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Abstract

There are numerous parameters in graph theory. In this dissertation, we pay a special atten-
tion to average distance, independence number, average eccentricity, order and the chromatic
number of a graph.

In 1975, Doyle and Graver proved an upper bound on the average distance with respect
to the order of the graph. This gave rise to studies that focus on upper and lower bounds on
average distance in terms of other graph parameters. Approximately, three decades after Doyle
and Graver proved their result, Dankelmann, Goddard, and Swart in 2004 produced a study
that gave an upper bound on average eccentricity in terms of minimum degree and order of the
graph, initiating studies that focus on giving bounds on average eccentricity with respect to
other known graph parameters.

In this dissertation, we investigate bounds on average eccentricity and on average distance.
We give upper bounds on average eccentricity in terms of independence number of the graph
and order of the graph. Then, we present bounds on average eccentricity when order and
chromatic number of the graph are prescribed. The second part of the dissertation is dedicated
to presenting upper bounds on average distance with respect to independence number and order
of the graph, and again, in terms of chromatic number and order of the graph.
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Symbol Description

dg(u,v) The distance between vertices v and v in graph G.

eq(v) The eccentricity of a vertex v in graph G.

7(G) The domination number of graph G.

oa(v) The total distance of a vertex v in the graph G.

o(Q) The transmission of graph G.

w(G) Average distance of graph G.

Ye(G) The connected domination number of graph G.

a(G) The independence number of graph G.

x(G) The chromatic number of graph G.

(@) Total eccentricity of graph G.

W(G) Total distance of graph G (also referred to as the Weiner index of
graph G).

Abbreviations

rad(Q) Radius of graph G.

diam(G) Diameter of graph G.

avec(QG) Average eccentricity of graph G.

degg(z) The degree of vertex x in graph G.

Special Graphs

A path of order q.
A complete graph of order gq.

A tree consisting only of a path P = vy, vs,...,v,_p with L%j end
vertices attached to v; and (%1 end vertices attached to v, _p.

A c-chromatic graph of order s consisting of a path P of order s — ¢
with end vertices x and y, and a complete graph K., with x joined to
a vertex v of the c-clique, K.
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Chapter 1

Introduction and Preliminaries

1.1 Introduction

The concept of distance in graph theory is one of the building blocks for most graph invariants,
such as average eccentricity and average distance of a graph, which will be our key focus areas
in this study. The graph invariants, average eccentricity and average distance, will be studied
in relation to the independence number and the chromatic number. The independence number
deals with subsets of vertices of a graph such that no two vertices are adjacent to one another in
that subset, and the chromatic number deals with the coloring of vertices of a graph such that
no two adjacent vertices are colored with the same color. In particular, in this dissertation, we
will give bounds on average eccentricity and average distance when the independence number
and the chromatic number are known.

In this chapter, we give basic terminology that we will use throughout this dissertation. In
Section we give a definition of a graph, and give some of the elementary definitions that
relate to graphs. In the subsequent section, Section we give definitions that are related to
distances in a graph. In the last two sections, we define independence number, and chromatic
number of a graph. Terminology that is given in this introduction can be found in [2], [8] and
[21].

1.2 Graph theory terminology

A graph G = (V, E) consists of two sets, a non-empty set V' of elements called vertices and a
set E (with a possibility of being empty) of 2-element subsets of V' called edges. In some cases,
the set of vertices of G is denoted by V(G) and the set of edges of G is denoted by E(G). If
E(G) = 0, then we say that graph G is empty. The order of graph G is defined as the number
of vertices in G while the number of edges in G is the size of G. We will denote by n and m
the order and size of a graph, respectively.

Example 1.2.1. Consider a graph G of order n = 5 and size m = 6, with vertex set
V(G) = {Uh V2, U3, V4, U5}
and edge set

E(G) = {{v1,v2}, {v1,vs}, {v2, vs}, {v2, v5}, {vs, va}, {va, vs}}

or simply

E(G) = {Ulw,vlv:s, v2v3, U205, U304, 1141)5}-
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We use a diagram shown in Figure[I.T] to represent graph G. Vertices of graph G are represented
by dots while edges are represented by lines joining the corresponding vertices.

Figure 1.1: Graph G

If two vertices in GG are joined by an edge then we say that those vertices are adjacent to one
another or they are neighbours. If u and v are adjacent vertices in GG, then we say that u and
v are incident with the edge uv. A set consisting only of vertices that are adjacent to a vertex
v is called an open neighbourhood of v, or just a neighbourhood of v. We use N(v) to denote
the neighbourhood of v, while the closed neighbourhood of v is the set N[v] = N(v) U {v}. A
neighbour w of v is called a private neighbour of v with respect to a set S C V(G) if no other
vertex of S is adjacent to w. The degree of a vertex v in G is the number of vertices adjacent
to v. The smallest degree among vertices of GG is called the minimum degree of G, while the
largest degree among vertices of G is called the maximum degree of G, and is denoted by A(G).
If every two distinct vertices in G are adjacent, then G is called a complete graph. A complete
graph of order n is denoted by K.

L o ——0
Kl KQ K3 K4

Figure 1.2: K, graphs for n < 4.

Let G be a graph. A graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G).
Suppose H is a subgraph of G, we say that H is a spanning subgraph of G if V(H) = V(G).
The graph H is said to be a proper subgraph of G if either V(H) C V(G) or E(H) C E(G).
A complete subgraph of graph G is called a clique. A clique of order k is called a k-clique. Let
S be a nonempty subset of V(G). The subgraph G[S] of G induced by S has vertex set S (i.e.,
V(G[S]) = S) and two vertices u and v in S are adjacent in G[S] if and only if v and v are
adjacent in GG. A subgraph H of a graph G is called an induced subgraph of G if there is a
nonempty set S of V(G) such that H = G[S5].
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V1 U1
Hi . e1 H :
U5 (%
V2 €6
€2 €4 €4
€3 €3
U3 V4 U3 V4

Figure 1.3: Examples of subgraphs of graph G given in Figure

Note that, in Figure H, is a spanning subgraph of G since V(H;) = V(G) and E(H;) =
{e1,e2,e3,e4} C E(G). Hjy is a subgraph of G since V(Hsz) = {v1,v3,v4,v5} C V(G) and
E(H) = {es,e3,e4} C E(G). Hy = G[V(H2)| thus Hy is an induced subgraph of G. H; #
G[V(Hy)] since v1 and vs are not adjacent in Hy and also, v and vs are not adjacent in Hj.

We define a u-v walk W within a graph G as an alternating sequence of vertices and edges,
with W explicitly given by the sequence u = vy, e1,v1,€2,v9,...,€k, v = v and e; = v;_1v; for
i=1,2,...,k. The number of edges we encounter within a u-v walk in a graph is the length of
that u-v walk. If no vertices are repeated within a walk in G then we call that walk a path. A
walk in a graph is a closed walk if the initial vertex and the last vertex are the same otherwise
we say that it is an open walk. A closed path in graph G is called a cycle in G. If G contains a
u-v walk, then we say that vertices u and v are connected in G. Also, we say that G is connected
if for each vertex uw and any vertex v in G, there is a u-v walk in G, otherwise, we say that
G is disconnencted. A connected subgraph H of G is a component of G if it is not a proper
subgraph of a connected subgraph of G. Let G be a graph with vertex set V(G) and x € V(G).
We denote the graph with vertex set V(G) — {z} by G — z. If for any vertex z € V(G), G — x
has more components than G, then z is said to be a cut-vertex of G. A connected graph, with
no cycles, is called a tree.

Py K4

Figure 1.4: Examples of trees

Example 1.2.2. The following walks in Figure V1V9Vs5, V1U2U3V4V5, and v1v3v4V5, are v1-vs
walks. These walks are also paths, and so, they can also be referred to as vi-vs paths. The
following paths are cycles in Figure (1.1} vovsvivsve, v1v9v3, and viv3vavsv9v1 .

Let G and H be graphs. We say that G and H are isomorphic if there exists a bijective
function ¢ : V(G) — V(H) called an isomorphism such that two vertices v and v are adjacent
in G if and only if ¢(u) and ¢(v) are adjacent in H. If G and H are isomorphic, then we write
G=H.
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U2 Us

H :

up us Uy
Figure 1.5: Graph H

Graph G and graph H that are in Figure and Figure [1.5] respectively, are isomorphic,
under the isomorphism ¢ : V(G) — V(H) defined as:

925 . V1 V2 VU3 V4 Vs
S \ur ug uz ug us)
This is because, for each pair of adjacent vertices u and v in V' (G), there is a pair ¢(u) and
¢(v) of adjacent vertices in V(H) and vice versa. Note that, G and H both have order 5, size

6, two vertices with degree 3 while other vertices have only degree 2. Moreover, each of the two
graphs has three cycles.

Let G be a graph. A subset S of V(G) is called a dominating set of G if every vertex not in
S is adjacent to at least one vertex in S. The domination number v(G) of G is the minimum
cardinality of a dominating set of G. If a dominating set S of GG induces a connected subgraph
in GG, then we say that S is a connected dominating set of G, and a connected dominating set
of of minimum cardinality is called the connected domination number of G and is denoted by
Ye(Q), or simply ~. if G is understood. The graph G in Figure the following sets are some
of the dominating sets of graph G.

{v1,v9,v3,v4}, {v1,v3,v4}, {vs, v}, {v3, 05}
The domination number v(G) of graph G in Figure is
{vs, va}| = {vs, vs}| = 2.
The following sets are some of the connected dominating sets of graph G in Figure [1.1
{v1,v2,v3,v4}, {vs,v4}.

The connected domination number of G in Figure [1.1]is thus,

[{vs, va}| = 2.

1.3 Distance concepts

For a connected graph G, we define distance dg(z,y) between vertex z and vertex y in G as
the length of a shortest z-y path in G. A z-y path of length dg(z,y) is called a z-y geodesic.
The total distance of a vertex x in G is defined as

cole)= 3 dole,y)

yeV(G)
and the average distance of G is defined as

1 n\ ! 2
W)=t 3 wa = (5) X det =t Y dae),

{zyrcV(@)
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where n is the order of G.
In some instances, we will use dg(z) to imply og(z). Also, it is tedious to work with u(G),
instead, we will use the Wiener index of GG defined as

we = Y dolay).

{z,y}CV(G)

The transmission of G is defined as

@)=Y oelr)= 3 dolay).
)

z€V(G) z,yeV (G

Let S C V(G). We use dg(u,S) to denote minimum distance between u € V(G) and vertices of
S. The eccentricity ec(v) of a vertex v in G is the distance between v and a vertex furthest from
v in G. The greatest eccentricity among the vertices of G is called the diameter of G and it is
denoted by diam(G) while the smallest eccentricity among the vertices of G is called the radius
and it is denoted by rad(G). The average eccentricity of a graph G is the mean eccentricity of
G and it is denoted by avec(G). Thus, we have that

1
diam(G) = ,rad(G) = mi d G)=— g .
iam(Q) UIEI%/HE)&) eq(v),rad(Q) vénVl(nG) eq(v) and avec(Q) "2 eq(v)

A vertex v in G with eccentricity eg(v) = rad(G) is called a central vertex of G.

1.4 Independence concepts

A set @ is said to be maximal with respect to a given property P, if adding an element to @
violates the property P. Now, a set U of vertices in a graph G is said to be independent if
no two vertices in it are adjacent in G. A maximal independent set U in G is referred to as
a vertex independence number or simply, just independence number of G and is denoted by

a(G).

Ky K174 Py

Figure 1.6: a(Ky) =1; a(Ky14) =4 and a(P5) = 3.

1.5 Chromatic concepts

Let G be a graph. A proper vertex coloring of G (or just coloring of G) is an assignment
of colors to the vertices of GG, one color to each vertex, so that adjacent vertices are colored
differently. Positive integers are used to represent different colors used for coloring of the graph.
We can then present the colors used for coloring a graph G by a function ¢ : V(G) — N such
that c¢(u) # c(v) if v and v are adjacent. (N is a set of positive integers which represents the
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colors used for the coloring of graph G). If we use k or less colors for a coloring of G, then we
say such coloring is a k-coloring. Graph G is k-colorable if there exists a k-coloring of G. The
smallest positive integer k such that G is k-colorable is called the chromatic number of G and
is denoted by x(G). If G has chromatic number k then we say G is a k-chromatic graph.

o~
o
o~
o
o~

K, Ki4 Py

Figure 1.7: Coloring of K4, K4 and P5 to show their chromatic numbers.

For any other undefined concepts, please see [2].

1.6 Conclusion

In this chapter, we gave definitions that we will use through out this dissertation. In Section [I.T
we introduced the reader to what we intend to study. Then, we gave general definitions of graphs
in Section [I.2] Then, in the remaining three sections, Section Section and Section
we respectively, gave definitions that focus on distance of a graph, independence number and
chromatic number. In the next chapter, we will review relevant literature for our work.



Chapter 2

Literature review

2.1 Introduction

Graph theory ideologies have been used in many science, humanities and engineering fields. In
particular, the idea of distance is one of the most explored concepts in graph theory, since from
it, we study how far apart one vertex is from the rest of the vertices in a graph. Most of the
graph theory concepts can be linked back to distance. Average eccentricity and average distance
are some of the concepts that can be linked to distance, as seen from the definitions of the two
concepts. Bounds on average eccentricity and average distance have been presented before in
terms of different graph parameters. We aim to show upper bounds on average eccentricity
when order and independence number of a graph are known. Also, we will show upper bounds
on average eccentricity when order and chromatic number are prescribed. We give bounds on
average distance in terms of order and independence number, and also, in terms of order and
chromatic number of the graph.

In this chapter, we will first give the motivation for studying average eccentricity and average
distance, and then we will give some of the background work that has been done on the bounds
on average eccentricity and average distance in terms of other graph parameters.

2.2 Motivation and Background

2.2.1 Motivation

Graphs have many parameters that help us to describe how the vertices are connected to one
another. For instance, we can use degrees of vertices to describe the number of vertices a
vertex is adjacent to. The graph parameters help with classifying graphs of the same order,
which is convenient for application. The interest in studying bounds on average eccentricity and
average distance is due to the vast application power the two concepts provide. For instance, in
chemistry, the Wiener index, a variant of average distance, is used to estimate the boiling points
of some of the chemical compounds [25], and in communications network, average eccentricity
can be used to estimate the time a message takes to arrive [§]. These two concepts are also
applied in architecture, social sciences, crystallography, cryptography, and facility location [I3],
25].

2.2.2 Background

Average distance was first studied by a chemist named Harold Wiener. In 1947, Wiener no-
ticed that, the boiling points of acyclic compounds could be calculated using the Wiener index
[20, 25]. Initially, other chemists were skeptical of the result, but eventually, they accepted
the concept [25]. Mathematicians began to study the Wiener index almost thirty years after



2.2. MOTIVATION AND BACKGROUND 8

chemists had started working on it. This was initially done without the aid of chemists’ work
on W(G) [11l, 25], leading to a slightly different, but equivalent definition of W (G), see [11].
Doyle and Graver were the first to define average distance as a graph parameter [20], and since
then, the study on average distance has grown greatly. For instance, graph theorists have stud-
ied bounds on average distance with respect to other graph parameters, like minimum degree,
maximum degree, order, and size of the graph.

From eccentricity of a vertex in a graph, we can define more graph parameters. For instance,
average eccentricity was introduced few decades after the introduction of average distance. In
1988, Skorobogatov and Dobryninin introduced the concept of average eccentricity [23], then,
in 1990, Buckley and Harary named it eccentric mean [8, 23]. Researchers in chemistry and
biology have defined other topological parameters that are closely related to the average eccen-
tricity, one of them being eccentric connectivity index, defined as the sum of products of degree
and eccentricity of each vertex in the graph, see [16]. Some other parameters that are defined
using eccentricity, are first Zagreb eccentricity index and the second Zagreb eccentricity index.
The first Zagreb eccentricity index is defined as the sum of the squares of eccentricities of each
vertex in a graph, and the second Zagreb eccentricity index is defined as the sum of the product
of eccentricities of adjacent vertices in a graph, see [22].

Considering the number of graph parameters that have been defined in graph theory, it
is difficult to relate all of them manually. To combat this problem, computer programs were
designed to take graph parameters, graph models and a relation, amongst others, as inputs, see
[1, 10, 15]. From 1981 to 1984, the University of Belgrade, Faculty of Electrical Engineering,
developed a computer program called “Graph”, which is designed to help with verifying, giving
and disproving conjectures in graph theory [4, 5]. In 1985, Siemion Fajtlowicz designed a com-
puter program called Graffiti, see [15], and in 2001, Ermelinda DeLaVina developed Graffiti.pc,
with an end goal of using Graffiti-like program without a middle man, see [10]. Unlike “Graph”,
Graffiti and Graffiti.pc give conjectures, but they do not prove or disprove those conjectures
[10]. Before Ermelinda DeLaVina developed Graffiti.pc, AutoGraphix had been developed at
Gerad, Canada, since 1997 [I]. AutoGraphiX or AGX, was developed to assist graph theorists
in being able to find extremal graphs, and it gives conjectures with suggestions on how to prove
them [I]. In the sequel, we will be mentioning, from time to time, some of the relevant contri-
butions into literature by these computer programs.

Coming back to bounds, in [8], upper bounds on average eccentricity are given in terms
of order and minimum degree of the graph. They also give extremal graphs. But, there are
other graph parameters, other than, minimum degree and order, which can be related to the
average eccentricity. This is what Yunfang Tang and Bo Zhou did in [23]; they gave lower
bounds on average eccentricity in terms of the number of vertices and number of edges, and
they gave the extremal graph as well. They then continued to give lower and upper bounds on
the average eccentricity of n-vertex trees with fixed diameter, fixed number of pendent vertices
and fixed matching number, respectively. Du and Ilic studied some of the conjectures created
by AGX in [I3]. One of the two conjectures they proved true give an upper bound on average
eccentricity with respect to order and independence number, while the other conjecture gives an
upper bound on average eccentricity with respect to order and chromatic number of the graph.
Also, the conjecture that relates average eccentricity, order and chromatic number is similar to
a theorem we are going to prove in this dissertation, and the method they used to prove the
conjecture is similar to the method we used in this dissertation. Interestingly, the authors of
[9] and [I3] worked on the proof of the conjecture independently.

Average distance, Wiener index and the transmissions of a graph are all related (see, [18] and
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[24]). In most cases, it is tedious to work with average distance, so, researchers opt to work with
either Weiner index or the transmission of the graph. For instance, in [6], Dankelmann presented
a sharp upper bound on the average distance of a graph in terms of order and the independence
number of the graph by first proving an upper bound on the transmission of the graph in terms
of the independence number and the order. He then deduced an upper bound on the average
distance in terms of independence number and the order. Few years later, Dankelmann [7],
presented upper bounds on average distance in terms of order and domination number . He used
similar methods as in [6] to draw conclusion in [7]. Chung in [3], proved a conjecture produced
by Graffiti, which states that the average distance is at most the independence number of the
graph. To prove the conjecture, Chung used neither of the Wiener index nor the transmission,
rather, she used only the average distance. In this dissertation, we will use Wiener index and
the transmission to draw conclusions on upper bounds on average distance.

A lot of research results on average distance and average eccentricity are found in literature. In
the next section, we present relevant results that are important for this study.

2.3 Survey of Important Results

2.3.1 Average distance results

In 1975, when Doyle and Graver first defined average distance as a graph parameter in [12], they
gave bounds on average distance in terms of order. They used h(v), a sum of tripple products
of order of branches, which is defined as follows. Assume that G is a tree and |V (G)| = n. For
v € V(QG), let my, ma, mg, ..., my be the orders of branches of G — v. Then

h(v) = Z mi - mj - My

1<i<j<k<q
They then proved the following theorem which provided a basis for their result.

Theorem 2.3.1. If G is a tree with n vertices, then

WO =" - s 3 b

By observing that 1 = u(K,) < u(G), for any connected graph G of order n, and by applying
the fact that, for any spanning tree T of G, we have that pu(G) < u(T), to Theorem they
deduced the following corollary.

Corollary 2.3.2. If G is a connected graph with |V (G)| = n, then

1< p(6) <

with equality holding on the left if and only if G is complete and on the right if and only if G is
a path.

Then in 1976, Entringer, Jackson and Snyder in [14] presented bounds on average distance
in terms of size and order, and their results were given by the following theorem,

Theorem 2.3.3. If G is a connected graph with n vertices and k edges, then

n(n—1) <d(G)+k < = (n*+ 5n —6),

=
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where d(G) = % Z dg(u,v). To prove the lower bound of Theorem [2.3.3] d(G) was
u,veV(G)
expressed in terms of the size of the graph and the sum of distances of non-adjacent vertices in
G, and from the obtained expression, they obtained the lower bound. They then used induction
on n, followed by induction on k, to show that the upper bound holds.
Few years later, in 1984, Plesnik improved the bound from Corollary 2.3.2]to 2-vertex-connected
and 2-edge-connected graphs in [19]. They showed the improved bounds by presenting proofs
for the following theorems:

Theorem 2.3.4. Consider a graph G and assume that G is a 2-vertex-connected graph with n

vertices. Then )
o(G)<n LZnQJ,

and equality holds true if and only if G is a cycle,
and

Theorem 2.3.5. Consider a graph G. Assume G is a 2-edge-connected graph with n vertices.

Then
o(G)<n EnQJ,

and equality holds true if and only if G is a cycle.
Theorem [2.3.4] followed from the following lemma,

Lemma 2.3.6. Consider a 2-vertex-connected graph G with n vertices. Then for any vertex v
we have o(v) < HnZJ. Equality holds for every v € V(QG) if and only if G is a cycle.

To prove Lemma [2.3.6] Plesnik used the idea of distance layers. Then using Lemma [2.3.6

and the fact that o(G) = Z o(v), he was able to show that Theorem [2.3.4]is true. Induction
veV(G)

is used on n to prove Theorem [2.3.5

In 1988, Chung showed that, average distance of a connected graph is at most the indepen-
dence number of the graph, by presenting a proof for the following theorem in [3],

Theorem 2.3.7. For every connected graph G,
u(G) < a(G),
and equality holds if and only if G is a complete graph.

Theorem [2.3.7] was proven by induction on the order of the graph. They considered average
distance from some vertex v, defined by

F) = = da(u,v),
uFv
and then they related f(v) to u(G). Then, they made four claims. In the first claim, they
proved that if G — w is connected for a vertex w of G, then o(G) > u(G), by using the fact
that a(G) > a(G — w) and the induction hypothesis. Then, they proceeded by assuming
that, every vertex w such that f(w) < p(G) is a cut-vertex. Then, they claimed that, if,
for some vertex w, f(w) < u(G) — 1, then a(G) > u(G). They proved the second claim
by considering neighbors of w, which they assumed to be wi,ws, ..., wy, and they have that,
for 1 < i <k, f(w)) < f(w) +1 < p(G), giving that w;’s are cut-vertices as well. Then,
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they concluded the proof for the second claim by showing the claim holds for two cases, when
k = 2 and for the case when k > 3. The third claim they proved is given as follows, if
diam(G) > 2| p(G)| — 1, then o(G) > p(G). To prove the third claim, they used distance layers
L;. They considered the maximum independent set L of the L;, and they further considered
two independent subsets of L, where one set is contained in L if ¢ is even and the other set is
contained in L if 7 is odd. Using the two subsets of L, they showed that the claim holds. To prove
the fourth claim, which states that, if f(w) > pu(G) — 1, then a(G) > u(G), they first took w to
be a vertex such that, max{dg(w,v) : v € G} is minimized among all w such that f(w) < u(G),
and they assume that, the number of vertices v with dg(w,v) = max{dg(w,v) : v € G} is as
small as possible. Then, they considered one component of G — w, denoted by A, with vertex
u such that dg(u,w) = max{dg(w,v) : v € G} > |u(G)|. Then they used the third claim,
together with A to bound dg(w, z) in terms of | u(G) |, for any x € G—A—w. Then, they chose a
vertex z that lies on the shortest path P(u,w) joining v and w such that dg(z,u) = |u(G)] —1.
Then, to conclude the fourth claim, they considered two sub-cases. A case when there is a
vertex v such that dg(z,u) = [u(G)| + 1 and the case when dg (v, z) < |u(G)| for any v.

In 1994, Dankelmann presented upper bounds on average distance with respect to order and
independence number of the graph in [6]. The extremal graph in his results, Theorem is
defined as follows. For positive integers n, k with 2 < k < %n, let Gy, 1 be the graph obtained
from a path Po,_o with end vertices vy, vo and two disjoint complete graphs G, G of order

nl:LgJ—k—f—l7 ngz[g—‘—k—l-l

by joining v; with each vertex of G; for ¢ = 1, 2. While for positive integers n, k with %n <k<
n—1, Gp i is the graph obtained from a path Py, _o;_1 with end vertices vy, vo and two disjoint
empty graphs G, Go of order

= [P e 2

by joining v; with each vertex of G; for i = 1, 2. In particular, Dankelmann proved the following
theorem.

Theorem 2.3.8. Let n and « be two integers satisfying 2 < a < n—1. Then

w(G) < p(Gra).
Equality is true if and only if G is isomorphic to G, «.

To prove Theorem [2.3.8, construction and induction methods were used to draw a conclusion.
Define p(n, ) to be the class of all connected graphs of order n and independence number a.
The following lemmas were used as well to prove Theorem [2.3.8

Lemma 2.3.9. For graph G € p(n,2), and n > 3, we have that
0(G) < o(Gp2).
Equality is possible if and only if G is isomorphic to Gy, 2.

Lemma 2.3.10. (a) For integers n, k, 2 < k < %n, let H] , denote the connected graph of
order n, which consist of a path Pai_1 with an end vertex v, a complete graph K, o1, and an
edge joining v to exactly one vertex of the k-clique.

(b) For integers n, k, %n <k<n-—1,let Hq/m denote the connected graph of order n, which
consists of a path Poy,_op with an end vertex v, an empty graph of order 2k —n and edges joining
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v to the empty graph.
Let H € p(n,k) and x € V(H). Then we have

op(x) < (2k—1)(n— k).
Equality holds if and only if H is isomorphic to HT’”,{J and x is the unique end vertex of H.

After having related average distance with order and independence number, in 1997, Dankel-
mann presented upper bounds on average distance with respect to order and domination num-

ber, by proving Theorem [2.3.11| and Theorem [2.3.15|in [7]. Theorem [2.3.11]is stated as follows.

Theorem 2.3.11. For a connected graph G with n vertices and domination number v < 3,

have that

we

nt+l _ (n—=37)(n—3y+2)(2n+37y—7)

3 Sn(n=T) if n—-is even,

u(G) <
nt+l _ (n—=37)(n—37+2)(2n+3y—7)—9(y—1)
3 6n(n—1)

if m—-y s odd.
Equality holds if and only if G = Gy, 5.

To prove Theorem [2.3.11] they inducted on n and v using Lemma [2.3.12] Lemma |2.3.13|and
Lemma 2.3.14 to draw conclusions. The forementioned lemmas are stated as follows.

Lemma 2.3.12. Let H be a graph. The following two statements are equivalent.
1. v(H —e) > vy(H) for each edge e € E(H).
2. H 1is the union of vertex disjoint stars.

Lemma 2.3.13. 1. Let G be a connected graph and v € V(G) a cut-vertex. Then there is a
vertex w € N(v) with o(w) > o(v).

2. If G is a tree and v is neither an end vertex nor adjacent to an end vertex, then there is
a vertexr w, adjacent to an end vertex, with o(w) > o(v).

In Lemma the extremal graph is defined as follows.

i. For positive integers n, v with 1 < v < 5 let Hy,, be the graph consisting of a path
P3, 1 = vivy...v3,-1 and independent vertices wq,...,wp41-3, that are joined with
V3y—1-

ii. For positive integers n, v with ¢ <~ < % let H,,, be the graph obtained from a path
Py, 3441 = v102 ... 02,341 and independent vertices wsn—6y+3, - - - , W2n—3y+1 by joining
v; and w; for 3n — 6y +3 <@ <2n—3y+ 1.

Sketches of the described extremal graphs are provided in [7]. We now state Lemma [2.3.14

Lemma 2.3.14. Consider a tree G with n vertices and domination number . For each vertex

v € V(G), we have

(3y = 1)(n —37) if v<4%,
o(v) <
(2n—3y+1)2—L1Bn—6y+3)Bn—6y+2) if v>2

Equality is attained if and only if G = H,,, and v = vy.

Theorem [2.3.15] is stated as follows,
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Theorem 2.3.15. For a connected graph G with n vertices and domination number v > % we

have
e i ney i v

w(G) <

nT-i-l _ (S’y—n—1)(3’Y—n—?é)7£?77:_—16)'y—2)+6(2n—3’y—1) if n—~ is odd.

with equality if and only if G = Gy, 5.

They presented a proof of Theorem using induction on n and Lemma

In the same year, 1997, Kouider and Winkler presented the upper bounds on average distance
in terms of order and minimum degree of the graph in [I7]. They presented a proof of the
following theorem.

Theorem 2.3.16. Let G be a graph with n vertices and minimum degree 6. Then

n
G)< ——+2.
wG) s 527+
To prove Theorem [2.3.16} they first considered a path P(u,v) given by u = xozy . . . T (upw) =
v, followed by considering neighborhoods of vertices on P(u,v), and selecting three disjoint sets
Aq, Ay, and As using vertices of P(u,v). By using the cardinalities of the forementioned sets,
Ajq, As, and As, they defined a “score” function, and showed that, the score function is at most

nin—1)(n—2)
: .
They proceeded to calculate the lower bound on the score function in terms of minimum degree,

|A1l, |A2],|As| and average distance. Now, using the bounds of the score function, they were
able to show that Theorem 2.3.16] holds.

2.3.2 Average eccentricity results

In 2004, Dankelmann, Goddard, and Swart initiated studies of bounds of average eccentricity
by presenting upper bounds on average eccentricity in terms of order and minimum degree in
[8]. They needed the following definition to prove their results:

Definition 2.3.17. Let G be a graph without multiple edges. Let V(G) = {vi,va,...,v,}.
A pair (G,w) is called a weighted graph if w : V(G) x V(G) — R is a function satisfying:
w(vj,v;) = w(vi,v5); w(vi,v;) > 0 and w(vs,v;) > 0 if and only if v;v; is an edge in G, for all
Vi, V5 € V(G)

Then, for a weighted graph G with weight function ¢ : V(G) — R, they defined the

eccentricity of G with respect to c as
EX(G)= > c(z)ea(z)
zeV(G)

and the average eccentricity of G with respect to c as
EX,
avec.(G) = ¢
erx/(a) c(z)

Being concerned about upper bounds on average eccentricity in terms of order and minimum
degree, they proved the following lemma.
Lemma 2.3.18. Let G be a weighted graph with weight function ¢ such that c(v) > 1 for every
vertexr v, and N = IVZ’UGV(G) c(v)—‘ . Then

avec.(G) < avec(Py).
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They used Lemma [2.3.18 to show upper bound on average eccentricity of a connected graph
with order n and minimum degree § is as stated in Theorem [2.3.19

Theorem 2.3.19. Consider a connected graph G with n vertices and minimum degree 6. Then

o 15
—— 2.1
w141 (2.1)

Ezcluding the additive constant, we have that the inequality is attainable.

To prove Theorem they first constructed a maximal set A such that every vertex v
in A is at least distance 3 from all other vertices of A. Afterwards, they considered a forest
subgraph 77 of G, such that, T has vertex set made up of vertices in A and any vertex adjacent
to A in G, denoted by N[A]. Using the construction of A and 77, they constructed a subtree
Ty of G that is obtained by joining components of 7} using |A| — 1 edges in G that join the
components through vertices in N[A] — A. By considering a spanning tree T' of G with edge set
E(T) U{uv' : uwe V(G) — N[A],u’ € N[A]}, they showed that

9In +E
46 +4 47

by also considering a weight function ¢ : V(T') — R, given by
c(u) = {z € V(T)|za = u}l,

avec(G) <

avec(T) <

where u € V(T'), with x4 being a vertex closest to z in A. Then, they argued that
avec(T) < avec.(T) + 2.
Then, they constructed a tree U using A and T to obtain
avec.(T) < 3avec.(U) + 1. (2.2)

By using Lemma [2.3.18] 1} with N = Lﬁ—l—‘, they concluded that

In 15
wd 1
To show that the inequality is best possible in , they constructed a graph that achieves
equality in for large n.
Eight years after Dankelmann, Goddard and Swart had presented their results in [§], Tang and
Zhou followed with a study that gives bounds on average eccentricity in terms of order and size
in [23]. Firstly, they proved a proposition that gives the lower bound on average eccentricity of
a connected graph with order n in terms of the number of vertices with degree n — 1 and order
n, and it is stated as follows,

avec(T) <

Proposition 2.3.20. Let G be an n-vertex connected graph, and k the number of vertices of
degree n — 1 in G, where 0 < k < n. Then

avec(G) > 2 — k
n

with equality if and only if all of the vertices of degree less than n — 1 have eccentricity two.

To prove Proposition Tang and Zhou provided the reader with a note, mentioning
that, there are k vertices with eccentricity one and n — k vertices with eccentricity at least two.
So, the result will then follow. They followed the above proposition with a definition. They
defined the set G(n,m) as follows. Let GV H be the graph formed from vertex-disjoint graphs
G and H by adding edges between each vertex in G and each vertex in H. Then, G(n, m)

2n—1—1/ (2n71)278mJ

denotes the set of graphs K,V H with n vertices and m edges, where a = [ 3

Then, they used Proposition [2.3.20] to prove Proposition [2.3.21) which gives the lower bound
on average eccentricity in terms of order and size,
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Proposition 2.3.21. Let G be an n-vertexr connected graph with m edges, where n —1 < m <

(g) Let a = Vn*l* v (anl)Qfng. Then

2

a
> -
avec(Q) o

with equality if and only if G € G(n,m).

To prove Proposition 2.3.21] Tang and Zhou started by denoting the number of vertices with
degree n — 1 by k, where 0 < k < n — 1. They showed that Proposition is true by using
Proposition and considering the cases when k = 0 and k£ > 1, together with the fact that
2m > k(n — 1) + k(n — k).

Then, Tang and Zhou proceeded to give proof for Proposition[2.3.22] which gives an upper bound
on average eccentricity in terms of order and size. The extremal graph used in Proposition
is defined as follows. Let K, — ke be a graph formed by deleting k& independent edges from the

complete graph K, where k = 1,2,...,[5].

Proposition 2.3.22. For a connected graph G with n > 2 vertices and size m, we have that

avec(G) < n — 27771 (2.3)

Equality is possible if and only if G = K, — ke for k=0,1,...,[§], or G = Py.

To prove Proposition [2.3.22) Tang and Zhou used order of distance layers, |N;(x)|, for
i=1,2,...,eq(z). From the fact that

ec(x)

n—1=degg(x) + Z | Ni(x)],
i=2

they showed that degg(x) + eg(z) < n. This gives,

avec(G) = 1 Z eg(x) <n— 2—m (12.3])

n n
zeV(G)

To show the conditions for equality in , they first noted that, either eg(x) = 1 with
dega(z) = 1 or eg(z) > 2 with [Na(x)| = [N3(z)| = -+ = [Neg(2)(z)| = 1 for every z € V(G).
Then, they showed that equality holds in the proposition for the case eg(x) = 1, and for the
case ei;() > 2. They assumed that, it is easy to show that avec(G) =n— 22 for G = K,, — ke
with k =0,1,...,[§] or G = P4, thus omitting the proof.

In the same year, 2012, that Tang and Zhou presented their results, in [23], Ili¢ presented a
proof for a conjecture that relates average eccentricity to independence number and order, in
[16]. li¢ used the following lemma in the proof of the conjecture,

Lemma 2.3.23. Let T be an arbitrary tree on n vertices, not isomorphic to a path P,. Then
there is a pendent vertex v such that for each uw € V(T) it holds

er(u) = ep—_y(u).

The conjecture was obtained from AutoGraphix. The extremal case is given by the graph
B(n,A) consisting of a star Sa11 and a path P,_a41 with one of the end vertices of P,_ a1
attached to one of the pendent vertices of Sa+1. The conjecture is stated as follows,
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Conjecture 2.3.24. For every n > 4 it holds

%ﬁ"il—k%ﬂ if n is odd,
avec(G) + a(G) <
3n2—4n—4 + n+2
2

I if n is even

with equality if and only if G is isomorphic to P, for odd n, and G is isomorphic to B(n,3) for
even n.

To prove Theorem Ili¢ considered an extremal tree T* with diametrical path P =

vov1 ... vg. Then using Lemma2.3.23] he argued that oo(B(n, n—d+1))+avec(B(n,n—d+1)) and
a(T*)+avec(T™) are equal. Then by direct calculation of a(B(n,n—d+1))+avec(B(n,n—d+1)),
he concluded that the theorem holds.
Then, in 2013, Du partnered with Ili¢, to present proofs to more conjectures provided by
the AutoGraphix computer system in [I3]. Firstly, they provided a proof to the conjecture
that relates average eccentricity to order and independence number. This was followed by a
conjecture relating average eccentricity and chromatic number and order. The first conjecture
is stated as follows,

Conjecture 2.3.25. Let G be a graph with n vertices such that n > 4. Then avec(G)/a(G) is
mazimized by some graph composed of two cliques linked by a path.

To prove Conjecture [2.3.25 Du and Ili¢ showed that, the conjecture holds for two cases. For

the first case, they considered a connected graph G of order n with a(G) > {%1, and in the

2

To prove the second conjecture, they had to define an extremal graph, as follows. Let LP(n,t)
denote the graph obtained from a complete graph K; and a path P,_;;1 with one of the end
vertices of P,_;y1 attached to one of the K; vertices by an edge. LP(n,t) is called the lollipop
graph. The second conjecture is stated as follows,

second case they have that a(G) < Pw

Conjecture 2.3.26. For every n > 4 it holds

n 1 ; :
_ 1—3 if n is even,
avee(G) — a(G) < { n_t_ s if n is odd
with equality if and only if G is isomorphic to P, for even n, and G is isomorphic to LP(n,3)
for odd n.

To prove Conjecture Du and Ili¢ considered a connected graph G of order n > 4 and

maximum avec(G) — «(G). Then, they noted that, the inequality can be obtained using some
of the methods used in the proof of Theorem [2.3.25] Then, they proceeded to use contradiction
to show that equality holds for when G is isomorphic to P, with n even, and G is isomorphic
to LP(n,3) with odd n.
Then, with the aid of Brooks theorem, which is stated as follows: For any connected graph
G with mazimum degree A, x(G) < A wunless G is a clique or an odd cycle, in which case
X(G) = A+ 1, Du and Ili¢ proceeded to prove the following conjecture, which gives upper
bound on avec(G) - x(G), and is stated as follows,

Conjecture 2.3.27. Consider a graph G with order n with n > 4. Then avec(G) - x(G) is
mazximized by some lollipop graph.

To prove Conjecture Du and Ili¢ considered a connected graph G of order n with
chromatic number y, maximum degree A and diameter d. Then, they directly showed that
avec(G) < avec(LP(n,x)) for x = 2, x = 3 and x = n. Then, they used Brooks theorem to
show that avec(G) < avec(LP(n,x)) when 4 < x < n — 1. Using the inequality avec(G) <
avec(LP(n,x)), they concluded that the maximum value of avec(G) - x is achieved by LP(n, x).
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2.4 Conclusion

In this chapter, we began with a brief introduction, where we informed the reader about the
study fields that incorporate graph theory ideologies within their analysis. Also, we made the
reader aware of how most of the graph theory concepts relate back to distance. Then, we
gave motivation of studying graph parameters, and why we might want to study bounds on
average eccentricity and average distance in terms of other graph parameters. We proceeded
to give background work on average eccentricity and average distance. We gave a history of
how the study on bounds on average eccentricity and average distance came to be, and we
mentioned authors who have taken interest in studying those bounds. We also mentioned
computer programs used to generate some of the hypothesis for the results that have been
studied thus far. We proceeded to give survey of results that are closely related to the results
of this dissertation.



Chapter 3

Upper bounds on the average
eccentricity

3.1 Introduction

In this chapter, we are going to study upper bounds on average eccentricity in terms of in-
dependence number and order of the graph, and then in terms of chromatic number and or-
der of the graph. Instead of working with avec(G), for easy calculations, we will work with
((G) = Xpev(e) ec(v) to analyse average eccentricity results, and convert back to avec(G)
thereafter.

Main results of this chapter were studied by Dankelmann and Mukwembi in [9]. We will
employ methods of [9] to prove main results of this chapter.

3.2 Average eccentricity, order and independence number

We dedicate this section to proving results that will assist us in showing an upper bound on
average eccentricity in terms of order and independence number of a graph, and we conclude
the section by proving a theorem that gives an upper bound on average eccentricity in terms of
order and independence number of a graph. We begin with proving a result that allows us to
compute the eccentricities of vertices in a tree easily.

Lemma 3.2.1. Consider a tree T with two vertices u and v at distance diam(T). For all
x € V(T), we have
er(z) = max{dr(z,u), dr(z,v)}.

Proof: We proceed by contradiction. Suppose T is a tree and v and v are vertices at
distance diam(T') in T, with

er(z) # max{dr(z,u), dr(z,v)}

for some vertex z € V(7).
Then under the supposition, we have the following claim.

Claim 3.2.2. ep(z) > max{dr(z,u), dr(z,v)}

Proof of Claim [3.2.2]
Since we have that ep(x) # max{dr(z,u), dr(z,v)} for vertex x € V(T), it follows that either

er(z) > max{dr(z,u),dr(z,v)}

18
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er(z) < max{dr(z,u),dr(z,v)}.

Suppose that er(x) < max{dr(z,u), dr(z,v)}, and assume without loss of generality that
max{dr(z,u),dr(z,v)} = dr(z,u)
and let er(z) = dr(x,y) for some vertex y € V(T'). Then, since er(z) < dr(z,u) we have that

er(z) =dp(x,y) < dp(x,u),

contradicting the fact that y is a vertex furthest away from z. Therefore, we must have that
er(z) > max{dr(z,u),dr(z,v)} and Claim is proven.

Now, let er(z) = dp(z,y) for some vertex y € V(T'). By Claim we have that,
6T(x) = dT(xv y) > max{dT(x7u)7 dT(xv U)}

Let P(u,v) and P(z,y) denote a u-v and an z-y path in T, respectively. We consider the
following cases.

Case 1: When the intersection between vertices in V(P(u,v)) and vertices in V(P(z,y))
contain at most one vertex in it.

Case 2: When the intersection between the vertices in V(P(u,v)) and vertices in V(P(z,y))
contain more than one vertex.

Proof for the first case.

Let w be a vertex that lies on P(u,v) and let z be a vertex that lies on P(z,y). Assume
that w and z are at a minimum distance, it follows that, w = z if and only if the two paths
have only one vertex in common. We demonstrate the relationship of P(u,v) and P(x,y) in T
when V(P(u,v)) NV (P(z,y)) = {z} = {w} by Figure 3.1 below.

X u
— - co—o
v )
— - co—o

Figure 3.1: Subgraph of Tree T with paths P(u,v) and P(z,y) having one vertex in common.

From Figure we see that, the distances dr(z,y), dr(z,u), and dr(z,v) can be written as
follows,

dr(z,w) + dr(w,y), (3.1)
dp(z,w) + dp(w,u),
dr(z,w) + dr(w,v).

dT(xay) = dT(wv Z) + dT(Zay)
dr(xz,u) = dr(z, z) + dr(z,u)
dr(z,v) =dp(z, z) + dp(z,v)

Since
dp(z,y) > max{dp(xz,u),dp(z,v)},
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we have
dr(z,y) > dr(x,u)

and
dr(z,y) > dr(z,u).

Hence, from (3.1) and (3.2]), we get

dT(:‘C’ Z) + dT(Zay) = dT($7y)
> dr(z,u)
=dp(x,z) + dp(z,u).

Giving that, dr(z,y) > dr(z,u). Also, from (3.1) and (3.3]), we get

dT(x7 Z) + dT(zvy) = dT(:‘Ua y)
> dp(x,v)
=dp(z,z) + dp(z,v).

It follows that dr(z,y) > dr(z,v). Then we have that dp(z,u), dp(z,v) < dr(z,y). Since w = z,
we have that dr(w,u), dr(w,v) < dr(w,y).
This, in conjunction with the fact that w = z, yields

Thus, we obtain a contradiction since diam(T) = dy(u,v) > dp(x,y) for all z,y € V(T'). There-
fore, er(z) = max{dr(z,u), dr(z,v)}.

Proof for the second case.

Suppose that P(u,v) and P(z,y) share more than one vertex. For some vertices w,z € V(T),
we have that P(u,v) and P(z,y) have a path segment P(w,z) in common. Assume, without
loss of generality, that w is closer to w on P(u,v) and z is closer to v.

Yeo—o--- ooV
Figure 3.2: Subgraph of Tree T with paths P(u,v) and P(x,y) having more than one vertex in
common.

Since dp(z,y) > max{dr(u,z),dr(z,v)}, we have that

dr(z,y) > dp(z,v).
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Also,
z € V(P(x,y)) and z € V(P(z,v)).
So,
dT(x7 y) = dT(l’, Z) + dT(Z7 y)a
and, since z is closer to v on P(u,v), we have
dr(xz,v) = dr(z, z) + dr(z,v).
Therefore,
dT(l‘) Z) + dT(Zv y) = dT(fL‘, y)
> dT(.I, U)
=dr(x,z) + dr(z,v).
It follows that dr(z,y) > dr(z,v), and so
dT(U, y) = dT(’LL, Z) + dT(Zv y)
> dT(U, Z) + dT(Za U)
- dT(u7 U)
= diam(T)
We have a contradiction, since diam(T") = dr(u,v) > dr(z,y) for all z,y € V(T)).
Therefore, ep(z) = max{dr(x,u),dr(z,v)}, and this completes the proof of the lemma. O

Note 3.2.3. We note that:
e If z € N, then |z] = z.

e If x € Nand y € RT, then |z +y| = |z] + |y].

Proposition 3.2.4. Consider a tree T with n vertices and diameter d. Then

¢(T) < Ldn - %dz + ﬂ

Proof: Let P = vg,v1,...,vq be a diametral path of T. By Lemma [3.2.1] we have,

er(v;) = max{dr(vo, v;), dr(vi,va)}
= max{i,d — i}

{d—z’ if i< |%],
i it > 9]

Summing the eccentricities for all of v; € V(P), we get the following:

d
Z er(v;) = Z er(v;)

v, €V (P) i=0
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If d is even, then,

If d is odd, then,

d
= ZGT(W) + Z er(vi)
=0 i=[4]+1
1£] d
= Z(d —1)+ Z i
i=0 i=[2]+1
14 14 d
=>d=Y i+ > i
=0 1=0 i:ng-i—l
14 L4] d 15
:Zd—Zz—i—Zz—Zz
— 0 i =0

:(,

ZJ+Qd2Hﬂ(%J+Q}+dM;D
o 24 ) 402
(RN

o L)

ar-g) kY
(g g
& d & 3d
:42‘2+2 F)
=2 v
S

2
?)Z;—d—i-i
SCa
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Thus, since d is either odd or even, we have that
3d> 1
> er(w) =T +d+ 7] (3.4)

UL'EV(P)

Let x € V(T') — V(P). Since diam(T') = d, we have, er(x) < d and so

Z er(x) < Z d.

eV (T)-V(P) zeV(T)-V(P)
Since T has order n, and the order of the set V(P) is d + 1, we have that,
V(T)-V(P)=n—(d+1)=n—-d—1.

It follows that if we sum eccentricities for verticies in V(T') — V(P), we get,

Z er(x) < Z d

zeV(T)-V(P) z€V(T)-V(P)
= [V(T) = V(P)|(d)
=(n—d—1)d. (3.5)

w

.2.3] we have that,

Since (n—d—1)d € N and <¥+d+ i) € RT, by 1' |i and Note

(1) = Y er(a)

zeV(T)

= Z er(x)

2V (P)U[V (T)-V (P)]

= Z er(x) + Z er(x)

2V (P) 2€V(T)-V (P)
< _?’ZQerjLiJ +(n—d-1)d
= _34d2+d+iJ +|(n—d-1)d]
= _3f+d+i+(nd1)dJ
= _34d2+d+i+dn—d2—dJ
_ _dn+3f—d2+d—d+h
= _dn—%dQ-i-leJ,
as desired. 0

Lemma 3.2.5. Consider a connected graph G with n wvertices. Take T to be a connected
dominating subgraph of G with vertex set S. We have that

¢(G) < (T) + S+ (IV(G)] = |S)(diam(T)) + 2).
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Proof: We will consider the contribution made to ((G) by vertices in S and those in
V(G) — S seperately.

Claim 3.2.6. Let x € S. Then eg(z) < er(z) + 1.

Proof of Claim Let x € S. Then by the definition of eccentricity, eq(z) =

H‘l/a%){dg(x,y)}. On one hand, if y € S, then since T is connected, there is an x — y path
ye

in T and we have,
dG(CC,y) < dT(1:7y) < dT(‘T’y) + 1.

So, we have that eq(z) < er(z) + 1.
On the other hand, if y is not in S, then since T is a dominating subgraph of G, y is adjacent
to some vertex ¢ on 7. Hence

da(z,y) < dg(z,y) +da(y,y') < dr(z,y') + 1.

Therefore,
eg(x) yglv%){ a(z,y)}

< d , / +d /’
_y,renva%){ a@,y) +da(y',y)}

= de(z,y') + 1
y/rggfg){ alz,y) +1}

< dr(z,y') +1
< jmax {dr(z,y') +1}

<er(x)+1,

and the claim is proven. We now consider vertices in V(G) — S.

Claim 3.2.7. Let x € V(G) — S. Then eg(x) < diam(T) + 2.

Proof of Claim
Let x € V(G) — S and assume that eq(z) = dg(x,y) for some y € V(G).
Since T is a connected dominating subgraph of G, let 2’ and y’ be vertices on T that are adja-
cent to x and y, respectively. Then

ec(r) = da(z,y)
< dg(z,2") +da(z',y") + da(y', )
<1+dp(e,y)+1
< diam(T) + 2,

as claimed. It follows from Claim and Claim that

(@)= Y eala)

zeV(G)

=> eclx)+ D ealx)

z€S zeV(G)-S

< Z[ET(.T) + 1]+ Z [diam(T) + 2]

zeS zeV(G)-S

- ZQT(Q;) + Z 1+ [diam(T) + 2] Z 1

xeS xeS zeV(G)-S



3.2. AVERAGE ECCENTRICITY, ORDER AND INDEPENDENCE NUMBER 25

= ((T) + [S] + (diam(T) + 2)(V(G) = [S]).

This completes the proof of the lemma. U
The following algorithm gives a way of constructing a sequence A; C Ay C As C ... of
independent sets, with any A;, ¢ =1, 2, 3,..., being contained within vertices of some subtree

T of a connected graph G.

Algorithm 3.2.8. Let G be a connected graph of order n. We construct a sequence A; C
Ao C Az C ... of independent sets, together with a sequence of subtrees of G, given by
TN <Tp <T3<...,with A; CV(T;) for i = 1,2,.... The forementioned sequences are con-
structed as follows: Take some vertex v of G, and let A; = {v}. Set 71 < G to be a tree with
order one, with V(T1) = {v}. Now, assume we have obtained A;_1, as well as the tree T;_;. If
there exists a vertex = in G with dg(x, A;—1) = 2, let 4; = A;—1 U {z}.

To obtain T;, let xya,a € A;_1, be an x-A;_1 shortest path in G and define T; = zya U T;_1.

Lemma 3.2.9. Let G be a connected graph with subtrees Th < Tb < T3 ... and let A1 C Ay C
Az C ... be a sequence of independent sets such that A; CV (T;) fori=1,2,3,... in G. Then
V()| < [V(Tiea)| + 2.

Proof: Assume that T; = xya U T;_1, where a € A;_; and dg(z, A;—1) = 2. Since A;—1 C
V(T;-1), we have a € V(T;_1).
It follows that

V()| = |[V(zya UT;—1)|
< WV(Ti-1)| + {z, y}|
= |V(Ti-1)| +2,

as desired. O

Remark 3.2.10. At some point, the options of having a vertex x in G such that dg(x, 4;) = 2
for some i gets exhausted in Algorithm So, for some set A, we have that Ay is maximally
independent. It follows that every vertex in V(G) — Ay is adjacent to some vertex in Ay. Let
k be the smallest integer such that every vertex not in Ag is adjacent to some vertex in Ay.
Then, V(T}) is a connected dominating set of G.

We illustrate the construction of T} by way of an example.

Example 3.2.11. Suppose we have a graph G of order n = 10 as drawn below.

U2 U3 V4

U9 Us
U1

Ug v Ve

Figure 3.3: Graph G
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e Firstly, we choose A; and T3 in G. Let Ay = {v1}, then T consists only of vertex v;.

e Now, we find Ay and T5 in G. We have the set A1 = A7 and the tree Th_1 = 1. We
see that in G, {vs,v7,v10} is the set of all vertices that are a distance 2 from A;. So, from
the set {vs,v7,v10}, we let = v, then we have that As = {v1,v7}.

There are two shortest v7-A; paths, vivgvr and vivgvy in G. We choose v1v9v7 to be the
v7-Ay shortest path.
So, we have that To = vivgvy UT) = vivgvr U v1 = v10907.

V9
U1

U7

Figure 3.4: T

e We find A3 and T3 in G. We have the set A3_1 = Ay and the tree T3_1 = Ty. We see
that, in G, {vs, vs,v10} is the set of all vertices that are a distance 2 from the set As. So,
from the set {vs,vs,v10}, let © = v19. Then we have that As = {v1,v7,v10}.

There are two shortest vig-As paths, vrvguig and vivgvig. We choose v7vgvig to be the
v7-As shortest path.
So, we have that T3 = vivgvig U T5.

V9
V1 @ ®
V10

g

Figure 3.5: T3

e We look to find the set A4 and tree T, in G. We have the set A4_1 = A3 and tree
Ty_1 = T3. Observe that, there are no longer any vertices at distance 2 from Asg. All
vertices not in A3 are within distance 1 of A3. Hence Ag is maximal, and we see that T3
is a connected dominating tree of G.

Proposition 3.2.12. Let G be a connected graph of order n. For any integer k, the indepen-
dence sets obtained by Algorithm [3.2.8 have order |Ay| = k.
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Proof By construction of Ay, we have, Ay, = A;_1 U{z} with  some vertex in G such that
dg(x, Ax—1) = 2. The proposition follows inductively from the fact that |A;| = 1.

Lemma 3.2.13. Let G be a connected graph of order n and connected domination number v.(G).
Let Ty, be a dominating subtree of G obtained using Algorithm . Then v.(G) < 2a — 1.

Proof: Suppose the assumption is true. By Lemma 9 |V(Ty)| < |[V(Ti—1)| + 2 for
i=2.3,... k.
Therefore,
V(T)| < |V (Th-1)| + 2
< ([V(Th—2)| +2) +2
= [V(Ti—2)| +2(2)
< ((V(Te-3)[ +2) +2) +2
= [V(Ti—3)| +2(3)

V(T3)| +2(k — 3)
< [V (T3)| + 20k — 2)
< V(1) + 20k — 1)
<1+2k-1)
=2k —1. (3.6)
Since T} is a dominating tree of GG, we have that,
Y(G) < |V(Ty)| <2k — 1. (3.7)

By the construction in Algorithm [3.2.8), dg(x,y) > 2 for any x,y € Ag. Therefore, Ay is an
independent set of G. So it follows that |Ax| < «(G), but k = |Ag|, so from (3.7]), we have,

Y(G) <2k —1<2a—1.
This proves Lemma [3.2.13 U

Lemma 3.2.14. Let G be a connected graph with independence number a. Let T = vy, v, ..., V201
be an induced dominating path of G of order v.(G) and let T be one of the dominating trees of
G with minimum diameter. There exist private neighbours w1 of v1 and usq—1 of voa—1 n T,
w1 and usqa—1 are adjacent in G.

Proof: Suppose the assumption holds. Since T is a minimal dominating tree, the trees
T —wv1 and T — v9,_1 are not dominating trees of G. Hence there exist private neighbours uy
of v1 and ugy—1 of voq—1 in T.

We now show that u; and us,_1 are adjacent in G.

Suppose that u; and ue,_1 are not adjacent in G.

Then since T is an induced path of GG, with u; being a private neighbor of v; in T and G and
U2q—1 being a private neighbor of vy,—1 in T and G, we have that ujv1 € E(G), uyv; € E(T),
U20—1V20—1 € E(G) and Ugq_1V2q_1 € E(T)

So P = uy,v1,v9,...,020-1, U2a—1 1S also an induced path of G, and so {u1,v2,v4, ..., V20—2, U201}
is an independent set of order « + 1.

But by the construction, we have that Ay C V(T') is a maximally independent set that has at
most order a.

So, we have a contradiction. Hence ujuge—1 € F(G). O
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Lemma 3.2.15. Consider a connected graph G with n vertices and independence number 2.

Then diam(G) < 3.

Proof: Suppose G is a connected graph of order n with independence number o = 2 and
diam(G) > 3.
Let {z,y} C V(G) be a set of vertices at distance diam(G) in G.
Since diam/(G) > 3, there is a vertex u € V(G) on an z-y path in G such that dg(u, {z,y}) > 2
Thus, the set {u,z,y} is independent, contradicting the fact that o = 2.
So we have that diam(G) < 3. O

Theorem 3.2.16. Consider a connected graph G with n vertices and independence number «
when o < 5. We have that
C(G) < (2a—1)n—a?+a,

and the bound is sharp.

Proof: Let GG be a connected graph. We begin by constructing a dominating tree Tj, of G:

Suppose a subtree T; < G and the set A; have been obtained using Algorithm We
have, by Lemma that
V(T)| < [V (Tie1)| + 2.

Remark gives that, there is a maximally independent set A of G obtained from
Algorithm Let k be the smallest integer such that every vertex not in Ay is adjacent to
some vertex in Ag. Then, V(T}) is a connected dominating set of G.

Set T to be a dominating tree of G of order 7.(G) and let T" be one of the dominating trees
of G with minimum diameter. From Lemma we have 7.(G) < 2a — 1. We go through
three cases of 7.(G) and T to prove the remainder of the theorem, and the cases are,

L. ’YC(G) S 200 — 27
2. 7(G) =2a — 1, and T is not a path,

3. 7(G) =2a —1, and T is a path.

Case 1: 7.(G) < 2a — 2.
We know that, the diameter of any graph G is maximised if GG is a path, and so, we have,

diam(T) < |[V(T)| =1 = 7.(G) — 1. (3.8)
Since T is a dominating tree of GG, we have that, in conjunction with Lemma
gives that,
¢(G) < T) + V(D) + (IV(G)| = [V(T) ) [diam(T') + 2]
< CT) +7(G) + (n = 7e(G)(7(G) — 1) + 2]

C(T) + ’YC(G) + ( (G) - 1) +2n — ’YC(G)(’YC(G) - 1) - 2'76(G)

C(T) =+ ’VC(G) + ( )n —n+2n— VC(G)Q =+ FYC(G) - 2'76(G)

C(T) + 'YC(G)n +n— 'YC(G)Q- (3-9)

Using Proposition [3.2.4] we get that,

(T) < |diam(T)re(@) - idz‘am(T)z +5).
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The function t(diam(T)) := diam(T)v.(G) — $diam(T)? + 1 has a local maxima at
diam(T) = 27.(G), and it is increasing in the interval 0 < diam(T') < 27.(G).

Since by (3.8), diam(T) < 7.(G) —1 < 27.(G), we have that ¢ is increasing in the interval
0 < diam(T) < 7.(G) — 1 and it is maximised for diam(T') = v.(G) — 1, giving

¢(T)

IN

<

_t(’Yc(G) - I)J

| (7e(G) = De(@) — i(%(G) —1)2+ %J
(@) = (@) = i(%(G) — 27(G) + 1) + %J
76(@)? = 1:(G) — 11e(C) + 370 —  + 5]
$9(GP — 5(6)

3, 1

Z'YC(G) - iwc(G)

We use the above inequality to simplify (3.9) further to get,

C(G) < EVC(G) -

A simple differentiation shows that f(7.(G))

3G — 29(G) + (16(G) + i — 1(G)?

2
= 216G = 1lG)? ~ 57%(G) + (1e(G) + 1)
= —19(G = 57(6) + ((G) + ).

~19e(G)? — 39e(C) + (6(G) + D is

increasing in 7.(G). Subject to 7.(G) < 2a — 2, f is maximised for 7.(G) = 2« — 2 and

we obtain
1 1
C(G) < (7C(G) + 1)” - Z’VC(G)2 - 5’70(G)
< _i@(a _)2- %(2(04 1))+ (2a—2+D)n
= —(@*-2a+1)—a+1+(2a—1)n
= 2a-1n—a*+2a-1-—a+1
=(2a—1n—-ao*+a,
as desired.

Case 2: We consider v.(G) = 2a — 1 with T not a path. Let diam(T") = d. We have established
that T" has order 2ae — 1 and T is not a path. It follows that

A< |V(T)|-2=(2a—1)—2=2a—3. (3.10)

By Proposition |3.2.4] we have

¢(T) < Ldiam(T)’yc(G) - idz’am(T)2 +

J
4
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Case 3:

1 1

This, together with Lemma [3.2.5] gives
¢(G) < T) + V(D) + (IV(G)| = [V(T)|)|diam(T) + 2

(
=¢(T) +7(G) + (n = 7(G))(d + 2)
=(T)+2a—-1)+(n—2a—1))(d+2)
gd(za—l)——d2+i+(2a—1)+(n—(2a—1))(d+2)

1
:2da—d—ZdQ—l—1+2a—1+dn+2n—2da+d—4a+2

1 1
:2da—2da—d+d—Zd2+dn+2n—4a+2a—|—2—1+z
1 )
:—1d2+dn+2n—2a—|—1.
For a real-valued function f : R — R, given by f(d) := —idQ +dn +2n — 20 + %, we

have that f has a local maximum at d = 2n, and it is increasing in the interval where
0<d< 2n

Since a < 3, we have that 2a < n, giving that 2a — 3 < n — 3 < 2n. From , we
have that 0 <d < 2a — 3. But f is increasing in the interval 0 < d < 2a — 3 and it is
maximised for d = 2o — 3, giving

¢(G) < f(2a—3)
= —1(2a—3)2+(204—3)n+2n—2a+§

4 4

1 )
——Z((Qoz)2—12a+9)+2om—3n+2n—2oz+1
:—a2+3a+2an—n—2a+2—§

=—a’+a+2a—-1)n-1
< (2a—-1)n—-ao?+a,
as desired.

Ye(G) =2a — 1 and T is a path.

Let T = v1,v9,...,094_1. We first show that the bound in the theorem holds if T" is not
an induced path of G. If viven—1 € E(G), then the cycle C' = v1,v9,...,v2q4-1,v1 has
diameter at most o — 1 and it dominates G. It follows, by Lemma that

(@) <¢(C) + V(O)| + (IV(G)] = IV(O)])[diam(C) + 2].

Since every vertex z on cycle C' of order 2a¢ — 1 has eccentricity

=27 o= [}] o

we have
((G) <¢(C )+|V( )|+(|V(G)\—IV(C)l)[diam(C)Jr?}
< Z +R2a—-1)+(n—2a—-1)(a—1+2)
ev(c

AN
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200—1
— Z(a—1)+(2a—1)+(n—(2a—1))(a+1)
i=1
=2a—-1)(a—1)+R2a—-1)+n(a+1)— 2a—1)(a+1)

Now, we relate n(a + 1) — 2a+ 1 to (2a — 1)n — o2 + a, we see that
(2a—1)n—a2+a—((a+1)n—2a—|—1) =2a-1-a—-1)n—a*+3a—1
=(a—2)n—a®+3a—1.

But, since G has cycle C in it, we have that a > 2. Let ¢(a) = (o — 2)n — a? + 3a — 1.
Then, we see that ¢ is increasing in the interval 2 < a < 5. So, we have that

d0) 2 a(2) = (2= 29— +3(2)—1=1.
Giving that,
(2a —1)n—a* +a— ((a+1)n—2a—|—l> = (a—2n—a’+3a—1

>1
> 0.

Thus, we obtain that
(2a —)n—a*+a>n(a+1) —2a+1,

giving that
((G)<nla+1)—2a+1< (2a—1)n—a®+a

So, we have that, the theorem holds when 7' is not an induced path of GG, and viv9n_1 €
E(G). Now assume that for some ¢,j € {1,2,...,2a — 1}, where j — ¢ > 2 and v;v; #
V1V20—1, We have v;v; € E(G).

——=o o ® ® *  —0—0—0 - 0—0
U1 V2 Vi—1 Ui Ui+l Vi42 Vj-2 VUj—-1 U5 Ujpl V2a-2 V2a-1

Figure 3.6: Graph of path T

Since T is a dominating tree of G, we have that the tree 7" obtained from T by removing
the edge v;v;11 or vjvj_1 and adding the edge v;v; is a dominating tree of G of order
2a — 1 that is not a path.
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U1 V2 Vi1 Vi  Vitl Vit2 Uj—2 Uj—1  Uj Ujtl V20-2 U2a-1

Figure 3.7: Graph T’ with the edge v;v;11 removed.

V1 V2 Vi—1 Vi Ui+l Viy2 Vj—2 VYj—1 Vj Vjtl V2a-2 V2a-1

Figure 3.8: Graph T” with the edge vj_1v; removed.

By Lemma [3.2.1] we have,
C(G) <UT) + (2a—1) + (n— (2a — 1)) (diam(T") + 2).
Since T” is a tree that is not a path, we have by Case 2 that
C(G) < 2a—1)n—a? +a.

So, we have that, the theorem holds when T is not an induced path of G.

Now, assume that T = v1,v9,...,V94—1 is an induced path of G. Since T is a minimal
dominating tree, the trees T'— v; and T — v9,_1 are not dominating trees of G. Hence
there exist private neighbours uy of v1 and uga—1 of voq—1 in T,

It follows from by Lemma that V(T') U {u1, u2q—1} induces a dominating cycle Cr
of length 2o + 1.
Since diam(Ct) = «, we conclude by Lemma that

CG) <¢(Cr) + [V(Cr)| + (V(G)| = [V(Cr))diam(Cr) + 2]

= > e+ 2a+1)+(n— 20+ 1)) (a+2)
eV (Cr)

<(2a+1la+2a+1)+(n—2a—1)(a+2)
=Q2a+1)(a+1)+(a+2)n— (2a+1)(a+2)
=Q2a+1-2a—-1)(a+1)+(a+2)n— (2 +1)
=(a+2)n—2a—1.

If a > 3, then we have that

(2a—1)n—a2+a—((a+2)n—2a—1) = 2a-1-a-2)n—a*+3a+1
= (a—3)n—a® +3a+1.

By the assumption, we have that 3 < a < %. Let s(a) := (o — 3)n — a® +3a + 1. Then s
is increasing in the interval 3 < a < 3, giving that

s(a)>s(3)=3-3m—-324+33)+1=1.
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Thus, we have that
(2a —1)n—a®+a > (a+2)n —2a — 1,

giving that
C(G)< (2a—1)n—a®+a

as desired.

We now show that the theorem holds for the case when o = 2.

Let o = 2. Lemma [3.2.15| gives that diam(G) < 3. We consider cases when diam(G) < 2
and diam(G) = 3.

If diam(G) < 2, then for every vertex x € V(G), eq(z) < 2 giving that
(G)= Z eg(x) < Z 2 =2n.
zeV(G) zeV(G)

But since a@ = 2, we have that

(2a —1)n—a? +a=(2(2) —1)n — 22 +2
=3n—2. (3.11)

Thus, we have that
C((G)<2n<3n—-2=2a—1)n—a®+a.

Now assume that diam(G) = 3 = dg(vo,vs3), say. Let vg,v1,v2,v3 be a shortest path
between these vertices.
Since o = 2, we have that no three vertices of G are independent. Thus we have that

Nlvol U Nw3] = V(G),

and for all z,y € N[vg] (Nvs]), da(z,y) = 1, giving that N[vg] (V[vs]) induces a complete
graph. Also, we have that v; € Nuvg] and v2 € N|vs], and the two cliques are joined by the
edge vivy, giving that dg(vi,x) < 2 and dg(ve) < 2 for all z € V(G) and so eg(vy) = 2
and eg(v2) = 2. The remaining vertices have eccentricity at most 3, so we have that

(@)=Y eal)
zeV(G)

= eq(v1) +eq(v2) + > ec(w)
z€V(G)—{v1,v2}

<24+2+4+3(n—-2)
=3n — 2.

Since o = 2 in this case, we have by (3.11]) that
C(G)<3n—2=(2a—1)n—a*+a.
To show that the bound is sharp, consider the graph G, , obtained by taking a path Psq—o of

order 2a — 2, with end vertices v and v, joining u to every vertex of a complete graph K,, and
joining v to every vertex of a complete graph K., where

at+c=n—-2a+2 a,¢c>1. (3.12)
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We see that, Gy, o has order
20 —-24+a+c=2a—24+n—-2a+2=n.

Also, since u is joined to every vertex of K,, we have that, the graph with the vertex set
V(K,)U{u} is a complete graph of order a +1 in G, . Similarly, we have that V(K.)U {v} is
a complete graph of order ¢+ 1 in G,, . The remaining 2coc — 4 vertices of the path P,_o are
not adjacent to any of the K, or K, vertices. So, the independence number of G,, o is

200 — 4

14+1+ =24+a—-2=aq.

We calculate ((Gr ).

Let Py = vg,v1,...,V2q0—1 be a diametral path in G, o. Then by Lemma we have that
€Gn.o (Vi) = (2a—1) —i for i < 2% ] and eq,, , (v;) =i for i > |25 |.

We have
|25+ 201
((Paa) = ((2a 1) 2) + Y
i=0 Z:L2a2flj+1
a—1 2a—1
= ((2a —-1)— z) + i
=0 i=a—1+1
a—1 2a—1 a—1
:Z<(2a—1)—i)+ -3
=0 =0 =0
a—1 a—1 200—1 a—1
=Y a—1)—)» i+ i— > i
=0 =0 =0 =0
—(a-1(a—1+1)— (a—1a N (2a —1)2a  (a— 1o
2 2 2
=2a-1)a—(a—1Da+ (2a—1)a
=al2a—1—-a+1+2a—-1)
= a(3a—1).

Py, in Gy, o has length 2o — 3+ 1+ 1 = 2o — 1 and the 2a — 2 of the vertices are those that
make up the subgraph P»,_2 in G, and the other two vertices are in the vertices of the K|,
and K. cliques of Gy, q.

We note that

((Gna) = G, () + Z G (T)

2€V(Gn,a)—(V(Ka)UV(Ke)) €V (Gn,a)—(V(P2a—2)UV (Ka4))

+ Z €Cr .o ().

2€V (Gn,a)—=(V (Paa—2)U(V (Kp)

We see that
o V(Gpnao)— (V(K,)UV(K,)) is the set of vertices for the path Pyq_2 in Gj q.
o V(Gna)— (V(Pap—2) UV(K,)) is the set of vertices for the clique K. in Gy, 4.

o V(Gpna)— (V(Pan—2) UV (K,.)) is the set of vertices for the clique K, in Gy, 4.
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We have,
Z €Gpa(T) = ((P2a) — 2(200 = 1)
2€V (Gn,a)—(V(Ka)UV(K.))
=aBa—-1)—202a—-1).
Z eGn,a (x) = Q(QO[ - ]‘)7
€V (Gn,a)—(V(P2a—2)UV(K.))
and
3 € (@) = (20 — 1).
€V (Gn,a)—(V(P2a—2)UV(Ka))
Hence,

((Gra) = (a(sa 1) - 2020 — 1)) +a2a—1) + e(2a — 1).
=aBa—-1)-2Q2a—-1)+(a+c)(2a—1).

By , we have that
((Gnao)=aBa—-1)—-22a—-1)+(n—2a+2)2a—1)
=aBa—-1)-2Q2a—-1)+ 2a—-1)n—2a2a—1)+2(2a—1)
aBa—1—4a+2)+ 2a—1)n
=a(l—a)+ 2a—-1)n
= (2a—1)n—ao? + o

O
To analyse Theorem [3.2.19 we need the following definition:
Definition 3.2.17. (Eccentric sequence)
If G is a connected graph with vertex set {v1,ve,...,v,}, and if v; has eccentricity e;, then the

sequence e, e, ..., e, is the eccentric sequence of G.

We assume the eccentric sequence of G is ordered as a nondecreasing sequence, so e is the
radius of G, and e, is the diameter of G.

Lemma 3.2.18. Let G be a connected graph. The eccentricities of adjacent vertices in G differ
by not more than 1.

Proof: Let u and v be two adjacent vertices in G. Assume that eg(v) = dg(v,z) and
ec(u) = dg(u,y) for some z,y € V(G). Assume, without loss of generality, that eq(v) > eq(u).
It suffices to prove that eg(v) — eq(u) < 1.

Note that by the triangle inequality we have that

dg(v,z) < dg(v,u) + dg(u, ) (3.13)

and also
da(u, x) < eq(u), (3.14)

so we have,

ec(v) —eg(u) = dg(v,z) — eq(u)
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<dg(u,v) +dg(u,z) — eq(u) (by
<dg(u,v) + eq(u) — ec(u) (by
-1,

and Lemma [3.2.18] is proven. ([

Theorem 3.2.19. Consider a connected graph G of order n. We have that, for any integer k
with rad(G) < k < diam(G) there exist at least two vertices in G of eccentricity k.

Proof. Let G be a graph with eccentric sequence ey, es, ..., e,. Since we assume that the
eccentric sequence e, eq, ..., e, is in a nondecreasing order, we have by Lemma [3.2.18| that

ei-1<e <e_1+1fori=23,...,n.

So we have that a path from a vertex of eccentricity e; to a vertex of eccentricity e, con-
tains vertices of each eccentricity between e; to e,. It follows that, there exists a vertex u of
eccentricity
ei = eq(u)
such that
e1 <e <ey,forsomei=23....,n—1.

Let v be a vertex at distance e; from u. Then
eq(v) > e;.

Let w be a central vertex, so
eq(w) =e1 < e;.

So we have that
eq(w) < e; <eq(v).

By Lemma we have that there is a vertex v’ of eccentricity e; in the v-w path of length
da (v, w). We show that u # v'. Since by the assumption we have that dg(u,v) = e;, and since
v is in the v-w path of length dg (v, w), and since eg(w) = e; we have that dg(v,w) < eq, so
we have dg(v,v") < dg(v,w) < e; < e;. Hence, dg(u,v) = €; > e1 > dg(v',v). It follows that
u#v.

Thus, we have proved that the theorem holds. O

Lemma 3.2.20. Let G be a connected graph of order n and independence number at least «
and, among those, a graph of mazimum average eccentricity and having smallest size. Then G
18 a tree.

Proof: Suppose to the contrary, that GG is not a tree. Then G has at least one cycle in it.
Say cycle Cq. Let u and v be two adjacent vertices in Cg such that, the graph G — wv is a
connected spanning graph of G and we have that

Z eG—ww(T) > Z eg(x), and (G —ww) > o(G).

z€V (G—uv) zeV(G)

So, if G is not a tree, we see that, we can find a connected graph G — uw of less edges than G
contradicting our choice of G. So, we must have that G is a tree. (]
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Lemma 3.2.21. Let T be a tree. Then 2rad(T) — 1 < diam(T) < 2rad(T).

Proof: Suppose T has diameter d and let Py = vy, v1,v9,...,04 be a diametral path in 7.
By Lemma we have that, for any vertex x € V(T') — V(Py),

er(z) = max{dr(vy, x),dr(x,vq)}.
Let x be any vertex in T' and not on P;. Assume without loss of generality that
er(x) = dr(vy, x).

Since T is a tree, we have that, there is only one vy-z path in 7. So, for some v; € V(Py), we
have that
dT(’UQ, x) = dT(’UQ, ’Ui) + dT(Ui, JZ) > dT(Uo, Ui).
Also, since
er(z) = dr(vg, x),
we have that
dr(vo,x) > dr(x,vq).

So, since there is only one z-vg path in T', we have that,
dT(JJ, vd) = dT(.T, ’Ui) + dT(Ui, ’Ud) > dT(’UZ‘, Ud).
Also, since
dr(vo, z) = dr(z, vq),

we have that,

0 > dp(z,vq) — dr(vo, )

= dr(z,v;) + dr(vi,vq) — [dr(vo, v;) + dr(vi, 7))

= dp(vi,vg) — dp(vo, vi),
giving that

dr(vo, vi) > dr(vi, va),
by Lemma [3.2.1] we have that
er(vi) = dr(vo, vi).

So, we have that, for every z € V(T') — V(Py), er(z) > er(v;) for some v; € V(Py).

So, a vertex that has the smallest eccentricity in T will be in the path P;. But we know that
for any path @ we have that rad(Q) = LMJ

WL i |V (Py)| is even
So we must have that rad(T) = rad(Py) = \‘W(?)'J =
V@EIZL ¢ v (Py)] s odd
But, since P, is a path, we have that diam(Py) = |V (Py)| — 1, which gives that |V (Py)| =
diam(Pg) + 1.
So, for |V (P;)| even, we have
\V(Pyg)|  diam(Py) +1  diam(T) + 1
2 2 B 2 '
Giving that 2rad(T") = diam(T) + 1, thus 2rad(T) — 1 = diam(T).

rad(T) = rad(Py) =

For |V (P;)| odd, we have

\V(Pg)| =1  diam(Py)+1—1  diam(Py)  diam(T)
2 B 2 2 2

Giving that 2rad(T') = diam(T).

So, we have that 2rad(T") — 1 < diam(T") < 2rad(T"). Thus, Lemma [3.2.21|is proven. O

rad(T) = rad(Py) = (3.15)
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Lemma 3.2.22. Let G be a tree of order n and independence number a. We have that

rad(G) <n — a.

Proof:
Consider a shortest path P between two diametral vertices u and v. Let S be a maximum
independent set of G. Any two adjacent vertices cannot both be in S. The path P guarantees
that consecutive vertices on it are adjacent. So, any two consecutive vertices on P cannot both
be in S. Let V(Ps) be an independent set of G such that V(Ps) C V(P). Since P is a path, we
have the following.

e If [V(P)] is odd, then we have that at most, |V (Ps)| = W.

o If |V(P)] is even, then we have that at most, |V (Ps)| = ‘V(2P)|.

We now study the order of V(P) — S.

Case 1 If V(Ps) C S, then by the first bullet above, we have that, at most, |V(F;)|H vertices of P

will be in S. So,

vp)ns < ML

and we have,

[V(P) =S| =V(P)| - [V(P)n S|
V(P)+1
> v(p) - YO
ey
5 .
Case 2 If V(P5) € S, then there is at least one vertex = € V(Ps) such that x ¢ S.
Since at most, |V (Ps)| = W, we have that at most
V(P 1 V(P 1
vpyns) = MOy VL

So, we have that,

V(P)|+1
> ey - YO
V(P -1
2
So, Case 1 and Case 2 gives that
P)-1
v(p) - s> VOIZL

2
Since P is a path, we have that

diam(G) = dg(u,v) = dp(u,v) = diam(P) = |V (P)| — 1,

We have that,
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giving,

V(P) —1 _ diam(G)
2 2 '

But since |V(G)| = n, |S| = e and |V(G) N S| = «, we have that |V (G) — S| = n — «a. Thus, we
have that

V(G) =S| = [V(P) = S|+ [V(G) = V(P)US| = [V(P) - §| >

diam(G)
2
But, since G is a tree, and the bound in (3.16)) is obtained from path P of odd |V (P)|, we have
by l) that %(G) = rad(G), and so, we have that

<|V(G)—-S|=n-a. (3.16)

di G
rad(G) = W’;” <|V(G) -S| =n-a. (3.17)
as desired. O
Theorem 3.2.23. Consider a connected graph G with n vertices and independence number c,
where o > 5. We have that
C(G) <n?—a?

and the bound is sharp.

Proof:
Since ((G) < n? — a2, we have that the bound is decreasing as « increases. So we show that
¢(G) < n? — a? holds for all connected graphs of order n with independence number at least
a (this will be sufficient to show that the theorem holds). Let G be a connected graph of
order n and independence number at least « and, among those, a graph of maximum average
eccentricity and having smallest size. By Lemma [3.2.20], we have that G is a tree.

Consider the eccentric sequence e, e, ..., e, of G. By (3.16) and (3.17)), we have that
rad(G) =e1 <n—a«a

and
diam(G) < 2(n — «),

and Theorem [3.2.19| gives that, there are at least two vertices with eccentricity k£ such that e; <
k < e, appearing in the eccentric sequence of G. Subject to the above mentioned conditions,
n

E e; is maximised for the sequence
i=1

(n—a),(n—a+1)? n—a+2)?® (n—a+3)?,. .. 2n—20—1)? (2n—2a)2* D) (3.18)

Note 3.2.24. Note that, in the above sequence, the superscript on the eccentricities indicates
the number of vertices in G that have that eccentricity.

The sequence in (3.18) has n — a terms, and there are two vertices of eccentricity n — a + 4
fori=1,2,3,...,n—a—1in G and one vertex of eccentricity n — . Since in total, G has n
vertices, we have that n —2(n —a — 1) — 1 = 2a — n + 1 vertices have not been accounted for,

n
thus, to have Z e; maximised, we will need the 2ae — n + 1 vertices at maximum eccentricity,

=1
which we find to be 2n — 2a.

So, we have that,

(G <n—a)+2n—a+1)+2(n—a+2)+2(n—a+2)
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+--4+22n-2a—-1)+ (2a —n+1)(2n — 2a)
n—a—1

(n—a)+ Z 2(n—a+1i)+2Q2a—n+1)(n—«a)
i=1

n—a—1 n—a—1
=n—a)+22a—n+1)(n—a)+2 Z n—a) Z i

=1 i=1
:(n—a)[1+2(2a—n+1)]+2(n_a)(n_a_1)+2<(nOé21)(na))

=(n—a)da-2n+3]+2(n—a)(n—a—-1)+(n—a—1)(n—a)
=Mn—-—o)da—-2n+3]+3(n—a)(n—a—1)
= (n—a)

[

—a)da—2n+3+3n—3a — 3]
= (n—a)la+n]
=na +n? — a* — na
—n2— a2

as desired.

To see that the above bound is sharp, consider the tree T' obtained from a path of order
2n — 2a by appending 2o — n end vertices to one end of the path. See Figure We will
denote the vertices in the path of order 2n — 2a by Pa,_9,, and the attached vertices will be
denoted by Vi ttached-

Let v1,v9,v3,...,%93_90-2, V2n_2a-1, V2n—_2o be the vertices of the path Ps,_o,, and let
attached — 5 5 goe ey W2a—n—2y U2a0—n—1y U2a—n
Vattached = {u1, uz, uz U2 2, U 1, U2a—n |
U200—n
U200—n—1
U2q—n—2
an UV2n—2a—1
. o—=eo...0—o ® °
us U1 V2 U3 Voan—2a—2 Von—2a
Uz
U1

Figure 3.9: Tree T

Tree T has order
2n —2a+ (2a—n) =2n—n=n.

We see that, for any x,y € Vitrached, we have that dp(z,y) = 2, giving that the 2a—n vertices at-
tached to Py,_2, form an independent set of order 2a—n. Also, vertices in Py, give two inde-
pendent sets that have order @ = n—« at most, and one of these independent sets will have
vertices that are not adjacent to any of the Vi itacheq vertices. Denote this independent set by
Aop_2q- So, we have that, the biggest independent set in 7" is given by As, 20U Viattached, thus, we
have that, the independence number of T is «(T") = |Agn—2a|+|Vattached| = n—a+ (2a—n) = a.
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So, we see that 1" has order n and independence number o. We calculate (7).

All vertices * € Vygached have eccentricity 2n — 2« in 7. Also, a diametral path in 7" has
order 2n — 2a+ 1. We denote a diametral path by Py, 2441, and we note that in V(Pa,—20+1),
there is one vertex that is in the set Viached, giving that we will be counting it for the second
time.

Let vg, v1,v2,...,v2n_24 be vertices in Pop,_94+41. By Lemma we have that,
ij 2n—2a
Z eq(z) = Z (2n — 200 —17) + Z i
z€V (P2n—2a+1) i=0 iz\_@ﬁ-l
n—o 2n—2a
=) @2n—2a—di)+ > i (3.19)
1=0 i=n—a+1

We have that,

§(2n —2a—1) = Tf(Qn —2a) — gz
1=0 1=0 1=

(n—a)in—a+1)

=2n—-2a)(n—a+1)—

2
- —a+41
=2 anasn) - CEHEEEEE o
And,
2n—2a 2n—2a n—o
ST IR o
i=n—a-+1 =0 i=0
~ (2n—2a)(2n —2a +1) B (n—a)(n—a+1)
- > 2
R o)
Plugging (3:20) and (B:21) into (B.19), we get,
> cole) =2n—a)n—a+1)- B at ]
z€V (Pen—2a+1)
b (n—a)(2n—2a+1)— (”—a)(z—aﬂ)
= (na)(2n2a+2+2n2a+1> 2<(”_0‘>(”2—a+1)>

=n—-a)dn—-—4a+3)—(n—a)in—a+1)
:(n—a)(4n—4a—|—3—n—|—a—1)
=(n—a)(3n—3a+2).

So, we have that, (keeping in mind that we need to substract one of the eccentricity of the
2a — n vertices because of the double counting.)

(T)= Y ecl@+ Y. ealz)—12n—20)

TE€Vattached meV(P2n72a+1)
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=(2a—n)2n—2a)+ (n—a)(3n —3a+2) — 1(2n — 2a)

:(n—a)<4oz—2n+3n—3a+2—2>

O

Since avec(G) = 1((G), we are able to express Theorem [3.2.16, and Theorem [3.2.23] in terms
of avec(@) as follows: By Theorem [3.2.16{ we have that, for a connected graph G of order

n and independence number « such that a < 3, the average eccentricity of G is at most

(2o —1) — LT:O‘) While Theorem [3.2.23| gives that for a connected graph G of order n and

independence number « such that o < 5, the average eccentricity of G is at most n — %2

3.3 Average eccentricity, order and chromatic number

This section is dedicated to proving upper bound on average eccentricity in terms of order and
chromatic number of the graph. We start by providing proofs (for the sake of completeness) to
results that will assist us in proving main theorem of this section, Theorem To be able
to analyse some of the results of this section, we will need the following definitions:

Definition 3.3.1. A connected graph G of order n > 1, without cut-vertices is called nonseperable.

Definition 3.3.2. Let G be a connected graph with n vertices, where n is greater than one
and let C' be a subgraph of G with no cut-vertices. The subgraph C' is said to be a block of G
if C' is not a proper subgraph of any nonseperable subgraphs of G.

Definition 3.3.3. Let G be a connected graph and let S C V(G). If G — S is disconnected,
then S is called a vertex-cut of G. The smallest cardinality of vertex-cut in G is called the
vertexr connectivity of G and we denote it by k(G). Let k be an integer greater than one. If
k(G) > k, then we say that G is k-connected.

Definition 3.3.4. A graph G is called color critical if x(H) < x(G) for every proper subgraph
H of G. If G is k-chromatic and color-critical graph, then G is called k-critical.

Definition 3.3.5. (The union of G and H)

Let G and H be graphs, with H not a subgraph of G and vice-versa. The union G U H
of G and H, is the graph given by

V(GUH)=V(G)UV(H) and E(GUH) = E(G)U E(H).
Definition 3.3.6. (The join of G and H)
For two verterx-disjoint graphs G and H, the join G + H of G and H has vertex set
V(G+H)=V(G)UV(H)

and edge set
E(G+H)=EG)UEH)U{uv : ue V(G),ve V(H)}.

Results of this section begin with the following proposition:
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Proposition 3.3.7. For graphs G1,G2,...,Gi and G = G UG2 U --- U Gy,

X(G) = max{x(G;) : 1 <i < k}.

Proof
Let G = G1UG2U--- UGy and let ¢ : V(G) — N be a coloring map in G such that for any
u,v € V(Q), if dg(u,v) = 1, then c(u) # c(v).
Without loss of generality, assume that x(Gg) > x(G;) for any i # k. Since for all v; € V(G;)
and v; € V(G;), where ¢ # j, we have that dg(v;,v;) = 0o, we can use colors of G}, to color any
G; for i # k in G. Therefore,

X(G) = x(Gg) = max{x(G;) : 1 < i < k}.

From Proposition [3.3.7, we get the following corollary.

Corollary 3.3.8. If G is a graph with components G1,Go,...,Gy, then

X(G) = max{x(G;) : 1 <i < k}.

Proof:
Let G be a graph with components G1,Ga,...,Gg. Then, we have that the components of G
are vertex-disjoint, giving that G = G1; U Gy U - - - U Gy. So, by Proposition [3.3.7, we have that

X(G) = max{x(G;) : 1 <i < k}.
U

Theorem 3.3.9. If a connected graph G has cut-vertices, then G has at least two end-blocks.

Proof:
Let G be a graph with cut-vertices. Let G’ be a graph with vertex set the blocks of G where
uv is an edge in G’ if the corresponding blocks share a cut-vertex of u and v. Then G’ is a tree.
But any tree contains at least two end vertices. Therefore, G’ has at least two end vertices and
so G has at least two end blocks. O

Proposition 3.3.10. Let G be a connected graph with order greater than one, and blocks
By, Bs,...,Bi. We have that,

X(G) = max{x(B;) : 1 <i <k}

Proof:
We prove the proposition by induction on the number of blocks of G. Let G be a non-trivial
connected graph with blocks By, Bo, ..., By.
If G = By, then x(G) = x(B1), therefore, proposition holds if k& = 1.
Induction base: For k = 2; G has two blocks B; and Bs.
Let u be a cut-vertex connecting By and By and assume without loss of generality that

X(BQ) > X(B1)~ (3.22)

Note that for z € By and y € Bg, x,y # u we have dg(x,y) > 1. Hence by (3.22)), we have
that colours used to colour vertices in By can colour vertices in By — {u}. So, x(G) = x(B2) =
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max{x(B;) : 1 <i < 2}. Thus, the proposition is true for k = 2.

Assume that the theorem holds for a graph with k£ — 1 blocks. Consider graph G. Since G has
cut-vertices, by Theorem we have that G has end blocks. Let By be an end block in G.
Let G’ be the graph obtained from G by removing block By, except for the cut-vertex of By,
say u. Then G’ has k — 1 blocks, By, Ba, ..., Bi_1. Assume without loss of generality that

X(Bg-1) = x(By), for any i # k — 1.

so that x(G') = x(Bk_1).
If
X(Bk-1) = x(Bk),
then colours used to colour vertices of By_1 can be used to colour By — {u} and so x(G) =
X(kal)- If
X(Br) = x(Bg-1),

then since x(G’) = x(Bg-1) and vertices in By, are coloured using x(By) colours, we have
X(G) = x(By) and the theorem is proven. O

Proposition 3.3.11. If H is a k-critical graph with k > 2, then H is connected.

Proof:
Suppose not. Then H is not connected. Thus, H has two or more components. Let Hy, Ho, ..., H
be components in H. By Corollary we have that x(H) = max{x(H;) : 1 <1i < k}. With-
out loss of generality, let x(H) = x(Hy). Since Hy, is a proper subgraph of H, we have that H
is not k-critical, which contradicts the assumption.
So, we must have that H is connected. O

Proposition 3.3.12. If H is a k-critical graph with k > 2, then H is 2-connected.

Proof: Suppose not. Since H is k-critical, we have by Proposition that H is con-
nected. Thus, we have that H has a cut-vertex. Let By, Bs, ..., By be blocks in H.
By Proposition we have that x(H) = max{x(B;) : 1 < i < k}. Let without loss of
generality, x(H) = x(Bg). Since By, is a proper subgraph of H, we get that H is not k-critical,
which contradicts the assumption. So, we must have that H is 2-connected. O

Proposition 3.3.13. Let G be a k-chromatic graph with k > 2. Then G contains a k-critical
subgraph.

Proof: Amongst all k-chromatic subgraphs of G, let H be a subgraph with minimum size
having no isolated vertices.
We claim that every proper subgraph F' of H satisfies x(F') < x(H).
To see that the claim is true, suppose to the contrary that F' is a proper subgraph of H with
X(F) > x(H).
Therefore, since F' is a proper subgraph of H, we have x(F') = x(H), and so F' is k-chromatic
since H is k-chromatic. But since H has no isolated vertices, we have that size of F' is less than
the size of H. This contradicts our choice of H. Hence, x(F) < x(H).
So by our claim, we have that H is k-critical. U

Algorithm 3.3.14. The Greedy Coloring Algorithm

Suppose vertices of graph G are listed in the order vy, vo, ..., v,. Assume vertex v; is assigned
the color 1. Then when the vertices v1, vo, ..., v; have been assigned colors, where 1 < j < n, the
vertex v;1 is assigned the smallest color that is not assigned to any neighbor of v;,1 belonging
to the set {v1,vo,...,v;}.

Lemma 3.3.15. Let G be a connected graph that is not complete. Let H be a complete subgraph
of G, then A(G) > k.
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Proof: Since H is a subgraph of G, and every vertex x € V(H) = V(K}) has de-
gree degg(x) = k — 1, and G is not complete, we have that, there is at least one vertex
veV(G)-V(H).

But G is connected, so, for some u € V(H), we have that dg(u,v) = 1, giving that degg(u) >
k—14+1=k.
Since A(G) > degg(u), we have that A(G) > k, as desired. O

Lemma 3.3.16. Let G be a connected graph that is not an odd cycle. Let H be a subgraph of
G and let H be an odd cycle. Then A(G) > 3.

Proof: Since H is a subgraph of G, and every vertex € V(H) has degree degn(x) = 2,
and since G is connected and not an odd cycle, we have that, there is at least one vertex
v € V(G) — V(H) that is adjacent to some v € V(H). Hence, degg(u) > 2+ 1 = 3. So, we
have that A(G) > 3 as desired. O

Corollary 3.3.17. From Lemma and Lemma we have that x(G) < A(G) when
G is neither an odd cycle nor a complete graph, but H is either a complete graph or an odd
cycle. Giving that the theorem is true for H being either a complete graph or an odd cycle.

Theorem 3.3.18. (Brooks’ Theorem)
If G is a connected graph that is not an odd cycle or a complete graph, then

X(G) < A(G).

Proof: Let x(G) = k > 2 and let H be a k-critical subgraph of G (This follows by
Proposition [3.3.13). Then, we have that H is k-chromatic, so x(H) = k = x(G) and by
Proposition we have that H is 2-connected. Since H is a subgraph of G, we have that
A(H) < A(G). If H is a complete graph (notice that H = K}, is this case) or H is an odd
cycle, then G # H since G is neither an odd cycle nor a complete graph.

By Lemma 3.3.15] if H = Hy, then x(G) = x(H) = k < A(G) and by Lemma|3.3.16] if H is
an odd cycle, then A(G) >3 =k = x(H) = x(G). So theorem holds for these cases. We show
that the theorem holds when H is a k-critical subgraph that is not an odd cycle or a complete
graph.

Suppose H is a k-critical subgraph that is neither an odd cycle nor a complete graph.

We show that we can assume that k > 4. Suppose k < 3. Since H is 2-connected, degp(u) > 2
for all w € V(H). If deggy(u) = 2 for all u € V(H), then H = G is a cycle and so by the
hypothesis H = G is an even cycle. It follows that £k = 2 < A(H) = 2. If on the other hand
there is a vertex w on H with degg(u) > 3, then k < 3 < degy(u) < A(H) and the theorem
holds. So, we can assume that k > 4.

Assume that H has n vertices. Since x(G) = k > 4 and H is not complete, we have that
n >k and so n > 5. But H is 2-connected. So either two vertices are required to be removed
from H to obtain a disconnected graph or we will need to remove a minimum of three vertices
to disconnect H. Thus, we have that H is either 3-connected or H has connectivity 2.

Case 1. Suppose H is 3 — connected. By our assumption, we have that H is not complete. It
follows that, at least two vertices © and w in H are at a distance 2 from one another.
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Case 2.

Let (u,v,w) be a u — w geodesic in H. We have that H is 3-connected, so removing two
vertices will not disconnect H, thus, H —u — w is connected. Suppose H —u — w is made
of vertices v = uy,ua,...,uy—2, such that each vertex u; (2 < i < n — 2) is adjacent to
some vertex preceding it. Let u,_1 = v and u, = w. Consequently, for each set

Uj = {ul,ug,...,uj},l S] Sn,

the induced subgraph H[Uj] is connected. Therefore, H[U,| = H[V (H)] = H is connected.
We use Algorithm on H with respect to the reverse ordering

W= Up, U = Up_1,Up_2,...,U2, U] =V (3.23)

of the vertices of H. But dg(u,w) = 2, so we assign color 1 to v and w. Also, the smallest
color in {1,2,...,A(H)} that was not used to color any neighbours of u;(2 < i < n — 2)
that preceded u; in the sequence , is assigned to wu;. Since we apply the greedy
coloring theorem in reverse order in , by the assumption, we have that each vertex
u; has at least one neighbor following it in the sequence , thus, u; has at most
A(H) — 1 neighbors that come before it in the sequence. It follows, by the greedy coloring
theorem, that there is a color available for w;. Since there u-w geodesic in H of distance
2 given by (u,v,w), we have that the vertex u; = v is adjacent to two vertices colored
1 (namely w = u, and v = u,—1) and so at most A(H) — 1 colors are assigned to the
neighbors for v. So we have that x(H) < A(H) — 1+ 1= A(H). Hence it follows that

X(G) = x(H) < A(H) < A(G). (3.24)

k(H) = 2. We claim that H contains a vertex = such that 2 < deggx < n — 1. Suppose
that this is not the case. Then every vertex of H has degree 2 or n—1. Because x(H) > 4,
it follows that H cannot contain only vertices of degree 2; and because H is not complete,
H cannot contain only vertices of degree n — 1.

If H contains vertices of both degrees 2 and n — 1 only, then either

1
H =Ky + ("= ) Ko or H = Kies.

Note that H = K7 + (”7_1)1(2 has ”T_l + 1 partite sets, with "T_l sets having order 2.

Denote these partite sets by D;, 1 <1 < %‘1 We can use the same two colors to color
vertices in D; for any ¢, while the remaining one vertex can be colored using a different
color. So, in this case x(H) = 3. But, for any v € D; C V(H), for some 1 < i < ”T_l,
X(H —u) =3, so H is not critical.

Note that H = K 1,2 has three partite sets, with two sets having order one, and the
other one having order n — 2. The vertices in the set of order n — 2 can be colored using
only one color, and the two remaining vertices require two different colors. So, x(H) = 3,
but for any vertex u in the partite set of order n—2, x(H —u) = 3, so H is not critical. So,
we obtain a contradiction, since we assume H is k-critical. Thus, as claimed, H contains
a vertex x such that 2 < deggxr < n — 1.

Since k(H) = 2, we have that, either z is in a vertex-cut of the smallest cardinality, or it
is not, giving that K(H —x) = 1 or k(H — x) = 2. Suppose k(H — x) = 2. It follows that
x is not in any minimum vertex-cut of H, giving that every neighbor of x has degree at
least two. Thus, we have that H contains a vertex y with dy(x,y) = 2. Continuing as we
did in Case 1, where © = z and w = y, we have that there is a coloring of H with at most
A(H) colors and so once again we have (3.24)), that is, x(G) < A(G).

We may assume that k(H —2) = 1. Thus H — z has a cut-vertex, and so, H — x contains
end blocks B; and Bs, containing cut-vertices x1 and w9, respectively, of H — x. Since H
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is 2-connected, there exist vertices y; € V(B1) — {x1} and y2 € V(B2) — {x2} such that x
is adjacent to both y; and ys. Proceeding as in Case 1 with u = y; and w = y2, we obtain
a coloring of H with at most A(H) colors, giving us (3.24) and so x(G) < A(G). O

Theorem 3.3.19. Consider a connected graph G with n vertices and chromatic number x,
where 2 < x <n —1. We have that

3, 1, 1 11
< | Zp2 - Zy2 = - Z
(G) < 4n 4X 2xn+2n+2x ,

with equality holding true if G is the graph obtained from combining the complete graph K, and
a path P, with an edge that joins an end vertex of P,_, to one of the vertices of K.

We illustrate the described graph in the last statement of the theorem by a way of example.

Example 3.3.20. If n = 8 and x = 5, then the described graph is,

Proof of Theorem [3.3.19k

We note the following,
3 9 1 5 1 1 1 1( 9 9 ) 1( )
°n2 2 2 _ = - vl =]z —~2_9 -
{471 X 2xn+2n+2xJ \‘4 3n° —x Xn +2 n+x

-3 ) )+ o) |

If G is an odd cycle, then x = 3 and n is odd, so, n — 1 is even, thus, for x = 3 and n odd, we
have,

3, 1, 1 11| 3, 1., 11
Ln X 2xn+2n—|—2xJ =|-n (3) B)n+ -n+ =(3)

14 "7
3(n—141) 3
- 4 4

= i((n1)2+2(n1)+1)niJ
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= i((n—1)2+2(n—1)+1)—n—iJ

~|3(n—1)2  3(n-1) 3 3
N T _”+4_4J
~|3(n—1)2  3(n-1)

—_ 1 + 2 —nJ

B 3(n — 1)2 3(n—1)

= 1 + 5 —-n
3n—1)/(n—1)

- 9 (2 +1)_”
3n—1)/n+1

-T2 ( 2 >_”
_3(n—1)(n+1)

- / _

If G is an odd cycle, then,

(@)= ) ealw)
zeV(G)
“n—1
-3
n(n—1)
—

Now let f(n) = ”(n{l) and g(n) = w — n. Simple differentiation shows that f(n) and
g(n) are increasing functions for n > 3 and g(n) > f(n) for n > 3. Thus, for G an odd cycle,
the theorem holds.

Let G be a complete graph. Then x = n, so,

3 1 1 1 1 3 1 1 1 1
“n? - x? - Sxn+zn+ xJ = {n2 —n?—~(n)n+ -n+ nJ

4 4 2 2 2 4 4 2 2 2
{1l e 1,
= {2n 2n —i—nJ
:’]’L,
and
((G) = ec(w)

zeV(G)

221
i=1

Thus, the theorem holds when G is a complete graph.
Assume that G is neither an odd cycle, nor complete. Since G has chromatic number x and is
connected, it follows by Theorem [3.3.18] that A(G) > x. It follows that G contains a vertex
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with degree x or more, giving that G has a spanning tree 1" of maximum degree at least x.
Thus,
diam(T) <n+1—x.

By Proposition and since f(d) = nd — ixQ + i is increasing, we have,

(@) < ¢(T) < |diam(T)n — Sdiam(T)* + | |
a3 _(n+1*><)n—i(n+1f><)2+ﬂ
n+1—x 1
=_(n+1—x)[n—f}+ﬂ
:_(n+1—X)[3”j#}+ﬂ
=_i(n—x+1)(3n+x—1)+ﬂ
= A= 0Gn+ 20~ (=) + B+ 1) + |
A (-0 —nxrsnrr) -2+ L]
= _i<("—><)(3n+x)+2n+2x)J
= |30 0Gn+ 0+ “EX|
35 1,5 1 1 1 J
= Zn _ZX —§Xn+§n+§x ,

as desired.
We now verify the second statement of the theorem.

So, if both n and x are either even or odd, then each of the following sums is even, 3n +
Xs M= X, N+ X-

So, i(?m + x)(n — x) is an integer, since 3n 4+ x = 2k for some k € Z and n — x = 2t for some
t € Z, we have, 1(3n+ x)(n — x) = 1(2k)(2t) = kt € Z.

3(n+x) = 3(2q) = ¢ for some ¢ € Z.

So, for when both n and x are either even or odd, we have

32121+1+1_1(3+>( >+1<+)
g T TR = T T T A

:i<3n+x>(n—x>+%(n+x>. (3.25)

If either n or x is even and the other one is odd, then, each of the following sums is odd,
3n+x,n—xand n+ x.
So, subtracting one from each of the above sums, we get an even sum. So, the following sums

are even,
3n+x—1,n—x—1land n+x — 1. (3.26)

So,

32121+1+1_1(3+)< )+1<+>

4n 4X 2xn 2n 2X_4anX 2nx

1
(3n+><1+1)(nx1+1)+2<n+x1+1>J

=

|
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il =) (=) o) (pmx)
+;<n+x—1+1”

1 1
- 4K%+x—{ﬂn—x—g+4n—mul+2@+X—1+QJ
3 - —x—1) 4n-1 —1+1
_ | Bntx-D-x-1 dn-1 ntx-1+
4 4 2
| Bn+x— )(n—x—1)+47n_} n+x—1+1
B 4 4 4 2 2
| Bntx—-1)(n—x—1) n+x—1 1 1
= 1 +n+ 5 4+2
n+x—1)n—x—1 n+x—1 1
_ | Bn+x i( X=b . . ; +4

But, by l) we have, (3n+x—li(n—x—1) and %Xfl are integers. Therefore,

3, 1, 1 1 1| [BGr+x—-1m-—x-1) n+x-1 1
4n 4X 2xn+2n+2xJ—\‘ 1 +n+ 9 +4
n+x—1n—x-—-1 n+y—1
_ Bntx i( x=b g
3 -x)—@3 —(n— 1 —1
_ Bntx)(n x)(;+x)(n X) + +n+n+§
3 —x)—4n+1 —1
_Bntx)n-x)—dntl o ntx
4 2
C Bnt+x)n—-x) 4n 1 n+x 1
- 4 Lttt Ty
B+ x)(n—x) n+x 1 1
= 1 n+n-+ 5 +4 5
_Brn+tx)n-x) nt+x 1
N 4 2 4
1
- Z((:an +y)(n—x)+2(n+y)— 1). (3.27)

Let Tk, p,_, be the described graph in the statement, with K, being the complete graph of
order x in Tk, p,_, and P, being the path of order n—x in Tk, p,_, and V(K )NV (Pp—y) = 0
in Tk, p,_,. Let the diametral path be denoted by P,—y12 in Tk, p, . x — 1 vertices in K
have eccentricity n — x + 1, but the one vertex K, that is adjacent to the end vertex of P,_,
has eccentricity n — x and it lies on the diametral path. So, we only count twice one vertex

in K, that has eccentricity n — x + 1. To solve the double counting, we will disregard one

vertex in K, when calculating Z €Thp, (x). So, let u be some vertex in V (K, ) such
zeV(Ky)

that ez, p (u) = (n—x+1) and let v be a vertex in K, such that €Txypy (v) = (n—x).

Then,

C(TKXPnfx) = Z €Tk P, (:U) - Z CThy Pryya (x)

—X
z€V (Ky)—{u,v} €V (Pp—x+2)
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=
x—2 n—x+1
=N (n—x+1)+ (n—x+1—i)+ > i

i= L"*TX“J +1

- =] ] [
—(n—x+DD 1+ > (—x+)— > i+ Y i- > i
i=1 i=0 i=0 i=0 =0
X—2 {WTXHJ [%XHJ n—x+1
=n-x+DY 1+m-—x+1 > 1-2 3 it Y
=0 =0

i=1 =0

noxtl) 2(({”‘%‘“J)(V‘¥“J +1)>

2 2

= (n—x+ D=2+ m-x+1)(|

m—x+1n—-x+1+1)
* 2

=(n—x+1)(x—2+%““)+(n—x+1)([wj +1)

(=D

() (P ) (o - )

If x and n are both even or both odd, then n — x is even.

n—x : .
So, =5* is an integer, thus,

2+2_

[n—x—i-lJ_[n—X 1J_n—x
2 B 2
So, when x and n are both even or odd, we have,
n+x—2 n—x+1 n—x+1
(Tr) = n=x+ D(=5—) + (|75 +1) (r-x 1= |75

=(n—x+1)(%x_2)+(n;X+1)(n—x+1—";X)

= (U () ()
:%(nQ+Xn—2n—xn—x2+2x+n+x—2)
—i—%(nQ—Xn+2n—xn+x2—2x+2n—2x+4)
:%<n2—n—x2+3x—2)+i<n2—2xn+4n+x2—4x+4)
_n;_;l_x; 32"—1+Tf—x2n+n+>f—4x+1
:7”;2+n2_7;+n_x;+>f+32x_x_x2n_1+1
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:7<3n+x>(n—x>+%<n+x). (3.28)

If x or n is even and the other is odd, then n — x is odd, thus, n — x + 1 is even. So, n7>2‘+1 is

an integer. So, when y or n is even and the other is odd, we have,

(@) = =+ D) (|2 ) (o xrn - [P )

2 2 2
n+x—2 n—x+1 n—x+1

e e e

n—x+1> (n—x—|—3)(n—x+l>
= (AT —2

( yJIntx=2+ 2 2

- 1 — 3

_n—x—|—1<3n+x—1>
2 2

1
:i(n—x+1)(3n+x—1)

L, o 2
:1(371 +xn—n—=-3xn—x"+x+3n+x-—1)

1
:1(3n2*2XH*X2+2n+2X*1)

1
= 1((371 +x)(n—x)+2(n+x) — 1). (3.29)

So, the second statement of the theorem is true, since (3.25) is equal to (3.28]), and (3.27)) is
equal to (3.29)). O

By the previous theorem and the fact that for any connected graph G, avec(G) = 1¢(G),

T n
we have that, for any connected graph G of order n and chromatic number y, the average

eccentricity of G is at most % %nQ — %XQ — %Xn + %n + %XJ .

3.4 Conclusion

We divided this chapter into four sections. We gave a brief introduction in the first section on
what we studied in this chapter. In the second section, we were concerned with proving upper
bounds on average eccentricity in terms of order of the graph and independence number of the
graph, while in the third section we proved results on upper bounds on average eccentricity
in terms of order of the graph and chromatic number of the graph. To present our results
in the second section, we split the results into two theorems. The first theorem is given by
Theorem and is stated as: “Let G be a connected graph of order n and independence

number «, where a < . Then
C(G) < (2a —1)n — o + a,

and this bound is sharp.” The second theorem is given by Theorem |3.2.23] and is stated as “Let
G be a connected graph of order n and independence number «, where a > . Then

((G) < n? — a2,

and the bound is sharp.” After proving the aforementioned theorems, we presented results of
Section In Section our results are given by Theorem [3.3.19] which is stated as follows:
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“Let G be a connected graph of order n and chromatic number y, where
2<x <n-—1. Then
3 5 1 1 1

2 ].
—=X"—zxn+-n+-x|.

(G =137~ 2 2" T

Equality in the above bound is attained for the graph obtained from the union of a complete
graph of order x and a path of order n — x by adding an edge joining an end vertex of the path
to a vertex of the complete graph.” In the next chapter, we study average distance in relation
to independence number.



Chapter 4

Upper bound on the average
distance in terms of order and
independence number

4.1 Introduction

In this chapter, we are going to present results on upper bounds on average distance in terms
of order and independence number of the graph. The results of this chapter are from a 2012
study by Mukwembi, presented in [I8]. We use methods used in [18] to prove our results. To
analyse some results of this chapter, we need the following:

Notation 4.1.1. We use 7, to denote the set of trees T'; T results from taking some tree T”
of order n, and then attaching b end vertices to some vertices of T".

Notation 4.1.2. We use B,,_; to denote the tree made of a path P = vy, v,...,v,—p with

|| end vertices attached to vy and [2] end vertices attached to v,,_p.

Notation 4.1.3. Let a = [2=2242] and b = |22 | We use G, to denote the graph ob-
tained by taking the path Ps,_o, with end vertices p and ¢ and joining p to each of the vertices
of a complete graph K, while ¢ is joined to each of the vertices of the complete graph K3, with
V(K,) NV(Kyp) = 0.

4.2 Average distance, order and independence number

We begin our results with the following proposition:

Proposition 4.2.1. For any connected graph G with a vertex v such that G — v is connected,
we have, for all u,w € V(G) — {v}, dg—v(u,w) > dg(u,w).

Proof: Let G be a connected graph and v a vertex of G such that G —v is connected. Then,
for any u,w € V(G), a u —w shortest path P in G — v is also a u —w path in G and so dg(u,w)
is at most the length of P, i.e., dg(u,w) < dg—y(u, w). O

Lemma 4.2.2. Let G be a connected graph and v a vertex of G such that G — v is connected.
Then
W(G) < W(G —v)+dg(v).

54
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Proof: Let G be a connected graph and v a vertex of G such that G —v is connected. Then,

applying Proposition we get
W@ =) da(uw)

{uw}cV(G)

= Z de(u, w) + Z da(u,v)
{wwcV(G)—{v} ueV(G)

= Z dg(u, w) + Z dg(u,v)
{u,w}CV(G—v) weV (G)—{v}

< Yo dew(ww)+ D) da(u,v)
{uw}CV(G—v) weV(G)—{v}

=W(G —v) + dg(v).

The following Proposition is folklore. We include the proof for completeness.

Proposition 4.2.3. Consider a connected graph G with n vertices. We have that
nn—1)(n+1)
6

W(G) <

and equality holds true if and only if G is a path.

Proof: We use induction on n to prove the proposition.

If n = 2, then G = K3, so W(K3) =1 and 234) - 1, thus, Proposition is true for n = 2.

6
Assume that n > 2. Choose a vertex v such that G — v is connected. Assume that

m—1Dn—-1+1)(n—-1-1) n(n—l)(n—Q).

—) < —
W(G—wv) < G G

Note that,
dg(v) <14+24+3+---+(n—1)

By Lemma [4.2.2]

IN

I
=
S
|
=
/N
N
_|_
—_
~——~7

as desired.

It can easily be verified that equality in the bound holds if and only if G is a path.

Lemma 4.2.4. For any T € Ty, we have that,

W(T) <

=2

1 1 1

and equality holds true if and only if T = By, and b is even.
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Proof: Let T be a tree of maximum Wiener index in 7y, ;. Assume that 7" is obtained by
attaching b end vertices to some tree H of order n. Let B =V (T) — V(H). Then,

W(T)= > dr(z,y)

{z,y}CV(T)
= Z dT(xay)—i_ Z dT(xvy)+ Z dT(-’IJ,y)
{z.y}CV(H) z€B,yeV (H) {z,y}CB
{z,y}CV(H) z€B,ycV(H) {z,y}CB
=WH)+ > de(zy)+ > dr(zy). (4.1)
z€B,yeV (H) {z,y}CB

We bound terms of independently, and use the obtained upper bounds to further
simplify W (T') expression above.

Since T' € T, and is obtained from attaching b end vertices to some tree H, we have that H
has order n and 7" has order n+b. So, from Proposition we have that W (H) < %.
By our assumption of 7', we have that, for any = € B, the neighbor of x is in H. But H is a
tree, giving that H is connected. So the sum of the distances between = and vertices in H is at
most
n(n+1)

—

This is because W (H) is maximised if H is a path, and attaching any end vertex = € B to
H, we see that, for all graphs with vertices V(H) Uz, the sum of distance is maximised if x is
attached to one of the end vertices of path H. Since V(H) C V(T'), we have that

1424 +n=

|B| = [V(T) = V(H)| = [V(T)| = [V(H)| =b+n—n=b.

So, it follows that

Z dp(z,y) < bw.

2
r€B,yeV (H)

To bound } ¢, 1cpdr(z,y) define an integer-valued function f on the set of edges e € E(T),
where f(e) = ning, where n; is the number of vertices in QN B and ng is the number of vertices
in RN B, where @ and R are the sets of vertices of the two components of 7' — e. Then

> dr(x,y) < Zf

{z,y}CB ecE(T

When removing any of the b edges that are incident with the vertices of B, one of the two
componets of T'— e will have only one vertex, and the other component will have n +b — 1
vertices. The vertex in the component of order one is contained in B, while the other component
of order n +1 — 1 has b — 1 vertices that are in B. So, for each of the b edges incident with a
vertex of B we have that f(e) = 1(b—1) = b—1. For each of the remaining edges e € E(T), that
is, for edges that are in e € E(T))— B = E(H), we have that f(e) is maximised if one component
of T — e has order L"T‘Fbj and the other component has order [”T‘"b} So, one component has
L%J vertices that are in B and the other one has [%] vertices that are in B, and so we have
fle) < 5]141 < &

Since T is a tree of order n + b and H is a tree of order n, we have that the size of H is
|E(H)| = n —1 and since E(H) C E(T), we have that |[E(T) — E(H)| = |E(T)| — |E(H)| =
n+b—1—(n—1)=0b, we get,

Zdey Zf

{2.4}CB e B(T)
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= > fl+ > flo
e€E(H) e€E(T)—E(H)
2

< (n—l)bz—l-b(b—l).

Adding the three inequalities gives,

W) =WH)+ > de(ey)+ Y dr(z,y)

z€B,ycV(H) {z,y}CB
—-1 1 1 v?
=Yt et D) oY e
6 2 4
1 nb(n+1) nb® bv*
—én(n—l)(n—l—l)—l—#%-f—z—i—b —b
1 nb(n+1) nb?  3b
1 nb(n+1)  nb? (14 2)b?
—gn(n—l)(n—Fl)—FT‘FT‘FT—b
1 nb(n+1) nb? b b?
= —1 1 T S e AT N
6n(n J(n+1)+ 5 tt T3 b
1 nb(n+1) b b?
1 1 1 b?
= En(n— 1)(n+1)+§b(n+1)[n+5b] +5 -0,
as desired. Suppose that
1 1 1 1.,
W(T) = En(n —D(n+1)+ §b(n +1)[n+ §b + §b —b. (4.2)
Then,
wry = S dray)
{zy}CV(T)
x€B,yeV (H) {z,y}CB
Each of the three sums are maximised, so,
W(H) = n(n — 1)(n+1),
6
n(n+1
S drwy =" (4.9
z€B,yeV (H)
and for b even, with e an edge in H,
b, b b?
fle) = LiJ [51 =71 (4.4)

So, by Proposition since W(H) = %, H is a path of order n in T'. l} implies
that, each of the b vertices that are attached to H are at a distance n from one of the vertices
of H, since H is a path of order n, the attached b vertices must be adjacent to any of the end
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vertices of path H. Since H is a path, and the b vertices are attached to the end vertices of
H, (4.4) gives that, one of the components of T' — e will always have L%J = % vertices of the b

attached vertices and the other component will have [%] = %. So, equality in |D gives that
T = By, for b even.

Suppose that T' = B,,; with b even. Let P = vq,v,...,v, be the path in B, ; that we at-

tach the b end vertices on, and let T3 be the set of end vertices of order L%J attached to v1 and

T, be the set of end vertices of order [%—‘ attached to v,. Then,

W(T) = Z dT(xvy) + Z dT(xvy) + Z dT(xvy) + Z dT($7y)

{z,y}CTp {z,y}CTy {zy}cpP z€Ty,ycTp
+ Y dr(my)+ Y drlxy). (4.5)
z€Tg,ycP xzePycT,

We calculate each of the six terms in (4.5]).
The vertices that are in the set T, are a distance 2 from each other, and is the same case for
vertices that are in 7. So,

> artean=2(|5] 5] -v-3(3) -l3))

{zy}CTs
1,15 b
=2(5((5) - v[3))
- (2]l w
> arte) =2(3(5] -3])
{z,y}CT,
SHRE @
Since P is a path of order n in T, by Proposition [4.2.3] we have,
Z dr(z,y) = n(n — lé(n + 1). (4.8)
{zy}CV(P)

The vertices that are in 7', are at distance n + 1 from the vertices that are in T}, so,
b710b
> drley) =[5 [5] e+ (4.9)
z€Ty,yelp
Each vertex in T, and T forms a path of order n + 1 with P in T'. So,

Y. drlzy) = [gJ(1+2+...+n)

z€Tg,ycV(P)

- [gJ ”(”;1) (4.10)

Similarly,

Y de(wy) = {gl(1+2+...+n)

z€Ty,yeV(P)
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- {g] ”(”;1) (4.11)

Plugglng ., . . - and ( into ,We get,
Wi = (|3 - )H (HEE )(W+"(”_1§(”“)+[3HZJ<”+1>

ey g
=12 (-9 + 112+

B
}n(n—l n+1) -l—(
b
2
(

: 5
%“m 3
= to=vtn e+ (3] )31+ 51 DfE] gl 0+ 2520

e (18- l4)+ (3121 Lo

(4.12)

-nn—1)(Mn+1)+

6
1 n
6

For b even, W(T') becomes,

W(T)_én(n—1>(n+1)+ym+1)+ (9—1)9+ (9—1)9+ (9)(9)(n+1)

2 2 2 2 2 2/\2
1 nb(n+1) b2 b b
= gntn =+ 1)+ D 4 Ty 2 (5 - 1))
1 1 b
—gn(n—l)(n—i-l +2bn+1 {n—l—§]+b<f—1>
1 1 b b2
= n(n=1)(n+ 1)+ sbn+1)[n+ ]+ 5 —b.
Thus, (4.2) is true if and only if T'= B, for b even. O

Theorem 4.2.5. Consider a connected graph G with n vertices and independence number c.
We have that G has a spanning tree T with

a+2, if oz<”T+1,

w(T) <
%a, if a> ”TH

Proof: We show that the theorem holds for two cases. The case when o > ”TH or simply,

when n < 2a — 1 and the case when a < ”“‘1 giving that n > 2a — 1.

Case 1: Assume that n < 2a— 1. For any spanning tree T of G, we have by Proposition [£.2.3] that
W(T) < w Hence, for any spanning tree 1" of G,

W(T) = (2)_1W<T>
- (n) nn—1)n+1)

6
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Case 2:

< (2a —31) +1

= 7057

as desired.

Assume that n > 2a. — 1. We use the method that was used in Theorem 3.1 of [9], and
in particular, we construct a sequence A; C Ay C A3z C ... of independent sets, and a
sequence 17 < T < T3 < ... of subtrees of GG such that A; C V(T;) for i = 1,2,... using

Algorithm

Suppose a subtree T; < G and the set A; have been obtained using Algorithm

Let k be the smallest integer such that every vertex not in Ay is within distance one of
Ajg. Since Ay C V(T}), every vertex z not in T} is a neighbour of some vertex z’ in Tj.
Let T be a spanning tree of G with E(T) = E(T}) U {z2' |z € V(G) — V(T})}. We show
that u(T) < a+ 2.

In Lemma [3.2.9] we showed that for every i = 2,3,...,k, |[V(T})| < |[V(T;-1)| + 2, and in
Lemma [3.2.13] (3.6), we showed that |V (T})| < \V(Tl)\ +2(k—1) = 2k — 1. Now, denote
|V(Ty)| by t. Then ¢t < 2k — 1. Since, by Proposition Ay is an independent set,
with k£ = |Ag| < a. We have,

t<2k—-1<2a—1. 4.13

/\
~—

We have by the construction that T' € 7y ,,—+, and since 7' is obtained by attaching |V (G) —
V(Ty)| = [V(G)| = |V(Tk)| = n —t end vertices to a tree Ty, it follows, by Lemma [4.2.4]
that

W) < ot (t—1)(t+1)+;(n—t)(t+1)< (n—t)) )
= St =1t 1)+ 5 (n = O+ Dg(nt0)+ 5 (n— 2~ (0= 1)
é (= 1)+ 1)+ 30— )+ D)+ 1)+ 5 — 17— (n—1)

Let f(t) == 2t(t—1)(t+ 1) +3(n—t)t+1)(n+t)+ 3(n—t)> — (n —t). Then

(1) = é(t SU( D) D)+ 1)~ (D) 1)+ D)

6 6 4
1
Z(n—t)(t—i—l)—(n—t)—l—l
1R+H+12 +5
=—= —t+-n"—n+ .
4 2" 4 6

Note that f'(t) = 0 if and only if ¢t = lim/l—é+%. Since 1/1—7+3n2 > 0 for
n > 1, we have, t—1+n1/1—7+3n2>1forn>1andt—1—n\/1—f—i—3n2 < 0 for

n>1.

Note that f”(t) = —1t + 3.

Observe that f”(¢t) = 0 if and only if ¢ = 1.

For t < 1, f"(t) > 0 and for t > 1, f”(t) < 0. So, f(t) is concave up for t < 1
and f(t) is concave down for ¢ > 1, and the inflection point is at ¢ = 1. So, f(t)
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is increasing in the interval 1 — n4/1 — % + 31% <t < 1+4+ny/1- % + 31%, and since

1—n1/1—%+% <0<n—-1<1l+n 1—%+%, we have that f(¢) is increasing
in t on the interval [0,n — 1]. Since, by (4.13)), t < 2a—1 < n — 1, f is maximised for

t =2a —1 to give

W(T) < <t~ D +1)+ 30— 1)+ 1)+ + 50— 17 — (1)
< 220~ 1)(2a 1) = (20— 1)+ 1) + 1(n— 20— D)(2a— 1)+ Din+ (20 - D)+
S (a 1)~ (n - (20 -1))
:é[—4a3+12a2+a(3n2—12n+1)+3n2—3

We divide W(T') by (5) to get an upper bound on (7).

n

W(T) = <2>_1W<T>

et (U s a1y 3]
1

n(n—1)

Note that a*(3a—1)+2a(9n+1) >0forn >1and e >1,and 0 < 1 <1 forn > 1. So,

1 )1 1
—a+1+ﬁ— (4a (fa—1)+§oz(9n+1)).

3

n

W(T) = (2)1W<T>
1 1

1 1
< 1+ —— ——(4a*(za—1)+ = 1
Sat+l+— n(n_1)<a(3a )+3a(9n+ ))
1
<a+l+-—
n

<a+4+1+1
=a+ 2.

and the theorem is proven. O

Remark 4.2.6. In the next corollary, we use the extremal graphs G, o and T}, o = Ban—2a-1,2a—n+1
to show that Theorem |4.2.5| is asymptotically sharp. By asymptotically sharp we mean that,
for n large enough and « fixed, there exists a graph G with n vertices, independence number
«, such that every spanning tree of G satisfies

a+2, if o<
w(T) =
%oz, if aZ"TH.

Corollary 4.2.7. Consider a connected graph G with n vertices, average distance i and inde-
pendence number a. We have that,

a+2, if a< ”T‘H,
n(G) <
sa, if a> ”T‘H

The bound is asymptotically sharp for sufficiently large n and fixed .
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Proof: From Theorem we have that G has a spanning tree 7" such that

a+2 if a< "TH,
w(T) <
20, if a>n

Let T be a spanning tree of G such that the above inequality holds. Since T' is a spanning tree
of G, we have, dg(z,y) < dr(z,y) for any =,y € V(G), and so W(G) < W(T'). This implies
that, u(G) < p(T). Thus,

a+2, if a<”T+1,
wG) < u(T) <

2 : n+1
50, if a>"3=.

To show that the bound is assymptotically sharp, we consider the graphs (i) G, o and (ii) Tj, -
(i) Let « be a fixed positive integer, and n, 2a — 1 < n, a sufficiently large integer. Then,

W(Gn,a) = Z dGn,a (l‘, y) + Z dGn,a (CC, y)

{z,y}CV (P2a—2) z€V(K n—2a+2 )Y€V (K n-2a+2-)
[—5 =] [—5 =1

+ Z da, . (z,y) + Z da, (7, y)

{x7y}gV(K[n—22a+2-‘) {I7y}§V(KLn—22a+2J)
+ Z dGn,a (.’,U, y) + Z dGn,a ($, y)
IEV(K(H,—Q;H-Q-' ) YEV (P2 —2) IGV(PQQ—Q)nyV(KLn—22a+2j)
(4.14)
From Proposition |4.2.3, we have,
20— 2)(2a0 — 1) (2ax — 3
{z,y}CV (P2a—2)
~ 2(a—1)(2a—1)(2a - 3)
B 6
—1)2a — 1)(2cx —
3
Further,
n—2a+2 n—2a+2
I'GV(KLn722a+2J ),er(K’—n722a+2-‘)
and
n—2a+2 | _ 1 n—2a+2
S de ey = RO )
Similarly,

Z dGn’a (x’ y) _ ([nf22a+2‘| _21) (n722a+2] ' (4‘18)

{I7y}§V(K(n—22a+2W)
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Also,
n—2a+ 2
> dGpo(@,y) = [—F 142+ + (20 = 2)]
SCEV(PQQ—Q)nyV(KLn—Z;H—QJ)
B Ln—204+2j(204—2)(20z—1)
B 2 2
B L71—204—1—%2(04—1)(204—1)
B 2 2
-2 2
= |" 5 (e - DEa - 1), (4.19)
and
n—2a+ 2
> dGyo(@,y) = [—F 11 +2+--- + (20 - 2)]
"EEV(K""*%OH’Q" )7y€V(P2a72)
-2 2
= S (0 - 1 (2a - 1), (4.20)

Plugging (#.15), {.16), @.17), (.18), (&.19), (#.20), into (Z.14), we get,

W(Ga) = (o — 1)(204;1)(204—3) n Ln—22(Jz+2”n—22044-21(204_ 3
N (Ln_22a+2J _ 1)£n—22a+2J N ("n—2201+2‘| _ 1)(71—2204—&-21
2 2
Pt a1+ [P 2 1) @2a - 1),

2

This, after simplification, gives

2

4o n—2a+2 n—2a+2
W(Gna) = (0= 1D)(2a =1) [n— < +1] + | == [ (2a - 1)
l/yn—2a+2, n—-2a+2, 1
- — —(n—2a+2).
+2(L y I 1) p(n—2a+2)
By the definition of floor functions and ceiling functions, we have that,
-2 2 -2 2 -2 2
PR < B | P R 4y, (4.21)
2 2 2
and 20+ 2 20+ 2 20+ 2
iy I P R i e (4.22)
2 2 2
From (4.21)), we have,
n—2a+2<tn—2a+2j+1
2 2 '
This implies that,
L7”L72a+2j>nf2a+2 1
2 2 ’
From (4.22)), we have,
[n—2a+21>n—2a+2

2 2

Using the inequalities that follow from (4.21) and (4.22) to simplify W (G, o), we see that, the
terms that have floor and ceiling functions give the following inequalities,

Ln—22a+2”n—22a+2w(2a_1)> (n—2204+2)<"_220‘+2_1)(2a—1)
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n—2a+2\2 n-—-2a+2
_K 2 >_ 2 }(20‘_1)’
and
n—2a+2 , n—2a+2 n—2a—|—2 n— 2o+ 2 2
g > ( ) ()
:( 72a+2> (n—2a+2) (n—20+2)+1
n—2a+2
_2( : ) — (n—2a+2)+
Using the above inequalities in W (G,, o), we see that,
4 -2 2 -2 2
W(Gna) = (@ = 1)2a—1)[n— = +1] + T2 P2 5 00 - 1)
Lonz20+2, m-20+2.5 1~
(g P g2+
4o n—2a+2\2 n—-2a+2
>(a—1)(2@—1)[n—?+1}+[( . ) - : J2a-1)
1 n — 2o+ 2\2 1
—&-5[2(?) —(n—2a+2)+1]—§(n—2a+2)
n — 2o+ 2\2 n —2a+2\2 4o
_(f> (2a—1)+<f) +(Oz—1)(2a—1)[n—?+1}
n—2a+2 1 1
—(f)(my—1)—§(n—2a+2)+§—§(n—2a+2)
_/n—(2a—2)\2 4o n— 2o+ 2
(P oy 4 a0 e (a4 ) P2
1
—(n—20z+2)+§
:l(nQ—2(2a—2)n+(2a—2)2)(2a)+(2a—1)[(a—1)(n—4ﬁ‘+1)—”_20‘+2
4 3 2
—(n—2a+2)+%
1, da n— 20+ 2
= jan +(2a—1)[(a—1)(n—?+1)—f}—2(a—1)an
—(n—2a+2)+%+2(a—1)2a
1, 20 + 1
=—an’+ [(204—1)(04—1)—2(04—1)04— ]n
2 2
4
+(a—1)[(2a—1)(1—§)—l—(2a—1)—|—2(a—1)a+2}—I-*
1, 1
= 5an +{(a71)<(2a71)72a>7a77}n
4
+(a—1)[(2a—1)(1—£+1>+2(a—1)a+2}
1, 1 4o
— san +[—(a—1)—a—§]n+(a 1)[(204—1)(2—§>+2(a—1)a+2}—i—i.
1, 1 4o 1
= 5on +(§—2a>n+(a—l)[(2a—l) 2—§>+2(a—1)a+2}+§.
1, 1 2(a—1) ;11
= gon* + (5 -2+ == pa—a?] + 5,

Thus, the average distance of G, o is,

n

) = (3) Wicha)
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> oy (gt + (5 =20 0 o o] 4 )

an_ 2 F—2a}+ 2 {Q(a—l)[5a_a2]+1}

n—1 n-—112 n(n—1) 3 2
271 2 12(a—1) ;1 1
>acts |y =20+ 5T sa - o]+ ]

So, we see that ;1(Gy, ) > o+ C for some constant C, and thus, we have, for any spanning
tree T of G o, (1) > p(Gpa) > a+C.

(ii) Let o and n be positive integers such that 2o — 1 > n, « fixed. Then, for n = 2a — 1, in

20— (2a—1)+1 2
Thos P =v1,v2,...,V320-1)—20—1 = V1,2, - - -, V2a—3, and we attach L%J =15]=1

vertices to v1 and (ww = [2] = 1 vertices to vaq—3. So, for n = 2a — 1, Ty,  is a path

of order 2« — 1, and we have, by Proposition [£.2.3] for n = 2a — 1,
nn—1)(n+1)

W(Tha) = G
_ (2o — 1)(2a — 2)(2a0)
6
_ 22— 1)(a — 1)(04).
3
And so,
! — (o —1)(«
i) = () 222 e = e
_ 2 22a—1)(a—1)(a)
n(n —1) 3
B 2 22a—1)(a—1)(@)
(2o —1)(2c0 — 2) 3
_ 2 22a—1)(a—1)(@)
22a —1)(a—1) 3
2
=3

Now, suppose n < 2a — 1. We have that T}, o = Ban—20—1,2a—n+1- S0, using (4.12), we have
that, n from (4.12)) shifts to become 2n — 2« — 1 in this case and b shifts to become 2o — n + 1
in this case, as we have that 7' = B,,; in (4.12). Solving for W (T, ), we get,

W (Tha) = é(2n—2a—1)(2n—2a—2)(2n—2a)+(2n_2a_1)(2a2_n+1)(2n_2a)
+H2a—n+1J_1H2a—2n+1J+H2a—2n+1"_1H2a—2n+1‘|
+{a—n+1H2a—2n+1J(2n_2a>
- é@”— 20— 1)(2n — 20 — 2)(2n — 2a) + (2n — 2a — 1)(2@2—n+ 1)(2n — 2a)
Jr[204—71—1-1 2H2a—2n+171}+[2a—2n+171}[2a—2n+1}
[2a—n—|—1][2a—2n—|—1_1}(271_20[)

cmm +

2n—2a—-1)n—a—-1)(n—a)+(2n—2a—1)2a—n+1)(n — a)
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66

20 —n+1 20 —n+1 20 —n+1
oopet eyt g tepe
2 2 2

2c0 — 1
[%71}(2a7n+1)(n7a)

:(2n—2a—1)(n—a)[§(n—oz—1)+2a—n+l}

+%(2a—n—1)(2a—n—1)—1—%(204—71—1)[(3a+1)n—n2—2a2—a}

—n?2a—1) + (=2a% + a — 1)(2a — 1)}

- % | = 20% 4 3(da + 1)n? = [(20° + @) + (da + 1?0 + (207 + a)(da + 1)

+%[_(3a+(2a—1))n +n® 4+ [(20® — a + 1) + 3a(2a — 1)]n
+(—2a2+a—1)(2a—1)}
B [1 B 2]n3+ {3(4@%—1) ~ ba— 1}712

2 3 3 2
n [(Qaz —a+1)+3a2a-1) (202 + ) +(4a+1)2}
2 3 "
1 2 1 2
+§(2a —|—a)(4a—|—1)—|—§(a—2a - 1)(2a—-1)
_ 13 {37a+§}n2 [8a2—4a+1_(18a2+9a+1)]n
6 2 2 2 3
1 1
+§(2a2+a)(4a+1)+§(a—2a2—1)(2a—1)
1 —12a? — 1 1
:—fn3+3(a+1)n2—|—[ o” — 3o+ ]n+7(2a2+a)(4a+1)
6 2 6 3
1
+§(a—2a2—1)(2a—1).

So, for sufficiently large n, we have,

2
Tha) = — Tha
HTne) = oy W (Tha)
2 145 3 5 [—120% —30a +1
—| - = 1
> P 5" +2(a—|— mn —i—[ 5 }n

(202 + o) (4o + 1) + %(a — 242 —1)(2a — 1)}

OD\'—‘

f%(2n2—2na—n—2om+2a +a){2n—2a—2+6a—3n+3}
+%(2a—n—1)[(30¢+1)n—n2—2@2—04—1—204—11—1}
%[2712—(40[—1—1)72—1—(204 —i—oz)} [404—114—1}
+%((2a—1)—n)[3an—n2+(—2a2+a—1)}
%{ 2n® + (da + 1)n® — (26% + a)n + 2n* (4o + 1) — (da + 1)(4a + 1)n
+ (20® + @) (4a + 1)] + %[— 3an® +n® — (=20 + a — 1)n + 3a(2a — 1)n



4.3. CONCLUSION 67

—12a2 — 30a + 1
6

1 3
— 6n3+§(a+1)n2+ [

(a — 202 — 1)(2a — 1)}

V
| o

Wl N = W

]n—i— é(2a2 +a)(da+1)

+ 3

—12a2 —30a + 1
3n

= —-n+3a+1)+] }+3%(2a2+a)(4a+1)

+
Hz{o"‘

(a—&ﬂ—nma—n}
Since n < 2a — 1, we have that, —n > 1 — 2q, give that,

1
w(Tha) > —3n +3a+3

1
Ta LO

3+3

> Q.

2
3

4.3 Conclusion

In this chapter, we were concerned with proving one of the results that give upper bounds on
average distance in terms of order of the graph and independence number of the graph. The
main result of this chapter, given by Corollary and stated as
“Let GG be a connected graph of order n with average distance p and independence number a.
Then

a+2, if a< "T'H,

u(G) <
%a, if a> ”T‘H,

and this bound, for sufficiently large n and fixed «, is asymptotically sharp.” follows directly
from Theorem which is stated as
“Let G be a connected graph of order n and independence number «. Then G has a spanning
tree T with
a+2, if o<
u(T) <
%a, if a> ”TH.”

In the next chapter, we turn to studying bounds on average distance in terms of chromatic
number.



Chapter 5

Upper bound on the average
distance in terms of order and
chromatic number

5.1 Introduction

In this chapter, we will present results on bounds on average distance in terms of order and
chromatic number of the graph. The results of this chapter are from a 1989 study, presented
by Tomescu and Melter, in [24]. Some of the results will be proven using methods from [24].
To analyse results of this chapter, we need the following definitions and notation:

Definition 5.1.1. A graph G is a complete k-partite graph if V(G) can be partitioned into
k disjoint subsets Vi, Vs, ..., Vi, with wv € E(G) if w € V; and v € V;, where 1 < 4,j < k and

i1 ].
Definition 5.1.2. For n > k > 2, H,, ;, denotes a connected k-chromatic graph of order n made

of a K graph, and a path P of order n — k with end vertices v and v, with u joined to some
vertex w of Kj. We will call v a base vertex of H,, j.

We demonstrate Definition by a way of example.

Example 5.1.3. Consider a graph Hjo 5. We have that Hyo 5 has a complete subgraph of order
5 with a vertex w that joins a u-v path Pio_5 = P5 to K5. We draw the graph of Hyg 5 below,

Figure 5.1: The graph of Hjg 5.

Notation 5.1.4. T'(n, k) denotes a family of k-partite complete graphs with order n and max-
imum number of edges, without (k + 1)-cliques for 1 < k < n — 1. T(n,k) is constructed as
follows: let T' be any graph in T'(n, k). For a given n and k, V(T') consists of k disjoint classes,
with b classes having ¢’ + 1 vertices and k — b classes containing ¢’ vertices, where ¢ and b are
integers such that n = kq’ + b with 0 < b < k; two vertices in T are adjacent if and only if they
belong to two different classes of V(7).

68
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We illustrate Notation by a way of example:

Example 5.1.5. Suppose G € T'(n, k) has order n = 7 and k = 4. Then we have that
n="kq +b=4(1)+3 thus,b=3 and ¢ = 1.

Of the k = 4 classes, b = 3 classes have order ¢’ + 1 = 2, while k — b =4 — 3 = 1 classes have
order ¢’ = 1.

Let the b = 3 classes be given by the sets {{vi,v2}, {us,us}, {wi,ws}} and the k — b = 1
class be the set {s}. Then G is the graph given in Figure

Figure 5.2: A graph in T(7,4).

5.2 Average distance, order and chromatic number

To analyse o(z), we will use the idea of distance layers defined as follows:

Definition 5.2.1. Let G be a connected graph and let  be a vertex in G. The set of vertices
that are a distance 7 from a vertex z in G is called the i-th distance layer and is denoted by

Proposition 5.2.2. Let G be a connected graph of order n, and let x be a vertex in G. For
each integer i =0,1,...,eq(x), let Ni(z) = {y|da(x,y) =i} and let k; = |N;(x)|. ( If vertex x
is clear, we simply write k; and N;).

Then
n:k0+kl+k2+"'+kec(x)a (51)
and
o(x) =ky + 2ko +3ks + - - - +€G($)keg(m)' (5.2)
Proof:
Since for each vertex y € V(G), we have, dg(z,y) = i for some i = 0,1,...,eq(z), we can

partition vertices of G into sets of vertices that are at distance ¢ from x, N;(x), giving that
V(G) = Ufﬁéx)Ni(x). Thus, since N;(z) N Nj(z) = 0 for any ¢ # j, we have that,
n=|V(G)|

eg(z)

=1 |J M)l
1=0
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ec(@)
= | Ni(z)|
=0
=ko+kitkat -+ keg(a)
Also,
U(.’IJ) = Z dG(xay)
yeV(G)
eg(z)
= > INi(@)]i
1=0
- kl + 2k2 + 3k3 +-- 4+ eG(x)keG(m)a
as desired.
Lemma 5.2.3. Let G be a connected graph of order n and diameter d. Let P = vg,v1,...,0q

be a diametral path in G. The number of colors needed to color P in G is 2.

Proof: Since vertices of P can be partitioned into two independent sets A = {v; | i is even, i <
d} and B = {v;|i is odd, i < d}, we have that, vertices in A can be colored with color 1, and
vertices in B can be colored with color 2. Thus, Lemma holds. O
The following facts and properties are going to be used to prove the main results of this chapter.

Proposition 5.2.4. Let G be a connected graph of order n and diameter d. Then
X(G) <n—d+1.

Proof: Let P = vy, vy, ...,vq be a diametral path in G. Since by Lemma vertices in
the diametral path P can be colored with 2 colors, and the vertices in V(G)—V (P) can be colored
by, at most, n—|V (P)| colors, we have that x(G) < n—|V(P)|+2=n—(d+1)+2=n—d+1.0

We use the graph H,, j, defined in Definition to analyse the extremal graphs of the
Property and Property [5.2.10

Property 5.2.5. Let G be a connected k-chromatic graph of order n. If x € V(G) and x(G —
x) =k, then
ox)<1+2+-+n—k+Fk-1)n—-k+1) (5.3)

and equality holds if and only if G is isomorphic to Hy j, and x = v is the base vertex of H,, .

Proof: Let G be a connected k-chromatic graph of order n. Suppose that = € V(G) and
X(G — x) = k. Consider distance layers from x, N;(x). Since G is connected, k; > 1 for
i=0,1,...,eg(z). Subject to this , (5.1)), (5.2) is maximised for k1 = ka = -+ = k., (z;)—1 = 1
and

eg(z)—1
keg(a:) =N — ( Z ]ﬁ + k‘(])
1
eg(z)—1

=n—( Z 1+1)

=1

.
Il

—~
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=n—(eg(x) —1+1)
=n—eg(x),
to give
o(x) <142+ -+ (eg(x) = 1)+ (n — eg(z))eg(x).
But because, by Proposition eq(x) < diam(G) < n —k+ 1, we have,
o(x) <142+ 4 (eg(z) — 1) + (n — eg(z))ec(z)
<142+---+Mn—k+1-1)+n—Mn—-k+1)]jn—k+1)

= 1424+ (n—k)+[k—1(n—k+1). (.3)

Now assume that there is equality in (5.3). Then every distance layer N;(x), i = 0,1,...,eq(x)—
1, has 1 vertex and k() =n —eg(z) =n—(n—k+1) =k - 1. ~
.
L ®

U -2 .
— o o o ..-.0—o o ¢ |Neg() (@)

T U1 U2 Ueg(z)—3 Ueg(z)—1 @
N
\—/

Figure 5.3: A subgraph of a graph G that is obtained when equality holds in (5.3)).

By properties of distance layers, if u;, i = 1,2,...,eq(x) — 1, is the only vertex in N;(x), then
TUIUD . . . Uy (7)—1 18 @ path and every vertex in Ne (s (z) is adjacent to Ueg (z)—1-

To show that the graph is Hy, it is adequate to prove that any two vertices in N, (,)(z) are
adjacent.

We proceed by contradiction: Suppose to the contrary that w,z € N,y (7) are such that
wz & E(G).

. |The k — 3 vertices
in

Neg(x) (ZC)—{w, Z}

Figure 5.4: Coloring of the graph that is in Figure for when wz € E(G).
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Then colour w and z using the same color 1, say. Using only two colors, 1 and 2, the vertices
W, 2, T, U1, U2, - .., Uey(z)—1 Can be properly colored.

Since Neg(,) has k — 1 vertices, the remaining k — 3 vertices in N, (,) can be colored using at
most k — 3 colors. Hence, x(G) <2+ k — 3 = k — 1, contradicting that x(G) = k. Thus, any

two vertices in N, () (%) are adjacent, giving that G is isomorphic to H,, .

Suppose G is isomorphic to Hy, j and x = v. Since by Definition vertex v in the v — u
path, P, _, is joined to vertex w of the clique K}, we have that v is a distance n — k from w,
and so, V(P,_x) U{w} form a u — w path of order n — k + 1 in G, and also, v is at distance
n — k + 1 from the vertices in the set V(K}) — {w}. So,

o)=Y dala,y)

yeV(G)
= Z da(z,y) + Z da(z,y)
yEV (Pp_k)Uw yeV (Kg)—w
=142+---+n—-k+k-1)n—-k+1).
Thus, equality in holds if and only if G is isomorphic to H,, ; and x = v. O

Remark 5.2.6. Recall, in Definition [5.1.2] we have that H,, ; is obtained by joining a complete
graph K and a path P,_j together, by an edge uw, where v is an end vertex in P,_; and w
is some vertex in Kjp.

Now, suppose in H,, j, for some vertex z € V(K}) with z # w, we add edges to H,, j such
that each edge joins u to any vertex z € V(Kj) — . Then we see that, the set of edges that
have been added to H, j; can be expressed by the set {uz|z € V(K}),z # x}.

We demonstrate the above remark by a way of example.

Example 5.2.7. Consider graph Hip s as given in Example we have that Higs is the
graph:

Figure 5.5: The graph of Hjg 5.

Now, suppose we choose some vertex in V(K5) —w to be z, then we have the graph,

X

Figure 5.6: The graph of Hjp 5 with a vertex x in K5 subgraph.

Now, add two and three edges that belong to the set {uz|z € V(K5), 2z # z} to Higs,
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T T
@ @ L
u (Y u v

Adding two edges from the set

Adding three edges from the set
{UZ ‘ A V(K5),Z 7é Q}} to H1075. {UZ | = V(K5),Z 7& (L‘} to H1075.

Figure 5.7: Two graphs of Higs with a vertex x in K5 clique with two and three edges in the
set {uz|z € V(K3),z # =} added to each graph respectively.

We see that, at most, we can add three edges from the set {uz|z € V(K5),z # x} to Hy .

Lemma 5.2.8. Let G be a connected k-chromatic graph of order n. Suppose that x € V(G)
and x(G —z) =k — 1. Then degg(x) > k — 1.

Proof: Suppose z € V(G) and x(G —x) = k — 1 with degg(x) < k — 1. Then, we have that
degg(x) < k—2. Since G —z is k — 1 colourable and degg(z) < k — 2, there is an extra colour,
among the k£ — 1 colours used to colour G — x, which can be used to colour x. Therefore, G is

k — 1 colourable, a contradiction. Thus, Lemma holds. O

Remark 5.2.9. In the next results, Property the extremal graph is given by the graphs
described in Remark which, in general, can be demonstrated similarly to Example [5.2.7

Property 5.2.10. Let G be a connected k-chromatic graph of order n. If x € V(G) and
X(G—z)=k—1, then
o) <(k—-1)+24+---+(n—Fk+1) (5.4)

and equality holds if and only if G is isomorphic to a graph obtained from H, ; by adding the
edges from a set E,, with x € V(Ky), x # w, and E,, C {uz: z € V(Ky),z # x}. (E, may be
empty).

Proof: Let G be a connected k-chromatic graph of order n. Suppose that x € V(G) and
X(G—z)=k—1.

Since G is connected, k; = kij(x) > 1 for i = 0,1,...,eq(z). Lemma gives that
k1 > k — 1, and so, subject to this, , is maximised for k1 = k — 1, kg = kg = --- =

kec(a:)—l = 1, and
eg(z)—1
ke(@) =1 — ( Z ki + ko + k1)
i=2
eg(z)—1
=n—( ) 1+1+k-1)
i=2
=n—(eg(x)—1—-2+14+1+k—-1)
=n—eqg(x) —k+2,
to give

oz) <(k—114+24+34+---+ (eqg(z) — 1)+ eq(x)(n — eq(z) — k +2).
But because eg(x) < diam(G) <n —k+ 1, we have,

olx) < (k—1)1424+3+--+ (eag(zx) — 1) + eq(z)(n — eq(z) — k + 2)



5.2. AVERAGE DISTANCE, ORDER AND CHROMATIC NUMBER 74

<k—-14243+-+n—k+1-D+n—-k+Dn-—n—-k+1)—k+2|
=k—14+243+--+n—k) +(n—k+1). (5.4)

Now assume that equality holds in (5.4). Then every distance layer N;(z), i =0,2,3,...,eq(x),
has 1 vertex and k1 = |Ni(z)| =k — 1.

Vertices in Ny (z).

JE )

U = u2 us Ug Ueg(x)—2 Ueg(z)—1 Ueg(x)

(& & é-

Figure 5.8: A subgraph of a graph G that is obtained when equality holds in (5.4), and z is
adjacent to one vertex, w in Ny (z).

By properties of distance layers, if u;, i = 2,...,eg(x), is the only vertex in N;(x), then
UQU3 . . . U, () 18 @ path, and also, since G is connected, we have that, at least one vertex in
Ni(x) is adjacent to us.

To show that G is the graph obtained from H,; by adding the edges from a set E, with

x € V(Ky), x # w, and E, C {uz: z € V(Ky),z # x}, it is adequate to prove that any two
vertices in Ni(x) are adjacent.

We proceed by contradiction: Suppose to the contrary that y,z € Ni(x) are such that yz &
E(G).

The k — 3 vertices in Ny (x) —{y, z}.

. \2 1 2 1 2 1 2 1
: @ @ Q.- -0—©@ L L]
U = U2 us Ug Ueg(xz)—2 Ueg(z)—1 Ueg(x)

Figure 5.9: A subgraph of a graph G that is obtained when equality holds in (5.4), and w is
adjacent to only w in Ni(z). With yz € E(G)
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Since Nj(z) has k — 1 vertices, the remaining k — 3 vertices in Nj(z) can be colored using
at most k — 3 colors. Hence, x(G) < 2+ k —3 = k — 1, contradicting that x(G) = k. Thus,
any two vertices in Ni(x) are adjacent, giving that G is the graph H,, . But, since up = u is
adjacent to at least one vertex in Ni(z) in G, we have that G is the graph obtained from H, j
by adding the edges from a set E,, with € V(K}),  # w, and E, C {uz: z € V(K}),z # x}.
(E, may be empty).

Suppose that G is isomorphic to a graph obtained from H,, ; by adding the edges from a
set B, with z € V(Kj), z # w, and E, C {uz : z € V(Ky),z # z}. (E, may be empty).
Since z € V(K}) and = # w, we have that degg(z) = k — 1, also, for |E,| > 0, we have that
dg(x,v) =n—k+1, where v is an end vertex in path P,,_g, as given in Definition Thus,
we have,

o(@)= Y da(z.y)

yeV(G)
= Y. delmy+ D, dalzy)
yeV (Pr—k)U{w} yeV (Ky)—{w}

=14+2+- -+ (n—k+1)+1(k—2)
=(k-2+1)+2+ - +n—k+1
=(k-1) 424 +n—k+1

Thus, equality in (5.4) holds if and only if G is isomorphic to a graph obtained from H, j by
adding the edges from a set E, with z € V(K}), * # w, and E,, C {uz : z € V(K}), z # z}.
(E, may be empty). O

Proposition 5.2.11. For any connected graph G with a vertex x such that G — x is connected,
we have,

o(G) <o(G—x)+20(x).
Proof: Let G be a connected graph. Using Proposition we have,
o(G) =2W(G)
<2(W(G-2)+ Y do(v,2))

veV(G)
=0(G —z)+20(x),

as desired. 0

Theorem 5.2.12. Let G be a connected graph with two or more vertices. Then G contains at
least two vertices that are not cut-vertices.

Proof. Let G be a graph with order greater than one and let P be a longest path in G.
Assume that P is a z-y path. We prove, by contradiction, that z and y are not cut-vertices.
Suppose z is a cut-vertex of G. It follows that G — x is disconnected, giving that G has two or
more components. Now, let w be the vertex adjacent to x on P and let P’ be the w-y subpath
of P.
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Path P
@ @ @ . - 0—@ @ L
z x w Yy
Path P’

Figure 5.10: The z-y path obtained in G when we assume that x is a cut-vertex in G.

Since z is a cut-vertex, we have that P’ must belong to a component, say G, of G —z. Let
the other component of G — x be G3. Then G5 contains some vertex z that is adjacent to .
Then zx P’ is an z — x path that is longer than P in G, which contradicts the assumption that
P is a longest path in G. Similarly, y is not a cut-vertex of G. (]

Lemma 5.2.13. Consider H,, ;. Then
o(Hpi) =0(Hp—1k-1) +2k—-14+24+3+---+(n—k+1)].
Proof: Let x € V(K}), with  # w in H,, ;. Then

o@)= > du,,(uz)

UGV(HnTk)
—k—14243+4-+(n—k+1) (5.5)

Now, x does not lie on any of the u — y paths in H,, x, so,

dHn,k (u7 y) - dHn,k_-l’(u’ y) (56)
for any vertex u # x and vertex y # x in H,, j. So, using (5.5 and (5.6)), we have,

o(Hur)= . olw)

ueV(Hn,k)

= Z Z dHn,k (u, y)

u€V (Hp k) yEV (Hy 1)

= Z [ Z dHn,,c (u,y) + dHn‘k(u, 1:)}

u€V(Hp k) yeV(Hpg)—x

- Z < Z dHn,k(u?y)>+ Z dm,, . (u, )

UGV(Hn,k) er(Hn,k)fx UGV(Hn,k)
— Z ( Z dm,, (u,y)) + Z du, ,,(u, )
yEV(Hn,k:)_x uEV(Hn,k) ueV(H'n,k)
= Z ( Z dHn,k (u7 y) + dHn,k (x’ y)) + Z dHn,k (u7 .',U)
yeEV(Hp p)—x u€V(Hyp)—x u€V (Hy, 1)
- ¥ ( 3 dHn’k(u,y)> + Y dm @yt Y dm,(ua)
yeV(Hpx)—z ueV(Hpi)—z yeV (Hp k)2 €V (Hp k)
= Z dHn,k (u, y) + ( Z dHn,k (z,y) + dHn,k (:L‘,x))
uvyEV(Hn,k_x) ye‘/(];[n,k)_$

+ Z dy,, . (u, )

uEV(Hn,k)
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= Y dmwn (Y dug@w)+ Y da(we)

u,Yy€EV (Hy —) yEV (Hy 1) u€V (Hy k)

= Y du,(wy)+[k—14+243+ -+ (n—k+1)]
U,yEV(Hn’kfx)

+k—1+4243+ -+ (n—k+1)]

= > dm,,(wy) 2k —14243+ -+ (n—k+1)]
u,y€V (Hy —x)

= > dpe(wy) + 2k - 142434+ (n—k+1)]
u,y€V (Hy 1 —)

= o(Hyp—2) + 20k —1+2+3+ -+ (n—k+1)]
=o(Hp-1-1) +2k—14+2+3+ -+ (n—k+1)],

as desired. 0
Lemma 5.2.14. Consider H,, ;. Then
U(Hn,k) = U<anl,k) +2[1 +2434+---+ (TL— k‘) + (k‘ — 1)(7”L —k+ 1)]

Proof: Let x = v in H,, ;. Then

o(x) = Z dy,, . (u, )

UEV(Hn,k)
12434+t (=K + (k= D(n—k+1). (5.7)

Now, z is an end vertex in H,, j, and so,  does not lie on any of the v — y paths in H,, 1, so,

for any vertex u # x and vertex y # « in H,, . So, using (5.7) and (5.8]), we have,

ueV(Hn,k)

= Z Z dHn,k(uv Y)

uweV (Hy, k) YEHR &

= Y | X, ny) +d ()]

u€V (Hpk) yeV(Hpr)—x

- Z ( Z dHn,k(Uay))+ Z dg,, . (u, )

weV(Hy k) yeV(Hyk)—2z u€V (Hp, k)
= Z ( Z du, , (u, y)) + Z du, , (u, )
yeV(Hy x)—x  u€V(Hy k) ueV (Hy k)
= Z ( Z dHn’k (U,y) + dHnyk (l’,y)) + Z dHn,k (U,l’)
yeV(Hp x)—x ueV(Hpi)—x ueV (Hy )
= Y (X dmaww)r X duy)
yeV(Hp p)—x ueV(Hy k)T yeV(Hp i)~

+ Z du,, . (u, )

uev(Hn,k)
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= Z du, , (u,y) + ( Z du, (2, y) + dHn’k(x,m)>

uvyEV(Hn,kfz) er(Hn,k)fx
+ Z du, , (u,)
uGV(Hn‘k)
= Z dHn,k (u’ y) + ( Z dHn,k ($7y)) + Z dHn,k (U, x)
u,y€V (Hy ,—) yeV (Hy k) u€V (Hy, 1)

= Z dy, ,(u,y) + 1+2+3+-+(n—k)+ (k—1)(n—k+1)]

u,y€V (Hy —x)
+14+243+-+ -k +(k-1)(n—k+1)

= Z du,  (u,y) +2[1+2+3+--+(n—k)+(k—1)(n—k+1)]
u,y€V (Hp, —)

= > do,e(wy) +20 42434+ (n—k) + (k= 1)(n—k+1)]
u,y€V (Hp, —x)

=o(Hpp—x)+2[14+24+3+ -+ (n—Fk)+(k—1)(n—k+1)]

=0(Hp1) +2014+2+3+--+(n—k)+ (k—1)(n—k+1)],

as desired. O

Theorem 5.2.15. In the class of connected k-chromatic graphs G of order n, the sum of all
distances o(G) satisfies:

a) o(G) > o(H) where H € T(n,k);
b) o(G) < o(Hppk).

Proof: a) Let G be a connected k-chromatic graph of order n and n; the number of vertices
having color ¢ for 1 < ¢ < k with respect to a fixed k-coloring of G with colors 1,2,..., k. If
vertices x and y have the same color it follows that dg(x,y) > 2, and if vertices = and y have
different colors, then dg(x,y) > 1.

Let V; denote the set of vertices with color i, 1 < i < k so that n; = |V;|. Then the order of G
isn=mn; +no+---+ ng, and so,

nl(nl — 1)
(w9} o,y e | = 2D
We have,
oG = 3 day)
z,yeV(G)
= > dalz,y)+ > dalwy)+-+ D dalz,y)
z,yeV1 z,yeVa z,yeVi
zeVi,yeV(G)—Wi x€Va,yeV (G)—Va €V, yeV(G)—Vy
=2 > de(my)+2 Y de(my)+-+2 > da(zy)
{ZB,y}gV1 {ZE,y}QVQ {m7y}gvk
zeV1,yeV(G)—WVi 2€Va,yeV (G)—Va €V, yeV(G)—Vy

=2 ¥ delew)+ Y delwy) bt Y dalw)]

{xay}gvl {Z‘,y}gVQ {x,y}ng
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+ Z dG(x’y)—|— Z dg(a:,y)++ Z dg(ﬂi,y)

zeV1,yeV(G)—V1 2€Va,yeV (G)—Va €V, yeV(G)—Vy
22[ Yo2e Y 24t Y 2}
{z,y}CV1 {z,y}CV2 {z,y} Vi
+ > 1+ > 1o+ > 1
zeV1,yeV(G)—V1 2€Va,yeV(G)—Va €V, yeV(G)—Vy
ni(ng —1 no(ng — 1 np(ng — 1
:2[2 1(; ) oo 2(; )+---+2’“(’; )}Jrnl(n—m)

+na(n —ng) + -+ ng(n —nyg)
=2[n1(n1 — 1)+ na(ng — 1)+ -+ ng(ng — 1)} + n1(n — nq)

+na(n —ng) + -+ +ng(n —nyg)
=ni(n—n1)+2n1(n1 — 1) + na(n — na) + 2na(ng — 1) + -+« + ng(n — ng) + 2ng(ng — 1)
=ni[(n —n1) +2(n1 — 1)] + na[(n — n2) + 2(ng — 1)]

+ -+ ng[(n —ng) + 2(ng — 1)]

k
= an(n —n;+2(n; — 1))
i=1
k
=> ni(n+n; —2)
i=1
k k k
:nZni-i-an—QZni
i=1 i=1 i=1

k
=n?—2n+ g n?.
i=1

k
Now we show, for any graph H € T(n, k), that o(H) = n? — 2n + an
i=1

Let H € T(n,k). Then two vertices in H are connected by an edge if and only if they belong
to different classes of vertices as stated in Notation [5.1.4f We have that, vertices that are in
the same class are a distance 2 from one another, and vertices in different classes are a distance
1 from one another. Thus, we can color each class of H with one color. By Notation [5.1.4] H
has k classes. Let V; denote the set of vertices of class i, 1 < i < k in H and let n; = |V
So, vertices x,y € V; are a distance dy(z,y) =2 in H, and if x € V; and y € V(H) — V; then
dp(z,y) = 1. Also, the order of H is n =nj +ng + -+ + ng, and so,

nz(nz — 1)
{0} |2,y e Viy| = "=,
We have,
o(H)= > du(zy)
z,yeV (H)
z,yeVy z,yeVa x,y€Vi

+ Y dww+ Y daey) e+ Y. dulny)

zeVi,yeV(H)-W1 z€Va,yeV (H)—Va zeVy,yeV(H)-V;,
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=2 Y dpley)+2 Y duley) 42 Y dulay)

{z,y}CW1 {z,y}CVa {z,y}CVi
zeVi,yeV(H)-V, z€Va,yeV(H)—Va €V, yeV(H)—Vj,
{xzy}gvl {x,y}QVQ {m,y}ng
zeVi,yeV(H)-V1 z€Vo,yeV(H)—Va €V, yeV(H)-Vy,

:2[ o2e Y o2t X 2}
{wyy}gvl {x’y}gVZ {:r,y}ng

+ > 1+ > I+ > 1

zeVi,yeV(H)-V1 z€Vo,yeV(H)—Va €V, yeV(H)-Vy,

B ni(ny —1) na(ng — 1) nk(ng — 1)

—9 [2 2 }

+ni1(n—n1) +na(n —ng) + -+ ng(n —ng)
=2[n1(n1 — 1) + na(na — 1) + -+ + ng(ng — 1)]
+ni1(n—n1) +na(n—ng) + -+ ng(n —nyg)
=ni(n—mn1)+ 2n1(ny — 1) + na(n — ng)
+2ng(ng — 1) + - -+ +ng(n — ng) + 2ng(ng — 1)
=nm[(n—n1)+2(n1 — )]+ na[(n —n2) +2(ny — )]+ -+ + ng[(n — ng) + 2(ng — 1)]

k
= an(n —n;+2(n; — 1))
i=1
k
= an(n—}—nl -2)
i=1
k k k
IS S
i=1 i=1 i=1

k
=n? - 2n+2n?.
i=1

k
So, we have that o(G) > n? — 2n + Zn? = o(H), where H € T'(n, k), as desired.
i=1
b) We proceed by contradiction. Suppose G is a k-chromatic graph of order n which is a counter
example to the statement of b). Then, we have that o(G) > o(H, ).

Amongst all such counter examples, choose G to be a counter example where n + k is
minimum. Therefore, if H is k’-chromatic and of order n’ where n’ + k' < n + k, then H is not
a counter example, i.e., H satisfies b).

By Theorem there is a vertex = such that G — z is connected. Suppose that G — z is
connected. Then x(G — x) is either equal to k — 1 or k, and G — x has order n — 1.

Note 5.2.16. If x(G—z) =k —1,we havethat k —14+n—-1=k+n—-2<n+k,s0,G—=x
is not a counter example of b). Thus, if (G —z) =k — 1, then 0(G —2) < o(Hp—14-1)-

Note 5.2.17. If x(G — x) = k, we have that k+n — 1 < k+n, and so, G — z is not a counter
example of b). Thus, if x(G —x) =k, then 0(G —z) < o(Hp—14)-
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We have that G and G — x are connected graphs. Now, assume that x(G —z) = k — 1.
By Property we have that o(z) < k—142+3+ -+ (n—k+ 1) and equality
holds if G is isomorphic to the graph obtained from H,, ; by adding the edges from a set
E, C{uz: z€ V(Ky),z # x} with x € V(Ky), © # w.

Now, if E, # (), then the resulting graph is obtained by adding at least one edge from the
set B, C{uz: z € V(K}),z # x} with x € V(K},), © # w to H, ). Denote the resulting graph
by Hj .. It follows that there is some vertex z # x in H, ;k that belongs to the k-clique of Hy, ,
such that the distance between z and v is n—k in H}; ;. But in H, j, we have that dg, , (z,v) =
n — k + 1 for every vertex z in the k-clique of H,, , and this makes o(Hpi) > O'(H:;k). Thus,
showing that 0(G) < o(H,, ) will be sufficient. This is because both H,, j, and H , have order
n and chromatic number k with the property that x(H) , —x) = x(Hp — ) = k— 1.

Since we aim to show the H,, j is the extremal graph, we assume that E,=0. Let E, = (. By
Proposition we have, 0(G) < (G — x) + 20(x). So, we have that,

0(G) <o(G—1z)+20(x)

<o(Hp-14-1) +20(x) (by Note [5.2.16])
<o(Hp-1p-1)+2k—-14+24+34+---+(n—k+1)] (by Property [5.2.10))
=o(Hpp). (by Lemma [5.2.13])

We have that G and G — x are connected graphs. Now, assume that x(G — x) = k. By
Property we have that o(z) <14+24+34+---+(n—k)+ (k—1)(n— k+ 1) and equality
holds if G is isomorphic to the graph H, ) with x = v. By Proposition we have,
0(G) <o(G —x)+20(x). So, we have that,

0(G) <o(G—1z)+20(x)
< o(Hp-1) +20(2) (by Note
<o(Hp-1k)+2[1+2+3+--+(n—k)+ (k—1)(n—k+1)] (by Property[5.2.5)
=o(Hy). (by Lemma
Since 0(G) < 0(H,,) whenever x(G —z) =k —1 or x(G— ) =k and G — x is connected, we
have that G is not a counter example of b), contradicting our choice of G. U

5.3 Conclusion

In this chapter, we presented proofs to a two part theorem. The first part of the theorem gave
a lower bound on the average distance in terms of order and chromatic number of the graph.
The second part of the theorem gave an upper bound on average distance in terms of order
and chromatic number of the graph. The theorem we proved is given by Theorem [5.2.15] and
is stated as follows: “In the class of connected k-chromatic graphs G of order n the sum of all
distances o(G) satisfies:

a) o(G) > o(H) where H € T'(n, k);
b) o(G) < o(Hpy).”

We conclude the dissertation in the next chapter.



Chapter 6

Conclusion

In this dissertation, we studied upper bounds on the average eccentricity and upper bounds on
average distance of a graph G in terms of order and independence number of the graph, and
also, we studied upper bounds on average eccentricity and upper bounds on the average distance
of a graph G in terms of order and chromatic number of the graph. We gave a lower bound on
the average distance in terms of order and chromatic number of the graph as well. We began
with an introductory chapter, Chapter [1], where we gave neccessary definitions that were used
throughout the dissertation, and where we introduced the reader to the concepts that we used
in the results of this dissertation. To give an idea to why we would study the results of this
dissertation, we gave a detailed literature review in Chapter [2] where we discussed motivation
and background work done on the bounds of average distance and average eccentricity in terms
of order, independence number and chromatic number of the graph. We also gave a survey of
important results in Chapter

In Chapter [3] we presented upper bounds on the average eccentricity in terms of order and
independence number of the graph. What makes the upper bounds difficult to establish is the
fact that there are two extremal graphs depending on the size of the independence number.
In particular, in an in-depth analysis, we showed that if G is a connected graph of order n
and independence number «, where v < %, then ((G) < (2a — 1)n — o? + «, whilst, if G is a
connected graph of order n and independence number «, where o > %, then ((G) < n? — a?.
We showed that if a is at most 5 then an extremal graph is made up of a path of order 2o — 2
whose one end is joined to a complete graph of order a and the other end is joined to a complete
graph of order b where a +b = n — 2a+ 2. For values of a greater than 7, an extremal graph is
a tree T, obtained from a path of order 2n — 2« and attaching 2ac — n end vertices to one end of
the path. We proceeded to present upper bounds on average eccentricity in terms of order and
chromatic number of the graph in Chapter 3] In particular, we showed that if G is a connected
graph of order n and chromatic number Y, then

1(13 1 1 1 1
avec(G) < - <L4n2 - ZXQ —gxntgnt 2xJ>,

with an extremal graph being the graph obtained from combining the complete graph K, and
a path P,_, with an edge that joins an end vertex of P,_, to one of the vertices of K,.

In Chapter |4, we presented upper bounds on the average distance in terms of order and
the independence number of the graph. We showed that if G is a connected graph of order
n and independence number «, where a < ”T“, then u(G) < o+ 2, whilst if a > ”TH, then
w(@) < %oz. We showed, by construction, that these bounds are best possible. For values of «

less than "T‘H, an extremal graph is made up of a path of order 2a — 2 whose ends are joined to

two complete graphs with order that differ by at most one. For values of o bigger than "TH, an
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extremal graph is made up of a path of order 2n — 2a¢ whose ends are joined to two complete
graphs with order that differ by at most one.

In Chapter [, we presented lower and upper bounds on the average distance in terms of order
and chromatic number. We started by showing that if G is a connected k-chromatic graph of
order n then p(G) > p(H), where H is a graph in the set T'(n, k). Using contradiction, we
showed that if G is a connected k-chromatic graph of order n, then u(G) < p(H, ).

To further improve the bounds on average distance and average eccentricity, an area for
future research is bounds on average distance and average eccentricity in terms of order, in-
dependence number and minimum degree of the graph, and also, in terms of order, chromatic
number and minimum degree of the graph. It would also be interesting to apply our findings on
triangle free graphs, and find extremal graphs of the improved bounds for triangle free graphs.



Bibliography

[1]

[10]
[11]

[12]

[13]

[14]

[15]

AOUCHICHE, M., BONNEFOY, J.-M., FIDAHOUSSEN, A., CAPOROSSI, G., HANSEN, P.,
HIESSE, L., LACHERE, J., AND MONHAIT, A. Variable neighborhood search for extremal
graphs 14: the autographix 2 system. Global Optimization (2006), 281-310.

CHARTRAND, G., AND ZHANG, P. Chromatic Graph Theory. Discrete Mathematics and
Its Applications. CRC Press, 2008.

CHuNG, F. R. The average distance and the independence number. Journal of Graph
theory 12, 2 (1988), 229-235.

CvETKOVIC, D., KrRAUS, L., AND SiMI¢, S. Discussing graph theory with a computer i.
implementation of graph theoretic algorithms/razgovor sa kompjuterom o teoriji grafova
i. implementacija algoritama teorije grafova. Publikacije Elektrotehnickog fakulteta. Serija
Matematika i fizika (1981), 100-104.

CVETKOVIC, D., AND SIMIC, S. Graph theoretical results obtained by the support of
the expert system” graph”. Bulletin (Académie serbe des sciences et des arts. Classe des
sciences mathématiques et naturelles. Sciences mathématiques) (1994), 19-41.

DANKELMANN, P. Average distance and independence number. Discrete Applied Mathe-
matics 51, 1-2 (1994), 75-83.

DANKELMANN, P. Average distance and domination number. Discrete Applied Mathemat-
ics 80,1 (1997), 21-35.

DANKELMANN, P., GODDARD, W., AND SWART, C. S. The average eccentricity of a
graph and its subgraphs. Utilitas Mathematica 65 (2004), 41-52.

DANKELMANN, P., AND MUKWEMBI, S. Upper bounds on the average eccentricity. Dis-
crete Applied Mathematics 167 (2014), 72-79.

DELAVINA, E. Graffiti. pc. Graph Theory Notes of New York 42, 3 (2002), 26-30.

DOBRYNIN, A. A., ENTRINGER, R., AND GUTMAN, I. Wiener index of trees: theory and
applications. Acta Applicandae Mathematica 66, 3 (2001), 211-249.

DovYLE, J., AND GRAVER, J. Mean distance in a graph. Discrete Mathematics 17, 2
(1977), 147-154.

Du, Z., AND ILIC, A. On autographix conjectures regarding average eccentricity. Match-
Communications in Mathematical and Computer Chemistry 69, 3 (2013), 597-609.

ENTRINGER, R. C., JACKSON, D. E.; AND SNYDER, D. Distance in graphs. Czechoslovak
Mathematical Journal 26, 2 (1976), 283-296.

FajtLowicz, S. On conjectures of graffiti. Annals of Discrete Mathematics 38 (1988),
113-118.

84



BIBLIOGRAPHY 85

[16]

[17]

[18]

[19]

[20]

21]

[22]

[23]

[24]

[25]

ILI¢, A. On the extremal properties of the average eccentricity. Computers € Mathematics
with Applications 64, 9 (2012), 2877-2885.

KoUIDER, M., AND WINKLER, P. Mean distance and minimum degree. Journal of Graph
Theory 25, 1 (1997), 95-99.

MUKWEMBI, S. Average distance, independence number, and spanning trees. Journal of
Graph Theory 76, 3 (2014), 194-199.

PLESNTK, J. On the sum of all distances in a graph or digraph. Journal of Graph Theory
8,1 (1984), 1-21.

QUuADRAS, J., CHRISTY, K. A., NELSON, A., AND SURYA, S. S. Average distance of
certain graphs. Recent Trends in Graph Theory and Combinatorics (2017), 87-94.

SAMPATHKUMAR, E., AND WALIKAR, H. The connected domination number of a graph.
Journal of Mathematical and Physical Sciences 13, 6 (1979), 607-613.

TANG, Y., AND QI, X. Ordering graphs with large eccentricity-based topological indices.
Journal of Inequalities and Applications (2021), 1-11.

TANG, Y., AND ZHOU, B. On average eccentricity. Match-Communications in Mathemat-
ical and Computer Chemistry 67, 2 (2012), 405.

TOMESCU, I., AND MELTER, R. A. On distances in chromatic graphs. The Quarterly
Journal of Mathematics 40, 4 (1989), 475-480.

Xu, K., Liu, M., Das, K. C., GurMAN, I., AND FURTULA, B. A survey on graphs
extremal with respect to distance-based topological indices. Match-Communications in
Mathematical and Computer Chemistry 71, 3 (2014), 461-508.



	Declaration
	Abstract
	Acknowledgement
	List of Symbols and Abbreviations
	Introduction and Preliminaries
	Introduction
	Graph theory terminology
	Distance concepts
	Independence concepts
	Chromatic concepts
	Conclusion

	Literature review
	Introduction
	Motivation and Background
	Motivation
	Background

	Survey of Important Results
	Average distance results
	Average eccentricity results

	Conclusion

	Upper bounds on the average eccentricity
	Introduction
	Average eccentricity, order and independence number
	Average eccentricity, order and chromatic number
	Conclusion

	Upper bound on the average distance in terms of order and independence number
	Introduction
	Average distance, order and independence number
	Conclusion

	Upper bound on the average distance in terms of order and chromatic number
	Introduction
	Average distance, order and chromatic number
	Conclusion

	Conclusion
	Bibliography

