y < x, theny € I, (2.2)

and whenever P has a bottom element I # &.

For S C P, let [S) and (S] denote the up-set and the down-set of P, re-
spectively, generated by S, i.e., [S) = {a € P : a > bfor some b € S} and
(S]={a€ P:a<bforsomebe S} If S={zx}, wewrite [z) and (] for
[{z}) and ({z}], respectively. Up-sets (down-sets) of the form [z) ((x]) are called
principal. We note that our definition includes the empty set in the family of
up-sets of a poset, but only for posets that do not have a top element. Dually,
the empty set is a down-set of a poset if it does not have a bottom element.
In some instances in the literature the empty set is always excluded (see for

instance [DP02]), while in others it is always included (see for instance [Sch72]).

Definition 2.7.2. Let L be a lattice (respectively, meet-semilattice). A non-
empty subset F' of L is called a filter of L if it satisfies (2.1) and, for xz,y € L,

x,y € F implies x ANy € F.

Definition 2.7.3. Let L be a lattice (respectively, join-semilattice). A non-
empty subset I of L is called an ideal of L if it satisfies (2.2) and, for x,y € L,

x,y € I implies xVy € F.
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The family of filters (respectively, ideals) of a lattice L will be denoted by
F(L) (respectively, Z(L)), or just F (respectively, Z) if L is understood. Both
F and 7T are closed under arbitrary intersection.

A filter or an ideal of L is called proper if it does not coincide with L. If
L has a bottom element, then F' € F is proper if, and only if, L(= 0) ¢ F.
Dually, if L has a top element, then I € 7 is proper if, and only if, T(=1) ¢ I.

Let L be a lattice (respectively, meet-semilattice) and let S C L. Then
there exists a smallest filter containing S, denoted by [S), namely [S) = ({F €
F : S C F}. Dually, if L is a lattice (respectively, join-semilattice), then
there exists a smallest ideal containing S which we will denote by (5], namely
(S]={I€Z:5CTI}. Wecall [S) the filter generated by S and (S] the ideal
generated by S. If S = {a} for some a € L, then [{a}) = [a) and it is called a
principal filter of L. Similarly, ({a}] = (a] and it is called a principal ideal of L.
Let S C L; observe that b € [S) if, and only if, b > A M for some M C/™" §.
Similarly, ¢ € (S] if, and only if, ¢ < \/ N for some N C/" §.

Definition 2.7.4. A prime filter F' of a lattice L is a filter of L that satisfies,
forx,ye L,
xVyé€F impliesx € F ory e F.

A prime ideal of a lattice L is an ideal of L that satisfies, for x,y € L,
Ay el impliesxel oryel.

We will denote the family of prime filters (respectively, prime ideals) of a
lattice L by .# (L) (respectively, .# (L)), or simply .# (respectively, .#) if L is
understood. A filter F' of L is prime if, and only if, L — F is a prime ideal of L.

Definition 2.7.5. A proper filter F' of a lattice L is called an ultrafilter or a
maximal filter if the only filter that properly contains F' is the set L itself.
Dually, a proper ideal I of a lattice L is called maximal if the only ideal that

properly contains I is L.

If L is a distributive lattice with a bottom element, then every ultrafilter of
L is a prime filter. If L is a distributive lattice with a top element, then every

maximal ideal of L is a prime ideal (see, for example, [DP02]).

Definition 2.7.6. A subset F' of a lattice L is called a complete filter of L, if
NS € F for every S C F such that \ S exists in L.
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Dually, a subset I of a lattice L is called a complete ideal of L, if \/ S €
for every S C I such that \/ S exists in L.

Let F¢ and Z¢ denote the families of complete filters and ideals of a lattice

L, respectively.
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3. INTRODUCTION TO COMPLETIONS

We are often interested in algebraic structures of which the underlying set is
(partially) ordered. Such ordered algebraic structures occur naturally in many
areas of mathematics. Examples include ordered groups, ordered rings, fields,
ordered vector spaces, the sets of open or closed elements of a topology and the
algebraic models of logics. Given an ordered algebraic structure, we are often
interested in the supremums (joins) and infimums (meets) of its (arbitrary)
subsets. If these do not exist, then one way to get around this non-existence is
to embed the partial structure into a complete structure for which the necessary
supremums and infimums do exist. We will call a pair consisting of a complete
structure and an embedding a completion. The following definition makes this

precise.

Definition 3.0.1. A completion of a poset P is a pair (L,~y) where L is a

complete lattice (viewed as a poset) and v : P — L is an order-embedding.

There are various reasons why one might wish to embed ordered algebraic
structures into complete ones. A complete lattice is representable, both as a
complete lattice of sets and as the image of a closure operator on a powerset
lattice. Therefore, if it is important that the algebraic structures under con-
sideration are representable, then completing the algebras would be one way of
obtaining exactly what is needed.

From a logician’s perspective, we may wish to model predicate logics. How-
ever, since (bounded) universal quantification corresponds with infinite meets
and (bounded) existential quantification corresponds with infinite joins, we need
to complete the algebra under consideration first to ensure that the necessary
infinite joins and meets exist.

Furthermore, the proofs of many completeness theorems of various proposi-
tional and predicate logics have made use of results on completions. For exam-

ple, in [MOO02] the MacNeille completion of a residuated lattice is used to prove
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that the predicate logic MTLV is standard complete. In [Ono03b, Theorems 5
and 6] the MacNeille completion of a (integral weakly idempotent) commutative
residuated lattice (with exponentials) is shown to be a commutative residuated
lattice (with exponentials). These results are then used to show that intuitionis-
tic linear predicate logic (with exponentials) is complete with respect to the class
of complete commutative residuated lattices (with exponentials). Similarly, it
can be used to show that intuitionistic predicate logic without the contraction
rule is complete with respect to the class of complete integral (weakly idempo-
tent) commutative residuated lattices [Ono03b, Corollary 13].

Another application of completions that can be found in the literature, is the
use of the canonical extension to obtain relational semantics for non-classical
logics — including some substructural logics. It is often the case that a logic is
closely related to a corresponding class of algebraic structures. These algebraic
structures then provide algebraic semantics for the logic. Relational semantics
for the logic may then be obtained by taking the canonical extensions of the
algebraic structures and then using discrete duality theory to obtain relational
structures. See [DGP05] and [CGVR] for examples of where this has been done
in the literature.

In the following four chapters we will investigate the construction of various
completions of posets and other algebraic structures. Depending on our pur-
poses, we may need different completions. Each completion has its advantages
and disadvantages. For example, the MacNeille completion of a lattice preserves
the existing infinite structure while the canonical extension destroys it. Having
various completions at our disposal makes it more likely that we will have a

construction that does what we need it to do.



4. FILTER AND IDEAL COMPLETIONS

It is well known that if L is a lattice with a top element, then F = <]~"(L), VE, /\F>
forms a complete lattice where F(L) is the set of filters of L, \/ZFE\I,Fl =
Uiy Fi) and Aloy Fy = (Viey F for F; € F(L), i € U. Then C is the as-
sociated lattice order. If L does not have a top element, then F(L)U{&}, is the
universe of a complete lattice. Let F(L) denote the complete lattice obtained
from the set of filters of L with the possible inclusion of @. Similarly, if L has
a bottom element, then I = <I(L), v /\I>7 is a complete lattice where Z(L) is
the set of all ideals of L, \/;64) = {Ujecb Ij> and /\gew =Njea L; for Ij, j € @.
Then <! is C. If L does not have a bottom element, then we can include @ to
form a complete lattice. Let I (L) denote the complete lattice obtained from
the set of ideals of L with the possible inclusion of @. Then, v : L — Fr(L)
defined by v(a) = [a), for all a € L, is a lattice embedding of L into F(L)?,
that is, v(L) is the universe of a sublattice of Fr(L)?. Dually, w : L — Z, (L)
defined by w(a) = (a], for all a € L, is a lattice embedding of L into I, (L),
that is, w(L) is the universe of a sublattice of I, (L). Thus, (F, (L)?,v) and
(IT(L),w) are completions of L. For more on the filter and ideal lattices of a
lattice L the reader is referred to [Bir67, Chapter V.2].

In this chapter we would like to generalise ‘filter’ and ‘ideal’ completions to
the poset setting. This has been done in various, decidedly distinct, ways in the
literature. We begin by recalling the definition of four different families of up-
sets and down-sets of a poset P. Many more have been defined in the literature
and we give a quick survey of the remaining families that do not form a part of
this thesis. The different types of filters and ideals defined in this chapter will
be used again in some of the completions studied in later chapters.

Next we investigate the complete lattices formed by three of these families.
At this point the notions of a ‘prime ideal’ and a ‘prime filter’ of a poset become
of interest. However, the literature does not agree on what the correct definitions

of these notions are either. We recall the definitions found in the literature and
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compare them. We will use the family of prime filters defined here in the
completions studied in Chapter 7. Furthermore, we show that strictly prime
filters (see Definition 4.2.18) are meet-irreducible elements in the associated
lattice of filters. Similarly, strictly prime ideals are meet-irreducible elements in
the associated lattice of ideals.

Finally, we consider the extension of operations defined on the poset to
operations defined on the completions. In particular, we show that if f : P — P
is an operator, then its extension (to one of the completions) is a complete
operator. Dually, the extension (to one of the completions) of a dual operator

is a complete dual operator.

4.1 Filters and ideals of posets

In the literature one may encounter various families of up-sets (respectively,
down-sets) of a poset that have been called the ‘filters’ (respectively, ‘ideals’) of
the poset.

Let P be a poset and suppose F’ is defined to be the set of ‘filters of P,
then, as stated in [Fri54], it would be desirable for F’ to satisfy the following

conditions:
(i) If a € P, then [a) € F'.
(ii) If 7 C F', then (T € F'.
(iii) If P is a lattice, then F’ is exactly the family of filters of P.

In [GJKOO07] a so-called ‘rich enough’ family of up-sets, F’, (that is, ‘rich
enough’ to be used in a construction studied in [GJKOO07, Chapter 6]) is required
to satisfy:

(a) If a € P, then [a) € F'.
(b) If F € F', then F is closed under existing finite meets.
(c) @ € F'if, and only if, P does not have a top element.

The family of filters, F(L), of a lattice L satisfies conditions (i)-(iii), (a)
and (b) above. On the other hand, @ is never a filter of L and the closure
of F(L) under intersection is not affected by this exclusion. For a poset P

the satisfaction of condition (ii) depends on the satisfaction of condition (c).
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It would therefore seem natural to require that the eventual definition of a
‘filter of a poset’ satisfies all of the conditions above, since we are looking for
a generalisation of the notion of a filter on a lattice. However, upon closer
inspection it would appear that such a requirement would be expecting too
much. Consider, for instance, condition (ii): “If 7 C F/, then 7T € F".
As stated above, if P does not have a top element, then condition (ii) will be
satisfied only if condition (c) is satisfied, i.e., @ € F'. However, if condition (c)
is satisfied, then F’ need not equal the set of filters when P is a lattice, which
is condition (iii). It should be apparent that defining filters (and ideals) on a
poset is not straightforward.

Let P = (P, <) be a poset. Recall that F' C P is an up-set of P if, whenever
a € F and b € P such that a < b, then b € F’; and I' # & whenever P has a top
element. Dually, I C P is a down-set of P if, whenever a € I and b € P such
that @ > b, then b € I; and I # @ whenever P has a bottom element.

We now recall the definitions of some of the various families of up-sets and
down-sets that have been called the ‘filters’ and ‘ideals’ of a poset, respectively,

in the literature.

Definition 4.1.1 ([AA90]). A subset F' C P is called a pseudo filter of P if F'

s an up-set that satisfies
ifx,y € F and x Ny exists in P, thenx ANy € F (4.1)
and if P has a top element then F # @&. Pseudo ideals can be defined dually.

Pseudo ideals were defined in [AA90] where, in addition to satisfying the
above properties, they were defined to be non-empty proper subsets of P. How-
ever, we define P to be both a pseudo filter and a pseudo ideal, while @ is a
pseudo filter (respectively, ideal) when P does not have a top element (respec-
tively, a bottom element).

In [Doy50] the notion of an ‘ideal’ of a poset was defined. This notion

actually corresponds to the notion of a filter on a bounded lattice.

Definition 4.1.2 ([Doy50]). A subset F' C P is called a Doyle-pseudo filter of
P if F is an up-set that satisfies

if M €/ F such that /\M exists in P, then /\M eF (4.2)

and if P has a top element then F # @. Doyle-pseudo ideals can be defined
dually.
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In [Ven71] Doyle-pseudo ideals were defined to be non-empty, and were called
the ‘ideals’ of a poset. Doyle-pseudo ideals were also simply called the ‘ideals’ of
a poset in [Tun74] — though we note that it was not explicitly said that ideals
are only closed under ezisting finite joins.

Next we consider a family of up-sets first introduced in [Fri54].

Definition 4.1.3 ([Fri54]). A subset F' C P is called a Frink filter of P if F
satisfies
if M C/™ F, then M™ C F (4.3)

and if P has a top element then F' # @&. Frink ideals can be defined dually.

Note that all Frink filters are up-sets. Frink ideals were called the ‘ideals’ of
a poset in [Fri54] and [War55]. This family of down-sets were used in [War55] in
the study of relations between topologies in posets, one of which was the Frink
ideal topology.

The definitions of Doyle-pseudo and Frink filters given here, differ from the
original definitions obtained in [Doy50] and [Fri54], respectively, in that & is
excluded for posets with a top element.

For more on pseudo, Doyle-pseudo and Frink filters and ideals the reader
may consult [Nie06].

In [Hof79] it was suggested that the following family of up-sets may be viewed

as the ‘filters’ of a poset.

Definition 4.1.4 ([Hof79]). A non-empty subset F C P is called a directed
filter of P if it is an up-set that satisfies

if x,y € F, then there exists z € F' such that z <z and z < y. (4.4)

Directed ideals can be defined dually.

If S C P satisfies (4.4), then S is called a down-directed subset of P. Up-
directed subsets can be defined dually.

The directed filters and ideals defined above have also been called the ‘filters’
and the ‘ideals’ of a poset in the literature (see for instance [DGPO05], [Porl2]
or [DP02)).

Tables 4.1 and 4.2 respectively summarize the different types of filters and

ideals of a poset considered in this thesis.
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An up-set F of a poset P is called a
pseudo filter if: z,y € F and z Ay exists in P implies z Ay € F.
Doyle-pseudo filter if: | M Cf™ F and )\ M exists in P implies \ M € F.
Frink filter if: M Cf"™ F implies M C F.
directed filter if: x,y € F implies there exists z € F such that z € {z, y}*.

Tab. 4.1: A summary of the various types of filters under consideration.

A down-set I of a poset P is called a
pseudo ideal if: x,y € I and x Vy exists in P implies z Vy € I.
Doyle-pseudo ideal if: | M C/" I and \/ M exists in P implies \/ M € I.
Frink ideal if: M Ccfing implies Mut C .
directed ideal if: x,y € I implies there exists z € I such that z € {x, y}*.

Tab. 4.2: A summary of the various types of filters under consideration.

Let P, F% FI and F? denote the families of pseudo, Doyle-pseudo, Frink
and directed filters of P, respectively. The families of pseudo, Doyle-pseudo,
Frink and directed ideals of P will be denoted by ZP, 7%, T and Z¢, respec-
tively. We write F*(P) and Z*(P), for x € {p,dp, f,d}, if it is necessary to
indicate which poset is used. For x € {p,dp, f,d}, we will sometimes refer to

the elements of F* as *-filters and to the elements of Z* as *x-ideals.

Remark 4.1.5. The members of Fap, Fy and Fq are closed under existing
finite meets. To see this, let M C/" P such that \ M exists in P. Then, by
definition, if F € Fgp such that M C F, it follows that N\M € F. If F € Fy
such that M C F, then A\ M € M* C F. Finally, if F € F, such that M C F,
then there exists z € M* such that z € F. But then N\M € F.

Dually, the members of Lqp, T and Ly are closed under existing finite joins.

Lemma 4.1.6. The following inclusions hold: F¢ C Ff C Fi¥ C FP and

I¢ C I C 1% C IP. In general, these inclusions are strict.

Proof. We prove the claim for the families of filters. The proof of the claim for
the families of ideals follows dually.
Let F € F¢and M = {aj,as,...,a,} C/™ F. Since F is directed there

exists a z; € F such that z; < a7 and z; < ao. Furthermore, there exists a
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z9 € F such that zo < z; (hence also 23 < a1,a2) and 22 < az. Continuing
in this way we can find a z,_1 € F such that z,_1 < z,_2 (and hence also
Zn-1 <a;fori=1,...,n—1)and z,-1 < a,. That is, z,—1 € F and 2,1 < q;
fori =1,...,n. Then 2z, 1 € M* which implies that M** C [z,_1) C F. Thus
FeFl

Next let F € Ff and let M C/™ F such that A M exists in P. Then
AM e M*™ CF,ie, AM € F and hence F € F.

Since any subset containing two or fewer elements is still a finite subset, it
follows that Fdr C FP.

Consider the following poset to see that these inclusions generally are strict:

Fig. 4.1: The inclusions F? C FfcFir C Fr may be strict.

Let P’ be the poset in Figure 4.1. Then Fy = {2,3} € Ff but Fy ¢ F¢
since it does not contain a common lower bound of 2 and 3. Furthermore,
Fy = {1,2,3,6,7} € F% but F;, ¢ F/. To see why, observe that {6,7}* = @
and therefore {6, 7}** = P ¢ F,. Finally, F3 = {1,2,3,4,5} € F? but Fy ¢ F.
Here A{1,2,3} = 6 ¢ F3. Also note that, in general, F? is strictly included in
the family of all up-sets. In this particular example all up-sets are also pseudo
filters. However, I = {4,5} is a down-set that is not a pseudo ideal since
4v5=1¢1. O

If P is bounded then the inclusions F¢ C Ff and 7¢ C Ff may still be
strict. 'We note that every principal up-set (respectively, down-set) of a poset
P is a directed filter (respectively, directed ideal) of P, and therefore included
in all four families of filters (respectively, ideals). In fact, if P is finite, then
F4 ={[a) : a € P}. Furthermore, observe that if L is a bounded lattice, then
FP(L) = F¥?(L) = F/(L) = F4L) = F(L) and Z?(L) = Z%(L) = Z/(L) =
74(L) = Z(L).
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In this thesis we will focus our attention on the families of up-sets and
down-sets defined above. However, more (generally distinct) families of up-
sets and down-sets, that have been used in various completions of posets, have
been defined in the literature. Among these is the family {S“* : S C P} used
by MacNeille in [Mac37]. If P is finite, then the family of Frink filters of P
correspond exactly with this family of down-sets. However, this need not be the
case if P is infinite. For example, if ' € F/ is infinite, then F'* need not be a
subset of F' — this may be the case when A F exists in P, but is not included
in F'. See Chapter 5 for more on the MacNeille completion.

In [BS66] the collection of all non-empty down-sets of a poset P that are

bounded above, i.e.,
{I : I is a down-set and there exists a € P such that I C (a]},

was used to complete P. In general, this family of down-sets does not correspond
with any of the families of down-sets under consideration in this thesis. Let
P’ be the poset depicted in Figure 4.1. Then P’ is a Frink ideal, but it is
not bounded above. On the other hand, {5,7} C P’ is bounded above since
{5,7} C (3] = {3,5,6,7}, but since 5V 7 =3 ¢ {5,7} it is not a pseudo ideal
(and hence none of the other three types of ideals under consideration).

In [Abi68] Abian defined the initial cuts of a poset and showed that the
family of initial cuts generally differs from the family of lower cuts used by
MacNeille. For a € P, an initial segment with respect to a was defined to be
the set {z € P : 2 # a} and an initial cut the union of any family of initial
segments. An initial cut need not be closed under existing joins. To see why we
consider the poset P’ in Figure 4.1 again. The sets {3,5,6,7} and {2,4,6,7}
are the initial segments with respect to 4 and 5, respectively. Their union,
{2,3,4,5,6,7} then forms an initial cut, but not a pseudo ideal since 4V 5 =1
is not included. On the other hand, F; € Ff, but F} is not an initial cut.

In [Sch72] a down-set I is called k-small generated, for k > 2, if there exists
S C I such that |S| < k and a € [ if, and only if, a < s for some s € S. Since
k > 2 it follows that all principal down-sets are k-small generated. It should
be clear that k-small generated down-sets need not be closed under existing
joins. These types of down-sets are essentially generalizations of the principal
down-sets. In [WWT78] generated down-sets, with a variety of restrictions

on the generating subsets, were used. For example, the generating subsets were
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assumed to have cardinality less than or equal to some n; or, assumed to have an
upper bound in the poset for every pair of elements from the generating subset;
or, assumed to have an upper bound in the poset for every finite subset of the
generating subset; or, assumed to be bounded, directed or linearly ordered.

In [Hal00] an ‘ideal’ of an ordered set is defined to be a subset I for which
{a,b}** C I whenever a,b € I. Consider the poset P’ from Figure 4.1 once
more. If we were to define the notion of a ‘filter’ dually to the definition above,
then {1,2,3} would be a “filter’ of P/, but not a Frink filter since {1,2,3}* =
{1,2,3,6} € {1,2,3}.

Another collection of down-sets that should be mentioned here, though not
called ideals in the literature, is the family of Scott-closed sets [Sco72]. A Scott-
closed set is a down-set that is closed under the existing joins of its directed
subsets. If P is finite, then the Scott-closed sets correspond with the directed
ideals of P. For more on Scott-closed sets and the Scott topology the reader is
referred to [Ern81], [GHK"80] and [Ros84].

In [Doc67] and [Sch74] ideals closed under selected joins were defined. Let
T C P(P). Then an T-ideal of P, I, is a down-set satisfying: if S € 7, S C I
and \/ S exists in P, then \/ S € I. Clearly, if T is all finite subsets of P, then
the T-ideals of P are exactly the Doyle-pseudo ideals of P. Similarly, if 7 is all
binary subsets of P, then the T-ideals of P are exactly the pseudo ideals of P.

In [MNG65] (see also [Ros72]) the following definition of m-ideals was given:
a subset F' C P is called an m-ideal if S*¢ C F for all S C F such that |S| < m.
If m = Ny, then the m-ideals are exactly the Frink ideals.

4.1.1 Complete filters and ideals

Next we generalise the notion of a ‘complete filter’ to the poset setting. Again
the generalisation is not straightforward, since a number of different families of

up-sets may be identified as candidates for the generalisation.

Definition 4.1.7 ([Tun74, Jan78]). A subset F' C P is called a complete Doyle-
pseudo filter of P if F' is an up-set that satisfies

if S C F such that /\S exists in P, then /\S eF (4.5)

and if P has a top element then F # &. Complete Doyle-pseudo ideals can be
defined dually.
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In [Jan78] complete Doyle-pseudo filters are called conditionally complete
filters and in [Tun74] simply the ‘complete filters’ of a poset.

Following the above we make the following analogous definitions.

Definition 4.1.8. A subset F' C P will be called a complete Frink filter of P if
F satisfies

if SC F, then S C F (4.6)
and if P has a top element then F # &. Complete Frink ideals can be defined
dually.

Definition 4.1.9. A non-empty subset F' C P will be called a complete directed
filter of P if F' is an up-set that satisfies

if S C F, then there exists z € F' such that z < x for all z € S. (4.7)
Complete directed ideals can be defined dually.

Let Fe@ Fef and F°? denote the families of complete Doyle-pseudo, com-
plete Frink and complete directed filters, respectively. The families of complete
Doyle-pseudo, complete Frink and complete directed ideals will be denoted by
Zedr 7¢f and I¢¢, respectively.

If P is finite, then Fe@r = Fdr Fef = Ff Fed = Fd gedp — 7dp 7cf — Tf
and 7¢ = Z¢. If L is a lattice and L has a top element, then the families of
complete Doyle-pseudo, complete Frink and complete directed filters all coincide
with the family of complete filters of L, i.e., F®?(L) = F¢/(L) = F(L) =
F¢(L). Similarly, Z¢®(L) = Z¢(L) = Z°(L) = Z¢(L) if L has a bottom

element.

Lemma 4.1.10. The following inclusions hold: Fed C Fef C Fedp gnd 7¢¢ C

TI¢r C Fedr. In general, these inclusions are strict.

Proof. The proof of Lemma 4.1.6 may be suitably modified to prove the inclu-
sions. The example given in Figure 4.1 suffices to show that these inclusions are
strict, since the various types of complete filters coincide with the correspond-
ing types of filters on finite posets. In Figure 4.2 we provide infinite posets
demonstrating that these inclusions are strict. If P’ is the infinite anti-chain,
depicted in Figure 4.2, then any proper subset of P’ will be a complete Doyle-
pseudo filter, but not a complete Frink filter. In particular, if F; = P’ — {1},
then Fy € FP(P'), but F; ¢ F/(P’). Next let Q' be the poset depicted in
Figure 4.2. Then Fy = Q' — {1,2} € F¢/(Q), but F» ¢ F4(Q). O



4. Filter and ideal completions 36

P’ Q' :

Fy

3 4
\ £
1 2

Fig. 4.2: The inclusions F°¢ C Ff C F°% may be strict.

4.2 Filter and ideal lattices

The different types of filters and ideals ordered by inclusion form posets, i.e.,
(F*,C) and (Z*, C) are posets for x € {p,dp, f,d}. If x € {p,dp, f}, then we will
be able to say more. We will show that 7* and Z* are closed under intersection.
Furthermore, we will show that an arbitrary subset of P generates both a *-
filter and a x-ideal of P. Then the sets F* and Z* are the universes of complete
lattices.

We first have a closer look at closure under intersection. The fact that F7
and Z% are closed under intersection was shown in, for instance, [Sch72] and
[GJKOO07]. In [Fri54] it was stated that F/ and Z/ are closed under intersection.

We include a proof here.

Lemma 4.2.1. The families FP, F®, FI 1P TI% and I are closed under

arbitrary intersections.

Proof. We only show the closure under arbitrary intersection for the families of
filters. It can be shown similarly for the families of ideals.

The family of all up-sets is closed under intersection: let G be an arbitrary
set of up-sets and let F' = (G. If F = &, then P does not have a top element
and F' is an up-set by definition. If @ € F, b € P and b > a, then a € G for
every G € G. But every G € G is an up-set which implies that b € G for every
G € G. Therefore, be (G =F.

Now suppose G C F (respectively, G C FP). If F = &, then P does
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not have a top element and F € F9 (respectively, ' € FP) by definition.
Otherwise, let M Cf™™ (respectively, C2) F such that /\ M exists in P. Then
M C/in (respectively, C2) G for every G € G. By definition A\ M € G for every
G € G. Therefore, A M € (|G = F and hence, F € F% (respectively, F' € FP).

Let G C F/. If F = @, then P does not have a top element and F' € FroI
F # & and M c/in B then M C/" G for every G € G. Then M C G for
every G € G, which implies that that M C NG = F. Thus, F € F/. O

Remark 4.2.2. We note that the inclusion of @ in FP, F® and FI when P
does not have a top element is necessary for the closure of these families of up-
sets under intersection. Similarly, the inclusion of @ in IP, T% and T/ when P
does not have a bottom element, ensures that each of these families of down-sets

is closed under intersection.

Next we investigate the generation of ‘filters’ and ‘ideals’ by arbitrary sub-
sets. Since these families are closed under intersection, the ‘filter’ and ‘ideal’
generated by a subset of the poset can be defined from above. Indeed, in the
literature the definitions from above of generated ‘filters’ and ‘ideals’ have often
been used. However, in the sequel we provide definitions from below and show

that they are equivalent to the definitions from above.

Lemma 4.2.3. Let S C P be arbitrary. Then there exists a Doyle-pseudo
(respectively, pseudo) filter, denoted by [S),, (respectively, [S),), that is the
intersection of all Doyle-pseudo (respectively, pseudo) filters containing S. The
set [S)y, (respectively, [S),) is called the Doyle-pseudo (respectively, pseudo)
filter generated by S. Moreover, define the sequence S;, i € N, of subsets of P
as follows:

So=8

Siy1 = H/\M (@4 M cfn (respectively, C*)S; and /\M erists })
Then, [S), (respectively, [S),) = U;ey Si-

Proof. Observe that {F € F® : § C F} # @ since S C P € F%. By
Lemma 4.2.1, \{F € F¥® : S C F} € F.

For the second part of the claim, let ' = [ J;.y Si- If a € S;, then {a} clin g,
witha = A{a}. Thusa € S;;1 and S; C S; ;1. That is, the sequence S;, i € N, is
increasing. In particular, S C S; for each i € N and hence S C F. Furthermore,

since S; is an up-set for ¢ > 1, it follows that F' is also an up-set.
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Suppose M Cf™ F such that A M exists and M = {a1,...,a,}. For j =
1,...,n, let T; be the first set in the sequence S;, i € N, such that a; € Tj.
Since M is finite and S;, ¢« € N, is increasing, there is a largest element, Sk,
in {T1,...,T,}. Then, M C/™ S and AM € Spy1. Hence, AM € F and
F e Fir,

Let G € F such that S C G. We show by induction that each S; C G for
1 € N. If a € Sp, then a € G by hypothesis. Suppose S; C G and say a € Siy1.
Then a > A M for some M C/™" S; C G. But G € F% implies that A\ M € G
and therefore also a € G. Hence, S;11 C G. That is, S; C G for all i € N. Now
let @ € F'; then a € S; C G for some j € N. Therefore, F' C G.

The proof of the claim for generated pseudo filters is similar. o

Example 4.2.4. One may wonder whether or not the process of finding the
Doyle-pseudo (pseudo) filter generated by an arbitrary subset S can be described
in finitely many steps. In general it is not possible. The sequence S;, i € N,

may be a strictly increasing sequence as illustrated in Figure 4.3.

b

C

.
S
%

N o p.

Fig. 4.3: The generation process of [S)pd need not be finite.

Lemma 4.2.5. Let S C P be arbitrary. Then there exists a Frink filter, denoted
by [S) . that is the intersection of all Frink filters containing S. The set [S) ; is
called the Frink filter generated by S. Moreover, [S), = {Mbe M CIim S
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Proof. Note that {F € F/ : S C F} # @ since S C P € Ff. Then, by
Lemma 4.2.1, {F € Ff: SC F} € F7.

We will show that S C F and that F € Ff. Then we will show that F is
the smallest, set theoretically speaking, Frink filter for which this is the case.

Let F = J{M"™: M C/" S}, If a € S, then {a} C/" S and {a} C
{a}** C F. Therefore, S C F.

Next we show that F' € Ff. If M €/ § such that M* = @, then M** = P
and F =P e F7.

Now suppose that M # @ for every M Cf" S. Let N C/™ F such
that N = {a1,...,a,}. Then there exists N; C/" S such that a; € Nf* for
i =1,...,n. Furthermore, |JI_, N; C/"" S. Let b € (U, N;)*, then b € N
for each i = 1,...,n. That is, b < a; for each i = 1,...,n. But then b € N*
and (Ui, N;)* € N*. Therefore, N C ({J;_, N;)* C F. Hence, F € F/.

Finally, let G € FI such that S C G. If M C/*™ S, then M C/" @ and
M C G. Hence,U{MZ“:Mgfi" S}ngG. O

Notice that if S C/*" P, then [S>f = §%. Clearly S €/ § and S C [S>f.
Let M C7* S: then S¢ C M* and M C S,

If S = {a} for some a € P, then [{a}), = [{a}),, = [{a}); = [a).

The pseudo, Doyle-pseudo and Frink ideals generated by an arbitrary set S C
P can be defined dually and will be denoted by (5] .(S],, and (S];, respectively.
Furthermore, if S = {a} for some a € P, then ({a}], = ({a}],, = ({a}]; = (a].

Since the families 7* and Z* are closed under intersection and since arbitrary
subsets of P generate elements in F* and Z*, these sets form the universes of
complete lattices. If = € {p,dp, f}, then F* = <]—"*,\/F*,/\F*> is a complete

lattice, where

.
V Fi=

S\

-
UF> and /\F:ﬂF

S iew S\

for F; € F*, i € U. Then C is the associated lattice order <F . Similarly,
I* = <I*, \/I*,/\I*> is a complete lattice if * € {p,dp, [}, with

I I
\/E_<U1j and A F=(I

jeEP jed " JEP JED

for I; € 7*, j € ®. Then the associated lattice order <" is C.



4. Filter and ideal completions 40

The following corollary is a consequence of these facts. The claim for the
pseudo and Doyle-pseudo cases follows from results in [Doc67] and [Sch72]. The

claim for the Frink case follows from the results in [Fri54].

Corollary 4.2.6. Let x € {p,dp, f} and let P = (P,<) be a poset. Define
Ve : P — F* by vi(a) = [a), for all a € P. Then ((F*)?,v,) is a completion
of P and, furthermore, v, is an order-embedding of P into (F*)? that preserves
all existing finite meets and joins in P.

Define wy : P — I* by wi(a) = (a], for all a € P. Then (I*,wy) is a
completion of P. Moreover, w, is an order-embedding of P into I* that preserves

all existing finite meets and joins in P.

It is interesting to note that the embeddings w, (respectively, v,) that map
elements of a poset onto the principal ideal (respectively, principal filter) gen-
erated by it, is called the canonical embedding in the literature — see for in-
stance [Ern83] and [Sch72].

Example 4.2.7. Let P’ be the poset depicted in Figure 4.1. Then the complete
lattices (F*)? and I*, for x € {p,dp, f} are depicted in Figures 4.4 and 4.5. The
image of P’ is shaded in each of these. See Example A.1.1 in Appendiz A.1 for

more details.

The following notions will be explored for most of the completions studied
in this thesis and will turn out to be very useful when we investigate extensions

of additional operators.

Definition 4.2.8. Let L = (L,V,A) be a complete lattice. Then, S C L is
said to be join-dense in L if every element in L is the join of elements in S.
Dually, T C L is said to be meet-dense in L if every element in L is the meet
of elements in T'.

If P is a poset and (L,~) is a completion of P, then (L,~) is called a join-
completion of P if v(P) is join-dense in L. Dually, (L,v) is called a meet-
completion of P if v(P) is meet-dense in P.

If v(P) is both meet-dense and join-dense in L, then the completion (L,~)
1s called doubly dense.

Join-completions have also been called upper completions [Sch72] or superior
completions [BS66] in the literature, while meet-completions have also been

called inferior completions [BSG66].
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Pl

Fig. 4.4: The complete lattices (F¥)? and (F%)2.

In [Ern83] and [Sch74] the completions (I*,w,), for x € {p,dp, f}, of a poset
P were shown to be join-completions of P since w, (P) is join-dense in I*. Recall
that \/ @ = L. Dually, each completion ((F*)?, v,), for * € {p,dp, f}, is a meet-
completion of P since v, (P) is meet-dense in (F*)?. Here we use the fact that
A\ @ = T. See [Sch74] for more on join-completions.

Furthermore, for * € {p, dp, f}, the completions I* are instances of a standard
completion. A standard completion of P is a collection of down-sets of P that
includes all principal down-sets. Standard completions of posets have been
studied extensively in, for example, [BN82], [Ern83|, [EW83] and [ER&7].

We now turn our attention to the families of directed filters and ideals. In
general, F¢ and Z¢ are not closed under intersection as was noted in [Hof79).

Consider the following counterexample to see why.

Example 4.2.9. Let P’ be the poset depicted in Figure 4.6. Then {1,2,3},
{1,2,4} € F4, but {1,2,3} N {1,2,4} = {1,2} ¢ F< since it does not contain a

common lower bound of 1 and 2.

Furthermore, an arbitrary subset of a poset need not generate a unique
directed filter. Since F? is not closed under intersection a ‘generated directed

filter’ cannot be defined from above. On the other hand, a definition from
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P/

Fig. 4.5: The complete lattices (F?)? and I*.

below would not produce a unique directed filter — if it even exists. Consider

the following counterexample to see why.

Example 4.2.10. Let P’ be the poset depicted in Figure 4.7. If S = {3,4},
then there does not exist a directed filter containing S, since P’ does not contain
a common lower bound for 3 and 4. Furthermore, if T = {1,2}, then {1,2,3}
and {1,2,4} are two directed filters both containing T, but there does not exist

a least directed filter containing T .

In fact, it will only make sense to refer to a ‘directed filter generated by a

set’, if we start off with a set that is already directed.

Lemma 4.2.11. If D C P is down-directed, then [D) is the least directed filter
containing D. Dually, if U C P is up-directed, then (U] is the least directed

ideal containing U.

The proof is straightforward and is omitted.

The families of directed filters and ideals therefore do not, in general, form
complete lattices. In [DP02, Definition 8.1 pre-complete partially ordered sets
(pre-CPO for short) are defined to be posets for which the join \/ D of each
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Fig. 4.7: In general, ‘generated directed filters’ are not well-defined.

directed subset D of P exists. Then (F?)? and I¢ are both pre-CPO’s and Z¢
is called the ideal completion of a poset P in [DP02, Exercise 9.6].

We now give a quick summary of the properties of the various types of filters
and ideals discussed in this chapter. Recall the list of conditions that one might
expect the ‘filters’ of a poset to satisfy from Section 4.1. In Table 4.3 we list
these conditions and indicate which of the families of up-sets under consideration
in this thesis satisfy the respective conditions. Table 4.4 contains a similar

summary for the families of down-sets under consideration in this thesis.

Property Fr | Fiv | Fr | Fd
Includes the principal filters. Y Y Y |Y
Closed under arbitrary intersection. Y Y Y | N
Each member is closed under existing finite meets. N Y Y | Y
Contains @ if, and only if, the poset has no top element. Y Y Y | N
Corresponds with the family of filters on a bounded lattice. | Y Y Y | Y

Tab. 4.3: A summary of the properties of the various types of filters.
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Property v | 7% | T/ | 74
Includes the principal ideals. Y| Y | Y |Y
Closed under arbitrary intersection. Y| Y |Y | N
Each member is closed under existing finite joins. N|lY | Y|Y
Contains @ if, and only if, the poset has no bottom element. | Y | Y | Y | N
Corresponds with the family of ideals on a bounded lattice. Y| Y |Y|Y

Tab. 4.4: A summary of the properties of the various types of ideals.

4.2.1 Prime filters and ideals

In this section we deviate from the main theme of this thesis by considering
some properties of the filter and ideal completions that are not directly related
to property preservation.

Recall that a prime filter F' of a lattice L = (L, V, A) is a filter of L satisfying:
ifavbe F,thena € F orbe F. Dually, a prime ideal I of L is an ideal of
L that satisfies: if aAb € I, then a € I or b € I. Equivalently, a filter F' of L
(respectively, an ideal I of L) is prime if, and only if, L — F' (respectively, L —I)
is a prime ideal (respectively, prime filter).

In [Mac37] the meet of two or more elements, in a poset, is called their
product. In analogy with prime numbers, it is then natural to assume that a
prime element should be one that cannot be expressed as the meet (product)
of two other elements. That is, we would expect a prime filter not to be the
intersection of two or more strictly greater filters. In fact, we have the following

for lattices.

Lemma 4.2.12. If L is a lattice and F is a prime filter of L, then F is a

meet-irreducible element of F.

Proof. Suppose F is a prime filter and let G; and G2 be two filters of L such
that F C G1 and F C Ga. Then there exists a € G; such that a ¢ F and there
exists b € G5 such that b ¢ F. Furthermore, aVb € G1 NGy, but aVb ¢ F since
F'is prime. Therefore, FF C G; N G5. Hence, F is a meet-irreducible element of
F. O

We will now explore possible definitions of ‘prime filters’ and ‘prime ideals’

on posets. The first possible definition of a ‘prime filter’ we consider will not
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suffice for meet-irreducibility, but will prove useful in the construction of another
completion of the poset, studied in Chapter 7.

In [Jan78] a prime complete Doyle-pseudo filter of a poset P (called a ‘prime
conditionally complete filter’ in [Jan78]) was defined to be a complete Doyle-
pseudo filter, F, that also satisfies: if S C P such that \/ S exists and \/ S € F,
then SN F # @. This condition was then shown to be equivalent to requiring
that P — F' be a prime complete Doyle-pseudo ideal. In line with this we give
the following definition of a prime Doyle-pseudo filter.

Definition 4.2.13. A proper (complete) Doyle-pseudo filter F of a poset P is
said to be prime if, and only if, P — F is a (complete) Doyle-pseudo ideal.

A proper (complete) Doyle-pseudo ideal I is said to be prime if, and only if,
P — 1 is a (complete) Doyle-pseudo filter.

Observe that if F € F is prime, then P — F € Z% is prime. Similarly, if
I € % is prime, then P — I € F% is also prime.

The definition implies that & is not a prime filter or ideal, since P — @ = P
which is not proper. We denote the set of prime Doyle-pseudo filters (respec-
tively, prime complete Doyle-pseudo filters) by .# % (respectively, .7 ) and the
set of prime Doyle-pseudo ideals (respectively, prime complete Doyle-pseudo ide-
als) by #9 (respectively, .#°%). Prime pseudo filters and ideals can be defined

similarly.

Lemma 4.2.14. A Doyle-pseudo filter F' of a poset P is prime if, and only if,
whenever \| M ezists and \| M € F for some M CJ" P, then FN M # @.

Proof. Suppose F is prime and let M C/i" P such that \/ M exists and \/ M €
F. Assume M NF = @. Then M C/™ P — F. But P — F is a Doyle-pseudo
ideal since F' is prime. Therefore, \/ M € P — F — contradicting the initial
assumption that \/ M € F. Hence, M N F # &.

Next suppose F satisfies: whenever \/ M exists and \/ M € F for some
M C/i" P then FNM # @. Now let N C/™ P — F. If \/ N exists, then
\/ N € P — F by the contrapositive of the assumption, since F NN = &. Thus,
P — F'is a Doyle-pseudo ideal and F' is prime. O

We now define the prime Frink filters and prime directed filters in the same

way.
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Definition 4.2.15. A proper (complete) Frink filter F' of a poset P is said to
be prime if, and only if, P — F is a (complete) Frink ideal. A proper (complete)
Frink ideal I is said to be prime if, and only if, P — I is a (complete) Frink
filter.

Similarly, a proper (complete) directed filter F is said to be prime if, and
only if, P — F is a (complete) directed ideal. A proper (complete) directed ideal
T is said to be prime if, and only if, P — I is a (complete) directed filter.

Lemma 4.2.16. A Frink (respectively, directed) filter F' of a poset P is prime
if, and only if, whenever \| M exists and \| M € F for some M C/™ P | then
FNM+#o.

We note that the dual of the above statement holds for Frink (respectively,
directed) ideals. The proof is similar to the proof of Lemma 4.2.14 and follows
from the fact that Frink and directed filters are closed under existing finite
meets while Frink and directed ideals are closed under existing finite joins. See
Remark 4.1.5.

In [GJP10] a prime directed ideal, I, of a meet-semilattice is defined to be a
directed ideal satisfying: for any a,b € Pif aAbe I, thena € I or b€ I. The
above result ensures that the definition of a prime directed ideal given here is a
generalisation of the definition given in [GJP10].

Let .Z7 and .#? denote the sets of prime Frink and prime directed filters,
respectively, while ./ and .#¢ denote the sets of prime Frink and prime directed
ideals, respectively.

Since <fd, §> is not complete, we do not consider the directed filters or
ideals in the discussion below.

In general the prime pseudo, Doyle-pseudo and Frink filters defined above
need not be meet-irreducible elements in F*, « € {p,dp, f}. Consider the fol-

lowing example to see why.

Example 4.2.17. Let P’ be the poset depicted in Figure 4.8. Then FP =
Fiv = Ff. Moreover, {1,2} € F* since {3,4} € T*. However, {1,2} is not
meet-irreducible in F* since {1,2,3} N{1,2,4} = {1,2}.

The definitions of prime *-filters given above therefore seem to be insufficient.
In [Hal00] ‘prime Doyle-pseudo ideals’ of a poset (simply called the ‘prime ideals’
of a poset in [Hal00]) were defined as follows: I € Z% of a poset P is called
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P F*: {172’3’4}

{1,2,3} {1,2,4}

1 .\ /. 2 {1,2}

{1} {2}

(%]

Fig. 4.8: A prime filter need not be meet-irreducible in F*.

prime if I is proper and non-empty and
if a,b € P such that {a,b}* C I, thena€ TorbeI. (4.8)

In light of the above we make the following definitions.

Definition 4.2.18. A proper, non-empty pseudo filter F' of a poset P is called
a strictly prime pseudo filter of P if it satisfies

If @ #+ M C? P such that M* C F, then M N F # . (4.9)

Strictly prime pseudo ideals can be defined dually.

Definition 4.2.19. A proper, non-empty Doyle-pseudo filter F' of a poset P is
called a strictly prime Doyle-pseudo filter of P if it satisfies

If @ # M Cf'™ P such that M C F, then M N F # &. (4.10)

Similarly, a proper, non-empty Frink filter F' of P is called a strictly prime
Frink filter of P if it satisfies (4.10).
Strictly prime Doyle-pseudo and Frink ideals can be defined dually.

Let .ZF (respectively, .#) denote the sets of all strictly prime x-filters (re-
spectively, strictly prime -ideals). It follows from Example 4.2.17 that, in gen-
eral, #* ;{ Fr for x € {p,dp, f}. However, the inclusion in the other direction
holds.
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Lemma 4.2.20. Let « € {p,dp, f}. Then Fr C F*.

Proof. Let F € Z andlet M C/" P—F such that \/ M exists. Then M* # &
as \/ M € M*“. If M“ C F, then by (4.10) M N F # @ — a contradiction.
Therefore, there exists an element b € M™ such that b € P — F. But then
VMeP—-F:it\/MeF, then b € F since \/ M < b and F is an upset —
again a contradiction. Thus, P — F € Z% and F € .Z%.

The proof of .ZP C #P is similar.

Let F € #/ and let M C/i'" P — F. If M* C F, then M N F # & since
F satisfies (4.10) — contradicting our choice of M. Hence M* N (P — F) # @.
Let b € M*N (P — F), then b > ¢ for every ¢ € M"*. If there exists ¢ € M™
such that ¢ € F, then b € F since F is an upset — contradicting the fact that
b€ P—F. Therefore, c € P—F for all c € M*, ie., M¥* C P — F and
P—FcF/ Hence, Fec.Z/. O

Similarly we can show that # C #* for x € {p,dp, f}.
Next we show that the strictly prime filters are meet-irreducible in the lattice
of filters.

Lemma 4.2.21. Let P be a poset and « € {p,dp, f}. If F € F*(P), then F is

meet-irreducible in F*(P) and hence a join-irreducible element in (F*(P))?.

Proof. Let F € #}(P) and G1,G2 € F*(P) such that F' C Gy and F C Gs.
Then F C G1 NGy If Gy € Go, then G1 NGy = G1 and F C G1 N Gs.
Similarly, if G2 C Gy, then F' C G1 N G2. Now suppose G1 € G2 and G € G;.
Then there exist elements @ € G1 and b € G2 such that a ¢ G2 and b ¢ G;.
Then {a,b}" C G1 N Ga: if {a,b}" = @&, then {a,b}* C G; N G2. On the
other hand, suppose {a,b}* # @ and let ¢ € {a,b}*. Then ¢ € G; since ¢ > a
and ¢ € Gy since ¢ > b, i.e,, ¢ € G1 N Ga2. Hence, {a,b}* C G1 N Gy. Now
suppose {a,b}* C F. Then a € F or b € F since F is strictly prime. But since
F C Gy N Gy, it follows that a € G; N G2 or b € G; N G2 — contradicting our
choice of a and b. Therefore, {a,b}* ¢ F. We now choose G = G1 N G>. By
Lemma 4.2.1 G € F*. Then, since a,b ¢ G we have G C G; and G C Gs.
Moreover, since {a,b}* C G we know that F C G.

We have shown that if ¥ C G; and FF C Gg, then FF C G1 N Gy for
all G1,Go € F*. Thus, F is meet-irreducible in F* and therefore also join-
irreducible in (F*)?. O



4. Filter and ideal completions 49

Similarly, for « € {p,dp, f}, if I € #*(P), then I is meet-irreducible in
" (P).

The converse of Lemma 4.2.21 need not be true.

Example 4.2.22. Let * € {p,dp, f} and let P’ be the poset depicted in Fig-
ure 4.9. Let ' = {1} € F* and M = {2,3} C P'. Then M* = @ C F but
MNF =@. Therefore, F ¢ #*. However, as can be seen in the depiction of

F* in Figure 4.9, F s meet-irreducible in F*.

P’ F*:
/
F M P

{1} 3}

Fig. 4.9: Not all meet-irreducible elements in F* are strictly prime.

If P is a lattice, then a filter of P is strictly prime if, and only if, it is prime.
We note not every meet-irreducible element in F(L) of a lattice L is a prime
filter of L. To see why, consider the meet-irreducible elements in the lattice of
filters of the complete lattice F* in the previous example.

In [LR88] generalised notions of distributivity and modularity of posets are
given. A poset P said to be distributive if ({a,b}* U {c})* = ({a,c}t U {b, c}*)**
for all a,b, c € P. Furthermore, a poset P is called ideal distributive if the lattice
of ideals (as defined in [Hal00]) is distributive. In [HR95] it was then shown that
if P is ideal distributive, then I C P is a strictly prime ideal if, and only if, it is
meet-irreducible. A consequence of this result is that an ideal of a distributive
lattice is prime if, and only if, it is meet-irreducible in its lattice of ideals. We

give a direct proof here.

Lemma 4.2.23. If L is a distributive lattice then F € F is prime if, and only

if, F' is meet-irreducible in F.

Proof. The forward implication follows from Lemma 4.2.21. We must therefore

only prove the backward implication. We prove the contra-positive.
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Let L be a distributive lattice and let F be a filter of L that is not prime.
Then there exist elements a,b € L such that a Vb € F but a ¢ F and b ¢ F.
Suppose a < b, then b = a Vb € F — contradicting the choice of a and b.
Similarly, if b < a. Thus a £ b and b £ a. Now let G1 = [{cAa:ce F}) and
G2 =[{cAb:c€ F}). Then G; and G, are filters of L such that FF C G; N Ga.

Let d € G1 N G5. Then there exist elements ¢y, co € F such that d > ¢; Aa
and d > co Ab. Then d > (c1 Aa)V (ca Ab) > (c1 ANea Aa) V (1 Aca AD).
Let c=c¢1 Aca. Thenc € Fandd > (cAa)V(cAb) =cA(aVb)since L is
distributive. But ¢ € F and a Vb € F imply that ¢ A (aVb) € F. Since F' is an
upset we have d € F'. Hence, F = G1 N Gs.

Now suppose a € G2. Then there exists ¢ € F' such that a > ¢ A b. For any
¢ € F wehave ¢ Aa > ¢ AcA\b. But ¢ Ac € F which implies that (¢/ Ac)Ab € G
and therefore so is ¢/ A a. Then G; € Gy and G1 NGy = G; = F. But then
a € F which contradicts our choice of a and b. Thus a ¢ G. Similarly, b ¢ G;.
Then FF C G1 and F C G5 but F = G1 NG, i.e., F is not meet-irreducible. [

4.3 Extensions of maps

It is often the case that a poset P is the underlying ordered structure of an al-
gebra. If this is the case, then there will usually be some additional operations
defined on P. The process of completing an algebra then includes finding exten-
sions of these additional operations to the complete algebra. We now consider
the extensions of operations to the completions studied in this chapter.

If f: P — @ is a map defined between two posets, then we would like
to define extensions of f on the filter and ideal completions of the posets.
That is, for = € {p,dp, f}, we want to define maps fF)° : F*(P) — F*(Q)
and fU : 7*(P) — Z*(Q) in such a way that fF)%(u,(a)) = v.(f(a)) and
fV (wi(a)) = wa(f(a)). Similarly, we would also like to define extensions of n-ary
maps. In [BS66] completions of partially ordered algebras were considered. In
particular the authors of [BS66] considered join-completions, meet-completions
and doubly dense completions of partially ordered algebras. Their definition of
the extension of an order-preserving operation of an algebra heavily relied on
the join-denseness of the poset universe in its completion. In this section we
will employ similar methods for the extension of maps.

We begin by considering the extension of unary maps.
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For the remainder of this section let * € {p,dp, f} and posets P = <P, §P>
and Q = (Q,<Q) be fixed. Recall that v.(P) and v,(Q) are meet-dense in
(F*(P))? and (F*(Q))?, respectively; and w,(P) and w,(Q) are join-dense in
Z*(P) and Z*(Q), respectively. That is, for F' € F*(P) we have that F =
/\(F*)a{l/*(a) : a € P such that v,(a) >(F)° F} and for I € Z*(P) we have
that I = \/I* {wi(a) : a € P such that w,(a) <U I}. If f: P — Q is an order-
preserving unary map, then we have the following natural extensions of f to
(F*(P))? and I*(P), respectively.

Definition 4.3.1. Let f : P — Q be order-preserving. Define f[> : F*(P) —
FH(Q) by, for F € F*(P),
(F*(Q))?
FMNF) = /\ {[f(a)) : a € P such that v.(a) C F}
(F*(Q))?

()
= /\ {[f(a)) : a € P such that [a) C F}

Define f) : T*(P) — Z*(Q) by, for I € T*(P),

"(Q)
) = \/ {(f(a)] : a € P such that w(a) C I}
"(Q)
= \/ {(f(a)] : a € P such that (a] C I}

For F € F*(P), let f(F) = {f(a) : a € F}. Similarly, for I € Z*(P) let
f(I) = {f(a) : a € I}. The maps f* and f) can now be simplified in the

following way.

Lemma 4.3.2. Let f: P — Q be order-preserving. Then,

fAE)=[f(F), and  f/(I)=(fT)],.

Furthermore, f1 and fY are both order-preserving and are extensions of f.

That is, for a € P,

fivi(a)) =vu(f(a)) and  f)(wi(a)) = w.(f(a)).

Proof. We prove the claims for f/*. The claims for fY can be proved similarly.

Let a € F. Then vi(a) = [a) C F and it follows that f(F) C U{[f(a)) :
a € P such that v,(a) C F'}. Therefore, [f(F)), C fI(F).
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For the inclusion in the other direction, let a € P such that v.(a) = [a) C F.
If b e [f(a)), then b > f(a) € [f(F)),. Since [f(F)), is an up-set we have that
b e [f(F)),. Thus, [f(a)) C [f(F)), for all a € P such that v,(a) = [a) C
F. Then J{[f(a)) : @ € P such that v,(a) C F} C [f(F)),. Since the filter
generated by a set is the intersection of all filters that include it, we have that
FAR) € [F(F))..

Let F,G € F*(P) such that F <F"®)” @ ie G C F Then f(G) C f(F).
This implies that [f(G)), C [f(F)),, L.e., f/(G) <<F* LN,

Finally we show that f/* extends f. By the above f(v.(a)) = [f([a))),-
Since f(a) C f([a)) it follows that [f(a)) C [f([a))),. Now let b € [a). Then
b > a and since f is order-preserving f(b) > f(a). Then, f(b) € [f(a)) and
f([a)) € [f(a)). Then, by the definition of a generated filter, [f([a))), C [f(a)),.

Therefore, f1(vi(a)) = [f(a)), = v.(f(a)). O
Lemma 4.3.3. Let f : P — P be a unary order-preserving operation with
extensions [\ and fY to (F*)? and 1*, respectively. Then,

(i) if [ is increasing (also known as extensive), then so are fI and f,

(i1) if [ is decreasing, then so are f> and f),

(111) if f is the identity map on P, then f]* is the identity map on F* and f,
is the identity map on I*.

Proof. We prove the claims for f2'. The claims for f, follow similarly.

(i) Suppose a < f(a) for all a € P. Let F € F* and a € F. Then, a < f(a)
by assumption and f(a) € F since F' is an up-set. Then, f(F) C F and
hence [f(F)), C F, ie., F <) fAF).

(ii) Suppose f(a) < a for all a € P. Let F € F* and a € F. Then,
f(a) < a which implies that a € [f(F)),. Therefore, F' C [f(F))
FLF) <R

. oo 1€,

(ili) Suppose f(a) = a for all @ € P and let F € F*. Then, [f(F)), =
{f(a):a€ F}) " =[{a:a€ F}), =F. Thatis, f(F)=F.
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Example 4.3.4. Let P’ be the poset depicted in Figure 4.10. If h : P' — P’
is defined by h(1) = h(2) = 2 and h(3) = 3, then h is an operator (since no
non-trivial joins exist in P'). However, h’; is not an operator: let F' = {1}
wnd G = {2} Then, (W(F)), = [{(21), = {2} and [B(G)), = ({21}, = {2).
Therefore, h'; (F) v(E (®))? h3(G) = {2}. On the other hand, FVE®)’ G =
FNG=@. Then, h)(FVF' ®)° G) = [W(FNG)), = [h2)), =[2), =2.

P ® @)
. m 3)
h h éh
P/

Fig. 4.10: h;c\ need not be an operator when A is.

Remark 4.3.5. If we examine Example 4.53.4 further, we observe that there
does mot exist an extension of h to some h' defined on Ff(P') such that h'
will be an operator. Suppose to the contrary that some extension h' of h is an
operator. Then W(@) > W (v§(2)) = vy(h(2)) = vf(2) and ' (@) > b/ (v4(3)) =
vi(h(3)) = v(3) implies that 1 (@) = @. But W(@) = W (vs(1) Vvs(2)) =
R(vp(1)) VR (vp(2)) = vp(2) and we have reached a contradiction. However,
this does not mean that it is impossible to find some completion of P’ for which

h can be extended to an operator — for an example see Remark 6.3.9.

One can also use the poset P’ in Example 4.3.4 to see that A and hy need
not be dual operators when h is a dual operator and that h} need not be an
operator when h is an operator. See Example A.1.2 in Appendix A.1 for the
details.

On the other hand, if f is a dual operator, then fdAp is a complete dual
operator. Similarly, if f is an operator, then fdvp is a complete operator. We

prove the latter statement here. The proof of the former follows dually.

Lemma 4.3.6. If f: P — Q is an operator, then fl}/p 18 a complete operator.
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Proof. Let I; € I%(P) for i € ¥. We need to compare

fzp(vfi)—<f(<ufi] )] and\/f;p<m—<u<f<m1dp] |
iEw v lap) |4, €T icw dp

We first show by induction that f (<Ui6\11 L] dp) - <Ul€\1, (f (Ii)]dp:| CIf

dp
a € So = Ujcy i, then a € I;, for some ig € W. Then f(a) € (f(I;)]y
J

-
(Uicu ( (1)), and 7(S0) € (Usew (7 ()], - Now suppose f(S;) <
<Uie\11 (f (Ii)]dp]d and let a € Sj41. Then a <\/ M for some M C/™ S; such

P

that \/ M exists. By the inductive hypothesis f(M) C <Ul€q, (f (Ii)]dp} o Fur-
p
thermore, since \/ M exists and f is an operator, we have that \/ f (M) exists and

\/ f(M) = f(\/ M). Then f(\/ M) € <U@, (f (Ii)]dp}d since it is closed under
P
existing joins. Since f is order-preserving, f(a) < f(\/ M) and it follows that

$@) € (Uew (U (Bly) - T, £(8502) € (Usca (F (] s proves
that f((UieI, Ii}dp) C <U1€\p (f (Ii)]dp}dp. Hence, <f (<Uz€‘l/ Ii}dp)}dp c
(Uiew (7 )], -

For the inclusion in the other direction:

Iig<UIi] for alli € U
dp

S\

= fl) Cf <U11 for all i € ¥
i€v gy

= <f(Ii)]dp c <f (< U Ii] )j| foralli € ¥
v Jap) |,
- guonae ({1
v Jap) |,
= <U <f(I’L.)]dp‘| - <f (<U Ii] )] )
i€ dp iev lap) |4

icw
O
A consequence of the above is that if f : P — @ is residuated, then fdvp is

residuated. Moreover, if f: P — @ is residuated with residual g : Q — P, then
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fdvp : 79 (P) — I%(Q) is residuated and fdvp’s residual, gg, : I%(Q) — 1% (P),
is defined by, for J € Z9%(Q),

dip(7) = (Utr ez ®): fin < 7y
Lemma 4.3.7. If f : P — Q s residuated with residual g : Q@ — P and

T I%(P) — F¥(Q) is its extension with residual Iip 7%(Q) — 1% (P),
then gg,, extends g.

Proof. Let a € P. We need to show that g3, (wip(a)) = (9(a)] = wip(g(a)).
We first show that f(I) C fy, (I) for all I € 7% (P). Let I € Z%(P) and
a € I. Then (a] C I which, by Lemma 4.3.2, implies that (f((a])] = (f(a)] C

fi,(I). Thus, f(a) € f,(I) and hence f(I) C f,(1).
Let I € Z9(P) such that fi,(I) € (a]. Let b € I. Then by the above,

f(0) € fi,(I) € (a]
= f(b) <a
= b <g(a) by residuation
=b e (g(a)].

Thus, I C (g(a)]. But then J{I € Z9%(P) : fi,(I) € J} C (g(a)] and since the
dp-ideal generated by the set is the intersection of all dp-ideals that include it,
we have that gj,(wap(a)) C (g(a)l.

For the inclusion in the other direction let b € (g(a)]. Then,

b < g(a)
= f(b) <a by residuation
= (£(b)] = fap((8]) < (a]

= (0] € {I € IT%(P) : f,(I) C wap(a)}
= b € ggp(wap(a)).

Thus, (g(a)] € gg, (wap(a))-
O

Lastly we show how to define the extensions of n-ary maps in a similar way.
Let n € N and let P; = <PZ-,§Pi>, fori =1,...,n, and Q = <Q,§Q>
be posets. Let f : H?:l P; — (@ be an order-preserving n-ary map, i.e.,
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order-preserving in each coordinate. For F; € F*(P;) let f(F1,...,F,) =
{fla1,...,apn) 1 a; € F;,i =1,...,n}. Similarly, for I, € F*(P;) let f(L1,...,I,) =
{f(a1,...,an) 1 a; € Fj,i=1,...,n}.

Lemma 4.3.8. Let f : [, P; — Q be an order-preserving n-ary map. Define
L T, Fr(Py) = FH(Q) and f) : T[], Z*(P;) — Z*(Q) as follows, for
F, € F*(P;)

o Fy) = [f(F . F),
and for I, € T*(P;)

f::/(Iluuln) = <f(1177[n)]*
Then f2 and f) are both order-preserving and they both extend f.

The proof is similar to the proof of Lemma 4.3.2.



5. THE MACNEILLE COMPLETION

The construction considered in this chapter is also called the Dedekind-MacNeille
completion, the completion by cuts or the normal completion of a poset P.
In [Mac37] MacNeille generalised Dedekind’s construction of the real numbers
from the rational numbers, to yield a completion for any poset. We begin by
describing this completion for posets in general. Next we focus our attention on
the MacNeille completion of lattices. In particular, we are interested in the Mac-
Neille completion of a subclass of the class residuated lattices, namely the MTL-
algebras. We summarize some of the results obtained in [vA09] and [vA1l].
Next we study the MacNeille completion of modal MTL-chains, where a modal
MTL-chain is a residuated lattice equipped with an additional order-preserving
unary map. We begin by axiomatizing the class of modal MTL-algebras. Next
we consider a possible extension of a ‘modality’, defined on a MTL-chain, to the
MacNeille completion of the underlying lattice. Given this extension, we focus

our attention on the preservation of properties.

5.1 The MacNeille completion of a poset

In [Mac37] MacNeille proved that any poset P = (P, <) can be embedded into
a complete lattice L in such a way that the embedding preserves all joins and
meets existing in P. He described the construction of such a completion of a
poset P, i.e., he constructed a complete lattice L = <£, v /\L> and described
the order-embedding ¢ that maps P into £. In [Ban56], [Sch56] and [Bru62]
the MacNeille completion of a poset P is characterized as the completion (L, ¢),
unique up to isomorphism, that fixes P and in which ¢(P) is doubly dense (see
Definition 4.2.8). That is, if L' = <£’, Vau /\L,> is a complete lattice and P is a
subset of £’ that is both join-dense and meet-dense in L/, then L’ is isomorphic
to the MacNeille completion (L,:) of P via an order-isomorphism that agrees

with ¢« on P. The uniqueness, up to isomorphism, allows us to speak of the
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MacNeille completion of a poset. Furthermore, the MacNeille completion (L, ¢)
of a poset P is minimal in the sense that if (C, ¢) is any completion of P with
C = <C, Ve, /\C>, then there exists an order-embedding ¥ : £ — C such that
PY((P)) = p(P), i.e., -t = ¢ [Mac37]. The abstract characterization above
has been used as the definition of the MacNeille completion of a poset in the
literature (see for instance [TVO07]). We, however, will use a concrete definition
of the completion. To this end, consider the following construction.

Let P = (P, <) be a poset. A set S C P is called stable if S® = S. Note that

a stable set is upward closed in P and closed under existing arbitrary meets.

Definition 5.1.1. Let L = <£, vk, /\L> where L is the set of all stable sets and
for S;eLl,ieV,

L L
\ Si=(Siand \Si=(UT€L:S CT foralli € ¥},
€W €W €W
The associated complete lattice order <™ on L is D.
Let v : P — L be defined by 1(a) = {a}* for a € P. Then ¢ is an order-
embedding of P into L that preserves all existing meets and joins in P.

The MacNeille completion of the poset P is the pair (L,¢).

If P is a chain, then its MacNeille completion is also a chain and, for S, T € L,
SALT =SUT.

We note that ¢(P) is doubly dense in (£, V% AY) (see Definition 4.2.8).
Since ¢(P) is join-dense in its MacNeille completion, the MacNeille completion of
a poset is a so-called ‘standard completion’ of the poset. Standard completions
of posets have been studied in [Sch74, Ern81, EW83, ER87].

It is well known that the pair of maps (Y, ) used in the MacNeille comple-
tion of a poset Q = (Q, <) form a Galois connection between (P(Q), <) and
(P(Q),2). The stable sets are just the closed elements of the closure operator ¢,

and are also called the Galois closed sets.

Remark 5.1.2. It is interesting to note that in [Mac37] the MacNeille comple-
tion of a poset is called a ‘canonical extension’ of the poset. The definition of a
‘canonical extension’ of a poset given in [Mac37] ensures that it is minimal in a
sense. The term ‘canonical extension’ has since been used for a generally differ-
ent completion of lattices and posets (see for instance [GJ94, GHO1, GIKO07,
DGP05]). Since this completion is generally different from the MacNielle com-

pletion, it is also in general not minimal in the required sense and hence is not a
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‘canonical extension’ in the sense of [Mac37]. We investigate these completions
in Chapter 6. In [Krij7] some minor modifications to the theory of ‘canoni-
cal extensions’, as defined in [Mac37], were suggested. This modified theory of
‘canonical extensions’ was developed further in [Krif7] and in [Kri48] explicit

constructions of ‘canonical extensions’ were considered.

5.2 The MacNeille completion of M'T'L-chains

When studying a construction it is natural to ask whether or not a class of
algebras is closed under the construction. Some equationally defined classes of
algebras turn out to be closed under the MacNeille completion. In [Mac37] it was
shown that the class of Boolean Algebras is closed under the MacNeille comple-
tion, i.e., the MacNeille completion (of the lattice reduct) of a Boolean algebra,
is again a Boolean algebra. Similarly, it was shown in [BD75] that the class of
Heyting Algebras is closed under the MacNeille completion (also see [BH04]).
On the other hand, some prominent equational properties are not preserved by
the MacNeille completion. For example, in [Fun44] a counterexample was given
to show that the MacNeille completion of a distributive lattice need not be dis-
tributive. In fact, in [Har93a] it was shown that any lattice can be embedded
into the MacNeille completion of a distributive lattice in such a way that all
existing joins and meets are preserved by the embedding. Completion-invariant
properties of posets, i.e., properties that are satisfied by a poset if, and only if,
it is satisfied by its MacNeille completion, were considered in [Ern91].

The discussion thusfar has not included classes of algebras expanded with
additional operations. We note that the algebraic structure of Boolean algebras
and Heyting algebras are completely determined by their lattice reducts. The
extension of additional operations defined on lattices to operations defined on
their MacNeille completions has been studied for a wide variety of algebras.
In [Mon70] and [GV99] the MacNeille completion of Boolean algebras with op-
erators was studied. The extension of maps to the various ideal completions,
considered in Chapter 4.3, was done similarly to the extension of the operators
in [Mon70] — utilising the join-denseness of the image of P in the comple-
tion. In [TVO7] this was called the ‘lower completion’ of a Boolean algebra with
operators. An ‘upper completion’ of an algebra would uniformly utilise the

meet-denseness of the image of the poset in its MacNeille completion, when ex-
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tending additional operations. The question of “Which equational properties of
lattice with additional operations are preserved under the upper and lower com-
pletions?”, was addressed in [TV07]. The MacNeille completion of more specific
classes of lattice expansions have also been the subject of many research projects.
The MacNeille completion of ortholattices have been studied in [Mac64], of or-
thomodular lattices in [Ada69, Har91, Har93b], of modal algebras in [BH07] and
of modal algebras extended with fixpoint operators in [San08].

We now turn our attention to the following class of algebras.

Definition 5.2.1. An (integral, bounded, commutative) residuated lattice is
an algebra A = (A,0,—,V,A,0,1) such that

(i) (A,V,A,0,1) is a bounded lattice with 1 and 0 as greatest and least ele-

ments, respectively, and

(i) o is a binary operation that is associative, commutative, has identity 1 and

is residuated with residual —, i.e., for all x,y,z € A

zoy<z < y<zx— =2

If, in addition, the residuated lattice A is linearly ordered, then A will be

called a residuated chain. The following hold for residuated lattices:

losz=2z xx—1=1 z—ax=1
vol(e—y) <y
(xoy) v z=2— (y = 2)
zoy<zTAy
r<y <= x—=y=1.

The residual operation — satisfies:

:v—>y:\/{z::voz§y}.

The MacNeille completion of residuated lattices has been studied in [Ono03a]
and [Ono03b]. Therein it was shown that many classes of residuated lattices are
closed under the MacNeille completion. One such subclass of residuated lattices
is the class of FL-algebras studied in [CGT11] and [CGT12]. Another is the
class of MTL-algebras.

In [EGO1], monoidal t-norm logic, MTL for short, was introduced as the
logic of left-continuous t-norms and an algebraic semantics for the logic, namely

the variety of ‘MTL-algebras’, was defined.
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Definition 5.2.2. An MTL-algebra A = (A, o0,—,V,A,0,1) is a residuated
lattice that satisfies the prelinearity identity: for all x,y € A

(z—=y)V(y—z) =1

The following hold in all MTL-algebras:

x=(yVz)=(x—y)V(z—=2)
x=(ynz)=(x—=y)A(x—=2)
(xVy) = z=(x—>2)AN(y—2)
(xAy) = z=(x—=2)V(y— 2).

We note that the middle two of the equations above also hold in residuated
lattices in general. We will use the abbreviation -z := = — 0, which defines a
negation operation. From the properties listed above it follows that the negation
is order-reversing, =0 = 1 and =1 = 0. We inductively define the terms z™, for
n €N, as follows: 2° = 1 and 2"t = z o z".

An MTL-algebra whose underlying lattice order is linear is called an MTL-
chain. A main result concerning the variety of MTL-algebras is that it is gen-
erated by the class of MTL-chains (see, for example, [EGO01]).

The MacNeille completion of MTL-chains has been studied in [vA09, vA11].
In the following section we will consider expansions of MTL-algebras with
(order-preserving, unary) operations. We will restrict our attention to the Mac-
Neille completion of MTL-chains. Therefore, we now give a brief summary of
the results from [vA09] and [vA11].

Throughout the rest of this section let A = (A,0,— AV 0,1) be a fixed
MTL-chain.

We shall use the MacNeille completion to construct a complete lattice into
which the underlying ordering on A embeds. Next we extend o and — to binary
operations on the complete lattice. The definitions of o and —¥ given below,
were used in [vA1l].

Let <£, \/L,/\L> be the MacNeille completion of the underlying ordering
on A.

For Hy, Hy C A, define

HyoHy={aob:a€ Hy and b € Hy}

and for S, T € £ define
Sol T = (801",
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Theorem 5.2.3. [vA11]

(i) Let S,T € L. If Hi,Hy C A is such that S = H}* and T = HY, then
Sol T = Hi o HY = (Hy o Hp)™.

(ii) The operation oY on L is residuated with respect to 2 and the residual of
ol is, for S,T € L,

ST ={acA: (S o{a})" DT}"

(iii) The algebra L = (L, 0%, =X vI AL 0V 11 where 0¥ = A and 1% = {1},
is a complete MTL-chain and the map v : A — L defined by t(a) = {a}"
foralla € A, is an embedding of A into L that preserves all existing meets

and joins in A. Hence, (L, () is the MacNeille completion of A.

Lemma 5.2.4. [MvAb] Let S,T € L. If Hi,Hy C A such that S = H{" and
T =HY, then
SAVT = H A\Y HY = (Hy A Hy)Y,

where Hy AN Hy ={aAb:a€ Hy andb € Hs}.

Proof. Observe that for each a € T, either T = [a) or there exists b € Ha such
that a < b. To see this, suppose that b < a for all b € Hy; soa € HY =T. Then
a € TNT*, which is only possible if T = [a).

Since L is a chain we may assume, without loss of generality, that S < T,
ie, S DT,s0 SALT = S. Note that H; C S¢ hence H; A Hy C 8¢, and
therefore S = S C (H; A Hp)™.

For the reverse inclusion, if Hy C Hj A Ha, then (Hy A H)* C H} = S.
If Hi € Hy; A Ho, then there exists a € Hp such that for all b € Hy, a £ b,
ie, b < a Butthenae HYy =T C S. Since a € Hy C St it follows that
a€SNSY soS =la). NowT =S = [a) since a € T. That is, a is the least
upper bound of Hy. Then b = a Ab € Hy A Hy for any b € Hy since a € H;.
Thus, Hy C Hy A Hy and hence (Hy A Ho)* C HY =[a) = S. O

We now consider the preservation of properties by the construction. Note
that for MTL-chains, an inequality s < ¢ is equivalent to an identity s = s At or
t =sVtors —t=1. (Recall that the universal quantification over the variables
occurring in s and ¢ is implicit.) In the sequel we consider the preservation of

inequalities by the completion and therefore, implicitly, also the preservation
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of identities. In [vA11] ‘approximation terms’ were used to obtain preservation
results. A general scheme of inequalities, whose preservation by the completion
is determined by the form of the terms s and ¢, was described. This is related
to the methods used in [J6n94] and [GV99] to obtain preservation results in
completions of modal algebras. (See also [TVO07] for similar results on ordered
algebras.)

Let t be an MTL-term. If the variables occurring in ¢ are in the sequence
Z=u1,...,2Tn, then we denote this by t(z1,...,2z,) or t(Z). f d=ay,...,a, is
a sequence of elements of A, then we write ¢(@) to denote the evaluation of the
term ¢ in A under the assignment x; — a;. If S = S1,...,5y, is a sequence of
elements of £, then we write “(5) to denote the evaluation of the term ¢ in L
under the assignment z; — 5;. We write S* to denote the sequence SY,...,S"
and @ € S* means that a; € S¢ for each i = 1,...,n. Where a term ¢() and
either @€ A or S € L are given, it is assumed that & and @ or S are sequences
of the same length.

Given a term t(Z) and S € £, the evaluation of t¥(S) can be approximated
by the set of t*(d@)’s where each a; € S, which we write as {t*(@) : @ € S§*}.
Since this set is not stable it is necessary to close it in £, which can be done in

two ways, namely:

May:ae s,
Aay:ae S,

QL

t3(S
t"(S

\/
I

QL

{t
{t

\/
I

which are then our approximations to t“(5). We say that (%) is:

1)

J-stable if t%(3) = t3(5)
J-expanding if t“(S) C 17(5)
3-contracting if t%(S) 2 t3(5)
V-stable if t%(S) = tY(9)
V-expanding if t%(S) C tY(S)
V-contracting if t%(S) 2 tY(S) forall S e L.

If A satisfies the inequality s(Z) < ¢(Z), then s(S) 2 ¢3(S) and s¥(S) 2

t¥(S) for all S € £. Thus, for example, if A satisfies s(Z) < #(Z) and s is 3-

contracting and ¢ is F-expanding, then for any S € £, s*(5) D s3(S) 2 t3(5) 2
tL(S), ie., s(S) <L tL(5). More generally we have the following results.
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Theorem 5.2.5. [vA09]

(i) If both s and t are 3-stable terms, or both s and t are V-stable terms, then

s =t is preserved by the MacNeille completion.

(i) If s is an J-contracting term and t is an 3-expanding term, or s is a V-
contracting term and t is a V-expanding term, then s <t is preserved by

the MacNeille completion.
Lemma 5.2.6. [vA11]

(i) The constants 1 and 0, every variable x, every {o,V}-term and every

{A,V}-term is 3-stable.
(i) If s is 3-stable, then —s is V-stable.

(111) If s1 and sy are 3-stable (resp., 3-contracting, I-expanding) terms, then

s1V sg is -stable (resp., 3-contracting, I-expanding).

(iv) If s1 and s2 are 3-stable (resp., 3-contracting) terms that have no variables

in common, then s1 o g is 3-stable (resp., I-contracting).

(v) If t(Z) is an I-expanding term and y is a variable not in Z, then t(¥) — y

is 3-contracting.

Since S C §% for any S C A, we have that t7(S) C ¢¥(S) for any term ()
in the language and any Ser. Hence, if a term is V-contracting, then it is also

J-contracting. Similarly, if a term is F-expanding, then it is also V-expanding.

Definition 5.2.7. The sets of positive and negative terms are the smallest sets

of terms closed under the following rules:
(i) 0 and 1 are both positive and negative;
(i) the term t(x) = x is positive for each variable x;

(iii) if s is megative and t 1is positive, then s — t is positive and t — s is

negative;

() if s(x1,...,2n) is a {o,A\,V}-term and each t; is positive (respectively,

negative) terms, then s(t1,...,t,) is positive (respectively, negative).
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It was shown in [vA09] that every positive term in the language {o, —, V, A,
1,0} is F-expanding (hence also V-expanding), while every negative term is V-
contracting (hence also 3-contracting).

For example, if A is ‘involutive’, i.e., satisfies ==z = x, then so is L. If A is
‘strict’, i.e., satisfies z A (—x) = 0, then so is L. The following identities are also
preserved [vA1l]: =(zoy)V ((z Ay) = (xoy)) = 1 (weak nilpotent minimum),

1 n

x V- (weak excluded middle), z"+! = 2™ (n-contraction) and —z"*! = -z

(weak n-contraction).

5.3 Modal MTL-chains

Substructural logics are logics with structure sensitive consequence relations, for
example, logics without structural rules like contraction, weakening, commuta-
tivity or associativity that form part of intuitionistic and classical logic. It the
literature, modalities have then been added to the substructural logics as a way
to reintroduce limited structural rules. This was done in [Gir87]: the exponen-
tials | and ? of linear logic can be viewed as modal operators, since they have
some similarities with the modalities & and O. The addition of modal operators
to various non-classical logics has since been studied increasingly. Another ex-
ample is the Baaz Delta A, intended to mean complete (classical) truth, added
to fuzzy logic [Baa96]. In [Mon04] and [CMM10] storage operators and truth
stresser modalities are added to many-valued logics and, in particular, to MTL.
For more examples of the addition of modalities to various (substructural) log-
ics the reader can consult, for example, [Res93, Ven95, Buc94, DGR97, Kam03,
Ono05].

It is therefore natural to consider the expansion of MTL-algebras with a
‘modality’. Before we consider the MacNeille completion of ‘modal MTL-algebras’,
we must make the notion of a ‘modal MTL-algebra’ precise.

The results in this section have been obtained in collaboration with Prof.
Clint van Alten and have been published in [MvAD].

5.3.1 Axiomatization of (reverse) modal MTL-algebras

Motivated by the fact that the variety of MTL-algebras is generated by the class
of MTL-chains, we define a ‘modal MTL-chain’ to be an MTL-chain equipped

with an additional order-preserving (unary) operation f, and a ‘modal MTL-



5. The MacNeille completion 66

algebra’ as any algebra in the variety generated by the class of modal MTL-
chains. We will show that this class is strictly smaller than the class of all MTL-
algebras that have an additional order-preserving operation. In particular, we
show that modal MTL-algebras are axiomatized by the axioms of MTL-algebras
together with f(xVy) = f(x)V f(y) and (f(y) = f((x = 2)oy))V(z = ) = 1.

We note that the less general notion (in the sense that there are addi-
tional constraints) of a ‘modal residuated lattice’ has been considered by Ono
in [Ono05], where such algebras are defined to be residuated lattices equipped
with an operation f that satisfies f(z) < z, f(z) < f(f(z)), 1 < f(1) and
f(z)o f(y) < f(z oy) in addition to being order-preserving.

We also consider ‘reverse modal MTL-chains’ that are algebras in which the
modality is order-reversing rather than order-preserving. A natural motivating
example is the operation h(z) = 1 — z on any standard MTL-algebra, that
is, an MTL-algebra whose universe is the real interval [0,1]. We show that
an axiomatization for the class of reverse modal MTL-algebras consists of the
axioms for MTL together with h(x V y) = h(x) A h(y) and (h((z — z) o y) —
hy))V(z—z)=1.

Definition 5.3.1.

(i) A modal residuated lattice is an algebra (A ,o,—,V A, f,0,1), where
(A, 0,—,V,A,0,1) is a residuated lattice and f is a unary operation that
is order-preserving, i.e., x <y implies f(x) < f(y).

(i) A reverse modal residuated lattice is an algebra (A,o,— V, A, h,0,1),
where (A,0,—,V,A,0,1) is a residuated lattice and h is a unary oper-

ation that is order-reversing, i.e., x <y implies h(y) < h(x).
Let A = (A,0,—,V,A, f,0,1) be a fixed modal residuated lattice.

Definition 5.3.2. A subset F of A is a congruence filter (or c-filter for short)*
of A if: 1 € F, F is upward closed, closed under o, and f(d) — f(doa) € F
whenever a € F and d € A.

We note that c-filters have also been called implicative filters [Onol0], de-
ductive filters [GIKOOQT] or normal filters.

1

sometimes called an ‘ideal’, as it satisfies the notion of ideal from [GU84].
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The set of all c-filters of A, ordered by inclusion, forms a complete lattice,
denoted Fil® A. If 6 is a congruence on A and a € A, we use [a]g to denote the

congruence class of a with respect to 6.

Proposition 5.3.3. The congruence lattice of A, Con A, is isomorphic to the
c-filter lattice, Fil° A ; the isomorphisms are given by: 0 — [l]g and F — 0p =
{(a;b) :a = b,b—ac F}.

Proof. Since the result is known for residuated lattices [GJKOO07], we need only
check that the result extends to the operation f. Let F be a c-filter of A. To
see that 0 is compatible with f, suppose (a,b) € 0, i.e., a = b,b — a € F.
Since a o (& — b) < b and f is order preserving it follows that f(a o (a —
b)) < f(b). By the definition of a c-filter, f(a) — f(ao(a — b)) € F, and
fla) = flao(a = b)) < f(a) = f(b), so f(a) — f(b) € F. Similarly, we
can show that f(b) — f(a) € F, hence (f(a), f(b)) € 0p. Next, let 6 be a
congruence on A. To see that [1]g is a c-filter, suppose a € [1]g, i.e., (a,1) € 6.
Then for any d € A we have that (f(d) — f(doa), f(d) = f(do1l)) €0, ie.,
(f(d) = f(doa),1) €6. Thus, f(d) = f(doa) € [1]e. O

We would like to extend the fact that the MTL-chains generate the variety
of MTL-algebras to the modal case. In order to do so, we make the following

definitions.
Definition 5.3.4.

(i) A modal MTL-chain is a modal residuated lattice whose underlying lattice

order is linear.

(i) A modal MTL-algebra is any algebra in the variety generated by modal
MTL-chains.

We note that since the underlying lattice order is linear it follows that modal
MTL-chains satisfy the prelinearity identity. Furthermore, since modal MTL-
algebras are in the variety generated by modal MTL-chains, it follows that
modal MTL-algebras also satisfy the prelinearity identity.

Since f is order-preserving, the following identity holds in all modal MTL-

chains, and hence also modal MTL-algebras:

flxvy) = fx)V fly) (5.1)
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The identity f(z Ay) = f(z) A f(y) also holds. Note that the order-preserving
property of f can be inferred from (5.1).

We now introduce some notions from Universal Algebra that we will need
going forward. The reader is referred to [BS81] for more details on the notions
defined here as well as the proofs of the results listed here. Also see Chapter 2.3
for the definition of a varieties.

An algebra B is called congruence-distributive if Con B is a distributive lat-
tice. We call a class of algebras congruence-distributive if, and only if, every
algebra in the class is congruence-distributive. We now have the following re-
sult that follows from Mal’cev conditions [Mal54].

Theorem 5.3.5. The variety of lattices is congruence distributive.
See [GJKOOT7] for a direct proof.
Definition 5.3.6. An algebra B is a subdirect product of an indered family
(Bi)icw of algebras if,
(i) B is a subalgebra of [\, By, the direct product of the algebras in (B;);cw,

and

(i) all the coordinate projections restricted to B are onto, i.e., each B; is a

homomorphic image of B.
The family of algebras (B;)icw is called a subdirect representation of B.

We now call an algebra B subdirectly irreducible if every subdirect represen-
tation (B;);cw of B contains (an isomorphic copy of) B as a factor.

Let (B;);cw be an indexed family of algebras of the same type. We will call
an ultrafilter on P(¥) (viewed as a Boolean algebra) an ultrafilter on ¥. Let U

be an ultrafilter on W. Then, for @ and b in the direct product [[;.y By, define

b ={ieV:a;=b}.

\la
Furthermore, let =y C [[,cy Bi X [[;cy Bi be defined by

i=yb < ||[@a=b|eU.
Then =y is a congruence on [[, . B;.

Definition 5.3.7. The ultraproduct of an indexed family of algebras (B;)icw
with respect to an ultrafilter U on W is the quotient algebra (]];cq Bi)/ =v-
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Finally we introduce the notion of a quasivariety.

Definition 5.3.8. A class of algebras K of the same type is called a quasivariety

if it is closed under isomorphism, subalgebras, direct products and ultraproducts.

A class of algebras is a quasivariety if, and only if, it can be axiomatized by
quasi-identities.
In [J6n67] Jonsson gave a Mal’cev condition for congruence-distributive va-

rieties. He also proved the following result.

Theorem 5.3.9. [Jon67] Let K be a congruence-distributive variety generated
by a subclass K'. If B is a subdirectly irreducible algebra in K, then B is the

homomorphic image of a subalgebra of an ultraproduct of members of K'.

Observe that the variety of modal MTL-algebras is congruence-distributive
since its algebras contain lattice reducts and since congruence distributivity is
a Mal’cev condition. Since the variety of modal MTL-algebras is congruence-
distributive, it follows that Jonsson’s theorem applies. Furthermore, since the
variety of modal MTL-algebras is generated by the modal MTL-chains, it follows
that every subdirectly irreducible modal MTL-algebra is a homomorphic image
of a subalgebra of an ultraproduct of modal MTL-chains. But the class of
modal MTL-chains is closed under ultraproducts, subalgebras and homomorphic
images since its algebras are linearly ordered. Thus, the variety generated by
modal MTL-chains may be obtained by taking subdirect products only. In
particular, this means that the variety coincides with the quasivariety generated
by modal MTL-chains.

In order to axiomatize the variety of modal MTL-algebras it is sufficient,
therefore, to determine identities that a modal residuated lattice must satisfy
to be embeddable into a product of modal MTL-chains, and hence a subdirect
product of modal MTL-chains. From the theory of universal algebra (see, for
instance, [BS81, Lemma 8.2]) we know that if the intersection of a set of con-
gruences of an algebra is the trivial congruence, then the algebra is a subdirect
product of the associated quotient algebras. Thus, we shall characterize the
congruences of a modal MTL-algebra for which the quotient algebra is a modal
MTL-chain. Since the congruence lattice of a modal MTL-algebra is isomorphic
to the c-filter lattice, we characterize the c-filters F' for which A/6p is a modal
MTL-chain where A is a modal residuated lattice (see, for example, [EGO1]).
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The methods used here make use of ideas from the theory of ¢-groups — see,
for example, [AF88].

In the sequel, let A = (4,0,—,V, A, f,0,1) be a fixed modal residuated
lattice as before.

As with a lattice filter, a c-filter of A is called prime if, for all a,b € A,
a Vb e F implies that at least one of a € F or b € F.

The following result can be obtained for modal MTL-algebras in the same
way that it is obtained for MTL-algebras.

Lemma 5.3.10. If A satisfies the prelinearity identity, then a c-filter F' of A
is prime if, and only if, A/OF is linearly ordered.

Lemma 5.3.11. The variety of modal MTL-algebras satisfies:
xVz=1 implies (f(y) = f(xoy))Vz=1. (5.2)

Proof. If aVe = 11in a chain, then either @ = 1, in which case f(b) — f(aob) =1,
or ¢ = 1, in which case (f(b) — f(aob))Vc=1. Thus, by Jénsson’s theorem
every modal MTL-algebra satisfies (5.2). O

Definition 5.3.12. For every ideal I of the lattice reduct of A define:
Fr ={a € A: there exists c € I such that aV c=1}.
Lemma 5.3.13. Suppose A satisfies the quasi-identity (5.2).
(i) If I is an ideal of the lattice reduct of A, then Fr is a c-filter of A.

(i) If I is a mazximal (proper) ideal of the lattice reduct of A, then Fy is prime.

Proof. (i) It is clear that 1 € Fy. Let a,b € A. If a,b € F, then there exist
c1,c0 € I such that aVe; =1 and bV ey = 1. To see that a o b € Fy, observe
that ¢c;Vea € I and (aVeq)o (bV ez) = 1. After distributing the left-hand side,

we obtain

(aob)V(
= (aob) V(
= (aob)V(c1o(bVea))V((aVer)oe)=1
= (aob)V(ciol)V(locg) =1

= (aob)V(



5. The MacNeille completion 71

soaobe Fr. If a € Fy and a < b, then there exists d € I such that a Vd =1,
hence also bvd =1,s0b € Fr. If a € Fj, say aV d =1 for some d € I, then
(f(b) = f(aob))vVd=1,Dby (5.2),s0 f(b) = f(aobd) € FJ.

(ii) Suppose [ is a maximal ideal of the lattice reduct of A and a Vb € Fr.
Then there exists ¢ € I such that (a V b) V¢ = 1. Suppose that a ¢ Fr. Then
aV c # 1 for every ¢ € I so the ideal of the lattice reduct of A generated by
T U{a} is a proper ideal containing I. Since I is maximal, we must have a € I.
Thus, aVe € I and hence b € Fr since bV (aV¢) = 1. A similar argument shows
that if b ¢ Fy, then a € Fr. Therefore, at least one of a € Fy or b € Fj. O

Theorem 5.3.14. The variety of modal MTL-algebras is axiomatized by the
azioms of MTL-algebras together with (5.1) and (5.2).

Proof. Let A be a modal residuated lattice that satisfies the prelinearity identity,
(5.1) and (5.2). Note that the identity (5.1) implies the quasi-identity for the
order-preserving property of f. For each a € A\{1} there exists, by Zorn’s
Lemma, a maximal ideal I, of the lattice reduct of A with a € I,. Note that
a ¢ Fp, or else there exists ¢ € I, such that a V¢ = 1, which implies that 1 € I,
but I, is proper. It follows that:

(V{F :a€ A\{1}} = {1}.

By the isomorphism between the congruence lattice and c-filter lattice of A, it
follows that A is a subdirect product of {A/0p, :a € A\{1}}. Furthermore,
from Lemma 5.3.13 and Lemma 5.3.10 it follows that A is a subdirect product
of modal MTL-chains. O

As we shall show, the quasi-identity (5.2) in the above results may be re-

placed by the following identity:

(fy) = f((z = 2)oy)) V(z =) =1 (5.3)

Corollary 5.3.15. The variety of modal MTL-algebras is axiomatized by the
azioms of MTL-algebras together with (5.1) and (5.3).

Proof. Since every chain satisfies: * < z or z < z, it follows easily that every
modal MTL-chain, and hence every modal MTL-algebra, satisfies (5.3). Suppose
A is a modal residuated lattice that satisfies the prelinearity condition, (5.1)
and (5.3); we show that it also satisfies (5.2), from which the result follows. If
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a,bce AandaVe=1,thenc=1—-c=(aVe)wc=(a—=c)A(c—c)=
a — c. Similarly, a = ¢ = a. By (5.3), (f(b) = f(aob))Ve=1. O

We show, by example, that the quasi-identity (5.2) cannot be dropped from

our axiomatization of modal MTL-algebras.

Example 5.3.16. Let A be modal residuated lattice described as follows. The
universe A = {0,a,b,1}, the lattice order is given by 0 < a,b < 1 with a
and b incomparable (see Figure 5.1). For x,y € A, let x o®y = x Ay and
=%y =\{z:xAz <y} Let fA be the operation defined by f*(0) = 0,
fA(a) =b, fA() = a and fA(1) = 1. Then the fA-free reduct of A is an MTL-
algebra and hence a subdirect product of MTL-chains. In addition f distributes
over joins, i.e., (5.1) holds, however, A does not satisfy (5.2). To see this,
observe that a Vb = 1 but fA4(1) =4 fA(1ora) =1 —="2b=0b. A has only
two c-filters, namely {1} and {0, a,b, 1}, and therefore only two congruences.
Thus, A is subdirectly irreducible and hence cannot be represented as a subdirect
product of modal MTL-chains.

Fig. 5.1: The operation f* on A.

The above results can be adapted to reverse modal MTL-algebras as follows.
We omit the proofs as they are similar to those for modal MTL-algebras. Let
B =(B,o,—,V,A,h,0,1) be a fixed reverse modal residuated lattice.

Definition 5.3.17. A subset F' of B is a c-filter of B if: 1 € F, F is upward
closed, closed under o, and h(doa) — h(d) € F whenever a € F and d € B.

Corollary 5.3.18. The congruence lattice, Con B, is isomorphic to the c-filter
lattice, Fil®B; the isomorphisms are given by: 0 — [1]g and F — OF.
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Definition 5.3.19.

(i) A reverse modal MTL-chain is a reverse modal residuated lattice whose

underlying lattice order is linear.

(i) A reverse modal MTL-algebra is any algebra in the variety generated by

reverse modal MTL-chains.

Since h is order-reversing, the identities
h(z Vy) = h(z) A h(y) (5.4)

and
h(z Ay) = h(z) V h(y)

hold in all reverse modal MTL-chains and MTL-algebras; either identity implies

that h is order-reversing. Consider the following quasi-identity and identity:

zV z=11implies (h(zoy) — h(y))Vz =1, (5.5)

(h((x = 2)oy) = h(y) V(z = x)=1. (5.6)

Theorem 5.3.20. The variety of reverse modal MTL-algebras is axiomatized
by the axzioms for MTL-algebras together with (5.4), and (5.5) or (5.6).

We show, by example, that the quasi-identity (5.5) cannot be dropped from

our axiomatization of reverse modal MTL-algebras.

Example 5.3.21. Let B be the reverse modal residuated lattice defined as fol-
lows. The h-free reduct of B is the same as the f-free-reduct in the previous
ezample, so it is an MTL-algebra. Let h®B be defined by hB(0) = 1, hB(a) = a,
hB(b) = b and hB(1) = 0. See Figure 5.2. Then B satisfies (5.4) but not (5.5)
since a VB b = 1 but, (hB(1 B a) =B hB(1)) VB b = b. Again, B has only
two c-filters, namely {1} and {0,a,b, 1}, and therefore only two congruences.
Thus, B is subdirectly irreducible and hence cannot be represented as a subdirect

product of reverse modal MTL-chains.
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B: 1

a
@
fB

~
U=

Fig. 5.2: The operation f® on B.

5.3.2 The MacNeille completion of modal MTL-chains

Throughout this section A = (A,0,—,V, A, f,0,1) will be a fixed modal MTL-
chain.

Let A’ be the f-free reduct of A. Then A’ is an MTL-chain and we can
obtain its MacNeille completion L/ = (£, ol, —L vE AL 0L 1L) as described in
Section 5.2. We then extend the operation f on A to an operation fY on £ so
that the resulting algebra L is a modal MTL-chain into which A embeds, called
the MacNeille completion of A. Thereafter, various preservation properties of
the completion of A into L are considered, that is, properties of A that are also
satisfied by L. The results obtained here build on the results obtained in [vA09]
and [vA1ll] (summarised in Section 5.2); in particular, the general scheme of
inequalities given there is extended to include terms built up with an additional
modal operator f.

Define a unary operation (the modal operator) on L as follows: for S € L,
FH(S) = {f(a) : a € S°}".
Lemma 5.3.22. The operation f¥ is order-preserving on L.

Proof. Let S,T € L such that S <V T, ie., S O T. Then S* C T*, so {f(a) :
a€ S C{f(a):a €T, hence {f(a):a € S} D {f(a) : a € T'}*, ie.,
fr(8) <t fH(T).

Recall that ¢ : A — L defined by ¢(a) = {a}* is embedding of A into L.

Lemma 5.3.23. The embedding v of A into L preserves f, i.e., for a € A, we
have f* ({a}*) = {f(a)}".
Proof. We have fU({a}*) = {f(b) : b € {a}"}* = {f(b) : b < a}*, which is

equal to {f(a)}" since f is order-preserving. O
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Theorem 5.3.24. The algebra L = (F, ot =L vE AL fL oL 1LY s 4 com-
plete modal MTL-chain and v is an embedding of A into L that preserves all
existing meets and joins in A.

Then (L, ) is the MacNeille completion of A.

In the remainder of this section we describe some classes of (3-, V-) stable,
expanding and contracting terms, which may be used in conjunction with the
above theorem to obtain a class of identities preserved by the MacNeille comple-
tion. We define positive and negative terms in the language {o, —,V, A, f,0, 1}
by modifying condition (iv) in Definition 5.2.7 as follows:

(iv) if s(x1,...,2,) isa {o,V, A, f}-term and each ¢; is a positive (respectively,

negative) term, then s(¢y,...,t,) is positive (respectively, negative).

We show that every positive term is F-expanding, while every negative term
is J-contracting. However, in order to classify positive and negative terms in
this way, it is useful to show the stronger result that every negative term is
V-contracting, which implies that it is 3-contracting. Note also that a (3-, V-)
stable term is both contracting and expanding. Recall that every positive term
in the language {o, —,V, A, 0,1} is F-expanding and every such negative term is
V-contracting (hence also 3-contracting) [vA09]. We shall extend these results

to include the modal operator.
Lemma 5.3.25. Ift is an 3-expanding term, then f(t) is I-expanding.
Proof. Let s(Z) = f(t(&)) and S € L. Then,

-, —.

th(S) C 7(S)

=
=
=
=

Since {t(b) : b € S} C {t(b) : b € §*}"! we have
{f(@ :aec{t®d):be SV D{f(@) :ac {tb):be §)}v

and hence

-, -,

sU(S) = [ (S) C {f(@) @ e 7(S) ) C {f(t(@) :a e S} =57(S).
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Lemma 5.3.26. Ift is a V-contracting term, then f(t) is V-contracting.
Proof. Let s(Z) = f(t(&)) and S € L. Then,

= fEER(9))

s(S (

> M)
(
(

~—

= {f
= {f(b):be {t@):aec S},

which we must show to include s¥(S) = {f(t(a)) : @ € S}, Let b € {t(a) :
@ e S sob < t(a) for all @ € S, hence also f(b) < f((a@)) for all @ € S*.
Thus, f(b) € {f(t(@)) : @ € S}, from which we deduce s¥(S) C s¥(S) after
taking upper bounds. O

Combining Proposition 13.27 in [vA09] with Lemmas 5.3.25 and 5.3.26 gives

the following result.

Proposition 5.3.27. Every positive {o,—,V, A, f,0,1}-term is I-expanding,
hence also V-expanding; and every negative {o, —,V, A, f,0, 1}-term is V-contrac-

ting, hence also 3-contracting.

Consequently, any inequality s < ¢ in which s is negative and ¢ is positive is
preserved by the completion. Observe that such an inequality is equivalent to
1=s—1t, and s — t is positive. We next consider 3-stable terms; since such
terms are both 3-contracting and 3-expanding, they may appear on either side

of the inequality.

Lemma 5.3.28. If s; and sy are 3-stable (respectively, I-contracting) terms
that have no variables in common, then s1 A so is 3-stable (respectively., 3-

contracting).

Proof. Let t(Z, ) = s1(Z) A s2(¥), where Z and 7 have no variables in common,
and SH, TecL. Then, using Lemma 5.2.4,

t“(S,T) st (S) A\ 3 (T)

(respectively, D) s7(S) AL s3(T)
= {si(@):ae Sy AL {sa(b) : b e T}
= {s1(@) A so(b):a@,be ST

= 35, 7).
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O

Lemma 5.3.29. Let t1 and ts be terms that are order-preserving in each co-
ordinate and have exactly one variable in common, say x, and let y1 and y3 be the
remainder of the variables occurring in t1 and ta, respectively. If s(x,yi,y3) =
ti(x,y1)ota(x,y3) ort1(z,y1) Ate(x,y2) and both t1 and to are I-stable (respec-

tively, 3-contracting), then s is 3-stable (respectively, 3-contracting).

Proof. For S,fl,fg € L and s = t1 o t9, we have

SL(Sa ﬁvﬂ) = t{d(Svfb ot t%(sa ﬁ)
= (respectively, D) t7(S,T1) o¥ t5 (S, T5).

Using Theorem 5.2.3(i),

Il
—

~
=
—
8

(=
S—

otg(c,jza,CESe,EEﬁZ,JG@E}“

— - A»Z - ﬂf
{ti(a,b) ota(a,d):a € S be Ty ,deTy }*
s7(8, 11, Th).

N

For the inclusion in the other direction, let e € SH(S,fl, fg), ie., t1(a, l;) o
tg(a,d_) < e for all a € Sf,g € flé and d € fgg and let a,c € S Since A
is a chain either a < ¢ or ¢ < a. Suppose ¢ < a; then tg(C,d_} < tg(a,d_} for
all b € fle and d € T;e since to is order-preserving in each co-ordinate. Then
t1(a,b) o ta(c,d) < t1(a,b) o ta(a,d) < e, so e € {t1(a,b) ota(c,d) : a,c € S4,b €
fl, de fg}“, as required. If a < ¢ the proof is similar. The proof for s = t; Aty

follows similarly, using Lemma 5.2.4. O

By the definition of f¥ it is immediate that f(x) is 3-stable. Thus, a partic-
ular consequence of the above lemma is that (f(z))™ is 3-stable for each n > 1,
as are (f(x1))" oo (f(xg))™ and (f(x1))™ A--- A (f(zx))™, where each z;

is a variable, 0 or 1 and each n; > 1. More generally, we have the following:

Lemma 5.3.30. The following terms are 3-stable: any term built up inductively
from 0, 1, z, f(x), for any variable x, by taking o or A of terms that share at

most one variable, or any V.
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Combining the above results we obtain the following theorem.

Theorem 5.3.31. An inequality s < t is preserved by the completion if t is any

positive term and s s:
(i) a negative term,
(i) an 3-stable term (as in Lemma 5.3.30),

(i11) o term t(Z) — y, where t(Z) is an I-expanding term and y is a variable

_—
not in ¥,

(iv) any term built up inductively from terms in (i-i1i) by taking o’s or N’s of

any terms that have no variables in common or any V's.

Special subclasses of modal MTL-chains

In [CMM10], Ciabattoni et al. study the addition of truth stresser modalities
to MTL and its extensions. When considering the semantics of these logics a
number of classes of algebras are studied, all of which are subclasses of modal
MTL-algebras as considered here. The various logics studied in [CMM10] are the
monoidal t-norm logic (MTL), the involutive monoidal t-norm logic (IMTL) and
the strict monoidal ¢-norm logic (SMTL). The last two of the aforementioned
logics axiomatize t-norm logics whose negations are, respectively, involutive and
strict. Furthermore, t-norm logics satisfying an n-contraction property were also
studied — with involutive negations (C,,IMTL) and without (C,,MTL).

Let Logics = {MTL,IMTL,SMTL} U {C,MTL : n > 2} U {C,IMTL : n >
2}. For L € Logics, an L-algebra is an MTL-algebra such that all the MTL-

axioms as well as the additional axioms of the logic L are all valid. That is,
e An IMTL-algebra is an MTL-algebra satisfying: ——x = x.
e An SMTL-algebra is an MTL-algebra satisfying: = A (—z) < 0.
e A C,MTL-algebra, n > 2, is an MTL-algebra satisfying: " < z™1.

e A C,IMTL-algebra, n > 2, is an IMTL-algebra that is also a C,MTL-
algebra.
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Then, an

e LK"-algebra is a modal L-algebra satisfying:

(i) flz—=y) < flz) = fly)
(i) flazVvy)=flz)V f(y)
(iii) f(1)=1.
e LKT"-algebra is an LK -algebra additionally satisfying:

flx) <.

e LS4"-algebra is an LKT"-algebra additionally satisfying:
f(f(x)) = f(x) (hence also f(f(x)) = f()).

e L!"-algebra is an LS4"-algebra additionally satisfying:
f(x)o f(z) = f(x).

e L) -algebra is an LS4"-algebra additionally satisfying:
f@) v (f(x) =0) =1

It is shown in [CMM10] that an LK"-algebra is a subdirect product of linearly
ordered algebras, hence the quasi-identity (5.2) holds in such algebras.
Observe that in a modal MTL-algebra, the identity

f(@)o fly) < flzoy) (5.7)

is equivalent to the identity

flx—=y) < flx) = fy) (5.8)

To see that (5.7) implies (5.8) we recall that x o (x — y) < y. Since f is
order-preserving and by (5.7), f(x)o f(x = y) < f(x o (x — y)) < f(y), hence
flx — y) < f(z) = f(y). Conversely, to see that (5.8) implies (5.7), recall
that © <y — (x oy). Since f is order-preserving and by (5.8), f(z) < f(y —
(z09)) < fy) = flz o), hence f(z) o f(y) < flzoy).

The following corollary is now a straightforward consequence of Theorem 5.3.31.

Corollary 5.3.32. If A is a linearly ordered LK"-, LKT"-, LS4"-, LI"- or L'} -

algebra, then so is L.
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Complete operators

Recall that an operation f is called a complete operator if f(\/a;) =\ f(a;)
whenever \/ a; exists. Complete operators are often also called left-continuous.

If, in addition to being order-preserving, we assume that the operation f is
a complete operator, a wider class of properties is preserved by the completion.

Firstly, if f is a complete operator, then f¥ is a complete operator.

Lemma 5.3.33. Let H C A. Ifd € H" such that d £ e for any e € H, i.e.,
e<d forallee H, then d=\/H.

Proof. Suppose d € H* such that e < d for every e € H. Then d is an upper
bound for H. Let a € H", then d < a since d € H"!. Thus, d is the least upper
bound for H. O

Lemma 5.3.34. If f is a complete operator, then for all H C A,
(i) fU(H") = (f(H))", where f(H) = {f(a):a € H},
(ii) if S = H" is stable, then fL(S) = (f(H))".

Proof. We shall prove part (i); part (i) then follows directly. Since H C H"“ we
have f(H) C f(H") and also (f(H"))* C (f(H))", ie., fX(H") C (f(H))".
Conversely, let a € (f(H))", i.e., a > f(b) for every b € H, and let ¢ € H“¢. If
¢ < dforsomed € H,then f(c) < f(d) < asincea € (f(H))". Ifnot, thend < ¢
for every d € K, soc=\/ H, by Lemma 5.3.33. Thus, f(c) = f(V H) =V f(H)
since f is a complete operator. But a is an upper bound for f(H),so\ f(H) < a
and, in particular, f(c) < a. In either case we find that f(c) < a and therefore
a € (f(H™))*. We conclude that (f(H))" C (f(H"))". O

Lemma 5.3.35. If f is a complete operator, then f¥ is also a complete operator.

Proof. Let S; € £. By Lemma 2.6.3, fX(\/7'S;) = fX(N, Si) = f&(N, S&*) =
fL((UZ Sf)“). Then, by Lemma 5.3.34, fL(\/f Si) = f(U; Sf)“. Finally, by
Lemma 2.6.3, fL(\/F ;) = (U, F(SH)* =N (S = Vi fE(S0). O

It is well known that residuated unary operations distribute over all existing
joins. Examples of complete operators therefore include all residuated operators.
However, only a partial converse holds: if the underlying lattice of an algebra

A is complete, then a unary operation f on A that distributes over all joins is
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residuated. Hence, a consequence of f being a complete operator is that fL is

residuated.

Lemma 5.3.36. If f is a complete operator and s is an 3I-contracting term,

then f(s) is also 3-contracting.

Proof. Let t = f(s(&)) and S € £. Then

V)

tB(5) = fE(s5(S) 2 fEsS) = fF({s@) s ae 59
= {f(s(@)):de §Z}“ by Lemma 5.3.34
().

I
-+

O

Corollary 5.3.37. If f is a complete operator and s is an 3-stable term, then
f(s) is also 3-stable.

Proof. A term that is both F-expanding and 3-contracting is an 3-stable term.
The result follows from Lemmas 5.3.25 and 5.3.36. O

Lemma 5.3.38. If f is a complete operator, then the following terms are 3-
stable: any term built up inductively from 0, 1, x, f(x), for any variable x, by
taking o or A of terms that share at most one variable, taking f of any term or

V of any two terms.
Combining the above results we obtain the theorem below.

Theorem 5.3.39. If f is a complete operator, then an inequality s < t is

preserved by the completion if t is any positive term and s is:
(i) a negative term,
(i) an 3-stable term (as in Lemma 5.3.38)

(i11) o term t(Z) — y, where t(Z) is an I-expanding term and y is a variable

_—
not in ¥,

(iv) a term built up inductively from terms in (i-iii) by taking o or A of any

terms have no variables in common, any f or any V.
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Order-reversing modalities

If A = (A V,A0,—, h0,1) is a reverse modal MTL-algebra, then we define

the unary operation h on L by
hY(S) = {h(a) : a € S}

and let L = (F, ot vE AL AL 0L 1Y) where the other operations are as de-
scribed in Section 5.2. Note that hL(S) is the V-approximation.

Recall that ¢ : A — L is the embedding of A into L defined by i(a) = {a}*
for all a € A.

Lemma 5.3.40. The embedding v : A — L of A into L preserves h, i.e., for
a€ A, h:({a}") = {h(a)}*.

Lemma 5.3.41. The operation h is order-reversing.

The proofs of Lemmas 5.3.40 and 5.3.41 are similar to the proofs of Lem-
mas 5.3.23 and 5.3.22, respectively.

Proposition 5.3.42. The algebra L = <F, ol oL I AL pL oL, 1L> is a com-
plete reverse modal MTL-algebra and v : A — L, the embedding of A into L,

preserves all existing meets and joins in A.
Then (L, ) is the MacNeille completion of A.

We now turn our attention to properties preserved by this construction.
Clearly, h gives the impression of a negative term and, indeed, we show that

this is the case.
Lemma 5.3.43. If s is an 3-expanding term, then h(s) is V-contracting.

Proof. Let t = h(s(Z)) and § € £. Since s is F-expanding and k% is order-

reversing,

-, -,

t9(S) = h(s%(S)) 2 A (s7(S)) = {h(b) : b € {s(a@) : @ € S} }*,

which we must show to be a superset of t¥(5) = {h(s(@)) : @ € S*}*. Since
{s(@):a e S C{s(@):ae SV, {h(s(a)):ae S C{hb):be{s@):aec
§4}u4Y and the result follows after taking the ““~closures. O

Lemma 5.3.44. If s is a V-contracting term, then h(s) is 3-expanding.
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Proof. Let t = h(s(Z)) and S € £. Since s is V-contracting and h* is order-

reversing,

-, -,

t“(S) = hM(sM(S) € WU(sY(S)) = {h(b):be{s(@):a e SHY

{h(b) : b e {s(@):ae S},

which we must show to be a subset of ¢3(S) = {h(s(@)) : @ € S‘}*. Let
e Sandbe {s(@:ae S Then b < s(@) so h(s(@) < h(b), hence
{h(s(@)) : @ e X} C {h(b): be {s(a@):ae S} and the result follows after
taking “’s. O

Extend the notion of positive and negative terms to the language of reverse
modal MTL-algebras by defining h(s) negative whenever s is positive and h(s)

positive whenever s is negative. The above two results give the following.

Proposition 5.3.45. Every positive term is 3-expanding and every negative

term is V-contracting, hence also 3-contracting.

Theorem 5.3.46. If h is a reverse modality, an inequality s < t is preserved

by the completion if t is any positive term and s is:
(i) a negative term,
(i) an 3-stable term on the language {o,V, A, 0,1} (as in Lemma 5.3.30),

(i11) o term t(Z) — y, where t(Z) is an I-expanding term and y is a variable

_—
not in ¥,

(iv) a term built up inductively from terms in (i-iii) by taking o or A of any

terms have no variables in common, or any V.
In addition, we have the following preservation result.

Proposition 5.3.47. If A satisfies x < h(h(z)) or h(h(z)) < = then L satisfies

the same. Thus, if h is involutive, then so is h.

Proof. The inequality @ < h(h(z)) is preserved by Theorem 5.3.46 since x is
I-stable and h(h(x)) is positive.
For S € L,

RE(RE(S)) = {h(b) : b € {h(a) : a € S*}*}*,
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where we have used the fact that H¢ = H’ for any H C A. Suppose A
satisfies h(h(z)) < x and let S € L. Let ¢ € {h(b) : b € {h(a) : a € S*}*}*,
ie., ¢ < h(b) for all b € {h(a) : a € S*}*. If d € S, then a < d for all a € S*
hence h(d) < h(a) so h(d) € {h(a) : a € S*}*. Thus, ¢ < h(h(d)) < d, so c € S*,
hence {h(b) : b € {h(a) : a € S}*}* C S* and the result follows after taking

superscript “’s. O



6. CANONICAL EXTENSIONS

Completions of algebraic structures that have received substantial attention
are so-called canonical extensions. Canonical extensions were first introduced
in [JT51, JT52] for Boolean algebras with operators. Canonical extensions of
(bounded) distributive lattices were studied in [GJ94, GJ00, CP12] and canon-
ical extensions of (bounded) lattice expansions were first studied in [GHO1]
and later also in [Har06]. We note that in this chapter we will not use the
term ‘canonical extension’ for the notion defined in [Mac37] (see Remark 5.1.2),
which is generally different from the notion of ‘canonical extension’ discussed
here.

In [GHO1] both a concrete description and an abstract characterization of
the canonical extension of a (bounded) lattice were given. It turns out that
the construction given in [GHO1] is a special case of the construction described
in [Tun74] wherein Tunnicliffe described the completion of posets with respect
to a polarization (see Definition 6.1.1). Subsequently, ‘canonical extensions’ of
posets have been explored in [DGP05, GJKOO07, GJP].

In [DGPO5] the construction described in [GHO1] (first appearing in [Tun74])
was modified for posets. An alternative construction, closely related to the
construction of the canonical extension of Boolean algebras with operators given
in [GM97], was also given in [DGP05]. The authors then focussed their attention
on ‘canonical extensions’ of additional operations and relational completeness
of some substructural logics.

In [GJKOO07] the construction from [Tun74] (and [GHO1]) was (again) de-
scribed generally for the poset setting and properties of ‘canonical extensions’
were investigated. The ‘canonical extensions’ of additional operations as well as
residuated groupoids were also considered.

However, upon closer inspection it becomes apparent that the completions
used in [DGPO05] and [GJKOO7] are generally different. The difference between

these completions is due to a choice of ‘filters’ and ‘ideals’ (families of up-sets
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and down-sets of posets, respectively). To use the terminology from [Tun74],
different ‘polarizations of posets’ were used in [DGP05] and [GJKOO07]. We note
that in [DGP05, Remark 2.3] the authors acknowledged that a choice had to be
made and subsequently explained their choice. Thus, it is clear that a choice
must be made, but it is not clear which choice would give one ‘the correct’
definition of the ‘canonical extension’ of a poset, or if there even is ‘a correct’
definition. Further investigation is therefore warranted.

In [GJP] a completion obtained through the construction in [Tun74] is called
an (F,T)-construction — after its polarization. The authors of [GJP] investi-
gate which properties a polarization should satisfy in order for the completion
obtained from it to satisfy certain desirable properties, for example restrictive
distributive laws [GHO1] or commuting with products.

In the next section we study the construction from [Tun74, GHO1] for the
posets setting. We then investigate some of the properties of completions ob-
tained through this construction. Perhaps unsurprisingly not all the results that
hold for canonical extensions of (bounded) lattices are true for these comple-
tions. Crucially, these completions do not, in general, commute with (Cartesian)
products — see Example 6.2.14.

We then investigate four specific completions that may be obtained through
the construction. We use the four different types of filters and ideals of a
poset, defined in Chapter 4, to construct the four completions under considera-
tion. Among these are the ‘canonical extensions’ of posets studied in [DGPO05)
and [GJKOOQ7], respectively. We take a closer look at some of the properties of
each of the individual completions.

Next we focus our attention on extensions of additional operations. We
first consider extensions of unary operations. Again the results are not always
favourable. For example, the extensions (used here) of operators on posets are
not necessarily operators on the completions of the posets — see Examples 6.3.8
and 6.3.10. On the other hand, for three of the completions considered here (the
completions using Doyle-pseudo, Frink and directed filters and ideals, respec-
tively) the extensions of unary residuated operators are again residuated — see
Propositions 6.3.13 and 6.3.14.

We also explore extensions of n-ary operations. Since the construction does
not commute with products, extensions of n-ary operations are not straight-

forward. For three of the completions under consideration the extensions of
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arbitrary unary operations can be generalized to extensions for arbitrary n-ary
operations. We investigate some properties of these extensions of n-ary opera-
tions. In particular, we are interested in order-preserving n-ary operations and
binary residuated operators.

As stated earlier, an alternative construction of the canonical extension of a
Boolean Algebra with operators was described in [GM97]. In this construction
the canonical extension is the MacNeille completion of an intermediate structure.
This construction was generalised in [DGP05, Suz11] to the poset setting for a
particular choice of families of up-sets and down-sets. We show here that the
construction can be generalized to use a number of different families of up-sets
and down-sets.

Finally we focus our attention on the preservation of properties through the
construction studied in this chapter. As in the previous chapters we follow
the approach used in [J6n94]. Using the denseness of the completion, we can
approximate terms in the completion from below and from above. We combine
the use of these approximations in order to give a syntactical description of
inequalities preserved by the construction. We note that in [GM97, Suzll,
Suz10] an alternative approach was followed to investigate property preservation
by the completion.

A part of this chapter has been submitted for publication in the form of [Mor].

6.1 The general case

Throughout this section let P = (P, <) be a fixed poset.

6.1.1 The construction

The construction described in this section corresponds with the construction
of completions of posets with respect to polarizations [Tun74]. It also corre-
sponds with the construction of canonical extensions of bounded lattices [GHO1].
Throughout this section let F and Z be fixed families of non-empty subsets of P.
Let R C F x T be the relation defined by (F,I) € R if, and only if, FN I # @.

The polarities of R yield the Galois connection [Bir67], * : P(F) & P(Z) :7,
where, for X € P(F) and A € P(Z)

X" ={Ie€T:FecXimplies I NF # &}
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AV ={F e F:I€Aimplies FNI# &}.
Then X € P(F) is Galois closed if X = X®< and A € P(Z) is Galois closed if

A = A<%. In [Tun74] the term ‘regular’ is used for Galois closed sets.
Let C={X € P(F): X = X®9}. For T CC let

AT = ()T and \/ 7 Un.

i.e., meet is intersection and join is the Galois closure of the union. Then C =

<C, Ve, /\c> is a complete lattice where C is the associated lattice ordering <.

Definition 6.1.1. [Tun7j, Definition 8] A pair (F,I) of sets of non-empty

subsets of P is called a polarization of P if:

(i) If x,y € P such that x # y, then there exists S € F UZ such that x € S
andy ¢ S.

(i) If F € F and x ¢ F, then there exists I € T such thatx € I and FNI = @&
and, dually, if v ¢ I € T then there exists F € F such that x € F and
INF=g2.

For the remainder of this section we assume that (F,Z) forms a polarization
of P and that C = <C, Ve, /\c> is the complete lattice of Galois closed sets with
respect to (F,Z).

Define the map o : P — C by a(a) = {F € F : a € F}. Then, for each
a € P the set a(a) is Galois closed, i.e., a(a) € C. Furthermore, « is one-to-one.
For S C P let a(S) = {a(a): a € S}.

Lemma 6.1.2. [Tun7/, Proposition 4] Let S C P. Then
(i) NCa(S)={FeF:SCF}.
(i) V€ a(S) = {F € F: 8 CIeTimplies FNI # @}. In particular, if
SeT then\/Ca(S)={FeF:FnS+a}.
Analogous claims were made for bounded lattices in [GHO01, Proposition 2.6].

In the sequel we omit the superscript C when denoting V’s and A’s in C and

only use it when we need to indicate which lattice is under consideration.

Definition 6.1.3. [Tun74, Definition 5] A polarization (F,T) of P is consistent
if F is a set of non-empty up-sets of P such that each principal up-set of P is
an intersection of sets in F, and, dually, T is a set of non-empty down-sets of

P such that each principal down-set of P is an intersection of sets in I.
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Then we have the following.

Theorem 6.1.4. [Tun?j, Theorem 1] (C,«) is a completion of P if, and only

if, the polarization used to construct C is consistent.

Hence, if (F,Z) is a consistent polarization then « is an order-embedding of
P into C. If it is necessary to specify P, we will write (C(P),a¥) and C(P).

Let B = {A € P(Z) : A = A®™}. We note that B = (B, VB, AB), such
that \V°7 = N7 and ABT = (UT)™" for T C B where <B is D, also
forms a complete lattice. If (F,Z) is consistent, then v : P — B defined by
v(a) = {I € T : a € I} is an order-embedding of P into B and therefore
(B,7) is also a completion of P. Moreover, C is order-isomorphic to B with
isomorphism 1 : X — X®. As a matter of fact, in [Tun74] the construction of
(B, ) is described. However, we prefer working with (C, «).

In [GJKOO7] a slightly more restrictive condition was placed on the sets F
and Z for their investigation of the above construction for the poset setting: the
families F and Z of up-sets and down-sets of P, respectively, are called rich

enough if

(i) each member of F (respectively, Z) is closed under existing finite meets

(respectively, joins).
(ii) F (respectively, Z) contains all principal up-sets (respectively, down-sets).

In [GJKOO7] the empty set is allowed to be a member of F (respectively, ) if,
and only if, P does not have a top element (respectively, bottom element). If
we assume that rich enough families of up-sets and down-sets may not include
the empty set, then any pair consisting of a rich enough family of up-sets and a
rich enough family of down-sets clearly forms a consistent polarization.

In [GJP] families of up-sets and down-sets satisfying condition (ii) above
(from [GJKOO07]) are called ‘standard collections of filters” and ‘standard col-
lections of ideals’, respectively.

If (C, @) is a completion obtained from a consistent polarization, then a need
not preserve existing meets and joins in P. In [Tun74] a polarization (F,Z) is
called lattice-consistent if F = F% and T = I, i.e., the families of Doyle-
pseudo filters and ideals, respectively (see Definition 4.1.2 in Chapter 4.1); and
completely consistent if F = F°® and T = Z°P (see Definition 4.1.7 in Chap-
ter 4.1). The author then states in [Tun74, Proposition 6] that o preserves ex-

isting finite joins and meets if, and only if, the polarization is lattice-consistent;
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and « preserves existing joins and meets if, and only if, the polarization is
completely consistent. However, from the proof it becomes clear that a correct
definition of lattice-consistent polarization should be relaxed to only require con-
dition (i) from [GJKOO07] stated above. Similarly, the definition of a completely
consistent polarization should be altered to include more families of up-sets and

down-sets. Therefore we make the following definitions.

Definition 6.1.5. A polarization (F,T) of P will be called lattice-consistent if
each member of F is closed under existing finite meets and each member of T
is closed under existing finite joins. Similarly, (F,Z) will be called completely
consistent if each member of F is closed under existing arbitrary meets and each

member of L is closed under existing arbitrary joins.

Recall from Definition 4.2.8 that a set S is meet-dense in a complete lattice
A if every element in A is the meet of elements in S. Dually, a set T is said to
be join-dense in a complete lattice A if every element in A is the join of elements
inT.

Theorem 6.1.6. [Tun74, Theorem 2] Let (A, ) be a completion of P where
A= <.A, VA, /\A>. Then there exists a consistent polarization (F,Z) of P such
that (C, ), obtained from (F,T), is isomorphic to (A, p) (in such a way that
the image of P is fixed by the isomorphism) if, and only if, there exist S, T C A
such that

(i) S is meet-dense in A and T is join-dense in A; and

(i) if a € S and b € T such that a > b, then there exists ¢ € P such that
a> p(c) >b.

We will call a completion (A, ¢) dense with respect to a pair of subsets (S, T)
of A, if S is meet-dense in A and 7T is join-dense in A. The first condition in
the theorem above can then be restated as: there exist S, T C A such that A is
dense with respect to (S, T).

A consequence of the preceding theorem is that the completions studied in
Chapters 4 and 5 are obtainable, up to isomorphism fixing the image of P, using
the construction described in this section.

For example, let (L,:) be the MacNeille completion of P, as described in
Chapter 5.1. Recall that ¢(P) is both join-dense and meet-dense in L. Hence,
in the notation of Theorem 6.1.6, we may set S = +(P) = T. Then by [Tun74,
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Corollary 1] S and T also satisfy the second condition. Moreover, if F is the set
of all principal up-sets of P and Z the set of all principal down-sets of P, then
(C, ), the completion obtained from the polarization (F,Z), is (isomorphic to)
the MacNeille completion of P.

For more examples the reader is referred to [Tun74, pg. 23].

Remark 6.1.7. One may now wonder whether or not every completion of a
poset is obtainable from a polarization. In [Tun7/, Example 3] the author at-
tempted to address this problem by providing a counterexample. However, the
example does not appear to disprove what it was intended to disprove. For more
details on why this example does not work the reader may consult Example A.2.1

in Appendiz A.2. The problem remains open.

6.1.2 Properties of the completion

Throughout this section let F be a fixed family of non-empty up-sets of P that
includes all the principal up-sets, and Z a fixed family of non-empty down-
sets of P that includes all principal down-sets. Then (F,Z) forms a consistent
polarization as defined above. Let (C, «) be the completion obtained from the
polarization (F,Z), as described in the previous section. We write F(P) and

Z(P) when it is necessary to specify P.
Lemma 6.1.8. The following holds for (C, ).
(i) T=F.
(i) P € F if, and only if, L = {P}. Moreover, P & F if, and only if, L = @.

(i1i)) \| a(P) =T and \a(P) = L.

Proof. (i) Recall that @ ¢ F. If P € T, then F>< = {P}9 = F. If P ¢ T,
then for all J € Z there exists F' € F such that J N F = @. Therefore,
FP9 = @< = F. The last equality follows since the implication “I € &
implies FFN [ # @7 is trivially true for all F' € F.

In either case F is Galois closed and hence T = F.

(ii) If P € F, then {P}*< =79 = {P}, i.e., {P} is Galois closed. The only
proper subset of {P} is @, but @>< = Z< = { P} and therefore does not
belong to C. Hence, L = {P}. The implication in the other direction is

immediate.
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Now suppose P ¢ F. Then @< =7< = @ and L = & since & is the
least subset of F and it is Galois closed. Again, the implication in the

other direction is immediate.

(iii) If P € Z, then \/a(P) = {F € F: FNP # @} = F = T by part (i)
and Lemma 6.1.2 (ii). If P ¢ Z, then Va(P) = {F e F: PC1I ¢
T implies F NI # @} = F = T since there is no I € Z such that P C [
and therefore the implication is trivially true for all F' € F.
If Pe F, then Aa(P)={F € F: P C F} ={P} = 1 by part (ii) and
Lemma 6.1.2 (i). On the other hand, if P ¢ F, then Aa(P) ={F € F:
P C F} = @ = 1 again by part (ii) and Lemma 6.1.2 (i).
O

Following [DGP05] and [GJP] we define the closed and open elements of the

completion in terms of the elements of F and Z, respectively.

Definition 6.1.9. An element Y € C is called closed if Y = A a(F) for some
F € F. On the other hand, an element Z € C is called open if Z = \/ a(I) for
some I € T.

Let K, O and KO denote the sets of closed, open and clopen elements of C,
respectively. When necessary we will use K(P), O(P) and KO(P) to denote the

closed, open and clopen elements of C(P).

For a bounded lattice the closed and open elements of its canonical extension
are defined as the meets and joins, respectively, of the images of arbitrary subsets
of the lattice [GHO1]. Since an arbitrary subset of a lattice generates both a
filter and an ideal of the lattice, on lattices our definitions of the sets of closed
and open elements will be the same as the definitions given in [GHO1]. This will
be explored further in Section 6.2.

The following notion of a parametrised compactness, called internal com-
pactness in [GJKOO07], was also mentioned in [GHO1].

Proposition 6.1.10. The completion (C, a) is internally compact with respect
to (F,Z) in the sense that it satisfies: for any S,T C P,

Na(S) <V a(T) if, and only if, FNI # & for any F € F and any I € T such
that S C F and T C I.
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Proof. Let S,T C P.

Suppose A a(S) < Va(T) for S,T C P and let G € F and J € T such
that S C Gand T C J. Then A a(G) < Aa(S) <V a(T) < Va(J). That is,
{FeF:GCF}C{FeF:JCIcZimplies FNI # o}. In particular,
GNnJ# .

Next suppose F NI # & for every F' € F and I € 7 such that S C F and
TCI Then Fe{FeF:TCIecTZimplies FNI# @} =\ aT) and hence

Ae(S) < Va(T). O

In [GJP] a slightly weaker parametrised compactness is used in considering
A;-extensions: a completion (C, a) obtained from (F,Z) will be called (F,T)-
compact or parametrically compact if it satisfies: A\ a(F) < \/ a(I) if, and only
if, FNI # @. Clearly (C,«) is also parametrically compact.

Lemma 6.1.11. If Y € K, then G = {a € P : a(a) > Y} € F and Y =
Na(G). Similarly, if Z € O, then J = {a € P : ala) < Z} € T and Z =
Va(J).

Proof. If Y € K, then Y = Aa(G’) for some G' € F. It is immediate that
G' CG. Let a € G, then Y < afa),ie, {FeF:G CF}C{FeF:acF}.
Then G’ € aa) and a € G'. Thus, G C G'. Then G' =G and Y = A a(G).
For Z € O there is some J' € Z such that Z = \/ a(J’). Clearly J' C J.
Now let @ € J. Then a(a) < Z =V a(J'), e, {FeF:ae F} C{F e F:
FnJ # @}. Therefore, if a € F, then FNJ' # @. In particular [a) N J' # @.
Thus a € J' and J C J'. We conclude that J' = J and Z = \/ a(J). O

Lemma 6.1.12. The set KO of clopen elements of C is exactly the set o(P).

Proof. Recall that [a) € F and (a] € Z for every a € P. If a € P, then
V a((a]) = ala) = A a(la)) and a(a) € KO. Hence, a(P) C KO.

Next let X € KO. Then there exists G € F and J € T such that A o(G) =
X =V a(J). By the internal compactness, Proposition 6.1.10, this is the case
if, and only if, GNJ # @. Let a € GNJ, then a(a) <V a(J) = X = Aa(G) <
a(a). Consequently, G = [a), J = (a] and X = «afa) € a(P). Therefore,
KO C a(P). O

This result further motivates the choice to define the closed and open el-

ements of (C,«) in terms of F and Z, respectively. If we defined the closed
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and open elements of (C,«) in terms of arbitrary subsets of P instead, then
Lemma 6.1.12 would not necessarily be true — see Example 6.2.2. In Sec-
tion 6.3 we use Lemma 6.1.12 when we consider possible extensions of additional

operations.

Proposition 6.1.13. The completion (C,«) is dense with respect to the sets
of closed and open elements, i.e., every element of C is both the join of all the

closed elements below it and the meet of all the open elements above it.

Proof. We first show that X € C is an up-set in F: let F' € X, G € F such that
FCGand I € X*. Then INF CING,so ING # &. Hence, G € X*< = X.

It is immediate that \/{Y € K : ¥ < X} < X since Y < X for every
Ye{YeK:Y <X} If X=9,then X = 1 by Lemma 6.1.8 (ii) and X <
V{Y e K:Y < X}. Now suppose X # & and let G € X. Then A a(G) < X
since X is an up-set in F. Furthermore, G € A a(G) C (U{A a(F) : Aa(F) <
X< =\V{Y e K:Y < X}. Hence, X C \/{Y € K : Y < X}, ie,
X<V{YeK:Y <X}

Since Z > X for every Z € {Z € O : Z > X} it follows that A{Z € O :
Z>X}>X. 1€ X", then X <\a(),ie, X C{FeF:FnI+o}by
Lemma 6.1.2 (ii) and therefore X®* C {I € Z:\/ a(I) > X}. Then, X = X®< D
{IeZT:\a(l)> X} ={F € F:IecTIsuchthat \/a(l)> X implies FN
I}y =N{FeF:FnI#2}:Vall)>X}=A\{Z€0:Z>X}. O

Even though the terms ‘closed’ and ‘open’ elements were not used in [Tun74],
the above result was also shown in [Tun74, Proposition 4 (b)].

In [GHO1] the term ‘canonical extension of a lattice L’ is used for a comple-
tion of L that is both dense and compact (in the sense of Definition 6.2.10). The
uniqueness of the canonical extension of a lattice, up to isomorphism, is then
proved [GHO1, Proposition 2.7]. In [GJKOO07, Theorem 6.2], the uniqueness, up
to isomorphism, of (C, «) is shown. In [DGP05, Theorem 2.5] the uniqueness,
up to isomorphism, of (C, ) is shown for a specific choice of F and Z. We note
that the significance of this uniqueness is lessened by the fact that the notions of
compactness and denseness depend entirely on the sets F and Z. That is, (C, «)
is the unique completion of P that is internally compact and dense with respect
to F and Z. But, other (distinct) completions may be obtained, through the

construction described in Section 6.1.1, for different choices of F and Z. These
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completions will also be internally compact and dense, but now with respect to
the new choices of F and Z.
The following result was first noted in [GHO1]. See [GJKOO07, Theorem 6.2]

for a proof of the statement.

Proposition 6.1.14. Let S C P such that A\ S exists in P and oll F € F are
closed under \ S, i.e., S C F implies NS € F. Then A\ S is preserved by the
extension, i.e., a(A\S) = A a(S).

Similarly, let T C P such that \| T exists in P and every I € T is closed
under\/ T, i.e., T C I implies \| T € I. Then \/ T is preserved by the extension,

ie, a(\/T) =V a(T).

This result motivates the alteration of the notions of lattice-consistent and
completely consistent polarizations to that given in Definition 6.1.5.

If F is a family of non-empty up-sets of P = (P, <), then F is a family of
non-empty down-sets of P? = (P, >). Similarly, if Z is a family of non-empty
down-sets of P = (P, <), then Z is a family of non-empty up-sets of P? = (P, >).
Furthermore, if (F,Z) is a lattice-consistent polarization of P, then (Z,F) is a
lattice-consistent polarization of P?. Then, the set of sets that are Galois closed
with respect to (Z, F) and > is exactly the set B={A € P(Z): A= A<"} and
C(P?) = (B,Vv©,AC) is the completion of PY obtained from the polarizaiton
(Z,F) (see Section 6.1.1), where Z is used as the up-sets and F as the down-
sets. As we showed earlier, C(P) is isomorphic to B(P). But, from the above,
it follows that B(P) = C(P?)?. Hence, C(P)? is isomorphic to C(P?), i.e., the
dual of the completion of a poset is isomorphic to the completion of its dual.
(However, one can easily find an example to show that it need not be the case
that C(P)? is equal to C(P?) for some sets F and Z.)

Finally we consider the product of completions. This will play a major role in
Section 6.3 where we will investigate extensions of operations defined on posets.

For example, an n-ary operation on a poset P is a map f : P" — P.

Lemma 6.1.15. Forn € Nandi=1,...,n, let each P; be a poset with comple-
tion (C(P;),af?). Then B: ]\, P — [[1—, C(P;) defined by B((a1,...,a,)) =
(Pt (ar),...,aP"(ay)) is an order-embedding of [[;—, P; into []—, C(P;).

Proof. Let (a1,...,an), (b1,...,bn) € [[/_; P;. Then by the definition of the
coordinate-wise ordering defined on the product and since « is an order embed-

ding we have (ay,...,a,) < (b1 ...,b,) if, and only if, a; <Fi b, fori=1,...,n
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if, and only if, ofi(a;) < oFi(b;) for i = 1,...,n. That is, if, and only if,
B((al,...,an)) SB((bl,,bn)) O

6.2 Some specific cases

The reader is referred to Chapter 4.1 for the definitions of pseudo, Doyle-pseudo,
Frink and directed filters and ideals (see Definitions 4.1.1, 4.1.2, 4.1.3 and 4.1.4,
respectively).

Let * € {p,dp, f,d} and set F, = F*\{@} and Z, = Z*\{@}. Then each
Fi is a family of non-empty up-sets of P that includes the principal up-sets
and each Z, is a family of non-empty down-sets of P that includes the principal
down-sets. Let (C,, a.) be the completion obtained from (Fy,Z.) as described
in Section 6.1.1. Then results from Section 6.1.2 apply. Let T* and L, denote
the top and bottom elements of C,, respectively. In general the four extensions

obtained in this way are distinct, as the following example illustrates.

Example 6.2.1. Let P’ be the poset depicted in Figure 6.1. (Note that P’
was also considered in Example 4.2.7.) Then Cq4, C; and Cpq are depicted in
Figure 6.1 with o, (P’) shaded. The completion C, contains 48 elements and is
not depicted here due to its size. See Example A.2.2 in Appendiz A.2 for more
details.

We note that C,; was referred to as the ‘canonical extension’ of P in [DGP05],
while in [GJKOO07] the term the ‘canonical extension’ of P was used for Cgj,.

Let x € {p,dp, f,d} and let K., O, and KO, denote the sets of closed,
open and clopen elements of (C,, a.), respectively. By Definition 6.1.9, K, =
{Nax(F) : F € F.} and O, = {\a.(I) : I € Z,}. Furthermore, by Propo-
sitions 6.1.10 and 6.1.13 C, is internally compact and dense with respect to
(K., 0.).

Let L = (L,V,A) be a bounded lattice. Recall that, for * € {p,dp, f,d},
F*(L) = Fu(L) = F(L) and Z*(L) = Z,(L) = Z(L). We will denote the
completion of L obtained from the polarization (F(L),Z(L)) by (C(L), o) (or
simply (C, ), if L is understood). Then (C(L), a¥) is the canonical extension
of L [GHO1]. In the literature the sets of closed and open elements of (C(L), a®)
are often defined as the meet and join, respectively, of the image of arbitrary
subsets of L (see for instance [J6n94] and [GHVO05]). Furthermore, in [GHO1] it

was shown that the set of closed elements of the canonical extension of a lattice
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Fig. 6.1: The poset P’ with the complete lattices C4, Cs and Cgp.

L forms a sublattice of C(L) and is reverse isomorphic to the lattice of its filters
F(L). Similarly, the set of open elements of C(L) forms a sublattice of C(L)
and is isomorphic to the lattice of its ideals I(L).

In [GJKOO07] it was suggested that closed and open elements of the com-
pletion (C,a) of a poset, as described in Section 6.1.1, may also be defined in
terms of arbitrary subsets of the poset, regardless of the choice of F and Z used.
However, if we choose to alter Definition 6.1.9 accordingly, then the set of clopen
elements of (C, &) need not be exactly a(P). We will need KO(P) = «(P) for
the extensions of maps considered in Section 6.3. If Definition 6.1.9 is left un-
changed, the set of closed elements is order-isomorphic to F?, but in general

does not form a sublattice of C. Similarly, the set of open elements is order-
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isomorphic to I, but in general does not form a sublattice of C. Consider the

following example to see why.

Example 6.2.2. Let P’ be the poset depicted in Figure 6.2 with the complete
lattices Cp, Cap, Cy and Cq also depicted. Closed elements of (Cy,ay), * €
{p,dp, f,d}, are depicted by @, open elements by O and elements that are neither
open nor closed by ®.

If arbitrary subsets of P’ were used in the definition of closed and open
elements, then 3 € Cq would be clopen, but 3 ¢ aq(P’).

Forx € {p,dp, f,d}, the set of open elements of (Cy, cvx) is isomorphic to the
poset L, but does not form a sublattice of C,: for all the completions 1,2 € O,
and 1AN2 = 3, but 3 ¢ O,.. Similarly, the closed elements of (C.,as) are
isomorphic to the poset FO, but the join of closed elements need not be closed
again: 4,5 € Kq but 4V5=3¢ K; in Cq and 5,6 € K, but5v6=4¢ K, in
C., « € {p,dp, f}. Hence, the closed elements do not form a sublattice of C,.

For more details on the completion in this example the reader is referred to
Example A.2.3 in Appendiz A.2.

/. Cy:
P.1 9 d

Fig. 6.2: Closed and open elements of C, for x € {p,pd, f,d}.

Lemma 6.2.3. Let e : F — K be defined by e (F) = AN a(F). Then ek is an
order-isomorphism between FO and (K, C). Similarly, leteo : T — O be defined
by eo(I) =V a(I). Then eo is an order-isomorphism between I and (O, C).
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Proof. We prove the claim for ex. The claim for o follows similarly.

Observe that e is clearly onto by the definition of closed elements. Now
suppose e (F) = Aa(F) = ANa(G) = ex(G) for some F,G € F. Let a € F.
Then F'N (a] # @ and by the internal compactness A a(F) < \ a((a]). Then
N a(G) <\ a((a]) and, again by the internal compactness, G N (a] # &. Thus,
a € G and F C G. Similarly we can show that G C F by using the internal
compactness and the fact that A a(F) < A«a(G). Then F = G and ek is
one-to-one.

The above also shows that F <F’ G if ex(F) < ex(G). Next suppose
F gFa G for F,G € F. That is, ' DO G. Let I’ € F such that ' C F’. Then
GCF andex(F)=ANa(F)={F' e F:FCF}C{FFeF:GCF'}=
N\ a(G) = ek (G). O

We conclude that it is natural for K and O to depend on F and Z, respec-
tively.

Let * € {p,dp, f}. Recall from Lemmas 4.2.3 and 4.2.5 that an arbitrary
S C P generates both a x-filter and a -ideal, denoted [S), and (S],. We have

the following closures for K, and O,.

Lemma 6.2.4. Let x € {p,dp, f}. Then K, is closed under meets, i.e., the
meet of closed elements is again a closed element; and O, is closed under joins,

i.e., the join of open elements is again an open element.

Proof. Let F; € F for i € U. Then,

A (NatF)) =N{FeF:FcF}

icw ISy
={Fe€F:F,CFforallie U}

frer(Ur)<r)
z{Fe}': QPF> gF}
:/\a< gF>> e K.

Similarly we can show that for I; € Z, j € @, we have V, 4 (Va(l;)) =

Va ((Ujes IjL) €0. O
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Proposition 6.2.5. Let x € {p,dp, f}. If S C P, then \/ a.(S) = V a.((S],)
and N an() = A (5).).

Proof. By Lemma 6.1.2 (ii) \/ a.(S) = {F € F.. : S C I € Z, implies FNI # &}
and \/ a.((S],) ={F € F.: FN{S], # @}. Then, F € \/ a.({S],) if, and only
if, FN({I€Z.:SCI}+#@if and only if, S C I € Z, implies F N1 # & if,
and only if, F' € \/ a.(S). Hence, \ a.(S) =V a.({S],).

By Lemma 6.1.2 (i), A a.(S) = {F € F. : S C F} and A a.([S),) = {F €
Fi : [S), C F}. Let F € F, such that [S), C F. Then S C [S), C F and
F € Aa.(S). On the other hand, since [S), = [[{F € F. : S C F} we have
that [S), C F for each F € A a.(S) and A a.([S),) C A ax(5). O

A consequence of the above is that the sets of closed and open elements of
(Cy,au), * € {p,dp, f}, can indeed be defined in terms of arbitrary subsets of
the poset.

Corollary 6.2.6. Let x € {p,dp, f}, then K. = {\a.(S):S C P} and O, =
{Va.(T): T C P}.

On the other hand, recall from Example 4.2.10 that an arbitrary subset of
P need not generate a directed filter or a directed ideal. In fact, the notion of
a directed filter or ideal being generated only makes sense if we begin with a
directed set (see Lemma 4.2.11). Then, by Lemmas 4.2.11 and 6.1.2 (i) and (ii),

we have the following for Cj.

Proposition 6.2.7. Let D C P be down-directed and U C P up-directed, then

Naa(D) = Naa([D)) and \ aq(U) =V aa((U]).

The elements of K; and O4 can therefore be described in terms of arbitrary

directed sets.

Corollary 6.2.8. Let X,Y € Cq. Then X € Ky if, and only if, X = \ aa(D)
for some down-directed D C P. Also, Y € Oq4 if, and only if, Y = \/ aq(U) for
some up-directed U C P.

In [DGPO5] ‘compactness’ of (Cg, aq) is defined as follows: (Cg, org) s com-
pact provided that whenever D C P is non-empty and down-directed, U C P
is non-empty and up-directed and N\ aq(D) < \/ aq(U), then there exist a € D
and b € U with a <¥ b. This notion of compactness is implied by the internal

compactness of (Cg, o).
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Lemma 6.2.9. If D C P is non-empty and down-directed, U C P is non-empty
and up-directed and N\ ag(D) <\ aq(U), then there exist a € D and b € U with
a <Pp.

Proof. Suppose D,U C P are both non-empty with D down-directed, U up-
directed and A ag(D) <\ aq(U). Then, FNI # & for all F € Fyq with D C F
and all I € Z; with U C I by the internal compactness. By Lemma 4.2.11 it
then follows that [D) € Fy, (U] € Zy and [D) N (U] # @. Let ¢ € [D) N (U],
then a = ¢ <P ¢ = b. O

In [GHO1] the following stronger notion of compactness is defined.

Definition 6.2.10. A completion (C,«) is called compact if for any Y C K
and any Z C O it satisfies:

AY <V Z if, and only if,
there exist Yo Cf™ Y and Zo C/' Z such that \ Yo <\ Zo.

In general, it is not the case that (C, a) is compact. In [GHO1] it was observed
that this stronger notion of compactness is not a property of the complete lattice
C, but rather of (C, «) since the sets K and O depend on «, F and Z. Hence,
this form of compactness is also indirectly parametrised by F and Z. That is
to say, the sets Y and Z of closed and open elements cannot be replaced by
arbitrary subsets of C.

For certain choices of F and Z the completion (C,«) will be compact. In
particular, we will show that (C., a.) is compact for x € {p,dp, f}.

We will need the following to prove compactness.

Lemma 6.2.11. Let x € {p,dp, f} and S C P. If a € [S),, then there exists
M C/" S such that a € [M),.

Proof. Recall from Lemma 4.2.3 that [S’)dp = U,en Si where S = S and ;11 =
HAM:@# M C/m S and A\ M exists}). If a € Sg = S, then {a} €/ S and
a € [a). For 1 < j € N, suppose that if b € S;, then there exists M C/™" §
such that b € [M), . Let a € Sji1. Then a > AN for some N clin g,
such that A N exists. Suppose N = {by,...,b,}. Then, by the inductive
hypothesis, there exists M; C/" S such that b; € [Mi>dp fori=1,...,n. Now
let M =J;_y M; C/** S. Then N C/* [M), and therefore a € [M),

The proof of the statement for pseudo filters is similar.

D



6. Canonical extensions 102

Next recall from Lemma 4.2.5 that [S), = U{M*™ . M CFfim S} Let
a € [S);. Then there exists M Cfin S such that a € M’ and therefore
a€[M);. O

The dual statements for generated *-ideals also hold.
Proposition 6.2.12. Let x € {p,dp, [}, then (Cy, ax) is compact.

Proof. Let Y C K, and Z C O,.

The backward implication is immediate. If there exist Jy C/™ Y and
Zy CF™ Z such that AV <V 20, then AV < A<V Z <V Z.

To prove the implication in the other direction, suppose that AY < \/ Z.
Furthermore, let G C F, such that Y = {A a.(G) : G € G} and J C Z, such
that Z ={\ a.(J) : J € J}. Then, by Lemma 6.2.4,

/\y:/\{/\a*(G):Geg} :/\oz* ([Ug>*)

Similarly,

Vz=\V{Va:ses}=Va ((UJ])-

By the internal compactness [JG), N{UJJ], # @. Let c € [UG),N(UJ T],, then
by Lemma 6.2.11 there exist sets M Cf™ |JG and N C/* |JJ such that ¢ €
[M), and ¢ € (N],, i.e., c € [M),N(N], and A\ a..([M),) < a.(c) <V a.((N],).

For each a € M, let G, € G such that a € G,. Then, A a.(Gq) < ax(a) for
each a € M and

A{N\e-(Ga)ae M} < \a(d) = \au(n),).

Similarly, for each b € N, let J, € J such that b € J,. Then, \ o (Jp) > au(b)
for each b € N and

\ (V) = au(V) < \/ {\/a*(Jb) be N}.

Let Yo = {Aax(Gy):a€ M} and Zy = {Veu(Jp):b€ N}. Then AYp <
V Zo. O

In [GJKOO7, Lemma 6.3] it is stated that (Cgp,gp) is compact and in
the paragraph preceding Lemma 6.3 it is claimed that (Cgp, aqgp) is the only

completion for which internal compactness implies compactness. From the above
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it can be seen that (Cgp, gp) is not the only compact completion of P, nor is
it the only one for which internal compactness implies compactness.’

In [GJP] it is shown that certain Aj-completions of a poset are compact by
giving a number of sufficient conditions for compactness. If x € {p, dp, f}, then
(C., o) satisfies those sufficient conditions and compactness of (C,, ay) can
also be established via their result.

Let x € {dp, f,d}. Recall from Remark 4.1.5 that the members of F7* are
closed under existing finite meets, while the members of Z* are closed under
existing finite joins. The polarization (F,Z,) is therefore lattice-consistent as
per Definition 6.1.5 and rich enough in the sense of [GJKOO07] (though always
excluding the empty set). The members of F,, and Z, are closed under existing
binary meets and joins, respectively. Combining this with Proposition 6.1.14

gives the following.

Corollary 6.2.13. If x € {dp, f,d}, then (C.,a.) preserves all existing finite

meets and joins, while (Cyp, ay,) preserves all existing binary meets and joins.

Finally, for n € N and ¢ = 1,...,n, let each P; be a poset and let x €
{p,dp, f,d}. Then B, : [[;-; Pi = []i=; C«(P;), defined by Bi((a1,...,a,)) =
(@Pr(a1),...,aF"(ay)), is the order-embedding of []_, P; into [[;—, C.(P;).

In [DGPO05, Theorem 2.8] it is claimed that the completion commutes with
products, i.e., Cq(I], Pi) = [\, Ca(P:), up to isomorphism. Similarly,
it is claimed in [GJKOO07, Corollary 6.9] that Cgp,(]]_; P;) is isomorphic to
[T", Cap(P;). However, the following example serves as a counterexample to
both these claims. In general it is not necessarily the case that C([[;—, P;) is
isomorphic to [];—, C(P;).

Example 6.2.14. Let P’ be the 2-element anti-chain, then P’ x P’ is the 4-
element anti-chain. For = € {p,pd, f,d}, the completion C.(P’) has 4 elements,
as depicted in Figure 6.3, and hence C.(P") x C.(P’) has 16 elements. On the
other hand, the completion C.(P’ x P’), for x € {f,d}, has only 6 elements.

I We note that [GJKOO7, Lemma 6.3] states the equivalence of the compactness and the
internal compactness of (Cgp, tgp) with a third statement. However, in the poset setting,
this third statement need not be equivalent to the compactness nor the internal compactness
of (Cgp,gp) — it relies on the existence of meets and joins that in fact need not exist in
the poset. On the other hand, in [GHO1, Lemma 2.4] the claim was proved for the canonical

extension of a lattice.
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Moreover, if x € {p,dp} then C.(P’ x P’) has far more than 16 elements. See
Example A.2.4 in Appendix A.2 for more details.

P’ P’ x P’ C.(P):
[ ) [ J [ } [ ) [ J ([ ]
12 L1 (L2 (21 (2,2 T

o (1) ax(2)

L.
C.(P') x C.(P'):

C.(P' x P'), x € {f,d}: T,

ax((1,1)) ax((2,2))
J_*

Fig. 6.3: The construction generally does not commute with products.

Let P; and Py be bounded posets. We note that in [GJP] it is shown
that if Fi(P1 x P3) = Fi(P1) x Fi(P2), then C,(Py x P3) is isomorphic to
C.(P1) x C.(P2). However, the boundedness is crucial for the implication to
be true. In [GJP] the authors also provide the example above to show that even
though F4(P x P) = F4(P) x F4(P), the construction does not commute with
products. We note that in the case of bounded lattices C(]-_; L;) is isomorphic
to [ ; C(L;), [GHO1]. This lack of commutativity of the construction of the
completion and products of posets will have an impact on the extension of n-ary
operations.

For the remainder of this section we examine the choice we made at the start

of this chapter to exclude the empty set from the sets that form polarizations.
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We will show that nothing is gained by allowing the empty set.

In [GIJKOOQT7] the empty set is included in a rich enough family of up-sets (re-
spectively, down-sets), F (respectively, Z), if P does not have a top (respectively,
bottom) element. However, following [Tun74] we require that the members of
both F and Z be non-empty. By definition @ ¢ F?. However, recall if P does
not have a top element, then @ € F* for x € {p,dp, f}; and if P does not have a
bottom element, then @ € Z* for x € {p,dp, f}. One may now wonder why we
choose to exclude the empty set and what would happen if we included it. We
will show that the complete lattice obtained from (F*,Z*) has up to two more
elements than the complete lattice obtained from (Fy,Z,). There will be a new
top element (above the top element of C,) if P does not have a top element and
a new bottom element (below the bottom element of C.) if P does not have a
bottom element.

We introduce the following notation. Let % € {p,dp, f}, R* C F* x I* be
defined by (F,I) € R* if and only if F NI # & and let the polarities of R* be
denoted by

> . P(FH) =PI

where, for X € P(F*) and A € P(Z*) we have
X»={I€TI":FeX implies INF # &}
A*={Fe F*: 1€ A implies FNI # &}.

Let C* = {X € P(F*): X = X»*} and C* = (C*, V, A) where meet is intersec-

tion, join the Galois closure of the union and C the associated lattice ordering.
Define the map o* : P — C* by a*(a) = {F € F*:a € F} for all a € P. Then

the map a* is an order-embedding of P into C*.

Lemma 6.2.15. Let * € {p,dp,f} and X € P(Fi). Then, X € C., te.,
X = X9 if, and only if, X = X»<. In particular, {P}*<* = {P}*< = {P}
and FFr4=F0<=F,.

Nezt let X € P(F*). If X = X< such that @ € X, then P does not have a
top element and X = F*. If @ = @™, then P does not have a bottom element
and @ € T*.

Proof. Let X € P(F.) such that X # @. Notice that & ¢ X since X # @
and gNF =@ for all F € X. Then I € X* if, and only if, I N F' # & for all
F € X if, and only if, I € X». Thus, X* = X™. Furthermore, X* = X» £ &
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since P € Z, such that PNF # @ for all F € X. Now @ ¢ X»< since X» # &
and NI =@ for all I € X». Then, FF € X*< if, and only if, F NI # & for
all I € X* = X™ if, and only if, F' € X*<. Therefore, X>< = X»><,

By Lemma 6.1.8 (ii) we have that L. = {P}, since P € F,. Therefore, if
X € Cy, then X # @. Thus we may conclude that X € C, if, and only if,
X =X"<

Now let X € P(F*) such that X = X®<* and @ € X. Then @ € F* and
it follows from the definition of *-filters that P does not have a top element.
Furthermore, X® = & since no ideal can have a non-empty intersection with
@. Then, X>4 = g = F*

Lastly suppose @ = @®<*. But @® = Z* which implies that (Z*)* = @.
This is only the case if PN I = @ for some I € Z*. That can only be true
for I = @. Then @ € Z* and P has no bottom element by the definition of
x-ideals. O

The following example now illustrates the difference between C, and C*.

Example 6.2.16. Let P’ be the 2-clement anti-chain depicted in Figure 6.4.
Then F* = I* = {@,{1},{2},{1,2}} and F. = Z. = {{1},{2},{1,2}} for
x € {p,dp, f}. Then C, is the completion obtained from (F.,I.), while C* is
the completion obtained from (F*,I*).

P C.: C*:
{1}, {2}, {1,2}} {o, {1}, {2}, {1,2}}
° °
1 2
{1}, {1,2}} {2}, {1,2}} H1h 23 {1, 21}
{1}, {1.2}} {2} {1, 21}
{{1,2}}

{

{123}

Fig. 6.4: Using F* and Z* in the construction.

It should be clear that nothing is really gained by using F* and Z* instead
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of F. and Z,. This further justifies our choice to exclude the empty set from

families of up-sets and down-sets used to form polarizations.

6.3 Extensions of maps

6.3.1 Unary maps

Throughout this section let the posets P = <P, §P> and Q = <Q, §Q> be fixed.
Let f: P — @ be an arbitrary map between P and Q. We wish to extend f
to a map f, from C,(P) to C.(Q). Following [GJ00] and [GHO1], we have the
following two ways of naturally extending a unary map f, since (C.(P),aF) is

dense.

Definition 6.3.1. For f: P — Q, define f2, fT : C.(P) — C.(Q) by
72 =\ {\eQ(/(@) a e PY < af(a) < 2}
Y € K.(P),Z € O,(P),Y <X < z}

770 = A{VH{e2((@) a e PY < af(a) < 2}
Y € K.(P),Z € 0.(P),Y <X < Z}.

The results in this section are closely related to the results obtained in [GHO1]
for bounded lattices. However, some statements that are true for bounded

lattices do not hold in the more general poset setting.

Lemma 6.3.2. Let f : P — Q. Then f and fT both extend f, i.e., f7(a¥ (b)) =
a(f(b)) = f(aF (b)), forbe P.

The proof is straightforward and relies on Lemma 6.1.12, i.e., the fact that
KO, (P) = af (P).

In the case of bounded lattices f < f™ under the point-wise order [GHO1,
Lemma 4.2]. However, as illustrated by the following example, this need not
be the case in the poset setting if f : P — @ is not order-preserving. This
contradicts [GJKO07, Lemma 6.7].

Example 6.3.3. Let P’ be the poset depicted in Figure 6.5, and let f : P' — P’
be defined by f(1) = f(3) = 3 and f(2) = f(4) = 4. Then, fJ(X) =
V3,4, Laq} = X, while f7(X) = N{X,3,4} = L4. Furthermore, fZ(X,) =
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V{34, L.} = Xo, while fT(X1) = N{X2,3,4} = L., for x € {p,dp, f}. The
reader is referred to Example A.2.3 in Appendiz A.2 for details on the comple-

tions.
P’ 1 Cp,Cyp,Cy: T
f(1)
3 (X)
f@3)

L =ri(Xy)

Fig. 6.5: f] need not be less than f;.

If P does not have a top element, then it may be the case that P ¢ Z,.
If P ¢ 7,, then it follows from Lemmas 6.1.8 (iii) and 6.1.11 that T4 ¢ Og.
Then f§(Tq) =V @ = Lgand f7(Tq) = AD = Tg, regardless of the definition
of f. If P does not have a bottom element, then we may have that P ¢ Fj.
Again by Lemmas 6.1.8 (iii) and 6.1.11, P ¢ F; implies that Lq ¢ K4 and
consequently f7(Lq) = \/ @ = L4, while fJ(Lys) = AN@ = Tg4, regardless of
f’s definition. Therefore, unless P has a top and a bottom element, fJ and f]
need not be order-preserving when f is. Since we would prefer an extension of
an order-preserving map to be order-preserving, we redefine f7 and f7 when f
is order-preserving. The definition below was used in [DGP05] for the extension

of order-preserving maps.

Definition 6.3.4. Let f : P — (Q be order-preserving. Then define f3, f7 :
Ca(P) — Ca(Q) by

15 =V {\e@(f(@) :ae PY <af(a)}: X =V € Kua(P)}

150 = A{V{e@((@) sa e Paf(a) < 2} : X < Z € 0u(P)}
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In [DGPO05] it was shown that both fJ and fI are extensions of f and are

order-preserving when f is.

For x € {p,dp, f} we need not redefine 7 and fT, since we have the following

simplifications.

Lemma 6.3.5. If x € {p,dp, f} and f: P — Q is order-preserving, then

\/{/\{a @) :a€PY <af(a)}: X >V € K.(P)}
/\{\/{a aepa()SZ}:XSZEO*(P)}.

These simplifications are straightforward and the proofs are omitted.
We will need the following to prove Lemma 6.3.7 (iv) for f7 and f7. It was
noted in [DGPO5].

Lemma 6.3.6. Let f: P — Q be order-preserving, F' € Fq and I € Zy. Then,
f(F) is down-directed and f(I) is up-directed.
Lemma 6.3.7. Let x € {p,dp, f,d}. Let f: P — Q be order-preserving. Then:
(i) 2 and fT are order-preserving.
(i) f¢ < fT under the point-wise ordering.

(i) We have the following simplifications

(a) f2(V) = Ne2(f(a)) s a € P,Y < af(a)} for all Y € K.(P)
(b) f2(X)=V{fI(Y): X >Y € K.(P)} for all X € C.(P)
(¢) f7(Z) =\V{a2(f(a) :a € P,Z > aP(a)} for all Z € O.(P)
(d) f1(X) = N{fZ(Z): X < Z € O.(P)} for all X € C.(P)

(iv) 2 = fI on K.(P)UO.(P). Morcover, f7(K.(P)) C K.(Q),
T(K.(P)) C Ku(Q), f2(0.(P)) C 0.(Q) and fT(0.(P)) C 0.(Q).

Proof. The proofs of parts (i) to (iii) are similar to those of the analogous claims
for bounded lattices [GHO1]. We prove (iv) since we need to consider the case

where * is d separately.

(iv) Let Y € K.(P). Then fo(Y) < fr(Y) by part (ii). Let a € P such
that Y < aF(a). Then, by Lemma 6.1.12, af (a) € O,(P) and therefore
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{a2(f(a)) :a € P,Y < aP(a)} C{fF(Z):Y < Z € O,(P)}. Then, by
part (iii) (d), f7(Y) < f2(Y).
The proof that fZ = fT on O,(P) is similar.

Let * € {p,dp, f}. Then it follows immediately from Corollary 6.2.6 that
JT(Y) = f2(V) € Ku(Q) for Y € K.(P) and f7(Z) = f7(Z) € 0.(Q)
for Z € O.(P).

If * is d, then, by Lemma 6.1.11, G = {a € P : Y < af(a)} € Fu(P)
for Y € K4(P). Then f(G) is down-directed by Lemma 6.3.6. Finally, by
Corollary 6.2.8 it follows that /\a?(f(G)) € K4(Q). But /\a?(f(G)) =
f2(Y) (= fI(Y) by the above). Similarly, one can show that f7(Z)(=
f2(Z) by the above) € 04(Q) for Z € O4(P).

We now consider the extension of operators defined on P to C,. Observe
that if f is an operator, then f is order-preserving. The simplifications from
Lemma 6.3.7 therefore apply.

In the case of bounded lattices, f? and f™ are complete operators when
f is an operator. Furthermore, if f is a dual operator, then f? and f” are
complete dual operators [GHO1, Corollary 4.7]. In the next two examples we
illustrate that, for x € {dp, f,d}, fZ need not be a (complete) operator when f
is an operator. Dually, fT need not be a (complete) dual operator when f is a
dual operator. We no longer consider the completion (C,, a;) since it does not

preserve all existing finite meets and joins (Corollary 6.2.13).

Example 6.3.8. Let P’ be the 3-element anti-chain, depicted in Figure 6.6, with
f i+ P — P’ defined by f(1) = 2, f(2) =2 and f(3) = 3. Then, f distributes
over all existing joins since no non-trivial joins exist in P’. However, f7(a.(1)V
() = To # 0u(2) = f2(0u() V f7(n(2)), for + € {f,d}. Therefore, f7
does not distribute over finite joins. See Example A.2.5 in Appendix A.2 for

more details.

We note that C.(P’), * € {f,d}, from Example 6.3.8 is isomorphic to F, (P’)
in Example 4.3.4. Therefore, by the argument in Remark 4.3.5, there is no way
to extend f to an operator on C.(P’). However, f may be extended to an

operator on other completions of P’.
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P’ C*: T*
o o o 1) 3)
.—Dé é o (1 ax(3
N
J_*

Fig. 6.6: f7, * € {f,d}, need not be an operator when f is.

Remark 6.3.9. Let P’ be the poset from Example 6.3.8 with operator f defined
on P'. Then fg, is an operator on Cq,(P"). See Ezample A.2.5 in Appendiz A.2

for more details.

In [GJKOO7, Lemma 6.12] it is claimed that if f is an operator, then fipisa
complete operator. Furthermore, it is also claimed that if f is a dual operator,
then fgp is a complete dual operator. The following example contradicts these

claims.

Example 6.3.10. Let P’ and Q' be the posets depicted in Figure 6.7 and let
f: P — Q' be the map defined by f(a) =a fora=1,...,7. Then [ distributes
over all existing joins. Due to their sizes, diagrams for Cgap(P’) and Cgp(Q’)
are not depicted here.

Now let X; = /\a '({1,2}) and Xy = adp(4). Then X3V Xy = (X3 U
Xo)P 9 ={leZypP):4e€land (1 €1 or2e )} = Fq(P) — {{1},{2}}.
But then adP;( ) € X1V Xz and since fg, is order-preserving, fgp(agzg(?))) <
3, (X1 V Xa). That is, f3,(X1V X2) > o (3) € Kap(Q).

On the other hand, since {1,2} € Fqp(P’), we h(we X, € Kqp(P') and
fdp<X1> o (f() nag, (£(2) = ag (1) Aag (2) = af (8). Also, f5,(X2) =
aQ (4). Then, f3,(X1)V f],(X2) = a (8)Val (4) = {F € F4p(Q) : 8 € F or
4 € F}=<. In particular, {4,7,8} € {F € Fapq) :8 € F or4 € F}*, but
{3} N{4,7,8} = @ and therefore {3} ¢ a?p/(@) \Y oz?p/(é). Thus, a%(&) £
[ (X1) V [3,(X2).

By the denseness of Cay(Q') it then follows that f3,(X1) V f7,(X2) #
fgp(Xl V X5). That is, the extension [, does not distribute over finite joins.

In [Suzl1] a more restrictive notion of distribution over joins was defined. A
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N
|eo
[

P 1 2 3 4 Q' 1

I~

Fig. 6.7: fg, need not be an operator when f is.

map f: P — @ will be called ‘join-preserving’ if it satisfies: for all a;,as € P
and each ¢ € @ satisfying f(a1) < c and f(a2) < ¢, there exists b € P such that
a1 <b,as <band f(b) < c. We note that the map f defined in Example 6.3.10
satisfies this definition of ‘join-preservation’. Hence, f7, need not be an operator
even if f satisfies the more restrictive join-preservation property.

Next we focus our attention on residuated operators. We ask the questions:
Is f7 residuated when f is? If so, can we describe its residual? For x € {dp, f, d},
we will show that if g is f’s residual then f? is residuated when f is and that

gr is its residual.

Lemma 6.3.11. Let f : P — Q be residuated with residual g : Q — P. Let
G € Fip(P) and J € Z3,(Q). Then

F(@)gyNT # 2 = GN{g(Dy, # 2.

Proof. Let ¢ € [f(G)),, N J. Clearly g(c) € (g(J)],,- We show by induction
that g(c) € G. Recall that [f(G)),, = U;en Si where Sy = f(G) and Siy1 =
[{AM:2@# M C/" S, such that /\ M exists}).

If ¢ € Sp then ¢ = f(a) for some a € G. Then, by residuation, f(a) < ¢
implies that a < g(c). Since G € F4,(P), it follows that g(c) € G.

Suppose that d € S; implies that g(d) € G. Let ¢ € Si11, i.e., AM < ¢ for
some M Cf™ S, such that A\ M exists. Then g(A\ M) < g(c). By Lemma 2.5.2
it follows that A g(M) exists and A\ g(M) = g(A\ M). Thus, A g(M) < g(c). By
the inductive hypothesis g(d) € G for every d € M. But G € F4,(P), therefore
A g(M) € G and hence g(c) € G. Then, g(c) € G N (g(J)]y,

The implication in the other direction follows similarly. O

Lemma 6.3.12. Let f : P — @ be residuated with residual g : Q — P. Let
G € F¢(P) and J € Z¢(Q). Then

[f(@) ;N #5 < Gn(g(J)]; # 2.
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Proof. We begin by showing that g(f(M)“)* C g(f(M*))" for any M Cf" G. If
M = o, then g(f(2))" = g(2)" = & = P. Hence, g(f(M))* C g(f(M))".
Now suppose M¢ # @ and let b € M. Then for every a € M, b < a and
therefore f(b) < f(a). Thus, f(b) € f(M)* and f(M*) C f(M)*. But then
g(F(M?)) C g(f(M)") and hence g(F(MY)* C g(f(M))*.

Next we show that g(f(M*))* C G for any M C/" G. Let d € g(f(M*))",
then d > g(f(a)) for every a € M*. By residuation, g(f(a)) > a for every
a € M Then, d > a for every a € M* and d € M*. Hence, g(f(M*))* C
M* C G since G € F¢(P).

Now let ¢ € [f(G)); NJ. Then, g(c) € (g(J)]; is immediate. It remains
to show that g(c) € G. Since ¢ € [f(G));, we know that ¢ € N for some
N CJin f(@). Let M C/" G such that N = f(M). Then ¢ € f(M)™, i.e.,
c > d for every d € f(M)*. But then g(c) > g(d) for every d € f(M)* and
g(c) € g(f(M)*)®. By the claims above it follows that g(c) € g(f(M*))* C G.
That is, g(c) € G N (g(J)];

Similarly we can show that f(g(M)%) C f(g(M*))¢ and f(g(M™))* C J for
any M C7™ J. We can then prove, in a similar way, that f(c) € [flg);nJ
when ¢ € G N (g(J)];. O

Proposition 6.3.13. Let x € {dp, f}. If f : P — Q is residuated with residual
g:Q — P, then f7 : Ci(P) — C.(Q) is residuated and g7 : C.(Q) — C.(P) is
its residual, i.e., for all X € C.(P) and all X' € C.(Q)

X)X <= X < gl (X))

Proof. By the denseness of C,.(P) and C.(Q) wehave X = \/{Y € K.(P): Y <
X} forall X € Co(P) and X' = A{Z € 0.(Q) : Z > X'} for all X' € C.(Q).
Furthermore, since P € F.(P) we have A of (P) = 19® ¢ {Y € K.(P) :
Y < X} for all X € C.(P). Similarly, Q € Z.(Q) implies that \/ a2(Q) =
TSHQ ¢ {Z€0.Q):Z>X'} for all X' € C,(Q). Since f is residuated, it
is order-preserving and by Lemma 6.3.7 (i) so is f7. Therefore, f7(X) < X’
if, and only if, f7(Y) < Z for every Y € K,(P) such that Y < X and every
Z € 0,(Q) such that X’ < Z. Similarly, X < ¢7(X"’) if, and only if, Y < ¢7(Z)
for every Y € K, (P) such that Y < X and every Z € 0.(Q) such that X' < Z.
It is therefore sufficient to prove that f7(Y) < Z if, and only if, Y < g7(Z) for
Y € K.(P) and Z € O.(P).
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Let Y € K.(P) and Z € O,(P). Then there exists G € F.(P) such that
Y = A\ oFP(G) and there exists J € Z,(Q) such that Z = \/ a2(.J). Furthermore,
J2(Y) = MaQ(f(a) - a € PY < aP(a)} and g7(2) = V{aP(g(h)) : b €
Q.Z > al(b)}.

Suppose f7(Y) < Z, i.e., N{aQ(f(a)) :a € P,Y < aP(a)} <V a2(J). By
the internal compactness of C,(Q), the above holds if, and only if, F NI # &
for every F € F,(Q) such that {f(a) : Y C aF(a)} C F and every I € Z.(Q)
such that J C I. That is, if, and only if, [{f(a) : Y C af(a)}) NJ # @. But
Y C o (a) if, and only if, {F € F.(P) : G C F} C{F € F.(P) : a € F} if, and
only if, a € G. Therefore, {a € P:Y C aF(a)} = G and

FFY)<Z = [f(G),NJ+0.

On the other hand, suppose Y < ¢g7(Z), ie.,, AaF(G) < \/{aF(g9(b)) :
be @ Z>a2(b)}. By the internal compactness of C,(P) the above holds
if, and only if, F NI # & for every F' € F.(P) such that G C F and every
I € Z,(P) such that {g(b) : Z 2 a@(b)} C I. In particular, if, and only if,
an <{g(b) .72 a?(b)}L £ @. But Z 2 a2(b) if, and only if, {F € F.(Q) :
be F} C{F € F.(Q): FNJ # @} if, and ouly if, [b) N J # & if, and only if,
be J. Therefore, {be Q: Z 2 a2(b)} = J and

Y <gi(2) <= Gn{g(J)], # 2.

Hence, we need to prove [f(G)), NJ # @ if, and only if, GN (g(J)], # @ to
prove the claim.
Lemmas 6.3.11 and 6.3.12 prove the equivalence for the Doyle-pseudo and

Frink cases, respectively. o

We note that a similar claim was made in [GJKO07, Lemma 6.15] for binary
residuated operators. However, in Example 6.3.30 we provide a counter-example
to that claim.

To prove that f§ has residual g], we use the same argument that was used

in [DGPO05, Proposition 3.6] for a similar claim on binary residuated operators.

Proposition 6.3.14. If f : P — Q is residuated with residual g : Q — P, then
f3 1 Ca(P) — Ca(Q) is residuated and g7 : Ca(Q) — Ca(P) is its residual, i.e.,
for all X € Cq(P) and all X' € C4(Q)

fIX)< X = X <g5(X)).
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Proof. Let X € Cq(P) and X’ € C4(Q).

To prove that fJ(X) < X' < X < ¢7(X') it is sufficient to show that
for Y € K4(P) and Z € 04(Q), f§(Y) < Z < Y < g](Z) by the denseness
of Cy(P) and Cy(Q).

Note that if {Y € K4P) : Y < X} = @, then X = Vo = 15
fexX)=Vo=19"Yand f9(X) < X' < X < g7(X’) is true for all X’ €
C4(Q). Similarly, if {Z € 04(Q) : Z > X'} = @, then X' = A& = T$Q,
g5 (X)) = Ao = TP and f9(X) < X' < X < g7(X’) is true for all
X € Cyq(P).

Suppose {Y € Ky(P): Y < X} #@ and {Z € 04(Q) : Z > X'} # &. Let
Y € K4(P) and Z € O4(Q). Then there exists a filter G € F4(P) such that
Y = A af (G) and there exists an ideal J € Z,4(Q) such that Z = VadQ(J).

Suppose f7(Y) < Z. Now, f7(Y) = /\{adQ(f(a)) ta € PY <d¥(a)} =
/\a?(f(G)). That is, /\a?(f(G)) < \/a?(J). By Lemma 6.3.6, f(G) is
down-directed and therefore, by Corollary 6.2.8, /\a?(f(G)) = /\a?([f(G)).
Then, by Lemma 6.2.9, there exist elements d € [f(G)) and b € J such that
d < b. But f(a) < d for some a € G since d € [f(G)). That is, there exists
an a € G such that f(a) < b. By the residuation we have a < g(b). Hence,
Nag(G) < af(a) < af(g9(b)) < Vaf(g(J)), ie, Y < g7(2).

The implication in the other direction follows similarly. O

6.3.2 n-ary maps

Given an n-ary map f : H?:l P, — @, for n € N, and posets P1,...,P,,, Q, we
would like to define an extension of f from [, C.(P;) to C.(Q). On lattices
the canonical extension commutes with finite products [GHO1]. Therefore, in
the lattice setting the extension of any n-ary map may be viewed as the exten-
sion of a unary map. That is, for f : H?:l L; — L where L;, 1 <7 < mn, and
L are lattices, an extension of f, say f€ : [[_, C(L;) — C(L), can be viewed
as the unary map f€ : C([]/_, L;) — C(L). However, since the construction of
completions of posets described in Section 6.1.1 does not commute with prod-
ucts, see Example 6.2.14, the extension of an n-ary map must be treated as an
n-ary map in the poset setting.

For * € {p,dp, f}, the sets of closed and open elements in [[;, C.(P;) are

defined as follows.

Definition 6.3.15. Let x € {p,dp, f}. An element (Y1,...,Y,) € [, C«(P;)
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is called closed if YV; € K.(P;), for i = 1,...,n. Furthermore, an element
(Z1,...,Zy) € [1i=, C<(P;) is called open if Z; € O.(P;), fori=1,...n.

Let K., O, and KO, denote the sets of closed, open and clopen elements of
[T, C.(P;), respectively. Then, K. =[] Ki(P;) and O, = [, O.(P;).

Recall that the order-embedding 8, : [}, P; = [[;—, C«(P;) is defined by
Be((ar,...,an)) = (P (ay),...,af"(a,)) (see Lemma 6.1.15). Then the pair
(ITi=, C.(P;),B.) is a completion of [;_; P;.

Leta €[], P, X e [T, Cu(Py), Y € K, and Z € O, denote the n-tuples
(a1,...,an), (X1,...,Xn), Y1,...,Y,) and (Z4,...,Z,), respectively, where

a; € Pi, X, € C*(PZ), Y, € K*(PZ) and Z; € O*(PZ) for i = 1,....n.

Proposition 6.3.16. Let x € {p,dp, f}. The completion ([];—, C.(P;), ) is
dense with respect to the sets K, and Oy, i.e., for every X € [T, Cu(P;) we
have that X =\/{Y e K, : Y < X}=A\{Z € 0O, : Z> X}.

The denseness of ([];~; C.(P;), B:) follows directly from the definitions of

K. and O, and the denseness of each (C.(P;),a.), established in Proposi-
tion 6.1.13.

Lemma 6.3.17. Let x € {p,dp, f}. Then, KO, = B, (I1\, P»).

The proof follows from the fact that KO.(P;) = ofi(P) for i = 1,...,n
(see Lemma 6.1.12).
There are now two natural extensions for an n-ary map, as was the case for

unary maps.

Definition 6.3.18. For x € {p,dp, f} and an n-ary map f : [[\, Pi — Q,
define f7 : ], Cu(P;) — Cu(Q) and T : T, Cu(Pi) — C(Q) by: for all
X € H?:l C*(Pi)7
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We note that since [[_; C.(P;) and C. (]}, P;) are isomorphic for bounded
lattices, f¢ = f? and fT = fmif P;, 1 <i < n, and Q are bounded lattices.
Therefore, the definitions of fZ and fI given here are generalizations of the

definitions on lattices.

Lemma 6.3.19. Let x € {p,dp, f}. If f : [[\_, P, = Q, then f7 and fT extend
[, i.e., forae[[i_, P; we have f7 (B.(d)) = aQ(f(@) = f7 (B.(a)).

The proof is similar to the proof of Lemma 6.3.2 where the extension of

unary maps are considered.

Lemma 6.3.20. If f : [[_, P, — Q is order-preserving, then

fI(X) = /\{\/{af?(f(a)) cae [P @ < z} X<Ze 0*}.

The proofs of these simplifications are similar to the proofs of the simplifi-
cations for the unary cases, done in Lemma 6.3.5.

If x is d, then []_; C4(P;) need not be dense with respect to [[\—, Kq(P;)
and [[;", O4(P;), as illustrated in the example below.

Example 6.3.21. Let P’ be the 2-element anti-chain. Then Cg and Cg x Cy4
are depicted in Figure 6.8. The elements from Kq and K4 X K4 are depicted by
@, the elements from Og4 and Og4 x Oq4 are depicted by O and all other elements
are depicted by ®.

Now consider, for example, the element (T g4, Lg). Firstly, (T4, Lq) has no
elements from Kg x Kq below it and can therefore not be expressed as a join of
such elements. Furthermore, (T4, Lq) has no elements from Ogq x Og4 above it

and cannot be expressed as a meet of these elements either.

In [DGPO05] order-preserving n-ary maps are extended in terms of the sets

[T, Ka(P;) and [[;—, O4(P;) in the following two ways:

fix)=\/ {/\ {a?(f(a» e [[PY < ﬂd@} :

Y
~i

S
i=1

1!

X 1 Ea(Ps)
i=1
X =N\ {\/ {ag(f(a)) rd e [[ P Bal@) < Z} X < Ze]]oaP))
i=1 i=1
Then f} and f? are both order-preserving and extend f.
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Cq(P'):

Fig. 6.8: C4 x Cg4 need not be dense w.r.t. K4 X K4 and Og X Oy.

Example 6.3.22. Let P’ = ({1,2}, <) be the 2-element anti-chain from Exam-
ple 6.3.21 with Cyq x C, depicted in Figure 6.8. Define p1 : P’ x P — P’ by
p1(1,1) =1 = p1(1,2) and p1(2,1) = 2 = p1(2,2). Then py is the projection
map on the first coordinate of P’ x P’ and it is order-preserving. However,
neither of the extensions (p1)y or (p1)3 are the projection map on the first co-
ordinate of Cgq x Cq. To see this observe that since there are no elements from
Kax Kg less than or equal to (aq(a), La), we have (p1)h((aa(a), La)) =V @ =
La # aq(a). Furthermore, since there are no elements from O4 x Oq4 greater
than or equal to (aq(a), Tq), we have (p1)2((aala), Ta)) = NG = Ta # aala).

The previous example could be altered slightly to show that the extensions
f4 and f2 of a constant n-ary map f need not be constant. There are therefore
some natural and simple properties that are not preserved by the extensions
considered in [DGPO05]. It would appear that the main reason why the exten-
sions from [DGP05] do not preserve these properties, is the lack of denseness of
[T, Ca(P;) with respect to [, Kq(P;) and []}_, Oa(P;).

Next we define a pair of sets such that [],_; Cq(P;) is dense with respect
to it.

Definition 6.3.23. Define the sets of closed and open elements of [[;—, Ca(P;)

n n

ICd = H(Kd(Pz) U {J_gl}) and Od = H(Od(Pz) U {ng})7

i=1 i=1
where J_gi and Tgi denote the bottom and top elements of C4(P;), respectively.
Let KOy be the set of clopen elements of [[;—; Ca(P;).
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Proposition 6.3.24. The completion ([];_, Ca(P;), Ba4) is dense with respect
to the sets Kq and Oy, i.e., for every X € [T, Ca(P;) we have X =\{Y e
Ka:Y<XY=N{Ze€Oy:Z>X}.

Proof. Clearly \/{}7 €eky:Y < )?} <Xand X < /\{Z €0y: 7> )?}
LetT:{YeICd:?g)?} andTl-:{YGCd(Pi):Y:Yiforsome}_}e
T}y fori=1,...,n. Then VT = (VT1,...,VVT,). Furthermore, let S; =
{Y € Kg(P;) : Y < X;}. Then X = (\V/S1,...,\VSn). Let Y € S, then
(LE v, 1P € T, which implies that Y € T;. Thus, S; C T; and
\/ S; < \/ T;. Therefore, X = (\/ S1,...,\V Sn) < (VT1,...,\VT) =V T.
The proof that X > A{Z € Oy : Z > X} is similar. O

Lemma 6.3.25. In [[!_, Ca(P;), we have KO4 = B4 ([1;—, Pi)-

Proof. By Lemma 6.1.12 we have aq(P;) = KO4(P;) fori = 1,...,n. Therefore
Ba(ITi=, Pi) € KOq.

Let X € KOgq. Fori = 1,...,n, if X; = 1¥" then 15" € 04(P)) or
1B = TR 1 1T € 04(P;), then there exists I € Zy(P;) such that L} =
\aFi(I). But I # @ implies that P; is a singleton and X; € of*(P;). If
J_gi = Tgi = F4(P;) # @, then P; is a singleton and X; € 0457" (P).

In the same way we can show that X; € o, (F;) if X; = poi for some
i1=1,...,n.

If X; # 15 and X; # T5, then X; € KO4(P;) and X; € oy (P;) by
Lemma 6.1.12.

Therefore, X € KOg4 implies that X; € a, ' (P;) for each i =1,...,n. It then
follows that X € Bq([[}~, ;) and KOq C Ba(I]-, Pi). O

Definition 6.3.26. For an order-preserving n-ary map f : [[_; P, — Q, define

the extensions f7 : [[;=, Ca(Pi) — Ca(Q) and f7 : [}, Ca(Pi) — Ca(Q) by,
for all X € T[, Ca(Py),

fix) =\ {/\ {a?(f(a» ae][py< ﬁdw)} X2V e zcd} ,

5 =N\ {\/ {a?(f(a» ca e [] P ala@) < z} X<Ze od} .

Lemma 6.3.27. If f : [[', P, — Q, then f7 and f] exstend f, i.e., for
d € [Ti_y P we have [7 (84(@)) = o2(f(@)) = [T (Ba(@))-
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Using Lemma 6.3.25 we can show the above similarly to the way in which

the analogous claims are proved for the other cases.

Example 6.3.28. Consider the poset P’ and binary map p; : P’ x P/ — P’
from Ezample 6.3.22. Recall that P’ is the 2-element anti-chain and p; the
projection map on the first coordinate of P’ x P'. Then both (p1)7 and (p1)]

are the projection map on the first coordinate of C4 x Cgy.

If each P; is bounded then our extensions of an order-preserving n-ary map
f correspond with the extensions fi and f? defined in [DGP05]. Consider
the following to see why. Let p; : Fa(I]\_; Pi) — P(F;) be defined by, for
Fe Fy(IT-, Pi)

pi(F) = {a € P, : there exists @ € F such that a = a;}.

In [GJP, Proposition 6.13] it was shown that if p;(F) € F4(P;) for all F €
F(IT—; P;), then Fy(I], P;) = [[;-; Fa(P;). Furthermore, as stated ear-
lier, in [GJP, Proposition 6.12] it was shown that if each P; is bounded and
Fa(li-, Pi) = [T, Fa(P;), then Cu(IT7, Pi) = [L,—; Ca(P;). Though not
shown in [GJP], it is an easy exercise to show that p;(F) € F4(P;) for all F €
F(IT—; P;). Hence, if each P;, i = 1,...,n, is bounded, then Kq(I]_, P;) =
[T, Ka(P;) and it follows that fJ = fi and fJ = f3.

We have the following for the extensions of order-preserving n-ary maps.

Lemma 6.3.29. Let * € {p,dp, f,d} and let f : [[_, P, — Q be order-

preserving. Then,
(i) f¢ and fT are order-preserving.
(i) f¢ < fT under the point-wise ordering.

(111) we have the following simplifications:

a) f2(V) = Me2(f(@):ad e [[Ly P, Y < Bu(@)} for all Y € K.
b) [2(X)=V{f7(Y): X >V € K.} for all X € [T1, Cu(Py).
¢) 17(Z) = \V{a(f(@)) : @ € [[}_y Pi, Z > B(@)} for all Z € O..
d) f1(X) = NfI(2): X < Z € 0.} for all

X e[, C.(Py)
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(v) fZ = fF on Ky UO.. Moreover, if * € {p,dp, }, then fZ and fI map
elements in K, to elements in K.(Q); and elements in O, to elements in

0.(Q).

Proof. If x € {p,dp, f}, then the proofs of (i) to (iv) are similar to the proofs of
(i) to (iv) of Lemma 6.3.7. Similarly for (i), (iii) and (iv) if * is d.

Let x be d, then the following proves (ii):

Recall that in a (complete) lattice we have that \/ S < AT if, and only if]
a < bforallaec S andallbeT where S,T C P. To prove that f7 < f7, we
need to show that, for every Y € Kq and every Ze Oy, such that Y<X< Z,

Ned(f@):ae [ P.Y < Ba@)} < \/{aF(f(@) :a e [[ P Z > Ba(@)}
i=1 =1

Let Y € K4 and 7 e Oq4. For i = 1,...,n, we consider the various possi-
ble combinations of Y;’s and Z;’s and construct an element ¢ = (c1,...,¢c2) €
[T, P, such that Y < B4(6) < Z.

o IfY;, = J_Si and Z; = Tgi, let ¢; be any element in P;. Then J_gi <
agi (ci) < Tgi.

o IfY, = J_dPi and Z; € O4(P;), then there exists a J € Zy(P;) such that
Zi =\ abi(J). Let ¢; € J, then 15" <abi(e;) <\ abi(J) = Z;.

o IfY; € Ky(P;) and Z; = Tgi, then there exists a G € F4(P;) such that
Vi = ANahi(G). Let ¢; € G, then Y; = Ao (G) < ofi(c;) < TH.

e If Y; € Ky(P;) and Z; € O4(P;), then there exist G € Fy(P;) and
J € Z;(P;) such that Y; = Ao, (G) and Z; = \Va,;'(J). But then
Nay ' (G) < X; <\ o, (J). By the internal compactness of Cq4(P;) it fol-
lows that GNJ # @. Let ¢; € GNJ, then A a5 (G) < afi(c;) <V obi ().

Then,

=1
< ag(f(@)
<\/{eQ(f@):ae[[P.Z> Ba@)}

and the result follows. O
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If we modify Examples 6.3.8 and 6.3.10 suitably, we can construct coun-
terexamples showing that f7 need not be an operator if f is, for * € {dp, f,d}.

We now focus on binary residuated operators. Let P = <P, §P>, Q =
<Q, §Q> and R = <R, §R>. Let o : P x @ — R be a binary residuated operator
with left residual \ : P x R — @ and right residual / : @ x R — P. Recall
that the dual of the completion of a poset is isomorphic to the completion of
its dual. We can therefore view \ and / as maps on P? x R and Q x R?,
respectively. When viewed in this way, the m-extensions, for x € {f, dp}, of \

and / are described in the following way:

Y\"Z = \{a2(a\b) :a € P,be R Y <aP(a),Z > aR(b)}
for all Y € K.(P) and Z € O.(R).

for all X; € P and X5 € R.

In [GJKOO7, Lemma 6.15] it was claimed that the o-extension, oG, of a
binary residuated operator o with left and right residuals \ and /, respectively,
has left and right residuals \gp and / ap> respectively.  However, if P,Q and
R are posets, then the following example shows that \T need not be the left
residual of o7 for x € {dp, f}. We note that if P and Q are meet-semilattices
and R is a join-semilattice, then the proof of [GJKOO07, Lemma 6.15] proves

that of  has residuals \7, and /7 .

Example 6.3.30. Let « € {dp, f}. Let P’ be the poset depicted in Figure 6.9
and define o,\,/: P’ x P' — P’ as in Table 6.1. Then o is a binary residuated
operator with left and right residuals \ and /.

Observe that F = {1,2,3} € F. and Y = Na.(F) € K.. Furthermore,
I ={4,5,6} €Z, and Z = \Ja.(I) € O,. Then a.(2) Na.(3) =Y > Z =
ax(4) V a.(5).

Now, Y o7Y = a.(6) since 203 =4,302 =5 and 4 A5 = 6. If\T
is the left-residual of o2, then Y < Y\Tw.(6) by the residuation. However,

Y\Ta.(6) =V {a.(1\6), a.(2\6), a. (3\6)} = V{(6), ax(4), 0. (5)} = Z <Y,
which violates the residuation condition in the above. Hence, \T is not the left-
residual of of.

Note that since o7 is a complete operator it must be residuated. See Exam-

ple A.2.6 in Appendix A.2 for more details on the completion.
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P 1 C.(P'): a(l)
o(2) a(3)
2 3
4 5 a(4) a(5)
a(6)
6

Fig. 6.9: \I need not be the left residual of of.

The question of whether or not o7 is residuated when o is, for x € {dp, f,d},
is still open. If one could prove that o7 is always a complete operator when o is
residuated, then it would follow that of is residuated.

In [DGPO05, Proposition 3.6] it was shown that if o is a binary residuated
operator with left and right residuals \ and /, respectively, then o}, has left and
right residuals \3 and / Z, respectively. Recall that if P, Q and R are bounded,
then o7 = o}, \® =\% and /7 = /2. If P, Q and R are not bounded, then o} is

essentially an operator on Cq(P x Q) rather than on C4(P) x Cy4(Q).

6.4 An alternative construction of C,

In [DGPO05] and [Suzl1] an alternative construction of C4 (up to isomorphism)
was described. This construction is a generalization of the construction of the
canonical extension of Boolean algebras with operators described in [GM97].
Here we give a brief description and overview of the construction, but now also
using polarizations different from (Fy, Z;) to illustrate that, up to isomorphism,
the other completions obtained from lattice-consistent polarizations may also
be obtained through this construction.

Throughout this section let P be a fixed poset and F a fixed family of non-
empty up-sets of P that includes all the principal up-sets and such that each
member of F is closed under existing finite meets. Furthermore let Z be a fixed
family of non-empty down-sets of P that includes all principal down-sets and
such that each member of Z is closed under existing finite joins. That is, F

and Z are rich enough in the sense of [GJKOO07] (excluding the empty set) and
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lol=1]201=2]301=3|401=4|501=5|601=6
102=2]202=2]302=5|402=6|502=5|602=6
103=3]203=4|303=3|403=4|503=6|603=6
lod=5]204=6|304=5|404=6|504=6|604=6
lob=4]205=4]305=6|405=6|505=6|605=6
1o6=6]206=6|306=6|406=6|506=6|606=06

N1=1|2\1=1|3\1=1]4\1=1|5\1=1|6\1=1
N2=2|2\2=1|3\2=2|4\2=1|5\2=1|6\2=1
N3=3]|2\3=3|3\3=1|4\3=1|5\3=1|6\3=1
Nd=5|2\4=3|3\4=5|4\4=1|5\4=3|6\4=1
No=4|2\5=4|3\5=2|4\6=2|5\b=1|6\6=1
IN6=6 | 2\6 =4 | 3\6=5 | 4\6=2 | 5\6=3|6\6=1
1/1=1|2/1=2|3/1=3|4/1=4|5/1=5|6/1=6
1/2=112/2=1|3/2=3|4/2=45/2=3|6/2=4
1/3=112/3=23/3=1|4/3=2|5/3=5]|6/3=5
1/4=112/4=1|3/4=1|4/4=2|5/4=1|6/4=2
1/56=1|2/5=1|3/5=1|4/5=1|5/5=3|6/5=3
1/6=1|2/6=1|3/6=1]4/6=1|5/6=1|6/6=1
Tab. 6.1: The definitions of o, \ and /.

Now define a binary relation C on the union FUZ as follows: for all F,G € F

andall I,J €7

(i) F C G if, and only if, F' D G,

(ii) I C Jif, and only if, 7 C J,

(iii) F C I if, and only if, FN 1 # @,

(iv) I C Fif, and only if, for alla € I and all b € F, a < b.

The relation C is a quasi-order on F UZ since it is reflexive and transitive, but

not a partial order since it is not antisymmetric: if ' = [a) and I = (a] for some
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a € P,then FC I and I C F, but F # I. Now define the following equivalence
relation, ~, on FUZ. For F € Fand I € Z we have '~ F, I ~ I and

F~Tif andonlyif, FC I and I C F.

Then ~ identifies the principal filters and ideals generated by the same element,
ie., [a) ~ (a] for all @ € P. For S € FUTZ let [S]~ denote the equivalence class
of S with respect to ~ and let D = {[S]. : S € FUZ}. Let Cp be the binary
relation on D defined by:

[S]~ Cp [T]~ if, and only if, SC T for all S,T € FUZ.

Then Cp, is reflexive, transitive and antisymmetric and D = (D, Cp) is a poset.
The poset D = (D,Cp) is called the intermediate structure or intermediate
level (see for instance [DGPO05, Suzll]). Now let (L(D),:p), with L(D) =
<£(D),\/L(D)/\L(D)>, be the MacNeille completion of D. See Chapter 5 for
more on the MacNeille completion. Recall that the MacNeille completion can
abstractly be defined as the unique (up to isomorphism) completion of D such
that D is doubly dense in it. It should be clear, from the definition of closed
and open elements, that there is a one-to-one correspondence between K U O
and D. Moreover, since K U O is doubly dense in C, it follows that L(D) is
isomorphic to C, the completion obtained from the polarization (F,Z).
Though only dealt with abstractly in the literature, we will now explicitly
define the order-embedding of P into L(D). Define tp : P — D by tp(a) =
[(a]]~ = [[a)]~ for all @ € P. Then tp is one-to-one. Furthermore, recall that
tp : D — L(D) is defined by ¢tp([S]~) = [S]%. Then the composition of tp with
D, i.e., tp - tp, is an order-embedding of P into L(D). For a € P we have

o (tp(a)) = o ([[a)]~) = [[a)]L.

Lemma 6.4.1. Let L(D) be the complete lattice obtained through the construc-
tion described above. Then tp -Lp preserves existing finite joins and meets in P,
i.e., if M, N Cf"™ P such that \ M and \ N ezist in P, then 1p(tp(\/ M)) =
VE®)ip (e (M) and i (16 (AN)) = A i (12 (N).

Proof. (i) Let M Cf™ P be the set M = {ax,...,an} for some n € N. Then,
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fori=1,...,n,

a; < \/]\4:> i) 2 [\/M)
= la:) C [\/ M)
= llaa)l~ Co [V M)]
= [[Van)]_ et

Then, [[V M)]~ € N[[a:)]2. Hence, [V M)]L € M [[ai)], ie.,

L(D)

\/ o (tp (M)) <L) 5 (Lp (\/ M)) )

On the other hand, suppose [S]~ € (., [[a;)]“ for some S € FUL. Then
[S]~ € [[a:)]® fori=1,...,n, ie., [[a;)]~ Cp [S]~ for i =1,...,n.

o If S e F, then S C [a;) for i =1,...,n. Therefore, S C N, [a;) =
[\ M) which implies that [\/ M) C S. Then [[\/ M)]~ Cp [S]~ and

[S]~ € [V M)]L.
o If S € 7, then [a;) NS # @ for ¢ = 1,...,n. Then a; € S for
1 =1,...,n. But by assumption each member of S is closed under

existing joins. Therefore, \/ M € S and [V M) NS # &. Then
[V M)]~ Cp [S]~ and [S]. € [[V M)]L.

Thus we have shown that ";_, [[a;)]% C [[V M)]%, ie.,

D (Lp (\/ M)) <L(D) L{?) 1o (tp (M)).

Hence, tp - tp preserves existing joins.

Let N C/i" P be the set N = {by,...,b,,} for some m € N. Then, for

i=1,....,m
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Then [(AN]]“ € {T € LD) : [(b]]*, € T fori = 1,...,n}. Therefore,
T €LD): [(b]]2 CT fori=1,....,n} C[(AN]%, ie.,

D (Lp (/\ N)) <L(D) L}]\D) 1o (tp (V).

On the other hand, let 7 € £(D) such that [(b]]“ C T fori=1,...,n.
This is equivalent to requiring that |, [(b;]]“, € T. Then (U, [(b:]]“)* C
T =T since T € L(D). By the properties of Galois connection we have
that (N, [(0:]]“4)* C T. Now let S € FUT such that [S]. € (i, [(b:]]“.
Then, [S]. € [(b;]]% for i = 1,...,n. Since [(b;]]*¢ = [(b;]]%. we have that

~

[S]~ Cp [(bs]]~ for i =1,...,n. Then S C (b;] for i =1,...,n.

o If S € F, then SN (h] # @ for i = 1,...,n and it follows that
N Cfin S, Since each member of F is closed under existing meets
we have AN € S. Then [\ N) C S and therefore S C [\ N). Now
[S]~ Ep [[AN)]~ = [(AN]]~ and [S]. € [(A N]]<.

e If SeZ, then S C (b;] for i =1,...,n and therefore S C |J_, (b;] =
(AN]. Then S C (AN] and [S]~ Cp [(AN]]~. Hence, [S]. €
[((ANTZ

We may therefore conclude that (), [(b;]]“ C [(A N]J%.
Finally we have that [(A NI, = [(A N2 € (Upy [(6i]]2)" € T which

~ =

implies that
L(D)

/\ o (tp(N)) <™ 5 (Lp (/\N)) .

6.5 Preservation theorems

Following the methods used in [Jén94] and [GV99] we use approximation terms
to obtain preservation results. In particular, we will give a syntactic description
of terms s and ¢ for which s < ¢ is preserved by the completion. (Recall that
we take universal quantification over such expressions as implicit.)
Throughout this section let * € {dp, f,d}. In the sequel we will identify P
with the sub-poset of C, that P is isomorphic to. That is, we consider P C C,.
From here on we will use the letters a,b or ¢ to denote element of C,; elements

of K, will be denoted by y or y’ and elements of O, will be denoted by z or z’.
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Let (P,{f;:i€ ¥}, <) be an ordered algebra such that each f; is order-
preserving. Then both f7 and f7 are order-preserving and we can take fl-c* to
mean either of the two. Let ¢ be a term in the language {V, A, {f; : i € ¥}}. If
the variables occurring in ¢ are in the sequence ¥ = z1,...,x,, then we denote
this by ¢(%). If @ = ai,...,a, is a sequence of elements of C,, then tC-(a)
denotes the evaluation of ¢ in C, under the assignment x; — a;.

For each term ¢(Z) and @ € C? define
t:(ﬁ):\/{/\{t();z?e Prg< 5§2}:d’237€/€*,&’§2’e (9*},

t:(ﬁ):/\{\/{t():EeP",gjgggz}:a’zgjelc*,agzeo*}.

For each f;, i € ¥, assume that fic* is a fixed extension of f;, either f or

7, on C,.
Definition 6.5.1. A term (%) is called
e o-stable if t+ (@) = t7(a),
e o-expanding if t€+ (@) > t7(a),
e o-contracting if t (@) < t9(a),
e m-stable if t€- (@) = t7(a),
e m-expanding if t€+ (@) > t7(a),
e m-contracting if t€+ (@) < t7(a),
for all @ e C}.

Lemma 6.5.2. If (P, {f; :i € U}, <) satisfies s(¥) < t(Z), then sI(a) C t7(a)
and sT(a@) C t7(d) for all @ € CP.

Proof. Let d € C}, y € Ky and 27 € O, such that y < a < 2. If b € P" such that
7<b<Z then s(b) < t(b) since (P,{f; : i € W}, <) satisfies s(Z) < ¢(&). Then,

/\{s(ﬂ):ge P j<b< 5} g/\{t(ﬂ):ge P j<b< 5}

and
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Corollary 6.5.3. If s is a o-contracting term and t is a o-expanding term, or
s 48 a m-contracting term and t is a m-expanding term, then s < t is preserved

by the completion.

Proof. Suppose (P, {f;:i € ¥, <}) satisfies s < t, where s is a o-contracting
term and ¢ is a o-expanding term. Then by Lemma 6.5.2, s©+(@) < s7(a@) <
t7(@) < t©+(@). The proof is similar if s is m-contracting and ¢ is 7-expanding.

O

We note that if s is o-stable, then s is o-contracting and if ¢ is o-stable, then
t is o-expanding. Thus, if s is o-stable and ¢ is o-stable, then s < ¢ is preserved
by the completion. Similarly, if s is w-stable and ¢ is m-stable, then s < ¢ is

preserved by the completion.

Lemma 6.5.4. Let s; and sy be o-contracting terms, i.e., s°* (@) < (s1)7(a)
and s$* (@) < (s2)2(@) and for all @ € CI. Let t(E) = s1(Z) V so(&). Then t is

a o-contracting term.

Proof. Let @ € C}. Then,

7. If b € P" such that § < b < Z, then

s2(b). Therefore,

Let y € K and Z € O such that § < a

51(b) < s1(b) V s2(b) and s2(b) < s1(b)

< IN

and
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Then,
N{s1(0):be PP G<b<zv N\{sa(b):be P"j<b< 7}
</\{81(_') Vsa(b):be P j<b< )
so tC (&) < tZ(a@). Hence, t is o-contracting. O

Lemma 6.5.5. Let s1 and sy be m-expanding terms, i.e., slc*(ﬁ) > (s1)7(a)
and sS$*(@) > (s2)7(@) for all @ € C. Let t(Z) = s1(Z) A s2(Z). Then t is a

m-expanding term.

The proof follows the dual argument to that used in the proof of Lemma 6.5.4.

We now consider terms involving additional operations. By Lemmas 6.3.7
and 6.3.29 we have that fZ < fI under the point-wise ordering if f is order-
preserving. If every operation occurring in a term ¢ is order-preserving, then
the term (function) ¢ is order-preserving. Moreover, t7 < t7. Let f: P — P
be a residuated operator with residual g : P — P. Then f¢ and g form a
residuated pair on C, by Lemmas 6.3.13 and 6.3.14. For the remainder of this
section we consider only terms from the language {V, A, f, g} and assume that
fC+ is the extension f¢ of f; while g€+ will be the extension g7 of g. Then all
terms under consideration from now on are order-preserving. Furthermore, by

Lemma 6.3.7, we have the following simplification of our approximations:
(@) =\ {\{t®) :7<bepr} a>jer.}
17(@) = /\{\/{t(*) Z>be P"} i<ze 0*}.

Now suppose a term t is o-contracting, i.e., t<+(@) < t7(a) for all @ € CI.
Then t7(a@) < t7(@) for all @ € C} and t is m-contracting. On the other hand,
suppose t is m-expanding, i.e., t€* (@) > t7(@). Then t7(@) > t7(d) for all @ € C?
and ¢ is o-expanding.

By definition f(z) is o-stable and therefore also m-contracting. Similarly,
g(x) is m-stable and therefore also o-expanding.

We will call a term t(Z) totally defined if ¢(a@) is defined in P, i.e., t(a@) exists
and t(d@) € P, for all @ € P™. We note that since not all finite joins and meets

exist in P, only {f, g}-terms will be totally defined terms.

Lemma 6.5.6. Let s be a totally defined o-contracting term, i.e., sC(a@) <
s7(a@) for all @ € CI'. Let t(Z) = f(s(¥)). Then t is a o-contracting term.
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Proof. Let @ € C”. Then,
tC*(@')
=f7 (s (a))
<f7(s2(a))
=17 (V{AG@:ceprj<a azjek.})
=V {r(ANs@:ceprg<a)azyek.]

where the final equality follows from the fact that fZ is residuated on C, and
therefore a complete operator.
Let i € K, such that ¥ < @. Then,

17 (N {s(@) e P <)
:\/{/\{f(b);bep,y'gb};/\{s(a;ae P < E}zy’eK*}.

Let ¢’ € K, such that y' < A{s(é) : ¢ € P, ¢ < &}. Then, y < s(é) for all
¢ € P™ such that ¢ < & But s(¢) € P, since s is a totally defined term. Then,

{f(0):be Py <b} D{f(s(¢)):cc P",§<c}
= A/ :be Py <b) < N{f(s(8) : € P",j< &)
By the above we have that
V{AU® :be Py <t} Ns@:ce P j<e) >y € K.
<N\{f(s(@):c¢ePrj<aé}.

Therefore,
9@ <\ { \F(s(@): ce Prj< & razjek.|
=t7(a)
Hence, t is o-contracting. O

Lemma 6.5.7. Let s be a totally defined m-expanding term, i.e., s€+(@) > s7(a)

for all @ € C. Let t(Z) = g(s(Z)). Then t is a w-expanding term.

The proof is similar to the proof of Lemma 6.5.6, but makes use of the fact
that g7 is a complete dual operator on C..

We summarize the above results in the following theorem.
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Theorem 6.5.8. An inequality s < t is preserved by the completion (C.,ax),
where C,, = <C*, VE, AC, ff,gf>, if s is any term built up from variables using

V and f; and t is any term built up from variables using A\ and g.



7. PRIME FILTER COMPLETION

A number of representation theorems for (completely) distributive (complete)
lattices can be found in the literature. In [Ran52, Theorem 1] it was shown that
a lattice is completely distributive if, and only if, it is a complete homomorphic
image of a complete ring of sets. A year later, in [Ran53, Theorem A] the
same author showed that every completely distributive complete lattice can be
embedded isomorphically into the direct union of a family of complete chains.

Another seven years later he improved the proof of the above representation
result in [Ran60, Theorem 7], greatly reducing the number of chains required
in the representation, by making use of the following notions. Let L = (L, V, A)
be a complete lattice with associated ordering relation <. An ordered pair of
elements (a,b) of L is called a blanket if, and only if, for every ¢ € L, either
¢ > aorc<b If in addition, ag € L such that ag > a implies that (ag,b) is
not a blanket and by € L such that by < b implies that (a, bg) is not a blanket,
then (a,b) is called a minimaz blanket. Finally, a blanket (a,b) separates the
elements ¢, d € L if, and only if, ¢ > a and d < b.

A combination of [Ran60, Theorems 5, 6 and 7] then gives the following
representation result. A complete lattice L = (L,V, A) can be embedded iso-
morphically into the direct union of a family of complete chains if, and only if,
for any ¢,d € L with ¢ £ d, there exists a minimax blanket that separates ¢ and
d. The embedding preserves all meets and joins existing in L.

The representation results above are all closely related to Priestley’s repre-
sentation theorem for bounded distributive lattices [Pri70]. A topology 7 on
a set P is a family of subsets of P that contains P and @ and that is closed
under arbitrary unions and finite intersections. Let L = (L, V, A) be a bounded
distributive lattice and let S, ={I € (L) :a ¢ I} and B = {S,N(F(L)—S) :
a,b € L}. Define & by: U € J if, and only if, U is a union of members of 5.
Then 7 is a topology on .# (L) and (.# (L), C, 7) is called the dual space of L or
the prime ideal space of L. The sets S,, for a € L, then form the clopen down-
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sets of .#(L). Priestley’s representation theorem now states: If L = (L, V, A)
is a bounded distributive lattice, then the map a — S, is an isomorphism of L
onto the lattice of clopen down-sets of the dual space (#(L),C,.7) of L. The
above representation theorem relied on the following being satisfied by the dual
space of a bounded distributive lattice: For any points z,y € P, if # £ y, then
there exists a clopen upset U of P such that « € U and y ¢ U. This is known
as Priestley’s separation axiom and is clearly closely related to the notion of
separation by a blanket.

In [Jan78] the combined representation result from [Ran60], as stated above,
was generalised for the poset setting. We summarize the results from [Jan78] in
Section 7.1 and then give a similar result, but with a much simpler construction.
We then investigate a possible connection between this construction and the
construction of a complete lattice obtained from a polarization, as studied in
Chapter 6. Finally we consider possible extensions of maps to the completely
distributive complete lattice obtained through the construction.

The work done in this chapter is part of an on-going collaboration with Prof.
Clint van Alten [MvAc].

7.1 The construction

The reader is referred to Chapter 4 for the definitions of pseudo and Doyle-
pseudo filters (Definitions 4.1.1 and 4.1.2, respectively), complete Doyle-pseudo
filters (Definition 4.1.7) and (complete) prime pseudo and Doyle-pseudo filters
(Definition 4.2.13).

Firstly, we summarise the results from [Jan78] wherein the authors proved
a sub-direct representation of certain posets.

Let P = (P, <) be a poset. A pair (F,I), with FF € F°® and I € 7°%, is
called a blanket if, and only if, FUI = P. If 2,y € P such that = £ y, then a
blanket (F,I) is said to separate x and y if, and only if, x € F and y € I.

Define the relations Rr C F% x FedP and Ry C I x Tedp by

(F,G)€ERr < FN(P-Gl, =9

and

(I,J)e Ry < [P—-1I)
A subset S of F is said to be a Rr-chain if, and only if, for all F,G € S we
have that (F,G) € Rg, F = G or (G, F) € Rx. Furthermore, a Rx-chain, S,

capNJ = 2.
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will be called weakly dense if, and only if, whenever F,G € S and (F,G) € Ry,
there exists F’ € S such that (F,F’) € Rr and (F',G) € Rr. Rz-chains and
weakly dense Rz-chains in 7 are defined similarly.

A filter F € F% will be called accessible if, and only if, it is either prime
or there exists a weakly dense Rr-chain S in F such that F' ¢ S, but F =) S.
An ideal I € Z°% will be called accessible if, and only if, it is either prime or
there exists a weakly dense Rz-chain T in Z such that I ¢ T, but I = (7.
Finally a blanket (F,I) will be called an accessible blanket if, and only if, both
F and I are accessible.

Then we have the following representation result.

Theorem 7.1.1 ([Jan78]). A poset P can be embedded isomorphically into the
direct union of a family of complete chains if, and only if, for any a,b € P with
a £ b there exists an accessible blanket which separates a and b. The embedding

preserves all meets and joins existing in P.

The construction of the direct union of a family of complete chains in the
above is fairly involved and rather cumbersome to work with. We propose
weakening the condition required of P and embedding P into a completely
distributive complete lattice instead. Since the variety of distributive lattices is
generated by the 2-element chain, nothing is really sacrificed.

For x € {p, dp}, recall that .#* and .#* denote the families of prime x-filters
and prime *-ideals of P, respectively (see Definition 4.2.13). In the sequel we

will be interested in posets that satisfy one of the following:

For any z,y € P, if £ y, then there
exists F € #9%(P) such that z € F, but y ¢ F. (7.1)

For any z,y € P, if £ y, then there
exists F' € .#P(P) such that € F, but y ¢ F. (7.2)

By the definition of prime filters it then follows that y € P — F € #* for
x € {p,dp}. All distributive lattices satisfy the above.

Theorem 7.1.2. A poset P can be embedded into a completely distributive com-

plete lattice such that all existing finite (respectively, binary) meets and joins
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in P are preserved by the embedding if, and only if, P satisfies (7.1) (respec-
tively, (7.2)).

Proof. We prove the claim for the case where P satisfies (7.1). The proof of the
case where P satisfies (7.2) is similar.

Let L = (L, V,A) be a completely distributive complete lattice and let £ be
an order-embedding of P into L such that £ preserves all existing finite meets
and joins in P. Let a,b € P such that a £ b. Then &£(a) £ £(b) since £ is an
order-embedding. Since L is distributive, it follows that there exists a prime
filter F' € # (L) such that (a) € F, but £(b) ¢ F. Let G ={ce P:&(c) € F}.
Then a € G, but b ¢ G. Moreover, G € ZP4P): Let ¢; € G and ¢y € P
such that ¢; < ¢3. Then &(c1) < &(c2) and &(c1) € F. Since F is an up-
set we have £(cp) € F and consequently ¢co € G. Hence, G is an up-set in
P. Next let M C/i" G such that A M exists in P. Then &(M) C/™ F and
NE(M) € F. Since £ preserves all existing finite meets in P, we have that
NEM) =E(AM) € F. Therefore, A M € G and we conclude that G is closed
under existing finite meets. Finally, suppose N C/™ P such that \/ N exists
and \/ N € G. Then £&(\/ N) € F, ie.,, \V§(N) € F since & preserves existing
finite joins. But F' € % (L) implies that F N&(N) # @. Let ¢ € N such that
&(e) € FNE(N). Then ¢ € G by definition and GNN # @. Hence, G € Z%(P).

Now suppose P satisfies (7.1). To prove the backward implication we con-
struct a completely distributive complete lattice into which P can be embedded
and we describe the embedding.

Let £qp = {U € P(F%): U is an up-set in (F%,C)}. We note that since
@ and ZP are up-sets in <9 dp. §>, it follows that £z, # @. Then we will
show that Eq, = (Egp, U, N) is a completely distributive complete lattice where
C is the associated lattice order <E. Let 7 C Eap. Then YT = {F € Fav .
FeUforsomeU € T}. Let F € JT and G € #% such that F C G. Then
F € U for some U € T. Since U is an up-set in <9dp,§>, it follows that
G € U. Hence, G € JT and JT is an up-set in (#%, C). Next we consider
NT ={F €% :U €T implies F € U}. Let I € T and G’ € F% such
that F/ € G’. Then F’ € U for all U € T. But each U € T is an up-set in
(%, C). Therefore, G’ € U for all U € T and hence G’ € (7. Thus, T
is an up-set in <35 dp. g). This proves that Eg, is a complete lattice. It is well

known that any complete lattice of sets is completely distributive [DP02].
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Now define &g : P — &g as follows: for a € P
bapla) ={F e F¥® .aqc F}.

Then &g, is an order-embedding of P into Eg, that preserves the finite meets
and join that exist in P: Let a,b € P. If a < b, then a € F € .Z% implies that
b € F since F is an up-set. Hence &gp(a) C &ap(b). If a £ b, then by assumption
there exists F' € #9 such that a € F’, but b ¢ F’. Then F’ € &4,(a) but

F" ¢ &4p(b). Therefore, Egp(a) € Eap (D).
Next let M C/% P such that A\ M exists in P. Then,

& (\NM) ={Fez¥: \MeF}
={FeF® . MCF}

= ({FeF?: acF}
acM

ﬂgdp(M)v

where the second equality follows from the closure of Doyle-pseudo filters under
existing finite meets. Now let N C/% P such that \/ N exists in P. Then,

Eap (\/N) :{Feﬂ‘d”:\/NeF}
={FecZ% .NNF + 2}

=J{FeF? . acrF}
a€EN

= Ugdp(N)v

where the second equality follows from the fact that the filters are prime.
Thus, (Egp,&ap) is a completion of P. O

In the sequel let (E.(P),£P), x € {dp, p}, denote the completion of a poset

P constructed as in the proof of Theorem 7.1.2. If P is understood we write

(E*,é*)

Example 7.1.3. Let P’ be the poset depicted in Figure 7.1. Then, P’ satisfies
(7.1) and (7.2). By Theorem 7.1.2 it follows that P’ can be embedded into the
completely distributive complete lattice E, also depicted in Figure 7.1. The
image of P under &, is shaded in the depiction of E,.

One may wonder whether or not one of the smaller families of up-sets of

a poset P would suffice. For example, would a poset P be embeddable into a
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completely distributive complete lattice if, and only if, for any x,y € P there
exists a prime Frink filter, F € 7, such that x € F, buty ¢ F? The answer to
this question is no. The poset P’ considered in this example is clearly embeddable
into a completely distributive complete lattice, but, for example, there does not
exist a prime Frink filter F such that 2 € F, but 3 ¢ F.

For the full details, see Example A.3.1 in Appendiz A.S3.

P’ E.:
1 Fr=&(1)

LB~

Fig. 7.1: The poset P’ and the complete lattice E,, for x € {d, dp}.

7.2 Relation to the canonical extension

If we assume the axiom of choice, then we have the following result (see for
instance [DP02, Theorem 10.18]).

Theorem 7.2.1. Let L = (L,V,A) be a distributive lattice, FF € F(L) and
I € Z(L) such that FNI = &, then there exist G € F (L) and J = L—-G € (L)
such that F C G and I C J.

Recall that if L is a bounded lattice, then the families of pseudo and Doyle-
pseudo filters and ideals correspond with the families of filters and ideals of L.
We will therefore drop the subscript “.” when we refer to the completion (E, &)

of L. Moreover, (7.1) now becomes:

For any =,y € L, if £ y, then there
exists F' € % (L) such that € F, but y ¢ F. (7.3)

It is well known that a lattice L is distributive if, and only if, it satisfies (7.3).
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It is also known that if L is a bounded distributive lattice, then E is (iso-
morphic to) the canonical extension of L [GJ94]. We now give an explicit

correspondence between E and C, as described in Chapter 6.

Lemma 7.2.2. Let L be a bounded distributive lattice. Let E be the com-
pletely distributive complete lattice obtained through the construction described

in Section 7.1 and let C be the complete lattice obtained from the polarization
(F(L),Z(L)), as described in Chapter 6.1.1. Define n:C — & by, for X € C

n(X)=XnZ(L)
Then n is a lattice isomorphism between C and E that fizes L.

Proof. (i) n is one-to-one: Let X1, Xs € C such that n(X;) = n(X2), ie.,
XiNZ(L) = Xon Z(L). Let F € X7 and suppose F ¢ Xy = XZ<.
Then there exists I € X7 such that F NI = @. By Theorem 7.2.1,
there exists G € % (L) such that FF C G and GNI = &. Therefore,
G ¢ X5 = X,. But, since X; is an up-set in F and F' C G, we have that
G € X;. This contradicts our assumption that 7(X;) = n(Xz). Thus,
F € X5 and X; C X5. Similarly, we can show that Xo C X;. Hence,
X1 = Xo.

(ii) n is onto: Let U € £. We will show that n(U><) = U. It follows from
the properties of Galois connections that U>< € C. Since U C U”< and
U C %#(L), the inclusion U C U< N Z#(L) is immediate. To prove the
inclusion in the other direction, let F € U< N.#(L). Then FNI # &
forall T € U®. Now J =L —F € #(L), since F € # (L), and FNJ = @.
Therefore, J ¢ U®. This implies that there exists G € U such that
GNJ=@. Then GC L—J=F and F € U, since U is an up-set of
prime filters. Hence, U< N.%#(L) C U.
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(ili) n distributes over meets and joins: Let X; € C for i € ¥. Then,

(Ax) ()

(ﬂ XZ-) Nn.Z (L)

S\

= N (X:inZ (L)

S\

Il
D)
=
™

I
=
=
=

Furthermore, recall that \/ZCQI, Xi = (U;cy Xi)®= which equals ((),cq X;)°
by Lemma 2.6.3. Let F € n(\ieq Xi) = (Njey XF)< N F(L). This is
the case if, and only if, FN I # & for all I € ;.4 X[
J ¢ Nicw X7 for J =L —F € (L) (since F is prime). Moreover,
Jé¢ (X2

i€l
J ¢ X7 for some j € ¥

if, and only if,

there exists G; € X; such that G; NJ = @ for some j € ¥
there exists G; € X; such that G; C F' for some j € ¥
F € X, for some j € ¥

F e n(X;) for some j € ¥
E

Fe [ JnX) =\ n(X.).

iEw S
c E
Hence, (Vo Xi) = Vicw 1(Xs).

(iv) n fixes L: Let a € L. Then,

P 111717

n(a(a) = n({F € F:a € F})
={FeF:acF}nZF(L)
={FeZ%(L):acF}
= ¢(a).
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Implicit from the above is that the map ¢ : £ — C defined by ¢(U) = U*<,
for U € &, is the inverse of 1 and therefore a lattice isomorphism from E to C
that fixes L.

Consider the proof of Lemma 7.2.2. The fact that L is distributive is only
called upon when we prove that 7, the isomorphism between C and E, is one-
to-one, since we appeal to Theorem 7.2.1. One may now wonder whether or not
there exists a larger class of posets for which the completions discussed in this
chapter correspond to the completions studied in Chapter 6. We will show that
this is indeed the case and give a characterization of a larger class of posets for
which Eg, and Cy, are isomorphic.

We begin by recalling a result obtained in [Tun74].

Following [Tun74] a polarization (F,Z) of a poset P is called normal if,
whenever F' € F and I € 7 such that F NI = &, then there exist G € F and
J € T such that GNI =@ = FFNJ and GUJ = P. Then we have the following

result.

Theorem 7.2.3. [Tun?7/, Theorem 3] The completion C obtained from a po-
larization (F,T) of a poset P is completely distributive if, and only if, (F,I) is

a normal polarization of P.

Observe that a normal polarization does not require that the larger sets G
and J be disjoint. Let P be a poset for which (Fy,(P), Zgp(P)) form a normal
polarization. Define nap : Cap — Eap by 1ap(X) = X N F%(P). To prove that

7Ndp is one-to-one for a poset, we need the following stronger condition:

If F € Fgp(P) and I € Zg,(P) such that F'N I = &, then there exist
Ge Z%P)and J=L— G € F%(P) such that F C G and I C J. (7.4)

We will now show that if (Fy,(P),Z4p(P)) is a normal polarization for a
poset P, then P satisfies (7.4).

Lemma 7.2.4. Let P be a poset, F € Fg,(P) and I € Zy,(P). Then FNI = &
if, and only if, [a(F)) N {a(l)] = @.

Proof. Let F € Fgp(P) and I € Zg(P). Observe that [a(F)) = [Aa(F))
and (a(I)] = (V a(I)]. Then, [a(F)) N {a(l)] # @ if, and only if, [\ a(F)) N
(\ a(I)] # @. This is the case if, and only if, A a(F) < \/ a(I) if, and only if,
F NI # @ by the internal compactness of Cgj,. O
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Corollary 7.2.5. If Cy, of a poset P is distributive and F € Fg,(P) and
I € Z;,(P) such that F NI = &, then there exist G € F(Cgyp) and J =
Cip — G € F(Cqyp) such that o(F) C G and a(I) C J.

This is a direct consequence of Theorem 7.2.1 and Lemma 7.2.4.
Lemma 7.2.6. Let G € . (Cay) of a poset P. Then o~ (GNa(P)) € Z%(P).

Proof. We first show that a~1(G N a(P)) € F¥(P). Clearly a=1(G N a(P)) is
an up-set in P, since G is an up-set and o and a~! are order-preserving. Let
M Cfm o= (G N a(P)) such that A\ M exists in P. Then, since a preserves

finite meets that exist in P,
M clin a_l(G Na(P))
= a(M) /™ G na(P)
= Na(M)eG
=« (/\ M) €eq
=« (/\M) € Gna(P)
= /\M €a Y (Gna(P)).
Therefore, a~1(G N a(P)) is closed under finite meets that exist in P. Hence,
a Y G Na(P)) € Fap(P).
Now let N C/™ P — a=1(G N a(P)) such that \/ N exists in P. Suppose
\V N € a=1(GNa(P)). Then, since o preserves finite joins that exist in P and
since G is prime,
\/ N ea(Gna(P))
=« (\/N) e GNa(P)
= \/a(N) e GNa(P)
=GNa(N)#o
= Nna '(Gna(P)) # 2,

which contradicts our choice of N. Thus, \/ N ¢ o~ (G N «(P)) and therefore
P —a Y (GNa(P)) € Zyy(P). But then, a (G Na(P)) € FP(P). O

Combining Corollary 7.2.5 and Lemma 7.2.6 now gives the following.
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Corollary 7.2.7. If Cqp, of a poset P is distributive, then P satisfies (7.4).

If we now combine Corollary 7.2.7 with the backward implication of Theo-

rem 7.2.3, we get the following result.

Corollary 7.2.8. If P is poset such that (Fap(P),Zap(P)) is a normal polar-
ization, then P satisfies (7.4).

We also have the following.
Lemma 7.2.9. If a poset P satisfies (7.4), then P satisfies (7.1).

Proof. Let P be a poset that satisfies (7.4) and let a,b € P such that a £ b.
Then [a) € Fap(P), (b] € Zgp(P) and [a) N (b] = @. By assumption there exist
G e F%?[P)and J =P — G € %(P) such that [a) C G and (b] C J. Then,
a€G,but b ¢ G. O

A consequence of the above is that if (Fgp(P),Zap(P)) is a normal polariza-
tion of a poset P, then we can embed P into a completely distributive complete
lattice, Egp, constructed as in the proof of Theorem 7.1.2. Furthermore, recall
from our earlier discussion that the only part of the proof of Lemma 7.2.2 that
would not hold for all posets satisfying (7.1), is the proof that 7 is one-to-one.
It should be clear that if a poset P satisfies (7.4) (the poset analogue of the
property described in Theorem 7.2.1), then the map ng, will be one-to-one.

Therefore, we have the following result.

Corollary 7.2.10. Let P be a poset such that (Fap(P),Zap(P)) is a normal
polarization. Let Egqp, be the completely distributive complete lattice obtained
through the construction described in Section 7.1 and let Cgqp, be the complete
lattice obtained from the polarization (Fap(P),Zap(P)), as described in Chap-
ter 6.1.1. Let ngp : Cap — Eap be defined by, for X € Cqp,

nap(X) = X N.F?(P).
Then ngp is a lattice isomorphism between Cgp and Egqp, that fizes P.

Remark 7.2.11. Recall the following result for lattices. Let L be a lattice.

Then the following are equivalent:

(i) L is distributive.
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(i1) Given J € Z(L) and G € F(L) such that JNG = @, there exist I € (L)
and F =L —1 € Z(L) such that J C I and G C F.

(iii) Given a,b € L with a £ b, there exists F € F (L) such that a € F, but
b¢ F.

One may now wonder whether or not an analogous claim would be true in the
poset setting. By Lemma 7.2.9 we have that (ii) implies (i) for posets. How-

ever, the question of whether or not the other implications hold is still open.

7.3 Extension of maps

For the remainder of this section let * € {p,dp} and let P = (P,<F) and
Q= <Q, §Q> be fixed posets that satisfy (7.1) if % is dp and (7.2) if « is p.
Furthermore, let (E, (P),£P) and (E,(Q),£8) be the completions of P and Q
obtained through the construction described in Section 7.1.

We will treat order-preserving and order-reversing maps separately.

Lemma 7.3.1. If U € E,.(P), then U is an up-set in P. In particular, if
U =¢P(a), then U = [a).

Dually, if T is an up-set of ideals, then (Y is a down-set in P. In particular,
(Ie€ 9*(P):ael}=/d

Proof. Let b € (U and ¢ € P such that b < c¢. Then b € F for all F € U. But
each F' € U is an up-set in P. Hence, ¢ € F for all FF € U and consequently
ce€(U. Thus, MU is an up-set in P.

Suppose U = &, (a) for some a € U. Clearly [a) C (U. If b € P such that
a £ b, then, by assumption, there exists F' € .#*(P) such that a € F, but b ¢ F.
Then F € €.(a) = U and b ¢ (\U. Therefore, U = [a).

The proof of the second claim is similar. O

Lemma 7.3.2. Let f : P — Q be an order-preserving map. Then fE= :
E(P) = £.(Q) defined by, for U € E.(P),

FE(U) = {F c7*Q): f (ﬂU) c F}

is order-preserving and extends f, i.c., for all a € P we have fE-(¢F(a)) =

£3(f(a)).
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Proof. Let U,V € £,(P) such that U C V and F € fB+(U). Then,
UgVandf(ﬂU) CF
= U2V
< 1) (Y
éf(mV) CF
= F ¢ fB(V).

Hence, fB+(U) C fE«(V) and we conclude that f¥« is order-preserving.

Now let @ € P and let F € fE<(¢P(a)). Since a € NE&F(a), we have
that f(a) € F and F € £2(f(a)). Hence, fB=(cP(a)) C €2(f(a)). Next let
G € €2(f(a)) and let b € NP (a). By Lemma 7.3.1, b > a, and since f is
order-preserving, it follows that f(b) > f(a). Then f(b) € G, since G is an
up-set and f(a) € G. Therefore, f(N¢F(a)) € G and G € fE(¢P(a)). Thus,

€2(f(a)) C B (eP(a)). O

Lemma 7.3.3. Let h: P — Q be an order-reversing map. Then h® : £,(P) —
E.(Q) defined by, for U € E.(P),

hE*(U)z{Fey*(Q);h(ﬂ{Ief U ¢ (@P- I})gF}
is order-reversing and extends h, i.c., for all a € P we have hB(€P(a)) =
¢} (h(a)).
Proof. Let U,V € £,(P) such that U C V. Then,

AvecNvu
- UgPE- J)forallje{lef Nvew-n
= Je{les @)U L P-D)}

forauJe{Ief* Nvew-n

= {res @) :\ve@-nhc{res®:NverE-n
= N{res®:Nvewr-nloN{res®:Nv¢E-n}
=n(N{res@®:Nvew-n})

Sn(N{res @ :Nug@E-n}).
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Let F' € h¥<(V). Then, h({I € #*(P): NV € P—1I}) C F implies that
h(N{I€#*P):NUZ P—1}) C F and therefore, ' € h¥<(U). Hence,
hE« (V) C hE«(U) and we may conclude that hE+ is order-reversing.

Let @ € P. Then ¢F(a) = [a) by Lemma 7.3.1. Now,

Je{le 7*(P):]a) £ P—1} < there exists b € P such that
b>aand beJ
— acJ

— Je{le 5*(P):acl}.

That is, {I € #*(P) : N&F(a) ¢ P—1I} = {I € #*(P) : a € I}. Then,
by Lemma 7.3.1, it now follows that (\{I € #*(P) : N¢F(a) ¢ P -1} =
N{I € #*(P):a € I} = (a]. Then h¥ (¢ (a)) = {F € #*(Q) : h((a]) C F}.
Let ¢ € (a]. Then, ¢ < a implies h(a) < h(c), since h is order-reversing.
Consequently, h(a) € F € Z*(Q) if, and only if, h((a]) C F since F is an
up-set. Hence, hB+ (€P(a)) = {F € .Z*(Q) : h(a) € F} = £2(h(a)). O

In the following example we show that fE+ need not be an operator when f

is one. Similarly, h¥* need not be a dual operator when A is one.

Example 7.3.4. Let P’ be the poset depicted in Figure 7.2. Note that no non-
trivial joins or meets exist in P'. Let f : P’ — P’ be the identity map. Then
f is an operator on P'. However, the extension fE= of f to E, (also depicted
in Figure 7.2 with &.(P’) shaded) is not an operator on E.. In particular,
PP (6.(3) UL (1)) £ 1B (6.(3) U FP- (€.(4).

Now let h : P — P’ be the unary operation defined by h(1) = 3, h(2) = 4,
h(3) = 1 and h(4) = 2. Then h is order-reversing and a dual operator on
P’. However, the extension hE- of h to E, is not a dual operator on E,. In
particular, h®+(£.(3) N & (4)) # W™ (£.(3)) N AP (£.(4)).

For more details the reader may consult Example A.3.2 in Appendiz A.S3.

Lemma 7.3.5. Let f: P — P be order-preserving.

(i) If f is increasing, then f¥« is increasing.

(ii) If f is such that f(f(z)) < f(x) for allz € P, the fB(fE~(U)) C fB+(U)
for allU € &,.
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P E.:

F*

RE- (€.(3) N &.(4))

€«(1) £+(2)

3 4 B (€4(3)) N AP (84 (4)) FE (6 (3) U & (4))
FE(64(3) U fB+ (£4(4))

£(3) £«(4)

LE.

Fig. 7.2: Extensions of (dual) operators need not be (dual) operators.

Proof. (i) Suppose f(xz) > x for all x € P. Let U € & and F € U. If
a € (U, then f(a) > a and since (U is an upset (by Lemma 7.3.1) we
have f(a) € U. Therefore, f(NU) C (U C F. Then F € fE«(U) and
hence U C fE-(U).

(ii) Suppose f(f(z)) < f(x) for all x € P. Let U € &,. Then, by defini-
tion, f(NU) C F for all F € fB(U). Thus, f(NU) € (N fB(U) and
FUHND)) € F(NFE(U)). Let F € fB(f5-(U)). Then,

r(NEw)cr
“s(r(w)) e
:>f(ﬂU) CF
= F e [ (U),

where the second implication follows from our assumption and the fact

that F is an up-set. Hence, fE(fE«(U)) C B (V).
O

Finally, we can also define extensions of n-ary maps. Let Py,...,P, and

Q be posets, for some n € N. Let f: [, P, = @ be an n-ary map that is
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order-preserving in each coordinate. Define fE« : [T, (£.(P;)) — £.(Q) by,
for U; € £.(Py), i =1,...,n,

[ (U, Un) = {F e 7(Q): £ (U1, U) S F.

The proofs that fE+ extends f and is order-preserving in each coordinate are
similar to the proofs of the analogous claims for unary maps.

On the other hand, let h : [}, P, — @ be an n-ary map that is order-
reversing in each coordinate. For U; € E.(P;)let Uy = N{l € #*(P;) : U; € (P —1)}.
Then hB= : [T, (E«(P;)) — E.(Q) defined by, for U; € £.(P), i=1,...,n,

hE=(Uy,...,Us) = {F € Z*(Q) : h (Uy,...,Us) C F},

extends h and is order-reversing in each coordinate.
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8. INTRODUCTION TO THE FINITE EMBEDDABILITY
PROPERTY

An important question in Mathematical logic is determining whether or not a
given logic is decidable. A logic is decidable if there exists an algorithm that
decides whether or not a formula is a theorem of the logic. One way to prove
the decidability of a logic is to reduce the decidability problem to determining
satisfaction on finite models. A logic is said to have the finite model property
(FMP) if every formula that is not a theorem of the logic can be refuted in
a finite model of the logic. Furthermore, a logic has the strong finite model
property (SFMP) if, for every finite set of premises X, and every formula ¢,
if ¢ does not follow from ¥, then all the formulas of 3 are satisfied by some
interpretation in a finite model of the logic that makes ¢ false. If a finitely
axiomatized logic has the SFMP, then it is decidable.

Due to algebraization results for logics (algebraization in the sense of [BP89]),
the above is directly related to the identification of classes of algebras with de-
cidable theories.

If K is a class of algebras, then the universal theory (respectively, equational
theory) of K is the set of universal sentences (respectively, universally quantified
identities) that are valid in all members of K. A class of algebras has a decid-
able universal (respectively, equational) theory if there exists an algorithm that
decides whether or not a universal sentence (respectively, identity) is a member
of the theory, i.e., is valid in all members of the class.

We will need the following notions in the sequel.

Definition 8.0.1. Let A = (A {f#:i € ¥}, <) be an ordered algebra (of
any type) and let B be any subset of A. The partial subalgebra B of A with
domain B is the partial ordered algebra <B, {fB.iec v}, §B>, where fori € W,
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fi k-ary, by,...,by € B

szA(blaubk) : lff'LA(bluubk)EB

Bby,... b)) =
Ji b, be) { undefined :  if fA(by,...,05) ¢ B,

and <B is the restriction of <A to B, i.e., for by,b2 € B we have that
b1 SB by <= b SA bs.

Definition 8.0.2. An embedding of a partial subalgebra B into an ordered alge-
bra C is a one-to-one map v : B — C' that preserves and reflects the partial order
and all existing operations; i.e., for by, by € B we have that by <B p, if, and only
if, ¥(b1) <€ ~(b2); and if f; is some k-ary operation such that fB(b1,...,by) is
defined for by, ..., by € B, then v (fB(b1,...,bx)) = fE (v(b1), ..., v(by)) .

A class K of (ordered) algebras has the finite embeddability property (FEP, for
short) if every finite partial subalgebra of some member of K can be embedded
into some finite member of K.

Suppose we are interested in whether or not a given identity (VZ)(s(Z) =
t(Z)) is in the equational theory of some variety V of algebras. If we start
with the assumption that it is not in the equational theory of V, then there
exists an algebra A € V, and some assignment & — @ of elements of A to the
variables such that the evaluations of s and ¢ are different, i.e., s4(a@) # t4(a).
The set of elements of A used in the evaluation of s and ¢ form a finite subset,
say M C/™ A. Let B be the finite partial subalgebra of A with universe M.
Now, if V has the FEP, then B can be embedded into a finite member C of
V in such a way that all existing operations in B are preserved and therefore
s€(@) # t€(@). That is, if V has the FEP, then the following result holds: an
identity holds in V if, and only if, it holds in all finite members of V. The same
method can be used to find a finite countermodel for a given quasi-identity or
universal sentence that is not valid in V. As a consequence, V is generated, as
a quasivariety, by its finite members. If, in addition, V is finitely axiomatized,
then the (quasi-)equational theory of V is decidable.

The FEP has been used to prove the decidability of the universal theories
of various varieties — usually associated with logic. Examples of varieties that
have the FEP include the variety of closure algebras [McK41, MT44], Heyting
algebras [MT46], integral residuated lattices [BvA02] and integral residuated
ordered groupoids [BvA05]. In [GJ13, vA09] it was shown that a large selection
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of subvarieties of (integral) residuated lattice-ordered unital groupoids, have the
FEP.

For a more extensive background on the FEP the reader is referred to [BvA02]
or [Eva69].
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9. THE FEP FOR RESIDUATED STRUCTURES

We would like to identify varieties of residuated (ordered) structures that have
the FEP. Such varieties correspond to substructural logics and for finitely axiom-
atized logics the FEP implies decidability thereof. In this chapter we consider
two different constructions that may be used to establish the FEP for a variety
of residuated structures. Each of these constructions is based on a completion
construction. The first construction we study is the standard construction for
obtaining the FEP for residuated structures (see, for example [vA09]). The
standard construction is based on the MacNeille completion of a poset (see Re-
mark 9.1.3). The second construction we investigate in this chapter is based on
the canonical extension of a bounded lattice (see Remark 9.2.19). We therefore
call it the canonical FEP construction.

In Section 9.1.1 we describe the standard construction for residuated (par-
tially) ordered algebras [vA09]. We include this description here in order to
highlight the similarities and differences between the standard construction and
the construction considered in Section 9.2. Then, in Section 9.1.2 we describe
the standard construction for MTL-chains [vA11]. The reader is referred to
Chapter 5.2 for more on MTL-algebras and MTL-chains. Since the algebras un-
der consideration are linearly ordered, the construction simplifies significantly.

Recall that if it is the case that the finite algebra obtained through the con-
struction satisfies an inequality s < ¢ whenever the original algebra does, then
we say that the inequality is preserved by the FEP construction. (Also recall
that the universal quantification over the variables occurring in s and ¢ is im-
plicit.) In [vA09] and [vA11] a general description of inequalities s < ¢ that are
preserved by the construction for residuated ordered algebras and MTL-chains,
respectively, was given. As in the case of various completion constructions, an
approximation term was used to establish the preservation of properties. In
Section 9.1.2 we recall the definition of the approximation term that was used

to prove the preservation of properties by the standard FEP construction for
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MTL-chains. We then give a summary of the results from [vA11].

In Section 9.1.3 we extend the construction to modal MTL-chains (see Chap-
ter 5.3). Thereafter, we consider the preservation of various identities under the
FEP construction, building on the results in [vA1l]. In doing so we obtain the
FEP for various classes of modal MTL-chains. That is, if an inequality s < ¢ is
preserved by the construction, then the subclass of modal MTL-chains charac-
terized by s <t has the FEP, and hence the corresponding subvariety of modal
MTL-algebras has the FEP. Since any variety of modal MTL-algebras is gener-
ated by its subclass of modal MTL-chains, the FEP for such a variety follows
from the FEP for its subclass of modal MTL-chains [vA11] (see also [BF00]).
Thus, we only need to consider modal MTL-chains.

In Section 9.2 we describe an alternative construction for obtaining the FEP
for residuated lattice ordered algebras. The construction in this section is based
on the canonical extension of a lattice, studied in Chapter 6 — hence the title
canonical FEP construction. We show (again) that the class of decreasing resid-
uated (lattice) ordered algebras has the FEP through this construction. Finally

we investigate some additional properties preserved by the construction.

9.1 The standard FEP construction

9.1.1 The FEP for residuated ordered algebras

For the full details of the construction described in this section the reader may
consult [vA09]. The reader is also referred to [Busl1] for more on the FEP for
residuated ordered algebras.

By a residuated ordered algebra (of type T) we shall mean a structure A =
<A,’I['A,§>, where (A, <) is a poset and <A,’IFA> is an algebra whose set of
operations T is a finite set consisting of constants, unary and binary residuated

operators and their residuals. Now, let
(i) T denote the set of constants in T#;
(ii) T£ denote the set of residuated unary operators in T#;
(iii) (T$)A denote the set of residuals of the operators in T%;
(iv) T4 denote the set of residuated binary operators in TA; and

(v) (T$)* denote the set of left and right residuals of the operators in T2
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If B is a partial subalgebra of a residuated ordered algebra A (see Defini-

tion 8.0.1), then we introduce the following notion.

Definition 9.1.1 ([vA09]). Let A = (A, T, <) be a residuated ordered algebra
of type T and B a partial subalgebra of A. A pair W = (W, W*) of subsets of

A is called a B-residual pair if the following conditions are satisfied:
(i) W contains BUTZS and is closed under the operations in T U T4 ;

(ii) W* contains B U TS and is closed under the operations in (T$)* and
closed under a\rz and x/ya for all a € W and \r, /r € (T$)A.

For the remainder of this section let A = <A, TA, §> be a fixed residuated
ordered algebra and let B = <B ,TB, §B> be a fixed partial ordered subalgebra
of A. Let W = (W, W*) be a B-residual pair. Now defined ' and * as follows.
For S C A, let

S'={acW:a<cforall cc S}

St={aeW®:a>cforall ceS}

That is, S'is the set of all lower bounds of S in W and S* is the set of all
upper bounds of S in W*. We note that if W = A = W*, then S' = S and
S = S*. Moreover, the pair of maps (',*) forms a Galois connection between
(P(W),C) and (P(W*),2).

A set S C W* will be called stable if S = S™. Let C denote the set of all
stable sets. Then O is a complete lattice order on C, and for S; € C for i € ¥

c c

\VSi=(S and A Si=({reC:8CTforalic}.

iew iew iew
Furthermore, for each f € T and o € T4, define the operations f€ and o€ on
C as follows [vA09, Definition 5.8]. For Ly, Lo C W, let f(L1) ={f(a):a € L1}
and Ly oLy ={aob:a€ Ly and b€ Ly}. For S1,5; € C, define:

FE(S) = (f(SD))*  and 81098 = (S0 8"

Then for each f € T4 and o € T2, the operations f€ and o€ on C are residuated
with respect to the order D [vA09, Lemma 5.10]. If f € T# has residual
g € (T$)A, then denote the residual of f€ by ¢€. Similarly, if o € TS has
left and right residuals \,/ € (T$)?, then denote the left and right residuals of
o€ by \© and /€, respectively. Finally, for each k € T, let k€ = {k}*. Let
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TC¢ ={t€:t e T}, <®=Dand C = <C, TC, §C>. Then we have the following

result.

Theorem 9.1.2. [vA09, Theorem 5.11] The structure C is a complete residu-
ated ordered algebra of the same type as A, and there exists an embedding of B

into C that preserves all existing meets and joins in B.

The map ¢ : B — C defined by ¢(b) = {b}" for b € B is an order embedding
of B into C (see Definition 8.0.2) that preserves all existing meets and joins in
B.

Remark 9.1.3. We note that if B = A, then W = (A, A) is the only possible
B-residual pair, and C is a completion of A. In fact, we obtain the MacNeille
completion of the lattice-reduct of A. For more on the MacNeille completion

the reader may consult Chapter 5.

An infinite sequence aj,as,... of elements of a quasi-ordered set (Q, <)
will be called good if there exist 4,7 € N such that i < j and a; < a;. If no
such indices exist, i.e., if a; ﬁ a; whenever 7 < j, then the sequence is called
bad. A quasi-ordered set (Q, <) is well-quasi-ordered if every infinite sequence of
elements of @ is good. That is, (@, <) is well-quasi-ordered if it does not contain
an infinite descending chain nor does it contain an infinite anti-chain. A quasi-
ordered set (@, <) is reverse well-quasi-ordered if, for every infinite sequence of
elements a1, ag, ..., there exist 4, j € N with ¢ < j and a; < a;. That is, (Q, <)
is reverse well-quasi-ordered if it does not contain an infinite ascending chain

nor does it contain an infinite anti-chain.

Theorem 9.1.4. [vA09, Theorem 7.1] Let A be a residuated ordered algebra,
B a finite partial subalgebra of A, and W = (W, W*) a B-residual pair.

(i) If (W, <) is reverse well-quasi-ordered and (W*,<) is well-quasi-ordered,
then C 1is finite.

(i) If (W, <) is well-quasi-ordered and (W*, <) is reverse well-quasi-ordered,
then C 1is finite.
9.1.2 The FEP for MTL-chains

Recall from Definition 5.2.2 that an MTL-algebra A = (A,0,—,V,A,0,1) is a
residuated lattice that satisfies the prelinearity identity: for x,y € A

(x—=y)V(y—z) =1
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An MTL-chain is a linearly ordered MTL-algebra. The reader is referred to
Definitions 5.2.1 and 5.2.2, and the discussions that follow these definitions, for
more on residuated lattices and MTL-algebras.

Throughout this section let A be a fixed MTL-chain, B a finite subset of A
containing 1 and 0, and B the partial subagebra of A with domain B.

Let W and W* be two sets satisfying:

(W1) BCW C Aand BC W* C A,

(W2) W is closed under o,

(W3) ifa e Wand be W*, thena —be W*,

(W4) (W, <) is reverse well-ordered and (W*, <) is well-ordered.

If we use the terminology from the previous subsection, then (W1-W3) en-
sures that (W, W*) is a B-residual pair, while (W4) ensures that the algebra
obtained through the construction described in this section will be finite by
Theorem 9.1.4.

Since we are only considering linearly ordered algebras, the standard con-
struction simplifies to the following.

For W and W* satisfying (W1 - W4) define, for each a € A,

a[:\/{bEW:bga}, a“:/\{cEW':agc}.

The well-ordering and reverse well-ordering assumptions ensure that the relevant
supremums and infimums of the above sets exist. The maps * and ' are both

order-preserving. In addition, the following properties are easily derived:
Lemma 9.1.5. For anya € W, c,d € W*® and e € A,
(i) a < a*' and c™ <,
(i) a < ciff a* <c,
(iii) a < c iff a < c,
(iv) @' = ¥, ! = ¢,

(’U) e!u[u — e!u.
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In fact, the pair of maps (',*) (considered as maps between W and W*)
forms a Galois connection between (W, <) and (W*, <).

An element ¢ € W* is said to be stable if ¢ = c¢™. Let C denote the set of
stable elements. By Lemma 9.1.5 (iv) and (v), a* is stable for a € W and ™
is stable for e € A. In [vAll] is was shown that the well-ordering and reverse
well-ordering assumptions in (W4) imply that C is a finite set.

We define an MTL-chain with universe C. Since C C A, the order on A,
restricted to C, is linear and defines lattice operations A€ and V€ which coincide
with the corresponding operations on A. The product operation is defined, for
c,d € C, by:

co®d=(c'od")".
The following property holds: If ¢,d € C and a,b € W for which ¢ = a" and
d = b*, then ¢ o€ d = (a o b)*. Using this property one can show that o€ is
associative, commutative, has identity 1 and is residuated with respect to <;

for ¢,d € C, the residual is:
c=Cd=(c—=a"™

The algebra C = (C,0C, =€, A€, vC€ 0,1) is therefore a finite MTL-chain and
the identity map is an embedding of B into C; that is, if a oB b is defined in B,
then a oB b = a o€ b, and, similarly, for —B.

Let ¢(Z) = t(x1,...,zn) be any {o,—,V,A,0,1}-term. If =¢1,...,¢, is a
sequence of elements of C, then t€(¢) denotes the evaluation of ¢ in C under
the assignment x; — ¢;. Where a term ¢(Z) and ¢ € C are given, & and ¢ are
assumed to be sequences of the same length. If ¢ = ¢1,..., ¢, is a sequence of
elements in C, then ¢ ' denotes the sequence ¢!, ..., c!, of elements of W.

For each term s(Z) and ¢ € C, define
s(¢) = s2(chH™.
Note that s*(¢) € C' by Lemma 9.1.5 (v). A term s(Z) is called:
x-stable if sC(¢) = s*(¢)
x-expanding if s€(c) > s*(¢)

x-contracting if s€(¢) < s*(¢) forallée C.

If A satisfies an inequality s < ¢, then s*(¢’) < ¢*(¢) for all ¢ € C. Thus, if s

is x-contracting and t is x-expanding, then C satisfies s < ¢ and the inequality
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is preserved. Observe that x-stable implies both x-contracting and *-expanding.

This gives the following results.
Theorem 9.1.6. [vA11] The following hold for all terms s and t:

(i) If s and t are both x-stable, then s =t is preserved by the FEP construc-

tion.

(i) If s is x-contracting and t is x-expanding, then s < t is preserved by the

FEP construction.
The following proposition summarizes the results regarding MTL-terms.
Proposition 9.1.7. [vA11]

(i) If s(Z) is a {o,V,A,0,1}-term and & € C, then sC(¢) = s(€')* and s is

*-stable.

(ir) If t(Z) = —s(&), where s(¥) is a {o,V,A,0,1}-term and ¢ € C, then

tC(@) = t(@Y™, i.e., t is *-stable.
(iii) For all variables x1,...,x,,y, the term (x10---0xy,) — y is x-contracting.

() If t1,...,tm are x-stable (resp., *-expanding, *-contracting) terms and
s(Y1, .-y Ym) @8 a {A,V}-term, then s(ti,...,tm) is x-stable (resp., x-

expanding, *-contracting).

(v) Ift1,...,tm are x-contracting terms and s(y1,...,Ym) is a {o, A,V }-term,

then s(ti,...,tm) is *-contracting.

(vi) If s is a x-contracting term and t is a *-expanding term, then s — t is

*-expanding.

9.1.3 The FEP for modal MTL-chains

The results from this section were obtained in collaboration with Prof. Clint
van Alten and have been published in [MvADb].

Recall from Definitions 5.3.1 and 5.3.4 that a modal MTL-chain A = (A, 0, —,
AV, f,0,1) is a linearly ordered residuated lattice such that f is an order-
preserving unary operation.

Throughout this section let A = (A4,0,—,A,V, f,0,1) be a fixed modal
MTL-chain, let B be a finite subset of A containing 1 and 0, let B be the partial
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subagebra of A with domain B and let C be the finite MTL-chain obtained by
the construction described in the previous subsection, from the modality-free
reduct of B.

In order to extend the construction to modal MTL-chains, we define the

operation f€ on C by:

For ease of notation, we assume that f binds more strongly than * and '.

Lemma 9.1.8. The identity embedding of B into C preserves the operation f,
i.e., if f(b) € B for some b € B, then f€(b) = fB(b) = f(b).

Proof. Note that, by the definitions of * and ' and the fact that B C W NW?*,
if b € B, then b* = b = b'. Thus, if f(b) € B as well, then we have: f€(b) =
FOH™ = f(0)™ = f(b). O

Lemma 9.1.9. f€ is order-preserving, hence f€ distributes over A€ and VC.

Proof. 1f a,b € C such that a < b, then a' < b' and also f(a') < f(b"). Thus,
fC(a) = fah)™ < F)™ = fO(b). O

Theorem 9.1.10. For W, W* satisfying (W1 - W4) the algebra C = (C, 0%, =€,
AC,VEC. f€0, 1> is a finite modal MTL-chain and the identity map is an em-
bedding of B into C.

Since a choice of W and W* exists that satisfies (W1 - W4), namely, W the
{o}-closure of B in A and W* = {a — b:a € W,b € B}, we have the following

result.

Theorem 9.1.11. The class of modal MTL-chains has the FEP, hence the
variety of modal MTL-algebras has the FEP.

We now extend the results summarized in Section 9.1.2 to include the modal
operator. We obtain different preservation results depending on the choice of
W and W*. Generally, the larger W is, the stronger the results, but we must
always ensure that (W, <) is reverse well-ordered and (W*, <) is well-ordered
for C to be finite. In the subsections below, we consider variations of the above
construction by making different choices for W and W*. We then describe -
stable, x-contracting and *-expanding terms involving the modality f. Larger

classes of x-stable, *-contracting and *-expanding terms can then be inferred
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from Proposition 9.1.7. The preservation results and FEP for each class are
then obtained directly from Theorem 9.1.6.

The first choice of W and W* we shall consider is W the {o}-closure of B
in Aand W® ={a —b:a € W,be B}. By definition, BC W, and B C W*
since b € B can be written as 1 — b. Note that if c=a — b€ W* fora € W
and b € B, then for any d € W, d - ¢ = (aod) — b € W*. That (W, <) is
reverse well-ordered and (W*, <) is well-ordered is proved in [vA11]. Note that
W is also closed under A and V and contains 0 and 1. From the definition of
f€, we immediately get that f(z), f(1) and f(0) are x-stable terms. Thus, by
Proposition 9.1.7, we have the following results for this particular choice of W
and W*.

Lemma 9.1.12. If s is a {o,V,A\,0,1}-term, then f(s) is x-expanding.

Proof. Let t(Z) = f(s(&)) and &€ C. By Proposition 9.1.7 (i), we have s(¢') €
W and sC(&) = (€YY, so tC(&) = f(s(@)*H™ > f(s(c"))™ = t*(). O

Lemma 9.1.13. If s is a {o,A,V,0, 1}-term, then f(—s) is x-contracting.

Proof. Let t(Z) = f(—s(¥)) and & € C. Then t€(¢) = fC(-Cs€(@)) =
FE(=C(s(@))) = fC((s(c"))* = 0)™), where the second equality follows
from Proposition 9.1.7 (i). But (s(¢"))* — 0 € W*, and by Lemma 9.1.5 (i),
we have that ((s(¢")*' — 0)™ < ((s(¢")*' — 0). Since f€ is order-preserving,
tC(@) < fe((s(@N* = 0) = F((s(€))* — 0)H)™. Since ¢' € W and W
is closed under {o,A,V,0,1} it follows that s(¢') € W and s(c¢') < (s(&"))*..
But — is order-reversing in the first coordinate and ' is order-preserving, so
((s(EN)™ = 0)' < (s(¢") = 0)". Therefore, t€(¢) < f(s(¢") = 0)* =t*(&). O

We note that a number of the special classes of modal MTL-chains consid-
ered in Chapter 5.3.2 are closed under the standard FEP construction and hence
have the FEP. To see that this is the case observe that, by the above and Propo-
sition 9.1.7, the following inequalities and identities (that form the additional
axioms of these classes) are preserved by the construction: f(z)o f(y) < f(zoy)
(which is equivalent to f(z — y) < f(z) = f(y)), f(1) =1 and f(z) < z. In
addition, the strict condition z A (—z) < 0 and n-contraction " < 2"t are pre-
served, as is the involution =—x = x, although for this case it is necessary to first
close B under — (see [vA1ll]). Thus, the varieties of LK"-algebras and LKT"-
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algebras have the FEP for each L € Logics = {MTL,IMTL, SMTL}U{C,MTL :
n > 2} U{C,IMTL : n > 2}.

When W is closed under f

Throughout this subsection we assume that A satisfies f(z) < z and take W to
be the {o, f}-closure of B and W*® = {a — b:a € W,b € B}. It is immediate
that (W1 - W3) hold; for (W4), the reverse well-ordering of W follows directly
from Higman’s theorem [Hig52]: we may consider W as an ordered algebra
generated by a finite set B, with operations (o and f) compatible with the
order and decreasing in all arguments. The reverse well-ordering of W* then
follows. Note that f(z) < z is preserved by the FEP construction since both

x) and x are x-stable terms; that is, f€ is decreasing.
b ) g

Lemma 9.1.14. If t(x) = (f(z))", for any n > 1, and ¢ € C, then t€(c) =
(t(c"))* and t is x-stable. In addition, (f(1))" and (f(0))" are x-stable for any
n>1.

Proof. This is shown by induction on n: if n = 1 then #(x) = f(z) and ¢ is
x-stable by definition. Moreover, since c¢' € W and W is closed under f we have
(f(e))' = f(c") and t*(¢) = (f(c"))*. Now suppose that for some n > 1, the
term s(z) = (f(x))" is x-stable and s€(c) = (s(c"))*. Let t(z) = f(z) o s(z).
Then:

t%c) = fc)o“s%(c)

The final equality follows since c¢' € W and W’s closure under o and f implies
that t(c') € W, ie., (t(c")" = t(c"). The proofs for (f(1))™ and (f(0))" are

similar. O
Lemma 9.1.15. Any {o,A,V, f,0, 1}-term is x-expanding.

Proof. Let s(Z) be a {o,A,V, f,0,1}-term and ¢ € C. If s does not contain f
then, by Proposition 9.1.7 (i), s is *x-stable, and therefore also x-expanding for

the standard construction and hence also for the modified construction. We
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just need to consider the case where s contains f, so let s(Z) = f(¢(Z)) where
t(Z) is a {o,A,V, f,0,1}-term and assume, inductively, that ¢ is x-expanding.
We have s€(&) = fC(t°(¢)) > fCt*(@)) = fC((t(¢")™). Since &' € W and
W is closed under {o, A, V, f,0,1} we have (£(&"))™ = (¢(¢"))*. Then s°(¢) >
FE(HENY) = F(E(EY))*)™. Moreover, since t(¢') € W we have (t(¢"))*' >
t(€"), by Proposition 9.1.5 (i), and so s€(&) > f(t(")™ = s*(&). O

Lemma 9.1.16. If t = —s where s is a {o,A,V, f,0,1}-term, then t is x-

contracting.

Proof. Let t(¥) = —s(Z) and ¢ € C. By Lemma 9.1.15, s€(¢) > s*(¢) and, since
=€ is order-reversing, =€s€(¢") < =©s*(¢). Furthermore, since ¢ € W and W
is closed under {o, A, V, f,0,1}, it follows that s(c') € W, s*(¢) = (s(¢"))* and
s(@) < (s(@Y)™. Thus, t°(¢) = =CsC(@) < =Cs*(@) = ((s(€"))* = 0)* <

(s(¢") = ) = t*(&). O

By the above results, we have that f(z) < f(f(z)) and f(z) o f(z) =
f(z) are preserved by the above FEP construction. Recall that Logics =
{MTL,IMTL, SMTL}U{C,MTL : n > 2}U{C,,IMTL : n > 2}. Let L € Logics;
then the varieties of LS4"- and L!"-algebras (see Chapter 5.3.2) have the FEP
since they have decreasing operators. In addition, Ly -algebras have the FEP
since the identity f(z)V (f(z) — 0) =1 is easily seen to be preserved, as in the
proof of Corollary 5.3.32.

In [CMM10], Ciabattoni et al. investigated the FEP for MTL-algebras and
IMTL-algebras. They showed that the subvarieties of IMTL-,SMTL-, MTL!"-
and IMTL!"-algebras have the FEP. Using our construction, we show that all
of the subvarieties of algebras considered in [CMM10] have the FEP - thus
extending their results. Moreover, using our FEP construction any subvariety

obtained by adding identities preserved by our FEP construction have the FEP.

Residuated Operators

In the previous subsections, the sets of x-stable terms excluded those with iter-
ated f’s, such as f(f(z)). One case in which such terms are x-stable is if f is
residuated with residual g. The reader is referred to Chapter 2.5 for more on
residuated operators. Residuated operators are a special case of the complete

operators considered in Chapter 5.3.2.
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Results regarding the FEP for residuated lattices with additional residuated
operators were obtained in [vA09]. These results specialise to the case of modal
MTL-algebras, as we show here. The FEP construction is modified as follows:
Set W to be the {o, f}-closure of B and W* the least set containing B and
closed under the operations a - z, a € W, and g.

It is immediate that this choice of W and W* satisfy conditions (W1 - W3),
however (W4) is not generally true. If f is decreasing, then (W4) is true [vA09].
Thus, we assume that A satisfies f(z) < z. Observe that since W is closed

under f and o, the preservation results of the previous subsection hold.

Lemma 9.1.17. The operation f€ is residuated and its residual is g€(c) =
V{d € C: f€(d) < ¢} = g(c)™ for all c € C. Thus, if b,g(b) € B, then
g°(b) = g(b).

Proof. Let ¢ € C. We begin by showing that g(c)™ belongs to {d € C': f€(d) <
c}. Since g(c) € W*,

FC(0™) = fla(e)™)" = Fg()) < flgleo)* < et =c.

Next, suppose d € C such that fC(d) < ¢, i.e., f(d")* < c. Then f(d") < ¢,
hence d' < g(c). By Lemma 9.1.5, since d' € W, we have d' < g(c)' hence
d = d™ < g(c)"™, which completes the proof of the first statement. Thus, if
b,g(b) € B, then g€(b) = g(b)™ = g(b). O

The usefulness of the residuation property for f comes from the following

result, which is then used to describe a large set of x-stable terms.
Lemma 9.1.18. Ifa € W, then f€(a") = f(a)".

Proof. Let a € W. Recall that f€(a*) = f(a*")*. By Lemma 9.1.5, a < a"',
hence f(a)* < f(a*")¥. Let e = f(a)* € W*. Then f(a) < e hence a < g(e) by
residuation. Then a* < g(e) by Lemma 9.1.5, since g(e) € W*, so a*' < a* <
g(e). Thus, f(a"') < f(g(e)) < e so fO(a") = f(a*)* < e = f(a)*. O

Lemma 9.1.19. If s(%) is a {o,V,A, f,0,1}-term and & € C, then sC(¢) =

s(@YY and s is x-stable.

Proof. If s is a {o,V,A,0,1}-term, the results follow from Lemma 9.1.7 (i).
Inductively, suppose s = f(&), where ¢(Z) is a {0, V, A, f, 0, 1}-term and t€(¢) =
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t(e"Y forall ¢ € C. Foreachc € C, c' € W and W is closed under the operations
in {o,V, A, f,0,1}, so t(¢') € W and f(t(¢")) € W. Thus,

sC@) = fOEC@) = reeE)
t(@)*  (by Lemma 9.1.18)

R
C
c (u — S*(E)

&)
@)

Order-reversing modalities

The standard construction can also be extended to reverse modal MTL-chains
and the results obtained in the case of modal MTL-chains can be adapted for
order-reversing modalities.

Recall from Definitions 5.3.1 and 5.3.19 that a reverse modal MTL-chain A =
(A,0,—,V,A,h,0,1) is a linearly ordered residuated lattice with an additional
order-reversing unary operation h.

For the remainder of this section let A = (A,0,—,V,A,h,0,1) be a fixed
reverse modal MTL-chain. Assume that W and W* are sets satisfying (W1-
W4), in particular, we may take W to be the {o}-closure of B in A and W* =
{a = b:a € Wbe B}. Let C be the finite MTL-algebra obtained by the
construction in Section 9.1.2. Extend C with the operation h® on C defined
by: for ¢ € C,

Lemma 9.1.20. h€ is order-reversing.

Proof. For ¢,d € C with ¢ < d, we have ¢' < d' hence h(d") < h(c"), and so
hC(d) < h(d). n

The proofs of the following results are straightforward.

Lemma 9.1.21. The identity embedding of B into C preserves the operation
h, i.e., if b,h(b) € B, then hC(b) = h(b).

Theorem 9.1.22. For W, W* satisfying (W1-WJ) the algebra C = (C, o€, —C
,AC,VE hC0,1) is a finite reverse modal MTL-chain, and the identity map is
an embedding of B into C.
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Corollary 9.1.23. The class of reverse modal MTL-chains has the FEP, hence
the variety of reverse modal MTL-algebras has the FEP.

We now investigate preservation theorems that include the order-reversing
operation. From the definition of h€ it follows that h(x),h(1) and h(0) are

*-stable terms. Moreover, by Proposition 9.1.7 we have the following results.

Lemma 9.1.24. If s is a {o,A,V,0,1}-term, then h(s) is *-contracting and

h(—s) is *-expanding.
Proof. If s(Z) is a {o, A, V,0,1}-term and ¢ € C, then, by Proposition 9.1.7 (i),
hC(SC(C—») _ hC(S(C—»K)u) _ h(s(c—»l)u[)lu < h(S(E[))[ll,

so h(s) is *-contacting. The remaining statement follows similarly from Propo-
sition 9.1.7 (ii). O

Using the above results together with Proposition 9.1.7 larger classes of
*-stable, x-contracting and x-expanding terms can be inferred. From Theo-
rem 9.1.6 we then obtain preservation results and the FEP for subvarieties of
reverse modal MTL-algebras whose corresponding characteristic properties are

preserved.

9.2 The canonical FEP construction

The results obtained in this section form part of an on-going collaboration with
Prof. Clint van Alten [MvAal.

The standard construction for obtaining the FEP for a variety of resid-
uated ordered algebras is based on the MacNeille completion of lattices (see
Remark 9.1.3). However, a lattice can be completed in many different ways as
can be seen from Part I of this thesis. In particular, we now describe an alterna-
tive construction for obtaining the FEP for residuated lattice ordered algebras
that is based on the construction of a completion of a lattice with respect to
a polarization, i.e., the canonical extension. See Chapter 6 for more on this

construction.

9.2.1 The construction

Throughout this section A = <A, V, A, TA, §> will be a fixed residuated lattice
ordered algebra (of type T). The set of operations T4 of A is a finite set con-
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sisting of constants, unary and binary residuated operations and their residuals
as in Section 9.1.1. Moreover, let B = <B, VB AB TB, §B> be a fixed partial
(ordered) subalgebra of A.

We modify the definition of a B-residual pair as follows.

Definition 9.2.1. A pair W = (W, W*) of subsets of A is called a B-residual

pair if the following conditions are satisfied:

(i) W contains BUTS and is closed under A and the operations in T UTS;

(ii) W* contains BUTZA and is closed under V' and the operations in (T$)A

and a\rx and z/a for all a € W and \, /1. € (T$)A.

Observe that (W, <) (i.e., (W, A)) is a meet-semilattice and (W*, <) (i.e.,
(W*,V)) is a join-semilattice.

For the remainder of this section let W = (W, W*) be a fixed B-residual
pair.

Let F(W) denote the set of all filters of W and Z(W*) set of all ideals of
W* (see Definitions 2.7.2 and 2.7.3). Let R C F(W) x Z(W*) be the binary
relation defined by: (F,I) € R if, and only if, there exists a € F and there exists
b € I such that a < b. Then the polarities of R yield a Galois connection,
S P(F(W)) S PI(W?*)) :@ where, for X € P(F(W)) and A € P(Z(W*))

X®={IeZ(W®): F € X implies (F,I) € R},

A ={F e FW): I € A implies (F,I) € R}.

Then A € P(Z(W*)) is Galois closed if A9 = A and X € P(F(W)) is Galois
closed if X®° =X. Let S={A e P(Z(W*)): A=A"%}.

Lemma 9.2.2. If A;, i € ¥, are Galois closed, then ();cy Ay is Galois closed.

Proof. Using the properties of Galois connections described in Lemmas 2.6.2,

we have the following: for A; € S, 1 € U,
Qe L [ e]eg o
(0) (o) ~(Uv) -(Us) -
icw iew iew iew iew icw

O
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For A; € S,i €V, let
S S peleg
€W iew iew iew
Then S = <S VS, /\S> is a complete lattice such that the associated complete

lattice order <% is D. Let u : B — S be the map defined by u(b) = {I €
I(W*):bel}.

Remark 9.2.3. Recall from Lemma 2.6.3 that © and < convert existing joins
into meets. That is, for A; €S, 1€ ¥

(0] -] - () ()

If meet is intersection and join is the Galois closure of the union on the set of

Galois closed elements in P(Z(W?®)), then for X; € P(Z(W?*)), j € D,

c [egelog (og

UXJ = UXj = \/Xj Z/\ij:ﬂXj‘?.

jed jed jed jed jED
We observe that {F}” = {I € Z(W*): (F,I) € R} € S for any F € F(W).
Let S(W) ={{F}*: F e F(W)}.
Lemma 9.2.4. If A € S, then A is an intersection of elements of S(W).

Proof. Let A € S, i.e., A = A°%. Then,

A ={I € Z(W*) : F € A® implies (F,I) € R}
=({{I eZ(W*): (F,]) € R} : F € A®}
=({{F}*: F e A~}
O

Let b € B. Now let Ay = {I € Z(W*):be I} and X, = {F € F(W) : b e
F'}. Furthermore, let (T]W. denote the ideal generated by T C W* in W* and
(b]"W* be the principal ideal generated by b in W*. Dually, we denote the filter
generated by T/ C W in W by [T’>W and the principal filter generated by c¢ in
W by [e)V.
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Lemma 9.2.5. Ifb € B, then

(i) Ay = X,, and

(ir) X; = Ayp.
Proof. We only prove the first statement. The proof of the second follows dually.

Let F € Ay ={F € F(W) : I € Ay implies (F,I) € R}. In particular

(1]"" € Ay, and therefore (F, ()"") € R. Then there exist a € F and ¢ € (b]"V"
such that a < c. But ¢ € (b]W. implies ¢ < b. Hence, a < b and b € F since
be BC WnNW?®. Therefore, F' € X; and Ay’ € X3. On the other hand, let

F € X,. Sincebe F,be I and b <) for each I € Ay, we have that (F,I) € R
for each I € Ay. Thus, F' € A; and X, C A} O

Corollary 9.2.6. Let b € B. Then u(b) € S.

Proof. By Lemmas 9.2.5 and 2.6.2 we have u(b) = Ay = X;” € S. O

Lemma 9.2.7. The map p preserves the ordering in B.

Proof. Let a,b € B be such that a < b and let I € p(b). Then b € I. Since
a < band I is a down-set, we have a € I. Thus, I € pu(a). Hence, u(b) C u(a),
i.e., p(a) <5 p(b). O

Lemma 9.2.8. The map p is one-to-one and preserves the existing finite meets

and existing finite joins in B.

Proof. The map g is one-to-one since the principal ideal, (b]V" € A, = u(b)
for all b € B: If a # b, then at least one of a £ b or b £ a. Suppose a £ b,
then a ¢ (). Therefore, (b]V" € u(b) but (]"V" ¢ pu(a) and u(b) # u(a).
Similarly, pu(b) # p(a) if b £ a.

Let b, € Bfori=1,...,n, and suppose \/_, b; exists in B. Then \/|_, b; €
W* since B C W* and W* is closed under V. Furthermore,

n

\/Su(bi) = ﬂ Ay, = ﬂ{f e I(W*):b; €I}

i=1

={IeZ(W*):b;elforalli=1,...,n}

- {IEI(W'): \n/biel}
i=1
= Aoy =n <\/ bi) :
i=1
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Next suppose A\, b; exists in B; then A}, b; € W since B C W and W is
closed under A. By Lemma 9.2.5 and Remark 9.2.3 and the properties of filters,

we have that:

o= (O] =(0) =(0+)

(ﬁ{F eF(W):b; € F})

i=1

>
wn
=
=
Il

={FeFW):b;e Fforalli=1,...,n}%

n c
_{FE‘F(W):/\biEF}

=1
= X0\ b) = A ?lbn—u(_/\bi).

O

Definition 9.2.9. For each f € T and o € TS we define the operations
f35:8 =S and o :8 xS — S as follows. For F,G € F(W) define

fFY=[{f(a):ac F)YY and F6G=[{aob:ac FbeaG)".
Neat, for X,Y € P(F(W)), define
FX)={f(F):FeX} and XoY ={FsG:FeX,GeVY}.
Then, for A, T € S, we define
(M) =f(A®)®  and ASYT=(AoT7)".

Let f € T such that g € (T$)# is its residual and let o € T4 such that
\,/ € (T$)A are the left and right residuals of o, respectively. For I € Z(W*)
and F € F(W), define

g(I) = ({g(a) ra e ™",
F\I ={a\b:acFbeI}]"" and

IJF={a/b:acIbe F"" .
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Furthermore, for A € § and X € P(F(W)) define
g(A) ={g(I) : T € A},
X\A={F\I: FeX,I€A}and
A/JX={I/F:T1€AFeX}

Recall from Chapter 2.7 that since W is a meet-semilattice, a € [T}W for
some 17" C W if, and only if, there exist elements by,...,b, € T such that
a > A, b;. Similarly, since W* is a join-semilattice, a € (T’]W. for some
T’ C W* if, and only if, there exist by, ...,b,, € T" such that a < \/|_, b;.

Lemma 9.2.10. Let F,G € F(W) and I € Z(W?*). Then

(i) (f(F),I) € R if, and only if, there exist a € F and b € I such that

fla) <b.

(i) (F,g(I)) € R if, and only if, there exist a € F and b € I such that
a < g(b).

(i) (F6G,I) € R if, and only if, there exist a € F, b € G and ¢ € I such that
aob<ec.

(iv) (G,F\I) € R if, and only if, there ezista € F, b€ G and ¢ € I such that
b<a\e.

(v) (F,I]G) € R if, and only if, there exist a € F, b€ G and ¢ € I such that
a < ¢/b.

Proof. We prove the third and the fourth statements. The other statements can

be proved similarly.

(iii) If thereexista € F, b € G and ¢ € I such that aob < ¢, then (F6G,I) € R
since aob € FoG. Next suppose (F6G,I) € R. Then there exist o’ € F6 G
and ¢ € I such that ¢’ < ¢. Since @’ € F6G there exist ay,...,a, € F
and b1,...,b, € G, for some n € N, such that A (a; ob;) < a’. Then
a=NA/_,a; € Fandb= \!_, b; € G since W is closed under finite meets.
Furthermore, aob < A (a; 0 b;) < da' <ec.

(iv) If there exist a € F, b € G and ¢ € I such that b < a\c, then (G, F\I) € R
since a\c € Fi[. Now suppose (G, F\I) € R. Then there exist b € G and
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d e Fi[ such that b < . But ¢’ € Fi] implies there exist ai,...,a, € F
and c1,...,¢, € I, for some n € N, such that ¢ <\/_(a;\¢;). Then a =
A, a; € F since W is closed under finite meets and ¢ = \/"_ ¢; € I since

W* is closed under finite joins. Moreover, b < ¢’ < \/I_ (a;\¢;) < a\c.
(]

Lemma 9.2.11. Let f € T, 0 € T4 and A, Y € S. If X, Y € P(F(W)) such
that A= X% and T =Y%, then
(i) [3(A) = f3(X%) = (f(X))®, and
(i) (AoSYT)=X>SY®> = (XoY)".
Proof. We prove the second statement. The proof of the first follows a similar
argument and relies on Lemma 9.2.10 parts (i) and (ii).
The inclusion from left to right, (X< o Y®<)> C (X o Y)®, is immediate
from the properties of Galois connections.
For the inclusion in the other direction observe that, for I € Z(W*)
[e(XoY)®
<« (F'6G",I)e Rforall /€ X andall G' €Y
<= there exist a € F',b € G’ and ¢ € I such that by Lemma 9.2.10 (iii)
aob<cforal e Xandal G €Y
<= there exist a € F’',b € G’ and ¢ € I such that by residuation
b<a\cforall /€ X andall G’ €Y
— (G',F'\I) e Rforall F/ € X and all G’ € Y by Lemma 9.2.10 (iv)
— F\IeY® forall F/ € X
e (G,F'\I)eRforall F' € X and all G € Y2
<= there exist a € F',b € G and c € I such that by Lemma 9.2.10 (iv)
b<a\cforall /€ X and all G € Y
<= there exist a € F',b € G and ¢ € I such that by residuation
a<c/bforall /€ X and all G € Y°°
& (F',]/G) € Rforall F/ € X and all G € Y®° by Lemma 9.2.10 (v)
— I/G e X® forall G € YO
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— (F,I/G)e Rforall F € X°2 and all G € Y2

<= there exist a € F,b € G and c € I such that by Lemma 9.2.10 (v)
a<c/bforall Fe X and all G € Y°7

<= there exist a € F,b € G and c € [ such that by residuation
aob<cforall Fe X®  andallG eY®~®

< (F6G,I)e Rforall F € X% and all G € Y°° by Lemma 9.2.10 (iii)

<= Te (X oY"7).

O

Lemma 9.2.12. For each f € T and o € T4, the operations S and oS on S

are residuated with respect to the order O.

Proof. Since S is a complete lattice it suffices to show that fS and oS distribute

over all joins. We prove the claim for oS

. The claim for fS can be shown
similarly. Let T,A; € S, i € ¥. To show that oS distribute over all joins, we

must show that

S S S S
TS \/ A=\ (To¥A;) and \/ A; 05T =\/ (A;057).
e e e e

Let us consider the first condition. By Remark 9.2.3 and Lemma 9.2.11 (ii),

S
TOS\/Ai:TOSﬂAi

e icw

= T°° OS ﬂ (Az<)(>)

icw

c
=T°% oS <U A-<)>

icw

(=2
= <T<’ o U Af) .
ew
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Furthermore,
S
\/ (T OS Al) = ﬂ (T OS Al)
icw iew
) (roea?)”
icew
(>
iew

(og
U {F@G:FeT@,GeAf})

iew

|
_{FaG:FeTQ,Ge UA;’}D
{

S\
(>3
1o Af) :

S\

S

Similarly, the second condition holds. Hence, o” is residuated. o

We will use the following auxiliary result to describe the residuals of fS and

oS,

Lemma 9.2.13. Let X € P(F(W)) and A € P(Z(W?*)). Then,
X% DA®® «—= X CA”

Proof. If X% D A<%, then by the properties of Galois connections X C X< C
A=%< = A<. The inclusion in the other direction follows immediately from the

properties of Galois connections. O

Lemma 9.2.14. For each f € T with residual g € (T$)?, define g5 : S — S
by, for A € S,

Then ¢S is the residual of fS.

Proof. For all A,T € S we must show that fS(A) <5 T if, and only if, A <5
g5(Y). First note that by Lemma 9.2.13,

P BT = f(A°)T 2T
<~ f(A®)C T~
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Also, by Lemma 9.2.13,
A <P g3(T) = A7 2 9(Y)°"
< A° Cg(T7)".
Therefore, to prove the claim we must show that f(A<) C T if, and only if,

A= C g(T)°. We prove the forward implication. The implication in the other

direction follows similarly.
Suppose f(A®) C Y. Then,
FeA”

= f(F) € f(A7)

= f(

= (f(F),I)€ Rforall T € T

= there exist a € F,b € I such that f(a) <bforall7 € Y by Lemma 9.2.10 (i)

F)
F)yeTr® by assumption

= there exist a € F,b € I such that a < g(b) forall [ € T by residuation
= (F,g(I)) e Rforall T e T by Lemma 9.2.10 (ii)
= Feg(7)".

Hence, A® C g(Y)~. O

Lemma 9.2.15. For each o € TS with left and right residuals \,/ € (T$)*,
define \3, /3 : 8 xS — 8 by, for A\, T €S,

A\ST = (A°\T)°®  and A/ST = (A/T7)=C,
Then \S and /3 are the left and right residuals, respectively, of oS.

Proof. Let A,T,I' € S. We must show that A oS T <5 T if, and only if,
T <5 A\ST if, and only if, A <5 T'/ST. We show that A oS T <5 I' implies
T <5 A\ST. The other implications follow similarly.
Observe that, by Lemma 9.2.13,
AST<ST «—= (Ao Y°)> DT7%

= AoT°CTI".

Furthermore, again by Lemma 9.2.13,
T <S AT <= T D (A°\I)**
<~ T C(A°\D)~.
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Thus we must show that A° o T C ' implies T C (A°\I')<.

Suppose A® o T C I'?. Then,
GeT?

= F6G e A® oY for all F € A®

= F6G eI forall F € A® by assumption

= (F6G,I)e Rforall Fe A andall T €T

= there exist a € F,b € G and ¢ € I such that by Lemma 9.2.10 (iii)
aob<cforall FEA®andallI €T

= there exist a € F,b € G and ¢ € I such that by residuation
b<a\cforall F€A® andall I €T

= (G,F\I)eRforal FEA® andall [ €T by Lemma 9.2.10 (iv)

= G e (A°\D)".

Hence, Y2 C (A°\I')~. O
Lemma 9.2.16. Let f € T# and o € TH.

(i) If a € B such that f(a) € B, then f([a)") = [f(a))".

(ii) If a € B such that g(a) € B, then §((a)V") = (g(a)]"".
(iii) If a,b € B such that aob € B, then [a)V & [b)"V = [aob)W.
(iv) If a,b € B such that a\b € B, then [a)V\(b]"" = (a\b]"".
(v) If a,b € B such that a/b € B, then (a]V" /[D)" = (a/b]"".

Proof. We prove the third and the fourth statements. The other three state-

ments can be proved similarly.

(iii) Suppose a,b € B such that aob € B. Let ¢ € [aob)", then aob < ce€ W.
But acbe {eod:ec[a)V,de )V} ={cod:a<eec W, b<de W}
Therefore, ¢ € [{eod:a<eeM,b<de M) = [a)Vs[b)" by the

upward closure of filters.

For the inclusion in the other direction, let ¢ € [a)"o[b)"V = [{eod:
<eeW,b<deW}". Then ¢ > A, (e; o d;) for some n € N and
a<e eW,b<d € Wifori=1,...,n Since e;od; > aob for
i=1,...,n, we have that ¢ > A" (e;0d;) > aoband c € [aob)"V.
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(iv) Suppose a,b € B such that a\b € B. Let ¢ € (a\b]"". Then ¢ < a\b €
{e\d:ec[a)W,de V') ={e\d:a <eec M,b>dc W*}. Thus,
ce {e\d:a<eeW,b>de W'}]W. = [@)"\(5]"" by the downward
closure of ideals.

On the other hand, let ¢ € [a)V\()]"" = {e\d:a<e e W,b>d e W'}]W..
Then ¢ < \/;_,(e;\d;) for some n € Nanda < e; € W, b >d; € W*
for i = 1,...,n. Since e;\d; < a\b for ¢ = 1,...n we have that ¢ <
Vi (ei\d;) < a\band ¢ € (a\b]"".

i=1

O

Lemma 9.2.17. The embedding p : a — {I € Z(W?®) : a € I} preserves each
fETA, each g € (T$)A, each o € T4 and each pair \,/ € (T$)A. That is:
(i) If a € B such that f(a) € B, then f5(u(a)) = u(f(a)).
(i) If a € B such that g(a) € B, then ¢5(u(a)) = u(g(a)).
(i4) If a,b € B such that aob € B, then p(a) oS u(b) = u(aob).
(iv) If a,b € B such that a\b € b, then u(a)\Su(b) = u(a\b).
(v) If a,b € B such that a/b € b, then u(a)/Su(b) = u(a/b).

Proof. We only prove the third and fourth statements. The proofs of other
statements follow similarly. Recall that pu(a) = A, ={I € Z(W*®) : a € I} and
X, ={FeFW):a€F}.

(ili) Let a,b € B such that aob € B. By Lemmas 9.2.5 (i) and 9.2.11 (ii),

(@) o u(b) = AZ% o8 AP" = (A2 0 AP)® = (X4 0 X;)°
={F6G: F,G € F(W) such that a € F, b € G}°.

Then, I € {F6G : F,G € F(W) such that a € F, b € G} if, and only if,
([a)V6[b)V,I) € R: The forward implication follows from the definition
of & since [a)Vo[b)V € {Fo6G : F,G € F(W) such that a € F, b € G}.
For the implication in the other direction, suppose ([a)Vé[b)V,I) € R.
Then, Lemma 9.2.10 (iii), there exist ¢ € [a)V, d € [b)"Y and e € I such
that aob < cod <e. Now let F,G € F(W) such that a € F and b € G.
Then aob € F6G and by Lemma 9.2.10 (iii) we have that (F6G,I) € R.
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Since this is the case for all F,G € F(W) such that a € F and b € G, it
follows that I € {F6G : F,G € F(W) such that a € F, b € G}°.

Furthermore,

([a)V )V, 1) e R
— ([aod),I)eR (by Lemma 9.2.16 (iii))
<= there exist ¢ € [a0 )", d € I such that ¢ < d
< aobel (aob<c<dandaobe B)

<= I €plaobd).

(iv) Let a,b € B such that a\b € B. Then,

p(@)\Zu(b) = (AF\Ap) " = (Xo\Ap)="
={G\J:FeF(W),J € Z(W*) such that a € F, b € I}°%.

Then F € {G\J : G € F(W),J € I(W*) such thata € G, b € I}
if, and only if, (F,[a)"\(}]"") € R: Firstly [a)V\()]V" € {G\J : G €
FW),J € Z(W®) such that a € G, b € I} since a € [a) and b € (b].
Therefore, (F,[a)V\(B]"") € R for all F € {G\J : G € F(W),J €
Z(W*) such that a € G, b € I}°. Next, suppose (F,[a)"\(b]"") € R.
Then, by Lemma 9.2.10 (iv), there exist ¢ € F, d € [a)" and e € (b]""
such that ¢ < d\e < a\b. Now let G € F(W) and J € Z(W*) such that
a € G and b € I. Then, again by Lemma 9.2.10 (iv), (F,G\J) € R.
Hence, F € {G\J : G € F(W),J € T(W*) such that a € G, b € I}°.

Moreover,
(F[a)"\(0]"") e R
— (F,(a\]"") e R (by Lemma 9.2.16 (iv))
< there exist ¢ € F, d € (a\b]"" such that ¢ < d
<~ a\beF. (c<d<a\band a\b€ B)

Hence,

{G\J:G e FW),J € Z(W?®) such that a € G, be I}~
={FeFW):a\be F}.
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We can now show that I € {F € F(W) : a\b € F}* if, and only if,
([a\b)",I) € R: Suppose I € {F € F(W) :a\be F}*. Since [a\D)V €
{F € F(W) : a\b € F} it follows directly that ([a\b)",I) € R. On the
other hand, suppose ([a\b)"V,I) € R. Then there exist ¢ € [a\b)" and
d € I such that a\b < ¢ < d. Let G € {F € F(W) : a\b € F}; then
(G,I) € R since a\b € G. Therefore, I € {F € F(W) :a\b e F}°.

Finally,

([a\D)",I) € R
<= there exist ¢ € [a\b)"V, d € I such that ¢ < d
—a\bel (a\b<c<danda\be B)
< I € p(a\b).

Thus, 1(a)\Su(b) = p(a\b).
O

Theorem 9.2.18. The structure S is a complete residuated ordered algebra of
the same type as A and there exists an embedding of B into S that preserves all

existing meets and joins in B.

Remark 9.2.19. LetL = (L,V, A) be a bounded lattice and let C be the comple-
tion of L obtained from the polarization (F(L),Z(L)) as described in Chapter 6.
Then C is the canonical extension of L [GHO1]. Now, if B = A, then the only
possible B-residual pair is (A, Ay. Then (F,I) € R if, and only if, FNI # &
and the lattice reduct of S is just the canonical extension of the lattice reduct
of A.

9.2.2 Finiteness

Recall that A = <A, VA, T4, §> is a residuated lattice ordered algebra (of type
T) and B = <B, VB AB TB, §B> is a partial (ordered) subalgebra of A. Also
recall that W = (W, W*) is a B-residual pair, as per Definition 9.2.1.

Let P/ (W) denote the set of all finite subsets of W. For M, N € P/ (W)
define the ordering < on Pf™(W) by: M < N if, and only if, there exists a
one-to-one function ¢ : M — N such that a < ¢ (a) for every a € M.

We will make use of the following result that was obtained in [Nas63].
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Lemma 9.2.20. [Nas63] If (W, >) is well-quasi-ordered, then so is (PY"(W), Z).

Corollary 9.2.21. If (W, <) is reverse well-quasi-ordered, then so is (P/™(W),<).

Proof. We that have that (W, <) is reverse well-quasi-ordered if, and only if,
(W,>) is well-quasi-ordered; which implies that (P/™(W),2) is well-quasi-
ordered; which is the case if, and only if| <73f (W), §> is reverse well-quasi-
ordered. O

Let F' € F(W). We note that W — F' is a downset in W. If (W, <) is reverse
well-quasi-ordered, then W — F' contains only finitely many maximal elements
(if not, the maximal elements would form a bad sequence in (W, <)). Let Dp

denote the set of maximal elements in W — F'.

Lemma 9.2.22. Suppose (W, <) is reverse well-quasi-ordered and let F,G €
F(W). If Dp 2 D¢, then F C G.

Proof. Since (W, <) is reverse well-quasi-ordered, Dp and D¢ are both finite
and 2 is defined for Dr and Dg.

By definition of 2 there exists a one-to-one function ¢ : Dg — Dp such
that a < ¢ (a) for every a € Dg.

For any x € A it now follows that:

x¢ G
= zeW-G
= z<a for some a € Dg
= z<19Y(a) since Dr 2 D¢
= z<b for some b € Dp since ¢(a) € Dp
Hence, F C G. O

For F' € F(W), let F'® be an abbreviation for {F}* ={I e Z(W?®) : (F,I) €
R} and recall that (F,I) € R if, and only if, there exist a € F' and b € I such
that a < b. Furthermore, recall that S = <S, VS, /\S> is a complete lattice with
S={AeP(IZ(W*)): A=A} and

s S Qe
\/AZZ mAl and /\Al: (UA1>
icw IS\ S\ icw

for A; € S, i € U. The associated lattice order <8 is D.
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Theorem 9.2.23. If (W, <) is reverse well-quasi-ordered and (W*, <) is well-

quasi-ordered, then S is finite.

Proof. Recall that S(W) = {F® : F € F(W)}. Although F(W) is an infinite
set, we claim that the set S(W) is finite.

We begin by showing that (S(W),C) is well-quasi-ordered: Assume to the
contrary that (S(W), C) is not well-quasi-ordered, i.e., there is a bad sequence
FY Fy, ... in (S(W),C). Then, whenever i < j, we have F;” ¢ F;". Now,
F7 ¢ F7 implies that there exists an I € Z(W*) such that (Fj,I) € R, but
(Fj,I) ¢ R. Moreover, (F;,I) € R if, and only if, there exist a € F; and b € T
such that a < b. Then a ¢ Fj, since (Fj,I) ¢ R. Thus, F; ¢ F; whenever i < j.
Hence, Fy, Fy, ... is a bad sequence in (F(W), C).

From the contrapositive of Lemma 9.2.22, it now follows that Dp,, Dp,, ... is
a sequence of finite subsets of W such that, whenever i < j, we have D, 71‘; Dp;.
That is, Dp,, Dp,, ... is a bad sequence in <73fi"(W), §> Hence, <’Pfi"(W), z>
is not well-quasi-ordered. But then <’Pf (W), §> is not reverse well-quasi-
ordered and neither is (W, <), by Corollary 9.2.21. This, however contradicts
our assumption that (W, <) is reverse well-quasi-ordered. We may therefore
conclude that (S(W), C) is well-quasi-ordered. That is, it has no infinite anti-
chains nor does it have any infinite descending chains.

Next, we show that (S(W),C) has no infinite ascending chains. Suppose,
to the contrary, that there exists an infinite chain F” C Fy C --- in S(W).
For each n € N, choose I,, € F,  ; — F7. Note that (Fn.41,1,) € R, but
(P, I,) ¢ R. Therefore, there exist ¢, € F,11 and d,, € I, such that ¢, < d,,
for each n € N. Then, (Fi+1,1;) ¢ R whenever i < j: suppose to the contrary
that (Fi11,1;) € R for some i < j. Then there exist a € F;11 and b € Fj
such that ¢ < b. But then a € F,1; C Fj, which implies that (F},I;) € R
— contradicting our choice of I;. Furthermore, (F;11,I;) ¢ R whenever ¢ < j
implies that, whenever ¢ < j, we have ¢ £ d for all ¢ € F;41 and all d € I;.
In particular, ¢; £ d; whenever ¢ < j. Since ¢; < d;, it follows that d; £ d;
whenever ¢ < j. Thus (d,) is a bad sequence in (W*, <), contradicting our
assumption. Therefore, (S(W), C) is finite.

Consequently, S(W) is finite. Recall that every stable set A € S is an
intersection of elements of S(WW), by Lemma 9.2.4. Hence, S is finite. O

Thus, the problem of determining if S is finite is reduced to identifying B-
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residual pairs, W = (W, W*) for which (W, <) is reverse well-quasi-ordered and
(We, <) is well-quasi-ordered. We briefly summarise some results from [Hig52]
that we will use to find reverse well-quasi-ordered W’s and well-quasi-ordered
We’s.

An algebra A = <A, 04, j> such that < is a quasi-order is called a quasi-

ordered algebra if:
Each operation in O® preserves < in each of its arguments. (9.1)
The quasi-order < is called a divisibility order if, in addition to (9.1), it satisfies:

For each n-ary operation fA of A and all ay,...,a, € A,

ai = fAa1,...,a,) foreachi=1,...,n.

For each k£ € N, let (D)‘,:‘ denote the set of all k-ary operations in O*. Suppose
< is a quasi-order on @ﬁ‘ for each k € N. Then =< is called compatible with <j,
if, for all fA4, b € Of:

If f&<p h® and a1,...,a, € A, then f2(ay,...,ax) < h®(ay,...,ax).

If <A,(O)A, j> has no proper subalgebras, then it is said to be minimal. For

example, an algebra generated by its set of constants is a minimal algebra.

Theorem 9.2.24. [Hig52, Theorem 1.1] Suppose that (A, O*, <) is a minimal
algebra endowed with a divisibility order <. If <@ﬁ, §k> is a well-quasi-ordered
set such that <X is compatible with <y for each k =0,...,n, and @? 18 empty
for k > n, then (A, X) is well-quasi-ordered.

Theorem 9.2.25. [Hig52, Theorem 1.2] Suppose that <A, 04, j> is an algebra
of finite type endowed with a divisibility order <. If <A,(O)A> is generated by a
subset B and (B, = |p) is well-quasi-ordered, then (A, <) is well-quasi-ordered.
In particular, if <A,@A,j> is generated by a finite set, then (A, =) is well-

quasi-ordered.

Finally we note that a finite direct product of well-quasi-ordered sets is
again well-quasi-ordered; and the union of a finite number of well-quasi-ordered

subsets of some partially ordered set (A, <) is also well-quasi-ordered.
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Decreasing residuated ordered algebras

Recall from Section 9.1.1 that for a residuated lattice ordered algebra, A =
<A, V, A, T4, §>, the set of operations T is finite and consists of constants and
unary and binary residuated operators. If, in addition, each operator in THUT4
is decreasing, then A = <A, VA, TA, §> is called a decreasing residuated lattice
ordered algebra. Then, for each f € T, we have f(z) < x which implies that
r < g(x), where g € (T$)A is f’s residual. Hence, each g € (T$)# is increasing.
Furthermore, if o € T2, then y o 2 < x and x o y < x implies that z < y\z and
x<ax/y.

Now let A be a decreasing residuated ordered algebra and B a partial sub-
algebra of A. Let W be the closure of BUT# under the operations in T4 U T2
and A. Then > is a divisibility order on W and W is generated by a finite
set. Thus, by Theorem 9.2.25, (W, >) is well-quasi-ordered and hence (W, <) is
reverse well-quasi-ordered.

Next let W* be the closure of B U ’I['{} under V, each g; € (']I‘I)A, 1 € U, and
under a\;jx and z/;a for all @ € W and j € ®. Then,

(i) < is preserved by V and g;, a\;x and a/;x for all i € U, all j € ® and all
acW.

(ii) As explained in the discussion above, each g € (T$)#, each a\ ;= and each
x/ja is increasing, i.e., ¢ < g(c), ¢ < a\;c and ¢ < a/;c for all c € W*.

Hence, < is a divisibility order on W*.

(iii) W* is closed under infinitely many unary operations and one binary op-
eration. The set Qg is just {V} which is trivially well-quasi-ordered and

the ordering < on W* is (trivially) compatible with its trivial ordering.

Furthermore, for each j € ®, let L; = {a\;z : a € M} and R; = {z/;a :
a € W}. Define the relation < on each L; as follows: a1\;x <F a5\ if,
and only if, a; > as. Similarly, define §f on each R; by: x/;a1 §f x/jas
if, and only if, a3 > as. Then each <Lj, SJL> and each <Rj, §f> is well-
quasi-ordered: (W, <) is reverse well-quasi-ordered and a; > ag implies
ar\jc < az\jc and ¢/ a1 < ¢/;aq for all ¢ € W*. Now let Q7 be the union
of all Lj, R; and {g; € (T$)® : i € ¥} and let <; be the union of all
<I’s, <I's and the trivial order on {g; € (T$)A : i € U}. Then (04, <)

is well-quasi-ordered. Moreover, the ordering < on W* is compatible with
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<.

Hence, (WW*, <) is well-quasi-ordered by Theorem 9.2.24.

Then (W, W*) is a B-residual pair such that W is reverse well-quasi-ordered
and W* is well-quasi-ordered. Moreover, S obtained from (W, W*) by the con-
struction described in Section 9.2.1, is finite by Theorem 9.2.23.

9.2.3 Additional properties preserved by the construction

Though not explored in full, we show some initial preservation results here. In
particular we show how Lemma 9.2.11 can be used to great effect to prove the

preservation of some important properties of the operations.
Lemma 9.2.26. Let f € T#. Then:

(i) If f is decreasing, then so is fS.

(ii) If f is increasing, then so is fS.

(ii) If f is idempotent, then so is fS.

Proof. (i) Suppose f is decreasing, i.e., f(a) < aforalla € A. Let A € S
and I € A. Then,

(F,I) € R for all F € A®
= there exist a € F, b € I such that a < b for all F € A®
= there exist a € F, b € I such that f(a) <a <bforall F € A
= (f(F),I) € R by Lemma 9.2.10 (i) for all F € A
= 1€ f(AO).

Hence, A C f(A®)%, ie., fS(A) <5 A.

(ii) Suppose f is increasing, i.e., a < f(a) for all a € A. Let A € S and
I € f(A®)®. Then,

(f(F),I) € R for all F € A®
= there exist a € f(F), b e I such that a < b for all F € A
by Lemma 9.2.10 (i)
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= there exist ¢1,...,¢, € F, n € N, aef(F) and b € I such that

/\ f(ci) <a<bforal FeA?

=1

= there exist ¢1,...,cp € F, n €N, a € f(F) and b € I such that

f(/\ci> < A\ fle:) Sa<bforall FeA”
1=1 =1

= there exist ¢ € F(set, ¢ = /\ ¢i), b€ I such that ¢ < f(c) < b forall F € A®
i=1

since W and F' are closed under finite meets and f is increasing
= (F,I) € Rfor all F € A®
=TeA " =A

Therefore, f(A®) C A, ie., A <5 fS(A).

(iii) Suppose f is idempotent, i.e., f(f(a)) = f(a) for all a € A. We first show
that f(f(F)) = f(F): Let a € f(F). Then a > A, f(c;) > f(NI_, i)
for some ¢1,...,¢, € F, n € N. But ¢ = /\?Zlci € F since W and F' are
closed under finite meets. Thus, a > f(c) = f(f(c)) for some ¢ € F, since
f is idempotent. This implies that a € f(f(F)). Hence, f(F) C f(f(F)).

On the other hand, let b € f(f(F)). Using the fact that W and F are
closed under finite meets, we can follow a similar argument to the one
above to prove the following: there exists a € f(F) such that b > f(a).
But a € f(F) implies that a > f(c) for some ¢ € F. Then b > f(a) >
f(f(c)) = f(c) which implies that b € f(F). Hence, f(f(F)) C f(F).
Next let X € P(F(W)). Then:

FUFX) = f{f(F): F e X})
(f(F): FeX}
(F): F e X}
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Now, by the above and Lemma 9.2.11 (i) we have: for A € S,

PR W) = f2(F(A7)7)
= f(f(A®))7
= f(a=)"
= f5(A).

Lemma 9.2.27. Let o € TS, Then,

(i) If o is decreasing (in each coordinate), then so is oS.

(ii) If o is associative, then so is oS.

(i4) If o is commutative, then so is oS.

(iv) If 1 € T4 such that 1 is a (left- or right-) identity of o, then u(1) is a

(left- or right-) identity of oS.
Proof. (i) Suppose o is decreasing, i.e., aob < aand aob < b for all a,b € A.
We must show that AoS T <5 Aand AoS YT <5 YT forall A,T € S. We

will prove the first inequality. The second follows similarly. Let A, T € S
and let I € A. Then,

(F,I) € Rfor all F € A®
= there exist a € F, b € I such that a < b for all ' € A®
= there exist a € F, b € I such that aoc<a <b
forallc€ G, forall G € Y° and all F € A®
= (F6G,I) e Rfor all F € A® and all G € T°, by Lemma 9.2.10 (iii)
=Te(A°oT7)".

Hence, A C (A° 0 Y<)% ie., AcST <SA.

(ii) Suppose o is associative. Let Fy, Fy, F3 € F(W). We will show that
F16(F26 Fg) = (F16 F2)6 Fg. Let

eEFlé(F26F3) = [{aOb:aeFl,b€F26F3}>.
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Then e > A, (a; ob;) > A, a; o \i—, b; where a; € Fy and b; € F»0 F3
fori=1,...,n. Buta= A a; € Fy and b= \_, b; € F»5 F5. Thus,
e > aobforae Fy and b € Fy6 F3. Using a similar argument we can
now show that b € F; o F3 implies that b > c o d for some ¢ € F; and
d € F3. Then, e > ao(cod) = (aoc)od by the associativity and
e € (F16 F3)6 F5. Therefore, F16 (F»6 F3) C (F16 F»)6 F5. The inclusion

in the other direction follows similarly.
A consequence of the above is that X7 o (X2 0 X3) = (X7 0 X3) o X3 for
X1, X1, X5 € P(F(W)):
X10(Xp0Xs) =X, 0{F0F;: F € X;,i=1,2}
— {F8(Fy8 F): Fy € X;,i = 1,2,3}
—{(F6F)8F;: Fy € X;,i=1,2,3}
= (X1 0 X3) 0 Xs.

Then, by the above and Lemma 9.2.11 (ii) we have, for A, T,T € S (and
therefore A9, Y<,T'< € P(F(W))):
A oS (T oS F) — A°C oS (TQ ° FQ)D
= (A7 oY) o)™
— (A<> o T<))(> OS r<c
= (AST)ST.
(iii) Suppose o is commutative. We first show that & is commutative. Let
Fy,Fy € F(W). Then,

F16F2=[{a0b:a€F1,b€F2}>
=[{boa:be Fy,a € F1})
=F50 I.

Now we have that, for Xy, Xo € P(F(W)):

Xq10Xo Z{F16F2 e X, Fy e XQ}
Z{FQE)Fl e Xy Fy € Xl}
:X20X1.
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Finally, for A, T € S:

AST = (AQ oTQ)(>
=(T°0A%)"
=T oS A.

We show that if 1 is a left-identity of o, then (1) is a left-identity of oS.

The proofs of the other cases are similar.

Let A € S. Then, by Lemma 9.2.5,

(1) oS A
= (u(1)7 e A7)"
={FeFW):1€F}o{Ge F(W):IeAimplies (G,I) € R})®
={F6G:1€ F,I € A implies (G,I) € R}".

We first show that A C u(1) oS A. Suppose F = G16 G5 such that 1 € G4
and I € A implies that (Go,I) € R and let J € A. Then (Gs,J) € R by
assumption. By the definition of R there then exist a € G2 and b € J
such that ¢ < b. But 1 € G; implies that 1 o a = a € F. Therefore,
(F,J) € R. Since (F,J) € R for all J € A, it follows that F' € A°. Hence,
{F6G:1€ F,I € A implies (G,I) € R} C A. By the properties of Galois

connections we then have that

A=A C{F6G:1€F,IcA implies (G,I) € R}* = u(1) oS A.

For the inclusion in the other direction let G € A<, i.e., G € F(W) such
that I € A implies that (G,I) € R. Observe that since 1 € Ty C W,
we have that [1)V € F(W) such that 1 € [1)". We will now show that
Ve G =G.

Let a € G; then loa=a € [1)W6G. Hence, G C [1)" 56 G. Next consider
[HWeG = [{boc:be )W, ceG}). If b € [1)W, then b > 1 which
implies that boc > 1oc =c for all c € G. Thus, bo c € G since G is an
up-set. Then [1)"8 G C G. Therefore, [1)V6G = G.

From the above it now follows that

A C{F6G:1€ F,I € A implies (G,I) € R}.
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Then, by the properties of Galois connections,

{F6G:1¢€ F,I€ Aimplies (G,I) € R}* = p(1) o5 A C A®> = A,
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10. ALGEBRAIC FILTRATIONS IN MODAL LOGIC

Many well-known propositional modal logics are algebraizable and classes of
Boolean algebras with operators (or BAOs for short) are the equivalent algebraic
semantics of such logics. Since Boolean algebras form the algebraic semantics for
classical propositional logic, the task of the additional operators in BAOs is to
represent the modalities of the logic. Following the discussion in Chapter 8 and
since modal logics are algebraizable, it is natural to seek classes of BAOs that
have the FEP. Recall that the algebraizability ensures that if a class of BAOs
has the FEP, then the associated logic is decidable if it is finitely axiomatized.

In this chapter we will use the method of algebraic filtration to prove the FEP
for classes of modal algebras (BAOs with a single unary operator). The method
of filtration has been used to prove finite model properties in modal logic. Al-
though this method is usually associated with relational (Kripke) models, it was
originally an algebraic one. In [McK41] filtrations were used to prove the finite
model property for the modal logics S2 and S4 (see also [MT44]). The (Kripke)
model-theoretic version of filtration first appeared in [Lem66a, Lem66b, LS77],
where the algebraic and model-theoretic methods were connected for some par-
ticular cases. The filtration method was further developed in [Seg68, Seg71]
(where the term ‘filtration’ was apparently first used). Algebraic filtrations have
also been applied in the settings of, for example, cylindric algebras [HMT85] and
relation algebras [Ném&7]. For an extensive history of modal logics and filtra-
tions, we refer the interested reader to [Gol03].

We investigate connections between the algebraic and model-theoretic ver-
sions of filtrations and develop a duality between the two methods. In the next
section we recall the definitions of the notions we will use: modal algebras,
Kripke frames and models and the basic modal language.

We begin our investigation by describing algebraic constructions that pro-
duce finite modal algebras, called algebraic filtrations, in Section 10.2. In Sec-

tion 10.3 we recall the method of filtration for Kripke models and then adjust
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the method for Kripke frames. That is, we introduce the notion of a set filtra-
tion, which was already implicit in [Lem66a]. Set filtrations are equivalent to
ordinary model-theoretic filtrations, but operate on frames rather than models.
They are better suited for the duality theory developed in Section 10.4.

Finally, in Section 10.5 we use the correspondence developed in Section 10.3
to translate well known model-theoretic filtrations into set filtrations. In partic-
ular, we will consider the largest, smallest, transitive and symmetric filtrations.
We use the duality theory developed in Section 10.4 to find the algebraic versions
of each of these filtrations.

For the sake of readability we will restrict ourselves to modal algebras and
to frames with only one binary relation. The definitions of algebraic and set
filtrations as well as all other definitions and results in the rest of the chapter
can, however, be generalized in a natural way to the settings of arbitrary Boolean
algebras with operators (BAOs) and frames of different modal similarity types,
respectively.

The results from this chapter were obtained in collaboration with Prof. Clint
van Alten and Dr. Willem Conradie and have been published in [CMvA].

10.1 Modal algebras, modal logic and Kripke semantics

In this section we give the definitions of the objects of study for this chapter.
See [BARVO01] for more on the notions defined here.

Recall that an operator f: A — A on a Boolean algebra A distributes over
finite joins, i.e., f(z Vy) = f(z) V f(y) for all z,y € A, and satisfies f(0) = 0.

Definition 10.1.1. A (normal) modal algebra is an algebra A = (A, V, A, -, 0,
1, f) is such that (A,V, A\, —,0,1) is a Boolean algebra and f is a unary operator.

An element a € A is an atom of A if 0 < a and there is no element b € A
such that 0 < b < a. Let AtA denote the set of all atoms of A. A modal
algebra A is called atomic if every non-0 element of A has an atom less than or
equal to it. An element a € A is a co-atom of A if a < 1 and there is no element
b € A such that a < b < 1. Let CaA denote the set of all co-atoms of A.

If S C A, then the Boolean subalgebra of A generated by S, say Bg =
<B, vB AB B ( 1>, is the intersection of all subalgebras of the f-free reduct
of A containing S. We note that the unary operator f is partially defined on
B. Furthermore, if S is finite, then (B, f) is a finite partial subalgebra of A.
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The formulas of the basic modal language over a denumerably infinite set of

proposition letters ® are given by the following recursive definition:

p:=Llp|l-p|lpVi|Op

where p € ®. This language is interpreted in models M = (W, R, V) in the

usual way, i.e., given w € W:
e it is never the case that M, w I+ L;
e M,wlF pif, and only if, w € V(p);

o M,w Ik -y if, and only if, M, w I} ¢;

M,w Ik @V if, and only if, M, w - ¢ or M, w IF 1;

M, w IF Oy if, and only if, there exists v € W such that (w,v) € R and
M, vl .

Given the definition of the semantics, it is possible to extend the valuation
V :® — P(W) to a map from the set of all formulas to P(W) by letting
Vip) = {w e W : M,w I ¢}. We shall make use of the fact that V(O¢) =
fr(V(¢)), which can be seen as follows:

V(Op)={w e W : M,w - O}
= {w € W : there exists € Wsuch that (w,z) € R and M,z I ¢}
= {w € W : there exists € W such that (w,z) € R and z € V(p)}

= fr(V(¥)).

Definition 10.1.2. A (Kripke) frame s a pair § = (W, R) where W is a non-
empty set and R a binary relation on W.

A valuation on § is a function V : & — P(W) that assigns a subset of W to
every proposition letter.

A (Kripke) model M = (§,V) is a relational structure where § is a frame
and V is a valuation on §. If § = (W, R), then we also write M as (W, R, V).

It is well known that the duality between frames and modal algebras rests

on the following notions.
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Definition 10.1.3. The complex algebra of § = (W, R) is the modal algebra
Ft=(PW),N,U,—, 3, W, fr), where the operator fr on P(W) is given by:

fr(X) ={w e W : there exists x € X such that (w,z) € R}.

Recall that an ultrafilter F' of an Boolean algebra A is a maximal proper
filter of the lattice reduct of A, i.e., a proper filter of the lattice reduct of A
that satisfies: for all a,b € A

ifavbe F, thenac ForbekF.

Since aV-a =1 € F for all a € A and all filters F' of a Boolean algebra A, the

above is equivalent to: for all a € A either a € F or —a € F.

Theorem 10.1.4 (Ultrafilter theorem). Let A be a Boolean algebra, a € A and
G a proper filter of A such that a ¢ G. Then there is an ultrafilter F' of A such
that GC F and a ¢ F.

Definition 10.1.5. The ultrafilter frame of A is the frame As = (UfA, Ry)
where UfA is the set of all ultrafilters of A and Ry is a binary relation on UfA
such that

(u,v) € Ry <= f(a) € u whenever a € v.

For each modal algebra A, define a binary relation R on A such that
(a,b) € R* < a < f(b).

Definition 10.1.6. Suppose A is an atomic modal algebra. The atom structure
of A is the frame A = (AtA, RA] AtA) where R AtA denotes the restriction
of R to AtA.

The duality theory developed in Section 10.4 will rely on the following two

theorems.

Theorem 10.1.7. Let § be a frame. The § is isomorphic to (§7)4, i.e., the
atom structure of the complex algebra of §.
Theorem 10.1.8 (Jénsson-Tarski theorem [JT51]). Let A = (A, V,A,—,0,1, f)
be a modal algebra. Then the representation function w : A — P(UfA) given
by

w(a) ={ue UfA :a € u}
is an embedding of A into (As)T.
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That is, every modal algebra is (isomorphic to) a subalgebra of the com-
plex algebra of its ultrafilter frame. The above theorem can be restated more

generally for BAOs.

10.2 Algebraic Filtrators

Let A be a modal algebra. Recall from the discussion on the FEP in Chap-
ter 8 that if we assume that an identity (VZ)(s(Z) = ¢(Z)) fails in A, then
there exist some assignment & — @ of elements of A to the variables such that
s8(@) # t4(@). Then the set of elements of A used in the evaluation of s
and t forms a finite subset, say M Cf A. Recall that the aim is now to
construct a finite modal algebra in which the identity fails. In general the sub-
algebra of A generated by M is infinite since the operator f may force the
inclusion of infinitely many elements. Hence we cannot expect to produce a fi-
nite modal algebra in this way. However, the partial subalgebra (B, f) where
By = <B, VB AB B 0, 1> is the Boolean subalgebra of the f-free reduct of A
generated by M and f the modal operator partially defined on B, is finite and
is closed under all existing Boolean operations in M. For (B, f) to be a modal
algebra, we must now extend the partial modal operator f to an operator f’
defined on the entire B. We note that (B, f) is not the only choice of finite
partial subalgebra that can be used in such a construction — any finite par-
tial subalgebra of A that contains M and is closed under the existing Boolean
operations in M may be used. We will, however, focus on (B, f) in this thesis.

In [McK41] the extension f’ of f was defined on the universe B of By in

the following way:
fl(b) = /\{a € B : there exists ¢ € B such that a = f(c) and b < ¢}.

Given some restrictions, it is easy to show that f” as defined above is an operator
that extends f. We can now generalize this approach to describe a way to define
an operation f@ on B in terms of an arbitrary binary relation Q C B x B. For
any Q C B x B define f€ on B by:

fO0) = N\{a€B:(a,b) € Q}.

In order to ensure that f@ extends f and is an operator, we will require that
@ satisfy certain conditions. This approach will be explored further in Sec-

tion 10.2.1 where we will also state the conditions required of Q.
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The suggested extension of a partial operation given above uses a conjunction
of elements of B to give an approximation of f(b) from above. Alternatively, we
may also use a disjunction of elements of B to give an approximation f(b) from
below. We will develop this approach in the remainder of this section since it
is better suited for the duality theory developed in Section 10.4. As one might
expect, there is a close connection between the approximations from below and
from above and we will investigate it in more detail in Section 10.2.1.

Throughout this section let A be a modal algebra with operator f, M C/™ A
and Bjs the finite Boolean subalgebra of the f-free reduct of A generated by
M. Furthermore, let M C M such that f(a) € M whenever a € M. If f’ is an
operator on Bj; we use (B, f') to denote the modal algebra with By, as its
Boolean part and f’ as its operator.

It is well known that an operator f’ on the finite Boolean algebra B, is
uniquely determined by its operation on AtB);, the set of atoms of B;;. To
see why, note that if b =21V ---V x,, where {x1,...,2,} is the set of all atoms
of By below b, then

') = fl(x1V--Vay,) = fl(x1)V-- -V (z,) = \/{f’(y) :y € AtBy and y < b}.

Moreover, for each function g : AtBj; — Bjs (and hence each operator on B,y)

there is an associated binary relation RY9 on AtB); defined by:
(z,y) € R <= x <g(y). (10.1)

That is, R9 =< og, where o denotes relational composition.
Conversely, any binary relation R on AtB); has an associated function ¢ :
AtB); — By defined by:

g% (y) = \/{:v € AtBys : (z,y) € R}. (10.2)

We now have a one-to-one correspondence between the functions g : AtBy —
By and relations R C AtBys x AtByy.

Lemma 10.2.1. For any function g : AtBy — By, % = g, and, for any
binary relation R on AtByy, R9" = R.

Proof. For y,z € AtByy,

9% (y) = \/{z € AtBu : (x,y) € R} = \[{z € AtBa 2w < g(y)} = 9(v),
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and
(zy) €ERY = 2<gR(y) < 2<\/{z€AtBy : (z,y) € R}.
Since z is an atom, the last condition holds if, and only if,
z€{r e AtBy : (z,y) € R} < (z,y) € R.
O

Given any binary relation R on AtBj;, the function g% : AtBy; — By
defined in (10.2) can be extended to an operator on By, denoted by f%, in the

following unique way:

F0) =\/{g"(v) : y € AtBys and y < b}
:\/{\/{x € AtBar: (z,y) € R} 1y € AtByr and y < b}

:\/{:1: € AtByy : there exists y € AtBjs such that y < b and (z,y) € R}.

Note that f#(0) = \/ @ = 0 and, by the definition of f¥ on By, it is immediate
that f distributes over finite joins, i.e., ff is an operator on By;. To ensure

that f extends f, we require the following condition:

For all b € M and all z € AtBj; we have x < f(b) if, and only if,
there exists y € AtBjs such that y <b and (z,y) € R. (R)

We note that condition (R) states that < of [MC Ro < where o denotes

relational composition.

Lemma 10.2.2. If R is a binary relation on AtBys such that (R) holds, then
() = f(b) for allbe M.

Proof. By (R), we have

FE(b) :\/{:17 € AtByy : there exists y € AtBjs such that y < b and (z,y) € R}
=\/{z € AtBy : 2 < f(b)}
=f(b) (since f(b) € Bu).

The next lemma provides a converse.
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Lemma 10.2.3. If [’ is an operator on By, that extends f, then RY satisfies
(R).

Proof. Let b € M, and = € AtB);. Suppose z < f(b) = f'(b). But then
< f'(VM{y € AtBpy 1y <b}) = V{f'(y) : y € AtBys and y < b}, and hence
x < f'(yo) for some atom yo < b. But < f'(yo) means (z,1) € Rf". This

proves the implication from left to right in (R). Conversely, suppose yo < b and
(.y0) € RY". Then z < f'(yo) < f'(b) = f (b). O

Thus, we have established a one-to-one relationship between operators on
B that extend f and binary relations on AtBj; that satisfy condition (R).

We now make the following definition.

Definition 10.2.4. An algebraic filtrator of A through (M, M) is a binary re-
lation R on AtByy that satisfies (R). In that case, the modal algebra (B, f7),
where T is defined by:

fE®) = \/{x € AtByy : there exists y € AtBas such that y < b and (z,y) € R}
(10.3)
is called the algebraic filtration of A through (M, M) with R.
An algebraic filtrator R is called rigid if, in addition to (R), it also satisfies:

For all x,y € AtBys and for all ¢,d € A we have that
0#c<zandd<y andc< f(d) implies (x,y) € R. (R1)

Observe that since M is finite, so is Bys. Hence, By, is indeed atomic, as
was assumed in the definition. Moreover, the atoms of B, are maximal non-0
meets of elements of M and their negations. That is, if M = {a1,...,a,} and
a® and a' denote —a and a, respectively, then AtBj; = {a’f(l) Ao na™
{1,...,n} = {0,1}} — {0}.

We will show that the additional rigidity condition (R1) is necessary if we
want the algebraic filtrations to correspond exactly to the standard filtrations
of models found in the literature. A detailed comparison between filtrations of
algebras and of models is made in Section 10.4.

The discussion in this section can be summarized in the following theorem:

Theorem 10.2.5 (Algebraic Filtration Theorem). Suppose that A = s = t.
Then there exist subsets M C M C A such that for any algebraic filtration
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(Bar, f2) of A through (M, M) with R we have (Byy, fT) = s =t. Moreover,
IBas| < 22", where n is the number of subterms of s and t. Specifically, one can
take M = {v(u) : u a subterm of s ort}, and M = {a € S : f(a) € M}, where

v is any assignment on A falsifying s = t.

10.2.1 Extending operators on Boolean subalgebras

Recall from the opening discussion of this section that a conjunction of elements
may be used to define an extension of a partial operator, as opposed to a dis-
junction of elements as was used in the above. We will now show that there is
a natural connection between the two approaches and we will give an explicit
translation between them.

As before, let A = (A,V,A,—,0,1, f) be a modal algebra and M C M C/i?
Asuch that f(a) € M whenever a € M. Also, let By be the Boolean subalgebra
of A generated by M. The following operation defined on Bj; was used by
McKinsey in [McK41] to prove the finite model properties for S2 and S4 (see
also [MT44]):

fl(b) = /\{a € By : there exists ¢ € M such that a = f(c¢) and b < ¢}.

(10.4)
If we assume that M is closed under V, then it can be shown that f’ distributes
over finite joins in By; and extends f. This assumption is not restrictive since
we may first close M under V in Bjs. If we do so, then for all a,b € M we
have that f(a Vv b) = f(a)V f(b) € M and therefore a Vb € M. To ensure that
1(0) = 0 for operations defined in this way, we include 0 in the set M (and
hence also in M). Then f’ is an operator that extends f.

Another example of an operation defined on Bj; in this way is:

F'(0) = N\la€ By : f(b) < a}. (10.5)

which can easily be shown to be an operator that extends f.

Throughout this section we assume that 0 € M.

In general, for any binary relation ) on Bj;, we may define an operation
f9: By — By by:

fO) = A\{a € Bu: (a,b) € Q}. (10.6)

The relation Q does not uniquely determine £, that is, different relations may

induce the same operation. This is illustrated by the following results.
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Lemma 10.2.6. Suppose Q and Q' are binary relations on By such that Q is
the upward closure in the first co-ordinate of Q', i.e., (a,b) € Q if, and only if,
(¢,;b) € Q' for some ¢ < a. Then fQ = f<.

Proof. Since Q' C @, it is clear that f@(b) < f@'(b) for each b € Bys. To prove

the inequality in the other direction, note that

190) = \{a€ By : (a.b) € Q}
:/\{a € By : there exists ¢ € By such that a > ¢ and (¢, b) € Q'}.

Suppose a € {a € By : (a,b) € Q}, i.e., there exists ¢ € By such that a > ¢
and (¢,b) € Q. Then a > ¢ > A{d € By : (d,b) € Q'} since ¢ € {d € By :
(d,b) € Q'}. Hence a > f9'(b) and it follows that f2(b) > f<'(b). O

Lemma 10.2.7. Suppose Q and Q' are binary relations on By such that Q is
the meet closure in the first co-ordinate of Q', i.e., (a,b) € Q if, and only if,
a=ay Aay where (a1,b) € Q' and (ag,b) € Q'. Then fQ = f<.

Proof. Observe that fQ(b) < fQ'(b) for each b € By since Q' € Q. We now
prove that the inequality in the other direction holds. Note that

f20) = N\la€Bu: (a,) € Q}
:/\{a € By : there exist a1, as € By such that

a=ai Aaz and (a1,b) € Q" and (ag,b) € Q'}.

Let a € {a € By : (a,b) € Q}; then there exist aj,as € By such that a =
ay A ag, (a1,b) € Q' and (az,b) € Q. Then aj,as > le(b) since a1,as € {a €
By : (a,b) € Q'} and therefore a = aj Aag > f9'(b). Hence fQ(b) > f@'(b). O

A binary relation Q on By will be called f@-mazimal if, whenever Q C
Q' C By x By such that fQ = f@', we have that Q' = Q.

Observe that, if Q@ C Bjs x Bjs is meet closed in its first co-ordinate, then
(f9(b),b) € Q for all b € By;. This follows immediately from the definition of
f@ and the fact that By, is finite.

Lemma 10.2.8. A relation Q C By x By is f@-mazximal if, and only if, it is

meet and upward closed in its first co-ordinate.
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Proof. In light of Lemmas 10.2.6 and 10.2.7, it is clear than an f@-maximal
relation is meet and upward closed in its first co-ordinate. Conversely, suppose
Q) C B x By is meet and upward closed in its first co-ordinate and there exists
Q' C By x By such that Q C Q" and f@ = f@'. For a,b € By such that
(a,b) € Q', we have that a > fQ'(b) = f2(b) = A{c € By : (¢,b) € Q}. Then
(a,b) € Q since (f¢(b),b) € Q and Q is upward closed in the first co-ordinate.
Thus Q' C @ and hence Q' = Q. O

We are only interested in relations @ such that f@ is an operator on Bjs
that extends f. In order to characterize such relations we define the following

conditions.

e For all by, bo,a1,as € Byy, if (al,bl) € @ and (ag,bz) €qQ,

then (a1 Vaz,b1 Vb2) € Q. (@Q1)
e For all by, be,a € By, if (a,b1) € Q and ba < by, then (a,b3) € Q. (Q2)
e For all a € By and all b € M, if (a,b) € Q, then f(b) < a. (@3)
e For all b € M we have (f(b),b) € Q. (Q4)

Lemma 10.2.9. Let Q C By X Byy.
(i) If (Q1) and (Q2) hold, then f© is distributes over finite joins in Byy.
(i) If (Q3) and (Q4) hold, then fQ(b) = f(b) for allb € M.
Proof. (i) Let by, by € Bps. Then,
FOb1 Vb)) = \{a € Bar: (a,b1 Vv bo) € Q).
We will show that the above is equal to:
F21) v f9(b2)

:/\{al € By (al,bl) S Q}\//\{QQ € By (CLQ,bQ) S Q}
:/\{a1 Vas : (al,bl) S Q and (ag,bg) S Q}

If (a,b1 Vb2) € Q, then (a,b1) € @ and (a,b2) € Q by (Q2). Hence
FObL V by) > FR(b1) V fR(b2). If (a1,b1) € Q and (as,bs) € Q, then
(a1 V az, b1 Vba) € Q by (Q1). Therefore, f?(b1 V ba) < f@(b1) V f9(b2)
and the equality follows.
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(ii) Let b € M. Then (f(b),b) € Q so f(b) € {a € By : (a,b) € Q} by (Q4).
Furthermore, if @ € By such that (a,b) € @, then f(b) < a by (Q3).
Hence f9(b) = f(b). O

By our assumption that 0 € M, it follows by the above lemma that if
(Q1) — (Q4) hold, then f@ is an operator that extends f.

Lemma 10.2.10. Let Q C By X By be fQ—mam'mal. Then:

(i) f@ is distributes over finite joins on By if, and only if, (Q1) and (Q2)
hold.

(ii) f@(b) = f(b) for all b € M if, and only if, (Q3) and (Q4) hold.

Proof. (i) The backward implication follows from Lemma 10.2.9. We prove
the forward implication. Assume that f© distributes over finite joins. To
show that (Q1) holds, suppose that (a1,b1) € @ and (ag,bs) € @ for
b1,b2,a1,a2 € Byy. Then,

FR(b1 v b2)
=f2b1) v f9(bo)
z/\{al € By : (a1,b1) € Q} \//\{ag € B: (az2,b2) € Q}
z/\{al Vas € By : (a1,b1) € Q and (az,b2) € Q}.

Thus, a; V az > f9(by V by). Furthermore, since Q is finite and meet
closed in the first co-ordinate we have that (f@(by V b2),b1 V b2) € Q.
Finally, the fact that @ is upward closed in the first co-ordinate implies
that (a1 V az,b1 V b2) € Q.

To show that (Q2) holds, suppose we have that (a,b1) € Q and by < by for
a,bi,ba € Byr. Then fQ(b1) = f2(b1 V ba) = f9(b1) V f9(b2). Therefore
f@(b2) < f@(b1) < a. As observed earlier, (f%(b2),b2) € Q. It then

follows that (a,bs) € @, since @ is upward closed in the first co-ordinate.

(ii) As in part (i) we need only prove the forward implication. Suppose
fe(b) = f(b) for all b € M. To see that (Q3) holds, suppose b € M
and (a,b) € Q. Then, a > f9(b) = f(b).

Finally, from f@(b) = f(b) and the fact that @ is meet closed in its first
co-ordinate, it follows that (f(b),b) € @, i.e., (Q4) holds. O
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Suppose @ C Bjs X By satisfies (Q1) — (Q4). Then we can restrict Q to
AtBjy in the second co-ordinate since f€ is an operator. Furthermore, we can
also restrict @ to CaBjy, the set of co-atoms of By, in the first co-ordinate
since the upward closure of @ in the first co-ordinate does not change <. Let
P denote the restriction of Q to CaBy; x AtBy, i.e., P? satisfies:

(¢,y) € P if, and only if, there exists a € By
such that a < ¢ and (a,y) € Q. (10.7)

Observe that if Q and Q' are different relations on Bj; that define the same
operator, the relations on CaBj; x AtBjs obtained from @ and @’ by (10.7)
are the same.

Starting with an arbitrary relation P C CaBj; X AtBj;, we may define an

operation f¥ on By as follows: for y € AtByy,

fP(y) = Nlce CaBur : (c,y) € P}
and extend the operation to arbitrary b € Bjs by:
FP0) =\ {fF () 1y € AtBy and y < b}
=/\{c€ CaByy : for all y € AtByy, if y <b, then (c,y) € P}. (10.8)
We now show that the operation f¥ as defined above is an operator.

Lemma 10.2.11. For every P C CaBy; x AtByy, T distributes over finite

joins in Byy.
Proof. Let by,ba € Bps. Then
FE(b1Vby) = /\{c € CaByy : for all y € AtByy, if y < b1V by, then (c,y) € P}.
On the other hand,
FEO) v (b2)
:/\{cl Veg: forall y € AtByy, if y < by, then (¢1,y) € P, and,
for all y € AtByy, if y < bo, then (c2,y) € P}
:/\{c € CaByy : for all y € AtByy, if y < by, then (¢,y) € P, and,

for all y € AtByy, if y < by, then (c,y) € P}.
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The second equality follows from the fact that if ¢; and ¢y are distinct co-atoms,
then ¢ Veg = 1.

Let ¢ € CaByy such that (¢,y’) € P whenever 3’ < by for ¢y € AtBjs and
(¢,y’) € P whenever ¢y < by for ¢y € AtBj. Now let y € AtBjs such that
y < by Vby. Since y € AtB)y, it follows that y < by or y < by. In either case, it
follows that (c,y) € P. Thus,

ce€{ce CaByy :for all y € AtByy, if y < by V by, then (¢,y) € P},

and fp(bl \Y bg) S fP(bl) \Y fP(bQ)
The inclusion in the other direction (and hence the inequality in the other

direction) is straightforward. (]

To ensure that f¥ extends f, we require the following condition:

For all b € M and all ¢ € CaBjs we have that f(b) <c¢
if, and only if, for all y € AtBys,y < b implies (¢,y) € P. (P)

Lemma 10.2.12. Let P C CaBy; x AtBys. Then f£(b) = f(b) for allb e M
if, and only if, P satisfies (P).

Proof. Suppose that P satisfies (P). We must show that
f() = /\{c € CaByy :for all y € AtByy, if y <b, then (c,y) € P}.

Since f(b) is in the Boolean algebra Bjs, it is equal to the meet of all the

co-atoms greater than it. Thus, it is sufficient to show that, for any ¢ € CaBy,
f(b) <c < forally e AtByy, if y <b, then (¢,y) € P,

which is just condition (P).
To prove the implication in the other direction, suppose that f£(b) = f(b)
forall be M and let b€ M and d € CaBj;. Then,

fb) <d
= frb) <d
< de{ce CaBys:forallyc AtAg, if y <b, then (c,y) € P}
<= y < b implies (d,y) € P for all y € AtByy,

as required. O
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If Q C Ag x Ag is f@-maximal and satisfies (Q1) — (Q4), then P? C
CaAg x At Ag is just the restriction of @ to CaAg x At Ag. Thus, in this case
the operations fF° (as defined in (10.8)) and £ (as defined in (10.6)) are the

same.

Lemma 10.2.13. If Q C By x By is fQ-mazimal and satisfies (Q1) — (Q4),
then fQ(b) = fP°(b) for all b € Byy. Thus, fP°(b) = f(b) for allb € M.

Proof. Tt follows from Lemmas 10.2.9 (i) and 10.2.11 that fPQ and f@Q are
operators. Hence, it will be sufficient show that fPQ (y) = f9y) for all y €
AtByy, since that will imply that fF° (b) = f9(b) for all b € Byy. Recall that

for Boolean algebras we have that
/\S = /\{c € CaByy : there exists d € S such that d < ¢}.

for any S C B. Thus, for y € AtByy,

@) = \la€Bu:(a,y) € Q}
= /\{c € CaB)y; : there exists a € B such that a < ¢ and (a,y) € Q}
= A\{c€ CaBy : (c,y) € P9}
=" ).

Thus, fPQ and f? agree on B);.
By Lemma 10.2.9 (i) we have that fF°(b) = fQ(b) = f(b) forallbe M. O

Then the following result is a consequence of Lemmas 10.2.13 and 10.2.12.

Corollary 10.2.14. If Q C By x By is f@-mazimal and satisfies (Q1) —(Q4),
then P satisfies (P).

Note that if Q is f@-maximal, then @ can be recovered from P® by taking
the meet closure in the first co-ordinate and the join-closure in the second co-
ordinate. More generally, suppose that P C CaBjs x AtB) satisfies (P).
Define a relation QF C Bs x By by taking the meet and upward closure in the

first coordinate and the join and downward closure in the second coordinate, i.e.,

(a,0) € Q7
<= forall c€ CaB); and all y € AtByy, if a <cand y <b, then (¢,y) € P.
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It should be clear that the restriction of QF to CaBj; x AtBy is just P, i.e.,
pe’ = p. Furthermore, we also have that QPQ = @ for any Q C By X By
that is f@-maximal and satisfies (Q1) — (Q4).

Finally we wish to establish connections between relations P C CaBj; x
AtB)s satisfying (P) and relations R C AtBjs x AtBy satisfying (R). For
P C CaBjy; x AtByy, define RF C AtBj; x AtByy as the relation that satisfies:

(z,y) € R < (—x,y) ¢ P (10.9)
Lemma 10.2.15. If P satisfies (P), then R satisfies (R) and fRP = fF.
Proof. Let b€ M and x € AtB)s. Then —~x € CaBj; and therefore, by (P),
fb) < -z
< for all y € AtByy, if y < b, then (—z,y) € P

<= there does not exist y € AtBys such that y < b and (—z,y) ¢ P

<= there does not exist y € AtAg such that y < b and (z,y) € R”.
Equivalently,
f(b) £ ~x <= there exists y € AtBj; such that y < b and (z,y) € R”.

Since x is an atom, we have that < f(b) if, and only if, f(b) £ —x, as required.

Thus, RP satisfies (R), so fRP is an operator. Since f¥ is also an operator,
to show that fRP = f* we need only show that fRP (y) = fF(y) for all atoms y.
Recall that in a finite Boolean algebra with atoms x4, ..., x,, ifa =z V---Vay,

then —a = 211 V -+ -V a,. Now, for y € AtB,y,
f) :/\{c :c€ CaAg and (c,y) € P}
= \/{—|c :c€ CaAg and (c,y) € P}
= \/{:v :x € AtAg and (—z,y) € P}
:\/{x cx € AtAg and (—z,y) ¢ P}
= ().
O

On the other hand, for R C AtBy; x AtByy, define PR C CaBy x AtByy

to be the relation that satisfies:

(c,y) e P <= (—¢,y) ¢ R (10.10)
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Lemma 10.2.16. If R satisfies (R), then P® satisfies (P) and f% = fPR.
Proof. Let b€ S and ¢ € CaBjys. Then —¢ € AtBjs and by (R),
—e < f(b)
<= there exists y € AtBj; such that y < b and (—c¢,y) € R

<= it is not the case that y < b implies (—c,y) ¢ R for all y € AtByy

<= it is not the case that y < b implies (¢,y) € PR for all y € AtByy.

Equivalently,

—c £ f(b)
for all y € AtByy, if y <b, then (c,y) € P

Since ¢ is a co-atom, we have f(b) < ¢ if, and only if, ¢ € f(b), as required for
P to satisfy (P).

Since f® and fPR are operators, we need only show that fF(y) = fPR (y)
for all atoms y to show that f% = fPR. Indeed, for y € AtByy,

77 () = \lc: c€ CaBy and (c,y) € PR}
= /\{c:c€ CaBy and (-c,y) ¢ R}
== \/{~c:ce CaBy and (~c,y) ¢ R}
== \/{z: 2 € AtBy and (z,y) ¢ R}
=\/{z:z € AtBy and (z,y) € R}
=f(y).

For P C CaB); x AtB); and z,y € AtB);, we have:

(x,y) € RF" — (-z,y) ¢ PP «— (-—z,9) € R < (z,9) € R.
For R C AtBy x AtBys, c € CaBys and y € AtB),, we have:

(c,y) € PP = (mc,y) ¢ RY <= (-—e,y) €P < (c,y) € P.

Thus there is a one-to-one correspondence between relations R C AtBj; X
At By satisfying (R), relations P C CaB s x AtB s satisfying (P) and relations
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Q C By x By that are f@-maximal and satisfy (Q1) — (Q4). Indeed, for
R C AtBj; x AtByy satisfying (R) and a,b € Byy,

(a,b) € Q™
<= forallc € CaBys and all y € AtByy, if @ < cand y < b, then (—¢,y) ¢ R.

Conversely, for Q@ C By x By that is f@-maximal and satisfies (Q1) — (Q4),
and z,y € AtByy,
Q
(z,y) € R”" = (-z,y) ¢ Q.

In addition, for relations P, Q, R that are related as above, the operators f*,
fQ and f% are the same.

In summary then: if @) is any binary relation on By, that satisfies (Q1) —
(Q4), define P as in (10.7) and R by: (x,y) € R if, and only if, (—x,y) ¢ P,

which is equivalent to:
(xz,y) € R if, and only if, for all a € By, if (a,y) € Q, then z < a. (10.11)

Then R is the unique algebraic filtrator of A through (M, M) such that f% =
f@. Conversely, starting with an algebraic filtrator R of A through (M, M),
there is no unique relation Q C Bjs x Bjs corresponding to R, however there
is a unique relation P C CaBj; x AtBjs, namely (c,y) € P if, and only if,
(=c,y) ¢ R, such that ff = fF. A suitable, but not unique, relation Q C
By x By corresponding to P and R may be obtained from (10.8):

(a,b) € Q if, and only if,
a € CaB)s and for all y € AtB)y, if y <b, then (¢,y) € P.

10.3 Frames and Filtrations

We now recall the standard definition of a filtration for a (Kripke) model. The
process of finding a filtration of a model can be described as follows: Given
an equivalence relation of finite index on a model, construct a finite model by
defining a relation on the equivalence classes that preserves truth for all formulas
in a given finite subformula-closed set of formulas. This method relies heavily on
the subformula-closed set of formulas and the valuation on the model. However,
we do not have dual notions for these in the algebraic setting. For this reason

we reformulate the notion of a filtration for a frame instead — introducing
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set filtrations that operate on frames. Finally, we give a comparison between

filtrations for frames and models.

Definition 10.3.1. Let X be a finite, subformula-closed set of formulas (in the
basic modal language) and M = (W, R, V) a model. For u,v € W, let u ~x v
if, and only if, for all p € X, M,u Ik ¢ if, and only if, M,v Ik ¢. Then ~yx is
an equivalence relation on W. Let [u]s, denote the equivalence class of u with
respect to ~yx, and let Wy = {Ju]yz : ©v € W}. A filtration of M = (W, R,V)
through ¥ is then any model M' = (W' R', V') such that:

i W/ = WEa

o V'(p) ={lulz : u e V(p)},

 (u,0) € R implies (u]s, [o}s) € R,

o if ([ulg, [v]g) € R, then M, u I+ O whenever M, vl @ and Oy € X.

The following theorem demonstrates how filtrations can be applied.

Theorem 10.3.2 (Filtration theorem). If M’ is a filtration of M through
a subformula closed set of formulas 3, then for all w € W and all ¢ € %,
M,w I ¢ iff M| [w]s IF p. Moreover, |Wyx| < 2%,

It should be clear that the method of filtration described above relies on a
subformula-closed set ¥ and a valuation V. In the sequel we generalise this
method to frames.

Recall that the complex algebra of a frame § = (W, R) is the modal algebra
T =(PW),N,U,—, a3, W, fr), where fg is defined on P(W) by:

fr(X) = {w € W : there exists € X such that (w,x) € R}.

The atoms of T are exactly the singleton subsets {w} of W.

In the following definition of a set filtrator, we replace ¥ and V' that were
used in the filtration method for models, by two subsets M C M C P(W) where
fr(X) € M for each X € M.

Definition 10.3.3. Let § = (W, R) be a frame and M C M Cfm P(W) such
that fr(X) € M whenever X € M. Let ~p; be the equivalence relation on W
defined by:

ur~p v <= forall X € M we have that uw € X if, and only if, v € X.
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For each uw € W, denote by [u]pr the equivalence class of u with respect to ~yy,
and let Wy = {{u]p : u € W
A set filtrator of § through (M, M) is a binary relation R’ on Wy satisfying:
For all X € M and for all w € W we have that v € fr(X) if, and
only if, there exists v € W such that v € X and ([u]m, [v]m) € R'. (SF)

The frame (Wyr, R'Y is then called a set filtration of § through (M, M).
A rigid set filtrator R’ is a set filtrator that additionally satisfies, for all
u,v € W,

(u,v) € R implies ([u]s, [v]s) € R'. (SF1)
Next we show that every filtration of a model corresponds to a set filtration.

Proposition 10.3.4. Let M’ = (Wx, R, V') be filtration of a model M =
(W,R,V) through a subformula closed set of formulas . Let M = {V(p) :
peX}and M ={V(p): Op € }. Then (W, R') is a rigid set filtration of
(W, R) through (M, M) and Wy, R') = (Wx, R').

Proof. Recall that, for v € X, V(¢) ={x e W : M,z IF ¢}. If X € M, then
X = V() for some ¢ € 3 such that Op € X. Hence V(Op) = fr(V(p)) =
fr(X). Thus fr(X) € M whenever X € M. Note that,

XeM
<= there exist ¢ € ¥ such that X = V()
<= there exist ¢ € ¥ such that X = {w e W : M,wF ¢}.

Therefore, it should be clear that u ~p; v if, and only if, u ~x v. Thus

Wy, = Wy, By the above we may now rewrite (F'4) as:
If ([u]ar, [v]ar) € R, then u € fr(X) whenever v € X and X € M,
or, equivalently,

for all X € M there exists v € X such that
([u]ar, [v]amr) € R’ implies that u € fr(X). (10.12)

The above is just the forward implication in (SF).
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To prove the backward implication, note that, if X € M and u € fr(X),
then there exists v € X such that (u,v) € R. By (F3) we then have that, if
X € M and u € fr(X), then there exists v € X such that ([u], [v]am) € R'.
Thus, (SF') holds. The rigidity condition (SF'1) follows from (F'3). O

The converse is not true. The following example illustrates that not every

set filtration corresponds to a filtration of a model.

Example 10.3.5. Let § = (W, R) be the frame with W = {a,b,c} and R =
{(a,b), (a,c), (b,a)} depicted in Figure 10.1.

Then {{b,c}} = M C M = {{a},{b,c}} satisfy fr(X) € M whenever
X € M. The sets in M form the equivalence classes with respect to ~pr, i.e.,
Wi = {la]lm, [b]ap}- Now let R' = {([a]a, [b]am)}, then R satisfies (SF) and
(Wi, R, also depicted in Figure 10.1, is a set filtration of § through (M, M).

Note, however, that since (b,a) € R but ([b]a, [alamr) ¢ R', this frame cannot
be obtained as the result of filtering a model based on §, since (F'3) will never
hold.

§=(W,R): a (W, R'):

b/\\c ar Bl

Fig. 10.1: The frame § = (W, R) and its set filtration (Was, R’)

We now show that even though the rigidity is not necessary to find a set
filtrator of a frame, it is necesarry to obtain a filtration of a model. That is, as
a partial converse for Lemma 10.3.4 we show that every rigid set filtration of a

frame corresponds to a filtration of a model.

Proposition 10.3.6. Let (W, R) be a frame and (W, R') a rigid set filtration
of (W, R) through (M, M). Then there exists a subformula-closed set of formulas
Y and a valuation V' such that (Wx, R', V') is a filtration of (W, R, V') through
Y and (Ws,R'Yy = (Wy, R).

Proof. Assume, without loss of generality, that M = {X;,...,X,} and M =
{X1,..., Xm}, m < n. By the definition of set filtration, for each i =1,...,m,
thereissome j; € {1,...,n}, such that fr(X;) = Xj,. Let ¥ = {p1,...,pn, Op1,
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ooy Opmtand V(p;) = X, for i = 1,...,n. Note that ¥ is a subformula-closed
set of formulas.

As before, V(Op;) = fr(X;) = X, = V(p;,) for all i =1,...,m. Then, for
peX,

Mulk @
= ueV(p)

<~ u€ X, forsomei=1,...,n.

Thus, u ~x v if, and only if, u ~p; v. Thus Wy, = Wy, and it follows that (F'1)
holds. Note that (SF) clearly implies (10.12), which is equivalent to (F'4), while
(SF'1) clearly implies (F'3). O

One may now wonder whether or not a weakened notion of filtration in
modal logic would suffice. The answer is ‘yes’. In the following definition we
introduce the notion of a weak filtration which corresponds with the definition

of a set filtrator.

Definition 10.3.7. Let X be a finite, subformula-closed set of formulas and
M= (W,R,V) a model. A weak filtration of M = (W, R, V) through ¥ is any
model M" = (W', R', V') such that:

oW =Wy, (F1)
o V'(p) = A{luls : u € V(p)}, (F2)
o for all O € ¥ we have M,ul- Op < ([uls, [v]s) € R’

for some v € W such that M, v IF . (WF)

Suppose (W, R) is a frame and let (W, R') be a set filtration of (W, R)
through (M, M). Then there exist a subformula-closed set of formulas ¥ and a
valuation V' such that (Was, R', V') is a weak filtration of (W, R, V) through ¥
and (Wx, R') = (Wa, R'). We can obtain ¥ and V in exactly the same way as
was described in the proof of Proposition 10.3.6.

Example 10.3.8. The set filtration described in FExample 10.3.5 mow corre-
sponds to a weak filtration of a model. Let ¥ = {p1,p2,Op1}, V(p1) = {{b,c}}
and V(p2) = {{a}}. Then it can easily be shown that R’ satisfies (WF'). Thus,
(Wi, R, V') is a weak filtration of (W, R, V) through X.



10. Algebraic filtrations in modal logic 215

Observe that, if a relation R’ satisfies both (F3) and (F4), then it also
satisfies (WF'). On the other hand, from Examples 10.3.5 and 10.3.8 it follows
that (WF) is a strictly weaker condition than conditions (F'3) and (F'4) together.
However, the weakened condition (WF') suffices to prove a modified version of
the Filtration Theorem.

Theorem 10.3.9 (Weak Filtration Theorem). If M’ is a weak filtration of M
through a subformula-closed set of formulas 3, then for allu € W and all p € X,
M, ulkF @ if, and only if, M, [u]s I+ ¢. Moreover, |Wx| < 2/>I.

Proof. As in the standard proof of the Filtration Theorem (see, for exam-
ple, [BARVO01]), we prove the claim by induction on the complexity of formulas
in the basic modal logic. The base case as well as the Boolean cases remain
unchanged since they do not involve the relation R’. We therefore only need to
check the case where ¢ := b,

Suppose M, u IF Gip. By (WF) we have that ([u]g, [v]s) € R’ for some
v € W such that M, v IF 1. Since ¥ is subformula-closed, we have that ¢ € 3.
Then, by the inductive hypothesis, M', [v]x; I 9. It then follows that M/, [u]x IF
O since ([u]s, [v]s) € R

For the implication in the other direction, suppose M’ [u]s, IF Otp. Then
there exists a [v]y such that ([u]y, [v]y) € R and M/, [v]s IF 9. Then ¢p € &
since Y is subformula-closed and by the inductive hypothesis we have that
M, v Ik 4. Finally, since R’ satisfies (WF), it follows from the backward impli-
cation of (WF') that M, u - O O

10.4 Duality

Recall from Section 10.1 that every frame is (isomorphic to) the atom structure
of some modal algebra and every modal algebra is (isomorphic to) a subalgebra
of the complex algebra of some frame. Furthermore, operations on frames such
as taking generated subframes, bounded morphic images, and disjoint unions
correspond naturally with operations on algebras, namely, taking homomorphic
images, subalgebras, and products. In this section we will establish a similar
duality between set filtrations (operating on frames) and algebraic filtrations
(operating on algebras). This correspondence motivates the use of the term

“algebraic filtration” for the construction defined in Section 10.2.



10. Algebraic filtrations in modal logic 216

10.4.1 Starting from frames

Let § = (W,R) be a frame with M C M Cfi" P(W). On the one hand,
we can obtain the set filtration (Wjs, R’) for some set filtrator R’ (as in Defini-
tion 10.3.3). On the other hand, we may choose to consider the complex algebra
of the frame, i.e., 7 = (P(W),N,U, —, &, W, fg). Then (the same) R’ is an
algebraic filtrator of §* through (M, M). Hence, (3, fE), where Ty is the
Boolean subalgebra of § generated by M and fg, is as defined in (10.3), is
the algebraic filtration of §* through (M, M) with R’. In the following proposi-
tion we show that the atom structure of (F4;, fR/), ie., (&1 fg/)+ is precisely
(Whar, R'). This is illustrated in the diagram in Figure 10.2.

F* fr)
MQM McMcP( )

R C Wi x Wiy R' C (AtF*)?

<W]w, RI = >—< 3’

Fig. 10.2: Starting from frames.

Proposition 10.4.1. Let § = (W, R) be a frame, let M C M Cfim P(W)
and let R’ be a (rigid) set filtrator of § through (M, M). If §3, is the Boolean
subalgebra of FT generated by M and <S;\r/[,f1§,> the algebraic filtration of T
through (M, M) with R, then

(i) R’ is a (rigid) algebraic filtrator of § through (M, M),
(i6) (War, R) 2 (33, /8 )+
Proof. (i) Recall that §* = (P(W),N,U, —, &, W, fr) where fg is given by

fr(X) = {w € W : there exists x € X such that (w,x) € R}.
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We first show that R’ is an algebraic filtrator of §+ through (M, M). In
order to do so we must show that (a) R’ is an relation of AtF},; and (b)
R’ satisfies (R).

(a)

Recall that since SL is the Boolean subalgebra generated by M,
At&;\r/[ consists of the maximal non-empty meets of elements of M.
That is, if M = {X1,...,X,}, then AtF}, consists of all sets of the
form X{NX,N---NX] # &, where X/ is either X; or —X;. Now let
u,v € W. Ifu,v € XN+ -NXpN(—=Xgq1)N---N(—X,,), then v € X;
if, and only if, v € X; for all X; € M, ¢=1,...,n. Thus, the atoms
of S;\r/[ are just the equivalence classes [u]y. Hence, Wy, = At&]\}

and R’ is a relation on Wy, = At&}&.
Secondly, since R’ is a set filtrator, it satisfies (SF). But (SF) is

equivalent to:

For all X € M and all [u]pr € War we have that [u]yr C fr(X)
if, and only if,
there exists [v]ar € Wy such that [v]p € X and ([u]s, [v]s) € R'.

Clearly the above is equivalent to (R) for 1 and it follows that R’
satisfies (R).

Next we show that R’ is a rigid algebraic filtrator when it is a rigid set
filtrator. Suppose R’ satisfies (SF'1), i.e., for all u,v € W, (u,v) € R
implies that ([u]ar, [v]a) € R'. We must show that (R1) holds. For §+,
(R1) can be written as: For all [u]a, [v]ar € Wi and ¢,d C W,

But

if @+# ¢ C [ulp,d C [v]a and ¢ C fr(d), then ([u]a, [v]a) € R'.

if @ # ¢ C [ulp, dC Wy and ¢ C fr(d), then every element in

¢ has an R-successor in d. Since ¢ # &, it then follows that there are

elements v’ € ¢ C [u]y and v' € d C [v]p such that (v/,v’) € R. Hence,
([u]ar, [v]ar) € R by (SF1) and R’ is a rigid algebraic filtrator.

As noted in Section 10.2, the atom structure of (F3,, f§,>, ie., (31, fR,>+,
is the structure (At&;\r/[, R’). Since At&;\r/[ = Wy, the result follows.

O
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10.4.2 Starting from algebras

Let A = (A,V,A,—,0,1, f) be a modal algebra with M C M C/i" A. On the
one hand, we may obtain the algebraic filtration (B, f') of A through (M, M)
with some algebraic filtrator R’. Recall that B, is the Boolean subalgebra of
A generated by M and f R is defined by

i) = \/{x € AtByy : there exists y € AtBj, such that y < b and (z,y) € R}.

On the other hand, we can consider the ultrafilter frame of A, A, =
(UfA, R}) where (u,v) € R} if, and only if, f(a) € u whenever a € v for
all u,v € UfA. By the Jonsson-Tarski theorem, Theorem 10.1.8, A may be
embedded into the complex algebra of its ultrafilter frame, i.e., (As)", via the
map w : A — UfA given by w(a) = {u € UfA :a € u}.

Now let

My ={w(a):a € M}, (10.13)
M, ={w(a):a € M}, (10.14)
R, C {w(x): v € AtA}? such that (w(z),w(y)) € R, <= (v,y) € R.

(10.15)

Then M, C M, C P(UfA). We will show that R, is a set filtrator of A,
through (M,, M,) with resulting set filtration ((UfA)n,, R.,). Moreover, the
complex algebra of ((UfA),, R,), i.e., ((UfA)n,,R,)T is isomorphic to the
algebraic filtration (Bag, f'). This is illustrated in the diagram in Figure 10.3.

Lemma 10.4.2. Let A be a modal algebra, R an algebraic filtrator of A through
(M, M) and A, the ultrafilter frame of A. If Mo, M, and R, are defined as
in (10.18), (10.14) and (10.15), respectively, then R’ is a set filtrator of A,
through (Me,M,). If R’ is rigid, then so is R,,.

Proof. We first show that M,, M, and R, are correctly defined for it to be
possible that R, is a set filtrator of A, through (M,, M,). Suppose that M =
{a1,...,an} and M = {a1,...,am}, m < n. Then M, C M, C P(UfA).

Furthermore, the quotient structure ((UfA)y, , R,) has universe:

(UFA)ar, = {w(a)" V0 nw(a,)"™ - h:{1,...,n} - {0,1}} — {2},

0 _

where w(a;)? = —w(a;) and w(a;)!

= w(a;). Since w is an embedding of A
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A (UfA, RY)
M C Mchin A M, € M, C P(Uf(A))

R/gAtBM XAtBM R

(B, f7) = <(UfA)M.=R/.>Di< ((UfA)m,, Ry)

Fig. 10.3: Starting from algebras.

into (A,)", we have that w(a)’ = w(a’), i € {0,1}. Hence

w(al)h(l) A---N w(an)h(") — w(alll(l)) a---N w(aZ("))

= w(a}f(l) Ao Aal™),

It follows that (UfA)y, = {w(x) : © € AtBjs}. Hence R, is a relation on the
equivalence classes in (UfA)y,. Thus, M,, M, and R, are correctly defined.

Now, to show that R, is a set filtrator we must show that it satisfies (SF).
In this context (SF') can be rewritten as: For all a € M and all u € UfA,

u € fr,(w(a)) if, and only if, there exists v € UfA
such that v € w(a) and ([u]s,,[v]s,) € R,. (10.16)

Since @ is an embedding, we have that fr,(w(a)) = @(f(a)). Moreover u €
w(f(a)) is equivalent to [u]r, C w(f(a)) and v € w(a) is equivalent to [v]pr, C
w(a) since an element of (UfA)yy, is the intersection of all members of M, that
contain it. Thus (10.16) is equivalent to: For all € M and all u € UfA

[ulpm, C w(f(a))) if, and only if, there exists v € UfA
such that [v]y, € w(a) and ([u]a,, [v]a,) € Ry. (10.17)

Since the equivalence classes with respect to M, are of the form w(z) for = €
AtBys, we may quantify over AtBj; instead of over UfA. Thus (10.17) is
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equivalent to: For all a € M and all x € AtBj,

w(z) C w(f(a)) if, and only if, there exists y € AtBys
such that w(y) C w(a) and (w(z),w(y)) € R,. (10.18)

Now, w(a) C w(b) if, and only if, a < b, for all a,b € A. From this and the
definition of R}, it follows that (10.18) is equivalent to: For all a € M and
x € AtByy,

x < f(a) if, and only if, there exists y € AtBys
such that y < a and (x,y) € R’

which is just (R). Thus, R’ satisfies (SF) if, and only if, it satisfies (R). But R’
satisfies (R) by assumption. Hence, R’ satisfies (SF).

Next we show that R is a rigid set filtrator when R’ is rigid. Suppose that
R’ is rigid, i.e., it satisfies (R1). We have to show that R, satisfies (SF'1). Let
z,y € AtBy, u € w(z), v € w(y) such that (u,v) € R}. By the definition of
R} (see Definition 10.1.5) it follows that f(a) € u for all a € v. In particular,
f(y) € u. Then, z A f(y) € u, since u is a filter and x A f(y) # 0 since u is
proper. Moreover, since 0 # z A f(y) <z and y < y and z A f(y) < f(y), we
have that (z,y) € R’ by (R1). Hence, by definition, (w(z),w(y)) € R,. O

Define 6 : AtBy; — (UfA)y, to be the restriction of @ to AtByy, i.e., for
all x € AtByy,
0(z) ={u e UfA : x € u}.

Proposition 10.4.3. Let A be a modal algebra and By, fE) the algebraic
filtration of A through (M, M) with some algebraic filtrator R'. Furthermore,
let Ao the ultrafilter frame of A and let Mo, M, and R, be defined as in the
equations (10.18), (10.14) and (10.15), respectively, such that {(UfA)n, , Ry)
is the set filtration of Ae through (M,, M,) with R,. Then 0 is an isomor-
phism between the atom structure (Bar, f%), and ((UfA)ar,RL). Conse-
quently, (Bag, f&') is isomorphic to the complex algebra ((UfA)pr,, RL)T.

Proof. Recall from Definition 10.1.6 that (B, f®), = (A4tBy, R'). Since
0(z) = w(z) for all x € AtByy, it follows from the definition of R, that (z,y) €
R’ if, and only if, (§(x),d(y)) € R,. Thus, ¢ is a homomorphism. In the proof
of Lemma 10.4.2 it was shown that (UfA)y, = {w(z) : x € AtBy} = {(x) :
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x € AtBy}. Hence, § is onto. To see that § is one-to-one, observe that if
x,y € AtBp such that z # y, then z Ay = 0. But ultrafilters are proper, so no
ultrafilter of A contains both  and y. Then §(x) Nd(y) = & and it follows that

d(z) # 0(y)
Since By is finite, (B, f5') is isomorphic to ((Bas, f%)4)" which in turn
is isomorphic to ((UfA),, RL)™T. O

10.5 Analogues of model-theoretic filtrations

In this section we translate a number of well-known filtrations from the literature
into their corresponding set filtrations and algebraic filtrations. In addition, we
will use the correspondences of Section 10.2.1 to give equivalent descriptions of
the algebraic filtrations. In particular, we will consider the largest, smallest,
transitive and symmetric filtrations.

To start with we will make use of the correspondence developed in Sec-
tion 10.3 between filtrations operating on models and set filtrations operating
on frames to find a definition of the corresponding set filtration of each of the
four filtrations we will consider. We will then make use of the duality developed
in Section 10.4.1 to obtain the algebraic version of the filtration in terms of a
relation R on the atoms. Finally, we also give the definition of the algebraic
filtrator in terms of an arbitrary binary relation ) and use the correspondence
developed in Section 10.2.1 to show that it is equivalent to the algebraic filtrator
obtained through the duality.

We now consider some well-known (model-theoretic) filtrations used in modal
logic. The ‘largest’ (respectively, ‘smallest’, ‘transitive’, ‘symmetric’) filtration
of a model, as referred to in the literature, is a description of how a filtration of
any given model with respect to any given subformula closed set of formulas can
be defined. We use the correspondence theory to give a description of how a set
filtration of any given frame through an appropriate pair of sets (M, M) with
a set filtrator can be defined. Using the duality theory we give a description of
how an algebraic filtration of any given modal algebra through an appropriate
pair of sets (M, M) with an algebraic filtrator can be defined.

We introduce the following notions to assist us with the translation of a set

filtrator into an algebraic filtrator.

Definition 10.5.1. An augmented modal algebra (AMA for short) is a struc-
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ture A= (A,V,A,—,0,1, f, M, M, R’ where
e A =(AV,A 0,1, f) is a modal algebra,
e M C M C A such that f(a) € S whenever a € M,
e ' is binary relation on the AtBy;.

We let £ be the first-order language of AMAs, but where only restricted
quantification over M, M, By, and AtBj; is allowed. The following definition

makes this precise:

Definition 10.5.2. Let .Z be the first-order language with
e function symbols A and V' (binary), — and f (unary),
e constant symbols 0 and 1,
o unary predicates symbols M, M, Ayr, and At By, and
e binary predicate symbol R'.

The usual Boolean connectives will be denoted by & ,U,~, and = to avoid
confusion with the operations of the Boolean algebra. We will often write x € M
instead of M(x), and similarly for the other unary predicate symbols.

The only quantification allowed in L is bounded quantification over the ex-
tensions of the unary predicates, i.e., quantification of the form Vx(xz € M = ¢)
and Jz(xz € M and @) (abbreviated as usual as (Vx € M) and (3xz € M)y and

similarly for the other unary predicates).

The language .Z is interpreted in AMAs in the obvious way. Notice that,
even though the signature of AMAs does not explicitly accommodate the pred-
icate symbols By and AtBjy, the interpretations of these are entirely deter-
mined by the interpretation of M.

We are now ready to consider the filtration constructions mentioned above.
In addition to the notions of AMAs and the language .Z we will need some
further technical results. We include these with the investigation of the largest
filtration to make their motivation and significance clearer.

Throughout the following subsections, A = (A, V,A,—,0,1, f) will be a fixed
modal algebra and M C M C/™" A such that f(a) € M whenever a € M.
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10.5.1 The largest filtration

We first consider the largest (or coarsest) filtration (see, for example, [BARVO01]).
Recall that the largest filtration of a model M = (W, R, V) through a finite

subformula-closed set of formulas ¥ is given by

([u]s, [v]s) € R* if, and only if, for all Gp € X, if M, v I ¢, then M, u lF o,
or, equivalently,

([u]s, [v]g) € R if, and only if, for all Gy € X,if v € V (i), then u € V(Op).

We now formulate an equivalent version in terms of a set filtrator acting on
a frame. Thus, instead of M and X, we have a frame § = (W, R) and M C
M C P(W) where, for each X € M, fr(X) € M. From the correspondence
developed in Section 10.3 it follows that X € M corresponds to V (), for some
v € ¥ with O € ¥, and that fr(X) = V(Oy). Thus, the largest set filtrator
of § through (M, M) is given by

([u]ar, [v]ar) € R if, and only if,
for all X € M,if v € X, then u € fr(X). (10.19)

Then R’ satisfies (SF') by Proposition 10.3.4.

Recall from Section 10.4 that R’ may also be viewed as an algebraic filtrator
through (M, M) of the complex algebra §*. In particular, if SL is the Boolean
subalgebra of (W, R)* generated by M, then the atoms of Fi, are just the
equivalence classes [u]pys, where u € W. Furthermore, for v € W and X € S,

we have that v € X if, and only if, [v]ps € X. Thus, (10.19) is equivalently to:

([u]ar, [v]ar) € R if, and only if,
for all X € M, if [v]ar C X, then [u]p C fr(X).
Thus the duality theory gives us the following definition. In abuse of notation,

we will use R? for different relations, but it should be clear from the context

which relation we are referring to.

Definition 10.5.3. The largest algebraic filtrator of A through (M, M), de-
noted R', is defined by, for all x,y € AtByy,

(z,y) € R* if, and only if, for alla € M, if y < a, then x < f(a).
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The filtration of A through (M, M) with R®, namely <BM,fRe>, is called the
largest algebraic filtration of A through (M, M).

Recall that (R) is the following condition:

For all b € M and all z € AtBjys we have « < f(b) if, and only if,
there exists y € AtBjs such that y < b and (z,y) € R.

Remark 10.5.4. We must now confirm that R is an algebraic filtrator, i.e.,
that R satisfies (R). This can be done by a direct computation. However, we
would like to show that whenever we translate the definition of a set filtrator
in the above way, we get the definition of an algebraic filtrator. As a result we

avoid tedious computations for each future translation.

If A is the complex algebra of some frame, then the fact that R’ is an
algebraic filtrator follows directly from Proposition 10.4.1 and the fact that R’
satisfies (SF'). However, we need to prove that this is the case for arbitrary
modal algebras A. To do so we will make use of AMAs and .Z.

In [JT51] it was shown that every modal algebra A is (isomorphic to) a
subalgebra of a complete and atomic modal algebra A7, called its canonical
extension. See Chapter 6 for more on the canonical extension. The canoni-
cal extension of an AMA 2 = (4,V,A,—,0,1, f, M, M, R’) is the AMA 27 =
(A7, V, A, -, 0,1, f, M, M, R") where (A°,V,A,—,0,1, f) is the canonical exten-
sion A% of A, and M, M, and R’ are unchanged. This definition makes sense
since By is finite and therefore isomorphic to its canonical extention, and in
fact we may identify the two, i.e., Bys = B,.

The following lemma can be established by a straightforward induction, using
the fact that the bounded quantification of .Z restricts all considerations to the

substructure 21 of 2A°.

Lemma 10.5.5. For any AMA 2 and any £-sentence ¢, it holds that A = ¢
if, and only if, A° = .

Futhermore, from [JT51] we know that the complete and atomic modal alge-
bras are, up to isomorphism, the complex algebras of Kripke frames. Let CAMA
be the class of all AMAs with complete and atomic modal algebra reducts. We
now show that if we can define a relation with an Z-formula, then it will be an
algebraic filtrator on all modal algebras whenever it is an algebraic filtrator on

complex algebras.
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Observe that (R) can be rewritten as follows:
(Vb e M)(Vx € AtBpr)(x < f(b) & (3y € At Buy)(y < b& Rxy)).
It should be clear from the above that (R) is an Z-sentence.

Proposition 10.5.6. Let ¢ an £L-sentence, such that ¢ Ecama (R). Then
Y Eama (R).

Proof. Let 2 € AMA, and suppose 2 = . By the forward implication of
Lemma 10.5.5 we have that 20° = 1, and hence, by assumption, A = (R).
Since (R) is an Z-sentence, it follows that 2 = (R) by the backward implication
of Lemma 10.5.5. O

We can now rewrite the condition in Definition 10.5.3 as follows:
(Vo,y € AtBpy)(R'zy & Vae M)(y <a=z < f(a))) (10.20)

Clearly the above is an .Z-sentence. Then, if ¢ is the Z-sentence (10.20), then
R! satisfies (R) by Proposition 10.5.6. That is, we have accomplished what we
set out to do in Remark 10.5.4.

The set filtrator R’ as defined in (10.19) is rigid (this is immediate from the
definition and (SF1)). Then it follows that the algebraic filtrator R is also rigid
by Proposition 10.4.1.

Lemma 10.5.7. The largest binary relation on AtBys satisfying (R) is R

Proof. Let R C AtBj;x AtB)y such that R satisfies (R) and suppose (z,y) € R.
If y < a, then z < f(a) by (R). Thus (z,y) € R and it follows that R C R*. O

Observe that R’ assigns the largest value (in terms of the ordering on Bj/)
to ff(b) when compared to all the binary relations on AtBj; satisfying (R)
(or then, algebraic filtrators of A through (M, M)). This follows from the fact
that R’ is the largest binary relation on A¢tBj (set theoretically) to satisfy (R),
Lemma 10.5.7, and from the definition of le — recall that for b € By,

fRe(b) = \/{:1: € AtByy : there exists y € AtBy; such that y < b and (z,7) € R‘}.

Next we use the correspondence developed in Section 10.2.1 to show that
the operator f7° coincides with the operator given in (10.4) used in [McK41] to
prove finite model properties for S2 and S4. Let Q¢ C By x By be defined by:

(a,b) € Q" if, and only if, there exists d € M such that a = f(d) and b < d,
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so that

£ (b) = \{a € Bay : there exists d € M such that a = f(d) and b < d}
= A\{f(d):de M and b < d}.

It can easily be shown that Q° satisfies (Q2) — (Q4); to ensure that Q° satisfies
(Q1) we require that M be closed under V and 0 € M. Thus, f Q" isan operator
that extends f. The algebraic filtrator on A through (M, M) corresponding to
Q’, as given by (10.11), is:

(x,y) €R

< for all a € By, if (a,y) € Q°, then z < a

<= for all a € By, if there exists d € M such that a = f(d) and y < d,
then z < a

«— foralld e M, if y <d, then x < f(d)).
But this is just R¢. Hence we have the following.

Corollary 10.5.8. If M is closed under V and 0 € M, then the modal algebra
(BM,fQZ) is the largest algebraic filtration through (M, M), i.e., fQZ = fRZ.

10.5.2 The smallest filtration

In this section we turn our attention to the smallest (or finest) filtration is of
a model. If M = (W, R, V) is a model and ¥ a finite, subformula-closed set of
formulas, then the smallest filtration (see, for example, [BARV01]) of M is given
by the relation:

([u]g, [v]s) € R® if, and only if, there exists v’ € [u]x

and there exists v’ € [v]x such that (u,’v’) € R.

As with the largest filtration, suppose we have a frame § = (W, R) and M C
M C P(W) where fr(X) € M for each X € M, instead of M and X. Then,
by the correspondence developed in Section 10.3, the smallest set filtrator of §
through (M, M) is:

([u]ar, [v]ar) € R® if, and only if, there exists u’ € [u]a

and there exists v € [v]p; such that (u',0") € R. (10.21)
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The filtration (W, R®), of § obtained through (M, M) with R® is called the
smallest set filtration of § through (M, M).

Recall that R® may also be viewed as an algebraic filtrator through (M, M)
of the complex algebra § (see Section 10.4). Then (10.21) equivalent to:

([u]ar, [v]ar) € R? if, and only if, [u]p N fr([v]ar) # 2.

On modal algebras in general this becomes Definition 10.5.9, below. Again we

will abuse notation and use R?® to also denote the relation on AtB)y.

Definition 10.5.9. The smallest algebraic filtrator of A through (M, M) is
defined by, for all x,y € AtByy,

(z,y) € R® if, and only if, A f(y) # 0,

The filtration of A through (M, M) with R®, namely (Byr, f7°), is called the
smallest algebraic filtration of A through (M, M)

Now let 1 be the Z-sentence:

(Va,y € AtBy)(R'zy < (z A f(y) #0)).

Then, since all CAMAs satisfying 1) also satisfy (R), it follows from Proposi-
tion 10.5.6 that R® will always satisfy (R).

The relation R® defined above, commonly known as the smallest, finest, or
least filtration, is not the smallest relation, set theoretically speaking, which
satisfies the property (R) nor does it produce the smallest value for f#(b) when

compared to other binary relations on AtBj, satisfying (R).

Example 10.5.10. Consider the complex algebra A of a frame consisting of
three points u, v, and w, with accessibility relation R = {(u,v), (v,v), (w,w)}
(depicted in Figure 10.4). Let x = {u}, y = {v} and z = {w} denote the atoms
of A. Then [(x) = 0, [(y) = 2V, f(z) = 2 and f(zVy) = F@)V f(y) = V.
Now let M = A; then Byy = A and M = {zV y}.

The three relations Ry = {(x,y), (y,2)}, Rz = {(z,2),(y,y)}, and R3 =
{(z,y), (y,y)} all satisfy condition (R). However, their intersection does not
contain a relation that satisfies (R). Hence, in this instance, no least filtration
exists. Furthermore, the smallest filtration R® as defined above, would be R® =
{(z,9), (y,y), (z,2)} which is strictly includes Rs. These relations are illustrated
i Figure 10.4.
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Note that on frames, the smallest set filtrator R® is (set theoretically) the
smallest rigid set filtrator. Recall from Section 10.3 that (model-theoretic) fil-
trations (Definition 10.3.1), in the usual sense of the term, correspond to rigid
set filtrators. Then the smallest filtration is, per definition, the least relation sat-
isfying the conditions of Definition 10.3.1. From Proposition 10.4.1 it follows
that R® is the smallest rigid algebraic filtrator.

R: R®: Ry:

u vw {up {v} {w} {ub  {o} A{w
R22 Rg:

(uy {o} {w} {(u} {o} {w}

Fig. 10.4: In some instances no least filtration exists.

Next, we use the correspondence developed in Section 10.2.1 to show that
the operator obtained from the smallest algebraic filtrator is equivalent to the

operator obtained from the relation @Q° C Bjs x By defined by:
(a,b) € Q° if, and only if, f(b) < a.

It is easy to verify that Q° satisfies (Q1) — (Q4). Thus, f@ defined by, for all
be By

f9 () = N\la € By : f(b) < a}

is an operator that extends f. To obtain the algebraic filtrator on A through
(M, M) corresponding to Q°, we make use of the intermediate relation P C
CaBys x AtBjy defined as in (10.7):

(c,y) € P*®
<= there exists a € Bjs such that a < ¢ and (a,y) € Q°
<= there exists a € By such that f(y) <a<c¢

= fy)<c
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Thus, the algebraic filtrator R corresponding to Q¢ is defined by:

(z,y) €R
= (~w,y) & P*
= f(y) £ ~x

= A fly) #0
<~ (z,y) € R°.

Thus, we have the following result.

Corollary 10.5.11. The modal algebra (B, f@°) is the smallest algebraic
filtration through (M, M), i.e., f@" = fF°.

10.5.3 The transitive filtration

Filtrations are often designed to preserve specific frame properties of the models
they are applied to. In this section we will consider filtrations designed to
preserve transitivity. By Sahlqvist’s theorem we know that a frame is transitive
if, and only if, the modal formula COp — Op is valid on the frame. We will say
that a modal algebra is transitive if it validates f(f(z)) < f(x). Let Tr denote
the class of transitive modal algebras.

Given a class K of modal algebras, let AMA(K) (respectively, CAMA(K))
be the class of all AMAs (respcetively, CAMAs) A such that the modal algebra
reduct of A is a (complete and atomic) member of K. Then AMA(Tr) (respec-
tively, CAMA(Tr)) are the (complete and atomic) augmented transitive modal
algebras.

If M =(W,R,V) is a model and ¥ a finite, subformula-closed set of formu-
las, the transitive filtration of M (see, for example, [BARVO01]) is given by the

relation:
([u]s,[v]s) € R if, and only if, for all Gy € ¥,
ifveV(pV<Oyp), then u € V(Op).
When applied to transitive models this is a filtration, and produces a transitive

model. (We note that the resulting model will be transitive even if the original

was not.)
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If we now translate the above to sets and frames, we see that the transitive
set filtrator of § through (M, M) is given by:

([w]ar,[v]ar) € R if, and only if, for all X € M,
ifve XU fr(X), then u € fr(X),

or, equivalently,

([u]ar, [v]ar) € R if, and only if, for all X € M,
if [’U]]w cCXU fR(X), then [U]M - fR(X))

The relation R' satisfies (SF') by the correspondence developed in Section 10.3
and, moreover, preserves transitivity. From the duality theory of Section 10.4 we
know that R’ also defines an algebraic filtrator on complex algebras of transitive

frames. If we generalize to modal algebras in general, then we have the following.

Definition 10.5.12. The transitive algebraic filtrator of A through (M, M) is
defined by, for all x,y € AtByy,

(z,y) € R" if, and only if, for alla € M, ify <aV f(a), then x < f(a).

t

The filtration of A obtained through (M,M) with R', namely (B, fF
called the transitive algebraic filtration of A through (M, M).

), s

As in the previous examples we need to show that R’ satisfies (R). In addi-
tion to that, we need to show that the transitive algebraic filtration (B, f Rt},
as defined above, is again a transitive modal algebra. The following proposition

now generalizes Proposition 10.5.6 for classes of AMAs.

Proposition 10.5.13. Let K be a class of modal algebras closed under canonical

extensions, and 1 an £ -sentence, such that

(1) ¥ Fcamak) (R), and

(2) (Bur, ') € K whenever % = (A,V,A,=,0,1, f, M, M, ') € CAMA(K)
and A = 1.

Then

(3) v ':AMA(K) (R), and
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(4) <BM,fRI> € K whenever A = (A, V,A,—,0,1, f, M, M, Ry ¢ AMA(K)
and A = 1.

Proof. The proof of (3) is similar to the proof of Proposition 10.5.6
To prove (4), suppose A = (A, V,A,—,0,1, f, M, M, Ry € AMA(K) and
A |= 4. Then 2A° € CAMA(K) by the assumption that K is closed under canon-
ical extensions, and it therefore follows that 2A? = ¢ by Lemma 10.5.5. Thus
<Bj4, fR’> € K. But then the claim follows, since <BgJ, fR’> - <BM, fR’>.
O

Proposition 10.5.14. If A is transitive, then R' defines an algebraic filtrator
of A through (M,M). Moreover <BM,th> is transitive.

Proof. In order to be able to apply Proposition 10.5.13 the class Tr of transitive
modal algebras must be closed under taking canonical extensions. Since the
inequality f(f(z)) < f(z) falls within the Sahlqvist class, it follows from the
canonicity of Sahlqvist identities studied in [J6n94] that Tr is indeed closed
under taking canonical extensions.

Furthermore, let ¥ be the Z-sentence:

(Va,y € AtBy)(R'ay < (Va € M)(y <aV f(a) = 2 < f(a))).

From the discussion above we know that R! is an algebraic filtration on all
complex algebras of transitive frames. Thus we have that ¢ FEcamacm (R)-
Moreover, the filtration (B, R') is transitive whenever A is a transitive com-
plex algebra. That is, both conditions of Proposition 10.5.13 are met. Thus,
by Proposition 10.5.13 we have that R satisfies (R) and <BM7 th> is transi-
tive. o

If we consider the correspondence of Section 10.2.1 again, we show that
the operator obtained from the transitive algebraic filtrator is equivalent to the

operator obtained from the relation Q! C Bjs x By defined by:
(a,b) € Q" if, and only if, there exists d € M such that a = f(d) and b < d V a.

It is easy to show that Q! satisfies conditions (Q2) and (Q4). As with the largest
filtration, @ satisfies condition (Q1) if M be closed under V. If A is transitive
and that 0 € M, then Q! satisfies (Q3). Under these condition th, defined by

£ () = N{a € B : (a.b) € Q'Y
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is an operator that extends f. The algebraic filtration of A through (M, M)
corresponding to @ is given by (10.11):

(z,y) € R

<= for all a € Byy, if (a,y) € Q', then z < a

<= for all a € By, if there exists d € M such that
a= f(d)and y < dVa, then z <a

< forallde M, if y <dV f(d), then z < f(d).

Hence, R is just R! and we have the following result.

Corollary 10.5.15. If A is transitive, M is closed under V and 0 € M, then
(B, th> is the transitive algebraic filtration through (M, M), i.e., fQ = fE.

10.5.4 The symmetric filtration

It is well-known (again by Sahlqvist’s Theorem) that a frame is symmetric if,
and only if, the modal formula p — OCp is valid on it. A modal algebra is
called symmetric if it validates © < —f(=f(z)). The class of all symmetric
modal algebras will be denoted by Sym.

If M = (W,R,V) is a model and ¥ is a finite, subformula-closed set of
formulas, then the symmetric filtration of M (see [LS77]) is given by the relation:

([u]s, [v]g) € R*Y™ if, and only if, for all Op € ¥ we have that
M, v Ik ¢ implies M, u lF Cp and M, u I ¢ implies M, v IF Cop.

When applied to symmetric models this is a filtration and produces symmetric
models. (As in the transitive case, the resulting model will be symmetric even
if the original model was not.)

Translating the above to sets and frames, we define the symmetric set filtrator
of § through (M, M) by:

([u]ar, [v]ar) € R°Y™ if, and only if, for all X € M we have that

v € X implies u € fr(X) and u € X implies v € fr(X).

As in the previous examples, we define the algebraic filtrator corresponding to

the frame filtrator given above as follows.
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Definition 10.5.16. The symmetric algebraic filtrator of A through (M, M)
is defined by, for all x,y € AtB)y,

(z,y) € R*™™ if, and only if, for all a € M we have that

y < a implies v < f(a) and x < a implies y < f(a).

The filtration of A through (M, M) with R', namely (B, f2'), is called the
symmetric algebraic filtration of A through (M, M).

Now let 1 be the Z-sentence:
(Ve,y € AtBy)(Va e M)(y<a=x < f(a) & (x <a=y < f(a)))

Then R*Y™ is defined by . Furthermore, the class Sym of symmetric modal al-
gebras is closed under canonical extensions. Thus, following a similar argument
to the one used in the proof of Proposition 10.5.14, we can prove the following

result.

Proposition 10.5.17. If A is symmetric, then the relation R*¥™ is an algebraic

filtrator, i.e., R®Y™ satisfies (R). Moreover, (Byr, f&°") is symmetric.

Finally, we obtain a relation on Bjs that induces the same operator as R%Y™,
by applying the correspondence developed in Section 10.2.1. In this case, we
derive a suitable relation Q%Y from R%Y™. Let P¥™ C CaBj; x AtBjs be the

relation given by:

(c,y) € P5Y™
> (ncy) E R
<= there exists d € M such that y < d and —¢ £ f(d), or, ¢ < d and y £ f(d)
<= there exists d € M such that y < d and f(d) < ¢, or, n¢ < d and f(d) < —y.

Then, by Lemma 10.2.16, the relation P*¥™ satisfies (P). Furthermore, f7°*"
defined by:

F2 () = N{c € CaByy < for all y € AtByy, if y < b, then (c,y) € P¥™}

is an operator on B, that extends f.
The relation P¥™ can now be extended to a relation on By x AtBjs by

allowing any a € B)y in its first co-ordinate. To see why, observe that if a € By
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and ¢ € CaBys such that ¢ > a, then (a,y) € P*¥™ implies that (c,y) € P5V™.

Therefore,

2 ) = /\{a € By :for all y € AtByy, if y < b, then (a,y) € P*V™}.
We now define a relation QY™ as follows:

(a,b) € Q%™ if, and only if, for all y € AtByy, if y < b then (a,y) € P*Y™

Then QY™ satisfies (Q1), (Q2) and (Q4). If A is symmetric, then QY™ satisfies
(Q3) . Hence we have the following result.

Corollary 10.5.18. If A is symmetric, then (Bys, f@") is the symmetric
algebraic filtration through (M, M), i.e., f@"" = fE",



11. CONCLUSIONS AND FUTURE WORK

In Part I of this thesis we studied four different constructions for completing
partially ordered sets. Generally these constructions produce different comple-
tions of the same poset. For different applications one may choose to employ
different completions, depending on which properties one needs the completion
to preserve. For example, the Doyle-pseudo ideal (respectively, filter) comple-
tion of a poset is the only completion (of those considered in this thesis) for
which the extension of an operator (respectively, dual operator) is a complete
operator (respectively, complete dual operator). Thus, if the distribution over
joins is of importance in a particular problem, then one would choose to perform
the ideal completion.

Unary residuation maps are preserved by both the MacNeille completion and
completions with respect to polarizations. In order to decide which completion
would be more advantageous, a thorough comparison of properties preserved by
the respective completions still needs to be done. On the other hand, whether
or not completions obtained via polarizations preserve binary residuation maps
is still unknown. In particular, we would like to determine whether or not the
o-extension of a binary residuated map is residuated on the completion and, if
it is, we would like to describe its residual. It is known that binary residuated
maps are preserved by the MacNeille completion and it can therefore be used
for problems requiring such preservation results.

The methods employed in Chapters 5 and 6 to obtain syntactical descrip-
tions of properties preserved by the completions, may also be used to obtain
preservation results for the other completions. That is, if appropriate approx-
imation terms for the filter, ideal and prime filter completions are identified,
then the approximation terms may be used to determine inequalities preserved
by these completions.

Future work includes further development of the canonical FEP construc-

tion. We would like to answer questions like: Can we use the canonical FEP
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construction to prove the FEP for classes of algebras for which the standard
construction could not be used? Does the finite lattice obtained through the
canonical FEP construction have denseness properties since it is related to com-
pletions obtained via polarizations?

Finally, a further question to consider regarding filtrations is: what prop-
erties of a modal algebra are preserved in the finite modal algebra constructed
by a filtration? In particular, does the finite modal algebra belong to the same

varieties as the original algebra?
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A. DETAILS OF SELECTED EXAMPLES

A.1 Examples from Chapter 4

Example A.1.1. Let P’ be the poset depicted in Figure 4.1 considered in Fzx-
ample 4.2.7. Then,

(i) Fo={{1},{2},{3},{1,2,4},{1,3,5},{2,3,7},{1,2,3,6}}
and T = {{4},{5},{6},{7},{1,4,5,6},{2,4,6,7},{3,5,6,7} }.
(ii) F¥f = Flu{e,{1,2},{1,3},{2,3}, P’}
and I = F1u {2, {4,6},{5,6},{6,7}, P'}.

(iii) Fir = Ffu{{1,2,3,4,6},{1,2,3,5,6},{1,2,3,6,7},{1,2,3,4,5,6},
{1,2,3,4,6,7},{1,2,3,5,6,7}} and % = T/.

(iv) FP = fdpu{{1,2,3},{1,2,3,4,5},{1,2,3,4,7}, {1,2,3,5,7},{1,2,3,4,5,7}
and TP = 7%,

Example A.1.2. Let P’ = (P', <) be the poset depicted in Figure /.10 with
h: P — P’ defined by h(1) = h(2) = 2 and h(3) = 3 as in Example 4.3./. Then
h is both an operator and a dual operator since no non-trivial joins or meets
exist. Let S = {1} and T = {2}. Note that S,T € F/(P’) and S, T € I/ (P’').

(i)
[(S)); = [{2}), =12}, [M(T)), = [{2}); = {2},
[SUT>f = [{1,2}>f ={1,2,3}.
Then,
Wy (S) NETEDT T = [{2)), = {2},
but

Wp(S A® " 1) = [ U T>f)>f = [{2,3}), = {1,2,3}.

Hence, h;} is not a dual operator.
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(i)
(h(S))y = (21, = {2, (D)), = ({2}, = {2},
(W(SNT)], = (@), = (@], =2, (SUT], = ({1,2}], = {1,2,3}.

Then,
Ry (S) AV P RY(T) = ({2}, = {2},

but
RY(S AVEIT) = (n(SNT)); = 2.

Hence, h}/ 18 not a dual operator.

Furthermore,
f /
i () VEEDRY(T) = ({2}]; = {2},

but
Y (S VY PO T) = <h(<S U T]f)] L= (23}, = {1,2.3)

Hence, h\f/ 18 not an operator.

A.2 Examples from Chapter 6

Example A.2.1. The reader is referred to Remark 6.1.7 for the context of this
example.
Let P/ = <P’,§P/> be the poset depicted in Figure A.1 and let Q =

<Q’, \/Q,, /\Q,> the complete lattice depicted in the same figure with associated
lattice order <Q'. Let oo : P' — Q' be defined by a(1) = 1,(2) = 2, (3) =
4,a(4) =6 and a(5) = 7. Then (Q', ) is a completion of P'. The subposet of
Q' that is order-isomorphic to P’ is shaded in the depiction of Q' in Figure A.1.

The author of [Tun7/] wanted to use Theorem 6.1.6 to argue that (Q', )
is not a completion of P’ that can be obtained from some polarization. See
Chapter 6.1.1 for the construction referred to here.

Suppose Q' can be obtained form a polarization. Then there must erist
S, T C Q' that satisfy the conditions of Theorem 6.1.6. Recall that the first
condition in Theorem 6.1.6 states that S is meet-dense in Q' and T is join-
dense in Q'. Since 5 is a completely meet-irreducible element in Q’, it must be
the case that 5 € S. Similarly, since 3 is a completely join-irreducible in Q, it
must be the case that 3 € T. The author of [Tun74] now claimed that 5 € S and
3 € T implies that S and T must violate the second condition in Theorem 6.1.6.
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Thus, reaching a contradiction. He makes this claim since there does not exist
an element in the image of P’ in between 3 and 5. However, 5 ng 3 and not

5 EQ, 3. Hence, S andT need not violate the second condition in Theorem 6.1.6.

In fact, Q' is isomorphic to Cs(P’):
FIP) = {o, {1}, {2}, {1,2},{1,3},{1,2,5},{1,2,3,4}, P'},
TH(P') = {2, {4}, {5}, {3,4}, {4,5},{2,4,5},{1,3,4,5}, P’}
and
Cr(P) = {{P},{{1.2,3,4}, P'},{{1,2,5}, P'}, {{1,3},{1,2,3,4}, P},

{{1,2,5},{1,2,3,4}, P'}, {{1,2},{1,2,5},{1,2,3,4}, P'},
Fr={{1hAL3 L Fr = {23 Fr )

P
1 2
3
4 5

L

Fig. A.1: The poset P’ and the complete lattice Q’.

Example A.2.2. In this ezample we give more details on the completions in
Example 6.2.1. Let P’ be the poset depicted in Figure 6.1. Then P’ was also
considered in Fxample 4.2.7. See Example A.1.1 for the set F* and %, x €
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{p,dp, f,d}. Then,

Ca={2,{{1,2,4}}, {{1,3,5}}, {{2,3,7}}, {{1,2,3,6}}, {{1, 2,4}, {1,2,3,6}},
{{1,3,5},{1,2,3,6}},{{2,3,7},{1,2,3,6}}, {{1}, {1,2,4}, {1, 3,5}, {1,2,3,6}},
{{2},{1,2,4},{2,3,7},{1,2,3,6}},{{3},{1,3,5},{2,3,7},{1,2,3,6} }, Fa } .

Cr={{P}{{1,2,4}, P'}, {{1,3,5}, P'}, {{2,3,7}, P'}, {{1,2,3,6}, P'},
{{1,2,4},{1,2,3,6}, P'}, {{1,3,5},{1,2,3,6}, P'}, {{2,3,7},{1,2,3,6}, P'},
{{1,2},{1,2,4},{1,2,3,6}, P'}, {{1,3},{1,3,5}, {1,2,3,6}, P'},
{{2,3},{2,3,7},{1,2,3,6}, P'},

{{1},{1,2},{1,3},{1,2,4},{1,3,5},{1,2, 3,6},
({23, {1,2},{2,3}, {1,2,4},{2,3,7}, {1, 2,3,6}, P'},
{{3},{1,3},{2,3},{1,3,5},{2,3,7},{1,2,3,6}, P'}, P'}, Fs }.

Cap = {{P'},{{1,2,3,4,5,6}, P'},{{1,2,3,4,6,7}, P'},{{1,2,3,5,6,7}, P'},
{{1,2,3,4,6},{1,2,3,4,5,6},{1,2,3,4,6,7}, P'},
{{1,2,3,5,6},{1,2,3,4,5,6},{1,2,3,5,6,7}, P'},
{{1,2,3,6,7},{1,2,3,4,6,7},{1,2,3,5,6,7}, P'},
{{1,2,4},{1,2,3,4,6},{1,2,3,4,5,6},{1,2,3,4,6,7}, P'},
{{1,3,5},{1,2,3,5,6},{1,2,3,4,5,6},{1,2,3,5,6,7}, P’}
{{2,3,7},{1,2,3,6,7},{1,2,3,4,6,7},{1,2,3,5,6,7}, P’}
{{1,2,3,6},{1,2,3,4,6},{1,2,3,5,6},{1,2,3,6,7},{1,2,3,4,5,6},

{1,2,3,4,6,7},{1,2,3,5,6,7}, P'},
{{1,2,4},{1,2,3,6},{1,2,3,4,6},{1,2,3,5,6},{1,2,3,6,7},
{1,2,3,4,5,6},{1,2,3,4,6,7},{1,2,3,5,6,7}, P'},
{{1,3,5},{1,2,3,6},{1,2,3,4,6},{1,2,3,5,6},{1,2,3,6,7},
{1,2,3,4,5,6},{1,2,3,4,6,7},{1,2,3,5,6,7}, P'},
{{2,3,7},{1,2,3,6},{1,2,3,4,6},{1,2,3,5,6},{1,2,3,6,7},
{1,2,3,4,5,6},{1,2,3,4,6,7},{1,2,3,5,6,7}, P'},
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Fap — 113 {2}, {3}, {1, 2}, {2, 3}, {1, 2,4}, {2,3,7}},
Fap — 113 {2} {3}, {1, 2}, {1, 3}, {1, 2,4}, {1,3,5}},
Fap — {132}, {3}, {1,3},{2,3}, {1, 3,5}, {2,3,7}},
Fap — {42} {33,:{2,3}1,{2,3, 73}, Fap — {{1}. {3}, {1, 3}, {1,3,5}},
Fap — 113, {2}, {1, 2}, {1, 2,4} }, Fap } -
Example A.2.3. Here we provide more details on the completions considered

in Examples 6.2.2 and 6.3.5. Let P’ be the poset depicted in Figures 6.2 and 6.5.
Then,

Fl={{1},{2},{1,2,3},{1,2,4}} and T%={{3},{4},{1,3,4},{2.3,4}}.
For x € {p,dp, [},

Fr=FlU{2,{1,2},P} and T*=T'U{o,{3,4},P}.
Furthermore,
Ca= {2, {{1,2,3}}, {{1,2,4}}, {{1,2,3},{1,2,4}}, Fu — {{2}}, Fu — {{1}}, Fa}
and, for x € {p,dp, f},

C. ={{P'},{{1,2,3}, P'},{{1,2,4}, P'},{{1,2,3},{1,2,4}, P}
{{172}7 {17273}7{17274}7P1}7]:* - {{1}}7]:* - {{2}}7]:* }

Clearly then 14 = @, 3 = {{1,2,3},{1,2,4}} and T4 = F4 are neither open
nor closed in Cy.
On the other hand, there are elements that are not in a.(P’) that are either
closed or open in C, forx € {p,dp, f}. For example, 3 = {{1,2},{1,2,3},{1,2,4}, P’} =
Aa.({1,2}) € K, and 4 = {{1,2,3},{1,2,4}, P"} = \/ a..({3,4}) € O..

Example A.2.4. Let P’ = (P',<) be the poset from Ezample 6.2.14 de-
picted in Figure 6.3. Then, F4(P') = {{1},{2}} = Z¢P’) and, for * €
{p,dp, f}, F*(P") = {@,{1},{2}, P’} = Z*(P’'). We then have that, C4(P') =
{2, {11}, 123, Fa(P)} and Cu(P) = ({P'}, {1}, P'}, {2}, P}, F.(P)}. Clearly
C4(P’) is isomorphic to C.(P’) and is the complete lattice depicted in Fig-
ure 6.3.

Let Q' =P’ x P’; then Q' is also depicted in Figure 6.3. Label the elements
of Q" with a,b,c,d form left to right. Then,

FUQ') = ({a}, {b}, {c}, {d}} = TU(Q),
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FHQ) = FUQ)U{z.{abc,d}} =T/ (Q))
and, for x € {p,dp},
F Q)
= F(Q)Yu{{a, b}, {a,c}, {a,d},{b,c},{b,d},{c,d},{a,b,c}, {a,b,d},{b,c,d}}
=7(Q).
We now have that,
Ca(Q) = {2, {{a}}, {{t}}, {{c}}, {43}, Fu(Q")},

Cr(Q) ={Q", {{a}, @'}, {{b}. @'} {{c}, @'}, {{d}, @'}, F4(Q')}
and C.(Q') contains 129 elements for x € {p, dp}. See Figure 6.3 for a depiction
of C.(Q), x € {f,d}.

Example A.2.5. Let P’ be the 3-element anti-chain considered in Example 6.3.8
and depicted in Figure 6.6. Then,

Fo={{1},{2},{3}}=7% and F/=Flu{e P}=1".
Furthermore,
Ca= {2, {{1}}, ({23}, {{3}}, Fa}
and
Cr={{PH{{1}, P} {{2}, P'}. {{3}, P'}, Py}
Clearly Cq and Cy are isomorphic. Then C,, * € {f,d}, is the complete lattice

depicted in Figure 6.6.
On the other hand,

F=Fru{{1,2},{1,3},{2,3}} = I%
and

Cap = {{P'} {{1. 2}, P}, {{1,3}, P"}, {{2,3}, P'},
{{1,2},{1,3}, P}, {{1,2},{2, 3}, P}, {{1, 3}, {2, 3}, P},
{13 {1, 2}, {1, 3}, P}, {{2}, {1, 2}, {2, 3}, P},
{{3},{1,3},{2,3}, P}, Fap — {{1}, {2}, {3}},
Fap — {13 {23} Fap — {13 {33}, Fap — {2}, {31},
Fap — {11}, Fap — {23}, Fap — {{3}}, Fap }
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The complete lattice Cqy, is depicted in Figure A.2. Now label the element in
Cap with ‘a’ to r’ from top to bottom and from left to right. Let f : P — P be
the operator defined in Example 6.3.8 by f(1) = f(2) =2 and f(3) = 3. Then
fay + Cap — Cap 1s defined as in Table A.1. It is easy to check that fg, is an
operator.

fip0) =i | fg,(h) =i | [§,(n) =q
fiple) =d | fg,(0) =i | [,(0) =i
fpld)=d | f3,0)=1i | f3,(p)=4q
fiple) =i | fa,(k) =k | fg,(d) =q
fo(H) =i | f3,(D =i | fg,(r) =q

Tab. A.1: The definition of fg, : Cap — Cap.

Example A.2.6. Let P’ be the poset depicted in Figure 6.9 considered in Ez-
ample 6.3.30. Then, for x € {dp, [},

F*={a,{1},{1,2},{1,3},{1,2,3},{1,2,3,4},{1,2,3,5}, P}

and

I" ={2,{6},{4,6},{5,6},{4,5,6},{2,4,5,6},{3,4,5,6}, P'}.
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Now,

C. = {{P'},{{1,2,3,4}, P'},{{1,2,3,5}, P'},{{1,2,3,4},{1,2,3,5}, P'},
{{1,2,3},{1,2,3,4},{1,2,3,5}, P'}, F. — {{1},{1,3}},
Fe —{{1},{1,2}}, = }

and C, is the complete lattice depicted in Figure 6.9.

A.3 Examples from Chapter 7

Example A.3.1. This example provides the full details of Example 7.1.3. Let
P’ be the poset depicted in Figure 7.1. Then,

Fr={{1},{1,2},{1,3},{1,4},{1,2,3},{1,2,4},{1,3,4}, P’}

and
" = {Qv {2}7 {3}7 {4}7 Pl}

for x € {p,dp}. Furthermore, F#* and * contain the elements in F* and I*,
respectively, printed in bold. Then,

142, 1€{1,3,4} and {2} € .#*, 1£3,3€{1,2,4} and {3} € 7%,
144, 2€{1,2,3} and {4} € .#7*, 243, 2€{1,2,4} and {3} € 7%,
342 3€{1,3,4} and {2} € 7%, 244, 2€{1,2,3} and {4} € .77,
442 4€{1,3,4} and {2} € 7%, 3£ 4,3€{1,2,3} and {4} € 7,
443, 4€{1,2,4} and {3} € 7*.

Therefore, P’ satisfies (7.1) and (7.2). Then,

Eo=1{2,{{1,2,3}}, {{1,2,4}}, {{1,3,4}}, {{1, 2,3}, {1,2,4}}, {{1, 2,3}, {1, 3,4} },
{{1,2,4},{1,3,4}},.#* }

and E, = (€,,U,N) can be depicted as in Figure 7.1.

On the other hand, F/ = {{1},{1,2},{1,3},{1,4},{1,2,3,4}} and T/ =
{@,{2},{3},{4},{1,2,3,4}}. Then, ¥ = @ and 97 = @ and clearly a simi-
lar construction using prime Frink filters instead of prime Doyle-pseudo filters

would not yield the required result.
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Example A.3.2. Let x € {p,dp} and let P’ be the poset depicted in Figure 7.2
considered in Example 7.3.4. Compare with Example A.2.3. Then,

F*={@,{1},{2},{1,2},{1,2,3},{1,2,4}, P'}
7" ={w2,{3},{4},{3,4},{1,3,4},{2,3,4}, P'}.

Moreover, F* and #* contain the elements in F% and I%, respectively, printed

in bold. Then,

1£2, {1} € " and {2,3,4} € I, 1£3, {1} € F* and {2,3,4} € I,
144, {1} € F* and {2,3,4} € I, 241, {2} € ¥ and {1,3,4} € I,
243, {2} € F* and {1,3,4} € 77, 244, {2} € ¥ and {1,3,4} € I,
344, {1,2,3) € F* and (4} € 7, 443, {1,.2,4) € F* and {3} € .

Thus, P’ satisfies (7.1) and (7.2). Therefore, we can construct a completely
distributive complete lattice B, by Theorem 7.1.2. Then,

Ec={2,{{1,2,3}}, {{1,2,4}},{{1, 2,3}, {1,2,4}}, {{1,2}, {1, 2,3}, {1,2,4}},
({1, {1,23,{1, 2,31, {1, 2,41}, {42, {1, 2}, {1, 2,3}, {1,2,4}}, 77 }

and E, s the complete lattice depicted in Figure 7.2.
Let f : P' — P’ be the identity map. Then,

P B) ={F e :[3 CF} =&(3)

and

@) ={F e :[4) CF} =¢&(4).
Therefore,
FEEB) U B (6(4) = &) U&(4) = {{1,2,3},{1,2,4}}.
On the other hand, ({{1,2,3},{1,2,4}} = {1,2}. Thus,
B UE M) ={FeF {12} C F}
={{1,2},{1,2,3},{1,2,4}}
# [ (6(3)) U f2 (6.(4)).

Nextlet h : P’ — P’ be defined by h(1) =3, h(2) =4, h(3) =1 and h(4) = 2.
Then, as established in the proof of Lemma 7.3.3,

RE(.(3)={Fe.Z*:hB) CF}={FecZ*:1cF}=¢(1)
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and
hE(&(4) ={F € Z* 1 h((4]) CF} ={F € .F*:2€ F} =(2).
Therefore,
R (&.(3)) NAE(6.(4)) = &(1) N &(2) = {{1, 2}, {1,2,3},{1,2,4}}.
On the other hand, since &.(3) N &.(4) = @, we have that

WP (&(3)N& @) ={FeF* o C F}
— 7
# WP (€.(3)) N AP (€.(4)).



B. IMPLEMENTATION OF ALGORITHM TO COMPUTE C,

Though the construction described in Chapter 6.1.1 of the complete lattice C,
from a polarization (S7,.52), is not particularly complicated, it may prove to
be a time consuming process. This is essentially due to the fact that, for each
set in P(S1), we must check whether or not it is Galois closed. Hence, we
have 21511 sets to consider. Even for a small poset, computing C may turn out
to be a big undertaking. For instance, the 3-element anti-chain considered in
Example A.2.5 has 7 non-empty Doyle-pseudo filters and ideals. Hence, there
are 128 sets in P(Fgp) to test for Galois closure.

On the up side, the process can easily be implemented since it requires no
human intervention. Since we relied upon numerous examples and counterexam-
ples during our study of these completions, we found it necessary to implement
the algorithm to generate our examples.

Our implementation was done in Java and we made use of a pre-defined
set object. The input file contains the two sets that form the polarization
with respect to which the complete lattice is constructed. The program then
computes the set of Galois closed subsets of the first set, and generates a file
containing this set as output. In this Appendix we provide the source code of
our implementation in order for the reader to easily verify the correctness of the

examples generated through this. We also provide a sample input and output
file.

B.1 Source code
package CompletionWrtPolarization;
import java.util.sx;

import java.nio. file.Files;

import java.nio. file.Path;
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import
import
import
import

/%

java.
java.
java.

java.

nio. file . Paths;
nio.charset.Charset ;
nio.charset.StandardCharsets;

io.IOException;

* @author Wilmari Morton

* Note: No effort has been made to optimise this code.

*+ The object was to create a working algorithm.

*/

public class CompletionWrtPolarization {

final

/%

static Charset ENCODING = StandardCharsets.UTF_8;

x @param args the command line arguments

*

*

*

*/

The first argument is the path to the input file

containing the polarization.

The second argument is the path of the output file.

public static void main(String[] args) {

try

{

//Read the input file into a List<String >.
List<String> fullFileContents =
readInputFile (args [0]);

//Extract Set 1 from the input file contents.
Set<Object> setl =
GetSetsFromStringList (ExtractSetl(fullFileContents));

//Extract Set 2 from the input file contents.
Set<Object> set2 =
GetSetsFromStringList (ExtractSet2(fullFileContents));

//Perform the completion.
Set<Object> resultSet =

PerformCompletionWrtPolarization(setl , set2);
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/%
* Write the resulting Galois closed sets
* out to file.
*/
WriteOutput (args[1], resultSet);
} catch (IOException ex) {
System .out.println (ex.getMessage ());

//Algorithm to compute the Galois closed elements.
public static Set<Object>
PerformCompletionWrtPolarization
(Set<Object> setl, Set<Object> set2) {
Set<Object> galoisClosedSets = new HashSet<Object >();
Set powerSetOfSetl = powerSet (setl);
boolean nonEmptyIlntersection;
/%
* Iterator through the power set of Set 1.
* In our construction of C,
x Set 1 is the set of x—filters.
*/
for (Iterator powerSetOfSetllterator =
powerSetOfSetl.iterator ();
powerSetOfSet1Iterator . hasNext();) {
Set powerSetElement =
(Set) powerSetOfSetllterator.next ();
Set<Object> nonEmptylntersectionSet2 =
new HashSet<Object >();
Set<Object> nonEmptyIntersectionSetl =
new HashSet<Object >();
/%
* Find the elements of Set 2 that
* have a non—empty intersection with

x all the elements of the current set.
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*/
for (Iterator set2lterator =
set2.iterator (); set2Iterator.hasNext();) {
Set set2Element =
(Set) set2lterator .next ();
nonEmptyIntersection = true;
for (Iterator powerSetElementlterator =
powerSetElement . iterator ();
powerSetElementIterator.hasNext();) {
Set setlElement =
(Set) powerSetElementIterator.next ();
boolean elementFound = false;
for (Iterator setlElementlterator =
set1Element. iterator ();
set1ElementIterator.hasNext();) {
String element =
(String) setlElementIterator.next ();
if (set2Element.contains(element)) {
elementFound = true;

break;

}

if (!elementFound) {
nonEmptyIntersection = false;
break ;

}

if (nonEmptyIntersection) {
nonEmptyIntersectionSet2 .add(set2Element );

}

for (Iterator setllterator =
setl.iterator (); setllterator.hasNext();) {
Set setlElement = (Set) setllterator.next ();

nonEmptylntersection = true;
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for (Iterator nonEmptylntersectionSet2Iterator

nonEmptyIntersectionSet2 .iterator ();

nonEmptyIntersectionSet2Iterator.hasNext ();) {
Set set2Element =

(Set) nonEmptylIntersectionSet2Iterator.next ();

boolean elementFound2 = false;
for (Iterator set2Elementlterator =
set2Element.iterator ();
set2ElementIterator.hasNext();) {
String el =
(String) set2ElementIterator.next ();
if (setlElement.contains(el)) {
elementFound2 = true;
break;

}
if (!elementFound2) {

nonEmptyIntersection = false;
break ;

}

if (nonEmptyIntersection) {
nonEmptyIntersectionSetl .add(set1Element);

}

if ((powerSetElement.size () =
nonEmptyIntersectionSetl.size ())) {
galoisClosedSets.add(powerSetElement );

}

return galoisClosedSets;

/%

* Returns the power set of a set.
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*/
public static <T> Set<Set<T>> powerSet (Set<T> originalSet) {
Set<Set<T>> sets = new HashSet<Set<T>>();
if (originalSet .isEmpty()) {
sets.add(new HashSet<T>());
return sets;
}
List<T> list = new ArrayList<I>(originalSet );
T head = list.get (0);
Set<T> rest = new HashSet<T>(list.subList (1, list.size()));
for (Set<T> set : powerSet(rest)) {
Set<T> newSet = new HashSet<T>();
newSet.add (head);
newSet.addAll(set );
sets.add(newSet);
sets.add(set);

}

return sets;

/%

x Reads in the file at the specified path

* and returns a List<String>.

x Fach list item is a line in the file.

*/

public static List<String>

readInputFile (String aFileName) throws IOException {
Path path = Paths. get(aFileName);
return Files.readAllLines(path, ENCODING);

/%
x Iterates through the List<String> returned from
x reading the input file and returns a List<String>

* which only contains the lines from the input file
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x pertaining to Set 1.
*/
public static List<String>
ExtractSetl(List<String> fullFileContents)
{
ArrayList<String> returnList =
new ArrayList<String >();
Iterator<String> iter = fullFileContents.iterator ();
boolean done = false;
boolean started = false;
while (iter.hasNext()&&!done)

{

String currentLine = iter.next ();
if (currentLine.equalsIgnoreCase(”——Set 1—-"))
started = true;

it ((started) &&

(currentLine.equalsIgnoreCase(”——Set 2—-")))

done = true;
if ((started) && (!done) &&
(!currentLine.equalsIgnoreCase(”——Set 1—-")))

returnList.add(currentLine);

}

return returnList;

* Iterates through the List<String> returned from

* reading the input file and returns a List<String>
x which only contains the lines from the input file
x pertaining to Set 2.

*/

public static List<String>

ExtractSet2(List<String> fullFileContents)

{

ArrayList<String> returnList = new ArrayList<String >();
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Iterator<String> iter = fullFileContents.iterator ();
boolean done = false;
boolean started = false;
while (iter.hasNext()&&!done)
{
String currentLine = iter.next ();

if (currentLine.equalsIgnoreCase(”——Set 2—-"))

started = true;
if ((started) &&
(currentLine.equalsIgnoreCase(”——Set 1—-")))
done = true;

if ((started) && (!done) &&
(!currentLine.equalsIgnoreCase(”——Set 2—-")))
returnList.add(currentLine);

}

return returnList;

/%
* Converts a List of strings of the for a,b,c etc
x into a Set of Set<Strings >.
*/
public static Set<Object>
GetSetsFromStringList (List<String> inputList) {
Set<Object> returnSet = new HashSet<Object >();
for (String s : inputList) {
Set<String> addSet = new HashSet<String >();
String [] innerString = s.split (”,”);
for (String element : innerString) {
if ((!element.equalsIgnoreCase (”empty”)) &&
(lelement .isEmpty ())) {
addSet .add (element );

}
returnSet.add(addSet);
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}

return returnSet;

*

Takes in the string representation of a Set object,

*

e.g. [b,c,a], orders the elements alphabetically
* and returns a string in the format:
x {a,b,c}
*/
public static String OrderedSet(String inputString) {

inputString = inputString.replaceAll ("\\[", ”7);
inputString = inputString.replaceAll (”\\]”, 77);
inputString = inputString.replaceAll(

t

” kM ” N ) .
3 3

(775

String [] strArray = inputString.spli
java.util.Arrays.sort (strArray);

String setString = 7{”;

for (String element : strArray) {
setString = setString.concat (element );
setString = setString.concat (”,”);

}

setString = setString .substring(0,
setString .length () — 1);
setString = setString.concat(”}”);

return setString ;

/ *

x Writes the sets out to the output file

*/

public static void WriteOutput(String filePath ,

Set<Object> galoisClosedSets) throws IOException {
/%

* This loop gets the maximum size of the sets.
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* This is used to output the sets in order of size.
*/
int maxElements = 0;
for (Iterator itera = galoisClosedSets.iterator ();
itera.hasNext ();) {

Set stb = (Set) itera.next();

if (stb.size() > maxElements) {

maxElements = stb.size ();

}

ArrayList<String> aLines = new ArrayList<String >();

aLines.add ("C={");

/%

x Iterate from 0 to the max set size.

x At each iteration write out the sets that have

* that number of sub—sets.

*/

for (int count = 0; count <= maxElements; count++) {
for (Iterator itera = galoisClosedSets.iterator ();
itera.hasNext();) {

Set stb = (Set) itera.next();

if (stb.size() = count) {
String printString = "{”;
for (Iterator inner = stb.iterator ();

inner.hasNext ();) {

if (!printString.endsWith(”{”)) {
printString =
printString .concat (7 ,”);

}

Set inset = (Set) inner.next ();

printString =

printString .concat

(OrderedSet(inset.toString ()));

}

printString = printString.concat (n }77);
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alLines.add(printString );

}
alLines.add (7 }7);

Path path = Paths.get(filePath);
Files.write (path, aLines, ENCODING);

B.2  Sample input file

Let P’ be the 3-element anti-chain from Example A.2.5. To compute Cqp, the
completion with respect to (Fap,Zgp) the following is received as input.

input.tot:

——Set 1 -——
1

2

3

1,2

1,3

2,3

1,2,3
——Set 2 ——
1

2

3

1,2

1,3

2,3

1,2,3

B.3 Sample output file

The following file is received as output, given the input (Fgp,Zap) from the

sample above.
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output.txt:

¢=A{

{{1,2,3}}

{{1,3},{1,2,3}}

{{2,3},{1,2,3}}

{12}, {1,2,3}}
{{1,3},{2,3},{1,2,3}}
{{2,3},{1,2},{1,2,3}}
{{1,3},{1,2},{1,2,3}}
{{3}:{1,3},{2,3},{1,2,3}}

{2}, 42,33, {1,2},{1,2,3}}

{1}, 41,33, {1,2},{1,2,3}}
{{1,3},{2,3}, {1, 2}, {1,2,3}}

{2}, {1,3},{2,3}, {1, 2}, {1,2,3}}
{3}, {1, 3}, {2,3}, {1, 2}, {1,2,3}}
{1}, 41,3}, {2,3}, {1, 2}, {1,2,3}}
{31 {133 {1}, {2, 3}, {1, 2}, {1,2,3}}
{31 {21 {1, 3}, {2, 3}, {1, 2}, {1,2,3}}
{25 41,33 {1}, {2, 3}, {1, 2}, {1, 2, 3}}
{3}, {25, {13, {1,3}, {2, 3}, {1, 2}, {1, 2, 3}}
}
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order-reversing, 82, 167
operator
binary
associative, 188
decreasing, 188
residuated, 16, 156, 160, 172 generated, 37, 99
n-ary, 15 prime, 45, 135
residuated, 122 strictly prime, 47

unary, 15, 53, 110, 146
Boolean algebra, 15, 194
decreasing, 186

quasi order, 7
quasi-odered algebra, 184

quasi-ordered set, 7

idempotent, 186 quasivariety, 69

increasing, 186

residuated, 16, 112, 156, 165, residuated ordered algebra, 156
172 decreasing, 185
order-embedding, 14, 25, 40, 58, 89, reverse modal MTL-algebra, 72
95, 103, 105, 125, 135 reverse modal MTL-chain, 72
order-isomorphic, 14 reverse modal residuated lattice, 66

order-isomorphism, 14 reverse order-isomorphic, 14
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reverse well-quasi-ordered, 158, 158,
182

o-contracting, 128
o-expanding, 128
o-stable, 128
stable subset
MacNeille completion, 58
w.r.t. a residual pair, 157
standard completion, 41, 58
*-contracting, 160
*-expanding, 160
*-stable, 160
subalgebra, 13
subdirect product, 68
sublattice, 11, 27, 96
subposet, 9

top element, 8, 11
topology, 133

ultrafilter frame, 196, 218
ultraproduct, 68
up-directed subset, 30
up-set, 19, 29, 88
generated, 19
principal, 19, 32

valuation, 195
variety, 68
modal MTL-algebras, 71

well-quasi-ordered, 158, 158, 181,
185
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