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ABSTRACT

The purpose of this disservation is to dizcuss some of the more fme
portant vesults which have come to light following the preof by de
Pagtor (1988) that evary positive sempsct (Idesle) devaducibls ope
erator on a Bansch lattice of dimensien grester thaw e has &

strictly positive speeteal vadius.

An oxtension of this roesult to positive geopder couvinyous conpact
bond irredecible oporators s discussel, dod cousequences thereod
groved. : ‘ '

The wain results of this thesis dnclude de Pagter’s preotf of the
of af the Asdes

result sentionsd fu the fret pavageaph, 488 a po
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Kriegor Theorew due o Grobler sbich dons not ke g Of a8y weps
resentation theosy. The fipal sesoll is & gesesslisstien of the tun
wall known theosress originally proved by Jentoueh and Perres {8 the
o ease, and ﬁy Frabembius  fn the other. Jdgoin both these
gonoral isations are dus to Grabler 20d furtboy, the g :
of xiﬁy reprasentation.

wifs Are fyee

i i
ot . e o
S ’ o o ! Y - o By . . i ' Lo e A . A
‘ SO e AL | . ) . I L ) [ . i
e SUTEE . . o e g o - L . . N
Foe T - L) w7 ' L ! ) - ” - = | [l by @ ' o W - e
k! - S I Sk S L . o : L R S T : e : RRTEC L
- . Y z ot E Y . . - o . oo - s T A . K
B "y
w .
o
5




DECLARATION

I declare that this dissertation is my own unaided work. It Is being
submitted for the Degree of MHaster of Science in the University of
the Witwatersrand, Johannesburg. It has not been submitted for any

other degree or examination in any other university.

NICHOLAS CHARLES CHRISTOPHER DAVIES

June 1987

=
P
B

- —— Co
i A

oo Con

; 1( ~ _ ihy ! - y oS 4
i o i ; ¢
- ‘ f i L4 T
H i i [ !




R 4 i

&

iv

‘ v I , : v . S
- = M ,
: I . : ) ) ,
[ L . N
. : . g5 ]
, ; : o , ,
L . < -
| = ‘
. - [ | p
=
. O .
J




PREFACE

A problem which was unsolved for many vyears, was whether every
bounded linesr operator on a Banach space had a non-trivial closed

T-invariant subspace. In 1954 the two mathematicians N.Aronszajn
and K.Smith proved that the above was-true for compactkoperators.
In 1966 A.Bexnstein and A.Robinson extended this result to operators
T having the propexty that p(T) was compact, for some non-zero
polynomial p(x), and showed that such operators didjhavé non-trivial
closed T-invariant subspaces, It wasn't 'unﬁil 1973 that V.V.
Lomonosov proved a generalisation of the Bernstein-Robi(won result.
He proved that if XK {s & bounded operator 6n a Banach space (where
K is not a scalar multiple of the identity operator) such that there
exists at least one non-zero operator commuting with K, then theze
exists a non-trivial closed subspace invariant under all operators

which commute with K, and in particular for K itself.

It is the proof of Lomonosov's theorem which is gre&tﬁy responsible
for our main result, a theorem by de Pagter (theorem 2.11) which
ensures that each positive non~zero irreducible compact opefator én
a Banach lattice has strictly positive spectral radius. Although de
Pagter proved this result in 1986, it had been a long standing con-
jecture of H.H.Schaefer. The affirmation of this conjecture of
Schaefer's saw a number of new results, closely related to this newly
proved fact, emeirge.

It is the aim of this dissertation to highlight and discuss these
results and any interesting consequences that they may have.

Most of the results of this dissertation involve spectral theory to

some degree. Consequently it Ils necessary to include in chapter one




a fairly lengthy section devoted to the dafinitions and results of
spectral theory. As is the case throughout the whole of chapter one,
references for results are given wherever possible. Also introduced
in  this Ffirst chapter are the fundawmental reéults of the
complexification - of . real = Riesz  spaces, f-algebvras  and
orthomorphisms, as well as general notation.

Chapter -iwo sees the introduction of ideal irreducible operators.
Most of the prerequisites for the proof of de Pagter's theorem, which
is also proved in this chapter, are included. The idea of ideal ir-
reducible operators is extended in chapter three to band irreducible
operators. Once again all definitions and results required to prove
Grobler's generalisation of de Pagter's theorem are introdﬁﬁéd. A
proof, &gain by Grobler, of the Ando~Kriegér Theorem is also included
in this chapter.

The final chapter, chapter four, deals with the genevalisations by
Grobler of Frokenius' theorem and the theorem of Jentzch and Perron.
This chapter it particular relies heavily on the vresults of the

spectral theory results given in chapter one.

Without the encouragement, enthusiasm, guidance and krowledge of-
fered me by my supervisor, this dissertation would never have
materialised. It is fitting then, that I extend my sincere thanks,
in the first instance, to my supervisor and friend
Dr. Conrad Labuschagne, for all the support he gave me and all that
he taught me during our many lectures and discussions. I hope that
this work is of a sufficiently high standard to pay tribute to his
dedication to his students in general, and myself in particular.
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yet to be published. ' v
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~situation and progress, and the sincere advice he so readily offered
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Finally, I extend my loving thanks to my parents for giving me the
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CHAPTER 1

PRELIMINARY RESULTS AND NOTATION

i\

LN

1t shall be assumed that the‘reude?lnf this difsertation is familiar
with the theory of Riesz spaces and-has a basie knowledge thereof.

For any background 1nformdtion the reader is referred to the standard
works in this field, uuxembutg and Zaanen's 'Riesz § Spaces I' (91,
and Zaanen's 'Riesz Spaces II', [14]. |

§1 General Notation

Let E be 4 real Riesz space. The positive cone of £ will. > 88 usual,

be denoted by F . Assume F is also a real Riesz space. A Jinear op-
erator T from E into F is said to be posiiive if T map$ the positive
cone of E into the positive cone of F, EQU1va1ent1y, T is positive
if Tu20 dn F for all u 2 0 in E. If T is positive we write T 2 0
and if T2 0 but T # 0, i.e. there exists some u e E such that
Tu # 0, then we write T > 0. We say T is strictly’ positive if for
every u » 0 in E, it follows that Tu > 0 4n F, f.e. Tu 2 0 in F but
Tu # 0.

The vector space consisting of all linear operatoks T:E =+ F is de~-
noted by L(E,F). It is well known that if we define an orderiug s
on L(E,F) by T £ S if and only if 8<T 2 0, for T and § in L(E,F),
then L(E,F) is a partially ordered vector space, A linear operator

.




T £from
Uin E

vector
denote
linear

placed

E into F is said to be order bounded if for every bounded set

, the set { |Tu] / u e U } is bounded in F. The set L, (E,F)

i

of all order bounded linear operators from © into F is clearly a

subspace of L(E,F). In the particular case that F = R we shall
the space L(E,F) by E¥%, and the members of E* are termed
functionals on E.” If E = T then L(E,F) and Lb(E,F) are re-
by I(E) and LB(E) respectively, For any T e L(E,F), T' will

denote the adjoint of T, If E is norm complete, we shall denote the

erators on E by £(E). We shall dinote by L' the subspace of E¥*
consisting of all norm bounded (i.e., continuous) linear fune~
tionals. If T e £(E), then T' € L(E").

From this point onwards we shall understand the word 'operator' to
mean 'linear operator'.

If U is an arbitrary subset of the Riesz space E, the ideal generated
in E by U will be written as I(U), and the band generated in E by U
will be denoted by B(U) or {U}. In the case that U = {2z} is a
singleton sat, we may use the notatjon I, instead of I({z}). Note
that

c,=lgek/ gl € nlz] for some n e N }
and that if 0 S g € B(U), then

g = sup{ inf(g,nz) / ne N}

([9], theorem 20.2), ‘

An operator T e L(E,F) is said to be g-order continuous if whenever
un$0 in E, then Tunio in F, We say that T is order centinuous if
whenever xd¢0 in B, then Txaio in F, where (qud is a net in E. The
space of all o-order continuous operators from E into F will be de-
noted by LC(E,F), while that of all order continuous operators from
E into F will be denoted by Ln(E,F). We clearly have that
L (E,F) & Lc(E,F) < LbCE,F)' For the case that F =R, E'n and E'c
will denote the spaces of the order continuous and g-order continuous

Banach algebira of 4ll norm bounded, and hence continuous linsar op-

T
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functionals on E respectively. Furthermore if E = F we shall replace
LC(E,F) and Ln(E,F) by Lc(E) and Ln(E) respectively,

§2 Complexification of a real Riesz spacé

Since the main results of this work use spectral theory and since
complex spaces play an dmportant rele in spectyal theory, it is
highly desirable that we consider a method of obtaining some type
of complex Riesz space from a real Riesz space.

Given the real Riesz space L we make the Cartesian product
LXL={(f,8)/ fek, gel} into a compiex vector space in the
usual manner by defining that 7
(£1,813 + (£2,8:) = (£+f5,8,482), )
(ki) (£,8) = (af-Bg,Bf+ag), for o,? e R.

The complex vector space so defined is denoted by L+il and is called
the complexification of L. If (£,g) is represented by f+ig, then we
define Re(f+ig) = f, where f,g ¢ L, and if E = L&{L then Re(E) = L,
By identifying f e L with the ordered pair (£,0) e I4iL, the space
L is embedded in the complex vector space I+il as a real linear
subspace, ‘

The above defined complexification is only of interest if for each
element h = f+ig e L+il, it is possible to define the absolute value
of h, |h|, such that this absolute vulue on L+il coincides with the
original absolute value on L.




" - ST e

Theorem 1.1 ([14], theorem 91.1)
If L is an Archimedean and uniformly complete real Riesz space then
sup{ f.cos® + g.sinB / 0 < 8 < 27 }

exists in L for all £ and g in L.

In view of this fact we make the following definition:

Definition 1.2

If E = L+iL is the complexification of the Archimedean uniformly

complete real Riesz space L, we define an absolute value on E by
fh] := sup{ f.cos@ + g.sinb / 0 < 6 < 27 }

where h = f+ig and f,g € L.

Clearly |h} e ﬁ+. It is easily seen that the two absolute values

agree on E.

Having introduced an absolute value on the complex Riesz space E,
we say that the elements f,g € E are disjoint, written f ; g, if
inf(|£],lg]) = 0. |

The following theorem collects together the main characteristics of

the absoliute value.

Theorem 1.3
For L an Archimedean uniformly complete (real) Riesz space, and with
the absolute value as defined in definition 1.2 and assuming . “ b

throughout that f,g ¢ L, we have

i)  |f] £ |n|, |g| € |h| and |[h| < |£|+|g|, where h = ft+ig. : 73 SR
ii) |h| = 0 if and only if h = 0, . LR
Ixa| = [A][B], - Ll

|h,+h,| € |h,|+|h,| and | B!

L
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A

by -ha || < lﬁk‘hzl

where h,h,,h, € T+iL and X € C.
(Dominated Decomposition Property)
If h = f+ig and £f,,f, e L+ satisfy |h| £ f,+f,, then there ex-
ists h,,h, € L+iL. such that h= h,+h, with |h,| £ £, and
|h,| < £,. ‘
If"h1 and h, are elements of L+il satisfying |h,} | |h,] then
hi-ha| = |hythy| o
Ihy+h,| - | .
Hnl-lho ]

sup ( Ihxl’lhzl ).

i£+ig| = [£[+]g]. o :

If h, = £+ig, and h, = f,4ig, with |£,] € [£,] and

]

i

181' s ngl: then Hhxl < lhzl-

) [14], theorem 91.2. o
[14], theorem 91.3.

i) {14], theorem 91.4.

For the remainder of this section on complexification we shall assume

that L is Archimedean and. uniformly complete.

Definition 1.4
i) The subset A of L+iL is an fdeal in L+il. if A is a complex linear

subspace of L+iL and if |h| < |£| implies h € A whenever f & A
and h e L+iL,

ii) The set of all real elements in the ideal A will be denoted by

s

x

u
¥
i
iE e



Theorem 1.5 ([14], theorem 91.6)
If A is an ideal in I+iL then, At is an ideal in L and A = Ar+iAr'
Conversely, if B is an ideal in L; then B+iB is an ideal in L+iL

and (B+iB) = B.

]

Definition 1.6 ) ) -
i) 'The ideal A in L+iL is called a band in L+ili if the real part

Ar is a band in L.

ii) For a non empty subset D.of I+il, the disjbint complement Dd,
of D, is the band
pY = { heLtL / |h| | |£] for all £eD )
in L#iL. |

The following proposition is easily pkoved using the above defi-

nitions and results.

Proposition 1.7

Let L be a Riesz space and let E = L+iL.' If U & L is an arbitrary
subset of L then the ideal generated by U in L is exactly the real
part of the ideal generated in E by U, i.e. if $(U) denotes the ideal
generated in E by U and I(U) the ideal in L generated by U then
$(U) = I(UY+LI(U).

A similar result holds for bands. p

Turning now to linear operators on complex Riesz spaces, if T is a
linear operator from V into W where V and W are both real vector
spaces then T can be extended uniquely to a linear operator from V+iV
to W+iW by defining
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T(f+ig) := Tt+iTg for all f,g e L.
The set of all linear operators L(V,W) from V into W, can thus be
viewed as a real linear subsﬁaqe of the space of all complex linear
operators L(V+iV,W+iW) from V+iV into W+iW. The elements of the space
L(V,W) have the characteriétiq that T(V) € W and for this reason they

are called real linear operators from V4+iV into W+iW.

If T € L(V+iV,W+iW) define the real linear operatoxrs T, and T, from
V+iV into W+iW as follows; let x & E, then Tx = y+iz e I+iLl. Define
T,x 1= v, and Thx = z.

It then follows that for any z = xt+iy e V+iV
Tz = T(x+iy) = Tx 4+ iTy
T xHiTax + 1(T,y+T,y)

Ty (xtdy) + 4(T, (obiy))

TxZ + ,’i,TgZ

Hence T = T,+T, From this argument it is clear that T:V+iV -+ W+iW

]

is real if and only if T = T, and T, = 0.

&

Definition 1.8 |

If T is a linear operator{from the complex Riesz space V+iV into the
complex Riesz space W+iw Vthen T dis positive, writfen T 20, if
Tu 2 0 for all 0 £ u e VHiV. |

It is easily seen that T is positive if and oaly if T is real and

T,:E » F is positive in the sense of real Riesz spaces.

Let E and F be real Riesz spaces such that E is Archimedean and
uniformly complete and F;is Dedekind complete (note that Dedekind
o-completeness implies uniform completeness, so that both E and F
admit an absolute value).In view of the fact that the operator T from
E+iE into F+iF can be written as T = T+T,, it follows that
Lb(E+iE,F+iF) is the complexification of Lb(E,F).




Theorem 1.9 ' '
Let E be an Archimedean uniformly complete Riesz space and let F be a
Dedekind complete Riesz space. ’
i)  IfTe Lb(E,F) is_real and h € E+iE then
ITh| < 7| (|h])
where |T| = sup{ cos8.T,+sin8.T, / 0 < 6 £ 27 }.
ii) IfTe Lb(E+iE,F+iF) and f € E then
| el s el gD,
1ii) If T e Lb(E+iE,F+iF) then for u e E+
T (u) = sup{ |T(f+ig)| / |£+ig] s u '}
In particular, |Th| € |T|(|h]) for all h e L+iE.

Proof
i),d44) [14], lemma 92.5. ‘
iii) [14], lemma 92.6.

* [w]

For further results on complex cperators the reader is referred to
[14]), §92.

In the case that E is a complex Riesz space many of the results that
hold in the Riesz space ReflE) can be extended to the whole of E.

Throughout this work we shall, in the main,; be working in (real and

complex) Banach lattices. In order to consider the complexification

of a real Banach lattice it is necessary for us to know that every

real Banach lattice is Archimedean and uniformly complete. Since a
normed Riesz space is immediately Archimedean, a Banach lattice in
particular is Archimedean. It can also be proved that every Banach ‘ff '
lattice is uniformly complete ([7], page 2). Such a proof is omitted g I

here.

e
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§3 Spectral Theory

Throughout this section E denotes a complex Banach lattice and we

assume that T € £(E) unless otherwise stated.

Definition 1.10

i) = The resolvent set p(I') is defined to be the set of all
complex numbers X\ such that AI-T is a bijection on E. (Note that
(\I-’I‘)_1 exists for each X e p(T).)

ii) For each X\ € p(T) the resolvent of T at the poznt A ds
defined to be the operator R(X,T) := (XI-T)

iii) The set theoretic complement of the set p(T) in the complex

plane is called the spectrum of T and is denoted by o(T).

Definition 1.11

“1) If there exists a non zero element x € E and a complex number

\ satisfying Tx = \x, then x is called an eigenvector of T and

. \ is called an eigenvalue of T.

ii) The set of all eigenvalues of T is called the point spectrum
of T and is denoted by ¢ (T) Clearly o (TY) s o(T).

iii) For any \ € €, the null- space of the operator AL-T is called

: “the edgenspace correspondlngﬁ to X .( Note that if X\ is an
eigenvalue of T, the eigensp%ce corresponding to )\ consists
precisely of the eigenvectors of T pertaining to \ and the point
zZero.)

iv) If ) is an eigenvalue of T, then the dimension of the eigenspace

corresponding to A is called the geometric multiplicity of \ .

Definition 1.12
We define the real number r(T) by

r(T) = sup{ |\ / X e o(T) }.
We call r(T) the spectral radius of T.

G,
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§3 Spectral Theory

Throughout this section E denotes a complex Banach lattice and we

assume that T e £(E) unless otherwise stated.

Definition 1.10

i)  The resolvent set p(7') is defined to be the set of all
complex numbers A such that MI-T is a bijectdion on E. (Note that
()\I-T)—1 exists for each X e p(T).) ‘

ii) For each X e p(T) the resolvent of T at the point \ is
defined to be the operator R(A,T) := CXI-T)'l.

iii) The set theoretic complement of the set p(T) in the complex
plane is called the spectrum of T and is denoted by o(T).

Definition 1.11

i) If there exists a non zero element x € E and a complex number

A satisfying Tx = :x, then x is called an eigenvector of T and
A is called an eigenvalue of T.

ii) The set of all eigenvalues of T is called the point spectrum
of T and is denoted by cp«(T). Clearly cp(T) s o(T).

iii) For any X\ e C, the null-space of the operator AI-T is called
the edgenspace corresponding to X\ .( Note that if X is an
eigenvalus of T, the eigenspace corresponding to )\ consists
precisely of the eigenvectors of T pertaining to A and the point
Z610.)

iv) If N\ is an eigenvalue of T, then the dimension of tha eigenspace
corresponding to X\ is called the geometric multiplicity of \ .

Definition 1.12
We define the real number r(T) by

r(T) = sup{ [X| / X e o(T) }.
We call ={T) the spectral radius of T.
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It follows from the above definition that if X\ e C, then
IN] > £(T) implics \ e p(T).

Proposition 1.13 ([3], proposition 1,8)

i) If Te L(&), then the limit of ‘Tnnl/n
£(T). | ‘

i1) 201 = dnfl Y™ / ne N Y.

as n + e exists and equals

‘Definition 1.14
T is said to be gquasi-nilpotent if r(T) = 0.
(Note that T is quasi-nilpotent if and ¢nly if o(T) = {0}).

Definition 1.15 -
Tor X € p(T), the series En:o Tn/xn+l 1s called the Neumann Series
for R(\,T) .

[T

Proposition 1.16 :
i) If IA] > x(T), then the Neuménn Series for R(A,T) converges in
norm to R(\,T) and we write. ‘ ‘ |

‘ ROL,T) = Enonn/An+1
ii) If |X| > £(T), then
ROLTIx = F 70 T'%/)
(convergence being in norm),
i14) £ X > r(T) then TR(A,T) = RO\, T)T. 7
iv) If T is a positive operator and X > r(T), then ) X
R(\,T) 0 and 0 € TR(A,T) € ARCA,T). N

ekl for all x ¢ E




Theorem 1.17 (Spectral Mapping Theorem) ([3], Theorem 1.20)
Let T € £(E) and let £ be a complex valued function which is analytic
on some neighbourhood of o(r). Then £(¢(T)) = d(fCT)). :

Prcposition 1.18 ([3], proposition 1.12)
If T' denotes the adjoint of T & £(E) then N o
i) o(T') = o(T) and 1‘ '
11) R(,T') = RO,T)' for X e p(T),
ie. I'-m) = cor-m Y.

Proposition 1.19 ({14), lemma 135.1 (1) )
If 0 < T e £(E) then r(T) € o(T). ' B

We now discuss briefly the case of an isolated pont of the spectrum.
Recall that an isolated point of a set is a point which is not a
cluster point., ' :

Proposition 1.20 ({3], pages 29 - 31)
_ Suppose ko is an isolated boint of the spectrum o(T) where T ¢ L(E).
i) There exist sequences (An), (Bn) contained in £(E) such that

ROLTY = F 20 Q=)™ A+ T2 ()™ B
This series representation of R(),T) is valid for all M e C
satisfying 0<lk-k0l<5, where 0 < 6 is such that all of o(T)
except Ny lies on or outside the circle I)\—)\Ol =6,

ii)  The sequences (An) and (Bn) are stuch that

B ) = (T~)\OI)B’n, and therefore

n+
B

(T~x01)“nl for all n e N, and
(T-XOI)AH+1, and hence

nd1
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(T")»OI)AO = B,-1.

1

Definition 1.21 :
If T € £(E) and XO is an isolated point of o(T), then XO is said to
be 4 pole of R(\,T) of order m if Bm # 0 and Bm+1 = 0,

- Proposition 1.22 ([3], proposition 1.40)
If T e £(E) and ko is an isolated peoint of o(T), then ko is a pole

of R(X,T) of oxrder m 4if and only ‘;fAV(XOI~T)m B1 =0 and

.y pomyM=1
(XOI T) B, $ 0,

- We now consider the case that T is a Riesz operator.

Definition 1.23
- i) For X and Y complex Banach spaces, the linear mapping T from X
into Y is said to be compact if for every bounded sequence (fn)
in X, the corresponding sequence (Tfn) in Y contains a norm
convergent sub-sequence.
i1) For T e€ L(E) define the number x(T) by
k(T) = inf( |T-C| / C e £(E), C is compact }.

TF (k(™) )P 4 0 as n » =, then T is called a Riesz

operator.

Theoretn 1.24 ([3], theorem 3.14) |
Let T be a Riesz operator. Then = ‘e
i) o(T) is countable and has no cluster point except possibly zero.
i1) o(M\{0) & op(’l‘) and each non zero element of o(T) is a pole f??ﬁfj’

of the resolvent of T.

12
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Let X be a non zero point in o(T). Denote by m()) the oxde!
of the pole at ). ;
iii) For all n € N,‘N{(kI-T)n} is finite dimensional, (where N{S}‘
denotes the null space of the operator §) and
m(}) = min{k € N / N(OI-1Y)) = n(OI-T)).
iv) For all n e N, R{OI-T)"} is finite dimensional, (where R(S}
denotes the range of the operator S) and '
m(h) = min(k € N / R(OI-D 3y = R{OI-1YY),
v)  The Bn'S‘Of proposition 1.20 are operato;s of finite rauk,

It is necessary to define the concept of the 'algebraic multiplicity'
of an eigenvalue. In most casas this concept is defined in terms of
'the spectral projection', which we shall not make use of in this
dissertation, For this reason we make the following equivalent de~

finition.

Definition 1.25
If X is a non zero point in ¢(T) and m()A) denotes the order of the
pole of the resolvent at \, then the algebraic multiplicity of \,
d(X), is defined as

de) = dim¢ N(OI-)") 3 )

For the equivalence of this definition and the one in terms of the

spectral projection; the reader is referred to [3], theorem 3.14.

Further information on spectral theory may be found in [S]Ior on
pages 601 to 613 of [1l4].
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§4 f-Algebras

The latter part of §140, and the majority of §142 of [14] deals ex-
tensively with f-algebras and their properties. This section then
will only briefly outline f-algebras and mention some of their
properties.

The real Riesz space E is called a Riesz algebra if K has an asso-
ciative multiplication defined on it satisfying the usuval algebra
properties, and with the additional condition that if u 20 and
¥ 2 0 dn E then the product uv 2 0, If in addition to the above
condition we - also have that inf(u,v) = 0 implies
inf(uw,v) = U0 = inf(wu,v) for all 0 &£ w & E, then E is called an
f-algebra.

The multiplication on an f-algebra satisfies |xy| = ix||y|. Fur-
thermore if E is Archimedean then the multiplication en éhe Riesz
algebra E is commutative. In the case that B is an Archimedean uni=
formly complete f-algebra, we can extend tre multiplication on E to
the complexification E+iE as follows: if x = atib and y = ctid,
where a,b,¢,d are in E; then xy i= (ac-bd)+i(ad+be). With this mul-
tiplication on E+iE we have that if x,y,z e E+iE such that
int{|x|,lyl) = 0, then inf(lzx|,]yl) = 0 = inf(|xz],]y]). Of course
it still holds true that if u,v 2 0 in E+iE then uv 2 0 in E+iE. In
[7] it is shown that if in addition to being Archimedean and uni-
formly cemplete, tha f-algebra E 4is dlso semiprime, then for
x = atib ¢ BHE, |x| = (a® 4 bz)é. Note in particular that an
Archimedean f-algebra possesing an order unit is semiprime ([14],
theorem 142,5). “

14
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§5 Orthomorphisms

A real linear operator U on the real Riesz space E is said to be an
orthomorphism if it is order bounded and inf(|x|,|y]) = 0 implies
inf(|Ux|,}y]) = 0. The set of orthomorphisms on E will be denoted
by Orth(E). If E is an Archimedean Riesz space then Orth(E) c¢an be
made into an Archimedean f-algebra with multiplicative unit by de-
fining a multiplication on Orth(E) as follows: for TisM, € Orth(E)
the iproduct Ty is defined by
wlﬂz(h) 1= nl(wzh) for all h € E.

If I denotes the identity operator on E then the ideal generated in
Orth(E) by I is called the centre of E and is denoted Z(E). It fol-
lows that m € Z(E) implies that there exists 0 < X e R such that
|mx] < A|x| for all x e E. If E is a Banach lattice then
Orth(E) = Z(E) ([14], corollary 144.3).

It can also be shown that if E is uniformly complete then so too is
~ Orth(E). Hence if E is a uniformly complete Archimedean Riesz space

" we may consider the complexification Orth(E)+iOrth(E) of Orth(E).

If E is an Archimedean f-algebra and u e E we define an operator
on E by

mx := ux for all x € E.
It tlien follows that w e Orth(E) ([14], theorem 141.1). Furthermore,

if m is an orthomorphism on E, then there exists an element u € E ';
such that g

wf = uf for all f € E i
([14], theorem 141.1).

If E is Archimedean and uniformly complete, then an order bounded e

linear operator U on E+iE is an element of Orth(E)+iOrth(E) if and

only if inf(|z|,|w|) = 0 dimplies that inf(|Uz|,|w|) =0 for
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z,w € E+iE. We say that ain order hounded operator U is an
orthomorphism on E+iE if U e Orth(E)+iOrth(E).
It follows from the above two paragraphs that if w is an

orthomorphism on E+iE, where E is a uniformly complete Archimedean

Riesz space with multiplicative unit, then there exists some u € E+iE

such that ‘ |
7 mx = ux for all x € E+iE.

In fact, the correspondence bhetween the points of E+iE and the

orthomorphisms on E+iE ¢an be shown to be a Riesz homomorphism.
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CHAPTER 2

IDEAL IRREDUCIBLE OPERATORS

The aim of this chapter is to show, using tﬁe proof of B. de Pagter
K[IO]), that the conjecture by Schaefer, that a positive compact
lideal irreducible operator on a Banach lattice (of dimension greater
than one) has a strictly positive spectral radius, ([11], §V.6), is

true.

Definition 2.1
Let E be a (real or complex) Banacl lattice and let T e LY. If U
is a subspace of E such that T(U) ¢ U then we say that U is T~

Invariant.

Definition 2.2

If E is a Banach lattice and T € L(E), then T is said to be Ideal-
. irredJéibJe, or simply irreducible, if the only closed T-invariant

ideals in E are {0) and E itself. (Note that {0} is closed in E be-

cause E, being a normed space, is Hausdorff and every finite set is

hence closed. ([4], VII 1.4)). ‘

Proposition 2.3
Let T € £(E), where E is a normed complex Riesz space, such that
T>0 and T is irreducible, and let 0 < x & E. Then there does not

exist an n € N such that T'x = 0, i.e, Tk > 0 for all n e N.

17
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Proof
Suppose there does exist an n € N such that T™'x = 0. Let m be the
least such natural number and define z := Tm-lx > 0. Let Iz be the

ideal generated in E by z. Let s be an arbitrary element of Iz’ then

there exists )\ € R+ such that |s| <€ Az, It then follows that
‘ |Ts| € Tls| € ATz = M\T"x = 0

which implies that Ts = 0, Since 0 € I_, we conclude that Ts e I?.

It follows that I, is T invariant and hence the closure T, is P
invariant. Since T is irreducible we must have that'f;f= E, since
z # 0. However in the course of our proof we have shown that T = 0

on I, and hence by continuity, on the closure T;‘ Thus T = 0 on E

which contradicts the fact that T > 0. Thus ™x > 0 for all'n e N
o

~The _following proposition highlights a number if interesting”égd

useful facts related to positive ideal irreducible operators.

Proposition 2.4 :
Let E be a complex Banach lattice and let 0 < T e L(E). Then the,

following statements are equivalent.
Y T is irreducible.

e

ii) For each 0 # x € E+,,the closed ideal genevated in E by
{T% /nelN} is exactly E. |

iii) For all 0 < x € E and for all 0 < £ € E' there exists an m e N
such that £(T"(x)) > 0.

Proof .
i) = 4i): Let J be the closed dideal generated- in E by ) fﬁ

{Tx /neN) Tor each y e J there exists ax,..i,ap, all ele-

ments of R, where p is some natural number depending on the partic- '9

ular y, and n(1),n(2),...,n(p), elements of N such that .

ly| < ERZ) aan(k)x . X i;

18
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Then |Ty| € T|y| which is an element of J, and hence Ty e J. It
follows that J is T-invariant and hence that J = {0} or J = E. We

show J # {0}. Since the zero operator leaves all ideals invariant,

it must follow that T > 0. By proposition 2.3, ™x > 0 for all

n e N, and thus J %\{0}. Hence J must then be precisely E as re-

quired. S—

ii) = i): Let {0} # I € E be a closed T-invariant ideal in E.
Choose 0 # x € I'. For all n € N we have that TVx e I and therefore |
{ ™% / ne N} I, which implies that the closed ideal generated
in E by the collection { T"% / n & N'} is contained in I. By as-
sumption however this ideal is exactly E and it follows that

I = E, from which we infer that T is irreducible.‘

ii) » iii): Assume that 0<x, €eE and O0<feB'. Iet
Ji={xekE/ £x|) =0 ). Then J is the null ideal of £. It is
easily seen that J i¢ closed in E. Since £ > 0, there exists an x,
0 £ x.e E, such that f(x) > 0 and hence J # E. In view of the as-
sumption, we cannot have {T"%, / n e N } € J otherwise J = E. Thus
there exists an n € N such that T'x, ¢ J, i.e.a'f(ﬁTanI) # 0. Since
Tnxo 2 0 and £ 2 0, it follows that f(Tnxn) > 0.

iii) = 4ii): Suppose that iii) is true but that ii) fails to hold.
Then thexre exists an x,, 0 € Xy, € E, such that the closed ideal
generated by J = { ™xe /neN } is a proper subset of E. Ac-
cording to the Hahn Banach theorem there exists a g € E' such that
gt 0but g(x) =0 for all x € . Let £ = |g|: Then for x € J we
have
£(x)

I

lgl (x) | 1
sup{ [g(y)| / 0% |y| s x}

=0 (since if |y| € x, then y € J.) o
In particular for any n € N, f(Tnxo) = 0 which contradicts iii). ) ‘ _;‘ \ -

1
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Proposition 2.5
Let E be a complex Banmach lattice and let 0 £ T e £(E) be irreduc-
ible. If 0 < x € E and |\| > r{(T), then R(\,T)x > O.

Proof
In view of proposition 1.16 we can write R(A,T)x as
; s kKo kil
From proposition 2.3, Tkx > 0 for each k € N, and thus R(A,T)x > 0.

D

Definition 2.6
Let E be a Banach lattice (real or complex) and let x € E. We séiy

that x is a quasi-interior point of E if the closure T; of the ide{il

generated by x in E, is precisely E.

Proposition 2.7 :
Let 0 < T e £(E) where E = L+il. is a Banach lattice. If T is i:r:ré-
ducible, then R(\,;T)x dis a quasi-interior pvint of E for @a{:h
A > r(T) and for each x > 0. ‘:

Proof ‘ Q
Firstly let T € £(L) where L is a real Banach lattice, and 1“e

A>2(T) and x > 0, If ze I then so too is Tz, for if

R(A,T)x
z| $ kR(\,T)x for some K € IR+, then (
[Tz] & Tlz| $§ kTR(A,T)x € (KMR(A,T)x. - | .
Hence IR(X,T)x’ and consequently the closure IR()\,T)x’ is 'I‘- s KT
invariant. |
Thus IR(R,T)X = (0} or IR()\,T)x = I, I‘he’ fact that R(‘)‘,T)x # 0 B
(proposition 2.5) then shows that IRO\ Tx = L, i.e., R(A\,T) is a W !
, T . .
quasi-interior point in L. : gg ' i\
s o
:
20 S |
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Suppose now that 0 < x € E = I+il, and that 0 < T e £ (E). Then
0 <Te L£(L). Also because 0 < x € E it follows from what was said
above that T... .

RO\, TYX - L (where the ideal generated and the norm

closure are taken with respect to IL). Thus the norm closure in

E = L+iL of the ideal I generated by R(A\,T)x in E is exactly
, R(N,T)x
E, i.e., .

RouDx ¥ Troumx = Roumx T HR(, Tk = LHE = B

Proposition 2.8

Let E be a complex Banach lattice. Suppose that T e £(E) and that
Tu is a quasj-interior point of E for all 0 < u € E. Then T is ir-

reducible.

Proof
Let J be a non-zero closed T-invariant ideal in E. If 0 <. x € J then
Tx € J and hence I, & J, i.e., E € J. Thus E = J and we conclude

Tx
that T is irreducible.

Lemma 2.9

Let L be a vreal Banach lattice with quasi-interior podint. If
0 £ u s |f| in L, then there exists a sequence () in (L) such that
m £+ u in norm and l'nnl <1 for all ne N (where I denotes the o

identity operator on L).

Proof

Suppose 0 # w is a quasi-interior point of L. We may assume that
w20 ([9], page 135). Further, without loss of generality we may ;
assume that |f| S w, (for if not, consider w' := sup(w,|£|)). So T
0Lus |f] £w. ‘

\
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It is well known that I_ is an Archimedean f-algebra with multipli-

cative unit w. Since it is true that |f]+n-1w 2 nnlw, for all
i nelN, it follows from [14], theorem 146.3, that (|f|+n"1w)“1 ex-
~§ ists. Noting this, define

: P = uf((|f|+n-1w)~l)2 for all n e N,

Because(IW is an f-algebra, P, e7Iw for all n € N. Furthermore,

it

ug(] £l+n" 1wy 72|

i

lp, |

Tul 161 (L™ 72
|£] €] ] ¢l £]+a T) 74|
[£12¢)£ |40 Ty 72
‘(}fl+nflw)2(lf]+nf1w)-2

W,

A

N

and using the fact that every Archimedean f-algebra is commutative
([14], theorem 140.10),

p £ = ut(|£]+n ) 2t
ufz(lf1+n91w)-2
w2 (£l "
= uw

1]

2

HY

i

=u

Therefore p f < u for each n.e N,

wouf (| £]4+n ) "2

Hence 0 < u-pnf

= u-uf2(l£|+n-1w)‘2
.= u*u|£§2(1f|+n”1w)“2 (£2 = |£]?)

",
i = ufu-|£] 2| £]4n7he) 74
RER = u{(| £l )%= 12121 (g4 Ty 2 o
A | = (ol gl Ry (g0 TR il
B = 20" (u] £]+(2n) ") (| £l4n ey 2 R
R < 2n7hl g Becan) T gy ¢ £ty 2 -
e = 20" (] £]+¢an) "y 2= an) "B [ €] ) 2, R
‘;ﬁ ' -1 -.l “ » ‘0‘,
| But |£]+(4n) "w S |£|+n “w. ) Nt
3~ Thus 0 < w-p £ < 20" [ (| £]+n" )2 (4m) 2] (| £]4n Ny 2 | ¥
L < 207 (£~ ) P ) T2l ¢ £l 7 I
# = an Mk (Tt 2 (gl Th ™) R
L,’ ‘ L
ﬂ s -
g 292 \
: f " i
- ! ?\“" . hi}‘h Axm s m .L.l_n L L A v 4 *ﬁ & "




A

on” ks "2 (£ 40" )2 (] £]+n " Tw) "2
20" [wts 2w

(17/8) w/n.

It

Hence u-pnf + 0 w-uniformly in Iw.

We now define the orthomorphism m, on I by
T X {= p X for each-x € I .

» n n W »

Note that this is an orthomorphism by {14}, theorem 141.1. By the

same theorem it follows that lﬂnl then pertains to the element

Ipn|3 and the identity orthomorphism on Iw pertains to w.

Now if x 2 0 in Iw then for any n € N

Bnn]x = lpnlx < wx = x = Ix,
ie., |vn[ £ I for each n € N. Therefore m, € Z(L) for each n e N
([14]1, page 659) and hence L is norxm bounded on Iw’ ([14], theorem
144.3), i.e.,m is continuous on Iw for all n € N. Using the fact
that T;'= L, we can extend 7 :I - I, by continuity to a unique
continuous mapping ?n from L into L. (See [12], I.6.4 theorem 2).

Since Iwnl € I for all n e N, it is easily seen that for each n € N
}ﬁ;} $ I, from which 4t follows that this extension i1s an

orthomorphism on L for each n e N.

Because 7 £ + u w-uniformiy on I and f e I (|£] € w), and because
m  is just the restriction of'ﬁn, we have that inf‘4 u w-uniformly,

and since relative uniform convergence implies convergencé in norm

X ~ i
we have that vnf converges in norim to u as n =+ w,

Proposition 2,10 |
If E is a complex Banach lattice such that the dimension of E is
greater than one and if 0 < T e £(E) 1is a positive compact quasi- i

I ) .
o ) ! ' \




nilpoteént linear operator, then there exists a non-trivial closed
T-invariant ideal in B,

Proof

Suppose E = L+il, then because T is pos 1tive, T € £(L). Suppose now
that the result is true for a real Banach lattice, then there exists
I ¢ L such that I 4s a non trivial closed T-invariant ideal, It
follows that J := I+il is a closed non-trivial T-invariant ideal in
E. Thus it remains to prove the theorem for the case of real Banach

lattices.

Assume that L is a real Banach lattice, Since T > O ﬁhere exists u,
0 <u e L, such that Tu » 0. Define S i= Ekﬂ Zwk (Tku)/(HTHk),
which is an element of L, Then‘for»all m<n,

19,8) < By 27Tl

ok
s M“"/4(=m+1 2

Y0 as m = =
Thus (Sn) is a Cauchy sequence in L which is a Banach lattice and

hence there exists w e L such that Sn + w in norm. However SnT and
thus § 4 w, i.e., w= zk:O Z"k(Tku)/(MTHk). Note that

w2 2”l Tu/fT] > 0.

The principal ideal Iw generated by w in E is T-invariant, for if

0sve Iw’ then O S rw for some kK € R+, i.0.,

05 v s Koy 27 /Ty
and hence
05TV < KS, g AENIPLIT L
. + Kbl g p ekl
= 26T a2
< 2kl ot e/ 211
= 2k | Tiw.

Hence Tv € Iw. It has thus been shown that Iw is T-invariant and
f T; # L then T;‘is a non-
trivial closed T-invariant ideal, and the proof is complete. Alter-

consequantly so too is the closure i;.
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natively T;'= L and, ;fromrhere on we may assume that L has a

quasi-interior point.

The following notational definitions are now required;
§°(r) :={ 0% Re L (L) / RT = TR ),

$+:= {0<8el (L) /0s8SR for some R in B+CT) },

$i=(8,-8, / 8,5, € 3+ 3 S . :
Firstly, one can easily verify that § is a linear subspace of Lb(L)
and secondly we claim that if S € § and 7 € Z(L) then 78 € §. To see
this let S = §1-82, 0 5 8,5, € Lb(LS and R,,R, € 3+(T) such that

0% Si < Ri’ i= },2. Then

s ‘(n+-ﬂ')(5,~82) ,
1T+Sl - 'ﬂ'tsZ = '"-'Sl + '”-.Sz
e - + -

Now S; = 0 and ﬂ+'2 0, therefore ﬂ+S, z 0. Similarly w*sz Z 0, and

1

for each f € L, §[f] is a T-invariant subspace of L. Our next claim

25
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hence H+S, + 7 S, 2 0. Also .
S [w{sl+1wls,“
< \S,+)S,
< A(R,#R,) for some \ e R'.
For this specific ), ‘
' (R #RZ)T = A(R,T+R,T)
= \(TR,+TR,) (Ri,R; € 67(T))
= \T(R;*R,) 5
= T(MR*R,)).
Thus A(R,*R,) € §7(T). : 3
So 0% 7S +17S, S MR#R,) and A(R;#R,) € 6F(T), from which it Pl
follows that n+S,+w~SZ‘e $+. Similarly n+Sz+w-SI € $+'and therefore i |
18 e §. i
I
Thirdly it is easily checked, using the fact that T 2 0, that S e § I
implies that TS ¢ §. §§
i 5
For all f e L, we define §[£f] = { Sf/ S e § }. It is easy to that ;‘ ’

B n,"‘:
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is that §Tii is an ideal in L. We have already observed that §[f]
is a vector subspace and consequently so too is if?]. Suppose now
that 0 € u g |Sf| in L, where S e §. By lemma 2.9 there exists
(r) & Orth(L) (with lﬂ | £ I for all n e N) such that = (Sf) + u
in norm. Now L Se for all n € H and therefore m fo) € S[f] for
allne N which implies that u e §[£].

Now let 0 S v € 13[ £’ (the ideal generated in L by $[£]). Then there
exist £1,...,f e $[£] such that

0 v Y olfl,

where ) € R* for k = 1,...,n. o
In other words there exist S,,...Sﬁ e § such that

0svsL Isfl ‘
Now by the Dominated Decomposition Property ([14], theorem 91.3)
there exist vy,...v in L satisfying 0 < v, ISifi for i = 1...,n,

and such that v = kal vy

By what we have proved above, v, € F[f] for 4 =1,...,n, and thus
v e §[£]. It has thus been shown that §[f] & 13[ £ € J[f], and it
must then follow that Ig[f] = J[f]. However I$[f being an ideal
implies that its norm closure is an ideal, ([11], II 5.2 corollary
1). Hence ff?j is a closed ideal in L which is T-invariant.

If we can now show that :here exists a non-zero £ ¢ L such that

§T§j # L, then we shall be through. To this end let us suppose that

i"'i L for a'l £ e L\(0}. Let 0<uel such that Tu > 0; let
= ) Tul > 0, = 4ful, and let k = min{ §,d/|T} }.

Define d = { z € L/ [z-u]| < x }. It follows that ¢ has the fol=
lowing properties;

0 ¢ 4: for otherwise therp exists (xn) ¢ 4 such thax xn <+ 0 in norm.
Thus there exists an N e N sush that n 2 N dimplies that

Ix | < 3|

ull. Choose such an n, then
all = - b |
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0, ' -
: o A e E
‘f» £y i G ,k‘,-)
< Tux x|
< kx|
< 3ul+ul
= |ul which is a contradiction.

0 ¢ T(d): for otherwise there exists (yn) ¢ T(4) such that v, ? 0
in norm, i.e.,there exists a sequence (xn) & 4 such that Txn =+ 0 in
norm. Consequently there exists an N € N such that n 2 N implies that
"Txn“ < #|Tu] = d. Choose such an n, then
ITuff = |Tu-Tx +Tx |

ITu-Tx_f+]Tx_|

« n n

Y l4g wnr
I k= ol |
et
b CarThx
d+ﬂTxnﬂ
#|Tull+3|Tul

fTul, a contradiction.

CIA AT

A A A

A

It

4 is norm bounded: for if z € 4 then
Izl = |z-utu]

lz=u|+]ul

k+{uf .

N

A

If f e T(d) then £ # 0 and thexcfore $[f] = L by assumption. Fix
f e T(d). Since u € $[f] =L, Vn $[f] # ¢ for all open sets V con=

taining u. In particular, 4 n§[f] # ¢. Thus there exists S_. € § such

£

that Sff e 4. Now Sf is norm bounded and hence continuous,. so let

Af be an open neighbourhood of f such that Sf(ﬂf) c 4.

We then have that { Af / £ e T() } is an open cover of T(d) which
is a compact subspace of L. Consequently there exist

f(1).,...,f(n) € T(4) such that T(4) ¢ Uﬂf(i)’ where the union is

taken over i = 1,2,...,n. g
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Let A f(i)’ and S 1= Sf(i)’ for 1 = 1,2,...,n.

Since Tu & T(4) € T(4), there exists ‘j(1) e { 1,...,n } satisfying

Tu e Aj(lﬁ’ and therefore Sj(i)(Tu)fe 4. This then implies that
T(Sj(l)(Tu)) e T(d) ¢ T(4H). ‘

Repeat the above argument with Tu replaced by Tsj(l)(Tu). Repeating
this argument, we obtain a sequence { j(m) / m € N } contained in

{1,...,n} such that 8y = Sj(m) j(m-1)" ( )rn ed for
m =1,2,...

Now each Sj,e‘j[f] so that Sj = S"j - S’j where
0$5' SR' for some R'; e ¢*(T), and 0 < 5?, < R?; for some

RY, e £V ().

Define C := max({ HR? } /7 3j=1,...,n.and i = 1,2 }.
Then

‘gml = l J(m) J(1)Tu| ,
< T...(R! +R Tu.
g(m) J(m)) ® 50 J(l)) .
Since T commutes with all the R;(k)'s, where i = 1,2 andk = 1,...m,

i : 1 2 i R2
lg,| sﬁsg Sy R my) o R qy*R j(l))Tmui

Thug "g “ s "R J( ) J(mi ﬂ-""R‘j(l) J(l)“"Tm" "u"
S R g IR D R IHRE D IT e

<20 |ull for all m e N.
This inequality then implies that
Hg "1/m.s ZCHuHI/mHTmHI/m for all m € N.

In view of the hypothesis, JTmHI/m + 0, and it then follows that
"g “1/m + 0, and immediately we have that g =+ 0 in norm.

Now 8y € 4 for all me N, and therefore 0 e d, which is a contra-
diction since we proved earlier that this was not possible. It has

thus been proved that there does exist a non-zero f € L such that

¥TE] # L. :
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Theorem 2.11 (de Pagter's Theorem)
If T is a positive compact irreducible operator in £(E) where E is

a complex Banach lattice of dimension greater than one, then

r(T) > 0.

Proof
Suppose r(T) = 0, then T is quasi-nilpotent and hence by proposition
2.10 there exists a non-trivial closed T-invariant ideal in E, con-

tradicting the fact that T is irreducible. Thus r(T) > 0.

Note that we have to exclude the possibility that the dimension of

E is one in theorem 2,11 for in this case the zero operator satisfies

the conditions of the hypothesis but r(T) = 0, where T is the zero
operator. If we wish to include the case that the dimension of E is
one then we must insist that T is not the zero operator, and the

conclusion of 2.11 is still valid.

We now make use of proposition 2.11 to prove an Ando-Krieger type

result for (ideal-) irreducible operators.

Proposition 2.12

Let E be a complex Banach lattice with dim(E) > 1, and let T e £(E)
be a positive irreducible operator on E. Suppose that S,Q € £(E) are
such that 0 < S £ Q, and suppose further that Q is compact. If

S £ T® for some natural number n, then r(T) > 0.

Proof

Consider first the case that S itself is compact. Fix A > r(T). The
resolvent R(X,T) then has the property that R(A,T)u is a quasi-
interior point of E for all 0 < u e E, (proposition 2.7). Define
A := R()\,T)S; then A 2 0. In fact we have that A # 0. To see this,
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‘is given by

there exists an x € Ef such that Sx > 0, hence by proposition 2.5
R(\,T)Sx > 0, i.e., Ax # O.

It is also true that A is compact. This follows from the fact that
A > (T that )\ € p(T), that
R(\,T) € £(E). It then follows that because S is compact, so too is
A.

implies which in turn implies

Define NS i={ fel / S[f| =0). Evidently N, is an A~-invariant
ideal. Further, Ng
sequence (xn) < NS such that X
[sClxDl = s]x|
sClx=x_[+]x |)
Six~x_|+8|x_|
n n

is closed in E for if x e'ﬁzhthen there exists a

+ % in norm. Thus

78

S[x-xnl,
which implies that [S(|x})] < HSIx-xnlﬂ < "S”Hx-xnﬂ, and this last
Thus |S(|x])]| = 0. It follows

immediately that S|x| = 0, from which we infer that x e N_, and that

term can-be made arbitrarily small.

NS is closed in E,

Because Ns is closed we may consider the quotient space E/NS, and

because N_ is A invariant the operator A, induced by A on E/NS, whi&h

q
Ao[£] := [A£] for all [£] e E/N, G o

is well defined. Since A is compact so too is A, ([3], theorem 2.14).

We now claim that x(A,) € r(A). In order to show this, let u e C such K
that |u| > r(A). Then for x € Ns f; ¢
IR(u,0)x| < R, M) || x|
= R(u,A) | x| o
- zkzo Aklxl/uld-l ‘ \
= Sio ROLTISE|x| | N

1w/, |
since for k > 0, (R(A,T)S)k|x| = 0 because S|x| = 0. ‘
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It thus follows 'that R(u,A)x € N_, since Ns is an ideal; thus if
ful > r(A) then Ns is R(u,A)~invariant.

Now let [x] = E/NS be such that (ul-Ay)[x] = 0, (where it is under-
stood that 0 represents the zero element of the space E/N), then | fﬂ
[ux-Ax] = 0 and so ux-Ax € N . But then R(u,A)(uI A)x e N which

means that (uI-A) (uI Mx e N , 1.e., x€ N From this we deduce
that [x] = 0. It is clear that (rI-Ay)[0] = 0. Thus wérhavé that
if Ju| > r(A) then (pI-Ay)[x] = 0 if and only if 1 = 0. Further-
more |u| > r(A) implies that w € p(A) which in turn.ihplies that the o :

range of the operator ul-A is the whole of L, from which it follows ] Lt
immediately that the range of the operator uI-A, is the whole of the g
quotient space E/NS. We have thus shown that if |u| > r(A) then “?“

B € p(hy). Using the definition of the spectral radius we deduce that
r(A,) < x(A). '

We next show that A, is an irreducible operator and tc this end we
make use of proposition 2.8. Let 0 £ u ¢ E such that [u] > 0 in
E/N,. Clearly u ¢ N.. If Su =0 then S|lu| = 0 which means that

e N which is a contradlctlon Thus Su > 0. Using proposition 2.7,

we have that Au = R(\,T)Su is a quasi-interiox point of L. It then %
follows that [Au] = A,{u] is a quasi-interior point of E/Ns, ([11], e
IT corollary 1 of proposition 6.2). Proposition 2.8 then implies that el
Ag is irreducible, and theorem 2.11 then yields that x(Ay) > 0. From ’%f
what was shown above, namely that x(A;) £ r(A), we bave that | ;
r(4) > 0. - | ;n %wﬂ\

" Now by hypothesis 0 < § < T for some n € N,
Hence 0 £ A = R()\,T)S : « y :

< ROLT)TT (since A > ©(T) implies that R(A,T) 2 0) bR
which means that r(A) £ r(R(\,T)T"). It is then evident that o
r(R(X, T)T ) > 0. Thus by the spectral mapping theorem, r(T) > 0.
This completes the proof if § is compact, ’ o
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Supposé now we only have that 0 < 8 £.Q, where Q is compact; again i
let X > r(T). Now (R()\,T)S)® > 0, and to see this suppose that :; S
(R(A,T)8)?® = 0, It then follows that (R(\,T)S)2z =0 for all ! o
Z € IR(X,T)Su' However IR(X,T)Su is dense in E because R(AT)Su is a J;
quasi-interior point (propositions 2.5 and 2.7), and therefore e
(R(X,T)S)2 =0 on E ([12], I.6.4, theorem 1). Repeating the same
argument again we can show that R(A,T)S = 0 on E, but this contra~

dicts the fact that A = R(X,T)S # 0 on E. Hence (R(X,T)S)? > 0.

So we have 0 < R(X,T)s < R(X,T)Q, where the latter composite opera- ?
tor is compact. It then follows from a well known theorem of ’;'7‘
Aliprantis and Burkinshaw ([14], theorem 124.5) that (R(\,T)S)’ is ‘ il
compact. We once again make use of proposition 2.8 to prove. that t
R(R,T)Tn is irreducible . Let u > 0 in E, then ™ > 0 (by proposi-
tion 2.3). By proposition 2.7, R(X,T)Tnu is a quasi-interior poiﬂt,
from which we conclude that R(\,T)T" is irreduncible. |

‘We now have exactly the same situation as the first part of the proof
with T and S replaced by R(X,T)Tnand (R(M,T)S)? respectively. We thus
deduce that r(R(k,T)Tn) > 0. Invoking the spectral mapping theorem
yields r(T) > 0. ‘ '
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CHAPTER 3

BAND IRREDUCIBLE OPERATORS

. The main result of chapter two was theorem 2.11 which we proved using
. a method of de Pagter. The goal of this chapter then is twofold;
firstly

we ' shall obtain the Ando-Krieger Theorem as a result of
2,11 and secondly we shall show that 2.11 also holds for
continuous band irreducible operators. The results in this

are, in the main, taken from the two papers of Grobler, (5]

and [&].

In definition 2,2 we introduced the concept of an ideal irreducible
operator., We now gencralise this concept-to include not only ideals,

but bands as well.

Definition 3.1 _

Let E be a Banach lattice and let T € L£(E). We say that T is band
irreducible if the only T-invariant bands in E are {0} and E itself.
If A is a band in the (complex) Riesz space E such that E = A ® Ad,
the projection P, of E onto A is defined by P’A(‘x) 1= a,, where

x = a;+a, with a, € A and a, € Ad. The Riesz space E is said to have

thks projection property if E =R ©® Bd for all bands B in E.
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Proposition 3.2 | f

Let E be a complex Riesz space with the»pfojection property. If ~i

0<Te£(B) then T is band dirreducible if and only if ‘ i

P(Bd) T PB > 0 for every non~trxivial band B in E, e ‘ fﬁ i%
‘ ¥ 3

Procf ,,

Assume T is band irreducible Let B be a band in E such that

{0} # B c. E, (where ¢ denotes proper inclusdion). Then since T is band

irreducmble, B is not T-invatiant, Conqequently there exists z e B =
such ‘that Tz ¢ B. "~ This means that (Bd) # 0, and thus ] i

. ; , b ,
P(Bd) T(PBz) # 0 (because PBZ = z). However, since T > 0 and every L T
projection is positive, it follows that P(Bd> T Py 2 0, and we may E il ":*f
hence conclude that P(Bd) T PB > 0. | ‘ ”‘ - %ﬁfi%;;q o

" Conversely suppose that P(Bd) T 1 > 0 for each band B in E. Assume e
now that B is a band in E which is T -invariant. Suppose further that
B # {0} and B # E. Because P(B ) T P > 0, there exists 0 # x € £

jﬁuch that P(B 3 T P (%) » 0. Let y o= PBx; then y € B and

, ‘ (B )(Ty) >0, It follows that Ty ¢ B and thus B is not T-invariant,
b ﬂft ) 5? which is a contradiction to the assumption. So either B = {0} or
k}%, g B=E, i.e., the only T-invariant bands in E are {0} and E, which 8
i dmplies that T is band irreducible. {f
R ) Q ;ﬁ
k\ ! 7 ’i k
4 3 > o b
o Bl o ,
e .| We shall now prove results analogous to those proved in propositions w e
S i 2,3, 2.5, 2.7 and 2.8, for the case that T is a band irreducible 4 ‘
L . = ¢ ,’?>: i
AR | : g-order continuous operator. : "
Wi -
ﬂ ‘j‘é ) b -
S Proposition 3.3
F3E } 'l
Let E be a complex Banach lattice and let 0 < T e L(E) be a band 51
irreducible o-order continuous operator. Then T'x .- 0 for all i
n € N, whenever 0 < x € E. Q%

A
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Proof

Suppose there exists an ny, € N such. that oy = 0, where x 1s some
non-zero positive element in E., Let n be the least such natural
number: If =z := Tnhlx, then 2z > 0. Denote by B(z) the band in E
generated by z. Then B(z) = (z}+i{z}, where {2z} denotes that band

in Re(E) generated by z.

If x € {2}, then |x| e {2} and thus
|x] = sup{ inf(|x!,nz) / n e N }.
Since T is og-order continuous it follows that
Tix| = sup{ T(inf(|x|,nz)) / n e N }.

However

e A T

= 0 for all n € N,

0 for all x € {=z}, and con-

0 £ T(inf(]|x|,nz)) £ nT
and thus T|x| = 0. It follows that Tx =

e e S A v e

T-invariant and therefore B(z) = E since z # 0. However this then

implies that T is the zero operator on E, contradicting the assump-
tion that T » 0.

Thus there does not sxist a natural number n such that T'x = 0. Since
2 0 for all n ¢ N and since x » 0, we cOnclude that T x > 0 for

all natural nuwbers n, whenever 0 < x € E.

Corollary 3.4

If £ is a complex Banach lattice and 0 < T ¢ Y(E) is a band irre-
ducible o¢-order continuous operator, then R(M\,T)x > 0 for all
Me, [\ > £(T), and for all 0 < x ¢ B, “

Proof

Analogous to that of proposition 2.5,
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Proposition 3.5

Let E be a complex Banach lattice and let 0 < T e L(E). If
B(Tu) = E (i.e., the band generated by Tu in E equals E) for all
0 <uek, then T is band irreducible.

Proof

Suppose B is a T-invariant band in E such that B # {0}, Thus there
exists 0 < x € B such that Tx & B, and hence B(Tx) & B, This then
implies that B = E which in turn implies that the only T-invariant
bauds in E are {0} and E. Thus T is irreducible.

Proposition 3.6

‘Let E be a complex Banach lattice with 0 < T e {(E) a o-order con~
tinuous band irreducible operator. If A € C and |\| > x(T), then if

0 < x € E, the bard generated in E by R(X,T)x is the whole of E.

Proof ‘
From corollary 3.4, R(A\,T)x > ) and is hence an element of Re(E).
Lst 2z be a non-zero positive element in the band {R(A,T)x} generated
in Re(E) by R(\,T)x. Then
z = sup{ inf(z,nR(\,T)x) / n e N }.

By the g-order continuity of T it follows that
‘ Tz = sup{ T(inf(z,nR(\,T)%)) / n e N }.
However, since 0 S inf(z,nR(\,T)x) € nR(\,T)x for all n e N, it
follows that 4

0 S T(inf(z,nR(),T)x)) £ nTR(A,T)x S ndR(\,T)x for all n e N.
This then implies that T(inf(z,nR(\,T)x)) is an element of the ideal
in Re(E) generated by R()\,T)x, for all n € N. Thus Tz ¢ {R(\,T)x},
showing that {R(A,T)x} is a T-invariant band in Re(E). It follows
immediately that the band J = {(R(\,T)x}+Li{R(\,T)x} is a T-invariant
band in E. Since R(X,T)x # 0, we have that J = B,
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Before stating the next theorem, which is of fundamental importance
in obtaining a proof for the Anlo-Krieger Theorem via 2,11, recall
that (E')n denotes the set of all order continuous linear functionals

on B.

Proposition 3.7
Let E be a Dedekind complete complex Banach lattice such that
(E')n # {0}, Supposa T is a positive order continuous band irreduc-

ible operator on L. Then E and (E')n both have weak order units.

Proof } - .
Fix X\ > r(T), then 0 £ TR(X,T) < AR()\,T). Since ‘(E')n # {0}, there

exists a nmon-zero positive x € E. We shall shew that & := R * Dx

is a weak ordexr unit in E.

"From what has been shown above, Te S le. It follows that if Ie de-

notes the ideal in E generated by e, then T(Ie) & Ie’ for if

vel, then vl 2 e for some X\, & R". Hence

ITe] £ T|v] € \;Te £ X\ )e
which dimplies that Tv e Iea It 1is true howQVerfwthaﬁ a stronger e«
sult holds, namely that T({Ié}) g {Ie}, where {Ig) denotes the band
generated in E by the ideal Ie‘ To see this let 0 < v ¢ {Ie}, then

v = sup{ inf(v,ne) / ne N }.
Since T is order continuous, it is also dg-order continuous aud so
Tv = sup{ T(inf(v,ne)) / ne N }. '

Since 0 < inf(vyne) S ne, 0 S T(inf(v,ne)) S nTe S nle, for all
n € N, and so for each natural number n, T(inf(v,ne)) € Ie’ and hence

Tv € (Ie}.

In view of the fact that T d4s band irreducible, (Ie} = {0} ér
{Ie} = B, The  former  equality cannot  hold, for then
e = R(\,T)x = 0, which dmplies that x = 0, since for X\ e p(T),
R(\,T) is injective. This then contradicts our original choice of
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X as being non-zero. Thus {Ie} = E, which proves our claim that
e = R(A,T)x 1s a weak order unit of E.

To prove the existence of a weak order unit in (E')n, fix X > r(T).
Then we have that 0 < T'R(A,T') < AR(\,T'). It follows that for all
non-zero positive linear functionals x,' & (E')n,

T'RONGT )%, S ARCL, TN,
Since (E‘)n # {0} there exists a non zero order continuous linear

functional x' on E such that x' > 0.

Defining e' := R(\,T')x' gives T'e' < Xe'. It will now be shown that
T'((E‘)n) < (E')n. To this end let f e (E')n and:assume that xa&o,
where (x ), & E. Because T is ordexr continuous, Tguio, and then since
f is order continuous, f(Txa)¢0. This then shows that T'f is oxder
continuous, i.e., T'f € (E')n, from which we can deduce that

T'((E')n) & (E')n. It follows from this that (T')k((E')n) < (E')n

for all k € N, and hence that Ekio T'kx'/kk+1 € (E')n for &ll
m & N. Using the fact that 5, T'kx'/)\k+l 4, and the fact that

Lk=0
this sequence of partial sums converges in norm to R(M,T')x', we have
that 3,1 TR A A ROLT)X'. In view of the fact that
(E')n is a band it follows that R(\,TYx" e (E')n, i.e.,

e' € (E')n.

Consider now the null ideal, N :={ x € E / e'(Ix])y =0 ) of &',
Since e' e (E')n, N,1 is a band in E ([13], theorem 90.4). Further-
more, T(Ne') G Ne" for if x & Neu then

08 e'(ITx]) S e'(T]x]) = T'e'(|x]) = T'(0) =0,
Thus 1Tx € Ne" and hence Ne' is T-invariant.
Nv = {0} or Nyt = E since T is band dixreducible. If Ne' = £ then
e' is the zero operator on E, However making use of the injective

Consequently

property of R(\,T'), we can show that e' # 0., It follows then that

Ny« = {0} and thus G, := Ne.d = .
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x as being non-zero. Thus {Ie} E, which proves our claim that

e = R(\,T)x is a weak order unit of E.

To. prove the existence of a weak order unit in (E')n, fix X > r(T).
Then we have that 0 < T'R()A,T') € AR(X,T'). It follows that for all
non-zero positive linear functionals x,' € (E')n,

T'ROVT )Xo € AR(L,TN)X, '
Since (E')n # {0} there exists a non zero order continuocus linear

functional x' on E such that x' > 0.

Defining e' := R(X\,T')x' gives T'e' < Xe', It will now be shown that
T'((E')n) [ (E')n.fTo this end let f € (E')n and assume that xa¢0,
where (x&)a ¢ E. Bacause T is order continuous, Txu¢0, and then since
f is order continuous, f(Txa)¢0. This then shows that T'f is order

continuous, i.e., T'f e (E')n, from which we can deduce that

T'((E')n) [ (E')n. It follows from‘this that (T')k((E')n) < (E*),Il

for all k e N, and hence that 35" T '\ ¢ ')  for an
m € N. Using the fact that Ekzo T'kx'/kk+l 4, and the . ..t that

this sequence of partial sums converges in norm to R(A,T')x', we have

that . no 'I"kx'/‘).k-rl $ ROL,Tx'. In view of the fact that

Ak:
(E')n 'is a band it follows that R(\,T')x' e (E')n, i.e.,
e' e (E") .
n
Consider now the null ideal, Nv o= {xeE /e (Ix]) =01} of e".

Since e' € (E')n, Ne. is a band in E ([13], theorem 90.&);‘Furth§f-
more, T(Ne.) = Ne;, for if % € Ne' then

0 <e'(ITx]) € e'(T|x|) =T'e'(|x]) = T'(0) = 0.
Thus Tx e Ne" and hence Ne' is T-invariant. Consequently
Ne' = {0} or Ne’ = E since T is band irreducible. If Ne' = £ then
e' is the zero operator on E. However making use of the injective
‘property of R(\,T'), we can show that e' ¥ 0. It follows tken that

N o = {0} and thus C_, := Ne'd = E.
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The Riesz space (E')ﬁ has the projection property since it is a band
in E', which is a Dedekind compléfe Banach lattice, and therefore
has the projection property. If be' denotes the band generated in

(E')n‘by ‘e", then (E])n = Be' @ B‘eyd. If ¢ € (Be1d)+ then ¢ 1 e',

which implies that G, 4 G, ([14], theorem 90.6). But C, = {0} be-
cause C_, = E. Thus N¢ = E ihplying that ¢ = 0 on E. It thus follows
that Be.d‘" {0} and then (E')n = Be., which completes the proof.

§
3

Remark: It was shown in the first part of the above pfoof that - - I
for.a fixed X > r(T) and a fixed x > 0, e := R(),T)X is a weak order - BT

unit of E. However for the same X and x, there does exist a weak order

“unit not necessarily equal to e, namely TR(A,T)x: For the preof of

~ this result the reader is referred to [14], theorem 136.2.

We now recall briefly the concept of a, finite rank operator. An el-
‘~emehtiT e £(X), wherg X is a normed vé#tor space, is said to be a
finite rank opératdf if its range is finite dimensional. If'yeX

and f e X', define the bounded linear operator f® on X by ‘ B i ‘

(£8y) (x) 1= £(2)y. . BN SRR
It can be shown that every finite rank operator can be written as a R I L

finite linear combination of the type of operators just menticned ‘ ) iy
([3], theorem 2.4). One final result on finite rank operators is that

every such operator is compact ([3], theorem 2.10).

Definition 3.8 n i
If E is a Dedekind complete Banach lattice we denote by (Eﬂ®E2dd the

band generated in Lb(E) by the finite rank operators E'®E. [ -
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Proposition 3.9

Let E be a Dedekind complete Banach lattice such that (E')n ¢ {0}.
If0<Te L(E) is an order continuous band ireducible operator on
E, then ¢'® is a weak order unit of ((E')n ® E)dd; where e and e'

are weak order units of E and (E')n respectively.

\‘
Proof
Our proof will make use{df the following inequality,
| \;‘inf((f®u);(e‘®é)) 2”(1ﬁf(f}é*))®(inf(u,é75'“””“ T

for all u e BT and for all f e ((E')n)+. To prove this inequality,

let x € E+ and let f e ((E')n)+' Thereé are tWO‘poséibilities. Either
f(x) 2 e'(x) or f(x) € e'(x). '

In the firs: case, ‘ :
inf(£(x)u,e’ (x)e) 2 inf(e’ (x)u,e’ (x)e) = e’ (x)(inf(u,e)).

In thé‘second case,
inf(£(x)u,e' (x)e) 2 £(x) (inf(u,e)).

These two inequalities together imply that

inf(f(x)u,e' (x)e) 2 (iﬂf(e'(x))f(ﬁjj(inf(u,e)))Q
‘Since inf(e',f) < e¢' and inf(e',f) < f, k

| (inf(e',£))x < inf(e'(x),f(x)),
and so
inf(f(x)u,e'(x)e) 2 (inf(e',f)Ix(dinf(u,e)).
Since x was an-arbitrary p&sitiVe element it follows that
inf(fOu,e'®e) 2 (inf(e',£))®(inf(u,e)). v

This proves the inequality which we shell use in the proof which we

now tackle,

Since e is a weak order unit of E, the sequence (un) defined by
u = inf(u,ne) for all n e N, 4is such that unTu, for all u ¢ E'.
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Similarly tke sequence (f ), defined by f := inf(f,ne') for all
n € N, is such that fan, for all f € ((E[)n)+
It follows that fn®un } f®u. However, for all n e N,
(inf(f,¥/ne'))®(inf(u,vVne)) £ inf((£8u),n(e'®e))
Thus k "
(inf(£f,vne'))®(inf(u,vne)) 4 £Bu,
Because _ inf(f€u,n(e'®e)) < n(e'®e), it - follows

inf (f®u,n(e'®e)) € I o '®e? the ideal generateu in L (E) by e'

Also, inf(f®u,n(e'®e)) < f&u, and from what was shown above we con-
clude.that 1nf(ﬁ8u n(e'®e)) 4 fBu.
call ne E and fo* all £ e ((E' ) )

‘Consequently f®u e (e'®u)dd for

Thus (E')nﬁE < (e'®e)dd, which

'impllas that ((E ) 8E) C‘(e'®e) . However since it is also true

that
‘ e'®e € (E’)n®E,
and thus that

| (e'ee)™ ¢ (") sE)™

it follows that ((E') 8>E)dd = (e'®e)dd ds required.
. n

o
Lemma 3.10

) Let E be & Dedekind complete Banach lattice ' and let
0<Te ((E')n®E)dd be band irreducible. If e' and e are weak order
units of (E')n and E respectively, then § := inf(e'®e,T) is band
irreducible.
Proof

Note firstly that (E'), # (0}, for otherwise (E') SE
dicting the existense of a non =zero operator in (E')HSE.
{0} # Bc E be a band in E. Then for any n e N, T 2

inf(e'®e,T) 2 inf(e'®e, (1/n)T) =

= {O}‘éontra-
' Let'
(1/n)T and thus
(1/n) (inf(n(e'®e),T)).

Hence
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d) (inf(e'@e,i))PB > (1/n)P(Bd) (inf(n(e'@e),T))PB,

and so
(inf(e'®e T))P > P

d, (inf(n(e'®e), T))P

(B ) (B

)

dd

Because T € ((E')nﬁE) and since e'®e is a weak order unit of

(") )%, we have that (inf(n(e'®e),T)) ¢ T. By the order conti-
nuity of band projections it follows that
(inf(e'®e,T))PB (Rd) (inf(n(e'®e), T;)P
| 1P pdy T Py > 0 (by 3.2).

Henc¢e there must exist ar n, € N such thsat

nnP(Bd) (inf(e'@e,T))PB >0

and therefore 7 ) T -
fe} . €1 ! >7
] | Poydy (inf(e'®e,T))Py > 0

nP(Bd)

From proposition 3.2 it follows that § := inf(e'®e,T) is band irre-

ducible.

Lemma 3.11
‘LetﬁE be a Banach lattice aad let 0 < T € L(E) be a g-order contin-
uous band irreducible operator on E. Then every non-zero- closed T-

invariant ideal in E contains a weak order unit of E.

Proof 7
Let I be"a non-zero closed T-invariant ideal in E Fix A > x(T) and
= - let 0<uel. Set w:=R(\,Tu, then w= Ak— T /kk+1 and
L w20,
imjn;“g o ' Since I is T-invariant, Tku eI for all k'eN, and thus
QL | @ ’ ™y /kk+1 eI for all kel It immediately follows then that
V n K />k+l € 1 for all n e N. Because 41 0 T u/”{Jrl + W

in norm, aind since I 1is closed, w € I. Also
0 £ Tw = TR(\,Tu
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<

= AW

and hence Tw € Iw’ the ideal in E generated by w. C(onsequently Iw
is T~invariant, for if z e Iw then

|z] € kw for some k e R*
and therefore N

[Tz| £ Tlz| € vTw ¢ I,

Thus Tz e I .
) w

If B(w) denotes the band in E generated by w then if 0 S v e B(w),
vnTv, where v_ := inf(v,nw) for all n e N. Clearly the sequence
(Vn) is contained in the ideal Iw. The o-order ciOntinuity of T dim-
plies that TvnTTv, but since I, is T-invariant it follows that
Tv, & Iw for all n € N, which in turn implies that Tv € B(w). Thus
B(w) is T-invariant and it follows that either B(w) = {0} or
B(w) = E. In view of the fact that w # 0 (corollary 3.4), B(w) = E

and furthermore, w € I as required.

Lemma 3.12

Let E be a Banach lattice and let 0 < T € L(E) be a band irreducible
operator on E. Suppose there exists a o-order continuous compdct
operétor S on E such that T £ S, Then if M is the closed ideal gen-
erated by T(E) (the fange of T) in E, then the operator T restricted
to M is irreducible.

Proof

Denote by TM the restriction of T to the iceal M. Iet I be a closed
non-=zero Tm-invariagt ideal in M. Then I is a closed non-zerd> T-
invariant ideal in E. Since T satisfies the conditions of lemma 3.1I,
I contains a weak order unit w of E. Let 0 S x &€ E, and let
Xn i= inf(x,nw) for each n € N, Then 0 £ X, < nw and consequently,

x# e I for all n e N. Also anx. It follows from the o-order con-
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tinuity of S that anTSx. Because § is compact we have in addition
that an + 8x in norw. = This is easily seen to imply that Txn -+ Tx
in norm. Now I is T-invariant and the sequence (xn) is contained in
I anc hence Tx e I for each n:e N. Also I is closed in E and hence
Tx € I. Since x was an' arbitrary positive element of E it follows
that T(E) € I, and hence M € I. By assumption we have the reverse
inclusion so that we may conclude that I = M,

It has thus been shown that TM is an ideal irreducible operator.

Corolilary 3,13

Let E be a complex Banach lattice and let 0 < T e {(E) be a g-order
contingous operator on E which is band irreducible and compact. Then
x(T) > 0. : |

Proof .

Once again let M be the closed ideal genégated in E by the image T(E}
of T. Denote by 1%1 the restriction of T to M. By lemma 3.12,
?M:M » M is irreducible, and then by theorem 2.11, x(Iy) > 0. It then

follows that x(T) > 0 since r(T) 2 r(TM).

We are now in a position to prove our first main result, namely the
Ando~Krieger Theorem.

Theoiem 3,14 (Ando-Krieger)
Let E be a Dedekind complete Banach lattice. If 0 < T € ((E')ngE)dd
is a band irreducible operatox, then r(T) > 0. o

Proof
By proposition 3.7, E and (E')n have weak order units, e and e' re-
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spectively. Then § := inf(e'®e,T) 1is a band. irreducible by lemma
3.10. Since 0 < § £ T, and therefore r(S) £ r(T), we may assume that
T < e'® ¢ (E')n®E. Note that e'®e is a g-order continuous opera-
tor, and that since it is of finite rank, it is also compact. It
then follows from [14], theorem 124.5 that T3 is compact.

~Let M be the closed ideal generated in E by T(E). Then if TM denotes

the restriction of T -to M, TM is irreducible by lemma 3.12, and is

MS' We then have that
ROLTOT® = RO 1L, (Proposition 1.16 141 ). Also-

compact since T3 is compact. ILet X\ > r(T

[R,Ck,'l‘ﬁ)]BTM3 is compAct since TMS is compact and the operator

R(X,TM)S is bounded.

, ; s :
,We now claim that RCX’TH)STMJ is ideal irreducible, and to prove this-

we shall make use of proposition 2.8 of chapter two. For convenience
we shall abbreviate R(X,TM) as R until the end of this proof.

“Let 0 < u e M; from proposition 2.3, T3u > 0 and thus RTMB(u) >0

by propesition 2.5, Again by the same proposition we have that
RZTM3 > 0. Thus RBTha(u) 1s a quasi-interior point of M by proposi=

tion 2.7. It then follows from proposition 2.8 that~R?TM3 is (ideal-<)

irreducible.

From theorem 2.12, with T =§ = Q = [RCX,TN)TM]B, and with n

i}

1,

we obtain that r(R(k,TM)sTMB) > 0, Invoking the spectral m@pping

theorem vyields r(TM) > 0, Since x(T) 2 r(TM) wae clearly have

r(T) » 0 as required.

n}

In preoposition 2,12 of chapter two we proved that if T was a positive
irreducible operator on E such that T majorised another operator
S > 0, for some n ¢ N, where S was in turn majorised by a compact
operator, then =x(T) > 0. It is our aim now to prove an analogoué

45

4

R _x‘; ‘ ‘mw:“wﬂ*ﬁ-“*)\mm -M‘»\Jx““« ~ ML—\—H_\A_\‘A — 44‘* e n f‘ivﬂ—«fﬂ%}vﬁ"‘ _

4
5 4
g ’
R g
'n' i i
:..,," [ * :
N L
- WR v
w H
1 { . &
i 14
eivg%* g o
iEE #:
e d
1 g ‘\
.5
’\
i il
|
% P o
i .
!
H
o ‘
3
5
1§ = //
] . / .
/
i BN
I e
i |
weo
i 7,
fifio
i}
i i
i ,
v )
i
i
i %
;
i
i
i
i; X N
li
P " ~
(‘ i
.
R
15 :
§f‘:§« b
|
0

, ;
a RS

- AL










































































































