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1 Introduction

The theory of the sets of transformations of the solutions of differential equations served as the foun-
dation for Lie group theory. Over time, it has developed into a potent tool for classifying and solving
differential equations. It has evolved into a powerful tool for categorizing and solving differential equa-
tions over the years. More recently, Lie group theory have been applied to differential equations and
difference equations [1-6]. Since their introduction in the middle of the seventeenth century, the area
of differential equations have been a significant area of pure and applied mathematics. Despite the fact
that their history has been extensively studied, it continues to be an important area of research because
of the emergence of new connections with other branches of mathematics, the fertile interaction with
applied fields, the interesting reformulation of fundamental issues and theories over time, the opening
of new vistas in the twentieth century, and so on. The ideas that have been used for differential equa-
tions like symmetry based methods have been extended to difference equations in recent times. For
more, see [2]. The approach is to apply the group of point transformations on the difference equations
to leave them invariant. A differential or difference equation’s symmetry is a transformation that pre-
serves its family of solutions. Although finding the symmetries can be computationally time consuming
in comparison to other solution methods, symmetry analysis can be utilized to solve various ordinary
and partial differential/difference equations. The analysis of Lie symmetry is a really crucial method
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for differential equations that can also be extended to difference equations. There are important ap-
plications of difference equations in areas like numerical methods to solve partial differential equation,
Fourier series, Algebra and Analysis.

Oftentimes, difference equations arise as the discrete counterpart of differential equations. In [7],
the authors discretized a differential equation while maintaining all of its Lie point symmetries us-
ing well-proven techniques. They begin with Lie’s categorization of second-order ordinary differential
equations into categories based on the point symmetries in which they occur. The authors’ aim is to
provide a similar classification of second-order difference schemes. It turns out that they both have the
same symmetry group and symmetry algebra. The authors present a general theory and outline the
classification method by looking at the construction of invariant difference schemes. For related work
on symmetry analysis and analytical solutions of difference and differential equations, see [8-14].

1.1 Preliminaries

The concepts discussed in this paper are periodicity, Lie group, group invariant and symmetries. To
comprehend these concepts, we provide some background information.

Definition 1. A group invariant is a function u(x,y) whose value at an image point is the same as its
value at the source point

u(x',y') = u(x,y). (1)
Definition 2. A parametrized set of point transformations,
Ie:u—t(we), €c<(e,8),
where & < 0 < g}, is a one-parameter local Lie group if the following conditions are satisfied:
1. Ty is the identity map, so that &t = u when € =0.
2. TsTe =T, for every 0,¢ sufficiently close to zero.

3. Each iy can be represented as Taylor series in € (in a neighborhood of € = 0 that is determined
by u), and therefore

(W €) =ug+¢€ Eq(u) +0(e?), a=1,...,N. (2)

Definition 3. The infinitesimal operator is defined by

U= 2 ) S ®)

=
Theorem 1. The function f(u) is invariant under the one-parameter Lie group of transformations F if
and only if

where U is the prolongation of U.
For some smooth function ®, let the difference equation have a general form of

Un+5k = O (7 Uny U ks Unt 2k Un+3k> Un+4k) - (4)
As long as (4) holds, we can use the linearized symmetry condition

O(n+ 5k, upysi) —Uw =0, (5)
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to solve for the characteristic Q = Q(n,u,). Here, the prolonged generator is given by

0 0
U =0(n, un)87 +O(n+k,upp) aT—Hc +Q(n+ 2k, up2k)

aMn-i-2k

2]
+O(n+4k,uyya46) 5—— (6)

+Q0(n+3k,u, .
( +3t) Aty 3k Aty 4k

If an ordinary difference equation admits a lie group of transformations, one can construct special cases
of solutions or invariant solutions.

Definition 4. An equilibrium point # of (4) is said to be locally stable if for every € > 0 such that if
{un}7_ is a solution of (4) with

|uo—ﬁ|—|—’bl1 —ﬁ|—|—---—|—|u5k_1 —ﬁ‘ <0,

then
lu, —u| < € for all n>0. (7)

Definition 5. An equilibrium point @ of (4) is said to be a global attractor if for every solution {u,};
of (4), we have

,}grolo u, =1u. (8)
Definition 6. An equilibrium point u of (4) is globally asymptotically stable if # is locally stable and is
a global attractor of (4).

Now, we let

0
pi= 2 (@, @), i=0,k2k 3k4k. 9)
aun+i
It follows that
A — py ™ — py A — pyu A — pAk — po =0 (10)

is the characteristic equation near the equilibrium point .
Definition 7. An equilibrium point # of (4) is unstable if u is not locally stable.

Theorem 2. Assume that ® is a continuously differentiable function defined over a wide area around
u. We have:

(i) The equilibrium point u of (4) is locally asymptotically stable if all the roots of (10) have absolute
values less than one.

(ii) The equilibrium pointu of (4) is unstable if at least one root of (10) has an absolute value greater
than one.

Definition 8. The equilibrium point # is referred to as non-hyperbolic if there is a root of (10) with
absolute value equal to one.
2 Symmetries, reductions and exact solutions of the difference equation in concern

One of the goals of this paper is to generalize the work done in the article [15]. We achieve this by
focusing on the ordinary difference equation

unun+2kun+4k (1 1)

Upts5k = ’
Un+kUn+3k (An + Bn”nun+2kun+4k)
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where A, and B, are arbitrary sequences. We first start by obtaining the symmetries, then go on to
getting the reductions and exact solutions where we will be looking into the cases for which A, and B,
are 1-, 6k-periodic sequences. For an in-depth understanding, we will provide analysis of the cases where

k=1 and k =2.

It is worthwhile noting that by letting [ = 5k,A, = i B, = *—! and T = UnUp i oxUnoar in the higher

T A
order Berverton-Holt difference equation [16]

WK1y

rn+l = Kn+(“n_ 1)}’”’

(12)

where w, (resp. K,) represent the growth rate (carrying capacity) and rg,ry,...,r;—1 are the initial

conditions, one can obtain Equations (11).

2.1 Symmetry generators

With @ = @ (uy, thy i, Un-2ks Unt3ks Untak) Deing the right hand side of (11), the symmetry condition (5)

leads to

O(n+ 5k, 0) — Q(m.un) 22— O+ kyt1y0) 22—

duy, Aty ik
Jw J0)
- 3k =~ 4k = —o.
Q(n+3k,uy43k) ity Q(n+4k, uy y4x) ity

0w
— Q(n+2k,up o) =——

aun+2k

(13)

Replacing the partial derivatives of @ with there expressions and further simplifying the above, we get:

_ Q(n’ Un )Anun+k”n+2kun+4k - Q(n +k, ”n+k> (Anunun+2kuz1+4k + Bn”ﬁ”ﬁ+2kui+4k)

Un+3k (Anun-i-k +B, ullun+kun+2kun+4k)2

O (n+ 2k, tn20) Anttntty s 3ktn 4k — (1 + 3k, i 3) (Apttnln okt 4k + Butau %, 1)

Untk (An U3k + Bty ”n+2kun+3k”n+4k)2

Q(n+ 4k, -y 4 ) Attty Uy 2kUn 3k
(Anttys klns3k + Bl Ukl 2k n -+ 3kUn 14 )

5+ O(n+ 5k, Uy 5¢) = 0.

(14)

In (14) above, we need to eliminate Q(n+ 5k, u,+s). By considering u,. as a function of u,, uyi 2k, Un+ 3¢,
Uprar and u,is;, we differentiate the functional Eq. (14) with respect to u, implicitly. Thus, we force

_d Jdow / dw d
the operator L = F e (au,l/aun+k)au,,+k

Un (An + Bttt oktinak ) [ (U110, 3pttn s 2kttn 4 4¢) ) the following:

dQ(n7un)

_AnununJrk (An +Bnunun+2kun+4k) du
n

+ AnBttty it 4k Q (1 + 2K, Uy 1 2) + Ap Bttty it 2k Q (1 + 4k, 41) + Attty (A

dQ(n+ka ”n+k)

+ Bhu, ”n+2k”n+4k)
duty 1k

+A, Un+k (An +2B,u, ”n+2kun+4k) Q(na un)

—Anup (An + Bn”n”n+2kun+4k)Q(n +k, un+k) =0.

on (14) to get (after multiplying the resulting equation by

(15)

We now differentiate (15) thrice with respect to u, and then set the coefficients of the products of shifts

of u, to 0 get the following system:
Uptk - unQ(4) (na un) + 2Q(3)(I’l, ”n)
UptkUn+2kUn+4k - unQ(4) (na un) +4Q(3) (I’l, Mn)

We find the general solution of (16) and (17) to be

Q(n,up) = 04+ Buuy + Ynurzz

0
0.

(16)
(17)

(18)
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for some functions @,, B, and ¥, of n. Substitute (18) into (14) and further simplify to get the following:

OSB3 220 B O Sl 4 2003 34k - Ay O 5kl ey 3

A Antnlty g kit 2k 4 31U 4k (B sk — B+ Btk — Borok + Batsk — Barak)

+ Bnuﬁun+kui+2k”n+3k”3+4k(ﬁn+5k + Bk 4 But3k) — An Oyt 4 2k U 35U 1 4k

+ Ay Oy kU U4 2k Un 43k Un+-4k + By an+kur21ur21+2k”n+3kuy2;+4k — A Oy 2k U Uy kU 3k Ut 4k

+ Ap Oy 35Uy 4 Uy 2kl 14k + By an+3k”,21un+ku%+2kuﬁ+4k — A Oy U Uy 1 Uy 24U 4 3k

+ Yn+k3nM%,Mi+kui+2kun+3kuﬁ+4k + yn+3anuiun+ku%+2kui+3ku%+4k

+An(Yn+kMn”ﬁ+kun+2kun+3kun+4k - Ynu%”n+kun+2k”n+3kun+4k - Yn+2k”nun+ku%+2kun+3kun+4k

- 7n+4k”nun+kun+2k”n+3kui+4k) + 7n+sku3,ui+zku3+4k =0. (19)

Similarly, setting the coeflicients of the products of shifts of u, to 0 and solving the resulting system of
equations, it follows that

Oy =% =0 (20)
and
ﬁn + ﬁn+2k + Bn+4k =0. (21)
We have that _ 1
B, = (E5HP) p =0, 2k —1. (22)
So, using (18), (20) and (22), we have that
Q(n,un) = ean(i%er)unv (23)

where p=0,...,2k—1 and k # 0. Therefore the 4k symmetry generators are:
a inn

i (_1 i (1 d
Uy = F 4Py 2y = 0, -
where p=0,...,2k—1 and k # 0. Defining the canonical coordinate as
du,, duy, 1 /dun 1 In ]
sn = = = — _— un s
Q(I’l, un) ﬁnun Bn Up ﬁn
we have
Busn = In|uy|. (25)
Letting
Vi = BuSn + B 2kSns 2k + BuvakSnta, (26)

we have that Uv, = 0. This means that ¥, is invariant under the Lie group of transformations whose
action can be obtained from the generator U. For aesthetic purposes, we introduce the variable

val =exp{ 7y} (27)
=exp{ — In [ty 2t yax| } (28)
1
— | - - | (29)
UnUn2kUn+4k

and, without loss of generality, we have

Vn = ; (30)

UnUp 2k Un-4k
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13 By Theorem 1 and Definition 1, then (30) is invariant. Using (11) and (30), we have that

Vntk = ApVn + By (31)
104 and .
Upyor = . (32)
Vn-+2k
15 The solution for (31) is as follows:
-1 n-1 -1
Vin+j = Vj HAkklﬂ + Z B H Atdytj)s J=0,... k—1. (33)
k1 =0 ko=I+1

s Carrying out the iterations on (32), leads to the following:

n—1

Vékk;+ .
”6kn+j:“j(H71ﬂ), j=0,...,6k—1. (34)
k=0 VOkki+2k+j

17 To eliminate some possible confusion, we rewrite (34) in the following forms:

—1
T Vk(6ki)+j

, Jj=0,...,k—1,
=0 Vk(6k1+2)+j

Uekn+j =uj(

td Vo4 )ik
u6kn+j:uj( M)? ]:k772k_17

k=0 Vk(6ki+3)+j—k

n—1, .
Uskn+j =Uj( M), j=2k,....3k—1,

k=0 Vk(6k+4)+j—2k
n—1
Vk(6ki+3)+j—3k .
Usknt j =1 —— ), j=3k,...,4k—1,
k=0 Vk(6k+5)+j—3k
—1
Vi(6k;+4)+j—4k .
ugpnsj =uj( | | —————), j=4k,....5k—1,
k=0 Vk(6ky+6)+j—4k

(’ﬁ Vi(6ky+5)+j—5k

), j=>5k,...,6k—1. (35)
—0 Vk(6k;+7)4j—5k

Ubkn+j =Uj

108 We now use (33) in the equations in (35) to obtain the following;:

6k|—l 6ki—1 6ki— 1
H Agstj) + Z Buvj [] Arors)
5=0 ky=l+1 .
Ukn+-j =Hj H 6k1+1 6k|+1 6k +1 J=0,...,k—1
H Apsyj) + Z Burj [1 Arkoss)
ky=i+1
k1 6ky 6k1
L Vick I—!)Aksﬂ k +IZ;,) Biyj kkl—l[Jrl Aktr+j—k)
§= = 2 .
Uekn+j =Uj H 6k|+2 6k; 12 6k +2 =k 2k—1
vk (TT Aksrin)+ Z Buvj« [1 Arkaris)
5=0 I= ky=i+1
6k1+1 6ki+1 6ki+1
oy Vi (TT Acssj2) + Z (Burj-2 [1 Axkorjox)
s=0 1= ky=I+1 .
P =Uu;j =2k,... —1
uekntj =uj | | 6ki 13 6k1+3 6k +3 =2k, 3k

=0
i [T Aksj) + Y, Busj-on [T Ao
5=0 i=0 ky=i+1
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6k1 +2

6k+2

6k 42

Ly Vieak H Akstj—3k) + Z (Bii+j—3k H Akkytj—3k)

s=0

ky=I+1

Uokntj =Hj H 6k1+4 6k1+4 6ki+4 J=3k,...,4k—1
k10
vieae( [T Arsrjoa) + Y, Burjse [ Areorjat)
5=0 1=0 ky=1+1
6k1+3 6k1+3 6k +3
- vj—ak( H Akt j—ak) + Z (Biiy j—ak H Akt j—4k)
5=0 1=0 k=141 .
Uekn-+j —u,kH 6k1+5 — - ,j=4k,... 5k—1
i
Vj—ak H Aksj-ax) + Z (Buvj-ar || Akorj-ak)
1= ky=I+1
6k;+4 6k;+4 6k +4
- Viesk( [T Aessj—sk) + Y, Busj-se [] Awearj—sk)
5=0 =0 ko=I+1 .
S = —1.
Uokn+j quH 6k1+6 6k 16 6k 16 =5k, 6k
e
Vj—sk H Agstj—sk) + Z Buvj-sk ] Axkorj-sk)
= ky=I+1
19 Substituting (30) into equations (36), we obtain the following:
6k —1 6k;—1 6k —1
(H Astj) U opt gk Z (Bii+j H Akir 1))
=0 ky=I+1
=0,...,k—1
Uskn-+j =Hj H 6k1+1 6k1+1 6kyt 1 J =0,k
H Aggyj) +ujujogl iy ax Z (Biij H Akir 1))
ky=I+1
6k; 6k; 6ky
- (T TAks+j—i) +ujkmjprjzn Y, (Buavj—k [ Awkorjk)
5=0 1=0 ko=l+1 .
Uskn-+j _”kaO 6k +2 6k +2 6k +2 =k 2k—1
(TT Asrjmt) + skt janinjesi Z (Burjk || Awrrsji)
5=0 1=0 k=141
6k1+1 6k +1 6k +1
H Akstjok) Fujojujioe Y, Busj—ok [] Awkorj—2t)
=0 1=0 ly=I+1 .
Ubkn+j =Uj H 6k1+3 6k +3 6k1+3 J =2,...,3k—1
H Ak j—2k) + Uj—_okU jUj 12k Z (Bii+j—2k H Akt j—2k)
5=0 =0 ky=I+1
6k1 +2 6k +2 6k +2
H Astj—3k) FUj 3kl Uk Z (Bki+j—3k H Akkytj-3k)
=0 1=0 ko=i+1 .
Uskn-+ ”JkH 6ky+4 6ki+4 6k;+4 J =3k,...,4k—1
i
(H Astj—3k) FUj 3kl Uj ik Z (Bri+j—3k H Akky+j—3k)
5=0 1=0 ky=1+1
6/<1+3 6k +3 6k1+3
H Akt j—ak) F Uj_aglh okt Z (Bri+j—ak H Akky+ j—4k)
ky=1+1 .
Uskn-+j _”’kH 6k1+5 6k1+5 6k 15 j=4k,...,5k—1
H Akt j—ak) + Uj_apij_op Z (Bkiyj—ak H Ay +j—4k)
5=0 1=0 ly=I+1
6k1+4 6Ky +4 6k 14
HAker/ Sk) skl j_3kUj_ Z (Bri+j—sk H Akky+j—5k)
-0 1=0 ky=I+1 .
UGkn+ j :uij 6k1+6 6 16 ,Jj=05k,....,6k—1.

HAks+] Sk) - Uj_skU 3l j—k Z (Bki+j—sk H Akkytj—5k)

1=

kp=1+1

489

(36)

(37)
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1m0 3 The case when A, and B,, are 1-periodic

1 Assume that {A,} ={A,4,A,...} and {B,} = {B,B,B,...,}. Then the equations in (37) become:

6k;—1
6k 1
el A 1+Bujuj+2kuj+4k Z A
=0 .
Uekn-+ j :ujH 6011 ,Jj=0,....k—1
O A2 - Bujuj gy Yy A
1=0
6ki
6k +1 . . . l
o A +Buj7kuj+kuj+3klzoA
Ugkn+j =1L, H o =k 2k
A3 4 B g Y Al
1=0
6k +1
AN B gy Y Al
_ 1=0 .
U+ j _ujH o) =2k, 3k =1
A6"‘+4+Bu, 2kl jUj4 2k Z Al
=0
6ki+2
e A6k‘+3—|—Buj 3Uj—kUjtk Z Al
1=0 .
Ubkn-+ j :”jH 614 ,j=73k,....4k—1
A6k1+5+BMJ 3kUj—kUjtk Z A
1=0

6k1+3 ;
6k +4 . , ,
nflA ! +Bu],4ku],2kuj IZOA
u6kn+j:u,~H s J =4k 5k—1

A6k1+6—|—Buj akUj—2kUj Z Al
=
6k1+4
6ki+5 i
lA i+ +Buj s zcij i Z A

n—

Ugkn-+j :uJH =0 = 5k,...6k—1.

6k1+6 ;
A6k1+7+BM] SkUj_3kUj—k Z A
=0

12 3.1 Case where the constant coefficient A =1

us For A =1, the equations in (38) can be rewritten in the form

n—1

1 +6leu jU+2UU j+4k ;
I 0,....k—1
6kn+j =Uj H o 1+ (6k +2)Bujujyopitjyar’

1+ (6ky + 1)Buj gy gt 3p
) - =k,....,2k—1
6kn+j =Uj H o 14 (6k1 +3)Buj il jy 3k N

1+ (6]{1 + Z)Buj 2kUjUj4 2k
Ubkn+j =Uj H
o 1+ (6ki +4)Bu;_opujuji o

j=2k,....3k—1

14 6k1+3 Bu; _siu; ik
U6kn+j MJH Rl A

i =3k,...,4k—1
1+(6k1+5)Bu] 3ku] kuJ+k J

(38)
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u =u; H 1+ (6ki +4)Buj_axujokut;
6kn+j —Uj o 1+ (6k1 +6)Buj s ot

, j=4k,...5k—1

1—|—(6k1—|—5)Bu1 SkUj—3kUj—k
UGkn+ j MJH
1+(6k1—|—7)Buj SkUj3kUj—k

j=5k,....6k—1. (39)

3.2 Case where the constant coefficient A # 1

For A # 1, the equations in (38) take the form

- 6k —A%1

nl A 1—|—Bujuj+2ku]+4k( Ty ) 0 1
Uekn+j =Uj o2y 0 T Yo KT

1-A%+

f=0 A%1+2 4 Buuj o (FAS2)

1 A6k +1 1A%+

n AT Buj gy s (F—)
Utkn+j =Uj = 2k—1

1 A6k1
=0 A3 4+ Bu gy (=

k42 1— Ak +2
b A2 4 Buj ook (i)

Ubkn-+j ZMJH P o s J=2k,...,3k—1
f=0 A4+ Bu ;o ju o (A1)

6k +3
n— 1A6k1+3_|_BuJ 3kl j— ku]—&-k(L

Uekn+j =Uj po— AT ,J=3k,...,4k—1
kI:OA' +Buj s g ()

A6k +4

nb A% 4 Buj o ()
6k +6

f1=0 A0+ Buj gy i (555)
6k +5

n— 1A6k|+5+Bu1 Skuj 3](”] k(l —A 1 )

j=5k,... 6k—1. (40)
=0 AT 4+ By spu; (! AGW)

Ubkn+j =Uj > ]:4k,,5k—1

Ubkn+j =Uj

Theorem 3. The non-constant solution of the ordinary difference equation
UpUp2kUn+4k
)
Upkltny 3k (A + Bltply ok Ui 4x)

Up5k = (41)

where |A| # 1 and B#0, is:
1. 6k-periodic if the initial conditions satisfy the conditions x; # Xii3x and wjujioxujrax = (1 —A)/B.

2. 3k-periodic if the initial conditions satisfy the conditions x; = X3¢ and wjuj ujio = (1—A)/B;
and k % 0(mod 3).

Proof. Assume that the initial conditions satisfy uju;oujrar = (1 —A)/B. On this condition, using the
first equation in (40), we have, for all n,

Ubkn+j = Uj, j:07...,6k—1. (42)
This implies that the period of the solution divides 6k. If the period is 1,k or 2k, then wuju; o4 =

(u;)? = %. Therefore, all the terms (including the initial conditions) will be equal. This is a contra-
diction since all the terms are not equal. It follows that the period can only be 3k or 6k. Thanks to
(42), on condition that uju; ot jiax = 1%, the solution is 6k-periodic when the initial conditions satisfy
u; # ujy3y; and it is 3k-periodic when the initial conditions satisfy u; = u;,3; with k not divisible by 3. B

Theorem 4. The non-constant solution of the ordinary difference equation
UnUp1-2kUn+ak
)
UnkUn4 3k (— 1+ Bltnly 2ln 1 4k)

(43)

Upys5k =

where B # 0, is 6k-periodic provided that that the initial conditions satisfy ujujioxujiax 7 2/B.
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81 —— x(n)

0 10 20 30 40
n

. _ *nXn4+6Xn+12 : _ _ _ — — — —
Fig. 1 Graph of x,.15 = ST R FarapE ey withxg=-2,x1=1,0=1/2, x3=3, 4 =5, xs =7, x6 = 1/2,

x7=1/3, x§ = —4, x0 =1/9, x10 =6, x11 =8, x12 = 1/4, x13 = =3/4, x14 = 1/8 satisfying (1) in Theorem 3.

Proof. When A = —1 in (40), we have, for all n, ugg,1j =uj, j=0,...,6k—1. The 6k-periodic solutions
are given by:
UQUD U4k . U U142k U114k
ity (— 1+ Buguouag) T gty pae(— L+ Burter oty 1ax)
Uk—1U3k—1U5k—1
Uoj—1Uai—1(—1 4 Bug_uzp—1usi—1

{MOaula--~a”5k—1,”5k:

ey

Uek—1 = ),uo,ul,...}.
|

Fig.1 illustrates the graph of (41) with the initial conditions satisfying the first condition in Theorem
3. As expected, the solution is 18-periodic.

Fig.2 illustrates the graph of (41) with the initial conditions satisfying the second condition in
Theorem 3. As expected, the solution is 6-periodic.

Fig.3 (resp. Fig.4) illustrates the graph of (43) with the initial conditions satisfying the condition
in Theorem 4. As expected, the solution is 18-periodic (resp. 12-periodic).

Theorem 5. The equilibrium point of the equation

UnUn2kUnt-4k
, (44)
UpkUni-3k ( 1 + Buy, Mn+2k”n+4k)

Un+5k =

where B+ 0 is a constant, is non-hyperbolic.

Proof. The equilibrium point of (44) is # = 0 and the characteristic equation of (44) near i =0 is
given by (see (10)):

ASk A%y 23k 2% 4 gk 1= (45)

So A =1 is one of the roots for (45), therefore by Definition 8, the equilibrium point # =0 of (44) is
non-hyperbolic. |
Back-shifting (11) 5k — 1 times yields the equivalent difference equation

Up—Sk+1Un—3k+1Un—k+1 (46)

Up+1 =
Un—ak-41Un—25+1 (@ 4 DUy Sk 1 U341 Un—k+1)
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201 — x(n)

1.5

0.5

x(n)

0.0

-1.0

0 10 20 30 40
n

Fig. 2 Graph of x,110 = Tt 4%t withxg=1/2,xi=—1,x0=—1/2,x3=1/8, xa=1,x5=2,x6=1/2,

Xn42%n+6 (244X Xn 145018

x7=—1,x3=—1/2, xg = 1/8 satisfying (2) in Theorem 3.

4
— x(n)

x(n)

0 10 20 30 40
n

Fig. 3 Graph of x,.5 = nfnt 6Tt 12 with xo = =2, x1 =1, x, =2, x3 = —2/3, x4 = 1/3, x5 =2/3,
+

X 3%+ (— 1 +4Xn Xy 4 6Xn4+12)

X6 — —2/4, X7 = 1/4, X8 22/4-7 X9 = —2/5, X10 = 1/5, X11 :2/5, X12=—2/6, X13 = 1/67 x14:2/6.

16 whose solution is obtained by back-shifting that of (11) (see Eq. (4)) 5k —1 times. As a consequence of
147 this, the solution of (46) is given by:

6k;—1
6k !
oo @ DU s 31Uk Y a
=0 .
Ubkn+j—5k+1 = Uj—5k+1 H o = 0,....,k—1 (47)
ki =0 I
a2+ buj_spy Ui 3kettj—gy1 Y, @
1=0
oy
6k +1
L ant + DUk 11 j sy 1 U2k 1 Y@
1=0 :
Uekn—+j—5k+1 = Uj—5k+1 H ka2 = k,....,2k—1 (48)
k=0 !
a3 £ buj gt Y, @

=0
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201 — x(n)
1.5
S 05
X
0.0
-1.0
0 10 20 30 40
n
. _ XnXn4-4Xn+8 : _ _ _ _ _ _ _
Fig. 4 Graph of x,.10= e ) with xo=1/2,x; = —1,00=—-1/2,x3=1/8,x4 = 1,x5 =2,x5 =
1/2,x7=—1,x§ =—1/2,x9 =1/8.
6k +1
6k +2 !
L @O b g sk 13 Y a
1=0 .
U6kn+j—5k+1 = Uj—5k+1 H ka3 = 2k,...,3k—1 (49)
k=0 i
a1t buj g sz Y, a
1=0
6k, +2
I
el a1 L buj g a1 Y, @
1=0 .
Uekn+j—5k+1 = Uj—5k+1 H ka0 = 3k,...,4k—1 (50)
k1=0 l
A S b buj gy gkt skl Y, d
1=0
6hit3
6ky+4
@O b oy Uk sk Y a
1=0 :
Uokntj—sk+1 = Uj-see1 | | ka5 = 4k,...,5k—1 (51)
k=0 !
a1+ 4 bu; o uj_qitj_sir1 Y, @
1=0
6k;+4
k !
oy @ e bu ok skt ek1 Y, @
1=0 ;
Uekn+ j—Sk+1 = Uj—5k+1 H r6 = Sk,...,6k—1. (52)
k1 =0 I
a7 4+ buj o Ukt 1 Uj—6ks1 Y, @
1=0

us 3.3 An In-depth Analysis of the Case where k = 2

149 We take a look at the case k =2. The equations (47) to (52) simplify to the following when k = 2:

6k;—1
_ atk +buj_9uj,5uj_1 Z a
_ i=0 .
Udn+j—9 = uj—9kHO 6k +1 yJ = 07 17
=

a61+2—|—buj,9uj,5uj,1 Z d
=0
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6k
. a1+l erl/tj_lll/tj_ﬂ/tj_g, Zal
1=0 .
U2n+j—9 = uj'*9kl—_[0 6k +2 yJ = 2737
17 k143 —|—buj,11uj,7uj,3 Z a
=0
6k +1
1 a6k1+2+buj,13uj,9uj,5 Z al
1=0 .
UL2ntj—9 = Mj79kli[0 w3 =4S
Akt by yzuoguj s Z a
=0
6ki+2
A e buy sup g Y d
1=0 .
U2p+j-9 = uj—9kH0 6k 44 yJ = 6777
OOk i ysugouj g Z a
=0
6k +3
1 a6k'+4—|-buj,17uj,13uj,9 Z al
=0 .
UI2n4j—9 = Uj-9 kHo s =89
= a6kl+6—|—buj_17uj_13uj_9 Z al
=0
6k +4 l
@ e bujyguj1suj- l;) a
UL2n+4j—9 = ”j—9k1__10 ove o) = 10,11
AT b youjysuj—yy Y, d
1=0
150 3.3.1 The case when a =1
151 In the instance case, using (53), we have that:
n—1 n—1
U_9g H (1 +6k1bu_9u,5u_1) U_g H (1 + 6k 1bu_gu_4up)
k1=0 k=0
Uizn—9 =-— ) Uin-8 = = )
I_I 1 + 6k1 + 1 bu_ou_su_ 1) H (1 + (6k1 +2)bu,gu,4uo)
=0 k=0
— n—1
u_7q H (1+ (6ky 4+ 1)bu_qu_su_y) u_g H (1+ (6ky + 1)bu_gu_suq)
Ki=0 ki =0
U7 =—— v Wion—6 =~
H (1 + (6k1 + 3)bu_9u_5u_1) H (1 + (6](1 + 3)]9’4—8“—4”0)
k=0 k=0
n—1 n—1
u_s [ (1+ (6ki +2)bu_ou_su_y) U_4 H (14 (6ki +2)bu_gu_sup)
k=0 k=
Ulop—5 = nii ) Ul2n—4 = L
H (1 + (6k1 +4)bu_9u_5u_1) H (] 6k1 +4 bu_gu_ 4u0)
k=0
n—1 —
U_3 H (1 + (6k1 —|—3)bu,9u,5u,]) Uu_p H (1 + (6k| + 3)bu,gu,4uo)
k=0 _ k=0
Uin-3 =—— ) Uin-2= — =
[T 1+ (6ki +5)bu_ou_su_:) [T (1 + (6ki +5)bu_gu_auo)

ki=0 k1=0

495

(53)
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n—1 n—1
u_y JJ(1+ (6ki +4)bu_gu_su_y) uo [ J (14 (6ki +4)bu_gu_auo)
k1=0 k1=0
Uion—-1 = n—i ) Ui2n = n—]l )
H (1 + (6k1 + 6)bu,9u_5u,1) H (1 + (6k1 + 6)bu,gbt,4u())
k=0 k=0

152

n—1
U_oU_5U_| H (1+ (6ky +5)bu_qu_su_y)
k1=0
U2p+1 = ] 1 )

u_7u_3(1 —|—bu_9u_5u_1) H (1 + (6k1 —|—7)bu_9u_5u_1)
k=0

n—1
U_gU_4Ug H (1 + (6k1 + S)bu,gu,wo)
k1=0
Uiont2 = 1 i . (54)

u_6u_2(1 —|—bu_gu_4u0) H (1 + (6k1 —|—7)bu_3u_4u0)
k1=0

153 Note that in w41 (resp. ujant2), we replace uy (resp. up) with u_ou_su_y/(u_7u_3(1+bu_ou_su_r))
U_gU_4U

(resp. u_e,u,z(lirblj,gu,mg) )

155 3.3.2 The case when a # 1

156 In the instance case, using (53), we have that:

1

o
S

6k 17(16/( 6k lfaﬁk
M9H H o bu—gusu—1(—— a)) MsH o bu—gu—auo(—— a))
ki =0 k=0
u _9 = u _8 =
1209 =757 oo | _gokitt 12n—-8 = 5,7 o n | gohit2
H(a 1+ +bu,9u_5u,1(]7 H(a 2 bu_gu_gu(
K=0 —a k=0
n—1 6k +1 17(16/(14»1 n—1 ki1 17(16k1+1
u_7 H(a ! +bu,9u_5u,1(ﬁ u_g H(a T bu_gu_qup( T
k=0 K=0
u _7 = u r—
12017 el | —gkit3 12n—6 el 1_goht3
H(a i+ +bu,9u_5u,1(17 (a® 13 - bu_gu_quo( 0
k=0 —a k=0 -
n—1 k42 17u6k1+2 n—1 k42 17d6k1+2
u_s H(a ! +bu,9u_5u,1(ﬁ u_4 H(a "+ bu_gu_quo( .
k=0 K=0
u _5 = u 4 =
1225 - 1 _gohitd 12n—4 el | kit
H(a i+ +bu,9u_5u,1(17 H(a 1+ +bu,gu,4uo(17
K=0 —a BH=0 —a
n—1 i3 17u6k1+3 n—1 6143 17a6k1+3
u_3 H(a 1 +bu,9u_5u,1(ﬁ u_p H(a 2 buguqup( T—
k=0 £=0
u 3= u 7 =
12n-3 n_1 o s 17a6k1+5 ’ 12n-2 n—1 oois 17a6k1+5 )
H(a 1+ +bu,9u_5u,1(17 H(a 1+ +bu,gu,4uo(17
k=0 —a k=0 -
157
P 1— 6k1+4 614 1— 6k1+4
u_ 1H(a " bu_qu_su_ 1(761 MOH Y bu_gu_ 4140(761
k1=0 k=0
u — u =
12n—1="77 e | _gokit6 L e | _gkit6
[T @ +bugu su_ 1(7)) [T @0+ bu_guquo(
k=0 —a k=0 —a
158
n—1 615 17616k1+5
U_ou_su_| H (@™ +bu,9u,5u,1(?
; £=0 a
12n41 = ST

1-—
u_qu_3(a+bu_gu_su_ H(a(’k‘+7+hu ou_su_j(
k=0
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n—1 ok 1 —gbat5
u_gu_gquo [ (@ +bu_gu_4uo(
- k=0 Lo (55)
U12nt2 = a1 | _ okt
u,6u_2(a+bu_gu_4u0) H (a6k]+7 + bu_gu_4up( a2

ki=0

Remark 1.

e Setting a =1 and b= 1, equations (54) reduce to Theorem 1 in [15].

e Setting a =1 and b =1 in Theorem 5 reduces to Theorem 2 in [15].

e Setting a =1 and b = —1, the equations in (54) reduce to Theorem 3 in [15].
e Setting a =1 and b= —1 in Theorem 5 reduces to Theorem 4 in [15].

e Setting a = —1 and b = —1 in the equations in (55) and Theorem 4 reduce to Theorems 5 and 6
in [15].

e Setting a = —1 and b =1 in the equations in (55) and Theorem 4 reduces to Theorems 7 and 8
in [15].

4 Conclusion

We have reviewed the steps to determine the symmetry generators of the ordinary difference Eq. (11)
and we have found its exact solutions. We have studied the periodicity of the solution and have proved
the existence of k, 2k, 3k, 6k-periodic solutions. Furthermore, we have looked at the stability of the
equilibrium point. For a more in-depth understanding, we have analyzed the case where k = 2. We
have provided different combinations of the values of a =+ 1 and b = £ 1 that reduce to all the eight
theorems in [15], thus generalizing the findings in the article [15].
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