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Chapter 1

Introduction

The aim of this work is to do a literature study on spaces of martingales on Riesz
spaces and Banach lattices, using [16, 19, 20, 17, 18, 2, 30] as a point of departure.

Convergence of martingales in the classical theory of stochastic processes has many
applications in mathematics and related areas.

Operator theoretic approaches to the classical theory of stochastic processes and
martingale theory in particular, can be found in, for example, [4, 5, 6, 7, 13, 15,
26, 27]. The classical theory of stochastic processes for scalar-valued measurable
functions on a probability space (Ω,Σ, µ) utilizes the measure space (Ω,Σ, µ), the
norm structure of the associated Lp(µ)-spaces as well as the order structure of these
spaces.

Motivated by the existing operator theoretic approaches to classical stochastic pro-
cesses, a theory of discrete-time stochastic processes has been developed in [16, 19,
20, 17, 18] on Dedekind complete Riesz spaces with weak order units. This approach
is measure-free and utilizes only the order structure of the given Riesz space. Martin-
gale convergence in the Riesz space setting is considered in [18]. It was shown there
that the spaces of order bounded martingales and order convergent martingales, on
a Dedekind complete Riesz space with a weak order unit, coincide.

A measure-free approach to martingale theory on Banach lattices with quasi-interior
points has been given in [2]. Here, the groundwork was done to generalize the notion
of a filtration on a vector-valued Lp-space to theM -tensor product of a Banach space
and a Banach lattice (see [1]).

In [30], a measure-free approaches to martingale theory on Banach lattices is given.
The main results in [30] show that the space of regular norm bounded martingales
and the space of norm bounded martingales on a Banach lattice E are Banach
lattices in a natural way provided that, for the former, E is an order continuous
Banach lattice, and for the latter, E is a KB-space.
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CHAPTER 1. INTRODUCTION 2

The definition of a ”martingale” defined on a particular space depends on the type
of space under consideration and on the ”filtration,” which is a sequence of oper-
ators defined on the space. Throughout this dissertation, we shall consider Riesz
spaces, Riesz spaces with order units, Banach spaces, Banach lattices and Banach
lattices with quasi-interior points. Our definition of a ”filtration” will, therefore, be
determined by the type of space under consideration and will be adapted to suit the
case at hand.

In Chapter 2, we consider convergent martingale theory on Riesz spaces. This
chapter is based on the theory of martingales and their properties on Dedekind
complete Riesz spaces with weak order units, as can be found in [19, 20, 17, 18].
The notion of a ”filtration” in this setting is generalized to Riesz spaces. The space
of martingales with respect to a given filtration on a Riesz space is introduced and
an ordering defined on this space. The spaces of regular, order bounded, order
convergent and generated martingales are introduced and properties of these spaces
are considered. In particular, we show that the space of regular martingales defined
on a Dedekind complete Riesz space is again a Riesz space. This result, in this
context, we believe is new.

The contents of Chapter 3 is convergent martingale theory on Banach lattices. We
consider the spaces of norm bounded, norm convergent and regular norm bounded
martingales on Banach lattices. In [30], filtrations (Tn) on the Banach lattice E
which satisfy the condition

∞⋃
n=1

R(Tn) = E,

whereR(Tn) denotes the range of the filtration, are considered. We do not make this
assumption in our definition of a filtration (Tn) on a Banach lattice. Our definition
yields equality (in fact, a Riesz and isometric isomorphism) between the space of

norm convergent martingales and
∞⋃

n=1

R(Tn). The aforementioned main results in

[30] are also considered in this chapter. All the results pertaining to martingales on
Banach spaces in subsections 3.1.1, 3.1.2 and 3.1.3 we believe are new.

Chapter 4 is based on the theory of martingales on vector-valued Lp-spaces (cf. [4]),
on its extension to the M -tensor product of a Banach space and a Banach lattice
as introduced by Chaney in [1] (see also [29]) and on [2]. We consider filtrations on
tensor products of Banach lattices and Banach spaces as can be found in [2]. We
show that if (Sn) is a filtration on a Banach lattice F and (Tn) is a filtration on a
Banach space X, then

∞⋃
n=1

R(Tn ⊗ Sn) =
∞⋃

n=1

R(Tn) ⊗̃M

∞⋃
n=1

R(Sn).

This yields a distributive property for the space of convergent martingales on the
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M -tensor product of X and F. We consider the continuous dual of the space of mar-
tingales and apply our results to characterize dual Banach spaces with the Radon-
Nikodým property.

We use standard notation and terminology as can be found in standard works on
Riesz spaces, Banach spaces and vector-valued Lp-spaces (see [4, 23, 29, 31]). How-
ever, for the convenience of the reader, notation and terminology used are included
in the Appendix at the end of this work. We hope that this will enhance the pace
of readability for those familiar with these standard notions.



Chapter 2

Martingales on Riesz Spaces

Traditionaly martingale theory has been developed on L1(Ω,F , P ), where (Ω,F , P )
is some probability space. We use the fact that L1(Ω,F , P ) is a Riesz space to
develop martingale theory for Riesz spaces in general. Before we do this, it is
necessary to remind ourselves of some basic classical martingale notions.

2.1 Classical Martingale Notions

For the following definitions, (Ω,F , P ) is a probability space.

Definition 2.1 An increasing sequence of σ-algebras is called a filtration.

Definition 2.2 A Σ-measurable function E[f |Σ], defined for a random variable
f ∈ L1(Ω,F , P ) and a sub-σ-algebra Σ is called a conditional expectation if∫

A

E[f |Σ] dP =

∫
A

f dP, for each A ∈ Σ.

Definition 2.3 A conditional expectation with respect to the trivial σ-algebra

{φ,Ω} is called an expectation and is given by E(f) =
(∫

Ω
f dP

)
, where f ∈

L1(Ω,F , P ).

Remark: Since E is a positive order continuous linear functional on L1(Ω,F , P ),
it follows that T, defined by T(f) = E(f)1 = (E ⊗ 1)f for each f ∈ L1(Ω,F , P )
(where 1 denotes the constant 1 function), defines an order continuous operator on
L1(Ω,F , P ). This prompts the definition for expectation operators on a Riesz spaces
with weak order unit which will appear in the next section.

4



CHAPTER 2. MARTINGALES ON RIESZ SPACES 5

Definition 2.4 A pair (Xn,Bn), where (Xn) ⊆ L1(Ω,F , P ) and (Bn) is a filtration
with Xn Bn-measureable for each n ∈ N is called a (sub,super)-martingale if

E(Xn|Bn)(≥,≤) = Xn, for each n ∈ N.

2.2 Martingale Theory on Riesz Spaces with weak

order units

We now look to generalize the above definitions and develop further martingale
theory in the abstract Riesz space setting. From [6], we see that conditional ex-
pectations in the classical setting are the only positive contractive projections on
L1(Ω,F , P ) and thus it is natural in our new setting to replace conditional expec-
tations with positive contractive projections.

In [16, Chapters 1-2] these concepts were generalized to Riesz spaces with weak
order units and we take a look at how it was done in that context. Thus, we now
move on to consider martingales on Riesz spaces with weak order unit as can be
found in [16, 19]. However, for reasons which will later become clear, we change the
terminology used in [16, 19].

The notion of ”filtration” in this setting is motivated by the properties of a condi-
tional expectation in the classical setting of measure spaces.

Definition 2.5 Let T be a positive order continuous projection on a Riesz space
E with weak order unit such that the range, R(T ), is a Dedekind complete Riesz
subspace of E. If T maps weak order units to weak order units in E, then we call
T an RS-wou-conditional expectation.

It is known that the condition that T maps weak order units to weak order units is
equivalent to the existence of a weak order unit e in E for which Te = e (see [18]).

Definition 2.6 A family of RS-wou-expectations (Tn)n∈N defined on a Riesz space
E, for which

TnTm = TmTn = Tn, for each m ≥ n,

is called an RS-wou-filtration on E with respect to (Tn).

Thus an RS-wou-filtration is a commuting family of RS-wou-conditional expecta-
tions with increasing ranges, i.e. R(Tn) ↑n .

Definition 2.7 The pair (fn, Tn)n∈N on a Riesz space E, where fn ∈ R(Tn) for each
n ∈ N and (Tn) is an RS-wou-filtration is called a (sub, super)-martingale if

fn(≤,≥) = Tnfm, for each m ≥ n.
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We now look at the concept of an expectation operator on a Riesz space with weak
order unit, which is a special case of a conditional expectation, the definition of
which is motivated by our remarks at the end of the previous section (see also [28,
page 345]).

Definition 2.8 LetE be a Riesz space with weak order unit. An RS-wou-conditional
expectation operator onE with one-dimensional range is called an RS-wou-expectation.

Remark: Every RS-wou-expectation operator, T, on a Dedekind complete Riesz
space E is of the form T = ν∗⊗ e where ν∗(e) = 1, ν∗ is a positive order continuous
linear functional on E and e is a weak order unit of E invariant under T.

Definition 2.9 Let E be a Dedekind complete Riesz space with weak order unit,
(Tn)∞n=1 a RS-wou-filtration on E and T an expectation operator on E. (Tn) and T
are said to be compatible if TnT = T = TTn, for each n ∈ N. In this case, if we set
T0 = T, we have that (Tn)∞n=0 is again a RS-wou-filtration on E.

The existence of an expectation operator on E compatible with a given filtration
imposes an additional constraint on the space E as shown in the following proposi-
tion.

Proposition 2.10 Let E be a Dedekind complete Riesz space with weak order unit
and (Tn) an RS-wou-filtration on E. There exists an expectation operator on E com-
patible with (Tn) if and only if the set of positive order continuous linear functionals
on E has a non-zero element.

Proof: If there exists an expectation operator, T, on E then T = ν∗ ⊗ e where ν∗

is a non-zero positive order continuous linear functional on E and e is a weak order
unit (since ν∗(e) = 1).

Conversely, let (Tn) be a filtration and e a weak order unit invariant under Tn for
each n ∈ N. If there is a positive order continuous linear functional, ν∗, on E then
ν∗(e) = α > 0. Setting µ∗(f) = α−1ν∗(T1f), we obtain that Tf := µ∗(f)e is an
expectation operator that commutes with Tn for each n ∈ N. In particular

TTnf = µ∗(Tnf) = α−1ν∗(T1Tnf)e = α−1ν∗(T1f)e = µ∗(f)e = Tf

and TnTf = µ∗(f)Tne = µ∗(f)e = Tf.

Let E be a Dedekind complete Riesz space with weak order unit, (Tn) a filtration on
E and T an expectation operator compatible with (Tn). Then T has representation
T = ν∗ ⊗ e where ν∗ is a positive order continuous linear functional on E and e a
weak order unit of E invariant under T and Tn for each n ∈ N.
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2.3 Martingale Convergence on Riesz Spaces with

weak order units

We now consider some convergence results for martingales on Riesz spaces with weak
order units, as can be found in [16, 18], which require the following preliminaries.

Lemma 2.11 Let E be an Archimedean Riesz space with weak order unit e. Let
0 < f ∈ E and 0 < K < 1, K ∈ R. Then there exists 0 < q ∈ R with

(qe− f)+ ∧ (f −Kqe)+ > 0.

Proof: Let P1 denote the band projection onto the band generated by f , Bf 6= {0}.
Then P1e is a weak order unit for Bf and as such f ∧ nP1e ↑n f . Hence there exists
n ∈ N with (nP1e − f)+ > 0 (in fact, this inequality will hold for all sufficiently
large n).

Let P2 be the band projection onto the band B2 = B(nP1e−f)+ 6= 0. Then, as
P2P1 = P2 and f is a weak order unit for Bf ⊇ B2, it follows that

0 < P2f < nP2e. (2.1)

Now suppose the lemma is false. Then

P(f−Kqe)+ − P(f−qe)+ = 0, for each q > 0.

In particular

P(P2f−Kj+1nP2e)+ − P(P2f−KjnP2e)+ = 0, for j = 0, 1, 2, .... (2.2)

Summing the equations in (2.2) for j = 0, ..., J − 1 and observing from (2.1) that
(P2f − nP2e)

+ = 0, we get that

P(P2f−KJnP2e)+ = P(P2f−nP2e)+ = 0, for each J ∈ N.

Thus 0 ≤ P2f ≤ KJnP2e for each J ∈ N. But 0 < K < 1 so KJ → 0 as J → ∞,
which, from the Archimedean property, implies that P2f = 0, contradicting (2.1).

Lemma 2.12 Let m,M ∈ E with M > m where E is a Dedekind complete Riesz
space with weak order unit e. Then there exists s < t such that

(M − te)+ ∧ (se−m)+ > 0.
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Proof: As M −m > 0, by Lemma (2.11), there exists q > 0 such that,

P1 = P(M−m−5qe)+ − P(M−m−7qe)+ 6= 0,

i.e. P1e 6= 0. We now restrict attention to the band R(P1) where we have P1(M −
m− 5qe) ≥ 0, and P1(M −m− 7qe) ≤ 0. This gives

P1m+ 5qP1e ≤ P1M ≤ P1m+ 7qP1e. (2.3)

Applying Lemma (2.11) again, we obtain that there exists r ∈ R such that

P2 = P(P1M−(r−q)P1e)+ − P(P1M−(r+q)P1e)+ 6= 0

and thus

P2[(P1M − (r − q)P1e)
+] ≥ 0 ≥ P2[(P1M − (r + q)P1e)

+].

As P1P2 = P2P1 = P2, we have

(r + q)P2e ≥ P2M ≥ (r − q)P2e (2.4)

and from (2.3) we see that P2m+ 5qP2e ≤ P2M. Thus

P2m ≤ P2M − 5qP2e ≤ (r − 4q)P2e. (2.5)

Let t = r − 2q and s = r − 3q, then from (2.4) we have P2M − tP2e ≥ qP2e and
from (2.5) we get sP2e− P2m ≥ qP2e. Combining the above formulae, we obtain

(M − te)+ ∧ (se−m)+ ≥ qP2e > 0,

from which the lemma follows.

Lemma 2.13 Let E be a Dedekind complete Riesz space with weak order unit and
T a strictly positive RS-wou-conditional expectation on E. If g ∈ R(T )+ such that
T |f | ≤ g then f ∈ Bg (the band generated by g).

Proof: Let P denote the band projection onto Bg, then, by [17, Lemma 3.1], T
and P commute, as g ∈ R(T ). Applying I − P to 0 ≤ T |f | ≤ g and using the
commutation of P and T gives

0 ≤ (I − P )T |f | = T (I − P )|f | ≤ (I − P )g.

The strict positivity of T now enables us to conclude that (I − P )|f | = 0.

The notion of a ”stopping time” in the classical setting has been extended in [19] to
the Riesz space setting:



CHAPTER 2. MARTINGALES ON RIESZ SPACES 9

Definition 2.14 Let (Ti) be a RS-wou-filtration on a Riesz space E with weak order
unit. A stopping time adapted to (Ti) is an increasing sequence P = (Pi) such that
each Pi is a band projections on E satisfying

TjPi = PiTj, for each i ≤ j, (2.6)

where we define P0 = 0. The stopping time (Pi) is bounded if there exists N so that
Pn = I for all n ≥ N .

Let P and S be stopping times adapted to the RS-wou-filtration (Ti). We say S ≤ P
if Pi ≤ Si for each i ∈ N.

Definition 2.15 Let E be a Riesz space with weak order unit and let P = (Pi)
be a bounded stopping time adapted to the filtration (Ti). For each (fi) ⊂ E with
fi ∈ R(Ti) for all i ∈ N, we define the stopped process (fP , TP ) by

fP =
∑

i

(Pi − Pi−1)fi, (2.7)

TPf =
∑

i

(Pi − Pi−1)Tif, f ∈ E. (2.8)

We recall the following result from [19], which will be used in the proof of the
Upcrossing theorem below:

Theorem 2.16 Hunt’s Optional Stopping Theorem ([19, Theorem 5.5])
Let E be a Riesz space with weak order unit, (fn, Tn)i∈N a RS-wou-(sub, super)
martingale on E, then (fP , TP ) is a (sub, super) martingale over the family of all
stopping times adapted to the filtration (TP ) and indexed by the partially ordered set
of all bounded stopping times adapted to (Tn).

The following result is taken from [16]:

Theorem 2.17 Upcrossing Theorem
Let (fn, Tn) be a RS-wou-sub (super) martingale in a Riesz space E with weak order
unit and let g, f ∈ R(T1) with g ≤ f . Define the upcrossing yield of (fn, Tn) across
the order interval [g, f ] to be

YN(g, f) =
N∑

n=1

Qn
N(f − g)
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where Sj
0 = 0 = Qj

0, S
1
i = P i∨

n=1
(g−fn)+

and

Qj
i =

i∑
m=2

P i∨
n=m

(fn−f)+
(Sj

m−1 − Sj
m−2)

Sj+1
i =

i∑
m=2

P i∨
n=m

(g−fn)+
(Qj

m−1 −Qj
m−2).

Then T1YN(g, f) ≤ T1(fN − g)+ (resp. T1(fN − f)−).

Proof: Let N ∈ N be fixed through out the proof. Let hi = (fi− g)+, then (hi, Ti)
is a sub martingale and as Sn+1 ≥ Qn we have that Sn+1 ∧N ≥ Qn ∧N . Thus from
Theorem (2.16), hQn∧N ≤ TQn∧N(hSn+1∧N). Consequently 0 ≤ TQn∧N(hSn+1∧N −
hQn∧N), and as T1TQn∧N = T1 we have that 0 ≤ T1(hSn+1∧N − hQn∧N). Thus

T1

[
N∑

n=1

[hQn∧N − hSn∧N ]

]
= T1[hQN∧N − hS1∧N ] +

N−1∑
n=1

T1[hQn∧N − hSn+1∧N ]

≤ T1[hQN∧N − hS1∧N ]. (2.9)

Direct calculation shows that (QN ∧N)i =

{
I, i ≥ N
0, i ≤ N − 1

and hence the stopped

process hQN∧N = hN . Also hS1∧N ≥ 0, thus (2.9) can be refined to

T1

[
N∑

n=1

[hQn∧N − hSn∧N ]

]
≤ T1hN . (2.10)

From the definition of Sn
i and the facts that for fixed n, Qn

i is an increasing family
of positive projections,

Sn
i+1 − Sn

i = P(fi+1−g)−(Qn
i −Qn

i−1) +
i∑

j=2

[
P∨i+1

k=j(fk−g)− − P∨i
k=j(fk−g)−

]
(Qn

j−1 −Qn
j−2)

≤ P(fi+1−g)− .

Thus as hi+1 ≥ 0 and Sn
i+1 ≥ Sn

i , we have

0 ≤ (Sn
i+1 − Sn

i )hi+1 ≤ P(fi+1−g)−hi+1

and the definition of hi+1 gives 0 = P(fi+1−g)−(fi+1 − g)+ = P(fi+1−g)−hi+1. Hence

(Sn
i+1 − Sn

i )hi+1 = 0. (2.11)
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Proceeding in a similar manner we obtain that 0 ≤ Qn
i+1 − Qn

i ≤ P(fi+1−f)+ which
when applied to (fi+1 − f)− gives

0 ≤ (Qn
i+1 −Qn

i )(fi+1 − f)− ≤ P(fi+1−f)+(fi+1 − f)− = 0

and thus proving that

0 = (Qn
i+1 −Qn

i )(fi+1 − f)−. (2.12)

As a consequence of (2.12),

0 ≤ (Qn
i+1 −Qn

i )(fi+1 − f)+ = (Qn
i+1 −Qn

i )(fi+1 − f)

from which it follows that (Qn
i+1−Qn

i )(f−g) ≤ (Qn
i+1−Qn

i )(fi+1−g). This inequality
along with 0 ≤ (Qn

i+1 −Qn
i )(fi+1 − g)− yields

(Qn
i+1 −Qn

i )hi+1 ≥ (Qn
i+1 −Qn

i )(f − g). (2.13)

Combining (2.11) and (2.13) yields

[(Qn
i+1 −Qn

i )− (Sn
i+1 − Sn

i )]hi+1 ≥ (Qn
i+1 −Qn

i )(f − g). (2.14)

Summing over i = 0, ..., N − 1 in (2.14) gives

N∑
i=1

[(Qn
i −Qn

i−1)− (Sn
i − Sn

i−1)]hi ≥ Qn
N(f − g)

as Qn
0 = 0 = Sn

0 . Adding [(I −Qn
N)− (I − Sn

N)]hN = (Sn
N −Qn

N)hN to both sides of
the above equation we have

hQn∧N − hSn∧N ≥ (Sn
N −Qn

N)hN +Qn
N(f − g),

which when summed over n = 1, ..., N yields

N∑
n=1

[hQn∧N − hSn∧N ] +

[
N∑

n=1

(Qn
N − Sn

N)

]
hN ≥ YN(g, f). (2.15)

Now as Qn
N = 0 for n = 0, ..., N and as Sn

NhN ≥ 0 we can deduce from (2.15) that

N∑
n=1

[hQn∧N − hSn∧N ] ≥ YN(g, f). (2.16)

Applying T1 to (2.16) and using (2.10) we have T1hN ≥ T1YN(g, f).

We now take a brief look at some aspects of order convergence on Riesz spaces.
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Let E be a Dedekind complete Riesz space and (fn) an order bounded sequence in
E. If um = sup{fm, fm+1, ...}, then um exists in E by the Dedekind completeness
of E and the fact that (fn) is order bounded. Furthermore, (um) is a decreasing
sequence which is order bounded below and hence inf um = inf

m
sup{fm, fm+1, ...}

exists and will be denoted by lim sup fm. Similarly, if lm = inf{fm, fm+1, ...}, we
denote sup lm = sup

m
inf{fm, fm+1, ...} by lim inf fn. Hence the existence of lim sup fn

and lim inf fn is equivalent to requiring that (fn) be order bounded. From [24,
Proposition 1.1.10], (fn) is order convergent if and only if lim sup fn = lim inf fn.
It is thus meaningless to consider the concept of order convergence for sequences
which are not order bounded.

Lemma 2.18 Local Convergence
Let (fn, Tn) be a RS-wou-sub(super)-martingale in a Dedekind complete Riesz space
E with weak order unit and in which the operators Tn are strictly positive for each
n ∈ N. If there exists g ∈ E+ such that T1|fn| ≤ g for each n ∈ N, then, for each
K ∈ N, (Ke∧ fn ∨ (−Ke)) is order convergent and the order limit LK ∈ E is given
by

lim sup
n

(Ke ∧ fn ∨ (−Ke)) = LK = lim inf
n

(Ke ∧ fn ∨ (−Ke)).

Proof: Let K ∈ N then

Ke ≥ lim sup
n

(Ke ∧ fn ∨ (−Ke)) ≥ lim inf
n

(Ke ∧ fn ∨ (−Ke)) ≥ −Ke.

We show that

lim sup
n

(Ke ∧ fn ∨ (−Ke)) = lim inf
n

(Ke ∧ fn ∨ (−Ke)).

Suppose this equality is false, then

M := lim sup(Ke ∧ fn ∨ (−Ke)) > lim inf(Ke ∧ fn ∨ (−Ke)) =: m.

By Lemma (2.12) there are s, t ∈ R with −K < s < t < K such that h :=
(M − te)+ ∧ (se−m)+ > 0.

Let Ph denote the band projection onto the band generated by h. Then the definition
of QN

m(e) in the upcrossing, along with the definitions of lim sup and lim inf gives
that

∨
n

QN
n (e) ≥ Ph(e), for all N ∈ N. Thus

HN :=
∨
n

[
(t− s)Ph(e) ∧

1

N
Yn(se, te)

]
= (t− s)Ph(e) > 0, for each N ∈ N.

From the upcrossing theorem, Theorem (2.17),

T1Yn(se, te) ≤ T1|fn| ≤ g.
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Now as

(t− s)Ph(e) ∧
1

N
Yn(se, te)

is an increasing sequence (with respect to n) bounded above by (t−s)Ph(e) it follows
that ∨

n

T1

(
(t− s)Ph(e) ∧

1

N
Yn(se, te)

)
= T1HN .

Thus

0 < (t− s)T1Ph(e) = T1HN =
∨
n

T1

(
(t− s)Ph(e) ∧

1

N
Yn(se, te)

)
≤ g

N

for each N ∈ N, which is not possible as E is an Archimedean Riesz space. Hence
proving that

Ke ≥ lim sup
n

(Ke ∧ fn ∨ (−Ke)) = lim inf
n

(Ke ∧ fn ∨ (−Ke)) ≥ −Ke

for each K ∈ N.

Using the above lemma, we get a martingale convergence theorem for order bounded
martingales, which is the main result of this section and can be found in [17].

Theorem 2.19 Bounded Martingale Convergence
Let (fn, Tn) be a RS-wou-sub(super)-martingale in a Dedekind complete Riesz space
E with weak order unit and in which the operators Tn are strictly positive for each
n ∈ N. If there exists g ∈ E+ such that |fn| ≤ g for each n ∈ N, then (fn) is order
convergent and the order limit f∞ ∈ E is given by

lim sup fn = f∞ = lim inf fn.

Proof: By Lemma (2.18) we have that for each K ∈ N, (Ke∧fn∨ (−Ke)) is order
convergent and the order limit LK ∈ E is given by

lim sup
n

(Ke ∧ fn ∨ (−Ke)) = LK = lim inf
n

(Ke ∧ fn ∨ (−Ke)).

It should be noted that |LK | is an increasing sequence in E. Observe that

|Ke ∧ fn ∨ (−Ke)| ≤ |fn| ≤ g

and hence |LK | ≤ g for each K ∈ N. Thus |LK | ↑ L ∈ E and in particular

lim
n

(|fn| ∧Ke) ≤ L for each K ∈ N.

Thus LS := lim sup fn and LI := lim inf fn exist. But from Lemma (2.18)

Ke∧LS∨(−Ke) = lim sup
n

(Ke∧fn∨(−Ke)) = lim inf
n

(Ke∧fn∨(−Ke)) = Ke∧LI∨(−Ke)

for each K ∈ N. By taking order limits and noting that the terms in the above
equation are bounded by ±g it follows that F S = F I .
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2.4 Special classes of Martingales on Riesz Spaces

In this section we consider classes of martingales which play a central role in this
dissertation.

With the exception of the definition of order on the space of martingales given below,
the material in this section, which is motivated by [16, Chapters 1-2] and [30], is
new.

Definition 2.20 A family of positive order continuous projections (Tn)n∈N defined
on a Riesz space E, for which

TnTm = TmTn = Tn, for each m ≥ n,

is called an order filtration.

Thus an order filtration is a commuting family of positive projections with increasing
ranges.

Definition 2.21 The pair (fn, Tn)n∈N on a Riesz space E, where fn ∈ R(Tn) for
each n ∈ N and (Tn) an order filtration, is called a (sub, super)-martingale if

fn(≤,≥) = Tnfm, for each m ≥ n.

Let E be a Riesz space and (Tn) an order filtration on E. Let M((Tn), E) denote
the set of all martingales (fn, Tn) on a Riesz space E. Define order on M((Tn), E)
by

(fn, Tn) ≤ (gn, Tn) ⇐⇒ fn ≤ gn for each n ∈ N
and vector operations by

(fn, Tn) + (gn, Tn) = (fn + gn, Tn) and λ(fn, Tn) = (λfn, Tn) for each λ ∈ R.

Let M+((Tn), E) denote the positive cone of M((Tn), E) with respect to the ordering
defined above.

It is easily verified that M((Tn), E) is an ordered vector space with respect to these
operations and order.

2.4.1 Regular Martingales on Riesz Spaces

Let E be a Riesz space and let (Tn) be an order filtration on E. Set

Mr((Tn), E) =
{

(fn, Tn) ∈M((Tn), E)
∣∣∣ ∃(gn, Tn) ∈M+((Tn), E), (fn, Tn) ≤ (gn, Tn)

}
.
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Elements of Mr((Tn), E) are referred to as regular martingales with respect to (Tn).

If E is Dedekind complete, then it is readily verified that a martingale (fn, Tn) is
regular if and only if it can be written as the difference of two positive martingales.

The following is the main result of this section and is based on [30, Theorem 13]:

Theorem 2.22 Let E be a Dedekind complete Riesz space and (Tn) an order fil-
tration on E. Then Mr((Tn), E) is a Dedekind complete Riesz space with lattice
operations given by

(fn, Tn)+ = (sup
m≥n

Tnf
+
m, Tn);

(fn, Tn)− = (sup
m≥n

Tnf
−
m, Tn);

(fn, Tn) ∨ (gn, Tn) = (sup
m≥n

Tn(fm ∨ gm), Tn); (2.17)

(fn, Tn) ∧ (gn, Tn) = (sup
m≥n

Tn(fm ∧ gm), Tn);

|(fn, Tn)| = (sup
m≥n

Tn|fm|, Tn).

Proof: Let (fn, Tn) and (gn, Tn) be two martingales in Mr((Tn), E). Then there
exist positive martingales (f̄n, Tn) and (ḡn, Tn) in E such that fn ≤ f̄n and gn ≤ ḡn

for each n ∈ N. Hence, for each fixed n ∈ N, the sequence (Tn(fm∨ gm))∞m=n is order
bounded, because

fn ∨ gn ≤ Tn(fm ∨ gm) ≤ f̄n + ḡn for each m ≥ n

and increasing, since

Tn(fm ∨ gm) = Tn(Tmfm+1 ∨ Tmgm+1) ≤ TnTm(fm+1 ∨ gm+1) = Tn(fm+1 ∨ gm+1),

whenever m ≥ n. Since E is Dedekind complete, the sequence has a supremum. Let

hn := sup{Tn(fm ∨ gm) | m ≥ n} for each n ∈ N.

By the order continuity of Tn for each n ∈ N, we have for any k ≤ n that Tkhn =
sup{TkTn(fm ∨ gm) | m ≥ n} = hk. Thus (hn, Tn) is a martingale. Furthermore,
(hn, Tn) is a regular martingale, because (hn, Tn) ≤ (f̄n + ḡn, Tn) and (f̄n + ḡn, Tn)
is a positive martingale.

To conclude that (hn, Tn) = (fn, Tn)∨ (gn, Tn), let (zn, Tn) be a martingale for which
(zn, Tn) ≥ (fn, Tn) and (zn, Tn) ≥ (gn, Tn). Then zn ≥ fn ∨ gn for each n ∈ N. Thus,
it follows from zn = Tnzm ≥ Tn(fm ∨ gm) for each m ≥ n, that zn ≥ hn for each
n ∈ N; i.e., (zn, Tn) ≥ (hn, Tn).
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Thus Mr((Tn), E) is a Riesz space. The other formulas in (2.18) follow using stan-
dard formulas (see [31, Theorem 5.2]).

We still need to verify that Mr((Tn), E) is Dedekind complete.

To this end let (f
(α)
n , Tn) be an increasing family (in (α)) of positive elements from

Mr((Tn), E) bounded above by (fn, Tn) ∈ M((Tn), E). Then f
(α)
n ↑(α) ≤ fn and

by the Dedekind completeness of E, there exists gn ∈ E+, for which f
(α)
n ↑(α) gn.

Then gn = Tngm for each m ≥ n, as f
(α)
n = Tnf

(α)
m ↑(α) Tngm and f

(α)
n ↑(α) gn,

showing that (gn, Tn) is a martingale. Since (gn, Tn) ≤ (fn, Tn) ∈ M+((Tn), E), we
have (gn, Tn) ∈Mr((Tn), E), which completes the proof that M((Tn), E) is Dedekind
complete.

2.4.2 Order Bounded Martingales on Riesz Spaces

Let E be a Riesz space and let (Tn) be an order filtration on E. Set

Mob((Tn), E) =
{

(fn, Tn) ∈M((Tn), E)
∣∣∣ (fn) is order bounded in E

}
.

Elements of Mob((Tn), E) are referred to as order bounded martingales with respect
to (Tn).

Any order bounded martingale (fn, Tn) is regular, for if |fn| ≤ u for each n ∈ N,
then (un, Tn), where un = Tnu for each n ∈ N, is a positive martingale. Hence,
(fn, Tn) is regular.

2.4.3 Order Convergent and Generated Martingales

Let E be a Riesz space and (Tn) an order filtration on E. Set

Moc((Tn), E) =
{

(fn, Tn) ∈M((Tn), E)
∣∣∣ (fn) is order convergent in E

}
and

Mg((Tn), E) =
{

(fn, Tn) ∈M((Tn), E)
∣∣∣ ∃f ∈ E, fn = Tnf for each n ∈ N

}
.

Elements of Moc((Tn), E) are referred to as order convergent martingales and those
of Mg((Tn), E) are referred to as generated martingales with respect to (Tn).

Theorem 2.23 Let E be a Riesz space and (Tn) an order filtration. Then

Moc((Tn), E) ⊆Mob((Tn), E) ∩Mg((Tn), E) and Mg((Tn), E) ⊆Mr((Tn), E).
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Proof: Order convergent sequences are order bounded (see [24, Proposition 1.1.10]).
Hence, Moc((Tn), E) ⊆Mob((Tn), E).

To verify that Moc((Tn), E) ⊆ Mg((Tn), E), let (fn, Tn) ∈ Moc((Tn), E). If (fn, Tn)
converges in order to f∞, then, as Tn is order continuous, fn = Tnfm →m Tnf∞, for
m ≥ n, giving that fn = Tnf∞ for each n ∈ N.

If (fn, Tn) ∈Mg((Tn), E), then there exists f ∈ E such that (fn, Tn) = (Tnf, Tn). But
(Tnf, Tn) ≤ (Tnf

+, Tn) and the latter is a positive martingale. Thus Mg((Tn), E) ⊆
Mr((Tn), E).

In the special case where E is a Dedekind complete Riesz space with a weak order
unit, we get the following:

Theorem 2.24 Let E be a Dedekind complete Riesz space E with weak order unit
and (Tn) a RS-wou-filtration for which the operators Tn are strictly positive for each
n ∈ N. Then Moc((Tn), E) = Mob((Tn), E).

Proof: This is just a restatement Theorem 2.19.



Chapter 3

Martingales on Banach Lattices

3.1 Special Classes of Martingales on Banach Lat-

tices

In this section we consider classes of martingales on Banach spaces and Banach
lattices. We now give generalized definitions of ”filtrations” on Banach spaces and
Banach lattices (see [2, 30]). These definitions are motivated by the the type of
space at hand and the definitions of martingales in the classical setting of measure
spaces, the vector-valued space setting (see [4]) and the measure-free setting (see
[16, Chapters 1-2] and [2, 30]).

3.1.1 Norm Bounded Martingales

We recall from [4, Chapter 5, §1] some properties about martingales and convergence
of martingales in vector-valued Lp-spaces. These properties serve as motivation for
the discussion given below on filtrations and convergence of martingales defined on
Banach spaces.

Let X be a Banach space, (Ω,F , µ) a probability space and F1 a sub σ-algebra of
F . An element g ∈ L1(µ,X) is called the conditional expectation of f relative to F1

if g is F1-measurable and∫
A

gdµ =

∫
A

fdµ for all A ∈ F1.

In this case, g is denoted by E(f | F1).

Let (Fn) be an increasing sequence of sub-σ-algebras of F and let fn be Fn-
measurable for each n ∈ N. If E(fn+1|Fn) = fn for each n ∈ N, then (E(fn|Fn),Fn)
is a martingale.

18
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If f ∈ L1(µ,X), it is well known (and readily verified) that (E(f |Fn),Fn) is a
martingale. Moreover, if f ∈ Lp(µ,X), where 1 ≤ p < ∞, then the martingale
(E(f |Fn),Fn) converges to f in Bochner norm, denoted by ∆p. This follows by
noting that the martingale is ∆p-convergent to f in the case where f is a

⋃
n

Fn-

step function, because in this case, (E(fn|Fn),Fn) is eventually constant. Since the⋃
n

Fn-step functions are dense in Lp(µ,X) and ‖(E(|̇Fn)‖p ≤ 1 (as is well known),

(E(f |Fn),Fn) converges to f in Bochner norm for f ∈ Lp(µ,X).

These remarks motivate the material in this section. We believe these results to be
new.

Definition 3.1 A sequence of contractive projections Tn : X → X with increasing
ranges i.e. R(Tn) ⊆ R(Tm) for n ≤ m is called a Banach space filtration (BS-
filtration).

Definition 3.2 A pair (fn, Tn), where (Tn) is a BS-filtration and fn ∈ R(Tn) for
each n ∈ N, is called a martingale if Tnfm = fn for all m ≥ n.

Let X be a Banach space and let (Tn) be a BS-filtration on X. The map Θ from
M((Tn), X) to XN, defined by (fn, Tn) 7→ (fn), is a linear injection.

Recall from [3] that

`∞bdd(X) := {(xn) ∈ XN | xn ∈ X and sup
n
||xn||X <∞}

is a Banach space with respect to the norm

||(xn)||`∞bdd(X) = sup
n
||xn||X .

Define || · ||M on M((Tn), X) by

||(fn, Tn)||M = sup
n
||fn||X

and let

Mnb((Tn), X) = {(fn, Tn) ∈M((Tn), X) | ||(fn, Tn)||M <∞}.

Then the map (fn, Tn) 7→ (fn) is an isometry from Mnb((Tn), X) into `∞bdd(X) and
it is easily verified that Mnb((Tn), X) is norm complete.

Thus if X is a Banach space, Mnb((Tn), X) is itself a Banach space.
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Let In = idX for each n ∈ N, where idX denotes the identity map on X. Then (In)
is a filtration on X and

(fn, In) ∈Mnb((In), X) ⇐⇒ (fn) is a constant sequence in X.

If we define Ψ: X →Mnb((In), X) by

Ψ(f) = (fn, In), where f = fn for each n ∈ N,

then X is isometrically isomorphic to Mnb((In), X).

3.1.2 Norm Convergent Martingales on Banach Spaces

The results in this section we believe are new.

Let X be a Banach space and (Tn) a BS-filtration on X. Let Mnc((Tn), X) denote
the norm convergent martingales on X; i.e.,

Mnc((Tn), X) = {(fn, Tn) ∈Mnb((Tn), X) | (fn, Tn) is norm convergent}.

To characterize Mnc((Tn), X), the following result is used:

Lemma 3.3 Let X be a Banach space and (Tn) a BS-filtration on X. Then f ∈
∞⋃

n=1

R(Tn) if and only if Tnf → f in norm.

Proof: ⇐ : If Tnf → f in norm, then f ∈
∞⋃

n=1

R(Tn).

⇒ : If f ∈
∞⋃
i=1

R(Ti), select (yi) ⊆
⋃
R(Ti) such that yi → f in norm. Then, for

each i ∈ N, there exists ji such that yi ∈ R(Tji
); moreover, since R(Ti) ↑, the ji

may be chosen such that ji < ji+1. Define the sequence (zi) by

zi = 0 for i = 1, 2 . . . , j1 − 1 and zi = yk for i = jk, jk + 1, · · · , j(k+1) − 1,

for each k ∈ N. Then zi → f in norm and zi ∈ R(Ti) for each i ∈ N. Furthermore,
Tjzi = zi for all i ≤ j, since Tj is a projection and R(Ti) ↑i . It follows from

‖Tjf − f‖ ≤ ‖Tjf − Tjzi‖+ ‖Tjzi − f‖ ≤ ‖f − zi‖+ ‖zi − f‖ for j ≥ i

that Tjf → f in norm.

Lemma 3.4 Let X be a Banach space and (Tn) a BS-filtration on X. If (fn, Tn) is
a martingale on X, then the following statements are equivalent:
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(i) (fn, Tn) ∈Mnc((Tn), X).

(ii) There exists f ∈ X such that fn = Tnf for each n ∈ N and Tnf → f.

(iii) There exists f ∈
∞⋃

n=1

R(Tn) such that fn = Tnf for each n ∈ N.

Proof: (i)⇒(ii) Let (fn, Tn) ∈ Mnc((Tn), X). Then there exists f ∈ X such
that fn → f. But then, for each m ≤ n, fm = Tmfn →n Tmf, from which we get
that fn = Tnf for each n ∈ N and Tnf → f.

(ii)⇒(i) This implication is trivial.

(ii)⇔(iii) This follows from Lemma 3.3.

We now prove one of our main results of this subsection:

Proposition 3.5 Let X be a Banach space and let (Tn) be a BS-filtration on X.

Then L : Mnc((Tn), X) →
∞⋃

n=1

R(Tn) defined by L((fn, Tn)) = lim
n
fn, is a surjective

isometry.

Proof: It follows easily that L is well defined and linear. To see that L is a

surjection, let f ∈
∞⋃

n=1

R(Tn). Then Tnf → f in norm and (Tnf, Tn) is a BS-

martingale on X such that L((Tnf, Tn)) = f.

Also, L is injective, because if f = g ∈
∞⋃

n=1

R(Tn) then fn → f, gn → g and

(Tnf, Tn) = (Tng, Tn).

Furthermore,

||L|| = sup{||L(fn, Tn)||X | ||(fn, Tn)||M ≤ 1} ≤ 1.

and

||L−1|| = sup{||L−1f ||M | ||f ||X ≤ 1} = sup{sup
n
||Tnf ||M | ||f ||X ≤ 1} ≤ 1.

The following corollary is easily verified, since (In) is a filtration on X:

Corollary 3.6 Let X be a Banach Space and P a property on X which is inherited
by closed subspaces. Then the following are equivalent:
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(i) X has property P ;

(ii) Mnc((Tn), X) has property P for every BS-filtration (Tn).

Corollary 3.7 Let (Tn) be a BS-filtration on a Banach space X. Then
∞⋃

n=1

R(Tn) =

X if and only if Γ: Mnc((Tn), X) → Mnb((In), X), defined by Γ
(
(Tnf, Tn)

)
=

(fn, In), where fn = f and In = idX for each n ∈ N, is a surjective isometric
isomorphism.

Proof: Suppose
∞⋃

n=1

R(Tn) = X. Then, with the notation as above, the compo-

sition of the isometric isomorphisms L : Mnc((Tn), X) →
∞⋃

n=1

R(Tn) and Ψ: X →

Mnc((Tn), X) gives the required isometric isomorphism Γ between Mnc((Tn), X)
and Mnb((In), X).

Conversely, by their respective definitions, it is readily verified that Ψ−1 ◦ Γ ◦ L−1

is the inclusion map J :
∞⋃

n=1

R(Tn) ↪→ X. It suffices to show that Ψ−1 ◦ Γ ◦ L−1 is

surjective. Let f ∈ X, then

f = Ψ−1
(
(f, idX)

)
= (Ψ−1 ◦ Γ)

(
(Tnf, Tn)

)
.

Since L
(
(Tnf, Tn)

)
= f ∈

∞⋃
n=1

R(Tn), it follows that f = (Ψ−1 ◦ Γ ◦ L−1)(f) with

f ∈
∞⋃

n=1

R(Tn). Hence,
∞⋃

n=1

R(Tn) = X.

3.1.3 Norm Convergent Martingales on Banach Lattices

The ideas in this section are based on [30], but we believe that the results presented
are new.

We consider Banach lattices and positive filtrations.

Definition 3.8 Let E be a Banach lattice. A BS-filtration (Tn) on E for which
Tn ≥ 0 for each n ∈ N is called a positive filtration on E.

The term ”filtration” is used in [30] by Troitski for what we call a ”positive filtra-
tion”.

The following is the main result of this subsection:
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Proposition 3.9 Let E be a Banach lattice and (Tn) a positive filtration on E

for which
∞⋃

n=1

R(Tn) is a closed Riesz subspace of E. Then L : Mnc((Tn), E) →
∞⋃

n=1

R(Tn) defined by L((fn, Tn)) = lim
n
fn is a surjective isometry for which L ≥ 0

and L−1 ≥ 0. Consequently, L : Mnc((Tn), E) →
∞⋃

n=1

R(Tn) is a surjective Riesz

isometry.

Proof: It was shown above that L is a surjective isometry. To see that L is positive
is trivial, because if (fn, Tn) ≥ 0, then fn ≥ 0 for each n ∈ N and lim

n
fn ≥ 0.

Similarly, L−1 is positive, because if 0 ≤ f ∈
∞⋃

n=1

R(Tn) then Tnf ≥ 0 for each

n ∈ N; hence, L−1(f) = ((Tnf, Tn)) ≥ 0.

Now, recalling that every convergent martingale is generated (by its limit), i.e.

Mnc((Tn), E) =
{
(fn, Tn) ∈Mnb((Tn), E) | ∃f ∈ E , fn = Tnf → f

}
we have the following result:

Corollary 3.10 Let E be a Banach lattice and (Tn) a positive filtration on E for

which
∞⋃

n=1

R(Tn) is a closed Riesz subspace of E. Then Mnc((Tn), E) is a Banach

lattice in which the following formulas hold:

( lim
m→∞

Tnfm, Tn)+ = ( lim
m→∞

Tnf
+
m, Tn);

( lim
m→∞

Tnfm, Tn)− = ( lim
m→∞

Tnf
−
m, Tn);

( lim
m→∞

Tnfm, Tn) ∨ ( lim
m→∞

Tngm, Tn) = ( lim
m→∞

Tn(fm ∨ gm), Tn); (3.1)

( lim
m→∞

Tnfm, Tn) ∧ ( lim
m→∞

Tngm, Tn) = ( lim
m→∞

Tn(fm ∧ gm), Tn);

|( lim
m→∞

Tnfm, Tn

)
| = ( lim

m→∞
Tn|fm|, Tn).

Proof: Since
∞⋃

n=1

R(Tn) is a Riesz space, it follows thatMnc((Tn), E) is also a Riesz

space. Indeed, for f, g ∈ Mnc((Tn), E), it is readily verified that L−1(L(f) ∨ L(g))
is the least upper bound in Mnc((Tn), E) of {f, g}.

Thus, by the preceding theorem, L is a surjective Riesz isometry.

Since || · ||E is a Riesz norm, || · ||M is also a Riesz norm. Furthermore, since
∞⋃

n=1

R(Tn) is a Banach lattice, Mnc((Tn), E) is a Banach lattice.
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The formulas are easy to prove. Since L is a bijective Riesz homomorphism, it
follows from L(Tn|f |, Tn) = |f | = |L(Tnf, Tn)| that

(Tn|f |, Tn) = L−1(L(Tn|f |, Tn)) = L−1(|L(Tnf, Tn)|) = |(L−1(L(Tnf, Tn))| = |(Tnf, Tn)|.

The other formules follow in a similar manner.

We get the following order analogues of Corollaries 3.6 and 3.7:

Corollary 3.11 Let E be a Banach lattice and P a property on E which is inherited
by closed Riesz subspaces. Then the following are equivalent:

(i) E has property P ;

(ii) Mnc((Tn), E) has property P for every positive filtration (Tn) for which
∞⋃

n=1

R(Tn)

is a closed Riesz subspace of E.

Proof: The first implication is trivial. We have already seen that there exists a

surjective Riesz isometry between
∞⋃

n=1

R(Tn) and Mnc((Tn), E). Now taking fn = f

and Tn = idE for each n ∈ N, we get the reverse implication.

Corollary 3.12 Let E be a Banach lattice. Then:

(i) E is order continuous if and only if Mnc((Tn), E) is order continuous for every

positive filtration (Tn) for which
∞⋃

n=1

R(Tn) is a closed Riesz subspace on E.

(ii) E is a KB-space if and only if Mnc((Tn), E) is a KB-space for every positive

filtration (Tn) for which
∞⋃

n=1

R(Tn) is a closed Riesz subspace of E.

(iii) E is an AL-space if and only if Mnc((Tn), E) is an AL-space for every positive

filtration (Tn) for which
∞⋃

n=1

R(Tn) is a closed Riesz subspace of E.

(iv) E has the RNP if and only if Mnc((Tn), E) also has the RNP for every positive

filtration (Tn) for which
∞⋃

n=1

R(Tn) is a closed Riesz subspace of E.

Proof: For the first three properties, it is well known that they are inherited by
closed Riesz subspaces. For the last property see [24, Corollory 5.4.8].
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Corollary 3.13 Let (Tn) be a positive filtration on a Banach lattice E. Then
∞⋃

n=1

R(Tn) =

E if and only if Γ: Mnc((Tn), E) → Mnb((In), E), defined by Γ
(
(Tnf, Tn)

)
=

(fn, In), where fn = f and In = idX for each n ∈ N, is a Riesz and surjective
isometric isomorphism.

Troitski considers positive filtrations (Tn) on a Banach lattice E, in [30], for which
∞⋃

n=1

R(Tn) = E. Such filtrations are called dense filtrations in [30]. Corollary 3.13

shows that such filtrations give rise to very simple convergent martingales.

3.1.4 Regular Martingales on Order Continuous Banach Lat-
tices

Let (Tn) be a positive filtration on a Banach lattice E. We now consider the space

Mr((Tn), E) = {(fn, Tn) ∈Mnb((Tn), E) | ∃(gn, Tn) ∈M+((Tn), E), fn ≤ gn ∀ n ∈ N},

the elements of which are called regular norm bounded martingales.

Proposition 3.14 Let (Tn) be a positive filtration on a Banach lattice E for which
∞⋃

n=1

R(Tn) is a closed Riesz subspace of E. Then

Mnc((Tn), E) ⊆Mr((Tn), E).

Proof: Since Mnc((Tn), E) is a Riesz space, each of its element can be written as
the difference of its positive and negative parts.

We now prove the main result of this section, noted by Troitsky in [30, Theorem
13].

Theorem 3.15 Let E be a Banach lattice with order continuous norm and (Tn) a
positive filtration on E. Then Mr((Tn), E) is a Dedekind complete Banach lattice
with lattice operations given by

(fn, Tn)+ = ( lim
m→∞

Tnf
+
m, Tn);

(fn, Tn)− = ( lim
m→∞

Tnf
−
m, Tn);

(fn, Tn) ∨ (gn, Tn) = ( lim
m→∞

Tn(fm ∨ gm), Tn); (3.2)

(fn, Tn) ∧ (gn, Tn) = ( lim
m→∞

Tn(fm ∧ gm), Tn);

|(fn, Tn)| = ( lim
m→∞

Tn|fm|, Tn).
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Proof: Let (fn, Tn) and (gn, Tn) be two martingales in Mr((Tn), E). By the order
continuity of the norm of E, it follows that Tn is order continuous for each n ∈ N.
Then, by Theorem (2.22),

(fn, Tn) ∨ (gn, Tn) = (sup
m≥n

Tn(fm ∨ gm), Tn) := (hn, Tn) ∈Mr((Tn), E).

Since
||Tn(fm ∨ gm)|| ≤ ||fm ∨ gm|| ≤ || |fm|+ |gm| || ≤ ||fm||+ ||gm||,

we have

sup
m
||Tn(fm ∨ gm)|| ≤ sup

m

[
||fm||+ ||gm||

]
≤ sup

m
||fm||+ sup

m
||gm||.

But Tn(fm ∨ gm) ↑m and E has order continuous norm, so that

‖hn‖ = sup
m≥n

‖Tn(fn ∨ gn)‖ = lim
m→∞

‖Tn(fn ∨ gn)‖.

Hence

||(hn, Tn)|| = sup
n
||hn|| = sup

n
sup
m≥n

||Tn(fm ∨ gm)|| ≤ ||(fn, Tn)||+ ||(gn, Tn)||;

i.e., (hn, Tn) is norm bounded.

Thus Mr((Tn), E) is a Riesz space.

To verify that Mr((Tn), E) is Dedekind complete, is easy. Let

(0, Tn) ≤ (f (α)
n , Tn) ↑(α) ≤ (fn, Tn) in Mr((Tn), E).

By Theorem 2.22, sup
α

(f
(α)
n , Tn) = (sup

α
f

(α)
n , Tn) ∈Mr((Tn), E). Since (sup

α
f

(α)
n , Tn) ≤

(fn, Tn) and the latter is norm bounded, so is the former. Thus sup
α

(f
(α)
n , Tn) ∈

Mr((Tn), E).

To show that || |(fn, Tn)| || = ||(fn, Tn)|| for every (fn, Tn) ∈ Mr((Tn), E), i.e. to
show that the norm on Mr((Tn), E) is indeed a lattice norm, we note that since
Tn|fm| ↑m≥n for n ∈ N fixed and since E has order continuous norm, it follows that

|| |(fn, Tn)| || = ||(sup
m≥n

Tn|fm|, Tn)|| = sup
n

sup
m≥n

||Tn|fm| || ≤ sup
n
||fn||.

On the other hand, for m ≥ n, |fn| ≤ |Tnfm| ≤ Tn|fm| ≤ sup
m≥n

Tn|fn|, from which we

get
|| |(fn, Tn)| || ≥ || sup

m≥n
(Tn|fn|, Tn)|| ≥ ||(|fn|, Tn)|| = sup

n
||fn||,
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i.e.,
|| |(fn, Tn)| || = ||(fn, Tn)||.

It is left only to show that Mr((Tn), E) is a Banach space. It suffices to prove

that Mr((Tn), E) is a closed subspace of Mnb((Tn), E). Suppose that (f
(k)
n , Tn) is a

sequence of regular martingales in k which converges in norm to some (f
(∞)
n , Tn) ∈

Mnb((Tn), E). We need to show that (fn, Tn) is regular. Without loss of generality

we can assume that ||(f (k+1)
n , Tn)− (f

(k)
n , Tn)|| < 2−k for each k. Since (f

(k+1)
n , Tn)−

(f
(k)
n , Tn) is also regular, its modulus exists and

|| |(f (k+1)
n , Tn)− (f (k)

n , Tn)| || = ||(f (k+1)
n , Tn)− (f (k)

n , Tn)|| < 2−k,

so that the series
∞∑

k=1

|(f (k+1)
n , Tn)− (f

(k)
n , Tn)| converges in Mnb((Tn), E). If we set

(gn, Tn) =
∞∑

k=1

|(f (k+1)
n , Tn)− (f

(k)
n , Tn)| then it is clear that (gn, Tn) ≥ 0. Now

(f (m)
n , Tn) = (f (1)

n , Tn) +
m−1∑
k=1

((f (k+1)
n , Tn)− (f (k)

n , Tn))

≤ (f (1)
n , Tn) +

m−1∑
k=1

|((f (k+1)
n , Tn)− (f (k)

n , Tn))|

≤ |(f (1)
n , Tn)|+ (gn, Tn).

It follows that (f
(∞)
n , Tn) ≤ |(f (1)

n , Tn)|+ (gn, Tn).

Corollary 3.16 Let E be a Banach lattice with order continuous norm and (Tn) a

positive filtration on E such that
∞⋃

n=1

R(Tn) is a closed Riesz subspace of E. Then

Mnc((Tn), E) is an ideal in Mr((Tn), E).

Proof: It is clear from Theorems 3.15 and 3.10 that Mnc((Tn), E) is a Riesz sub-
space of Mr((Tn), E). If |(fn, Tn)| ≤ |(gn, Tn)|, where (fn, Tn) ∈ Mnb((Tn), E) and
(gn, Tn) ∈ Mr((Tn), E), then |(fn, Tn)| is regular, because |(gn, Tn)| is a positive
martingale. Thus Mnb((Tn), E) is an ideal of Mr((Tn), E).

3.2 Krickeberg’s Decomposition for KB-Spaces

We now establish a version of Krickeberg’s decomposition theorem for positive fil-
trations.

Note that we do not assume the space E to have a quasi-interior point.
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Lemma 3.17 Let E be a KB-space, (Tn) a positive filtration on E and (fn, Tn) a
sub-martingale on E with the property that K = sup

n
||f+

n || <∞. Then

(i) For n ∈ N fixed, {Tnf
+
m | m ≥ n} is increasing and norm bounded by K.

(ii) (gn, Tn), where gn = lim
m→∞

Tnf
+
m, is a positive martingale with the property that

gn ≥ f+
n , for each n ∈ N. Furthermore, (gn, Tn) is the smallest martingale

satisfying this property.

Proof: (i) Since (fn, Tn) is a sub-martingale, we have that Tnfm ≥ fn whenever
m ≥ n. Thus (f+

n , Tn) is a sub-martingale because

Tnf
+
m ≥ (Tnfm)+ ≥ (fn)+ = f+

n .

To see that {Tnf
+
m | m ≥ n} is a monotone increasing sequence in m, notice that

Tnf
+
m+1 = TnTmf

+
m+1 ≥ Tnf

+
m

by the sub-martingale property. Let K = sup
n
||f+

n || <∞. Then for m ≥ n,

||Tnf
+
m|| ≤ ||Tn||||f+

m|| ≤ ||f+
m|| ≤ K <∞.

So that K becomes a norm bound for {Tnfm | m ≥ n}. Because this sequence is
increasing we have

lim
m→∞

Tnf
+
m = sup

m→∞
Tnf

+
m.

Fix n ∈ N. Since E is a KB-space, there exists gn ∈ E such that lim
m→∞

Tnf
+
m = gn

in norm. From the fact that Tnfm ↑m≥n, we get Tnfm ↑m gn.

(ii) We show that (gn, Tn) is a positive norm bounded martingale.

By the positivity of the Tn’s, gn ≥ 0 for each n ∈ N. Furthermore, the norm of gn is
finite for each n ∈ N since

||gn|| = || sup
m→∞

Tnf
+
m|| ≤ sup

m→∞
||Tnf

+
m|| <∞.

We also note that (gn, Tn) satisfies the martingale property:

Tngn+1 = Tn( sup
m≥n+1

Tn+1f
+
m) = sup

m≥n+1
TnTn+1f

+
m = sup

m≥n+1
Tnf

+
m = gn

by the order continuity and commutivity of the Tn’s respectively, and

gn ∈ R(Tn) for each n ∈ N.
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Note also that
gn = sup

m≥n
Tnf

+
m ≥ Tnf

+
m ≥ f+

n

where the last step is by the sub-martingale property.

Thus (gn, Tn) is a positive martingale which satisfies the required property. To
complete the proof we need only show that (gn, Tn) is minimal. Suppose that (g′n, Tn)
is some arbitrary positive martingale satisfying g′n ≥ f+

n for each n ∈ N. Let m ≥ n,
then we have

g′n = Tng
′
m ≥ Tnf

+
m

and since this holds for each m ≥ n it holds for the supremum as well. Hence

g′n ≥ sup
n≤m

Tnf
+
m = gn

and we are done.

This puts us in a position to prove Krickeberg’s decomposition for KB-spaces.

Theorem 3.18 Krickeberg’s Decomposition for KB-spaces
Let (Tn) be a positive filtration on a KB-space E and (fn, Tn) be a sub-martingale on
E with the property sup

n
||f+

n || <∞. Then there exists a positive martingale (gn, Tn)

and a positive super-martingale (hn, Tn) such that

(fn, Tn) = (gn, Tn)− (hn, Tn), for each n ∈ N.

Furthermore, this decomposition is minimal with respect to (gn, Tn).

Proof: Take (gn, Tn) to be the minimal positive martingale in (3.17(ii)) and define
(hn, Tn) such that hn = gn−fn. We claim that (hn, Tn) is a positive super-martingale.
Clearly hn ∈ R(Tn). Since Tnf

+
m ↑m gn and (Tnf

+
n , Tn) is a sub-martingale, we get

gn ≥ Tnf
+
n ≥ f+

n ≥ fn,

so that (hn, Tn) is positive. Lastly, to show that the super-martingale property holds,
simply note that

Tnhn+1 = Tngn+1 − Tnfn+1 ≤ gn − fn = hn.

The decomposition is minimal by our choice of (gn, Tn).

We will now show, as a consequence of Lemma (3.17) that in the case where E is
a KB-space, every bounded sub-martingale is dominated by a unique martingale,
justifying the term ”sub-martingale”.
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Corollary 3.19 Let E be a KB-space and (Tn) a positive filtration on E. For every
bounded sub-martingale (fn, Tn) on E, there exists a martingale (gn, Tn) such that
(fn, Tn) ≤ (gn, Tn) and ||(gn, Tn)|| ≤ ||(fn, Tn)||.

Proof: Since (fn, Tn) is a bounded sub-martingale, we apply Lemma (3.17(i))
which yields, for n ∈ N fixed, that the sequence (Tnfm)∞m=n is increasing and norm
bounded by ||(fn, Tn)||. Since E is a KB-space, this sequence converges, say to gn.
By applying Lemma (3.17(ii)) to (fn, Tn) we see that (gn, Tn) is a martingale and
furthermore, it is the least martingale such that (fn, Tn) ≤ (gn, Tn).

For the last part, notice that

||gk|| = lim
m→∞

||Tkfm|| ≤ lim
m→∞

||fm|| = ||(fn, Tn)|| for each k ∈ N,

so that (gn, Tn) is bounded and ||(gn, Tn)|| ≤ ||(fn, Tn)||.

Remark: In general, ||(gn, Tn)|| 6= ||(fn, Tn)||. If we take fn = − 1
n
χ[0,1], then (fn, Tn)

is a sub-martingale of constant functions with ||(fn, Tn)|| > 0 but (gn, Tn) = 0 where
gn = lim

m→∞
Tnfm. However, if (Tn) preserves the norms of positive vectors and (fn, Tn)

is a positive sub-martingale, then ||gn|| = lim
m→∞

||Tnfm|| = lim
m→∞

||fm|| = ||(fn, Tn)||
so that ||(gn, Tn)|| = ||(fn, Tn)||.

3.3 Martingales and KB-Spaces

The following is the main result of this section, which was noted by Troitsky in [30]:

Theorem 3.20 If E is a KB-space and (Tn) is a positive filtration on E, then
Mnb((Tn), E) is a Dedekind complete Banach lattice with lattice operations given by

(fn, Tn)+ = ( lim
m→∞

Tnf
+
m, Tn);

(fn, Tn)− = ( lim
m→∞

Tnf
−
m, Tn);

(fn, Tn) ∨ (gn, Tn) = ( lim
m→∞

Tn(fm ∨ gm), Tn); (3.3)

(fn, Tn) ∧ (gn, Tn) = ( lim
m→∞

Tn(fm ∧ gm), Tn);

|(fn, Tn)| = ( lim
m→∞

Tn|fm|, Tn).

and martingale norm
||(fn, Tn)|| = sup

n
||fn||E.
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Proof: We have already noted in §3.2 that Mnb((Tn), E) is a Banach space with
respect to the martingale norm. It remains to show thatMnb((Tn), E) is a Dedekind
complete Riesz space in which the formulas hold as stated and that the martingale
norm is a Riesz norm.

If (fn, Tn), (gn, Tn) ∈ Mnb((Tn), E), then sup
n
||f+

n || < ∞ and sup
n
||g+

n || < ∞. Since

the supremum of two sub-martingales is again a sub-martingale, we use (3.17(ii))
to get the third equation in (3.3). The remaining four equations are derived from
standard formulas (see [31, Theorem 5.2]).

To show that Mnb((Tn), E) is Dedekind complete, let

(0, Tn) ≤ (f (α)
n , Tn) ↑(α) ≤ (fn, Tn) ∈Mnb((Tn), E).

By the Dedekind completeness of E, we get sup(α) f
(α)
n ∈ E for all n ∈ N. Since

(sup(α) f
(α)
n , Tn) ≤ (fn, Tn), it is readily verified that sup(f

(α)
n , Tn) = (sup(α) f

(α)
n , Tn) ∈

Mnb((Tn), E),

To show that the martingale norm is a Riesz norm, let (fn, Tn) ∈ Mnb((Tn, E).
Then, by the first part of the proof, |(fn, Tn)| = ( lim

m→∞
Tn|fm|, Tn) =: (hn, Tn) ∈

Mnb((Tn), E) and

||hk|| = lim
m→∞

||Tk|fm| || ≤ lim
m→∞

||fm|| = ||(fn, Tn)||, for each k ∈ N.

Thus, ∥∥|(fn, Tn)|
∥∥ = ‖(hn, Tn)‖ ≤ ||(fn, Tn)||.

Also, from ±(fn, Tn) ≤ |(fn, Tn)| = (hn, Tn), we get that

||fk|| = || |fk| || ≤ ||hk|| ≤ sup
k
||hk|| = || |(fn, Tn)| || for each k ∈ N.

Hence || |(fn, Tn)| || = ||(hn, Tn)|| = ||(fn, Tn)||.

ThusMnb((Tn), E) is a Dedekind complete Banach lattice and the proof is complete.

Proposition 3.21 If E is a KB-space and (Tn) is a positive filtration on E, then

Mr((Tn), E) = Mnb((Tn), E).

Proof: Now if E is a KB-space then from Theorem (3.20) it follows that for every
norm bounded martingale (fn, Tn) in E, |(fn, Tn)| is a norm bounded martingale
with (fn, Tn) ≤ |(fn, Tn)| so that (fn, Tn) is a regular norm bounded martingale.
Hence Mr((Tn), E) = Mnb((Tn), E).

The following result was also noted by Troitsky in [30], where he assumed that the

(positive) filtration (Tn) on E has the property that
∞⋃

n=1

R(Tn) = E :
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Theorem 3.22 Let (Tn) be a positive filtration on a KB-space E such that
∞⋃

n=1

R(Tn)

is a closed Riesz subspace of E. ThenMnc((Tn), E) is a projection band inMnb((Tn), E).

Proof: It is readily verified that Mnc((Tn), E) is an ideal of Mnb((Tn), E). Let
(fn) be any increasing, order bounded sequence in Mnc((Tn), E)+. Then (fn) is also
norm bounded and has supremum in Mnc((Tn), E), since Mnc((Tn), E) is a KB-
space (3.12) and in particular, Dedekind complete, it follows that Mnc((Tn), E) is
a projection band in Mnb((Tn), E).

Remark: We have the following inclusions

Mnc((Tn), E) ⊆Mr((Tn), E) ⊆Mnb((Tn), E).

It is interesting to note that the larger the space of martingales, the stronger the
assumption required on E for the former to be a Banach lattice.

We now give requirements for which Mnb((Tn), E) is in fact a KB-space.

For the Banach lattice E, we say that the positive filtration (Tn) is bounded below
on E+ if there exists 1 ≤ n ∈ E and a constant c > 0 such that ||Tnf || ≥ c||f || for
each f ∈ E+. Notice that if (Tn) is bounded below then ||fm|| ≤ 1

c
||Tnfm|| = 1

c
||fn||

for each m ≥ n, giving ||(fn, Tn)|| ≤ 1
c
||fn|| < ∞ so that every positive martingale

(and therefore every regular martingale) is bounded. Notice in addition that if (Tn)
is bounded below, then Tn is strictly positive for some n ∈ N.

Lemma 3.23 If E has order continuous norm and (Tn) a positive filtration on E
which is bounded below on E+, then the martingale norm is again order continuous.

Proof: Suppose that (f
(α)
n , Tn) is a decreasing net of martingales such that inf

α
(f

(α)
n , Tn) =

0. For n ∈ N fixed, the net (f
(α)
n ) is decreasing in α so that the order continuity of

E yields that lim
α
f

(α)
n exists, we will call it fn. It is easily verified that fn ≥ 0 and

(fn, Tn) is a martingale since

Tmfn = Tm(lim
α
f (α)

n ) = lim
α
Tmf

(α)
n = lim

α
f (α)

m = fm.

Clearly (fn, Tn) is bounded and it follows from 0 ≤ (fn, Tn) ≤ (f
(α)
n , Tn) for each α

and inf
α

(f
(α)
n , Tn) = 0 that (fn, Tn) = 0. Thus lim

α
f

(α)
n = 0 for each n ∈ N.

Since (Tn) is bounded below, there exists n ≥ 1 and a constant c > 0 such that

||Tnf || ≥ c||f || for each f ≥ 0. Now for every m ≥ n we have ||f (α)
n || = ||Tnf

(α)
m || ≥

c||f (α)
m ||, so that ||(f (α)

n , Tn)|| ≤ 1
c
||f (α)

n || → 0.
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Theorem 3.24 If E is a KB-space and (Tn) is a positive filtration which is bounded
below on E+, then Mnb((Tn), E) is itself a KB-space.

Proof: It follows from Theorem (3.20) that Mnb((Tn), E) is a Banach lattice. We

consider an increasing sequence of martingales (f
(k)
n , Tn)∞k=1 with uniformly bounded

norms ||(f (k)
n , Tn)|| ≤ K ∈ R. For n ∈ N fixed, the sequence (f

(k)
n ) is increasing in

k and is norm bounded by K. Since E is a KB-space, the sequence converges to
some fn where ||fn|| ≤ K. Consider (fn, Tn). For n ≤ m we have

Tnfm = Tn( lim
k→∞

f (k)
m ) = lim

k→∞
Tnf

(k)
m = lim

k→∞
f (k)

n = fn,

so that (fn, Tn) ∈Mnb((Tn), E). Clearly, (fn, Tn) = sup
k

(f
(k)
n , Tn) and hence Lemma

(3.23) gives that ||(fn, Tn)− (f
(k)
n , Tn)|| → 0.



Chapter 4

Martingales on Tensor Products

4.1 Preliminaries

Important applications of classical martingale theory can be found in Banach space-
valued Lp-spaces (see [4]). It is well known that for a Banach spaceX and 1 ≤ p <∞
we have

Lp(µ,X) = Lp(µ)⊗̃∆pX,

where Lp(µ)⊗̃∆pX denotes the norm completion of Lp(µ)⊗∆p X with respect to the
Bochner norm ∆p. In this setting, interest has mainly been in filtrations of the form
(Ti⊗ idX), where (Ti) is a filtration on Lp(µ) and idX is the identity operator on X
(see [4]).

Chaney and Schaefer extended the Bochner norm to the tensor product of a Banach
lattice and a Banach space (see [1] and [29]). If E is Banach lattice and X is a
Banach space, then the norm on X ⊗ E, defined by

‖u‖|µ| = inf

{∥∥∥∥ n∑
i=1

‖xi‖ |yi|
∥∥∥∥ ∣∣∣∣ u =

n∑
i=1

xi ⊗ yi

}
and ∥∥∥ n∑

i=1

xi ⊗ yi

∥∥∥
M

=

∥∥∥∥∥sup

{ n∑
i=1

〈x′, xi〉yi

∣∣∣∣ x′ ∈ X ′ and ‖x′‖ ≤ 1

}∥∥∥∥∥
where x1, . . . , xn ∈ X and y1, . . . , yn ∈ E, are equal and are reasonable cross norms
on X ⊗ E (cf. [1, Theorem 1.4]. Both these norms are also equal to Schaefer’s
m-norm ([29, Ch 4, §7]) on E ⊗ F (cf. [14, Ch 4, §5]). Their transposition is equal
to Schaefer’s l-norm; i.e.,

‖u‖l = inf

{∥∥∥∥ n∑
i=1

‖yi‖ |xi|
∥∥∥∥ ∣∣∣∣ u =

n∑
i=1

xi ⊗ yi

}

34
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and ∥∥∥ n∑
i=1

xi ⊗ yi

∥∥∥
l
=

∥∥∥∥∥sup

{ n∑
i=1

〈y′, yi〉xi

∣∣∣∣ y′ ∈ Y ′ and ‖y′‖ ≤ 1

}∥∥∥∥∥
where x1, . . . , xn ∈ X and y1, . . . , yn ∈ F.

For 1 < p < ∞, the Bochner norm ∆p on Lp(µ,X) has the property that if 0 ≤
T : Lp(µ) → Lp(µ) and S : X → X are bounded maps, then T ⊗ S : Lp(µ,X) →
Lp(µ,X) has the property that ‖T ⊗ S‖ ≤ ‖T‖‖S‖ (see [4], [21]).

This extends to the l tensor product of a Banach lattice and a Banach space, as the
l-norm has the following property (a proof can be found in [21]):

(i) Let E1 and E2 be Banach lattices and X1 and X2 be Banach spaces. If
T1 : E1 → E2 be a positive linear operator and T2 : X1 → X2 be a bounded
linear operator. Then

∥∥(T1 ⊗ T2)u
∥∥

l
≤ ‖T1‖ ‖T2‖ ‖u‖l for each u ∈ E1 ⊗̃l X1.

The l-norm is injective in the following sense (see [21] for a proof):

(ii) Let E be a Banach lattice and Y a Banach space. If E0 is a Banach lattice
and i0 : E0 → E a Riesz isometry, then i0 ⊗ idY : E0 ⊗̃l Y → E ⊗̃l Y is an
isometry.

(ii ′) Let E and F be Banach lattices. If E0 is a Banach lattice and i0 : E0 → E a
Riesz isometry, then i0 ⊗ idF : E0 ⊗̃l F → E ⊗̃l F is a Riesz isometry.

(iii) Let E be a Banach lattice and Y a Banach space. If Y0 is a Banach space and
j0 : Y0 → Y an isometry, then idE ⊗ j0 : E ⊗̃l Y0 → E ⊗̃l Y is an isometry.

(iii ′) Let E and F be Banach lattices. If F0 is a Banach lattice and j0 : F0 → F a
Riesz isometry, then idE ⊗ j0 : E ⊗̃l F0 → E ⊗̃l F is a Riesz isometry.

It should be noted that similar properties hold for the M -norm.

We would like to consider ”filtrations” of the form (Tn ⊗ Sn) on E⊗̃lX, rather than
just ”filtrations” of the form (Tn ⊗ idX).

4.2 Filtrations on Tensor Products

The results in this section are based on [2], where ”quasi-interior point preserving
filtrations” were considered.

Lemma 4.1 Let E be a Banach lattice and X a Banach space with 0 ≤ S : E → E
and T : X → X contractive projections on E and X respectively. If R(S) is a closed
Riesz subspace of E, then
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(i) (S⊗lT ) : E ⊗̃l X → E ⊗̃l X is a contractive projection with range, S(E) ⊗̃l T (X),
a closed subspace of E ⊗̃l X.

(ii) (T⊗MS) : X ⊗̃M E → X ⊗̃M E is a contractive projection with range, T (X) ⊗̃M S(E),
a closed subspace of X ⊗̃M E.

Proof: Since S is positive and T is continuous it follows that ‖S⊗T‖ ≤ ‖S‖‖T‖ ≤
1; consequently, the continuous extension (S ⊗l T ) has norm less than or equal to
one.

Since E ⊗X is l-dense in E ⊗̃l X, (S ⊗ T )(E ⊗X) ⊂ E ⊗X and S ⊗ T : E ⊗l X →
E ⊗l X is continuous, we get that S ⊗l T : E ⊗̃l X → E ⊗̃l X.

To see that (S ⊗l T ) is a projection, let u ∈ E ⊗̃l X. Then there exists a sequence

(uj) ⊂ E ⊗X such that uj → u in norm. Representing each uj as
nj∑
i=1

x
(j)
i ⊗ y

(j)
i , we

see that

(S ⊗l T )2(uj) =

nj∑
i=1

S2(x
(j)
i )⊗ T 2(y

(j)
i ) =

nj∑
i=1

S(x
(j)
i )⊗ T (y

(j)
i ) = (S ⊗l T )(uj).

By the continuity of (S ⊗l T ), it follows that (S ⊗l T )2(u) = (S ⊗l T )(u).

As S(E) is a closed Riesz subspace and T (X) a closed subspace of E and X respec-
tively, the injectivity of the l-norm gives

(S ⊗l T )(E ⊗l X) = S(E)⊗l T (X) ⊂ S(E) ⊗̃l T (X) ↪→ E ⊗̃l X (isometrically) .

Thus
S(E)⊗l T (X) ⊂ (S ⊗l T )(E ⊗̃l X) ⊂ S(E) ⊗̃l T (X).

As (S⊗lT ) is a projection and thus has closed range, (S⊗lT )(E ⊗̃l X) = S(E) ⊗̃l T (X).

The injectivity of the l-norm and Lemma 4.1 motivate the following definition:

Definition 4.2 A BS-filtration (Ti) for which Ti is positive and R(Ti) is a closed
Riesz subspace of E for each i ∈ N is called a Banach lattice filtration (BL-filtration).

It is trivial to remark that every BL-filtration (Ti) on E is a positive filtration such

that
∞⋃
i=1

R(Ti) is a closed Riesz subspace of E.

Proposition 4.3 Let E be a Banach lattice and X a Banach space. If (Si) is a
BL-filtration on E and (Ti) is a BS-filtration on X, then
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(i) (Si ⊗l Ti) is a BS-filtration on E ⊗̃l X.

(ii) (Ti ⊗M Si) is a BS-filtration on X ⊗̃M E.

Proof: By the above Lemma, each Si⊗l Ti is a contractive projection with R(Si⊗l

Ti) = Si(E) ⊗̃l Ti(X). Since Si(E) is a closed Riesz subspace of Sj(E) and Ti(X) is
a closed subspace of Tj(X) for each i ≤ j and furthermore, the l-norm is injective,
it follows that R(Si ⊗ Ti) ↑i .

Let E and F be Banach lattices, then E ⊗̃l F is a Banach lattice with positive cone
the l-closure of the projective cone

E+ ⊗ F+ =
{ n∑

i=1

xi ⊗ yi : (xi, yi) ∈ E+ × F+

}
(cf. [1] and [29]). Also, F ⊗̃M E is a Banach lattice with positive cone the M -closure
of the projective cone F+ ⊗ E+.

Lemma 4.4 Let E and F be Banach lattices. If S : E → E and T : F → F are
positive contractive projections with ranges that are closed Riesz subspaces of E and
F respectively, then

(i) (S ⊗l T ) : E ⊗̃l F → E ⊗̃l F is a positive contractive projection with range,
S(E) ⊗̃l T (F ), a closed Riesz subspace of E ⊗̃l F .

(ii) (T ⊗M S) : F ⊗̃M E → F ⊗̃M E is a positive contractive projection with range,
T (F ) ⊗̃M S(E), a closed Riesz subspace of F ⊗̃M E.

Proof: From (4.1), it suffices to show that S ⊗l T ≥ 0 and S(E)⊗̃lT (F ) is a Riesz
subspace of E ⊗̃l F.

Since E+ ⊗ F+ is l-dense in (E ⊗̃l F )+, (S ⊗ T )(E+ ⊗ F+) ⊂ E+ ⊗ F+ and S ⊗ T :
E ⊗l F → E ⊗l F is continuous, we get that 0 ≤ S ⊗l T : E ⊗̃l F → E ⊗̃l F.

Since Fremlin’s Riesz tensor product S(E)⊗T (F ) of S(E) and T (F ) is a Riesz
subspace of the Riesz tensor product E⊗F of E and F, S(E)⊗T (F ) is dense in
S(E)⊗̃lT (F ) and E⊗F is dense in E⊗̃lF (see [8, 10, 21]), we get that S(E)⊗̃lT (F )
is a closed Riesz subspace of E⊗̃lF.

Proposition 4.5 Let E and F be Banach lattices and let (Si) and (Ti) be BL-
filtrations on E and F respectively. Then

(i) (Si ⊗l Ti) is a BL-filtration on E ⊗̃l F.

(ii) (Ti ⊗M Si) is a BL-filtration on F ⊗̃M E.
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4.3 Filtrations on Banach Lattices - Revisited

To investigate the connection to RS-filtrations which map weak order units to weak
order units, we introduce the following:

Definition 4.6 A BL-filtration (Ti) on E for which there exists a quasi-interior
point e of E+ such that Ti(e) = e for each i ∈ N is called a BL-qip-filtration.

Theorem 4.7 Let E and F be Banach lattices with quasi-interior points e and f ,
of E+ and F+, respectively. If (Si) and (Ti) are BL-filtrations which leave e and f
invariant, then e ⊗ f is a quasi-interior point of E ⊗̃l F which is invariant under
the BL− qip-filtration (Si ⊗l Ti) on E ⊗̃l F.

Proof: Select quasi-interior points e and f in E+ and F+ respectively such that
Sie = e and Tif = f for each i ∈ N. It is easily verified that e⊗ f is a quasi-interior
point of E ⊗̃l F and (Si ⊗l Ti)(e⊗ f) = e⊗ f for each i ∈ N.

It is well known that if e is a quasi-interior point of E+ then e is also a weak
order unit of E. If E is an order continuous Banach lattice, then the notions of
quasi-interior point and weak order unit coincide. Furtheremore, if T : E → E is
continuous, then T is also order continuous.

The following result shows that the notion of ”BL-qip-filtration” on order continuous
Banach lattices are special cases of the notion ”RS-wou-filtration” on Dedekind
complete Riesz spaces with weak order units, as given in Chapter 2.

Proposition 4.8 Let E be a Banach lattice and T : E → E be a positive projection.
Then the following conditions are equivalent:

(i) There exists a quasi-interior point e of E+ such that Te = e.

(ii) For every quasi-interior point q of E+ we have that Tq is a quasi-interior point
of E+.

Proof: (ii)⇒(i) If q is a quasi-interior point in E+, then e = T (q) and since T is
idempotent, T (e) = e.
(i)⇒(ii) Assume that e is a quasi-interior point of E and Te = e. Note that a positive
projection on the Banach lattice E is automatically continuous. Thus for any quasi-
interior point q of E+ we have, by the continuity of T , that lim

n→∞
T (nq∧e) = T (e) = e.

Notice that
0 ≤ T (nq ∧ e) ≤ nTq ∧ e ≤ e

and since T (nq ∧ e) is an increasing sequence, it follows that lim
n→∞

(nTq) ∧ e = e.
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Let p ∈ E+. Then

p = lim
m→∞

(me) ∧ p = lim
m→∞

(m lim
n→∞

(nTq) ∧ e) ∧ p = lim
m→∞

lim
n→∞

(m(nTq) ∧ e) ∧ p

≤ lim
m→∞

lim
n→∞

(mnTq) ∧ p ≤ p,

so that Tq is a quasi-interior point of E+.

4.4 Strictly Positive Filtrations on Tensor Prod-

ucts

The main result of this section we believe is new.

To access the Upcrossing Theorem for martingales on Dedekind complete Riesz
spaces with weak order units, as given in Chapter 2 one needs to consider filtrations
(Ti), where each Ti is strictly positive. Hence we address the following question.

If S and T are strictly positive, is S ⊗ T strictly positive ?

Here we resort to the fundamental works [10, 8, 11] of D.H. Fremlin. If E is a Banach
lattice with order continuous norm, then E has the Fatou property (see [11]). Also,
if E is a locally solid Riesz space and has the Fatou property, then E is order dense
in its topological completion Ẽ (see [11]).

Popa showed, in [25], that if E and F are order continuous Banach lattices [KB-
spaces] then E ⊗̃l F is an order continuous Banach lattice [a KB-space].

Lemma 4.9 Let E and F be order continuous Banach lattices and let S : E → E
and T : F → F be strictly positive. Then S ⊗ T : E ⊗̃l F → E ⊗̃l F is strictly
positive.

Proof: Let 0 < u ∈ E ⊗̃l F. The Riesz tensor product of E and F , denoted by
E⊗F, has the property that the l-closure of E⊗F is E ⊗̃l F. Since E ⊗̃l F has order
continuous norm, it has the Fatou property. But then E⊗F is order dense in E ⊗̃l F.
Hence, there exist v ∈ E⊗F such that u ≥ v > 0. By the properties of E⊗F, there
exists (x, y) ∈ E+ × F+ such that 0 < x, 0 < y and x ⊗ y ≤ v (see [8]). It follows
from 0 < S(x) and 0 < T (y) that 0 < S(x)⊗ T (y) ≤ (S ⊗ T )(v) ≤ (S ⊗ T )(u).

As a consequence of the preceding result, the following result holds:

Corollary 4.10 Let E and F be Banach lattices. If (Si) and (Ti) are BL-filtrations
on E and F respectively such that Si and Ti are strictly positive for each i ∈ N, then

(i) (Si ⊗l Ti) is a strictly positive BL-filtration on E ⊗̃l F.

(ii) (Ti ⊗M Si) is a strictly positive BL-filtration on F ⊗̃M E.
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4.5 Norm Convergent martingales

We recall from chapter 3 that Mnc((Tn), E) is the space of all norm convergent
martingales on the Banach lattice E.

4.5.1 A Distributive Property

Lemma 4.11 Let E be a Banach lattice and let X be a Banach space. If (Si) is a
BL-filtration on E and (Ti) is a BS-filtration on X, then

(i)
∞⋃
i=1

R(Si)

||·||E

⊗̃l

∞⋃
i=1

R(Ti)

||·||X

=
∞⋃
i=1

R(Si ⊗ Ti)

l

(ii)
∞⋃
i=1

R(Ti)

||·||X

⊗̃M

∞⋃
i=1

R(Si)

||·||E

=
∞⋃
i=1

R(Ti ⊗ Si)

M

Proof: We will prove the first equality, the second is derived similarly.

(⊇) Let ε > 0 be given. Let y ∈
∞⋃
i=1

R(Si ⊗ Ti)

l

and select y0 ∈ R(Si⊗Ti) for some i ∈

N such that ‖y−y0‖l < ε. Since R(Si⊗l Ti) = Si(E) ⊗̃l Ti(X) and Si(E) ⊗̃l Ti(X) ⊆
∞⋃
i=1

R(Si)

||·||E

⊗̃l

∞⋃
i=1

R(Ti)

||·||X

by the injectivity of the l-norm, it follows that

y ∈
∞⋃
i=1

R(Si)

||·||E

⊗̃l

∞⋃
i=1

R(Ti)

||·||X

.

(⊆) Let ε > 0 be given. Let y ∈
∞⋃
i=1

R(Si)

||·||E

⊗̃l

∞⋃
i=1

R(Ti)

||·||X

and select y0 ∈

∞⋃
i=1

R(Si)

||·||E

⊗
∞⋃
i=1

R(Ti)

||·||X

such that ||y − y0||l < ε/2. Let y0 =
n0∑
i=1

ai ⊗ yi, where

ai ∈
∞⋃
i=1

R(Si)

||·||E

and yi ∈
∞⋃
i=1

R(Ti)

||·||X

. Select vi ∈
∞⋃
i=1

R(Ti) such that ||yi −

vi||X < ε
4n0

∑n0
i=1 ||ai||

. Select bi ∈
∞⋃
i=1

R(Si) such that ||ai − bi||E < ε
4n0

∑n0
i=1 ||vi||

. Let

z1 =
n0∑
i=1

bi⊗vi. Then z1 ∈
∞⋃
i=1

R(Si⊗Ti), y0−z1 =
n0∑
i=1

(
ai⊗ (yi−vi)+(ai− bi)⊗vi

)
,

||y0 − z1||l ≤
∥∥∥ n0∑

i=1

(
‖yi − vi‖ |ai|+ ‖vi‖ |ai − bi|

)∥∥∥
E
< ε/4 + ε/4 = ε/2,

and
‖y − z1‖l ≤ ‖y − y0‖l + ‖y0 − z1‖l ≤ ε/2 + ε/2 = ε.
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Thus y ∈
∞⋃
i=1

R(Si ⊗ Ti)

l

.

Thus, one has the following distributive property:

Proposition 4.12 Let E and F be Banach lattices and let X be a Banach space. If
(Si) is a BL-filtration on E, (Ti) is a BS-filtration on X and (Qi) is a BL-filtration
on F, then

(i) Mnc

(
(Si ⊗l Ti), E ⊗̃l X

)
'Mnc((Si), E) ⊗̃lMnc((Ti), X);

(i ′) Mnc

(
(Ti ⊗M Si), X ⊗̃M E

)
'Mnc((Ti), X) ⊗̃M Mnc((Si), E);

(ii) Mnc

(
(Si ⊗l Qi), E ⊗̃l F

)
∼= Mnc((Si), E) ⊗̃lMnc((Qi), F );

(ii ′) Mnc

(
(Qi ⊗M Si), F ⊗̃M E

)
∼= Mnc((Qi), F ) ⊗̃M Mnc((Si), E);

where ∼= denotes Riesz and isometrically isomorphic and ' only the latter.

Proof: (i) By Propositions (3.5) and (3.9),Mnc

(
(Si⊗lTi), E ⊗̃l X

)
'

∞⋃
i=1

R(Si ⊗ Ti)

l

.

By the Lemma above,

∞⋃
i=1

R(Si ⊗ Ti)

l

=
∞⋃
i=1

R(Si)

||·||E

⊗̃l

∞⋃
i=1

R(Ti)

||·||X

.

Furtheremore,
∞⋃
i=1

R(Si)

||·||E
∼= Mnc((Si), E) and

∞⋃
i=1

R(Ti)

||·||X

' Mnc((Ti), X),

from which it follows that
∞⋃
i=1

R(Si)

||·||E

⊗̃l

∞⋃
i=1

R(Ti)

||·||X

'Mnc((Si), E) ⊗̃lMnc((Qi), F ).

(ii) The proof is similar.

4.5.2 Convergent martingales and Lp-spaces

We extend the following characterization of Lp(µ)-spaces, which can be found in
[22], to suitable spaces of convergent martingales:

Theorem 4.13 Let E be a Banach lattice. The following statements are equivalent
for 1 ≤ p <∞:
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(i) E is Riesz and isometrically isomorphic to an Lp(µ)-space, for some measure
space (Ω,Σ, µ).

(ii) The norms ∆p and t∆p are equivalent on Lp(µ1) ⊗ E for all finite measure
spaces (Ω1,Σ1, µ1).

(iii) The norms ∆p and t∆p are equivalent on Lp(µ1)⊗ E for all σ-finite measure
spaces (Ω1,Σ1, µ1).

(iv) The norms ∆p and t∆p are equivalent on `p ⊗ E.

In terms of convergent martingales, Lp-spaces can be characterized as follows, which
we believe is a new result:

Proposition 4.14 Let E be a Banach lattice and 1 ≤ p < ∞. Then the following
statements are equivalent:

(i) E is Riesz and isometrically isomorphic to an Lp(µ)-space, for some measure
space (Ω,Σ, µ).

(ii) Mnc

(
(Si⊗Ti), L

p(µ) ⊗̃tM E
)
∼= Mnc

(
(Si⊗Ti), L

p(µ) ⊗̃M E
)

for any σ-finite

measure space (Ω,Σ, µ), for all BL-filtrations (Si) on Lp(µ) and for all BL-
filtrations (Ti) on E.

(ii ′) Mnc

(
(Si ⊗ Ti), `

p ⊗̃tM E
)
∼= Mnc

(
(Si ⊗ Ti), `

p ⊗̃M E
)

for all BL-filtrations

(Si) on `p and for all BL-filtrations (Ti) on E.

(iii) Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃tM E
)
∼= Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃M E
)

for any proba-

bility space (Ω,Σ, µ), for all BL-filtrations (Si) on Lp(µ) for which Si(1) = 1
for each i ∈ N and for all BL-filtrations (Ti) on E.

where ∼= denotes Riesz and isometrically isomorphic to.

Proof: (i) ⇒ (ii) Let (Ω,Σ, µ) be a σ-finite measure space, (Si) a BL-filtration on
Lp(µ) and (Ti) a BL-filtration on E. If E is isometrically isomorphic to an Lp-space,

then Lp(µ) ⊗̃tM E ∼= Lp(µ) ⊗̃M E. But then
∞⋃
i=1

R(Si ⊗ Ti)

tM

∼=
∞⋃
i=1

R(Si ⊗ Ti)

M

and consequently

Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃tM E
)
∼= Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃M E
)
.

(ii) ⇒ (iii) This implication is trivial.
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(iii) ⇒ (i) Let (Ω,Σ, µ) be a probability space. If (iii) holds, then for for all BL-
filtrations (Si) on Lp(µ) for which Si(1) = 1 for each i ∈ N and for all BL-filtrations
(Ti) on E, we have that

Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃tM E
)
∼= Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃M E
)
.

But

∞⋃
i=1

R(Si)

∆p

⊗̃tM

∞⋃
i=1

R(Ti)

|| · ||E

∼= Mnc((Si), L
p(µ)) ⊗̃tM Mnc((Ti), E)

∼= Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃tM E
)

and

Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃M E
)

∼= Mnc((Si), L
p(µ)) ⊗̃M Mnc((Ti), E)

∼=
∞⋃
i=1

R(Si)

∆p

⊗̃M

∞⋃
i=1

R(Ti)

|| · ||E

.

Hence

∞⋃
i=1

R(Si)

∆p

⊗̃tM

∞⋃
i=1

R(Ti)

|| · ||E

∼=
∞⋃
i=1

R(Si)

∆p

⊗̃M

∞⋃
i=1

R(Ti)

|| · ||E

for all BL-filtrations (Si) on Lp(µ) and for all BL-filtrations (Ti) on E. In particular,
if Si = idLp(µ) and Ti = idE for each i ∈ N, then Lp(µ) ⊗̃tM E ∼= Lp(µ) ⊗̃M E. But
then E is Riesz and isometrically isomorphic to an Lp-space.

(ii) ⇒ (ii ′) This implication is trivial.

(ii ′) ⇒ (i) This implication follows in a similar way to the proof of (iii) ⇒ (i).

4.6 Continuous Duals

The preceding result enables us to describe the continuous duals of

Mnc

(
(Si ⊗l Ti), E ⊗̃l X

)
and Mnc

(
(Ti ⊗M Si), X ⊗̃M E

)
.

For E a Banach lattice and Y a Banach space, recall from [29, Ch.4,§3] that a linear
map T : E −→ Y is called cone absolutely summing if for every positive summable
sequence (xn) in E we have that the sequence (Txn) is absolutely summable in Y .
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Then Lcas(E, Y ) = {T : E → Y | T is cone absolutely summing} is a Banach space
with respect to the norm defined by

‖T‖cas = sup

{
n∑

i=1

‖Txi‖
∣∣∣∣x1, . . . , xn ∈ E+,

∥∥∥ n∑
i=1

xi

∥∥∥ = 1, n ∈ N

}
for all T ∈ Lcas(E, Y ). It is well known that the norm on E ⊗ Y induced by the
norm || · ||cas on Lcas(E ′, Y ) is the l-norm, (E ⊗̃l Y )′ is isometrically isomorphic to
Lcas(E, Y ′) and (E ⊗̃l F )′ is Riesz and isometrically isomorphic to Lcas(E,F ′) (cf.
[1], [29] and [3]).

For X a Banach space and F a Banach lattice, a linear map T : X → F is called
majorizing if for every null sequence (xi) in X, (|Txi|) is a majorized sequence in F .
Then Lmaj(X,F ) = {T : X → F | T is majorizing} is a Banach space with respect
to the norm defined by

‖T‖maj = sup
{∥∥ sup

i
|Txi|

∥∥ ∣∣∣ x1 . . . , xn ∈ E+, ‖xi‖ ≤ 1, n ∈ N
}

for each ∈ Lmaj(X,F ). It is well known that the norm on X⊗F induced by the norm
|| · ||maj on Lmaj(X ′, F ) is the M -norm of Chaney (= m-norm of Schaefer),(X ⊗̃M F )′

is isometrically isomorphic to Lmaj(X,F ′) and (F ⊗̃M E)′ is Riesz and isometrically
isomorphic to Lmaj(F,E ′)(cf. [1], [29] and [3]).

Corollary 4.15 Let E and F be Banach lattices and let X be a Banach space. If
(Si) is a BL-filtration on E, (Ti) is a BS-filtration on X and (Qi) is a BL-filtration
on F, then

(i)
[
Mnc

(
(Si ⊗l Ti), E ⊗̃l X

)]′
' Lcas

(
Mnc((Si), E),

[
Mnc((Ti), X)

]′)
.

(i ′)
[
Mnc

(
(Ti ⊗M Si), X ⊗̃M E

)]′
' Lmaj

(
Mnc((Ti), X),

[
Mnc((Si), E)

]′)
.

(ii)
[
Mnc

(
(Si ⊗l Qi), E ⊗̃l F

)]′ ∼= Lcas
(
Mnc((Si), E),

[
Mnc((Qi), F )

]′)
.

(ii ′)
[
Mnc

(
(Qi ⊗M Si), F ⊗̃M E

)]′ ∼= Lmaj
(
Mnc((Qi), F ),

[
Mnc((Si), E)

]′)
.

where ∼= denotes Riesz and isometrically isomorphic and ' only the latter.

The following theorem is due to Chaney.

Theorem 4.16 E has RNP iff Lp(µ) ⊗̃l E = Lcas(Lq(µ), E) for all finite measure
spaces (Ω,Σ, µ), 1 < p <∞ and 1/p+ 1/q = 1.
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It is well known that a Banach spaceX ′ has the Radon-Nikodým property if and only

if
[
Lp(µ,X)

]′
= Lq(µ,X ′), (see [4]) or equivalently, Lcas(Lp(µ), X ′) = Lq(µ,X ′), (see

[1]), where (Ω,Σ, µ) is any finite measure space, 1 < p <∞ and 1/p+ 1/q = 1.

We derive the following analogue for spaces of norm convergent martingales which
we believe is a new result:

Proposition 4.17 Let X be a Banach space, 1 < p <∞ and 1/p+ 1/q = 1. Then
Mnc((Ti), X)′ has the Radon-Nikodým property for any BS-filtration (Ti) on X if
and only if[(

Mnc((Si ⊗l Ti), L
p(µ,X))

)]′
=

[
Mnc((Si), L

p(µ))
]′
⊗̃l

[
Mnc((Ti), X)

]′
for any finite measure space (Ω,Σ, µ) and any BL-filtration (Si) on Lp(µ) that leaves
1 invariant.

Proof: First note that since the image under L (notation as in Chapter 3) of
Mnc(Si, L

p(µ)) is a closed Riesz subspace of Lp(µ) and L maps (Si1, Si) to 1, it
follows that Mnc(Si, L

p(µ)) is a closed Riesz subspace of Lp(µ) and has a quasi-
interior point. But then there exists a finite measure space (Ω1,Σ1, µ1) such that
Mnc(Si, L

p(µ)) is Riesz and isometrically isomorphic to Lp(µ1) (cf. [22] and [23]).

Suppose
[
Mnc((Ti), X)

]′
has the Radon-Nikodým property for any BS-filtration

(Ti) on X. Let (Ω,Σ, µ) be a probability space, (Si) a BL-filtration on Lp(µ) that
leaves the 1-function invariant and (Ti) a BS-filtration on X. Then[
Mnc((Si), L

p(µ))
]′
⊗̃l

[
Mnc((Ti), X)

]′
= Lcas

(
Mnc((Si), L

p(µ)),
[
Mnc((Ti), X)

]′)
and consequently[

Mnc((Si), L
p(µ))

]′
⊗̃l

[
Mnc((Ti), X)

]′
=

[
Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃l X)
)]′

.

Conversely, suppose[(
Mnc((Si), L

p(µ))
)]′

⊗̃l

[(
Mnc((Ti), X)

)]′
=

[
Mnc

(
(Si ⊗ Ti), L

p(µ) ⊗̃l X)
)]′

for any finite measure space (Ω,Σ, µ) and any BL-filtration (Si) on Lp(µ) that leaves

1 invariant. By our remark at the beginning of the proof,
(
Mnc((Si), L

p(µ))
)

is an

Lp(µ1)-space, where (Ω1,Σ1, µ1) is a finite measure space, and[
Mnc((Si), L

p(µ))
]′
⊗̃l

[
Mnc((Ti), X)

]′
= Lcas

(
Mnc((Si), L

p(µ)),
[
Mnc((Ti), X)

]′)
.

Thus, by Chaney’s result,
[
Mnc((Ti), X)

]′
has the Radon-Nikodým property for any

BS-filtration (Ti) on X.
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4.7 Norm Bounded Martingales and Tensor Prod-

ucts

The following is the main result of this section:

Theorem 4.18 Let E and F be Banach lattices and let (Ti) and (Si) be BL-
filtrations on E and F respectively.

(i) If E and F are KB-spaces, then Mnb((Ti⊗Si), E⊗̃lF ) is a Banach lattice and
Mnc((Ti ⊗ Si), E⊗̃lF ) is a projection band in Mnb((Ti ⊗ Si), E⊗̃lF ).

(ii) If E and F are order continuous Banach lattices, then Mr((Ti⊗Si), E⊗̃lF ) is
a Banach lattice and Mnc((Ti⊗Si), E⊗̃lF ) is a ideal in Mr((Ti⊗Si), E⊗̃lF ).

Proof: Since E and F are KB-spaces [order continuous Banach lattices], E⊗̃lF is
a KB-space [order continuous Banach lattice], by Popa’s result. Because (Ti) and
(Si) are BL-filtrations on E and F respectively, (Ti⊗Si) is a BL -filtration on E⊗̃lF

and so
∞⋃
i=1

R(Si ⊗ Ti)

l

is a closed Riesz subspace of E⊗̃lF (see Lemma 4.4).

But then Mnc((Ti ⊗ Si), E⊗̃lF ) is a projection band [ideal] in the Banach lattice
Mnb((Ti ⊗ Si), E⊗̃lF ) [Mr((Ti ⊗ Si), E⊗̃lF )], by Theorem 3.22 [Corollary 3.16]. If
E and F are KB-spaces, then Mnb((Ti ⊗ Si), E⊗̃lF ) = Mr((Ti ⊗ Si), E⊗̃lF ), by
Corollary 3.21.



Appendix A

Glossary of Definitions

We begin by recalling all the theory which is relevent to this dissertation, the ma-
jority of which is discussed in more detail in [31, Chapters 1-5].

A.1 Riesz Space Theory

Ordered Vector Space
A real vector space on which there exists a partial ordering such that the vector
space structure and the order structure are compatible. That is for every, g, h ∈ V
the following hold:

(i) f ≤ g ⇒ f + h ≤ g + h, ∀h ∈ V.

(ii) f ≥ 0 ⇒ αf ≥ 0, ∀α ∈ R.

Riesz Space
An ordered vector space on which a supremum and infimum, with respect to the
partial ordering, of any pair of elements exists. We denote sup{f, g} = f ∨ g and
inf{f, g} = f ∧ g.

In the remainder of the section E is a Riesz space.

Positive Cone
E+ = {f ∈ E | f ≥ 0}. f ∨ 0 is the positive part of f and f− = (−f) ∨ 0 is the
negetive part of f . Also E = E+−E+ uniquely so that for any f ∈ E we can write
f = f+ − f−.

Archimedean Riesz Space
A Riesz space with the property that inf

n∈N
1
n
u = 0 for each u ∈ E+.

47
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Riesz Subspace
A subset of a Riesz space which is itself a Riesz space.

Ideal
A linear subspace S ⊂ E such that if f ∈ S and |g| ≤ |f | then g ∈ S.

Principal Ideal
An ideal Af generated by a single element f ∈ E. This is the smallest ideal con-
taining f , and is given explicitly by Af = {g ∈ E | |g| ≤ |αf |, α ∈ R}.

Band
An ideal B ⊂ E for which sup(D) ∈ B for every subset D ⊂ B.

Principal Band
A band Bf generated by a single element f ∈ E. This is the smallest band containing
f , which is also the smallest band containing Af .

Strong Order Unit
An element f ∈ E, f > 0 for which Af = E.

Weak Order Unit
An element f ∈ E, f > 0 for which Bf = E.

Quasi-Interior Point
An element f ∈ E, f > 0 for which Af is dense in E.

Disjoint Complement
The set Bd = {f ∈ E | |f | ∧ |g| = 0 for each g ∈ B} with respect to a band B.

Upwards (Downwards) Directed Set
A non-empty subset, say D ⊂ E such that for every two elements f and g in D
there exists an element h in D such that h ≥ f ∨ g (h ≤ f ∧ g). We denote this as
D ↑ (D ↓) and if f0 = supD (f0 = infD) exists in E we shall write D ↑ f0 (D ↓ f0).

Dedekind Complete
A Riesz space for which every non-empty upwards directed bounded above subset
of E+ has a supremum.

Principal Projection Property
A Riesz Space E such that E = B ⊕Bd for each principal band B in E.

Theorem A.1 Let E be a Riesz space, then

1. E Dedekind complete ⇒ E has the projection property ⇒ E has the principle
projection property ⇒ E is Archimedean.

2. E Dedekind complete ⇒ E Dedekind σ-complete ⇒ E has the principle pro-
jection property ⇒ E is Archimedean.
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Order Convergent Sequence
A sequence (fn) ⊂ E for which there exists a sequence (un) ↓ 0 ⊂ E and some f∞
such that |fn − f∞| ≤ un. We call f∞ the order limit of (fn) and write fn → f∞ in
order.

Order Bounded Sequence
A sequence (fn) ⊂ E for which there exists an element u ∈ E+ such that |fn| ≤ u
for all n.

A.2 Norms and Banach Space Theory

Norm
A map || · || from a Riesz space E to R with the following properties:

(i) f = 0 if and only if ||f || ≥ 0 and ||f || = 0 for each f ∈ E;

(ii) ||αf || = |α|||f || for each f ∈ E and α ∈ R;

(iii) ||f + g|| ≤ ||f ||+ ||g|| for each f, g ∈ E.

In the remainder of the section || · || is a norm.

Riesz Norm
A norm for which one of the following equivalent properties holds for each f, g ∈ E

(iv) f ≤ g ⇒ ||f || ≤ ||g||;

(v) 0 ≤ f ≤ g ⇒ ||f || ≤ ||g|| and || |f | || = ||f ||.

Order Continuous Norm
A norm for which inf ||A|| = 0 for each downward directed set A.

L - Norm
A norm for which ||f ||+ ||g|| = ||f + g|| for all positive elements f and g.

Normed vector Space
A linear vector space on which a suitable norm is defined.

In the remainder of the section E is a normed Riesz Space.

Cauchy Sequence
A sequence (fn) in a normed vector space such that for each ε > 0 there exists an
N ∈ N such that ||fn − fm|| < ε for all m,n ≥ N .

Norm Convergence Sequence
A sequence (fn) in a normed vector space for which there exists some f∞, called the
limit, such that ||fn − f∞|| → 0. We write fn → f∞(norm).
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Banach Space
A normed vector space in which every Cauchy sequence converges in norm.

Banach Lattice
A Riesz and Banach space endowed with a Riesz norm.

Order Continuous Space
A vector space endowed with an order continous norm.

AL - Space
A vector space endowed with an L-norm.

Norm Bounded Sequence
A sequence (fn) on a normed vector space for which there exists some constant K
such that ||fn|| ≤ K for each n ∈ N.

KB - Space
A Banach lattice in which every increasing, norm bounded sequence is norm con-
vergent.

Radon Nikodým Property (RNP)
A Banach space in which for every finite measure space (Ω,Σ, µ) and for each
bounded linear operator T : L1(µ) → E, there exists a g ∈ L∞(µ) such that
Tf =

∫
fgdµ for each f ∈ L1(µ).

Fatou Property
A locally solid Riesz space (E, τ) has the Fatou property if τ has a basis of zero
consisting of solid and order closed sets.

A.3 Operator Theory

Linear Operator
A mapping between two vector spaces, say V and W , such that T (αf + βg) =
αTf + βTg.

For the remainder of the section T is a linear operator.

Positive Operator
A linear operator for which f > 0 implies Tf > 0.

Strictly Positive Operator
A linear operator for which {f ∈ E | T |f | = 0} = 0.

Order Continuous Operator
A positive operator such that for each set fα ↓α∈D 0 we have T (fα) ↓α∈D 0.

Norm Bounded Operator
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A linar operator on a normed vector space V for which there exists a constant K
such that ||Tf || ≤ K||f || for each f ∈ V .

Norm of an Operator
The infimum of all numbers K in the above definition, i.e

||T || = inf
f∈V

{K | ||Tf || ≤ K||f ||}.

Projection
An operator for which TT = T 2 = T .

Isometry
A linear operator for which ||Tf || = ||f || for each f .

Range of an Operator
A vector subspace of X defined by R(T ) = {y ∈ Y | ∃ x ∈ X so that Tx = y},
where T : X → Y . We call the dimension of this subspace the rank.

Kernel of an Operator
N (T ) = {x ∈ X | Tx = 0}. Furthermore, the kernel is a vector subspace of X the
dimension of which is called the nullity.

Linear Functional
A linear operator for which the target space is R.

Dual Space
The space of all bounded linear functionals on a normed vector space. For a normed
vector space V we denote the dual space by V ′ = {f ′ | f ′ : V → R}.

Universally Complete with respect to T
A Dedekind complete Riesz space in which every increasing net (fα) ⊂ E+ with Tfα

bounded, is order convergent. We require that T be a strictly positive contractive
projection.

A.4 Measure Theory and Lp-spaces

We now present the classical Lp-space as an example of a Riesz space, in fact, it is
an example of an order continuous Banach lattice for 1 ≤ p <∞.

Let Ω denote a non empty point set.

Power Set P
The set of all subsets, denoted for a set Ω, P(Ω).

σ-Algebra
A subset of P(Ω) call it M for which the following conditions hold:
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(i) Ω ∈M,

(ii) A ∈M then Ac ∈M and

(iii) {A}n∈N ⊆M then
∞⋃

n=1

An ∈M.

Measurable set
The elements of a σ-algebra.

Measure
A positive real valued set function µ : M → [0,∞] defined on a measurable space
(Ω,M) such that

(i) For every mutually disjoint collection {An}∞n=1 in M we have that µ(
∞⋃

n=1

An) =

∞∑
n=1

µ(An).

(ii) µ(φ) = 0 where φ is the empty set.

Measure Space
The triple (Ω,M, µ) where Ω is a point set, M is a σ-algebra and µ a measure.

Measurable Function with respect to the measure space (Ω,M, µ)
A function f : Ω → Y , where Y is a topological space, whose inverse maps open
sets to open sets. That is if U is open in Y then f−1(U) is measurable in Ω.

Finite Measure Space
A measure space (Ω,M, µ) for which µ(Ω) <∞.

Let (Ω,M, µ) be a finite measure space and let M(Ω,M, µ) denote the set of all
real-valued, µ-measurable functions on Ω. Then M(Ω,M, µ) becomes a real vector
space under pointwise addition and scalar multiplication. Furthermore, we identify
functions that differ only on a set of measure zero, i.e. f ∼ g if and only if µ({x ∈
Ω : f(x) 6= g(x)}) = 0 for all f, g ∈ M(Ω,M, µ). In this case we shall write f = g
a.e.[µ].

In the remainder of the section (Ω,M, µ) is a finite measure space.

L0(Ω,M, µ)
The the collection of equivalence classes of a.e.[µ] equivalent functions inM(Ω,M, µ).
If there is no confusion, we shall simply use the shorthand notation L0(µ).

L0(Ω,M, µ) is a real vector space under [f ] + [g] = [f + g] and α[f ] = [αf ] and is
called the space of µ-measurable functions. We treat the elements of L0(Ω,M, µ)
as functions rather than equivalence classes and denote the space by L0(Ω,M, µ).
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Charactaristic Function χA

The function defined by χA(x) = 1 if x ∈ A and 0 otherwise.

Simple Function
A finite linear combination of charactaristic functions. Thus s : Ω → R is simple iff
s is measurable and R(f) = {α1, . . . , αn} such that

s(x) =
n∑

n=1

αnχAn(x) whereAn = s−1(αn).

Note that s is measurable if and only if the An’s are measurable sets.

Define order on L0(µ) pointwise, i.e. f ≤ g ⇔ f(x) ≤ g(x) for all x ∈ Ω. Then L0(µ)
is a Riesz space under the lattice operations f∨g = max{f, g} and f∧g = min{f, g}
for all f, g ∈ L0(µ).

Integral with respect to µ
The number ∫

E

sdµ =
n∑

i=1

αiµ(Ai ∩ E)

defined for a simple measurable function s : Ω → [0,∞).

Lebegue Integral with respect to µ
The number ∫

E

fdµ = sup

{∫
E

sdµ : 0 ≤ s ≤ f, s a simple function

}
.

defined for a measurable function f : Ω → [0,∞].

Integrable Function
A function f : Ω → [−∞,∞] for which

∫
Ω
|f |dµ <∞.

We are now in a position to define the Lp-spaces where 1 ≤ p ≤ ∞.

|| · ||p Norm where 1≤p<∞
The function ‖ · ‖p : L0(Ω,M, µ) → R+ defined by

‖f‖p =

(∫
Ω

|f |pdµ
)1/p

.

Lp(Ω,M, µ) where 1≤p<∞
The Lebesgue space

Lp(Ω,M, µ) = {f ∈ L0(Ω,M, µ) : ‖f‖p <∞}

of integrable functions. When unambiguous use the notation Lp(µ).
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‖ · ‖∞ Norm
The function ‖ · ‖∞ : L0(Ω,M, µ) → R+ defined by

‖f‖∞ = inf{M > 0 : µ({ω ∈ Ω : |f(ω)| > M}) = 0}.

L∞(Ω,M, µ)
The Lebesgue space

L∞(Ω,M, µ) = {f ∈ L0(Ω,M, µ) : ‖f‖∞ <∞}.

of essentially bounded functions. When unambiguous we use the notation L∞(µ).

Notice that if p = 1 in the above definition, then Lp(µ) = L1(µ) is just the vector
space of integrable functions on Ω.

We recall here that each Lp-space 1 ≤ p ≤ ∞ is a Banach lattice with respect to
the norms defined above.

Vector-Valued Lp−spaces
If we change the target space from R to a more general Banach space, say X, then
we can define the space Lp(Ω,M, µ,X) of Vector valued functions in a similar way.

A.5 Tensor Products of Banach Spaces

We now introduce some concepts from a seemingly unrelated field of mathematics,
but it turns out that these notions are useful for describing the vector-valued Lp-
spaces introduced in the previous section.

Bilinear Map
A map ϕ : X × Y → Z which is linear in both components, i.e. the following hold

(i) ϕ(αx+ βy, z) = αϕ(x, z) + βϕ(y, z) for each α, β ∈ R, x, y ∈ X and z ∈ Y ;

(ii) ϕ(x, γy + ηz) = γϕ(x, y) + ηϕ(x, z) for each γ, η ∈ R, x ∈ X and y, z ∈ Y .

We write B(X×Y, Z) for the vector space of all bilinear mappings from X×Y into
Z. If Z is R, then we just write B(X × Y ).

Tensor Product of Banach Spaces
The vecotor subspace X ⊗ Y of B(X × Y )# generated by the set

{ψ ∈ B(X × Y )# : ∃(x, y) ∈ X × Y such that ψ(f) = f(x, y) for each f ∈ B(X×Y )}.

Tensor

An element u ∈ X ⊗ Y , denoted x ⊗ y and is of the form u =
n∑

i=1

xi ⊗ yi where

xi ∈ X, yi ∈ Y and i = 1, . . . n.



APPENDIX A. GLOSSARY OF DEFINITIONS 55

It is easy to see that the map ⊗ : X × Y → X ⊗ Y , defined by (x, y) 7→ x ⊗ y, is
bilinear and thus exhibits properties of a multiplication.

Rank of a Tensor
The smallest number n ∈ N for which the tensor say u can be written in the form

u =
n∑

i=1

xi ⊗ yi. A tensor of rank one (i.e. u = x⊗ y) is called an elementary tensor.

Note that 0⊗ y = x⊗ 0 = 0 and has rank zero.

A.6 Vector valued Lp-spaces

The classical Lp-spaces of real valued funtions can be generalized to functions which
take on values in Banach spaces.

Let (Ω,M, µ) denote a finite measure space (µ is a non-negative real measure), Y
denote a Banach space and f : Ω → Y denote a function on Ω taking on values in
Y . The material in this section is taken from [4, 2].

Simple Vector Function
A function s : Ω → Y for which there exist x1, x2, . . . , xn ∈ Y and A1, A2, . . . , An ∈
M disjoint such that s =

n∑
i=1

xiχAi
, where χAi

denotes the characteristic function of

Ai.

Measurable Vector Function with respect to µ
A function f : Ω → Y for which there exists a sequence of simple vector functions
(sn) such that lim

n→∞
‖sn − f‖ = 0 a.e.[µ].

L0(Ω,M, µ,Y)
The space of a.e.[µ] equivalent measurable functions. When there is no ambiguity
we will simply write L0(µ, Y ).

Integral

The number
∫

E
s dµ =

n∑
i=1

xiµ(Ai ∩E), where E ∈M, defined for a simple function

s : Ω → Y .

Bochner Integrable Function
A measurable function f : Ω → Y for which there exists a sequence (sn) of Y valued
step-functions such that lim

n→∞

∫
Ω
‖sn − f‖ dµ = 0.

Bochner Integral
The number

∫
E
f dµ = lim

n→∞

∫
E
sn dµ, where E ∈M, defined for a Bochner integrable

function f . A measurable function f : Ω → Y is Bochner integrable if and only if∫
Ω
‖f‖ dµ <∞.
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∆p Norm where 1≤p <∞
The function ∆p : L0(Ω,M, µ, Y ) → R ∪ {∞} defined by

∆p(f) =

(∫
Ω

‖f‖pdµ

)1/p

.

Lp(Ω,M, µ,Y) where 1≤p<∞
The Bochner space of integrable functions f ∈ L0(Ω,M, µ, Y ) for which ∆p(f) <∞.
When unambiguous we use the notation Lp(µ, Y ).

∆∞ Norm
The function ∆∞ : L0(Ω,M, µ, Y ) → R ∪ {∞} defined by

∆∞(f) = inf{M > 0 : µ({ω ∈ Ω : ‖f(ω)‖ > M}) = 0}.

L∞(Ω,M, µ,Y)
The Bochner space of essentially bounded functions f ∈ L0(Ω,M, µ, Y ) for which
∆∞(f) <∞. When unambiguous we use the notation L∞(µ, Y ).

Notice that since the Banach space Y has no order structure, we cannot endow
Lp(µ, Y ) with a pointwise ordering as in the scalar case; thus, we only have that
Lp(µ, Y ) is a Banach space.
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