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Abstract

The theoretical investigation of the Optical Kerr Effect (OKE) and Third-
Harmonic Generation (THG) of Au-VO2 nanocomposite thin-films undertaken
in this project is motivated by the potential use of the Au-VO2 nanocomposite in
nonlinear optical (NLO) devices. NLO devices are a driving force in today’s high
technology industry. In this thesis the OKE is estimated and computed and will
be compared later to the measured OKE using the Z-scan interferometric laser
technique [47]. This is a simple yet highly sensitive single-beam experimental
technique used to determine the real part of the dielectric susceptibility.

The study of the OKE in these composites has shown that it has a high
value, comparable to that found in Au-SiO2, Au-TiO2 and Au-Al2O3 thin-films
[29, 33]. This is despite the fact that the Au volumetric concentration in the
Au-VO2 composites considered here is 10 percent at most, whereas in the other
above mentioned composite thin-films the volumetric concentration range was
between 5 − 60 percent. Moreover, it has been demonstrated that the OKE is
thermally tunable in the Au-VO2 thin-films, owing to the thermally tunable op-
tical properties of the VO2 [8, 38]. It is found that the magnitude of the OKE is
of the order of 10−6 esu when the composite is below 68 0C and it is of the order
of 10−7 esu when the nanocomposite thin-film is above 68 0C.

The large enhancement of the OKE is due to the surface plasmon resonance
(SPR) of the nanogold particles. Its fast response, which is of the order of few
picoseconds [4, 6, 7], makes the Au-VO2 nanocomposite a good candidate as a
fast thermally tunable optical switch or modulator.

The modelling here of high-order harmonic generation in strongly absorbing
media, as regards the amplitude of the primary beam, takes into account pump
attenuation only, due to the absorption of light by the media. It is not con-
cerned with pump depletion which is a consequence of the transfer of energy to
the harmonics and which is small by comparison with attenuation in absorbing
media. The modelling is applied to the so-called transmission and reflection con-
figurations. The former refers to the case in which the high-order harmonic wave
is monitored in the same direction as the input fundamental wave, whereas the
latter describes the situation in which the fundamental wave is in the opposite
direction to the high-order harmonic one.

To analyse high-order harmonic generation one has to relate the high-order
harmonic intensity to the fundamental intensity [1, 9, 10, 34-36]. In so doing,
a general formula for analysing high-order harmonic generation is obtained and



reduced to the particular case pertaining to THG in strongly absorbing media.

The ratio of the third-harmonic intensity to the fundamental intensity is
termed the conversion coefficient or the conversion efficiency, and it is de-
noted by η [23, 34]. It is useful in the sense that it expresses quantitatively the
amount of input light of frequency ω converted into light of frequency nω, where
n is the order of nonlinear polarisation [1].

It is found that the THG conversion coefficient is higher the higher the laser
intensity. It is thus advantageous to use a pulsed laser, which achieved very high
intensities for short periods, separated by long off periods. The net harmonic
output in this case is much higher than one would obtain with a continous laser
of the same average output. It is found here that η is greater in the reflection
configuration compared to the transmission one above and below Tt in the pho-
ton energy range 1.0 − 3.0 eV, see Fig. 5.1 to 5.8.

However, the conversion efficiency for THG in the Au-VO2 nanocomposites
for the picoseconds laser illumination we have considered, is still extremely low,
and it is difficult to see a potential use for this system as a tunable frequency
converter. The situation would become more favorable with the use of femtosec-
ond laser pulses, where for the same pulse energy the intensity is much greater.
The laser pulse energy must be limited to avoid excessive heating of the thin-film.

The heat generated as a consequence of the illumination of the thin-film by
the laser [23] may be controlled by using a simple cooling device which consists
of a substrate on which the thin-film is deposited. The choice of such a sub-
strate depends on whether THG is monitored in the transmission or reflection
configuration. In the former a transparent substrate must be used (for example
diamond) whereas in the latter an opaque substrate may be used (for example
Ag). Calculations pertaining to the removal of heat from the illuminated film are
reported, and show that thermal control is manageable but only within limits.
To avoid a temperature rise of more than 5 0K the peak laser intensity we found
must not exceed 7.4 ×105Wcm−2 with a pulse duration of 5 ps.

ii



Contents

1 Introduction 7

2 Theoretical Background 14
2.1 The Mathematical Formalism of χ(3) . . . . . . . . . . . . . . . . 14

2.1.1 The Susceptibility Tensors . . . . . . . . . . . . . . . . . . 15
2.2 Physical Properties of the OKE and THG . . . . . . . . . . . . . 20

2.2.1 Rotation Operation . . . . . . . . . . . . . . . . . . . . . . 20
2.3 Optical Kerr Effect and Third-Harmonic Generation . . . . . . . . 27

2.3.1 Parametric and Nonparametric Processes . . . . . . . . . . 27
2.3.2 Optical Kerr Effect . . . . . . . . . . . . . . . . . . . . . . 28
2.3.3 The Nonlinear Refractive Index in SI units . . . . . . . . . 29
2.3.4 The Nonlinear Refractive Index in esu . . . . . . . . . . . 30
2.3.5 Third-Harmonic Generation . . . . . . . . . . . . . . . . . 31

2.4 Optical Nonlinearity of Gold Nanoparticles . . . . . . . . . . . . . 33
2.4.1 The Conduction Electron Intraband Contribution . . . . . 34
2.4.2 The Interband Contribution . . . . . . . . . . . . . . . . . 35
2.4.3 The Hot-Electron Contribution in the Unsaturated Regime 36
2.4.4 Other Possible Mechanisms . . . . . . . . . . . . . . . . . 36

2.5 The Maxwell-Garnett Effective Medium Theory . . . . . . . . . . 37

3 Model Calculation of the Optical Kerr Effect. 41
3.1 Optical Functions of Au-VO2 Thin-Films . . . . . . . . . . . . . . 41

3.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.1.2 Complex Dielectric Function of Au . . . . . . . . . . . . . 41

3.2 The Optical Properties VO2 Thin-Films . . . . . . . . . . . . . . 42
3.2.1 The Metallic (rutile) phase T > Tt . . . . . . . . . . . . . 43
3.2.2 The Semiconductor (monoclinic) phase T < Tt . . . . . . . 44
3.2.3 Complex Dielectric Function of VO2 . . . . . . . . . . . . 45
3.2.4 Absorption Coefficient of Au-VO2 Thin-Films . . . . . . . 51
3.2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.3 Model Calculation of the OKE in Au-VO2 Thin-Films . . . . . . . 53
3.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3.2 Local Field Effect in Au-VO2 Thin-Films . . . . . . . . . . 54
3.3.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

1



3.3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4 Modelling of High-Order Harmonic Generation in Strongly Ab-
sorbing Media 63
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.2 The Slowly Varying Envelope Approximation . . . . . . . . . . . . 64
4.3 Special Cases of Eq. (4.20) and (4.21). . . . . . . . . . . . . . . . 68
4.4 Transmission Configuration . . . . . . . . . . . . . . . . . . . . . 69
4.5 Reflection Configuration . . . . . . . . . . . . . . . . . . . . . . . 72
4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5 Model Calculation of THG and Heat Dissipation in Au-VO2

Thin-Films 76
5.1 Model Calculation of THG in Au-VO2 Thin-Films . . . . . . . . . 76

5.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.1.2 Discussion about η in the Transmission Configuration . . . 77
5.1.3 Model Calculation of the Conversion Coefficient η of THG

in the Transmission Configuration . . . . . . . . . . . . . . 78
5.1.4 Discussion about η in the Reflection Configuration . . . . 80
5.1.5 Model Calculation of the Conversion Coefficient η of THG

in the Reflection Configuration . . . . . . . . . . . . . . . 81
5.1.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.2 Heat Dissipation in Au-VO2 Thin-Films . . . . . . . . . . . . . . 84
5.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.2.2 Problem Formulation and Discussion of heat dissipation in

Au-VO2 thin-films . . . . . . . . . . . . . . . . . . . . . . 85
5.2.3 Calculation of Heat Dissipation . . . . . . . . . . . . . . . 88
5.2.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6 Conclusion 90

2



List of Figures

1.1 Maxwell-Garnett composite topology after J. Sipe and R. W. Boyd
[1] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2 Au-Matrix Nanocomposite [29, 33] . . . . . . . . . . . . . . . . . 10

2.1 x, y and z axis before rotation . . . . . . . . . . . . . . . . . . . . 23
2.2 x, y and z axis after rotation . . . . . . . . . . . . . . . . . . . . . 23
2.3 Feynman diagrams for THG processes after P. N. Butcher and D.

Cotter [1] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.4 Plot of sinc2(∆kL/2) . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.5 Electron energy bands in nonconductors and conductors. Adapted

from C. F. Bohren and D. R. Huffman [3]. . . . . . . . . . . . . . 33
2.6 Maxwell-Garnett composite topology. Adapted from J. Sipe and

R. W. Boyd [2] . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1 Real and Imaginary Part of the Dielectric Function of Au after P.
B. Johnson and R. W. Christy [41] . . . . . . . . . . . . . . . . . 42

3.2 Energy-band of VO2 after H. W. Verleur et al. [8] . . . . . . . . . 43
3.3 Tetragonal Crystal Structure of VO2 after G. J. Hyland [24] . . . 44
3.4 Monoclinic Crystal Structure of VO2 after G. J. Hyland [24] . . . 44
3.5 Comparison between the Energy Loss Functions of VO2 Thin-

Films below 68 0C after Thomas and Chain [28] , Verleur et al.
[8] and the Computed Data. . . . . . . . . . . . . . . . . . . . . . 47

3.6 Comparison between the Energy Loss Functions of VO2 Thin-
Films above 68 0C after Thomas and Chain [28] , Verleur et al.
[8] and the Computed Data. . . . . . . . . . . . . . . . . . . . . . 48

3.7 Computed Real (ǫ
′

) and Imaginary (ǫ
′′

) part of the Dielectric Func-
tions of VO2 Thin-Films below 68 0C. . . . . . . . . . . . . . . . . 49

3.8 Computed Real (ǫ
′

) and Imaginary (ǫ
′′

) part of the Dielectric Func-
tions of VO2 Thin-Films above 68 0C. . . . . . . . . . . . . . . . . 50

3.9 Absorption Coefficient of Au-VO2 Thin-Films below 680 C. . . . . 52
3.10 Absorption Coefficient of Au-VO2 Thin-Films above 680 C. . . . . 52
3.11 Calculation of the Real Part of the overall Effective OKE χ(3) of

Au-VO2 Thin-Film below 68 0C using the Model of Ricard et al.
[4]. The size of the nanogold particles is within the range 50Å-500Å. 58
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Chapter 1

Introduction

The realm of nonlinear optics becomes accessible under the illumination of
a medium by an intense optical field such as that obtained with a laser. Under
such conditions the linear polarization model fails to describe the measured po-
larization, which mediates the interaction between the medium and the light or
optical field.

The induced polarization (linear and nonlinear polarization) is analysed by
means of the susceptibility tensors formalism that may be viewed as an higher
order correction of the linear polarization model by means of extra anharmonic
terms; quadratic correction, cubic correction and so on. The susceptibility ten-
sors are greatly simplified through their relevant symmetric properties.

According to J. E. Sipe and R. W. Boyd [2], one may obtain optical systems
with desirable nonlinear optical properties in three ways:

1. Molecular Engineering: One attempts to find or to design at the molecular
levels, materials with the intrinsic nonlinear optical properties of interest.

2. Propagation Design: The geometry of the system results in light propa-
gation which enhances the effect of nonlinearities. An optical fiber is an
example.

3. Materials Architecture: Materials are combined to form a composite optical
material.

The Au-VO2 nano-composite system under investigation in this thesis is a
good example of the last mentioned. It is a system that conforms to the well-
known Maxwell-Garnett topology, with Au particles embedded in a host matrix
of VO2 in such a way that the radius of the inclusions, denoted a, is very small
compared to the distance between particles, which we shall call b, which in turn
is small compared to the wavelength λ of the illuminating optical field (light) i.e
a ≪ b ≪ λ. see Fig. 1.1.
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This is the Rayleigh regime of Mie scattering theory where the induced po-
larization in the small spherical particles is a ”dipole” and the propagation of
the incident optical field through the medium may be studied by means of elec-
trostatics theory. This is the ”quasi-static approximation”[4] by means of which
the induced nonlinear polarization of the composite material may be determined
with respect to the one of the inclusions (gold nanoparticles).

The third-order nonlinear susceptibility χ(3) which relates the tripled fre-
quency induced nonlinear polarization of the composite medium to the incident
optical field E may be defined with respect to that of the gold nanoparticles χ

(3)
gold

by means of the quasi-static approximation, within the ”effective medium the-
ory approach”[2] and in particular the linear Maxwell-Garnett effective medium
theory whose topology is shown below.

a
b

Figure 1.1: Maxwell-Garnett composite topology after J. Sipe and R. W. Boyd
[1]

There exist other effective medium theories that describe different compos-
ite geometries (topologies) such as the Bruggeman theory. There are two main
variants of the Bruggeman topology. One is were the two different components
are mixed on an equal footing, which is referred to as the Bruggeman symmet-
ric topology. The other Bruggeman topology is of two unequivalently mixed
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components, which is the Bruggeman asymmetric geometry. With respect to the
second; if the lowest concentrated component has a volumetric percentage p such
that p ≪ .1 the Bruggeman asymmetric theory reduces to the Maxwell-Garnett
theory. There exist also other mixing topologies described by means of the effec-
tive medium theory approaches [5, 19, 20].

The third-order nonlinear susceptibility which is of interest in this work man-
ifests itself in different ways depending on the origin and the mechanism un-
derlying the nonlinear polarization [1]. In this work the calculated third order

nonlinear susceptibility χ
(3)
composite of the Au-VO2 nano-composite will be used to

estimate the efficiencies of the third harmonic generation (THG), and to estimate
the nonlinear refractive index. The latter underlies the optical Kerr effect (OKE).

THG and OKE represent just two of the many phenomena which are manifes-
tations of χ(3). These phenomena [1, 9-11, 34-35] depend either on the intensity
of the input light such as two-photon absorption (TPA), stimulated Raman scat-
tering, degenerate four-wave mixing,. . . . Or, they arise as a consequence of the
interactions and recombination of different waves in the medium. The physical
meaning of the latter is the following: An incident optical field of frequency ω
induces a dipolar polarization. The dipoles oscillate coherently in such a way
that they add up to each other to emit a macroscopic field with frequency nω.
The number n represents the order of nonlinearity. If n = 2 we have second-
harmonic generation (SHG), n = 3 represents third-harmonic generation (THG).
This is known as sum-frequency generation. In the case where the coherent os-
cillations of the dipoles get subtracted from one another for example third-order
difference mixing, the phenomena are known as difference-frequency mixing [1,
9-11, 34-35]. In this respect high-order harmonic generation may be understood
as a sum-frequency generation of n waves each of frequency ω. Consequently the
resulting wave has frequency nω.

There exist numerous techniques in nonlinear optics for the measurements of
the nonlinear phenomena. To measure OKE, one may use the nonlinear interfer-
ometry method [42], the degenerate four-wave mixing [43], the nearly degenerate
three-wave mixing [44], the beam-distortion measurements [45] and the Z-scan
interferometry [46] method to name a few. The last mentioned is a simple and
highly sensitive single-beam technique used to determine the real part of χ(3).
THG may be estimated using picoseconds p-polarised Nd:YAG pulses [32] or a
picosecond pulse train from a mode-locked Nd-glass laser [39]. Anna et al. [47]
provides a review of experimental techniques for measuring THG.

Many physical mechanisms are responsible for these nonlinear optical phe-
nomena [4, 6]. They are listed in Table 1.1. Metal based nanocomposites are
formed of nanoscaled and quasispherical metallic particles embedded in a host

9



Mechanism OKE χ(3)
xxxx(esu) Response Time(sec)

Electronic polarisation 10−14 − 10−12 10−15 − 10−12

molecular orientation 10−12 10−12

Electrostriction 10−12 10−9

Saturated atomic absorption 10−10 10−8

Thermal effects 10−4 10−3

Table 1.1: Typical values of the OKE χ(3)
xxxx after R. W. Boyd [9] and F. Hache

et al. [6]

dielectric matrix [29, 33], for example TiO2 as shown in Fig. 1.2. The OKE and
THG in small metal particles and metal colloids in the case of Au have been
successfully investigated by F. Hache et al. [6,7] and D. Ricard et al. [4].

Metallic
Nanoclusters
formed of Metallic Atoms.
For example: Au.

Metallic
Host Matrix.
For example: VO2, 
TiO2, SiO2...
     

EINC

ELOC

Figure 1.2: Au-Matrix Nanocomposite [29, 33]

Electrons in each nano-particle are well localised. There is spatial confinement
within the nanometric volume of the metal nano-particles. This confinement be-
comes important when the size of the nanoscaled metallic dots is less than 10 Å
in the case of Au [1]. It manifests itself as a broadening and shift at the surface
plasmon resonance (SPR) energy (see next page). This is known as quantum
confinement effect or quantum size effect.

The SPR condition may be understood as follows: The electric field inside
the metal nano-particles is called the local electric field, ELOC . The electric
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field inside the matrix is different from that of the metal nano-particles. Well
away from the particles it is the incident field, EINC . On the assumption that the
metallic nanoparticles are spherical, ELOC and EINC are related to each other
through the so-called local field factor [2, 4, 6]

In this thesis the local field factor enters the expression of the effective χ(3) of
the metal nanocomposite under the assumption that the third-order susceptibil-
ity of the inclusion is much greater than that of the host matrix i.e χ

(3)
i ≫ χ

(3)
h

and the nanoparticles are spherically shaped and their volume fraction p ≪ .10
we get [2, 8]:

χ(3) = p| 3ǫh(ω)

ǫi(ω) + 2ǫh(ω)
|2[ 3ǫh(ω)

ǫi(ω) + 2ǫh(ω)
]2χ

(3)
i

or

χ(3) = p| ǫ(ω) + 2ǫh(ω)

ǫi(ω) + 2ǫh(ω)
|2[ ǫ(ω) + 2ǫh(ω)

ǫi(ω) + 2ǫh(ω)
]2χ

(3)
i

where
χ(3) and χ

(3)
i are the third-order nonlinear susceptibilities of the composite medium

and the metallic inclusion respectively, and ǫ, ǫi and ǫh are the dielectric func-
tions of the composite medium, the metallic inclusion and that of the host matrix.

The expressions 3ǫh(ω)
ǫi(ω)+2ǫh(ω)

and ǫ(ω)+2ǫh(ω)
ǫi(ω)+2ǫh(ω)

represent the so-called local field

factor according to D. Ricard et al. [8] and J. E. Sipe and R. W. Boyd [2]. It is
easy to see that the frequency dependence of these local field factors become
colossal i.e f(ω) ≫ 0 when the condition below known as Surface Plasmon
Resonance (SPR) is satisfied at the so-called SPR frequency; ωS.

ǫi(ωS) + 2ǫh(ωS) ≃ 0.

Consequently the effective χ(3) of the nanocomposite can reach giant values
when the SPR condition holds. This enhancement is reinforced by the power 4
of f(ω), which is known as the local field effect. As such the effective OKE
χ(3) of the nanocomposite is greater than that of the classical bulk materials as
shown in the Tables 1.2 and 1.3 for the various Au-dielectric composites [29]. In

this work the hope was to have the effective OKE χ
(3)
Au−VO2

in esu near the high
end of this scale. This is despite the fact that the volumetric concentration of
nano Au particles in the composite is in the range p ≤ .1.

11



Thin − Films Synthesis Radius(Å) Au Vol. Conc. OKE χ(3)in esu

Au − SiO2 Co − Sputtering 30 − 800 5 − 63 percent −2.10 × 10−6

Au − SiO2 Ion − Implantation 50 − 250 5 percent +2.90 × 10−6

Au − Al2O3 Co − Sputtering 100 − 2500 25 − 60percent +1.20 × 10−6

Au − TiO2 Ion − Implantation 100 − 2500 15 − 60percent +8.60 × 10−6

Table 1.2: Values of the OKE χ(3)
xxxx for Au − SiO2, Au − TiO2 and Au − Al2O3

thin-films nanocomposites, with different Au Volumetric Concentration [29].

Classical Third Order Nonlinear Materials in esu.

OKE χ(3) for Bulk SiO2| + 3.10−14

OKE χ(3) for Bulk CS2| + 2.10−12

Table 1.3: Values of the OKE χ(3)
xxxx for pure bulk SiO2 and CS2.

N. A. Papadogiannis et al. [32] have shown that THG may be achieved with
moderally intense input pump laser beam of the order 5 GW/cm2 [32] by re-
flection from bulk gold. Their measured THG efficiencies on a Au surface is
reported to be in the range (10−10 − 10−13). In this work the hope was to have
THG efficiencies of the Au-VO2 thin-films close to this above mentioned range.
This is despite the strongly absorbing nature of VO2 and the fact that the value
of the overall THG third-order nonlinear susceptibility of pure gold is: THG
χ

(3)
(nanogold)= THG χ

(3)
(inter)+THGχ

(3)
(intra) ≈ 10−12 esu [6].

The theoretical background chapter presents the relevant nonlinearities un-
derlying the optical Kerr effect (OKE) and third-harmonic generation (THG) in
Au nanoparticles. The various mechanisms contributing to them are discussed
in the light of the work of F. Hache et al. [6, 7] and D. Ricard et al. [4]. They
were able to ascertain with great confidence the origin of the nonlinear response.
It was shown to be of hot-electron, intraband and interband origin and mostly
absorptive near the resonance frequency.

The optical Kerr effect which depends upon the intensity of the incident op-
tical field (light) propagating through a medium and third-harmonic generation
which results from the coupling of three incoming waves each of fundamental
frequency ω that produces an outgoing wave of frequency 3ω will be defined and
described. Moreover the mathematical and physical properties pertaining to the
OKE and THG with relevance to our Au-VO2 nanocomposite system is eluci-
dated.

Finally, the linear Maxwell-Garnett effective medium theory and its various
extensions to nonlinear cases will be discussed.
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The next chapter is organised as follows. Section 2.1 presents the mathemat-
ical formalism of the most general n-th order susceptibility tensor, in prepara-
tion for Section 2.2, which deals with the physical properties of the n-th order
susceptibility tensor in general, the OKE and the THG susceptibility tensor in
particular. Section 2.3 describes the optical Kerr effect and the third-harmonic
generation. Section 2.4 deals with the origin of the nonlinearity of gold nanopar-
ticles based on the work of F. Hache and co-workers [6,7]. Finally, section 2.5
presents the linear Maxwell-Garnett effective medium theory and its nonlinear
extensions pertaining in the dipole approximation.
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Chapter 2

Theoretical Background

2.1 The Mathematical Formalism of χ
(3)

This section describes the mathematical properties of the susceptibility and
polarization tensors required to describe the optical Kerr effect(OKE) and third-
harmonic generation (THG). It is by no means complete. A more detailed treat-
ment on the subject may be found in the book of P.N. Butcher and D. Cotter
[1], on which this section is largely based.

The constitutive relations we are about to derive do not include spatial dis-
persion i.e the k dependence of χ(n). This is because the properties of the gold
nanoparticles are similar to that of a molecule i.e ka ≪ 1, where k is the optical
wave vector and a is the radius of the spherical inclusion [3]. Therefore the spatial
term of the monochromatic field reduces to 1 because exp(−ika) = exp(ika) ≃ 1.
It means that the field to which the sphere is exposed is approximately uniform
over the region occupied by the sphere [3]. Moreover it has a corresponding size
dependent nonzero dipolar χ(3) [4].

The fundamental formalism that describes nonlinear optics is the constitutive
relation which relates at a given time t the polarization P(t) and the incident
electrical field at earlier time t′ denoted by E(t’). It is formulated in two closely-
linked approaches: Firstly in terms of time domain response functions, secondly
as susceptibilities tensors (e.g F. Hache et al. [6]). The choice of these is based
on various factors such as the bandwidth or pulse duration of the applied field
and the speed of response of the nonlinear medium [1]. As we shall see later F.
Hache and co-workers [6] have used the susceptibility tensor formalism which is
a frequency domain approach as the nonlinear response under investigation was
shown to be fast on a 5ps time scale. Moreover the frequency domain approach
is suitable for monochromatic or quasi-monochromatic fields i.e monochromatic
fields varying slowly with time. They both may be obtained from a continous-
wave single-mode lasers such as those used by F. Hache et al. [6].
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2.1.1 The Susceptibility Tensors

The nonlinear optical properties of a medium may be described by time-
domain polarization response functions in all orders. An alternative approach
based on the so-called frequency-domain response functions also known as the
susceptibility tensors is a more widely used description. The choice of these has
been discussed in the previous subsection (section 1.1). In this thesis we adopt
the susceptibility tensor formalism for two reasons:

Firstly, it is used by F. Hache et al. [6, 7] to account for the fast nonlinear
response of the nanogold particles i.e the measured nonlinear response that takes
only 5 ps [1, 4, 6, 7]. It was concluded that in the case of nanogold particles,
the electrons were responsible for the nonlinearity. It could have resulted from
molecular reorientation, thermal effects due to lattice heating or electrostriction
(compression of a material in the presence of an electromagnetic field) to name
a few [9]. This work is restricted to the fast nonlinear response due to electrons
only.

Secondly, the mode-locked laser that was used by F. Hache et al. [6, 7]
radiates monochromatic or quasi-monochromatic fields. Such electromagnetic
fields are well described as functions of the frequency since they are periodic
functions, whose amplitudes vary slowly with time [1].

Relation between E(t) and E(ω)

According to P. N. Butcher and D. Cotter [1] the susceptibility tensors arise
when the electric field E(t) is defined in terms of its Fourier transform E(ω)
through the Fourier integral identity:

E(t) =
∫ +∞

−∞
E(ω)exp(−iωt) (2.1)

where

E(ω) =
1

2π

∫ +∞

−∞
E(t)exp(+iωt). (2.2)

We use of the above Fourier transform to define the third-order susceptibility.

Definition of the third order susceptibility

The 3rd order susceptibility is defined as [1]:

P(3)(t) = ǫ0

∫ +∞

−∞
d ω1

∫ +∞

−∞
d ω2

∫ +∞

−∞
d ω3χ

(3)(−ωσ; ω1, ω2, ω3) (2.3)

×E(ω1)E(ω2)E(ω3) exp(−iωσt).
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where

χ(3)(−ωσ; ω1, ω2, ω3) =
∫ +∞

−∞
dτ1

∫ +∞

−∞
dτ2

∫ +∞

−∞
dτ3 (2.4)

R(3)(t − τ1, t − τ2, t − τ3) exp[i
3

∑

j=1

ωjτj]

and

ωσ = ω1 + ω2 + ω3. (2.5)

Eq. (2.4) defines the third-order susceptibility tensor. Its component form is

denoted by χ
(n)
µαβγ(−ωσ; ω1, ω2, ω3) (see Eq. (2.11)). P. N. Butcher and D. Cotter

[1] have shown that it remains invariant under all 3! permutations of the 3 pairs
(α, ω1), (β, ω2), (γ, ω3). This is known as the intrinsic permutation symmetry.

The causality principle [1] implies that χ(3) vanishes when all the frequencies
lie in the upper half of the complex plane, while the reality condition requires
that:

[χ(3)(−ωσ; ω1, ω2, ω3)]
∗ = χ(3)(−ω∗

σ; ω∗
1, ω

∗
2, ω

∗
3). (2.6)

Relation between P(t) and P(ω)

Consider P(t) and P(ω) which are related through the Fourier integral identity:

P(t) =
∫ +∞

−∞
P(ω)exp(−iωt) (2.7)

where

P(ω) =
1

2π

∫ +∞

−∞
P(t)exp(+iωt). (2.8)

Consider the following identity:

1

2π

∫ +∞

−∞
dx exp[ix(τ − t)] = δ(τ − t). (2.9)

It follows that Eq. (2.3) becomes:

P(3)(t) = ǫ0

∫ +∞

−∞
d ω1

∫ +∞

−∞
d ω2

∫ +∞

−∞
d ω3χ

(3)(−ωσ; ω1, ω2, ω3)

×E(ω1)E(ω2)E(ω3)exp(−iωσt)δ(ω − ωσ) (2.10)

Alternatively in suffix notation:

[P (3)]µ = ǫ0

∑

αβγ

∫ +∞

−∞
dω1

∫ +∞

−∞
dω2

∫ +∞

−∞
dω3χµαβγ(−ωσ; ω1, ω2, ω3) (2.11)

×[E(ω1)]α[E(ω1)]α[E(ω1)]αδ(ω − ωσ)

where α, β and γ are to be summed over x, y and z.
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Polarization induced by Monochromatic fields

A combination of monochromatic waves each of frequency ω′ which takes on
different positive values or zero may be written as:

E(t) =
1

2

∑

ω′≥0

[Eω′ exp(−iω′t) + E−ω′ exp(+iω′t)]. (2.12)

By the reality condition we have that Eω′ = E∗
ω′ . Combining Eq. (2.10) and Eq.

(2.12) we obtain the Fourier transform of E(t):

E(ω) =
1

2

∑

ω′≥0

[Eω′δ(ω − ω′) + E−ω′δ(ω + ω′)]. (2.13)

It has the unit of Vsm−1, while Eω′ has unit of V m−1. For a single monochromatic
wave with frequency ω′ the intensity is:

Iω′ = ǫ0cn(ω′) <
1

2
[Eω′ exp(−iω′t) + E∗

ω′ exp(+iω′t)]

× 1

2
[Eω′ exp(−iω′t) + E∗

ω′ exp(+iω′t)] >

=
1

2
ǫ0cn(ω′)|Eω′|2, (2.14)

where the angle brackets denote a cycle average, and n(ω′) is the refractive index
at frequency ω′. If E(t) is given by Eq. (2.12). It follows that Eq. (2.3) becomes:

P(3)(t) =
1

2

∑

ω′≥0

[P
(3)
ω′ exp(−iω′t) + P

(3)
−ω′ exp(+iω′t)] (2.15)

Since P(3)(t) is real, P
(3)
−ω = (P(3)

ω )∗. Alternatively by dropping 1
2

Eq. (2.15) may
written as Eq. (2.16) for E(t) given by Eq. (2.17):

P(3)(t) =
∑

ω′≥0

[P
(3)
ω′ exp(−iω′t) + P

(3)
−ω′ exp(+iω′t)] (2.16)

E(t) =
∑

ω′≥0

[Eω′ exp(−iω′t) + E−ω′ exp(+iω′t)]. (2.17)

Substituting Eq. (2.13) into the form of Eq. (2.10) it follows that:

[P (3)(ω)]µ = 2ǫ0

∑

αβγ

[χ
(3)
µαβγ(−ωσ; ω1, ω2, ω3) (2.18)

×(
1

2
E(ω1))α(

1

2
E(ω2))β(

1

2
E(ω3))γ+

χ
(3)
µαβγ(−ωσ; ω1, ω2, ω3)

×((
1

2
E(ω2))α

1

2
E(ω1))β(

1

2
E(ω3))γ+

other possible arrangements ],
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where ωσ = ω1 + ω2 + ω3 and ωn ≥ 0 for 1 ≤ n ≤ 3.
The frequencies ω1, ω2 and ω3 may be positive or negative for a.c fields or zero
for d.c fields.

The Numerical Factor K(−ωσ; ω1, . . . , ωn)

By taking into account the intrinsic permutation symmetry the most general
form of Eq. (2.18) becomes:

[P (n)(ω)]µ = 2ǫ0

∑

α1...αn

[χ(n)
µα1...αn

(−ωσ; ω1, . . . , ωn).

(
1

2
E(ω1))α1

(
1

2
E(ω2))α2

. . . (
1

2
E(ωn))αn

+

χ(n)
µα1...αn

(−ωσ; ω1, . . . , ωn).

(
1

2
E(ω2))α1

(
1

2
E(ω1))α2

. . . (
1

2
E(ωn))αn

+

other possible arrangements].

To keep track of terms arising from all possible arrangements due to permutation
Eq (2.18) may be written as:

[P (n)
ωσ

(ω)]µ = ǫ0

∑

µα1...αn

∑

ω

K(−ωσ; ω1, . . . , ωn)χ(n)
µα1...αn

(−ωσ; ω1, . . . , ωn) (2.19)

E(ω1)α1
. . . E(ω2)α2

E(ωn)αn
.

In vector notation:

P(n)
ωσ

(ω) = ǫ0
∑

ω

K(−ωσ; ω1, . . . , ωn)χ(n)
µα1...αn

(−ωσ; ω1, . . . , ωn) (2.20)

Eω1
. . .Eω2

Eωn
.

In the summation
∑

α1...αn
the α1 . . . αn are summed over x, y, and z, whereas

∑

ω means that we are summing over all frequencies ω1, . . . , ωn. If E(t)is given
by (2.13) the numerical term is found to be:

K(−ωσ; ω1, . . . , ωn) = 2l+m−np, (2.21)

where p is the number of distinct permutations of α1 . . . αn, n is the order of
nonlinearity, m is the set of frequency ω1, . . . , ωn that are zero (d.c field) and l
is 1 if ωσ 6= 0 and 0 otherwise. For an a.c field i.e m = 0. Hence,

K(−ωσ; ω1, . . . , ωn) = 2l−np. (2.22)

By some authors the summation
∑

ω is dropped for convenience and K is taken to
be 1 as the experimentally measured susceptibility incorporates all other possible
arrangements i.e

χ
(n)
experimental(−ωσ; ω1, . . . , ωn) = K(−ωσ; ω1, . . . , ωn)χ(n)(−ωσ; ω1, . . . , ωn).

See for example F. Hache et al. [6]. We adopt the same approximation in this
work.
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Scalar form of the Susceptibility

The component form of the susceptibility tensor is often preferred to its vector
form for a practical reason. It lightens the notation and therefore makes the
computations easier. Let Eωj

= ejEωj
, where Eωj

is a complex scalar, ej is a unit
vector in the direction of the polarization field which is complex for elliptically
polarized field and real for linearly polarized fields, with the property ej.e

∗
j = 1.

The Nd:YAG laser beam used by F. Hache et al. [6] is linearly polarized. The
component form of the n-th order susceptibility tensor is defined in the following
way:

χ(n)(−ωσ; ω1, . . . , ωn) = e∗
σ.χ

(n)(−ωσ; ω1, . . . , ωn).e1 . . . en (2.23)

=
∑

µα1...αn

χ(n)
µα1...αn

(−ωσ; ω1, . . . , ωn)

× (e∗σ)µ(e1)α1
. . . (en)αn

,

where eσ is the direction of the polarization of the field Eωσ
. The scalar form of

the polarization may be defined by substituting Eq. (2.23) into Eq. (2.19).

[P (n)
ωσ

(ω)]µ = ǫ0

∑

ω

K(−ωσ; ω1, . . . , ωn)χ(n)(−ωσ; ω1, . . . , ωn)E1 . . . En, (2.24)

where the complex scalar amplitude P (n)
ωσ

is defined as: P(n)
ωσ

= eσP(n)
ωσ

. We set
K = 1 and drop

∑

ω and µ for convenience. It follows that in electrostatic units
(esu) i.e ǫ0 = 1 Eq. (2.24) becomes:

P (n)
ωσ

(t) = χ(n)(−ωσ; ω1, . . . , ωn)E1 . . . En. (2.25)

Eq. (2.25) is the key result of this chapter, it represents the n-th order polar-
ization term of the induced ”dipole” of the illuminated medium. Our composite
material which conforms to the Maxwell-Garnett topology may be consider as a
weakly nonlinear medium with a polarization of the form [9]:

P (3)
ωσ

= χ(3)(−ωσ; ω1, ω2, ω3)EEE, (2.26)

where ωσ = ω1 + ω2 + ω3 and E1 = E2 = E3 = E.
In the case of OKE for which ωσ = ω1 = −ω2 = ω3 = ω (2.36) becomes:

P (3)
ω = χ(3)(−ω; ω,−ω, ω)EE∗E. (2.27)

whereas in the case of THG, ω1 = ω2 = ω3 = ω and ωσ = 3ω (2.36) reads:

P
(3)
3ω = χ(3)(−3ω; ω, ω, ω)EEE. (2.28)
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2.2 Physical Properties of the OKE and THG

This section describes the properties of the OKE and THG susceptibility ten-
sor in an isotropic medium.

As mentioned earlier in our Au-VO2 composite system the gold particles rep-
resent a low concentration of spherical inclusions i.e p ≪ .1 embedded in the VO2

matrix as shown in Fig. 1.1. As a consequence of the randomness in which the
spherical particles are distributed in the matrix its physical properties are invari-
ant under rotation. This is known as isotropy. The physical properties of the
composite medium are also invariant under translation, that is to say homogeous.
This section describes the OKE and THG susceptibility tensors under rotational
symmetry operations.

We now proceed to describe the third order susceptibility χ(3) under rotation.
The discussion is based on the book of P. N. Butcher and D. Cotter [1]. They de-
fine the term rotation operation to be inversion symmetry (centrosymmetry[9]),
reflection and rotation. We investigate the rotation operation as follows: First,
Neumann’s principle will be stated. Next, the symmetry that arises as a con-
sequence of reflection will be studied. Finally, the Neumann’s principle will be
evoked to understand inversion and rotation symmetry.

2.2.1 Rotation Operation

Statement of the Neumann’s principle: Any physical property must be in-
variant under all the point-symmetry operations (rotation, translation,. . . ) char-
acteristic of the system. From this it follows that the physical property of our
composite system i.e χ(3) must include rotation, inversion and reflection opera-
tions which follow from isotropy. Our discussion is closely related to that of P.
N. Butcher and D. Cotter [1].

Symmetry due to Reflection

Reflection symmetry may be defined through the following coordinate trans-
formation in the yz-plane.
Let (x, y, z) → (−x, y, z). It follows that any component of χ(3) with an odd
number of x components vanishes. Consider for example χ(3)

xyyz which transforms

to χ
(3)
(−x)yyz = −χ(3)

xyyz. Hence: χ(3)
xyyz = −χ(3)

xyyz = 0. A similar argument applies to

reflection through the xy and yz planes. Therefore any component of χ(3) with
an odd number of x, y or z components vanishes. As a consequence of reflection
symmetry, the 81 terms of χ(3) which arise from the fact that there are three
different choices x, y or z for each of the four terms in the fourth rank tensor
χ

(3)
µαβγ(2.23), reduce to 21 terms only.
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χ
(3)
xαβγ χ

(3)
yαβγ χ

(3)
zαβγ

χ(3)
xxxx χ(3)

yyyy χ(3)
zzzz

χ(3)
xxyy χ(3)

yyxx χ(3)
zzxx

χ(3)
xxzz χ(3)

yyzz χ(3)
zzyy

χ(3)
xyxy χ(3)

yxyx χ(3)
zxzx

χ(3)
xzxz χ(3)

yzyz χ(3)
zyzy

χ(3)
xyyx χ(3)

yxxy χ(3)
zxxz

χ(3)
xzzx χ(3)

yzzy χ(3)
zyyz

Table 2.1: Components of χ(3)
xxxx after P. N. Butcher and D. Cotter [1].

This follows from the fact that all tensor components with an odd number
of x, y or z must be zero may also be understood by saying that all tensor
components with an even number of x, y or z do not vanish. They have either
two or four terms in x, y or z since we have a fourth rank tensor. Consider the
case of the x term only, as the same argument applies to the y and z terms.
There is only one term that contains four x i.e χ(3)

xxxx. Next the tensor term

that contains two x components will appear as χ
(3)
xxαβ, χ

(3)
xαxβ and χ

(3)
xαβx where the

indices α and β may either be y or z. For a tensor component not to vanish we
require that it has an even number of y or z, therefore we must demand that
α = β where α = y or z. It follows that: χ

(3)
xxαβ represents either χ(3)

xxyy or χ(3)
xxzz,

similarly χ(3)
xαxα represents either χ(3)

xyxy or χ(3)
xzxz and χ(3)

xααx represents either

χ(3)
xyyx or χ(3)

xzzx. So under reflection the term χ
(3)
µαβγ represents 7 distinct terms:

χ(3)
xxxx, χ(3)

xxyy, χ(3)
xxzz, χ(3)

xyxy, χ(3)
xzxz, χ(3)

xyyx and χ(3)
xzzx. A similar argument to the case

µ = x may be applied for µ = y or µ = z. The results are shown in Table 2.1:

Rotation and Inversion Symmetry

Inversion Symmetry

The susceptibility tensor is described using the transformation laws of polar
tensors. Two coordinate may be related through a proper and improper rota-
tion. In the first one a coordinate system remains unchanged before and after
the operation, whereas in the second one the right-handed and the left-handed
coordinate system interchange (they involve an inversion operation).

As a consequence of the Newmann’s principle a polar tensor of rank n trans-
forms as follows:

χ′(n)
µα1...αn

(−ωσ; ω1, . . . , ωn) = RµuRα1a1
Rα2a2

. . . Rαnan
(2.29)

×χ(n)
ua1...an

(−ωσ; ω1, . . . , ωn).

Note that the elements of the transformation R are given by the directions cosines
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Rαa = cos θαa, where θαa is the angle between the α and a axes. In particular
the OKE and THG tensors are written as:

χ
′(3)
µαβγ(−ω; ω,−ω, ω) = RµuRαaRβbRγc (2.30)

×χ
(3)
uabc(−ω; ω,−ω, ω)

χ
′(3)
µαβγ(3ω; ω, ω, ω) = RµuRαaRβbRγc (2.31)

×χ
(3)
uabc(3ω; ω, ω, ω),

with Rmn = cos θmn is the angle between m and n for m = µ, α, β, γ and
n = u, a, b, c respectively.

According to Neumann’s principle the elements of the susceptibility tensor
taken with respect to two coordinates, which are related by one of the symmetry
operations of the medium, must be identical [1]:

χ′(n)
µα1...αn

(−ωσ; ω1, . . . , ωn) = χ(n)
µα1...αn

(−ωσ; ω1, . . . , ωn). (2.32)

The usefulness of this equation above will be illustrated through the inversion
operation for which Rαβ = −δαβ; where δαβ is the Kronecker delta.

Combining Eq. (2.29) and Eq. (2.32) leads to:

χ(n)
µα1...αn

(−ωσ; ω1, . . . , ωn) = RµuRα1a1
Rα2a2

. . . Rαnan
(2.33)

×χ(n)
ua1...an

(−ωσ; ω1, . . . , ωn)

= (−δµu)(−δα1a1
)(−δα2a2

) . . . (−δαnan
)

×χ(n)
ua1...an

(−ωσ; ω1, . . . , ωn)

= (−1)n+1χ(n)
ua1...an

(−ωσ; ω1, . . . , ωn).

It is clear that Eq. (2.33) vanishes for n even. This is the reason why the first
nonlinear term in an isotropic medium is of order 3. Moreover for an isotropic
medium only the odd polarization terms will survive. In particular the lowest
nonlinear polarization term in the case of OKE and THG for a weakly nonlinear
medium will be [9]:

P (3)
ω (t) = χ3(−ω; ω,−ω, ω)E(ω)E∗(ω)E(ω) (2.34)

P
(3)
3ω (t) = χ3(−3ω; ω, ω, ω)E(ω)E(ω)E(ω). (2.35)

Rotation Symmetry

Consider first the case of a 90◦ rotation about the z-axis in the xy plane. The
transformation of coordinate are (1, 2, 3) → (2,−1, 3) as below in Fig. 2.1 and
Fig. 2.2.
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1

Figure 2.1: x, y and z axis before rotation

3

2

1

Figure 2.2: x, y and z axis after rotation

It is usual to represents such a transformation in matrix form as:

R =







0 1 0
−1 0 0
0 0 1







For an arbitrary angle of rotation θ about the z-axis it follows that:

R =







+cosθ +sinθ 0
−sinθ +cosθ 0

0 0 1







Where R33 = 1 follows from the fact that 3 maps onto itself.

The case of the most general third order susceptibility tensor may be treated
in a similar fashion. The OKE and THG are identically deduced from it.

Consider Eq. (2.29) with n = 3:

χ′(3)
µα1α1α3

(−ωσ; ω1, ω2, ω3) = RµuRα1a1
Rα2a2

Rα3a3
(2.36)

×χ(3)
ua1a2a3

(−ωσ; ω1, ω, ω3).

According to R. W. Boyd [9], Eq. (2.36) leads the following general expression:

χ
(3)
µαβγ = χ(3)

xxyyδµαδβγ + χ(3)
xyxyδµβδαγ + χ(3)

xyyxδµγδαβ (2.37)
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It follows that if µ = α = β = γ = x, Eq. (2.37) reduces to:

χ(3)
xxxx = χ(3)

xxyy + χ(3)
xyxy + χ(3)

xyyx. (2.38)

Scalar Form of Third Order Susceptibility Tensor in an Isotropic Medium

Consider the scalar form of the n-th order susceptibility tensor defined by Eq.
(2.33):

χ(n)(−ωσ; ω1, . . . , ωn) = e∗
σ.χ

(n)(−ωσ; ω1, . . . , ωn)|e1 . . . en

=
∑

µα1...αn

χ(n)
µα1...αn

(−ωσ; ω1, . . . , ωn)(e
∗
σ)µ(e1)α1

. . . (en)αn
.

For a general third order susceptibility tensor i.e n = 3 we have:

χ(3)(−ωσ; ω1, ω2, ω3) = e∗
σ.χ

(3)(−ωσ; ω1, ω2, ωn).e1e2e3 (2.39)

=
∑

µαβγ

χ
(3)
µαβγ(−ωσ; ω1, ω2, ω3)(e

∗
σ)µ(e1)α(e2)β(e3)γ

=
∑

µαβγ

χ(3)
xxxx(−ωσ; ω1, ω2, ω3)(e

∗
σ)x(e1)x(e2)x(e3)x

= χ(3)
xxxx(−ωσ; ω1, ω2, ω3)

= χ(3)
xxyy(−ωσ; ω1, ω2, ω3) + χ(3)

xyxy(−ωσ; ω1, ω2, ω3)

+ χ(3)
xyyx(−ωσ; ω1, ω2, ω3) by (2.38).

Note that the real unit vectors eσ, e1, e2, e3 satisfy (eσ)j(e1)j(e2)j(e3)j = 1 for
j = x, y, z in the case of linearily polarized laser beam such as that obtained
from an Nd:YAG laser [1,6].

OKE Susceptibility Tensor in an Isotropic Medium

The OKE susceptibility tensor in an isotropic medium is obtained by apply-
ing the intrinsic permutation symmetry to the choice of the following frequencies
(−ω; ω,−ω, ω) that pertain in the case of the OKE. Alternatively it could be
written as (ω = ω − ω + ω) [9].

Recall that the intrinsic permutation symmetry requires that all independent
tensor components remain unchanged under all possible permutations [1]. This
is done as follows: Consider a given independent tensor component χ(3)

xxyy for
example to which is associated the set of frequencies (ω = ω−ω+ω) in the OKE
case. One may establish a one-to-one relation between each tensor i-term and the
corresponding frequency (see R. W. Boyd [9]). As such x is associated with ω we
write x ↔ ω, x ↔ ω, y ↔ −ω and y ↔ ω. This is written in a more compact form
as follows: (x, x, y, y) ↔ (ω, ω,−ω, ω). Similarly, (x, y, x, y) ↔ (ω, ω,−ω, ω) and
(x, y, y, x) ↔ (ω, ω,−ω, ω). In Table 2.2 we present all the above three possibil-
ities.
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(µ, α, β, γ) ↔ (ω, ω,−ω, ω)

(x, x, y, y) ↔ (ω, ω,−ω, ω)
(x, y, x, y) ↔ (ω, ω,−ω, ω)
(x, y, y, x) ↔ (ω, ω,−ω, ω)

Table 2.2: Components of the OKE χ(3)
xxxx after P. N. Butcher and D. Cotter [1].

Simple inspection leads us to the following conclusion: x maps onto ω in the
first and the third term, and unto both ω and −ω in the second independent
term, whereas y maps unto both ω and −ω in the first and the third term,
and unto ω only in the second one; by the intrinsic permutation symmetry we
require that (x, x, y, y) = (x, y, x, y). Hence χ(3)

xxyy remain unchanged under any
permutation since:

χ(3)
xxyy = χ(3)

xyxy (2.40)

So now there are only two independent components. We now proceed to define
the OKE polarization tensor in an isotropic medium in the µ-direction. In esu
i.e ǫ0 = 1 it is found by letting ωσ = ω1 = −ω2 = ω3 = ω, dropping

∑

ω for
convenience and setting K(−ωσ; ω,−ω, ω) = 1. Equation (1.48) becomes

[P (3)
ω ]µ =

∑

µαβγ

χ
(3)
µαβγ(−ωσ; ω1, ω2, ω3)(e

∗
σ)µ(e1)α(e2)β(e3)γEα(ω1)Eβ(ω2)Eγ(ω3)

=
∑

µαβγ

χ
(3)
µαβγ(−ω; ω,−ω, ω)Eα(ω)Eβ(−ω)Eγ(ω)

=
∑

µαβγ

χ
(3)
µαβγ(−ω; ω,−ω, ω)Eα(ω)E∗

β(ω)Eγ(ω) since E(−ω) = E∗(ω)

=
∑

µαβγ

(χ(3)
xxyyδµαδβγ + χ(3)

xyxyδµβδαγ + χ(3)
xyyxδµγδαβ)Eα(ω)E∗

β(ω)Eγ

= χ(3)
xxyyEµ(ω)E∗

β(ω)Eβ(ω) + χ(3)
xyxyEβ(ω)E∗

µ(ω)Eβ(ω)

+ χ(3)
xyyxEβ(ω)E∗

β(ω)Eµ(ω)

= χ(3)
xxyyEµE

∗
βEβ + χ(3)

xyxyEβE∗
µEβ + χ(3)

xyyxEβE∗
βEµ

= χ(3)
xyxyE

∗
µEE + 2χ(3)

xxyyEµE
∗E.

This follows from χ(3)
xxyy = χ(3)

xyxy and EE = EE. Therefore the component
form of the OKE polarization is [9]:

Pµ = χ(3)
xyxyE

∗
µEE + 2χ(3)

xxyyEµE
∗E. (2.41)

And its vector form is [9]:

P = χ(3)
xyxyE

∗EE + 2χ(3)
xxyyEE∗E. (2.42)
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(µ, α, β, γ) ↔ (ω, ω, ω, ω)

(x, x, y, y) ↔ (ω, ω, ω, ω)
(x, y, x, y) ↔ (ω, ω, ω, ω)
(x, y, y, x) ↔ (ω, ω, ω, ω)

Table 2.3: Components of the THG χ(3)
xxxx after P. N. Butcher and D. Cotter [1].

THG Susceptibility Tensor in an Isotropic Medium

We invoke the intrinsic permutation symmetry as applied in the case of the
OKE susceptibility. In this case the three independents terms χ(3)

xxyy, χ(3)
xyxy and

χ(3)
xyyx are all associated with the same set of frequencies (ω, ω, ω, ω) as shown in

Table 2.3.

We note that both x, y maps unto ω in the first, second and third term ; one
may easily conclude based on the intrinsic permutation symmetry that
(x, x, y, y) = (x, y, x, y) = (x, y, y, x). i.e χ(3)

xxyy = χ(3)
xyxy = χ(3)

xyyx.
In esu, i.e ǫ0 = 1, the THG polarization tensor in an isotropic medium in the
µ-direction is found by letting = ω1 = ω2 = ω3 = ω and ωσ = 3ω, we drop

∑

ω

for convenience and set K(−ωσ; ω,−ω, ω) = 1. Equation (1.48) becomes:

[P (3)
ω ]µ =

∑

µαβγ

χ
(3)
µαβγ(−ωσ; ω1, ω2, ω3)(e

∗
σ)µ(e1)α(e2)β(e3)γEα(ω1)Eβ(ω2)Eγ(ω3)

=
∑

µαβγ

χ
(3)
µαβγ(3ω; ω, ω, ω)Eα(ω)Eβ(ω)Eγ(ω)

=
∑

µαβγ

(χ(3)
xxyyδµαδβγ + χ(3)

xyxyδµβδαγ + χ(3)
xyyxδµγδαβ)Eα(ω)Eβ(ω)Eγ

= χ(3)
xxyyEµ(ω)Eβ(ω)Eβ(ω) + χ(3)

xyxyEβ(ω)Eµ(ω)Eβ(ω)

+ χ(3)
xyyxEβ(ω)Eβ(ω)Eµ(ω)

= χ(3)
xxyyEµEβEβ + χ(3)

xyxyEβEµEβ + χ(3)
xyyxEβEβEµ

= 3χ(3)
xxyyEµEE

since, χ(3)
xxyy = χ(3)

xyxy = χ(3)
xyyx.

Hence the scalar form of the THG polarization is [9]:

Pµ = χ(3)
xxxxEµEE; (2.43)

whereas its vector form is equal to [9]:

P = χ(3)
xxxxEEE. (2.44)
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2.3 Optical Kerr Effect and Third-Harmonic Gen-

eration

When an intense optical field propagates through a medium, it induces a
polarization which depends upon the intensity of the incident optical field (light).
This gives rise to various intensity-dependent processes one of which is the optical
Kerr effect. At such high intensity it may also happen that the waves mix with
each other. Leading to the so-called frequency mixing phenomena (sum-and
difference-mixing). In this respect harmonic generation is a special case of sum-
mixing where the frequency of the mixing waves are all the same and equal to ω.
If n such waves are involved in this process the resulting wave is of frequency nω.
This is a degenerate case of the sum-frequency mixing, as each incoming wave
has the same frequency. Third-harmonic generation results from the coupling of
three waves each of frequency ω. Nonlinear phenomena dependent on the light
intensity or resulting from coupling of waves are the central ideas that lie at the
heart of nonlinear optics. A more complete treatment of the optical Kerr effect
(OKE) and third-harmonic generation (THG) could be found in the books on
nonlinear optics by P. N. Butcher and D. Cotter [1] and R. W. Boyd [9], on which
this chapter greatly depends.

2.3.1 Parametric and Nonparametric Processes

Nonlinear processes are grouped into two categories: parametric and nonpara-
metric processes. R. W. Boyd has pointed out that the origin of this terminol-
ogy is obscure. They may be defined as follows: Parametric processes are those
which involve a virtual energy transition of population from an initial to a final
state. The initial and final state are quantum-mechanically identical. In order
to represent the process Feynmann diagrams are used to describe the process
step-by-step. Consider for example THG as shown in Fig. 2.3 where the left
hand side represents three photons each of frequency ω (h̄ = 1) being absorbed,
the right hand side represent a photon of frequency 3ω (h̄ = 1) being emitted.
The process may happen in four ways as depicted in the figure. Note that since
the initial and final state of the medium are identical, their photon energy is
conserved and they may be described by a real susceptibility.

Nonparametric processes do involve real transitions from one level to another.
Therefore they involve absorption. Hence their photon energy is not conserved
and they may be described by means of complex susceptibility. Consider the
nonlinear refractive index for instance. Its real part represents a parametric
process i.e the optical Kerr effect Reχ3(−ω; ω,−ω, ω), whereas the imaginary
part describes processes such as two-photon absorption Imχ3(−ω; ω,−ω, ω) or
saturable absorption [6, 9] to name a few.
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Figure 2.3: Feynman diagrams for THG processes after P. N. Butcher and D.
Cotter [1]

2.3.2 Optical Kerr Effect

The Optical Kerr effect underlies the intensity-dependent refractive index[9]
also known alternatively as nonlinear refraction coefficient [1]. It is an induced
change of the refractive index n(ω) that results from an induced polarization
caused by an intense optical field propagating through a material.

The intensity-dependent refractive index change in SI units is [1]:

n(ω) = n0(ω) + δn(ω) (2.45)

= n0(ω) + n2(ω)|E|2

where n0 is the weak field refractive index, also known as low-intensity refractive
index or linear refractive index, n2 is the second-order index of refraction and E
is the incident optical field (electromagnetic field).

Recall that by Eq. (2.12) monochromatic fields are of the form [1]:

E(t) =
1

2

∑

ω′≥0

[Eω′ exp(−iω′t) + E−ω′ exp(+iω′t)].

whereas a quasi-monochromatic fields is defined to be [1]:

E(t) =
1

2

∑

ω′≥0

[E(t)ω′ exp(−iω′t) + E(t)−ω′ exp(+iω′t)].

Let Eω = eE where E is a complex scalar amplitude and e is a unit vector in
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the direction of the polarization P , where in SI units

P = P (1) + P (3) (2.46)

= ǫ0[χ
(1)(−ω; ω) + χ(3)(−ω; ω,−ω, ω)|E|2]E.

In esu the polarization P is:

P = P (1) + P (3) (2.47)

= 4π[χ(1)(−ω; ω) + 4πχ(3)(−ω; ω,−ω, ω)|E|2]E.

2.3.3 The Nonlinear Refractive Index in SI units

Consider the linear refractive n0 which is related to χ(1) through [1],

n2
0(ω) = 1 + Reχ(1)(−ω; ω). (2.48)

and the effective dielectric function which is defined by [1]:

ǫ(ω) = 1 + χ(1)(−ω; ω) + χ(3)(−ω; ω,−ω, ω)|E|2. (2.49)

By (2.48) we have that n0(ω) =
√

1 + Reχ(1)(−ω; ω). In the same fashion (2.45)
may written as:

n(ω) =
√

1 + Reχ(1)(−ω; ω) + Reχ(3)(−ω; ω,−ω, ω)|E|2. (2.50)

As n = n0 + δn by Eq. (2.45), and considering Eq. (2.50) it follows that:

n0(ω) + δn(ω) =
√

1 + Reχ(1)(−ω; ω) + Reχ(3)(−ω; ω,−ω, ω)|E|2

=
√

Re ǫ(ω).

Then

δn(ω) =
√

1 + Reχ(1)(−ω; ω) + Reχ(3)(−ω; ω,−ω, ω) − n0(ω)

=
√

1 + Reχ(1)(−ω; ω)

√

√

√

√1 +
Reχ(3)(−ω; ω,−ω, ω)

1 + Reχ(1)(−ω; ω)
|E|2 − n0(ω)

≃
√

1 + Reχ(1)(−ω; ω) [ 1 +
Reχ(3)(−ω; ω,−ω, ω)

2(1 + Reχ(1)(−ω; ω))
|E|2 ] − n0(ω)

=
√

1 + Reχ(1)(−ω; ω) +
Reχ(3)(−ω; ω,−ω, ω)

2
√

1 + Reχ(1)(−ω; ω)
|E|2 − n0(ω)

= n0(ω) +
Reχ(3)(−ω; ω,−ω, ω)

2n0

|E|2 − n0(ω) by (2.48)

=
Reχ(3)(−ω; ω,−ω, ω)|E|2

2n0

= n2(ω)|E|2.
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This leads to:

n2(ω) =
Reχ(3)(−ω; ω,−ω, ω)

2n0

. (2.51)

We have used the binomial expansion on the assumption that δn(ω) ≪ n0(ω),
as the medium is weakly nonlinear [9]. Note that n2(ω) has the same units as
χ3 (m2V −2) because n0 is dimensionless [1].

The nonlinear refraction coefficient may alternatively be defined in terms of
the intensity Iω as:

n(ω) = n0(ω) + nI
2(ω)Iω, (2.52)

where the intensity Iω is given by

Iω =
1

2
ǫ0cn0|E|2; (2.53)

and n2(ω) in units of m2W−1 is

nI
2 =

Reχ3(−ω; ω,−ω, ω)

ǫ0cn2
0

. (2.54)

2.3.4 The Nonlinear Refractive Index in esu

In electrostatics units the intensity-dependent refractive index is:

n(ω) = n0(ω) + n2(ω)(esu)|Eω|2. (2.55)

The dimensions of n2 in esu are stat.voltcm−1 with
1 statvoltcm−1 = (c/104)Vm−1 and c = 3 × 108ms−1.
Equation (2.49) becomes:

ǫ(ω) = 1 + 4πχ(1)
esu(−ω; ω) + 4πχ(3)

esu(−ω; ω,−ω, ω) (2.56)

Moreover (2.51) and (2.54) reads:

n2(ω) =
2πReχ(3)

esu(−ω; ω,−ω, ω)

n0

(2.57)

nI
2(ω) =

160π2Reχ(3)
esu(−ω; ω,−ω, ω)

cn2
0

; (2.58)

where c, n0(ω) are the same as before.
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2.3.5 Third-Harmonic Generation

High-order harmonic generation may be understood as follows: Consider a
medium illuminated by an optical field that consists of waves each of frequency ω.

According to R. W. Boyd [9], due to the nonlinear response of atoms, they
develop an oscillating dipole moment which contains a component with frequency
nω where n is the order of nonlinearity. As any material contains an huge num-
ber of such atomic dipoles each oscillating with a phase that depends upon that
of the incident fields, and if the relative phasing of these dipoles is correct, it
follows that the fields radiated by each dipole add constructively in the forward
direction. This results into a radiation in the form of a well-defined beam with
frequency nω.

Consider the component of the polarization which oscillate at ω. According
to P. N. Butcher and D. Cotter [1] the phase of this component of the induced
dipole moment is not constant throughout the medium it moves with a phase
velocity equal to ω/kω, and in a similar way the phase velocity of the compo-
nent which oscillate at nω moves with a phase velocity equal to nω/knω. The
phase-matching condition is satisfied when these two phase velocities are equal
i.e ∆k = nkω − knω = 0.

Boyd [9] has pointed out that when this condition is met the electric field
strength of the emitted radiation in the forward direction will be larger than
that due to any one atom. The intensity in turn is proportional to the square of
the incident field i.e I ∝ |E|2 [9].

According to P. N. Butcher and D. Cotter [1] THG may be analyzed by means
the so-called ”third-harmonic intensity” by relating the third-harmonic intensity
I3ω to the fundamental intensity Iω.

Third-Harmonic Intensity

In a nonabsorptive medium the intensity of the third-harmonic wave after a
distance L is related to the intensity of the fundamental wave Iω through [1, 9,
12, 13]:

I3ω(L) =
(3ω)2

16ǫ2
0c

4

|χ(3)(−3ω; ω, ω, ω)|2
n3

ωn3ω

I3
ωL2sinc2(

∆kL

2
) (2.59)

Eq.(2.59) is an oscillatory function of L, through the factor sinc2(∆kL/2) as
shown below. Fig. 2.4 represents the plot of sinc2(∆kL/2) in units of ∆kL/2
within the range from -5π to +5π.
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Figure 2.4: Plot of sinc2(∆kL/2)
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2.4 Optical Nonlinearity of Gold Nanoparticles

Frequency dependent properties of metals have been intensively investigated
by means of the Drude and Drude-Sommerfeld models [3]. The latter is the ex-
tension of the original model due to Drude [14-17] and is based on the kinetic
gas theory in the sense that a metal is modelled as a gas of electrons and it
incorporates the Pauli principle into the original model due to Drude [16].

Despite its overwhelming success in describing the permittivity of metals at
low frequencies or equivalently at low energies, the Drude-Sommerfeld model
fails at higher frequencies, in particular at the so-called optical frequency region;
near infrared, visible and ultraviolet region denoted by NIR-VIS-UV [17]. This
is due to the fact that the DS model does not take into account the interband
and intraband contributions to the permittivities i.e dielectric functions [17].

C. F. Bohren and D. R. Huffman [3] have represented schematically the op-
tical properties of conductors and semiconductors by means of a continuum of
energy states which is due to the large number of electrons in a solid. The energy
levels are therefore grouped into the so-called bands. Insulators and semiconduc-
tors are called nonconductors as they possess a band-gap between ”completely
filled” and ”completely empty” energy bands. In conductors a band of electron
states is either ”incompletely filled” or partly filled bands overlap in energy with
partly empty bands. This is illustrated in Fig. 2.5.

CORE ELECTRONS

VALENCE BANDS

BAND GAP

BAND 
OVERLAPPARTLY 

FILLED
CONDUCTION BANDS

METALSSEMICONDUCTORSINSULATORS
CONDUCTORSNONCONDUCTORS

Figure 2.5: Electron energy bands in nonconductors and conductors. Adapted
from C. F. Bohren and D. R. Huffman [3].
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The mechanism through which electrons fill a vacant electron state in the
same energy bands as a result of photon absorption is called intraband absorption.

This is due to the absorption of low-energy photons. If however the photon
energies are greater than the band gap the valence electrons may fill the con-
duction band. This absorption is termed interband absorption. The intraband
absorption is also called ”conduction electron intraband contribution”, whereas
the interband one is called ”interband contribution” [6].

In the sections that follow we present the key results due to F. Hache and
co-workers [6]. The model that they used is that of N independents electrons
in a spherical box of radius a [7]. We simply review the main results. For more
information about the model the interested reader is referred to the authoritative
papers of F. Hache et al. [6, 7].

2.4.1 The Conduction Electron Intraband Contribution

The xxxx component of the OKE intraband tensor of pure nanogold spherical
particles, whose radius a is within the range 50 − 500 Å is equal to:

χ
(3)
xxxx(intra) = −i

64

45π2
T1T2

1

a3

e4

m2h̄5ω7
E4

F g1(ν)(1 − a

a0

). (2.60)

T1 is the energy lifetime, T2 is the dephasing time, e is the charge of a free
electron, m is the mass of the electron, EF is the Fermi energy. g1(ν), g2(ν) and
g3(ν) are dimensionless quantities of the order 1 [7]. They are introduced for
convenience in the model calculation. The constants T1 and T2 represent just
two among the myriad of relaxation processes that tend to restore the ensemble
to thermal equilibrium [1] and a0 is given by

a0 = T2(2EF /m)
1
2 g1/[g2 + g2]. (2.61)

Recall that because of isotropy (2.38) we have χ(3)
xxxx = χ(3)

xxyy + χ(3)
xyxy + χ(3)

xyyx.

When a ≪ a0 equation (2.61) is strongly size dependent, varying as a−3.
This is due to the confinement of the electron also known as quantum size effect
[22]. According to L. Genzel et al. [22] it may be understood as follows: The
continous electronic conduction band of the gold breaks into observable discrete
states as the dimensions of the metal particles becomes small enough.

This third-order nonlinear susceptibility is an electric dipole one as long as
we remain in the Rayleigh regime [1, 3, 4, 6, 7]. In this regime the polarization of
the material is described by a dipole P = P (1) +P (3) + further terms. Its cubic
term is P (3) = χ(3)EEE where χ(3) is the called the electric dipole susceptibil-
ity. F. Hache et al. [6, 7] have shown that for large particles the electric dipole
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χ(3) vanishes whereas a magnetic dipole and an electric multipole susceptibility
become significant [6].

A calculation of the third-harmonic susceptibility tensor in the case of intra-
band effects was found to be smaller than that of the Kerr susceptibility tensor
by three order of magnitude i.e.

χ(3)(−ω; ω,−ω, ω)

χ(3)(3ω; ω, ω, ω)
∝ 103.

Therefore for pure nanogold spherical particles,

OKEχ
(3)
(intra) = −i10−10 esu,

THGχ
(3)
(intra) = −i10−13esu.

2.4.2 The Interband Contribution

The interband absorption of pure nanogold spherical particles is due to tran-
sitions between the d-valence band electrons and the s − p conduction band.
In the vicinity of the gold plasmon resonance h̄ω ∼ 2.33eV the interband Kerr
susceptibility tensor for gold particles within the range 50 − 500 Å [7] is

χ
(3)
(inter) = −i

2πA

3
T ′

1T
′
2

e4

h̄2m4ω4
J(ω)|P|4, (2.62)

where J(ω) is the joint density of states [6], |P|2 = (h̄Gωg/2ω)2, G is the mod-
ulus of the reciprocal wave vector of the reciprocal lattice corresponding to the
transition and h̄ωg is the gap energy (1.7eV ). T ′

1 and T ′
2 are the energy lifetime

and dephasing time corresponding to the two-level system. A is an angular factor
equal to 1

5
.

The interband third-harmonic susceptibility tensor as compared to the Kerr
one is of the order of 4, this from:

χ(3)(−ω; ω,−ω, ω)

χ(3)(3ω; ω, ω, ω)
∝ 104. (2.63)

A direct evaluation of the Kerr susceptibility tensor at ω = 3.55 × 1015 s−1

with EF = 5.5eV , T1 = 10−13 s, T2 = 2 × 10−14 s, a0 = 13.6nm, T ′
1 = 2 × 10−13

s−1, T ′
2 = 2 × 10−14 s−1 lead to the following results which agree in scale with

the experimentally measured ones [6]:

OKEχ
(3)
(inter) = −i1.7 × 10−8 esu (2.64)

THGχ
(3)
(inter) = −i1.7 × 10−12esu. (2.65)
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2.4.3 The Hot-Electron Contribution in the Unsaturated
Regime

The hot-electron contribution in the unsatured regime is

χ
(3)
hot electron ≈ ω2

P

ω2

τ0

τeff

1

24π2γT

∂ǫ”L

∂T
. (2.66)

This accounts for the change of the dielectric function δǫm of the small gold
nanoparticles caused by the incident laser beam whose frequency is close to the
gold surface plasmon frequency ωS. The metallic spheres absorb some part of
the energy whereas another part is absorbed by d-band electrons of the L point
of the Brillouin zone for which the ”gap” is h̄ω′

g ≃ 2.4eV is closer to the photon
energy 2.33eV . As a result d band electrons are promoted to the conduction
band.

As opposed to the ”intraband” and ”interband” absorption this ”hot-electron”
absorption is imaginary positive hence it increases the imaginary part of the
third-order susceptibility of the gold metal. Moreover the hot-electron process
is not coherent, therefore it does not contribute to THG, but to the OKE only.
F. Hache et al. [6] have reported that the OKE χ

(3)
hot electron ≈ 1.1 × 10−7 esu.

Note that Eq. (2.66) is restricted to the unsaturated regime for which the laser
intensity is below 108 W/cm2. Therefore for pure nanogold spherical particles,

OKEχ
(3)
(hot−electron) = −i1.1 × 10−7 esu,

THGχ
(3)
(hot−electron) = 0 esu.

2.4.4 Other Possible Mechanisms

Electrostriction

According to R. W. Boyd [9] there is the tendency for a material to compress
under in the presence of an electric field. This effect induces a change of the
optical properties of a material. In the case of gold nanoparticles F. Hache et
al.[6] have shown that it would require a longer time as compared to nonlinear
response that takes a few picoseconds ps [4, 6].

Reorientation and Thermal Effect Nonlinearity due to reorientation arises
as a results of the disproportionality of the shape of a molecule for example a
cigar-shaped molecule [9]. In the case of spheres it is not possible. Normal
thermal effect due to lattice heating does not contribute, it is slower than the
measured time scale of 5 ps [6].
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2.5 The Maxwell-Garnett Effective Medium The-

ory

This section presents the Maxwell-Garnett effective medium theory. It ap-
plies to composite materials in which a dilute concentration p ≪ .1 of spherical
metallic inclusions with permittivity ǫi and radius size a are embedded in a ma-
trix material with permittivity ǫh. The inclusions are separated by a distance b
which is very small compared to the wavelength of the incident optical field λ.
As shown in Fig. 2.6.

a
b

Figure 2.6: Maxwell-Garnett composite topology. Adapted from J. Sipe and R.
W. Boyd [2]

The geometry of the composite material comforms to the Rayleigh regime
of Mie scattering theory [3]. At this limit the propagation of light is suitably
described by electrostatics theory. This is the quasi-statics or effective medium
theory approach that may be used to calculate the permittivity of the composite
material ǫcomposite. R. W. Boyd et al. [5] provide a topical review of effective
medium theories. The original theory due to Maxwell-Garnett is linear [18].
There exist however many nonlinear extensions of the Maxwell-Garnett theory
[19, 20]. Here we present only two of them: The nonlinear extension of the MG
model of J. Sipe and R. W. Boyd [2] and D. Ricard et al. [4].
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Quasi-Static Approximation

According to C. F. Bohren and D. R. Huffman [3] the illuminating optical
electric field to which the spherical inclusion is exposed is approximately uniform
over the region occupied by the sphere. This is because ka ≪ 1 and as a conse-
quence exp(−ik.a) = exp(ik.a) ≈ 1. A direct consequence of this approximation
is the following:

E(x, t) =
∑

ω≥0

E(t) exp[−i(k.x − ωt)] + E∗ exp[+i(k.x − ωt)]

=
∑

ω≥0

E(t) exp(−iωt) + E∗ exp(+iωt).

Effective Medium Theories in the Maxwell-Garnett Topology context

The study of the Maxwell-Garnett geometry has been a subject of intense
research since the pioneering work of Maxwell-Garnett in 1904 [18]. Nonlinear
extensions of the MG theories were developed shortly after the discoveries of the
laser, and due to their potential use in nonlinear optical devices [2]. The effective
dielectric function of the composite medium predicted by the Maxwell-Garnett
theory is the following:

ǫ − ǫh

ǫ + 2ǫh

= p
ǫi − ǫh

ǫi + 2ǫh

, (2.67)

where in esu:

ǫ = 1 + 4πχ(esu), (2.68)

ǫi = 1 + 4πχi(esu), (2.69)

ǫh = 1 + 4πχh(esu). (2.70)

p ≪ .1 is the volumetric concentration of inclusions also known as fill fraction of
the inclusions [2] or overall occupancy of inclusions [4].

The Rayleigh Regime and the Surface Plasmon Resonance

In the Rayleigh regime which corresponds to the quasi-statics approxima-
tion [3], one may calculate the surface plasmon resonance which is also termed
Rayleigh-type plasmon resonance.

The plasmon resonance occurs where the condition ǫi(ωS) + 2ǫh(ωS) ≃ 0 is
satisfied, where ǫi is the complex dielectric permittivity of the spherical particles
inclusion and ǫh is the complex dielectric permittivity of the matrix. Note that
this surface plasmon resonance condition (SPR) holds in the dipole approxima-
tion only [3]. It is the frequency at which optical effects due to the molecules in
the matrix or close to a rough surface experience a spectacular increase.
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It is worth pointing out that L. Genzel et al. [22] have shown that the most
dramatic effect observed when the particle size is decreased down to 10Å is a
broadening and shift of the plasma resonance peak. These effects are called
quantum size effects. They are qualitatively accounted for by a decreased
electron mean free path due to the scattering off the particle surface [22].

Nonlinear Extension of Maxwell-Garnett Theories

Nonlinear extensions of the MG theory treat the nonlinearity in either or
both the inclusion and the host matrix material [2], while others are restricted
to the nonlinearity of the inclusion [4]. A nonlinear extension of the MG theory
may also take into account the size dependence of the spherical inclusions [19,
20]. These are the various models that we present in the next section. They all
relate the susceptibility of the inclusion ǫi to that of the composite ǫ through
the so-called local field factor, which differs between each theory as they have
different formulations.

The Nonlinear Extended Maxwell-Garnett Theory due to J. E. Sipe
and R. W. Boyd [2]

J. E. Sipe and R. W. Boyd [2] have developed a full generalisation of the
Maxwell-Garnett theory in which either or both components (inclusions and host
matrix) posses a nonlinear response. We simply present the one in which the
inclusion is nonlinear. The third-order susceptibility of the composite medium is
related to that of the metallic inclusion through:

χ(3) = p| ǫ + 2ǫh

ǫi + 2ǫh

|2[ ǫ + 2ǫh

ǫi + 2ǫh

]2χ
(3)
i , (2.71)

where χ(3), χ
(3)
i , χ

(3)
h are the third-order nonlinear susceptibilities of the composite

medium, the metallic inclusion and that of the host matrix. The quantity,

ǫ + 2ǫh

ǫi + 2ǫh

, (2.72)

is defined as the field factor.
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The Nonlinear Extended Maxwell-Garnett Theory due to D. Ricard
et al. [4].

D. Ricard et al. [4] have used an approach based on a local field argument
where the local field prevailing over the metallic particle E1 is related to the
incident field E by:

E1 =
3ǫh

ǫi + 2ǫh

E, (2.73)

where

3ǫh

ǫi + 2ǫh

(2.74)

is the local field factor. In their theories, the third-order susceptibility is related
to that of the inclusion by:

χ(3) = p| 3ǫh

ǫi + 2ǫh

|2[ 3ǫh

ǫi + 2ǫh

]2χ
(3)
i . (2.75)
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Chapter 3

Model Calculation of the Optical
Kerr Effect.

3.1 Optical Functions of Au-VO2 Thin-Films

3.1.1 Introduction

This and the following chapters aim at predicting through model calculation
the OKE and THG in Au-VO2 thin-films and modelling high-order harmonic
generation in strongly absorbing media. Chapter 5 also investigates the heat
generated in the Au-VO2 nano-composite thin-films of thickness L = 80 Å.

The chapters are organized as follows. Chapter 3 presents the energy loss
functions of Au-VO2 thin-films below and above 68 0C. It also deals with the
model calculation of the OKE. The modelling of high-harmonic generation in
strongly absorbing media is presented in chapter 4 and the model calculation of
the THG in Au-VO2 thin-films below and above 68 0C is the subject of chapter 5.
Chapter 5 is also concerned with the heat dissipation in the Au-VO2 thin-films
below and above 68 0C.

3.1.2 Complex Dielectric Function of Au

The complex dielectric function of Au is calculated from the complex refractive
index of Au [26]. The real and imaginary part of the complex refractive index, n
and k respectively, are available in the literature in the energy range 0.1-30 eV.
The real and imaginary part of the complex dielectric function Re(ǫ) and Im(ǫ)
are related to n and k through [1, 3, 8-11, 25, 26]:

Re(ǫ) = n2 − k2,

Im(ǫ) = 2nk.

This follows from the fact that Re(ǫ) + Im(ǫ) = (n + ik)2. The Figure below
presents the real and imaginary part of the dielectric function of Au in the photon
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energy range 0 − 7 eV. According to P. B. Johnson and R. W. Christy [41] the
imaginary part of the dielectric function of Au displays mainly two interband
absorptions around 2.5 and 5 eV as shown in Fig. 3.1.
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Figure 3.1: Real and Imaginary Part of the Dielectric Function of Au after P. B.
Johnson and R. W. Christy [41]

3.2 The Optical Properties VO2 Thin-Films

Rutile VO2 shows a dramatic change of its physical properties (complex re-
fractive index and resistivity) at 68 0C.

This section describes the reason why the complex dielectric function of VO2

thin-films varies over the so-called transition temperature of 68 0C. It is based
on the work of H. W. Verleur et al. [23]. They have investigated experimentally
the optical properties of VO2 thin-films of 1000Å thickness and have interpreted
the results using the simple band model shown in Fig. 3.2.

The oxygen 2p levels form the valence band separated by a gap of approxi-
mately 2.5eV from a partially filled conduction band that consists of 3d vanadium
levels. They are responsible for the high energy absorption that peaks at 2.8 and
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3.6 eV in both the metallic and the semiconductor phase. The two absorption
peaks at 0.85 and 1.3 eV result from transitions between the lowest 3d bands.

Unfortunately the model does not predict the origin of the phase transition at
68 0C where the physical properties (electrical resistance, magnetic susceptibility)
of the VO2 rutile like crystal (tetragonal) changes from metal to semiconductor
behaviour [23].

vanadium 
3d bands

oxygen 
2p-bands

2.5 eV

Figure 3.2: Energy-band of VO2 after H. W. Verleur et al. [8]

3.2.1 The Metallic (rutile) phase T > Tt

In the metallic phase, vanadium dioxide has a tetragonal crystal structure
also known as rutile since it is similar to that of the TiO2 [23] rutile with a and
b = 0.453 nm, whereas c = 0.286 nm [24] as shown in Fig. 3.3. The unit cell
of the crystal contains two vanadium ions V4+. It follows that the solid has ten
3d-type energy bands.The two absorption peaks at 0.85 and 1.3 eV result from
transitions between the lowest 3d bands.

Furthermore the d band with the lowest energy overlaps at least with one of
the other nine bands in such a way they are partially occupied by an extra d
electron per vanadium ion. This is the reason why this phase should be termed
”semimetal” rather than ”metal”.

The two high-energy peaks that occur at 2.8 eV and 3.6 eV are caused by the
interband transitions of electrons between the oxygen 2p valence bands and the
empty 3d conduction bands. On the other hand the absorption peak centered
near 0.7eV is due to the quasi-free electrons.
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vanadium

b
c

a

Figure 3.3: Tetragonal Crystal Structure of VO2 after G. J. Hyland [24]

3.2.2 The Semiconductor (monoclinic) phase T < Tt

In this phase the vanadium dioxide presents a monoclinic crystal structure
which results from a distortion of the rutile structure. As a consequence there is
a ”pairing” of vanadium ions and the doubling of the size of the metal cell [23]
with a = 0.547 nm, b = 0.451 nm and c = 0.537 nm [24] as shown in Fig. 3.4.

The energy gap between the oxygen 2p bands and the vanadium 3d bands
remains the same, however the number of bands doubles as the size of the mono-
clinic crystal unit cell is double that of the tetragonal crystal unit cell. Therefore
there are 20 3d bands as there are four vanadium ions per unit cell. The energy
gap between the two filled bands and the remaining eighteen bands is finite and
equal to 0.6eV . It is responsible for the absorption peaks at 0.85 and 1.3 eV .

c

b
a

oxygen
vanadium

Figure 3.4: Monoclinic Crystal Structure of VO2 after G. J. Hyland [24]
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3.2.3 Complex Dielectric Function of VO2

The complex dielectric function of VO2 has been determined in a similar way
to that used by H. W. Verleur et al. [8, 38]. They used an automatic curve-fitting
computer program based on the well-known dispersion relation [8, 38]:

ǫ(ω) = ǫ∞ − ω2
n

ω2 + iωcω
+

N
∑

i=1

si

1 − ω2/ω2
i − iΓiω/ωi

.

Here
ω is the frequency in eV,
ωn is the carrier density parameter related to the plasma frequency,
ωc is the collision frequency,
si is the strength of the i’th harmonic oscillator,
ωi is the frequency of the i’th oscillator,
Γi is the linewidth of the i’th oscillator.

According to Verleur et al. [8] the physical significance of the three terms is
the following: The first term ǫ∞ represents a constant contribution to Re(ǫ(ω))
from high-frequency electronic transitions. The second term accounts for the
free carrier contribution to the dielectric function. The third term represents
the sum over Lorenz or classical oscillators and accounts for the non-monotonic
contribution to the dielectric function within the spectral region of interest.

The real and imaginary part of the dielectric function are computed using
the appropriate parameters displayed in the table below for the case above and
below 68 0C. The parameters are the same as those of Verleur et al. [8] within
the photon energy range 0.25 − 5 eV these parameters are displayed above the
horizontal line see Table 3.1. Above 5 eV, the parameters are chosen in such a
way that their so-called energy loss functions (the probability a fast electron will
lose energy E = h̄ω in a single inelastic scattering) below and above 68 0C have
the same trend as those of Thomas and Chain [28] as is depicted in Fig. 3.5 and
3.6.

According to H. W. Verleur et al. [8]: Below 68 0C there are four prominent
absorption peaks near photon energies 0.85, 1.3, 2.8 and 3.6 eV see Fig. 3.7.
Above 68 0C there are three prominent absorption peaks near photon energies
below 2.0, 3.0 and 4.0 eV as shown in Fig. 3.8.
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ωiAbove siAbove ΓiAbove ωiBelow siBelow ΓiBelow

1.02 0.79 0.55 1.02 0.79 0.55
1.30 0.47 0.55 1.30 0.47 0.55
1.50 0.48 0.50 1.50 0.48 0.50
3.03 0.58 0.22 2.75 0.53 0.22
3.46 1.36 0.47 3.49 1.31 0.47
3.53 1.08 0.38 3.76 1.06 0.38
4.60 1.05 0.49 5.10 0.84 0.79
5.20 1.05 1.10 6.00 1.10 1.10

7.00 2.60 0.60
8.60 1.65 3.00
9.50 0.60 3.30

14.00 0.20 9.00

Table 3.1: Parameters of the Complex Dielectric Function of VO2 below and
above 68 0C.
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Figure 3.5: Comparison between the Energy Loss Functions of VO2 Thin-Films
below 68 0C after Thomas and Chain [28] , Verleur et al. [8] and the Computed
Data.
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Figure 3.6: Comparison between the Energy Loss Functions of VO2 Thin-Films
above 68 0C after Thomas and Chain [28] , Verleur et al. [8] and the Computed
Data.
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) part of the Dielectric Func-
tions of VO2 Thin-Films below 68 0C.
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) part of the Dielectric Func-
tions of VO2 Thin-Films above 68 0C.
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3.2.4 Absorption Coefficient of Au-VO2 Thin-Films

Consider a composite made of metallic inclusions in a host matrix of volumet-
ric concentration or fill fraction, p, of the metallic inclusions in the host material
[2, 4, 6, 11, 18].

In the Maxwell-Garnett configuration for which p ≤ .1, the complex dielectric
function of the composite ǫ is related to that of the metallic inclusions ǫi and the
host material ǫh through the relation [2, 4, 11, 18]

ǫ = ǫh

ǫi(1 + 2p) + 2ǫh(1 + p)

ǫi(1 − p) + ǫh(2 + p)
.

In particular for p ≪ .1 the above formula reduces to:

ǫ = ǫh + 3pǫh

ǫi − ǫh

ǫi + ǫh

.

The dielectric function of the Au-VO2 thin-film may be calculated by means
of the above formula for p ≤ .1 where ǫi = ǫAu and ǫh = ǫV O2

. In particular one
may obtain the real and imaginary part of the Au-VO2 thin-films both below
and above the transition temperature of 68 0C.

It is customary to study the absorption by means of the so-called absorption
coefficient [3, 5, 9, 23] which is defined as

α =
2ωIm(ǫ)

n(ω)c

where
ω is the frequency in Hz,
ǫ is the complex dielectric function of the composite,
n(ω) is the real part of the complex index of refraction,
c is the velocity of light in vacuum.

Fig. 3.9 and 3.10 represent the absorption coefficient of Au-VO2 thin-films
below and above 68 0C.
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Figure 3.9: Absorption Coefficient of Au-VO2 Thin-Films below 680 C.
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Figure 3.10: Absorption Coefficient of Au-VO2 Thin-Films above 680 C.
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3.2.5 Conclusion

The complex dielectric function of VO2 below and above the transition tem-
perature of 68 0C has been computed in the energy range 0-7 eV.

It is in good agreement with the results of H. W. Verleur et al. [8] in the
energy range from 0.25 to 5 eV on one hand and that of M. Thomas and E. E.
Chain [28] in the energy range from 5 to 7 eV on the other. For Au-VO2 thin-film
the peak of the absorption coefficient occurs around 0.7 µm when the Au-VO2

thin-film is below 68 0C and about 0.6 µm when it is above 68 0C.

The SPR energy of Au-SiO2 composite which occurs at 2.33 eV or 532 µm in
[4] shifts towards the red in the Au-VO2 composite. This is due to the fact that
the value of the imaginary part of the complex refractive index of VO2 is greater
than that of SiO2.

3.3 Model Calculation of the OKE in Au-VO2

Thin-Films

3.3.1 Introduction

The origins of the mechanisms underlying the Kerr-susceptibility tensor
χ(3)(−ω; ω,−ω, ω) near the SPR of gold have been described in Chapter 2. Here
we merely recall the key results.

It was found that the intraband part was mostly imaginary negative and pro-
portional to a3 where a is the nanoparticle radius. It accounts for the electronic
transitions within the conduction band [6, 11, 27]. According to F. Hache et al.

[6] the value of the OKE χ
(3)
(intra) = −i1.0 × 10−10esu around the SPR energy of

2.33 eV for gold nanoparticles of size 50Å in a glass matrix.

The interband part was found to be imaginary negative too. It arises as the
consequence of electronic transitions from the d-bands to the s-band (conduction

band)[6, 11, 27]. It is reported that the OKE χ
(3)
(inter) = −i1.7 × 10−8 esu in the

vicinity of the SPR energy.

The hot-electron part of the OKE χ(3) which is imaginary positive is equal
to +i1.1× 10−7. It is due to non equilibrium heating of the conduction electrons
[6, 11, 27]. This contribution accounts for the change of the dielectric function
δǫm of the small gold nanoparticles caused by the incident laser beam whose
frequency is close to the gold surface plasmon frequency ωS.
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3.3.2 Local Field Effect in Au-VO2 Thin-Films

There is a local field effect that arises as a result of the induced polariza-
tion in a nanocomposite under the illumination of an intense optical field [2-
6, 9-11, 19, 20, 25, 27]. The electrical field inside the nanoparticle is called
”Local Electrical F ield” whereas the field in the surrounding matrix is the
same as the incident one. Finally the electrical field in the vicinity of the nanopar-
ticle is known as the ”Effective Electrical F ield”.

On the assumption that the nanoparticle inclusions have a given shape and
by means of electrostatic arguments one can relate the effective electrical field to
the local one. This is known as effective medium theory (EMT).

There exist many EMT’s [2-4, 18-21]. In this work we make use of two, which
are simple and appropriate for our Au-VO2 nanocomposite where the inclusions
are spherical.

The first model is due to Ricard et al. [4] and the second one is the model of
Sipe and Boyd [2]. They are both nonlinear extensions of the original Maxwell-
Garnett theory which is linear [18]. It takes into account the first order suscep-
tibility which is related to the complex refractive index.

The model of Maxwell-Garnett has succeeded in predicting the SPR of gold
- doped glasses [2, 6, 19, 27]. Its nonlinear extensions lead to expressions of the
form:

χ
(3)
eff = pf 2|f |2χ(3)

i ,

where
χ

(3)
eff is the effective third-order susceptibility of the nanocomposite,

χ
(3)
i is the third-order susceptibility of the inclusion,

f is the local field factor,
p is the volumetric concentration of the inclusion.

The local field effect, also called the field factor f is therefore a measure of
the enhancement of the local field and differs from one EMT to another.

In the model of Ricard et al. [4], interaction among particles is assumed to
be negligible. By means of electrostatic arguments the local field factor is found
to be

f =
3ǫh

ǫi + 2ǫh

.
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The theory of Ricard et al. [4] leads to the following result:

χ
(3)
eff = p(

3ǫh

ǫi + 2ǫh

)2| 3ǫh

ǫi + 2ǫh

|2χ(3)
i .

In the model of Sipe and Boyd [2] the interaction among particles is also re-
garded as negligible, and the local field factor is found by means of a mesoscopic
and macroscopic fields argument.

The mesoscopic field refers to the electrical field in the neighbourghood of an
inclusion whereas the macroscopic field is an average of the mesoscopic field over
a given region in space. The local field is equal to:

f =
ǫ + 2ǫh

ǫi + 2ǫh

.

The theory of Sipe and Boyd [2] takes into accounts the nonlinearity of both
the inclusion and the host matrix. They found that in such a case the effective
third-order susceptibility is the sum of the effective third-order susceptibility due
to the inclusion on one hand and the host matrix on the other. In particular the
effective third-order susceptibility due to the inclusion which is of interest in this
work is

χ
(3)
eff = p(

ǫ + 2ǫh

ǫi + 2ǫh

)2| ǫ + 2ǫh

ǫi + 2ǫh

|2χ(3)
i .

The local field factor is independent of the volumetric concentration of the
nanoparticle, p according to model of Ricard et al. [4] as opposed to the model
of Sipe and Boyd [2].

3.3.3 Discussion

Calculation of the effective OKE in Au-VO2 thin-films at both below and
above the transition temperature of VO2 thin-films at 68 0C are performed using
the EMT of D. Ricard et al. [4] and Sipe and Boyd [2] for different volumetric
concentration of Au ranging from 0.01 to 0.10. Note that for Au nanoparticles the
overall OKE χ(3) =OKE χ

(3)
(intra) + OKE χ

(3)
(inter) + OKE χ

(3)
(hot−electron) = 1.2×10−7

esu.

A direct comparison between each specific calculation using either the model
of Sipe and Boyd [2] or that of Ricard et al. [6] leads one to the following con-
clusions:
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The calculated magnitudes of the real and imaginary parts of the effective
nonlinear susceptibilities increase monotonically with respect to the gold volu-
metric concentration. This follows from the fact that Au is responsible for the
optical nonlinearity.

It is worth pointing out that the calculations were performed by taking into
account the size dependence of the gold nanoparticle which affects the intraband
contribution only. It is found that this size effect due to the intraband absorption
is negligible when compared to the interband and hot-electron absorptions. As
a consequence the overall susceptibility which is the sum of each one of them
is almost size independent for nanogold particles within the range 50-500Å. See
Fig. 3.11 to 3.18.

The real part of the effective χ(3) presents two peaks, a first one around 1.4
eV of magnitude −3×10−7 esu and a second one, whose magnitude is 1.6×10−6

esu. The latter occurs at the SPR energy 1.7 eV. This shift from that reported
by F. Hache et al. [6] about 2.3 eV in Au-glass composite is due to the higher
value of the refractive index of VO2 below Tt. When the VO2 is above Tt there
is only one peak at 2.1 eV with magnitude +2.0× 10−7 esu. The SPR energy in
this phase is closer to that of F. Hache et al. [6]. This follows from the fact that
the value of the refractive index of VO2 in this metallic phase is less than that
in the semiconductor one.

The imaginary part of the effective χ(3) presents two peaks, a first one around
1.6 eV of magnitude −1.4 × 10−6 esu and a second one, whose magnitude is
+4.0 × 10−7 esu occurring at the SPR energy 1.8 eV. This latter shift towards
red is more pronounced in this semiconducting phase compared the metallic one
where the two peaks occur at 2.0 and 2.2 eV with magnitude −1.0 × 10−7 and
+8.0 × 10−8 esu respectively. The reason for this is the same as that evoked in
the previous paragraph.

The computed values of either the real or imaginary part of the effective χ(3)

is higher using the model of Ricard et al. [6] than that of Sipe and Boyd [2]. This
is due to the difference of their respective local field effect f(ω). In the former
f(ω) = 3ǫh

ǫi+2ǫh
, but in the latter f(ω) = ǫ+2ǫh

ǫi+2ǫh
. This last quantity is less than the

previous one as the magnitude of the dielectric of the composite, ǫ, is less than
that of the host matrix, ǫh, if the volumetric concentration of the inclusions is
less than 10 percent i.e p ≤ .1.

The value of the real part of the effective χ(3) is of the order of 10−6 esu
when measured below the transition temperature Tt and it is of the order of 10−7

esu when measured above Tt. The value of the imaginary part of the effective
χ(3) is higher when measured below than above the transition temperature Tt.
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It is of the order of 10−7 esu in both phases. This is probably due to the high
value of the local field effect resulting from the fact that the refractive indices
of VO2 below and above Tt are bigger than those of SiO2, TiO2 and Al2O3 [29, 33].

These values are big despite the fact that the maximum volumetric con-
centration of nanogold particles is 10 percent and the particles size is between
50−500Å. Note that such a high value has already been reported previously [29,
33]. However the Au volumetric concentration was generally above 10 percent
and the nanogold particles was mostly bigger than 500Å.
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Figure 3.11: Calculation of the Real Part of the overall Effective OKE χ(3) of
Au-VO2 Thin-Film below 68 0C using the Model of Ricard et al. [4]. The size
of the nanogold particles is within the range 50Å-500Å.
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Figure 3.12: Calculation of the Real Part of the overall Effective OKE χ(3) of
Au-VO2 Thin-Film below 68 0C using the Model of Sipe and Boyd [2]. The size
of the nanogold particles is within the range 50Å-500Å.
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Figure 3.13: Calculation of the Imaginary Part of the overall Effective OKE χ(3)

of Au-VO2 Thin-Film below 68 0C using the Model of Ricard et al. [4]. The size
of the nanogold particles is within the range 50Å-500Å.
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Figure 3.14: Calculation of the Imaginary Part of the overall Effective OKE χ(3)

of Au-VO2 Thin-Film below 68 0C using the Model of Sipe and Boyd [2]. The
size of the nanogold particles is within the range 50Å-500Å.
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Figure 3.15: Calculation of the Real Part of the overall Effective OKE χ(3) of
Au-VO2 Thin-Film above 68 0C using the Model of Ricard et al. [4]. The size
of the nanogold particles is within the range 50Å-500Å.
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Figure 3.16: Calculation of the Real Part of the overall Effective OKE χ(3) of
Au-VO2 Thin-Film above 68 0C using the Model of Sipe and Boyd [2]. The size
of the nanogold particles is within the range 50Å-500Å.
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Figure 3.17: Calculation of the Imaginary Part of the overall Effective OKE χ(3)

of Au-VO2 Thin-Film above 68 0C using the Model of Ricard et al. [4]. The size
of the nanogold particles is within the range 50Å-500Å.
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Figure 3.18: Calculation of the Imaginary Part of the overall Effective OKE χ(3)

of Au-VO2 Thin-Film above 68 0C using the Model of Sipe and Boyd [2]. The
size of the nanogold particles is within the range 50Å-500Å.
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3.3.4 Conclusion

The main feature of the model calculations of the real and imaginary parts
of the effective nonlinear susceptibilities is their monotonically increasing magni-
tudes as the gold volumetric concentration increases. This follows from the fact
that the gold is responsible for the optical nonlinearity.

It should be noted that the value of the overall effective OKE nonlinear sus-
ceptibilities is of the order of 10−6 esu when the Au-VO2 thin-films is below 68
0C. To our knowledge such a high value has been observed in composite with
high Au concentration in the range .05 − .60 [29, 33]. The Au concentration of
our composites is at most 10 percent. The value of the real and imaginary part
of the overall effective nonlinear susceptibilities is of the order of 10−7 esu when
the Au-VO2 thin-films is above Tt.

Our computed results of the effective third-order nonlinear susceptibility of
Au-VO2 nanocomposite are in some respect similar to those of L. Banyai et al.
[30]. Although the main feature of theirs is the fact that their nanocomposite
consists of semiconductor inclusions embedded in a glass matrix, whereas in this
work the nanocomposite is formed of metallic inclusions embedded into either a
metallic matrix (VO2 above 68 0C) or a semiconductor matrix (VO2 below 68
0C).

62



Chapter 4

Modelling of High-Order
Harmonic Generation in
Strongly Absorbing Media

4.1 Introduction

When an intense optical field propagates through a medium, it induces a
polarization, which is the origin of several kinds of phenomena. Firstly, it ac-
counts for the change of the optical properties of the material which depend on
the input light intensity, for example the OKE [1, 9, 10]. Secondly, it describes
the interaction among different waves or between waves and the medium, this
is known as frequency mixing [1, 2, 9, 34, 35], for example high-order harmonic
generation from which third-harmonic generation is a particular case.

High-order harmonic generation is analysed quantitatively by means of the
susceptibility tensor formalism [1] in the following way: The induced polariza-
tion in the medium which depends on the electrical field of the incident light is
written as [1, 3, 5, 8]:

P (ω) = ǫ0χ
(1)(−ω; ω)E(ω) + ǫ0χ

(2)(−2ω; ω, ω)E(ω)E(ω)

+ ǫ0χ
(3)(−3ω; ω, ω, ω)E(ω)E(ω)E(ω) + . . .

where
P (ω) is the induced polarization of the medium.
E(ω) is the incident electrical field.
χ(1)(−ω; ω), χ(2)(−2ω; ω, ω) and χ(3)(−3ω; ω, ω, ω),. . . are the fundamental, the
second-, third- and higher -order harmonic susceptibility tensors.

High-order harmonic generation is a very active area of research due to its
use in nonlinear optical (NLO) devices such as frequency up-conversion of some
nonlinear optical crystals [23], near-UV emitters, ultra-fast UV light modulators
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[36] to name a few applications.

The possibility of generating strong vacuum UV (VUV) and x-ray radiation
has been one of the main reason for investigating SHG [23]. THG aims at pro-
ducing coherent VIS radiation from laser source emitting in NIR range and VUV
radiation from VIS and UV lasers [1].

Until recently SHG in opaque crystals was not investigated [23]. THG on
the other hand has been investigated in vapors and gases for generating VUV
radiation using visible and UV lasers [1]. This section addresses high-order har-
monic generation in opaque media. It is assumed that the input pump beam
suffers attenuation due to absorption only. This is justified because the amount
of energy transferred into the harmonic is very much less than that absorbed.

4.2 The Slowly Varying Envelope Approxima-

tion

Consider the wave equation for the electric field Eω propagating in a given
medium.

∇×∇× E(ω) =
ω2

c2
E(ω) + ω2µ0P(ω), (4.1)

where
ω is the frequency,
µ0 is the permeability,
c is the velocity of light in vacuum,
E(ω) is the electric field of the fundamental wave,
P(ω) is the induced polarization in the medium due to E(ω).

The functions E and P are both dependent on ω and the spatial coordinates
r although they are written as E(ω) and P(ω) for convenience [1].

Consider next the induced polarization P(ω) which is written as the sum of
the linear and the remaining nonlinear terms:

P(ω) = ǫ0χ
(1)(−ω; ω).E(ω) + PNL(ω), (4.2)

where

PNL(ω) = ǫ0χ
(n)(−nω; ω, ω, . . . , ω).E(ω)E(ω) . . .E(ω) for n ≥ 2 (4.3)

One may substitute Eq. (4.2) into Eq. (4.1) to get Eq. (4.4) for n = 2, 3,. . .

∇×∇× E(ω) =
ω2

c2
ǫ(ω)E(ω) + ω2µ0P

NL(ω). (4.4)
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Eq. (4.4) may be rewritten by introducing the envelope function E (ω). It
is a complex quantity which consists of both the amplitude and the phase of
the wave as pointed out by P. N. Butcher and D. Cotter [1]. Moreover, it is a
function of all the three spatial coordinates through its dependence on k.r.

Hence Eq. (4.4) becomes [1]

∇×∇× [E(ω) exp(ik.r)] =
ω2

c2
ǫ(ω)E(ω) exp(ik.r) + ω2µ0PNL(ω). (4.5)

In the plane wave approximation, the components of E(ω) in Eq. (4.5) are
wave propagating collinearly in some direction z. It follows that E(ω) is a func-
tion of z only and k.r = ±k.z where + indicates the direction of the forward
travelling waves in the z direction and the − for the backward one.

Therefore, ∇×∇×E(ω) may be replaced by −∂2E(ω)
∂z2 and Eq. (4.5) becomes

− ∂2

∂z2
[E(ω) exp(ikz)] =

ω2

c2
ǫ(ω)E(ω) exp(ikz) + ω2µ0PNL(ω). (4.6)

If the wave envelope E(ω) varies slowly with the distance z we have

|∂
2E(ω)

∂z2
| ≪ |k∂E(ω)

∂z
|. (4.7)

This is the slowly varying envelope approximation (SVEA) [1, 9, 34, 35].

Given that

∂2

∂z2
[E(ω) exp(ikz)] = −2ik

∂E(ω)

∂z
exp(ikz) + k2E(ω) exp(ikz)

+
∂2E(ω)

∂z2
exp(ikz), (4.8)

it follows from the SVEA that

∂2

∂z2
[E(ω) exp(ikz)] ≈ −2ik

∂E(ω)

∂z
exp(ikz) + k2E(ω) exp(ikz). (4.9)
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Therefore Eq. (4.6) reduces to

−2ik
∂E(ω)

∂z
exp(ikz) + k2E(ω) exp(ikz) =

ω2

c2
ǫ(ω)E(ω) exp(ikz)

+ ω2µ0PNL(ω). (4.10)

Substituting k2 = ω2

c2
n2 and ǫ(ω) ≃ n(n + i2κ) in Eq. (4.10) leads to the

following ordinary differential equation [1, 9] in SI units

∂E(ω)

∂z
= −ω

c
κE(ω) + i

ω2µ0

2κ
P(ω) exp(ikz). (4.11)

Alternatively, in esu units Eq. (4.11) is rewritten as:

∂E(ω)

∂z
= −4πω

c
κE(ω) + i

2πω2µ0

κc2
P(ω) exp(ikz). (4.12)

Eq. (4.11) and (4.12) describe the propagation of the waves envelopes of both
the fundamental and nth order harmonic waves in an absorbing media whereas
Eq. (4.13) and (4.14) describe the propagation of the waves envelopes of both
the fundamental and nth order harmonic waves in an nonabsorbing media. It is
easy to see that in a lossless medium Eq. (4.13) agrees with the result of P. N.
Butcher and D. Cotter [1] in SI units:

∂E(ω)

∂z
= i

ω2µ0

2κ
P(ω) exp(ikz). (4.13)

In a similar way in a lossless medium Eq. (4.11) reduces to the same equation
obtained by Y. R. Shen [35] in esu:

∂E(ω)

∂z
= i

2πω2

κc2
P(ω) exp(ikz). (4.14)
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Eq. (4.12) essentially differs from Eq. (4.14) in the sense that it accounts for
the absorption of the fundamental wave as a consequence of pump attenuation
due to absorption only. There is no pump depletion due to the transfer energy
to the harmonics in either of these two equations.

To analyse this absorption one needs to solve the ODE that describes the
absorption of the fundamental wave.

∂E(ω)

∂z
= −ω

c
κE(ω).

Its solution is:

Eω(ω) = Eω(0) exp(−αωz

2
); (4.15)

where
z is the direction of the wave propagation,
αω is the absorption coefficient of the fundamental field,
αω = −2ω

c
κω in SI units and αω = −4πω

2c
κω in esu.

On the assumption that for each frequency other than the fundamental one
there is no pump attenuation or pump enhancement; it follows that for a partic-
ular frequency ωσ, Eq. (4.13) may be written as [1]

∂Eωσ

∂z
= i

ω2
σ

2kP c2
χ(n)E1 . . . En exp(i∆kz) (4.16)

with

∆k = kP − kσ,

kP = k1 + k2 + . . . + kn,

kn =
nωnω

c
,

Ei = Ei(0) exp(−αωz

2
) with i = 1, . . . , n.

Recall that αω is the absorption coefficient of the fundamental field.

In the case of high-order harmonic generation for which Ei = Eω(0) exp(−αωz
2

)
holds Eq. (4.16) becomes:

∂Enω

∂z
= i

nω

2nnωc2
χ(n)[E1(0)]n exp(−nαωz

2
) exp(i∆kz). (4.17)
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In an highly absorptive medium one can expect the high-harmonic wave to suffer
some loss as the fundamental does (see Eq. (4.15)). Therefore by taking into
account absorption Eq. (4.17) may written in SI units as:

∂Enω

∂z
= i

nω

2nnωc2
χ(n)[E1(0)]n exp(−nαωz

2
) exp(i∆kz) − nωκnω

c
Enω. (4.18)

Alternatively, in esu for which we have 4πκ rather than κ as in SI units Eq.
(4.18) may be written as

∂Enω

∂z
= i

2πnω

nnωc2
χ(n)[E1(0)]n exp(−nαωz

2
) exp(i∆kz) − 4πnωκnω

c
Enω. (4.19)

Eq. (4.18) and (4.19) are both ODE’s that can be solved by means of the
integrating factor (IF) method. They represent the main results of this section.

Their respective solutions in SI units and esu are Eq. (4.20) and (4.21):

ISI
nω(L) =

(nω)2|χ(n)|2In
ω

2n+1ǫn−1
0 cn+1nn

ωnnω

[exp(−nαωL/2) − exp(−αnωL/2)]2

∆k2 + (−nαω/2 + αnω/2)2

+
(nω)2|χ(n)|2In

ωL2

2n+1ǫn−1
0 cn+1nn

ωnnω

exp[−(nαω + αnω)L/2]

1 + [(−nαω + αnω)/2∆k2]2
sinc2(∆kL/2),

(4.20)

Iesu
nω (L) =

(2π)n+1(nω)2|χ(n)|2In
ω

cn+1nn
ωnnω

[exp(−nαωL/2) − exp(−αnωL/2)]2

∆k2 + (−nαω/2 + αnω/2)2

+
(2π)n+1(nω)2|χ(n)|2In

ωL2

cn+1nn
ωnnω

exp[−(nαω + αnω)L/2]

1 + [(−nαω + αnω)/2∆k2]2
sinc2(∆kL/2).

(4.21)

These equations represent the high-order harmonic intensity output Inω in
an absorbing media given a fundamental intensity input Iω which suffers pump
attenuation only.

4.3 Special Cases of Eq. (4.20) and (4.21).

In the case of SHG in a lossless medium. i.e n = 2, αω = α2ω = 0, it is easy to
see that Eq. (4.20) becomes Eq. (4.22) which is in agrement with the result of
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P. N. Butcher and D. Cotter [1]:

I2ω =
(2ω)2|χ(2)|2
8ǫ2

0c
3n2

ωn2ω

I2
ωL2sinc2(∆kL/2). (4.22)

In a similar way in a lossless medium if the second-order susceptibility is χ(2),
Eq. (4.21) becomes (4.23) which is the same as that obtained by Y. R. Shen [35]

I2ω =
32ω2|χ(2)|2
c3n2

ωn2ω

I2
ωL2sinc2(∆kL/2). (4.23)

In the case where the phase-matching condition is satisfied i.e ∆k = 0 and
for which there is absorption Eq. (4.21) becomes Eq. (4.24) which was obtained
by T-J.Chen et al. [23]

I2ω(L) =
32π2ω2|χ(2)|2I2

ω

c3n2
ωn2ω

[exp(−2αωL/2) − exp(−α2ωL/2)]2

(−2αω/2 + α2ω/2)2
. (4.24)

If one considers THG in the case of a lossless medium. i.e n = 3, αω = α3ω =
0. We get Eq. (4.25) in the SI units which corresponds to the same result as
that obtained by P. N. Butcher and D. Cotter [1]:

I3ω =
9ω2|χ(3)|2

16ǫ2
0c

4n3
ωn3ω

I3
ωL2sinc2(∆kL/2). (4.25)

For a tight, focused beam Eq. (4.25) may written in esu as Eq. (4.26) in
terms of the third-harmonic power by letting Pω = Iω

σ
and P3ω = I3ω

σ
, where

σ ≈ π2ω2 is the cross-section of the laser beam, Pω and P3ω are the fundamental
and third-harmonic power respectively. Therefore [34, 36],

P3ω =
2304π6|χ(3)|2
n3

ωn3ωλ4c2
P 3

ωL2sinc2(∆kL/2). (4.26)

4.4 Transmission Configuration

The transmission configuration consists of an input beam that illuminates the
surface at z = 0 to produce a higher harmonic wave. The output beam is
monitored at z = L and E travels in the forward (+) direction. See Fig. (4.1).
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z = Lz + dzzz = 0

Figure 4.1: Transmission Configuration. Adapted from T-J. Chen et al. [23]

If one considers the case in which there is a very strong absorption i.e (nαω/2−
αnω/2)L ≫ ∆kL. It follows that Eq. (4.20) reduces to:

Inω(L) =
(nω)2|χ(n)|2In

ω

2n+1ǫn−1
0 cn+1nn

ωnnω

[exp(−nαωL/2) − exp(−αnωL/2)]2

(−nαω/2 + αnω/2)2
. (4.27)

Let Lc be the length at which Inω reaches its maximum Imax
nω

To find Lc for Eq. (4.27) we demand that ∂Inω(L)
∂L

|Lc
= 0. It follows that:

Lc =
ln(nαω/αnω)

[(nαω − αnω)/2]
, (4.28)

Imax
nω (L) =

(nω)2|χ(n)|2In
ω

2n+1ǫn−1
0 cn+1nn

ωnnω

exp(−αnωLc)

(nαω/2)2
. (4.29)

Note that Iω is raised to the power n.

In the case of Au-VO2 nanocomposite the optimized characteristic length for
different volumetric concentration of Au ranges from 60 to 100Å.

In a strongly absorbing medium Eq. (4.28) and (4.29) reduce in SI and esu
respectively to:

Lc = 2/nαω, (4.30)

Imax
nω (L) =

(nω)2|χ(n)|2In
ω

2n+1ǫn−1
0 cn+1nn

ωnnω

exp(−2)

(nαω/2)2
,

Imax
nω (L) =

(2π)n+3n2|χ(n)|2In
ω

cn+1nn
ωnnωλω

exp(−2)

(nαω/2)2
. (4.31)
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In the special case for which ki ∼ 1(i = 1, 2) and αω ∼ α2ω/2. Eq. (4.31)
leads to the same result as that obtained by T-J. Chen et al. [23].

It can be demonstrated that although the phase-matching condition is crucial
for conventional high-order harmonic generation [1, 9, 10, 34-36], this is not the
case for thin-films. To see that we consider the strong absorption case for which
the phase matching condition fails. Eq. (4.20) and (4.21) reduce to:

I
′

nω(L) =
(nω)2|χ(n)|2In

ω

2n+1ǫn−1
0 cn+1nn

ωnnω

exp(−nαωL) sinc2(∆kL/2), (4.32)

I
′

nω(L) =
(2π)n+1(nω)2|χ(n)|2In

ω

cn+1nn
ωnnω

exp(−nαωL) sinc2(∆kL/2). (4.33)

I
′

nω(L) represents the high-order harmonic intensity output in the case which
the phase matching is not satisfied ∆k 6= 0. It reaches its maximum when
∂L

′

nω

∂I
′

nω

|L′

c
= 0.

It follows that in SI units and esu:

L
′

c =
2λω

n(nω − nnω)
tan−1[(nω − nnω)/λωαω], (4.34)

I
′max
nω (L) =

(nω)2|χ(n)|2In
ω

2n+1ǫn−1
0 cn+1nn

ωnnω

λ2
ω

n2[α2
ωλ2

ω + (nω − nnω)2]
exp(−nαωL

′

c),

(4.35)

L
′

c =
λω

πn(nω − nnω)
tan−1[(nω − nnω)/λωαω], (4.36)

I
′max
nω (L) =

(2π)n+1(nω)2|χ(n)|2In
ω

cn+1nn
ωnnω

λ2
ω

n2[α2
ωλ2

ω + 4π2(nω − nnω)2]
exp(−nαωL

′

c).

(4.37)

It is easy to show that phase-matching has little effect on the high-order
harmonic intensity output, Inω, in the case of thin-film. This is proved by Eq.
(4.38) which compares I

′max
nω (L) which represents the high-order harmonic inten-

sity output from a strongly absorbing thin-film (L ≪ λ) in the case of phase
mismatch i.e ∆k 6= 0 and Imax

nω (L) which is the high-order harmonic intensity
output from a strongly absorbing thin-film in the case of perfect phase matching
condition i.e ∆k = 0 in SI units and esu:

I
′max
nω (L)

Imax
nω (L)

=
1

1 + (nω − nnω)2/4
exp

(2 − 4 tan−1[(nω − nnω)/2])

(nω − nnω)
. (4.38)
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This result agrees with that of T-J. Chen et al. [23]. In the case nω − nnω =
0.5. It follows that I

′max
nω (L) ≈ 0.979×Imax

nω (L). This shows that phase-matching
has little effect on the output beam if the medium is a thin-film [23].

During a high-order harmonic generation process only a fraction of initial
fundamental light converts into the high-order harmonic radiation [1, 9, 10, 34,
35].

This is expressed trough the so-called conversion coefficient defined as η =
Imax
nω /Iω. It follows that:

ηSI =
(nω)2|χ(n)|2In−1

ω

2n+1ǫn−1
0 cn+1nn

ωnnω

exp(−2)

(nαω/2)2
, (4.39)

ηesu =
(2π)n+1(nω)2|χ(n)|2In−1

ω

cn+1nn
ωnnω

exp(−2)

(nαω/2)2
. (4.40)

4.5 Reflection Configuration

In the reflection configuration the incident beam (fundamental wave) and the
higher harmonic wave propagate in opposite direction. They are both monitored
at the surface z = 0 as shown in Fig. 4.3.

En

E

z = Lz + dzzz = 0

Figure 4.2: Reflection Configuration. Adapted from T-J. Chen et al. [23]

In the slowly varying envelope approximation the reflection configuration cor-
responds to the case for which the envelope function E travels in the backward
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(−) direction.

High-order harmonic generation in the reflection configuration is analysed as
follows:

First, consider the envelope of the fundamental harmonic wave propagating in
the transmission configuration in an absorbing media according to the following
equation:

dE(ω)

dz
= −αω

2
E(ω) where αω =

2ω

c
κ.

Next, consider the envelope of the high-order harmonic wave propagating in the
transmission configuration in an absorbing media according to Eq. (4.16) [1]:

∂Eωσ

∂z
= i

ω2
σ

2kP c2
χ(n)E1 . . . En exp(i∆kz).

For the sake of simplicity we let A = i ω2
σ

2κP c2
χ(n)E1 . . . En, therefore the above

equation may be written as:

dEωσ
= A exp(i∆kz)dz. (4.41)

Note that one may replace the partial derivative by the full derivative since
we aim at analysing the propagation in the z-direction only.

Now, suppose that the high-order harmonic wave envelope is reflected. To
describe its differential change one needs to take into account the loss that its
amplitude suffers only and not its phase change. Recall that A represents the
amplitude of the envelope of the high-order harmonic wave. Therefore, the loss
suffered during the reflection by this amplitude may be described in a similar
fashion to the loss suffered by the envelope of the fundamental wave (dE(ω)

dz
=

−αω

2
E(ω)). Hence the loss suffered by the amplitude of the envelope of the high-

order harmonic wave A(z) is described over the distance z by:

d

dz
A(z) = −αnω

2
A(z). (4.42)

Eq. (4.42) admits the solution A(z) = A(0) exp(−αωz/2), where A(0) = A
(See Eq. (4.41)). Therefore the differential change of the high-harmonic in the
reflection configuration is

dEωσ
= A(z) exp(i∆kz)dz (4.43)

with A(z) = A(0) exp(−αωz/2) and ∆k = nkω + knω [1].
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It follows that

∂Eωσ

∂z
= i

ω2
σ

2κP c2
χ(n)E1 . . . En exp[(−αω/2 + i∆k)z], (4.44)

with

∆k = kP + kσ,

kP = k1 + k2 + . . . + kn,

kn =
nωnω

c
,

Ei = Ei(0) exp(−αωz

2
) with i = 1, . . . , n.

Eq. (4.44) admits the solution in Eq. (4.45) in SI and esu units. They represent
the main results of this section.

Ir
nω =

(nω)2|χ(n)|2In
ω

2n+1ǫn−1
0 cn+1nn

ωnnω

λ2
ω

[(2κω + nκnω)2 + n2(nω + nnω)2]
, (4.45)

Ir
nω =

(2π)n+1(nω)2|χ(n)|2In
ω

cn+1nn
ωnnω

λ2
ω

[(2κω + nκnω)2 + n2(nω + nnω)2]
. (4.46)

4.6 Conclusion

High-order harmonic generation in a strongly absorbing medium has been
analysed by means of the SVEA method [1]. It is assumed that there is pump
attenuation only.

According to G. Veres et al. [37] the phenomenon of harmonic generation
has been investigated in an opaque medium in the so-called tight focusing limit
only. This work investigates high-order harmonic generation in strongly absorb-
ing media by taking into account the pump attenuation only due to the absorptive
property of the material.

The general formula that describes the high-order harmonic intensity output
from the absorbing medium in the transmission configuration is given in SI units
and esu as Eq (4.20) and Eq. (4.21). In the case of SHG in a lossless medium
Eq (4.20) reduces to the same result as that obtained by P. N. Butcher and D.
Cotter [1] whereas Eq. (4.21) reduces the result of Y. R. Shen [35]. In the case
where the phase matching is satisfied ∆k = 0 Eq. (4.21) reduces to the same
result as that of T-J. Chen et al. [23]. In the case of THG in a lossless media
Eq (4.20) reduces to the same result as that obtained by P. N. Butcher and D.
Cotter [1] meanwhile Eq. (4.26) is similar to the result of J. F. Reintjes [34].

74



It is worth pointing out that although the phase-matching condition is crucial
for conventional high-order harmonic generation [1, 9, 10, 34-36] this is not the
case for thin-films. In the case of THG in the reflection configuration the phase
matching condition simply cannot be satisfied.

In the reflection configuration, the general formula that describes the high-
order harmonic intensity output from the absorbing medium is given in SI units
and esu by Eq. (4.45) and Eq. (4.46). It is easy to see that in the case of SHG
Eq. (4.46) and Eq. (4.47) are similar to the results of T-J. Chen et al. [23].
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Chapter 5

Model Calculation of THG and
Heat Dissipation in Au-VO2

Thin-Films

5.1 Model Calculation of THG in Au-VO2 Thin-

Films

5.1.1 Introduction

This chapter presents calculation of the conversion coefficients [23] or con-
version efficiencies [34] in the transmission configuration as well as the reflection
one for Au-VO2 nanocomposite. The size of the nanogold particles is within the
range 50Å-500Å. Recall that for the Au nanoparticles: THG χ

(3)
(intra) = −i10−13

esu and the THG χ
(3)
(inter) = −i1.7 × 10−12 esu, meanwhile χ

(3)
(hot−electron) does

not contribute to THG. Therefore, for the Au nanoparticles the overall effective
THG χ(3)=THG χ

(3)
(intra) + THG χ

(3)
(inter)=1.8× 10−12 esu. Note that the Au-VO2

thin-film thickness is equal to 1000Å.

The conversion efficiency is a measure of harmonic conversion i.e the propor-
tion of waves of fundamental frequency ω that convert into waves of high-order
harmonic frequency nω.

Note that the calculations take into account a pulsed laser source whose peak
laser intensity is equal to 7.4× 105 W/cm2 and average intensity over on and off
periods is equal to 0.45 W/cm2, given a laser whose pulse energy is 3.4 µJ/cm2

and the gap between successive pulses duration is 7.5 µs, see page 89. The laser
intensity has been chosen in such a way that one may avoid saturation on one
hand and the damage of the sample through overheating on the other. This will
be elaborated in the next section which is concerned with the heat dissipation in
our Au-VO2 thin-films.
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5.1.2 Discussion about η in the Transmission Configura-
tion

The calculations show that η is bigger when the value of the effective THG
third-order nonlinear susceptibility χ(3) is computed using the model of Ricard
et al. [6] than that of Sipe and Boyd [2]. The reason for this difference follows
from the fact that the local field effect in the former is greater than that in the
latter. See Fig. 5.1 and 5.2.

It is also clear that η is greater when computed below Tt rather than above
that temperature. See Fig. 5.1 to Fig. 5.4. It is reported to be of the order of
10−19 below Tt and 10−22 above that temperature.

It should be pointed out that the calculations reported here are performed
for the laser light input at its peak intensity. When the laser light input is taken
as continous at average intensity, the conversion efficiency is minuscule, with
η = 10−31 for Au-VO2 thin-films below 68 0C, it is of the order of 10−34 when the
thin-films are above 68 0C. This confirms the fact that it does not make sense to
consider the average intensity of the laser for the nonlinear effect which reacts
instantaneously on the instant power level of the laser. THG occurs during the
high intensity periods of the pulses, and the heat generated is conducted away
during the much longer period between the pulses.
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5.1.3 Model Calculation of the Conversion Coefficient η

of THG in the Transmission Configuration
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Figure 5.1: Calculation of THG of Au-VO2 thin-films below 68 0C in the Trans-
mission Configuration with input laser at peak intensity of 7.4 × 105 Wcm−2

using the Model of Ricard et al. [4]. The size of the nanogold particles is within
the range 50Å-500Å. The TF thickness is equal to 1000Å.
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Figure 5.2: Calculation of THG of Au-VO2 Thin-Films below 68 0C in the Trans-
mission Configuration with input laser at peak intensity of 7.4×105 Wcm−2 using
the Model of Sipe and Boyd [2]. The size of the nanogold particles is within the
range 50Å-500Å. The TF thickness is equal to 1000Å.
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Figure 5.3: Calculation of THG of Au-VO2 Thin-Films above 68 0C in the Trans-
mission Configuration with input laser at peak intensity of 7.4 × 105Wcm−2

Wcm−2 using the Model of Ricard et al. [4]. The size of the nanogold particles
is within the range 50Å-500Å. The TF thickness is equal to 1000Å.
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Figure 5.4: Calculation of THG of Au-VO2 Thin-Films above 68 0C in the Trans-
mission Configuration with input laser at peak intensity of 7.4×105 Wcm−2 using
the Model of Sipe and Boyd [2]. The size of the nanogold particles is within the
range 50Å-500Å. The TF thickness is equal to 1000Å.
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5.1.4 Discussion about η in the Reflection Configuration

The calculations shows that η is bigger when the value of the effective THG
third-order nonlinear susceptibility χ(3) is computed using the model of Ricard
et al. [6] than that of Sipe and Boyd [2]. The reason for this difference follows
from the fact that the local field effect in the former is greater than that in the
latter. See Fig. 5.5 and 5.6.

It is also clear that η is greater when computed below Tt rather than above
that temperature. It is reported to be of the order of 10−17 below Tt and 10−18

above that temperature. See Fig. 5.5 to Fig. 5.8.

It is worth pointing out that the calculations reported here are performed
for the laser light input is at peak intensity of 7.4 × 105 Wcm−2. When the
laser light input is at average intensity η = 10−29 for Au-VO2 thin-films below
68 0C, η is negligible, of the order of 10−30 when the thin-films are above 680

C. As mentioned earlier, this confirms the fact that it does not make sense to
consider the average intensity of the laser for the nonlinear effect which reacts
instantaneously on the instant power level of the laser.
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5.1.5 Model Calculation of the Conversion Coefficient η

of THG in the Reflection Configuration
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Figure 5.5: Calculation of THG of Au-VO2 Thin-Films below 68 0C in the Re-
flection Configuration with input laser at peak intensity of 7.4×105 Wcm−2 using
the Model of Ricard et al. [4]. The size of the nanogold particles is within the
range 50Å-500Å. The TF thickness is equal to 1000Å.
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Figure 5.6: Calculation of THG of Au-VO2 Thin-Films below 68 0C in the Re-
flection Configuration with input laser at peak intensity of 7.4×105 Wcm−2 using
the Model of Sipe and Boyd [2]. The size of the nanogold particles is within the
range 50Å-500Å. The TF thickness is equal to 1000Å.
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Figure 5.7: Calculation of THG of Au-VO2 Thin-Films above 68 0C in the Re-
flection Configuration with input laser at peak intensity of 7.4 × 105 Wcm−2

Wcm−2 using the Model of Ricard et al. [4]. The size of the nanogold particles
is within the range 50Å-500Å. The TF thickness is equal to 1000Å.

1.0 1.5 2.0 2.5 3.0
-2.00E-020

0.00E+000

2.00E-020

4.00E-020

6.00E-020

8.00E-020

1.00E-019

1.20E-019

1.40E-019

1.60E-019

1.80E-019

Pump Photon Energy (eV)

Au Volumetric
Concentration
in Au-VO2 
Thin-Films

 1%
 2%
 5%
 10%

Figure 5.8: Calculation of THG of Au-VO2 Thin-Films above 68 0C in the Re-
flection Configuration with input laser at peak intensity of 7.4×105 Wcm−2 using
the Model of Sipe and Boyd [2]. The size of the nanogold particles is within the
range 50Å-500Å. The TF thickness is equal to 1000Å.
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5.1.6 Conclusion

The model calculations of the conversion efficiencies of THG in the transmis-
sion and reflection configurations allows one to conclude that they are greater
in the reflection configuration compared to the transmission one in the photon
energy range 1.0 − 3.0 eV.

The conversion efficiency η is bigger when the value of the effective χ(3) is
computed using the model of Ricard et al. [6] than that of Sipe and Boyd [2].
The reason for this difference follows from the fact that the local field effect in
the former is greater than that in the latter. It is also clear that η is greater when
computed below Tt rather than above that temperature in the transmission and
the reflection configuration. See Fig. 5.1 to 5.8.

It is essential to note that in the transmission configuration the THG light
output has an exponential decay factor dependent on the thin-film thickness L
see Eq. (4.20) and Eq. (4.21). This indicates that the THG radiation expo-
nentially decreases as L increases, recall that in the transmission configuration
η = 10−22 above 68 0C and η = 10−19 below Tt. A higher conversion efficiency
will be obtained by using thin-film with optimized coherence length as shown
in Fig. 4.2. In the reflection configuration the conversion coefficient does not
depend upon the thin-film thickness. Consequently, η does not suffer any loss as
L increases, because the THG output does not depend on the thin-film thickness.
In the reflection configuration η = 10−17 below Tt and η = 10−18 above 68 0C.

There is negligible THG when the laser light input is taken as continous at
average intensity. The whole point in using a pulsed laser is to achieve high
intensities, albeit only for short periods, and to avoid excessive heating of the
sample because the average intensity is much lower. The reason for this will
become apparent in the next section.
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5.2 Heat Dissipation in Au-VO2 Thin-Films

5.2.1 Introduction

Heat generation arises as a consequence of the illumination of a thin-film (TF)
by a giant laser pulse [23]. Such temperature rise may damage the thin-film by
raising the temperature to the melting point [23] or plasma creation threshold
[32].

During a THG process in an absorbing medium, the greatest proportion of
the light of fundamental frequency ω does not convert into light of third-order
harmonic frequency 3ω. This fraction is expressed quantitatively as (1-η), where
η is the fraction of light of fundamental frequency ω converted into light of
third-order harmonic frequency 3ω. This proportion of the light may be either
completely absorbed by the material if it is strongly absorptive (for example
isolants) i.e η ≃ 0, or partly absorbed if the medium is weakly absorptive i.e
η 6= 0.

The crucial problem is to ensure that the temperature rise of the sample due
to the absorption of light may be controlled in some way with a simple cooling
system and not be more than 5 0K. This is required by the fact that if the Au-
VO2 thin-film is below 68 0C and if the temperature rise is large during the THG
process, one will be dealing with a Au-VO2 thin-film above 68 0C.

To remove the heat generated, one may deposit the thin-film on a substrate
whose heat conductivity is very high. In the transmission configuration the thin-
film is deposited on a transparent substrate and in the reflection configuration it
is deposited on an opaque material. See Fig. 5.9.

According to J. E. Parrot and A. D. Stuckes [40]: The thermal conductivity
of different solids ranges over five orders of magnitude. Crystallines materi-
als generally have much higher thermal conductivity than non-crystallines ones.
Consequently, they will always be preferred as heat sinks. Isotopically pure dia-
mond has the highest thermal conductivity around the room temperature, it is
reported to be ∼ 20 Wcm−1K−1 compared to crystalline silver which is about 4
Wcm−1K−1.

The subsections are organised as follows: Subsection 5.2.2 deals with the
problem formulation and discussion of heat dissipation in Au-VO2 thin-films
deposited on a substrate. Section 5.2.3 deals with the calculation of heat dissi-
pation. Finally, Section 5.2.3 is the conclusion.
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5.2.2 Problem Formulation and Discussion of heat dissi-
pation in Au-VO2 thin-films

We consider a pulsed laser which delivers temporarily separated pulses of
wavelength 0.7µm, with pulse duration of 5 ps and pulse energy of ∼ 3.4 µJ per
cm−2. Therefore the laser peak intensity is equal to 7.4 × 105 W/cm2, which
we show below does not cause excessive heating. The pulse duration has been
chosen to be of the order of picoseconds, because the nonlinear response time of
Au nanoparticles is of the order of picoseconds see Table 1.1.

Heat transfer modelling is investigated by means of the heat conduction equa-
tion [48] also known as Fourier’s equation [48] or Fourier’s first law [40]. P. L.
Komarov and P. E. Raad [48] have shown that Fourier’s equation is applicable in
the range of laser heating pulses widths of the order of picoseconds (recall that
the above mentioned laser has heating pulses of 5 ps duration). According to P.
L. Komarov and P. E. Raad [48], the Fourier equation describes heat propagation
from the illuminated TF into the substrate as follows: Consider a pulsed laser
with short pulse duration of the order of picoseconds, see Fig. (5.9) and Fig.
(5.10). During each pulse a given volume known as ”volumetric heat source” on
the TF heats up as a consequence of the laser light energy absorbed into the TF.
The heating area, A, of the volumetric heat source is specified by adjusting the
pulsing laser aperture and the optics of the system. It is assumed to be equal
to 1 cm2 in the heat dissipation calculation. The depth of the volumetric heat
source is equal to the light penetration depth which is equal to δλ = 1

αTF
. It is

in the range of 148 Å-189 Å for αTF in the range of 5.29 × 107-6.75 × 107 m−1

where αTF is the absorption coefficient of the TF, with different Au volumetric
concentration. After each pulse is completed, the TF begins to cool down to its
initial temperature. During this process the heat generated in the TF and prop-
agating into the substrate is described by Eq. (5.1). The thermal penetration
depth during a time period t through the substrate whose thermal diffusivity,
is γ = KS

ρsCS
can be estimated by Eq. (5.1) [48]. The substrate’s temperature

change, ∆θS(t) over a time period t is almost equal to substrate’s temperature
change at the surface, ∆θS(0, t), as a consequence of the high thermal conductiv-
ity of the substrate. The substrate has been assumed to be 100 µm in thickness.
In any practical situation, it would probably be thicker. Note that

δ(t) =

√

KS

ρSCS

(t − t′), (5.1)

where KS is the thermal conductivity of the substrate. It is equal to 419
Wm−1K−1 in the case of Ag and 2000 Wm−1K−1 in the case of Diamond. ρSCS

is the specific heat of the substrate. It is equal to 7 ×106 Jm−3K−1 in the case
of Ag and 4.4 ×106 Jm−3K−1 in the case of Diamond.
δ(t) is the thermal penetration depth during a time period t through the sub-
strate. t

′

is approximately equal to 2 ps as it shall be shown later.

85



P. L. Komarov and P. E. Raad [48] have shown that provided δ(t) ≤ 100
µm, it is acceptable to describe the heat transfer by the one-dimensional heat
equation, Eq. (5.2) [48] where heat propagates in the z-direction as shown in
Fig. (5.9):

ρCP

∂θ

∂t
=

∂

∂z
(K

∂θ

∂z
) + Q(z, t), (5.2)

Q(z, t) ≈ I(t)α exp(−αz),

I(t) =
2E

τ
√

π
exp[−4((t − t0)/τ)2].

where
ρC is the specific heat of the TF and substrate system,
∆θ is the change of temperature of the TF and substrate system,
K is the thermal conductivity of the TF and substrate system,
Q is the laser energy absorbed by the thin-film’s volumetric heat source,
I(t) = 7.4 × 105 Wcm−2 is the heating laser intensity,
α is the absorption coefficient of the TF and substrate system,
z is a coordinate that is normal to the thin-film surface,
E = 3.38 µJ is the pulse energy,
τ = 5 ps is the pulse duration,
t is the time,
t0 = τ/2 is the value of t where the laser intensity reaches its maximum.

Since the heat energy penetrates entirely through the TF, it is imperative
to take into account the thermal properties of the TF as well as that of the
substrate. For this reason the heat transfer equation is solved numerically due to
the complexity of the analytical solution. In the numerical solution of Eq. (5.2)
which is Eq. (5.3) below [48], the knowledge of the overall specific heat of the
TF and substrate system, ρC, of the overall thermal conductivity of the TF and
substrate system, K, as well as that of the overall absorption coefficient of TF
and substrate system, α, is not required. Therefore one obtains:

∆θTF (t)

∆θTF (t0)
= 1 + [

ρSCSKS

ρTF CTF KTF

]2[(
t0
t′

− 1)
1
2

∆θS(t0)

∆θTF (t0)
− (

t

t′
− 1)

1
2

∆θS(t)

∆θTF (t0)
],(5.3)

where ∆θTF (t) is the change of temperature of the thin-film at time t; ∆θTF (t0)
is the change of temperature of the thin-film at time t0; ∆θS(t) is the change
of temperature of the substrate at time, t. The thermal penetration depth δ(t)
into substrate is equal to 95 µm for diamond when t = 7.5 µs and 85 µm for Ag,
when t = 42 µs, as it shall be shown later. ∆θS(t0) is the change of temperature
of the substrate at time, t0 = τ/2, with thermal penetration depth of δ(t0) into
substrate. δ(t0) = 246 Å for a diamond substrate and δ(t0) = 81 Å for a silver
substrate. t

′

= L2
TF

ρTF CTF

KTF
= 2 ps is the time required for heat to propagate

through the TF. Finally, KTF = 27 Wm−1K−1 and ρTF CTF =5 ×105 Jm−3K−1.
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Figure 5.9: Illuminated Au-VO2 Thin-Film deposited on a Substrate after P. L.
Komarov and P. E. Raad [48].
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Figure 5.10: Transversal view of the Illuminated Au-VO2 Thin-Film deposited
on a Substrate after P. L. Komarov and P. E. Raad [48].
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5.2.3 Calculation of Heat Dissipation

Eq. (5.3) can be used to determine the necessary time required for both the
thin-film and the substrate to cool down to ambient temperature, this is done by
letting ∆θTF (t) = ∆θS(t) ≈ 00K, which is our desired change of temperature.
Next, t0 = τ/2, this is justified by the fact that the temperature reaches its
maximum when the laser intensity reaches its maximum at τ/2. According to
P. L. Komarov and P. E. Raad [48] ∆θTF (t0) ≈ ∆θTF (0, t0) and ∆θS(t0) ≈
∆θS(0, t0) with:

∆θ(0, t) =
2Eα

πτ
√

ρCK

∫ t

0

∫ ∞

0

exp[−4( t0−t
′

τ
)2]√

t − t′
exp[−z

′

(α +
z
′

4α(t − t′)
)]dz

′

dt
′

.(5.4)

Consequently, ∆θTF (t0) and ∆θS(t0) could be computed by solving Eq. (5.4)
with the appropriate parameters for the TF and the substrate. Eq. (5.4) is
solved numerically using a QuasiMonteCarlo method and it is found that the
temperature of the TF monotonically increases with the Au volumetric concen-
tration in the Au-VO2 nanocomposite TF as shown in Fig. (5.11). Moreover,
∆θS(t0) ≈ ∆θTF (t0), this follows as a consequence of the high thermal conduc-
tivity of the substrate [48].
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Figure 5.11: Thin-Film Temperature increase, ∆θTF (t0), in 0K versus Au vol-
umetric concentration in Au-VO2 Thin-Film. The Laser Input Intensity is
7.4 × 105Wcm−2 and the pulse duration is 5 ps.
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Next [49], given KDiamond = 2000 Wm−1K−1, KAg = 419 Wm−1K−1, KAu =
320 Wm−1K−1, KV O2

= 31 Wm−1K−1, ρDiamond = 3515 Kgm−3, ρAg = 10490
Kgm−3, ρAu = 19300 Kgm−3, ρV O2

= 6110 Kgm−3, CDiamond = 471 JKg−1K−1,
CAg = 234 JKg−1K−1, CAu = 125 JKg−1K−1 and CV O2

= 300 JKg−1K−1 one may
calculate ρTF = pρAu + (1 − p)ρV O2

, it is in the range of 4890 − 5836 Kgm−3 for
p varying in the range of p = 0.01− 0.10 where p is the volumetric concentration
of Au nanoparticles, ρAu is the density of Au and ρV O2

is the density of VO2, the
heat capacities of the TF is found to be in the range of 145-189 JKg−1K−1 from:

CTF =
1

ρTF

ρAuρV O2
CAuCV O2

(ρAuCAu + ρV O2
CV O2

)
, (5.5)

where CAu and CV O2
are respectively the heat capacities of Au and VO2. Finally,

KTF = 27 Wm−1K−1 is equal to [40]:

KTF = KV O2

1 + 2β − 2pAu(β − 1)

1 + 2β + pAu(β − 1)
, (5.6)

β =
KV O2

KAu

. (5.7)

It is now easy to compute the necessary time for heat to propagate from the
TF into the substrate. Hence the TF will cool down to the original ambient
temperature, whereas the substrate temperature rise is negligible. This follows
from the fact that the substrate thickness is much greater than that of the TF.
The necessary time interval, t, between two successive pulses is equal to 7.5 µs
for a diamond substrate and 42 µs for a silver substrate. The thermal penetra-
tion depth δ(t) in the diamond and silver substrate is found by substituting the
appropriate values of t, t

′

, Kdiamond, KAg, ρdiamondCdiamond and ρAgCAg into Eq.
(5.1). Therefore, δ(t) is found to be equal to 95 µm for diamond and 85 µm
for Ag. It is clear that the required time interval between two successive pulses
is shorter in the case of diamond than that of silver while the thermal penetra-
tion depth is greater in the diamond substrate compared to the silver substrate.
This is due to the higher thermal conductivity of the diamond compared to the
thermal conductivity of silver.

5.2.4 Conclusion

It may be concluded that the heat generated by a single pulse is manageable
within limits by letting the time interval between successive pulses to be of
the order of µs given a laser source whose peak intensity is 7.4 × 105 Wcm−2.
Heat calculations have also been shown to be dependent of the Au volumetric
concentration. In conclusion heat dissipation calculation in the thin-film and
substrate system show that the heat generated by a single pulse in Au-VO2 thin-
films deposited on a diamond or silver substrate is controllable within limits.
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Chapter 6

Conclusion

The estimated and computed Optical Kerr Effect (OKE) of Au-VO2 nanocom-
posite thin-films has yielded a high value, comparable to that found in Au-SiO2,
Au-TiO2 and Au-Al2O3 thin-films [29, 33], despite the fact that the Au volu-
metric concentration in the Au-VO2 composites considered here is 10 percent
at most. The main feature of the model calculations of the real and imaginary
parts of the effective nonlinear susceptibilities is their monotonically increasing
magnitudes as the Au volumetric concentration increases. This follows from
the fact that the Au is responsible for the optical nonlinearity. The value of
the effective OKE χ(3) is of the order of 10−6 esu when the Au-VO2 thin-films is
below 68 0C. It is of the order of 10−7 esu when the Au-VO2 thin-films is above Tt.

The overall effective THG χ
(3)
Au−V O2

is several orders of magnitude smaller

than the overall effective OKE χ
(3)
Au−V O2

. The reasons for this are: Firstly, there
is no contribution from the hot-electron effect in the pure Au nanoparticles, sec-
ondly, the intraband effect in the pure nanogold particles is smaller in the case
of THG compared to the OKE one by three orders of magnitude, and lastly
the interband effect in the nanogold particles during THG process is smaller
than that in the OKE by four orders of magnitude. Hence, THG χ

(3)
Au=THG

χ
(3)
(intra)+THGχ

(3)
(inter) = 1.8 × 10−12 esu meanwhile OKE χ(3) =OKE χ

(3)
(intra)+

OKE χ
(3)
(inter) + OKE χ

(3)
(hot−electron) = 1.2 × 10−7 esu.

The modelling here of high-order harmonic generation in strongly absorbing
media, as regards the amplitude of the primary beam, takes into account pump
attenuation only, due to the absorption of light by the media. It is not con-
cerned with pump depletion which is a consequence of the transfer of energy to
the harmonics and which is small by comparison with attenuation in absorbing
media. The modelling is applied to the so-called transmission and reflection con-
figurations. The former refers to the case in which the high-order harmonic wave
is monitored in the same direction as the input fundamental wave, whereas the
latter describes the situation in which the fundamental wave is in the opposite
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direction to the high-order harmonic one.

The general formula that describes the high-order harmonic intensity output
from the absorbing medium in the transmission configuration is given in SI units
and esu as Eq (4.20) and Eq. (4.21). In the case of SHG in a lossless medium
Eq (4.20) reduces to the same result as that obtained by P. N. Bucther and D.
Cotter [1] whereas Eq. (4.21) reduces to the result of Y. R. Shen [35]. In the case
where the phase matching is satisfied ∆k = 0 Eq. (4.21) reduces to the same
result as that of T-J. Chen et al. [23]. In the case of THG in a lossless medium
Eq (4.20) reduces to the same result as that obtained by P. N. Bucther and D.
Cotter [1] meanwhile Eq. (4.26) is similar to the result of J. F. Reintjes [34].
In the reflection configuration, the general formula that describes the high-order
harmonic intensity output from the absorbing medium is given in SI units and
esu by Eq. (4.45) and Eq. (4.46). It is easy to see that in the case of SHG Eq.
(4.46) and Eq. (4.47) are similar to the results of T-J. Chen et al. [23].

The ratio of the third-harmonic intensity to the fundamental intensity is
termed the conversion coefficient or the conversion efficiency, and it is de-
noted by η [23, 34]. It is useful in the sense that it expresses quantitatively the
amount of input light of frequency ω converted into light of frequency nω, where
n is the order of nonlinear polarisation [1]. The model calculations of the conver-
sion efficiencies of THG in the transmission and reflection configurations allow
one to conclude that they are greater in the reflection configuration compared to
the transmission one above and below Tt in the photon energy range 1.0 − 3.0
eV, see Fig. 5.1 to 5.8. Moreover, the conversion efficiency η is bigger when the
value of the effective χ(3) is computed using the model of Ricard et al. [6] than
that of Sipe and Boyd [2]. The reason for this difference follows from the fact
that the local field effect in the former is greater than that in the latter. Next,
η is greater when computed below Tt rather than above that temperature in the
transmission configuration but not in the reflection configuration. Finally, there
is negligible THG when the laser light input is continous at average intensity of
0.45 Wcm−2.

It is essential to note that in the transmission configuration the THG light
output has an exponential decay factor dependent on the thin-film thickness L
see Eq. (4.20) and Eq. (4.21). This indicates that the THG radiation expo-
nentially decreases as L increases, recall that in the transmission configuration
η = 10−22 above 68 0C and η = 10−19 below Tt. A higher conversion efficiency
will be obtained by using thin-film with optimized characteristic length. In the
reflection configuration the conversion coefficient does not depend upon the thin-
film thickness. Consequently, η does not suffer any loss as L increases, because
the THG output does not depend on the thin-film thickness. In the reflection
configuration η = 10−17 below Tt and η = 10−18 above 68 0C.
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The heat generated as a consequence of the illumination of the thin-film by
the laser [23] may be controlled by using a simple cooling device which consists
of a substrate on which the thin-film is deposited and by limiting the laser pulse
energy. The choice of such a substrate depends on whether THG is monitored
in the transmission or reflection configuration. In the former a transparent sub-
strate must be used (for example Diamond) whereas in the latter an opaque
substrate may be used (for example Ag). Calculations pertaining to the removal
of heat from the illuminated film are shown to be dependent of the Au volumetric
concentration. By letting the time interval between successive pulses to be of
the order of µs given a laser source whose peak intensity is 7.4× 105 Wcm−2 and
pulse duration is 5 ps, it has been shown that heat generated by a single pulse
is manageable.

The main conclusion here is that η is extremely weak for the Au-VO2 thin-
films. It is of the order of 10−17 under the best of circumstances and it is difficult
to see a potential use of this system as a tunable frequency converter. N. A.
Papadiogannis et al. [32] have reported η to be in the range of 10−10 − 10−13

for pure Au, using a laser of intensity 1011 Wcm−2. According to T-J. Chen
et al. [23] and G. I. Petrov et al. [36] , it is clear that, in order to achieve
high conversion efficiency it is preferable to have a transparent material so that
a negligible proportion of the incident light will be absorbed by the medium
so that the light intensity can be pushed very high before encountering heating
problems. Moreover, the thickness of the transparent material must be chosen
to be a few milimiters [23, 36] to achieve the phase-matching condition. Finally,
It is desirable to use a material with the highest possible THG χ(3). They have
also pointed out that an increase of the laser intensity above a certain threshold
level will damage the material. The heat dissipation calculation performed in
this work have shown that with a short pulse duration of 5 ps and pulse energy
of 3.4 µJ, the heat generated by a single pulse is tolerable. This leads one to sug-
gest that by reducing the pulse duration and keeping constant the pulse energy
a higher laser intensity will be achieved and consequently a higher conversion
efficiency will be obtained. Note that this suggestion is the same as that of N.
A. Papadiogannis et al. [32]. They suggested to use ultrashort laser pulses to
avoid excessive temperature rise or plasma creation in the TF, while producing
third-order harmonics.
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Glossary of mathematical
symbols

c is the velocity of light in vacuum.
e is the modulus of electronic charge.
e, ej is the unit vector in polarization direction of the field Eω,Eωj

.
exp(x) is the exponential (ex).
EF is the Fermi energy.
E(t), Ej(t) are the scalar amplitudes of Eω,Eωj

.
Et is the optical field.
Eω is the Fourier transform of the electric field.
Et is the amplitude of the monochromatic electric-field component at frequency
ω.
f(ω) is the local field factor at frequency ω in medium with isotropic or cubic
symmetry.
g1(ν), g2(ν) and g3(ν) are dimensionless quantities of the order one.
h̄ is the Dirac constant.
Inω is the intensity of monochromatic travelling wave at frequency nω.
k is the magnitude of k.
kj is the magnitude of the wave vector of optical wave with frequency ωj.
kP is the sum of constants k1, k2 + . . . + kn.
k is the wave vector of optical wave.
kj is the wave vector of optical wave with frequency ωj.
kP is the vector sum of wave vector k1 + k2 + . . . + kn.
K(−ωσ; ω1, . . . , ωn) is the conventional numerical factor in expression for n-th
order polarization at frequency ωσ.
m is the electro rest mass.
n is the order of nonlinearity.
n(ω) is the refractive index at frequency ω.
nj(ω) is the refractive index at frequency ωj.
nI

2(ω) is the nonlinear refraction coefficient defined with respect to optical inten-
sity I.
n0(ω) is the nonlinear refractive index at frequency ω.
P (t), Pj(t) are the scalar amplitudes of Pω,Pωj

.
Pω is the Fourier transform of P (t).
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P (n)
ωj

is the amplitude of the monochromatic component at frequency ωj of nth-
order polarization.
P (NL)

ωj
is the amplitude of the monochromatic component at frequency ωj of non-

linear polarization.
P(n)(t) is the nth-order component of P (t).
P(n)(ω) is the Fourier transform of P (t).
P(NL)(t) is the total nonlinear polarization.
P(NL)(ω) is the Fourier transform of P(NL)(t).
Pω, P3ω are the powers of optical beam at frequency ω, 3ω.

R is the coordinate axis transformation matrix.

Rn
is the nth-order polarization response function.

s is the unit vector in the direction of optical wave propagation.
SPR is the surface plasmon resonance.
t is the time variable.
T1 is the energy lifetime.
T2 is the dephasing time.
T

′

1 is the energy lifetime of a two level system.
T

′

2 is the dephasing time of a two level system.
z is a coordinate that is normal to the thin-film surface.
α, αω is the intensity absorption coefficient.
δk is the magnitude of phase mismatch.
δk is the vector phase mismatch.
ǫ(ω) is the dielectric constant.
ǫ0 is the permittivity of free space.
ǫ(ω) is the dielectric tensor.
η is the conversion coefficient.
κ(ω) is the imaginary component of the refractive index at frequency ω.
χ(n)(−ωσ; ω1, . . . , ωn) is the nth-order scalar susceptibility.
χ(n)(−ωσ; ω1, . . . , ωn) is the nth-order tensor susceptibility.
ω is the frequency in eV.
ωn is the carrier density parameter related to the plasma frequency.
ωc is the collision frequency.
si is the strength of the i’th harmonic oscillator.
ωi is the frequency of the i’th oscillator.
Γi is the linewidth of the i’th oscillator.
< . . . > is the cycle average.
∆θ is the change of temperature of the TF and substrate system
∆ is the vector del operator.
ρC is the specific heat of the TF and substrate system.
∆θ is the change of temperature of the TF and substrate system.
K is the thermal conductivity of the TF and substrate system.
Q is the laser energy absorbed by the thin-film’s volumetric heat source.
τ ps is the pulse duration.
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