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Abstract     

This work serves to detail the design, implementation and validation of the Ultra High Cycle Fatigue 

Test rig. 

The rig has been designed using a modular design methodology. The design philosophy 

implemented was to keep the overall design as simple as possible so as to reduce manufacturing 

costs while allowing for modular changes so that the rig can be modified for future conceivable test 

methods in the ultra-high frequency region. 

Three versions of the design were created namely the Mark 1, 2 and 3. Each of the versions was an 

iterative improvement on the previous. The initial Mark 1 was a simple system with no rig and a 

simple strain measurement system. The Mark 2 consisted of the full test rig setup with both strain 

gauges and laser acquisition used for the measurement system. Finally the Mark 3 system was 

created with only the laser used for data acquisition. The final design only implemented the non-

contact laser vibrometer measurement system. This was due to the fact that the operational costs 

were lower with the laser vibrometer, as unlike the strain gauges, it did not need to be replaced 

after each test. The data was also more repeatable and reliable as the system was stable during 

testing with no abrupt failures.  

A 2D finite element method (FEM) code was developed and validated against MSc Nastran for the 

development of the horn and specimen geometries. The FEM code was used in the design process to 

accurately predict the geometry such that an axial displacement natural mode is excited at the input 

frequency of the system. The horn and specimen were designed to resonate at the power 

generation output frequency of 20 kHz. 

 The final design was validated using comparative data for Aluminium AL2024 with current test data 

available from literature. This data comparison indicated that the designed rig produces accurate 

and repeatable data with a good correspondence to similar test data. 

Furthermore the rig was used to obtain fatigue data for aluminium material AL7075 in the region of 

106 to 109 cycles. The data for AL7075 was presented against comparative data as found in the 

literature survey which indicated that data showed a good correspondence to standard fatigue test 

data for smooth specimens. 

Comparisons on the effect of the surface finish on the data obtained using the ultra-high cycle 

fatigue testing system were conducted and it was found that, as per the literature study, this had a 

negligible effect on the final result. 
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Quad4   - Quadrilateral with 4 nodes 
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Tria3  - Triangular element with 3 nodes 
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1 INTRODUCTION 

In material science, fatigue is the weakening of a material from repeatedly applied loads (stresses) 

on an object. This is the case for any material subjected to a loading which varies continuously in 

time. Generally the loads applied during fatigue testing are much lower than the materials allowable 

yield strength. During fatigue testing a crack usually occurs. When the crack has grown sufficiently 

through the test piece the applied load will cause the material to fail statically due to the reduced 

material section through which the load must be transferred. Monitoring the rate at which the crack 

grows falls under the concept of damage tolerance whereas fatigue is the time it takes for the crack 

to initiate. This work will focus on fatigue of material test coupons. 

1.1 Background and Motivation  

In traditional fatigue the concept of the endurance limit is well documented, for cycles exceeding 

106. The endurance limit is a stress limit line whereby if the component is designed with a maximum 

stress level below this line then the component will have infinite fatigue life. This is a valid 

assumption only for some materials where the life will exceed 106 cycles. However, in this age where 

the cycles of new machinery are likely to exceed 106 cycles, this region of the SN (stress vs. cycles to 

failure) curve needs to be better represented and understood [1]. Figure 1-1 illustrates this concept 

of  standard fatigue limits for components exceeding 106 cycles as found  in cars (108 cycles), gas 

turbines (1010 cycles), and trains (109 cycles). 

 
Figure 1-1: Fatigue lives of modern machinery as per American Standard Test Methods (ASTM) [1] 

Some materials may have infinite lives where fatigue life exceeds 106 cycles. This is not feasible for 

all materials, therefore it is necessary that the gigacycle (cycles exceeding 109) region for each 

material is analysed to determine what fatigue relationship is applicable. Figure 1-2 indicates just 

some of the possibilities a material SN curve may have where the steeper gradients are indicative of 

lower fatigue tolerant materials, while the ideal fatigue material solution would be an infinite fatigue 

life. 
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Figure 1-2: Possible material fatigue properties in giga-cycle region [1] 

Tests on conventional powered mechanically or hydraulically fatigue testing machinery, require long 

run time periods to generate results in the high cycle, HCF, (cycles exceeding 103) to ultra-high cycle 

(cycles exceeding 107) fatigue regime. Typical servo-hydraulic systems operating at 100 Hz will take 

approximately 28 hours to reach 107 cycles or approximately 115 days to reach 109 cycles [2] for one 

data point. This is concerning considering that typically the standard ASTM specification requirement 

for a research fatigue curve requires a minimum of 12 data points [3]. Consequently the total time 

for uninterrupted testing would approach four years for a full data curve valid to 109 cycles without 

extrapolation which is consequently impractical.    

Hence it is necessary to have another testing method to produce results in a more suitable time 

frame. The use of an ultrasonic fatigue testing shows advanced benefits as the time taken for each 

specimen test to complete is vastly reduced as compared to conventional fatigue testing. Ultra-sonic 

fatigue testing machines operate at a frequency range of 20 kHz to 30 kHz and can produce results at 

107 cycles in less than ten minutes and results at 109 cycles in approximately 14 hours per data point. 

This will reduce testing time and lower operating costs, which is more economical.  To develop an 

UHCF (Ultra High Cycle Fatigue) testing machine is beneficial for future fatigue testing and material 

property investigation in South Africa. 

 

1.2 Overall Aims and Objectives  

The main aim is to create a fatigue testing machine capable of producing accurate repeatable SN 

fatigue data, in the region where the cycles exceed 106 in an appropriate time period.  
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2 LITERATURE SURVEY 

2.1 Typical Ultra High Cycle Testing Machines  

The first ultrasonic fatigue testing machine was constructed by Mason in 1950. Since then, several 

laboratories have been setup to specialise in ultrasonic fatigue testing; these include those of 

Willertz in the US, Stanzl in Austria, Bathias in France, Ishii in Japan and Puskar in Slovakia. However 

no UHCF testing machine has currently been setup in the southern hemisphere, let alone in Africa. 

The basic system that will need to be constructed is indicated in Figure 2-1. 

 

 

Figure 2-1: Typical ultrasonic fatigue testing system [2] 

The system indicated in Figure 2-1 has a typical 3-point bending configuration (shown encircled); 

however the underlying system is common for most UHCF test machines. The main change between 

the different testing systems is the type of specimen and ƛǘΩǎ method of contact or connection with 

the rest of the system. Some typical contact and connection test methods that are possible are 

indicated in the right of Figure 2-1 such as the 3-point bending as shown, axial tension with a R ratio 

of -1 and the axial tension/compression assembly for varying R ratios, these can be implemented 

simply by changing the encircled region.  

Specimen Configurations 
3 point bending 

Axial Tension and Compression (R=-1) 

Axial Tension and Compression (Varying R) C
o
m
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n
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n
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The main components required for an ultrasonic fatigue testing machine are: 

2.1.1. Generator 

2.1.2. Converter 

2.1.3. Amplifier (horn) 

2.1.4. Connector (booster) 

2.1.5. Specimen 

2.1.6. Control/Monitoring System 

The function of each of these components is described briefly in the following sections to give 

background as to what is required of the Denel Ultrasonic Fatigue Testing System, DUFTS. 

2.1.1 Generator  

The generator is required to convert the voltage from the main power supply which in South Africa 

is typically 240 Volts at a frequency of 50 Hz, into a sinusoidal 20 kHz signal that can be interpreted 

by the piezoelectric converter [2]. 

2.1.2 Converter  

The converter is a piezoelectric transducer that is excited via the sinusoidal signal received from the 

generator and consequently produces longitudinal displacements corresponding to the input signal 

[2]. These longitudinal vibration displacements then induce longitudinal ultrasonic waves in the horn 

and specimen. The displacements are generated by a cylindrical stack of ceramic piezoelectric 

transducers bonded together. Each cylindrical stack produces a finite displacement and when they 

are coupled together the overall displacement will be the summation of all the displacements. 

2.1.3 Booster  

The booster or connector as indicated in Figure 2-1 amplifies the displacements received from the 

converter by means of cross sectional area reductions which also act to increase the stress. The 

booster is designed to allow for one nodal line (line across the circumference with zero 

displacement) along its length. Since this line experiences no displacement it can be connected or 

clamped to the supporting rig. 

2.1.4 Horn  

The horn or amplifier amplifies the displacements received from the booster by means of cross 

sectional area reductions as in the case of the booster. These area changes act as displacement and 

consequently stress modifiers. These area changes act to accelerate and decelerate the longitudinal 

displacement wave through the stack. The wave movement through the horn and specimen can be 

defined by the analytical wave equation. 
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Analytical Wave Equation  

The wave can be modelled using the second order differential normal wave equation given by 

Bathias [4].  
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Where, 

S(x)  - Is the area of the cross-section at location x, 
f - Is the force acting on the section, 
u - Is the longitudinal displacement, 
r - Is the density of the material, 

x - Is the longitudinal position 
t - Is time. 
 

This equation can be solved using either an ODE (ordinary differential equation) solver in Matlab or 
it can be analytically solved using the area function together with some mathematical manipulation 
as follows: 

Initially the force in the longitudinal direction is assumed to be based on the axial strain/stress, thus 
the following is standard representation of axial stress: 
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Where, 

E  - Lǎ ǘƘŜ ƳŀǘŜǊƛŀƭǎ ¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎΣ 
f - Is the force acting on the section, 
s - Is the stress at location x, 
 ʁ - Is the strain at the location x. 

 
If equation 2 is substituted into equation 1 the following can be obtained: 
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Assuming the material is homogenous in nature then E is constant throughout the length of the 
beam, thus the equation simplifies to: 
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Applying the differentiation chain rule the following is derived: 
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Simplifying, 
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But if it is noted that the speed of a wave on a one dimensional material is: 

 
r

E
c=  4 

Then the above equation 3 becomes: 
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And if a function P(x) is defined for simplification of the above expression as: 
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Then equation 5 becomes as per reference [4]: 
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The general solution of equation 5 (under boundary conditions of ultra-sonic fatigue specimens) is 
[4]: 

 )sin()(),( wtxUtxu =  6 

Substitution of equation 6 into equation 5 then the following equation can be obtained by 
eliminating the trigonometric functions. 
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Where 

Ὢ- is the frequency 

To find a solution to equation 7 it is necessary to have a defined outer profile for each section of 
horn and specimen. An example of the analytical solution for a given horn and specimen profile is 
indicated in Appendix A. 
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The horn is designed to give the required strain in the centre of the specimen and the horn itself 

should have a resonant frequency with an axial displacement mode at the chosen input frequency of 

the converter. 

2.1.5 Specimen 

The specimen is attached or in-contact with the horn and is designed to resonate at the input 

frequency, which in this case will be approximately 20 kHz. The design consequently gives maximum 

stress at the smallest cross section of the specimen, which corresponds to the minimum 

displacement. This is done to ensure that fatigue failure occurs in the specimen and not in another 

part of the testing equipment. In this dissertation the design will be focussed on the typical dumbbell 

specimen for the loading ratio (R) of -1, as indicated in Figure 2-2. 

2.1.6 Control and Monitoring S ystem 

General System 

The control and monitoring system is a computer based system which monitors the expected load 

at the centre of the specimen (location of smallest cross sectional area) together with the input 

frequency. This data is necessary to determine the number of cycles to induce failure at a constant 

stress and hence generate a point on the SN diagram for the given material specimen. The load is 

maintained to ensure that even when a crack is formed in the specimen, thereby reducing the 

stiffness, that the load at the centre is not altered drastically. The stiffness of the specimen controls 

the rate at which the axial excitation propagates through the stack (booster, horn and specimen 

combination). Accordingly any material modulus or cross sectional area changes in the stack will 

cause the displacement and hence the stress to increase or decrease as per the analytical wave 

equation described in the previous section 2.1.4. A typical stress and displacement variation across 

the stack is indicated in Figure 2-2. 
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Figure 2-2: Variation of stress and displacement in a typical stack [4] 

Cycle Counting 

The life of the specimen can be obtained via the recorded frequency (cycles per second), which can 

be multiplied by the time of each test to obtain the total number of cycles. A secondary method of 

cycle counting will be used on the data accumulated from the measurement system. 

Cycle counting is required in any fatigue life test which includes stress-life (SN) and strain-line (ʁ N) 

curves. The cycles to failure are calculated based on the cyclic loads experienced by the specimen. In 

a perfect coupon test the cyclic loading will remain at an ideal level of stress or strain for the 

duration of the test. Thus a typical cyclic input could be represented as indicated in Figure 2-3: 

 

Figure 2-3: Constant cyclic loading [5] 

Converter 

Booster 

Specimen 

Stack 
Horn 

Stress 

Displacement 
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In testing coupons the number of cycles needs to be calculated and recorded per specimen. Figure 

2-3 indicates a constant amplitude signal and hence a simple one-parameter cycle counting method 

such as level crossing, peak-valley and range counting can be implemented to evaluate the total 

number of cycles. These methods are however not so efficient if the amplitude is varying in time.  

One of the most popular methods to use at the moment for varying load cycles is the Rainflow 

counting method. This method is based on the analogy of raindrops falling down off a pagoda roof. 

Rain flow counting is a two parameter cycle counting method of which there are two defined 

options, namely the three point (ASTM E1049,1985) or the four point method [5]. The methods 

indicated in this section will that of the three point method. 

The three point method uses three consecutive points (S1, S2, and S3), shown in Figure 2-4, to 

determine if a load cycle is formed [5]. Thus two consecutive ranges are defined by [5]: 

ЎὛ ȿὛ Ὓȿ 

ЎὛ ȿὛ Ὓȿ 

If ЎὛ ЎὛ then one cycle exists from S1 to S2. If ЎὛ ЎὛ then no cycle is counted. The three 

point cycle counting method requires that the signal be rearrange from highest or lowest valley, 

whichever is greatest in magnitude and that the signal only consists of peaks and valleys [5]. This 

method is summarised in the Figure 2-4. 

 

Figure 2-4: Three point Rainflow counting [5] 

A table can then be setup comprising the number of cycles, the starting points, the end points, the 

range and the mean. This method is initially chosen to verify how stable the peak magnitude is 

maintained during testing. If it is maintained to a high accuracy a quicker method such as peak-

picking will be implemented where the peaks are identified by changes in the curve gradient. 

Use of Strain Gauges and Laser Vibrometers  

One of the conundrums within UHCF is the method to measure the cycles and strain experienced by 

the specimen. The literature surveyed indicated that most UHCF testing machines, had a 

measurement system that consisted of either laser (optical) measurement devices or strain gauges 
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as the main measurement source. Both options have their pros and cons these are summarised in 

Table 2-1. 

Table 2-1: Strain gauge and laser vibrometer comparison 

 Strain Gauges Laser/ Optical measurement 

Cost Constant consumable cost 
Large initial outlay in cost but 

no real consumable costs 
except general maintenance 

Detection method 

Measured strain directly off 
gauge location. This may result 
in direct fatigue of the strain 

gauge which may affect data. It 
will be necessary to regularly 
check the strain gauges (re-
calibrate) and possibly add 

redundancy for failure during 
testing. 

Measures velocity directly using 
Doppler affect which is a non-
contact measurement method 
thus vibrations will not affect 

the data 

Accuracy 

Strain gauges can provide good 
accuracy, depending on type of 

gauge used and signal 
conditioning 

Very high accuracy, but as the 
accuracy and resolution 

increases so will the cost of the 
vibrometer 

 

For further information on both the strain gauges and the laser vibrometer refer to Appendix B. 
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2.2 Applications of UHCF Testing  

In the new age of high speed components in advanced equipment it has become apparent that these 

new devices will be required to operate in fatigue conditions in the giga-cycle region of the SN curve. 

In this section a typical example of where UHCF test data can be used will be discussed to indicate 

the applications for UHCF testing.  The example indicated here is just one example that was 

implemented at Denel Aerostructures, however there are substantially more possibilities. 

One of the problems encountered during work on the Airbus A400M WFF (Wing to Fuselage Fairing) 

project was where sonic fatigue was considered. This was required for certification due to Federal 

Aviation Requirements and Joint Aviation regulations (CS 25.571 subchapter d) where the structure 

needed to be considered for sonic fatigue failure due to sonic excitation. The sonic excitation is 

created via the impinging air pressure on the structure generated by the giant propellers used on the 

A400M. This can be perceived from the size of the propellers in the Figure 2-5 of the Airbus A400M, 

Atlas. 

 
Figure 2-5: Image of propeller size on A400M and blade number 

Consequently the pressure distribution due to the rotational velocity of the propellers is imparted 

onto the structure including all subsequent harmonics. These different pressures can be estimated 

for the entire structure and hence various pressure distributions are created for each harmonic. A 

typical pressure plot for one harmonic is indicated in Figure 2-6. 
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Figure 2-6: Typical pressure plot of one harmonic of the blade pass frequency 

Typically when dealing with sonic fatigue the number of cycles for the first blade pass frequency 

(BPF) can be calculated based on a rotating propeller speed of 10.9Hz (655 rpm). Consequently the 

typical cycles for the first blade frequency pressure over a 3 hour flight for 10,000 flight cycles is 

given by: 

N1=10.9[Hz] x 8[blades] x 3600 [sec/hour] x 3[hour/FC] x 10,000[FC] x 5[SF] = 4.7e10 

Note: 10,000 flight cycles is the typical regulated fatigue cycle (FC) life estimate for an aircraft. The 

typical safety factor (SF) implied for fatigue is taken as 5 and 3 hours is the typical flight time. 

Accordingly the 5th harmonic will be five times the first harmonic value where N5=2.6e11. As a result, 

even though the stresses in the structure are low for the impinging pressure, the effect of applying 

the load over the life of the aircraft will destroy the structure long before 10,000 flight cycles is 

reached if extrapolation of the typical SN (stress vs. cycles) curve is utilised. This methodology is 

indicated by the solid blue line in Figure 2-7. 

Two options exist to obtain a representative fatigue allowable at the required number of cycles. 

Either direct extrapolation from the known data up 106 can be implemented (generally far too 

conservative). The other option is some form of gradient change of the SN curve to match known 

test data. One of the best known modifications to the SN curve has been suggest by Haibach [34]. In 

this Haibach suggests that the typical Basquin SN relationship given by, 

ὛȢὔ ὅέὲίὸὥὲὸ 

Noise Level [dB] 

X [m] 
Y [m] 

Z [m] 
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Can be modified by replacing the power k with 2k-1 for cycles exceeding 106 as defined by Schijve 

[6]. This change equivalently reduces the gradient of the SN curve past 106 cycles. However to use 

this form of the SN curve it is required that the material conforms to this theoretical model. Thus it is 

necessary to acquire data points in the ultra-high cycle region of the SN curve to validate this 

approximation for the specific material under consideration. An application of Haibach is indicated 

for aluminium in Figure 2-7. This aluminium curve is based on data obtained from ESDU (Engineering 

and Science Data Unit) for aluminium 7050. The data experimental data of ESDU only went to a 

maximum cycle range of 107 cycles thus initially extrapolation was implemented. 

 

Approximately double 

the allowed stress 

 

Figure 2-7: Typical SN curves for aluminium [7] 
 

The extrapolated solid blue curve indicates that the stress allowed for the first harmonic (blue 

square) more than doubles if the Haibach modification is used instead of the standard extrapolated 

(red dot) SN curve. As an example, if the approximate application stress from the impinging air 

pressure was 10MPa in the structure then using extrapolation of the HCF (High Cycle Fatigue) SN 

data from ESDU the structure would have an RF (reserve factor) of less than one (indicated by lower 

red dot). However, if Haibach is implemented then the RF will easily surpass one, even for the fifth 

harmonic. The other two curves are extrapolated data for AL2024 which were added to  indicate 

that even if a separate material is chosen with better fatigue properties the component will still not 

be acceptable due to the over conservative nature of extrapolation. 

The above Haibach affect has been verified using UHCF testing data to better estimate the affect in 

the ultrahigh cycle region of the SN curve and has been implemented in the certification of the 

Airbus A400M. This methodology was implemented in references [7] and [8] and a comparison of 
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the data of Stanzl to that of the applied Haibach method is indicated below for AL2024 where the p 

value of 5.9 is the reduced gradient from 10.8 for the original curve as per ESDU. 

 

Figure 2-8Υ IŀƛōŀŎƘ ŎǳǊǾŜ ŎƻƳǇŀǊŜŘ ǘƻ {ǘŀƴȊƭΩǎ ¦I/C Řŀǘŀ 

A similar method to Haibach is that of the stepwise SN curve suggest by I Marines et al. [1]. The 

stepwise SN curve is the proposition of two logarithmic curves of varying gradient which are 

dependent on the number of cycles for the same material. 

In this model, two different failure modes were noted which were based on a specific location of the 

SN curve. The different modes of fatigue initiation and propagation that are observed in the mega-

cycle and giga-cycle domains are illustrated in Figure 2-9 showing micrographic cuts of coupons 

(material 42CRMo4) after fatigue tests at Nf=2.59x105 and Nf=5.75x108, respectively [9]. The 

different initiation modes are evident. The upper image of Figure 2-9 shows the typical surface 

ƛƴŎƭǳǎƛƻƴ ŀƴŘ ƎǊƻǿǘƘ ǿƘƛƭŜ ǘƘŜ ƭƻǿŜǊ ƛƳŀƎŜ ƛƴŘƛŎŀǘŜǎ ŀ ǎƻ Ŏŀƭƭ άŦƛǎƘ-ŜȅŜέ ŜŦŦŜŎǘΦ Consequently due to 

the two different failure methods, two different slopes are proposed for a typical Basquin SN curve. 
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Figure 2-9: Crack initiation in surface inclusion and crack initiation in internal inclusion [9]   

Figure 2-10 illustrates data for Aluminium 2024/T3 tested on conventional fatigue test machine 

(INSTRON 8501) [1]. One hundred specimens were tested at 13 constant stress levels and the 

ŘƛǎǇŜǊǎƛƻƴ ƛƴ ƭƛŦŜ ǘƛƳŜ ƛǎ ǾŜǊȅ ƭŀǊƎŜ ŀǘ ΨǘǊŀƴǎƛǘƛƻƴΩ ǎǘǊŜǎǎ levels (240 to 320 MPa). Micrographic cuts 

using SEM (scanning electron microscopy) revealed the existence of the two initiation modes as 

shown in figure 2-10.  Mode A was typical initiation via slip bands before 106 while after 106 cycles 

the initiation was mainly due to inclusions [1]. This reinforces the notion of stepwise S-N curve 

introduced by Murakami [10] and Nisijima [11].    

Mode A ς Normal 

Fatigue 

Mode B ς UHCF 
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Figure 2-10: S-N curve of aluminium alloy 2024/T3; R=0.1 [1]  

The literature showed that the fish-eyeing affect was mainly evident in steels as indicated by 

Nisijima [11]. Marines et al. [1] indicated that inclusions are evident at initiation in Al2024-T3; 

however, the fish eyeing affect was not directly evident. Conversely Stanzl [12], Mayer [13] and Chen 

[14] had no mention of any fish eyeing affects with the testing of AL2024. 

One of the concerns that can be readily identified is what the effect of testing at such high frequency 

rates has on the obtained data. In combination with this is the concern of whether the data at 

measured high cyclic rates is still applicable to equivalent cycles for lower rates over a prolonged 

period of time.  Thus the second mode B of Figure 2-10  could be due to the method of testing and 

not the material itself. 

The effects of the frequency of the load application on the fatigue properties of materials have been 

considered by Papakyriacou [15, 16]. Papakyriacou [16] indicated that no statistically significant 

influence of cyclic frequency on the lifetimes was evident when compared to standard testing 

methods. Laird and Charsley [17] noted that in FCC (face centred cubic) materials it was found that 

the cyclic frequency had a small effect on the fatigue properties due to the small strain rate 

sensitivity of the material on shear stress. Typical FCC materials are aluminium, copper, nickel, gold 

and platinum. This can be verified by considering the data of ALZnMgCu1.5 which is an aluminium 

alloy typically referred to as AL7075 in the Aerospace industry. The following data comparisons were 

obtained for ALZnMgCu1.5 [16]: 
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Figure 2-11: Endurance data T6 (a), T66 (b) and T64(c) at 20 kHz (dots) and 100Hz (circles) [16] 

All the annealed materials indicated that for the region of 105 to 109 that there was no evidence of 

an endurance limit. The data indicated that for a 95% confidence level the data measurement 

overlapped for all three test materials for both testing methods which indicated that the frequency 

had little statistical effect on the results. 

Papakyriacou [15] also considered the effect of loading frequency on the BCC (body centred cubic) 

and HCP (hexagonal close pack) material types. Typically BCC materials are Niobium and tantalum 

while typical HCP materials are titanium and zinc. Papakyriacou noted that work done by Roth and 

Willertz indicated that FCC materials are not affected by frequency affects if adequately cooled for 

tests carried out between 60 Hz and 20 kHz. However, Papakyriacou found that for BCC Tantalum 

that there was significant loading frequency affects due to the cold working on Tantalum when the 

material was cycled at 20 kHz [15]. This effect was not evident in the Niobium which is also BCC. This 

is indicated in the extracted data curves of Figure 2-12. 
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Figure 2-12: Endurance data of (a) commercially pure Niobium annealed and (b) commercially pure 
Niobium cold worked, (c) commercially pure Tantalum annealed and commercially pure Tantalum 

cold worked [15] 

The effect of loading frequency on the HCP Titanium material indicated that there was no significant 

affect, but there was an affect for commercially pure annealed Titanium [15] as indicated in Figure 

2-13.  
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Figure 2-13: Endurance data for commercial pure anneal Titanium and Titanium [15] 

The identifying feature from both ƻŦ tŀǇŀƪȅǊƛŀŎƻǳΩǎ ǇŀǇŜǊǎ ƛǎ that depending on the material type, 

strain rate affects may be present but cannot be isolated based on the crystalline structure of the 

material. The effects seem to be more dependent on the specific material properties of each 

material. Overall the effect of the frequency of testing should have little effect on the fatigue results 

for the materials being tested in this dissertation since both specimens types will be aluminium with 

a FCC crystalline structure which has been shown to not be affected by the frequency of testing; 

however this should be validated for each material. 

Both Papakyriacou and Mayer did find that FCC aluminium was not affected by the loading 

frequency when comparing 100Hz fatigue testing to UHCF testing at 20 kHz. This bodes well for the 

validation tests of this dissertation which will be based on AL2024 and AL7075. 

2.3 Typical Fatigue Failures  

In the testing of the specimens typical fatigue failures are expected. Typical fatigue failure is defined 

by the method of load application. In general for each load cycle a striation is generated and these 

build incrementally until the remaining cross sectional is no longer sufficient to support the 

alternating load. The typical fatigue failure of a cyclic tension specimen is indicated in Figure 2-14. 

  

Figure 2-14: Typical fatigue failure mechanism [18] 

Typical fatigue failures are indicated by: 

A. Initial growth from a crack or stress 

concentration. 

B. Striation propagation (beach marks) 

C. Final failure 
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Since the testing that will be accomplished in this dissertation will be under tension and compression 

with an r-ratio of -1 the following are typical failure patterns for HCF. 

 

 

 

 

Figure 2-15: Typical failure method achieved during standard fatigue testing [18] 

In the Figure 2-15, the typical failure method for reversed bending is also indicated. This type of 

failure method should not be present in any of the specimens as this would indicate that the main 

mode excited at resonance is not a pure axial mode but rather a combination of other modes and 

possible bending modes. 

The literature indicates that fish-eyeing affects generally occur in steels and initiate by impurities or 

porosities in the material.  When this fish eyeing affect happens it is evident that no striation growth 

was seen. However, all the literature on aluminium indicated no such fish-eyeing affect thus this 

effect is not expected to be found during testing. 

2.4 Material Data Obtained  

In this dissertation two materials will be considered namely Aluminium AL2024-T351 and AL7075-

T7351. These materials will be used for the validation of the UHCF test system. 

2.4.1 Aluminium 2024 -T351 Fatigue Data  

AL2024 is a 2000 series aluminium with copper as the major alloying element.  The chemical 

composition is typically: 0.50%-Si, 0.50%-Fe, 4.9%-Cu, 0.90%-Mn, 1.8%-Mg, 0.10%-Cr, 0.25%-Zn, 

0.15%-Ti and 0.15%-Others. The rest of the weight percentage is aluminium. 

The T351 designation implies that the material is thermally solution heat-treated, cold worked and 

naturally aged. The Tx51 indicates that the material is cold worked after the heat treatment into bar 

form. According to specification AS9100B:2004 the aluminium AL2024-T351 meets the requirements 

for T4. This is useful as MMPDS (Metallic Material Properties Development and Standardisation) has 

fatigue data for T4 but not T351. 

Testing of AL2024-T351 has been accomplished by Stanzl [12] in Austria where data was compiled 

for both random amplitude (combined using Miners rule) and constant amplitude loading in air as 

indicated in Figure 2-16 on an UHCF testing machine.  

Tension - Compression Reversed Bending 
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Figure 2-16: Fatigue data for aluminium 2024-T351, Stanzl [12] 

A typical UHCF specimen geometry can be considered to have the following dimensions as taken 

from the work of Chen [14]: 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2-17: Typical aluminium 2024 specimen, Chen [14] 
The data obtained using the geometry of Figure 2-17 for AL2024 as defined by Chen et al. [14] is 

indicated in Figure 2-18. 

Material Properties: 

E=73.1GPa 
V=0.33 
=́2780kg/m3 
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Figure 2-18: Fatigue data for aluminium 2024, Chen [14] 

 
Design data is also available in many material handbooks; such data is indicated below and is 
typically obtained using the standard fatigue testing methodology on machines implementing cycling 
speeds up to 100Hz. Data obtained from ALCOA (Aluminium Company of America) is indicated in 
Figure 2-19. 
 

 
Figure 2-19: Data for AL2024 [19]  



23 
 

Data of AL2024-T4 and AL2024-T3 is available in MMPDS [20] and is indicated in Figure 2-20 which 

will be used for comparison since this should be the same as the T351 2024 aluminium.  

 

Figure 2-20: AL2024-T4 as per MMPDS [20] 

 

Figure 2-21: AL2024-T3 as per MMPDS [20] 
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During further investigation, additional data from that of Mayer [21] was obtained using the 

following specimen design for 20 kHz testing: 

 

 

Figure 2-22: Specimen size for AL2024 data, Mayer [21] 

The specimen geometry of Figure 2-22 was used for the examination of varying load ratios of -1, 0.5 

and 0.1. The following is the data extracted for the load ratio for -1 which is applicable to this 

investigation. 

 

 
Figure 2-23 AL2024 data for load ratio of -1, Mayer [21] 

The typical properties for AL2024-T351 bar are: 

E=10.5x103ksi=72395MPa [20] 
Ftu=62 ksi = 427 MPa [20] 
Fty=45 ksi= 310 MPa [20] 
ˊҐлΦмлмƭōκƛƴ3=2796kg/m3 [20] 
ˎҐлΦоо[20] 
 
The yield (Fty) and ultimate (Ftu) strengths are given as a guide to see how close to yield the test 
stresses are. All the above curve data was combined onto a singular curve to obtain Figure 2-24. 
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Figure 2-24: AL2024 combine data 

The combined data indicates that the data of Mayer and Stanzl have a good correlation and indicate 

a Haibach affect from 106 cycles. The data of Chen however indicates a much more conservative 

trend. /ƘŜƴΩǎ ǇŀǇŜǊ ƘŀŘ ƴƻ ŘƛǊŜŎǘ ŎƻƳǇŀǊƛǎƻƴ ǘƻ ƻǘƘŜǊ ƭƛǘŜǊŀǘǳǊe data however it was noted that in 

these test the 2024 alloy indicated ductile facture as indicated in Figure 2-26. /ƘŜƴ ŘƻŜǎƴΩǘ ŜȄǇƭƛŎƛǘƭȅ 

define the type of temper of AL2024 that was used. The data of Chen corresponds to the data of 

MMPDS AL2024-T3 for cycles less than 5x106. However for higher cycles Chen predicts much lower 

stresses for the same cycle range of 107 to 108 cycles. The reasons for this disparity in the data of 

Chen are unclear as the investigation was not carried out in the paper. But it is believed that the 

variation in the data may be due to the application of the dumbbell formula of Roth used by Chen 

which states: 

‐ Ὧὃ
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Where,  

Ὧ , ‗  

Ao ς is the displacement at the end of the specimen, 
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And the geometry is defined by: 

 

Figure 2-25: Dumbbell formula geometry definition [14] 

However the specimen type implemented by Chen is that of the continuous curved specimen 

indicated in Figure 2-17. Thus this formula is very penalising on the stress/strain at the centre of the 

specimen. A simple comparison ǿƛƭƭ ōŜ ǳǎŜŘ ǘƻ ƛƴŘƛŎŀǘŜ Ƙƻǿ ŎƻƴǎŜǊǾŀǘƛǾŜ /ƘŜƴΩǎ ŦƻǊƳǳƭŀ ƛǎΦ ¢Ƙƛǎ 

comparison will be done by comparing the equation 2.30a of Bathias [4] for a hyperbolic cosine 

curve specimen.  The maximum strain at the centre of the hyperbolic cosine curve specimen profile 

as defined by Bathias equation 2.30a [4] is given by:  
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Ὢ - is the frequency (20000Hz) 

” -  is the density (2768kg/m3) 

E - is the ̧ ƻǳƴƎΩǎ modulus (72.395GPa) 
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L2, R1 and R2, are the geometry of the specimen see Figure 2-27. 

 

Thus implementing the geometry of /ƘŜƴΩǎ specimen Figure 2-17, the following maximum strain 

comparison can between Bathias and Chen: 

 Chen  ς ‐ ρρφȢυπὃ 

Bathias ς ‐ ρσωȢφυὃ 

 

 

Figure 2-26: AL2024 cleavage fracture [14] 

Energy dispersive microscopy of crack initiation  
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Consequently it is evident that if this is the formula employed in the calculations of Chen, that his 

strain and hence his stress will be slightly lower than that of Bathias by a ratio of 19.87%. 

The data of ALCOA was significantly lower than all of the indicated curves in Figure 2-24 which is 

believed to be due to statistical knock down values to give a higher degree of confidence and to 

form a B-basis for design.  

The geometry of the various 20 kHz UHCF test specimens is summarised in Table 2-2 based on the 

geometric definitions indicated in Figure 2-27: 

 

Figure 2-27: Geometry definition for specimen as defined by Bathias [4] 

Table 2-2: Summary of Al2024 specimen Geometry 

Geometric 
Dimension 

[mm] 

Configuration 

Stanzl Mayer Chen 

R0  

No direct 
geometry 
available 

15 (10mm flat zone) 20  

R1 4 5 

R2 14 14 

L1 10 251 

L2 16.2 12.51 

 

It is evident from Table 2-2 that the specimen is sized depending on the horn configuration being 

used as all the specimens where implemented on 20 kHz UHCF testing machines. Unfortunately 

most paper found in the literature survey did not give any information regarding the horn geometry 

and thus no comparisons could be made. 

                                                           
1
 Estimated from scaled drawing due to missing dimension in reference [14] 



28 
 

2.4.2 Aluminium 7075 -T7351 Fatigue Data 

 

The AL7075 to be tested in this dissertation is AL7075-T7351. The AL7075 is a 7000 series alloy 

indicating that its major alloying component is zinc. The chemical composition is typically: 0.40%-Si, 

0.50%-Fe, 2.0%-Cu, 0.30%-Mn, 2.90%-Mg, 0.28%-Cr, 6.10%-Zn, 0.20%-Ti and 0.15%-Other. The rest 

of the weight percentage is aluminium. The T7351 indicates that the material is solution heat treated 

and overage or stabilised. This material is specifically resistant to stress corrosion cracking.  

In the MMPDS [20] material data for AL7075, only the T6 (solution treated and artificially aged) 

temper fatigue information was available as indicated in Figure 2-28. 

 

Figure 2-28: S/N curves for un-notched 7075-T6 aluminium alloy [20] 

Note: The conversion of MPa to ksi is given by: 1 MPa = 0.1450377 ksi. 

Figure 2-28 indicates that the number of cycles normally does not exceed 107 cycles for normal data 

acquired using hydraulic servo actuated fatigue testing machines. However when ultra-sonic testing 

machines are used the data can easily exceed 109 cycles.   

The American Society for Metals (ASM) published fatigue data on light structural alloys [22], for a 

significant range of cycles up to and including the UHCF region. The data provided was obtained for 

AL7075-T73, see Figure 2-29, for both un-notched and notched specimens using standard fatigue 

testing methods. The data indicates that the material was tested well past 108 cycles with no 

significant indication of an endurance limit. Figure 2-29 also indicates the typical AL7075-T6 band 

which indicates that the difference between AL7075-T73 and AL7075-T6 for smooth specimens is 

almost negligible. 
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Figure 2-29: AL7075-T73 fatigue data [22] 

A typical UHCF specimen sizing is defined in Figure 2-30 as extracted from the work of Hopler et al. 

[23] which considered the crack growth affect within aluminium alloys. 

 

Figure 2-30: Aluminium 7075-UA typical specimen [23] 

Where  
d=3mm  E=10.3x103ksi=71016MPa [20] 
S=15  ˊҐлΦмлмƭōκƛƴ3=2796kg/m3[20] 
L=82mm ˎҐлΦоо[20] 
 
 
Unfortunately Hopler did not provide any fatigue data which could be used for comparison in his 
publication. 
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Data obtained from ALCOA is presented below: 

 
Figure 2-31: Data for AL7075 [24]  

The typical ultimate tensile strength of the AL7075-T7351 is given as 68 ksi which is equivalent to 

469MPa. The yield stress of Al7075 is given as 56ksi (386MPa) while the compressive yield is 54 ksi 

(372MPa). The PoissonΩǎ ratio is 0.33 [20] (based on T7351 or AMS-QQ-A-225).  

The other name typically given to Aluminium 7075 is AlZnMgCu1.5. This material indicated the 

following data in Figure 2-32 as completed by Papakyriacou et al. [16] for two different test setups 

one at 100Hz and the other at 20 kHz.  

 

Figure 2-32: Papkriacou data for AL7075 (AlZnMgCu1.5-T6) [16] 
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The data in Figure 2-32 indicates two sets of data: One testing on a servo hydraulic fatigue system at 

100Hz while the other data was provided by an UHCF testing machine at 20 kHz. Overall it can be 

seen that the effect of the different cyclic loading rates has a negligible effect on the final result as 

discussed previously. 

All the data for AL7075 from the presented literature has been combined into a single Figure 2-33. 

 

Figure 2-33: AL7075 combined data 

Looking at the final combination of all the AL7075 data it can be seen that holistically there is a very 

high spread of the data. Thus the use of the estimated equations (trend lines) as provided in the 

documentation such as MMPDS and ALCOA can be misleading since the fatigue data has a significant 

scatter in general. 

The scatter of fatigue data is generally owing to the following possible sources: 

¶ Corrosion and aggressive operating environments ŀŦŦŜŎǘ ǘƘŜ ǎǇŜŎƛƳŜƴΩǎ ƭƛŦŜΣ ŜǎǇŜŎƛŀƭƭȅ ŦƻǊ 

tests performed over long periods of time. For example humidity will play a role in a fatigue 

test which is subject to long test periods if the laboratory does not have a controlled 

environment which is not always the case. 

¶ Surface quality of the specimens has possible variation 

¶ Machining of specimens can deteriorate the fatigue life, if the parts experience any high 

temperatures or sudden forces during manufacture. 

¶ Typically if the tests are spread over large periods of time, then the specimens will be from 

different material batches of varying properties. 
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3 PRODUCT REQUIREMENT SPECIFICATION 

The product requirement specification (PRS) for this design project can be summarised as by the 

following flow chart: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-1: PRS for Design 
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3.1 Identification of a need  

To date, there is no facility in South Africa capable of obtaining fatigue design SN data curves 

exceeding 106 cycles in a short period of time. Consequently the need for an UHCF testing machine is 

a viable design innovation for advance manufacturing in South Africa. 

3.2 Requirements  

The requirements of the UHCF test rig are defined as: 

¶ The rig will be modular in design to allow for future development and tests. 

¶ The setup will be able to produce repeatable and reliable ultra-high cycle fatigue test results 

for all ferrous and non-ferrous metals.  

¶ The system will be a standalone system whereby all features are capable of being created 

without the need for engineering specific licenced software packages. 

¶ The test system will be able to run continuously with minimum operator interaction. 

3.3 Constraints  

The constraints of the system can be defined as: 

¶ Operating frequency of the system will be 20,000 Hz. 

¶ ¢ƘŜ ǘŜǎǘ ǊƛƎΩǎ ƴŀǘǳǊŀƭ frequency should be sufficiently separated from the operating 

frequency of 20 kHz, to prevent resonance effects of the rig. 

¶ The rig must be able to be operated using 240 Volt, 50Hz mains power supply. 

¶ The system must be able to be placed in a standard room of maximum size 6 metre x 6 

metres. This is the maximum allowed laboratory space at Denel Aerostructures (DAe).  

3.4 Criteria  

The criteria that will help to decide between the possible designs will include: 

¶ The test rig should also be able to perform varying R fatigue ratios without the need for 

drastic changes to the setup. 

¶ The test rig should allow for the possibility of testing composites in the future. 

¶ The rig should operate in the smallest possible space to minimise the need for a large testing 

facilities. 

¶ The manufacturing costs should be minimised to keep additional Research and Design 

funding available for testing. 

¶ The costs of the full system including all code and hardware are to be kept to a minimum. 

¶ Operational costs should be kept to a minimum. 

¶ The system should be aesthetically pleasing. 
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4 DESIGN 

During the design three iterations of the system were created which will be referred to as: 

3.1. Mark 1  ς Initial proof of concept test system  

3.2. Mark 2  ς Rig manufactured with strain gauge and laser vibrometer measurement 

systems implemented. 

3.3. Mark 3  ς Final design implementing only the laser vibrometer as the measuring device. 

4.1 Mark 1 - Proof of Concept 

4.1.1 Concept 

The Mark 1 concept design consisted of an oversize horn; see Figure 4-1, manufactured from Al2024. 

The horn was oversized on one of the cylindrical sections, as indicated in Figure 4-1, so that it could 

be machined down on an iterative basis to obtain a correct resonance frequency of 20 kHz. The 

purpose of this design was: 

¶ To allow for comparisons to be made with the 2 dimensional (2D) and 3 dimensional (3D) 

finite element models for verification and validation; 

¶ To ensure that the off the shelf purchased Branson power supply and converter were 

sufficient to setup and maintain an axial wave in the specimen for a suitable time period to 

obtain failure or initial cracking of the specimen; 

¶ To test if readable data could be obtained using typical foil gauges in a full bridge tension 

configuration;  

¶ To validate the effect of the strain gauges on the frequency of the system and thus to 

determine if the horn design needed to account for the addition of strain gauges extra mass 

and stiffness. 

¶ To estimate if the stress at failure could be calibrated to the analytical solution defined by 

the wave equation using the input of the strain gauge. 

4.1.2 Design 

The Mark 1 was designed to be a proof of concept design. In that it was used to verify that the 

Branson power supply could be used to setup a standing wave in the specimen, thereby 

generating fatigue failure. If this could be done it would give confidence that an UHCF machine 

could be manufactured and be used to obtain UHCF data. At this point no rig was manufactured 

and the converter was simply run in a horizontal position on a wooden table.  
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Figure 4-1: Mark 1 proof of concept horn with two gauges indicated 

The calibration process was accomplished using a Branson horn analyser A-200A through continuous 

modification and retesting of the horn and specimen combination.  The modification of the horn was 

accomplished by removing material from the oversize end as indicated in Figure 4-1. The resonant 

frequency of the horn and specimen combination was obtained by varying the frequency input until 

the applied current reduced to a minimum. The typical setup is indicated in Figure 4-2, where the 

horn and specimen are being tested in unison. 

 

Figure 4-2: Branson A-200A horn analyser 

The specimens were sized such that the maximum diameter at the throat of the dumbbell was 3mm.  

 

Initially oversize and reduced 

Strain gauges 

Frequency input 

specified 

Applied current 
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The specimen for the Mark 1 test specimen had the following dimensions: 

 

Figure 4-3: Mark 1 specimen sizing 

FEM Models Comparison  

To better understand the system FEM (Finite Element Method) models were constructed. Initially 

full 3D FEM models were implemented; however, these models were difficult to create and took a 

considerable time to execute. This is problematic for iterative optimisation of the horn and 

specimen. A much more efficient option was found to be that of the 2D axisymmetric FEM model. 

One of the concerns was the correlation between the 2D axisymmetric and that of the 3D FEM 

model. Subsequently a study of a simple cylinder was undertaken whereby the Matlab FEM code 

was compared with the 2D axisymmetric models of MSC Nastran and the 3D modelling techniques. 

The comparison was compiled for a cylinder of radius 15mm and length of 100mm. The two models 

were defined as follows: 

¶ The first model was that of a 2D axisymmetric model, consisting of linear triangular 

(Tria3 ς see appendix C.4 for definition) elements of height and width equivalent to 

0.5mm, see Figure 4-4. The total number of elements in this model was 12,000. 

 
Figure 4-4: Axisymmetric Tria3 element model 

15mm 

100mm 
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¶ The second model was a Tet10 full three dimensional (3D) model, which was based 

on an element side length of 2mm. Thus the total number of elements in the model 

is 92,825. 

 
Figure 4-5: Tet10 element 3D model 

The following modes shapes and respective frequencies were obtained for each model between 

10,000 Hz and 35,000 Hz and are summarised in Table 4-1.  

In the axisymmetric FEM model, only one mode was obtained in this range, at 25,202Hz. This mode 

was an axial excitation mode, as indicated in Figure 4-6. The natural frequency was obtained using 

the Matlab FEM code using full integration and compared to the 2D axisymmetric FEM model in 

Nastran. The Nastran model had a frequency of 25,204Hz. The Matlab code compared well with the 

Nastran axisymmetric FEM model, to be within 2 Hz of each other. The main reason for the creation 

of the Matlab FEM code is to allow for the specimens and horns to be designed without licensing 

requirements. This enables the UHCF system to be a self-sufficient unit, once the Matlab code is 

compiled to an executable. 

 
Figure 4-6: Mode shape for axisymmetric model 

 

The 3D model indicated different frequencies within the selected range; however for the axial 

excitation the mode shape and frequency matched the axisymmetric FEM models. 

100mm 

Diameter 
30mm 
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Table 4-1: Tet10 frequencies (10 kHz to 35 kHz) 

Mode 
Number 

Matlab 2D 
Axisymmetric  

MSC Nastran 

2D 
Axisymmetric 

3D 
Tet10 

1 

    

11 289 

2 11 289 

3 15 813 

4 25 071 

5 25 071 

6 25 202 25 204 25 203 

7     31 624 

 

 

 

 

The seven mode shapes for the Tet10 3D model are indicated in Table 4-1, with the corresponding 

axial displacement mode highlighted in red to show the direct comparison to the 2D axisymmetric 

modelling technique. 

It can be seen, that for the same mode shape, the frequency only differs by 1 Hz between the 2D and 

3D methods. Of course this is for a very fine axisymmetric mesh size of 0.5mm by 0.5mm. 

Consequently a study was undertaken to explore the effect of increasing the axisymmetric mesh size 

to 2mm by 2mm. The obtained frequency for the larger element size was 25,199Hz (Nastran) and 

25,199Hz (Matlab) in the range of 10,000 to 35,000 Hz. 

 

2mm 

2mm 

 
Figure 4-7: Mode shape and element size for 2mm square axisymmetric element 

It was discovered that as the element size was increased, a noticeable decrease in the frequency of 

4.4Hz occurred. This is a 0.02% error on the Tet10 modelΩǎ ŦǊŜǉǳŜƴŎȅ. However the time saved in 
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computation and complexity makes the slight error acceptable. Therefore it was decided that the 

Matlab FEM code created would only consider axisymmetric elements in the calculation of the 

frequencies of the horn and specimens. The main reason for this is that the Tet10 model (3D 

modelling element) would take vastly higher computation times to complete as compared to the 

axisymmetric model.  

The Tet10 model is useful in defining which other non-axial modes are relatively near to the 

operating frequency region of 20 kHz. This is helpful in eliminating these unwanted modes which are 

near the excitation frequency of 20 kHz through design modifications. Therefore the specimen and 

horn should be initially sized using the axisymmetric 2D FEM model. After which a final full 3D FEM 

model should be created (if available) to validate that all other non-axial modes are sufficiently far 

away so as to not be excited at the 20 kHz frequency input. 

The axisymmetric element is 2D in nature, thus the Matlab code started out by first considering the 

modal analysis solution of typical Quad4, Quad8 and Tria3 elements implementing 2D plane stress 

and strain, as defined analytically in Appendix C. Using this as a base, the solution of the 2D 

axisymmetric element is a simple manipulation of the tria3 and quad4 codes with subtle integration 

changes. The axisymmetric code generation and methodology is indicated in Appendix C.5 and C.6. 

Three integration methods were implemented namely the full, reduced and area integration. These 

were validated against MSC Nastran for only the TRIA3 (TRIA3X as defined by Nastran) element type 

for one, four and eight elements in combination. Unfortunately, the QUAD4 element type is not 

supported in Nastran for axisymmetric modelling. Thus this element has not been validated. As a 

result the Quad4 element is not used for the sizing of the horns and specimens. The modal 

frequency comparisons showed a high degree of correlation for the full integration method with that 

of MSC Nastran. This is indicated in Table 4-2 and Table 4-3 for one triangle element. 

Table 4-2: Lumped mass frequency comparison for one TRIA3 element model 

Solver Nastran Matlab 

Integration 
method 

Standard Full Reduced  Area 

Mode # 1 0 0 0 0 

Mode # 2 34187 34162 0 0 

Mode # 3 46439 44554 34531 55210 

Mode # 4  71474 71017 66382 189700 

Mode # 5 110022 107540 78473 254550 

Mode # 6 140776 134884 131351 979720 
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Similarly the results one element using a coupled mass matrix is indicated in Table 4-3. 

Table 4-3: Coupled mass frequency comparison for one TRIA3 element model 

Solver Nastran Matlab 

Integration 
method 

Standard Full Reduced  Area 

Mode # 1 0 0 0 0 

Mode # 2 64813 64323 - 0 

Mode # 3 91378 87750 - 9050 

Mode # 4  120162 117099 118010 29410 

Mode # 5 152849 154899 - 50470 

Mode # 6 310705 306293 - 176820 

The comparison was also completed for 4 and 8 TRIA3 element combinations, see Appendix C.7. 

Overall the FEM models indicated that the Full integration method provides the best data as 

compared to that of Nastran. Hence this integration method will be used for all indicated results in 

this project and be used for the horn and specimen sizing. The reduced integration method had 

some complications with the inversion of the matrices. Thus some of the modes had infinite 

frequencies. These frequencies are indicated with a dash in the tables. Due to this effect, the 

reduced method was not considered for sizing of the specimen and horn. The area method had good 

correlation for certain modes however other had significant deviations. Therefore this method is 

used only for reference. Throughout the design ǇƘŀǎŜΩǎ further validation was completed for each 

horn and specimen design to improve confidence in the Matlab FEM code. 

The horn and specimen for the Mark 1 were analysed using the 2D axisymmetric FEM code and a 

frequency of 19,935Hz was obtained. This mode was verified using MSC Nastran to have the exact 

same frequency. The axial mode shape in the range of 10,000 Hz to 30,000 Hz is indicated in Figure 

4-8. The frequency obtained from the FEM models correlated well with the manually resized horn 

and specimen combination as indicated in Figure 4-2 which estimated a frequency of 19,893Hz. 

 

Figure 4-8: Mark 1 horn and specimen combination axial mode 

Validation of Branson System 

The Mark 1 system indicated that the Branson power supply and converter would be sufficient to 

generate an ultra-sonic fatigue failure in a correctly designed specimen and horn stack. If the 

diameter of the specimen centre is small enough then the crack is capable of growing through the 

entire test section of the specimen causing an abrupt failure. This is due to the fact that the crack 

growth has no significant time to affect the stiffness of the stack. Consequently the resonant 

frequency remains in the operating range of 20,000±50Hz of the Branson power source for the 

duration of the test. If the frequency of the stack exceeds the operational range then the power 

source is required to give more current to the piezoelectric converter. This may cause damage and 
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hence the Branson system automatically shuts down to save the converter. Conversely if the 

specimen diameter is large enough which would allow the crack to grow slowly through the section. 

Then the crack can affect the stiffness and hence the resonant frequency by more than 50Hz. If this 

is the case then the test will be forced to stop due to the converter and power supply limitations. If 

this happens it would then require a residual strength test or tension test to break the remaining 

area of the specimen not affected by the crack growth, thereby revealing the failure surface. 

Validation of Strain Gauge Data 

The strain gauge system of the Mark 1 design consisted of homemade power supply, see Appendix 

D, and the use of a signal conditioning system received from Denel Dynamics. This signal 

conditioning system was initially design to be used to measure low cycling stresses. Thus it 

implemented a low pass filter. The low pass filter was removed and validated using Matlab tools, 

Appendix D, to produce the correct un-filtered data. The validation process involved passing a 

merged low and high frequency signal through the modelled circuitry in Matlab using the electronics 

toolbox. This indicated that the full signal was passed through the op-amp without any filtering of 

the signal if one capacitor was removed. This data acquisition system provided a lot of background 

noise which masked the strain gauge data and hence the system was not effective for the 

monitoring of the system. Accordingly for the Mark 2 design a second strain gauge condition system 

was implemented. In future studies a simple battery may prove to be the most cost effective option 

for the system instead of the personal computer power supply. 

Effects of Strain Gauges on Resonant Frequency  

During the initial setup a concern was what effect the strain gauges would have on the resonant 

frequency of the system. As a result the horns were scanned before and after the strain gauges were 

applied. The following natural frequencies were obtained using the Branson Horn scan software, 

indicated by Table 4-4. 

Table 4-4: Frequency Comparison 

Test Number 
Frequency of Horn 

With Strain Gauges 
[Hz] 

Without Strain Gauges 
[Hz] 

1 20 071 20 089 

2 20 076 20 086 

3 20 073 20 089 

4 20 070 20 091 

5 20 075 20 085 

6 20 068 20 087 

mean 20 072 20 088 

 

During the scanning of the horns, for the resonant frequency, it was noted that there was a scatter 

in the modal frequencies obtained. The presented data of Table 4-4 are six consecutive tests to 

obtain a statistical understanding of the error in the modal frequency measured. A typical Branson 

horn scan output is indicated in Figure 4-9 for one test scan without and with strain gauges. 
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Figure 4-9: Typical horn natural frequency before gauges are applied 

The results of these tests indicated that the resonance frequency of the horn was 20,088 Hz prior to 

the application of the strain gauges. After the application of the strain gauges the frequency was 

only 16 Hz different at 20,072Hz. Thus the effect of the gauges had a negligible effect on the system 

frequency. It was noted that the horn scans had significant variability, as a result, the mean of six 

recorded values for each configuration were considered to give more clarity.  Another noticeable 

fact was that the frequencies increased without the strain gauges. This indicates that the mass of the 

strain gauge had a greater effect on the frequency than the additional stiffness added by the 

bonding of the strain gauge to the surface. 

 
Figure 4-10: Typical horn natural frequency after gauges are applied 

Estimate of Cycles to Failure  and Corresponding Stress  

Initially it was hoped that there would be six specimens to allow for a good validation via correlation 

with existing data.  However, due to manufacturing difficulty only one point was available. The single 
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proof of concept specimen was recorded using a stopwatch to fail at approximately 363.5 seconds at 

100% power output. It was estimated that the error in reaction time of using the stop watch was 

conservatively taken as 0.2 seconds. The time can be used directly with the known frequency of 20 

kHz to obtain a total number of cycles of test to failure. Thus a total number of cycles of 

7.27x106±4,000 cycles was obtained. The variation of the cycles cannot be meaningfully viewed in 

the semi-log plot of the SN curve for cycles exceeding 106 and hence the error bars are not plotted. 

Too determine the stress on the SN curve there are two possibilities to identify where this test point 

should lie for the known cycles: 

¶ Use the known cycles with an applicable SN curve from literature to obtain the 

stress.  

¶ Use the known maximum output displacement of the converter to obtain the 

calculated stress using the Matlab code and the analytical wave equation. 

The second method provides a better approximation of whether the Mark 1 is providing valid data. 

Thus the stress was calculated assuming a maximum input of 18µm as defined in the Branson 

specification for 100% performance operation.  The analytical stress at the specimen centre was 

estimated to be 103MPa. The analytical solution is indicated in Figure 4-11, which depicts the horn 

and specimen geometry in the first subplot and the displacement together with the stress in the 

subsequent subplots respectively. 
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Figure 4-11: Analytical solution for proof of concept test 
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4.1.3 Results  

The proof of concept test indicated that the life of the specimen would be approximately 7.0x106 

cycles for a stress of 103 MPa. This was plotted against the known data of section 2.4.1 in Figure 

4-12. 

 

 
Figure 4-12: Proof of concept comparison to known data 

4.1.4 Discussion 

This Mark 1 design identified a few fundamental problems that were corrected for the Mark 2 

design. These problems were: 

¶ The throat diameter of 3mm, as indicated in Figure 4-3, was problematic for manufacture as 

during turning there was a high probability that the section would fail. Out of the 6 

specimens specified for production only one specimen made it to testing. Even for the 

specimens that did not fail there was a concern that the specimens could be pre-fatigued 

during manufacture. This could occur during turning as tool loading may induce cracks or 

damage within the specimen. Consequently the diameter at the centre of the specimen was 

increased for the Mark 2 design. 

¶ The step from the horn to the specimen was problematic for the computational analysis of 

the wave equation as described in section 2.1.4. This was due to the fact that the ODE solver 

within Matlab is only sufficient for the solution of smooth continuous functions, whereas the 

step creates a discontinuity. A solution was created that implemented two ODE solvers, one 
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for the horn and one for the specimen. The boundary conditions at the interface were 

matched assuming the displacement and the strain at the interface were equivalent. This 

modification of the code is indicated in Appendix G.3; however for the Mark 2 the step will 

be removed. 

¶ The testing of the specimen in the horizontal position was not ideal due to the fact that as 

the specimen began developing the crack, in the centre, it also experienced some bending 

under the weight of the dumbbell. This is not appropriate for a pure tension-compression 

fatigue tests. Thus all future tests for the Mark 2 will be accomplished in the vertical 

orientation. 

¶ The use of steel grub screws to connect the horn to the specimen significantly affected the 

frequency of the stack. Due to the density and stiffness differences of the grub screw 

relative to that of the specimen. Thus it was decided that the connection method for the 

specimen should be created from the same material as that of the specimen itself for future 

designs. The grub screw also added an additional element of complexity and inconsistency 

to the system. As the screw could easily loosen during testing from either side and create a 

false reading or stop the test. 

The measured data point conformed favourably with the data of Chen et al. [14] thus validating that 

this hardware could provide the necessary data for a UHCF test system. Further tests were however 

necessary to ensure the statistical viability of the test.  

The test also showed that a suitable method of counting the cycles more accurately than a 

stopwatch was needed to improve the accuracy of the system together with a reliable 

displacement/strain measurement system. Consequently the Mark 2 was designed to improve on 

the current starting point of the Mark 1 design. 
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4.2 Mark 2 ɀ Initial Rig Design 

4.2.1 Concept 

The development of the Mark 2 design was an evolution on the Mark 1 discussed previously. The 

improvements implemented followed directly from the problems identified in the Mark 1 testing 

together with further application improvements to meet the PRS. 

4.2.2 Design 

Rig 

This design was the first design to be incorporated in the modular test rig. The design of the rig was 

completed with the PRS in mind and the design drawings are indicated in Appendix E. The complete 

rig setup is indicated in Figure 4-13 below. 

 

Base Support 

Pillar 

Top Support 

Base of Test Rig 

 
Figure 4-13: Test rig construction 

The rig was created from mild steel to keep costs to a minimum and allow for more testing from the 

remaining budget. The top support is manufactured from Aluminium to make it light to allow for 

easy sliding on the pillars. The rig was not sprayed so as to minimise cost and thus the bare material 

colour is maintained with corrosion resistant oil applied. No chamfers or radii were specified on the 

part to minimise manufacture, complexity, time and cost. The lack of chamfers does give the rig a 
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slightly less aesthetically pleasing look but this is offset by the savings in manufacturing. ¢ƘŜ ǊƛƎΩǎ 

foot print was design to be less that 500mm x 500mm. This allows for the rig to be placed on most 

commercially available tables. 

 

CJ20 Converter 

Aluminium Booster 

Branson 2.5 DCX 

Power Supply 

Additional Mass 

Location  

 
Figure 4-14: Test rig combined with the actuating system and power source 

The design philosophy used in the creation of the rig was to make the rig as secure and as stable, as 

possible, while allowing for possible alterations in the future for different tests. This may include: 

¶ Changing the mean stress loading to obtain R ratios other than -1. This will be 

achieved by loading the top support while the horn will need to be mirrored on the 

other side of the specimen and be bolted directly to the base. The specimen can 

then be loaded with a constant tension or compression and then the 20 kHz UHCF 

load can be applied. A loading mechanism will need to be designed for this set of 

testing. 

¶ Allowing for the combination of normal fatigue loads and UHCF. This can be 

achieved by incorporating the rig into a conventional fatigue testing machine to 

allow for the testing of the combination of UHCF and HCF. As for the various R ratios 

setup, the horn will need to be mirrored about the specimen and fixed to the base. 

A grip will need to be created to allow the top support to be connected to one of 
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the Instron Fatigue machines at DAe. The vertical pillars will need to be oiled to 

allow for a smooth sliding action to occur as per the sliding fit specified for the top 

support.  

Threaded holes were created in the upper support to allow for the addition of masses in the event 

that the natural frequency of the rig is excited by the actuator. In this situation masses can be added 

to the test rig to modify the rƛƎΩǎ ƴŀǘǳǊŀƭ ŦǊŜǉǳŜƴŎƛŜǎΦ ¢ƘŜǎŜ ƘƻƭŜǎ ŀǊŜ indicated in Figure 4-14 above. 

However, since the clamping of the rig is applied to the boosters nodal line (point of zero 

displacement) this should never happen, unless damage to booster has occurred. These holes may 

prove advantageous for future modifications of the rig or may even be used to compress the 

specimen for future compressive R ratio tests. During testing the Rig was checked using the laser 

vibrometer and found to experience minimal displacement. 

Horn  

The horn was designed by optimising a 2D axisymmetric model of element size 1mm by 1mm. The 

Matlab code developed was used and validated against the Nastran solution. The horn model was 

found, using the Matlab code, to have an operating resonant frequency of 19,980 Hz (19,980 Hz 

Nastran) when the dimensions of the final horn were implemented. The harmonic axial mode of the 

model is indicated in Figure 4-15 and the material properties used are as per section 2.4.2 for 

AL7075.  

 
Figure 4-15: Axial resonance mode of the AL7075 horn design 

Only one horn was manufactured for testing as the power supply will allow for variation of the input 

displacement which in turn will vary the final stress experienced by the specimen. There are 100 

increments in power available on the power supply. This effectively allows for one hundred different 

stress variations per horn design. 

The 2D FEM analysis was validated against a full 3D Tet10 element model consisting of 18,035 

elements in MSC Nastran. The two methods showed good correlation with the frequency of the 3D 

FEM model being 19,978 Hz (a difference of a mere 2Hz).  The 3D model is indicated in Figure 4-16. 



49 
 

 
Figure 4-16: 3D FEM Tet10 horn model 

The nearest modes to the axial mode were identified using the 3D model in MSC Nastran. The first 

mode below the axial mode was obtained at 16,424Hz which was a bending mode. The next highest 

mode is a circumference expansion mode at 23,646Hz. These modes are indicated in Figure 4-17. 

 

 

Figure 4-17: Nearest non-axial modes 

These modes are at least 3,500Hz away from the excitation frequency of 20,000Hz. This provides a 

safe operating frequency range for the current horn design. The reason for determining that the 

frequency separation is safe, is based on the consideration of the one degree of freedom 

amplification equation, given by: 

 

ὃ
ρ

ρ
Ὢ
Ὢ

τ‌
Ὢ
Ὢ

 

Where 

Ὢ - is the external excitation frequency 

Ὢ - is the resonant frequency  

‌ - is the damping assumed to be 2%, 4% and 6%. 

 

Bending Mode ς 16,424Hz Expansion Mode ς 23,646Hz 
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Using this equation it can be shown that for the various damping ratios the amplification is 

significantly reduced at 3,500Hz from the 20,000 Hz peak. This variation is indicated in Figure 4-18.  

 

Figure 4-18 indicates that for 3,500Hz either side (red vertical lines) of the resonant peak of 

20,000Hz. The amplification is significantly less. Using the highest damping (6%) the knock down 

factor between the peak amplification and  the amplification at 3500Hz off peak is 2.78 (8.33/2.99)  

as compared to 2% damping with a knock down of 8.03 (25.00/3.11). Typical aluminium damping 

normally lies around 2-4%. Thus these modes should be sufficiently separated from the operating 

frequency to not be excited during testing. 

 

 

 

Figure 4-18: Amplification affects for one degree of freedom system 

The displacement amplification factor of the horn alone is calculated using the Matlab code to be 

3.01 and the displacement over its length and consequent strain for a 10 micrometre input 

displacement is given by Figure 4-19. 
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Figure 4-19: Analytical displacement and stress variation of horn length 

Measurement System 

In the Mark 2 design implemented a combination of strain gauges and a Polytec laser vibrometer for 

the measurement system. The laser was implemented to validate the strain gauges and to prove 

that the strain gauges can be used effectively on their own to monitor the system. 

The strain gauge setup of the Mark 1 was replaced by a more sophisticated Topward TPS-4000 

power supply which provided less noise in the signal. This is visually apparent from the comparison 

to the two power supplies respective output signals curves in Figure 4-20. 

 

Figure 4-20: Comparison to power generator noise output 

        Mark 2 Power Supply                      Mark 1 Power Supply 

Horn 

Dimensions 

Displacement 

Strain 
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The improvement in signal to noise ratio is clearly visible in Figure 4-20 which shows the output of 

the two different power supplies. Figure 4-20 indicates two different scales; this was due to the 

implementation of two different signal conditioning boards with different gains. The data was 

created using a shunt calibration system from HBM as discussed in B.2.2. The data indicates that for 

the same resistance change on the shunt system the voltage change recorded is different for the 

two signal conditioning systems with the Mark 2 data producing a more expected trend.  

The Topward power supply for the Mark 2 design was used in conjunction with a signal condition 

board that allowed gains of approximately, 600. This is the final power generator and signal 

conditioning system used in the testing system as it provided the most stable data. This strain gauge 

system was implemented for the Mark 2 and validated against a laser vibrometer from the CSIR 

(Council for Scientific and Industrial Research). 

A comparison of the stresses obtained during the Mark 2 testing, using the laser vibrometer and the 

strain gauge were correlated to indicate if there was a direct comparison, see Figure 4-21. 

 

Figure 4-21: Comparison of strain gauges to laser 

Overall there is a reasonable correlation between the stress measurements obtained using strain 

gauges and the laser vibrometer. The data obtained for the two AL7075 tests indicated an almost 

exact correlation. However the AL2024 data does not conform to any norms.  The strain gauge 

measurement system had one fundamental problem, in that due to the high fatigue loads imposed 

on the gauges, they kept failing and needed repair on a constant basis, almost once per specimen. 

The failures varied from direct gauge damage to connecting wiring failing at the solder. This proved 

very time consuming and in some cases both gauges would fail during the same test. If not for the 

laser vibrometer the test would have needed to be stopped and the strain gauges replaced or fixed 

before continuation of the test could go ahead. 
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The laser vibrometer data also indicated some rather peculiar data spikes, see Figure 4-22. Similar 

data spikes were noted in the strain gauge data. There are two possibilities as to what these spikes 

represent.  Either these spikes are simple data logging errors or they are real displacement spikes. If 

these spikes are indeed real, then this would mean that the strain gauges would see some high over 

stresses which could cause them to fail prematurely, however failure was not evident in testing. 

These spikes would also cause crack retardation which may improve fatigue life data. However, since 

these fatigue tests are only run till crack initiation this will not pose a problem in the final data. 

Figure 4-22 represents the direct voltage measurement as received from the Laser vibrometer with 

the scatter spikes indicated. These data spikes are believe to be ghosting in the data acquisition as 

some of the results indicated stress values sufficiently high enough to cause ultimate failure of the 

specimen. However this never occurred indicating that those spikes are not valid.  Hence the cycles 

for these data spikes are counted and since there are only a few per test, their average has a 

negligible effect on the overall average maximum stress of the test. 

 

Figure 4-22: Laser vibrometer data for Al7075 horn and Al2024 test specimen 4 

Specimen Design 

The design of the specimen followed the same procedure as that of the horn. Initially the specimen 

was sized using the Matlab axisymmetric FEM methods. The specimen was then verified against the 

MSC Nastran solution of both 2D and 3D models. The 2D mesh of the specimen was define to have a 

total of 4464 TRIA3X elements. The model and the first axial mode within the range of 10,000Hz to 

30,000Hz was at a frequency of 20,057Hz (20,057Hz Nastran) and is indicated in Figure 4-23.  

Multiple data spikes 



54 
 

 

 

Figure 4-23: 2D Specimen model and applicable mode in 10 kHz to 30 KHz range 

This model was verified against a 3D FEM model using Nastran and the axial mode is indicated in 

Figure 4-24.  The axial mode frequency in the range of 10,000Hz to 30,000Hz was obtained at 

20,060Hz for the 3D model. This axial frequency mode compared well with the 2D axisymmetric 

modelling technique further added to the confidence of the Matlab FEM code.  The next nearest 

frequencies are bending modes, at 16,869Hz and 49,359Hz. As for the horn the separation of the 

nearest frequencies exceeds 3,000Hz. Thus the amplification of these modes at 20,000 Hz is low and 

even if a crack generates then the frequencies vary by ±50Hz the other modes will not be excited 

due to the significant frequency separation. 

 

Axial Mode 20,060Hz 

Axial Mode 16,869Hz Axial Mode 49,359Hz 

 

Figure 4-24: 3D Nastran FEM model  

Axial Mode at 20,057Hz 
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Specimen Stress Estimate 

To estimate the stress experienced by the specimen a transfer function was created for both the 

laser and the strain gauge measurement systems. This transfer function is used to go directly from 

the voltage measured by the strain gauges or laser vibrometer to the stress at the centre of the 

specimen. 

Laser Vibrometer  

The laser vibrometer acquired data at 1 m/s/V. Thus the voltage received is directly converted to a 

velocity by simple multiplication: 

ὺ ὼ ὠ ρ 
ά

ί
Ⱦὠ ὼ 

ά

ί
 

Note: units are in the square brackets with [m] being metres, [s] seconds and [V] volts. 

Where  

x- Is the input voltage read from the laser vibrometer, 
v- Is the velocity at the end of the specimen which is sinusoidal in nature. 
 

The maximum displacement is then obtained using the amplitude of the velocity [ὺ] as indicated by 

equation 35 in Appendix B.1: 

Ὠ
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This gives the displacement at the end of the specimen which can now be related to the stress at the 

centre of the specimen by iteratively solving the wave equation 1 until the displacement at the end 

matches what the laser is measuring as indicated in Figure 4-25. The solution of the second order 

differential wave equation is obtained using the ODE45 solver in Matlab. The ODE solver uses the 

displacement amplitude input at the start of the horn as a parameter which varies the stress 

calculated in the specimen. Therefore this input is varied using an iterative bracketing convergence 

method until the displacement at the end matches the lasers displacement. The code is indicated in 

Appendix section G.2. The typical displacement variation over the length of the stack is indicated in 

Figure 4-25.  
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Figure 4-25: Typical displacement, strain and stress output 

The Matlab code of Appendix G.3.1 and G.3.2 were used to create a calibration curve (transfer 

function) that directly takes the displacement at the end and outputs the resultant stress at the 

specimen centre. This transfer function is indicated in Figure 4-26. This was similarly done for 

AL7075, where the equation varied slightly as compared to AL2024 and was define as ώ φȢψςσωὼ. 

It is noted that even though the distribution of the stress along the specimen is non-linear, a 

comparison of end displacement to throat stress has a direct linear relationship. 

 

Figure 4-26: Laser vibrometer transfer function of AL2024
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Strain Gauges 

The strain gauges measure strain directly from a location 25mm from the start of the horn. Thus the 

same procedure is implemented as above however the convergence is done on the strain and not 

the displacement. Thus the point at which the strain is matched is indicated in Figure 4-27. 

 
Figure 4-27: Typical displacement, strain and stress output 

The strain gauges are located at 25mm from the edge of the horn. This measurement is indicated in 

Figure 4-28. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-28: Strain gauge location on horn 
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Again the Matlab code of Appendix G.3.1 and G.3.2 was used to create a transfer function that takes 

the strain at 25mm from the start of the horn and outputs the resultant stress at the specimen 

centre. This transfer function is indicated in Figure 4-29. This was similarly done for AL7075 where 

the transfer function was defined as ώ ρȢτσψψὼ. Again it is noted that even though the 

distribution of the stress along the specimen is non-linear the point to point comparison has a direct 

linear relationship. 

 
Figure 4-29: Strain gauge transfer function of AL2024 

The negative sign is due to the setup of the strain gauge wiring. However since this application is 

based on an R ratio of -1 the effect of the maximum and minimum stress swop has no effect on the 

final result. This would need to be monitored more closely for other R ratios where tension and 

compression maximum and minimums need to be known specifically.  

Verification of Rig Resonance  

To verify that the rig resonance and vibration was sufficiently low to ensure that it did not affect the 

measurement from the laser vibrometer, three tests were carried out to measure the vibration 

during operation: 

A. The first location that was assessed was the coupling ring on the booster 

B. The second location that was assessed was the upper frame assembly 

C. The third location that was assessed was the top of the right pillar  
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These three locations are indicated below with the displacement amplitudes as measured from the 

laser vibrometer described afterward. The arrows indicated the direction in which the displacement 

and velocity was measured. The power setting during the tests was set to 70% on the Branson power 

generator. 

 

C 

B A 

C 

A B 

 
Figure 4-30: Position where vibration of Rig was investigated   

 

The measurements at location A on the booster coupling (bush), resulted in the velocity 

measurement shown in Figure 4-31 which when integrated indicated maximum displacement 

amplitude of 1.20µm. If equation 35 in Appendix B.1 is implemented then the displacement 

measured is calculated to be 2.05µm. This displacement is expected since the nodal line is a single 

line about the circumference of zero displacement. However the coupling is a mechanical seal which 

is spread over an approximate longitudal length of 10mm which means it is not on the nodal line 

alone. This displacement has no affect on the measurement as it is part of the stack displacement as 

shown in Figure 2-2 and is expected to have a low displacement. The plot of velocity and 

displacement for the coupling is indicated in Figure 4-31. The green velocity data is filtered data 

using a 10th order Butterworth highpass filter with the passband starting at 16,000Hz. This data is 

then integrated using the cumtrapz Matlab function to obtain the displacement with the amplitude 

being compared to that of equation 35 in Appendix B.1. 
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Figure 4-31: Booster coupling displacement 

A velocity plot for location B on the top support is shown in Figure 4-32. This indicates that even 

though the coupling which is in direct contact with the rig experienced displacement, the 

displacement is not transmitted and amplified through the rig as the displacement measure on the 

top support had a maximum value of only 0.05µm. 

 

Figure 4-32: Top support displacement 
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The pillar measurement indicated a similarly low displacement with the maximum displacement 

measured, shown in Figure 4-33 being only 0.08µm. 

 
Figure 4-33: Right pillar displacement 

Overall it is evident that since the general displacement measured on the specimen is in the range of 

24µm for 70% input power then the displacement of the support stand is only about 0.08µm. This is 

a percentage error of less than 0.33%. Consequently the rig vibration should have negligible effect of 

the final measured displacement. This correlates well with the modal analysis of the rig which 

indicates the first bending mode of the top support is as approximately 8 Hz which is well below the 

operating frequency of 20 kHz.  

 
Figure 4-34: First bending mode of top support 
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4.2.3 Results 

The results of the specimens tested for both AL2024 and Al7075 are indicated in Figure 4-35 and 

Figure 4-36 respectively. 

 
Figure 4-35: Mark 2 AL2024-T351 

 
Figure 4-36: Mark 2 AL7075-T7351 
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4.2.4 Discussion 

The Mark 2 was a vast improvement on the Mark 1 and the data proved it.  However, the Mark 2 did 

have a significant flaw in that the strain gauge measurement system data was not as consistent 

when compared to the laser vibrometer. One of the main reasons for this was that where the strain 

gauges are implemented, they are measuring a small strain on the horn as indicated in Figure 4-27. 

This is not the best location. The better location would be at the higher strain location on the centre 

of the specimen. This has two inherent problems: firstly the diameter is so small the implementation 

of the gauge on the section is not feasible; the second is that due to the high strains the life 

expectancy of the gauge will be significantly reduced in the high strain area to the brink that the 

gauge may need to be replaced multiple times during each single test. Even in the current gauge 

location the connecting wires and even the gauges themselves had continual failure. 

The data obtained from the gauges did however correlate well with the laser vibrometer data when 

the stresses were within a manageable range, exceeding 106 cycles. Thus the gauges could last for a 

suitable period of time if the test where at a low enough stress level. Overall the gauges work. 

However they are unreliable and cannot be expected to work for the duration of a single test and 

even the redundancy measures of implemented more than one set of strain gauges does not rectify 

this. 

 Consequently the main improvement to be made for the Mark 3 will be the use of only laser 

vibrometer data for the measurements. 

Another aspect noted was that the cracks that initiated on the surface of the Al2024 specimens 

seemed to following the surface finish marks created during turning. This is indicated in Figure 4-37. 

Consequently an investigation into the effect of the surface finish will provide valuable information 

and was completed during the Mark 3 testing. 

 

Figure 4-37: AL2024 specimen micrographic image of surface crack
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4.3 Mark 3 ɀ Final Design 

4.3.1 Concept 

The concept of the Mark 3 UHCF testing platform is to obtain data using the final stable 

configuration. This implies that only the laser vibrometer will be used for the acquisition of the data 

while the strain gauges will no longer be implemented.  

4.3.2 Design 

In the final design the strain gauge measurement system was removed and only data from the laser 

vibrometer was implemented. The specimens were also polished to improve the surface finish from 

3.2µm to 1.6 µm to investigate the effects of the surface finish on the overall results. 

Thus the following test setup was implemented:  

 

 
Figure 4-38: Mark 3 final setup 

The initial rig setup is run upside down as this allows for the tripod of the laser vibrometer to be 

used without requiring additional mountings or mirroring. A detailed list of components excluding 

the laser is indicated in Appendix E.1 together with a schematic of the full component configuration 

for the final Mark 3 system. 

Laser Vibrometer 

Test 

Rig 
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4.3.3 Results 

The results of the specimens tested for both AL2024 and Al7075 are indicated in Figure 4-39 and 

Figure 4-40 respectively. 

 
Figure 4-39: Mark 3 AL2024-T351 

 
Figure 4-40: Mark 3 AL7075-T7351 
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4.3.4 Discussion 

One of the reasons that may cause this slight shift in the data obtained may be the surface finish as 

all the specimens tested had a surface finish of 3.2µm as obtained from machining. The effect of the 

surface finish appeared to be supported with the fact that all the specimens for AL2024 indicated 

crack initiation from the surface which is visually apparent as indicated in Figure 4-37. 

The effect of the surface finish was verified by the additional testing of specimens with an improved 

surface finish. The obtained data indicated no significant deviation between the two different 

surface finishes. Thus the data indicated in Figure 4-39 and Figure 4-40 includes all the data for both 

surface ǊƻǳƎƘƴŜǎǎΩǎ. The comparison of the polished (surface roughness of 1.6 µm) and as received 

from turning (surface roughness of 3.2 µm) is given in Figure 4-41 . 

3.2µm surface finish

 
Figure 4-41: AL2024 comparison of surface finish 

As for AL2024 the surface finish of the specimens for the AL7075 specimens was varied from 3.2µm 

initially to 1.6µm. The results of these tests are indicated in Figure 4-42.  The effect of the surface 

finish had a negligible effect on the overall stress for the corresponding number of cycles. 
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Figure 4-42: AL7075 variation due to surface finish  

Overall it is evident that as per the Bathias [4] the surface finish has a negligible effect on the final 

results for testing where the cycles exceed 106. However, it is notable that the consistency of the 

current tests improved with a better surface finish. 
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5 RESULTS 

In this section the UHCF data is presented for the AL2024 material followed by the AL7075 material. 

All the data from both the Mark 2 and Mark 3 tests are presented and error bars are defined based 

on possible error introductions. The data for both materials is compared to literature for validation 

purposes. 

The accumulation of data was done using peak picking on the strain gauge and the laser data for the 

Mark 2 and Mark 3 designs (Mark 3 data only consisted of laser vibrometer data). This was directly 

compared to the frequency maintained and recorded by the generator using the Branson built in 

tool kits.  

 

5.1 Test Numbering  

In testing its good practice to keep a detailed test log and maintain a defined numbering convention. 

Thus the number of the specimens will be as follows: 

H1_SY_Z 

The definition of each symbol is as follows: 

H1 -  Is the symbol indicating the horn material type which is always AL7075 for the Mark 2 and 3 

data. 

S- Is the symbol indicating the specimen material type. 

Y-  Is the specimen material number either 1 for Aluminium 7075 or 2 for Aluminium 2024. 

Z- Is the specimen group number starting at one and incrementing per test. 

 

5.2 Material Delivery Test Reports  

Material delivery test reports were obtained for each of the materials received for manufacture of 

the horns and the specimens. These test reports are indicated in Appendix I. 

 

5.3 Cost Analysis 

During procurement of the hardware and manufacture of the rig a cost analysis was undertaken 

whereby suppliers were sourced. In the end suppliers were chosen based on: 

¶ Capability to supply the correct required components 

¶ Lowest cost 

¶ Support and future availability 

Consequently the components were sourced with the final costing and supplier list indicated in 

Appendix J. 
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5.4 Defining Possible Errors  

To determine the possible errors that could affect the final measurements from the system and to 

determine the uncertainty in the measurements, a total of four possible sources of error were 

considered: 

¶ Errors being introduced from the voltage measurements and inherently the end 

displacement.  

¶ Errors from deviations from the manufacturing drawings. This could arise as the defined 

allowable tolerance was ±0.2mm on all lengths, including all the radii. The radii include the 

radius at the neck of the dog-bone together with the dog-bone and all other profile radii. 

¶ Errors due to deviations in the ̧ ƻǳƴƎΩǎ ƳƻŘǳƭǳǎΦ 

¶ Frequency variation. 

All uncertainties were calculated for the respective specimen materials, however, only AL7075 will 

be indicated below. The uncertainties are typically based on the end displacement measured at the 

laser vibrometer location since both the Mark 2 and 3 implemented the laser data acquisition 

system. 

5.4.1 Input Displacement and Voltage Variation  

The errors introduced by the voltage measurements were assumed to be due to the 

displacement being estimated from a constant frequency of 20 kHz from the velocity measured 

by the laser vibrometer, see equation 35 of Appendix B.1. Generally the frequency can vary at 

20,000±50Hz. Thus for a velocity of 1m/s, unit input, and a possible frequency fluctuation of 

±50Hz. The error can equate to a displacement amplitude range of 49.875 µm (1/20,050) to 

50.125 µm (1/19,950) with a mean at 20 kHz with a 50Hz fluctuation. This equates to 

displacement error tolerance of ±0.125µm. This tolerance variation was then run though the 

analytical wave equation implemented in Matlab, Appendix G.4, and validated for what affect 

the input variation would have on the stress. Three end displacements were chosen namely: 10, 

20 and 30 ҡʶΦ ¢Ƙƛǎ ƎŀǾŜ ǘƘŜ ŦƻƭƭƻǿƛƴƎ ǾŀǊƛŀǘƛƻƴ ŦƻǊ ǘƘŜ ƭƻǿŜǊ ŀƴŘ ǳǇǇŜǊ ǘƻƭŜǊŀƴŎŜǎΥ 

Table 5-1: Stress variation due to input amplitude errors 

End Displacement 10µm 20µm 30µm 

Range 
Lower Upper Lower Upper Lower Upper 

9.875µm 10.125µm 19.875µm 20.125µm 29.875µm 30.125µm 

Original Stress [MPa] 67.65 133.41 197.67 

Stress at Specimen 
65.39 68.95 132.59 134.23 196.38 198.38 

[MPa] 

Stress Range 
3.56 1.64 2.00 

[MPa] 

Percentage Range to 
original 

5.26% 1.23% 1.01% 

 

Thus a suitable error range to implement would be conservatively ±4.0MPa Ὡ τ. 
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5.4.2 Geometric Manufacturing Errors  

The errors introduced by the maximum and minimum geometric manufacturing tolerance were 

considered for three end displacements as indicated in Table 5-2. All geometric dimensions were 

increase by 0.2mm and conversely were decreased by 0.2mm. 

Table 5-2: Stress variation due to geometric tolerance errors 

End Displacement 10µm 20µm 30µm 

S
tr

e
s
s
  

[M
P

a]
 

Original 67.65 133.41 197.67 

Dimensions increased by 0.2mm 62.36 128.06 190.45 

Dimensions decreased by 0.2mm 70.19 140.34 203.61 
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 Dimensions increased by 0.2mm 5.29 5.35 7.22 

Dimensions decreased by 0.2mm 2.54 6.93 5.94 
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rr
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Dimensions increased by 0.2mm 7.82% 4.01% 3.65% 

Dimensions decreased by 0.2mm 3.75% 5.19% 3.01% 

 

Thus an overall error range of ±7.5MPa Ὡ χȢυ is sufficient to account for possible variations in 

the stress level. 

5.4.3 9ÏÕÎÇȭÓ -Ïdulus Errors  

¢ƘŜ ¸ƻǳƴƎΩǎ modulus of the material affects the analytically calculated stress at the specimen centre 

through the solution of the second order wave equation. The errors iƴŘǳŎŜŘ ōȅ ǘƘŜ ¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ 

were examined using the residual plots; an example is given in Appendix H. Using the residual plot, 

ǘƘŜ ¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ ǿŀǎ ŎŀƭŎǳƭŀǘŜŘ ōŀǎŜŘ ƻƴ ŀƴ ŜǎǘƛƳŀǘŜŘ experimental area remaining after the 

crack was generated and the specimen separated by tensile test. The uncertainty in tƘŜ ¸ƻǳƴƎΩǎ 

modulus was calculated to be: 

Table 5-3Υ ¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ ǾŀǊƛŀǘƛƻƴ ŦǊƻƳ ǊŜǎƛŘǳŀƭ Ǉƭƻǘǎ 

Material 
¸ƻǳƴƎΩǎ aƻŘǳƭǳǎ 

Calculated As per MMPDS [20] 

AL2024 
2.0% variation 

72.395 

AL7075 71.016 
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Using the MMPDS [20] specifications the compressive and tensile moduli differed by 200 ksi (1.4 

GPa). This error also equates conservatively to an approximate error of 2% on the original tensile 

moduli for both AL2024 and Al7075.   

If this variation of 1.4GPa was input into the analytical solution for the second order differential 

equation, Appendix G.4, then the errors obtained for the end displacements are given in Table 5-4. 

Table 5-4Υ {ǘǊŜǎǎ ǾŀǊƛŀǘƛƻƴ ŘǳŜ ǘƻ ¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ ǾŀǊƛŀǘƛƻƴ 

 End displacement 10µm 20µm 30µm 

Mean Stress [MPa] 67.65 133.41 197.67 

E (+1.4GPa) [MPa] 69.98 141.37 204.83 

E (-1.4GPa) [MPa] 63.04 126.46 188.62 

Absolute E (+1.4GPa) error 2.33 7.96 7.16 

Absolute E (-1.4GPa) error 4.61 6.95 9.05 

Range Error [%] 10.25% 11.18% 8.20% 

 

The total error possible is conservatively taken as ±10MPa Ὡ ρπȢπ. 

5.4.4 Frequency Variation Errors  

The frequency is used in the laser vibrometer data to calculate the displacement from the velocity 

amplitude as discussed in section 4.2.2.  However, it is also used in the second order analytical 

solution of the wave equation. Thus its effect on the data was examined to identify the possible 

error it could introduce into the final results. 

The allowable tolerance on the Branson power supply is a frequency of ±50Hz on the 20 kHz input 

frequency. Consequently Table 5-5 was generated to analyse the variability in the error from 10µm 

to 30µm end displacements at the end of the specimen. 

Table 5-5: Stress variation due to frequency variation 

End displacement 10µm 20µm 30µm 

Frequency  Stress  
[Hz] [MPa] 

20,000 67.65 133.41 197.67 

20,050 65.93 132.21 195.9 

19,950 66.63 134.77 204.76 

Absolute error  for 20,050Hz 1.72 1.2 1.77 

Absolute error  for 19,950Hz 1.02 1.36 7.09 

Range Error [%] 1.03% 1.92% 4.48% 
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The possible error for frequency variation is taken as ±7.2MPaὩ χȢς. It is noted that the error 

for 30µm does not seem to follow the trend of a 2MPa difference. This is believed to be due to the 

non-linearity variation of the stress along the specimen. Conservatively this effect is included in the 

error bar range. 

5.4.5 Total Error  

The total error that will be implemented as the error bar is taken as the combination of the all the 

above errors: 

¶ Input amplitude variation ς ±4.0MPa 

¶ Geometric tolerance variation -±7.5MPa 

¶ ¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ ǾŀǊƛŀǘƛƻƴ ς ±10.0MPa 

¶ Frequency variation ς ±7.2MPa 

¶ Total Error ς ±15.0MPa 

The total error is obtained using the sum of squares, square rooted, given by the following 

equation taken from Rabinovich [33]: 

Ὡ Ὡ 

This assumes that the errors are independent of one another. If the errors were dependant then 

a normal summation would be more applicable. 

The error in the number of cycles can be considered to be exact as even for a couple of missed 

seconds equating to 40,000 cycles. The plotting of this error bar will not be evident on the log 

curve in the region exceeding 106 cycles. Thus the horizontal uncertainty is omitted as the error 

in the time measurements will never exceed 2 seconds.   

Similarly the following errors were obtained for the AL2024 specimen with the AL7075 horn: 

¶ Input amplitude variation ς ±2.0MPa 

¶ Geometric tolerance variation -±7.5MPa 

¶ ¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ ǾŀǊƛŀǘƛƻƴ ς ±12.0MPa 

¶ Frequency variation ς ±2.0MPa 

¶ Total Error ς ±14.4MPa 
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5.5 AL2024 UHCF Data 

The data obtained during validation testing of the UHCF test rig for AL2024-T351 is indicated in 

Figure 5-1 together with the data as obtained from section 2.4.1. 

 

Figure 5-1: Comparison of AL2024-T351 Data 

The data fit is obtained using least squares method implemented in Matlab as per Appendix F.1. The 

trend line data fit of the data gives the following equation: 

ώ ρππχȢςὼ Ȣ  

The data fits shows an acceptable R2 error of 0.87 which indicates the curve fit is good fit . 

Overall it can be seen that the Data obtain is slightly lower than both the data of Stanzl and Mayer 

for cycles exceeding 2x106. The upper band of the error bars show very good correlation which 

suggests further investigation into the errors is required for future tests.  In the region lower than 

2x106 cycles the data shows a great correlation.   

The data obtain by Mayer [21] had the following Basquin equation for a load ratio of R=-1: 

ώ ψςσȢφσὼ Ȣ   Ὢέὶ „ ρρπὓὖὥ 

ώ ρφπȢππὼ Ȣ   Ὢέὶ „ ρρπὓὖὥ 

y = 1007.2x-0.123 
R² = 0.8729 
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The Basquin coefficient at 1 cycle for the data of Meyer indicates a stress of 823.63MPa. This differs 

slightly, 21.37% difference, for the current test estimation of 999.63MPa.  

The ALCOA data is obtained from the technical specification [19] which indicates data all the way up 

till 2x107 cycles. This data is not indicated in Figure 5-1 as both of these ALCOA curves, which form a 

band, are much lower than the data obtain here and that of Stanzl [12] and even Chen [14]. It is 

believed this is due to the fact that the data has been statistically reduced to have a defined 

confidence level. Consequently the ALCOA data is not raw data and is thus not indicated.  

The typical micrographic image of the failed specimen is indicated in Figure 5-2. 

 
Figure 5-2: Micrographic image of AL2024 Specimen H1-S2-13 

The region of the crack is very uneven and thus the tension failure region it not in focus with the 

crack start location, being the region focussed on.  

The data of Chen et al. [14] indicated in Figure 5-1 indicates a trend of lower stress for the same 

cycles as compared to the UHCF data. Chen et al. [14]  did not state to what surface finish the 

specimens had been implemented, however the test performed by this report corroborated with 

Bathias [4] that the surface finish has no effect on the final result for cycles exceeding 106. A 

comparison of the material composition of AL2024 from Chen et al. [14] was compared to that 

delivered from Kaiser for this report, see Appendix I. This comparison is indicated in Table 5-6. 

Table 5-6: Chemical composition comparison of AL2024 

Material Zn Mn Cu Fe Si  Cr Ti  Mg Others  

AL2024-T351 (Kaiser) 0.23 0.77 4.5 0.11 0.07 0.02 0.01 1.3 - 

AL2024 Chen [14] 0.25 0.5 4.0 0.5 0.5 0.1 0.15 1.5 - 

 It is evident that the two materials differ slightly in chemical composition. Whether this affects the 

results significantly is unknown at present and will only be verified by further testing of the same 

composition. 

Overall the data obtained shows a good correlation with known data from literature. Typically in 

fatigue there is significant scatter and the AL2024 data is no different. The data obtained falls safely 

in the region of known data which proves the data is acceptable and the rig is working effectively 

and with future improvements this will only improve. 

Tension 

Failure 

Crack Start  
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5.6 AL7075 UHCF Data 

The data obtained during the validation of the UHCF test rig for AL7075-T7351 is indicated in Figure 

5-3 together with the obtained data as per section 2.4.2. 

 
Figure 5-3: Comparison of AL7075-T7351 Data 

The other test data is that of Papakyriacou [16] which was for ALZnMgCu1.5. This material differs 

somewhat from the material received from the supplier, Kaiser (see Appendix I) as indicated by the 

comparison of the chemical composition Table 5-7: 

Table 5-7: Chemical composition comparison of Al7075 

Material  Si Fe Cu Mn Mg Cr Zn  Ti  Zr Others  

AL7075-T73 (Kaiser) 0.10 0.25 1.40 0.04 2.70 0.20 5.80 0.03 - 0.05 

AA7075 ALZnMgCu1.5 0.14 0.27 1.73 0.07 2.72 0.02 7.26 0.06 0.13 - 

Using Matlab and the least squares method as described in Appendix F.1, the following is obtained: 

ώ σψπȢπςὼ Ȣ  

 

The R2 ratio indicates that the fit is not entirely accurate to the data. However fatigue data generally 

has a high scatter and thus the ratio will typically be low for fatigue curve fits. The gradient of the 

y = 380.02x-0.052 
R² = 0.6529 
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curve fit follows the ASM fatigue data for cycles exceeding 2x105 and corresponds well to the data of 

Papakyriacou using the 20 kHz machine. 

The ALCOA data is obtained from the technical specification [24] and indicates the data all the way 

up and till 2x107 cycles. Both of these ALCOA curves (which form a band) are much lower than the 

data obtain by this report. It is believed this is due to the fact that the data is either A, B or S-basis. 

Thus the ALCOA data has been statistically reduced to have a statistical confidence as required by 

each basis for design. Consequently this data is not indicated as it is not raw data. 

The specimens of AL7075 all indicate that the crack initiated at the surface and grew until the 

stiffness reduction significantly modified the resonance frequency such that operation was no longer 

viable and testing was stopped. The specimens were subsequently loaded in tension to failure in a 

universal testing machine to allow for the examination of the failure surface. A typical failure image 

is indicated for AL7075 specimen 3 (H1_S1_3): 

 
Figure 5-4: Typical failure of AL7075 

The tension failure is indicated by the marked 45° shear line, see Figure 5-5, which was induced from 

the tension loading used to break the specimen for visualisation. 

 
Figure 5-5: Failed specimen showing tension failure (H1-S1-6) 

Overall the AL7075 had a very good correlation to the known data, further supporting the notion 

that the UHCF testing rig is operating within acceptable limits to obtain valid UHCF data. 
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6 CONCLUSIONS AND RECOMMENDATIONS 

 

It is concluded that the design and manufacture of an UHCF testing machine has been accomplished 

and that the validation against known fatigue data has been proven successful. 

The testing indicated that the strain gauges provided accurate cycle counting for all phases of 

testing. Testing did reveal that the strain gauges at lower ends of the UHCF (<106) spectrum were 

ineffective due to regular failure during testing under the higher loading. The strain gauge system 

did continually fail during testing of the Mark 2 system thus incurring higher costs, longer testing 

times and continuous interruptions. As a result in the final Mark 3 design the use of the more 

accurate and reliable laser vibrometer was implemented solely. 

The obtained SN curve data indicated that a set trend can be obtained with repeatable data. It was 

initially assumed that deviations of the AL2024 data from the literature may indicate that the surface 

finish plays an important role in the final fatigue life as in normal HCF. However further conducted 

tests indicated that this was not the case. The Data of AL7075 indicated very good correlation with 

data obtained on normal fatigue testing equipment in the region of 106 cycles which gives 

confidence in the current design configuration. 

It is recommended that future tests be carried out on steel and titanium to advance the knowledge 

base and create a detail database of information. These tests will also allow for the measurement 

system to be improved further. 

If possible future composite material testing methods should be devised and tested to obtain 

composite allowables for future designs. It is understood that fatigue in composites is completely 

different to that in metals and to actually get a resonant coupon in composites will be the most 

difficult task. Also, during fatigue, cracks will be initiated and retarded within the composite matrix 

which will change the resonance of the tested specimen. This effect needs to be tracked to maintain 

a 20 kHz operating range or the operating range will need to be widened. 
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APPENDIX A  - ANALYTICAL FORMULATION 

This appendix details the analytical formulation of the displacement, strain and stress using 

the second order differential wave equation. The following is a typical specimen horn and 

actuator arrangement with geometry indicated. 

 

Figure A-1: General sonic fatigue specimen 

Using the above geometry the radius variation in the x direction can be defined as: 
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The profile on the negative x-axis is a mirror image of that of the right and hence the 

displacements will be a mirror image. Thus if plotting the above equations for: 

L1=15*10 -̂3; %meters 

R1=3/2*10 -̂3; %meters 

R2=10/2*10 -̂3; %meters 

R3=15.5*10-̂3; %meters 

L4=20*10 -̂3; %meters 

L3=40*10 -̂3; %meters 
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L2 is found using the following equation [4] which is obtained by comparing equations 22 

and 23. 
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9 

Then the following profile plot can be generated for a mirrored geometry: 

 

Figure A-2: Profile plot of specimen using Matlab 

Hence the cross sectional area variation is given by: 
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The solution for displacement, stress and strain at each section can then be done 

systematically for each of the sections indicated in Bathias [4] . 

A.1 Section 1 ɀ General Differential (0 <= x < L1)  

Starting from the general equation 7: 
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The variation of the area within this region is given by: 
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Thus the term P(x) is given by: 
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Simplifying and using the chain rule the following is obtained: 
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Substituting the above into equation 7: 
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To solve this, following function is introduced [4]: 
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Then the first derivative of this function is: 

ù
ú

ø
é
ê

è
a+aa==

dx

)x(dU
)xcosh()x(U)xsinh(

dx

)x(dw
)x('w 111

1
1

 

Then the second derivative of this function is: 
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Subtracting equation 12 from equation 11 ǘƛƳŜǎ ŎƻǎƘ όʰ1x): 
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But  

)x(U).xcosh()x(w 11 a=  

Thus the following is obtained: 
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Thus this new differential equation has the general solution: 
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Equation 13 becomes the general solution for section 1: 
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This solution is as per reference [4]. 

A.2 Section 2 ɀ General Differential (L 1 <= x < L1 +L2) 

Starting from the general equation 7: 
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Since,  
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The general solution for section 2 differential equation is: 

  )kxsin(C)kxcos(C)x(U 432 +=  16 

A.3 Section 3 ɀ General Differential (L1 +L2 <= x < L1 +L2+L3)  

This region is similar to that of section 1. Thus if a variable x1 is created which is merely a 

shift of the x location such that: 

211 LLxx --=  
Then the same solution as in section 3 is obtained in terms of x1. 
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A.4 Section 4 ɀ General Differential (L1+L2 +L3 <= x<L1 

+L2+L3+L4) 

Starting from the general equation 7: 
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Since,  
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The general solution, for section 4, differential equation is: 

  )kxsin(C)kxcos(C)x(U 874 +=  19 

A.5 Section 5 ɀ General Differential 

(L1+L2+L3+L4<=x<L1+L2+L3+L4+L5) 
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The general solution, for section 5, differential equation is: 

  )kxsin(C)kxcos(C)x(U 1095 +=  21 
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A.6 General boundary conditions  

The above equations are linked to each other via their respective boundary conditions at 

their respective section interfaces. Thus the following relationships are valid for each section 

interface. 

A.6.1 Interface sections 1 and 2  

Displacement 
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A.6.2 Interface sections 2 and 3  

Displacement 
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Consequently: 
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A.6.3 Interface sections 3 and 4  

Displacement 
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A.6.4 Interface sections 4 and 5  

Displacement 
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Strain 
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A.6.5 Booster Interface  

If the total length of the stack is defined to be, L, where: 

54321 LLLLLL ++++=
 

Then the input displacement is the maximum displacement allowed by the Piezo-actuator 
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the connection of the horn and the booster: 

Displacement 
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As a result: 
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It can also be seen that since this point of connection is a point of zero location on the 

normal cylinder which represents the booster. This is the magnitude Ainput, since the general 

solution for a constant cross sectional area is U(x) =Ainputcos(kx). 
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Thus using these boundary conditions and equations: 14, 16, 17, 19 and 21 the constants can 

be found by setting up a set of liner equations of the form [A]{c}={B}, where: 
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Thus using these equations with a fixed geometry and implementing in Matlab, the following plots 

are obtained: 

 

Figure A-3: Plot for 5 section specimen model fixed geometry 

The above plot was obtained for the following geometric parameters: 

 

L1=15mm 

R1=1.5mm 

R2=5.0mm 

R3=15.5mm 

R4=19.0mm 

L5=64.8mm 

L3=40mm 

L4=20mm 

L2=15.3mm 

 

If the geometrical length of L2 is allowed to vary to get the displacement at the smallest cross 

sectional area to be zero then the following is obtained: 
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Figure A-4: Plot for 5 section specimen model variable geometry 

The above plot was obtained for the following geometric parameters: 

L1=15mm 

R1=1.5mm 

R2=5.0mm 

R3=15.5mm 

R4=19.0mm 

L5=64.8mm 

L3=40mm 

L4=49.6mm 

L2=15.2mm 
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APPENDIX B  - MEASUREMENT DEVICES 

B.1 Laser Vibrometer  

Laser vibrometers have become fundamental tools in the measurement of vibration within the 

engineering community. Laser vibrometers implement the Doppler-effect to sense the vibration of 

the moving component being monitored. The Doppler-effect determines that if a moving object is 

measured using a laser, then the phase shift is given by [25]: 

 Ὢ ς
ὺ

‗
 32 

Where  

ὺ - is the velocity of the object 

‗ - is the wave length of the emitted laser wave 

 

The Laser-Doppler vibrometer works on the basis of optical interference, requiring two coherent 

light beams with respective light intensities defined by I1 and I2 to overlap. The resulting intensity is 

the sum or the single intensities plus an interference factor as define by [25]: 

 Ὅ Ὅ Ὅ ς ὍὍὧέίς“ὶ ὶ  33 

Equation 33 is used in combination with the following setup to obtain the velocity of the body. 

 

Figure B-1 : Laser vibrometer internal setup [25] 

The beam from the laser, generally a helium neon laser is split via two beam splitters as indicated 

above by beam splitter 1 and 2.  The beam split by the first splitter becomes the reference beam and 

the measurement beam is projected onto the second splitter [25].  

The second beam is then yet again split and one part of this beam is focused onto the object and the 

other is reflected back to the system. The object needs to be cable of reflecting the laser beam or a 
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ǎǇŜŎƛŀƭ ǊŜŦƭŜŎǘƛǾŜ ǇŀǇŜǊ Ƴŀȅ ōŜ ǳǎŜŘ ǘƻ ƛƳǇǊƻǾŜ ǘƘŜ ōƻŘȅΩǎ ǊŜŦƭŜŎǘƛǾƛǘȅ ƛŦ ƛǘ ƛǎ ǇƻƻǊΦ ¢Ƙƛǎ ǊŜŦƭŜŎǘŜŘ 

beam is then returned and merged with the reference beam by beam splitter 3 [25]. 

As the path length of the reference beam is constant over time (with the exception of negligible 

thermal effects on the interferometer) this implies that r2 is constant of equation 33. Hence a 

movement of the object under investigation will define that r1 is a function of time. This will then 

generate a dark and light fringe pattern typical of interferometry on the detector by varying the 

output intensity of the combined laser beam. One complete dark and bright cycle on the detector 

corresponds to an object displacement of exactly half of the wavelength of the light source used. In 

the case of the typical helium neon laser this would corresponds to a displacement of 316 nm [25]. 

Changing the optical path length per unit of time manifests itself as the Doppler frequency shift of 

the measurement beam. This means that the modulation frequency of the interferometer pattern 

determined, is directly proportional to the velocity of the object. An object movement away from 

the interferometer generates the same interference pattern (and frequency shift) as object 

movement towards the interferometer. Thus this setup cannot determine the direction the object is 

moving in. For this purpose, an acousto-optic modulator (Bragg cell) is placed in the reference beam, 

which shifts the light frequency by 40 MHz (by comparison, the typical frequency of the laser light is 

4.74 x 1014
 Hz). This generates a modulation frequency of the fringe pattern of 40 MHz when the 

object is at rest. If the object then moves towards the interferometer, this modulation frequency is 

reduced and if it moves away from the vibrometer, the detector receives a frequency higher than 40 

MHz. This means that it is now possible not only to detect the amplitude of movement but also to 

clearly define the direction of movement [25]. 

In principle the laser Doppler Vibrometer can directly measure the displacement as well as the 

velocity of the object under investigation. In the case of displacement the system measures the 

fringes of dark and light spots on the detector and interpolates to obtain a displacement [25]. 

The displacement can also be obtained directly from the velocity of the signal. Thus for a perfect 

sinusoidal velocity signal the velocity may be defined by: 

 ὺ ὃὧέίύὸ 34 

Where 

ύ ς“Ὢ 

Thus the displacement amplitude can be found using simple integration  

 Ὠ
ὃ

ύ
ίὭὲύὸ

ὃ

ύ
ὧέί

“

ς
ύὸ 35 

The displacement amplitude is a factor of the velocity amplitude by the operating circular frequency, 

,̟ and the signal is 90° out of phase with the velocity signal. 
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B.2 Strain Gauges 

B.2.1 Background  

The strain gauge is the most common device used to measure strain. Two typical strain gauges are 

available, the wire gage and the etched foil gage [5]. In this dissertation the strain gauge used was 

that of the foil variety. The typical strain gauge is defined by: 

  

Figure B-2: Typical metallic bonded strain gauge [26] [27] 

The typical gauge configuration used in the measurement of the vibration will be a full bridge 

configuration as indicated in Figure B-3. 

 

Figure B-3: Full bridge configuration [27] 

Where Vr is defined as: 

 ὠ
ὠ

ὠ

ὠ

ὠ
 36 

Thus if π i.e the bridge was balanced at the start, then this implies that the 

equations for the three full bridge strain combinations above become: 

ὠ

ὠ
‭ȢὋὊ                                                         

 ὠ

ὠ

‭ȢὋὊ

ς
                                 

ὠ

ὠ

‭ȢὋὊὺ ρ

‭ȢὋὊὺ ρ ς
 

In the case of the UHCF test specimen the load will be only tension and compression. Thus the 

following full bridge configuration is valid: 
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Figure B-4: Tension configuration [5] 

The resulting bridge output is: 

 Ўὠ

ὠ

‭ȢὋὊρ ὺ

ς
 

To minimise the effect of temperature on the strain gauges a transverse gauge can be used to 

maintain the ratio of resistances during expansion or contraction of the specimen due to 

temperature fluctuations. A typical arrangement is defined by: 

 

Figure B-5: Use of dummy gauge to eliminate temperature affects [26]. 

The effect of the dummy gauge can be explain by the fact that any change in resistance ЎὙ due to 

expansion of the base material under load is only generated in the active gauge with the dummy 

gauge experiencing a negligible effect. If the temperature rises or falls the material is assumed to 

expand or contract uniformly. Thus both gauges will be affected equally. Hence the ratio equations  

 , see Figure B-4, will remain the same if either bridge or both bridges are in a dummy and 

active gauge combination.  

Using the same configuration as for temperature compensation also compensates for ŀƴȅ tƻƛǎǎƻƴΩǎ 

affect that may occur, thus in this dissertation this gauge setup was implemented to minimise both 

ǘƘŜ tƻƛǎǎƻƴΩǎ ŀŦŦŜŎǘ ŀƴŘ ǘƘŜ ǘŜƳǇŜǊŀǘǳǊŜ ŀŦŦŜŎǘǎ. 
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B.2.2 Shunt Calibration  

To verify the strain being measured, shunt calibration may be implemented. This is when a known 

resistance is placed across any arm in the bridge. Thus the expected strain for the change in 

resistance can be verified. A typical shunt circuit is given by: 

 

Figure B-6: Shunt resistor across R3 [27] 

 

The calibration formula is defined by [27]: 

ЎὉ

ὠὩὼ

Ὑ

Ὑ Ὑ

Ὑ

Ὑ Ὑ
 

ЎὉ is the change from balance (zero voltage) to the new value. 

But if R2=RL, then from the sum of parallel resistors: 

Ὑ
22

2 2
 

ḈὙ
22

2 2
 

Simplifying: 

ЎὉ

ὠὩὼ

Ὑ

22
2 2 Ὑ

Ὑ

ςὙ
 

ЎὉ

ὠὩὼ

Ὑ 2

ς2 Ὑ

ρ

ς
 

R1=RL 

=R4 

=R2 =R3 
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ЎὉ

ὠὩὼ

Ὑ

τ2 ςὙ
 

In this project a HBM shunt calibrator unit was used as indicated Figure B-4. The shunt calibration 

unit was re-calibrated prior to calibration on the 02/09/2014 

 
 

Figure B-7: HBM shunt calibration unit


























































































































































































































































































































