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ABSTRACT

The mass balance o f  any process p la n t can be described by a set o f 

simultaneous equations. In  a chemical p la n t the  stream v a ria b le s  can 

be described in  te rm ' o f the concentra tions o f  severa l chemical species 

whereas, in  an org dressing p la n t, the stream va ria b le s  must be used to  

describe a la rge  number o f  unique s o l id  p a r t ic le s .  Th is  im p lie s  th a t, 

in  genera l, ore dressing p la n ts  w i l l  requ ire  a fa r  g re a te r number o f  

simultaneous equations to  describe some and consequently the  method o f  

s o lu t io n  o f  these equations should be e f f ic ie n t  and automated.

This th e s is  domonstruios how p a r t ic le s  can be ca tegorized and the 

mass balance fo r  complex recyc le  sy.1t.crn3 ra p id ly  ecniE'VGd. The s im u la to r 
th a t has buen developed uana u n it  model modulus which are lin ke d  to g e th e r 

by an exucu tive  computer program. The execu tive , by t re a t in g  each module 

in  tu rn , ob ta ins  a se t o f  simultaneous equations which are solved i t e r a t iv e ly .  

The sequence in  which the modules pro tre a te d  i s  determined by p a r t i t io n ­
in g  end te a r in g  a lg o rith m - which s e le c t te a r  streams so rendering the 

system a c y c lic . The a lgo rithm s o b je c tiv e  i s  to  choose th a t te a r  set (as 

th e re  are u s u a lly  seve ra l) which w i l l  a llow  convergence in  the fewest 

i t a r e t io ’-s , based on a c r i te r io n  which can be extended to  apply to  a l l  

convergerca methods considered.

A simultaneous conwrguoce? technique is  developed which is  a pp licab le  

s p e c i f ic a l ly  to  l in e a r  ora dress ing  p la n ts , but can be app lied  to  n o n - lin e a r 

systems. This technique is  c e lle d  the reduced Newton method and is  shown 

to  e x h ib it  lo c a l convergence under reasonable co n d itio n s  and is  g e n e ra lly  

s u p e r io r  to  both d ire c t  s u b s t itu t io n  and the sounded Wegstein methods.

Mathematical moduli o f  a l l  type- o f  o re  dress ing  equipment ere 
reviewed and some, a f t e r  m o d ific a tio n , se lected  f o r  programming es u n it  

modules. These modulus in c lude  anas fo r  crush ing , g rin d in g , f lo ta t io n  an’d 

cyc lon ing  w h ile  e genera l purpose p a r t i t io n  curve module has been w r it te n  

to  modal g ra v ity ,  mugnatie end e le c t ro s ta t ic  separators, screens, c la s s i­

f ie r s  and s o rte rs . A v>ry t i t t p l f  module 1c u v n llu b lo  as a modal o f th ickeners 

end f i l t e r s .

The execu tive  program is  d iv id e d  in to  phases. The phases a llow  

v a r ia t io n  in  problem s ix u  w ith o u t wasted utorago capac ity  p lus the overlay ing  

o f  s to rage . The in p u t phusa uses words w ith  thu data tc  make I t  readable 

anti a t the  some tim e e lim in a tin g  thu need f o r  dummy, data. The next phase



orders the  c a lc u la t io n  according to  a user nn lcc tcd  c r i te r io n  and sets up 

the  data f i l e s  f o r  the c a lc u la t io n  phaso. Tha prwprocossing o f date in  

previous phases allows this c a lc u la t io n  pnets to  execute e f f ic ie n t ly  and to  

ob ta in  a mass balance using a chosen convergence method. The ou tput o f 

the  f i r s t  two phaa°s le ts  the user f in d  any fa u lts  in  h is  data before 

the  p o te n t ia l ly  expensivu c a lc u la t io n  phas<3 i s  run, whllt* the output from 

th is  la s t  phdsB is  v r y  f le x ib le  und thu usor can taKB ao mur'i o r  as l i t t l e  

d e ta i l  as he lik e s .

Tha fo u r  to s t  a^jmplii*? Ccmonatratia the ussfige and F le x ib i l i t y  o f the 
s im u la to r w h ilo  g iv in g  an in d ic a tio n  uP i t s  svopv.

( i i ' i )
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1 INTRODUCTION

As tha S tanford o f  l iv in g  increases throughout the w orld , th e  demand fo r

--orala would appear to  deplete the  known supply. To meet th is  growing 

\ .on tinu ing  process o f  now m inera l deposit recovery i s  requ ired .

uuposita must not cn ly  be found but thuy must also be economically 

. processed In  o rde r th a t  f u l l  use i f  made o f  these resources.

M ineral technology is  tha l in k  in  the chain o f supply between the 

f in d in g  and w inning o f  an ore and i t s  conversion in to  a metal o r  prim ary 

raw chemical. The fu n c tio n  o f  is m inera l te ch n o lo g is t Is  to  devise cheap 

methods oK e x tra c tin g  Hie use fu l con s titu e n ts  from a v a ila b le  deposits - 
a tasK w ith  <i wide rdiij;-) o f  con :p lti* ity  ru ja ti?d to ,  in te r  a l ia ,  the  nature 

and lo c a tio n  o f  tha ore and tha cu rre n t world demand f o r  th e  m a te ria l 
(Jones e t a l 1389).

There has been a constant advance in  m inera l technology fo r  hundreds 

o f  years, due to  changes in  equipment and ores. Processes th a t ware 

s u ita b le  f i f t y  years ago are no.# be ro ly  adequate o r  outmoded, and pro­

cesses considered h ig h ly  successfu l today may be replaced by new technology 

in  the fu tu re . Basic to  every process is  en understanding end im p lied  

a n a lys is  o f  the  system. In  tha  past th is  has been achieved by ca re fu l 

a p p ra isa l o f  the o ru , p i lo t  p la n t te s ts  anti laborious hand c a lc u la tio n s .

Sof-i o f  the p r in c ip la s  o f  ora dress ing  operations have beon understood 

f o r  Kany Acadao bu t i t  la  on ly  re c e n tly  th a t q u a n tita t iv e  o’od s ls  have begun 

ta  appear in  the l i tn r . i tu r e .  C o a le d  w ith  th is  has been the  advent o f  

d ig i t a l  computers. Ths combination o f  these two fa c ts  makes the  s im u la tion  

o f  ora dress ing  p la n ts  po ss ib le ,

1,1 H is to ry  o f  Ore D r«s-in^ S im ulators 

As adequate models o f  canminution u n ite , f lo ta t io n  c e l ls  end cyclones 

a re  the  o n ly  ones to  hyva boon dove loped, (see P art I I I )  and these on ly  

re c a n tly , i t  is  not c u rp r is in g  th a t the h is to ry  o f  ore dressing s im u la to rs  

i s  b r ia f .
C rushing p la n t s im u la to rs  which inc lude  screen models have been 

pub lished by Whiten M972) and Gurun (1072). Tho -'.m u la tion  o f g rin d in g  

c i r c u i t s  is  q u ite  etivancfiti and the  poporo by lu c K l 'd  Austin  (1972) 

and A us tin , Luckle am) Wightman (1975) g ive  tho basic theory end an 

example o f  a cement m il l in g  c i r c u i t ,  re sp e c tive ly .
Scrimgoour, Hamilton and Toong (1970) hava reviewed and presented 

models o f  g rin d in g  and f lo ta t io n  c i r c u i ts .  While Davis (1964), Loveday and 

Merchant (1'172), King (1072) and Sutherland (1976) have described f lo ta t io n  

models and s im u la tio n  o f  these c ir c u its .



Pederson and Gurun (1970) and King (1975) have discussed the techniques 

o f  ore dress ing  p la n t s im u la tion  although not In  d e ta i l .  O ve ra ll i t  appears 

th a t,  a lthough much e f f o r t  has been expended In  developing mathematical 

models o f  ore dressing ^ o ra t io n s ,  s im u la to rs  which t r e a t  e ith e r  m il l in g ,  

o r  f lo ta t io n  arc the o n ly  ones a v a ila b le . Those s im u la to rs  have the draw­

back th a t they are very l im i^ d  in  the number o f  poss ib le  con fig u ra tio n s  

th a t can be handled.

C le a rly  the re  i s  a need fo r  a general purpose ore dressing s im u la to r 

which can u t i l iz e  e x is t in g  mothemotlcal models o f  u n it opera tion  and a t 

the  saTie tim e a llow  f o r  the development o f  new ones, by a llow ing  them to  

be combined in  any co n fig u ra tio n  f o r  purposes o f  s im u la tio n .

As e x is t in g  ora dressing s im u la to rs  on ly a llow  a l im ite d  v a r ia t io n  in  

p la n t co n fig u ra tio n  and use s o lu t io n  methods which are s p e c if ic  to  th a t 
p la n t i t  w i l l  ba u se fu l to  examine chemical p la n t s im u la to rs .

1.2 H is to ry  o f  Chemical P la n t S im ulators .

Process s im u la tio n  has been usud by chemical engineers s ince  the 195D‘ s 

but the advances hove depended both on the improvement o f  computer 

technology and on the davelopmont o f  mathematical models f o r  the  various 

u n it  processes. The development and acceptance o f  process s im u la tio n  by 

tno chemical in d u s try  has been a continuous process (see Motard, Shachem 

and Rosen (1975)),

The p e r io d  1955-1958 was charac te rized  by the development o f  computer 

program: f o r  in d iv id u a l u n it  opera tions. The developer o f  such programs 

was rsq u ire ti to  be an expert in  chemical eng ineering , mathematics and 

computore, in c lu d in g  machine lane- ■' wl*"h the  re s u lt th a t the developer 

was u su a lly  the on ly  one wno cr hese programs f o r  s o lu tio n  o f

a c tu a l problems. Successes wax-. e ly  fow, but when there  were

8ti65<foges they generated huge sav i.,*. , This encouraged management to  fund

l im ite d  process s im u la to r development p ro je c ts  in  the p e riod  1960-1964. The 

s im u la to rs  which havo ourvived from th is  tiro  and s t i l l  enjoy wide acceptance 

had the fo llo w in g  developmental g u id e lin e s :-

U ) Coding in  a h igh la v a l language (e .g . FORTRAN) and h ig h ly  

modular.

(b) P hys ica l p rope rty  c o rro la tio n o  as r igorous and as accurate as 

p o ss ib le .

(c ) System easy to  use w ith  l i t t l e  o r no in te rv e n tio n  by an expert.

.3 .



The p e riod  1965-19139 was characte rized  by the refinem ent o f  In d u s tr ia l 

s im u la tio n  programs. As s im u la to rs  were released w ith in  various companies 

f o r  general use, serious problems were o fte n  discovered re la te d  to  th e ir  

r e l i a b i l i t y  and g e n e ra lity . Mony f i r s t  users became disenchanted w ith  the 

concept o f  process s im u la tion  and would no t attem pt an a p p lic a tio n  f o r  

severa l years fo llo w im , a bad experience. However, by the end o f  th is  period , 

the  concept was la rg e ly  e s tab lished  and accepted. The r e l i a b i l i t y  o f  p ro ­

cess s im u la to rs  had increased as had the  speed and r e l i a b i l i t y  o f computers. 

Since 19/0 t'm  s im u la to r hue become a w e ll used to o l in  th e  process

Comparing the  s ta te  o f  s im u la tion  in  the  m inera ls in d u s try  w ith  

th a t in  the chemical In dus try  i t  is  apparent th a t the m inera ls In dus try  

is  f i f te e n  to  twenty years behind. F o rtuna te ly , in  the development o f  an 

easy to  use genera l purpose ore dress ing  s im u la to r, i t  i s  po ss ib le  to  draw 
on the  experience o f  the chemical in d u s try  thus o b v ia tin g  much tim e con­

suming development work,

1 .3  Value and Uao o f a S im u la to r 

A t almost every staga in  «•' i development o f  e treatm ent p la n t the re  is  

a need fo r  s im u la tio n  programs w ith  d if fe re n t  le ve ls  o f  com plexity.

(a) Kcscarah and VcMlopmcnt Stage
A simple s im u la tio .i which re q u ire s  the  minimum o f data may be used 

f o r  checking th e  economic f e a s ib i l i t y  o f  d if fe re n t  processes.

(hj C ritical Zxaninaticn Stage
Once a f in a n c ia l ly  a t t r a c t iv e  process has boars found, d i f f e r a r t  

a lte rn a t iv e s  in v o lv in g  p la n t s ize , layou t and opera ting  cond itions 

should be taafcnd f o r  o p tim a lity .

(c) P ilo t Plant Stage
The uufl o f  the  process s im u la to r may help to  ob ta in  estim ates o f  
th a  opera ting  co n d itio n s  in  the  f u l l  sca le  p la n t from r e la t iv e ly  

few re s u lts  on the  p i lo t  p la n t.

(d) Design Stage
Thu process s im u la to r has a v a ila b le  a l l  tha process data required 
f o r  the d e ta ile d  design o f  various places o f  equipment. In  th is  

way sa fe ty  fa c to rs  due to  u n ce rta in ty  in  equipment design may be 

reduced.



(e) Simulation o f  Existing Plants
S im u la tion  o f  an e x is t in g  p la n t may be very u se fu l when there  Is  a 

need to  change th ti opera ting  co n d itio n s . A sim u la tion  Is  o f  use In  

f in d in g  the beat s tra te g y  fo r  ra is in g  p roduction , to  enhance the 

e f f ic ie n c y  o f  the process, to  adapt tho p la n t to  a d if fe re n t raw 

m a te ria l o r  to  d if fo ro n t  product co trposltion  requlremonts.

The advantages o f  using a s im u la to r during  the above stages In c lu d e :-

(a) Af engineer n«ed no t tic expert in  mathamatics o r computers to 

sut up the  s lm ulcitor, bufore using i t  as e to o l,  thus re leas ing  
t fw  erxginusv fram ro u tin e  c a lc u la tio n s  f o r  more c re a tiv e  work.

(fa) fiy  using the b u ild in g  b locks o f  a s im u la to r the  s p e c ia lize d

knowledge o f  on expe rt on a p a r t ic u la r  aspect can be tapped by 

the engineer.

Cc) I t  i s  easy to  uac mors complex medals as the  p ro je c t progresses.

Cd3 I t  can he lp  in  the undentateding o f  coirplax processes.

(e ) Each t r i a l  p la n t does no t become a research p ro je c t as i t  is  

easy to  roarrango tho  p la n t u n its  and the o pe ra ting  data.

(?) e l l  a v a io b lu  date can bs nxp lo rsd  f u l l y  before going on to  

too  next dWti-j o f  the p ro je c t.

Cg) By hos ting  tiaeh p iecu  Qf equipment over i t s  f u l l  range o f

•sparating co n d itio n s  a lo t  more in fo rm a tio n  i s  obta ined than 

isi p o ss ib le  when te s tin g  an in te g ra te d  p i lo t  p la n t whose range 

o f  ope ra tin g  co n d itio n s  does no t n e cessa rily  inc lude  the o p t i ­

mum o pe ra ting  p o in t o f  the  f u l l  seals p la n t

(h ) I t  can help in  making a dec is ion  on how f le x ib le  the design should

tie and what dngreu o f  ovurdoaign is  roqu irad .

( i )  flo amount o f  d n ta ile d  Uoaign on in d iv id u a l u n its  can be f u l l y

e f fe c t iv e  unloss th ti in ts ra c t io n  botweon the u n its  in  the  p la n t 

can be taken In to  account.

U J Thu tiim uluCar can e a s ily  be used in  o b ta in in g  the p la n t s e n s it iv i ty  

to  changes in  in p u t and dssifin va ria b le s .

(k ) The) s im u la to r con bs use cl in  comparing opera ting  cond itions

w ith  s p e c if ic a tio n s .



(13 When m o d ifica tio n s  hevo to  be mode to  an opera ting  p la n t i t  

may be im possible to d is ru p t p roduction f o r  te s t runs. In ­

strum enta tion  Is  expensive and d i f f i c u l t  to  in s t a l l .  I t  is  

d i f f i c u l t  to  run a m eaningful co n tro lle d  experiment on an 

opera ting  p la n t because o f  process disturbances. Sa fety may 

prevent running the p la n t a t o ff-no rm a l co n d itio n s . In  com­

p l ic a te d  processes i t  is  im possible to  determine the re la t io n ­

sh ip  between va ria b le s  from  experim ental data and mathematical 

davQ is  necessary.

(m3 I t  can be uaoti in  the dusign o f  a c o n tro l system.

1.4 B e n e fits  and Cost o f  a S im u la to r 

A m ajor b e n e fit  o f  process s im u la tio n  has been th a t i t  produces b e tte r  

process designs w ith  lower c a p ita l and opera ting  costs in  less tim e than 

hand methods a lons o r  hand methods in  combination w ith  stand alone com­
p u te r programs. The Monsanto company dstim ates the saving obta ined by 

us ing the FLGWTRAN s im u la tio n  program At tw en ty -e igh t man months in  one 

p ro je c t, and a p o te n t ia l ye a rly  net gain o f  $750.000 in  increased produc­
t io n  in  another one (tto ta rd  e t a l 1975).

However th e re  are severa l o th e r in ta n g ib le , ye t h ig h ly  im portan t, 

b e n e fits  th a t am  perhaps leas w e ll understood. These are the  t ra n s fe r -  

a b i l i t y  o f  process s im u la tions  and an improvement in  communications v ia  

the use o f  process s im u la tio n * The d if fe re n t  engineering groups which deal 

w ith  the aama p la n t, in  d if fe re n t  stages, may use the s im u la to r as a 

bas is  fo r  fa s te r  and improved communications.
S r id d o l (1974 d.bJ summarizes the most severs p i t f a l l s  in  the  use 

o f  s im u la tio n , Among thaae era ca rry in g  out a s im u la tion  f o r  i t s  own 
sbKS, no t hav ing  c le a r  o b je c tive s , being o ve rly  r ig o rous , no t Knowing 

how much to  assume and not working w ith  the people who have the problem.

For p rope r use o f  s im u la tio n , B r id d e l (1974) proposes to  judge the 

n ecess ity  o f computor s im u la tio n  end the degree oF s o p h is t ic a tio n  th a t 

must be employed aga inst a r e a l i s t i c  :o s t estim ate.

To those p i t f o l l a  must be added the costs o f producing a s im u la to r.

The development, documentation and maintenance o f a commercial s im u la tion  

program re q u ire s  a la rg e  investm ent and a large engineering team (Seider 

1072). Thus u s u a lly  on ly  la rg o  companies can a ffo rd  the  i n i t i a l  develop­

ment o f  commercial programs. PACER 2<15 contains about 40,000 source 
cards. The cost o f  (juvelopment o f  a good computer l ib ra ry  is  about 

$-15 to  $20 per sourco card. So th a t the cost o f  a program l ik e  PACER 245 

may be iOUU.OOC! to  $000,000. Reproducing FLOWTRAN might coat tw ice  as 

much (Motiard e t e l 1075).



2 STRATEGY OF SIMULATION

Process s im u la tio n  is  the reprosunta tion o f  a process by a ma thematical 

model which is  then solved to  ob ta in  in fo rm a tio n  about the performance 

o f  the process, Tlie mathematical model is  u su a lly  a computer program 
which can be w r it te n  in  d i f fe re n t ways depending on i t s  requ ired end use.

2.1 S im u la tion Mods versus Dasif:r> Mods 
S im u la tors should be ablo to  both s im ulate e x is t in g  p la n ts  and design new • 

p la n ts . I t  is  c h a ra c te r is t ic  o f the c;.mul a t ion/pa  r fo m o n cG /ra tin g  mods 

o f  c a lc u la tio n  th a t a l l  system in p u ts  and design para/rntora are s p e c if ie d  and 

the in fo rm a t io n  flow  in  the prng ic !: is  in  thu suite d ire c t io n  as tne heat 

and mate r i a l  flow s in  the p la n t. Id u a lly ,  in  the design mode o f  c a l­

c u la t io n  tho system in p u ts  and/cr design parameters are ca lcu la te d  from 

s p e c if ie d  outpu ts .
The s im u la to r can only bo w r i t te n  to  operate in  one o f  these modes.

As the s im u la tio n  muJ* ip  gone r a l ly  mcro s ta b le  num erica lly  ( Pioterd 

e t  a l ( IJ j 'B ) , Rinard and Ripps (1965)), ( in  o th e r words a s o lu tio n  i s

more re a d i ly  ob ta ined in  the s im u la tion  mods) the usual answer i s  to

perform  design c a lc u la tio n s  by i te ra te d  s im u la tio n ,

There are severa l advantages in  using th is  approach:-

(a ) Computer e lite  con become overwhelm ing in  design mode,

(b) I’eaign va ria b le s  era select#d co n s is te n tly ,

(a ) In  genera" the  e n g in :a r Knows the feed streams, and has good 

estim a tes o f  the aQuiuvui.t parameters.

Id ) In fo rrra t lc  tra n s fe r  purr,Halts r a to r ia l  and energy t ra n s fe r.

This mokos i t  conceptually easy f o r  the engineer to  assemble
tno u n it  modules which have buen w r it te n  so th a t phys ica l 

outputs a rti ca lcu la ted  from phys ica l in p u ts .

rtowavur f ix e d  dneign va r itib le s  era no t always on advantage. Lee, 

Christrmooh and Ruud (10C6) havu domonotrotud th a t the a o leo tion  o f  
dusign vertB b loz  in flu o n ce s  tho ro ta  o f  s o lu tio n  cons iderab ly . Fre­

quen tly  the s e le c tio n  o f  tissign va riob lno  in  accordance w ith  the s im u la tion  

Approach duos no t m inim izo thn computation tim e. This is  e sp e c ia lly  

the  cacn when i t  is  pncr/lble to  ovo id i tc v a k iv o  s o lu tio n  o-P a recyc le  

process by cho ice o f  or,other so t o f  design v a r ia lla s .



2 ■ Z Modular Approach versus EQuation S olv ing Approach 
Xehat and Shor-hsm (1.973 a) c ld a s ify  process o i/nu is tion  programs accord ing 

to t h a l r  s tru c tu re  and posa ib lo  uaias. A s im u la tion  program may be 

s p e c if ic  and designstj to  slm ulato a p a r t ic u la r  proceaa w ith  a f ix e d  

p la n t  c o n f ig u ra tio n . Such a p la n t may to  solved e f f ic ie n t ly  using 

iiumsrlc<il liic lin lq u u ii, a lnco s im u la tion  may by tre a te d  as a mathematical 

problem w ith  f u l l y  do finud equations and co n s tra in ts .

A rrona w ide ly  accepted type o f  progr-jm, however, i s  one which is  

c o n s trs c tu il’ using a rw i ju i j r  apprauuh. In  th ta  approach each process u n it 

i s  r a --unttid as a nuparo ts mathematical modal c a lle d  a ' u n it  m odu le ',

The uni , „ v . - a r c  ..jnn»:*:£ed by da ta  M tn  w iilch raprmaent the  streams 
r f  S a tu rn ' '  und energy flc w in jj b^twoan u n its  o f  the p la n t- An ezecutive 

pragrar; aup,irvidua the  in fo ra d t io n  flo w  bstwticn the u n i t  modules.

A lttio iign  the  squ.jcion s o lv in g  approach is  com puta tiona lly  more 

e f f ic ie n t  the modular approach has been used in  almost a l l  s im u la tio n  

programs. Tnorc y iy  good rem ans fo r  th is .

(a ) F U z ib i l i t y
Any p o r t io n  o f  ths> progrdm can bo used independently o r  combined w ith  

o th « r ra  l:ii- i3  to  rc p M w n i; any Kind o f  flow sheet. In  o th s r words ju s t  

a ?C/) t i f . l l i l in f ,  b lo -M  are requ ired  end i t  is  poss ib le  to  ass<Hi*le p ro - 

e c K o j a : : n j  c ^ r ; ;V jx lty ,

(b ) E f f i- r l .m t  Una i f  M m pajcr
.-iirsts dix- l': typ in g  w h ily  man-hour costs arc r is in g  so the 

3 if it iit it .u r  'r.uat to  fitiieH and w a y  to  use. W ith the modular-approach very 
c r p l iw t a d  u n i t  PuCJls con be w r it te n  by nxgorts so saving the  engineer 

tna p rob lw M  invo lvod  in  analysing a p a r t ic u la r  process, f in d in g  a method 

o f  c a lc u la t io n  m*d tn-s-i pm gnm -.ing i t .  In  th is  way severa l engineers 

w u ld  ear.h wotk on r i i f  fa ron t or.p'jetG o f  th o  tsonra procass and than use 

tho n im n lo ta r to  cuitiliino t h u i r  n f fo r ta .

(c ) V 'dn lom noe o f  ihn  Program
Onco a c ic u lo lo r  o x iu ta  I t  id  o<i»y to  odd now b u ild in g  blocks and re - 

movo o ld  tiner, i f  thn s im u la to r uaus the modulor approach.

(d) S u iU ilU  f o r  Pvogrcmning
F ortran  J.3 a truc tu im J to u ia  ssuljroutintis os b u ild in g  blocks consoqucntly the 

mad i/lur opprooch in  ju itu b lo  Far progrurrrTtifig.



Recently attemp ta huvo bean muclo to  combine the advantages o f  the 
modular omJ equation s o lv in g  approach, Mob and Rafal (197i ) describe 

a sym bolic  com plla r which accepts data in  the Tom o f  mathematical 

aquations ornj proriucus au tom a tleu lly  s work ing d ig i t a l  computer program. 

In  th is  program th roe languager,, lJL / I ,  FORTIWi one! rORMAC era used.

Soiymo?. and S ludur (13733 t r ia d  to  make th is  opproeuh more p ra c t ic a l 

by cuna iuor ing  the  s tru c tu re  o f  vquationo and s e tt in g  degrees o f  non- 

l in e a r i t y  ( t h is  is  rioni: w ith  a ! ,s u r io t lc  a lg o r ith m ). The ord e r in  which 

fc. Qqu.itions are to  bo aulvud, und Lhu v a i l- ih le  fo r  which eech aquation 

i r  to  bti solved (the  outpu t n o t) ,  is  found using Steward1'. (1965) a lg o -

2 ,3  ^ o iu a tlo h  o f Si f.)togy 

Based on the  prev ious d iscuss ion I t  was decided to  w r i ts  the s im u la to r 

in  the s im u la tio n  made nod to  s tru c tu re  i t  using the modular approach.



3 SOLUTION TECHNIQUES

In  the case Df  simple processes (those w ith  no re cyc le s ), process s im u la tion  

poses no problem, except perhaps those assoc iated w ith  the m odelling o f  

the  u n it  modules. In  th is  tdso '. te r t in g  w ith  the feud streams i t  is  
po ss ib le  to  c a lc u la ti;  t iiu  outputs from tho f i r s t  u n it ,  which in  tu rn  become 
th e  feeds to  the  next u n its  nnd so on u n t i l  the  la s t u n it .  However most p ro­

cesses are tu t  o f  t h is  type ana have recycle: streams. I t  then becomes 

im poss iiiIn  to  proceed w ith  the u.ilcu l.iM on ut above, because no u n it 
in  t'-s  loap w i l l  ..11 i t s  it-puv. K.own.

'•■-i'.. ,iro two J i f f ,  r e t  approacnuc tc, thu computation

o f  rc ’-.y.Vit, prochfi-X'C! j.multanuou-, end •vn icun tlo l.

In  tho c im ultaneaus .corodch the u n its  are lin e a r iz e d  around an assumed 
steady s ta te  and tho re s u lt in g  equations solved s im u ltaneously . This gives 

fiew vaiuos to  tha  pracoss stream v a r ia b le s  which are in  tu rn  used as the  basis 

f a r  a  rov ised  l in e a r iz a t io n . Bach a process i s  r«paoteo u n t i l  the  values 

a t  the end c !' c.j.-fi duuonca iw  i te ra t io n  changns by loss than a p ro d s te r- 

n ineu  ix fU fr .  n$ a: i t  iv. u s u a lly  c a lle d , tr la ra n c a  l im i t .  The c a l­

c u la t io n  la  to  ru v f in  n.n h a cc.se, On the o th e r hand i t

i s  q . lw  p u -.j.b l-: fu r  the I te ra t io n s  Vo J lw r & t ,  i . e .  the values a f te r  

ouoc-ria lvu ite ra t la r . r ,  cfuyigr a i ^ n i f l t r  t l y  ar=u show no sign o f  approach­

in g  a l im i t in g  value.
C;,a o f  the f i r s t  cxpoeities-a o f  th is  approach is  by Nagiev {19573.

He Ihtr-oducoU t ‘vs c v c jp t  o f  ' e d i t  f r a c t io r o ' to l in e a r iz e  th e  process 

u n its .  5ho ’ s p l i t  f r a t i o n '  i s  tho mass fra c t io n  o f  a feed component 

to  a u n it  wnfcn l a w s  t-he u n it  in  cahh o f  tho  output ntroama. The 
m-aus ,r?d e re rcy  b a lo ic M  am  thnn w r it te n  In  to m s  a f  up l i t  fra c tio n s  fo r  

oac,h pj-ucusu u n i t ,  hu-.h uquations arc lin e a r  and con thus ho solved 

u im u ltdn 'ja iiu ly .
V ula ( i-H il)  usi.s ,i s im i i ' i r  approach on uyatams in  which tho  u n its  

aro m pruuentod by very nimpla in p u t/o u tp u t models. Rosen (1992) de- 

aurihr-o thu gunuiMl mass W an,A, prolilom nr. one o f  so lv in g  sim ultaneously 

a la rgo c u t o f  n o rr l irm n v  ntiuatiur-s and ouggu-ata an approach baouij on 

th a t  o f  rPifsiov ( r i b / ] . Rru.il! iu  ucnoomud w ith  the cuso whrru thu s p l i t  

f ra o t io n u  aru crmplu-x function.'; o f  thu p rocuw  cond itions  Ond o f  the 

q u a n tity  and n .itu rn  o f  thu u th n r uomponunts, n .g , non-conunrvativ ii 

u n its  l ik u  ru 'io ta rc  and u n its  which invo lve  rnuru than one phdUo. Rosen's 

mothod i s  a system a tic  way o f  p u tt in g  up thu in te r l in k in g  equations botweon



u n its  and can be described as fo llo w s :-

(d) Gurss s p l i t  f ra c t lo n o  Pur Qjch u n it .

(b l Solve the so t o f sitnultanuouo H n cu r oquaLiona fo r  flow s.

(c ) Uaing Galc;uJ.jCi;cl f lo t/s  to  ouch u n it  dutiarm ine th« tiu tue l

s p l i t  f ra c t io n s  For t t i is  duty from U.e uniL modal.

(d) Compare thi> p n iv io u j ita ro t in n s  r . p l i t  f ra c t io n s  w ith  the curren t 

o iit’S end thr.'i pn.-'jte t j  n»;w sa t,

U-) i f  tin : u.fivir>e .• in  a p '. it  t r ^ u t i i jn t  in  i-uact.-yi vc i te ra t io n s  is

Si-uatijr thu-i tho t o l r r  ,nn: l im i t  r .lu rn  to  sti.-p f. b j .

(1964) p i .’ Oi.-ntcd a method o f  s o lu tio n  Chat is  in  esccncs 

tre  3ir, jlfcan=cua a c lu tia n  o f  tho huot and m a ta ria l baliince equations, 
n .it Ct.s nur;-.:r s i  uquationc th . i t  h jve to  Ue solved g irmjltariisously are 

:• aus;ti! by i t iv p i^ t io n .  H jv lc r  ui*d Ncr.r,jn (19M ) aloo  reduce the  number 

u f  eguatic  .3 tha t h.ivii  to  be salved s im ultaneously but th e ir  method is  

a u to w t lc .
E-ctn Konotau ( ‘r 'M l  '/la !,im ur-j (1360] recowmnd th> j w  o f  l in e a r  

-'.•jtik.is .in j «‘ :avJ th ,^  f.iy «-n \ - r u l  c? Uusign v firi.itilfic , rra iy types

a* u n it  i.S:;rdtla-v:, i.--n «e }»-. ivl.--:.:. Tre> N vy  d taeribed l in e a r  rode ls  

a» flo a t: a c p o ia ta r i,  a u . ic r t r r , r d  i t r l t t 'c  rv , d i s t i l l a t io n  colu.rna, heat 

s ix i- f . j^ v rs  anti rc a u tu r i.  An c r r f l c  o f  a i :n , t j r lz c J  ru a c to r is  ona 
in  f i r j t  t i r o - w t l a n  aueutc #nu t'-i; rua ldunw  time is  given

a p i t  v r - i t r r  thu r , t - . r c  c f  n w a tfe n  i r  in a ry rn t'a o t o f

4.hs fe i.n i).
r ! - i ‘ !n t ; y  Hut'ShJ-.sn tir-u U ie - .lu y  t l i J ’/ i )  and i ia td . i s c n  ( 1074)

;r;v c f  h.ivi.'if; i iw v ir  unit nuJcln, p a rtic u la rly

f w  tf-u i t l y  •it-ieSQG r;i ii" -y  h -.w  pio<iur,ud a ctttvcr.il purposu

p.wn-qpi d i l l 'K l  SYrUHL vJl.leh u-jlvijti l in e a r  syBt.’ms.

3 ,<- (,f l<<;(,yclH Systems

[n tv.u V iV K 'n ti i l  the  v.iluuv, o f  v o r i- jl. lu n  in  u n rto ln  nscycls

z-ifrerrod to  mu tc m  otrnirtwi. «rt> jr.autn.id. CtriMin va rlo l'lu d  

■axu ttiH iwes -flow i o f  y-iuli '.onynnunl; in  th a t cstrocm and arc d iccuaaud 

in  j o t x ' l  in  th<? nox t t i t ip tn r ,  Thn out o f  ta rn  ctroamo must rondur the 

systiiro a '.y n l ic  uo tha t this vn lu o : o f  Btrcom va r inb lun  in  o i l  the o thur 

yvr<iatrei L.-iti i,u colcd lc itud o f . r iu l ly .  Having w lc u io to d  0 nmt uo t o f  torn  

v a r l t lo o  (v n r la h l’J1-, in  tho tu rn  atrw.mo] th 'i io  can bra comiiurod w ith



tho assumed values and a new estlmubQ made fo r  the next i te r a t io n .  This 

procedure is  rypoa ted u n t i l  the  succegolvo c o rrcc t lo n o  are lesa than 
the to lurance  l im i t .

I f  the  recyc le  atradms were unique, there  would b e 'o n ly  one poss ib le 

se t o f  to rn  Gtraams, hownvor s tru c tu ra l  p ro p e rtie s  o f  flowsheets can 

a llow  eov tiru l d i f fe re n t  so ts, them  Fore tho problem o f  se le c tio n  o f  a 

ant o f  te a r  E-traams -arlaas. The auf. o f  to m  streams 1b c a lle d  a de- 

co n p o s itlo n . I t  gsnoiMl d i f fe re n t  decompositions e x h ib i t  d i f fe re n t  
emv^rgenno p»-opxirtli>a. For a p o r t ic u la r  eyBtom using a p u rtic u la r con- 

va if^ r.ce  .imthod the  'u o t t '  donomposition w i l l  be the one th y t  requires 
thu le  ia t numiror o f  it f r n f t io n s  f o r  cpnvmrgcncw from g iven s ta r t in g  va lues,

3.2 ,1  D lfs e t S u tis tttu tto n  
Tha s im ples t mothod o f  c o rre c tin g  thn to m  va r iab les  Is  d ire c t  aub- 

a t i t u t ia n .  In  tn is  irethod the  newly ca i^y la fie J  to m  v a r ia b le s  are 

s u n s titu te d  as the new a to r t in g  estim a te i f  to m  va r iab les  fo r  the 

next I te r a t io n ,

I f  X Is  the in p u t ve c to r o f  to m  va r ia b le s  and Y Llts ou tpu t vec tor 

o f  ta m  va r ia b le s  th o m -

Yk « »(XK) k Is  tho I te r a t io n  index

and d i r e c t  s u b s t itu t io n  i s : -

/    I S . "

Tha convsrgonea o r  d ivergdnca and ra te  o f  ccnverponcQ o f  t r i s  

Kethed i s  l in k e d  to  tho maximum eigenvalue o f  the m a tr ix  o f  p a r t ia l  

d e r iv a tiv e s  fo r  the  a c y c lic  system, a t  tho  ao iuc ion, 'fhe m a tr ix  
- |£  I s  ceU ed tha  Jacoo isn o f  the a c y c lic  system. I f  are ti-o elements 

o f  vacsor^Y and th o  u lm u n ta  o f  ve c to r X then is  the two d imensional 

m a tr ix  . Tha Modulus o f  th s  maximum eigenvalue o f  a n e t r ix  Z i s

c o llo d  tha  cpQctraZ rud ius  end symboHzed p (Z ). Da tftUs oF th tt l in k  are 

diGCusBBd in  chapter 5.

3.2.% A(.nul»jrfttnd n irnc .t S u tia titu tio n  

Although t i l  m e t s u b a t itn tio f-  i s  o implo to  apply i t  can be vsry slow 

to  convergo. Kshdt ^nd Shoehorn (1973 c) have rovinwod ways o f  acce le r­

a t in g  convfireonca. Thnro uppcur to be only cwu which are cu rre n tly  

in  u3q: thu imundod Wugatoin (WagstHln (1358), m od ified by K liesoh

In  a PhD tho /. is  (1067)) and the  dom inant BlgonvolU B mothod (Drbach and 

Crowe (1Q71J).



In  b o th  th o se  methods i t  i s  assumed th a t  th e  guessed, X y  and th e

c a lc u la te d  v a lu e , y * ,  (where i  i s  th e  i t e r a t i o n  in d e x )  a re  r e la te d  b y : -

aj ' XJ

sc  thw t «

and then is  estim a ted from:

-r (3 .2 )

method » and in  the bounded Wegstein

method -  1) has th e  l im i t s  ( -1 0 .0 ,0 ) . (Worley end do ta rd (1972)).

Shsshes and do ta rd (1874) have demonstrated th a t  th e re  is  an op­
t im a l value f o r  ths  a c ce le ra tio n  parameter but there is  as ye t no 

convenient msthod fo r  computing th is  op tim al value. They a)so c la im  

th a t  in  the Wegstein method tho a cce le ra tion  parameter w i l l  be th e  same 

fo r  e l l  va ria b le s  a f te r  a few d ire c t  s u b s titu t io n  i te ra t io n s  so th a t 

the two methods become the  same. (An exception to  th is  i s  when the 

system Jscob ian is  d ia g o n a l).

Recently Crows and N ish lo  (1375) have proposed a method c a lle d  the 

'G snera l Oomineht E igenvalue Method'. This method i s  an extension o f 

the p rev ious ona and o f fe rs  f l e x i b i l i t y  o f  use and more a f fe c t iv e  acce le r­

a t io n  stops accord ing to the authors. This method does no t appear to 

hove been used on e f u l l  sca le s im u la tor.
The Wegstein and dom inant eigenvalue methods can become unstable and 

the use o f the  bounded Wegstein method Is  one way o f  overcom ing th is .  

Orbach and Crows (1971) suggest m u lt ip ly in g  tho acce le ra tio n  parameter

In  the dom inant eigenvalue method f

whore A * (I?1 -  Y1"1 I j / l j x 1 -  Xi *"'111 

ans | |z}ji3 the 1^ norm o f  ve c to r I  and equals (Z .2 T)



In  b o th  th ese  m othoris i t  its assumed th u t  th e  guessed, x j ,  and th e

c a lc u la te d  v a lu e , y  , (w here  t  i s  th e  i t e r a t i o n  in d e x )  a re  r e la te d  b y : -

" j  '  * A j — ........................

Zn th e  Wsgsteih method ^  end in  the bounded Wegstein

method tq^ -  1) has the l im i t s  (-1 Q ,0 ,0 j. (W orley end Motard (1972)). 1 

In  tha dom inant eigonvelua method fo r  a l l  j

M t a R  A «  i l Y 1 - . Y 1- 1 | | / i | /

and | |Z | | i s  the  1.  ̂ norm o f  vec tor Z and equals (Z.Z1")^

Shaohem and llofcard (1374) have demonstrated th a t  the re  i s  an op­

t im a l value fo r  the aeca lo ra tio n  poranste r but there  is  as y e t no 

convenient method fo r  computing th is  op tim al value. They a lso  c la im  

th a t  in  the Wegstein method the  acce le ra tio n  parameter w i l l  be the same 
fo r  e l l  va r ia b le s  a f te r  a  few d ire c t  s u b s titu t io n  i te ra t io n s  so th a t 

the two methods bocomo the  same. (An exception to  th is  is  when the 

system Jscob ian i s  d iagona l).
Recoritly Crown and NiQhio (1375) have proposed a method c a lle d  the 

'G eneral Dominant Eigenvalue M ethod'. This method i s  an extension o f 
the prev ious one and o f fe rs  f l e x ib i l i t y  o f  use and more a f fe c t iv e  acce le r­

a t io n  stopa accord ing to tha authors. This method tloos ho t appear to 

have bean used on a f u l l  sca le  s im u la tor.
Tha Wegstein and dom inant o igunvaluo methods can become unstable and 

the use o f  the  bounded Wegstein method i s  one way o f  overcom ing th is .  

Orbech and Crowe (1071) suggest m u lt ip ly in g  the  a cce le ra tion  parameter



by a re la x t io n  fa c to r  Uutwetm zero and one.

A rsrison f o r  the  in s ta b i l i t y  .is the -Fact th a t  the in te ra c t io n  between 

to rn  va r ia b le s  ars no t considered, however th is  can be done by Newton-like 
methods.

3 .2 .3  Ntiwton .ind Qudal-Nnrfton 
The Newton mrsthod i s  g iven t>y:-

X ' ■ X -  F* (X ) .F(X ) ........... - ................  (3 .3 )

whBPB F(X) •= X - #(X) <jmJ k is - th t i  i t« r£ it io n  index

end F '(X I tha m a tr ix  o f  p a r t ia l  d e r iv d t iv e s  o f  F(X) w . r . t .  X. In  a re a l 

system F '(X ) w i l l  no t i n i t i a l l y  tie a v a ila b le  so th a t i :  ru s t  bs approximated 

by J ( X j . J(X ) i s  estim d tod using isacents in  each d ire c t io n  and th is  
i s  c a lle d  the 'secant method. I f  X has n elements then the general secant 

motheti re q u ire s  n*1 eva lua tions o f  F(XJ e t each stage to  determ ine J (X ). 

Hotvevsr i f  k>n then tha prev ious n eva lua tions  o f  F!X) p lus  the c u rre n t v 
ons cars be used to  dotwrm ine a new JCX) fo r  each new eva lua tion  o f  F(X).

T h is  4s c a lle d  a (n+13-po in t sequentia l secant method.

F u rth e r computation-)! savings can be made by e s tim a tin g  -.'(X) 1 a t 

every stage in s te a d  o f  J (X ), This saves having to in v e r t  the  nxn m a tr ix  

a t  every stags, aar-

(Vk) .J (X k ) .pk 

where pk = FCX14* 1) -  F(Xk ) ond Vk can be a r b i t r a r i ly  aolected,

(Th is  equation i s  dor ivod  using the Shemdn-Morrlson form ula in  Ortega 

end RheinUoldt (1U70) p 207)).

Samoa (1965) choso (Vk) T in  a d ire c t io n  orthogonal to  n-1 previous 

i te ra t io n s  steps, i .u ,  tVk )T .tX d* 1 -  XJ ) = 0 f o r  n-1 se le c tio n s  o f  j  

from  D<j5K-1. Both Oarnou C1965) and Ortega and Rhuinbold t (1970 p 206) 
show th a t  th is  must r«duco to the  (n+1) -p o ln t  sequentia l soc-int method 

e f te r  e t most n stopa, provided  W * n previous d irs c t io n s  an# l in e a r ly  

independent. This means th a t the  only d iffe re n ce  is  th a t f o r  Barnea 

method J U V 1 cm  bo chosen a r b i t r a r i ly ,  w h ile  fo r  the former method 

J(X°J i s  dutnrmln tid by tUo Bocento about X°, and then in ve rte d .



The moot popu la r cho ice o f  (V^) fo r  chem ical engineers is  th a t o f  '

Broyden. Mo chose * xk ** -  x^. Roson ( 1QBC) has compared these tvJO 

methods end concluded th a t bo th nhow considerable prom ise. Ho suggests 
th a t by averaging V , component by component, from both methods even 
b e tte r  re s u lts  am  ob ta ined.

Q ioyiiun (19B5) Finds thn f i r a t  approx ima tion J(X°3 1 by numerical 

d i f f e r c n t iu t io n  and in v n ro io n . Another p o n c i t i i l i t y  is  to  s ta r t  w ith  

the id e n t i t y  m a tr ix  and Rosen (1968) s ta te s  th a t th is  gives e f f ic ie n t  re ­
s u lts  In  ra-Mb bdloncti c a lc u la tio n s .

Although a d is t in c t io n  has Uusn made between simultaneous and 
se q u e n tia l approaches, i t  is  c lo a r th a t the secant type methods in vo lve  

lo c a l l in e a r iz a t io n  th a t  se ts  up a set u f  simultaneous l in e a r  equations 

about th e  c u rre n t p o in t and these are solved fo r  the next p o in t.  So th a t  

the  Newton and quasi-Newton methods can be considered as a combined 

sim u ltaneous-sequen tia l technique.

3.3  D iscussion o f  S o lu tio n  Techniques

Table 1 i s  e x tra c te d  from Flower and Whitehead (1973). The a b rev ie tions

used f o r  cuiumn head ings are summarized below.

U * Number o f  U n its  R = Recoding F a c i l i t y  OS = D ire c t S u b s titu tio n

S « fJuffibar o f  Stream# 6 = Grouping f a c i l i t y  BW » Bounded Wegstein

C = fim b o r o f  Components C = Checking o f  usar L = L in e a r iz a tio n
i f e t r i x  in p u t fu r  ^ a s ib i l i t y  RR s fjGWt;on Rap(l50n

i Connnction S = Socant
US “  User Supplied

• 1 i t  can be seen th a t a l l  the  s im u la tio n  packages o f fe r

snd most o f f e r  the bounded Wegstein as methods o f  ■

converge-":-!. T 'do i s  bocauoe o f  th o i r  s im p l ic i ty .
X en lor and G r i f f i t h s  (1963) wars the f i r s t  to  p ub lish  re s u lts  on '

the  p ra c t ic a l a p p lic a tio n  o f  th is  nrnthod and concludod from t h e i r  examples 

th a t  in  c j r t a ln  cirr-umo tancM d ire c t  e u b o t itu t io n  converges in  fewer

ita ra t lo n a  than the rt.ntf.Gd o f  Nogiov end Rosen, They fu r th e r  expect

th a t d iro c k  s u b s t itu t io n  w i l l  always convnrgo from nny s ta r t in g  p o in t 

under t tw  co n d itio n s  considorod in  phys ica l systnms. Other l ik e  

H a p h ta li ( 1084) ,  fUnonJ and Ripp= (1065) and Shecham and Motard (1974) 

a lso c la im  th a t  d i re c t  s u b s t itu t io n  w i l l  always converge f o r  any 

p h y s ic a lly  re a liz a b le  nystsm.



M W R Y  OF EHST INO : IN J U T o m

SOURCE MAXIMlM SIZE
PLANT
TOPOL 0ROER-

CONVERGENCE
rETHOD

U SxC OGY
BW NR «.

PurcJus Uni v a rs ity 30 1U P/1 Simple R
GEMCS McMaator

U n iv e rs ity 25 513 25 ’ M

SPEED*UP te p o r ia l  Collego
Ccmprahen

DiESS Houston 
U n iv a rs ity

100 SO 20 X *

hETWQRK87 t c i 50 500 501 Simple G X X

FLCWPACK IC I 100 25 2000 SOI Comprehen­
s ive  R,S

X X X

CONCEPT CiKfibridge
U n iva ra ity

50 150 % SOI SamprtJhsn-

PACER245 U ig t ta i Systcjna 
Zorpa ra tion

rorrprehen-

PRC.VE Cicsujntl ShdTryc,.*, 20 20 % Vc

GFS j <MHogs 48 il l No

FL£W7*tel ^onaento >« to
-  .............

X

CavetS (1363) has cb frona trated th a t W egstsin 's method i s  usu a lly  

f a l t e r  converging than o lre c t s u b s titu t io n  and th is  is  supported by 

B o ta tcns and Prineo (137D) who f in d  th a t  Wagatoin Is  compotitivB w ith  
d i r e s t  s u b s t itu t io n  in  avary a p p lic a tio n .

Tha Newton and quoai-Noviton mathoda con be very o f f ic ia n t  f o r  the 

s o lu tio n  o f  ro cyc lo  systems (Ganna and Motard Cl97Sji Qatstons and 

P rinco (n 7 f jJ )  bu t ,-i’ay sometimes diverges. Kohst and Shacfiom (1973 c) 
c la im  th o t  the c la s s ic a l Newton method w i l l  conviargo in  a f i n i t e  number 

o f  i te ra t io n s  i f  tho i n i t i a l  yuesa o f the valuao o f  vector X° i s  

s u f f ic ie n t ly  c ioso to  tho s o lu tio n  snd F'(X3 a t the s o lu tio n  i s  non- 

s in g u lo r . Tho l im i ta t io n s  o f  th o w  methods u re :-

(a ) No converg'snco i f  the i n i t i u l  gunsa o f X9 is  poor



(b j No convergence i f  F ' (X3 Is  s in g u la r o r  near s in g u la r  at 
the  s o lu tio n

(c3 The excessive computation e f fo r t  requ ired to  compute and in ­

v e rt F 'tX ) .

Various techniques are used to  t r y  and get around theeo d i f f i c u l t ie s  
and are d iscussed by Kehat end Shacham (1973 c ) .  However fo r  a l l  Newton 

end quasi-Newton methods the main drawback i s  the la rge  storage re q u ire ­

ments fo r  m a tr ix  F '(X l o r  F'(X3 1 . Much e f fo r t  is  needed to  determ ine 
F '(X ) so th a t these methods in vo lve  f a r  mare overhead computation than 

d i r e c t  s u b s t itu t io n  o r  acce le ra ted d ire c t  s u b s titu t io n ,



4 DIFFERENCES BETWEEN ORE DRESSING AND CHEMICAL PLANT SIMULATORS

4.1 Representation o f S treams 
In  a chem ical p la n t the process streams are gene ra lly  l iq u id  and gas - id  

can be represented in  tarms o f  to t a l  mass flo w  plus the concentra tion 
o f  a l l  chem ical species in  each pfiase, However in  ore dress ing  p lan ts  

the  process streams con ta in so l id s  and l iq u id .  The l iq u id  i s  u su a lly  

w ater and d isso lved chem icals are no t considered. The s o l id s  are 

p a r t ic le s  w ith  d is t r ib u t io n s  in  s ize  and m ine ra l con tent. This fa c t  gives 

each p a r t ic le  a unique set o f  phys ica l p ro p e rtie s .

In  any p h ys ica l separa tion o r  trans form a tion  u n it  each p a r t ic le  

w i l l  behave accord ing to  i t s  own phys ica l p ro p e rtie s , and those o f  the 

p a r t ic le s  surround ing i t .  I t  i s  im possible to  create a s im u la to r oaaed 
on tha  behaviour o f  each in d iv id u a l p a r t ic le  because o f  t h e i r  la rge  

number, but i t  is  th is  th a t a llows the p o s s ib i l i t y  o f  grouping together 

p a r t ic le s  whose p ro p e rtie s  f e l l  w ith in  c e r ta in  l im i t s .  Th is  i s  a 

d is c re t iz e d  d is t r ib u t io n ,  but i f  the l im i t s  ere in f in i t e ly  narrow then 

th e  d is t r ib u t io n  w i l l  be con tinuous and i t  may be poss ib le  to  represent 

i t  by a ma thema tical fu n c tio n , A mathematical fu n c tio n  can describe 

the  complete d is t r ib u t io n  by means o f  a few parameters, however an accurate 
re p re se n ta tio n  i s  d i f f i c u l t  i f  no t im possible to  achieva. For example 

a s ize  d is t r ib u t io n  w i l l  o ften  be log-norm al over most o f  th e  s ize  range 

bu t d e v ia te  from  th is  a t la rg e r s ize s . Even in  the case where the 
system feed sfcrsam csn be adequately represented by a sim ple fu n c tio n a l 

form i t  la  u n lik e ly  th a t recyc le  o r  pw duct streams w i l l  re ta in  the 
same fu n c tio n a l form (p a r t ic le s  are s e le c t iv e ly  removed from  c e rta in  sec­

t io n s  o f  th e  d is t r ib u t io n  causing savers k in k s )• In  any event i t  has 

been customary in  the m inera l processing in d u s try  to  use d is c re tiz e d  
d is t r ib u t io n s ,  l ik e  s iz e  d is t r ib u t io n s ,  because th is  f a c i l i ta te s  measure­

ment, Consequently moat o f  the ore dressing models developed to  date 
are based on d is c re tiz e d  ra th e r than continuous d is t r ib u t io n s ,  and th is  

s im u la to r w i l l  fo llo w  s u it .  The th ree  main advantages o f  th is  approach 

era summtirlzed bein' -

(a) Most e x is t in g  u n it  models are form ulated in  th is  manner 

Cb) Data measurement can g e n e ra lly  on ly  be ob tained fo r  d is c re te  

groups o f  p a r t ic le s  

(c) The mao£> balance can be exact as s e le c tive  removal o f  ce rta in  
ca tegor ies  o f  p a r t ic le s  w i l l  no t cause a d e te r io ra t io n  in  

the accuracy o f  representa tion o f  a stream



Having decided to  use d is c re tiz e d  d is t r ib u t io n s  the cho ice o f 
d is c re te  ca tegor ies is  determ ined la rg e ly  by the u n it model's re q u ire ­
ments.

TABLE 2 SEPARATION CRITERIA FOR ORE DRESSING EQUIPMENT

EQUIPMENT
TYPE

PHYSICAL. PROPERTY USED AS 
SEPARATION CRITERION

SIZE SURFACE

S.G*. FRI FLT RFL COT
Dense Media T P

G rav ity S P
Magnetic T
E le c tro s ta t ic T P

S o r te r T P

Screen P T

Cyclone »(S] SCP)
C la s s if ie r P S
Thickener P T-
F i l t e r P
Comminution S p
C ond itioner P
F lo ta t io n S T

S.G. -  s p e c if ic  g ra v ity  MAO - magnetic s u s c e p t ib i l i ty

FIT - f lo a t a b i l i t y  FRI -  f r i a b i l i t y

RFL » r e f le c t i v i t y  COT -- co n d u c tiv ity

The P, S end T represent the Prim ary, Secondary and T e r t ia ry

separation c r i t e r ia  fo r  the  p a r t ic u la r  equipment type.

Table 2 ia  a comprehensive l i s t  o f  ore dressing equipment and the 

p h ys ica l p ro p e rtie s  which arc e xp lo ite d  by them. From th is  ta b le  i t



can be seen th a t the p h ys ica l p ro p e rtie s  are s p l i t  in to  three fundamental 
c la sse s :-

(a) P a r t ic le  size

(b) Grade -  Mass o r  volume f ra c t io n  o f  each m inera l species 

which is  a component o f  the  p a r t ic le

(c) Surface -  The surface area occupied by each m inera l com- 
ponent o f  the p a r t ic le

There la  a fo u rth  fundamental c lass. This is  the shape o f  the 

p a r t ic le .  However thera i s  no convenient way o f  describ ing  p a r t ic le  

shape and none o f  the e x is t in g  models use shape so i t  w i l l  no t be con­

s idered  s p e c if ic a l ly .

The surface area d is t r ib u t io n  o f  components in  a la rge  unb iased 

sample w i l l  equal the volume f ra c t io n  d is t r ib u t io n .  But i f  the separat­
io n  i s  being dona on the bas is  o f  a surface p roperty  then th e  sample 

w i l l  become b iased in  the  product streams and the  d i re c t  connection 

between grade and surface area w i l l  no longer apply. Therefore in  a 

separa tion o f  t h is  k ind an independent surface d is t r ib u t io n  must be

The s iz e  end grade category o f  a p a r t ic le  must be given i f  i t  

i s  to  be corrp leto ly  s p e c if ie d . The surface area d is t r ib u t io n  i s  a lso 

necessary i f  a surface  property  is  to  be used fo r  sepa ra tion . I f  

f r i a b i l i t y ,  o r  ano ther p roperty  no t d i r e c t ly  re la te d  to  s ize , grade o r  
surface i s  to  be used, th is  p roperty  must a lso be expressed independent- . 

ly .  In  terms o f  d is c re tiz e d  d is t r ib u t io n s  th is  means th a t a n- 

d im ensionel g r id  o f  va ria b le s  (where n i s  the number o f  Independent 

p ro p e rtie s ) must be used to  adequately describe the s o l id  p a r t ic le s  in  
the  stream. Th is  can be very expensive In  terms o f  computer storage 

end computation time. For example i f  each o f  the con tinuous d is ­

t r ib u t io n s  is  broken in to  f iv e  d is c re te  classes and there  are fo u r  

independent p ro p a r t ie s  requ ire d  then the number o f  va riab les , pe r stream 

w i l l  be 5 * » 625.
However most p la n ts  w i l l  be o f  a p a r t ic u la r  type and th e re fo re  . 

re q u ire  o n ly  s ize , grade and ons o th e r d is t r ib u t io n  to  describe the 

stream. In  th is  s im u la tor j  three-d im ensional g r id  w i l l  be allowed, 

ca te rin g  f o r  D-classes, G-classee and S-claasos. The 0 and G-classes 

re fe r  to  s ize  and grade d is t r ib u t io n s . The 5-classes can be any th ird  
indepenotint p h ys ica l property  depending on the s itu a t io n . The value 

ca rrie d  as the v a ria b le  in  the OGS-closs is  the ac tua l mass o f  so lid s



in  th a t  category.

When reference is  made to 's im i la r  v a r ia b le s 1 in  d i f fe re n t  streams, 

t h is  means these va ria b le s  belong to the same D, G and S-classes in  
the d i f fe re n t  streams,

4.2 Transform a tion Un its  

In  chem ical p la n ts  chem ical species are transfolined to  o th e r chem ical 

species by re a c tions  in  re a c tors . In  ore dressing p lan ts  the re  are no 

re a c to rs  but trans form a tion  from one stream va r ia b le  to  ano ther does

D e f in it io n : A u n it  opera tion which transform s p a r t ic le s  in  the in p u t

stream belong ing to  a c e rta in  DBS-class to  ano ther OGS- 

class in  the  output stream i s  c a lle d  a ‘ trans form a tion

In  terms o f  th is  d e f in it io n  there are only two ora dressing u n its  

which can be classed es transform a tion u n its ; comm inution u n its  and 

c o n d it io n e rs ,

The purpose o f  a comm inution u n it  is  to  break p a r t ic le s  in to  sm aller 
ones and th is  c le a r ly  transform s the p a r t ic le s  from one O -class to  

ano ther,
A c o n d it io n e r nay o r may n o t be a transform a tion u n it  depending on 

the  way in  which i t  i s  used. In  a f lo ta t io n  c i r c u i t  the S-classes can 
correspond to  the  d is t r ib u t io n  o f  the f lo ta t io n  ra te  constant Ck) f o r  each 

DG-clase. I f  the co n d it io n e r i s  used to  mod ify the feed va r iab les  

by c re a tin g  the  k-e lasses than i t  i s  no t a c tin g  as a trans form a tion  u n it 

but s im ply expanding the DG-claoaea in to  t h a i r  component k-c lasses.

I f  on the o th e r hand the co n d it io n e r is  con tained w ith in  e recycle 

loop then changing o f  mass from one k-olaas to  ano ther fa s te r  o r  
s low er f lo a t in g  k -c le ss  i s  a transform a tion and the c o n d it io n e r w i l l  

be a c tin g  as a trans form a tion  u n it .
I t  w i l l  be soon in  the next chapter th a t the fewer the number o f  

tra n s fo rm a tio n s , w ith in  a recyc le  loop, the fa s te r  is  the  convergence. 
Therefore i t  i s  p re fe ra b le  to  use the co n d it io n e r as a ‘ non-trans­

fo rm a t io n ’ u n it  where poss ib le .



4.3 . P hys ica l Propsrtlma 

The success o r  f tH u re  o f  a ohemloo; p la n t s im u la tor o fte n  depends' on 

the accuracy and s ize  o f  i t s  phys ica l p roperty package. A la rg e  po r tio n  

a f  t h is  package is  connected to  the v a r ia t io n  o f  p ro p e rtie s  w ith  
temperature and pressure. Ora B ra is ing  p la n ts  usu a lly  operate a t ambient 

cond itions, and i f  there is  any v a r ia t io n  in  temperature o r p ressure-the 
e f fe c t  w i l l  a t worst be s l ig h t .

Another advantage o f  ore dressing p lan tF in  th is  respect is  th a t 

r e la t iv e ly  few p h ys ica l p ro p u rtia s  aru used (see ta b le  2 L  and when 

thesa few p ro p e rtie s ' are Known fo r  o pure m ine ra l spades many can be 

re la te d  to  m ix tu res o f  these m ineral very sim ply e.g . s p e c if ic  g ra v ity .

On th s  o th e r hand p ro p e rtie s  l ik e  n o t a b i l i t y  are d is t r ib u te d  even 

f o r  pure m ine ra ls  and p re d ic t in g  the d is t r ib u t io n  f o r  mixed p a r t ic le s  

i s , d i f f i c u l t .  Therefore in  th is  case la b ora tory  te a t work must be done 

fo r  the p a r t ic u la r  ore and a p h ys ica l p roperty  package w i l l  be o f  l i t t l e

In  an ore dressing s im u la to r th e re  appear to  be two k inds o f  

p h ys ica l p ro p e rtie s , those which are re a d i ly  a v a ila b le  and those which 

m is t be determ ined fo r  the s p s c if ic  ore . In  bo th these cases a com­
prehensive p h y s ic a l p ro perty  package is  no t o f  much value, and as such 

rtane w i l l  be dsvelORsd fo r  th is  s im u la to r. However i t  is  no t im possible 

fo r  gsod ittothoUS o f  c o rre la tin g  t io t i  and p re d ic t in g  p ro p e rtie s  o f  mixed 

p e r t ic la a  to  evolve in  the  fu tu re . Tho s im u la tor i s  w r it te n  in  such 
a way tha t in te r fa c in g  a phys ica l p roperty  package can be re a d i ly  achieved.



S O im m  OF LWEW SKTFK

D e f in it io n ; A non negative^ m a trix , fo r  purposes o f  th is  th e s is , is  one 

which has a l l  I t s  elements g re a te r than o r  equal to  zero.

o f  s u n it  i s  one in  which the  trans form a tion  

>ut stream Is  constant, I .e .  independent o f  the

D e f in it io n :  A l in e a r  syctcm  ig  one in  which the models o f  the systems

F or example i f  a u n it  has one in p u t stiaam and 1 output streams each con­
ta in in g  n va ria b le s

th en  W -  T y V  j  “ 1 ,1

where i s  th e  v e c to r o f  va r ie o ls s  in  outpu t stream j  (n elements)

V i s  the  ve c to r o f  inpu* va ria b le s  (n elements) 

and 7^ the f ix e d  Cnxnj tra n s fo n sa tio n  m a tr ix  f o r  each j .

For a l in e a r  model the  trans form a tion  m a trices are f ix e d , and as the 
stream va r ia b le s  are mass flo w s , element i , k  o f  i s  e f fe c t iv e ly  the 

mass, f r a c t io n  o f  in p u t v a ria b le  K which reports  as va ria b le  i  in  output

F or a sepa ra tor the  transform a tion m a trices w i l l  be d iagonal but 

f o r  b co fflM nution u n it  i t  w i l l  be lower tr ia n g u la r  as p a r t ic le s  are only 

transform ed from  la rg e r  to  sm aller s ize s . I t  should be noted th a t  the 

sum o f  the  sums o f  the e 1-amends in  the oeme columns o f  a l l  the tra n s fo r ­

m a tion m a trices  o f  a p a r t ic u la r  u n it must bs u n ity  f o r  every set o f  pojyipo.s 

A lso a l l  the  elements o f  the transform a tion matvicoa are zero o r mass 

f ra c t io n s  which must be p o s it iv e . Tha tranafoma tiJ.sn m a trices th e re fo r*  

are non-negative.



5 • 1 N o n -T r iv ia lity  o f  L inear Systems 

A t f i r s t  glance a l in e a r  model may seem to be a poor re f le c t io n  o f  any 

re a l system. However as d iscussed in  chapter 3.1 a l in e a r  approach has 
been used by severa l authors end recommended by Komatsu (1966). Nishimura 

(1968), Hutchison and Lees le y  (1973) and Shacsam and Motard (1975) fo r  

. chem ical p la n ts . B r id d e l (1374) even warns th a t being overly rigorous 

is  one o f  the  p i t f a l l s  o f  s im u la tion.

The u n its  o f  ore dressing p lan ts  can be s p l i t  in to  th ree  types; m ixers, 

trA-ta forroa tion u n its  and separation u n its .
iV xers s im ply sum s im i la r  va ria b le s  in  the in p u t streams to  g ive  the 

o u tpu t stream. From the d e f in it io n  o f  a l in e a r  model i t  is  c le a r  th a t 
a m ixe r i s  a l in e a r  model and th a t the  transform a tion m a trix  from each 

in p u t stream to  th e  output scream i s  the same d iagonal m a tr ix  which has 

a l l  th e  d iagonal elements equal to  u n ity .
Transform a tion u n its  have been d iscussed in  sub-chapter 4 .2  and 

a lthough they can be very complicated the most commonly used comm inution 

model i s  based an f ix e d  s e le c tio n  and breakage fu n c tio n s  (A us tin  (19711) 

and in  t h is  fo rm u la tio n , i f  the  m i l l  residence tim e is  set as a parameter 

th e  tra n s fo rm a tio n  m a tr ix , i s  constant and the model lin e a r .  C ond itioner 

models era very  undeveloped and the on ly  one th a t has been found Is  by 

Scrimgeour e t  a l £19703. This model ca lcu la te s  the f lo ta t io n  ra te  con­
s ta n t k fo r  3 pure m ine ra l from an expression which depends o n ly  on 

reagent a d d it io n . The F lo ta tio n  ra te  constants fo r  mixed p a r t ic le s  are 
o b ta ined by sum In g  the f lo ta t io n  ra te  constants o f  the component, pure 

m ine ra ls  in  p ro p o r t io n  to  th e ir  mass f ra c tio n s . I f  reagent a d d it io n  i s  

sa t as a parameter to th is  model then i t  becomes lin e a r .  Scrimgeour e t  a l 

(1970) used th is  c o n d it io n e r component e x te rn a lly  to  any recyc le  loop 
th e re fo re  i t  can have no in flu e n c e  on the convergence o f  the  loop. The 

genera l purpose s im u la to r i s  s tru c tu re d  to  allow  the mass flo w  in  each 

k -c laas  to  be c a rr ie d  as a stream va r ia b le  and th is  im plies  th a t ,  w ith  

Scrimgeour a t  a l 'a  (1970) model, no trans form a tion  w i l l  take p lace when the 

c o n d it io n e r is  in te rn a l to  the recyc le  loop, tea oach k-clasa  has i t s  own 

f lo t a t io n  ra te  constant which is  no t changed as long as the reagent 

a d d it io n  i s  f ix e d ) .  Other f lo ta t io n  c i r c u i t  s im ulators l ik e  King (1972) 

and Sutherland (1976) do no t use cond itioners  at a l l  and sim ply re ly  on

the k -c lasses d i r e c t ly .
Separation u n its  s p l i t  the in p u t streams in to  two o r more outpu t streams. 

Th. . . . .  f l »  im CM V.AOU. p . r k W .  cm in t . r .o t  w ith « c h
o th .r  hut . r .  d iow n to W n im i.. t h f  tn t . r .u t l .n .  T h .m fo r, i t  1 .

th.t th.M lht.».tl». will b. .M il. Thl. 1. hm.h.tr̂ M 

hy th. A»t tlwt -cy "h.Mtlun mlt. MCHM u.lh, . Trmp curt..



I f  the Tramp curve fo r  the ' u n it  is  Independent o f  the in p u t stream then 

the tra n s fo rm a t io n  m etrices fo r  th is  un it,w h ich  are d iagona l,a re  constant 

and hence the  model Is  lin e a r.

Therefore almost a l l  types o f  ore dressing operations can be rep re ­

sented by l in e a r  models and hence many n o n - t r iv ia l  ora dressing p lan ts  

can be sim u la ted as lin e a r  systems. This is  p a r t ic u la r ly  t ru e  when the 

range o f  opera tion o f  the  equipment is  sm all.

5 .2  Ma thema tical Rsprsasntstion o f  L inea r Systems 
I f  in  a l in e a r  system ,the u n its  are s im ply sequentia l, then there  is  no 

need f o r  a convergence a lgor ithm . When recycle  streams do e x is t  the system 

i s  e s s e n t ia lly  a se t o f  simultaneous lin e a r  equations. I t  may be poss ib le  

to  so lve  those equations sim ultaneously (see sub-chapter 3 ,1 ) fo r  very 

sm all systems but even in  the medium s ize  p la n t, using 20 streams w ith  
20 va r ia b le s  in  e a c h .th is  im p lie s  s o lv in g  400 simultaneous equations.

A more usual method o f  s e tt in g  up end so lv in g  such a system 

(Shaoham and Jlo tard (1S75)) i s : -

la )  Decomposition to  an a c y c l ic  system (see chapter 9) 

lb )  E stim a ting  a set o f  s ta r t in g  values f o r  the  to m  v a r ia b le s  

( c l  I te r a t iv e  re finem ent o f  the  assumed ve 'ues , by c a lc u la tin g  
th e  outputs from  each u n it  when the in p u ts  to  t h is  u n it  are 

a v a ila b le .

T h is  s e q u e n tia l s o lu tio n  technique is  d iscussed in  s u b -c h a fe r  3.2  and 

imp l ia s  th a t in s te a d  o f  t r y in g  to  so lve f o r  e l l  the stream va r ia b le s  

in  a l l  the  streams, sim ulteneour > , ; - i ly  the v a ria b le s  in  the to m  streams 
are found and than th e  va riab les  : - a l l  tne  o th e r streams ( in c lu d in g  p ro­

duct streams) ere generated by sequentia l ca lc u la tio n .
To d is co ve r whether th is  method o f  s o lu tio n , c a lle d  d i r e c t  sub­

s t i t u t io n  (see sub-chapter 3 .2 .1 ) w i l l  converge fo r  l in e a r  systems, the 

system must be defined in  mathematical terms.
To evory te a r stream there  are paths from some o r a l l  o f  the o the r 

te a r  streams, I t s e l f  and the feed streams along which p a r t ic le s  in  a l l  

ca tegor ies  f lo w . The mass f r a c t io n  o f  p a r t ic le s  in  each category reaching 

a te a r  stream along a s in g le  path from some stream i s  g iven by the  p ro- 

duot o f  tz w w fo m o t io n  " t r l c M  along t h i ,  path. 1 h . r .  b .  m .v .r.1  

path# b .( * w n  t h .  .a m  two a t rm m  ao th a t t h .  to ta l m , ,  f r m t io n  
o f  p a r t lc im  m a c h in : t h .  woond t r . " ,  f r o .  t h .  f i « t  i .  t h .  ..urn o f  t h .  

p roduct o f  tm n a fd n w t io n  w t r io m  along w ch  o f  t h m .  p * * .



S ta r t in g  w ith  a se t o f  feed va r ia b le s  and assumed values fo r  the  to rn  
va r ia b le s  i t  is  poss ib le , using the sums o f  products o f  trans form a tion  

m a trices from feed and te a r  streams to  every te a r  stream, to  ca lculate, the 

mess flow s in  the  ca lcu la te d  to m  va r ia b le s , <33 fo llo w s :-

11 12

*2;

°mmj j. m. fm l

Ik

whan the  system has m te a r  streams, k feed streams end n va r ia b le s  per stream 

where la  the v e c to r o f  guesarad values fo r  te a r  stream i  (n elements)

i s  the  ve c to r o f  ca lcu la te d  values f o r  te a r  stream i
In  elements)

i s  the  v e c to r o f  v a ria b le s  in  feea stream i  

i s  the  sum o f  products o f  tra n s fo rm a tio n  m a tri

'i j 1
 ̂ 4 ~ e #■ vona ft

(n elements)

te a r  stream j  to  te a r straam i ,  B^eR

is  the  sum o f  products o f  trens form a tion  m a trices from

V
feed stream j  to  te a r  stream i ,  A ^ e fi 

S im i la r ly  fo r  product stream s;-

K N .................... F,

P2 i"W
. p2

1 :  j

Pl> ................... W fk

when th e  system has p product streams
where Pi  i s  the ve c to r o f  va ria b le s  in  product stream i  (n elements)

B8 i s  the  sum o f  products o f transform a tion m a trices from te a r 

stream j  to  product straam i ,  eB^eR™ 11 

and AA i s  the sum o f  products o f trans form a tion  m a trices from 

^  feed stream j  to  product stream i ,  AAl j eRnxn



Eqautions 5.1a and 5.1b can also, be w r it te n  a s :- 

Y - B . X *  A.F 

and P = BB.X * AA.F

[5.2a)

(5.2b)

As the m a trices A. B, AA end BB are constructed from the sums o f  products 

o f  constant non-negative m a trices (T j) they must a lso be constant and non­
negative ,

Equation 5.2 can be considered to  Oe the model o f  an a c y c lic  lin e a r  

system and 5 .2a must be solved so th a t Y = X = X

5.3  Simultaneous S o lu tion  o f  L inea r Systems 

I t  i s  p o ss ib le  to  so lve equation 5,2a f o r  X sim ultaneously by s u b s t itu t in g  
Y=X*x‘  to  g iv e :-

X* -  B .X* + A.F   (5 .3 )

X* *  C I-B)- 1 .A.F   (5 .4 )

The exis tence  o f  the f ix e d  p o in t X i s  assured by the Neumann Lemma, 

as 8*0 and from equation 5.2b (820 means each element o f  m a trix

8 i s  ndn-negae iw ), (Ortega end Rheinbold t {19703 p45).

O b ta in ing  X using equation 5.4 can be d i f f i c u l t  f o r  two reasons. 
F i r s t ly  the  elements o f  8 end A are no t re a d i ly  a va ila b le  and secondly 

the  in v e rs io n  o f  ( I -B )  can be expensive i f  the dimensions o f  B are large 

{due to  many v a r ia b le s  per stream o r  many te a r  streams o r b o th ) . Never­

th e le ss  th is  approach la  a t t r a c t iv e  as an exact s o lu tio n  can be ob ta ined 
im m ed iately.

Tha magnitude o f  the  problem has a lready been reduced by so lv in g  

sim u ltaneously o n ly  f o r  to m  va r iab les  and then generating the rema ining 
v a ria b le s  s e q u e n tia lly , ## opposed to s o lv in g  fo r  a l l  the va ria b le s  

in  a l l  the streams s im ultaneously. Consequently a m a tr ix  o f  s ize  

En.m x n,m) has to  be in ve rte d  ins tead  o f  one o f s ize  (ng .n x n .n ) ,
(where ng is  the number a f  streams in  the system, n tha number o f  

v a ria b le s  pe r stream and m the number o f  t s a r  streams). In  the  fo llo w in g  

sub-chapters i t  w i l l  be shown how, by ta k in g  advantage o f  the nature o f 

ore dress ing  p la n ts , the problem can be reduced to  very managable proper-



5.3.1 . Grouping

Many p la n ts  can be d iv id o d  in to  sub-p lan ts In  such a way th a t  there  is  

on ly  a feed forw ard  o f  mass from one sub-p lan t to  the next. Such sub­

p la n ts  w i l l  be c a lle d  'g ro u p s '.

Consider a p la n t-c o n s is t in g  o f  N groups which era numbered so th a t 

there  Is  mass flo w  on ly  from sm aller numbered groups to  la rg e r  numbered 
groups. B Is  the  sum o f  products o f  transform a tion ma trices between tears  

in  group i  and the sum o f  products o f transform a tion m a trices 

from  tea rs  m  group J to  tea rs  in  group l ,  then B can be arranged by row
column interchanges s 3 th a t

f B61 I 12 ‘ ' ‘ Z1N

J1- :

I f  mGi Is  th e  number o f  te a r  atreams in  group i  and n ^  the number* 

o f  va ria b le s  p e r stream in  group 1 then BE1 is  a x  n ^ . m ^ )  m a trix ,

end Z j'j i s  a C n ^ .a ^  x m a tr ix , (rows x columns)
By d e f in i t io n  there  is  no mass flo w  from group j  to  group i  i f  

j> i ,  th e re fo re  1 ^ * 0  fo r  J > i ,  Thereforer-

51
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B *  .
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and by o im i le r ly  rearranging equation 5.1a i t  can be w r it te n  i



where YGi and XGi erB the vectors o f  cs lcu la te d  and estima ted to m  
va r ia b le s  fo r  group i ,  and the  are the correspond ing vectors o f  the 
rearranged A.F fo r  group i .

By equation 5 .5 :-

YG! = 0G1XG1 * aG1

YG2 ° I 21XG2 * BG2XE2 + BG2

. J-1 OJ

ygn "  '

th e re fo rs  when YB j-  XG1 B

th e re ft ira  i f  is  determ ined d ire c tJ y  during an i te ra t io n  o f  group i

f o r  aoms XS1 and than I  * aR< can be ca lcu la te d . F urthe r

i f  XGy J H1 , l - l  is  known then the ta rn  E > aGi w i l l  be known end

henr.e i t  ia  poss ib le to  ca lcu la te  XG1>XG2 . . .  XGN s a q u e n tia lly  u n t i l  

the  whols system ia  solved in  N stagsa.



5-3-2  S o lu tio n  w ith in  the Groups
I t  lias been shown in  sub-chapter 5.3.1 th a t i t  is -p o s s ib le  to  consider 

each group indeoendsntly as long as th is  is  done in  sequence. In  th is  

sub-chapter th e  s o lu tio n  o f  one p a r t ic u la r  group w i l l  be tre a te d .

Le t tne  m a trix  con ta in ing  the sum o f  products o f  trans form a tion  

m a trices fo r  th is  group be Kg. Tnen i f  th is  grouo has M, D-closses and 

8g i s  rearranged by row and column in terchanges so th a t va ria b le s  o f  the 

same 0 -class are c o lle c te d  together and stacked in  decreasing s ize  order 
from 1 to M th e n :-

Mhnre i s  the  number o f  va ria b le s  par stream in  th is  group

nD is  the  numoar o f  va riab les  in  each 0 -c lass

mG i s  the mjntbar o f  to m  streams in  th is  group.

®Ci '®  6fvB ^mG,no x m a trix  con ta in ing  sum o f  products o f

In  org dressing planes p a rb ic la s  are broken and so con on ly  become 

am alla r, the re fo re  the re  is  no mass flo w  from to rn  va r ia b le s  o f  0 -c lass 

j  to  those o f  D-class i  whrm J > i,  so th a t = 0 fo r  j > i .

ju s t  as the  groups wore solved s e q u e n tia lly  so can th ti va r ia b ls s  

in  the D-cI ossbs. I f  XD1 anti t'0 i  i  *  1,M are the estim a ted and oe lou la ted 
to m  va r i i jb lo e  in  t h is  group belong ing to  each 0 -c la ss , re sp e c tive ly , 

end aQ i the slamento o f  e aQ oorroapond ing to  D-class i  th en r-

uG is  a (nG.mG x n^.mg? m a trix

tra n g fo m e iio n  m a trices fo r  v a r ia b le s  belong ing to  D -class i

and era the  tmG.nQ x Bvg*np) m a trices o f  sums o f  products o f
tra n s fo rm a tio n  m a trices from to m  va r ia b le s  o f  D-class J to  to rn  

va r ia b le s  o f  O-claes i .

V nD x " g^ D 1

(5 .9 )

Thio impJ iue th a t each group can be solved in  as many stages as 

thora a rs D -cltissog, and to  f in d  tho s o lu tio n  on ly  M m a trices, v iz  

i= 1 ,M) o f  s ize  .CmR.nr) x rnG.nD) noed be in ve rte d .



5 .3 .3  S o lu tion  w ith in  Che O-Classsa 

I f  group G has 1*1, D-clasaes and only ona S -class and one S -class then 

equation 5.3 i s  the f in a l  s o lu tio n . But when there  is  more than one 

G o r  S -class then fu r th e r  processing i s  p oss ib le .

Sub-chapter 5 .3 .2  showed th a t va ria b le s  in  each 0-c lass can be solved 

independently o f  the  re s t as long as v a ria b le s  in  a l l  previous O-classes 
( la rg e r  p a r t ic le s )  have a lready been found. Choosing some O-class, 

correspond ing to  a p a r t ic u la r  • Bq, a llows rearrangement, by row and 

column in te rchanges,oo th a t s im i la r  va ria b le s  from each te a r  are co lle c te d  
to g e th e r, th e n :-

“ 71 12

' number o f  G-classas x number o f  S-classes

where BT1 are the  (m, x  ffig) m a trices con ta in ing  the sums o f  products

o f  tra n s fo rm a tio n  m a trices f o r  the same G o r S class in  each te a r 

be long ing to  O-class O 

and E_^ are th a  (mG x m^) m a trices con ta in ing  the sums o f  products

o f  trans form a tion  m a trices from  va r ia b le  j  to  va r ia b le  i  in  each 

ts a r  belong ing to  O-class 0.

I f  a c o m in u tio n  u n it  is  the o n ly  transform a tion u n it  then there  

can bi$ no rnaaa flo w  between G o r  S-classes belong ing to  the same O -class, 
as the  o n ly  p o ss ib le  transform a tion i s  caused by breakage. Even when 
i lb e r ^ I o n  occurs, a grade trans form a tion , tho parent p a r t ic le  must f i r s t  

OB broken. Thorsfora f o r  th is  case the Eg 4 e 0 fo r  a l l  i  and j .

if yT

Thursforo f o r  th is  case the E±j  ■ 

end v are the ca lcu la te d  end estima ted to rn  va r iab les
'T i  71

re s p e c tiv e ly  in  group G, O-class 0 and the  same G and S -c lese, correspond ing 

to  va r ia b le  i ,  end ST i the elements o f  0O correspond ing to  the  same to rn  

va r ia b le  in  each to rn  stream th e n :-

In  th is  case tho ffT, • »  Indapondant o f  xT j j r t .

Thorsfora X* 1 ■ 1 ,L  can be found in  o s in g le  s tep. This inuolves 

the  In v e rs J n 1 o f  L (m. x m„) m a tr ic ie  correspond ing to  ( I  - t u ) ,  1 -1 .L .



The on ly  o th e r transform a tion u n it ,  the co n d it io n e r has been d is ­

cussed in  sub-chapoer 5.1 and i t  was found th a t i f  K-classos were used 

then in  a l l  e x is t in g  s im u la tors no transform a tion a c tu a lly  takes p lace.

In  the  h y p o th e tic a l caoo o f  a co n d it io n e r being modelled to  ac t w ith in

o recyc le  loop end a c tu a lly  causing a transform o tion then ao long as the 

trans form a tions  are in  one d ire c tio n , ( i . e .  some f ra c t io n  o f  the  m a te ria l 

in  a p a r t ic u la r  k -c la ss  is  o n ly  d is t r ib u te d  in to  k-classes w ith  a g re a te r 
(o r  le s s e r)  f lo t a t io n  ra te  constant) i t  la  poss ib le, Just as the group 

was rearranged in to  c o lle c tio n s  o f  0 -classes, to  rearrange each -c lass 

in to  c o lle c tio n s  o f  k-claonoa, ond the Drcless solved in  stages 

(nk i s  the  number o f  k -c la sse s ).

I f  the k -c la s s e s .w ith in  a s ize  fra c tio n , tra n s fo rm  in  bo th  d ire c t io n s  

( i . e .  to  k -c la sse s  w ith  f lo ta t io n  ra te  constants d is t r ib u te d  to  o th e r k-c lasses 

w ith  bo th  la rg e r  ond sm aller ra te  constants) then a l l  the v a ria b le s  in  

each D-claaa must be solved s im u ltaneously , Th is  p o s s ib i l i t y  i s  very 

u n l ik e ly .

5 .3 .4  O vera ll Slmwltaneous S o lu tio n  

In  the  p rev ious sub-chapters the problem o f  f in d in g  the elements end. 
in v e r t in g  a (n.m x n.m) m a tr ix  has been reduced to  f in d in g  th e  elements 
and in v e r t in g  n m a trices o f  s ize  CmG x m^) fo r  N groups (each group may . 

have a d iffe re n t n-imbar o f  tears  so th e  s ize  o f  the m a trices to  be

in v e rte d  (mG x i s  group dependent). W ith in  each group th is  i s  a

m ajor reduction  36 ins tead  o f  having to  f in d  n2. m2 elements and then

in v e r t  a (n,tnG x  n.roy) m a tr ix  o n ly  n.m2 elements need be found end n

Cme x m a trices in v e rte d . G enerally n »  1 and the  computation time 

fo r  in ve rs io n  o f  a m a trix  increases w ith  the cube o f  i t s  s ize  ao th a t 

th is  i s  a tremendous reduction in  computation e f fo r t .
The Y ^  and can be found fo r  each i te ra t io n ,  and the  de­

term ined ao th e  sum o f  products o f  trans form a tion  m a trices, (mass 

fra c t io n s ) ,  Then by app ly ing  equation 5.10 to  each i  ( to rn  va r ia b le s ) 

fo r  M i t e ra t io n s  to  each group in  tu rn , X w i l l  bo found (no te  M is  

group dupondont) and aquation 5-4 completely solved.



To a llow  equation 5.2a to  be solved by an I te r a t iv e  Bchetne, so th a t

Y = X = X , i t  can be w r it te n  os :-

x "  B.X +A.F 1 i s  the i te ra t io n  index ------------------------ (5.11)

Than s ta r t in g  w ith  somo X°, equation 5.11 is  used repeatedly 
u n t i l : -

Urn Xk *  X*    (5 .123

5 .4 .1  Canrtition fo r  Global Convsrgonee o f  L inear Systems 
The i te r a t io n  aehare dsfinsd  aquation 5.11 may o r  may no t converge 

to  X as requ ired  by 5.12, Whetvsr conwrcence is  achieved c r  no t de­

pends on the  value o f  the  spec tra : rad ius o f  8 , where the sp e c tra l rad ius 

o f  8 I s  de fined  a s :-

and Xfflax is tha largest eigenvalue of B.
Crtsge and Rhalnbold t (1970) p 303 show th a t p(B)<1 is  both 

nacQSGdry and s u f f ic ie n t  fo r  tne convergcnco o f  equation S.11 from any 

X°sS Tnsro fora i f  i t  can ce shown fo r  any l in e a r  system th a t 

p(S)<1 than i t  can bo ccncluded th a t a lin e a r  system w i l l  always uonverge 

f rc n  any s ta r t in g  p o in t when the ite r a t iv e  scheme is  d ire c t s u b s titu tio n  
(aquation 5 .11 ). (n^ = n.m i s  the to t a l  number o f  to rn  v a r ia b le s ) .

5 .4 .2  Proo f o f  Convorggnce o f  L inear Systems whars usi.ig 

P i m e t S u b s titu tio n

Equation 5 .2  i s  the mathematical model o f  a lin e a r  system ana can be 

w r it te n  a s :-

M  .  i *  * 1 - 4  — .....................W ' l i
..pj p e  M : i d

I f  the system i c  tra a ta d  as a ’ blaci< box' shown below:-

| X ____________  Y J

SYSTEM ! „

then f x l  is  the system in p u t va riab les , f y] the system output variab les



and j^gg ^  the syatem transform a tion m a tr ix . Now ju s t  as the  column 

sums o f  u n it  trans form a tion  m a trices must equal u n ity  so must the  column 

sums o f  jQ  equal u n ity . For example some v a ria b le  In  ve c to r X,

X y i s  d is t r ib u te d  amongst the output va ria b le s  Y and P, accord ing to  

the values o f  the elements in  column J o f  | jg  . But the to t a l  mass

o f  va ria b le  in to  the system must equal the to ta l  mass o f  v a ria b le  

Xj in  the form  o f  Y and P va riab les  out o f  tne system, th e re fo re  the sum 

o f  th e  olomants in  column J o f ^  must equal one,

I t  has_been estc& illshed th a t fo r  a l in e a r  sy=tem the elements o f  

tne m a tr ix  are non-negative and th a t the column sums o f  th is

m a tr ix  equal one.

From Varga t t9 6 2 j p21 i t  is  known th a t when 0 = ( d ^ l  i s  an 

ir re d u c ib le  nxn m a tr ix , and 

n
E [d , ,{s v  fo r  a l l  1$iSn   (5 .14)

w ith  s t r i c t  in e q u a lity  f o r  a t le a s t one i  then p(D)<v 

S im i la r ly  when

I  | d, . |$ v ‘  f o r  a l l  l a j jn  . - ........................ -
i=1 J

w ith  n tr is fc  in e q u a lity  fo r  a t  le a s t one j  then p (0 )< v '.

Ccnsequantly p(Q) < m in ( v , v )  —  ------------------

I r r e d u c ib i l i t y  i s  de fin e d  by Varga (1962) p18 i- 

D s f ln it io n ? F o r n& 2 an nxn complex m a tr ix  0 is  re d uc ib le  i f  there 

e x is ts  an nxn pem ut ion  m a tr ix  such tha t

whore i t ,  an r x r  aubmefcrix and an (n - r ) x (n - r )  subm a trix where 

1 Srsn. I f  no such perm utation e x is ts  then D is  j i 'i 'e d u o ib le ,

Tr i fo re  i f  B, in  equation 5.13, i s  ir re d u c ib le  and a t le a s t one 
element o f BE) i s  p o s it iv e  then p ( b)<1- Sub-chapter 5.3 shows th a t  .

B is  rc d u c ltilu . however i t ,h a s  been shown in  Appendix B th a t  fo r  a lower 

b lock t r ia n g u la r  m a tr ix , D, w ith  the d iagonal b locks o f  the par­

e s .15) 

(5 .1 8 )  •



t i t io n e d  m a t r ix : -

p{D) ;

Therefore i f  the d iagonal b locks o f  B in  i t s  reduced form are ir re d u c ib le , 

and i f  i t  can be shown th a t a t le a s t one) o f  the column sums o f  each o f  

the d iagonal b locks are less than one then p (6 )<1 .

Rearranging the elements in  5.13, ao th a t B is  lower b lo c k tr ia n g u la r 

and has only ir re d u c ib le  d iagonal block m a trices, can be done by re­
ducing each reduc ib le  d iagonal b lock  m a trix , by row and column in te r ­

changes . The re s u lt in g  m a trix  need net necessa rily  have d iagonal block 

m a trices o f  th e  same a izs .
The rearranged equation 5.13 can be w r it te n : -

° - 1 ^
> DR21 BR2 1 "H. XR2

V brl-i "M- 1 XRL
i r

• bbl i y\A j

where are the  ir re d u c ib le  b lock d ie t 

8 , these m a trices are square t

i in te ra c tio n  o f  5

 ̂ are the  m a trices fo r t 
interchanges have tie< 

w ith  the  columns o f

id from BB a f te r  the  requ ired  column 

i made and BB p a r t it io n e d  to  correspond

and a rc  the elements o f vectors X and Y re sp e c tive ly  which 

correspond to  the  rows o f  the BR, .

A t the i 

So X* -

i - 1

'  " a , / *

i-1

'r i ' r i ’ ' 'm r

'Ri*!?! '  ̂ AD,F

' 1 A

: 1,L



Summing the  elements o f  the vectors on both sides o f  equation 5.20

whars the £ { • }  sign sim ply in d ic a te s  the  a urn o f  a l l  the elements o f  t  
w c to r  in  the brackets {■ }.

i t  con be concluded th a t : -

i m ,  -

"R L ,i

ja t io n  5,22 and s e tt in g  X = X g iv e s :-

" V  '  '  «  j . ,  '  M * ! * ,

Rearranging equation S .21 g iv e s :-

s . '  -  '  ' ( w

Cofr^ariog equations 5-23 and 5,24 leads to ; -

f1SRjiXRl)

I f  the  l e f t  hand s ide o f  equatim  

1, say i  ■ I ,  than th is  means $ii< 
va ria b le s , e i th e r  from  Ned o r  t i  

re a l s o lu tio n , in  th is  ciiso, i s  • 

element z e ro ) , When p(BR I) = 1, th is  s o lu tio n  w i l l  only be reached 

by an i t e r a t iv e  scheme i f  tha i n i t i a l  guess, X ^ ,  i s  the n u l l  v e c to r. 

Conversely when p {Br i ) ° 1 end « 0, then t ie  tru e  s o lu tio n  XRI = 6 

w i l l  be found immod iately and w i l l  no t e f fe c t  convergence o f o th e r

5.25 equals aero fo r  some p a r t ic u la r  

t  no maU-r.tsl is  becoming any o f  these 

ar Btr.iams, Therefore the  on ly  possible 
Dr XR£ to  bt: a n u l l  ve c to r ( i . e .  each



v a ria b le s . So i f  the  i n i t i a l  guess used, i s  the n u l l  vector, then- the 
p o ss ib le  problem o f  convergence o f  va riab les , fo r  which the l e f t  hand 

a ide o f  equation 5.25 equals zero, w i l l  never a rise .

The le f t  hand side o f  equation 5.25 cannot be negative (as the 

elements o f  the m a trices end vectors in  the lin e a r  case are non-negative) 
ond the problem o f  i t  being zero has been e lim ina ted , Therefore fo r  

a l l  v a r ia b le s  o f  in te re s t  the l e ' t  hand a ide o f  equation 5.25 must be 

p o s it iv e  and consequently the r ig h t  nan-.- ..idn must also be p o s it iv e .
For the r ig h t  hand side o f  equation b lo  vo be p o s it iv e  when i  = I ,  

a t  le a s t one element o f  BR̂  o r  BBj, j  = 1+1,L must be p o s it iv e , and 
hnnce a t  le a s t one cclim n sum o f  SRI i s  leas than one. BR2 is  ir re d u c ib le  

■and has column sums equal to o r less than one w ith  s t r i c t  in e q u a lity  

f o r  a t le a s t one column, the re fo re  P (B ^ ) < 1 (ay equation 5 .1 8 ).

This is  true  f o r  I  = 1,1

1 . , .  1 " . L

th e re fo re  by equation 5.17

..............  (5.28)

and the  convergence o f  l in e a r  systems by the i t e r a t iv e  scheme o f  ’ d ire c t 

s u b s t itu t io n ’ is  assured.



6 SOLUTION OF NON-LINEAR SYSTEMS

D e f in it io n : A non-l-im ax1 siiotem  Is  ono in  which oome c

o f  the u n it operations erg n o n -lin e a r.

• a l l  o f  the models

A non-lineav  model is  one in  which the u n it transform a tion 

m a tr ix  varies as a fu n c tio n  o f  the u n it  feed co n d it io n s .

The u n it  transfo rm ation  m a tr ix  o f  a n o n -lin e a r model is  

the m a trix  o f  p a r t ia l  d e r iv a tiv e s  o f  the u n it outpu t 
va ria b le s  w ith  respect -to the u n it in p u t va ria b le s .

D e f in it io n : The ei/ertem c tro w  Jaoobianc are the m a trices o f  p a r t ia l

d e r iv a tiv e s  o f  ca lcu la ted  to rn  va r ia b le s  w ith  respect to  

tne estim a ted to rn  va r ia b le s  in  the system and group res­

p e c tiv e ly .

From these d e f in it io n s  the system am group Jocobians are made up 

from  the  sum o f  products o f  u n it  transform a tion m a trices along the  paths 

between te a r streams,

8.1 I te r a t iv e  S o lu tio n  Schema fo r  Non-L inear Systems 

Tha mass balance o f  a n o n -l in e a r system can be found by s o lv in g  the  la rg e  

se t o r simultaneous n c n - lin s a r equations. To do th is  an i t e r a t iv e  s o lu tio n  

schBita must be used. A ty p ic a l i t e r a t iv e  procedure is  s p l i t  in to  two 

p a r ts : -

(a ) The decomposition o f  the p la n t network to  an a c y c l ic  system

(b) The convergence a lgor ithm  which makes the i te ra t io n  converge 

to  th a  s o lu tio n

As in  chapter 3.2 

X the vector o f  in p u t
the decomposed system (n^ 

pe r stream era rn ■ number o f  te a r 

»(X) the ve c to r o f  output variab lao  (o 

from the decomposed

values o f  1 

c lo s e r to  i

Kited to n , v a r ia b le s ) to 

m, n *  number o f  va riab les  
ma)

lU la te ii torn  va r iab les) 
(nT«n.m elements)

i t e r a t iv e  scheme uses X and -tfX) plus poss ib ly  previous 

isa vectors to  f in d  a new estim a te o f  X, which is  hope fu lly  

i s o lu tio n  X* o f  the aquation X = OCX)..



Thu i t e r a t iv e  scheme can be w r it te n  a s i-

x " G(X ) k = 0 ,1 '-  is  the ite ra t io n  index -------------  — (6.1)

where XeR"T , G:R T ->• r""1’ , +  RnT

So X i s  an d imensional vector end G and 0 operators on X.

6 .1 .1  Cond itions fo r  Convergence o f a Non-L inear I te ra t iv e

Scheme
S u f f ic ie n t  cond itions fo r  lo c a l convergence o f the I te r a t iv e  scheme de­

f in e d  by equation 6 .1 , to  the  s o lu tio n  X are given by the OSTROWSKI 

THEOREM (Ortega and R hsin tio ltit (1970) p30IJ) os: ~

(a) G(X) must be F -o i f fa rs n t ia b le  a t X 

ana (b) o (G '(X %3)<1

G' (X ) i s  the m a tr ix  o f  p a r t ia l  d e r iv a tiv e s  o f  6(X) w ith  respect to  X

6 .1 .2  Rats o f  Convergence o f  a N jr i- L ir ja r  I te ra t iv e  Scheme

I f  the co n d itio n s  o f  6 .1 .1  apply than accord ing to  the LINEAR CONVERGENCE 

THEOREM EOrtege and Rheinbold t (1970) p301)

R1(T ,X*) -  p (G '( x ') )  - ..................  (B.2D

where “  sup (R1(Xk } |  {Xk }e C C2, x ‘ )>

a~>0 C l I ,X  ) i s  the  ss t o f  a l l  sequences generated by I  which converge
to  X t and Z ro fa rs  to  the i te r a t iv e  process 6.1

and R,{Xk } » 11m sup | | x k -  x ' j | ' ,/K ...........................  (6.35
1 k->®

ia  c e lle d  the ‘ rotffc c’eweroence fo o te r ' o r R -fa c to r o f  the sequence.

I f  I 1 and I 2 are two i t e r a t iv e  processes w ith  l im i t  x then is

' R - fa s to r1 than I 2 a t x ^  ) < R1CI2' X )• (Ortega and Rheinbold t

119703 pZBSj.

The u t i l i t y  o f  th is  measure " ra te  o f  convergence w i l l  be shown i f  

R1( I 1, x ' )  < R ^ J j.X  5 im p lie s  th a t

| | x h -  X * | |  < | | z k  “  X * l l  4 o r  K > K

where Xk I d s member o f  the saquonce generated by and Zk a member o f

the sequence generated by I 2 - K i s  the i te ra t io n  index, and | | . | |  any 

s u ita b le  nonn.



I f  a sequence { s !?} c  R ^co nvs rgss  th e n

lim  sup {a k } = Um {ak } (R ud inh954))

So th a t

-  lim  MXk -  X * | |1 A    CB.4]

and f y f g . x ' ]  = 11m 1 \zk -  x’ | i 1 /k    tB .5]

Therefore f o r  aomu K >

l | | x k -  X* | | 1 A  -  ^ ■ e>Q

o r R ^ I ^ X * )  -  e < | iX K -  X * | ]1 A  < ^ ( I ^ x ' l  * e ------------ -  IB .6)

S im i la r ly  f o r  some k > K2

B ^ X j . X * !  -  e < | | Z k -  x ' | | 1 A  < F ^ d j . x ’ ) * « ....................  ( 6 .7 ]

Whan R^(J^,X ) < (JT ,̂X ] then same e>0 e x is ts  so tn e t : -

R?(Xr X*) * 2e S H ^ I r X )

o r  R .C fy x " )  * e j  -  e -    (6 .6 )

So bbafc f a r  k > K = max (KyKg) equation S.S, 6-7 end 6 .8  can be com­
pared bo g iv e :-

Consequently:-

||X k -  x ‘ | | < | | z k -  x " ! |  fo r  K>K whan R ^ I ^ X 0) < R ^ J j . X * )  (6 .9)

Therefore,by equation 8,2 and B ,9 ,p (G '(X  ) )  can be used as a measure 

o f  the ra to  o f  convergence o f an I te ra t iv e  scheme, and the sm aller th is  
vd'-ue the Foster w i l l  be the convergunco. Or In  o the r words the i te ra t iv e  

scheme w ith  the sm allest p (G "(X .3) w i l l  be c lo so s t to the s o lu tio n  a f te r  

a f ix e d  number o f  i te ra t io n s  prov ided th a t th is  number is  la rg e r  than 

some minimum.



S .2 P- D if f e r e n t la b l l i t y  o f  G(X )

One o f  the cond itions f o r  lo c a l convergence in  sub-chapter 8 .1.1 is  th a t 

G(X) be F -d if fe re n t ia b le  a t X = X . This i s  very d i f f i c u l t  to  show 

d i r e c t ly ,  however Apostel (1974) p357 gives s u f f ic ie n t  co n d itions . These 

ere th a t  one o f  the p a r t ia l d e r iv a tiv e s  o f  G(X) e x is ts  and the rema ining 

(n-m -  1) p a r t ia l  d e r iv a tiv e s  e x is t in  the v ic in i t y  o f  X and are continuous

-The system i s  mode up o f  models o f u n its  o f  ore dressing equipment, 

and this mathematical model o f  the a c y c lic  system i s  made up from these 

equipment's u n it  transform a tion m utricos. Therefore i f  each o f  the  u n it 

models f u l f i l l  the above existence and c o n t in u ity  cond itions  then the 

system must also f u l f i l l  the cond itions .
L inea r models d e f in ite ly  have p a r t ia l  d e r iv a tiv e s  wnich are con­

tinuous  ( in  fa c t  constant over the f u l l  range o f in p u t v a r ia b le s ) . Non­
l in e a r  models, which hove bean extracted  from the l i te ra tu re ,  (see P art I I I ) ,  

end are inc luded  as l ib ra ry  module subroutines, also have continuous 
d e r iv a tiv e s .

The conclusion i s  th e re fo re  th a t although F- d i f f e r e n t ia l i t y  cannot 

be proved fo r  every poss ib le case i t  can be ensured by c a re fu l se le c tio n  
o f  models, th a t th is  co n d it io n  i s  mat.

B .3  Ccnuurgeneo o f  the Method o f  D ire c t S u b s titu tio n
' s u b s t itu t io n  i s  thu method o f  convergence when the  i te r a t io n  scheme 

by equation G.1 has

GCX) » •MX)

Convergence o f  th is  scheme is  ensured I f  (by sub-chapter 6 . 1 . 1 )

p ( + ' ( x ' ) )  < 1

where $ ' ( x‘ ) i s  the m a tr ix  o f  p a r t ia l  d e r iv a tiv e s  o f  MX) w ith  respect 

to  X a t X * X*.

Conn idar the  system shown below:-

where Y = MX) end P and P rare the  vectors o f a l l  the system feed and 

product va ria b le s  i



r

Y = X = X

whsra rip and are the number o f  feed and product variab les re sp e c tive ly  

and n.j. = nxm is  the to ta l number o f  to rn  va r ia b le s . I f  a t th is  steady 

s ta te  a sm all increase occurs to  one o f the va ria b le s  o f X, say x y  then 
by mass balance : -

hence dx = 2T Ay. •+ SP 6p,
J 1 .1  1 1 -1  1

Using equation 6 , ID fo r  Ax^ > Q, the re  are s ix  poss ib le consequences fo i

i - 1

(Let

Col I f  ASy * Q then A£p = AXj and — 2. >o

Cb3 I f  dry > 0 and A2p > Q then i £E

CcJ I f  AEy > G and AEp < 0 then

but i f  t h is  happened AZy > Axy anu th is  im p lie s  th a t i f  s  small 
increase is  mode In  X y  from the atoady s ta ts  value, then a la rg e r 

increase occurs In  Ey. Tlr.s meona th a t InatSdd o f  tho d isturbance 

being darqaed i t  becomes in c re a s in g ly  la rg e r  and the system moves 

fu r th e r  and fu r th e r  from the steady s ta te .

£d) I f  ASy < 0 end aZr > 0 than • 1 ^  >0

-



(e) I f  A£y < 0 and AEp <

■ ( f )  I f  Alp = 0 than A2y = Ax^., th is  s itu a tio n  ir rp lie s  th a t fo r  any

sc th a t there  era in f in i t e ly  many possible steady s ta te s , which : 

im possible in  normal c ircumstances.

p la n t is  c o n tro lle d  to  operate a t an unstable p o in t.  For purposes o f  
th is  steady s ta te  s im u la to r i t  ie  poss ib le, w ithou t imposing any im­

p o r ta n t r e s t r ic t io n  on the user, to  ignore these strange cases.

XT x , ♦ SF f R * ST y f  EP p   —  C8.i1)
i M  1 k-1  K i -1 1 1=1 1

P a r t ia l ly  a if fe ie n fc ia t in g  aquation 6.11 w ith  respect to  x ,  g iv e s :-

1 *  0 “ I ? ’  *  I ?   — .. i s .12)

i X j was chosen a r b i t r a r i ly : -

hence l"r  ^  < 1 fa '- 1 < j  S nT
1=1 j



+ ' ( X )

From th e  d e f in i t io n  o f  th e

5 =
1 (X ) | |  -  max eT ( 3 -  I <1 norm fo r  m a trices, Ortego and

1s jsn r  i »1 " j  ....................

anti I f  -jy i > 0 fo r  1 < 1, j  s  nj

iia?m  M1)

then  I j ' i ' i x ’ l l l  .  max C7 ^

—  l l r t x ' l H ,  < 1

and <1 to r  S  2-0

(v .n « n R R )  p«)

Jacob ian be non-negative, i s  no t severe. For a l in e a r  system i t  must 

be tru e  (see aub-chapter 5 .3 .2 } and fo r  e system th a t  is  s l ig h t ly  non­

l in e a r  i t  i s  expected th a t  the p o s it iv e  mesa flow s w i l l  dom inate any 

negative  n o n - l in e a r it iv e s .
I t  has been s ta te d  by Brauer M3G4) p2?j th a t as the c h a ra c te r is t ic  

ro o ts  o f  a m a tr ix  change con tinuously w ith  the elements o f  the  m a trix ) 
a m a trix , which has m ostly p o s it iv e  elements end a few negative elements 

o f  r e la t iv e ly  sm all absolute va lue, w i l l  have s im i la r  p ro p e rtie s  to 

p o s it iv e  m a trices . Therafora aa decreasing the elements o f  a non-negative 

m a tr ix  reduces i t s  tigenva lues , (Tausky (19G*IJp12?). end hence i t s  sp e c tra l 
rad ius , having a few negative elements o f  re la t iv e ly  sm all absolute value

p ( * '(X  ) faw negative) < p ( ') '(X  ) non negative)

p(i{p” .X J) < 1  in  normal circumstances

* :W ' ;  • ;



Several authors  (see sub-chapter 3 ,3 ) have claimed th a t d ire c t  sub­
s t i t u t io n  w i l l  always converge and th is  supports the conclusion represented 
by equation 6.19.

B.4 Convergence o f  Nawton-like Methods 
D ire c t s u b s titu t io n  i s  vary simple, to  apply but u n fortuna te ly  can be slow 

to  converge [sub-chapter 3.2 and 3 .3 ),

To speed up the  ra te  o f  convergence New ton-like  methods have been 

app lied, and equation 3.3 in  terms o f  equation 6.1 g iv e s :-

G.'X) -  X -  ( I  -  * ' { W ) 7 { X  - 4-CX)) ..........................(6.20)

As the element* o f  are no t u s u a lly  re a d i ly  a v a ila b le  (see

sub-chapter 3 .2 .3 ) 4 '(X )  is  approximated. I f  Q(X) is  chosen to  approximate 

£ ‘ (X) in  aquation 8.20 then a Newton-like method has Wen created, and :-

BIX) » X -  ( I  -  M X ) ) "1. (X -  4(X1) ..... ....................  16.21)

P a r t ia l ly  d i f fe r e n t ia t in g  G(X) in  equation 6.21 w ith  respect to  X g ives 

the  m a tr ix  G‘ (X ) and a t  X = X *i-

B 'tX *)  " I -  ( I -  0(x‘$)"! ( I  - » '(X * ) )  as X* =

G '(X*) -  ( I  -  Q (X*))"1 (» -(X *) -  QCX*)) — ; .....................(6 .22)

F o r the  lo c a l convergence o f  these Newton-like  methods i t  is

s u f f ic ie n t  fo r  p (G '(X  ) )  < 1 {by sub-chapter 8 .1 .1 ) .

The cho ice o f  Q(X) c le a r ly  has a s ig n if ic a n t  e f fe c t  on the ra te  o f  

ccnvergsnoB. For examples-

(a ) 0(X) = 4 '(X ) .  Thia is  Newton's method as given by equation

8.20. Prom equation 6.52, G '(X ) * 0 and hence p(G"(X ) )  = 0.

(b) OCX) « 0. This is  d ire c t s u b s titu t io n , as from equation 6 . 21 ,

G(X) *  * (W .  F om aquation 6.22, o (G '{X * ) j = p(l>’ (X * )) .

(c) Q(X) “  d iag  ( * 'f .X ) ) .  (0(X) is  the n u l l  m a trix  w ith  the same
d iagonal ilom on ts aa <!>’ (X )) .  Th.' ■> is  Wagatein's method. In
sub-rhap te r 3 .2 .2  Wugstein’ s method i s  shown to  ob ta in  successive­

ly  h o t te r  approx imations o f  ths  p a r t ia l  dar iva tiveR  o f  each 

va ria b le  w ith  .vespoct to  i t s o l f  ua the  so lu tio n  io  approached. 
These derivattivaa are ths d iagonal elements o f  $ ’ CX) a t X * X .



£d) Q(X) = b lock tiiag » ' (X) . (OCX) i s  the n u l l  m a tr ix  and has 

the same block d iagonal elements as t f '(X ) , which ars chosen 

in  the seme way as the o f  equation 5 .10).

In  sub-chapter 5.4 a method o f  s o lv in g  lin e a r  systems by a sequentia l 

aimultanaous technique was developed based on the c h a ra c te r is t ic s  o f 

l in e a r  ore dressing p la n ts . In  general i t  i s  expected th a t the  u n it 

models w i l l  no t be h ig h ly  n a n -lin e a r, as the d is c re t iz a t io n  o f  the 

streams (sub-chapter 4.1) is  intcn.:ind to  m inim ize the in te ra c t io n  between 

to rn  v a r ia b le s . Therefare apply ing a s im i la r  technique to  n o n -l in e a r 
systems should a llow  fa s t convergence. [Note: fo r  l in e a r  systems 

4 ’ fX) * 8 o f  chapter 5).

Th is  b lack d iagonal cho ice o f  Q[X] w i l l  be c a lle d  the  'Reduced 
Newton Method’ and i t s  convergence c h a ra c te r is t ic s  are c r .s id e ra d  In  

the next eyb-chaptar.

8 ,5  Tho Rsduced Huwton Method

From sub-chapter 6 .3  i t  can ba expr^ted th a t  when *'1X3 i s  non-negative

There-fare in  th is  case the taduced Newton method guarantees lo c a l 

convergence.
Appendix A-2 takes th is  a l i t t l e  fu r th e r  and proves th a t i f

Ortega and Rheinbold t (1370) p4l de fine  tho ^  and 1M norms o f  

m a trices e s i-

B.5,1 Convergence o f  the  Reduced Newton *' t hod

Working from  tho b a d e  th a t 4>‘ (X ) > Q and p ( * '  (X j)  < 1 i t  is  
pro«3d in  appendix A. 1 th a t p(G '(X  )) < 1 fo r  the reduced Newton method.

o r  has a fe=w negative elements then the 1^ norm o f  * '  (X ) w i l l  be less 

thd 'i one ( | ($ ' (X ) | | ^  < 1) and hence th a t p ( * '(X  ))  < 1.

p( ! * ' ( x  ) { }  < 1 then p( G* (X 1) < 1  fo r  the  reduced Newton method when 

on ly  OCX*) > 0 ins tead o f  V t x " )  i  0.

end ! I A I L

where AtRnxm



So th a t  i f  e ith e r  o f  these norms o f  » ' (X ) are less than one then

p ( i * ’ CX ) | ')  < 1  (as l l / ,i i l 1 = | | 'A l l ^  and I IM L  - I l lA | | ! „ )  and the

p ro o f in  appendix A .2 w i l l  hold.
' The requirement th a t t>' (X*) > 0 o r c e r ta in ly  Q(X ) > 0 w i l l  usua lly  

be s a t is ! fe d  as the mass flow s shbuld dominate any sm all negative non-
l in e a r i t ie s ,  so the lo c a l convergence o f  the reduced Newton method

• In  normal c ircumstances is  v i r t u a l ly  ensured. However a com pletely 

genera l p ro o f, th a t th is  (o r  any o ther) i te ra t iv e  convergence scheme 

w i l l  always e x h ib i t  io c o l convergence on any n o n -lin e a r system, does no t

In  appendices A .3 end A.4 a very lengthy p roo f e ven tua lly  shows th a t 

the reduced Newton method always e x h ib its  lo c a l convergence on any 

n o n - l in e a r system f o r  which 11« ' (x'*) 11 < 1 .
I t  has nob been poss ib le to  demonstrate th a t | |$ '(X  ) I < 1, but 

i t  has been found as a c o rro lla ry  o f  th e  p ro o f in  appendix A .4 t h a t : -

-----------
where = G' (X J f o r  the  reduced Newton method Although equation 

6.2 fl does no t necessa rily  im ply th a t p(GR{iJ) < p ($ '(X  3) and hence by the 

' lin e a r  conv»rgance ti-.aorsm" (sub-chapter 6 .1 .2 ) th a t the reduced Newton 
r-ei;hod cemvsrges a t a fa s te r  ra te  than d ire c t  s u b s titu t io n . I t  i s  a 

s trong  in d ic a t io n  in  i t s  favour. A sacond, bu t also no t necessary, im­
p l ic a t io n  i s  th a t  i f  d i re c t  s u b s titu t io n  converges {as is  h ig h ly  l ik e ly  

by sub-chaptar 6 .3 ) so should the reduced Newton method.

6 .5 .2  Determ ination o f  Q f o r  the Reduced Newton Method 

In  chap te r S the  product o f  mass fra c tio n s  o f  's im i la r ' v a ria b le s  (see 

sub-chapter 4 .1) along the paths between tears  are the elements BT i 

requ ired  to  solve equation 5.10. S im i la r ly  by the chain ru le  fo r  

p a r t ia l  d e r iv a tiv e s  the elements o f  th e  Jacoblen ( * ' )  which are used In  

the  reduced Newton method, are the products o f  p a r t ia l  d e r iv a tiv e s  o f  

's im i la r '  v a ria b le s  fo r  each u n it  along the paths between the te a r 

streams.
The c a lc u la t io n  o f  these p a r t ia l  d e riva tive s  by the path product 

method i s  q u ite  invo lved in  terms o f  computer lo g ic . However i t  does 

p rov id ti the  a c tu a l d e riva tive s  and i f  by having the actua l d e riva tive s  

one ite r a t io n  can be saved, then in  medium o r large s ize  p la n ts  the cost o f  

using th is  method i s  more than compensated fo r .  Another advantage o f  the 

reduced Newton method is  th a t fo r  a l in e a r  system the elements

o



o f  equation 5.10 are found and th is  equation can then be solved e xa c tly .

For th is  technique to  work the  p a r t ia l  d e riva tive s  o f  each output 

v a ria b le  w ith  respect to  the same in p u t v a ria b le  must be found fo r  each 

u n it .  For l in e a r  separation u n its  these p a r t ia l  d e r iv a tiv e s  are the d iagonal 
elements o f  T j (see chapter 5 ).

The transform a tion m a tr ix  o f  a l in e a r  separation u n it is  d iagonal 
end hence

where t ^  i s  the d iagonal element in  the i th  row end 1th  column o f  T j 
f o r  the u> i t

i s  va r ia b le  i  o f  ou.pu t stream j  from the u n it 

v± i s  v a ria b le  i  o f  the in p u t s trsun  t: tb? u r l -.

The p a r t ia l  d e r iv a tiv e s  requ ired fo r  l in e a r  separation u n its  can 

th e re fo re  be ob ta ined e x te rn a lly  from the u n it  models by using the in p u t 

and outpu ts . For n o n -lin e a r separation u n its  the fra c t io n  w i l l
no t be e xa c tly  the requ ired  p a r t ia l  d e r iv a tiv e  but i f  th e -u n it  is  nea rly  

lin e a r  i t  w i l l  ba a good approx im a tion. This is  s im i la r  to  the M od ified 
Newton Method (Ortega and Rheinbold t (1970) p167) where the Jacobian 
Is  no t updated every i te ra t io n  end the same Jacobian i s  used fo r  severa l 

ite ra t io n s .  This method i s  based on the assumption th a t  the Jacob ian 

does no t cnenge much each ite r a t io n .  This idea o f  using the  mass f ra c ­

t io n  w ^ /v ^  to  approximate the  p a r t ia l  d e riva tive s  o f  a u n it  i s  shown 

to  work in  TEST EXAfPLE I I .  Here th e  separation u n it i s  the King 

f lo ta t io n  model which invo lves an in te rn a l i te r a t io n  and the determ ination 

o f  th e  a c tu a l d e r iv a tiv e s  is  vary awkward.

Thes- mass f ra c tio n s  w i l l  no t be good approx ima tions to  the  d e r iv a tiv e s  

fo r  t ro n t  ,t io n  u n its  as the  transform a tion m a tr ix  even in  the  lin e a r  

case is  no t d iagona l. These d e r iv a tiv e s  should always be generated • 

in t r r n a l ly  by the  u n it  model.

6 .5 .3  Grouping Non-L inear Systems in to  Subplants 

I f  as w ith  l in e a r  systems (sub-chapter 5 .4 .1 ) i t  is  poss ib le to  group 

u n its  so th a t there  i s  no feed-back o f  m a te ria l from each group to 

any o f  the preced ing groups, and the  rows and columns in  the system 

Jscob ian are arranged so th a t the to rn  va r ipb los  \n the f i r s t  group 

correspond to  the f i r s t  M1 rows and columns, the Mg to rn  va r ia b le s  

in  the  second group correspond to  the second rows end columns e tc  
then the system Jacob ian * '(X )  is  lower block tr ia n g u la r .  This is  because.



by the d e f in it io n  o f  a group, there is  no m a te ria l flow  to preced ing 

groups and hence changing the values o f  the to rn  va r iab les  in  any group 

cannot have any e f fe c t  on the to rn  va r iab les  o f  preced ing groups.
In  the i t e r a t iv e  scheme defined by equations 6.1 and 6.21. Q(X) 

approximates t ' t X ) .  As $ ' (X) is  lower block tr ia n g u la r  i t  is  only 

necessary to  f in d  th e  lower block t r ia n g u la r  elements o f  Q(XJ. I f  the 

whole system i s  to be solved sim ultaneously Cin the sense th a t a l l  groups 

are solved a t the same t im e :. and (X) i s  arranged as suggested in  
paragraph one. th e n :-

whare Q.

0 ■ • • • 0 

Am...................

x Mj m a trices, and the re  are N groups in  the system 

The ra te  o f  convergence o f  th is  scheme is  given in  sub-chapter

p(G'CX ) )  = Cl -  e V M t ' l X  3 -  Q )

Here the b lock  d iagonal m a trices o f  ( I  -  £?A) 1 are ( I  -  Q, 

(Lap idus (13823 p2523 end the  lower o ff-d ia g o n a l m a trices are ; 

presented by



d - Q n )

low er b lock t r ia g o n e l r 

Then from  Appendix 8

■ (I-Q ) ’

p ( U - Q 1: | f -  0 ^ 1 )

I f  Instead o f  s o lv in g  the  groups 

so lved in  sequence [1 to  N), then the 

group i  on those in  group j ,  f o r  K j  , 

b lock  d iagonal.

For t h is  case

X  0 ■'* ■

□ 0 „

So th a t

c i- qb ) ' ’ ( * , - qb ) »

P d l-O 6 ) ' 1. ! ! 1-!?8 ! ) '  -  '

Therefore tiy equation 8.25 end a .26



Consequently by the lin e a r  convergence theorem [sub-chapter 6 .1 .2 ) 

the ra te  o f  convergence o f both these methods are id e n t ic a l.  This means 

th a t i f  a system can be p a rt it io n e d  in to  groups, then each group can be 
solved separa te ly , w ithout a lte r in g  the ra te  o f  convergence d e tr im e n ta lly , 

w h ile  reducing the problem to severa l sm aller ones. This can be a g rea t 

advantage as i t  can reduce the storage requirements and computation e f fo r t  
o f  a s im u la to r considerably.

6 .5 .4  E f fe c t o f  Problem S ize on the Reduced Newton Method 

I t  is  a n tic ip a te d  from the nature o f  the reduced Newton method th a t 

the  computation per i te ra t io n  w i l l  increase lin e a r ly  w ith  the  number o f 

to m  v a r ia b le s . However increas ing  the number o f  va ria b le s  pe r stream 

w i l l  increase  the computation in  each u n it  model and inc reas ing  the 

number o f  u n its  w i l l  a lso increase the computation e f fo r t  per i te ra t io n .
The to t a l  computation tim e is  the  sum o f  computation t im e s :-

(a) w ith in  the  u n it  models

(b) w i .h in  the convergence method
(c ) w i th in  the  convergence loop o th e r than (a) and (b)

(d) outs ide the convergence loop

I f  th e  increase o f  computation tim e w ith in  the models i s  l in e a r  w ith  
in c re a s in g  number o f  va ria b le s  and inc reas ing  number o f  u n its  th e n :-

Y « A.X1 .X2 .X3 + B.Xg.Xg * C.X3 «• 0   (6.27)

(a ) (b) (c ) (d)

where Y * to ta l  computation time

» number o f  u n its  in  group 
Xg = number o f  va ria b le  p e r stream 

X_ *  number o f  i te ra t io n s

so th a t
A = number o f  s e c o n d s /u n it/v a r la b le /lte re tio n  

B = number o f  s e c o n d s /te a r/v a r ia b le /ite ra tio n  

C « number o f  seconds (o th e r than (a) and ( b ) ) / i t e r a t io n  

D * number o f  seconds 

In  o rd e r to  v e r ify  the assumptions o f  l in e a r i t y  used in  crea ting  

equation 6.27 a f lo ta t io n  p la n t was sim ulated f o r  sixteen  sets o f 

u n its  and stream va r ia b le s . The schematic flow  diagram o f  th is  p la n t 

f o r  s im u la tion  i s  shown in  f ig u re  1.



Consequently by the  lin e a r  convergence theorum (sub-chapter 6 .1 .2 ) 

the ra te  o f  convergence o f  both these methods are Id e n t ic a l.  This means 

th a t i f  a system can be p a r t it io n e d  in to  groups, then each group can be 

solved sepa ra te ly , w ithou t a lte r in g  the rate, o f convergence d e tr im e n ta lly , 

w h ile  reducing the problem to severa l sm aller ones. This can be a great 
advantage as i t  can reduce the storage requirements and computation e f fo r t  

o f  a s im u la to r considerably.

6 .5 .4  E f fe c t o f  Problem S ize or^ th e  , R ^ . s d  Jewton Method 

I t  is  a n tic ip a te d  f-om the nature o f  the reduced Newton method th a t 

the  computation pe r i te r a t io n  w i l l  increase l in e a r ly  w ith  the number o f 
to m  v a r ia b le s . However increas ing  the number o f  v a ria b le s  per stream 

w i l l  Increase tha computation in  each u n it  mociel and inc reas ing  the 

number o f  u n its  w i l l  alao increase the  computation e f fo r t  pe r ite r a t io n .  

The t o t a l  computation time is  the sum o f  computation times

(a) w ith in  the  u n it  models

(b) w i th in  tha convergence method

(c ) w i th in  the convergence loop oLher than (a) and (b)

(d ) ou ts ide  tha  convergence loop

I f  the in c  ;se o f  computation time w ith in  the models i s  l in e a r  w ith  

in c re a s in g  number o f  va ria b le s  and inc reas ing  number o f  u n its  th e n :-

Y ■ A.X^.Xg.Xg ♦ a.X2 .X3 * C.X3 + D    IB.27)

(# ] (b ) (o) (d)

where Y “  to t a l  computation time 
X1 “  number o f  u n its  in  group 
Xg » number o f  va r ia b le  per stream 

Xg -  number o f  ite ra t io n s  

so th o t
A *  rtumber o f  B s c o n d a /u n ir /v e r ls b la / ite ra tio n  

B "  number o f  sw o o n d a /te a r/va ria b le /ite ra tio n  

C -  number o f  seconds (o th e r than (a) and tb ) } / i te ra l; io n  

D = number o f  oecends 

In  o rd e r to  v e r ify  the assumptions o f  l in e a r i t y  used in  c rea ting  

equation 6.27 a f lo ta t io n  p la n t was sim ulated fo r  u ixteen se ts  o f 

u n its  and stream va r ia b le s . The schematic flow  d iagram o f th is  p la n t 

fo r  s im u la tion  i s  shown in  f ig u re  1.
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FIGURE 1 FLO* DIAGRAM OF FLOTATION PLANT

U n its  one to  fo u r  are banks o f  f lo ta t io n  c e lls  modelled by the  adap tion 
o f  S u tnsrland 's  model (gee P a rt I I I ) . In  th is  way the number o f  c e lls  

( u n its )  in  each banK can be va rie d  w ithou t changing she p la n t co n f ig u ra tio n , 

a lso th is  model i s  n o n - l in e a r so th a t the  s im u la tion  i s  no t too s p e c if ic . 

U n its  f iv e  and s ix  ore m ix ing nodes.

In  ta b le  3 the  sets representing  problem s ize  ere indexed w ith  a two' 
d i g i t  nu.ffcsr. The f i r s t  . d ig i t  re la te s  to  the .number o f  v a ria b le s  per 

stream end th«i second d ig i t  to  the  number o f  u n its . For each se t the 
number o f  i te ra t io n s  and to t a l  computation tim e has been found, This 

da te was f i t te d ,b y  means o f  a le a s t square regression to  equation 6.27.

A » .339 x ID” 3, B •  .315 x 1 0 '2 , C •  .4=? x 1 ( f  \  0 = .692 
are the  c o e ff ic ie n ts  found fo r  equation 6,27 an , • .ic average percentage 

e r ro r  fo r  a l l  the  p o in ts  i s  1 .B8S. This extrem ely low e r ro r  ju s t i f ie s  

the  assumptions o f  l in e a r i t y .



l f i BLE 3 RESULTS o f  f l o t a t i o n  p la n t  s im u la t io n s

NUMBER NUMBER
VARIABLES

NUMBER
ITERATIONS

COMPUTATION 
TIME SEC

8 13
4 1.11

1 3

13 11
22 16

23 24
24 32 • 1.51
31 2.54

IS 4 1.71
33 . 24 3

32 2

6 10 2.91

18 4 2.05

24 25 2.06

32 25

Several p o in ts  should ee n o te d :-

(e ) the  stream va r ia b le s  are categor ized in to  3 G-classes,

2 S-classes w h ile  the rtunaaer o f  D-classes are ve rie d  from one 

to  fo u r.

(b) The e x tra  v a ria b le  in  each stream i s  the w ater flow .

( c j  Tha computation tim e can vary when vanning the  same system 

a t d i f fe re n t  times o f  day, depending on the system load ing .
TM.s v a r ia t io n  can bo up to  0.1 seconds, which in  th is  case 

io  about 5% o f tho  to ta l  rf-moutekion time. The e r ro r  o f  2% 

is  w e ll w ith in  th is  r

(d] The number o f  i to r a t iL  ared to reach convergence decreases

w ith  an inc reas ing  number o f  c e lls  pear bank. There are two 

reasons fo r  t h is .  The f i r s t  is  th a t in  th is  p a r t ic u la r  case 

the i n i t i a l  guess o f  to rn  va r iab les  (each set to  u n ity )



happens to  tie c lo s e r to  the s o lu tio n  when the number o f c e lls  

Is  la rg e r, The second Is  th a t the  n o n - l in e a r ity  o f  the Sutherland 

model is  dus to  the lim i ta t io n  se t on concentrate flo w  from 

each c s l l j  so th a t  in  a bank w ith  a la rge  number o f  c e lls  only 

the  f i r o t  few are e ffe c te d  by th is  l im i ta t io n  and the rema inder 
behave l in e a r ly .  This im plies  th a t the o v e ra ll system is  

becoming more lin e a r  and even tua lly  the number o f  i te ra t io n s  

re q u ii -d i s  two (Set 44), the same number th a t would be rs -

• (one i te ra t io n  fo r  

:e).

(6.29)CM.X2 ).X

i o lo t  i s  very i

curved p a r t ic u la r ly  th e  top end. On exam ining equation 6.28 i t  can 
be seen th a t th is  Im p lies  th a t bo th AA and BB are'indopBn tient t , r 

but are s i le n t ly  depemflont on X^. This dcpentitincy can be p a r t ly  ex­

p la ined  by the o a r l io r  d ioousaion o f  the v a r ia t io n  o f n o n - l in e a r ity  o f 

the  f lo t a t io n  c e l l  model w ith  v a r ia t io n  in  tha  number o f c e lls .



EFFECT OF PROBLEM SIZE - CELLS & V AR IABLES
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I t  can be concluded both from the regression f i t s  and graphs th a t 

"the computation e f fo r t  requ ired by the reducad Newton method increases 

lin e a r ly  w ith  problem s ize . This ia  o s trong p o in t in  the  favour o f  

th is  method as the problem s ize  con oecor j  vary la rge.

b .6 Comparison o f th ti Raducsd Newton Method w ith  Other 
ConvBrgence Mothods 

T ia  two canvargance methods o fte n  used by chem ical p la n t s im u la tors are 
d ire c t  s u b s t itu t io n  anti bonded WecstGln. The ana lys is  in  sub-c-hepter

6.5.1 suggauta th a t tho reduced Newtc shoulo bi3 fcister' converging than 

d ire c t  s u B s titu t io n . The bounded Wegstein method does no t consider 
the  in te ra c t  lo t  v bawoen vsrietoles in  d i f fe re n t  te a rs , so th a t  i f  there 

is  more than one te a r  in  the  system the reduced Newton should be superior, 
To demonstrate the reduced Newton's s u p e r io r i ty  the same system as 

used in  sub-chapter S .5.4 i s  sim ulated f o r  SETS 11, 22, 33, 44 when 
using d i re c t  s u b s t itu t io n  and bounded Wegstein as convergence methods. 

These re s u lts  are summarized in  ta b le  4, and Graphs 3 and 4.

TABLE 4 COMPARISON OF CONVERGENCE fCTHOOS

PROBLEM SIZE REDUCED NEWTON BGJ.NI3E0 WEGSTEIN SUBSTITUTION
SET NUPSER

UNITS
rtur-BER
VARIA3L2S

NUrjJER
ITERATION r.t'CON'03

NUi'afR
ITERATION SECONDS

NUMSER | TIME 
ITERATIONS SECONDS

11 6 7 1.60 M 2.39 2.33

22 13 1.42 9 1.97 1.97

33 18 1.76 9 3.04 3.40

« 25 1.97 5.75 S .43

When tho  problem s ize  is  sm all, even though the  reduced Newton 

riBuda f o r  fewur ite ra t io n s  to  reach convergence the com putational cost 

o f  using th is  method m a m  th a t  the o v e ra ll saving in  computer time is  

low. However as the problem a iz s  increases the g roa t savings th a t  can 

be made w ith  th is  method become vory apparent.
At sm all proljlum s izes trhere is  no d iffe re n ce  between d ire c t  sub­

s t i tu t io n  and bounded Wogstoln but; as the problem s ize  increases the 

bounded Wegstein bscomeg more com petitive .
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These re s u lts  are exactly  what would be expected from the th e o ry■

A l l  th ree  convergence methods w i l l  be a va ila b le  to  the  user o f the 

s im u la to r. In  the case o f  a l in e a r  system the reduced .Newton method 

should be used, as g loba l end exact convergence w i l l  be achieved.

For n o n -l in e a r systems only lo ca l convergence has been shown and 

o f  the th ree  methods, d ire c t s u b s titu t io n  is  expected to have the la rg e s t 

rad ius o f  convergence. However i t  is  recommended th a t in  a l l  circum­

stances the reduced Newton method should be t r ie d  f i r s t ,  i f  i t  f a i l s  

b e tte r  estim a tes o f  the to rn  streams should be in se rte d . I f  convergence 
is  s t i l l  no t achieved, o r i f  i t  i s  no t possible to estim a te the values 

o f  the to rn  streams, e ith e r  d i re c t  s u b s titu t io n , o r bounded Wegstein can 
be t r ie d  in  comb ination w ith  the  reduced Newton. This comb ination im­

p l ie s  th a t  a few ite ra t io n s  using d ire c t  s u b s titu t io n  o r bounded Wegstein 

are dons end th is  should so improve the values o f  the to rn  streams th a t 
i t  w i l l  then t  poss ib le f o r  the  reduced Newton to  ra p id ly  co'-.erge to 

a s o lu tio n . I f  th is  combined approach.also f a i l s ,  and th e re  is  on ly  
a s in g le  te a r, th e  bounded Wegstein may succeed alone and, as a la s t  re ­

s o r t ,  d i r e c t  s u b s titu t io n  alone can be t r ie d .

A l l  the  n o n - l in e a r l ib r a r y  modules, except the adap tion o f  K ing ’ s 
f lo t a t io n  model, (see P a rt I I I )  prov ioe the p a r t ia l  d e r iv a tiv e s  required 

by the  reduced Newton method. I f  the ussr wishas to  create h is  own 
u n it  module he should also prov ide these d e riva tive s  as th is  is  gene ra lly  

e a s ily  done. In  the event th a t  the  p a r t ia l  d e riva tive s  are no t prov ided 
and the system does no t converge then adding these d e r iv a tiv e s  may allow  

convergence.
Ano ther p o ss ib le  way o f  achieving convergence is  to do a dummy 

s im u la tio n  w ith  l in e a r  models which approximate the re a l ones and then 

use these ca lcu la ted  values o f  the  torn  streams to  s ta r t  the  re a l s im u la tion .



7 PLANT TOPOLOGY

7•1 Representation o f  a System o f Process Units 
A 'process flo w  d iagram' o f  a p la n t dep ic ts  the equipment and pipes 

connecting th is  equipment in  g raph ica l form.' The pipes are shown as 
arrows p o in tin g  in  the d ire c t io n  o f  m a te ria l flo w .

MIXER ROD MILL

- Q - C D

FIGURE 2 PROCESS FLOW DIAGRAM

An example o f  a simple process flow  diagram i s  shown in  f ig u re  2. 

The process flo w  diagram must be encoded in  numerical form i f  i t  is  

to  be used in  a computar s im u la tion . This is  done in  two steps, the 

f i r s t  i s  to  construct an 'in fo rm a t io n  flo w  d iagram' and the second 

i s  to  pu t th is  diagram in to  numerical form. The in form a tion  flow  
diagram o f  the  process flo w  diagram in  f ig u re  2 is  shown in  f ig u re  3.

CYCLONE

UNIT NO 2 UNIT NO 3
CYCLO 

(Type 9)

UNIT HO 1
RMILl

(Type 20) (Type 1

FIGURE 3 INFORMATION FLOW DIAGRAM



The in form a tion  f lo w  diagram represents e flow  o f  in fo rm a tio n , v ia  
streams, between models o f  u n it  modules. I t  is  constructed as fo llo w s :-

(a) Represent each Item  o f  equipment by a square box

Cb) Each box i s  g iven the name o f  the correspond ing u n it
module

ic )  The flo w  o f  in form a tion  between u n its  are drawn as d irec ted

l in e s  (stream s), w ith  the arrows in d ic a t in g  the d ire c tio n  
o f  flow

(d) The streams and boxes are numbered separa te ly , u su a lly  in

ascending order in  the d ire c t io n  o f  flo w . The numbering 

is  a rb i t ra ry  bu t no two u n its  o r streams may have the 

seme number

In  th is  example the  feed stream has been numbered 1 and the  p ro­
duct stream 5. Tea m ixer, rod m i l l  and cyclone have been numbered 

1, 2 and 3 re sp e c itve ly , In  a d d it io n  the names o f  the subroutines th a t 

represent these u n its  are MIXR, RflILL and CYCLQ. Because FORTRAN is  used 
as the  programming language and l i s t  processing i s  no t e a s ily  done, 

the u n it  modules a lso have TYPE numbers to  s im p l i fy  m an ipu la tion, these 

are 20, 1 and 9 r e s p e e t iv ly .
A lthough the in form a tion  flo w  diagram w i l l  g e n e ra lly  resemble the 

process flo w  diagram there w i l l  be some stream ' and u n its  which are 

no t in  bo th diagrams. For example surge tank - i  pumps have no e ffe c t  

on steady s ta te  mass balances so can be omm itted. A lso, to  f a c i l i t a t e  

tho stan d a rd iza tio n  o f  the u n it modules, separation and transform a tion 
u n its  w i l l  o n ly  be allowed one in p u t stream, so th a t  m ixers w i l l  be 
the on ly  u n it  type w ith  more than one in p u t stream. M ixer u n its  are 

o n ly  allowed one output stream. Because o f  th is  convention a separator 

o r  trans form a tion  u n it  w ith  more than one in p u t in  the process flow  

diagram becomes two u n its , a m ixer plus the separator o r  transform a tion 

u n it ,  in  the  in form a tion  flow  diagram. This convention i s  needed to 

make the c a lc u la tio n  o f  s p l i t  fra c t io n s  from outside the u n it  model 

po ss ib le .



7-2 Conversion to  Numerical Form

7.2.1 R ela tionships Between Streams o r Un its  

To represent the -informa tion flow  diagram in  numerical form e Boolean • 

m a tr ix  o f  ones and zeroes, c a lle d  th e  adjacency m a trix  can be used.
F i r s t  the in form a tion flo w  diagram must be converted to  a ' d ig raph ' 

or d ire c te d  graph which cons is ts  o f ve rtice s  and edges, the edges 
jo in  two ve rtic e s  and are d irec ted  from one vertex to  ano ther. For 
the example in  f ig u re  3 there are two poss ib le d igraphs, one w ith  the 

u n its  as v e rtice s  and streams as edges and the o the r w ith  the streams 

as v e rt ic e s  and u n its  as edges.. This second d igraph is  c a lle d  a 

's ig n a l flo w  g ra p h '. Both the  d ig raphs and assoc iated adjacency m a trices 

are shown in  f ig u re  A.

DIGRAPH 

(UNITS AS VERTICES)

SIGNAL FLOHGRAPH 

(STREAMS AS VERTICES)

TO
VERTEX

FIGURE 4 DIGRAPHS AND THEIR ASSOCIATED ADJACENCY MATRICES

The adjacency m a trices in  f ig u re  4 are very sparse and s to r in g  

a l l  the  zeroes is  w aste fu l, I f  the v e rtic e s  which are jo in e d  to  each 

ve rtex  are l is te d ,  then these l is t s  can be stored in  the 'a rc  operator 

m a tr ix ' as shown in  f ig u re  5. I t  is  very u n lik e ly  th a t any vertex 
w i l l  be jo in e d  to  a l l  the o thers the re fore  the number o f columns in  the



arc opera tor m a trix  w i l l  be less than the number c f  ve rtice s  and hence 
the storage requ ired is  reduced.

1 j"2 0 0"

FROM 2 3 0 0
VERTEX 3 4 5 0 .

4 2 0 0
5 _0 0 0_

FIGURE 5 ARC CIPBRATC: 1/.TR1X (t'OR SIGNAL FLOW GRAPH)

However th is  m a trix  is  a lso sparse and a b e tte r  way o f  s to r in g  

ths  l i s t s  o f  ve rtic e s  reached is  by s to r in g  the l i s t s  in  e s tr in g  

c a lle d  the 'stream  vec tor’ end then having an index to  d is t in g u is h  the

( 2 3 4 5 2 )  Stream Vector 

(1 2 4 5 5) Index 

FIGURE 6 STREAM VECTOR AND ITS INDEX •

The stream vector.and i t s  index fo r  the exanplti in  f ig u re  3 i s  given 
in  f ig u re  S. Beginning w ith  vertex 1 in  the arc opera tor m a tr ix , the non 

zuro s laven ts  in  row 1 are In se rte d  in to  the  f i r s t  p o s it io n  o f  the stream

p o s it io n  f i l l e d  i s  noted in  the 1 index' as i t s  f i r s t  element. This 

procedure i s  rspeated fo r  each row o f  ths a rc  opera tor m a trix  and the 
elements are catenated to  those a lready in  the  stream vec tor. For each 

ve rtex  the p o s it io n  o f  the  la s t  element s tored in  the stream ve c to r is  

noted in  the  index. Jain and Eakman (1972) cla im  storage savings o f  
80% to  95% on thu  adjacency m a tr ix .

7 ,2 .2  R e la tionships Secwsem Streams and Un its 

For any s im u la to r to  work the in p u t and output >31roam numbers fo r  every 
u n it must be known. The d igraphs w ith  t h e i r  adjacency m a trices do no t 

p rov ide th is  da ta. Dna way o f  describ ing the in te rconnec tion  between 

streams and u n its  is  by means o f  the 'Inc idence m a t r ix '.



FIGURE 7 INCIDENCE MATRIX

S.n F igure 3 is  shown in  
th a t tha stream number re- 

.t number rsprassntea by 
i s  an outpu t. In  th is  

l i t  1 and i s  an in p u t to 

is '- 1 '  in  row 1 and 1 +11

The two main problems w ith  using the incidence m a tr ix  a re :-

CaJ Storage is  wasted, because i t  i s  sparse

[b> The stream number correspond ing to  the f i r s t ,  second o r

th i r d  output from tha u n it ie  no t prov ided. (The u n it  model 

must Know which stream number is  concentrate, m idd ling  or 

t a i l ) .

Bath these d i f f i c u l t ie s  are overcome ay the Stream Connect'1 on 

M a tr ix  $SCM). This m a trix  i s  an a rray w ith  fcWree elements pe r row, the 
. f i r s . t  e n try  i s  the stream number> the second and th ird , are th e .u n it  

numbers o f  the u n its  from which the stream comes and to  which i t  Is  

go ing, re s p e c tiv e ly . The stream connection m a trix  fo r  the in form a tion  
f lo w  d iagram o f  f ig u re  3 is  given in  f ig u re  8.

STREAM
NUfSilR

FRDfl W IT  
NuraeR

TO UNIT 
NUMBER

FIGURE B STREAM CONNECTION MATRIX



The conventions th a t:  feed and product streams come .from and go to
u n it  0 re sp e c tive ly ; end the  order in  which the stream numbers appear, 
s ta r t in g  w ith  row 1, is  the order o f  output streams fo r  each u n it;  are • 

used. So in  th is  example stream 4 i s  output 1 and stream 5 i s  output 2 
from u n it 3.

--7 .2 .3  R elationships Between U nit Number and U n it Type 
Both the  stream connection m a trix  and the incidence m a trix  do no t re la te  
the u n it  number to  the u n it  type and u n it  name. A popular method o f 

tra n s fe r r in g  a l l  th is  in form a tion i s  the ’Process M a tr ix '.

UNIT UNIT ASSOCIATED
NUMBER TYPE NAME STREAMS

’ 1 20 MIX 1 4 - 2 0
2 1 RMIIL 2 - 3 0 0
3 9 3 - 4 - 5  0

FIGURE 9 PROCESS MATRIX

The process m a tr ix  f o r  the example is  given in  f ig u re  3. The 

ASSOCIATED STREAMS sre given as a l i s t  re la te d  to  each u n it .  The I n ­
put stream numbers, w ith  p o s it iv e  s igns, are given f i r s t  in  the order 

o f  in p u ts  end these are fo llow ed by the output stream numbers, w ith  

negative s igns, in  the ord e r o f  outpu ts .

An advantage o f  using the  process m a t r ix . is  th a t i t  is  e a s ily  under­

stood by the engineer. The disadvantages are th a t i t  con ta ins blanks 

(z e ro 's ) and i t  i s  net very f le x ib le .  The in f l e x ib i l i t y  is  due to  the 
fa c t  th a t  each row o f  the m a trix  Is  no t independent o f  the o thers so ' 

th a t wher) changes in  stream number o r stream d e s tin a tio n .a re  wanted 
severa l changes must be made and th is  can cause e rro rs . Using the 

stream connection m a trix  each row i s  independent and changes can 
re a d i ly  be made. The stream connection m a trix  also con ta ins no blanks. 

Howsver i t  does no t re la te  u n it numbers to  u n it  types but th is  can 

e a s ily  bo done by ano ther a rray. In  the s im u la tor the subroutine name 
is  re la te d  to  the u n it number and the u n it  type number is  a llo ca te d  
by the com puter'to each name the f i r s t  time i t  is  presented during in p u t.



The stream connection m a trix  and u n it  name array have been chosen 
In  .preference to the process m a trix  fo r  da ta in p u t. The stream vec tor 

p lus index i s  used f o r  in te rn a l storage o f  the s ig n a l flo w  graph. In  

fa c t  most o f  the v a ria b le  leng th  l is ts .a r 6  s tored as vector s tr in g s  
w ith  index.

'%



8 PARTITIONING

I te f in it lo n s  o f: P a r t it io n in g ,  Groups. Nodes. Maximal Nebs ,

In  both l in e a r  and n o n -lin e a r systems grouping o f  u n its  in to  sub-p lan ts 

w ith  no feed-back o f m a te ria l have been d iscussed In  sub-chapters 5.4.1 
and 6 .4 .3 . I f  the system Is  d iv ided in to  the maximum possible number 

o f  sub-p lan ts  then th is  is  c a lle d  ’P a r t i t io n in g ',  as opposed to  ’ Grouping’ 
where the system i s  sim ply s p l i t  in to  sub-p lan ts.

In  the case o f  the p a rt it io n e d  system,each sub-p lan t must be e ith e r  
a s in g le  u n it  o r severa l u n its  which are lin ke d  by recycles in  such a 

way th a t every u n it  has at leas t one o f i t s  inpu ts  and one o f  i t s  o u t­

puts connected to  o th e r u n its  in  the sub-p lan t. Here s in g le  u n it sub- 

p la n ts  are c e lle d  's im ple nodes’ and m u lt ip le  u n it  sub-p lan ts  are c a lle d  

e ith e r  1 complex nodes’ o r  'maximal c y c l ic  n e ts '.

I t  was shown in  sub-chapter 6 .4 ,3  th a t grouping o r  p a r t i t io n in g  
the system so th a t  each node is  solved se q u e n tia lly  in  the order o f  

mass flo w  does no t degrade the convergence behaviour o f  the system even 
though the  problem s ize  is  then reduced considerably.

8 .2 H is to ry  o f  P a r t it io n in g  A lgorithm s 

tb thods f o r  p a r t i t io n in g  have been developed based on ’ path .search ing1 

and Boolean operations performed on the  adjacency m a trix .
Sargsnt and Meaterberg (1364) trace  the in form a tion f lo w  o f  a 

d ig raph backwards u n t i l  a vertex (u n it )  th a t  has been encountered before 

i s  encountered aga in, A l l  v e rt ic e s  traced between these two encounters 
form  a c y c l ic  ne t, and are lumped in to  a pseudo vertex. The tre e in g  is  

repeated u n t i l  no more c y c lic  nets are found and a l l  ve rtic e s  have been 

traced . Th is  method i s  d i f f i c u l t  to  program and Sargent end Westerberg 

(1364) use l i s t  processing to  program, th e ir  a lgor ithm .

Christensen and Rudd (1389) s im p l i f ie d  th is  a lgor ithm  by i n i t i a l l y  

d e le tin g  ve rtic e s  th a t  have no in p u t and ve rtice s  th a t have no outpu t, end 

so cannot be inc luded  in  a c y c lic  ne t. They also added forward 

t r a c in g .
Forder and Hutchison (1869) programmed a m o d if ica tio n  o f  the method 

o f  Christenson and Rudd (1963). This program is  very complex.
Steward (1365) proposes a path searching method s im i la r  to th a t 

o f  sorgon t and Wostorberg. However h is search is  conducted along an 

adjacency m a tr ix  o f  the d igraph. This s im p l i f ie s  programming.

, B i l l in g s le y  accord ing to  Kehat and Shachem (1973b) used the ad­

jacency m a tr ix  to  search fo r  the shortes t path th a t included a l l  the 

elements o f  the maximal cycle net.



A method using powers o f  the adjacency m a trix  has been suggested 
by Harary (1959) and improved by Norman (1966). Himmelblau (1966) applied 

the method o f  power:- o f  an adjacency m a trix  to  chem ical process flo w ­

sheets, He a lso showed th a t the union o f  the ' re a c h a b i l ity  m a tr ix ' (the • 
sum o f  the  powers o f  the adjacency m a tr ix , from one u n t i l  there  is  no 

fu r th e r  change in  the elements) and i t s  transpose presents an ordered 

p ic tu re  o f  the  c y c lic  ne ts . However i f  the system Is  no t very sparse a 
f u l l  m a tr ix  may re s u lt.

Le l i t  end H immelblau (1970) raducod the storage reqijir&tnnnts by 

s to r in g  the  re s u lts  o f  the m a trix  operation in  the o r ig in a l lo ca t io n s ,
Kahet and Shacham (1973b) have proposed an a lgor ithm  which reduces 

storage by using an index array and combines the  best fea tu res o f 

Himmalblnu (1906) and Norman (1966).
Ja in  and Eakman (1972) also use powers o f  the adjacency m a tr ix  

b u t suggest path searching to  separate the cycles.

Betstone end P rince (1970) compared the e f f ic ie n c y  o f  the path 

searching and basic adjacency metr'.x method fo r  a p a r t ic u la r  problem 

and found the  path searching a lgor ithm  supe rior.

8 .3  S a lo c tlo n  o f  tha  P a r t it io n in g  A lgor ithm  

For the  s im u la to r, te a r  streams must be found, anu one o f  the te a rin g  

c r i t e r ia  needs to  have a l l  the cycles In  each complex node. As the 

cyc les are requ ired  fo r  the  te a rin g  a lgor ithm , using these cycles, to  fin-.: 

the  rrsximel c y c l ic  n e ts ,w i l l  moan th a t the cycle  firm in g  e lg o i ith m  w i l l  

serve a dual purpose, and ao save computation tim e.
The a lg o r ith m  fo r  the  enumeration o f  a l l  the cycles in  a system Is  

described in  chapter 9.
Combining the  cycles in to  c y c l ic  nets la  e a s ily  done once i t  i s  

recogn ised th a t  i f  any two cycles have one o r more common streams then 
bo th cycles belong to  the aane complex node, and i f  there are no common 

streams then the  cycles belong to  d i f fe re n t complex nodes. ( I f  t. . i t s  were 
{allowed to  sim ultaneously hove more than one in p u t and more than one ou t­

pu t then the  second p a r t o f  the above otatemunt would no t be tru e , because 

in  th is  caoe i t  would tie pooslbla fo r  two cycles to  have a common u n it,. 

Im p ly ing  th e ir  B e lo n g in g  . the samu maximal n o t, w h ile  no t having a 

common stream ).
The a lg o r ith m  oporo tris as fo llc w o i-
A cyc le  is  chosen and each sstrsam in  th is  oyoJe is  tested  to  check 

whether i t  is  a lso a member o f ano ther cyolei I f  a stream i s  found to 

b . mnmm t .  on. or " o n  o f th"



way are also tes ted  fo r  membership o f cycles no t already in  the node.

When a l l  the stream members In  the node hova been tasted  then the 

l i s t  o f  cycles searched fo r  a cycle which is  no t ye t a member o f  a 

node. I f  one la  f-nipd the procedure is  repeated to  ob ta in  ano ther maximal



9 DECOMPOSITION

When' an engineer is  so lv ing  a m a te ria l balance he usss. h is in tu i t io n  to 

work out a c a lc u la tio n  'chemo, An improper scheme o ften  re s u lts  in  serious 
num erical d i f f i c u l t y  during the course o f s o lu tio n . Whenever fa i lu r e  

i s  encountered the engineer must reexamine h is  scheme. Generally th is  

exam ination i s  time consuming and such use o f a computer is  In e f f ic ie n t  

and suggests a more lo g ic a l way o f  ordering the c a lc u la tio n  i s  needed.
In  the . ite ra t iv e  procedure to  solve a complex node each u n it  must be 

jv a lu d te d  once per ite r a t io n .  This im plies  Knowing d l l  the Inpu ts  to 

<3i?ch u n it  before i t s  sutputs con bn doturm ined. To a complex node th is  
i s  im possible and i t  i s  necessary to gusds some in p u ts  to  s ta r t  the i t e r ­

a t io n . Those gueseed inpu ts  eru c e llt id  ‘ te a r  streams’ .

In  any system there  ere many permutations o f  the order In  which the 
u n it  modules can be evaluated, and depending on the order chosen d i f fe re n t 

te a r  streams w iA l ha needed. Just as choosing the order f ix e s  the  te a r

streams,choosing te a r  streams wtiieh render the system a cy c l ic  w i l l  f i x
the  order o f  u n it  eva lu a tio n s . This se le c tio n  o f  te a r streams to  render 

the  system a c y c l ic  i s  c a lle d  ’ decomposing1 the  system.
The decomposition must be done so t h a t t h e  re s u lt in g  c a lc u la tio n  w i l l  

converge to  a s o lu tio n  w ith  the  le a s t po&a ibla computer timo and storage.

3.1 H is to ry  o f  Dacnir.aosition Proceduree 
Thu problem o f  f in d in g  the op tim al decomposition has been approached 

d i f fe r e n t ly  by many in v e s tig a to rs . The moat usual c r i t e r ia  used have 

been based on :-

(a ) Tearing the minimum number o f  streams.

£b) Tearing the  minimum number o f  va riab les  [same as [« ] when a l l
the  streams ijave the samo number o f  v a r ia b le s ).

Cc> Tearing so ao to  ob ta in  the minimum sum o f  w eighting fa c to rs , 
where each otroam i s  weighted by the user.

One o f  the e a r l ie s t  d iscussions o f  auoh m in im iza tions is  by 

Rubin (1362). Ha argued tha t the ordering  which requ ires the lowest num­
be r o f  to rn  v a r ia b le s  is  the most des irab le  and developed an a lgor ithm  

to  flchluvd th is .  He s ta rte d  w ith  an a rb lta ry  ordering , then interchanged 

the u n its  in  succession u n t i l  any fu r th e r  interchanges increased the  number 
o f  to m  va r ia b le s . However he d iccoversd th a t  as th is  is  no t an exact 

a lgor ithm  in  some instances only a lo ca l minimum was found.
T’ l is  problem w.ja F irs t ouccoosfu lly  solved by Sargent and Weaterberg 

( 19B4 ] . Tnsy used dynamic program. Ang to a rr iv e  a t the desired order.



This a lgor ithm  u n like  th a t o f Rubin (1962) f in d s  a g loba l minimum.

Sargent and Wasterberg (1964) also in troduced the concept o f  ’ in e le g ib le  

streams' and th is  was la te r  developed by Christensen and Rudd £1969).

The metnods o f Rubin (1962) and Sargent and Westerberg (1964)- approach the 

problem from the  p o in t o f view o f  u n it ordering .
Other methods do no t consider u n it  ordering  during the search phase, 

ra th e r u n it  orderings ere ob tained on ly  a f te r  the set o f  te a r streams has 

been found. These methods can be fu r th e r  subd iv ided in to  two classes:

(a) Those th a t requ ire  the cycle/stream s m a trix

(b) Those th a t do not

"The cyc le /s tream  m a trix  i s  the l i s t s  o f  streams making up each cyc le .

Among the  f i r s t  type are the algorithms o f  Lee and Rudd (1960  and 

Upadye and Grens (1972). Lee and Rudd (1066) propose an exact a lgor ithm  

based on the  concept o f  'con ta inm ent1 o f  streams and sets o f  streams in  

o th e r streams and nets o f  streams. I f  some stream ’ opens'* a l l  the  cycles 
opened by ano ther stream-and has a sm aller weight, then the  second.stream 
i s  con ta ined in  the f i r s t  end need no longer be considered, the re fore  

i t  i s  e lim ina ted .
*• 'Opening' a cyc le  means th a t the  stream being tested  as a possible

• te a r stream i s  a member o f  the cycle  and using i t  w ill,m ake 

th a t cyc le  a c y c lic  .

Th is  same concept can be app lied to  sets o f  streams.

For systems w ith  many streams a la rge  number o f  comb inations me/-1- 
be te s te d  f o r  containment, re s u lt in g  in  a severe com b inational problem. 

Upadye and Grens (19723 have also presented an a lgor ithm  o f  the  f i r s t  
type  which i s  based on dynam ic programming. This a p p lic a tio n  i s  d i f fe re n t 

to  the e a r l ie r  one o f  Sargent end Westerberg (1964) as advantage is  

taken o f  the im portan t s tru c tu ra l p ro p e rtie s  o f  the cycle/stream  m a trix . 

Upadye and Grens (1972) te s t  the comb inations o f  cycles opened, w h ile  
Sargent and Westerberg (1904] te s t  the comb inations o f  u n it orderings 

which i s  a f a r  la rg e r  problem. In  the examples given by Upadye and 
Grens (1972) th e ir  a lgor ithm  i s  proved to be supe rior to th a t o f.Lee and 
Rudd (1966) and. Sargent end Westerberg (1064). The major d isadvan tage, 

o f  th is  method i s  the la rge  emmount o f  storage required. (3 x 2C 1 

where C = number v f  cyc les ).
Amongst the methods th a t do no t requ ire  the cycle/stream  m a trix  

are those by Christensen and Rudd (1969), Christenson (1970) and B a rk le y '1 

and llo ta rd  (1972). Christensen anti Rudd (1969) and la te r  Christensen (1970)



in troduced and developed the concept o f 'in d e x in g ' and fu r th e r  developed 

the  idea o f in e l ig ib le  streams f i r s t  in troduced by Sargent and Westerberg

(1964). The a lgor ithm s o f Christensen and Rudd (1969) are h e u r is t ic  in  
nature". Whenever an ordering is  produced i t  is  op tim al, however, as 

po in ted out by the authors in  some cases i t  w i l l  no t produce an ordering

Christensen 's ' a lgor ithm  i s  exact and can be used fo r  o rdering 

a lg e rb ra ic  equations as w e ll.  Both these algor ithm s are com b inational 

and may become cumbersome fo r  la rge  processes.

Barkley and Motard (1972) used s igna l flo w  graphs, w h ile  Pho and 

Lap idus (1973) have also presented a branch and bound method which 
guarantees o p t im a l i ty  i f  the s ig n a l flow  graph reduction f a i l s .  The ir 
method can be app lied to  both the cycle/stream s m a tr ix  and the  adjacency 
m a tr ix .

9.2 Choice o f  Tearing C r ite r io n  
The c r i t e r ia  f o r  cho ice o f  te a r  sets d iscussed so fa r  are no t s u f f ic ie n t ly  

d e s c r ip t iv e  o f  the  e f f ic ie n c y  o f  s o lu tio n . A b e tte r  d e f in it io n  o f  an 

op tim al decomposition o b je c tive  fu n c tio n  may be a rrive d  a t by re a liz in g  

th a t  the  re a l measure o f  com putational e ff ic ie n c y  i s  the ra te  o f  con-

P( G ' (X  ) ) )

(No te: H 'a * '  (X 3 and 0 E 0 (X 3)



For the  f u l l  Newton method s u b s titu t in g  Q =■ $' In to  equation 6.22 
g ives G' (X ) = 0 and hence p{ G’ (X )) = 0, fo r  every te a r  set and i s  the re ­

fo re  independant o f  the choice o f  te a r s e t. A l l  the o ther methods mentioned 

are a ffec ted  by the choice o f  te a r  se t. hence i t  is  required to  f in d  the 
te a r  se t which m inim izes p ([I-Q ’) ? ( $ '-Q }) . This is  no t e a s ily  done because 

one must be a t the  s o lu tio n  before G’ (X 3 can be found and p(G '(X  )) 
evaluated f o r  each te a r s e t .

This genera lized c r i te r io n  does no t appear to  have been considered 
before.

8.2 .1  E ffe c t o f  o f * ' )  o n p fS 'C X *))
What has been done is  to  t r y  and f in d  a te a r  set which m inim izes ? {» ')»  
based on th e  assumption th a t i f  the convergence c h a ra c te r is t ic s  are improved 

f o r  d i re c t  s u b s t itu t io n  (G1CX ) « $ ' ) then i t  is  more than l ik e ly  th s t  they 

w i l l  improve f o r  o th e r convergence methods (Westerberg and Edie (1971)).

Senna and Motard (1975) suggest by analogy to  l in e a r  systems behaviour 

under d ire c t  s u b s t itu t io n  th a t  the  s e n s it iv i ty  o f  the decomposed network 
to  the  to m  v a r ia b le s  should be m inim ized end c la im  th a t  as the  Newton 

method Invo lves  a lo c a l l in e a r iz a t io n  o f  the system, $' i s  the seme as 
the  s e n s i t iv i t y  m a tr ix  and so should have eigenvalues less than one and 
be as B a s il as po ss ib le . In  o th e r words they ir e  suggesting th a t  i f  a 

te a r  se t i s  chosen fo r  which p (» ’ ) is  m inim ized then the  ra te  o f  conver­

gence o f  the Newton method w i l l  se maximized.
Senna and Motard (1975) use an adap tive search fo r  the te a r se t w ith  

the tnininvjm sp e c tra l rad ius. The Jacob ian is  ca lcu la ted  fo r  each te a r 

s e t every few ite ra t io n s ,  and then the fo llo w in g  i te r a t io n  i s  done using 

th e  ta a r  se t w ith  the  sm allest sp e c tra l rad ius . This procedure may be 

more tim e consum ing than the s o lu tio n  w ith  any a rb i t ra ry  te a r set s ince 

i t  requ ires  the  eva lua tion  o f  tha Jacobian fo r  several te a r  se ts . In  
p ra c t ic e  they 'use  Broydon'a quasi-Newton method and suggest th a t  instead 
o f  c a lc u la t in g  the eigenvalues o f  oach Jacobian, co m p u ta tio n ^ f fo r t  can 

be saved I f  the te a r  set w ith  the minimum t ra c e .(J 2 ) = I  V? is  chosen, 

( j  is  the  approx im a tion to  the Jacob ian, aeo sub-chapter 3 .2 .3 ).
Westerberg and Ed ie (1971) h-ve also suggested a i  adap tive search 

fo r  the output se t (s im i la r  to  ts a r  o c t, but comprises a set o f  va riab les  

used when so lv in g  seta o f  equations) which gives the best convergence proper­

t ie s .  They use the norm op <t' to  g ive  a re tu rn  fu n c tio n  which is  presumed 

to  m inim ize p { ^ ' )*



The output sat which m inim izes the choaen norm i s  se lected. However - 

they do warn th a t m in im iz ing the norm doos no t necessarily  m inim ize 

p ( » ') ,  but cla im  th a t th is  is  a good in d ic a t io n  th a t such a system m ight 

have r e la t iv e ly  reasonable convergence c h a ra c te r is t ic s  when compared to 

o th e r v a r ia t io n s  w ith  la rg e r bounds.

In  a la te r  paper a re tu rn  fu n c tio n  o f  the form:

max TI i * u [ i s  recommended, which they cla im  se lec ts  the  .

outpu t sa t so th a t p { » ') i s  favourably e ffe c te d  and l ik e ly  to  be m inim ized.

Orbtioh and Crowe (19713 recognized th a t the dom inant eigenvalue o f  
the  Jeeob ian o f  th e  decomposed network co n tro ls  the  ra te o f  convergence. 

T h e ir  method concentrates on id e n t ify in g  the  dom inant value fo r  e x tra ­

p o la t io n  to  the s o lu tio n .
A l l  thaao authors have presumed to  m inim ize p(G’ (X ))  by m in im iz ing 

p ( * * ) .  Fhia i s  no t necessa rily  tru e , b u t consider the s itu a tio n  when 4 ' is  

non-negative,

(a ) Decreasing any element no t common to  both * '  an-l Q decreases the

correspond ing element o f  w h ile  ( I-Q ) 1 i s  una lte red. When

# '20 i t  has been shown in  Appendix A th a t bo th and (I-Q ) 1
ora non-negative- This im p lie s  th a t whenever soma non-common element 
o f  i s  decreased then soms elements o f  tt-Q } are s im i la r ly

decreased. Therefore decreasing an element o f  »' and consequently

) w i l l  no t increase the sp e c tra l rad ius o f  G 'tX ) .

(b) Decreoaing any element common to  both * '  and 0 does no t e ffe c t

( r - Q )  and docreeaes some elements o f  (I -Q) 1 as:

( I - q f 1 “  11m £ 01 Coos Appendix A)
k-H) i=C

Therefore a m  elem ent, o f ( I - o f - C * ' - ! ) )  w in  da .re e se  and bhe 

e p . c t r a l  ra d io s  o f  ( l - O ) " 1 . ( ♦ ' - 0 )  " i l l  n o t  Inorem e.



and p(G '(X  } )  are d i re c t ly  l i r  

p ($ ’ ) w i l l  a lso m inim ize p(G'EX*))

I f  is  non-negative and som 

become sm all negative numbers then as the eigenvalues o f  a m a trix  vary 
con tinuously  w ith  the elements (Brauer (1963) p27) i t  is  expected th a t 

the  re la t io n s h ip  between p('»‘ ) and p(G' (X ) )  w i l l  s t i l l  hold.

Therefore in  the con text o f  process p lan ts  where i t  is  expected th a t 
the Jacob ian w i l l  con ta in  only a few sm all negative elements, i f  any, one 

can be reasonably con fiden t tha t, choosing tne te a r set which m inim izes 
p(4>') w i l l  a lso  m inim ize p(G‘ (x  ) ) ,

9 .2 ,2  'No Double Tear* C r ite r io n  
Using p ( * ' ) d i r e c t ly  as a measure o f  convergence has the d i f f i c u l t y  th a t 

the s o lu tio n  must be known before p( $ ')  can be ca lcu la ted  and compared 

f n r  each te a r  sa t. This may be s u ita b le  i f  severa l s im u la tions o f  the 

same system are to  be done, but in  the 'o n e -o f f  case a" c r i te r io n  which 

can be determ ined in  advance i s  needed.

Upadye end Brans (1975),work ing on d ire c t s u b s titu t io n  have demon­
s tra te d  v ie  the "Replacement Rule ', th a t decompositions can be grouped in to  

fa m i l ie s , a l l  o f  whose members have the same convergence ra te . These 

fa m i l ie s  era R iA -ttiv ided in to  ca tegor ies which con ta in 'double te a r ' decom­
p o s it io n s  and thasR which d o n 't .  To understand the meaning o f  'double 

te a r ' decompositions cons ider;-

A v a lid  decomposition ia  one which renders the system a c y c l ic . To 

achieve th is  every cycle  ruse bo opened a t  le a s t once.

A dacompco ition can be described using a cycle ve c to r where each 
element o f  th is  ve c to r represents the number o f  times th a t cycle  

i s  opened. Therefore a cycle  ve c to r fo r  which each element is  

u n ity  i s  a v a l id  decomposition end ia c a lle d  a 'no double te a r ' 

decomposition, A l l  o th e r v a lid  decompositions w i l l  have a t  le a s t 

one double te a r.

Upadyo and Gram 11575) olo im th a t e l l  duoo irposltlonB in  a e lng la  

fa m i ly  novo the  aeme cycle  v ic to r  and corw orro ly (based an extanslvs 
Bxam inatlon o f  aasaa) th a t the vector uniquely corresponds ta  e . in g la  

. f * a i , .  T W r« fo r , m i l  'no  to  t h .  . m .
fam ily  and as such have the aama ccnverge.cn ro ta . .

Upadye and Grana (1975) have sone fu r th e r  and cla im  th a t inoraasos

I f  .  o y o l.  WW.M 1 . T h "  K



proved fo r  4>' non-negative and olaimsd to  be tru e  in  genera l. The 

arguments used fo r  the ganeral p roo f are based on the fa c t  th a t the Jacobian 
derived from chem ical processes is  expected, from th °  necessarily  p o s it iv e  

s e n s it iv i t ie s  a r is in g  from m a te ria l and energy conservation, to  be p o s it iv e  
o r to  have only a few small negative elements. Further fo r  a l l  s im u la tions 

te s te d  they found th a t a double te a rin g  o f  one, o r  more, o f  the  streams led to  
degraded convergence behaviour. The processes tested  ranged from very 

simple to  moderately complex and invo lved  most types o f  in te ra c tio n s  between 

va riab les  and in te rconnec tions  between u n its  th a t are encountered in  
chem ical p la n ts .

From the  above i t  can be concluded th a t choosing a te a r  set which 
in vo lve s  no doubla tea rs  means th a t p(4"') fo r  the decomposition i s  sm aller 

than th a t f o r  any decomposition con ta in ing  a double te a r. Th is  reduces 

the problem o f  choosing e te a r  se t from a l l  possible seta to  choosing I t  

from those w ith  no double te a rs .
I f  d i re c t  s u b s titu t io n  i s  used as the convergence method then a l l  

members o f  the 'no double te a r ' fa m ily  have the same convergence ra te , 
however t h is  may n o t be tru e  f o r  o th e r convergence methods. When the
convergence ra te  is  the same f o r  two decompositions the one which requ ires

the  le a s t com putational e f fo r t  i s  the one w ith  the  le a s t to m  va r iab les .
For leek o f  a bet ta r  c r i te r io n  fo r  choosing amongst the ‘ no double te a r1 

decompositions i t  has been decided to  re s o r t to  using e ith e r
(a) Minimum Torn Streams

(b) Minimum Torn V ar iables

3 .2 .3  Implementation o f  Tearing C r ite r ia

A po ss ib le  way to  choose a te a r  set is  fo r  the user to  weight each stream 

and then s e le c t the  decomposition on the basis o f  the set w ith  the 
minimum weighted sum. This ia  a very f le x ib le  method and i t  i s  poss ib le 
to  inc lude  o i l  p re v io u s ly  mentioned c r i t e r ia  as fo llo w s :-

Lat the  w eigh ting  fo o te r  f o r  stream k be then fo r  the c r i te r io n : -  

(seo Appendix C).



(a) Minimum to rn  streams
"k  ■ 1

(b) Minimum to rn  var iab les

(c) Minimum double tears
“ k * mk

(d) Minimum double tears Wk ■ A.n
p lus minimum to rn  streams 
w ith in  fam ily

(e) Minimum double tears  
p lu s  minimum to m  var iab les 
w ith in  fam ily - •

fo r  a l l  k

fo r  a l l  k

fo r  a l l  k

,+1 fo r  a l l  k and A>NC-2

,*NV. fo r  a l l  k and B>NC.NV

NV^ = number o f  v a ria b le s  in  stream k

NVmax "  maxlmum number o f  va riab les in  any stream

NC *  number o f cyales

= number o f  cycles which con ta in stream k

Using th is  'minimum wo ighted sum1 c r i te r io n  has the fu r th e r  advantage 

th a t i t  i s  l ik e ly  to  be poss ib le  to  f i t  any new c r i te r io n  developed w ith

9 .3  Cycle F ind ing Algorithma 

Having dac idsd th a t  soma form  o f  the 'no double te a r ' c r i te r io n  i s  the 

best a v a ila b le  f o r  choosing a te a r set a t p rssent i t  is  necessary to  f in d  

(th e  number o f  cycles which con ta in  stream k ) . To do th is  a l l  the 

cyc les in  the system must be found f i r s t .

3 .3 .1  Methods Using the Adjacency M atrix  
There haa been a constant development o f  methods fo r  enumerating cycles. 

Harary {1953, 1860) showed th a t i f  the adjacency m a tr ix  is  ra ised  to  

th e  power p each element w i l l  represent two ve rtice s  th a t are separated 

by p steps, and elements on the  d iagonal w i l l  represent v e rtic e s  th a t are 

p a r t o f  a recyc le  net o f  p v o r t ic e s . The problem ar ises  whan two o r  more 

cycles o f  s ize p belong to  the same system and so appear sim ultaneously

i which have appeared on the d iagonal from the o r ig in a l

o f  the cyc le  from which the vertex was romovod w i l l  now not appear on the 
th is  way the cycle  is  id e n t if ie d .  I f  there were only 

3 than the elements rema ining on the d iagonal w i l l  
the o th e r cycle , fo r  N cycles o f  size p th is  procedure



Ledet and Himmnlblau (1970) reduced the storage require 
method by s to r in g  the re s u lts  o f  the m a trix  operation in  the i 
lo ca t io n s .

Kehat and Shacham (1973b) overcame most o f  the storage f 

s to r in g  the  adjacency m a trix  and i t s  powers in  the form o f  an 'index 
m a tr ix ’ . A program o f  th is  type was w r it te n  but the problem o f  separatin, 

s im i la r ly  s ized cycles s t i l l  ex is ted , and the method suggested by Norman
(1965) i s  very invo lved.

9 .3 .2  Methods Using Path Searching 

'Path search ing ' is  a procedure which takes some stream as a roo t stream 
and then traces a path along the  d ire c tio n  o f  m a te r ie l f lo w  adding each 

stream in  the path to  a l i s t  s e q u e n tia lly . 'B acktrack ing ' is  the process 
o f  re tra c in g  anas steps back along the path" towards the roo t stream.

The f i r s t  example o f  th is  technique was presented by Tiernan (1970) 

end he claimed M s  a lgor ithm  was th e o re t ic a lly  as e f f ic ie n t  as poss ib le . 
Th is  is  no t t ru e  but T ie rnan 's  (1970) approach d id  la y  a base from which 

W einb ln tt (1972) end Tarjan (1973) could develop improved pa th searching 

w ith  back track ing  a lgor ithm s.
F u rth e r improvements which r e s t r ic t  the back tracking procedure to  

f r u i t f u l  paths on ly , have been presented by Read and Terjen (1975) end 
Johnson (1975).

i la tu t i  and Deo (1976) hava reviewed a lgor ithm s f o r  enumerating a l l  
cyc les o f  a graph. In  ta b le  5 ,time and space bounds have been extracted  

fo r  each method.

TABLE 5 TIME AND SPACE BOUNDS OF CYCLE FINDING ALGORITHMS

AUTHOR TIME BOUND SPACE BOUND METHOD

Danielson (1966) 

Tiernan (1970) 
W einb la tt (1972) 

Tarjan (1973)

Johnson (1975)
Read S Tarjan (1975)

n (cons t)0 

n (co n s t)0 
n (cono t)0

(n *o ). c

n (cons t)0 power adj mat

backtrack
backtrack

backtrack

backtrack

backtrack

n « number o f  vo r t ic e s  e = number o f  odgos (stioems) c * number o f  cycles



The number o f  time u n its  consumed by these algor ithm s depends on the 
in t r ic a c y  o f  th e  s tru c tu re  o f the graph. The worst case time bounds given 
in  ta b le  5 are in  general pess im is tic . Thus i f  T^ and T^ are upper bounds 

on the tim e required by two a lgor ithm s A and B, re sp e c tive ly , and i f  

TA<Tg i t  cannot be sa id w ith  c e rta in ty  th a t  a lgor ithm  A is  fa s te r  than 
a lgor ithm  B. In  general the worst case graphs fo r  two a lgor ithm s are 
no t the  same.

M ate ti and Deo (1975) conclude th a t ,o f  a l l  the a lgor ithm s analysed, 
the Johnson a lgor ithm ,on t im e , is  the e sym to tica lly  fa s te s t a lgor ithm ,
The success o f  th is  back track a lgor ithm  i s  due to  a very e f fe c t iv e  pruning 

technique which avo ids much o f  the f r u i t le s s  searching present in  e a r l ie r  
a lgor ithm s.

9 .3 .3  S e lection o f  Cycle F ind ing A lgor ithm  
Because o f  the above d iscussion Johnson's (1975) a lgor ithm  w i l l  be used 

f o r  enumerating the  c ir c u its  o f  a graph. The essence o f  th is  a lg o r ith m 's  

opera tion i s : -

Elementary c ir c u its  are constructed from a roo t stream S. A t each step 
a stream i s  added so extend ing the elementary path. To avo id d u p lic a tin g  

c i r c u i ts  no stream w ith  a stream number g re a te r then S can be used. 
F u rth e r e stream v i s  blacked whan i t  i s  added to  some elementary path 

beginn ing in  S. I t  stays blocked as long as every path from v to  S 

in te rs e c ts  the  cu rre n t elementary path a t a stream o th e r than S.

A more d e ta ile d  lo g ic  flo w  diagram o f  th is  a lgor ithm  i s  g iven in  

P a rt I I  (sub-ehapger 13,3.1 -  ALGORITHM 1 ).

9.4 Tearing A lgorithms 
Once the  cyc le/stream  m a tr ix  has been found i t  i s  possible to  p a r t i t io n  
th e  system and weight the streams accord ing to some ’ no double te a r ' 
c r i te r io n .  Having achieved th is  the next stop i s  to f in d  a v a l id  te a r  

set w ith  the minimum weighted sum.
The h is to ry  o f  these tea ring  algor ithm s have already been d iscussed 

(sub-chapter 9 .1 ) and there appears to  hove buen two main lin e s  o f  a t ta c k :-

(a) Dynamic Programming technique o f  Sargent ond Wssterberg (1964) 

and Upadye end Grans (1972).

(b) Graph S im p lif ic a t io n  end Two Way Edge Reduction. The most 

advanced a lgo r ithm  o f  th is  typo being by Pho and Lepidus (1973).



Upedye and Grens [1972] compare th e ir  a lgor ithm  w ith  th a t o f 
Sargent end Westerberg (1964) and show th a t th e irs  is  the more e f f ic ie n t .  

While Pho and Lapidue (1973) have incorpora ted the beat o f  a l l  previous 
a lg o r ith m s .o f th a t type . in to  th e irs .

9 .4 .1  S e lection  o f  the Tearing A lgorithm  
In  these circumstances there are only two competing a lg o r ith m s ]th a t o f  

Pho and Lapidus (1973) end th a t o f  Upadye and Grens (1972).

Pho end Lap idus's method can be s p l i t  in to  th ree  parts

(a) Basic Tearing A lgor ithm  (BTA)

(b) Two Way Edge Reduction

(c) Branch and Bound

The BTA s im p l i f ie s  end reduces the graph by using the " I n e l ig ib i l i t y  

Theorum* and then i f  the  graph is  no t yet a cyc lic ,tw o  way edge reduction 

i s  used. I f  a f t e r  apply ing bo th BTA end two way edge reduction the 
graph is  no t a c y c lic  then a branch end bound method i s  used to  complete 
th e  decomposition. Pho and Lapidus (1973) cla im  th is  technique is  

vary e f f ic ie n t  and can be used on la rge systems.

However the ’ I n e l i g ib i l i t y  Theorem' can be sta ted  as fo llo w s :-

' I f  stream vertex S has a weighting, fa c to r  Wsm which i s  la rg e r  than
o r  equal to  thu  weightod sum o f  i t s  immediate successors T(S^) o r  i t s

Immediate processors T \ s ^ )  then i t  ia  I n e l ig ib le ',

The p ro o f o f  th is  theorem revolves around tha fa c t th a t the  set o f  

cyc les  th a t pass through Sm must also ba con tained in  the s e t o f  cycles 

th a t pass through 7(3%,) o r  T '(&%) •
I f  the  no double te a r c r i t e r ia ,  which m inim ises the number o f  to m  

streams o r  v a r ia b le s  (sub-chapter 9 .2 .3  o r i te r io n s  d, end e ). are used

= A,mSk + X where X>0. A>0 (use Appendix C)

S e tt in g  T as the sa t o f  streams representing e ith e r  T(Sk ) o r  T 1CSk) 

and n_ as tha  nvmber o f  streams in  T(Sk1 o r  T (S^) than: -



. From the p roo f used by PhD and Lapidus (19731 tnSk < E

“  A(ins -  z ms .) + X (1 -nJ  
K ie r  1 r

i  XCl-nr )

< 0 v/her, nr  > 1

• • Wsk < S Wg  ̂ when nr  > 1

Then whan using th is  type o f  toanLng c r i te r io n  atrcam can never 
be ' in s le g ib le ' (except whan nr  = 13 and consequently the BTA can only 

s im p l i fy  the graph but never reduce the number o f cycles.
Relying on Swo way edge reduction and the branch and bound method 

to  reduce the graph is  a t r i a l  and e r ro r  procedure. Therefore the exact 

dynam ic programming approach should be more re lia b le , and g e n era lly  more 
e f f ic ie n t .

The method o f  Upadye end Grens (1972) has been chosen.

9 .4 .2  Ofeacriptlon o f  the Tearing A lgor ithm  

The a lgor ithm  o f  Upadye and Grens M9723 ham been te s te d  end found to  be 
very fa s t ,  i t s  on ly  drawback i s  the la rge  storage requirements, 3.2MC 1 

tfhRre NC " number o f  cycle  in  the complex node. I f  NC is  g re a te r than 

about 15 the method becomes im p ra c t ica l (3 50 000 storage lo c a t io n s ) .
However on exam ination o f  the Denver Flowsheets {19623 fo r  m inera l p ro­

cessing p la n ts  no system was found to  have more than f iv e  cycles per com­
p lex  node and ao storage ia  u n lik e ly  to be a problem. I f  the s itu a t io n  

should a r is e  where e ith e r  the  number o f  cycles per complex node is  very large 
or th e  computer very sm all then the usfar must supply the  te a r se t o r 

a lte rn a t iv e ly  the  c a lc u la tio n  order,

Upadye and Grens's (1872) a lgor ithm  can be described oa fo llo w s ;-  

The problem ia  viewed as having two cjetfinitB te rm ina l s ta te s , i n i t i a l  
and f in a l .  The i n i t i a l  c to ta  correspond!) to  the o r ig in a l system w ith  no 
cyclea opened. The f in a l  s ta te  corresponds to  the a c y c lic  system, w ith  

e l l  cycles opened. In  botvaen thooe two torm ina! s ta tes  e x is t many in te r ­

mediate s ta te s , correspond ing to  the various combinations o f  cycles 

opened. The s o lu tio n  to the problem may be considered to  progress through 

those s ta te s .
These sta tes are represented as ve rtice s  on a graph and the streams 
se lected to  be torn  are area jo in in g  the v e rtic e s . Assoc iated w ith  eeah 

arc is  a cost (o r w e igh t).

80 .



the optimum one is  the path w ith  the le a s t sum o f costs fo r  i t s  arcs, th a t 

is  the le a s t to ta l  cost. For eny ir te m e d ia te  s ta te , the path through 

th is  from i n i t i a l  to  f in a l  s ta tes  cen be d iv ided in to  two sub-pa ths. One 

sub-pa th from the  i n i t i a l  s ta te  to  the in te rm ed ia te  sta te  and the  second 

sub-pa th from the  in te rm ed ia te  sta te  to  the  f in a l  s ta te , and each sub-pa th 

o f the  optimum path must i t s e l f  be an optimum path between the s ta tes i t  

connects. { I f  th is  were no t so one o f  the sub-paths could be replaced 

By an a lte rn a te  sub-path w ith  a sm aller cost, and th is  would g ive  r ise  
to  a pa th between the te rm in a l sta tes w ith  a smallrar to ta l  cost then the 
o r ig in a l path, in  v io la t io n  o f  the assumption th a t the o r ig in a l path was 

uptimum).

These c o n d it io n s  aro p re c ise ly  those which apply to  dynamic programming.
E(q) is  defined as the coa t to  reach s ta te  q and MCq) the optimum 

set o f  streams to  reach s ta te  cj. Now suppose stream 1 i s  combined w ith  

MCq) to  y ie ld  a new a beta p. This s ta te  p may o r  may no t have been 
reached before frpm  some s ta te  o th&r than q . I f  i t  has no t p re v io u s ly  
been reached then the  cu rren t optimum set o f  streams and cost f o r  s ta te  

p a re t-

Mtp) « M q) U 1
E(p) = Etq) + Wj where = cost o f  stream 1

I f  s ta te  p has been reached p rev ious ly  then a value fo r  E(p) already 

‘e x is ts  - Th is  value is  checked aga inst the new value E(q) + I f

E£p) 5 E tq l * W. then the  ne t PKcu U 1 is  no b e tte r  than the previous

se t M (e). However i f  E(p3 > E(q) ♦ V/1 then E(p) is  replaced by

ECqD + Wj and n(p) by MCq)Ul. This same procsduis is  repeated fo r

s ta te  q and th e  nex" stream [1 *1 ]. When a l l  a va ila b le  streams have been 

considered th e  procei.- a is  repeated fo r  the next s ta te  (q *1 ).
The orrcunt o f  computation i s  reduced by nearly  h a lf  by a simple 

m o d if ic a tio n . In  reaching s ta te  q every permutation o f  the streams in  a 

poss ib le  path w i l l  be tes ted  by the above procedure, Each o f  these 
p e m u ta tions  have the same coo t and se t o f  to rn  streams, th e re fo re  there 

i s  a d u p lic a tio n  o f  e f fo r t .  This d u p lica tio n  is  avoided by indexing 

the cu rren t optimum path to  reach a p a r t ic u la r  s ta te  w ith  the stream 

number o f the la s t  stream in  the path, end then extend ing the path from 

th is  s ta te  only w ith  streamo which have a stream number lo rg e r than l-fie 
index fo r  the s ta te . This ensures th a t only one o f  the poss ib le per­

m utations are te s te d  ( i . e .  the one fo r  which the stream numbers on the 

path increase from sm alloa t to  la rg e s t) .



S o .s ta r t in g  from the  i n i t i a l  state,new sta tes are reached by te a rin g  

each strtt.m  in  tu rn . Then from each o f  these s ta tes  each stream w ith  a 

la rg e r  stream number than the index fo r  the s ta te  is  to rn . These new 
s ta te s  ere checked to e s ta b lish  whether the new path has a lower cost 
then the o ld  one. I f  i t  has the new path, cost and Index replace the 

o ld . This is  repeated u n t i l  the f in a l  sta te  is  reached. The path thus 

found w i l l  be the optimum having the minimum to ta l cost.

See sub-chapter 13 .3.6 fo r  the lo g ic  f lo w  diagram o f th is  a lgor ithm  

(ALGORITHM 6 ) .



10 .SUMMARY OF PART I

Basic to  svery process is  the understand ing end ana lys is  o f  the system.
This has been made poss ib le by computer s im u la tion  w ith  the advent o f  

q u a n tita t iv e  models and d ig i t a l  computers. However, so fa r ,  only f lo ta t io n  

and comm inution c i r c u i t s  have been simulated, and these w ith  a lim ite d  
cho ice o f  p la n t co n f ig u ra tio n .

Chem ical p la n t s im ulators have been evolv ing since 1955 and the only 

successfu l onas have been those which are easy to  use, have a modular 

s tru c tu re  and have a rigorous physica l p roperty package. Thu sim ulators 

have been used a t every stage o f  a p ro je c t w ith  d i f fe re n t le ve ls  o f  com­

p le x ity .  That is  from research, through p i lo t  p la n t, design o f  the 

f u l l  seals p la n t end s im u la tion  o f  the f u l l  scale p la n t during p roduction. 

Large savings in  cost havo been made by using sim ulators,however, the 

tra p  o f  being o ver-rigorous  should be avoided.
A s im u la to r can be s tru c tu re d  to  operate in  e ith e r  design o r sim u la tion  

modes. F or the  form er mode, feed end u n it  operating parameters are Cc-V' 
cu la tsd  to  prov ide the desired products, w h ile  the la t t e r  mode uses the 

feeds and u n it  parameters to  ca lcu la te  products. The sim u la tion  mode is  the  
more s ta b le ,n u m o r is a lly , ( i.e .  a s o lu tio n  can usua lly  be found) and con­

sequently design i s  dona by i te ra te d  s im u la tion .
The computer can be programmed to  use e ith e r, an equation so lv ing  

approach o r  a modular approach where sn executive co n tro ls  the  flow  o f  
in fo rm a t io n  to  each module (which corresponds to  a u n it model] and, which in  

tu rn  so lves i t s  own equations to  f in d  re la te d  outputs. This la t t e r  s tru c tu re  

i t ,  the one most o fte n  used as i t  is  f le x ib le ,  e f f ic ie n t  in  the use o f  

manpower, cosy to  m a in ta in  and s u ita b le  fo r  programm ing.
Having chosen th is  modular approach the executive program must have 

a method o f  s o lv in g  the o v e ra ll maos balance based on the inpu ts  to  and 

outputs from each module. This is  re a d i ly  dons fo r  a sequential, process 
[ i . e .  n0  r e c y c le s ) ,  but, fo r  a p la n t w ith  rocycles a simultaneous o r  sequen­

t i a l  method can be used. For tha simultaneous method the u n its  are 
lin e a r iz e d  about.an asbumed a toady s ta te  and the re s u lt in g  equations 

.solved sim ultaneously, A new atoady sta te  is  assumed and the process re ­

peated u n t i l  no fu r th e r  changoo are poss ib le. For the sequentia l method 

the values o f  va ria b le s  in  the recyc le  streams guessed and then the 
values o f  va ria b le s  in  a l l  o thor streams srs PwirwJ by s e r ia l ly  c a lc u la tin g  

tho o u tp u t, f r o ,  in p u t,  fo r  w c h  modul.. I f  the  gu w w d  « d  
recycle  stream values ere no t s u f f ic ie n t ly  s im i la r  the c a lcu la tio n s  are 

repeated w ith  a new set o f  guessed var iab les .






























































































































































