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Abstract

The construction of conserved vectors using Noether’s theorem via a knowledge
of a Lagrangian (or via the recently developed concept of partial Lagrangians)
is well known. The formulae to determine these for higher-order flows is some-
what cumbersome and becomes more so as the order increases. We carry out
these for a class of fourth, fifth and sixth order PDEs. In the latter case, we
involve the fifth-order KdV equation using the concept of ‘weak’ Lagrangians
analogous to the third-order KdV case. Then we considered the case of a mixed
‘high-order’ equations working on the Shallow Water Wave and Regularized
Long Wave equations. These mixed type equations have not been dealt with
thus far using this technique. We finally, analyse the conserved flows of some

multi-variable equations that arises in relativity.
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Introduction

The work of Sophus Lie on transformation groups have had far reading and wide
ranging consequences in the analysis of differential equations. The applications are
now in broad use such as in mathematical physics, fluid mechanics, relativity and
financial mathematics. The notion of symmetries entered the area of conservation
law in variational equations through the work of Emmy Noether. The variational
techniques that employed here are applications of recent works that provide slightly

modified approaches to tackling the problem of conservation laws.

We discuss the use of these variational techniques on higher order partial differential
equations (PDEs). The importance of investigating these sorts of equations, are due
to their appearance in different branches of science and engineering, like plasma

physics, fluid dynamics, quantum theory, nonlinear optics and solid state physics.

In the first chapter, we introduce the preliminary mathematics that is needed to

tackle our investigation.

In chapter two, we discuss the role of this technique in attaining conservation laws
for the fifth-order KdV, and fourth-order Boussinesq equations. For these and any
high order partial differential equations (PDEs), finding conservation laws by first
principles can be extremely tedious. The important point of consideration is the
bulky formulae that is required due to the order of the Lagrangians and related

functions.



In the third chapter we consider higher order mixed derivatives and their conser-
vation laws using this technique. The Shallow Water Wave and Regularized Long
Wave Equations are examined due to their highest derivative term being mixed.

These sorts of equations have not been studied before using this technique.

In the fourth chapter we consider the classical wave equation in some Lorentzian
space-time backgrounds with a point in mind that the wave equation there may
naturally inherit nonlinearity from geometry. In this study we look at the case of
multi-independent variables that are present in the Relativistic Wave Equations due

to space-time variables.



Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we introduce the preliminaries and results that are needed to tackle

our investigation for higher-order partial differential equations.

1.2 Main Operators

We first introduce to the reader, the universal space A of differential functions. A
locally analytic function f(x,u,u(), u(2), -, uw) ) of a finite number of variables is
called a differential function of order k. The space A is the vector space of all

differential functions of all finite orders and forms an algebra.

A total derivative converts any differential function of order k to a differential func-
tion of order k£ + 1. Hence, the space A is closed under total derivations. There
are other operators on A and some of the important ones which we will utilize are

explained below.



The summation convention is adopted throughout. Let z = (x!',--- ") be the
independent variable with co-ordinates z°, and u = (u®,---,u™) the dependent

variable with co-ordinates u®. The derivatives of the u with respect to = are

ui = Di(u®), ul = Diy(u®), -, (1.1)
where
0 0 0
D=l e, =1, 1.2
@xl + U’Z aua + uz] aua + Y 1 Y 7n ( )

J

is the total differential operator. The collection of all first derivatives u;* is denoted
by w(y. Similarly, the collections of all higher-order derivatives are denoted by
u(2), U(3), - - - Following Lie, in group analysis it is expedient to consider all variables
T, U, U1y, U(2), Ue3), - - - as functionally independent connected only by the differential

relations (1.1). Consequently, the u® are referred to as differential variables.

Intrinsic to the modern group analysis of differential equations is the universal space

A defined above and as follows.
We denote by z the sequence

2 = (@, u, ugy, U, ) (1.3)

with elements z”,v > 1, for example,
Fd=al, 1<i<n, 2=y 1<a<m,

with the remaining elements representing the derivatives of u. However, in applica-
tion one invariably utilizes only infinite subsequences of z which are donated by [z].
A locally analytic function f(z,u,unmy, ue), -, uw)) of a finite number of variables
is called a differential function of order k and for brevity is written as f([z]). The

space A is the vector space of all differential function of all finite orders. A total



derivative (1.2) converts any differential function of order & to a differential function
of order k + 1.

Hence, the space A is closed under total derivations D;. The main operators in-
troduced below are correctly defined in the space A. Precisely, this means that the

operators defined as formal sums truncate when they act on differential functions.

Definition 1: The Fuler-Lagrange operator is defined by

) . )
fus ~ gun T YD D

(e}
s>1 Usy...ig

, o a=1---,m. (1.4)

The operator (1.4) is sometimes referred to as the Euler operator, named after
Euler (1744) who first introduced it in a geometrical manner of the one-dimensional
case. Also, it is called the Lagrange operator, bearing the name of Lagrange (1762)
who considered the multidimensional case and established its use in a variational
sense (see for example, [1] for a history of the calculus of variations). Following
Lagrange, equation (1.4) is frequently referred to as a variational derivative. In the
modern literature, the terminology Euler-Lagrange and variational derivative are

used interchangeably as (1.4) usually arises in considering a variational problem.

Definition 2: The Lie-Backlund operator is given by

%) 4
+n* £ ut e A (1.5)

.0
X=¢ ou®

oxt

This operator is in fact an abbreviated form of the following infinite formal sum,

0 9 0
o o 1.
TG e T g T (1.6)

e,
X = gﬁwi * naﬁua

where the additional coefficients are determined uniquely by the prolongation for-

mulae



G = Di(We) + &ug

)

i = Dith(Wa) +£ju%i2j (17)

1112

In (1.7), W® is the Lie characteristic function given by

W =n* — fju]a (1.8)
One can write the Lie-Bécklund operator (1.6) in form

) (e 69 « 69 « é?
X=¢D;+W*—+ D;(W )8ui°‘ + Dy, Dyy(W )8u‘?‘

ou® &

b (19)

Definition 3: The Noether operator associated with a Lie-Backlund operator X is
defined by

0

a
21 0s

, . 0
NZ:fz"‘Wa(Sua+ZD1'1"'D1.S(W&) i=1-n (1.10)

1 ou

where the Euler-Lagrange operator with respects to derivatives of u® are obtained

from (1.4) by replacing u® by the corresponding derivatives, for example,

) 0 s o
5uq _'aua +>§:(_JJ LE1"'12%(VV )8U

7 7 s>1

0

Q-
2J1°"]s

, t1=1,---n, a=1,---m.
(1.11)

The operator (1.10) is named the Noether operator and was given in recognition

of the Noether contribution. As consequence of the operator (1.10), the proof of

Noether’s theorem becomes purely algebraic and independent of variational calculus.

The algebraic proof is based on the identity presented in the next section.

10



1.3 Noether Identity

Theorem 1: The Euler-Lagrange, Lie-Backlund and Noether operators are con-

nected by the operator identity
) %) )
X+ D) = Wo‘d— + D;N". (1.12)
uOé

Here, D;(£) is a differential function which is a sum of functions obtained by total
derivations D; of differential functions &. That is, D;(£") is a divergence of the
vector £ = (€1,-+- . €"), in other words, div€ whereas, D;N* is an operator obtained

as a sum of products of operators D; on N, that is, it is scalar product of vector
operators D = (Dy,---,D,) and N = (N',--- N"). The identity (1.12) is called

the Noether identity because of its close relation to the Noether theorem.

1.4 Noether Generators

Consider a k' order differential equation

Ea(x,u,u(l),u(Q),---,u(k)) :O, a = 1,---,m. (1.13)

Definition 4: A conserved vector of (1.13) is tuple 7' = (T*,---,T™),
T7 =T (x,u,uqy, ue), -, uw) €A, j=1,..n, such that

Di(T") =0 (1.14)
is satisfied for all solutions of (1.13).

REMARK. When Definition 4 is satisfied, (1.14) is called a conservation law for
(1.13).

11



We now discuss conservation law of Euler-Lagrange equations. That is, differential

equations of the form

oL
%:O, Oé:]_,"'7m, (115)

where L = L(z,u,uaqy, we), -, uq) € A, I <k, k being the order of (1.15), is a

6
ou

Lagrangian and is the Euler-Lagrange operator defined by (1.4).

Definition 5: A Lie-Bécklund operator X of the form (1.6) is called a Noether
symmetry corresponding to a Lagrangian L € A if there exists a vector B =
(B',---,B"), B € A, such that

X (L) + LD;(¢") = Dy(B"). (1.16)

If equation (1.16), B =0, i = 1,---,n, then X is referred to as strict Noether

symmetry corresponding to a Lagrangian L € A.

Theorem 2: For a any Noether symmetry X corresponding to a given Lagrangian
L € A, there corresponds a vector T' = (T%,.--,T"), T'€ A, defined by

T'=NYL)- B, i=1,---,n, (1.17)

which is a conserved vector of equation (1.15), that is, D;(T") = 0 on the solutions

of (1.15).

1.5 Noether-Type Generators

Consider a k' order differential system

E%(x,u,upy, ug@y, - uw) =0, a=1---m (1.18)



which is of maximal rank and locally solvable. The following definition is well-known.

REMARK. When Definition 4 is satisfied, (1.14) is called the local conservation law
for (1.18). Also D;T* = Q*E,, is referred to as the characteristic form of conservation
law (1.18) and the function Q = (Q*,---,Q") the associated characteristic form of

the conservation law.

Suppose that equations (1.18) are written as

E,=E°+E'=0, a=1,---,m. (1.19)

We now introduce the definition of Partial Lagrangian.

Definition 6: If there exists a function L = L(z, u, uay, u@), - -, uq)) € 4,1 < k and
non-zero functions f7 € A such that (1.19) can be written as 0L/6u® = fZE} then,
provided Ej # 0, L is called a partial Lagrangian of equation (1.19) otherwise it is

the standard Lagrangian. It is known that differential equations of the form fu—La =
0, a=1,---,m, are Euler-Lagrange equations. We term differential equations of
the form 5T
— = fPE} 1.20
Jus fa B> ( )

as Euler-Lagrange-type equations.

Definition 7: A Lie-Bécklund or generalized operator X of the form (1.6) is called
a Noether-type symmetry operator corresponding to a partial Lagrangian L € A if
there exists a vector B = (B!,--- B"), B‘e A, B'# N'L+ (% C constants,
such that

oL

X(L)+ LD;(¢") = wess + Dy(BY), (1.21)

where W = (W1 ... W™) W< € A is characteristics of X.

If the B¥s are identically zero , then the Lie-Bécklund operator X is called a strict

Noether-type symmetry operator.

13



Note that for Euler-Lagrange equations 0L/du® = 0, if (1.21) is satisfied, X is a

Noether symmetry generator corresponding to a standard Lagrangian L.

Recall also that for a Noether symmetry generator X corresponding to a standard
L, X is said to leave the functional invariant up to gauge B. It is easy to see from
(1.21) that if X and Y are Noether-type operators, then so is a linear combination of

these operators. Indeed the Noether-type symmetry operators span a vector space.

Theorem 3: A Lie-Bécklund symmetry operator X of the form (1.9) is a Noether-
type symmetry operator of a partial Lagrangian L corresponding to an Fuler-Lagrange-
type system of the form (1.20) if and only if the characteristic W = (W1 ... W™) W< €

A, of X is also the characteristic of the conservation law D;T* = 0, where

T'=NY(L)-B', i=1,---,n, (1.22)

of the Euler-Lagrange-type Equations (1.20).
Proof: We use identity (1.12) and act with it on L to obtain

XL+ Di(¢L = W"‘;La + D;N'L (1.23)

u

Since X is a Noether-type symmetry operator of an L corresponding to an Euler-
Lagrange system, we can by use of (1.20) replace the left hand side of the last
equation(1.23) with W*0L/6u® + D; B* which in turn can be replaced by We fSE} +
D;B" by utilizing (1.20). We immediately get

oL

WefE} + D;B' = W+ D;N°L. (1.24)

uOé

From this we have 5L
Di(B'— N'L) = W‘”(é— — fPE}) (1.25)

ua

and thus

14



: oL
DT =W*(—— — fIE} 1.26
) (1.26)
as a consequence of (1.21) is a conservation law with conserved components 7" =
B — N*(L) of the system (1.20) with characteristic W. The steps are reversible.
This proves the result. O

A further detailed analysis of the operators is completely given below for the scalar
case in two dimensions, viz., (t,x). This discussion is peculiar to our work in the
sequel as the Lagrangian and conserved flows are of a high order (third-order).
The proofs and finer details of the results are obtainable in [2]. Suppose X =
T(t, z,u)0 + &(t, z,u)0p + O(t,x,u)0, is a Noether point symmetry generator with
gauge (f,g). Then the conserved flow (7%, T%) is given by

T' =Lt + Wk + Dy(W)3k + D, (W)5k

Oty

+D,Dy(W) 32 + DD, (W) 2 + D, D (W) 52 — f

Ottt OUtza

= Lr+W(& - D2 — D, 22+ D7 L 4 D20k 4 DD, 28

t Jusy T Qute U Qugsr T OUtzr T Quita

+Dy (W) 25 + D, (W) 2£

OUte

+D, Dy (W) 32 + DD (W) 5 + D, D (W) 522 — f,
T" = LE+ Wik + Dy(W) 2k 4+ D (W) 2

OUzy

+D,Dy(W) 52 4 Dy Do (W) 52~ + D, D, (W) 52E

OUgtt SUzzx B g

:L€+W(§TI;_Dt8L_D BL+D28L —|—D28L —|—DtD BL)

Ougt T Qugy t Quztt T gy T Jutzs

+Dy(W) 2 + D, (W) 2E

SUze

+DyDy(W) 5L + DD (W) 2L — g,

(1.27)

where

6 0 0 0 s O s O 0
% N % Dt% Dmaivw * Dt avtt * Dmavzx * DtDmaTt:c o

(1.28)

A range of literature pertaining to conservation laws is now available mainly pre-

senting the various methods involved, see [?, 7, 7 7 9].

15



1.6 Illustrative example

For simplicity we have looked at point type symmetry operators and we have re-
stricted the gauge terms to be independent of derivatives. One can equally well try
to obtain true Lie-Béacklund type symmetry operators and our method still applies.
However, the calculations in this case are quite tedious and best left for a computer
algebra package. The illustrative example [2], is on the classical heat equation. Al-
though simple, it is considered a paradigm for evolution equations and is frequently

utilized as benchmark for ones approach.

Consider the (1+1) linear heat equation

Up = Uy (1.29)

If we invoke the partial Lagrangian L = u2/2,0L/0u = —u,, so that (1.29) can be
written as u; = —0L/éu and, therefore, 0L/éu can be replaced by —u; in (1.29)
to determine the Noether-type operators, by Definition 7, X = 7‘% + £ % + 778%
corresponding to L. That is,

Gty + (DyT + Dxﬁ)(;ui) = (n — Tuy — &ug)(—uy) + D,B* + D, B2 (1.30)

Expansion of the total derivative operators as well as (, and then separation of the

16



derivatives of u yield the over-determined linear system

u? N = 0,
wug 1, =0,
Uz U : = — Tz,
- §=-T (1.31)
uy : 7=0,
Uy LN = Bga
Uy = quv
1 . B} +BZ=0.
The calculations reveal that X = n(t, )2 where 7 satisfies the equation

and B' = nu + f(t,z), B? = n,u+ g(t,x),where f; + g, = 0. Weset f =g =
0. The corresponding conserved vector components, by Theorem 3, are 7! = nu
and T? = —nu, + n,u. The corresponding conservation law D, 7' + D,T? = 0 is
n(us — ug,) = 0 with characteristic n which is the characteristic of the Noether-type
symmetry operator X.

Thus, if for example

(1>T] = 1a Tl = u, T2 = —Ug,

(iiyp =t —32%, T'=(t—32*)u, T?=—(t— j2)u, — ux.

17



Chapter 2

Higher order PDEs

2.1 Introduction

The fifth-order KdV, and fourth-order Boussinesq equations are well known exam-
ples from mathematical physics purported to be of ‘high’ order. For these and any
high order partial differential equations (PDEs), finding conservation laws by first
principles can be extremely tedious. Thus, one needs to resort to alternate methods
appealing to the underlying symmetry generators of the equations. If this means the
variational route, then there may be problems such as the existence and determina-
tion of a Lagrangian. For the two cases cited here, we construct ‘weak’ or ‘partial’
Lagrangian and successfully construct conservation laws. The point of emphasis is
the cumbersome formulae that is required in the determination of the conserved

flows due to the order of the Lagrangians and related functions.

18



2.2 The fifth-order KdV equation

The particular case that we investigate is the well known generalized fifth-order
KdV, (also known as the KdV-5 equation)

(o + QU Vgy + gvvﬂh’m _I_ 7”2% + U = 07 (21)

where «, (3, v are arbitrary non-zero constants.

For a variety of combinations of the parameters, (2.1) has been studied using a
number of methods, analytical and numerical. Inc [3] and Abbasandy & Zakaria [4]
made a detailed numerical study using the Adomian decomposition and homotopy
analysis methods, respectively. Several works on the soliton solutions and various
analytical methods have been done. For e.g., Lax [5] (5/2 = 10, = 20, = 30),
Sawada-Kotera [6] (6/2 =5,a =5, =5), Ito [7] (3/2 =3,a = 6,7 = 2). The well
known Kaup-Kuperschmidt equation is based on the case /2 = —15,a = —15,v =
45.

The standard third-order KdV equation (KdV-3) is an evolution equation but its
differential consequence admits a Lagrangian [8] and, thus, the KdV equation itself
is construed as a variational equation. We show that one can do this for (2.1) by
which some interesting results regarding conservation laws via Noether’s theorem

are obtained.

19



2.2.1 The sixth-order expansion of the KdV-5 equation

This analogous study of the KdV-5 equation has not, to the knowledge of the author,
been done before. This may be due to the cumbersome forms of the extended Euler-

Lagrange operators that need to be used.

If equation (2.1) is differentiated by x or if v = u, in (2.1), we get the sixth-order

equation

which has a partial Lagrangian

1 1
§u§” + —uyuy + Tty g?ﬂumx] (2.3)

L:_[ T T
2 12 8

so that 5L
ou 2
Now applying the partial Lagrangian to the Noether-type Identity (1.21), the fol-

lowing expression

XPIL) + L(Ds7 + Di) = (6 — e ~ ux@‘gi’ +(Dof +Dig),  (25)

where f and ¢ are gauge functions. The governing equations are obtained from
(2.5), by separating the equations by coefficients. These coefficients are derivatives

of the dependent variable w.

20



The separation of monomials are listed as

WU Uy Tus

WU Uz Upzy  © Tuu,

U Uy Uiy Euus

uxuim us

U Uz Do,

Ugzr Uzt Tz,

U2, %Sx - %Tt — Qus

Uy 3¢, — 186 + 1) — Loy — 6l
Ug Uy U (B —a)g,

Ul U (B —a)r,

Uz Uz (B—a)o, (2.6)
U Ui —3B¢:¢ + Exvx — 3Dazus '
(- —zzz;s

U Uy —3Bduu,

U Uy L(3Bs — 2B0uu),

Ui %Sx - %Tt - %¢u7

u; —3¢u + 60,

Ui &t

Uy 6o+ 3(=& — ) + 37 — bu,

Uy —fu— %%»

Uy —Gu — 3%,

1 —ft = Ga-

From the governing equations (2.6), it can be observed that there are two cases
appearing (i) o #  and (ii) a = f.

In the case(i), we obtain no symmetry generators due to £, 7 and ¢ are equal to

zero, therefore trivial solutions.

The case(ii), leads to a nontrivial solution. That is, the partial Lagrangian is, in

fact, a Lagrangian of (2.2) due to a = 3, where ‘;—i’ = (0 — a)Upptizzz = 0, which

21



therefore changes the Noether-type Identity to Noether Identity,

XBWL) + L(Dyr + D,€) = (Dof + Dyg). (2.7)

The generators are the corresponding Noether symmetries, viz.,
X=0 (W=-uw), X =80, (W=—Cuy,). (2.8)

We now list the corresponding conserved vectors which are obtained from the given
formula (1.27).

Note that the formula (1.27) is for a second order Lagrangian, the equations that
we are dealing with are of third order, so there has to be a further expansion to the

formula to obtain the conserved quantities.

(1) X =0 (W=—w)

1 1 1
Tt = —(iuim + 5 Ul + %ui + guiuwm)(l) + (—ut)(—§ux),
1 5]
9 ia:z - §uxut - %ui - guiuxmm + iumuta

T = (~w)(—

1

g

_ 1 s | P
- 7ut + UtUgprrrr + 7utu$l‘ + —UtUgpUgppy — Utz Ugper — T Utz Ug Uy

2 4 4 4

2
+ UtrpaUgzrx + gutml'ux'

22



Thus,

DtTt‘i‘Dsz - Dt<

Tt

T.Z‘

Thus,

12 74 ﬁ2 )

1
+ Dm(_utxua:mzm - Zutmurumx + UtzaUzar + gutxrui);
= 0.
1
_gux(_ium)a
1 2
55“’3:7
1
EUae (Upgan + éuxum) + EUgr (Uzae + 9@) + Cup (L, + Lugtt,)
4 8 3 4
1 1
DT+ DT = Dy(o6u2) + Dul(—E(s et + ot + Duu,,)
2 2 12 8
+ Do(&ue(Upeans + iuix + iuxum) — e (Ugaae + iuxum))
+  Dy(Etoze (Ugas + Zui) + £uz(%u§;m + %uzum)),
= Uy (Ut + B/ 2Uslzgae + Bllarliars + VUilisr + Uszaras),

= 0.

REMARK. The conserved vector in (1) is of 'nonlocal’ type for the fifth-order KdV

equation (2.1) when we substitute back to v since, if v = u,, uy = [ v da.

23



2.2.2 Traveling Wave reduction of the KdV-5 Equation

We now reduce the KdV-5 equation to a fourth-order equation by taking the sum of
the symmetries from the previous result (2.8). By using the characteristic method
of solving PDEs, we obtain y = x — ct, that is a traveling wave equation. By taking
v = w, we find that v; = —cw’ and v, = w’. Then substituting the derivatives into

the main equation we end up with

ﬁ n /1

w™ + Sww" +aww’ + yw?w' — cw' = 0. (2.9)

We then integrate Equation(2.9), which becomes

w" g " Z 2 gw/2 + %w?’w’ —cw =k, (2.10)

which also can be written as

" "
_|_ —_ + —_

p
1

Jw'? + %w3w/ —cw =k, (2.11)

for the study of different cases, which has partial Lagrangian

1 1
L=—-uw"+ (% — i)ww/2 + %w‘l - icw2 — kw (2.12)
which has 5L
S0 (a — Bww". (2.13)

(i) For av # 3, equation (2.11) has partial Lagrangian (2.12), applying the Noether-
type Identity which is

XPIL) + L(Dyo) = (n— /o) o= + (Dif) (2.14)

24



The separation of monomials are:

3

WyWyy & Ouw)
wgwyy D Tww — 204w,

WyWyy : 20y — Oyy + w(a — ),

wyw?, Ows

wy, L e — S0y,

Wyy Nyy — wn(a — B),

w; Do = §) +wnw(a—5) —woy (5 - 9),
wy C ot (a— g)wny,

1 : —cwn + swiy + Jwto, — Swio, — f,.

(2.15)

We obtain no symmetry generators since o and 7 are equal to zero - this leads to a

trivial solution.

(ii) For a = 3, equation (2.11) transforms to

w" + gww” + Zw’Q —+ %wg’w/ — CW = k7

which has partial Lagrangian

1 "2 ﬁ 12 T4 1

L=-w"—"ww + Lw*— =cw?® — kw.

2 4 12 2

The separation of monomials are:

3

WyWyy Ty
wzwyy C Nww — 20yw;

WyWyy = 2y — Oy,

wyws, Oy,

wzy ¢ T %Uw

Wyy © Myys

wg2/ : —%7 - %wﬁnw + iwﬁay’

wy : _fw - %wﬁnya

1 D —cwn + swdy + Jwle, — Swlo, — f,.
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(2.17)

(2.18)



This leads to nontrivial solution, that is, the partial Lagrangian is, in fact, a La-
grangian of (2.10) and the generators are the corresponding Noether symmetries,

Viz.,

8, (W =u) (2.19)

with the corresponding conserved vector.

1 1
T = gw"Z - wa’Z + 112104 — 5011)2 + §ww’2 + w'w" —w'",
1 1
= _§w//2 + iww/Q + %wzi . §CIU2 + w/w///7
D(T) = —w'w" + i(w’3 + 2ww'w”) + %w3w/ — cww' + w'w" + ww™,

= i( By 2ww'n”) + %wa' — cww’ + w'w",
_ w/<w//// + iw/Q + gww// + %w?; _ cw),
= 0.
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2.3 The fourth-order Boussinesq equation

The Boussinesq equation which models the behaviour of long waves is sometimes

written as the fourth-order
Upaar + Ullgy + U + Uy = 0, (2.20)

The highest derivative in the equation (2.20) is a singular independent variable
derivative term. Its Noether type symmetries, X = 7(¢,z,u)0; + &(t,z,u)0, +
o(t, x,u)0,, via the partial Lagrangian

L, Lo 15

L= Uze — UL T UL (2.21)
which has 5L )
2
— = —— 2.22
S 5Ua (2.22)
is determined by (1.20). In this case, X L is a second prolongation of X, viz.,
XL = —%Qﬁufc + Ut s + uPugly + uudé, + uulé+
U?Tt + ug’Tu + uutuiTu + UUUL T, — utgzﬁt—
Uy — UUEDy — Ul Dy — 20Uy Ty Uy 4 Uy o —
ZTxux,tux,x - 3u$€Uui7x - 2£xu925,x_ (223>

2 2 3 2
utTuu%x + ¢Uu1'7x - umum,wgu,u - 2ugguac,m£x,u_
2
uwum@gm,m - utugcu:c,zTu,u - 2utu:ﬂu$,x7—z,u_
2
utuz,xTx,m + uxux,$¢u,u + 2ua:uz,x¢a:,u+

ux,x¢x,x-
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The separation of monomials gives rise to

Uz We 0 —Tous

Ul Uy — 2T,

Upptl) 0 —Euus

Usptty 0 —2E0u + Duus
Upelly 0 —Eae + 2000,
UggUgt 1 Ta,

uixu:c o Cus

uz, : —%fa: + %Tt + Pu,
U Gun (2.24)
UU, : —%T + %UTu,

Uty D&

u? C 3Tu

ul o =3+ quby,

u? : %ufm — %un — UQy,
Uy D= fu— ¢,

Uy D= Gu — Uy,

1 f—ft = e

The over-determined system has solution
7=0, £€=0, ¢=A+ Bt+ Cx+ Dxt,
f=—(B+Dx)u+a(z,t), g=—1(C+Dt)u®+b(z,t)
where a; + b, = 0 and A, B, C' and D are arbitrary constants. If we choose, for
example, A = D = 0 (Noether type symmetry X = (Bt + Cx)d,, W = (Bt + Cx),

(2.25)

f=—Buand g = —%OUQ), we obtain, via a truncated version of (1.27), i.e.,
T' =Lt + Wgk + [D;W — WD — f, (2.26)
T% = L&+ Wae + [D;W = WD)l 5 — g, '
the conserved density and flux
Tt = —(Bt+C B
(Bt + Cju; + Bu (2.27)

T = —(Bt + Cx)uuy + Cugy — (Bt + C1)uge, + 5Cu”.
so that DtTt + DIT:C = —(Bt + C:[;) (uxxmz + Uy + ui + utt)'
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2.4 A fourth-order non-linear equation

The Lagrangian, L = ju?, — uu2, of
Upgpe + 2Ulpy + ui =0, (2.28)

has been discussed in [9] constructed by the homotopy formula since the Frechet

derivative of Ugprs + 2Ulyy + U2, Viz., DE 4+ 2uD? + 2u, D, + 2u,, is self adjoint. As

before, (1.27) yields the Noether symmetries which are the translations d; and 0,.

The symmetry z0, — 2ud, is not variational with regard to this Lagrangian. The

conservation laws via translations, via (1.27), are, respectively to d; and 0,,
Tt = 1u2, —uu2,

2 Yxx

(2.29)
T% = Uty — UgpUpy + UpUgps

and
Tt =0,

_ 1,2 2
T = Jug, + uly — UggUgey + UgUgaa-

(2.30)

Note. If one uses L as a partial Lagrangian for the evolution equation u; = Uzzpe +
Uty + uZ, so that ‘;—5 = u;, we obtain no Noether type symmetries. In fact, direct
calculations do not yield any either. The point symmetry generators of the equation

are, in addition to translations, 4t0; + 0, — 2u0,.

2.5 Discussion and conclusion

We see that the conserved flows for high-order equations (with Lagrangians and,
equivalently, partial Lagrangians of order greater than one in derivatives) support
a formula similar to the well known Noether’s theorem with the proviso that the
higher-order cases have more terms giving rise to the appropriate order of the con-
served flow. Also, in the KdV-5 evolution equation, we resorted to variational tech-

niques usually adopted for the KdV-3 equation.
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Chapter 3

Higher order PDEs with mixed

derivative term

3.1 Introduction

In the previous chapter we had observed the variational and ‘partial-variational’
technique being applied on higher order equations where no derivatives were of
mixed type. When considering the partial Lagrangian formula, a special point of
consideration is the term of the highest derivative; the highest derivative term of the
equation must be derived from the partial Lagrangian. This brings us to some inter-
esting investigation when we consider the equations in which the highest derivative
term is mixed. That is, the mixed derivative term involves differentiation by more

than one of the independent variables.

In this chapter we consider the Shallow Water Wave and Regularized Long Wave
equations which has been discussed in [10]. In addition to the above, their impor-
tance also lies in many areas of physics, and real world applications, e.g., tsunamis

are characterized with long periods and wave lengths as a result they behave as
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shallow-water waves.

In this chapter, we write (7%, T% as T, T?).

3.2 The Shallow Water Wave equation

The shallow water wave equation (SWW), models simplest water waves that rea-

sonably approximates the behavior of real ocean waves,

Ugzat T QUL Ue + ﬁutu:px — Uty — Uggy = 07 (31)

where o and (3 are arbitrary constants.

From the equation (3.1), there are two cases that emerge, viz., (i) a # 3 and (ii)

a= 0.

In case (i) a # 3, we refer to this equation as shallow water wave-1 (SSW-1), and
for case(ii) a« = 3, equation (3.1), « is replaced by 3, we refer to this case as shallow

water wave-2 (SSW-2), which becomes,

Ugzat + Buxutx + 6utuxx — Utg — Ugy = 0. (32)

3.2.1 Shallow Water Wave-1

Here, we use the partial Lagrangian

1 1 1 1

for which 5L
S0 = (20 — a)u . (3.4)
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The separation of monomials gives rise to

2

uxum LTy,

ng L Tx,

Ugtig, ¢ &

Uix o &

UtzUpr 0 Ty — Sas

Uiz 0 (20 — a)T,

uiut:c D (26 - ), (3.5)
Uy (28— a)n,

wui & — 3,

Uy DNy — O,

u? oM — %57% - %fa: + %Tm
Uy D —Gu+ 30+ e

Ut o= fut %7]27

1 N

From equation (3.5), we observe there are two cases that emerge, (a) a = 20 and

(b) o £26.
Subcase(a): a = 203
(1) X =0, W=—-uy
T = 2u2 + S,
2

2 _ 1,2 .2 1 1
T% = —uuy — 5u; + Uity B + Ullper — SUz; — 5Uza s
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The total divergence is given below.

Dt(Tl) + Dx(T2) = Dt(%ui + %Utuxmx)
Dy(—uguy — 3uf + ufugf + Upiey — U2, — SUgplUsn),

T
1
iux:puttx

+

1 1
Uy Uty + §umzxutt + §utumzxt — UgUgy — UtUgy —
2 1
—  UtlUiy + 2Butuazutx + ﬁut Uz + UtUggat — §uwxxutt7
_ 1 1
- Ut(ux:czt + QUL Uy + ﬁutux:v — Uy — Uacac) + §utumx$t - §u$zuactt7

— 1 1
- §utu1’xxt - qu:cuxtt-

(3.6)

We observe that extra terms emerge. By making an adjustment, these terms can
be absorbed into the conservation law. The adjustment of these extra terms can be
done by finding differentiable functions that form the extra terms, when they are
differentiated,

Dt(T1> + Dw(TQ) — %utuxmmt - %umzu:rtta (37)
- %Dt<utuzx$) - %Dac(uac:cutt)

Then by taking these differentials across and adding them to the conserved flows,

this satisfies the conservation law

3.8

The modified conserved quantities are now labeled T%, where Dy(T") 4+ D, (T?) = 0.

T = Tl_%utu:rx:v
1,2
Uy

(3.9)
T = T2+%umﬁutt

_ 1.2 2 1,2
= Uy — UF + UFULS + Uplper — U

xt
The same consequences apply for the results below.
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1_ 1,2, 1.3 1,2 1
T = —gug + 5upf — Uz, + 5UsUpey
1% = —%Ui + %utuiﬁ + UgUgpt — %ux’xumt
W = T'— Tu?
~hu + Ju26 - .
(3.10)
TQ = T - %u$u$zt
Subcase(b): « # 203
(1) X =0,, B'=1iu2(26-0a), B*=0, W=1
T = tuy — $0uU2 — Supes + 3u2(26 — )
T? = uy + 3 — We [ — Uggy
The total divergence is given by,
Dy(T*) + Dy(T?) = Dy(3us — 30u2 — FUges + 5u2(26 — @)

+ Dw(ux + %ut - utuxﬁ - uwmt)v

= %utm - u:cutacﬂ - %uzxa:t + uxuta:<2ﬁ - O[) (311)

+ Uz + %utaf - uxutxﬁ - utuxacﬁ — Ugazaxt,

= (u:p:m:t + QUL Uty + ﬂutumg — Uty — umz) - %umzxta

= _%uxmzt'
From the equation (3.11), ... has two derivative consequences,

Ugpget — D Ugza
- D:):(umct)



this leads to two pairs of conserved quantities.
(i) )
T‘l1 - Tl + %uzxx
tuy — 18u + 1u2(20 — )

(3.13)
T2 = T
Ug + %ut - utua:ﬂ — Ugat
(ii)
T} = T
7:22 = T% 4 tugy 40
2 xx
Uy + 5y — Uty F — Sy
(2) X =0,, B'=3ul(26—-a), B*=0, W=—u,
T = Jul 4+ 3udf — JuZ, — 3ud(20 — @) — JUylags
T2 = %ui + %UtUiﬁ + UpUgry — %uazwuxt
T = T'+ g,
b2+ bads— b, - buded o)
(3.15)
TZ = T?— %uxumzta
%Ui + %utuiﬁ + Ug Ut
3.2.2 Shallow Water Wave-2
For equation (3.2), we use the partial Lagrangian
1 1 1 1
L = 5 Utz + §ui + o Uale = gﬁutui, (3.16)
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which has
oL

S0 Bzt (3.17)

The separation of monomials gives rise to

UgUi, 1 Ty,
u?, D Ta,

Uty  : u,

Uix o &

UtgUge  © T — o,

Uz Uy OT,

vpte 08 (3.18)
Ugllyy = 7,

utugi o & — 3N,

Uty D N — BN,

u? YoM — %ﬁm - %’Sz + %Tu

Uy C—Gut 5+ e

Ut o= fut %77357

1 it e

From equation (3.18), it is clear that 5 # 0 or § = 0.

If 3 # 0 then it is a trivial solution, and if 5 = 0, then equation (3.2) changes to
Ugget — Uty — Ugy = 07 (319)

and the partial lagrangian (3.16) becomes a standard Lagrangian

1 1 1
L = 5 Uwtla + §u§ + S Uslt, (3.20)

and the conserved quantities are as follows:

(l) X = at, W = —U¢
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1 1,2

1
iutuxzm

2 1,2 1,2 1
T = —UUyp — Eut + UtUgat — iuxt — iuxx/lttt
- 11
T = T — Eutumx
_ 1,2
= Su;
r 2 1
T2 = T + iumutt
_ 1.2 1,2
= Uy — U T Ulggt — 35U
(i) X =0,, W=—u,
1_ 1,2 12 1
T = —Juy — Uz, + Uzl
2 1.2 1
T - _§Ulz + UgUggt — §uxzuxt
1 11,2
T T — sug,
1,2 1
Uy T Uy
&) 2 1
T T — quumt

_ 1,2
— _iuz + Uz Uyt

(3.21)

(3.22)

REMARK. From the conserved quantities attained above, we have some interesting

outcomes, were extra terms are found when applying the conservation law. These

extra terms are adjusted by merely taking the extra terms into derivative functions

that can be absorbed into the conservation law, therefore producing new conserved

quantities.
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3.3 The Regularized Long Wave Equation

The Regularized Long Wave Equation (RLW), models soliton waves and is some-
times referred to as the Benjamin-Bona-Mahoney Equation. The regularized long
wave (RLW) equation is an important nonlinear wave equation. Solitary waves are
wave packets or pulses, which propagate in nonlinear dispersive media. Due to dy-
namical balance between the nonlinear and dispersive effects these waves retain a
stable waveform. A soliton is a very special type of solitary wave, which also keeps
its waveform after collision with other solitons. RLW is an alternative description

of nonlinear dispersive waves to the more Korteweg de Vries (KdV) equation,

Viww + 0?0, + v + v, = 0. (3.23)

The RLW equation is a third order equation and for our purposes of investigation,
we modify this equation to compared it with the equations we have dealt with thus
far, we do this by differentiating the equation by a spatial variable, x and a time

variable ¢.

We refer to the modified RLW equation that is differentiated by ¢ or let v = wu; as
RLW-1,
Ugztt + Ozufum + Ut ‘I— Uty = 0 (324)

We refer to the modified RLW equation that is differentiated by = or let v = u, as

RLW-2,
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3.3.1 Regularized Long Wave-1

Here, we use the partial Lagrangian

1 1 1
for which 5L
u

Using Noether’s Identity we substitute into the expression below, which we use to

find our determining equations and then separate by monomials,

L
XOL 4 L(D& + D,E%) = (7 — uptt — ux£2)(;u + D,B' + D, B> (3.28)

The separation of monomials are:

Ugy Uty : gt + utgua

Ut Uty P Ty + Uy T,

u%m T %gm - %Tt;
Ui Al

WU AT,

uiug, coam,

UtUg Uty - Thuu,

Ut Uty S N, (329)
Uz Uty )

Uty © Mtz

Uy Uy N,

uy DNt 36+ 3T
Ug T %nta

Uy S %77967
1 : ft + Gz-

From equation (3.29), it is clear that o # 0 or a = 0.
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If o # 0 then it is a trivial solution, and if a = 0, then equation (3.24) changes to
Uggtt + Utt + Uty = 0 (3.30)

and the partial Lagrangian becomes a standard Lagrangian. By solving the over-
determined system, we get the symmetries. From the symmetries we calculate the

conserved vectors:
) X=0, W=-u
T = —fud, + suf + W,
T? = %U? T+ UpUppg — Up Uiy
Checking if the conservation law holds, i.e.,
Dt(Tl) + Da:(Tz) = Dt(—%u?x + %U? + Uz ) + Dx(%uf + Ul — UptUpy),

= —UgeUpte + Ul + UgtUpzr + Uplhptee T Uslis

+ UgpUpte + UUptzpe — UtaUtte T Ut Utza,

Uttty — Ut Utta-

(3.31)

We observe that extra terms emerge. By making an adjustment, these terms can
be absorbed into the conservation law. The adjustment of these extra terms can be
done by finding differentiable functions that form the extra terms, when they are
differentiated.

Thus,

Dt(Tl) + DI<T2) = UtUgtgax — Utz Utta, (332)

- Dt(utut:va:) - Dz(uttuta;)-

Then by taking these differentials across and adding them to the conserved flows,
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this satisfies the conservation law,

Dy(T" — wptiyey) + Do(T? + uyuy) = 0.

(3.33)

The modified conserved quantity are now labeled T%, where Dy(T%) + D,(T?) = 0.

Tl = Tl — UtUtpn
1,2 1,2
—Uiy UL
2
T2 = T + Upp Uy,

1,2
Eut + UpUgsy

The same consequences apply for the results below.

(i) X =0,, W=—u,

11,2 2
T = Jug + ugty + Uplyey — Uy,

2 1,2 1,2
T = —zu Uy 4 Uy Uty

2%z T 2

Tl

1
T + Uy

1.2 2
SUy - Uty + UgUtpy — Upy T Ut Uiy

2
T — Ug Uty

1,2 _ 1,2
Tl T 3l
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The divergence is,

Dt(Tl) + Dx(T2> = Dt(_%um — U — uta:w) + D:c(_%ut - utt:c)a

. ) (3.36)
= ToUx — U — Ugtex — Utz — Uttzx,
= —Ugge-
From the equation (3.36), u., has two derivative consequences,
U = Di(u
ttexx t( tzx) (337>
- Dz (Uttz>
which leads to two pairs of conserved quantities
7:11 = Tl + Utzs
= —%ux — Uy
(3.38)
T = T?
= _%Ut — Utta
T = T
_%uz — Ut — Utz
(3.39)
T22 = T2 + Uttty
= —%’U/t

(iv) X =t0,, W=t f=-u g=—1iu
Tl = _%tuw - tut - tut:px —Uu
T2 — —%tut — tutm —+ Uty — %u

42



Checking if the conservation law holds,

Dt<T1) + Dx(T2) = Dt(—%tux — tut — tutm — U) + Dx(—%tut — tutm ‘I— Uty —

_tuttxx-

From the equation (3.40), u,, has two derivative consequences,
tuttmx = Dm (tuttm)
= Di(tugxz) — Dy(uygy)

this leads to two pairs of conserved quantities

fll — 71

= —%tux —tu — gy — U

le = T2 + tutm
= _%tut + Uty — %U
T21 = Tl -+ tutm

—%tux —tu; —u

T22 = T2 — Uty

= —*tut — tutm; — %U

3.3.2 Regularized Long Wave-2

Here, we use the partial Lagrangian
1 1

1
L= §umum - iutum — iui
for which
oL 9
— = — QU Uy
ou w
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(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)



Using Noether’s Identity we substitute into the expression below, which we use to

find our determining equations and then separate by monomials,

XOL 4 L(D&E + D,E%) = (n — utt — uxgz)ii + D,B' + D, B*. (3.46)
The separation of monomials are:
Ug Uty & — wiu,
Ut Uty Te — UgTy,
Ut Uy N — &z,
uiut:ﬁ ag,
U Uy ar,
Ui a,
Ut Uz Ugeq Ny
Uz Uy Mtu,
Ul Naus (3.47)
Ugy Nt
Uty Now — 5eas
Utz Nzz)
Ug Ut N,
u — T+ %Sx — %Tm
Ug —9u — %777& = N
uy —fu = N,
1 Jt + Ga-

From equation (3.29), it is clear that o # 0 or a = 0.

If o # 0 then it is a trivial solution, and if & = 0, then equation (3.24) changes to

Ugrtt + Ut + Uty = O (348)

and the partial Lagrangian becomes a standard Lagrangian. By solving the over-

determined system, we get the Noether symmetries. From the symmetries we cal-

culate the conserved vectors:
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(l) X = 8t, W = — Ut

1 _ 1,2 1
T = —iur + §Utux$z
1
= Ut Ugy

1,2
SUy

2 __ 1,2
T = Qut + Uy + Uplpge — 5 Uiy

_ 11
T T — §utuxx:c
_ 1,2
(3.49)
ro o2 1
T T -+ Euttuu
_ 1,2 1,2
= QU T Uy + Uplpgr — UG
(i) X =0,, W=—u,
11,2 ;1 1,2
T = Jug + SUzUpze — 5UL,
2 _ 1,2 1
T = ngg + Ug Utz — Quta;ux;c
Al 1,1,2
_ 1,21
- §ux + §u:cuxwz
(3.50)
ro 2 1
T2 T° — Eu:putzz
_ 1,2 1 1
- 5“;13 - iutzumm + §umutzz
(iii) X =20,, W==, f=-iu, g=-u
1 1 1 1 1
T" = —5%Uy — STUgge + 5Uge + 5U
T2 = _1 4+ 1
= —5TU — TUy — LUty T Utz + U
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T = T
1 1 1 1
(3.51)
_ 2 1 1
T2 = T — 5um + §:Eutm
1 1
= —5TU — TUy — 5TUzy + U

3.4 Discussion and conclusion

We used the new modified approach of the Noether identity to find symmetries and
then conservation laws for the high order equations. We know that when considering
the use of partial lagrangian, we have to take into account the highest derivative
of the equation. Where the highest derivative of the equation must be derived
from the partial Lagrangian. This brings us to some interesting investigation where
we considered the equations with higher order derivative in the equation that are
singular independent variable and also those that are mixed (multi-independent

variable).

Using the variational technique on the Shallow Water Wave equation, we get con-
served flows that produce extra terms when the conservation law is applied. These
extra terms are adjusted and then merged with conservation law to form new con-
served quantities. These extra terms also occur in the second equation, the Regu-
larized Long Wave equation. An interesting observation, in all results is the mixed
derivative equations always produces extra terms. These extra terms always con-
sisted of the product of the characteristic function and the highest derivative term

of the equation in question.

In this chapter, we write (T, 7%, TY,T%) as (T, T2 T3, T%).
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Chapter 4

Relativistic Wave Equations

4.1 Introduction

The wave equation has extensively been studied in literature from the point of view
of its Lie point symmetries. A comprehensive symmetry analysis of the equation
is discussed by Cantwell [11], Ibragimov [12] and Bluman and Kumei [13]. It is
well known that in three space dimensions the linear wave equation admits 16-
dimensional Lie algebra of point symmetries excluding the ‘infinite symmetry’ [14].
The dimension of the algebra of the Lie point symmetry of the wave equation reduces
with introduction of nonlinearities there. Realistically speaking, one would expect
that a genuinely interesting wave equation will possess nonlinearities. Whereas
nonlinearities make the wave equation represent physically plausible situations, the
difficult part is to justify introduction of nonlinearities? Generally nonlinearities in
the wave equation are introduced by keeping in mind physical considerations such

as properties of material.

In this study we try a geometric approach to introduce nonlinearity in the wave

equation. With this point in mind and the fact that geometric considerations may
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be of interest to other areas of applied sciences, we use two back ground geometries
to write the wave equation in; one a plane symmetric static geometry and other
spherically symmetric non-static one. Both geometries are of Lorentzian nature
with signature —2 in 4-space-time dimensions. We will write the wave equation in
these two geometries one by one and obtain a 'nonlinear’ form of the wave equations.
We will then discuss Lie point symmetries of these wave equations and compare them
with some other conventional symmetries possessed by the background Lorentzian
metrics [15, 16].

The plan of the chapter is as follows. In the next section we derive the wave equation
in a plane symmetric static space-time metric, find its Lie point symmetries and
perform some reductions. In section 3 we derive the wave equation in spherically
symmetric non-static metric and present our analysis there. We conclude the work
in the last section by giving a brief comparison of the symmetries of the wave
equations with that of some well known conventional symmetries of the back ground

geometries.

4.2 Wave equations in General Background

4.2.1 Wave equation in a plane symmetric static space-time

background

In order to write the wave equation in a Lorentzian geometry, we use the well know
d’Alembertian operator O to write the wave equation. In four Lorentzian metric g,
in which a time translational invariance exists, this operator acting on a the wave
(or mode) function u(t,x) is given by,

DU(X, t) = gooag + ;g” [goo(@goo)@j + 823] — Ffjak]U(X, t) = 0, (41)

where TF = £6"(0;gim + 0;gjm — Omgi;) represents Christoffel symbol, ¢” inverse

of the metric g;; and x three space variables z, y, z. Since we are interested in the
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present study to motivate to studying wave equation in some given back ground

Lorentzian geometries, we chose a particular metric,

gi; = ((x/a)?,—1,—1,-1), (4.2)

with ¢ and j take values from 0, ..., 3 respectively. Further, 0 is used to represent
t coordinate whereas 1, ..., 3 respectively represent x,y and z coordinates. In the

metric given by (4.2), the wave equation (4.1) takes the form,

2

i T
Ugy = ?(um + Uy + Usz) + Uy (4.3)

2
a
We now derive infinitesimal symmetry generators. The one parameter Lie point

transformations which leave (4.1) invariant are given by [17, 11]
X =x + €&(x,u) + O(€®) fori=0,...,3 (4.4)

where x and §; respectively represent variables on which the wave equation depends
and corresponding components of the tangent vector X. Using (4.4), the expressions
for the derivatives (of the transformed ‘dependent’ variables with respect to the

transformed ‘independent’ variables) become:

U; = uj + ed’ (x,u) + O(€*) for j=1,2,... (4.5)

where u; = % and u; = % respectively, for j = 1 and j = 1,2. To solve (4.3),

we start by writing symmetry generator corresponding to the variables z,y,t and u

X:mi+n§y+p§z+q;§+8({i (4.6)
where m, n, p and g and s are the components of the tangent vector X computed for
i=0,...,3at e = 0. Now prolonging the above generator to second order [13, 11, 17]
and using symmetry criterion X?[u;; — z—i(um Uy +z2) — S3Ug] |(4.3)= 0 for partial
differential equations to the wave equation. Using this condition, replacing u into
the resulting expression and then comparing coefficients of all possible derivatives
and products of derivative of u, gives rise to an over-determined system of partial

differential equations,
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My =0 =Ny = Pu = qu = Guu = Suu

a*my — ¢, =0, a’ny —a2%q, =0, a*p,—2?q, =0

m—axmg +xq =0, m—an,+xq =0, m-—xp,+zvq =0

my+n, =0, m,+p,=0, n,+p, =0

m+2xq, — xmy + a*myy — 22 (Mg e +Mmyy + M, —28,,) =0 (4.7)
ang — a*ngy + 22 (Mg g + Ny y + Moy — 28y,) =0

TPy — @*pry + (Do + Pyy + P2z — 2520) =0

Tqy — azqtyt + 2% (¢ s + Qyy + Qzr — 2510) = 0

28y — a®Spy + 3 (Spx + Syy + 82.) =0

One way to solve the above system is to follow the ab-initio method [18]. However,

keeping in mind that this is a routine calculation, we use an algebraic software

[19] to solve this system giving rise to a Lie algebra of point symmetry generators

spanned by 15 linearly independent Lie point symmetries with an additional infinite-

dimensional one, ¢(t,z,y, 2)0, where ¢ satisfies the wave equation (4.3), viz.,

) ) )
ona, Xlza—y, X2:$, X4_U

N R NN Y.
X3 = To; +y8y + %z u(‘)u

ou

o)
oz z
Xs=ei(z2 —al —a2l), Xo=ea(z2 —z2+azd)

Yo =ik — o o). X =t ud - ag o)
X12— %—l—yay—l-z(%#—u%
X3 = Qxya% + (y? — 2? — 22)8% +2yz 2 — 2uy%

Xy =2zz2 + 2yz + (2 -2 =)L —2uz

Reducing (4.3) to an ordinary differential equation (ODE) using similarity methods

would require three-dimensional subalgebras of (4.8). From this equation one can

notice that the three generators { X5, Xg, X12} generate a subalgebra whose commu-

tators are,

(X5, Xs] =0 [Xg, X12) = X6, [X5, X12) = 0.
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The invariants of X5 can be shown to be a = y? + 2%, ¢, x, u by which (4.3) becomes

B x? x
Uy = E(um + dotg, + 4uy) + ?ux (4.9)

and Xg in these variables remain with invariants § =t + alnx, o, u. Equation (4.9)
then reduces to
QU + Uy = 0. (4.10)

Lastly, Xio in the final set of variables is ads + 220, + u0, with invariants v =
Ina — 23, u so that (4.10) becomes the ode

Uyy = 0. (4.11)
Thus u = Ay + B for some constant A and B so that

2
(t+alnz)]+ B

u = Alln(y* + 2*) — .

which is invariant under the subalgebra formed by rotation X5, X¢ and dilation X;s.

4.2.2 Wave equation in flat Friedmann space-time background

The metric of the flat Friedmann metric in Cartesian coordinates is given by [15, 16]
ds? = dt* — t*3(da® + dy* + d2?). (4.12)

The wave equation, in Cartesian coordinates, on this manifold lead to
430, + 26" Pu, — (Ugy + Uyy + us,) = 0. (4.13)

The Lie point symmetry generator

0 0 0 0 0
X=pg+a5.+ 75t g+ 5 (4.14)

is obtained by X [(#*3uy +2tY/3u; — (g +1uyy +1..)| (4.13) = 0. Following a procedure

similar to the first case, the terms in the resulting expression can be separated.

o1



First separating by quadratic and cubic terms in the second derivatives of u, it is
immediately found that p, ¢, r are n are independent of u whilst f is linear in wu.

Proceeding with further separations one obtains the over estimated system

nt'3 —t"3n, — 73 fr + HPny — Ling, — ttny, — Ltn,. =0
— Ny + 2P + tfru — St + 51075 (Naw + Ny +1022) = 0

— e+ 2qy + tfow — 54 + 5575 (Naw + Ny +122) = 0

— e+ 27 + tfrw — 5tnu + 5175 (Naw + Ny +122) = 0

2n, — 2t43g, = 0

2n, — 2t43p, = 0

o2n, — 23, =0

Wl Wl Wl
*+|S IS I3

(4.15)
2p, +2r, =0
2py +2¢, =0
2q, +2r, =0

_2t1/3pt - 2fxu - t4/3ptt + o + pyy + D2z = 0
—2t13q — 2 fyu — 13 qu + Qua + Gy + ¢z = 0
—2t1/37”t - 2fzu - t4/37ntt + Ty + Tyy + 71, = 0
t4/3ftt + 2t1/3ft - (fac:c + fyy + fzz) =0

The solution of this over determined system leads to a 10-dimensional algebra of

symmetry generators

d d
X():%, Xl ay7 X2:$a
— 0 — 90 _ 0 — 90 _ 0
Xg—a:ay yax X4—{Baz 250 X5—yaz 25y

Xo = —2zy2 + (=923 + 22 — y? — 22)@ — 22y8@ — 6ty% + 6yu 2,
Xp=(—9%3 — 22+ 24+ 22) 2 21:y— — 22zl — 6tad + 6xu6u,
Xg = —2xzf% —2yza% + (- 9t2/3 + 22+ y? — )— —6tz —|—6zu
ngxa%—l—ya%—i—z%—l—%%

(4.16)

(excluding the infinite one, ¢(t, z,y, )0, where ¢ satisfies the wave equation (4.13)).

We consider a reduction to an ordinary differential equation via the three-dimensional
sub-algebra representing rotation in zy, dilation and translation in z, viz., X3 =
9 _ ya%, Xg = Bz + yay + zaz + 2t 8 and X, = Whose commutators are zero.
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The generator X has invariants o = x? + 42, ¢, z and u so that, with simultaneously

applying the translation in z, (4.13) becomes
430, + 2613y, — (Auge + 4uy) = 0. (4.17)

Equation (4.17) inherits the generator Y which in the new coordinates is 204% +3t%

with invariants v = 7 and u which reduces (4.17) to the linear ode

2 1
— (57 + 4y + 457" =)y, =0 (4.18)
which, for further analysis, may be written
d, 1 10
5[4(572 = Nua] = 5ty (4.19)

4.3 Conservation laws for Wave Equations

We, firstly, rewrite the definitions of Noether conservation laws in a way that is

peculiar to this chapter. A current T'= (T, ..., T") is conserved if it satisfies
D;T" =0 (4.20)

along the equation in question. The Euler-Lagrange equations, if they exist, asso-
ciated with the equation are the system dL/du® =0, « = 1,...,m, where §/éu® is

the Euler-Lagrange operator given by
) 0 0

2 _ 9 1Dy Dy —2 a=1.....m. 421
Ju® 8ua+s>zl( )" Dsy * Oud @ m ( )

i1
L is referred to as a Lagrangian and a Noether symmetry operator X of L arises

from a study of the invariance properties of the associated functional

L= / L(z,u,uqy, ... upy)de (4.22)
Q

defined over (2.

In the examples below, T is the conserved density and T2, T and T* are the fluxes

in the z, y and z directions, respectively.
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4.3.1 Wave equation in a plane symmetric static space-time

background

Equation (4.3) has a Lagrangian given by

la® , 2 2 2
L= 5[?% — TUy — TU, — TU] (4.23)

which, when substituted into Noether’s Identity , yields a subalgebra of Noether
symmetries of (4.8). Noethers Identity equation, for this L, after splitting by mono-

mials, become

u? Tus

u) €us

uy Ty

u? Cus

uf et ¢, 42y 4 ¢, ]y dy
us —3€ = 320G — 3y + 52E — 33T — TPy,

u? —36 — 3x( + 3any — 5TE, — STT, — TPy,

u? —3&+ 2al, — jan, — & — 5aT — Ty,
UgUp _%2515 + Ty,

Uy —%27715 + 7y, (4.24)
U U - —%2@ + a7y,

Uyly XNy + Ty,

Uty o xC + 2z,

UsUy o Xy + TN,

W —au+ S,

Uy —by+ &g,

Uy Do—Cy Oy,

u, 2 —dy+ s,

1 coar+ by +cy+d.,

where a, b, ¢, d are gauge functions that are dependent on (¢, z,y, z,u).
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The generators X4, X3 and X4 are not variational via this Lagrangian and, hence,
will not contribute a conservation law. We note that on the ‘flat’ Minkowski man-
ifold, the only non-variational symmetry is ud,. Nevertheless, we can construct

twelve conservation laws via Noether’s theorem, viz.,

Xo =0 (4.25)
T = ;[axuf - xuz — zul] + [—Ut”a*ut],
T° = [~uw][~2u,
T° = [~uwl[—=zu,l,
T = [~uw][~u.]
T = [u ),
7 = ;[axu? — zu? — :cuz — zu?] + [—ug][—zu,),
T3 = [_ux][_ajuy]’
T = [—ug][—2u.]
X, =0, (4.27)
T b
77 = [~u[-2ul,
T3 = [—Uz][_xuy]’
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2
™ = f[a—uf — aul — zul — wul] + [—u)[—au.]
x
X3 = 20, +y0, + 20, — u0,
T = [~u—2u, — — aj
- T yuy Zuz][ x ut}a
2 la? , 2 2 2
T2 = [m]g[;ut — Uy — DUy, — TUG| + [~U = TU — YUy — 2U][—TU,),
T3 _ []1[&2 2 2 2 2 T o o _
= Wlglw — 2 — 2y zui] + [—u — zuy — yuy, — 2us)[—ruyl,
™ = [z]}[aqu —zu? — 2u? — 2] + [~u — zuy — yu, — 2u)[—ru,)
o2l t T y z €z Y Y z z
X5 = Zay — y@z
2
a
T = [yu. - zuy][;ut],
T° = [yu, — zuy)[—7u,),
1. .a?
™ = [z]i[;uf — aul — wul, — zul] + [yu, — zuy)[—au,),
4 1a® , 2 2 2
T = [—y]i[;ut — zuy — xu, — vug] + [yu. — 2uyl[—ru.]
1 1
X6 = fet/aﬁt — fet/aax
x a
1 1. .a? 1 1 a?
1 t/a 2 2 2 2 _~ tla = t/a o
T = [Ee ]5[;% Ty — Uy — U] + | —elfuy + —e Uy [ ” Uyl

o6

(4.28)

(4.29)

(4.30)



= [—-e

1
a

= [-
= [-

1 1
5 [(; up — wul — wul — aul) + [—;et/aut + aet/aux][—xux],

1
ey + et uy)[—auy),
a

[\

t/a]

1
ey + =et ) [—au,]
a

1 1
X, = ;e—t/aat + 56—”“836 (4.31)
P Lovjay, L tga, 1@
eyl = = = e e
_ 1 —t/a 1.a° 2 1 —t/a 1 —t/a
= [a ]2[1:“ aul — zul — wul] + | —etuy — —e U] [,
1 —t/a 1 —t/a
= [——e %y — —e ] [—auy),
x
1 1
= [——e Yy — —e V) [—zu.)
x a
Xg = gzet/“ﬁt — 2e!%9, + xet/®o, (4.32)
T
a t/a 1 .a? 2 2 2 2 a t/a t/a t/a a?
[—ze ]2[ up — wuy — ru, — 1] + [——ze up + ze uy — zet Mu [y,
x x x T
t/a 1 &2 2 2 2 2 _g t/a t/a . t/a .
[—ze ]2[ up — xuy — xuy — xuy| + [——ze up + ze uy, — xe' uL|[—ruy,
x

T Y

[—%zet/“ut + zel %, — zet [~ zu,),

[acet/ “

2
1.a* , a

o1

up — wul — zul — zul] + [——zeuy + zeu, — v u)[—au]
T

Xy = —gze_t/aat — 2e7Y99, + xe70, (4.33)
x
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1 2 2
[—gze_t/a]i[a—uf — zul — zul — zul) + [gze_t/“ut + ze 0, — :pe_t/auz][a—ut],
T T T x
1 2
[—ze_t/“]i[a—uf — zul — zul — zul) + [gze_t/aut + ze %y — ze TV ] [—auy],
x T
[aze_t/a’ut + ze” %y — ze ) [—auy),
—t/a 1.a? 2 2 2 2 a —t/a —t/a —t/a
[ze ]5[;% — Uy — U, — TU] + [;ze ug + ze” 'y, — xe” L] [—xu,]
X0 = %yet/aat — yel’?9, + xet/“ay (4.34)
[gyet/“]}[aju2 —zu? — 2u? — 2u?] + [—gyet/“u + yel/uy — zet/ ][aju ]
x 20 ! e 4 z x ! ’ vy
1. .a? a
[—yet/“b[;uf — zul — zul — zul] + [—Eyet/“ut + ye ", — zet uy][—au,],
a 1 a2 a a a a
et = ]+ [ Ly + gy =zt ) [,

[—%yet/aut + yet/aux — xet/auy][—xuz]

X = %ye‘t/aﬁt —ye~t9, + xe_t/“ﬁy (4.35)
9 —t/a 1 CL72 2 2 2 2 + g —t/a + —t/a —t/a &2
[mye ]2[ Uy~ Tl — Uy — ] [—xye up +yeuy, — xe” | . Uy,

—t/a 1 a2 a —t/a —t/a —t/a
[—ye~!/ ]i[zu? — aul — zul — zul) + [—;ye Yy, 4+ ye ", — xe” ] [—2u,],

1 2
i[a—uf — zul — zul — zul) + [—%ye_t/“ut + ye Vo, — ze ) [—au,),

—t/a
fre o) [
[—gye_t/“ut + ye o, — ze V)~ zu,)

x
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X9 = 20, + Y0y + 20, + u0, (4.36)

a2

T = [u—ru, —yu, — 2u.] [;ut],
2 la? , 2 2 2
T = [x}g[—ut — Uy — Uy, — TU| + (U — TUy — YUy — 2U ][~ TU),
x
3 la® , 2 2 2
T° = [y]i[—ut — Uy — Uy, — vug| + [u — TUp — Yuy — 2u][—Tu,l,
T
4 la? , 2 2 2
T = [z]i[—ut — Uy — U, — 2Ug| + [u — TUp — YU, — 2u.|[—zU,]
x

4.3.2 Wave equation in flat Friedmann space-time background

A Lagrangian for (4.13) is

1
L= §[t2uf — 3l + ul +u?)). (4.37)

It turns out that the wave is even more ‘non-flat’ than the previous case as the
Lie algebra of Lie symmetries with basis (4.16) is reduced to an algebra of Noether
symmetries containing only the translations and rotations in space (conservation of
linear and angular momenta). The remaining symmetries are non variational with

regard to (4.37). Nevertheless, the conserved flows are

X, =0, (4.38)
T = [—ux][tQUt],
1
T2 — i[t%f — 253 (u? + up 4+ ul)] + [—ug][—t2Puy,],
T3 = [—u,)[-t*u,),
T = [—ug][—t*u.]
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Tl
T2
T3
T4

Tl
T2
T3

X1 == 8
Y
(4.39)

[_
H t2/3
u
N
[~
U
[— uz] (%], -
e |
§[t2u2 t2/gzw]
g
u?
+
u
{ +u
! O+
[ 12[1&2 y][tQu B Z][_
x]§[t2 U? . t]7 yax t2/3
[yu u? 42/3 ) |
u2
3Uz] uz ) U2 Z)] | [
2)] .
+ gy
[yu - (
x g 4
| | 4
X Uy] . 1>
4 [_ u
| £2/3 gE]
z0 | ’
— 0, |
(4
42
)
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Tl

T3
T4

[Tu, — zux][tQUt],

1
[z]i[tzuf — 123k + u +ul)] + [ru, — zu,) [— 23],
[Tu, — zuz][—tQ/?’uy],

1
(a5l — 2 4 ud)] + o — ][]

X5 = —Zay + y@z

[2uy — yus] [t
[zuy — yua] [~ ua),

1
(25 [7uf = £ (u + g+ u)] + [y — yus] [~ ),

1
WISl = #7 (u + f + u2)] + [y — yus] [

4.4 Discussion and conclusion

(4.43)

We have considered the classical wave equation in some Lorentzian space-time back-

grounds with a point in mind that the wave equation there may naturally inherit

nonlinearity from geometry. In this connection we have considered two space-time

metrics which respectively represent a plane symmetric static metric [20] and flat

Friedmann metric of signature —2. For both cases we have given solutions each to

show how wave equation there can be either solved or reduced to ordinary differen-

tial equations by using the method of invariants. Yielding additional conservation

laws that were not given previously.

In his book [14] Ibragimov suggests that in three flat space dimensions the linear

wave equation admits 16-dimensional Lie algebra of point symmetries excluding the
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‘infinite symmetry’. In this study we show that the wave equations admits fewer
symmetries when it is solved on general Lorentzian manifolds. In particular we
have shown that the wave equations in plane symmetric static space-time admits 15
Lie point symmetries which are one less than 16 Lie pint symmetries of the wave
equation in 3 cartesian space dimensions suggested in [14]. It is presumably a shift
away effect from ‘flatness’ from Minkowski manifold to other manifolds leading to
reduction in symmetry as well as solutions of the wave equation. This shift away
from flatness of Minkowski manifolds is more clear in flat Friedmann metric case

where only 10 Lie point symmetries of the wave equation are recovered.

The shift away from flatness is by 7 symmetry generators [14] and 7 solutions at
least. In fact, the alternatives to the Minkowski case do not lend themselves to
the variational case as conveniently as does the Minkowski case. Also, it should
be noted that these alternatives to the wave equation on the Minkowski manifold
are not achievable via a simple point transformation of variables on the Minkowski
version. It is hoped that solving wave equation in curved space-time background
may provide some other useful relationship of solutions with those of gravitational

waves solutions in general relativity.
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Conclusion

In the second chapter we see that the conserved flows for high-order equations (with
Lagrangians and, equivalently, partial Lagrangians of order greater than one in
derivativates) support a formula similar to the well known Noether’s theorem with
the provisor that the higher-order cases have more terms in the Euler operator
giving rise to the appropriate order of the conserved flow. Also, in the fifth-order
KdV evolution equation, we resorted to variational techniques usually adopted for
the third-order KdV equation.

In general, it would be cumbersome to determine the conserved vector for such a
high-order equation using first principles. We used the modified approach of the
Noether identity to find symmetries and then conservation laws for the high order
equations. We know that when considering the use of partial Lagrangian, we have to
take into account the highest derivative of the equation, where the highest derivative

of the equation must be derived from the partial Lagrangian.

In the third chapter, we considered the equations with the highest order derivative
being mixed. Using the variational technique on the Shallow Water Wave equa-
tion, we get conserved flows that produce extra terms when the conservation law
is applied. These extra terms are adjusted and then merged with conservation law
to form new conserved quantities. These extra terms also occur in the the Reg-
ularized Long Wave equation. A similar procedure was applied to the method in
multi-dimensional case in space using examples for relativity. In chapter 4, we study

the conservation laws of the wave equation on non flat manifolds.
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