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ABSTRACT

The mass balance of sny process plant can be described by a set of
simultansous equations. In a chemical plant the stresm variables can
pe described in terr- of the concentraticns of several chemical species
wheress, in an ore dressing plant, the sirsam verizbles must be used ta
describe 2 large nuwber of unique solid particles. Thicg implies that,
in genersl, are dressing plants will require a far greater aumber of
simultaneous equations to dusaribe seme and consequently the metbod of

salution of these equations shauld ba efficlent and automzted.

This thesis damonstrates how particles can be cotegorized and the
mass balange for complex rouyels syatems repldly ecnitved. The simulotor
that has been davalopud uses unit model modules which sre linked together
by an sxacytive computsr pragrem. The exscutlive, gy treating sach module
in turn, obtalns a set of simultancous equatlons which are solived Lieratively,
The sequinee in wilch the mugules acs treated is determined by pertition-
ing end Learing algorithm, which belect tear stresms so rendering ths
system avyellc, The slgorithms objsctlive is to chapse that tear set (as
there are usually several) ahich will allowv convergence in the fewest
itarstiors, hazed on @ critarion which can be extended to apply to all
canvergerca mothods considerad.

A sicultargnus wosvergente sterhnigue is developsd which is appliicshle
specifloelly to lineer are dressiog nlaﬂ&sj’;uc can be applisd to non-linser
systams. This tecinigue 15 celluy the raducsd Nowton method and s shown
to exbibit lacal gonvergenos under ressoneble conditions and is generally
superiar 5o both direct substitution and tho pouaded Wsgstein methods.

HMashematical models of all typew of ore dressing eguipment are
reviowod and some, erfter modification, selected for programming ss unlt
madules. These modulns include ones for crushing, prinding, flotatian and
cycloning whils 8 genural purpasy partition curve module has been written
4o model gravity, magastic end slectrostatic ssparstors, screens, classi-
Fiers and sortars. A vory siwmlie mogule L6 availuble as a modal of thickeners
ang filters.

The sxptutive progeam is divided into phases. The phases 3)low
varistion in problem size without wastod storage copecity plus the owerlaying
of storsge, The inpul phase uses wordd with the dots to make it reodable
and at the same time sliminating the need for Jduamy data. Ths_ nuxt phase
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orders the caloulation according to a user selected criterion and sets up
the data files for the cnaloulation phose. Tha preprocessing of date in
previous phases ollows the calculotion phese to exscute efficiently and to
obtain & mass balence using & chosen convergence method. The output of
the first two phases lets the user find any foults in his dote before

the potentially expensive csleulation prase s run, while the output from
this last phese is vepy flexible and the user can take 35 murs or as little
detail as he likes.

rvate the usapge end flowibility of the

The four tast exumplis domol
simulator while giving aan indication of 3ts scopus.
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1 INTRODUCTION
As the standard of living incresses throughout the world, the demand for
= sprals would eppsar to deplete the known supply. To meet this growing
% .ontinuing process of new mineral deposif recovery is raquired.
ueposita must not cnly be found bub they must alse be economically
proeessed 1n order thet full use is made of these resources.

Mineral technology is the linmk in the chain of supply between the
fipding and winning of an ore and its conversion into a metal or primary
ren chemlcal. The function of & wineral technologist is to devise cheap
methods of extracting ihe useful constituents from avallsble deposits -

& task with o wide rongs of complexiiy related to, inter alia, the neature
and Jugation af the ore and the current world demand for the meterial
{Jones et al 1969).

There has bwen & conatant advance in mineral technology for hundreds

of years, dug to changes in i t and nres. that ware

suitahle TiFLy years 4go are nos barely adeguate or ocutmeded, and pro-
ceases vonsldared highly successful todsy may be replaced by new technology
in the future. Basic to avery process is on understanding and implied
analysis of the system, In ths past this has been achlaved by careful
appraisal of the org, pliot plant fests and laborlous hand calculations.

Soms of the priociplas of ore dressing operations have been understood
for mamy choades but it 1s only recently thet guentitotive models have begun
te appesr in the literoturs. Couplid with this has baen the advent of
digital eomputers, The combination of these two Facts wakes the simulation
of ora dressing plants possible,

1.1 History of Ore Brassing Simulators
As edoquate mwdels of comminution units, flotation sells end cyclones
ere the only ones to hove boen doveloped, (sew Part IID) and thess only
recantly, it is nat surprisdng that the history of ore dressing simulators
is brqu.

Crushing plant simulstors which include screen modals have been
published by Whiten (1972) and Gurun {1872}, Tho =lmulstion of grinding
circuits is quite suvanced and the popers by Luskl ‘g Austin (1972}
and Austin, Luekie ond Wightman [1975) give the busic theoury end an
egxanple of e cement milling clrouil, respactively.

Serimgoour, Hamilton end Toang (1970) have reviewed and presented
models of grinding end flotation circuits. Wnile Davia {1964}, Loveday and
Marchant (1872), King (1972) and Sutherlond (1976} have described flotation

models and simulation of these circutts.
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Paderson and Burun (1970) and King (1975} have discussed the technigues
of ore dressing plent simulation although not in detmil. Overall it appears
that, slthough much effort has been expendsd in developing methematical
modals of ore dressing ¢gerstions, simulators which treat either milling,
or flotation arc the only ones avallable. These simulators have the drew-
hack that they are very limi‘ad in the number of possible configurz:ions
that can be handled,

Clearly thers 18 a need for a general purpose ore dressing simulator
which can utilize existing mothemoticel models of unit operstion and ot
the sone time allow For thi dovelepment ;:f new on-ae‘;, by sllowing them teo
be comtined in any configuration for purposes of simulation,

As existing ore dressing simulstors only allow & limited veristion in
plant configuration and use =olutlon meothods which are specific to that
plant 1t will bs useful to examine chemical plent simulators.

1.2 History of Shemical Plant Simuletors ..

Precess simulatlion has been used by chemical engineers since the 185D°s
but the advences have depanded both on the improvement of computer
trchaelegy and on the davelopmant of mathematical modsls for the various

unli processes.  The davalopment and of process simulation by
ths chemical industry hos bees a continuous process (ses Motard, Shacham
and Rasen (18751).

The period 18551958 was chavacterized by the develupmont of ccmputsr
progrens for individusl unit operations. Tie devoloper of such programs
was ragulred $o te an expert in chemical englnuosping, mathematics snd
computsrs, includiag mashing lefsr  ~ with the result that the developer

was ysually the snly one who oo “ese programs for solution of
astyal problems, Successes wern ely faw, but whan there were
sucoEsses they genersted huge savi.g:. This encouroged manogement to fund

1imites process slmulator dewelopment projects in the period 1960-1984. The
simulators which have survived from thls era ang still enjoy wide acoeptance

hed the following developmental guldelines:-

(a) Couing in a high laval longuage (e.g. FORTRAN) and highly
modular.

(b) Physical property correlstions es rlgorous and as accurate as
possible.

(¢} Systum sesy to use with littls or no intervention by sn expert.




The period 1865-1989 was cheracterized by the refinsment of industriel
simulation programs. As simulators were released within varisus companies
far ganaral wee, serious problems were ofien discoversd relsted to their
reliability and generallty. Hony first users beceme disenchanted with the
concept of process simulation ond would not sttempt sn application for
several years followiny, o bad experience. Howsver, by the end of this period,
the concept was largely sstablished and accepted. The relisbility of pro-
cess simulators had inoreased ae hed the apoed and reliability of computers.

Since 1820 the simolator hes become @ well used toel in the process
engineers kit. )

Comparing the statp of simulativn in the mingrsls industry with
that in the chemicsl bmustty it 18 apperant that the minerels industry
is fifteer, to twenty years behind. Fortunetely, in the davelopment of an
egagy to usn gansral purpose ore dressing simulator, it is paésihla to draw
on the sxpefience of the chemicael indusi:xy thus otrvieting much time con-
auming devalopment work,

1.3 Valug enaf Use of a Simulator
At slmpzt avary stage in ¥ o development of 8 trestment plant there is
a nasd for simulation progrems with dlfforent levels of complexity.

{a} Kevcarsh and Youelopmend Stage
A simple simulation which requirss the minimun of deta may be used
for chesking the sconomlt feoasibility of different processes.

(b} Critical Zrarination Stage

Ones a flnescially attvactive prosess has boen found, differert
altarnatives invclving plant size, layout and operating conditions
shouly be taated for optimality.

(c) Pilot Plant Stage

The usa of the process simulator mey help to obtain estimates of
thm oprroting conditions in the full soals plani from relativaly
Tow results on the pilot plang.

{d) Doaign Btage

The procese simulator has aveileble all the process data required
for the deteilnd dnsign of various pisces of mquipment. In this
way safety foctors dus to uncertainty in egquipment dgesign may be

redycad.




{e) Similation of Existing Plants

Simulatlon of an existing plant may be very useful when there is a
need to change the opurating conditions. A simulation 1s of use in
finding the best strategy for reising production, t¢ enhance the
efficleacy of the prucess, ¢o adept the pleant to a different raw
materiel or to differgnt product composition requirements.

The advantages of using & simulator during the above stages include:-

[€:) angineer heed nob be expart in mathematics or computers to
sl up the simulater, befors using it as e tool, thus relessing
the snginesy from routing calculations for mex:e creative wufk,

{&} 8y using the building blocks of a simulstor the specislized
whawledgs of on axport on @ particular aspect cen be tapped by
the anglneer.

‘) It 1s easy to use mors complex models as the project progresses.

(g} It can halp fo the undarsbanding of canplax processes.

{e) Each trial plent does not bapome o research project as 4t is
easy to mdrrange the plant units and the operating deta.

(£} #11 availobly Jate can be oxplersd fully before going on to
the next stz of tho project.

{g} By tosting uach place of squipment over its full venge of
apsyating conditicns a lut more informetion is obtsined than
1w ponsible when testing en integrated pilot plsnt whose range
of operating conditions dees not necessarily include the opti-
mum operating point of the full scale plant

th) It sen help in making @ decision on how flexible the design should
e and what dogres of overdesign 48 required. N

{1} Mo amount of dotalled doalgn on dindividusl units ven be fully
affective unless the intsraction between the units in the plant
can be gaken into sccount,

(§)  Thu simulator can easily be used in obtaining the plsnt ssnsitivity
to changss fn input and demiph vaciebles,

(k) The simulator cen be used in comparing operating condltions

with specificationa,
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When modifications have to be made to an operating plant it
may be impossible te disrupt production for tsst runs. In-
strupentation is expensive and difficult to instali. It is
difficult t& run a meaningful controlled expariment op an
operating plant baceuse of procsss disturbences. Safety may
pravent renning the plant st off-normsl conditions. In com-
plicated processes it is impossible to determine the relation-
ship betwesn variobles from experimental dats and methematicsl
dava 1s necassary.

(m)} It cen be used in tha dusign of a control system.

et BangFits and Cost of o Simulstor
A major benafit of process simulation has been that it produces petter
procyas designs with lower capital and operating costs in less tima than
hand methods alone or hand methods in combination with Etend alons com-
puter programs. The Monsante company sstimates the saving obtained by
usdng the FLOWTRAN simulstion progrem at twenty-sight man manths in one
preject, dand & potentlal yeerly net gain of $750,000 in incressed produc-
tion in snother one (Motard et al 1875),

Howaver there are several other intangible, yst highly important,
hanefits that ars perheps less well ungerstuod. These are the transfer~
abllity of process simulations and an improvement in compunicetions via
the usz of process simylation, The diffurent engingering groups which deal
with the samt plant, in clfferont stspes, may use the simulstor as a
papls for faster and improved communicetions.

Briddel (1874 9,b) summarizes the most severe pitfalls in the use
of simulation, Among thrse arg carrying out e simuletion fnr its own
saka, not having clear objectives, being overly rigorous, not knowing
how much bo oséume and not working with the people who heve the problem.
For proper use of aimulation, Briddel (1874) proposss to judge the
necensity of computor simulotion ond the degres of sophistlcation that
must be employed agolnst o reelistic cost estimate.

To thass pitfolls must be added the costs of producing s simulator.
The developmont, decumentatiun and maintenance of e commerclal simuletion
program ruquires a large investoont and. & large engineering team (Selder
1872}, Thus usuolly pnly large companies can afford the initisl davelop-
ment of commergial programs. PACER 245 contains ebout 40,000 source
wards. The cost of duvelopment of o good computer library is aboub
416 to $20 per sourco card. So that the vost of & progrom like PACER 245
may be $60U, 000 to $800,000. Reproducing FLOWTRAN might cost twice as

much (Motard et el 19751,




: 2 STRATEGY OF STMULATION

H Pracess simulation is the representation of ¢ process by & methemeticsl

i madel which is then solved to astein information sbout the performance

! of the procass., The mobhomatical model is usually a computer progrem
[ which can be written in ¢ifferant ways depending on its raguired end use.

2.1 Slmulskion Moue yersus Deedgn Move
| Simulotors should be able to both simulate existing plants and design naw -
. plents. It is characteristie of the s.mulation/performonce/rating mods
i of calculation vhat 2ll system Leputs and duslgn parareters are spucified and
the information fiow in.tna program 16 in thy cete direction as tne heal
and material flows in the plant. Ideally, &n ths design mods of cal-

stors are calculsted from

culation tho systum inputs end/or design paras
speeifivd sutputs.

The @imulator ¢an only be writien to operate in ona of thess modas,
As the simuletion mads ip gonzrally miee stable numerically {motard
st 81 {1375}, Rinard and Ripps {1989)), (in other words a solution is
mofe readily obtailned in the simulation mods) the usuel answer 18 to .
purfors: dasign calsulatlons by itereted simulation.

There arg ssvaral advastogss in weing this approach:-

{8} Computer cisn can becast overweslnming in design ot

(&Y DCeaign veriablos ars selected consistently,

{c)} In gengral the engin:gr knows the feed streoms. and has good

satimates of The cguiprunl porameters.

(2} Informatic  trensfer parallgls ralorial and energy transfer.

This mokes it goncoptually sasy for the ohginesr to essemble

thy unlt morulea whiah heve been written so that physical

fuiputs arv caloulated from physical inputs.

Howsvar Flxod design veriahiles sre not always on poventege. Lee,
Cnristonson and Rudd [1968) have demonatrated that the selaction of
deaign vardables infiuences tha rate of solution considerably. Fre-
quently the selsction of gasign veriables 4h ascordancs with the simulation
spproach does not minimize the computation time. This 18 wespuclally
the cage when it is posslble to aveid Ltevative solution of & recycle
progess by choice of wnothor sot of dasdgn varial las.




»2.2 Modulsr Approach versus Equation Solving Approsch
Kehat and Shacham (1973 a) clessify process simulation programs according

to their structure and posaible usas. A simulstion progrem may be
specific and designed to simulate o particuler process with a Fixed
plant configurstion. Susch & plant may be solved efficiently using
oumerical lechniques, since simulation may be treated as a methematical
problem with fully definad equations and constraints.

A mora widely accepted type of program, however, is one which is
constr-:cwu'using Y l'n;duldr approach.,  In this epproach esch progess wilt
i3 s - wunted as 8 suparate mathematical modsl called a 'umit moduls’.
The ent - Lucles are Lonncoted t;y data seis which roprasent the streams
of materiol and energy flesiog betwesn units of the plant. An erscutive
progran supervisus the Information flow betwesn the unit modules.

Althougn the gquation solving epproach is computationally more
efficiant the medelar approsch bes been used in almost a1l simulation
prograns.  Thore am good readons for this.

{a) Flezibility

Any portion of tha progrem cen be used indupeadently or combined with
1lez 10 ropresont gny sind of flowsheet. In other words just
ing Biszho ere regulrsd end 4t is possible to dssembles pro-
aunltys

ot

{83 EFficient Yoo of Manpowcr
i85 ore frepping whils man~hour costs are rising so the

afmuloter must bo guick emd 8o%y to use, With. tha moduler -approech very
compiicated unit mooils con b8 writton by exports su saving the englaesy
whe prodlems invilved in enalysing & particular prosess, fiading s method

af paleuletion amy thon pragreveding 4%, In this way saversl englnesrs .

wuuld sash work on difforant aspuots of the some process and than wse

the simulstor te conbing their efforts.

{e) Haintvnanes of the Program
Dnee o slmalobor uxists Lt 43 easy to odd now bullting blocks and re- .

move old ongs LF the simulaetor oous the modular approach.
(d) Buitable for Prugramming

Fortran ha structursd to uss subroutinue es bullding blocks conscquently the
maduler cpprooch ls sultable Far programnlig.

8.




Rocently attempts hove been mods to combine the sdventeges of the
moduier and pquatien solving approach, Moh and fHafel (1871) describa
& symbolic compilar which accepts data in Lhe form of methematical
eguatlons end produces asutomatieslly a working digital computer program.
In this progrom thred lemguoges, PL/I, FOKTRAN ond FURMAC are used.

Solymaz end Sludur (1873 tricd to moke this epprosch more practical
by considering the structues of equations ond sotting degress of non-
iinuarity {(this 48 done with @ heurlotic slgorittm}. The order in whish
G eguitiong ame to by uelved, esd he varieble for which cech aguation
ir to be aolwad (the outpub setd, Ly found using Stewarl's (1855) alge-
ritom,

2.3 Suiestion of Strategy
Basod an the préviaus discuasion 1t was decided to write the simulator
1n the sinulation modi #al 3o structure & using ¢he moduler approaach.

e




3 SOLUTION TECHNIQUES ' .

In the case of simple processes {those with no recyclss), process simulstion
posas o problem, except perhaps those ausosistud with the modelling of

the unit modulos. In this case starting with thy feed streams it is
possible te malculate the sutputs from the First unit, which in turn become
the feads te the next units and ¢o on until the last unit. Howsver most pro-
cessys e nat of this type ong nave recycle streems. It thon bocomes
1apossinle to procoud with the colouluylon s auovts, hetause no unit

dn tha anw

sde loap will huve all 413 feputs bnown,

Prarg gre bws Gesloedly SEFforint zoprodehon to the cunpototion
procesiestineltanuaus end wepantdal.
21 Blrolw | sus Solicton of Pusyol: Systoms

In the steultonenys -areach the undts eve Mlncarized arcund sn assuned
stediy State and the resulting unuations solved simultaneousty. This gives
PEw VRILDS Lo Eh2 Procass stredn varlablus which are dn turn used es the basis
for & rovisey litcarlzation. Sush a proccss As repgotes until the values

at thwe end of eassh gugenesive iteration changes by less then o prodster-
rminey nurkar. oF a3 $0 Ln usually eslled, tslorence limit. The cal-

Sulatian 19 sae ta 5 A suee 4 Geds, On the other hand it

Eny

15 gudhe passible fur 3t Llerations 1o Jlvarges 1.6, the values after

uerations chanye signifizytly ong show no sigh of approach
ing @ ll~lting valud,

Oaa wf Ly first sxpouliloss of this ooprooch is by Neglov £4957).
#o Anbranuced thv esnount af “split frostiors’ te Magerize the process
unity. Iho 'spiit frastion’ 15 tho mass fraoction of o feed compapent
£0 a unit wnicr Ieawes the anlt An cash of the oubpyt strosms.  The
1 writton Lo tomms of spilt fractions for

maut g arerpy bal 5 arg th

oackh procnss updbe  Guch equatloag are linudr and con thus be solvad

simalignuaucly

vela (19643 uses @ stmbiar appraach on aystems in which the undts
are repiesentod by very slepla input/ontpul models.  Rosen (1962Z) de-
seribos tho geoeral muss bakonae preblom ac o of solving simultanucusly
a large sab of aonesiineat couabiunsg and suggests an approdeh bused on
that of Boglev {1357),  Ressn i voncernud with t18 cess where thu split
froctions ar ormElee funstions of bhe process canditions oidd of tha
quantity ang natura of the akhar compensnis, 0g. I\ty:n-cun&mrvativu
units 1ike ruscturc and undts which dnvelve mere than one phose. Rosun's
mothod 1s a systematlc way of aptidng up thu dinterlinking wsguotions batween




units and can be doscribed as follows:-

(a) Guess split fractions fur @sch unit.
(o) Solve the set of simultaneous lincer squations for flows,

{c] Using these caloulated Fflaws @ each unlf determine tné actugl
spliy fractions for this doty from the unit model.

{d) Compare the previous itorations split fractions with the current
ones ond then predict o nuw set.

e} 1 the ch 2 in uplit frastlons in cuccosuive iterotlons is

5
greoter than the toiernes Mods retarn to step (6],

staphtail {1954) prosented o wethod of soleticn that 3a in gssence
tre simsltanceus ssiutian of tho heat and materisl balunce cgustions,

nak v

numir 3F wguations thet have to Le solved simultangously ere
reautasd By itupoctlion.  Ravier amd Norzon (1564) also veduce the number
of egustic s thet bave to be saiwd simultansously but their methed is
auteratic,

Eowh Komobau
mogpie and ohow that by eareral aclectiss of dusign variables many types

stdmurs {13681 recummend tha use of linesr

of unll shoratioss gen te Mo arlends. They Rave desordbed lincor models

disiiliation columas, heat

3% Flash qcparatorsg, absorbers
saPangsrs and reasterd,  An grmgle of 2 Dinmosrlred rogetor is ong
L0 owrist o Fhrst apier pesstlon usurs end She restdence time s given

weinet of resgtlon i ingopendont of

53 3 patseater (euause ih
th Fousds
Pora rerantly Hubanison ard Loesloy (19731 and Hetokdesn (1974)

af tetvlng fioear unil wodols, particalarly

Paper psnritent  ther agvw

Sur s eaply stegas oF donlpon Thuy pave produced g guneral purpose

Plasshosling pasoeage sollod BYFNL wideh sslves linear systems.

3.2 Suguential Selutton of feoyele Systoems

In the meappmbial apprasch the velues of vardables in coertoin recycls

briaws, roferred Lo o tOrA slruamd, are ossaned.  Stroen varlables

are the mass Tlows of eauh eompopent 1n thot stresm and ere discussed
1 in the no<t shopter.  The sub of torn sipoamy must render the

system anyclic so that the values of stream variablus in ell the other
Stpeams can bu enludlated striolly, Having valeuleged o new set of tomn
varinblng (variatles in tho torn struams) theso can bn compored with




the assumed valugs and a new estimote made for the next iteration. This
Arocedure is repeatad untll the successive corrections are less than
the tolerance limit,
f If the recycle streams were unique, thers would be only one possible
H agt of torr streams, howevar structural properties of flowsheets can
allow soveral different sets, thernfore tho problem af selection of &
ant of teur straams ariges. The sut of torn streems is called & de-
corpositian, In general differsnt derowpositions sxhibit different
convergsnoo proparties.  For a particulsr system using s purticular corn~
vargonce mathod the 'best' dar.omq:niion will be the one that reguires
the Imast aumber af iterstions For somvergence from glven starting values.
3.2.1 DBirect Subsiitution

The simplesi method of corracting the torn variables is dirsct sub~
stitucion:  In ¢his mothod the newly celeulated torn variables ars

sunstisuted as the aew storting estimete of torn veriables far the
g next iteration,
If X is the input vector of tom varfsbles and Y Lie output vastor
of tam variables theni-

K

LA T & is the {terotion index

ang dirsct susstitution fsr-
s R L I e 184}

The convergonts or diverggnca end rate of coaverpance of uris
ernthod 35 llekad to the mavimum elgeavalue of the matrix of partial
darivseive:« far the scyelic aystem, u;‘ at the scivsion, Thae menrix
_-. is callsd tha Jacooisn of the scyclic sysiem. aéf‘ yy ore the elements
ai v‘mrora\‘ atie} *y the ulemgnks of vestor X then 37 is the twa cimensional

matrix (———-) Thi sodulus of the maximum elgem: a)us of o metrix zds

sallod the opectral radius and symbolized p(Z). Dutails of the link are
diseussed in chapter 5.
3.2.2  Auneluratad Direct Sybatitution
Although diruct submtitution 1z asimple to apply 1t can ba very slow
e i to coavargs. Kenat ond Shacham (1973 @) bave reviowed weys of accaler-
ating convergance. There oppear to be only v which are currently
in use: the boundod Wogstaln (Wogstein (18561, moditied by Klissch
in a PhO thenis (1967)) and the dominant eigeavelue mothod (Drbach 2nd

Crowe (1674)).

i




In both these methods it is aysunad that the guessed, xi. and the
i
caleulated value, yj, (where i is the iteration index) are related by:-

3 i
y‘1 EJ'XJ + b

3
and y;“’ = aJ.x;~7 + bj
yl . yi"l
S thet @, & i b=yl - e
E N E
3 d .
14 .
and then Xy is estimated from:-

b
ELS . e Y 1
X3 T,—é;; & ::1J).yJ *ayeny

mrmmnamene (3,2)

5 .
in tha Wegsteln methud qj = -;—iLT angd in the bounded Wegstein
3

wethod [qj = 1} has ths limits (-10.0,0). (Worley and Motard (1972)), .

Ir tha dominant eigeovalue method qj = 71\_—,]- for ali §

whora 3 & JIvt - ¥ e - Y
ane  }z}|ts the 1, norm of vector 2 and squals zzh?

Shaches snd Fotard {1974) hava demonstrated thet there is an op-
timal value for ths acuslaration perameter but thors is as yst no
convenient method for computing this optimal valus, They also claim
that in the Wegsteln meihad the ascolerstion paramater will be the same
for ell vortubles after a few direct substitution itaratlons so that .
tha two mothods bocome the sams. (An exception %0 this is when tho
systom Jocobien is dlegonall.

Raguptly Crowe end Bisndo {1875} have proposed a methog celled the
*Gangral Pomicent Edganvalue Method' . This method is an axtension of
the pravioys one and offers flexlbility of usr and more affective accelsr-
ation steps ecmording to the suthors. This method does not appsar to
have been ueed on e Full gcale simulatar,

The Wegatein and dominant eigenvalue methods cen become unsteble and
ths uyse of tha houndsd Wegsteln method is ane way of overcoming this.
Grbach and Crowa £1871) suggest multiplyding the accelpretion parameter



i
I

In both these methods it 45 assumed that the guessed, xj, and the

P i
caloulated volue, vy fwhere L 45 the fterstion index) are related by:-

FO i
_Vj EJ‘XJ +

1-1

snd y‘1 =
So that =
& QJ dJ-XJ
. 1v1
ang thun %y is vatimated from -
A =,_bl._,“- T s oLt
4 T 9G¥yt 8y

In the Wegstein method qj = T and in the bounded Wegstein
. 3

method lqd = 4} has the limits (~10.0,0). (Worley and Motard (1972))."

In the dominant elganveluw muthod q‘1 = for all §

P
A=
arere A« [Yh < 2 Lt - AT

ang  |f2[fts the 1, nowm of vantar 2 and sguals z.ehy?

Shachem and Moberd (1874} have demonstrated that there is an op~
timel valus for the acceleration poremeter buc thers is as yet no
convenisnt mathog for compubing this optimal valus. They alsc claim
that 40 the viegatein method the accaleration paremster will be the same
for ell veriehiss after o few direct substituvtion iteratlons so that
the two methods booome the seme, (AR gaception to this is when the
oystem Jacobian i3 diagonal).

Racantly Crowe and Nishio (1875) have proposed a method celled the
'Guneral Dominsnt Eigenvalue Mothod’. This method L an extension of
the previous one ond offers Flaxibility of use end more affective scoeler-
ation stopa eccorsing to the suthors. - This mathad dass not spprar to
have beon used on a full scele simulator.

The Wegstedn and teminent oalgeavalup methods can become unstable andg
the use of the bounded Wegstein method is one way of overcoming this.
Orbach end Crowe (1971] suggest multiplying the scceleration parameter

13.



by 3 relaxtion factor butween zera and one.

A reason for the instability is the fact that the interaction between
torn variables ere not considered, howaver this can be done by Newton-like
methods .

3.2.3 Newbon and Quasi-Nuatol

The Newton msthed is given by:-

x!\*‘\ P N F’(Xk

T e — S (3.3)

where F(X) = X - $(X] nd k is-the iteration index
any F'{X} the matrix of partial derivatives of F(X) w.r.t. X, In & real
system F'{X) will not initially be evallebls so that 1t rust be spproximated
by J{X}. J{X) is estimated using sacents in sach direction and this
is zalled bthe 'secant method, If X has n elemente then the general secant
method requires net evaluations of F{X) st sech stege to determine J{X).
Howsvay 1P k>n then the previous n svelustions of F(X) plus the current
o0g can be usad to duterming & new JUX) for sach nsw evaluation of F{X).
This *s called @ {n+1)-point sequentisl secant method.

Further computationsi savings can ba mede by estimating .’.(X)_1 at
svary stoge instead of J{X), This saves hawving to iﬁvert the nxn matrix

&t gvary stogs) &3~

-1 T -1
sty Eedth o e

! -

sy e =
PR
V) Lty e

where pk “ F(XKH) - L and ¥® can pe arbitrarily sulgcted,

{This squation is derivod using the Sherman-tiorrisen formula in Ortega |
and Rheinboldt (1970} g 2071).

Sarnas (1965) chose (V“)T in a dirgction orthogonal ta n-t previous
iterations steps. 1.m (VK]T-!XJM - XJ) = 0 for n=1 selactions of J
From Dsjzk-1. Doth Darnea (1068) ond Ortega and Rhednbaldt (1970 p 208)
show that this must roduce to the {n+1)-polnt seguentlsl secant method
sftor at most n stops, provided the n previcus dirscbions are linearly
indapandent. This means that the only difference is that for Barnes
method ST eon ba choson srbltrarily, whils for the former method

JGC) 18 gatnmmined hy the sacents sbout X', and thin inverted.

.




The maost populer choies of (Vk) for chemical engineers is that of
Broyoens Ha chose V¥ & X7 - 48 pegan (1050) hos compared these two
methods end concludad that bokh show considerable promiss. He suggests
that by avaraging VX, component by camponent, from both methoda even
better results are chtoined.

Broydun (1885) Finds the first approximation J0)™ " by numerical
differontiation ond inversion. Another possibility is Lo start with
the idantity metrix and Rosen {1868) statms that this givas efficient re-

sults in mgss balance caloulations.

Although a distination has Luen made hetwesn simulteéneous and
sequsntial approachws, it 1s clsar ihat the secant iype methods invelve
i ipcal lingarization thot sets up o 9et of simultancous linser equations
ehout the current point and these are solved far the next point. So that

the Newton aad quasi~Hewton methods can be considered es & combined
simulisneous-sequential tschnigue.

i 3.3 QCiscussion of Selutien Techolaues

i Table 1 s extracted from Flower and Whitenesd (1973). The ebreviations
used for culumn hoadings ers summarized below.

U o= Humber of Undts R = Reroding Facility 08 = Diract Substitution
$ = Humbar of Stroams 5 & Grouping Facility By = Bounded Wegstein :
{
£ = Humber of Compansnts C = Checking of usar L = Linearization ! s
P # Proguess Patrix input for ‘feasibllity NR = Hewton Raphson
ST & Stuream Conngction S = Secant
Ratrix
Us = User Supplied

Erom table 1 1f can be seen thet all the simulation packeges offer
direct substitution emd most offer the buunded Wogstein es methods of
convargew  This 15 tocause of thodr simplicity.

Yenler snd GrifFithes (1963) wers the first to publish results on
the proctical epplicevion of this muthod and concluded from their exarples i
that in corteln clruumatances direct gubstitution converges in fawer ; *
fterations than the nettad of Noglav and Resen. They further sxpsct
that dipest substitution will alwoys convarge from ony starting point
under tha conditions congidurod in physical systems. Other like
! Haphtall (10684}, Rinocd end Ripps (10653 snd Shachem and Motard (1974)
tract substitution will alwoys convergn For any

alsa claim that d
physically realizoble systam,




TABLE 1 SUMMARY OF EXISTING SIMULATORS

— o
§ PLANT CONVERBENCE
NAME SOURCE U ST2E  [ToPOL | prpeg- -ETH
uls |c|sxc®™ | e s BwTL
b %
PACER . [Purdue Undversity 20! a9 9o PM 1simple R | X%
GEMCS Hotlestor 2515
Univarstty 25| 80 25 4 o X
SPEE-UY {Ingordal College Comproharn
slve
QiEss tHouston 00 sofze] P e x| x
Univeralty
NETWORKS? [1CT 50 500 [SCH {simpla 6 | X X
FLEWASCK {ICT 180 25 FOOGSCH  [Comprahen X | X x
asive R,B
CONCEPT  |Cambridge 50150 | 20 SO |Camprafen X %
{ Univarsity sive
: PACER24S | ipieal Systoma PR (Comprehen X
! Lomoration sive
: PRIVE Biemond Shatrous | z0f 30! 26 e e X
GFE Luilogs 48 i ]
FLENTRRN | Ponsanto B e x| x

' Covatt (1863} has daronatrated that Wegsisin's method is usually
faster convorgiog than girect supstibution and this 1s supportsd by i
Batstong and Prince (1870) who Find that Wogstein is compotitive with ( |
tirest subctitution in evary spplicetion. i3

Tha Huowbon and gquasi~Newton methods can be very efficlent for the
selution of recycle systems (Genpa and Moterd (1875}, atstone and
Prince (1770)) but way sometimes divergs. Kohat and Shachem (1873 o)
claim thot the classicel Newton method will cofivarge in o finite number
af iterutions Lf the initial guess of the valuos of vector A% 1s
sufficiently close to the solution amd F'(X) et the solution is non- .
singular, The limitstions of these methods are:~

tal Mo canvergsnca if the initial guess of % L5 puor



(&

o)

No vonvargence 1 F'(X] is singular or near singuler at

the solution

The excessive computation effors required to compute ang in-
vart Ff(X),

Various technigues are used to try end get eround these difficultiss
and are discussed by Kehat snd Shachem (1673 ¢). Howsver for all Newtan
and quasi-Newton methods ths mein drewback is the large storsge require-

4

ments for metrix F'{X) ar BT, Much effort 1s resded to determing

F'(X) so that these methods involve fer mare overhesd computation than
direct substitution or actolerated tirect substitutian.




4 DIFFERENCES BETWEEN ORE DRESSING AND CHEMICAL PLANT SIMULATORS

4.1 Representation of Streams
In & chemical plant the process stresms are gensrally liquid and gas *nd
ean be representad in terms of total mess flow plus the concentration
of all chemicel speciss in sach phass, However in ore dressing plants
the process straams contein solids and liquid. The liquid is usually
water ard dissolved chemicals are not cansigered. The aolids are
particles with distributions in size and minuvral content. This fact gives
=ach particle a unique sat of physical properties.

In any physical sepsration or transfarmatios unif sach particls
will behove sccotding to ite own physical properties, and thosa of the
particles surrdunding it. It is inmpossible to create g simulator based
won tha behaviour of sach individual particle becauss of their large
number; but it is this that allows the possivllity of grouping together
particlas whose properties fsll within certein limits, This is 2
discretized distribution, but if the limits sre infinitsly narrow then
the distributien will be continuous and it may be possible fo represent
it by a mathematical function, A msthematical function cen describe
the complete distribution by means of & few peramsters, bowever an accurate
representation is difficult if not dapossivle to achieve. For exemple
& size distribution wild often be log-nommasl over most of the size range
but deviate from this at larger srzes. Even in the case whars the
system fesd stream con be edequately represented by @ simple functional
fapm 4% 43 unlikely that resycle or praduct streams will rstain the
some functional form (particles are selsctively removed from cerbain sece
tions of the distritution causing severs kinks). In any event it has
besn customary in the minersl procgssing industry to use discretized
distributinons, 1ike size distributions, becavee this fecilitetes messure=
ment, - Consequently most of the ore dressing models developed to date
ore bozed on discretized rether than continuous distributions, and this
simuletor will follow suit, The three main advanteges of this spproach
ara summprized bele -

(a) test existing unit models are formulated in this manner

(b} Data measuremept cen gensrally only be obtained for discrete
groups of particles

(c) The mams balance can be exact &8 salocbive removal of certain
categoriss of particles will not cause a doterioration in
the accuracy of representation of a streem .

<




Having decided to use discretized distribukions the choice of
discrete categories is determined largely by the unit model's require-
menta.

TABLE 2 SEPARATION CRITERIA FOR ORE ORESSING EGUIRMENT

PHYSICAL PROPERTY .USED AS
SEFARATION CRITERION
EQUIPHENT
TYPE SIZE GRADE SURFACE
$.G, IMAG | FRY | FLT. | RFL | CBT
Uense Medis T 4
Gravity K] P
Hagnatic T P
Elsctrogtatic| T P
Sorvar T P
Screan P T
Cyclong Pis) iste)
Clasaifiar P 5
Thickener P 5
Filtar P
Conmd sutdon s [
Coneltioner P
Flatation s T I

8.G. ~ specific gravity IMAG - magretic susceptibility .
FLY - flestebility FRI ~ frishbility

RRL = refleccivity €07 ~ conductivity

‘The P, $ erd T represent the Primery, Secondary and Tertiaty
separaticn sriterdie for the particular aquipment type.

Table. 2 iz e comprehensive list of ore drsssing eguipment and the
physical properties which arc axploitad by them. From this table it




can be seen that the physical properties are split into thres fundamental
classes:-

(a) Particle size

(b} Grada - Mass ar volume fractien of esch mineral species
which 15 a componant of the particle

(¢) Surface - The surface arsa occupied by sach mineral com-
ponent of the particls

Thars is & fourth fundamental olsss. This is the shape of the
pariicks. Mowever there 1s'nu convenisnt way of describing particle
shepe and none of the existing models use shepe 5o 1t will not be con-
sidersd specifically.

The surfase area distribubion of componsnts in a large unbiased
semple will egual tha volume fraction distribution. But iF the ssparat-
ion s being dons on the besis uf & surface property fhen the sampls
wil} becume bilased in the product streams snd the direct connection
betwsen grede and surfacs arsa will no longer spply, Thersfore in &
sepapation of this king an independent surface diatribubion wust be
usad,

The size snd grade category of a particls must bs glven 4Ff it
is to be completaly specified. The surface arss distribution is alss
nacsssary if a surface proporty is to be used for separstion. ' I
Friability, ov snothor property not directly relsted to size, grade or
surfece is to be used, this property must also be expressed independent- |
ly. In terms of discrotized distributions this means that & n-
dimensionel grid of varlablss {where n is the rumber of independent
properties) must be used to adequately describe the solid particlss in
the stream. This gon be very =xpensive in terms of computer storage
and computation time, For exampla if sach of the sontinuous dis-
tribytions Lz broken into five discrete clssses and there are four
indapendant proportiss requirsd then the number of variebles. par stream
will bs 5% = 625,

However most plonke will bu of a perticular type and tharefore
require only aize, grade end ons othar dlatribution to describe the
stream, In this simulator a three-dimenaional grid will be allowed, '
catering for D-classas, G-classes and S-clagses. The D and G-classes
refer to size and grade dietributions. The S-classss can be any third
indepenaent physical property dapanding an the eitustion. The value
carrigd as tha varisble in the DG3-class is the actyal mass of solids

20.
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in thet category.

When reference is made to 'similar varisbles' in different streams.
this iweans thase verisbles belong to the same D, G and S-classes in
the diffsrent stresms.

4,2 Transformotion Units
In chemical plants chemical species are transforwad te other chemicel
spseles by reactions in reactors. In ore dressing plants there ere no

reactors but transformstion from sne stream verisble to. enother does
BTTUT. :

Refinitden: A wnit operation which Srunsforms particies in the input
straam belonging to a certaly DBS-clase to another 0GS-
tlase in the output stresm is called a *transformation
unit',

In terms of this definition thare wre only twe ore dressiog units
wiich van be classed es transformatlon units; corminution unlts &nd
conditionare.

The purpase of @ comminution unit 38 to bresk particles into smaller
ones snd this claarly transforms the particlas from ons O-class to
angther,

A congitioner may or mey not be a transformation unit depending o
the way 4n which £t is used. In & flotaticn circult the S-clasues gan
correspand ko the distribution of the Flotatinon cste constant (K} for sach
pG~clase. If the concitioner im usad to modify the Feed variables
by creasting the k-tlssses then it is not acting as a trensformation unit
but simply expanding the DS-clasass intip their component k-classes.

If on the other hend the conditioner is conteined within & recycls
loop then cﬁanging of mass from pne k-olase to encther faster or
slowsr Floating k-clags Ls a transformation and the congitioner will
be acting as e kransformstion unit.

It will be sgen in the next chapter that the fawer the number of
srensformationg, within 2 resycle loop, the fester is the convergsnce.
Therefore it is prafarsble to use the conditloner as a 'non-trens-

formation’ unit whers possible.
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4.3, Pryaieal Px‘npet‘t_iﬁg
The success or fellure of @ chemical plent simulator often depends’ on
the sccuraey and slze of ifs physicel property package. A large portion
af this package 1s confesctsd to the variation of properties with
tempgreture and pressure. Opa sressing plants ususlly opsrets at ambient
conditions ang if there 1s any vardetion ir tempersture or pressure-the
effact will at vorst be slight.

Another advantage of ore dressing plants in this respect 1s that
rglotively few physical properties are used {sem table 2), and when
these few properties ars knawn for & pure mineral spacies many can be
relsted to mixturss of thesa mir{eral very simply e.g. specific grovity.
Un the other hand propertiss 13ka flotabllity are distributed even
for pura @inerals ang prediesing the distribution for mixed particles
is,difflcult. Therafore in this cese lahoratory test work must be don2
for the particular ore and & physivel property packsge will be of iittls
use,

In an are dressing simulator there sppear to be two kinds of
physioal propartiss, those which are readily available and those which
must be determined for the spacific ors. In both these pases & com-
prahensive physloal properby paskags is not of much valus, and 8s such
aope will be developad for this simulstor. However it is not. impossible
fur gsad methous of correlating doty end predicting properiies of mixed
perticios to avalve in the futurs. Ths simulator is written in such
& way that interfaning @ physical propérty packegs can be readily achleved.
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5 SOLUTION OF LINEAR SYSTEWMS

PALL L AN .20 L, 1

Definition: A now neqative matcix, for purposes of this thesis, is ona
which has all its elaments grester then or equal to zero.

Qefinitlon: A Yinear mode? of & unit is one in which the trensformation
matrix from imput to output stream is cunstant, L.e. independent of the

input stream.

Dafinition: A linear pyctem is ane in which the models of the systems
unit operatiohs are linsar. ’

For exsmple 1f a unit has one input straam and 1 output siresms sach con~
taining n verishles

4
T e
e - if. —

! e

F e ssmimsssmssmsnie

then wJ * Tj.v d= 1

whare NJ 38 the vector of variepiss iln output streem j (n glsments)
V 45 the vector of inpy* variables {n elements)

and TJ the fixed (nxnl] transformation metrix for asch J.

For & lineer model the transformetion matrices are fixed, and as the
strosm varisbles are mesz flows, &lament 1,k of Tj is sffectively the
mass fraction of input verdable Xk which raports es verisble i in output
shream 5.

For a ss;;arator the transformation melrices will be diagonsl bui
for & comuinution unit it will be Jower triangular as particles are only
transformed from lacger to smeller sizes. It should be noted that the
sum of the sumg of the elaments in the same coluws of all the trensfor-
metion metricss of e partiocular uely must be unlty for svary set of colunns.
Also ail the elemsnts of tha transformation matrices dre Zero or mass
frastions which must be positive, The transformation matrices thersfors

are nen-npggotive.
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5.1 Non-Trivislity of Linear Systeins

At first glance s linear model may seem to be a poor reflection of eny
real system. Howsver as discussed in chapter 3.1 a linear approsch has
been used by several euthors and reommended by Komstsu (1988). Nishimura
(1968); Hutchison and Leeslay (1873) end Shec“am and Motsrd (1875) for

. chemigal plants. Briddel (1974) evan warns thet being overly rigerous

is one of the pitfells of simulstion.

Tha units of ors dressing plants can be split into three types; mixers,
trevzParmeiion undts end separation units.

hixers simply sum similar verieblss in the input streams to give the
output strgem. From the gefinition of a linear model it is clear that
& mixer is 8 linesr model and thst the transformation matrix from each
input stream o the output streem is the same disgone)l matrix which has
211 tha diegonsl alemants squal to unity.

Transformation units bave been discussad in sub-chapter 4.2 and
sltheugh they can be very compliceted the most commonly used comminution
model is based an Fixed sslection and breaksge functions (Austin (19711}
and in this formulation, i tha mill residence time is set as a parameter
the trans on matrix, is and tha model linsar. Conditioner
wodsls &re very undeveloped and the only one that has been found is by
Scrimggeur et a1 (1870). This modal celoulates the fletation rate con-
stant & for 8 pure mineral from an sxpression which depends only on
resgent addition. The Flotation rete constants for mixed particlis ave
obtuined by sur -ing the Fiotation rate constants of the componeny pure
winerals in proportion to their mass fractions, If reagent addition is
sat as & parameler to this model then 4t becomss linear. Scrimgeour at al
(41870) ussd this comditioner component externally to any recycle loop
therefora it can have ao influsnce on the convergsnce of the logp, The
ganeral purpose simulater 48 strusturad to ellow tha mags flow in mach
h-claas to be csrried as o streem variable and this dmplies thab, with
Scrimgesur 8t al's (1970) model, no tranaformation will take place when the
conditioner is internal to the recycls loop, {ss sach k-class has 4ts owp
flotation rete constant which is not changsd as long as the resgent
gther fiotetion circuit simulators like King (1872)

addition s Fixed).
snd Sutherisnd (1978) do not use conditioners at sll and simply rely on

the k-classes directly.
Separation units spilt thae input stresms into two or more ocutput streams.

The mass flow in the varicus particls catagordas can interast with each

other but sre ohosen to minimize this interaction, Thereforas 1t is

expested that these interactions will be small. This 1s demanstrated

by the fact that meny seperation units are modelled using a Tromp curve.

24.
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If ths Tromp curve for the unit is independent of the input stream then
the trens¥armation metrices for this unit,which are disgonal,are constant
and hence the model is linear.

Therafore slmost all types of are dressing operstions can be repre-
sented by linear models and hencs meny non-triviel ors dressing plants
can be simulated as linear systems, This is perticulerly true when the
range oF oparetion - of the equipment 1is small.

5.2 Mathematloal Repressnietion of Linsar Systems .
If in @ linpar system, the units are simply eéequential, cheo thers is no
need for 3 convergenca algorithm, Vher recycla strecws do exist the system
s mssentislly a set af sLmul\,e;\anus linesr wguations. It mey Le possible

tp soive thess equaticns simultansously (see sub-chapter 3.1) for very
small systems but svan in the medium size plant, using 28 streams with
20 varisbles in sach,this irmplies sclving 400 simulteneous equatione.

A more ususl method of setting up end salving such a systam
{Shawham end roterd (1875)) da:-

{8) Dscomposition to en acyclic system (sse chepter §)

{b) Estimating a sst of starting valuss for the torn varisblas

{c] Tterative vefinement of the asuwoed ve'ues. by calvulating
the outputs from each unit when the inputs to this unit are
available.

This sstuantial solution technique is discussed in sub-ghay “er 3.2 and
taplies that iastead of trying to solve for ell the streem variables

in a1l the streams, simulteneour v, 2qly the varisbles in the torn stieams
are found end then the varisbles i+ all the other streams ldngluding pro-
duct. strooms) sre gensrated by ssguential caleulstion.

to discover whethnsr this methed of solutien, celled direct sub
stitution (ses sub~ghapher 3,2.1) will converge for linear systems, the
systom awst be defined in mathemstlical tenms.

To svery tesr streem thers srs paths from some or all of the other
toar stroams, iteslf and bhe foat streems uivng which particles in ald
categories flow. . The masa fraction of particlas in ssch category reaching
s tear stroam slong @ single path from some stroam 48 given by the pro-
dust of transformation metrices along this path. There may be sevaral
n the same two streams so thot the totel mass fraction
trom the first is the sum of the

pathe batwse
of particles reaching thie sagond straam
product of transformation matriges alang each of thase psins.
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Starting with a set of feed varisbles and sssumed values for the torn
variables it is possible, using the sums of products of fransformaticn
matrices from feed and tear streams to pvery tear stream, ‘tn celeulatg the
mass flows in the calculstad torn variables, o2 follows:-

AR

. -8 xr/«ﬂ---/\'ﬂr~

s (5.1a)

whan the sysiem has m tmar streams, k fsod strsams end n vorisbles per stream
whare Xi is the vector of guesssd vslues for tear stream 1 (n elements)
Yi is tha vector of calculated valuss for teer stream {
[n elements)
Fy 45 the vactor of varisbles in fesu stream & (n elements)
Bi is the sum of products of transformation matrices from
tear stream § to tear streem 1, Eijt:R""'n

and Ai i5 the sum of products of trensformatisn matrices from
feed stream § to tear streem i, A“ERnxn

Pl BBy BBy ;XJ LTI T ';1
o e b .
- |l RRE Rk
. RN R ' T 5w
. i . ! B ' )
L Y B
e LBEF” R ] [ o |

when ths system hes p product streams
whare Pi i the vestor of veriablee in product straam 1 (n alsmants)
B8, is the sum of produste of tranaformation metrices from tear

4 Ghd]
strgam § to product stroem 1, EBist

and A/\i is the sur‘n of products of transformetion matrices from
foad stream j to produst straam 1, MMER“xn
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Egautlons 5.18 end 5.1b can also. be written as:-
Y= BX+AF e s {5.2a)

and P = BB.X + AAF

- (5.2b6}

As the matrices A, B, AA and BB are constructed from the sums Of progusts
of constent non-negstive matrices (TJ] they must also be conetant and non-
negative,

Equation 5.2 can be considered to be the modsl of an acyclic linsar
system and 5.2a must be solved a0 that ¥ = X = X‘

5.3 Sisultanegus Solution of Linear Systems
It is possible th solve squation 5.2a for X simultansously by substituting

¥
YeXayl to give:-

PR AW - 5.3

. » -
Sk = B T AR e (5,4)

The existange of the fixed point X‘ is. assured by the Neumann Lemma.
bz Helt and plB)<1 from sguation 5,20 (820 means each slament of matrix
8 is non-nagative}, (Ortega end Rhednboldt {1870} p4s).

Qutatlning X‘ using equation 5.4 con be uvifficolt for twe reasons.
Firatly the elements of 8 end A are not readily avalleble and sscondly
the fnvarsion of {I-8) can be sxpensive LT the dimensions of B sre large
{dus to many variables per stream or meny taar streams or bothl, Never-
theless this approsch is attractive as en sxact solutlon can ba obtained
immadiately,

Tha mégnitude uF the problem has elrsady been reduced by solving
gimpltaneously unly for tdrn variables snd then generating the remaining
variables ssquentiolly, #s opposed to solving for all the varichbles
i 811 the straems simulfansously. Consgquently & matrix of size
{f.m x h.m) has to be inverted lasteed of one af size (ns.n X ns.n).
(vhera ng is the number of streame in the system, n khe number of
varigbles per stream snd m the number of tear streama). In the following
sub-chapters 1t will be shown how, by teking sdventage of the nature of
ore drassing plants, the problem can be raduced to very menageble propor-

tions.
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5.3.1 , Brouping

tany plants cen be dividod nto sub-plants in such a wey that there 1s

only a feed forward of mass from one sub-plant to the next. Such sub
plants wWill be celled 'groupa’.

Considar a plant. consisting of N groups which are numbered so thet

- there is mass flow only from smaller numbersd groups to larger numbersd
groups. B is the sum of products of transformation matrices between teare
in group 1 and I“ the sum of produets of trenaformetion metrices

from tesrs in group J to tears in group i, than B cen be arranged by row
ang column intarchengas #o that:-

I L.
;Bm Lz 11N§ ,
iz Pm . §
B~ . . il
Tt ey

If¥ L' 18 the number of tear strgame in group 1 eng Mgy the number:
uf variables per stream in group 1 then EM is (nm-w\Gi ® nGi'"\m) matrix,
and I, ls & (N ety ¥ "Gj'"'Gj’ matrix, [rows » oolumhs)

By definition there 15 no masy flow from group J to grow i 4F
i, themfors ILJ'O for j*i. Therefare:~

Yor| B O "[ ot ol
A
Yoz, T2 B2 e Xaz‘»« fsz’ mswmananen s (5.5)
S TR TR B
o R
ol Iw o Py Vogy!
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where Yg, and X5y 878 the vectars of caleylsted and estimetsd torn
variables for group i, and the a
rearranged A.F for group i.

By equation 5.5:~

51 PTe the corresponding vectors of the

Y ‘e

317 Bor¥en * o
Yoz * Tarer * Bpdey ¢ 8

11
o qurijxﬁj FBugRpy t gy 0 TrmTeesemneoss 5.7
¢+ Nt
Yoo ® EI X
o LTy

4
therefore when YGi" xm . XGi

53 * Bawon * %ey

" o 1
than Xgy * T Bml "8y
. 4 .
Rap ™ (1B T T Xy ¢ ag)
s

-

: oy
%oy ® 18 1.(3213

x

13763 ¢ 8gy)  Trmemmeesemsees (5.8}

'

N1
. - .
By = [XBgyd .(jf’[ :NJXEJ * gy

Now

i-1 .
;11”)’.5‘1 Fag * YBi = smxm by -agquation .7
therafors 14 Bm is determined dirsstly during sp iterstion of group i

for some XGI and Y, then JLIUXGJ * B on be caloulated, Further
“ PR 1 .

henze 4t is possibie to calculate XG't‘ XGZ ves XGN sequentially until

the whole eystem is golved in N stages,

. -1 N X
3F X, 379,11 Ls known then the tarm 5111JXGJ * a5 will be known snd
"
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5.3.2 Solutipn within the Sroups
It hes been shown in sub-chapter 5.3.1 that it is-possible to consider
each group independently as long as this is done in seguence. In this
sub-chapter the solution of ons particular group will be trested.

Lot the matrix contaiming the sum of products of transformstion
matricas for this group be F,G. Then if this grous has M, D-closses and
GE is rearranged by row and column interchenges so thet varisbles of the
sams D~class are collpcted together and stscked in decreasing size order
from 4 to M than:~

lx: PR
By B Can
e, B C
By = ’: ‘21 o ) L G 38 8 [ngmg % pgumed matTix
Syt 0 Byl

whara e is the number of varisbles par streem in this group

np 38 the numper of verisbles in sach D-class

e i3 the nusbser of torn strasms i this group.
Em s bha (mEmD * msxnn) matrix comtaining sum of produsts of
transformetion matrices for vardaplée belonging to f-class i
and S:‘,t‘J ors the Imgny » mE.nD) matrices of sums of products of
trensformation matrices fram forn varisbles of O-class J ta torn
variaples of O-class i.

In ore deessicg plants parkiclds ere broken and 56 non only beacme
smaller, thera¥ors thers iz no mass flow from torn varieblas of O-class
3 to those of O-class i when §»i, st that C“ = g far 3>i. :
Just ab the Rroucs wore solved seguentislly so can the vardebliss
in the D-olesses. - If X5, #nd Yot 1 2 1M are the estimated and celoulated
torn variablge in thle group belpnging to each i~class, . respectivaly,
and g, the aloments of & &, sorrespending ko D-clese L them-

e e 1]

, o A ,
oy = Gty 6y gy o

This implise that each group cen be solved in ss many stages as
there are D-clussus, end to find Bho solution only M metrioes, viz
(I'Bm].iﬂ,m af siza (Mg.ny X "“E‘nD] nead be invertsd.




§.3.3 Solution within the D-Classes
If group G hes M, D-classes and only one G-class and cne S-cless then
equalion 5.8 is the final solubion, But when there is more than one
G or S-class then further processing is possible.

Sub-~chapter 5.3.2 showed thet varispies in each D-cluss can bg solved
indepandantly of ths rest as long as variables in ell previous (-olasses
{larger particles) have alresdy been found. Choosing soms O-clags,
corresponding to & particular BDi - ED' 8llows rearrsngement, by row snd
column interchaoges,so thet similar variables from each tesr are collacted
togather, them: -

[Brs B v tBa
e a J
|

I B 3 L = numbor of G-glassss x number of S-classes

Byt oot BTQ

whore BH are the (mG x ma) matrices containing the swey of praducts
of transformetion matrices for tha s6ma G or § olass in sach tssr
belonging to O-class O

ang E“ arg the (mG *® mBS matrices scontaining the sums of progucts
of traonsformation matrices from varisbls ] te varlabls 1 in sach
toar belonging to D-cless O

If o corminution undt is the only Srensformetien unit then there
can Be no mass flow batwsen § or S-clesses belonging to the dema O-clasa,
&g the only possible transformation is nsuséd by breakage. Even when
iiberstion ocours, & grade transformabion, the perant particle must First
e broken, Thersfors for this case the Eij = 0 for &1} 1 and J.

¥ YTL apd X, are the saleulated ang ostimated torn variablss
respastively in group G, D-cless D and the sams G and S-cless, carrespanding
to vardable 4, and au the elsments of BD carrasponding to the aame torn
varioble in sach torn strusm thon:=

Kpg = (I-Bpy) edpy 1=, “ammemmaesenn (5,10)

»
In this case the 5.” are independent of XTJ I¥s.

.

Therefors XTi
the frversion of L (mg ¥ ng) matrices corrasponding to (T - Brgdy dehL.

4 = 4,L can be found in @ singla step. This involves
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The only other trensformetion unit, the conditioner has been dis-
cussed in sub-chapter 5.1 and 1t wes found that if k-classes were used
then in all existing simulators no transformation actually tokes placa.
In the hypothetical case of a conditioner being modellsd to act within
o recycle lovp end ectually causing a transformation then as long as the

. trangformations are in ane direction, (i.8. some fraction of the material

in a particular k-class is only distributed into k-classes with a grester
{or lssser) flotation rate constent) it is possibla, Just as the group
was rearranged Into collections of O-classps, to rearrenge sach -class
into collgchiens of k-clesses. ond the D-claess solved in ny stages
(n, s the number of k-classes).

If the k-classes within a size fraction,transform in both directions

1.8, to k-classes with flotetion rets constants distributed to other k-classes

with both larger end emaller rats constants) theo all the varlsbles in
each D-cluss must ba solved simulteneously, This possibility is very
unlikely.

5.3.4 Qversll Stuyltanguus Soiution

in the pravious sub-chapters the probism of Flading the elemsnts snd.
inverting a {a.m x momd matrix hes bean reduced to finding Lhe slements
ane lnverting n motrices of size tmG x mEJ for N groups {sach group may
bave & gifforent nusdar of tears so the sizo of the melrices to be
imverted (mG * mﬁ) 13 group dependant). Within pach group this is a
major raduction ag instead of naving to find nz. '"(2; pliements 8nd then
dnvert 2 (n.m6 i3 n.mal matpix aniy n‘mz slemants need be found and n

(mG u me} matrices iovaried. fengrally n >> 1 and the computaiion pims
for inversisn of & metrix inereagses with the cube of its size so thet
tidg 1o & tion in on effort.

The Yu and Xy con by found for each iterstion, and the BTS. da-
termined as the sum of products of trensformstion motrices, (mess
fractional. Than by opplylng equaktion 5.10 to each i (torn veriablss)
for M itarstions to sach group in tumn, %" will bu found (note M is
group dependont) end squation §.4 complotely soived.




- Lf the system ip trooted es & 'bleck box' shown below: -

To allow equation 5.2Ze to be solved by an iterative scheme, so that

*
Y = X=X, 1t cen be written as:i~
Xi*'\

5.4 Iterative Solution of Linear Systems

1 . .
= B.XTHAF 1 is the iterstion dndey = =-=weeewes =-=- (5.11)

Than starting with somo X°, equation 5.11 15 used repsatedly
untile~

Hm X e X e innen (5,12)
vy

5.4.1  Longition for Bisbal Convergence of tinser Systems
The izeretion schoms defined oy wquation $.11 may or mey not convergs

ts X s required by $.12, Whet'er convergence is achimved or not de-
pends an the valus of the spsctrel radius of B, whers the spectral radius
uf B is gafined as:~

pB) = h,
ang "nmx 1is the largest sigénvalue of 5. M

Ortegs - and Rhelnboldt {1870) p 303 shew that p(B)<1 is both
nuca%sary and sufficiens for the convargence of sguation 5.11 from sny
Xof:R T* Thorafora 1 it con o ahown for any linpar system thet
p(B}¢1 then it con be concluded that o linsar system will always uonverge
from any sterting point whon the lterotive schems is direct suhstitution
tequation S.14). (g = n.mde the tatel number of torn variables).

5,4,2 Prosf of Convarpance of Linegr Systems whan using
Diract Substitution
Sguation 5.2 15 the mothometicel model of a lineer system and csn be
written ast-

. - 4
Y8 ALK mn s (5,18)
R 158 AR LF]

R T Y

1 '

X Y
S
. SYSTEN -

then [x} is the sys‘cnr;\ input variablos, {V}the systam output varisbles
R
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B .
ang [BB :;J the system transformation matrix. Now just as the column

sums of unib transformation matrices must equal unity so must the column’

sums of [gs :/;{ squal unity. For axampls some veriable ip veotor X,

Ry is distributed amongst the cutput variables Y and P, according te
the values of the elaments in column J of gB f‘m « But the totsl mass
of variable ) into the system must equal the totsl mass of varisble
X3 in the form of ¥ and P varidhles oyt of the aystem, therefore the sum
t W
of thy olemsnts B AL .
in column J GF';.BB N\_{ must wqual one

It has been estahlished that for a linear sy=tem the aiemants of
the matrix }33 ani 378 non-negative and thet tha column sume of this
matprix equal one.

From Varga {1952) p21 it s known that when D = {d;,) is en :

irreducibls nxn matrix, and .

n H
T g, fe for all igisn cmmmmammeneen (5,44)
P . i
with sifiet insguality for at least one i then p(D)<v

Himilarly whan

"
v [E—
;:’1] dmlsv for ail isjsn . 5,153

with atrict inequality for at lsasst one § then p{D)<v'.
Censsguantly n{0) < mn {v,v%) mmm s (B48)

Irioducitliity s defined by Varge (1982} pid:i-

Befinition: For i 2 an nxn complex matrlx O is peducible if thare
exZab6 &n oxn permut. lon matrix Pn such that

T, 1% Pz :
" | o ;
2

whure B, 1w an e aubmatrix and Oy, an (n~rlxin-r} submetrix where
4srsn.  If no such permutation oxists then O is frreduotble,

Tt sfore iF B, in equation 5.13, is irrsducible and ot lesst ane
glament of B8 ie posibive then P(E}<T. Sub-zhaptur §,3 shows that
B is redueinls, howsver it has buen shown in Appenuix B that for a lowsr
black triangular matrix, D with Dk the diagonal blotks of ths pars
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titioned matrix:-

- e{D) = m:x LT (5.473

Thersfore if the diagonal blacks of B in ite reduced fomm are irreducible,
and if it can be shown thet at least pna of the column sums of esch of
tha diagonal blocks are jess then one then p(B)<t.

Rearranging the elements in 5,13, so that B is lower blocktriangular
and has only irreducible disgonsl block matrices, can be done by re-
ducing each reducible disgonal bloghk matrix, by row and coluwn inter-
changas. The resulting motrix need net necssserdly have disgonal hlock
matrives of the same sizae.

The rearrangid eguatior 5.13 cen be written:~

R e R R 1

»
whers BRi are the irreducible hlock disgona) matrices of the resrranged
8, these mairices erg sguars bubt not necessarily the seme size.

the matrd to the i b af Bg; o0 Bm

Bray
o8

are the matrices formed from BB after the reguired column

i .
intarchangas havs been made and BB partitionsd to vorrespond

with the calumns of the BRi'

and YR{ are the alements of vectors X and Y respectively which

N

corraspond to the sows of the Bm.

i1

Yt Brean * By * Mt

L= L meeemsess (5.18)

% 1L

At the solution vRi = xRi = Xy

N i1

So Xm =

A, F i=

. ,
Brare " BaufRe t e

3
k=4




Summing the elements of the vactors on both sides of equation 5,20

givesi-

B - x| : .
= B
Re E Rt HBry X d

whare the Z{:} sign simply incicabes the sum of all the elements of the

vector in the brackets {.}.

* ”AMF} 1=1,L ---={5.21)

As the sum of the elemeats of gach column of EB QA:{ eguals one,

it con be concluded that:-

- . {XRQ = B 1=1,1

L
ar NBR_(_XM} . I(jui” BRJ,J.XRS,} * i{ESiKRi) = Z(xki) i=4,b -

Rearranging aguation 6,22 end satiing X = XA Bives:i~
ERG, b~ BB K P : .
L mﬁi‘ﬁil = :(Jsiq Eﬁjixﬁi} + X(BBXXM} i1, L -
Raarranging eguation 5,21 glves:~

1=t -
v » .
TR} - 2By Xo.) = 2(1.,31 Booad * B ) d=f,L ==
Compardng squations 5.23 and 5,24 leads to:-
4~ ‘) L -y .

5 B +E{A,FY = B0 £ B...X + £{BB, X, }
ke g Rik R RE geivt RILRL LR

i= it -

(5.22)

fe

{5.24)

(s.087

If the laft hand slde of eguation 5.25 aquals zaro for some pertisular

i, say 1 = I, then this means thet no meterisl is becoming any of these
ible

varisbles, sithsr from fued or tear strasms: Therofore the anly poss

.
veal solutlon, in thia cuss, 1s for Xg, to be a nuld weetor {i.0. sach

element zero}. When p(BRI) » 4, this anlution will only be reached
by an iteretive scheme 4f tha initisl guess, ):;I, is the null vector.

.
Converssly when p(Bg.) = 1 and Kgp ® Os Bhen the true solutlon Xg =
will be Pound immodiately ond will not effact convergence of other

36,
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variashlss. S0 if the initial guess‘ used, is the null vector, then the
possible problem of copvergence of verisbles. for which the left hand
aide of equation 5.25 squals zero, will never arise.

The left hand side of equation 5.25 carnot be negative (as the
elemants of the matrices and vectors in the linsar cese ars non-negative)
and the problem of it being zero has been eliminated. Therefore for
all vard{asbles of interest the le’t hand side of equstion 5,25 must be
positive and consaguantly the right nane wlde must also be positive.

For tha right hand side of equation b.25 to be positive when 1 = I,

2t isast une slement of B or BBI’ 3 = 1+1,L must be positive, and

RyL
hence at least one colimn sum of BRI is leas then one. Bg, is irreducible
2nd has column mums equal to or less than sne with strict ineguality

for at lsast ona colurn, therefore p(ERI) <1 {ny sguatian 5.18).

This is true for I = 1,1

.. (B )<t st

thersfore by agustion 5.17

o{B)<l e s (5,25)

and the convargonce of linear systems by the iterative scheme of 'direct
substitution’ 1s acsyrod.
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6 SOLUTION

OF NON-LINEAR SYSTEMS

Batinition:

Defirition:

Definition:

Definttion:

A pon-lingoy system is one in which some or all of the medels
of the unit operations sre non-iinear.

A non-1ingay model is one in which the unit transformation

matrix varies as a function of the unit feed conditions.

The unis troneformation masrix of a non-linsar model is

the matrix of partisl derivetives of the unit cutput
variables with respsct 1o the unit input variables.

The guatem and group Jacobigne ars the matrices of partisl
darivetives of caleulatad toro variables with respeet to
the sstimated torn verisbles in the system and group res~

pactively.

From these dafinitions tha system ant group Jocobisns sre made up

From the sum of products of unit trensformation matrices along the psaths

batwean tear streams,

8.1 Iterative Solution Schamu for Non-lLinesr Systems

Thy mass balonce of a non~linear system can be found by sclving the large

set or sismiltensous non-linsar sguations,

7o do this an ifterative salution

3 Sehers mpst be used. A typlcal iterative procsdure is opiit into two

pares-

{8] The decompasition of the plant network to an scyclic system
{b)} The convergance slporithm which mekes the iterstion convarge
te the solution

As in chapter 3.2

% the vector uf input varisbles (or estimated torn variasblss] to

the decomposad aystem (r\T alsments = nome 0 ¥ number of varisbles

per stresm ana m * number of tear streamal

(%) the vector of output vardeblss (or caltulated torn varisbles)
Ffrom the decomposed system (nTﬂn.m alemangs)

Then an iterativa scheme uees X and #1X) plus possibly previous

valuws of thess vectors to find o new sstimate of X, which is hopefully
closer to the solutien X of the squation X = &(X). X




Thu iterative scheme can he written asi-

n
nere XeR T, G T 2R, gk T g7
8o X is an 0y dimensional vector and G and ¢ operators on X.

B.1.1 Conditvions for Convergunes of 8 Hon-Linsar Iterative
Schems

Sufficient conditions for local convergence of the itsrative scheme de-

K41 K
J = B K = 0.1« 48 the iterstion index =-n--===n (6.1
1
|
!
!

fined by squation 8.1, to the spiution x' are glven by the OSTROWSKI
THEDREM (Ortega ond Rhainbeldy (1370) p3o0) ast~

() B(X) must b F-oifferentisble st X'
; ang (8 p(6* (X 3}t

) .
G7EX ) 18 the mstrix of partisl derivatives of B(X) with respect to X
at X = X .

6.1.2 Rats of Conversence of a Non-Lirger Iterative Scheme
1f the conditions of 6.4.1 apply than aceording to the LINEAR CONVERGENCE
THEOREN (Ortegs and Rbhainboldt (1870) p301)

- (5:2)

. K
/LX) = s(8'1X))
whers B (L,K3 = sun (8, IH 1 5e © (X1}

ang CLI, X') is the ast of all sequences generated by I which converge
te X', and I refars to the iterative process 6.1

ond R () = 1tm sup [ - KT e mnnnee (603)
15

is called the ‘rogt ponpergence faetor' or R-factor of the seguence.
1 I, and I, are two iterativa pm:assss thh it X then I is

’P-fashur’ than I at X LF R (I,I.X ) < R, [I X J. (Drtegs and Rheinbuldt

[18703 p2eg;,

The vtdlity of this meazure © rate of convergence will be shown if
. N
RUL KD < Ry LTpun } implies that .

(-l Ll =Y k&

whers X° 1o @ momaer of thé saquence genersted by 1‘1 end 2% & member of
the ssquence generatud by I, K 1s tha {teration Index: and Al eny

suitabls nomm.

39.
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. If a sequence (ak}c R%c\nverges then

K
Um  sup {2®) = 1im {af) (Rutiin{1954))
for k¥

So that

. .
R UELXT = [ - |1
Ko

. o
and Ry (L% = e |2 - K]
o
Tharefore for some k > K,]
NI NI A Ry, % 0| w0

(6.5}

* K17k .
arR1(I1‘X)~z<HX - x|l “RUELX) e v
Similarly fur some k > Kz

. ot Kootk *
ARG SRR RN IEARE S TRARY e MM SRR

+
itan R1(I1,x 3 < R1(12.X’l than some >0 exists so gnati-
A N
R,)(I7aX )+ 2 s R1(IZAX H

or RULLKY s e s RULKD - ¢ R (6.8

S0 that for k > & = mex (K1,K2) aquation §.8, 6.7 and 6.8 toh be com
pared to glve:-

I RN I T
Consequently:~

[ = 2 114] 125 - K1 for Kok whan Ry (2,5% < 8, tZ,X) === (6.9)

‘Therefore,by sguation 8,2 and S.G,D(G'[X'J) ran be used s a measure
of the ratn of convargense of an dterative schemes and the smaller this
value the foster will be the convergsince. Or in other words the iterative
sohems wikth the smallest P(G'(Xt)) will be slosost to the solution after
a fixed numbor of iterations provided that this number is larger than

goma mindmum.




6.2 F-Diffsrentisbility of G(X‘l
One of the conditions for local convergsnce in sub-chepter 6.1.1 is that
GUX] be F-differentisble st X = X’. This is very difficult to show
dirsctly, however Apostsl {1974) p357 gives suffictent conditions. These
are that ong of the partia) derdvatives of G(X) exists and the remaining
(nrm ~ 12 partial derivatives axist in the vieinity of X' and are continuous
at X = X .

The system is made up of models of units of ore dressing equipment,
argd the mathematical mocel of tha acyclic system is made up from these
equipmant’s unit transformotion matrices. Therafore if pech of the unit
madels fulfill the cbove exisience and-tontinuity conditiens then the
systom must also fulfill the conditiens. "

Lineer models definitely have partisl derivetives wnich are con-
tinuoue (in fact constant aver the full renge of input verdables). Non- .
linpar modals, which hova been extracted from the literature, {ese Part IIIJ,

and are included ss library moduls subroutines, also have continuous

darivatives. i

The conciusion ig therefore that although F- diffarentiality eannot
4e proved for gvery possibls case it can be ensured hy cereful selaction
of models, that thiz gondition is met.

the Method of Sirect Substitution

8.3 Convergency of
substitution i the mathod of convergence when the iterstion schame

by equation 6.1 hus

B{X} = ¢(X}
Convgrgance of this schoms is snsured IF (hy sub-chapter 5,1.1)

(e (x2) <1
whers 4"()(‘] is the matrix of pertial derdvatives of ¢(X) with respect
to X at X = X

Cannidar the systam shown belowi-

I,_.._).(.H—n T S——
i Fo SYSTEM P
P b

whera Y = (X} end F and P are the vsutors of ull the system feed and

product variobles respestively.

i
|




,‘,
i
|
i
!

. At ‘steady stets ¥ = X = X
A, o,
and 3o tt o)
11 geg 3
whara e and nF are the number of feed and product varisbles respectively
and np = nxm 18 the total number oY torn varizbles. I at this steady
stets a small increase ooours to one of the variables of X, say %z then
by mass halence i~
a, n, f
T s e . o N, .
TR, *AX *ﬁ'fht(y‘fAl#ZP + A
1oy 1 ) g1 K g Tt Yy 1=1(p1 p,y)
n n
nens dxy = 2 dy, 2 tny
=1 1=4

. np e

IR TR AR N o ~men (6.10)
=1 1a1

Using sguation 6.10 for AxJ > 0, there are six possible consetuences . for

o, n
oty ena el g e
i=1 1=4
n. n,
{Lat Ey = ITyi and Tp ¥ S_‘Ppl)
fap o 1=
Fip
{aY If Ay » O then Afp = Ax, end =— »0
3 axJ

(b3 1F &Ly > 0 ood Mp > O then 22 >3
3

(o} If ALy > @ and Alp < O then % <q

but 1f this heppored Aly > AxJ. anu this implies that Af & swall

incraess is made 1n Xy from the stoady state valua, then g larger
inerabse octurs in Ly, Th.s means that instesd of the disturbence
belng demped i becomes increasingly largar and the system moves
further and Purther from the staady stete.

4
(d) 1% Afy < 0 endg AZp » O then -5% >0




If ALy < 0 and AIp < 0, impossible as AXJ >

(e}
If AZp = 0 then ASy = Ax.. this situation impliss that for any

(f)
chengs in %y ®xactly the sema.change occurs to Iy and hence
e o [ :
ST Xt AxJ Y yi + ATy
i=1 i=t
sc thet thers ere infinitely weny possibls stsedy states, which is
impossible in normal circumstences.

Thersfore e »3, except for the vary unususl situation when a
For purposes of

plent is controlled to cperate at an unstaole point.
this steady state simulator it is posslble, without imposing any im-

portent restriction on the ussr. to ignore thesa strange ceses,

A genersl mess halance on the syatem glvesi-
. n n o
R R U AR N e N I}
1=y ket i=1 1=1
Partially aifferentisiing sguation B.11 with respect to Xy glves:i~ .
PR A3} [ PANERES)
;W %
J 3
M
but QXJ > a

therafors -:-E-L 41
i
tiow as %y waa chosen arbitrarily:-

BB < sortsgsng
g

g -
rﬁg_;_ <Ufamdsdsng

n
hanoe ¥
derd

s

A




From the gefinition of the system Jacobtan, #*(X ).

3y, By, 3y,
ax1 axz ’rlan
-
L S T e ety (6.15)
3y Ay
HT R nT
¥y axn_r Koy

. . 3y
fierex )H,l = hax 87 fpd | {1, nasm far matricas, Urtege and

: ™
1330, 31T preanbalde (18763 pat)

By, .
ang l‘?"a‘a 20 for1 x4, j,snr """""""""""" (8.18)
. a
then ]|(b'()(‘)[l1 " max ;T —t

tsdny 204 O

a6 HQ'(X')H., <1 R (8.47)

toy equation §.14)

ad (8 (K1) <t dardlan T e 8.18)
{vargal1862) pg)

The restriction imposed by eduation §.18, that the elements of the
Jacohisn be non~nogative, ls not ssvers, - Fur a lineer systam 1t must
be true {see sub-chepter §.3.2) ond for & systom that is slightly non-
inaar ft 1s axpectsd that the positive moss flows will dominate any
negative non-lingaritives.

1t has hesen steted by Brover [1004) p27;  that ss the charactaristic
reots of o matrix chenge conbinuatsly with ths slemshts of the matrixs
8 matrdx, which hes mostly positive elamgnts and 2 few negoetive elements
of refativaly emsil absplute velus; will hove similar proparties to
positive motricas. Tharefore as tecreasing ine elexonts of a non-negative
mekrix redutes dte wlpenvalugs, (Tausky (1864)p127), end hence 1ts spectrel
radivg, having & few nugative slaments of reletively amall absolute valus

dmpligs:~

p('l"(x‘) Pow nugative) < p('b'(x“‘) nen nogativa)

Hence

"
ol#'i% 1)) <1 1n normel circumstances




Several suthors (aeé sub-chspter 3.3) have cleimed that direct sub-
stiturion will slways converge and this supports the conclusion represented
by equation 6.19.

5.4 Converpence of Newton-like Hethods
Direct substitution is vary simple to apply but unfortunately cen be slow
to converge {sub-cheptar 3.2 and 3.3).

To speed up the rate of convargence Newton-like methads have besn
opplied, and eguation 3.3 in terms of equation 6,1 gives:-

B = X = (Do ) X - 000)  emeeeeeneneees (6.20

As the elemants of $'(¥? are not usuelly rmadily availsble (see
sub-chaptar 3.2.3) 4'(X) is spproximated. IF Q(X) is chossn to approximate
$1{X) in agquation 8,20 then a Hewtom-like method has Lsen created, end:-

B = x - (1= 0) T (x- o) s (6.21)

Partielly diffsrentiating 6(X) in eguation 6.21 with respect to X glves
i
the matrix 6'(X'J and at X = X't~

ey s {1-a ) - eo)]) e x - e

E N b ‘ .
Comnky e e e )Tl () - e em e (5.22)
For thg local convergence OF these Newbon-like methods it 1s
)
sufficiang for (8’ {X J) <1 {by sub-chaptar §.1.1).
The choice of GIX) plsarly hes 2 significont sffect on the rote of

converganes,  For axamplst~

{a) QUX) = 4'(X}:. Thia is Newton's method s6 givan by equation
+ .
§.20. From pquetion 8,22, G'(X ) = O and hence p{8' (X }) = 0.

(b)- O(XF = 0. This i3 divect substibution, ss from equation 6.21,
X s *
B(X) = %{X3. F om equation 6.22, a{6 (X)) = p(#'(X )},

(o) QLX) = diag (270X} )¢ (0(X) 4a thy null watrix with the seme
dlegonal slemonts ag ¢' (X)), Th!» 4s Wegatein's method, In
sub-shapter 3.2,2 Wogsteln's method is shown to obtain successive-
ly botter approximations of the pertial darlvatives of each
variabls with respoct to iteelf as the sulution ip approached.
These derivetives are the dliagonsl eloments of &' (X) at X = xt.
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(d) Q(X) = block diag #'(X) . (QUX) 4% the null matrix and has
the same block diegenal elemonts as &'(X), which are chosen
in the seme way es ths By, of equation 5.10).

In sub-chapter 5.4 a methed of solving linger systems by e sequentisl
aimultanecus technique wes duveldped based on the charscteristics of
linger ore dressing plants. In gonersl it is expscted that the unit
models will not be highly nan-liinear, as the discretizatinn of the
straams (sub-chepter 4.1} is intended to minimize the intaraction between
torn vuriqtzlgs. Tharefare epplylog ‘s similar technigue to nes-liinear
syatems should allow fast sonvergencs, (Mote: for linear systems
¢'(X] = 8 of chapter 5},

This black diagonal choice of H(X] will bs called the "Reduced
Newtan Method' and 1ts convergence tharagteristics are oo sidered:in
the next sub-chaptar.

§.5. The Reduced Newton Method

B.5,1 Convergence of the Reduced Newton * thod

From subrchapter 6.3 it can be axpe oted thak when 2'{X} is nop~nsgative
or hes a feu negative slements then the 11 norm of B !X‘J will be less
thar oni (Hf}‘(X’JH,‘ < 4} and honcs thas p(@'(X‘)) <.

Working from the basis that #(x) 2 0 and n(rb'(X'}) <4 it is
provad in espendix A1 that p(G’lX.)) < 1 for the reduced Newton methad.
Therefsre in this case the reducsd Newton method gusrantess local

CONVEIReNtS .
Fopendix A2 takes this a littls further and proves that if
o Jorex 1]} < 4 then of 6 (%)) < 1 for the reducsd Newton method whien
only 9¢x') 2 O tnstsad of 41(X ) 2 0.
Ortegs end Rhpintoldt (1970) pd1 define the 1,] and 1, vorms of
matricas asi~

mn
[lafly = mex 2 oyl

48dsn 4%
L layl
and | A s mEX a
Hatl, sigm gxt
where AeR™™
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SQ‘tnat 1f either of thess norms of @'(X‘) are less than ong then
PUP O < 1 (as [1ai], = ]0al]], ano [all, = [11ALLL,) end tns
praof in eppendix A2 will hold.
The requirsment that m‘(x‘) 2 0 or-certainly Q(X‘) 2 g will usually
i be setisifed as the mess flows shbuld dominate eny small negative non-
linseritiss, so the locsl convergence of che reduced Newton method
- 4in normal circumstances is virtuslly ensured. However & campletely
general proof, that this (or any ather) iterative convergence schems : i
will alwsys exhibit ipcal convergence op any non-linesr systew, does nab

seap possible.
In appendices A.3 and A.4 a very lengthy proof eventually shows that
. the redvced Newton method slways -exhibits local gonvergence on any
non-iinear system for which l|q-'(x')“w <1,
. It hes not bsan possible to demonstrate that |]ef(x 1|}, < 1. but
it hes bsen found as a corrollary of the proof in appendix A.4 that:-

Hegllo < Her e, B (5.24)

whara Goy = G'(X‘) for the reduced Newton methad Aithaugh equation
6.24 dees not nscessarily imply that p[rsRNl < p(¢'{X }) and hence by thé
tIinear cotvergence theorsm' [sub-chapter 6.1.2) that the reduced Newton
wethod convarges ot & faster rate than direct substitution, it is e
streng indication in its favour, A sscond, but also not necessary, im-
plication is thet if direct substitution converges {as is highly likely
by sub-chapter §.3) sg should the reduced Newton method.

6.5,2 Ostermination of @ for the Reduted Mewton Method
In chepter § the product of mess fractions of 'similar’ verisbles (see

sub-chapter 4.1) along the paths betwsen taars are the elements E“

required 4o sslve equetion 5.10. Similarly by the chsin ruls fo-

partisl dertvatives the slsments of the Jacobien (¢') which are used in

the reducsd Newton method, ers the products of partisl derivatives of

faimdlar’ veriatles for sech unit along the paths between the tesr

streams .

The calculation of these partlial derdvatives by the path product

! method 1s quite 4nvolved in terms of computer logic. However it doss
provide the actual derivatives and if by having the actusl derivatives
ane dterstion can ba saved, then in wedium or lai-ga sizas plants the cost of

! uatng this method is more than oompwnsated for: Anather advantegs 'of the

| reduced Newton mechod is that For a linear system the elements ETi




of gquatiun 5.10 ere found and this egustion can then be solved exactly.
For thls technique to work the partial derivetives of each vutput
varigble with respect to the same input variabls musi be found for each
unit. For linear sepzration units these partial derivatives sre the disganal
slements of TJ {ses chepter 5).
The trensformation metrix of a linear ssparation unit is diagonal
and hence
! TR T
e the dinge : th th
whers tij 38 the diagonal element in the 4 row and 17 column of TJ
for the ueir
“13 is varieble 1 of ouiput stream 3 from vhe unit

F urls

vy is veriable & of the input stimui =

: The partial derivatives required for linesr seperstion units cen

i tharefore be obtained sxternally from the unit models by using the input
and outputs. For non-linger separation units the fraction W:Lj/vi will
not be exactly the required partial derivative but iF the-unit is nearly
Limear it will be & good spproximaticn,  This s similar to the Modified
Newton Mathod (Ortega ard Rheinboldt (1870) p187) where the Jecobien
is not updated every iteration and the same Jacobisn is used for ssversl
itgrations, This method i3 besed on the sssumpbion that thes Jecobisn
doeg not Gnenge much sach iteration. This ldea of using the mess frac- .

i tion "'iJ/Vi to epproximate the partisl derivatives of a unit is shown

N ti work in TEST EXAMPLE II. Here the separation unit is the King

H Flotstion model which involvas an internsl iteration end the determination
af the actusl derlvatives is vary awkward.

Thes- mass frastions will not be good approximations to the derdvatives
for trane . - tion units as the transformstion matrix sven in the lineer
cays i not disgonal. These derivatives should always be genersted -
intepnally by the unit model.

6.5.3 Grouping Non-iinesr Systeme into Subplants

T as with linear systems (sub-chepter 5.4.1) it is posaible to group
Units 8o that there ig no fead-back of material from sach group to

} any of the preceding groups, and the rows end celumns in the system

! Jagobisn are arrénged so that the M,l torn variablm§ 'n the first group

i correspond e the first M1 rows snd columns, the MZ torn variables

: in the second group sorrespond to the sscond MZ rows end volumns etc

; then the system Jacobiasn #'(X] is lowsr block triangular. This is bescause,

{




by the definition of a group,there is no material flow (o preceding
groups and hence changing the values of the torn variabies ip any group
cannot have any effect on the torn variasbles of preceding groups.

In the itaretive scheme defined by equations 8.1 and 8.21, Q(X)
approximates @' (X). As ¢'(X) is lower block triamgular it is only
necessary to find thz lower block trianguler-elements of Q(X). IT the
whole system is to be solvad simultansously (in the sense that all groups
are solved at the seme time}, and ¢'(X) is arrenged as suggested in
parograph one, then:-

. N L
ot = ox ) =
O Oy e
S 00 Oy

whare “‘13 ars "i x l”lj matrices, and there ars M groups in the system
The rete of convergenca of this scheme s given in sub-chaptsc

B.4 ssi-

p(e 1)) = (1= oM e 1x’s - o)

1

nere the bluck diagonal metrices of (1 - 87" ere (1 - 9,0
(Lepidus {188Z) p252] and the lowar off-diagonal matrices ere re-
presanted by P“. B

o o
So {I 011! Q ki)
~1
. 3 (2G,)
'y ety o | A =z,
[Pt 7 A




henc - -1 a. e
=nce Ty (870, 0 o
= -1 .
Pa1 (1-059) < (y7055]
oy e ot. :
i Ryy = ¢ c e PRI,
W re? - |

wheras Rj“j are the “i x M, matrices corresponding to the aoff disgonal
1

lower block trisgonel matrices af (I-@) . (#'-Q)
Then from Appandix 8
ola-a™ 7 er-a™) n max oltrg e - 0,0) mmeeien (5.25)
gl

IT instead of solving the groups simul’tanzausly each group ig
solved in ssquence (1 to M), then the interaction of torn varisbles in
group 1 on those in group §, for i¢) are not considered and Q{X) is
block disgonal.

H For this cess

9y 8 e 0
LI L
° " Brad
Z 50 that [i1-9,07" 68,8, o L+ ]
4 .
(I_QB’-} o _05) i H ] [I'ﬂzz) . (¢22'Q?2]
B e e (-0 ™ (g By
end B,~1 B -1
P (=g e -07Y) = 1:;;:’“9(1?%! R L (5.26)

Tharefore by equation 8.25 and v.28

- - B
a(cz-a™ ™ gt = o (- (o)




Consequently by the linear convergence thsorum (sub-chapter 6.1.2)
the rate of convergence of both these methods sre identical. This means
that if a system can be partitioned into groups, then each group can be
solved separately, without altering the rste of ronvergence detrimentally.
while reducing the problem to several smaller ones. This can be a great
sdvantage as it can raduce the storsge requirements and computation effort
of & simulator considerably,

6.5.4 Effect of Problem Size on the Reducsd Newton Method
1t is enticlpated from the natyre of the recutwd Newton method thab
the computotion per iterstion will increese linearly with the oumber of
torn verisbles. Howaver increasing the number of veriables per stream
will ingrasse the computstion in each unit model and incressing the
number of units will also incresse the computstion effort per iteratlon.
The totel computation time is the sum of computation times:-

(&) within the unit medels
- {b} wi.hin the convergencs method
i {c¥ within tha convergence loop other than (&) and (b}
(d} outside the sonvergence loop
If the increass of computation time within the models is linear with
incraasing numbar of varisbles and increasing number of upits then:—
¥ = n.quxz.xa + B.)(.L,-)(3 * C,XS + B eeeeewesaeo - {§.27)
i (a) (b} (e} (d}

where Y = totel computation time
%, » numbsr of units in group

4
X, = aumber of veriable par stream
Ky * numbsr of ltsretions

s0 that

A = aumber of secomds/unit/verisbls/iteration

B « number of seconds/tear/variable/iteration

C = number of seconds (other then (&) and (b))/iteration

0 = aumber of seconds

| 1n ordsr to varify tho sssumptions of linesrity used in creating
H equation B.27 a flotetlion plent was simuleted for sixtesn sets of
units and stresm variables, The schematic Flow disgram of this plant
¢ : for simulation is shown in Figure 1. !
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Consequently by the linear convergence theorum (sub-chapter 6.1.2)
the rate of convargence of both these methods are identicel. This means
that 1f 2 system can be partitioned into groups, then sach group can be
solved separately, without altering the rate of convergence detrimentally,
whils reduaing the problem to several smeller ones. This can be a great
adventage as it con redyce the storage requirsments and computation effort
6f & simulator consicershly.

6.5.4 Effect of Provlem Size on the Reduced Mewton fethod
It ie anticipated Tvom the nature of the reduced Newton method that

the computation par iterstion wiil fncreese linesrly with the sumber of

torn varisbles. Howsver incrassing the number of variables per stream

will incresase the computation in each ynit mosel and increasing ths

number of units will also increase the computstion effort per iteration.
The total computation time is the sum of computation times:-

{a} within the unit models

(b} within the convergance method

(e} within ths convergence loop oihar then (e) and (b)
(d} outside the convargance loop

If the inc - e of computetion time within the models is linsar with
incressing number of vardsbles and increasisg number of units then:-

Y @ AKX + B Ky y g+ D Snmmmemeeemeee [§,27)

27%3
£ {t) {e) ()

where ¥ = total computabion time
X,. « pumber of unita in group
®, @ numbar uf varieble por streem
Ky = pumber aof iterations )
g0 thot
A = nuwbar of ssconds/vnit/verigble/itersticn
8 » number of seconda/tesr/varletle/iterstion
€ = pumber of seconds {othar than (a) and (b)}/{teratioen

0 = numbar of seconds

In opder to verify the sssumptions of linearity used in creating
equation 6,27 & Piotetion plant wos simulated for wixteen sets of
units and stresm verisblss. The schematic flow diagram of this plant
for simuletion 1s shown in flgurae 3. )
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FIGURE 1 FLOJ DIAGRAM OF FLOTATION PUANT

Units ona to four are banks of fiotstion cells modelled by the adaption
of Sutnerlasnd's model {see Part 1II). . In this way the numbsr of calls
{units) in each bonk oun be varied without changing the plant configuration,
alsg this motgl is non-linsar so that tha simulation is not too specific.
Units Five and six are wixing nodes.

In téble 3 the sets representing problam size ere indexsd \.-qitn & two"
digit nurber. The First.digdt relates o the .umber of variables per
Ftrmam and the second dight te the number of uwnits. For sach set the
autber of iterations and total computation time has been found. This
dats wog fitted by msens of & lpast sguars regression to squetien 6.27.

As 838 x 6073, B e BB x 1075, Co 422 x 1071, D = 882
are the cnaffiuimts found far equetion 6.27 an. ~ ¢ average percentage
grror for all the pni:{ts is 1:88%, This extremely low error justifios
the ssgumptiona of linearity.




: TABLE 3  RESULTS OF FLOTATION PLANT SIMULATIONS

NUMBER |  NUMBER UMBER COMPUTATION
. SET. UNITS | VARTABLES | ITERATIONS| TIME SEC
P 1 8 7 13 1.680
; . 12 15 7 4 1011
: 13 24 7 3 1.12
14 3z H 3 1.26
{ 21 8 13 11 2.08
22 | 18 13 ) 4.42
23 24 13 3 1,43
24 32 73 3 1.61
31 [ 18 11 2.54
32 1 18 4 1.71
33, 24 18 3 1.76
34 32 19 2 1.71 :
41 8 25 19 2,81 P
42 18 25 4 2,05 ;
a3 22 25 3 2,08
44 a2 25 2 1.87

Several gsints should se noted:-
f&) Tha stream variables are categerized into 3 G-clesses,
? 8-classes while the aumber of D-clssees are veried from one
o four.

(b) The extra varieble in sach stream is the watsr flow,

Tha computation time can vary whenr runniog the same systen
ab diffarent bimes of day, depending dn the system lvading.
This variation can bo up to 0.1 seconds, which in this cass
i3 about 5% of the total crmoutelion time. The error of 2%
15 well within this r

{e

(d) The number of lteratic »red to resch convergsnca decreasss

: with sn inereasing numbor of cells par bank. Thers are two
raasong for this. The first de thst in this particuler cese

the initial guess of torn varieblss (sach set to unity)

|
|




happens to be closer to the solution when the number of cells

is larger., The second 13 that the non-linearity of the Sutherlend
modsl is due to the limitation set on concentrete flow from

each cell, so that in & benk with a large number of cells only
the Firot few are offecled by this limitation end the remainder :
behave linearly. This impliss that the overall system is

becoming mora linsar. end eventually the number of iterations

requir d is two (Set 44}, the same number thet would be re-

quived if thg system was linsar (one iteration for solids

cenvargencs end the second for the water balante).

From the rasults, squation §,27 con be written as

. -3 -2 ] ;
You 838 x 10T R Ky Ky 318 % 9070, K #1328 100 Ky v 592

with the Average Eprror.» 1.88%, This equation in three varizbles
(x1. XZ’ xal cannut simply he disgrammed in two dimensicns. However the effact
of the third tarm is smell, so IFf C i set tg zerv In.equatisn §.27 then:-

Y = AA‘X,’XZXS * ﬁB-X2X3 + 0o - {5.28} I
Doing & least squarss regrassion on this equation glves:- :
Ane 574 x 1070 BB = 900 x 9677 0D = .768
, with the Averege Error = 2,34%
This 15 alip s good Fit end now sguation 5,28 can be writien:- ot
=== (6.2} :

Y- . -
z (AR, » BBV, * (AALX,).X, + (38.X))

a0 ghat 14 Yo .76 'x:r’g is plotird ageinst eitber XZ with )(1 constant or
agelnat X’l with xz constant 8%rooght lines ghould result. These plots
: have bsan gone in Grephs 1 and 2. Tt can be sasn that when the number i
i of cells (K,‘J 48 held conslant the olet is very nearly linsar hewever ‘
¢ whan the numbor of vardeblse is held constant the plots are slightly
cupved particularly the top end. On examining equoticn B.28 it oen
be ssen that this implies that hoth AA end BB are independsnt o X5
but are sligntly depandont on x,l' This dependancy can be partly ex- i
plalned by the earlier dissussion of the varietion of non-linearity of

the flotetion call model wikh veristion in the number of calls. :
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It can be concluded both from the regression fits and graphs that
the computstion effort required by the reducsd Nuwton method increases
linearly with problem size. This is o strong point in the fevour of
this methed as the problem eize can pecor i very largs.

6.8 Comparison of the Puduced Mewton Mathod with Other

Convergence Methods
Tie twe convergence methods often used by chemical plant simulators are

diragt substitutlon ond bownded Mepstein. The anslysis in sub-chepter

6.5.1 sugpouts that the reduced Newtor should bs faster converging than f

direct substitution, The bpunded Wagstein method does not consider

the intsraction betwsen veriebles in differsnt tgers, so that if there

is mors than one teer in the system the redused Newten should be supsrior.
To demonstrate the reduted Nowkon's superlority the same system as

used in sub-chopter 6.5.4 13 simuleted for SETS 14, 22, 33, 44 when

using direct substitution and bounded Hegatein as convergence methods.

Theas results are sumnarized in table 4, and Graphs 3 znd 4.

TABLE &  COMPARISON OF CONVERGENCE METHOOS
Gir€LlT
FROSLEN SI28 RECULED NEWTON BOUNDED WEGSTEIN SUSSTITUTION

T hovmenl murmen aurser | viee | nwser  {TmE  fwommer | Tiee
LTS | VARIAILES! TTERATIONG SECONDE TYERATIUNS: SECONDS! ITERATIONS SECON%

Tt 8 7 180 29 28 2.33
22§18 13 1.42 Ll 9 1.87
331 24 18 1,76 8 “ 3.40
447 32 25 1.97 i2 14 §.43

When the prablem size is small, evan though the reduced Newton

nowda far fewor itsrations Yo reach convergence the 6nal cost
of using this mothed mesng thet the overall soving in computer time is
low, However as the problem size incroases the greet sevings thet san
be made with this method becoms very opparsnt,
At small problom sizos there is no difference betwoen diragt sub-
stitution and bounded Wiegsteln but a¢ tha problem size incrseses tha .

bounded Wegstein becomeg more compebitive.
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These results are exactly what would be expacted from the theory.
All threw convergence methods will be available to the user of the
simulator. In the cese of a linesr system the reduced Newion method
should be used, @s global and exsct convergence will be achieved.

Far non-linear systems only local convergence has been shown and
of the thres methods, direct substitution is expected to have the largest
radius of convergence. However it is recommended that in all clrcum-
stances tha resduced Newton method should be tried first, if it fails
better estimates of the torn streams should be inserted. I convergence
i5 still not achisved, or if it is rot possible to estimate the values
of the torn stresme, either direct substitution, or pounded Wegstein can
be tried in combination with the raduced Newton. This comsinetion im-
plies thet s few iterations using direct substitutlon or bounded Wegstein
are done and this should so improve the valuss of the torn stresms that
1t will thes L. possible for the reduced Newton to rapidly cor.erge to -
& splution. IF this combined approsch .slso falls, and there is only
a single tear, the bounded Wegstain may succesd elvne and, os a last re~
sort, direct substitvtion alone cen be tried.

All the nhon-linear iibrary modules, except the adeption of Ring's
+Flotetion model, {ses Part III} provise the partial derivetives required
by the reduced Newton mothod. If kthe user wishss to create his own
unlt module he should also provide these derivatives as thig is generslly
gasily done. In the event that the partial derivetives are nok provided
and the éystem doss not converge then adding these derivatives may allow
CONVErgancs.

Another possible way of achlaving convergence 1s to do @ dummy
simulstion with 1inesr wodels which approximate the real ones and then
use these caloulsted values of the torn streams to start the real simulstion.




7 PLANT TOPOLOGY

7.4 Repressntation of @ System of Process Units
A 'pracess flow diagrem' of & plent depicts the eguipment and pipes
conneéting this equipment in graphicel form: The pipes are shown as °
arrows pointing in the dirvection of matsrial flow.

MIXER ROD MILL

CYCLONE

FIGURE 2 PROCESS FLOW DIAGRAW

An example of o simple process flow diagrem is shown in figure 2.
The process flow diagram must bs encaded in numericel form if it is
to be used in & computar simulation, This is dore in two steps, the ~
first is to construct an 'information flow dlegram' and the second
is to put this diagram into numerical form. The informstion flow
disgram of the process flow yiagram in figure Z is shown in figure 3.

) UNIT HO 1 . jUITHOE WITNO 3|
TXR RHILL CYCLO0  f—ei
(Type 20) (Type 1) {Type 9}

i 4

FIGURE 3 INFORMATION FLOY DIAGRAM
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. The informstion flow diagram Ax‘spz‘sssnta & flow of information, via
streams, between models of unit modules. It is constructed as followsi-

(2) Represent each item of eguipment by 2 square hox

(b) Each box is givan the name of the corresponding unit
medule

(e) The flow of information between units are drewn as directad
lines (stresms), with the arrows indicsting the direction
of flow

(d) The straams ond baxes are numbered separately, ususlly in
ascending order in the direction of flow, The rumbering
is erbitrary but no two units or straams may have the
samg number

In this axample the feed stream has been numpersd 1 and the pro-
duct stream 5. Tiea mixer, rod mill and cyclona have been numbered
1, 2 end 3 respecitvely, In addition the names of the subroutines thet
represent these units are MIXR, RMILL and €YCLG. Because FORTRAN is used
as the g 1 E and list p ng is not easily done,

the pnift modules alsp have TYPE numberz to simplify manipulation, these
are 20, 1 snd 9 respactivly,

Althaugh the information flow diagram will generally ressmble the
process flow disgiam there will be some strean - and units which are
not in both disgrems. For exempls surge tank  -x pumps have no sffect
on steady state mass balonces 8o cen be ommitted. Alsa, to facilitate
tha stendardization of the unit modules, separatien and transformation
units will only be allowed one inpot stream, so that mixers will be
the oniy ualt type with more than ona input stream. Mixer units are
only allowed one output stream. Baceusa of this convention a separator
ar transformotion unit with more than ona input in the process flow
diagram becomes two units, a mixer plus the separstor or transformetion
unit, dn the information flow diagrem. This convention is needed to
meke the calculation of split fractions from outsive the unit model

possible.
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7.2 Convarsion to Numericel Form

7.2.1 Relstionships Betwesn Streams or Units

To represent the informetion flow diasgram in numerical form & Boolean -
metrix of ones snd zeroes, nalled the adjai:ency matrix cen be used.

First the information flow diagram must be converted to a 'digraph’

or dirsctad greph which consists of vertices and edges, the sdges

join two vertices and are directsd from one vertex to another. For

the example in figure 3 there are two possible digraphs, one with the
units as vertices and stresms as sdges and the other with the streams

B8 vartiems and units as edges.. This sscond digraph is cslled a

'signal flow groph'. Both the digraphs and associsted adjscency matrices
are shown in figure 4.

FROM VERTEX

1z 3
1‘ -
140 o
v 2.1 8 @
ERIEX3 o 4 g

DIGRAPH
{UNITS AS VERTICES)

FROM VERTEX "

. 4 2 3 4 5
OO0 +do 0 o o a
: 2i4 1] G 1 o
10
o VERTEX 310 4 ¢ o ﬂi
STGNAL FLOGRAPH elo 0 4 0w
(STREAMS AS VERTICES) 5 th 04 [

FIGURE 4 DIGRAPHE AND THEIR ASSUCIATED ADJACENCY MATRICES

The adjpcency metrices in ¥igure 4 are very spsrss end storing
all the zeroms is wasteful, Xf the vertices which srs Joined to sach
vertex are listad, then thuse lists can be stored in the 'src oparator
matrdx' as shown in figure 5. It s very unlikely that eny vartex
will bo joined to all the obthers therefore the number of columns in the
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arc operetor matrix will be less than the number of vertices and hence
the storage required is reduced.

12 o o‘t
FROM A (3 0 O
VERTEX 3|4 5 0},
alz o o
slo o o

FIGURE 8 ARC OPERATE! JATRIX (FOR SIGNAL FLOW GRAPH)

Howevar this matrix is olso sparse and a beiier way of storing
the lists of vertices reached is by storing the lists in e string
callad the ‘stream vector' end then having en indsx to distinguish the
lists.

{2 83 4 5 2} Stream Vector

(1 2 4 & 8) Index

8  STREAM VECTOR AND ITS INDEX .

The stream vectar.and its index for the example in figurs 3 is given
in figure §. Beginning with vertex 1 in the arc operator matrix, tha nan
zorg =lements in row 1 are inserted into the.first position of the streem
wvector. When all the non-Zero mlaments have been inserted the finel
poaition Filled ig noted in the 'index’ as its first elsment. This
procudore iz repeated for each rovw of the are eperator metrix and thas
elomonts are cotensted to thoss elrsady in the stream vector. For sach
vartex the position of the lest element storsd in the stresm vactor is
noted in the indax, Jain end Eskman (1872) claim storage savings of
80% to 95% on thu adjacency matrix"

7.2.2 Relstionships Becwoen Stresms and Units
For any eimulator to work the input and outpulb stream numbers for svery
unit must be known. The digraphs with theilr adjascency me*rices do not
provide this deta. Dna wey of describing the interconnection betwsen
sireams and unu:s 1s by means of the 'incidence matrix’. .




FIGURE B  STREAM CONRECTION MATRIX

STREAM NUMBER

1 2 3 4 5
WIT 1 ,’H -4 0 + o
NUMBER zi o P o o

3.0 LU 1 -1

FIGURE 7  INCIDENCE MATRIX

The incidenca matrix for the exemple &n figure 3 is shown in
figurs 7. Here '+1' in position i,] shows that the stresm number re-
prasented by column J Js an input to the unit nurber reprasenten by
row 1. Cotversely '=1' indicates the strsam is an output. In this
exagple stresm numher 2 is en output from unit 4 and is an input to
unit 2, therefore the column for stresm 2 has '=1' in row 1 end '+1' din
row 2.

The two mein problems with vsing the incidence matrix are:-
(s} Storage is wasted, because it is sparse

(6} The stream number corresponding to the First, aecond or
third output from the unit is not provided. (The unit model
must know whish stresm number is concentpata, middling or
tail).

Both these difficuliies sre cvercome by the Straem Connect®on
HMatrix {SCM). This matrix is an erray with thres mlaments per row, - the
Firsp eniry is the stream number, the second and third are the.uniy
numbers of the units from which the stream comes and to which it is
golng, respectivaly. The stream connegction matrix for the information
Flow disgrem of figure 3 is giver in figure 8.

STREAM FROM UNIT TG UMIT

NUMBER  NUMSER MNUMBER
1 g 1
2 1
3 2 3
4 3 1 B
§ 3 [’}




The conventions that: feed and product streams come .from and g0 to
unit 0 respactively; end the ordsr in which the stream numbers appear,
starting with row 1, is the arder of output stresms for sach unit; are
used. So in this example streem 4 is output 1 and stresm 5 is output 2
From unit 3.

-+7.2.3 Relationships Betwsen Unit Number end Unit Typs
Bothy the stream connsction mebrix and the incidence matrix do not relate
the unit number to the unit type and unit name. A popular method of
transferring all this informetion is the 'Prosess Matrix',

UNLT UNIT UNET ASSOCIATED
NUMBER TYPE NAME STREAMS
1 20 MIX 1 4-2 0
2 1 RMILL 2-3 00
3 g CYCLO 3-4-5 0

FIGURE § PROCESS MATRIX

The process matrix for the sxample is given in figure 8. The
ASSOCIATED STREAMS ore given &s a list releted to s8ch unit. The in~
put stream numbers, with positive signs, are given first in the order
of inputs and these are followsd by the output stream numbers, with
negstive signs, in the order of vutputs.

7.2,4 Belsction of Nomerical Form
An edvantage of using the process matrix ds that it is easlly under-
stood by the enginsar. The disedvantsges ere that it contains blanks
{zero’s) and At is not very flexible. The inflexibility is cue to the
Fect that swch yow of the matrdx is nat indapendent of the others so °

that when ehanges in stream number or siream destination are wanted
neveral changes must bDe medz and this cen causy errers, Using the
straam connection metrix sach row is independent end changss can

resdily be mads, The stresm cornootion matrdx also contelns no blarks.
However it coes not relete unit numbere to unit types but this can
sagily ba done by snother arrey. In the simulastor the subroutine name
is relsted to the unit numbar and the unit type number is allooated

by the ccmputsr’ta each name the first time L1t s presented during dnput.
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The stream cannection mal:ri)f: and unit neme array heve been chosen .
1r; .prefersnce to Lhe process metriz for data input. The étmam vector
plus index is used for internal storage of the signel flow graph. In
fact most of the veriabls length lists.ar¢ stored as vector strings
with index.




8  TARTITIONING

It Definitions of: Partitioning, Groups, Nodes, Meximal Nebs

In both linser and non-linear systems grouping of units .nto sub-plants
with no fesd-back of materisl have been discussad in sub-chapters 5.4.1
and 6.4.3. If the system 4s divided inte the maximum possible number
of sub-plante then this is callsd 'Partitioning’, s¢ oppossd to ‘Grouping'
whare the system is simply split into sub-plenta.

In the case of the partitioned system,each sub-plant must be either
a single unit or ssveral units which are iinkes by recycles in such &
way thet every unit has at least one of its inputs and one of its out~
puts ponnected to other units in the sub-plant, Here singlm unit sub-
plants arm polled 'simple nodes' and multipls wnit sub-plants ere called
githar 'complex nodss' or ‘maximal cyeclic nats;.

It was shown in gub-chepter 6.4,3 that grouping or pertitigning
‘the system 50 that each node iz solved seguentially in the srder of
mass flow does not degrede the convargence behaviour of the system even
though the problem size is then reduced cunsidarebly.

8.2 History of Partftfoning Algorithms
Methads for partiticning have peen developed bosed on 'path .searching'

and Buoleen operations performed on the adjacency matrix.

Sargent end Westerberg (1984) trace the informetion flow of a
digraph backwards until a vertax {unii) that hss been encouhtered before
is encountered again, All vertices traced batween these twa encountars
form & cyclic nst, end.urs Iumged into & pssude vertex. The tracing is
repeated until no mors cyclic nets are found end all vertices have been
traved, This method is difficult to program  and Sargent and Westerberg
{1364) yse list processing to program  their slgoritbm.

Chriatonssn and Rudd (1868) simplified this algorithm by dmitlally
deleting vertives thet have no input and vartioes that have na output, and
s0 canpot be fneludsd dn o syelic net. Thay also added forwerd
tracing.

Forder ond Hutchison (1869) programmed e modificetion of the method
of Christengen ond Rudd {1088), This program is vory cumplex.

Staware (1965) proposes a path scarching method similar ta that
of Sargent and Viestsrberg. Howsver his smarch is conducted aleng an
sdjacency matrix of the digreph. This simplifies programing.,

. Billingslay scoording to Kahat end Shacham (1973b) used the ad-
Jjacency matrix to search for thy shortest peth that included all the

elemants of the maximal cyqla nat,
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A method using powers of the adjecency mabrix has been suggssted
by Harary (1859} and improved by Morman (1968). Himmelblau (1266) applied
the methed of powart of an adjscency metrix to chamical process flow-
sheets. He also showsd that the union of the 'reschability matrix’ (the
sum of the powers of the adjacency matrix, from one until there is no
further chenge in the slaments) and lts transposs presents an ordered
picture of the cyclic nete, However if the system is not very sparse a
Ffull matrix mey result. :

Le-it and Himmelblau (187D) roduced ths storage requirements by
storing the results of the metrix np’axjativnn in the original lopations.

Kehat and Shackem (1973h) have propossd an algorithm which reducss
storage by using an index array and combings the hest festures of
Himmelblay (1968) and Normen (1868).

Jain and Eakman (1972 also use powers of the adjacency metrix
but suggest path searching to seperste the cycles.

Batstone and Prince (1970) compargd the efficiency of the path
searching and basic adjscency mstrix method for a particular problem
and found the path searching algorithm muperior.

8.3 Selesction of the Partitioning Alporithm
For the simulgbor, tear streams must be found, and wne of the tearing
critaria nseds to have all the cycles in sach complex node. As the
wycles ers required for the tsaring aljoritbm using these cycles, to $in
the maximal cyclic petsywill mean thal the eycls finsing elgovithm will
ssrve o dusl purpose, and s save computation time.

The slgorithm ¥ar the enumerstion of all the cyelss in @ system is
doscribed in ohepter 8.

Combining tha cycles intp cyclic nebs L& eaaily done once it is
ragognisad that if any tws cycles have 006 Dr mors common sireams then
both cycles balong to the same complex node, end if there avs no common
stresms then khe cysles bslong to difforent complax nodes. (If u.its were
gllowed to simultansously have more than one input and mora than onw out-

put then the second part of the above ntatament would nat be true, becauss
in this cose it would be pussibla for two cycles Lo have a common unit,,
dmplying bheir vslonging . the samo maximpl naot, while not having &
cumion atrean .

The algoritiwn opsratus as followss~

A cycla ia chesen and sach stream in this cyole is tested to check
whether it is alen & member of enother cyalsy If & stream is found to
be common to one or merg of the other eyciws then these cyelen are
addud i{u the npds. The new sbreams which are added to the nhode in this




way ere also tested for membership of cycles not already in the node,
Whan all the atream members in the nods hava been tested then the
list of oyclee saarched for a cycle which fe not yet a member of a

fode.  If one i® fund the procedurs is repmated ta obtaln another maximal

net.

For the logle #low diggram see sub-chopter 12.3.2, ALBORITHM 2,

6a.
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9 DECOMPOSITION

When' an engineer is solving & motarisl balance he uses his intuition to
work out e caleulation <chema, An improper scheme often resulte in serious
numsrical difficulty during the courss of solution. Whenever failure

1s encountered the engineer must reexamine his scheme. Gensraily this
examination is time sonsuming and such use of a computer is inefficient
and suggests a mors logical way of ordering the celeculation is needed.

In ths iterative procedurs to solve a compiex node pach undt must be
2veluated once per fteration, This implies khowing all the inputs to
azch unit beforw 113 sutputs can be detormined. Ts & complex node this
is fmposslble and it is necessady te guess somg inpubs to start the iter-
ation, Those gumsssd inPuts erw called 'tear strsams’.

In eny system thare sre many permutatleons of the order in which the
unit modules cen be evaluated, and depending on the order chosen different
tear stroams will he nseded.  Just as choosing the orusr fixes the tear
streams, choosing beer streams which render the system agyelic will fix
the ordar of unit svaluations. This selection of tear stresms to render
the system scyclic is callad 'decomposing! the system.

The dacomposition must be done so thab the resulting calculatior will
copvarge to a8 solution with the least pussible computer time and shtorage.

9.1  Histury of Cacowoosition Prochdurse
The problem of flnding the optimal tion has bsen app: d
gifferently oy many investizetors. The mast ususl criterda ysed have

been based oo-
{a) Tearing the mindmun pumber of streams.

{b) Teering the mipimum numbar of varisbles [same as {a} when sil
tha wkresws have tha same number of variasbles).

te) Tearing so as to obtedn the minimun sum of weighting factors,
whare each stroam is weighted by the user.

gre of the parliest discussions of suoh mindmizations is by
Rubin (1862), He argued that the ordoring which requires the lowest num-
bar of torn variables 1g the mest desirobis and developid ah algorithm
to schluvd this, He sterted with an avbltary ordering, then intérehangod
the units LA sucsession wntil sny further interchenges increesed the number
of torn varleblus, Howavar hu discoversd that as this ds not an exact
algorithm in some instances only & local minimum was found.

T™his problem was First ouscassfully selved by Sargent and Westerberg
(1984). Thay used dynanic program.ing to arylve at the desired order.

Bry




This algorithm unlike that of Rubin (1962) finds a global minimum.
Sargent and Westerbery (1964} also dntroduced the concept of 'inelegible
streams' end this wes later developed by Christensen end Rudd (1989).
The methods of Rubin (1862) and Sargent and Westerberg (1884) appmach the
provlem from the point of view of unit ordering.

Other methods. do not consider unit ordering during the search phase,
rather unit orderings ere obteined only after the set of teer strzems has
been found. These methods cen be further subdivided into two clesses:

{a) Those that require the cycla/stresms matrdx
(b} Those that do not
*The cycle/stream matrix is the lists of streams meking up each cyuls.

AMsong the first typs are the elgorithms of Lee and Rudd {1968} and
Upadye end Grens (1972). Lee end Rudd (1688 propose an exact slgoritim
based on the concept of 'containment' oF streams and sets of streams in
gther straams and neis of streams. If some streem ’opens'® all the cycles
opened by another stream.and has & smaller welght, then the sscand.straem
is contdined in the first and nesd no longer be bonsidered, therefore
it is eliminated.

* 'Opening' & cycle means that the stream bsing tested as a pussible
* tear strean is 2 membar of the oycle and using it will.meka
that cycle acyclic .

This sams contept cen be applied to sets of stresms.

For systems with many strsems & lergs number of cembinctisns my-*
bg tested for contsiament, resulting in B sevérs cumblnatisnel problen,
Upadye and Grens (1972) havs also presented an algorithm of the First
typa whieh is based on vynambc programming. This applisation is diffirent
tb the earlier ons of Sargant and Westarberg (1884) as sdvantege is
taken of the importent structural properties of the cycla/strsem matrix.
Upadye ard Grens (1972) test the combinetlons of cycles apened, while
Sargent and Westarberg (1884) tast the eombinations of unit orderings
which is a Far larger problem. In the exsmples givert by Upadye and
Grens (1872) thalr algoritbm is proved o be supsrior to that of.lee and
Ruifd (1968) aénd. Sargent end Vesterberg (1984). . The major disadvantegs -
of this merhod 4s the lerge smsount of storege required. {3 x Pl
where C = numbér vf cysles].

Amongst the metheds that do not require the cycle/streem matrix
are thoss by Christensen end Rudd (1888), Christensen (18703 and Barkley *
Christansen end Rudd (1888) and leter Christensen (16870)

and Matard (18723,
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introduced and developed the concapt of 'indexing’ and further developed
the idea of ineligible streams first introduced by Sargent and Westerbsrg
(1964}, The slgorithms of Christensen and Rudd (1968) are heuristic in
nature; Whenever an ordering is ‘produced it is optimal, however, es
pointed out by the authors in some ceses 1t will not producé an ordering
at all,

Christensen’s slgorithm is exact and can be used for ordering
algerbraic equaticns as well., BSoth these elgorithms are combinational
and may become cumbzrsome for large processes.

Barkley and Motard (1872) used signal flow gréphs, while Pho and
Lapidus (1873) have alsc presented s branch and bound methord which
guarantees optimelity if the signal flow graph reduction fails, Thelr
mathod can be applisd to both the cycle/stroams matrdx and the adjacency
matrix. .

8.2 tholes of Tsaring Criterion
The oriteria for cholce of tear sete discussed so far are not sufficiently
descriptiva of the efficiency of solution. A betiter definition of an
optimal decomposition objectivs function mey be arrived at by realizing
that the real measurs of computatiocnal sfficiency is the rate of con-
vergence of the decomposed natwork,

In sub-chapter 8.1,2 1t has heen shown that the rﬂactrei_ ragics of

the Jsedpilan SF the natwork interfaced with the converzence
algorithm is 4 measurg of the rate of convergenvs. Therefors glven &
chofce of sltamative tesr sets it will be fest to selact the set which
minimizes the spactrsl radius {i.s. minimizing p(G' [x'))).

From sub-chepter 8.4

exy =) sremy -
and the com‘zar;;anca method 1s detarmined by the choice of Q.
16§ » 0 the method i Direct Substitution )
g = disg (") "Bounded Wegstelin
[ = block diag (¢") Rs&uced Newton

and Q= o Newten

5
(Note: #'= ¢ (x'}.and @ 8 Q (X1)
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For ths full Newton method substituting Q = ¢ into equation 6.22
gives G'fX J = 0 and hence p{6' [>< )) = g, for every tear set and is uhere-
fore indspendant of the choios of tesr set. All the other methods mentioned
are affected by the choice of tear set, hence it i5 required to find the
tear set which minimizes p( (I-0) (4'-Q}). This is not eesily done because
one must be §t the solution before B’(X,J can be found and p(G' [X’))
svaluated for each tear sat.

This generalized criterion doss not appear to have been considered
befora.

9.2.1 Effect ofp(e') on p(G'(X)

What hes been done is to try and find a tear set which minimizas {2'),
based on the essurption that if the convergence characteristics are improved
for dirsct substitution (G'l‘x') = ¢')then it is mors than likely that they
wiil fmorove for other canvergence methods (Wasterberg and Edie (1871)).

Benne and Motard {1975) suggest by enalogy to linear systems behaviour
under dirsct substitution thet the sensitivity of the decumposed network
to the torn vardebles should be minimized end claim thut es the Newton
method involves a local linearization of the system, ¢' -1z the sem¢ as
the sensitivity metrix and 3o should have sigenvalues less then one and
be a5 small as possible. In other words they sre suggesting that if a
toer set in chasen for-which p(4') is minimized thea the rate of conver-
gence of the Newton mothod will %e waximized.

Szona and Moterd (1975) use sn adeptive ssarch for the tear set witn
the minimum gpnctral radivs, The Javobisn is valculeted for gath ieer
set gvery fow itapaticns, snd then the following ilteration is done using
the toar et with the smollest spociral vadius. This procadure may: bz
more time consuming then the selution with any arbltrary tesr set since
it requires the svalustion of tha Jacobien for weveral teer sets. In
practics they uss Broyden's guasi-Newton method and suggest that instead
of oalculating the elgenvalues of sach Jacnhien,cumputahinnnaffurt can
bs sevad 17 the teor set with the minfnun  trace (%) = L, 32 45 chosen.

a

{J s the approximation to the Jacobian, seo sub-chepter 3.2.8),

Westerberg ond Edia (19713 k-ve also suggestad a1 adeptive search
for thy output set (similer to tasr set, but comprises a set of variablas
used whan splving sets of eguations) which gives the best convergence Proper-
ties, Thay use the noom of ¢' to glve a return function which is presumed

to minimize p{¢').




The suggested norms are the 11 and l,z noms:

n
1, & Column Sum Hetll, =max (z [o.,])
1
Ty M

n

Sum all elements H'b'”z =(z I
1=1 §=1

The output set which minimizes the chosen norm is selected, However -

2y}
('ﬂ“))

they do warn that minimizing the norm does not necessarily minimize
('), but claim that thds is o good indication that such a system might
have relatively 18 convargence istics when compared to

other variotions with larger bounds.
In a later peaper a returs functicn of tha form:

o
max I [011! is recommended, which they claim selects the .
=1

output sot 5o that p{2') is favoursbly effected and likely to be minimized.

Crhach end Crows {1971) racognized that the dominsnt eigenvalue a{
the Jaeablan of the decompossd network controls the. rete of convergence.
Thelr method concantrates on identifying the dominant valuz for extra-
polation to tha solutien,

ALl theas authars have prasumed io minimize p(E’(X‘]) by ‘minimizing
('), This is not necessarily trug, but consider the situvation when &' is
non-ppgetive.

{8} ODeernasing any glement not common to both ¢ ol Q degreeses the
corrasponding glement of (#'-0), while {I- Q)-“ is umalterad. When
4420 it haa beon shown in Aspendix A that both (¢'-Q) snd (1-0) 7"
ars non-negative. This implies that whenever soma non-common alément
of ¢ 48 decressad then soms elements of (I-Q)" 1. (') sre similarly
docrdesed, Therefora gacreasing en element of ' and conssquently
p(#') wil) not incresse the spsctrel ragius of e x).

{h) Decressing sny alement eommon to both ¢! and ¢ dods not effect
{9'~3) and decresses some elaments of {I-Q) :EH
|t
(z-9)"" % Mm% @ (o9m Appendix A)
ketes =00

Therefore some elements of [I-Q)_".(fb“m will de.reese and the
spaciral radius of [I~QJ'1-(¢'*U) will not inorsase.




Hancs it can be concluded thet when o' Ls non-negative then o{$')
and p(&’ " }) ere directly linked and choosing a tear set which minimizes
p(2') will also minimize p(G' (X)),

If ¢’ is non-negative snd some alements are reduced so that they
become small negative numbers then as the eigenvelues of a matrix very
continuously with the slements (Breuer (1983) p27) it is expected that
the relationship between p(¢') end p(B'(X‘)) will still hold.

‘Therefors in the context of process plants where it is expected thst
the Jacobian will contain only & fow small negative elsments, if any, one
oan be reasunably confident that, choosing the tear set which minimizes
p(#') will also mintmize p(G'(x'1).

8,2.2 No Double Tear' Criterden
Using p(#‘} directly ss a messure of vonvergsnce has the difficulty that
the solution must be known befors p(d') can be calculated and compared
fnr sach tear ssf. This may be suitable if several simulstions of the
same system arg to be done, but in the 'one-off' cese & criterion which
eon be defermined io advance is nesdsd.

Upadye snd Grens (1875),working on dirsct substitutlon have demon-
strated vie the "Replacament Rula', that decompositions cen be grouped into
fam’iiies, all of whose members have the aame convergence rats. These
famllies sre auv-tivided into categories which contain ‘double tesr' decom-
positions and thase which don't. To understand the meaning of 'double
toar' gecompasitions consider:~

A valfd docomposition is oo which rendars the system acyclic. To
schiovas this svery cyele must be opensd at least once.

A dacomposition con be deseribed using e cycle vector whers ssch
slameat of this vootor yepresents the number of times that oyele
is opned. Therefore ¢ cycls vactor for which soch slement is
undty is e valid decomposition end i galled & '‘no double tsar’
decomposition. All other valld dacomposiiions will have at laast
one doutila tear.
Upadye ond Grena (1875) oleim that ell ducompositions in a single
Family have the ssms cycls vector and convarsely (bassd on extensive
sxamination of caces) that the vacter uniquely corresponds to e single

family. Therefors all 'no double tasr’ decompositions belong to the same

family and as such heve the sems convergence rete. .
Upadye and Grana (1975} have gone further and claim that p(@ ) -iricreages

if a cycle which is already torn at lesst oncs is torn again. This is




provad for ¢' non-negative snd claimed to be true in general. The
arguments used for the gmneral proof are based on the fact that the Jacoblan

derived from ¢hemicel processes is fram the 1ly positive
sensltivities arising from material snd snergy conservation, to be positive
or to have only a few emall negative elements. Further for all simulations
tested thay found that 2 double tearing of one, or more, of the streams lad to
degradud convergence bshaviour, The processes tested ranged from very

simple to moderstely complex amd involved most types of interactions between
variebles and interconnections nafwsen units that are encountered in

chemical plents. .

From the above it can be concluded thet choasing a tear set which
involves no double tesrs means that p(4') for the decomposition is smaller
than that fer any decomposition cantalning a double tear, This reduces
ths problem of choosing e teer set from all possible sets to choosing it
from these with no double tmars.

IF dirsut substitution is used &s tha convergence method then all
members of the "no double taar! f‘amily'have the same convargence rate;
however this may not be true for other convergsnce methods. When the
convergence rate is the seme for two desompositions the one which requirss
the least computational effort is the ope with ths least torn varisbles.
For lack of a better criterion for chonsing amongst the 'no double tesr’
desorpusitions 4t has bsen decided tu resort to using sither :-

ta) Minimum Torn Streams

{0 Minimum Torn Verdables
4.2.3 : Implementation of Tearing Criteris

A possibls way to choose a tsar set is for the user to weight sach stireem
and than seleck the dacomposition an the basls of the set with the
winimum welghted sum. This 1s a very flaxible method and 1% is possible
to inciude el) pravisusly mentioned crliterda as follows:~

tat the waighting fector for stream k be WK then for the criterion:~

(see Appendix C).




Minimum torn streams wWo=1 for all k

(a)
k

{b} Minlmum torn variables Wk = va for all k

(¢} Minimum double tears = m for all k

(d) Minimum double tears = A.m 1 for all k and A>NC-2
plus minimum torn streams 5
within family

(e) Minimum double tsars W = Bem *NV, for all k and B>NC.NV, "2
plus minimum torn variablss i
within famlily- -

whera

Ny ¢ number of variables in stream k B

Nvmax & maximum number of verisbles in any stream

NC = numbar of cyiles

a = number of cyclee which contain stresm k

Using this ‘minimom weighted sum' criterion has the forther adventege
that 4£ is likely to be possible to fit any new criterion developsd with
it.

4.3 Lycle Finding Algorithms

Having dacided that som@ form of the 'no double tear’ criterion ig the
bust svailables for choosing o tear set at prasent it is negessary to find
My {the numbsr of*cycles which wonteln stream k). To do this all the
cyolas in-the systen muot be found First.

8.3.1 fethods Using the Adjacency Matrix

There has been a conskant development of mothods for enumerating cycles.
Harary {1959, 1860} showaed that 1f the sdjacency matrix is reised to

the power p esch element will represefit two vertices that are separatet
by p steps, and slaments on the disgonal will represent vertices that are
part of a recycls net of p vertices. The problem arises whan two or more
cycles of size p belong to tha sems system ond s¢ appear simultaneously
on the dgisgonal. For such cases Normon (1965} suggests removing one

of the verticss which have appesarsd on the diagonal from the original
sdjacency matrix end then putting this matrix te the power p.  The mambers
of the tyele Fram which the vertex was removed will now not eppear on’ the
diegonal and so in this'way the cyele is identified. IF Lhare were anly
two cycles of size p then the slements romeining on the diagonal will

be the vertices of the okther cynle, for Np oycles of siza p Lhis procedure

must be repaatsd Np~1 timae,
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Ledat end Himmelblau (1870) reGuced the storage requirements of this
mettiod by storing the résulta of the matrix operation in the original storage
locations. '

Kehat and Shacham (1973b) overceme most of the storage problems by
storing the adjacency matrix and its powsrs in the form of an 'index
matrix’. A progrem of this typs was wriLten but the problem of separating
similarly sized cycles still existed, and the method suggested by Norman
{1965} is very involved.

$.3.2° Methods Using Path Saarching

'Path searching' is & ptocsdura.which tokes some streem as a xoot stream
and then traves a path sleng the direction of matariel flow adding each
strezm in the path to a list sequantislly. - 'Becktracking' is the process
of retraving onas steps back alang the peth towards the root stream.

The first exemple of this technique wes presenied by Tisrnan (1870)
and he claimed his algorithm wes thearsticslly ss effinisnt as possible,
This is nmot true but Tiernan's {1870) approach did lay a base from which
Weinhiatt {1872} and Taerjen (1873} could develop improved path seerching
with bacxhlacking algorithms.,

Furkher 1mpmvements‘which regtrict the backiracking proesdure to
Frultful paths only, have heen prassnied by Read and Tarjen {1875} and
Jonnson {1975).

fatetl and Boa (1978) heve reviowod algorithms for snumerating all
cycles of & graph. In table 5,%time and space hounus hsve been extracted
for goch mathod.

TAALE 5 TIME AND SPACE GOUNDS OF CYCLE FINDING ALBORITHMS

AUTHOR TIME BOUND [SPAUE BOUND | RETHOD
Danialson (1866] a toonss)”  |n foonst)” Jpewer ad) mat
[fisrnan (1870} n (oonst)™  [nve aaektrack
Weinblatt {4872) n Ceonst™ nic backtrack
Yarjan {1973} g e ng backtrack
Johngen (1975) tnta)ie g backtrack
Reed % Tarjen (1975) | (n+al.c nee backtrack

a-® number of vartices @ = nunber of negan (stroems) & * nurbsl of cycles




~The number of time units consumed by these elgorithms depends on the

intricscy of the structura of the graph. The worst cese time bounds given
in table 5 sre in general pessimistic. Thus 1if TA and TB are upper bounds
on the time required by two algerithms A and B, respectively, and if
TA<TB 1t cannot be eaid with certainty that algorithm A is fester than

algorithm B. In general the worst case graphs for two algorithms are
not ths same.
i Mateti and Dpo (1878) conclude that,of all the algorithms snalysed,
the Johnson slgorithm,on time,is the ssymtotically fastest slgorithm,
The success of this backtrack elgorithm is due to & very effective pruning
technigue which aveids much of the frultless ssarching present in esrlier
algorithms.

8.3.3 Selection of Bycle Finding Algorithm
Becauss of the sbove discussion Johnson's (4875) algordthm will be used
for snumerating the clirevits of & graph. The essence of this algorithm's
oparation is:-

Elementary clircults are constructed from & root sfream S. At each step
& stream is added so extending the olsmantery path., To svoid duplicating
elrcuits no shream with & stream number greatsr then S gan ba usad.
Further & stream v iz blagked whan it is added to some slementary path
beginning in 8. It steys blocked as long as svery path from v to S

intr rsects the current glementary path at & stream othar than 5.

A more detailed logic Flow diagram of this algorithm is given in
Part II (sub-thapger 13.3.1 ~ ALBURITHM 1).

.4 Teoring Algordthms
Onoe the cycls/stresm matrix has besn found it is pessibls tn partition

the system and welght the streams sccording to some 'no  double tear' .

eriterion. Having achieved this the next step is to find a valid tear
set with the minimum weighted- sum,
The history of these tearing algordthms have alrsady been discussad
(sub-chapter 8.1) and there appasrs fo hove buen two main lines of attack:-
! (a) Dynamic Programning technique of Sargent and Westerberg (1984)
and Upedys end Grans (1972). X
{b) Greph Simplificstion and Two Woy Edge Reductlon. Tha most
edvenced algordthm of Lhis typo bedng by Pho and Lapldus (1973).
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Upedye and Grens (1972) compare their slgorithm with thet of
Sargent and Westerberg {1964) and shaw that theirs is the more efficient.
While Pho and Lapidue (1973) havs incorporsted the teat of all previous
algordthms ,of that type.into theirs.

§.4.1 Selection of the Tesring Algorithm
In these circumstances there are only two. compebing elgorithms,that of
Pho and Lapidus (1873} end that of Upadye and Grens (1372).

Pho end Lapidus's method can be split into thres parts

{a) Besio Tearing Algorithm (8TA)
{b) Two Wey Edge &edustion
(e) Branch and Bound

The BTA slmplifies end rmduces the graph by using the "Ineligibllity
Thaorum' and then 1f the graph fs not yst acyeclic.tws way edge reduction
is used. If aftar applying both BTA end twoe way edge reduction the
graph is Aot aoyclic then @ branch end bound method is used to complste
the decomposition. Pho and Lapidus (1873) cleim this technigue is
vary efficlent and can be used on large sysbems,

Hiwovar the 'Ineligibility Thenrem' cen be stated as follows:~

YI¥ stream varkex S hes & welghting fector Wy, which le larger than
or sgqual te the nz.ig*tud sum of its lwmsodiate successors T(S } or its
immeciate precessora T (s ) then it i 1m.leg1ble'

Tha proof of this theorem revolves ercund tha Fact that the set of
oycles that pass torough Sp must slsu ba cvontalned in the set of cycles
that pass through T(3y) or-T !S 1.

If the no double tear nritar:.a, which minimises the numbar of torn
streams or veriables [sub-chepter 8.2,3 crdteriens d, and e}, are used
than = .

Vg, = Adige * X where X*D, A0 (aes Appendix C)

3
Ssteing [ as the sat of streams mpmsanting wlther T(5() or T (5k7
and n, s ths number of straams in T(S] or T (S )} then:-

£ oWgy = I (Aamgy v X0
igl * Lel i

= [ Amg, + & X
1l L ger

= A B Mgy ¥ npeX
Lel .
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- From the proat used by Pho end Lapidus (1973) ms, § I mg,
el

Je Mg v B Wg, m Ag, 4 XA X Mg, - n.X
boger ot pl tep %7

= Almg, - I mg,} * X(1-n )
K teT £ T
S Klt=n))
<
o yiher, e >t
P Wgy < B Wy when n_ > 1
* iel i. ®

Then whan using this type of tearing critprion stream sk can never
be 'inaleglble' (except when n, = 1) and consoguently the BTA can only
eimplify the graph but never raduse the number of cycles,

Relying on two way edge raduction and the branch and bound method
te reduse the graph is a trial and Brror procedurs. Thersfore the exact
dynamic programeing epproach should be mors relisble, and generally more
afficient.

The mathod of Upadye and Grens (1972} has been chosen.

8.4.2 Bescription of the Tedring Algorithm

The elgorithm of Upadye and Brens [1972) has besn tested end found to be
vary fzat, its only drawback ic the large storege requirements, 3.2”‘:.1
where NG = pumber of cycle in the complex. node. If NC is grester than
ahout 45 the method besomes dmpractical (250 06D storags locations).
Howaver on examinaticn of the Denver Flowshests {1862) fér wineral pro-
cessing plants no system wes found to have moxe then five cycles psr com~
plex nods and so storags is unlikely b be a problem. If the situation
should arise where either the number of cycles per complex nods 48 very largs
or the computer very small thon the user must aupply the tear set or .
sltemastively the caloulation ordar.

Upadye end Grers's {1872) algoritim can be desoribed as follows:=

The problem is viewsd a3 having two dafinite terminal statss, initial
and firal. The initia) ctots corrvesponds te the briginal system with na
cyslea opened. The final atets corrosponds tio the seycllic system, with
811 cycles opensd, In butwwen thooe two tarminel stetes exist many inter-
madiate steotes, sorrespouding to the various combinobions of cyoles
dpangd. The solution to the problem moy be cuns‘lda_md to progross through
those states. :
These states arg mpraannta& a3 vertlcos on & graph and the streams
solacted o be torn are arcs joining tha vertiees, Assocdatod with esch
arc e a gost (or woight).
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In general thers exists many paths from the initisl to final states,
the aptinum one is the path with the least sum of costs for its arcs, that
is the least total cost. .For eny intarmediats state, the path through
this from initisl to finel states cen be divided into two sub-paths. Ohe
sub-path from the initial state to the intermediate state and the second
sub-path from the intermediate state to the Final state, end each sub-path
of the optimum path must 1tself be an opiimum path between the states it
connects. (If this wers not sb one of the sub-paths could be replaced
by an alternate sub-path with & smaller cost, amd this would give rise
ta 8 path between ths teyminal states with a smaller totel cost than the
arlginal path, in vielabion of the assumption that the original path was
sptimum) .

These condifilons ara-pracisely those which apply o dynamie programming.

Elq) iz defined 8s the cost to reach state g apd Mig) the optimum
set of streams to reach stete ¢, Now suppose straam ) is combined with
Mgl to yield & naw state p. This stabe p may or may not heve been
reached befors frpm some state other than g. If it hes not previously
been raached then the current optimum sef of stresws end cost for state
p arei-

Mg = Mq) vl
E(p) = Elu) + W,  whare W & cost of stream 1

If state p has been reached praviously then a valus for Eip) already
‘existm This valus is checked agadist the new value E{g) + ”‘1‘ If
E{r) 5 Elg) + Wy then the set Mo U 1 is an better than the previpus
sst W(e). Howsver Lf €(p) » E(q) + ;. then Elp) is replsced by
Elg) + Wy and M{p) by f(q)Ul. This samo procadurs is repsated for
atate gy end the aex* stream (1+1). When all avellasbls streems have haen
considered the prnwc: 3 45 repested for tha next stats [q+i}:

The amount of computation i& reduced by naarly half by a simple
mods fhoetion.,  In resching ebete ¢ wvery parmutation of the streams in &
posgible path will by tested by tha above procecure, Esch of these
permutations have tha samp cost end sot of torn sbraama. ‘thorefora there
i3 & duplicetion of affort. This duplication is avoided by induking
the wurrent optimum path to reash a partioular stete with the stroam
number of the lagt etroam in thas path, and then extending the path from
this state only with stresms whaich have o sbruem number larger than ths
index for the state. This ansures that only one of the possible per-
mutations ore tested (1.e. the one far which the sbream riumbers on the

path increase from amallost to largest).




Su.starting from the inltial state,new states are reached by tesring
gach -stream dn turn. Then from each of these states sach strsam with a
larger stream number than the index far the state is torn. Thess new
states are checked to establish whether the new path has a lower cost
then the old. ome. If it has the now path, cost and index replace the
old, - This is Topeated-until the final state is resched., The path thus
found will be the optimum having the minimum total cost.

Sse sub~chapter 13.3.6 for the logic flow disgrem of this digorithm
(ALGORITHM 8] ¢



10 .SUMMARY OF PART |

Basic to svery process is the understanding end analysis of the system.
This has been made possible by computer simulation with the advent of
quantitative models and digital computers. However, so far, only flotation
and comminution circuits have been simulated, and these with a limited
choice of plant configuration.

Chemical plant simulators have been evolving since 19011 and the only
successful onas have been those which are easy to use, have a modular
structure and have a rigorous physical property package. Thu simulators
have been used at every stage of a project with different levels of com-
plexity. That is from research, through pilot plant, design of the
full seals plant end simulation of the full scale plant during production.
Large savings in cost havo been made by using simulators,however, the
trap of being over-rigorous should be avoided.

A simulator can be structured to operate in either design or simulation
modes. For the former mode, feed end unit operating parameters are Cc-V'
culatsd to provide the desired products, while the latter mode uses the
feeds and unit parameters to calculate products. The simulation mode is the
more stable,numorisally,(i.e. a solution can usually be found) and con-
sequently design is dona by iterated simulation.

The computer can be programmed to use either, an equation solving
approach or a modular approach where sn executive controls the flow of
information to each module (which corresponds to a unit modelland, which in
turn solves its own equations to find related outputs. This latter structure
it, the one most often used as it is flexible, efficient in the use of
manpower, cosy to maintain and suitable for programming.

Having chosen this modular approach the executive program must have
a method of solving the overall maos balance based on the inputs to and
outputs from each module. This is readily dons for a sequential, process
[i.e. nO recycles), but, for a plant with rocycles a simultaneous or sequen-
tia | method can be used. For tha simultaneous method the units are
linearized about.an asbumed atoady state and the resulting equations
.solved simultaneously, A new atoady state is assumed and the process re-
peated until no further changoo are possible. For the sequential method
the values of variables in the recycle streams guessed and then the
values of variables in all othor streams srs Pwiw by serially calculating
tho output, fro, input, for wch modul.. If the guwwd «d
recycle stream values ere not sufficiently similar the calculations are

repeated with a new set of guessed variables.













































































































































































































































