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There are countleszinsand countlesearthsall rotating round their suns in

exactly the same way as the seven planets afymiem The unnumbered worlds

in the unverse are all similar in form and rank and subject to the same forces and
the same laws.

T Giordano BrunoQ©n the Infinite Universe and World$584)

The roads by which men arrive at their insights into celestial matters seem to me
almost as worthy ofvonder as those matters in themselves.

T Johannes KepleAstronomia Nov41609)

Yes, atronomy's much more fun when you're not an astronomer.
T Brian May, VOX Magazine (1991)
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Abstract

This study investigasthe space arourtdple systems tdind the regionof

secular stability oplanetary orbitsNumericalN-bodysimulationsare usedo
determineempiricallythe bounds of these regioas a functiooft he sy st emods
configuration

There have been numerous theoretical stunfieise stellardynamics of triple
systems, somwith limited numericalchecks but tre few purdy empirical studies
have been confinedargelyto binariesVery little has been done on planetary
orbits within either of these systeni$iere has been almost no work on
generalisedystemslittle onretrogade planetary orbits and noneretrograde
stellar orbits with nearlyall beingon coplanar orbit@and for a limited number of
orbital parameters.

This workexpand into,andinvestigaesnew areas through

1. Providing a generalised mapping of the regions of planetary stability in
triples, by

2. examiningall four types of orbit$ P1, P2, S1 and3S

3. investigating these orbit types for both prograde and retrograde motion of the
planets;

4. investigating them for both prograde and retrograde motion of the outer body
of the triple;

5. investigating highlyinclined orbits of the outer star, stellar Kozai resonance
and its effect on the region of stability for P1 and P2 orbits;

6. extending the numbeaf parameters used to all relevant orbital elements of
the tri,pgndedés stars

7. expanding theselementsand mass ratios to wider ranges that will
accommodate receand possibléuture observational discoveries

Thisresulted irsemtanalyticalmodels desribing the stability bounds afach
type of orbital configuratiofound intriples.

These relationships can be used to guide searches for planets in triple systems and
to determineyuickly the feasibility of initialobservationaéstimate®f planetary

orbital parameters, artd selectsuitable candidates for a surveysoichsystems.

The geometry of the stable zone indicatet only where to look for planets but
themost suitablesearchmethod

To highlight how the stability of planets in triple systediféers from that for
binaries, an analysis of these systems over the same parameter space was required,
resulting in acontributionto the body of empirical work on binaries as well

Key words: methodsnumericali methodsN-body simulationg planetstar
interactions” celestial mechanidsstars: hierarchical tripleisplanetary systems:
dynamical evolution and stability
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Chapter 1 Stellar Multiplicity

Chapter 1

| ntroducti on

There have been numerous theoretical studies of the stellar dynamics of triple
systemswith someincludinglimited numerical checks heoretical approaches
have someaignificantlimitations. The few studieshat are apumericalémpirical
and b)apply toplanetshave been confineallmost exclusivelyo binaries. There
has been only one study tietfourbody problem of planetsithin a triple. There
has been almost no work on generalised, rather than specific, systems. Few
studies have looked at retrogeaplanetary orbitévhich should be entirely
possible in triples, like HAFP-7Db, in a binary systengnd none at retrograde
stellar orbitgof which four have already been discoverédBarly all have been
for coplanar orbits and for a limited number dbital parameters.

The objective of this work was comprehensivelynapthe regions of planetary
stability intriplesand addressome otthesdimitations

For a comprehensivanalysisone needs to examirdl four types oplanetary
orbitsin triples,i.e. P1, P2, S1 and S8bits. One also needs to addrestsograde
planetry orbits, as planets with these motions have been discovered, and also
retrogradeorbitsof the outer star, a rarer occurrenités also necessary to touch
on highly-inclined orhts of the outer stawith the resultingstellar Kozai

resonance and isculpting of the geometry of the stable region.

We alsoextenadthe number of parameters usegrevious worko all the

orbital el ement s waénedithe eages afbotiptHese@rxlthe t ar s,
relevantmass ratiosin orderto encompasgecentobservations as well as
potentialfuturediscoveries

Theremaindeof this chapter provides contextual overview, ending wigém
outline of thethesis.

1.1 Stellar Multiplicity

Sometime ago it was recognized that a large fraction of systems in the Gakaxy
composed of multiple stars. For example, an examinatitimedf64 nearest G
dwarfsby Duquennoy andlayor (199) showed that 38% of these starsrein
binaries, 4% in triple, andl%in quadruple star systemshas ben variously
estimated that 12% 40% of the stars in our Galaxarebinary or multiple
systems, thatultiplicities of three and higheanoccur in2% i 25% of all
stellar systemand that manyif not most close binaries have distant tertiary
componentgTokovinin 2004 Alexander 2012Kane & Hinkel 2013. Binary
frequency appears to correlate well with stellar ages, withnhass pramain
sequence stars having very high binary frequencies ofi8000%.More
recently, the Kepler Eclipsing Binary Catalogs listednore than 2.00 eclipsing
binaries(Slawson et al. 20)Zlamong whichapproximately20% are in triple
systems.

Most known multiple stars result from random discovefsearlycatalog of
physicalstellar multiplicity data is the Multiple Star &alogue (MSCJTokovinin
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1999, which wa completdo a distance of around pe andwasupdatedup to
April 2010)to containl 359 stellar systems of multiplicity 3 to However,it has
strongobservationabiasesandis not usablefor unbiased sttistical studies
Tokovinin attempteda comparative analysis of triples and quadruples based on
the MSC(Tokovinin 2008. A similar effort was undertaken by Eggletoising
bright stars and an ad hoc model of observational seld&uggieton 2009

A joint studyby Eggleton and Tokovinin (2008nhat considered stellar systems
with multiplicities ranging from one to seven in the set of stars with combined
magnitude brighter than 6.00 on tHgparcosscale (which was effectively
limited to systems with mass above aboiit 1 since very few syems of lower
mass are included amotige bright stars) identified 858 such bright systems, of
which 60% were single stars, 32% binaries and 6% triples, with an obseeaed
multiplicity of 1.53. Although reasonably representative of stavse massive
than the Sun, thistudy is unlikely to be representative of the Galaxy as a whole
because of its magnitude constralR&ghavan et al. (201@ame to a similar
conclusionwith observed fractions of single, double, triple, amdtiple systems
of 56%, 33%, 8%and 3%respectivelyif all confirmed stellar and brown dwarf
companions are accounted.for

A more comprehensive surveybased o volumelimited sample of 847
unevolved or moderately evolved staiish masses from 0.to 1.50 within 67
pc of the SurfTokovinin 201422014h. The multiplicities foundare shown in
Tablel.

Stellar type Fraction
Single 54%
Binaries 33%
Triples 8%
Quadruples 1%
2+2 quadruples 3%
Quintuples 1%
Total 100%

Tablel. Stellar multiplicitiesper Tokovinin (2014)
Some key findings were that

1. Periods of all binaries are distributed logrmallywith a mediart & & t
(~100yr).

2. The mass ratio is distributed uniformly asceffectivelyindependenof the
period.

3. Themultiplicity fraction is 0.46t 0.01.The fraction of hierarchical systems

is 0.13:0.01.

There isalack of outer systems with periods shorter th&®00 d.

There is an excess of tight inner binaries W& 10 d compare to the

smooth Gaussian didhation, presumably caused by tidal evolution.

6. The mass ratios in the inner and outer systefimigple stars are uncorrelated
In triple starsthe system masstra of the outer binary does ndépend on its
period and has a median valueDd9, meaning it the masses of tertiary
compaents are comparable to the masses of stars inrteebinary.

o s
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A comprehensive study of@D0 targeted maifield Kepler binaies found

evidence for a third body in 222 syste(Berkovits et al. 2015 this implied that

at least 30% of binaries are in triple or higher multiple systems and the authors
concluded that enuch largeffractionof the binariesn their sample werkkely to
bebound with one or morether bodies.

Accordingto the Open Exoplanet CatalogiMay 2017), out of the Emultiple
star systems with planet¥/ or 20%are triple star systems. Thisasnsistent with
the findingthat triple star systems represent less tiiith of multiple star
systemgRaghavan et al. 2010

Somequadruple systems have been found, of which ADi§%52e of the few
systems Were orbital fits were found for multiple orbig§okovinin, Gorynya &
Morrell 2014.

A quintuple systenconsisting ofa contact binary and a detached binary together
with a fifth star, probably all gravitationally bound in a single sydtesalso
beenconfirmed(Lohr etal. 2015.

1.2 Hierarchical Orbits

A hierarchical triple can bleoselydefined as a close binary that is orbited by a

distant companiorMore formally, $rong hierarchy has been descriliisd

Zhuchkov, Orlov and Rubinov (20p&s fAiwhen the ratio of the
the outer and inner subsystems following along the hierarcHyXreor higher,

the hierarchy will be strong, and the system itself will probably be stable, with

motions close to Keplerian in each hierarchical level. Only systems with strongly
elongated orbits for their outer subsystems can be exceptions to this rular Secu
perturbations (similar to Kozai resonandesriple systems) can certainly alter the

orbital eccentricities and inclinations in inner subsystems; however, these are

unable to affect substantially the dynamical stability of the syatam a wh ol e. 0
Theyalsonotdt hat fiin some systems with strong
subsystems have periods shorter than 10 days, tidal interactions between the
components must be taken into account, and these depend substantially on the
structure of the stars.

Most tiiples are hierarchical simply becaug¢hey were notthesystem idikely
to beunstableand fragmeninto a binary and agjectedhird star.

1.3 Stability Of Triple Stellar Systems

Hierarchical triple systems normally comprise three bodies of companaisie
with thesemimajoraxis between two of them being quite small and the third
body moving in an approximately Keplerian orbit around the centre of mass of the
binary pair, at a distance large compared to the binaeparationA system of
three or nore bodies with comparable separatio@s shown to bdynamically
unstableby Harrington (1972 The orbital behavior dfierarchicakriple systems
has been the subject of many theoretical investigations in thealdsentury
(Harrington 1968Mazeh & Shaham 197%oderhjelm 1984Krymolowski &
Mazeh 1999 A succinct summary of work done on thimady stability criteria
prior to 1999 is provided biponnison (1999 At thatstagethe criterion for three
equal masses and circular orbitswgs 1 j&  o® whereny s the
closest approach of the third masshe centre of mass of the binary andis

3
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thesemimajoraxis of the binary orbit. More recethteoretichapproachessome
incorporating numerical checks of their resudir®e discussed in later secticarsd
includeFord, Kozinsky and Rasio (200Mardling and Aarseth (200nd
Hamers, Perets and Portegies Zwart (2015

Retrograde orbits for the outeinbry are more stable than perpendicular or
prograde orbits. The reason for this is that from the perspective of the inner
binary, at each periastron passage between the two binaries the relative motion is
more rapid, so perturbations are better averagedtbe orbital motiongnaking

the system more stable. However, for prograde orbits the motion of the outer
binary relative to the inner binary is more synchronous at each periastron passage,
with the result that the tidal pull is much stronger, making the outer binary less
stable. This result has been known for over one hundred yitrsiton 1914

and was investigated further by earrington (1972 Donnison and Mikulskis

(1994 andGayon and Bois (2TB). A different interpretation is that the phase

space topological structures of maantion resonances for prograde and

retrograde motion are simply differgiMorais & Giuppone 2012

For example, an early study Bnnison and Mikulskis (199®ntriples found

that retrogradstellarsystems are more stable thaograde for all mass ranges,
with stability of the systerdecreasing as the eccentricity of the binary pair
increases for small outérody eccentricities and stability increasing for large
eccentricities, with little effect for intermediate eccentricities.tFiptes with

small binary eccentricities, retrograde orbits are more stable, while for systems
with largeeccentricities for both the innbmary andheouterstar, prograde

orbits are more stab[®onnison & Mikulskis 199k

In our study both prograde and retrograde planetary on@teinvestigated.

Previols studies have usedairly wide range of mass ratios for the outer star
relative to the innebinary, as there ar&riples where the inner and outer
components are obmparable mass. These have been widened even further in
this study sinceystens with an inverted mass ratio (i.e. the outer star is more
massive than the aggregate inner binagye been foundguch a$iD 181068
(Derekas et al. 201 Borkovits et al. 20183

1.4 Exoplanet Multiplicity

Per the NASA Exoplanet Archivéo June 2017)here ar& 600stellar hosts and
3 486 confirmed extrasolar planets, of whicl835 were contributed by the
Kepler mission, with a furtheét 250unconfirmed candidates. @fe planet
candidates, only 5% 10% are likely to be false positive detections. In addition,
2 876 eclipsing binary stars have been identified.

A 2010 detailed analysis of companions to stjpe stars, based on a sample size
of 454 concluded th&% + 2% of the single stars had planets, compared with 7%
* 2% of binaries and 3% 3% of triples(Raghavan et al. 20).0The results also
showed thathese fractionsverestatistically similar, suggesting that single stars
and stars with companions are equally likelyyéoboumplanets.

A laterstudyby Roell et al. (201pof 477 stellarsystemsidentified 57 multiple
systems (47 doublend 10 triple systems) with at least grlanet Somedata
from this studyis shown inTable2. Theresulting multiplicity of about 12%vas
lowerthan previouslyublished valuesA suggested reasamasthe ingeasing
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number of transitinglanetsfoundin recent years, which were exdkd byearlier

studies
Multiple | Single Double | Triple or higher| Reference
Solarlike stars
46% 54% 34% 9% 1
44% 56% 38% 4% 2
Exoplanet host stars
22.90% 77.10% 19.80% 3.10% 3
17.20% 82.80% 14.80% 2.40% 4
11.95% 88.05% 9.85% 2.10% 5

1: Raghavan dl. (2010), 2: Duguennoy & Mayor (1991)
3: Raghavan et al. (2006), 4: Mugrauer & Neuhauser (2009)
5: Roell et al. (2012)

Table2. Multiplicities of solarlike starsand exoplanet host stars

The multiplicity for exoplanet host stars of 12%alsoapproximatelya quarter of
the multiplicity of solaflike stars.To date, B S-typeplanet has been found in a
binary with a (projected) separation of underAlD and S-type multi-planet
systems havenly been found in stellar systems with (projected) sepagation
larger than 10&U. The equivalent range for triples is 20 AU and 65 AU.

Combining theEggleton (200pandRoell et al. (201pdataresults in thanean
frequencies shown ihable3. These are approximate becausditierent
binnings of the data.

Reference Multiplicity

1 2 3+ 4+
1 54 34 9
2 56 38 4
3 77.1 19.8 3.1
4 82.8 14.8 2.4
5 88.05 9.85 2.10
Eggletort 59.61 31.53 6.30 2.60
Average 69.59 24.66 4.48 2.60

1 Excluding the Sun

Table3. Frequencie®f multiplicities(referencerefer tothose inTable2)

The table clearly shows that multiplicity rates are still quite uncertain if not
contradictory(Wang et al. 2014 We will use the multiplicities frorRaghavan et
al. (20101 54% for single stars, 34% for binary stars and 9% for triple stars.

Eggleton foundhatthe frequencies ofarious multiplicities followa power law
up to septuple multiplicity.

Thefrequency of occurrence of circumlairy planets orbiting cloge non-contact
binaries(periods of less than 60 dgpend stronglyon the plaetary inclination
distribution If circumbinary planetary orbits @pretrentially coplanar, then the
rate ofoccurrence o€ircumbinaryplanetsis 10% with 95% confdence which is
higher thanbut consistent withsingle star rates. If the planetary inclination
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distribution is isotropic, thethefrequencyincreaseso 47%. This mplies that
formation ancevolution in circumbinary disks must either lead to largely coplanar
planets, or proceed witinuchgreateffacility than in circumstellar disks

(Armstrong et al. 2011 It is likely that this conclusion appli¢s triples as well.

To date 30 confirmed and 37 unconfirmg@thnets have been foundtiiple
systems.

Putting together all the results of planet frequency studies, it appears that, on
average, every star should harbour at least one planet. Our Gadaxlylbast

p TU stars, implying approximately the same number of planets. Withighxe
universe containing eurrentestimate of;3 p 1 galaxies, the number of planets
therein is of the order @f 11 . Of these, approximately 1t will therefore be in
triple systems.

While Kepler's capabilities have been severely diminished, analysis of its
accumulated data over the next few years is expected to reveal possibly thousands
of additional planet candidates, and extend their rangedbfiesrsizes and longer
periods. Followup and continuing searches for exoplanets from the ground and
from space continuewith surveys from GAIA first data releas8eptember

2016, TESS (2018 CHEOPS2018 the JWST(2018) and°LATO (2025.

1.5 Exoplanet Orbits

1.5.1 Exoplanet orbit types

A planetaryorbit around one stellar component of a binaryripleis denoted an
S-type orbit, while an orbit around both stars of a binargliothree stars of a
triple system is a Rype orbit (There is a further type of loit, the L-type, where
the planet carbits with one of the stars, i.e. librates about the triangular
Lagrangian points like the Trojan asteroids in the Solar Sydtemever, these
orbitsare less important in binary and triple systems agrigguirean outer mass
ratio a Ta a pA¢ @which is more likelyto be met by an outer
planet than an outer stahdseorbitsarethereforegnored in this study.

These two orbit types are shodiagrammaticallyn Figurel for the binary case
A triple system simply consis of a third star orbiting this inner binary.

(a) (b) planet orbiting
both components
(P-type)

planet orbiting
one component

(S-type)

Figure 1. A planet in a binary system, whereis the stellar centre of masa)
the planet orbits one component of the stellar binary; b) the planet is in
a circumbinary orbit around both stellar componefRerryman 2011
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In a triple system fiv@lanetary orbits are possillehree Stype orbitsaround
each of the starand two Ptype orbits, one around the inner binary and one
around all three stars of the triplehese are discussedSection3.6.1

While planets have been found irtype orbits arounthebinary componentsf
triplesas well asaroundthe outer staronly two Rtype orbits have been found,
both being circumbinargwith one being in a quadruple systefhe discovery of
a planet in a circumtriple orbit has not yet been made, but appears inevitable
priori, there is no reason for planetary formation not to occur in a circumtriple
disk just as in a circumbinary disk.

However, hierarchical triple systems that are comeaotigh to possibly harbour
planes in Rtype circumtripleorbits form a small minority of hierarchical triples,
with only 7 of 724 catalogued systenis one surveyppearing suitable
(Tokovinin 2009.

The dynamics of planet in a iple system are potentially much richer than for a
planetin a binary systemrhe two orbits constituting the triple system may
interfere with each other and therefore exhibit secular change. A circumtriple
planetcouldtherefore interact resonantly withet orbital motion of the stars of

this stellar system, i.e. show mean motion reson@itéR). It is these

resonances that set bounds on the orbits within the system and define the chaotic
region. A circumtriple planet may also interact with the slowerlaepuecession

of the two stellar orbitthatperturb each other, i.e. secular resonance. A secular
resonance can create unstable areas within stable regiovit) s asteroid belt

in the Solar System. Furthermofex, triple star systemthatarenot coplarar, the
planet will experience gravitational perturbations not limited to its orbital filane
its orbital inclination will also be subject to secular change. Also, a triple system
with a high mutual inclinatiowill tend to exhibit Kozai resonanacgith very
largefluctuations in eccentricity and inclination. A planet orbiting such a system
will be affected by all these gravitatioreffects with apotentiallystrong

influence on its orbital stability.

1.5.2 Prograde and retrograde planetary orbits

The gability of prograde versus retrograde planets in circular binary systems has
been investigated byor exampleMorais and Giuppone (201#%ho used
numericasimulations of Stype systems tproducedetailed maps of theift )

stability boundary and showed that retrograde planets are stable at distances up to
1.5xcloser to the perturber than prograde plaf@mpared with the 1x2found

in this study). They also concluded that instability is a result of either increasing
eccentricity caused by single mean motion resonance forcing, or the chaotic
diffusion of eccatricity and semimajor axis, as a result of overlapping adjacent
mean motion resonances.

Although none have yet been confirmed, planets in retrograde orbits around a
binary or triple system should be quite possible. For example, the Riossiter
McLaughlin efect has been used to show that as many as 25% of hot Jupiters are
orbiting in a retrograde direction with respect to their parent Slaesud et al.

2010, strongly suggesting that dynamical interactions rather than planetary
migration produce these objects.

In this study both prograde and retrograde planetary aveitsinvestigated.
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1.5.3 Obsavational discoveries

Initial exoplanetdiscoveries were of planets orbiting single stheder, stellar
companions werdiscoveredaround several dozen exoplanet host stars formerly
believed to be singléost of these exoplanet candidates are-tgge orbits.
However, he existence of circumbinary planets had been suspected and Kepler
provided the first confirmed identificatisiof transiting circumbinary planets.

To date (May 2017) 3 468 confirmed exoplanets have been found in 2 632
planetary system@.e. a multiplicity of 1.3), including 133 binary systems, 25
triple systems and two quadruple systems. Kepler/K2 has contributed 2 483
confirmed planets, over 70% of the total. Discoveries compo#eS-type orbits
(beginning with HD 114762 b in 199anhd Ptype orbits (PSR B162026 b in
1994).P-type circumbinary orbis have been foundroundboth widebinaries
(e.g.NN Ser(AB) c, d DP Leob, HU Agr (AB) c andUZ For(ab) d) and close
binaries(e.g.HWVir (AB) b, Kepler16 (AB) b, dubbed the firsiiTatooin®
planet,Kepler34 (AB) b, Kepler35 (AB) b, Kepler38 (AB) b, and Kepled7
(AB) b, ¢ which are all Neptunéke or Jupiterlike planets) The Kepler team
estimates that about 1% of binary stars of close separations have giant planets in
nearlycoplanar Ptype orbits.The 30 confirmegblanets in triple star systems
began withl6 Cygni Bbin 1996, withthe most recent discowebeing Proxima
Centauri b in 2016.

Two planet have been discoveredtwo quadruple star systeni8H-1 A(ab) b or
Kepler64bis in a Rtype orbitoutside a 2eday period eclipsing binaywith
another visual binary orbiting ~400AU away(Schwamb Orosz et al, 2012) and
30 Ari Bb is in an Stype orbit around one star of a doubleary systenfKane et
al. 2015.

Roell et al. (201pdefined the multiplicity of an exoplanet host star by its
inclusion in theCatalogue of Components of Double and Multiple SéatSCDM
(Dommanget & Nys 2002The current numbesf discovered planetsy
configurationof star systenand hence orbit typeompiled fromvarious sources,

is shownin Table4. The exoplanet data was extracted from@pen Exoplanet
Catalogue (OEC{Rein 2012 and theNASA Exoplanet Archivelatabase

(Akeson et al. 2013 The planet orbit code used in the table denotes [number of
stars in system, number of stars orbited]

It should be noted that exoplanet host star multiplicity suffers from strong
observational bias and selection effqmtsduced by the original planet search
programmes. For example, the Kepler input catalog was selected for certain stellar
spectral types and radii.

Comparing stellar multiplicity frequencies with those for exoplanets,

approximately 70% of stellar syste® single, while 97% of exoplanet

discoveries have been of this type. Binaries comprise 25% of stellar systems but
only 2.2% of exoplanets discovered have been of this type. While triple systems
account for almost 5% of stellar systems, the frequencyaglanet discoveries

in these has been only 0.5%. The ratios of these frequencies suggest that, on the
assumption that the true occurrence of exoplanets is not skewed as acutely as this,
a large potential exists for future discoveries in binary and highdiple

systems, with this potential increasing with increasing multiplicity.
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Stellar Orbit type Exoplanes | Relative

multiplicity Freq | Code Type Number Freq | Number Freq | freg?
(%) (no) (%) | (no) (%)

Singles 696 1,1 P 3157 964 | 5657 97.2| 1.40

Binaries 24.7 94 2.9 129 2.2 | 0.090

2,1 S 77 2.4 110 1.9
2,2 P 17 0.5 19 0.3

Triples 4.5 22 0.7 32 0.5 | 0.123
3,1 S 21 0.6 31 0.5
3,2 P 1 0.0 1 0.0
3,3 P - - - -

Higher 2.6 2 0.1 2 0.0 | 0.013
4,1 S 1 0.0 1 0.0
4,2 P 1 0.0 1 0.0

Total 101 3275 100 5820 100

1 Ratio of stellar frequency to exoplanet frequency. Note some rounding has occurred.

Table4. Frequency of exoplanets by type of orbit

To support thiview, comparing the exoplanetbit typefrequencies with the
planet number frequencies shows that theybasadlysimilar for single and
binary starslt has been found that the frequency of planets in binaries is not
statistically diferent from planets orbiting single stars and theannot be lower
by more than a factor of three compared to planets orbiting singl€Bteaavita

& Desidera 200Y. This study also found thabif moderately wide binaries, the
frequency of planets is independent of separatiortteadide companion plays
only a marginal role in the formation and evolution of giant plarekas also
beenreported that the presence of distant companioinseparatioa>300AU i
500 AU) does not significantlyffaect the process of planet formation, as the mass
and period distribution of planets in such wide binaries are similar to those of
planets orbitingingle stargDesidera & Barbieri 20Q7However, comparing the
frequency of &ype orbits with Ptype orbitsin binariesin Table4 shows that the
former areoversix timesmore common.

It should nevertheless be noted thaile/the global frequency of planets in
binariesmaybe close to that of singles, several studegtshown that this is
only true for relatively wide binaries of separatgneater thas0i 100AU. For
binaries tghter than 50AU, there is a clear deficit of exoplarfetg.Kraus et al.

(2018).

Theplanet frequencies for triples and higlileidden by roundingarealso

roughly similar tathosefor the orbit frequenciesvith a large preponderance of S
type orbits However one mustgain beawareof the small sample size and
selection effects.

Most binary and multiple stellar systems found tdagbouringplanets are we,
with separations larger than 100 ABlggenberger, Udry & Mayor 20D4ard
nearly half of theplanets found are in very wide binaries with average stellar
separations greater than 1 000 MRbell et al. 201 However, several systems
with separations as low &20 AU, such as H196885 have been shown to
containgiant planetsClose binariesendto be found in highemultiplicity
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systemsimplying thatwide andclose binarityarerelatedstatistically(Tokovinin
2001).

Many planetary configurations are possible, e.g. twalbpites have been
discoveredrbiting eat starof a wide binary systerfNeveuVanMalle et al.
2014. Only three stellar binaries are known to host pai@grotimprimary
planetary systems, and all are wit® 2078L/2, XO-2 andKepler132, where
dynamicalanalysisshow that itdwo planets cannot be orbiting the same star.

Of the185exoplanetsn 133binary systems, the closest-Bjpe orbit (Kepler
47b)is € 0.3 AU, with a stellar separation joist 0.0836 AU(Orosz et al. 201)2
An example of a close3orbit isKOI-2939, acompactriple system with a close
binary orbited by a large planet 2.7 AU awésor the definitions of P1, P2,
S1/S2 and S3 orbits, see Sectif.1)

Most multiple star systems atrgple, with systemsof four or more components
far lesslikely to occur.Someresearcherexpect that there will be more cases

discoveredf planets orbitingoutsidecompact binaries thansidewide binaries,
and his mayalso holdtruefor triples. It appears that most triplase hiearchical,
consising of a close binary witlthe third star in a wide orbit.

Systems with multiplicities of three or highawntaining planetare shown in

Table5, extracted from the OE@vhere®andQare thep | a nsentirsafor axis

and eccentricity respectiveltithough stellar systems up to septuples are known,
to date planets have only been found in systems up to quadruples, of which there
are two.

The 3 triple systems contains3confirmed and unconfirmécontroversial
planets, giving a multiplicity of B. (There is some uncertainty whether
Fomalhaut b is a planat may bea dust cloud or disc possibly surrounding a
compact inner objeqt.

In stellar systems of multiplicity three or greater, only twtyjge orbits have been
found to date, and both are cinshinary rather than circumtriple. PHis a

multiple star system of at least four components, hosting at least one planet,
PH-1 (AaAb) b, found through the citizen science project Planet Hunters. The
planet is in a circumbinary orbit around a binary thaurn is being orbited by a
second binary approximately 1 000 AU away. HW Virginis is a multiple star
system of at least three stellar components, which hosts at least one planet, HW
Vir (AB) b, detected by eclipse timing variations. An additional olpebtits the
binary every 16 55 yr; at around 20 650 it is classified a brown dwarf.

A planet in a circumtriple P2 orbit around a triple system has not yet been
discovered, but it appears inevitable that this configuration will eventually be
found.

For Stype orbits, S3 orbits predominate with 29 cases, while there are only four
S1 orbits.

The object of this study was to establish the orbital stability landscape for planets
around triple systems. This would help to guide searches for this typenet.plt
should also provide a quick stability check for any orbits that are postulated for
planets found in triples.
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No. |Planet name Year| Distance Mass Radius a e Stars PlanetsOrbit
[pc] Mod [Rad  [AU] type
Quadruples
1 |30ArBb 2009, 41.8 6.6 - 1.010 0.18] 4 1 S1
2 |PH-1A(ab) b 2012 1500 - 0563 0.634 0.0539| 4 P1
Triples
1 [HW Vir (AB) b 2008 181 14.3 - 4.69 04| 3 1 P1
2 |HD 2638b 2005, 53.7 0.48 - 0.044 00| 3 1 S1
3 [Fomalhaut b 2008 7.7 - - 177 0.80| 3 1 S1
4 [HD 126614 Ab 2010 73 0.38 - 235 041 3 1 S1
5 |Alpha CentauriB ¢ 2015 1.295 N/A 0.084 N/A <024 | 3 2 S1
6 (16 CygniBb 1996(21.146 1.77 - 1720 0.689| 3 1 S3
7 |HD178911Bb 2001 46.7 6.29 - 0.32 0.1243| 3 1 S3
8 |HD 196050 Ab 2002 46.9 2.83 - 247 021 3 1 S3
9 |HD 40979 Ab 2002 33.3 3.28 - 0.83 025]| 3 1 S3
10 |91 AquariAb 2003 45.9 3.2 - 0.7 0.03| 3 1 S3
11 [HD 41004 Ab 2004 43 2.54 - 1.7 074 3 1 S3
12 [HD 185269 b 2006 50.3 0.94 - 0.077 030 3 1 S3
13 [HAT-P-8 b 2008, 230 1.275 1.321 0.0439 00| 3 1 S3
14 [WASP-12b 2008 250 1.404 1.736 0.0229 00| 3 1 S3
15 |Gliese 667 C b 2009| 6.97 0.018 - 0051 013]| 3 7 S3
16 |Gliese 667 C ¢ 2009 6.97 0.012 - 0125 0.02| 3 7 S3
17 [2M 044144 b 2010, 145 9.8 - - -1 3 1 S3
18 [HD 132563 Bb 2011 96 1.49 - 262 022 3 1 S3
19 |Kepler-13 Ab 2011 530 9.28 1.51 0.0342 -1 3 1 S3
20 |Gliese 667 C d 2013 6.97 0.016 - 028 0.03]| 3 7 S3
21 |Gliese 667 C e 2013 6.97 0.008 - 0213 0.02]| 3 7 S3
22 |Gliese 667 C f 2013 6.97 0.008 - 0156 0.03]| 3 7 S3
23 |Gliese 667 C g 2013 6.97 0.014 - 055 0.08]| 3 7 S3
24 |Gliese 667 C h 2013 6.97 0.003 - 0.089 0.06| 3 7 S3
25 |51 Erib 2015 29.4 2.0 1.0 14 0.21| 3 1 S3
26 |HAT-P-57 b 2015 303 <1.85 1.41 0.0406 00| 3 1 S3
27 |KELT-4A b 2015, 210 0.9 1.70 - -1 3 1 S3
28 |Kepler-444 b 2015 35.7 - 0.0367 0.0418 0.08| 3 5 S3
29 |Kepler-444 c 2015, 35.7 - 0.0453 0.0488 0.12| 3 5 S3
30 |Kepler-444 d 2015, 35.7 - 0.0483 0.06 0.18]| 3 5 S3
31 |Kepler-444 e 2015, 35.7 - 0.0498 0.0696 0.02| 3 5 S3
32 |Kepler-444 f 2015, 35.7 - 0.068 0.0811 0.29]| 3 5 S3
33 |KOI-2939 b 2015 - 15 1.059 2720 0.06| 3 1 S3
34 |Psi-1 Draconis Bb 2015 22.93 1.53 - 4.43 040 | 3 1 S3
35 |Proxima Centaurib 2016 1.295 0.0041 N/A  0.049 <0.35| 3 3 S3

Table5. Exoplanets discovered in stellar systems of multiplicity three and higher

The rest of this document is organized as follows:

Chapter 2 outlines previotiseoretical and computationgbproaches to the
problemof triples

Chapter 3 deals with the preparations for the resemchding a review of the
observed ranges of paramt for triple stars and their plandtse ranges to be
investigatedthe selection of the types of orbit to be investigakaarai
resonanceshe selection of numerical method and integrator; the choice of
computationaparameters and their rargjer planetary orbits and the
development of code for the detection of the planetary stability bounds.

11
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Chapter 4 comprises the major portion of the work, in whicinwestigate the
generalised stability gilanets for the variousiple configurationsfor all Stype

and Rtype orbits, for prograde and retrograde planetary orbits and prograde and
retrograde stellar orbits. We then rediitiee triple conigurations to binaries and
re-ran the integrations, to highlight how the results for triples differ ftoase for
binaries. Theesults for triples are then compared with any previous work and
with observational examples.

Chapter 5 consists of a discussion of these results, anthiheonclusions that
may be drawn from them, followed by Chapter 6 in whighsuggest the
direction of further work on this topic.

12
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Chapter 2

Approaches to the probl em

2.1 Theoretical Approaches

There have been many theoretical approaches to determining stability criteria for
threebody stellarsystemsFor exampleFord, Kozinsky and Rasio (2000erive
octupolelevel secular perturbation equations for hierarchical triple systems, using
classical Hamiltonian perturbation techniques that describe the secular evolution
of eccentricities and inclinations as functions of the relevant masses and orbital
elements of triples. Their analytical results were tested by direct numerical
integrations using, among others, the Swift code descib®dction3.7.1 These
equations have beenderivedby Naoz et al. (201)3 showing that the simplified
Hamiltonian found can be used as long as the equations of motion for the
inclinations are calculated from the total angular momentum

Most analytical solutions of the equations of motion use linear expansions, but the
interactions of large, massive bodies close to one anstieras the compact

triples in this study, are nonlinear. Thereforgjle/these theoretical approaches

can begualitativelyuseful forthe broadunderstandingf a problemand for
establishingapproximateboundstheir accuracy can be quite poor, making
numericalsolutionsalmost obligatory. A good illustratioof thedegree of

qualitative and quantitative diffences between the two approaciseshown in

Figure2.

11 2.000
1.667
1.333
1.000
0.667
0.333
0.000

log Time [yr]

-0.333
-0.667
-1.000

80 100 120 140 160 180 20 40 60 80 100 120 140 160 180
Inc [deg] Inc [deg]

Figure 2. Stability limits for a thredoody systemas a function of orbital
inclination. The lines overlaid on the numerical solution are
various theoretical sobions(Grishin et al. 201y

Thequantitative accuracy is poor aadenthe qualitative correspondence holds
only in the broadest sense.

To furtheremphasis¢he necessityof a numericabpproach, in Sectioh.2.7we
solve the theoretical equations for higiclination stellar orbits and compare
these withthe numerical results, while in Sectidn3.6we checkthe Hill stability

13
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criterion against the results of numerical simulati@tth theoreticatesultsfare
poorly.

The focus of this workvas thereforen a computatioal approactio the
determinatiorof stable planetary regions in triples

2.2 Computational Approaches

The threebody problem requires the computation of the mutual gravitational
interaction ananotion ofthree interacting massddnlike the twebody problem,
an analytic solution is not generally possible.

In 1887 Heinrich Brunand Henri Poincarproved that only specific solutions to
the generalised thrdsody problem were possible. The motion of three bodies is
generally nonrepeating, although some speodpeating solutiongerefound,
e.g.by Lagrange (1772)However, these were sparse, consisting of just three
families. Thebestknownfamily is the equilateral configuratiomhere three stars
of different masseasrbit around their common center of maasays preserving
an equilateral triangJevith the orbits béng circular or elliptical Anotherunusual
family is wherethree bodie®f equal massevolve around their center ofass in
a figureeight orbit(Moore 1993 Chenciner & Montgomery 2000Surprisingdy,
13 new families wie recentlydiscoveredSuvakov & Dmitrasinovic 20131t
remains to be established which of these new solutions are stable and may
represent actual systems, of both stars and planets

A simplification of the problem is theestricted thredody problemwhere one

body is assumed to be of negligible massis under the influence of the other

two primary bodies, but too small to affect the motion o$dépeimary bodies,

which are asumed to be in coplanar, circular orbits about their center of mass. If
they are in elliptical rather than circular orbits, it is labelled the elliptic restricted
problem. Famous mathematicians tackled this problem, such as Euler, (7@2)
introdued arotating coordinate systerhagrange (1772)Jacobi (1836)who
discovered the eponymous integral ajtion in this coordinate systerHill

(1878) Tisserand (1899Poincaré (1899); LevCivita (1905)and Birkhoff

(1915).

Threebody orbits therefore hawe be solved numericallyl.he first tentative
numerical study of the hierarchical thieedy problemwhere all masses are
large, was in 1909 by Danish astronomer Elisr8gren, followed in 1923 by
Swedish astronomer Karl Bohlibhater rumerical simulatias first investigated
long-term orbital stability within the coplanar, circular, restricted tHvedy
problemi mainly circumstellar and circumbinary orbifhe Laplacian
interpretation of stability is that the orbits are bounsiechthat the orbital
elements (semmajor axes and eccentricities) show no secular or large periodic
variations during the time covered by the integratid¥igh improvements in
computing power, the circular constraint was relaxed to model eccentric binary
systems, e.dHolman & Wiegert 1999Haghghipour 2008 andthento relax the
coplanar constraint and investigate inclined or@itsere is now sufficient
computing poweto modelextremely largéN-body problers.

One of the earlier numerical approagh®gEggleton and Kiseleva (1985
offered an empirical stability criterion in terms of a critical ratio of the outer

orbitds periastr on distances im a binargfteederiviogr bi t 6 s

14



Chapter 2 Computational Approaches

the criticalsemimajoraxis for binary dynamical stability in this wathhe authors
also notedhat highly mutually inclined orbits are unstable.

Mudryk and Wu (200palso analyzed the lowesolution numerical results of
Holman and Wiegert (199@nd investigated the instability boundary, findihgtt

the Hill criterion yields doundthat is very similar to that obtained by resonance
overlap arguments, making this criterion a necessary and sufficient condition for
planetary instability.

Similar subsequent work ont$pe and Rype planetary orbits in binary systems
was done bylusielak et al. (2006for circular orbits, showing that the regions of
stability for Stype orbits depend on tlsemimajor axisratio between the star and
planet beingn the range 0.2R 0.46, depending on the mass ratio. Faype
orbits, the regions of stability also depend on that distance aatioaren the
rangel.751 2.45,again dependermn the mass ratio.

Cuntz, Eberle and Musielak (200@ter established analytical stability criteria
using Jacobi 6s iradrtulrgestacted threbody tabeewitlt o pl a n a
results in good agreement with those of Holman & Wiegert and Misielak

In a different approach, stable configurations for circumstellar and circumbinary
discs in eccentric binary systems weyendbyu s i invgriarit loop®, which are
closed curves that change shape with the orbital phase of the binary as test
particles(TPs)in them move under the influence of the binary pote(@aihardo,
Sparke & Aguilar 2005Pichardo, Sparke & Aguilar 20P8These are analogous

to stable periodic orbits in timedependent potent& This method is more
demanding than that of Holman & Wiegert, whose orbits can intersect themselves
or neighbouring orbits. The authors compared their results with those of Holman
& Wiegert and found that the two methods provided similar results wieen th

binary eccentricity is small, bmhen t he bi nar ygHlolmarc& ent ri ci
Wiegertfoundfewer stable orbits close to the binary, resulting in larger inner

gaps.

Numerical stability studies are a powerful ttmuide the search for new planets,
or additionalplanets in known planetary systerfer example, eer the last

decadea number of studies have shown that, for systems that contain more than
one planetary bodyhe orbitsproposednitially weresimply not dynamically

feasible fillustratingthe critical importance of performing dynamical analyses as
a part of the discovery process for multiplanet exoplanetary systermagHorner
etal. 2012

Also, in recent yearsjumerousiumerical invesgationshaveestimated stability
zones in known systentisatmight harbourundiscovereglanets However, aly
oneof theseaddressetriple systemsand attracted only six citatioifi¥errier &
Evans 200Y. This work was an extensida triplesof the important eipirical
studyby Holman and Wiegert (1999f planetary stability in binarig€l66
citations) It extendedC h a mb sympgle@ti integrator algorithfChambers et
al. 2003 to a triplesystem byderiving the split Hamiltonian requirddr eachof
threehierarchicakase. Verrier & Evansusedonly one casethat ofa
circumbnary situationto determine the stable zofwe long-lived planetary
orbits, providing fits to the inner and outdounds They concludedhat the
addition of a stable third star does not distbe original binary tability
boundaries and thainarystability criteria can be used tpiteaccurately predict
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the stability zones in any hierarchical stellar systemspective othe number of
stars. They alssuggestedhat circumbinary planetsre wnlikely to exist in at
least 50%of observable systemdowever, they did not apply thanalysis to P
type circumtriple orbits.

They also found thain the dynamics of planetesimals in the quadruple star
system HD 98800, there were significant numbers of stabtparticles in
circumbinary polaorbits about the inner binary paivhich wereapparently able
to evade the Kozai instabiliferrier & Evans 2000 (TheKozai orLidov-Kozai
mechanisn{Kozai 1962 Lidov 1962 often destabilizes higimclination orbits. It
cowples changes istellareccentricity and inclinatiorwith high-inclination
circular orbitsoscillatingto low-inclination eccentric orbitsand isdiscussed in
Sectiond.2) Theyconcludedhathigh mutual planestar inclinations are very
likely, and that if there are regions of stability, then the outlook for planetary
systems in these environments is mogsing than previously thoughthe
numerical results of Verri@ndEvans were later explained purely analyticaly
Farago and Laskar (201@nd other researcharsturnexpanded on this work
numerically investigatinghe dynamicsnd stabilityof orbits inthree
dimensionaktircumbinary phase space as a functiohioary eccentricity ad
mass fraction. They fourttiat these iits aresurprisinglystable. In the words of
oneteamof esear c her s phase space is ticménd ayaamig, full of
remarkable and stable orbits which do not behave simply. We shoupdesume
any given binary system to lack a circumbinary component unless otherwise
demonstrated (Doolin & Blundell 2013).

Interestingly, an earlier study Merrier and Evans (2006 of use to us. It
examined thg Cephei system, which consists of a close binary with a hot Jupiter
orbiting one component. This is conceptually no different to a triple with a very
low-mass inner binary component. It has therefore been used aseaneextr
example to compare with this studyos

A further development has bean analyticatheoryto model the motionf the
recently discoveredircumbinary planets Keplel6 b Kepler34 b and KepleB5
b (Leung & Lee 2018 Their orbits aresignificantly nonKeplerian due to the
largeoutermass ratio antheorbital eccentricitie®f the bnaries as well as the
proximity of the planets to the binaries.

A summary of analytical, numericahd chaoslerived stability criteria from the
Sixties to 2007 is provided iyeorgakarakos (2008

However formal stability analyses have not yet been appliedlltthe possible
orbit types in triples

The fact that a meaningful proportion of stars in the Galaxyripte systemsand
the anticipated discovery akw (e.g. circumtriple) orbits thesesystems, i®ne
of themotivationsfor this investigation
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Chapter 3

Characteristics of triple

3.1 Overview

Somemultiple stars, termed trapenjaare very young, unstable systerfike
relative distances between siedodies are comparabémdthey are sually
unstable on timscales of a fewnillion years or lessTheyare thouft to form in
stellar nurserieand quickly fragment into stable multiple stars, which magtej
components as galactic higielocity starsn the processAn example of such a
system is the Trapeziuaithe centreof M42, the Orion nebula.

However, most multiple stars dneerarchical A gravitational thredbody system

is calledhierarchicalif its motion is well approximated by a pair of Rorossing
elliptic orbits.In these systems there is little interaction between the orbits and, as
for binary starsthey tend to be stableas a firstorder approximation, the

dynamic effects of the distant pair candesisideredsa single star witla mass

equal tathe sum of the masses of the individual componémis triple star

system, each star orbits the center of mass of the system. Usually, twotafghe s
form a close binargnd the third orbits this pair at a distance much larger than that
of the binary abit. The reason for this is that if the inner and outer orbits are
comparable in size, the system may beconmanhycally unstable, leading to one
star béng ejected from the systerdierarchical triple systems are important for
testing theories of starfmation and of stellar evolution in the presence of nearby
companions.

While triple systems are less common than binaries, as previously discussed, and
compact triples arfewerstill, their prevalence is not insignificaif@nestudy of

the photometric dabase of eclipsing Kepler binaries estimated that at least 20%
of all close binaries have tertiary companions and that at leaka@édaertiary
companions witlperiods less than-7 yr (Rappaport et al. 20).3

One investigatosummarised thigregarding a S3 orbit)as follows:flt seems

that hierarchical triple systems do not represdrastile environment for planet
formation around the isolated component, rdgess of the mass ratio between the
planet host and the sum of the masses of the other compahéntall but one

stellar triple with planets, the separation of the stellar pair is larger than the planet
semimajoraxis. While selection effects certairplay arole, a moderately wide

pair in a triple system guarantees that the present stellar orbits are not disruptive
for theplanetary system around theleted component. A wide stellar triple

might also indicate a rather unperturbed dynamical historthe systeno.

(Desidera et al. 20)1

In comparison,hte circumbinary planetsround eclipsing binaries that have been
foundto dateare all rather massive and have long periods.
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3.2 Databases

The main sources of exoplanetary data aré\th8A Exoplanet ArchivéNEA),
theOpen Exoplanet Catalog(®EC),the Exoplanet Orbit Databag&OD or
exoplanets.orgjWright et al. 201}, The Extrasolar Planets Encyclopae(E#®E
or Exoplanet.eufSchneider et al. 201 And theCatalogue of Exoplanets in
Binary and Multiple Star SystenRichard Schwarz

TheopensourceOEC database was created becadgerceived deficiencies in
theEOD and EPE andlaims to be the only catalogtleat can correctly represent
the orbital structure of planets in arbitrary binary, triple and quadruple star
systemsas well as orphan plandRein 20132.

The EODonly lists exoplanets that are validated in pestiewed journal articles,
whereaghe EPEalsoincludescandidateand unconfirmegblanets, and thREA

lists and distinguishes planets at various stages of the confirmation prlsess.
theNEA uses th&Vashingtm Double Star Catalo§yvVDS) catalog for its stellar
multiplicities, and the WDS also contains optical systems, i.e. stars that are not
actuallyphysicallyassociatedTherefore, the fact that a star is listed as having
multiple components in tHeEA does not necessarily mean it is a true multiple
system.

All these databases were used in the study.

3.3 Triples i Stellar Characteristics

The characteristics of triple stellar systems, together with the parameters chosen
for these in the integrations, atiscussedn Section3.6.

3.4 Triples i Planetary Characteristics

3.4.1 Planetary mass andorbital distances

The maswyersussemimajoraxisdiagram for all confirmegblanets is shown in
Figure3. Thediameterof the circles is proportional to the number of stars in the
system (from 1 to 4)ral the solid circles represent the planets in the Solar System
for comparison.

Our definition of a planet in terms of mass will be from a fairly arbitréyo ¢ ,
which isroughlyhalfway between the massesdefarf (non)planetPluto and
Mercury, up tooTd  or approximately twice the mass aforown dwarf
commonly definedo bep ¢ .

The pl anpmprades span MD044 AU to 177 AU, with masses ranging
frome® pm 0 Ob 1 . The exoplanet sample shows observational and
selection biases the sample consists of planets generally more massive than most
planets in the Solar System and with semajor axes that are mostly smaller,
although there is a clear bimodal distribution in both variables, with-seqgar

axis peaks at around 2 AU an®bi 0.10 AU.

There is a dearth of exoplanets in the region where the Solar System planets lie,
since smaller planets are more difficult to detect. There are fewrsejor axes
smaller than 0.02 AU or larger than 10 AU. The first implies very shortabrbi
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periods while the second corresponds to long periods, with many years of
observation required to confirm just a few planetary orbits.
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Figure 3. Planet masyersussemimajor axis, with stellar multiplicity
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Figure 4. Planetmassversussemimajor axis,with
stellar multiplicity and orbit type

Although the sample size is small, there appears to be no obvious difference in
distribution between the different stellar multiplicities shown ingta@h. This is
highlighted inFigure4, which shows, on an identically scaled graph, the
confirmed planets discovered in stellar systems of multigggreater than one.
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It also identifies those in-§pe and Rype orbits, again together with the Solar
System planets.

These exoplanets hasemimajoraxes spanning 016 AU to 80 AU, with
masses ranging from @850 to 20.60 . Again, theytend to be more massive
than the Solar System planets.

Here a difference in distribution becomes more apparent, with planetype P
orbits being ohighermass and invider orbits than for Sype orbits. Thenean
mass of planets in-Bpe orbits is 8.8 , almost twice the 4.8 for planetsin S
type orbits, while the correspondingeansemimajor axes are 4.0 AU and 2.9
AU respectively.

Alexander and Pascucci (201stiggestedhat disks around close binaries with
semimajoraxes less than 1 AU live longer than those around single stars, but
disk lifetimes decline as photoevaporation increases at larger Isieaiynajor
axes. As a resultheyprediceda dearth of circumbinary planets around wide
binaries with® p TAU and an abundance of circumbinary planets in stellar
binaries withdd p AU.

In our analysis we are unconcerned with planet mas=esg sincethey are
represented by mslsss test particles, but veeeable to comparthe stable
regions found withthe @ove semimajor axis ranges

3.4.2 Planetary eccentricity

Eccentric orbits are a consequence of strong gravitational interactomesitric
planetary orbit$n systems with no other detected planets suggest prior scattering
eventsn whichtheir siblings vere ejected. Planets in multiple systems tend to
have lower eccentricities, suggesting these interactions did not occur. Planets
orbiting their central star very closely tend to have very low eccéigs as tidal
interactionwith the star circularisesir orbits over long timescales.

Figure5 shows the orbital eccaicity of all the confirmedlanets against their
semimajoraxes againwith the Solar System planets for comparison.

Exoplanet eccentricities display a more uniform distribution than mass, ranging

from close to zero to al most one, averagi
The distribution of eccentricities for planets orbiting in multistedimtemss

shown inFigure6.

The exoplanets are generally in smaller orbits than the average Solar System
planet and their eccentricities are higher. The mean eccentricgtype orbits is
0.21 and that for #ype orbits is a smaller 0.13.

For Stype orbits the gravitational force of the secondary star (or stars) is the main
source of orbital perturbation, while the stability efype orbits is determined by
the orbithgeometry of the stars being orbited.

One of the proposed explanations is that when the orbit of aiclgéanet is

excited by an outer companion planet, thi
combined with tidal effects between the host star and tiseiri planet can give

rise to an increasing growth in the eccentricity of the eiog#ganet(Alexander

2012.
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Statistically it has been found that the orbits of large exoplanets within wide
binaries have higher eccentricities than those around singldkstalos Raymond

& Duncan 2013 This is becauseven though the companion star in a wide
binary is far away, this in fact makes it vulnerable to perturbations such as those
from the galactic tide and passing stars, with the resulitfaricentre can

become quite smadjiven sufficient time and stngly perturb the planetary
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system. So, counterintuitively, wide binary companions can affect planetary
systems at least as strongly as tight binaries, causing ejections and increasing the
eccentricities of the remaining planéf&e significant differencein eccentricity

with size of binary are illstrated inFigure7, which showseccentricities within

tighter @@ p TAU) binaries and those in very vadws  p TAU) binaries and
isolated systems, whetc@d e n ot e s t h emajor arigAlthowgls cur s e mi
focus will be on relatively close triplespslar behavioumay be expectefibr

wide triples.
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3.4.3 The Kozai mechanism

One important perturbation vudh is addressed is that of orbital eccentricities. As
the two orbits exchange angular momentum, their eccentricities will undergo
periodic oscillations over secular timescales.

For noncoplanar systems, corresponding oscillations occur in the orbital
inclinations. Thisinfluence whichcan be a large contributor $tellar and
planetaryorbital inclination is theKozai or Lidow Kozai mechanisniKozai

1962 Lidov 1962, whichrefers to the orbit of a body that is perturbed by another
body orbiting farther out. Due to the perturbation, the orbit of the small body
experiences libration of its argument of pericentre. Also, as the orbit librates, there
is a periodic exchange betereits inclination and its eccentricity. This often
destabilizes higinclination orbits, driving highnclination circular orbits into
low-inclination eccentric orbits. A planetary system can be affected strongly by

the presence of a companion star, @féime semima j or axi s of the <co
orbit is large. However, this is only true if the initial inclination between the

orbital planes of the planet and the companion star is larger than a critical angle of
39.2°.

Generally, it has been found expermtedly that if the ratio of the initial angular
momenta of the inner orbit and inclined outer orbits of a triple are greater than
x 1, the angular momentum of the outer star will dominate and significant Kozai
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resonance arises. This will tend to occur & tuter mass ratio (defined in
Section3.6.2 is greater than ¢.

A concise descriptionf this mechanism is provided Babrycky and Tremaine
(2007, which is paraphrased and expanded in the following paragraphs.

The longterm stability of three bodies interacting only through gravity requires
that the system is hierarchical and also thateccentricity of the outer body
cannot besolargethat itmakes close approaches to ther binaryi.e. the
gravitational perturbations dhe innerbinary must besmall However, even
smallperturbationgrom the outer body can have important secular effectsisn th
binary.

The firsteffectis precession of the orbital plane, which occurs if the orbital planes
of the inner binary and outer body amaligned. If the inner and outer orbits are
circular, both the mutual inclination and the scalar angular momenta widhe
orbitsremain fixed, while the two angular momentum vectors precess around the
direction defined by the total angular momentum vectdhe triple system.

However,if theorbit of theinner binary is initially circular, with the initial mutual
inclination between inner and outer binaries equdlto , Lidov andKozai

found there is a critical angl@such that ifQ is betweeriQandp ¢ 1'Q

then the orbit of the inner binadpes notemain circular as it precessésitboth
the eccentricity of the inner binafy and the mutual inclinatioixhibit

periodic oscillations known as Kozai cycles . eTdmplitude of thescillations in
eccentricity and inclination is independent of thagnitudeof the perturbation
from the outer body, which dependsitmmassd |, its semimajor axisdy and

eccentricityQ . However,the oscillation amplituddoes dependn‘Q i for
initially circular orbits withQ "Qorp Y T "Q the maxinum eccentricity is
zerqg but if'Q w tthe maximum eccentiity is ong i.e.the two inner
bodies cdide.

Kozai cycles can be investigatetdth various degrees of approximation, from
analytic equations for the secular evolution of the orbital elements to fully
numerical approaches.

The analytical method is to averameer the orbital phases of the imr@ad outer
binaries(Kozai 1962 Ford, Kozinsky & Rasio 20Q0This secular approximation

can be used since tpeecession time is usually much longer than #wéogls of

the two orbits. In thigveraged problem the semiajor axes of the inner and

outer binary are both conserved. The analysis is simplest in the limiting case when
@ | & (sothatthe pertbing potential of the outer body can be written in the
quadrupole approximation) and the angular momentum of the outer binary is
much greater than that of the inner binary (so that the orientation of the outer
binary is a constant of the motion). With teegpproximatias, the following

results hold:

1. The averaged quadrupole potential from the outer binary is axisymmetric
relative to its orbital plane.

2. The averaged problem can be described by a Hamiltonian with one degree of
freedom.

3. The eccentricity of th outer binary is constant.
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4. The critical inclination is

-

Q AOAI-O o@&J (P)

It is important to note that this critical inclination is, first, theoretical and
second, applicable only to test particles. feal bodies the critical inclination
is larger than 39.2

If the inner orbit is initially circular the maximum eccentricity achieved in a
Kozai cycle is
Qr e p -Al for 'Q Q ©)

5. Depending on the initial conditions, the argumenpericentre (the angle
measured in the orbital plane betweenghgcentreof the inner binary and
the orbital plane of the outer binary) can eitligrate (oscillate around 9@t
270) or circulate. The system may remain at a fixed p@intwith]
wnlJQ x radd

Q p -AT@ frQ Q pynl €)

6. The only property of the Kozai oscillation that depends on the masses of the
three bodies, thesemimajoraxesor the eccentricity of the outer binary is
the period of theccentricityoscillatiors, given byFord, Kozinsky and Rasio
(2000 as(in our notation)
bed — — p Q° @
whered is the orbital period of the inner binafhis expressiofs a
quadrupolealerivation, isapproximae andshould be multiplied by a

coefficient of order unity that <can
function as shown b¥ozai (1963.

These oscillations are te order of the timescaperiodgiven byKiseleva,
Eggleton and Mikkola (199&s

= Q@ —F ©)

Thesmallamplitude libratiorabout the fixed point takes place witlperiod

0 t (6)

Y -

Combining the last two equations yields

0 — (7)
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In general, for large inclinations with large initial eccentricities of the inner
orbit, the initial argument of periapsis of the inner binary has a large influence
on whether the system uedyoescirculation or libration(libration occurs

when| oscillates between fixed limits while for circulati~“increases or
decreases without reversipdut if the inner orbit is nearly circular initially,

then the initial values of these orbital angles Hdtle effect, since the inner

orbit can switch from circulation to libration and vice ve(fSsard, Kozinsky

& Rasio 2000.

7. Octupole and higher order terms in the perturbing potential introduce a
narrow chaotic zone around the separatrix between circulating and librating
solutions as determined by the quadrupole approximétolman, Touma &
Tremaine 199y

Fora sequence of triple systems in which¢kenimajoraxis® of the outer
binary becomes larger while its mass, inclination, and eccentricity rengain th
same, lhe maximum eccentricity of the inner binary in the Kozai cycle will remain
fixed, but the period of the Kozai cycle wiiticreaseas® . Thisbehavioumwill
continueaslong as the perturbation from the outer body is the dominant cause of
apsidal pecession in the inner binary orliivenweak perturbations from distant
third bodies catherefore result itarge eccentricity and inclination oscillations.
However, small additional sources of apsidal precession in the inner,lsoahy
asgeneral reltvity, tides orthe quadrupole moments of ttveo members of the
inner binary or planetary companioten suppress Kozai oscillations caused by a
distant third bodgompletely,f they dominate the apsidal precession.

The above formulas are for the ca$ea test particlandaretheoretical Under

more realisti@assumptionshe dynamics become more chaotic and the restrictions
of the previoussimplecasedo not applyparticularly the maximum eccentricity

For example,n triple systems with different mer binary masses, higherder

terms of the Hamiltonian give rise to the eccentric Kozai mechanism or EKM,
which induces arbitrarily high eccentricities over a wider range ©ff®han in
equatmass systems and can flip the orientation of the inoér lmetween

retrograde and progradkeithwick & Naoz 2011 Naoz et al. 201;1Dong, Katz &
Socrates 20 Naoz et al. 2013 In addition, the behaviour of real bodies differs
from theory.

It has also been showwith direct integration that for a small fraai of triples

the angular momeam of the nner binary can go from a finite value to essentially
zerovery quickly, which can produce stellar collisions with no prior tidal
interaction(Katz & Dong 2012.

Although the full parameter space exploration ozKicycles in triple systems

with direct threebody integratiosremains to be explored, the basic principle that
systans with lower initialw € " i.e. higher'Qreach higher eccentricitiéemains
valid.

For inner binaries in triple systems, when their separation at periastron becomes
approximately the same as the stellar radii, tidal friction absorbs the orbital energy
and the period of the inner binary shortend toM p TA. This mechanism, known

as Kaai cycles with tidal frictioror KCTF (Eggleton 2008 works well when the
period ratiod 70 is not too high and the initial inner peridd is not too long.
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It causes migration of inner periods fram~p A to0  p TA(Fabrycky &
Tremaine 200), while some inner binaries can merge.

The Kozai mec h a mplanstanrbitalinainatios s mengoned n
in the next section arttiat on stellar configurations investigated in Sectiofh2,
where inclined orbits ahe outer stawere used and numerical integrations were
compared witlthe above equations.

It is worth noting thaKozai resonance is not inevitable. The mechanism has
known limitations, specifically that it can be suppressed when there is a faster
perturbation actingroa planet. For example, in plafietming disks Batygin,
Morbidelli and Tsiganis (200 howe d t h at-gravityéendd o sxduées s el f
fast apgilal recession that erases the Kozai effect, which can remain inhibited as a
result of orbital precession caused by plgriahet interactions. In multiple planet
systems the dynamical interaction of the planets, or any additional effect resulting
in additional precession of the pericenter, can inhibit the Kozai effect, and such
systems can be classified as dynamically rigidanen et al. 1997Although

Kozai evoldion is inhibited, the planetary mean plane still precesses if it is

inclined relative to the orbit of the compani@iardling 2010 Kaib, Raymond &
Duncan 2011Boué & Fabrycky 2014£0148.

3.4.4 Planetary orbital inclinations

Planetary orbits in the Solar System are close to coplanar and stable. If multiple
stars form by hierarchical fragmentation of a rotating ci@atienheimer 1978

or by fragmentation of a circumbinary di@onnell & Bate 1994 similarly

coplanar configurations would be expected.

Close to 85% of Kepler's mulgilanet systems are glanar to within 3° because

of the transit technique used. However, several other studies from radial velocity
searches reach a similar conclusion: that planets in multiple systems usually have
very low mutual inclinations. For exampleang and Margot (20)2lso found

that most (85%) muHplanet system have mutual inclinations of less than 3°.

This implies that these planets formed together inside a protoplanetary disc and
did not experience any large gravitational perturbations, which would have
increased their orbital inclinations.

The relative orietation of inner and outer orbits in a triple or higher multiplicity
system can be measured by the angbetween the angular momenta of their
orbits. One expects totally uncorrelated orbital spins (w @) for purely
dynamical processes and correlagpdths [ 1)) for a cascade fragmentation of
a rotating protostellar cloud. A coplanar systém (1)) will stay coplanar
forever in the absence of any external disturbance. Early studies, such as by
Tokovinin (1993 showed that the available data could only be interpreted by
involving a small degree of orbital momentum alignment. A later study of

n -statistics showed that bo#ixtreme hypotheses (@igned and random orbital
spins) could be rejected. Theean" was around 50¢Tokovinin 2000.

If a planetary system forms in a primordial binary system, the orbits of the planets
and the companion staray beexpected to be essentially coplartdoweve,

while close binaries are likely to have aligned circumbinary disks, wider binaries
can have misaligned diskSoucart & Lai 2013
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If a planetary system forms around an initially single starch becomes a binary
later through an encounter, the orientation of the orbits of the planets is random
with respect to the orbit of the companion ¢Malmberg, Davies & Chambers
2007).

Alexander (2012predicted that circumstellar disks around binaries @ithp T 1T
AU should be coplanar to the orbit of the binary. Thus any planets formed from
such a disk are expected to be aligned with the binary's(Bdig et al. 2000

Malmberg, Davies and Chambers (2P6fowed that for systems which have

formed from a single star, which is later exchanged into a binary, around 80% will
have an initial inclination above 29 and hence be in the region where the Kozai
mechanism can be important. The Kozai mechanism will lead to an increase in the
eccentricityof an outer planet, if the binary is not too wide. The increased
eccentricity of the outer planet leads to strong plpieatet interactions in the

system, which can lead to the ejection of one or more planets and also result in the
remaining planets beirigft on more eccentric orbits than before.

It has been pointed out Berryman (201)1that, based on limited data, planets

with the highest eccentricitie§)( @) tend to be accompanied by a stellar or
brown dwarf companion. This sgegsts eccentricities are caused by the Kozai
mechanism, in which hierarchical triple systems with high mutual inclinations
cause largamplitude periodic oscillations of the eccentricity of the inner orbit.
The coupling of these Kozai oscillations withaidriction (Kozai migration) may

also lead to circular orbits for sheguériod planets. In multiple systems this may
bring massive planets close to their stars and may explain why the most massive
shortperiod planets are found in binary or multiple syse

In their simulation of planetary orbits around triplésyrier andEvans (200y
assumed all orbits to be coplanar, justifying this assumption on the basis that
higher inclinations will be subject to Kozai instability, causing large variations in
the stellar orbits, which would be expected to destabilize test paraglieky.

Their integrations always kept one star in a circular orbit. However, their later
empirical investigation of small particles around a highly eccentric binary star in a
hierarchical triple system found that while such particles might be expedbed t
disrupted by the Kozai instability, test particles existed in stable, high inclination
circumbinary orbits. They owed their stability to the high eccentricity of the inner
binary, which instead of inducing Kozai cycles, caused smooth inclination
variaions and nodal precession for certain initial longitudes. This suppressed the
Kozai cycles that would be expected to be induced by the outer star in the triple
(Verrier & Evans 2009

3.4.5 Chauotic orbits

Chaoss a term used to describe a system with nonrepeating motion over a given
timescald it is deterministic but unpredictable besalof high sensitivity to

initial conditions. For example, even small differences in estimated orbital
parameters may result in large differences in orbital trajectories. Since these orbits
are variable, the initial orbital configurations may not defiablstregions well.

This could lead to different stability landscapes for different planets in the system.

Stabilitydescri bes t he Abolwlswtendinstablesifchanges a sy st
in its evolution are confined within a certain range. For exampibaotic system
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can be stable in that the orbits of the bodies do not interchange or become

unbound, and the oscillations of orbital elements such as eccentricity occur over a
finite range. This illustrates an important dichotomy in chaotic systearsstem

may be formally wunstable, but for all/l p
chaoso one can predict the general orbi
exact positions of the bodies in their orbits.

While all the stellar orbits we fourfdr triples were wetlbehaved, this would not

necessarily be true for planets. Their orbits could be chaotic, but if they
completely fill an orbital space, althou
traditional sense, they are bounded. To determine theofypetion of the

computed orbits, one has to use either {tsrgn orbital computations and

analysis, or a chaos indicator, such adaise Lyapunov indicatomyhich is a

quick tool to distinguish between regular and chaotic motion. In our investigations

we used the former, together wittanyintegrations, which would have

statistically smoothed out these effects.

3.5 Scope And Limitations Of The Investigation

Our aim wago determinghe orbital stability of bottthe hosttars andheir
planets, where collisions betwettre stars or the ejection aine of the three stars
(typically the least massive bodgoes not occur ovesecular timescaldbat are
very long compred to the orbital periods

Our treatment of secular perturbations iis thork was based on classical
Newtonian dynamicand assumethat all three bodies are point masses that do
not interact other than through gravitation and do not evolve in any way.

General relativity and tides and can modifichresults significantlyGeneral

relativity can lead to resonant behavio of t he i nnerFord,r bi t s6 ec
Kozinsky & Rasia200Q Naoz et al. 2013 while tidal effects can suppress
changes in their eccentricity, changing |

(Soderhjelm 1984Kiseleva, Eggleton & Mikkola 1998A combined theoretical
treatmenbf these two effects is given Iorreia, Boué and Laskar (2018

possible additional perturbation is the general relativistic precession of the inner
orbit if the inner binary contains compact objects such as white dwarfs or neutron
stars. When the precession periods from general relativity and from Newtonian
perturbatbons become comparable, a resonant effect that leads to larger orbital
perturbations is possible.

Also, for triple systems containing very close inner binaries, tidal dissipation in
the inner components provides a sink of energy and angular momenturarthat c
substantially change the character of the secular perturbations.

Relativistic and tidal effectas well spinywere notaddressed in this study.
3.6 Selection ofParameter Space

3.6.1 Orbit types

The triple syst ewnistheschamatidlesiraion mFiggrei s s ho
8.
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P2 orbits

Figure 8. Triple systenmomenclature with-8/pe andP-type orbits

Star 2 orbits Star 1 to form the inner binary and the outer Star 3 orbits the centre
of massS of this binary. Within the inner binary we defige to be the primary
(and usually heavier) star. There are thragp® orbits, around each of the three
stars and two Ptype orbits, one circumbinary and one circumtriple. A cloud of
test particlesn circumbinary(P1)orbits will haveaninnerand outer stability
bound while a cicumtriple(P2) cloud will have an inner bound only
Circumstellar(S1, S2, S3¢loudsaround the stellar componentill havetheir
outer edgeboundedOur objectiveis to determineghe regions of orbital stability
for planets within the systemspecificaly the outer bound) of thestable region
for S1, S2, S&ndP1 orbits(shown for Plorbitsonly) and the inner boung of
the P2 orbits.

Thediagramshows a coplanar cgdsut the orbit ofStar 3(and the test particle
clouds)can be inclined relativi® the orbital plane oftdr 1 and Star andthe
invariable plane of the system, as discussed in a later section

The outer star in a triple can be in a prograde orbit or a retrogradd o®iierzik
and Tokovinin (200% of the 22 triples fromhe MSC catalogue where sufficient
orbital data was availablé&ur orbits wereretrograde (se€able7). Retrograde
planetary orbits in triples havenhbeen studied mughndthisis therefore one of
the new areas investigated in this work.

From the five types of stellar orbits Higure8, some reduction in complexity is
possible. First, the orbits S1 and S2 are interchangeable so ordgseneeds to
be examined. Secondnse in many triples the binary is very close, the total
number of possible orbits often reduces to three, beingvih&type orbits and
the S8 orbit around the outer star, as shown schematicalyguare9. So there is
a maximum of four orbit types to be investigd and effectively only three in
many cases.
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Figure 9. Triple systems orbit types

To date, 3#riple systems have been foutadcontainplanets, as previously
shown inTable5, extracted from the Open Exoplanet Catalog.

The vast majority, 3lcontainS3 orbits, with onlyive systems hostin§1 orbits.

Only oneP-type orbit has been foundpPd-type No planets ifP2 orbits have
been found to date.

In Chapter 4ve investigate the stable regions of a generalised triple system for
each of these orbit types.

3.6.2 Stdlar configurations

T he s ycoerfigunatidrsidefinedby:

1. Size semimajor axeso , ®

2. ShapeeccentricitieQhQ

3. Orientation inclinations"gﬁ"fz longitudes of ascending nodeshm ;
arguments of periapsts hbY and mean anomalies h

4. Mass ratiostt relative tod andd relative tod andd

Theexpressions we derivier theregions of stability should be in terms of these
parameters.

Thetriple system consists of three stagach with onenass andix orbital
elementssothere are 21 variables in the system #reddimensionality of the
problemis high. However, using Star 1 as the centre of the coordinate system
removes itorbital elementswWe canthendefine three dimensionless parameters:

Stellar @mirmajor axis ratio @ —
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Inner mass ratio _—

Outer mass ratio E——

wheresem-major axis ratio subscripts 1 aB@defer to the inner and outer orbits
respectively andhass subscripts 1 adrefer to the inner binaistarsand 3 to the
outer starMass ratio definitiongn the literatureare quite inconsisteriVe have
usal the original Holman & Wiegert (1999) inner ratio definition degtthe
same denominator for the outer ratio.

Then, snce we are interested only in thrutual inclinationof the outer star

relative to the inner binary, the inclination and argument of periapsis of the inner
binary are free parameters and can be set to Am, snceits inclination is

zero, the longitude of the ascending node for iner binary does not exigtor

our purposes the true anomahesreignored.With these simplificationghe

number of variablefalls to eight

Thefollowing sections discuss tlianges selected for thvarious configuration
parameters.

3.6.3 Semimajor axis ratio

This ratiocwcannot be made arbitrarily small &g tSwiftHJS algorithm requires

thatw 7w | ¢. In the case ofompactriples thiswould appear to put lower

limit on the compactness that canrbedelled However, this does not appear to

be a practical limitation. Of the 285 triples hreEggleton and Tokanin (2008

cataloguethe dozen most compact systems are showalite6 and the smallest
semimajoraxis ratiowas4.1, with a corresponding outer period of 335thort

outer periods such as these are unusual, and there is generally a notable absence of

outer peiods of undep 1td (Tokovinin 2014. In the case of binaries, the

smallest ratidound to datef a Pttypep | a n e t-ndssj) ssrema xi ss to i ts |
semimajor axis is currently 3.14, in Kepié6 b(Doyle et al.201])

The dependence of the stability limits of stellar orbits on the inner and outer mass
ratios and eccentricities are generally not strong. Thdistaiiterion for triples
is given byMardling and Aarseth (200hs

—mo (8)

where® andQare the semimajor axis and eccentricity of the outer star (our
@ andQ), ®w is the orbital separation of the two stars in the lyimad0

andd  are the aggregate masses of the triple and binary respectivelypwehile
¢&is determined empirically. Theratio | @ is equivalent to our semi
major axis ratia@a This criterion is valid only for coplanar mxade stellar orbits
and forf v, Wherer a & & ,ie.equivalenttoodr . This
criterion has not been tested in systems with planetary m@saseth & Scarfe
2009.
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No. | System Configuration Inner Outer | Period Semimajor
name (per Eggleton & Tokovinin period period| ratio axis ratio
2008)
(d) (d) W

1 Lam Tau | ((A4lV + B3V; 3.953d SD) + ?;| 4.0 33 8 4.1
33.03d, e=0.15)

2 Phi Phe ((A3V +7?;41.49d e=.32) +?; | 41.5 878 21 7.6
2.403y)

3 15Eta Vir | ((A2IV + A4V; 71.79d e=.27) +| 71.8 4791 67 16.5
A8-F0; 4791d, e=.08)

4 VV Ori ((B1V + B59V; 1.485d) + 1.5 119 80 18.6
A7V:; 119.1d e=.29)

5 Lam Sco | ((B1.5IV + ?; 5.953d e=.26) + 6.0 1053 | 177 315
B21V; 1053d, e=.12)

6 Bet Per ((6.0G8IV + 2.2B8V; 2.87d SD] 2.9 679 237 38.3
+ 4.72F1; 1.86y, €=0.23)

7 64 Ori ((B71l + B8IIl; 14.57d e=.39) 4 14.6 4829 | 331 47.9
B5V; 13.22y, e=0.73)

8 The Car | ((B0.2Vp +?;2.139d e=.24) +| 2.1 819 383 52.7
13.0; 2.242:y)

9 B Per ((A2V + ?; 1.527d e=.02) + ?; 1.5 702 459 59.5
1.921y, e=.24)

10 | 1 Gem (4.77(G6lIl + ?; 9.597d) + 9.6 4821 | 502 63.2
KOlll; 13.20ye=.34)

11 | HR 6469 | ((F2V + F8:; 2.23d) + G8IHV; 2.2 2019 | 905 93.6
2019d e=.67)

12 | 4 Dra (WD + M4V; 0.16d, SD, CV) 4 0.2 1703 | 10644 483.9
M3III; 1703d, €e=0.30)

Table6. Compact triples from the Eggleton Bokovinin 2008 survey

For a retrograde outer sténg stability criterion for triples given bylardling and
Aarseth (200Land shown earlier in equatio8) (vas modified by them by the
addition of an athoc factorQ p  T®Qp Y rwith inclination"(n degrees) as
follows:

—mp = 6 9)

This factor was derived from numerical experimentdaydling (1999 and was
similar to the findings oHarrington (1972for retrograde coplanar orbits. The
empirical constand retains its value of 2.8.

Converting equatiofB) to orbital periods,

0 mi¥ 0 (10)

whered  and0 are the orbital periods of thoiter and inerbinary
respectively.

Theserelationshig areshownin Figure10, whichplotsthe semimajor axis ratio
and the periodratia g a1 n st duthreccentrcityfgol var@ss mass ratios.
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Figure 10. Stabilty criterion for triples a) semimajor axis ratio andouter
eccentricityb) period ratio and outer eccentricity

The relationship becomes sufxponential for higher eccentricitidsor
example, mcreasing eccentricity from 0.5 to 0.9 raises the required sajor
axis ratio an order of magnitude, from 10 to 100.

Althoughobservationaérrors inthe estimated masseofbinariesand triples may
be large, the small exponent on the mass ratidddfin equation {0) means the
dependence of period dinesemasses is very weak

For each triple configuratioimtegration we set the lower limit of>atthe

Mardling stability limit. In every case this lowestability boundwvas greater than

that required by the SwitlJS algorithm. The occasional stellar instabitftst

wasfound corresporet well with the Mardlinglimit. Large separations can still

result in a smalkemimajor axisratio. For example, in 2013 the Fomalhaut

system was found to be triple, with new
separation being ~16W0 AU from Fomalhaut A and ~20@0 AU from

Fomalhaut B. Given the separation between A and B 60B8AU, thesemi

majoraxis ratio is only ~3(Fomalhaut bmay not bea planetbuta dusy disc
surroundingheinner objeci

Regardinghe choice ofupperlimit for the semimajoraxis ratiq recent research
by Reipurth and Mikkola (202) has suggested that, with wide ranges, stable
bound triples show mean inner and owemimajoraxes of ~100 AU and ~200
AU respectively, giving a meaemimajoraxis ratio of around 20. (However,
their mean initial separations ranged from 40 AU to 400 AU, guided by
observations, giving a meaemimajoraxis ratio of 10.)

Thesemimajoraxis ratio washereforevaried from slightly insidéhe Mardling

limit, dended® , to 100.The vast majority ofemimajoraxis ratios for triple
systems fall within this rang¥alues forcowere usually generated randomly

within this range. Where increments were used, they were fairly coarse given the
insensitivity to this vaable, commonly being 20 AU.

Generally, the stability boundariagerewell modelled as functions of mass ratios
and eccentricities (with only weak contributions from the other orbligmhenty

and scale withidoexcept for very small separatior8ince it regression coefficient
should be zerdhis paraneter was included in all modeds an error check
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3.6.4 Inner mass ratio

The range for this ratjo , is between zero and ortldowever, aly the range

m T® needgo be studied, as mass ratios ofandp are equivalent,
other than for a 180° change in the longitudéhefascending nodeower limits
of 0.001 or0.1, depending on the orbit typeere used in different integrations.
When not randomly generatedcrements of 0.0b6 0.10wereusudly used
again,the influence ofhis variable is relativelyeak.

For anyselected hx was calculated from

a a

p

3.6.5 Outer mass ratio
The lower limitfor this ratio,’ , is again zero.

Interestingly, no evidence has been found that distant tertiary components are
generallyless massive than the components of the inner bindié®vinin

20143. Analysingthedatafrom thissurvey the largest mass ratfberedefined

asa Ta , whereda refers to the distant tertiary component andto the more
massive component of the close bindoundwas 8.9(for HIP 29860) However
94% of mass ratios are below two and 99% are belowAiraipper limit for this
ratio ofaroundfive thereforeappears reasonahl# it is assumed that the masses
of the binary pair are broadly comparabhe equivalent value for our ratio

a Ta a isx ¢ ¢®. A mass ratio greater than one implies an inverted
system, where the outermost star is more massive thagdgnegaténner binary.
An example is thériple system HD 18106@erekas et al. 201 Borkovits et al.
2013, which has a mass ratio of ~1.7. The integratioeed to catefior this (ess
usual) situation.

The lowest mass ratio foundftime Tokovinin(2014)survey was 0.07.

Wethereforeused walues for the outer mass ratio rangingfrom either0.2 or
0.001(depending on the orbit typ#) 2.21 2.5.

Previous studies have found that the influence of mesgson stability is weak,

so a relatively coarse increment of 0.2 was us#tese values were not randomly
generatedTokovinin also showed that timeass ratios are distributed almost
uniformly at all periods, so equal increments across the aboveweangeised.

For anyselected hx is calculated from

& —a &
P

3.6.6 Eccentricities

The only data oboth inner and outestellareccentricities in triples is from
Sterzik and Tokovinin (200Q2although an updated and larger sample is being
planned (Tokovinin, private communicati8fill/16. Theexisting and rather
modestsampleof inner and outer orbital eccenttiesis shown inFigurel1,
ranked in order of largest differendestween them
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Eccentricities of inner and outer orbits
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Figure 11 Triple system$ distribution of eccentricities

Themeaneccentricity ofbothinner and outer orbits is quite high at 0288l n

most (70%) of the systems the inner orbit is more eccentric than the outer orbit.
The difference in eccentricities within these systems rangesdifectivelyzero

to 0.57.

Theintegrations therefore covered eccentricities in both oraitgingfrom zeo

to 0.71 0.9, randomly generated or with increments @H0. 0.10.

Inner binary eccentricity g

The integrations therefore covered eccentricities in the inner orbit ranging from
zero to 0.7 0.9, randomly generated or with increments of 0.0510.

Outer star eccentricity gy

A study of 222 Kepler triples found outer eccentricities spanning the full range,
with a broad peak in the middle of the range and an unexplained narrow peak near
Q é 8 (fBorkovits et al. 201p

Tokovinin and Kiyaeva (20)6ound that the eccentricities of wide (median
separatiort 120 AU) low-mass binaries amistributed approximately aQQ

pPRQ 18, withdD 1@ wHigh eccentricities should therefore not be ignored.

Eccentricities for th outer binaralso fromzero up td.71 0.9were used
randomly generated or with increments of 0.0510.

3.6.7 Inclinations

The firstlist of hierarchical triplepublished by Fekel (198}, noted that at least
one third of triple stars have naoplanar orbits.

For triples we will define mutual inclination as the angle of an orbit relative to the
plane of the inner binary, so mutual inclinations of overr@fptesent retrograde
orbits. Most planetary inclinations are not known. Transiting planets around
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eclipsing binaries hav€&@w Ttto the line of sight, but that does not say anything
about their mutual inclinations (although most are probably coplanar).

The data shown ifiable7 for 22 triple systems alsofrom Sterzik and
Tokovinin (2003. The mutal inclinationa(hetween two orbits is given leyg.
Martin andTriaud (2019 as

ATY® OEACERATYY) ATOAT'®

(11

whereYm m m and the inclinations have their usual subscripts.

We have calculated and inserté@s the last column in the table, in which
subscriptsQandé 6 were set to 1 and 2 respectively in the previous equation

No. (Identifier Primary logP oy €out You 1out 0GP e Yin iin Remark Di
IDS(1900)  Sp(A)  (d) 0 (@ 00 @)
1 |00263+6642 dM2.5 5.07 0 168 51 3.75 0 24 27 74.0
2 |00508+5949 AlV 448 0.24 175 549 3.25 0.23 185 55 Innerastrom. orbit weak| 8.2
3 101304 3026 K3V 461 0.21 142 293 3.22 0.301 574 21.8 34.2
4 101562+3614 GOV 508 0.33 159 140 3.67 0.404 1914 67 78
5 |02208+6657 A5pSr 5.35 0.75 0.8 115 4.28 0.3 175 106 Outer orbit uncertain 139
6 |04320+5316 A8V 52 032 113 133 399 0.86 20.8 141 59
7 105566 3103 K5V 515 0.27 143 110 439 045 125 103 18
8 |07142+2210 F2IV 564 0.11 18.4 63.3 3.35 0.353 70 92.4 Inner orbit controversial | 57.6
9 |08065+1757 F7V 561 0.24 742 146 434 032 13 167 30
10 |08065+1757 F7V 561 0.24 742 146 3.8 0.08 77 142 4
11|08415+0647 G5l 556 0.3 229 39 3.74 0.665 284.8 50 Quintuple 39
12 |08524+4826 A7IV. 547 0.79 48 57.8 4.16 032 21 108 Outer orbit uncertain 52.5
13(11128+3205 GOV 434 04 102 122 283 061 318 91 132
14 (14516 2058 K4V 589 0.2 317 725 249 0.765 18 110 Outer orbit uncertain 70.4
15(15140+2712 GOV 487 0.65 64 582 426 0.7 135 90 Inner system controversial 73.9
16 (20435+3607 B5Ve 5.15 0.45 139 134 3.63 0.524 150 135 8
17 122009+6408 A3Vm 6.14 0.24 85 109 2.91 0.589 93.5 71.9 Outer orbit uncertain 38
1822237 0032 F3V 544 0.5 305 136 3.97 0.59 202.7 34.3 132
19 (22370+2054 GO 5.37 0 27.1 127 4.48 0 13.8 42.2 86
20 (22573+4147 B6llI 44 048 191 104 351 0.127 15 81 174
21 (23047+7451 KOl 479 061 81 30 275 03 1079 99 72
22 (23344+4510 A2 474 058 128 130 3.74 0.6 129.7 127.4 Both orbits uncertain 3

Table7. Triple systemsinclinations

. All systemaheretwo visual orbits

are known, from thé/ultiple Star CatalogTokovinin 199y

Themeanmutualinclinationwas high at 63. There weredur systemswith
retrograde orbitand sixwith inclinations greater than 70

A later study byBorkovits et al. (201pfound that the distribution of mutual
inclinations for 62 Kepler triples had a large peak at B, indicating
predominantlycloseto-coplanar configurationgut with a significant 38%
portion of the systems in a secondary peeRtredat 40, indicating Kozai
effects as shown ifrigure12.
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Figure 12. Distribution of mutual orbital inclinatioafor triple systems. The peak
betweerD 1 5 contains 21 systengeff scalg. (Borkovits et al. 2016

Tokovinin (2017 found thatthe twoorbits in close triples tend to be aligned, with
ameana'f around 20° for outer star separationd/fof TAU but no aligment

for outer orbits p 1t 1t AU. Orbit alignmentappears taleclinefor higherinner
binarymasses andhé distribution oB-(s such thaB0% of triples have™Q x 11 J
and the remaiter isalignedrandomly

Outer star inclination

In our integrations the inclination of the inrstellarorbit is set at zero and that of
the outer orbit varies from zero (coplanar) to 180lly retrograde),
encompassing the ranges found above. Values waedlyisandomly generated
within the desired ranges or increments of 10° were used.

Forthe coplanarintegrationssmallranges obuterinclinationof 0 - 60 for
prograde orbiteand120 - 180 for retrograde orbitsvere selected. In the high
inclinationintegrations the full range of 0180 was used.

Both prograde and retrograde planetary orbits \as@investigated.

3.6.8 Outer star longitude of ascending node

The longitude of ascending nodg was varied from 0° to 270The longitude of
ascending nodeid not affect the secular evolution of the system significantly.
Increments wereasually60° or 90°

3.6.9 Outer star argument of periapsis

Theargument of periapsis for the inner orbit was normally set at zero, with that
for theouter orbit ranging from zerto 270°. Increments of 66G°90° were used. A
value of 90 was often used akis leadto the maximumnducedeccentricity in

the inner binary.
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3.7 Numerical Methods And Selection Of Integrator

The fastest algorithms that are reliable for kb@gn numericabrbit integrations

are symplectic integrators. A symplectic integrator is a numerical integration
scheme for a specific group of differential (in this case, Hamiltonian) equations,
using classical mechanics and symplectic geometry. One of the earlie¢cyenp
integrators was developed Wisdom and Holman (1991In particular, mixed
variable symplectic integrators exhibit substantially faster speed than conventional
N-body algorithms. Howevethey become inaccurate whievo bodies approach

one another closely. This occurs because the potential energy term for the pair
undergoing thencounter becomes comparable to the terms representing the
unperturbed motion in the Hamiltonian. The problem can be overcome by using a
hybrid method in which the close encounter term is integrated using a
conventional integrator whilst the remainingnesrare solved symplectically.
Symplectic integrators may also give spurious results if some objectehave
develophighly eccentric orbits during an integration.

Some of the codes investigated include (in approximate order of development):

3.7.1 Swift

Swift was createth 1993(Levison & Duncaril994 Levison & Duncan 2013

The codewvas designed to symplectically integrate the motion of massive bodies
and test particlesrbiting a more massive center, and is well suited for studying
the dynamics of planetary systems. A later version for orbital simulation was
SyMBA (Duncan, Levison & Lee 1998an extension of Swift that uses a

multiple time step technique and can symplectically integrate Blfiodidy

system including close approaches between massive bbldwsyver, it fails in
integrating close encounters with the central star. A further development has been
Swifter, written by DavidKaufmann, where the SyMBA integrator supports a
second class of bodie$ gpecified maximum mass. These bodies interact
gravitationally with the more massive bodies, but not witham¢her. It offers
seven integration techniques, including the first three listed for Mercheyéw

3.7.2 HIS

Beust (2003developed an addn for Swift designed to handle the dynamics of
hierarchical systems of any size and structure, provided the hierarchy is preserved.
It comes in the form of thlJS(Hierarchic Jacobi Symplectic) package, a set of
routines that can be added to the Swift packagespedficallyallow one to

integrate the dynamics of multiple stellar syséene. systems with more than one
massive centraf they havea hierarchical structurd=or example, for a

circumbinary planet, the madynamicpart will be the Keplerian motion around

the center of mass of the two stars, witreffectivemass the suraf the two
componentnasses, and the second part will consist of the rest of the disturbance.
This code was used by its author in various applicaiBesst & Dutrey 2005

2006 Reche, Beust & Augereau 200% was made public and was subsequently
used successfullyy various researchef®ludryk & Wu 2008 Lithwick & Wu

20083 2008h Domingos, Winter & Carruba 201Rennedy et al. 201 2Viegert,
Faramaz & CrufSaenz de Miera 20)6
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3.7.3 Mercury6

The code probably used most frequently for problems involvohgnainant

central mass has bebfercury6(Chambers 1999However, dealing with

planetary orbits in a binary system is problematical since the system no longer
contains just one single dominant body. Fortunately, all-lmegl planetary
systems around binary and triple stars are likely to be hierarcimeghich case

one can modify symplectic schemes while still permitting close encounters. The
original Mercury6 was later expanded to do {@bambers et al. 20D2

Although this package cannot incorporate collisions, since these cannot be
modelled symplectically, it performs well on most metrics, especially for
modelling relatively few bodies (where it is very accurate) and the handling of
close encounters. It is viten in Fortran 77 and useariousN-body algorithms: a
secondorder mixedvariable symplectic algorithna generaBulirsch-Stoer
algorithm, Everhart's RA15 Radau algorithm and a hybrid symplectic/Bulirsch
Stoer integrator. The BulirseBtoer algorithm W work with any system, but it
may, however, be slow (Chambers, private communicati® 3.

3.7.4 NBODY

A suite ofN-body algorithms (e.dNBODY®6), has been developed by Sverre
Aarseth,as described in his bodRarseth 2008 While focusd mainly on

modelling clusters and galaxies, some programs (e.g. Triple) may be applied to
planetary systems and smbllexperiments.

3.7.5 FEWBODY

Another code iSEWBODY (Fregeau et al. 2004which uses the approximate
analptical criterion ofMardling and Aarseth (20Q1or the dynamical stability of
hierachical systems and is particularly suited to performing scattering
experiments. It has beasedin the modelling of quadruple systems and their
comparison with triplegPejcha et al. 2033

3.7.6 Miscellaneous

In 2007 Verrier & Evans developed a staaldne program for triple systems,
Moirai, based on th€hambers et al. (20D2lgorithm, and tested it on thieree
main orbital configurations for triplg¥/errier & Evans 200y However, he code
was not made public.

Another integrator, written bRiet Hutto investigate a planet bouncing between
the two stars of a binary, was built on a fowstder Hermite integrator; it is

robust and flexible integrator for smddIsystems as it has no preferred dominant
force or geometryMoeckel & Veras 201Q

Some of the more recent integrators have been designed for parallel or
multicore/GPU implementation, such@¥MSYM (Moore & Quillen 201} and
GENGA (Grimm & Stadel 2014 Both codes are hybrid symplectic integrators
based on Mercury6. At a low numberinfegrationg~30), the GPU overhead
dominates and Mercuryé6 is faster. At a high numbéntefyrations GENGA
begins to benefit from the large number of GPU cores, until at around 1 000
integrationghe GPU is fully occupied and the computation time begins to
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increase agai At 16 000integrationghe GPU is about 40 times faster than one
CPU.

Other codes include théNBody package, for the symplectic integration of
hierarchical systems, which offers explicit supporttfoee classes of particlés
heavy, light, and massle@Rauch & Hamilton 201Q

3.7.7 Selectionof integrator

Of these scientifigrade symlectic integrators, perhaps the most popular and
well-usedsmalNc odes are Swift and Mercury6, wit
being particularly appropriate for the triple star system to be investigated. For a

compact triple, close encounters are kel

Mercury66s Wisdom and Hol man al gorithm o
massive objects. For masses aroaheerarchical triple these would in theory be

the same as Beust's hierarchical Jacobi coordiriatase of the binary pair from

the triple wasspecified as the central object. (BRambers et al. (20Dhave

pointed out, the technique is identical to treuBt algorithm if onlyoneplanet is
present in the systentJowever, se of this code for the integration of the
dynamics in multiple stellar systems becomes potentially problematic. Even
taking the interaction with the most massive object as the main part of the
Hamiltonian, if the masses of different stars are of the sader of magnitude

this no longer guarantees that one party dominates the other, and the symplectic
integration method does not work well unless an extremely small time step is
adopted.

Previous work (Busetti, F.RMasters dissertatio2013) found thaMercury6
worked wellfor a triple configuration such as HW Virginisith @ po ¢ gnd

‘ 181 dBeuermann et al. 20),2out did not model theloser proximity and
inverted massatio of a configuration such as HD 181068h &0 p AT ‘A
p& (Borkovits et al. 201Bwell, andthe addition of further bodies the form of
test particleswas unsuccessful.

Beust's hierarchical Jacobi coordinate scheme is thet&#®mostappropriate for
the triple systems to be investigated and the ¢htte was selected. Much
research that looks at hierarchical systems uses this code.

3.7.8 Software detailsand other software used

SWIFT and HJS arevritten in ANSI standard Fortran 77. For the OPEN function
and in recursive routine€SWIFT makes use of the C poempiler,cpp. For
consistency, the edgetection routine described in Sect®8was al® written

in Fortran 77The Intel Fortran Compildor Linux, ifort, was usedor

compilation

An attempt was made to parallelize the code, first profiling it by compiling-with
profile- loops for both functions and loops. Simoany loops hadttle
computational content but their parallelizatiotroducedsubstantial overhead,
only the top 1Xunctions accounting for 76% of the ruime, werethen aute
parallelizedusing OpenMPHowever, no speedup was achieeanver-level
parallelization using MPI was not attempted.
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Program output is written to arfary output file. Fortran code was written to read
data from this file as part tifie edgedetection routine. Thikinary output file was
also input taSwiftVis, a powerful andrery fl exible visual datdlow programming
packageoy Mark Lewis, which was used wsualise anénalyse the data and
generatessomeof thegraphics.

Data filtering, visualisation and graphics were also dor@riginsPro andexcel.
Statistical analyses were carried out with SPSS. Mathematical manipulations such
as solvinghe Hamiltonianweredoneusing Mathematica.

TheBashshellwas used extensively fecriptingand automatingntegrationgor
the cluster. Cluster jobs wesabmitted using thEBS administrative interface
system.

Integrations were run on the Mathematical Sciences Cluster at the University of
the Witwatersrand, using up to 300 cores.

3.8 Computational Parameters

3.8.1 Time step

An early studyby Ford, Kozinsky and Rasio (20pthat utilized SWIFTused a
time step op#t TOf the orbital period of the inner binary, reducing to 1/600 for
high-eccentricity systems. Energy and angular momentum were Hlypica
conserved to 1 part ip tandp 1T, respectivelyA larger time step, ob¥¢ Tof
the orbital period of the inner binary is more commonly useglBeust (2003
Symplectic integration schemes usually ensmergy conservation wih 1t
relative accuracuysing thistime step(Levison & Duncan 1994

An integration time step of 1/20 of the orbital period of the inner binary was
thereforenormallyusedin our integrationsThe time ste@lsoneed to be varied
to verify that results areon affected by numerical errofSor each batch of
integrationswe checked that the use of a significantly smaifee stepdid not
change our results.

The time interval betweetlataoutputs and dumps wasrmally set apfp 1t 1T of
the total integration timavhich usually translated 1t Tt p 1T 1T yI.

3.8.2 Integration time

In stability analyses an integration timepoft years is often used, as this

typically applies to systems with dimensions comparable to the Solar System
because it corresponds roughly to the bulk Lyapunov time for the major planets.
However, in general th@ore compact the system, the shotterrequired
integration time amost of the characteristic features of the secular evolution of
the orbital parameters occur oslartertime scaleShort orbital periods of the

test particlesi(e. planet$ and highprecession frequenciean reduce the required
integration time by some orders of magnitude.

The characteristi&ozai timeso for theinnerbinarycan bedefined in terms of
our notationasperPejcha et al. (2033
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o - (12

wherewrefersto semimajoraxes,& to massesQto eccentricity anthe
subscripts to stars 1 and 2 of the inner binary.

As higherorder effects in i§zaicycles become important only on longer
timescales thathis, this time is used to indicatehich are theelativdy worst
(i.e.least compactjases in a set afitegrationsOne carplot the width of the
evolution ranges obtained e sayp 1tyr for both the seramajor axe and the
eccentricities of the thrdsodiesto ensure that the integgion time comfortably
exceedshe precession periods of the system.

The secular evolution of orbital parameters was sanfplegachof the
configurations used, and an integration tim@ at yr was found to be sufficiently
long in most cases examinedadh batch ointegrationancluded at least one run
with an integration time gb 1tyr orp 1tyr on the least compact configuratjoo
confirm this.

To check the accuracy of the planetary integratiomsnenitored conservation of
total energy for thentegrations. Using time stef the above orderdd to an
overall fractional change in the system eneg@O of aboutp 1T over ap Ttyr
integration.The relative energy err@gfOfO of a typicalintegrationis shown in
Figurel3,
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Figure 13. Relative energy error of a typicaltegration

Orbital failures tenddto occur quickly if an orbit did not fail within as little as
107 100yr, it was usually stable up to 2@r. While longintegration times are
always desirable, the fact that the stellar systems we investigatedompact
workedin our favour: 18 yr wasoftenequivalet to hundreds of thousands of
orbits of the outestar.
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3.8.3 The test particle cloud

The number of test particlesed varied from 1 000 to DDO, with higher
numbes being usedvhen rates of ejection were high mostcases D00 or
3000 test particles wemaifficient

The particlesd eccentricities and maxi mu.l
values (with inclinations of greater than 90° describing retrograde orbits).

For most stellar configurations, which were close to coplanar, the initial test
patticle cloud took the form of a disc, with the plane of the disk aligned with the
plane of the inner binary. For configurations where the outer star was of high
inclination, the test particle disc was aligned with the invariable plane, as
explained in moreletail inSection4.2.1

The inner and outer limitsf the particle cloud also ne#al be specifiedTo avoid
making the cloud unnecessarily large for certain configuratiodsave on
computation timethe outerimit for P-typeorbitsneeds to be set at a reasonable
distance Our approach wato define thiselative to the chaotic zone and main
meanmotion resonances. For example, knowing the period of the outermost star
enables one to calculate the distance athvthe, say, 5:MMR occurs; a test
particle should orbit the whole system stably at that distance. Twice this value
would be a conservatilyelargevalue for the outer boundary, and this criterion
was generally usedror Stype orbits the maximum outeisthnce willbe
approximately to the nearest star, some further tweaks are discussed in the
relevant sections.

In both cases some computation time tteoreticallybe saved if, instead of

abruptly truncating the disk of test particles at a (relativelytsdestance, one
decreases the density of particles moving outwards, for example by using a power
law where the density of test particlegd , wheredis the semimajor axis of

the particle.

The power law usetb generate this type of clousl

® ™ ) i (13
where

@ = minimumsemimajoraxis of cloud

@ = maximumsemimajoraxis of cloud

I = arandom variable [0,1]
| = the power law parameter [0,1]

So,for exanple,fj Tresultsin®d @ RO, i.e. a uniform distribution,

A

and fornp  p, ® ®w h®

However, in practicehie test particles were, usually assigned seajor axes
from a uniform random distribution. In generating the test paxtioked, a
minimum semimajor axis of 0.01 AU was usedthis valuemustbe larger than
the distancetawvhich a test particle wadopped as beingo close to the central
body, and thiswas set at 0.GDAU (see next section)
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Test particle orbitsvith inclinationsranging fromfully prograde tdully

retrograde werased In coplanarcases the test particle cloud was initially
uniformly distributed, circular and of zero absolute inclination (i.e. an inclination
of 0° for prograde particles and 180° for rgiade particles).

3.8.4 Test particle removals

The exoplanet orbiting closest to its central b(apulsarjs PSR 1719 14 h at

0. 0044 AU, while Kepled2ch as t he c¢ | mermadstar,atil0.006t t o
AU. The heliocentric distance at whiatestparticleis stopped, beingonsidered

too close to the ceral body, washereforeselected to b8.002 AU.

The furthest planet from its host star yet discovered is HIP 779803200 AU.
The distance at whichtast particlevasassumedo have escapkefrom the central
body wagherefore set &0 000 AU.

These two limits were occasionally varied depending on the type of planetary
orbit considered.

The code checks for close approaches betwestrparticlesndother bodiesand
if a test particleapproachewvithin a certain distance aother bodyt is stopped.
It is recommended th#tis distance iset atgreater than a Hill spher&his is
calculated in the next section.

3.8.5 The Hill stability criterion

An astronomical body's Hill (or Roche) spbexpproximates the gravitational
sphere of influence of this body in the face of perturbations from a more massive
bodyi it is the region in which it dominates the attraction of satellites.

In binary systems the integral of motion or Jacobi constantetefiliowable

regions of planetary motion. For a planet that begins with a circular orbit around
one star, there is a critical value of 8emimajoraxis ratio. Below this value the
zerovel ocity curve with the sameetJacobi
cannot escape, and vice versa.

The Hill radiusY for a small body of mass orbiting a larger body of masgs
with asemimajoraxis wand eccentricitiQis

Y wop Q- —— wp Q — (14)
f&a L a,
Y Gp Q — (15)

Assuming thas typicalexoplanet hagd x pOo AT & p! 5(as shown irFigure
3) andQ 1, and thata typicalintermediatemassstar hasx x 1 0 , then
Y x 18t T The stopping distanogas set at 0.AU.
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3.9 Orbit Stability Boundsi Edge Detection Rutine

It was necessary to automate a procedure for identifying the edges of the test
paticle cloud at the end of an integratidrhis routine is outlined below for-P
type orbits, with the modifications required fotype orbits discussed in the
relevant sectiogin Chapter 4

Theprocedure first extracts the data from the binary file produced by the HJS
code It then taks a crosssection through the centre of the system and test
particle cloud and constrigz density functionbeingthesurviving particles 6
frequencydistribution.

Thetest particles are binned according to tlseimimajoraxis, independent of

any inclination of their orbit, i.e. this variableristthe projection of their orbits

on the horizatal plane. This becomes pertinent when inclined orbits are

consideredThere are many heuristics for the optimal number of bins, with two
popularoneb ei ng t he square r ®disthenumberef and Ri ce
observationsife. remaining test péicles), the optimal number of birf@is given

by Q Mg andQ ¢V respectivelyWe took the average of these:

Q L e (16)

We then sea cutoffvaluefor theparticledensity functionPDF)to definethe
edge of the test particle cloatd determine its semajor axis Thesecutoff
valuesweredetermined byptimizingthe algorithmusing visual estimates of the
edges oh wide range of integration outcomes.

Oneproblem, for Ptype orbits only, ishe sparsity of thearticledensity
function.For example, &ginning with 1000 test particles, at the endagb 1
yea integrationthe number of remaining particles in the inRérorbitscan be
quite small. Determining the outstability boundof theinner orbits(and
occasionallthe innerstability boundof the outer orbitsis then difficult, since
thehistogramcan bequitediscrete, as shown Figurel4.
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Figure 14. a) Cartesian pbt of final particle positions
b) correspondingdensity function

The hi spadigedeasityduactioncan be smoothed by using a final time
period (Q for theintegrationinstead of the fial instant, say the last 1086 the
integrationtime. The integrity of its profile should remain unaffected, as it is
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unlikely that many particles will be ejected within this

period, and evarfeitv

are, thiswill not change the disbution materially. The use of a final time period
leads tca muchsmootheparticle density functionasshown inFigure15.

Number of particles

3 Y &

$[AU] i B } © aau

t
07

Figure 15. a) Cartesian ploof final particle positions @erthelast 5%
of the integrationtimeb) correspondingdensity function

The algorithnthen begins at the origin of tiparticle density functioandsteps
along the semimajor axis as shown irFigure 16, until it locates the maximum
(& @ o) of the inner orbid density functioni.e. betweerthe binary, comprising
Starl (at the originJandStar2 (very close to i andStar3.
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Figure 16. The particle density function and edge detection algorithm

Theinner orbid boundary can be quite diffuse, particularly for retrograudbéts,
so one mustirst decide whether anwyell-defined edge for thimner orbitexists at
all. To do this, the maximummner orbitdensity(& & @is divided by themean

densityof the inner orbits®0 ™Q@ | f t hi s
empiricalvalue {Q), anorbit edgeis deemedhotto exist.

Afpeaki nesso
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If it exceeds this value, the procedure continues and seteetsirically
determinedraction of the maximundensit ("Q as thedensitycutoff limit, i.e.
theinner cutoffvalue isQd wa or t he edygeMoving alonppthet s 6
horizontal axis until this value is reachedke then readff the corresponding
value for the seminajor axis @ . Because the distribution can still be noisy,
additional smoothing of the bin values is udeddetermining the inner edge, to
avoid the routine picking empty bins closexio 11, 2 minimum inner orbisemi
major axisis set, as a fraction of the outea st Sermimajor axis(a).

The algorithnthen continuesteping along the semmajor axis past Star 3The
inner edge of the outer test particle disc is then found by applyiogtardensity
cutoff limit to the outer particle density function. Thister cutoffis found as a
(different)empirically-determinedraction (Q) of themeandensity & 0 "Qof the
outerdensity functionwhen the density function reaches this value the inner limit
of the outer orbits®d is establishedHere themeanis used instead of the
maximumbecause of the multhodality of the outer distribution.
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The characteristic profile of the cressctional particle density function is quite
different for prograde and retrograde orbits. For retrograde oneitdensity of

the inner orbits relative to the outer orbits is much lower than for prograds.

Also, since retrograde orbits are stabler than prograde ones, the region cleared by
the outer star in this case is much narrower than for prograde orbits, as shown in
Figurel?.

This necessitates an additional test for the existence of theeidgeiThe ratio of
themeandensity of the inner orbits to the outer orbits is calculad&jl (f this is
below a certain threshold, the inregigeis too sparse to be definéchis criterion

is independent of, amaverrides t he fApeakinesso test.

The six paramete@ROFAON AT &) werethenoptimised by training against
awide rangeset ofparticle density function8ecause of the different
characteristiprofiles of prograde and retrograde orbits, the paramieaet$o be
optimised separately for these two cases.

Theoptimisededgedetectionparametersisedfor P1 and P2rbitsare shown in
Table8.

Parametel Prograde| Retrograde
orbits orbits
0.105 0.153
1.500 1.000
0.520 0.300
0.028 0.400
0.500 0.500
0.016 0.028

Table8. Edge detectioparameterdor triple system P1 and P2 orbits

&2 5555

These parameters are for fully prograde and retrograde drtitsrbit

inclinationslying between these extremalues the parameters were interpolated
betweenthese al ues according to the fAdegree
degree of progradeness to be approximately related to the ratioroééme

density of the inner and outerbits so this metric was used.

During earlyintegration runs it became apparent that some results were
implausible.Thesehad one thing in commdnthere was a large outlier spike in
the test particle density histogram that resulteghimcorrect result from the edge
detection routine. In everyase these spikes were caused biygle anomalous
test particlethereason for thisemainsunclear. The edge detection routine was
therefore modified to identify and remove any anomalous spikestfremarticle
density function anchis despiking rouine solved the problem.
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Chapter 4

Resul t s

4.1 Orbit Types P1 And P2

4.1.1 Configuration

The configuration of Piype circumbinary orbits and Rgpe circumtriple orbits
around the inner binary and whole triple respectively is showgumre18.

P1 orbits P2 orbits

Figure 18. P1 and P2 orbitsTriple system configuration

Note that the inclination of Star ® eitherthe orbital plane of Star 1 and Staor2
to the invariable plae is not indicated.

The initial test particle cloud is continuous, ranging freery close to Star 1 to
well beyond Star &s discussed in the previous sectitwe orbis of Star 2 and
Star 3 then cleahis areaasshownand creatéhe stability bounds) andw .

4.1.2 Parameter space
The parameter space used is shownahle9.

For the planets and outer star, prograde or retrograde orbits are indicated by 0 and
1 respectively. The lower limit of the semiajor axis ratiao represents the

Mardling limit. The remaning parameters are as discussed in the previous

chapter.

For most integrations, parameter values were randomly generated to be uniformly
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Parameter ranges Units| Orbit type
P1 and P2
Prograde (0) and retrograde (1) outerfstar | O 1
Prograde (0) and retrograde (1) planets - 0 1
Geometry
Semimajor axis ratia = a»/a - |anm 100
Inner mass rati® ;1 = mo/(m+m ) - 101 05
Outer mass ratio , = my/(m+m ) - 102 23
Star 2
Eccentricitye ; - 0 0.9
Inclinationi ; deg| O -
Longitude of jascelmehj 6g nod
Argument of periapsi | deg| O -
True anomalg | deg| O -
Star 3
Eccentricitye, - 0 0.9
Inclinationi , deg|0-60 120-18(
Longitude of ascelmeh) 6g 2v0 d
Argument of periapss deg| O 270

Table9. P1 and P2 orbit§ parameter space

distributedbetween the lower and uppemilis of the ranges showexcept for the
prograde/retrograde binary toggl€mbinations were checked for validity, e.g.
if Q mthen doesnotexistandi®? mt hen q does not exi st.
4.1.3 Computational parameters

The computational parameters used are showialie 10.

Parameter Units| Orbit type
P1 and P2
Central star mass m; Mg 1
Timestep dt yr Tpin/20
Number of test particles - |1 1000 - 300(
Test particle orbit centres - -1-1-1
Minimum semi-major axi€”) amin | AU 0.01
Maximum semi-major axis amax| AU | 2x 5:1 MMR
Colision with central body rmin | AU 0.005
Ejection from system rmax | AU 10*

(1) Must be > specified collision distance

Tablel10. P1 and R orbitsi computational parameters
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The test particle orbitrchyie8wifrtH8SThed escr i be
remaining parameters were discussethe previous chapter

The dellarand computational parameters usadthe differentorbit types aralso
tabledin Appendix A

4.1.4 An exampleintegration

An examplentegration is illustreed below. The parameters in thjgecific case
included an intentionally large inverse outer mass ratidwere:® p! §

®» pnm5a pld ,d& 10 andd puw ,s00 OFH p T

‘ ), 081, andQ "Qm,1 and0 for stars 2 and 3 are all zero. A time step
of 2.236<p 1 yr or around 8 dwas used, witlafull integration time op Ttyr.

The test particle cloud consistefia disc of uniform densitipitially containing
10000 test particles witkccentricities of zerand extended from the centre of
the system to 300 AU, where it was truncated.

The clearing of the inner area ovené is shown irFigure19. The first graph in
each pair shows the test partidiscin the cartesian plane and the second graph is
of the corresponding crosectional particle density function.
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Figure 19. P1 and P2 orbitsProgression of the clearing of the inner ayea
attimesdo Ttyr, 170 yr, 29 yr, 1380 yrand 10 000yr

The first pair shows the initial test particle distribution. The segantshows an
early stage of clearing. Here clearing proceeds most rapidly mitlie of the
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test particle cloud and more slowdipse to theentre andt the outer regionn
the last two pairs one can see the developmemrigodns of relative stability and
instability. After p Ttyr, 48% of the original test particles remeth

The initial clearindoy the outer Star 8rbitingat 100 AU (noshown is rapid,
with most of the ejections occurring early in the integratikirthe end of the
integrationat p Ttyr there are some test particles remaininglrorbitsaround
the nner binary, but the edge of tligble regiond ) is not sufficiently weH
defined with only 67 particles remaiimg inside the orbit of Star.3However, the
inner edge of th@2 orbits(cd ) has stabilised antthis outer limit of the cleared
region is estimated by the edge detection algorithm ag\lU96

This is also shown ikigure20, where the stable outer ring of test particles begins
at aroundl90AU, with final eccentricitiesnostlyranging from 0 to around 0.15,
while a few bodies are orbiting the triple at under 90 AU, withide range of
eccentricitiefrom approximately 0.10 almost one.
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Figure 20. P1 and P2 orbitsSemimajor axes and eccentricities
of test particles aftet00 000yr

An examination of these orbits shows that the dRBwrbits are Keplerian and
the innerPlorbits aremorechaoticas well as eccentrias shown ifrigure21.
These inner chaotic orbits are nevertheless stabtee sense dfeingboundedl
for their survival time op Ttyr.

The relevant stability criteria in an integration are the variationesnf

individual orbital elements, particularly semigjor axes. In the case of regular
dynamics from meamotion resonances, semmajor axes are secular invariants
that are expected to undergo very small and rapid changes. So, any significant
variation insemimajor axes is usually a sign of instability. The orbital parameters
Qo & 1Q of a test particle ab@g 1 W 5 close to the inner edge of the outer test
particle cloud, are shown Figure22.
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Figure 22. Selected orbital elements of testiicle #942

Over the duration of the integration there is no secular trend inmeajor axis,
which fluctuateon either side 0208 AUby around 4%witht he parti cl ed s
orbital eccentricityalso showing a small oscillatidretween zero and 0.0%he
orbital precession is also small, wttie argument of periapstycling between

zero and 6°.
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In contrast, tebehaviour of some of theutermost and innermogarticlesfrom
the innertest particle cloudre shown irfFigure23 andFigure24.
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Figure 23. Selected orbital elementsteflstparticle #902
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Figure 24. Selected orbital elements tefstparticle #727

These inner patrticles are clearly unstable, witir semimajor axes jumping by
orders of magnitude at random times and with eccentricities regularly exceeding
unity T many inner orbits were chaotic, albeit bound&ldo, some particles in
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this regionmaynotbein orbits around the inner binary but in very wide, eltati
orbits around theompletetriple.

At the end op 1tyr, 333 of the D00 test particles remained in theterstable
orbits. The integration was then checked byuening forp 1tyr. At the end of
this time only six more test particles had been ejected, with the last one being
expelledrelatively early at 0.75 My

The fact thamost ejection®ccurin the early stages a@irbit clearingis illustrated
in Figure25.
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Figure 25. Decline in the number aslrvivingtest particles over time

Over 90% of the ejections occurred in the first 24 000 years, and 99% by 85 000
years. Many configurations show even more precipitacines.

Anotherintegrationof p Ttyr was run to check the stability of thesults The
output variables of interesteathesemimajoraxes of the inner and outer bounds
@ and® , and these were stablehe outer bound is usually well defined, but
the inner bound is often tenuqs® T the edge ofd could notbe measured with
any certainty,tiwasexcludedrom the data.

Characteristics of prograde and retrograde planetary orbits

The results oénothertypicalintegrationare shown irFigure26. Theuppe charts
show the orbits of the inner binary atté outer star, together with the test

particle cloudsafterp ttyr, for prograde and retrograde test particles respectively
In each casé® p fi* T®h’ @ and all other parameters were zérbe
last10% of theintegrationtime is shownto increase the densitf thetest

particles and their density functions in tbever graphs
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Figure 26. P1 and P2 orbitsa) progradeplanetary orbits
b) retrogradeplanetary orbits

In the prograde case the inner stable region is constrained between the orbit of the
inner binary and that of the outer star, which also cl@aositer region to about

20 AU. In the retrograde caské greater stability dheseorbitsalows this outer

bound to shrink until it is almost coincidewmith the outer stas orbit. In this

particular casa stable inneregion does not exist.

Resonances

Thevarying density othe outer test particle cloud, whighalso clearly reflected
in the density histograms, may be attributed gp MMRs, which in this casée
atapproximatel\21, 25, 29, 33, 37, 40, 43 and 45 AU.

For mean motion resonancdset n n e r amroximaté sominal resonance
locationw , of the | 1| df) resonancéas asemimajor axis given by

(14 (14

N — G (17)
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wheren A1 fareintegersii s t he fAorder o casthet he resona
perturbed semimajor axis as given by agation8.24 inMurray and Dermott
(1999. For larget the& dp resonance is found at

W £ (18)

Regressions

For P1 and P2 orbittherespectivenner and outeedgeof thecleared area of
the test particle cloudlerestandardisedyy taking them asatios of thesemt
majoraxis of theouterstar, . Thesestandardisedependent variables 7
and® T aredenotedhecritical semimajor axis ratios delineating the buls
of the stable regions. Theyerethen regresseadgainst thgparameters discussed
in Section4.1.2using linear regressido extractsemtanalyticalrelationshig of
the form

© R odh oo b

Since he critical semimajor axis ragscale withd its regression coefficiers
zeroand the regression equaticarethe form

—h— 6 & @ ©Q &Q “®@Qom o (19

Previougstheoreticaktudies of the stablkegiors for S-type orbitsandP-type
orbitsin binaryand triplesystems, summarised byg.Georgakarakos (2008

offer relationships imanydifferent functional forms, some derived from theory
and somempirically. Even the relatively simple empirical regression models
provided byHolman and Wiegert (199%se crosderms up to quadratic order.
However,1) these cross terms have no obvious physical meaning, 2) the large
number of orbital parameteused in our analysis tfiples compared wittthis
binary casevould leadto an unwieldy number of these term3$jn the
regressionghe univariate relationshiggtweernthe dependent variables and these
parametersurned out to bénear, withonly one exception, and) a sample of
(smalle) regression fitaisingcrosstermswas doneand theyprovided no material
improvemenin fit.

Since our goal is to provide the simplest empirical formulation that is sufficiently
descriptive we limited theregressions to simplaearcombinations of the
configuration parameter@f these terms, only those significant at the 95% level
were retaind.

Key output metrics

For all the triple configurations examined, two main metneseextractedo
indicate the regions of stability:

1. The mearcritical semimajor axis ratidMCSAR). The stable orbits
remaining at the end of an integration have a thstion of semimajor axes.
From this distribution onbas a rough indication of therobability of a planet
being in a stable orbit at anystancerom its central star or stars.
Unfortunately, these distributions are jagged because of resonances and
canrot usefully be fitted with smooth functior@ur main metriavas
thereforethe mearand rangef this distribution.The mearrepresentsn

58



Chapter 4 Orbit Types P1 And P2

average over all the combinations of variable values used in the variable
space.

2. Using all these combinatiormd variables we extragtdregression equatien
in the form of equationl@), which provides a model for the most likelgmi
majoraxis ratio for anyspecfic set of variables. Our main metric hevas
the regression constant. This represém most likelysemimajoraxis ratio
for circular, coplanar orbits where both oupediesare of negligible mass
relative to the central bodandwhere the longitudeof ascending node and
argument of periapsis are zero).

These two measures will normally be differadwth were used as indicators of
the stability boundary for plaret

4.1.5 Prograde outer star

A total of 10 756 integrationsvas run An overview of the resultfr the inner
and outer stabilitypoundsfor prograde andetrogradeplanetaryorbitsis shownin
Figure27 andFigure28 respectivelyGenerally, most of the inner orbits lie well
inside the orbit of the third star and all the outer onvéd outside it.
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Figure 27. P1 andP2 orbits, prograde outer starr@grade
planets a) innerboundsb) auter bounds

For prograde planetanrbits, most of the inner bounds lie between 0.1 and 0.6

ti mes t he o-maoeraxis, averagm@asoursd&imas, while the outer

bounds range from a bit under 2 times to aroutichds, averaging approximately
3times.
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Figure 28. P1 andP2 orbits, prograde outer staretrograde
planets a) innerboundsb) ocuter bounds

59



Chapter 4

Orbit Types P1 And P2

Forretrograde planetary orbit$idre is alear migratiorof the orbital bounds
towards the outer star. The semajor axis of the inner bounds lissstly
bet ween
the outer bounds limainly betweerl and3 times this distance, averagiig

times.

0.1

and

0.

8,

av er-angar axig, wlile 5 t

There are clear striations in thater boundsindicaing variationsof stability at
different distances from the inner binary. This is particularly evident for prograde

orbits, where, for example, a region of relative instability lies between 2.3 and 3.0.

Thefewer strigions in the retrograde bounds is attributable to #loé thatthese

orbits are generally more stable. There are some suggestions of striations in the

innerregion,but they are much weaker.

Others have also found striations of instability, especially for high eccentricities of

theinnerbinary (Q @) andinclinations ofthe outer star o& A T “Af¢, and

have hypothesized that these unstable regions are caused by orbital resonances

between the test particles and the inner bi@opolin & Blundell 201).

The number oftable bound&undis shown inTable1l, where orbit type refers

to planets
Cases with well-defined orbit bounds

Orbit Total ajo/az ai/az
type simulationg Bounds foundSuccess ratfistribution [ Bounds foundSuccess ratgDistribution

(no.) (%0) (%0) (no.) (%0) (*0)
Prograde 5413 1782 33 65 5133 94.8 50
Retrogradg 5343 976 18 35 5082 95.1 50
Total 10756 2758 26 100 10215 95.0 100

Tablell P1 and P2 orbits, prograde outer star. Number of bounds found

Of the total of 10756 integrationsputerbounds werdéound in 10215
integrations or 95% of the cases, split evenly between prograde and retrograde

cases.

Inner bounds were found in only738 casesa substantially smaller 26% of all
integrations hadhnerstability bounds that were sufficiently welefined to be
measured. Of these, retrograde orbits accounted for onlyi 38%ograde inner
orbit bounds have particularly diffuse edgesich aredifficult to determine

Themeancritical semimajor axis ratie and their rangesre shown irffablel12,
where SD denotes standard deviation

Orbit t

ype

aijo/a,

agi/ar

Min

Avg Max

SD

Min  Avg

Max SD

Prograde planetary orbits
Retrograde planetary orbits0.113 0.519 0.828 0.108§

0.131 0.383 0.892 0.147

1.253 2.936 5.197 1.449
1.184 1.976 4.916 0.507

Difference (%)

- 35

- -33

There is a substantial difference in the stability bounds of prograde and retrograde

Table1l2 P1 and P2 orbits, prograde outer star
I meancritical semimajor axis ratic

orbits. For inner orbits the stability limit for retrograde orbits is 35% larger than
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for prograde ones, while for outer orbits the stability limit for retrograde ogoits i

33% smaller.

Thesemeancritical semimajor axis ratie areaveragesver all whole parameter

space We next derived the regression equations for these ratios.

The signs of the coefficients in the regressiongHerinner and outer bounds,

®»jo AT & j®,are expected tbe asshownin Table13.

Coefficient| Inner | Outer
orbits | orbits

€1 + +

€2 T +

e + +

e : +

i2 + T

a2 i +

¥2 T +

Tablel13. P1 and P2 orbits, prograde outer star
expectedsigns of regressio coefficients

For thesemimajoraxis ratiod if the outer star is further away from the binatry,

shouldallow the innerstability boundo moveoutwards implying apositivesign

for this coefficient. This larger distance also reduces the influence of the inner

binary on the outer bound, allowing it to be relatively closer to the outehetar,
resulting in a negative coefficient (although tffifeet on the outebound is likely

to beminimal relative to that on the inner bound).

As the inner mass ratlo increasesthe influence of theuter binary stabecomes

strongey pushingthe inner bound outwardeading toa positive coefficient. The

outer bound would feel the same effect, (althofaghess si alsogiving its

coefficient apositivesign.

A larger outer mass ratlo increases the influence of the outer star relative to the
inner binary, which pushes tivener bound inwards and tloeiter bound
outwardswhich should resulih negative and positive coefficients respectively.

As the eccentricity of the inner bina€y increases (with the sermajor axis

constant) it willforcethe inner bound to movautward because of the effective
increase in serrminor axis with a similar but far weaker effect on the outer
bound, making both coefficienpositive However, he influence on the outer

bound isexpected to beo smallkhatthe sign is effectively indetermate.

For the outer star a higher eccentridtyresults in a more elongated orhihis
results in it having a small@eriheliondistance from the centre of mass of the
binary,leadingto a contraction of the inner bounl s

t he

out er

star o6s

bemmes more elongated it also clears an area that extends further out, pushing the

outer bound outwards. Signs of the coefficients for inner and outer siiorid

therefore be negative and positive respectively

In our study of coplanar cases we changertbknation of the outer star by only

small amounts, usually less than 38igher-inclination configurations are

discussed irsectiond.2 As the inclination of the outer st&increasedy a small
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amount its distance from both the inner and outer bounds increases compared
with the coplanar case. Its diminished influenaréfore allows the inner bound

to extend further out and the outer bounditwvefurther in, resulting in positive
and negative coefficients, respectively, for these bounds. Inner and outer orbits
that are inclined relative to each otlséiould bemore stale.

For inclined orbits, and an outer orbit that is noncircular, as the longitude of the
ascendingnoden) increases from 0° to 90° it will push the outer boundvends

and the inner bound inwasd a similar effect tahatoft he out er st ar 6s
eccentridty increasing and which results in the same signs.

Again, for a noncircular outer orbit, now not necessarily inclined, an increase in
the argument of periapsis will have the same effect and result in the same
signs.

Thesecoefficient signs apply to botprograde and retrograde stellar orbits.

We now performed the regressions onittreer andouter regions, for both
prograde and retrograde planetary orl?s expected, for retrograde orbits the
outer stable region moves inwards compared with the pegrase, and the inner
stable region moves outward®. both moveloser to the outer star.

Note that whilethe critical semimajor axis ratio scales wibliexcept for very

small separations) and its regression coefficient should be zero, it has nevertheless
been included in all regressions as an additional indication of model error; it is of
course excluded in the regression equations.

Outer region

Prograde planetary orbits

For the outer region the regression resulted in the following relationship, where
the error terms are the average 9&8nfidence limitsWhere coefficients are zero
to three decimal places they are excluded.

A EA) C® x XT8r ¢ 1 i TSN T8IUVOT8IOo O
TBIT T T8I T TBIONTMEIC @ pw)mEBp & BT T G
TBTI T M) T8 TT ¢ TI8T TT T (20

A typical partialregression plgothereof & j @ against eccentricit®, is shown
in Figure29. A linear fit appears appropriate in this case.

Data on the above regression coefficiartsisted inTable14. In this and
subsequent tables of regressiesults, the various parameters are defined as
follows: ,, -standard deviationy -coefficient of determinatior§- & statistic for
overall significance)Y @&tandard error anllAPE-mean average percentage error,
all beingfor the overall regression fity0 statistic for individuatodfi cients,0 -
number of points.

The model shows that for a dominant central star and coplanar, circular orbits the
outer stability bound would be found at around 2.4 times the-sejar axis of
the outer star.
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Partial Regression

Plot
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Figure 29. Regression plot auter critical sem-major
axis ratioagainst outer staeccentricity

Model|Unstandardize{Standardiseq t Sig. 95%
Coefficients | Coefficients Confidence
Std. Lower (Upper
B Error Betd Bound| Bound
C 2.377 .012 194.40.000 2.353 2.401
a -0.003 .000Q -.143 -23.40.000 -0.003-0.007
€1 0.053 .018 017 2.9/0.004 0.017 0.089
€5 0.044 .004 .067 11.50.000 0.034 0.051
e, 0.09q .013 .040 6.8/0.000 0.064 0.111
e, 1.997 .013 .883151.80.00Q9 1.977 2.023
i» 0.00q .000 .01 3.1/0.004 0.00Q 0.001
q. -0.002 .00Q -.111 -15.90.00d -0.002-0.00Z
¥ 5 -0.00Z .000 -.093 -13.40.00d -0.002-0.007

Tablel14. P1 and P2 orbits, prograde outer staredtessiorcoefficients
I outer region, prograd@lanetaryorbits

The only parameter that has a major influence on this distance is the eccentricity
of the outer star's orbit. For very high eccentricities it could push this bouas out

far asalmost4.4 times thesemimajoraxis of the outer star.

The outer

for t he

t wo

mas s

ebdencenod thes renthieipgbital parameters is very weak
rat i os ‘Qaandds effebtigelyi nner

zero for the remaining parameterfie configuration of the inner binaaynd the
inclination of the outer stdras o mateial effect on the outer bound

The regression equation has™énof 0.828, the Fstatistic was ®80 and the
standard error of the regression was 0.239. The modellbasmaean absolute
percentage error (MAPE) of 6%.
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Retrograde planetary orbits
The best fit to the data is given by
®jo P8 Yomdipw TP O pTBIC T8t T Y T8t T

T8t o T8t ¢ R P& ¢ LTI ¢ T8 1T ¢ TI8T TT 10
T8 TT p @1 T 1) T8t TT p TI8T TT T (21

The constant term 88% smallerthan that fothe prograde casepnfirmingthat
retrograde orbits are substantially more stable than progradeDatasonthe
regression coefficients is listed Trable 15.

Model|Unstandardize(Standardise{ t Sig. 95%
Coefficients | Coefficients Confidence
Std. Lower (Upper
B Error Betd Bound| Bound
C 1.483 .010 153.40.00q 1.465 1.502
a -0.004 .000 -.22Q -40.40.00Q -0.004-0.003
€1 0.131 .014 .048 9.1/0.000 0.103 0.159
€5 -0.00§ .003 -.015 -2.8/0.005 -0.014-0.003
e -0.03 .010 -.018 -3.5/0.00Q -0.057-0.016¢
€, 1.724 .010 .876166.10.000 1.70§ 1.745
i 0.002 .000 .103 19.60.0090 0.007 0.002
q. 0.001] .000 .054 8.5/0.0090 0.001 0.001
¥, 0.001 .000 .032 5.1/0.009 0.00Q 0.001

Table15. P1 and P2 orbits, prograde outer staredtession coefficients
T outer region, retrograd@lanetaryorbits

The coefficient of the eccentricity of theteustar is larger than the constamt; a
orbit with an eccentricityapproaching one would add 1.7 to tmiical semi

majoraxis of the outer bound, morethandoubiing Thi s f actor 0s

thus much stronger than in tbase of @rogradeplanet The inner mass ratios
influence is larger than for the prograde case, but it remains smatheand
significance of the remaimg variables is again minimal

The regression equation has a slightly better fit than the prograde case, With an

of 0.860,a Fstatistic of 3380 and a standard regression error of 0.190. The
mo d eMABEwasagain 6%.

Inner region

Prograde planetary orbits
Theregression equatiomas as follows:

D jD MowmipyP mnumgig o gt ¢ Mmt m O
TBITT T8 p iR ™ p T 18K LQ BT TT p T TT T
T8 TT p T TT T (22

Data on the regression coefficients is listed aible 16.
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Model |Unstandardizeq Standardiseq t | Sig. 95%
Coefficients | Coefficients Confidence
Std. Lower | Upper
B Error Betg Bound| Bound
C 0.439 .009 47.80.000 0.421 0.457
a 0.00d .000 .009 0.4/0.692 0.00Q0 0.00(¢
€, -0.0058 .013 -.009 -0.40.694 -0.029 0.02¢
€5 -0.02¢ .003 -.16Q -7.1/0.00Q -0.025 -0.014
e -0.004 .009 -.011 -0.5/0.633 -0.024 0.013
e, -0.114 .013 -.213 -8.9/0.00Q -0.139 -0.08¢
i 0.00¢ .000 .049 2.2/0.027 0.00Q0 0.00(¢
d. -0.001 .000 -.172 -6.1/0.00Q -0.001 0.00¢
¥, -0.00% .000 -.174 -6.310.00Q -0.001 0.00¢

Tablel16. P1 and P2 orbits, prograde outer staredtession coefficients
I inner region, progradelanetaryorbits

The constanindicates thathe nner stabilityboundfor a circular, coplanar triple
should have a critical ratio obughly 0.44. The largest influence on this bound is
again the eccentricityf the outer star rather than the inner binét relative to

the constant term its influence is three times weaker than for thestathdity
bounds.

The sign of some of the coefficients aid as expectedHowever, in many of
these cases, particularly for inner orbits, the errors in the cieeitfs are larger
than the coefficients themselves. This has therefore been ignored.

This regression equation has“#nof only 0.132, the fstatistic was 34 and the

standard error of the regression was 0.093. The model has a higher mean absolute
percentgeerror (MAPE) of 19%. This again refledtse more idlistinct nature of
theinneboundds edge compared wit.h that of

Retrograde planetary orbits
The bestfit equation for thecritical ratioof this stability bound is

WJjw T X oTdIpU TWINMWIEG P T omdtt
T8t p MBI p @ ™ @ w8t ¢ @ (23

Data on the regression coefficients is listedablel17.

The constant is similar to that for the prograde case and the coefficient of the
eccentricity of the outer star, while still small relative to the outer region cases, is
three times largehan it was for the prograde case. The remaining variables are
insignificant.

The r egl o 0H71oFstaiisic of 246, standard error of 0.062 and
MAPE of 10% are better than for the prograde case. The inner retrograde stability
limits have bettedefined edges than the prograde limits.
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Model | Unstandardizeq Standardiseq t Sig. 95%
Coefficients | Coefficients Confidence
Std. Lower | Upper
B Error Betd Bound| Bound
C 0.573 .007 76.40.000 0.558 0.584
a 0.00q .000 .102 4.8/0.00g 0.009 0.001
€1 0.009 .011 .01 0.8/0.398 -0.013 0.03d
€, -0.043 .002 -.386-19.20.00Q -0.047 -0.034
e -0.01q .007 -.026 -1.4/0.164 -0.025 0.004
e, -0.469 .015 -.631/-31.80.00Q -0.49§ -0.44(
i) 0.00q .000 -.052 -2.8/0.005 0.00q 0.00(¢
d. 0.00q .000 .022 1.000.324 0.009 0.00d
¥, 0.00q .000 .024 1.3/0.195 0.009 0.00d

Tablel7. P1 and P2 orbits, prograde outer staredtession coefficients
T inner region, retrogradelanetaryorbits

Summaryi prograde outer star

For triple configurations with circular, coplanar ouégllarorbits, the inner (P1)

and outer (P2) stability boundaries for prograde planetary orbits are found at
around 0.4 times and 2.4 times the distance of the outer star respectively, and for
retrogadeplanetaryorbits at around 0.6 times and 1.5 times this distance
respectively.

The configuration of the inner binary has little influence on either inner or outer
orbits. Thisresults fromhefact that as a consequence of the MardIstgbility

limit, the outer star is sufficiently far away that the inner binary effectively
resembles sirgle point mass.

The outer star dominates the regions of stability in a triple system, with its
eccentricity having by far the largest influence.

These conclusionsoiid for both prograde and retrograde planetary orbits.
However, the greater stability of retrograde orbits results in outer boundsehat
closer to the outer star and inner boundsdhaturther fronthe binary

compared with the prograde case.

Thedifference inthese bounds can be significant, as showrainle18, which

uses the regression equationsatculatethe sensitivity of thecritical sem-major
axisratiot o t he out er fopragrade and eetograde planétacyi t vy ,
orbits.

For circular orbits of the outer star the absolute difference in critical ratio for
prograde and retrograde orbits is 38886 while for highly eccentric dtar orbits
it is 27%68%.

For highly eccentric orbits of the outer star, the serajor axis of the outer
bound can expand 84% further out for prograde orbits and more than double
(116%) for retrograde orbits, while the inner bound reduces by 26% faiapieog
planetary orbits and can contract by as much as 82% for retrograde planetary
orbits.
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Bound aj,la, a,ilas

e 0 1 (o (%9 1 | (
Prograde | 0.44 0.33| -26 | 2.38 4.37| 84
Retrograd¢ 0.57 0.10| -82 | 1.48 3.21| 116
® ( %)| 31% -68%| - [-38% -27%| -

Table18. P1 and P2 orbits, prograde outer st&ritical semimajor axis ratio
versugdirection of planetary motion and outer star eccentricity

The accuracy of the relationships derivedi¢terminghese bounds is good for
the outer bound (~6%) bléss sdor the inner bound (~14%).

4.1.6 Retrograde outer star

To investigate thisase a set 64 807 integrationsvas run.The parameter space
usedis shown inTable9, with the range oQ2changing from 07 60° to 120%
180°and thesemimajoraxis ratiod now calculated from equatio®)

The test particle cloud wagainaninitially uniformly distributedcirculardiscof
zero eccentricitywith its outer limit extenthg to the 3 MMR aspreviously
described.

The resultdor prograde andetrograde planetary orbits alown inFigure30
andFigure31respectivelyThe inner orbit@arequite sharplydefinedattheir
lower limit for prograde orbiteind at their outer limifor retrograde orbitswith
only a few outliers beyondhése, while outerorbits display a sharpdgeonly for
retrogradeorbits.

am/az am/az
1.0 6

0 500 1000 1500 2000 0 500 1000 1500 2000
Simulation number Simulation number

Figure 30. P1 and R orbits, retrograde outer staprograde
planets a) innerboundsb) auter bounds

The prograde inndsoundsare uniformly distributed antthe critical ratidies
between 0.1 and a more diffugait around0.7, averaging close to 0.4. The
progradeoutercritical ratiogenerally rangefrom around 1.5 to around 3.5,
averaging 2.7. The striations in the pattagainindicateresonances for
example, there is a rieg of relativeinstability between D and 2.6
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Figure 31. P1 and P2rbits, retrograde outer stargetrograde
planets a) innerboundsb) outer bounds

For retrograde inner orbits the inregitical ratiois diffuse, but the outer limit is
well-defined at around 0.For retrograde outer orbits tivner critical ratio lies
at about 1.1, with a diffuseuterbound fromabout3. A region ofstrong

instability is visiblebetween 1.3 and 1,.%ith a second one betweer7 And 2.1

The number oboundsfoundis shown inTable19.

Cases with well-defined orbit bounds
Planet orbif  Total aijo/as a,ilas
type simulationg Bounds foundSuccess ratfistribution | Bounds foundSuccess ratgDistribution
(no.) (%) (%) (no.) (%) (%)
Prograde 2122 569 27 51 1895 89.3 44
Retrograde 2685 539 20 49 2455 91.4 56
Total 4807 1108 23 100 4350 90.5 100

Table19. P1 and P2 orbits, retrograde outer sttdumber oboundsfound

Compared with theaseof a prograde outer stagljghtly fewer outer orbits were
found and they were no longer evenly split between prograde and retrograde
planetary orbits. Of the total of8D7integrations outer orbit bounds were found

in 4 350integrationsor 91% of cases compared with 95% previously, with a small

preponderance of retrograde cases, as before.

Inner orbit bounds were found in only108 or 23% of these cases, compared
with 26% previously. Prograde and retrograde planetdoiys accounted for 27%
and 20% of these respectively, compared to 33% and 18% previpreably

indicating less stability when the motions of the planets and outer star are in the

same direction

Orbit type ajolaz ailaz

Min Avg Max SD | Min Avg Max SD
Prograde planetary orbits| 0.110 0.385 0.897 0.077| 0.924 2.773 5.384 0.891
Retrograde planetary orbif€.112 0.537 0.857 0.132| 0.591 1.960 4.957 0.571
Difference (%) - 39 - - - -29 - -

Table20. P1 and P2orbits, retograde outer starMean
critical semimajor axis ratic
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The mean semnajor axis ratios and their ranges are showraible 20.

There arence again substantial differences in the critical ratio for prograde and
retrograde planetary orbits, averaging 34% in absolute terms, with the differences
for inner and outer orbits being quite similar to those found for the prograde
stellar case.

Differencesin critical ratios for prograde and retrograde stellar orbits

Themeansemimajoraxis ratiodor prograde and retrograde outer stars are
compared inrable21.

Stability bound averages
Orbit type aijolas a,ilas
Stellar orbit: ProgradeRetrograde¢ % | Prograde Retrograde¢ g%
Prograde planetary orbit| 0.383 0.385 1 2.936 2.773 -6*
Retrograde planetary orljit 0.519 0.537 3* 1.976 1.960 -1

P Y% 35 39 -33 -29
* significant at the 5% level

Table21. P1 and P2 orbitsDifference inmeancritical semimajor
axis ratics for prograde and retrograde stellar orbits

It is worth briefly comparing the diffenees in our results for prograde and
retrograde systems with other studies related to planetary stability.

Looking at an example of a single stellar case, in an analysis of the orbital

stability of systems of closelgpaced planet§mith and Lissauer (20D8et up

stylised planetary systems of five planets in which every planet orbits in the
opposite direction to its nearestighboursThe resulting systems were

dramatically more stable than an identical system of prograde planets, albeit with
more scatter in the resulfBhe five-planet retrograde systems could be packed

more than twice as closely together as prograde systems. The data in their Table 3
shows that the outermost retrograde planets orbited 27% closer to the star, which
is comparable to the 35%639% above.

More pertinently to our stellar configuratidQuarles and Lissauer (2016
examinedthelony er m stability of planets in the
(i.e. ignoring Proxima Centauri). F&1 circumbinary orbittheir data(Fig. 8)

showsthat retrograde test particles were stable 38% closer to the central star,

identical to our result.

The difference that the orbital direction of the outer star méseboth prograde
and retrograde plategy orbits is smallbut not insignificantThe differences, of a
few percent, are statisticaligeaningfulfor inner retrograde planetary orbits and
outer prograde planetary orbits.

For thecasewhere the outer star moves in a retrograde orbit, compatedhe
case with the star moves in a prograde odnig would expect that:

1. For outer planetary orbitthose that arprograde would move inwards,
towards the outer star and retrogratdeswould move outwards, away from
it. Thisoccurredfor prograde [anets, which moved in by statistically
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significant 6%;the 1% thatetrograde planets also moved in by was not
statistically meaningful.

2. For inner planetary orbits, progradaeswould move outwards, towards the

outer star and retrograd@eswould move inwards, away from iThe

prograde bounds did this, moving outdwgtatistically insignificant%, but

the retrograde bounds moved irethirong directionby a statistically

meanngful 3%. More investigations required

Outer region

Prograde plandary orbits

The regression equation is

Oje Yl TITOPP O 1
T8 1T p T8 TT 10

T8 p L T ¢ @

P& wYTEt @

PTTBIP P

(24)

Again, where coefficients are zero to three decimal places they are exdhated.
onthe regression coefficientsdetailedin Table22.

Model|Unstandardize(Standardiseq t Sig. 95%
Coefficients | Coefficients Confidence
Std. Lower |Upper
B Error Betd Bound| Bound
C 2.089 .047 445 .000 1.997 2.18]
a -.004 .00Q -.278 -17.5 .00Q -.004 -.004
€1 .809 .059 229 13.7 .000 .693 .925
€5 114 011 172 10.8 .000 .093 .134
€1 .015 .025 .010 0.6 .551 -.034 .064
€s 1.294 .030 .668 42.71 .000 1.23§4 1.359
i5 -.001 .00Q -.058 -3.6 .000 -.001 .00Q
d. .00 .000 .031 2.0 .049 .000 .001
¥, .00 .000 .001 0.1 .930 .000 .000

Table22. P1 and P2 orbits, retrograde outer st&egression

coefficients outer region, prograde orbits

The constant i42%smaller than in the case where the outer star is prograde
major change is that tltlependence on both mass ratios has increased, by an
order of magnitude for the inner ratio and by #tes for the outer ratio. The

i nfluence

of

t he i

nner

bi naryos

eccentri

outer star is again dominant, although less so than for thevbasethis star is
prograde. The inclination of the outer star (overlitnéed rangeused in this
cas@ againhas no effect on the planetatability bounds.

The most significant feature of the retrograde stellar case is therefore that, in
addition to the outer eccentricity, the inner mass ratio is a significant determinant
of thecritical semimajor axis ratio.
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The fit was poorer than for the prograde stellar calse.regression equation has
an’Y of 0.271, the Fstatistic was 26 and the standard error of the regression was
0.126. The model hasregh mean absolutpercentage error (MAPE) of 31%.

Retrograde planetary orbits
The best fit to the data wagssen by

®jo P MYty m T YGrdtyY o 8t omdrp t
MWpYmBroi® pHpwomdBIT N T8t 1T p T8 TT 10 (25)

Here the constant term 1&%larger tharfor aprograde outer stafhe

coefficiens for thetwo mass ratie have also risen but remain smiathe

increased influence of the inner mass ratio seen for prograde planetary orbits does
not hold for retrogradplanetary orbitsThe coefficient otheeccentricity of the

outer star islightly smallerbutremainscomparable in magnitude to the constant.
Data onthe regression coefficients is listedTiable23.

Model|Unstandardize{Standardise( t Sig. 95%
Coefficients | Coefficients Confidence
Std. Lower |Upper
B Erron Betq Bound| Bound
C 1.70§ .036 47.4 .000 1.63§ 1.778
a -.006 .00d -.320 -32.7 .00Q -.006 -.005
€1 182 .042 .045 4.3 .000 .100 .265
€5 .023 .007 .032 3.2 .001 .009 .037
el .018 .018 .010 1.0 .325 -.018§ .053
e, 1.693 .021 .795 80.4 .000 1.653 1.734
i -.001f .00d -.068 -7.00 .00Q -.001 -.001
q. .000 .000 012 1.20 .212 .000 .00Q
¥y .000 .000Q 011 1.1 .264 .000 .00Q

Table23. P1 and P2 orbits, retrograde outer st&egression
coefficients outer region, retrograde orbits

The regression equation has a much better fit filvatine prograde case, with an
'Y of 0.773, a Fstatistic of 1039 and a standard regression error of 0.269. The
model 6s MAPE i sat8&l so much better

Inner region

Prograde planetary orbits
The model was as follows:
WJjw ™ @oTdtu Y T WNTE X P TroXTdip o
T8t ¢ p 181 0 0 T P T8iu @ T3t 1T p T8 1T 10 (26)

Data on the regression coefficients is listed able24.
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Model |Unstandardize Standardise| t | Sig. 95%
Coefficients | Coefficients Confidence
Std. Lower |Upper
B Error Betg Bound | Bound
C 463 .030 15.4 .000 .405 .521
a .000 .000 .066 1.8 .073 .00Q .001
€1 190 .036 .203 5.3 .000 .120 .261
€5 -.037, .006 -.2120 -5.8 .000 -.050 -.024
€1 -.021 .018 -.049 -1.3 .191 -.052 .010
€, -.187 .027 -.262 -7.00 .00Q -.240 -.134
io -.001 .00Q -.187 -4.9 .00Q -.001] .000
a, .000 .000 -.066 -1.8 .073 .000 .000
¥ .000 .000 -.051 -1.4 .171 .000 .000

Table24. P1 and P2 orbits, retrograde outer stétegression
coefficients inner region, prograde orbits

Compared with the prograde stellar cdseconstanis larger, as expected, albeit
marginally. For the mass ratios, the coefficient of the inner one haagsxt by

nearly forty times, and that for the outer one by less than twice. The coefficient for
the eccentricity of the outer stammateriallylarger tranfor a prograde outer star.

The key difference is that the influence of the inner mass ratio has become
significant and comparable to that of the outer eccentricity.

This regression equation has“#nof 0.547, the Fstatistic was 285 and the
standard eor of the regession was 0.358. The model lmasiean absolute
percentage error (MAPE) of 9%.

Retrograde planetary orbits
The besffit equation for thecritical ratioof this stability bounds
W0 TULUEMITP T8ULETEIT t T8t ¢ ¢ T3 P’
T3 T U T3 ¢ @ ™ p M8t ¢ @Q (27)
Data on the regression coefficients is listed able25.

Compared with the prograde stellar case the constant has increased as expected,
but the other coefficients are largely unchanged, with only that for the inner mass
ratio increasing apprecipb However, it remains an uninfluential determinant of

the critical semimajor axis ratio.

The r egl o0F10oFstdiistic of 162, standard error of 0.071 and
MAPE of 12% are similar to the prograde case.
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Model|Unstandardize| Standardise| t Sig. 95%
Coefficients | Coefficientd Confidence
Std. Lower (Upper
B Erron Betd Bound| Bound
C .65 .021 31.4 .000 .615 .697
a .000 .00d -.033 -1.4 .172 .000 .000
€1 -.05¢4 .022 -.065 -2.5 .0124 -.10Q -.012
€5 -.022 .005 -.108 -4.4 .000 -.032 -.012
€1 .005 .010 .011 0.5 .640 -.014 .025
€, -.510 .015 -.882-34.1 .000 -.539 -.480
iy .000 .00d .032 1.3 .184 .00 .000
q. .000 .00d -.057 -2.4 .019 .00Q .00Q
¥, .00q .00d -.009 -0.4 .708 .000 .000

Table25. P1and P2 orbits, retrograde outer stdRegression
coefficients inner region, retrograde orbits

Comparisons

Themeancritical semimajor axis ratialatafor inner and outer orbit$or the
previouseightcombinations obrbital motion are shown iMable26. These are
theaverageratios found over athe combinationaisedin the parameter space.

Orbit| Critical| Motions: | Mean critical semi-major axis raj

type| ratio |Star 3Planef Min Mean s Max
P P | 0.131 0.383 0.147 0.892

P1|a,/a, R | 0.113 0.519 0.108 0.828
R P | 0.110 0.385 0.077 0.897

R | 0.112 0.537 0.132 0.857

P P | 1.253 2.936 1.449 5.197

P2 | a/a, R | 1.184 1.976 0.507 4.916
R P 10924 2773 0.891 5.384

R 0.591 1.960 0.571 4.957
1. P - prograde, R - retrograde

Table26. P1 and P2 orbitsMeancritical semimajor axisratios
for variouscombinations obrbital motions

For P1 planetary orbits threeancritical ratiois materially(36%) different for
prograde and retrograde planetary ortliesng0.383and0.519respectivey. Both
these ratios are slightly2%) largerfor retrograde stellar orbits.

For P2 orbits theneancritical ratiois similarly (-33%) different for prograde and
retrograde planetary motions, being 2.94 and 1.98 respectively. For retrograde
stellar orbitghese ratios are slightly-8%) smaller.

Summary graphs of the corresponding regressions are presehtgdre32.
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P1 orbits- prograde outer star P2 orbits- prograde outer star
Coefficient Coefficient
25 m Prograde planet 25 m Prograde planet
20 H Retrograde planet 20 m Retrograde planet

1.5 1.5
1.0 1.0
0.5 0.5
II — 0.0 _ =0 - -_ _— -

0.0 -— - iI

0.5 -0.5
-1.0 -1.0
C a €1 €2 el e2 2 q2 ¥2 C a €1 €2 el e 2 q2 ¥2
P1 orbits- retrograde outer star P2 orbits- retrograde outer star
Coefficient Coefficient
2.5 2.5
m Prograde planet m Prograde planet
20 m Retrograde planet

m Retrograde planet 20

1.5 1.5

1.0 1.0

0.5 I 0.5
I _ 1 _ 0.0 i s

0.0 - =— = II

-0.5 -0.5

-1.0 -1.0
C a €1 €2 el e 2 q2 ¥2 C a €1 €2 el e 2 q2 ¥2

Figure 32. P1 and P2 orbitsRegression coefficienter various combinations
of orbital motionsUpper panel) prograde outer statower panel
b) retrograde outer star

For P1 orbits the dominant influence on the critical ratmniyt he out er st ar
eccentricity, particularly for retrograde planetary orbits. For P2 orbits this effect is

even sronger, for both planetary motiors.the case of eetrograde outer star

these influences are largely unchangedPbrorbits, but for P2 orbits the inner

mass ratidoecomesmportantfor aprograde planet.

Thedifferences between thhegression coefficient®r prograde and retrograde
stellar orbits areummarisedn Table27. Where the signs of coefficients are
different for very weak terms, this is ignored.

In summary, a retrograde outer star resuls greater influence from the two

mass ratios, particularly the inner one, with this effect being greater for prograde

planetary orbits than for retrograde ones. The effect of the inner binary's

eccentricity remains insignificant. The effect oftheostdrar 6 s eccent r i ci |
remains large but is lower for outer bounds (for both prograde and retrograde

planetary orbits) but is largely unchanged for inner bounds, for both these

planetary motions.
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Outer bounds Inner bounds
Coefficient Ratio Coefficient Ratio
Prograde Retrograde¢(abs.) Prograde Retrogradg(abs.

stellar orbit stellar orbil stellar orbit stellar orbil
C 2.377 2.089 |(0.88| 0.439 0.463 |1.06
a -0.003 -0.004 - 0.000 0.000 |[9.75
g, [Prograde | 9053 0809 [15.16] -0.005  0.190 |38.68
£2 Emztary 0044 0114 |261| -0.020 -0.037 |1.86
€1 0.090 0.015 | 0.17| -0.004 -0.021 |4.79
€2 1.997 1.298 | 0.65| -0.114 -0.187 | 1.65
C 1.483 1.708 | 1.15| 0.573 0.656 |1.15
a -0.004 -0.006 | 1.58( 0.000 0.000 [0.47
g, |ReU0gads 131 9182 [139| 0009 -0.056 |6.22

planetary

€2 orbits -0.008 0.023 | 2.75| -0.043 -0.022 [ 0.51
€ -0.036 0.018 | 0.49( -0.010 0.005 |0.47
€2 1.725 1.693 | 0.98| -0.469 -0.510 |1.09

Table27. P1 and P2 orbitsDifferences irregression coefficients for
prograde andetrogrademotions of theuter star

The directional movements of the stability bounds for planetary orbits are as
expected for three of the four cases. However, for retrograde inner planetary orbits
the bound increases instead of shrinkifgis may beattributable tahe small

sample, sincgeryfew retrograde star/retrograde planet combinatisesestable

Relationship betweerstability boundsand t he outer staroés

Since the eccentrigitof the outer star is by far the most influential variable on
both the inner and outer planetatgbility boundsa series ointegrationsvas run
to examine the relationship between these two variables.

Outer bounds

The relationship between the two variables is showsgare33, where the
values of the otherariables werety p it : ™MhQ Q m

1 mand’Q 1w AT @Ay

For the outer bound the critical ratio should be an increasing function of outer
eccentricityQ. This is true for all four cases shown, although for the two
retrograde planet cases the critical ratio flattens out f2010.6. There are
discontinuities in the critical ratio in each case. This is most visible in the
prograde star/prograde planet case, with gaps occurring at eccentricities of 0.10,
where the critical ratio jumps from 2.37 to 2.70; and at 0.39, with the ratio
undegoing a step change from 2.82 to 3.05. These instabilities are less
pronounced in the two retrograde planet cases.

A retrograde outer body allows the outer bound to move substantially closer to it,
with a critical ratio aQ  1tof 1.3, compared with 2.bf a prograde outer star.
However, this difference diminishes with increasing outer eccentricity, with both
critical ratios converging towards 3.2 as this eccentricity approaches unity.
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Figure 33. P2 orbits Quter stability boundas a function obuter stareccentricity

Inner bounds

The original series of integrations did not result in sufficient data points because
of the small number of inner bounds that are defimeltlenough fotheir edges
to be established. Fewer boundsfatend when

1. stellar and planetary orbitse in thesame direction, i.e. both apeograde or
both are retrograde, #sese are less stable situatcend

2. stellar eccentricity increases.
Running nore integrations resulted Figure34.

® Prograde star, prograde planet

< Retrograde star, prograde planet
m Prograde star, retrograde planet
X Retrograde star, retrograde planet

Figure 34. P1 orbits. hner stability bound as a function of outer star eccentricity

For the inner bound the critical ratio is expected to be a decreasing function of
outer eccentricityThis was the generalend in each case, albeit with thigh
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scatterthat reflects the diffuse nature of inner orbit boymdsich in turn results
from the greater sparsity of surviving test particles compared with outer.orbits
Interestingly, no stablmnerorbitswere foundor outer eccentricities above 0.7

4.1.7 Comparison with previous work on P1 and P2 bounds

The regression constant for the prograderatrgrade inner orbits correspand
approximately with thostor binaries, apublished byMorais and Giuppone
(2012 and those for the outer orbits are similar to those originally found by
Holman and Wiegert (199%or binariesand later by/errier and Evans (20Q7or
triples (In the Holman and Wiegepaper their equatin (3) appears not to
depend o at all, unlike their equation (1); this is probably a misprint.)

Holman and Wiegeffound that for Ptype orbits around binaries, the regression
constant for the innaaritical ratio(our® 7w ) was 1.6, with an arage model
error of 4%, while for Sype orbits, the equivalent to or 7&d was 0.464, with
an average model error of 3%.

The results fronVerrier and Evangor the critical ratiogo 76 and® 7o were
2.92 and 0.466espectivelyand namodel accuracies were providéiote that in
their regressiongheir definition of mass ratios differs frodolman and

Wi e g er frolmsursa n d

A more comprehensiveomparisorof our results with previousmpiricalwork is
provided in ®ction4.7.

Pertinent to our result®oolin and Blundell (201)jlalsofoundstriations of

instability, probably a result of resonances between the binary and the planet, and

that there were Apinnacl es andibrgimgni nsul a:
and librating regions respectively, except when the stellar masses aré &qay

alsofoundthat at high mutual inclinations, planetary systems are more stable.

Also regarding inclinationLi, Holman andTao (2016 noted thaof ten
circumbinary systemthey samplegdninehadinner planets quite close to the
stability bound and ailvereeffectively coplanar with the stellar orbitEhey
suggesthe dearth of circumbinary systemound shorperiod schr-type main
sequence binarias becausd is hard to form planets around short period
binaries, which could be exacerbated by the Kozai mechanism, which contributes
to the formation of these binaridsamers, Perets and Portegies Zwartl@0
suggesthatthislack of circumbinary systemsshich is the opposite what may

be expected from observational biases, is becaasy of the shorperiod Kepler
eclipsing binaries aractually triples and is a result of the Sacgravitational
influence of the circumbinary planet, within an hierarchical triple system, on the
binary.

4.1.8 Some observational examples of P1 and P2 orbits

The only P1 orbit found in a triple system to datmislW Virginis, which is not

a classical triple as it consigifan inner binary of aggregate mass 63 a

planet of 14.3 and an outer body whose mass ofi 3200 classifies it as
brown dwarf. The semmajor axes of these two bodies are estimated at 4.69 AU
and 12.8 AUBeuermann et al. 201, 29iving a semimajor axis ratio of 3.13. No
circumtriple P2 orbits have been discovered to date.
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The smallest exoplanet orbit found in a P1 orbit around a himatgrms of
absolutesemimajor axisjs Kepler 47b, at 0.296 A(Drosz et al. 2002 The
semimajor axis of the close binary is 0.0886), giving asemimajor axisratio
(relative to the binary) ab j® o@® 1

However, the smallest semmajor axisratio of a planeb erbit is for Kepler 16b,
with the semimajor axis of the plandteing0.705 AU and that of the binary
0.224 AU, givinga ratioof ® j @ o@ t(Doyle et al. 201}

Both of these lie outside the smallest meatical semimajor axis ratis foundin
the simulation®f ~0.1, so the possibility exists of finding planets in even smaller
orbits.

4.1.9 Triples compared with binaries

Effects of a massdominant outer star on the inner binary region

To highlighthow the P1 and P2 planetary stability bounds in a triple differ from
those in a binary, one needs to remove the disturbing influence of the inner binary
andthencompare the results with those from theyious section. This is because
when the outer star of a triple is maksminant as in our integrations for inverted
mass ratiosit will it will tend to inducea wobble in the orbit of the inner binary,
which will thenaffectthe planetary orbits around, iparticularly the P1 ortst

One carisolate this effecby mergingthe inner binary into a single mass.

An exampleof the influence of a massive outer star on the orbit of the inner

binary is shown ifFigure 35, where thdop two graphs showhe outer and inner
stellar orbits respectively for a lemass outer staf T8t T and thebottom

two graphdor a highmass outer staf @0 . The other parameters aie

pho vha & phQ Q mhm Tt oho p- UO

For the lowmass ater star the inner orbit in b) is effectively unperturbed, but a
high-mass outer star induces eccentricity and precession effects in the inner orbit,
as shown in d). The consequent effect on planetary orbits is shown by the test
particle clouds irFigure36. The upper panel shows the test particle cloud for the
low-mass outer star case, and the bottom panel for thentegk outer star case.
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An outer star of very low masslative to the inner binary, i.alow* , has a
negligible effect on the planetary orb#sd there is no outstability boundo the
test particle cloud. However, as this &anass increasg® ahigh* , there are
two effects

1. First, the outer stawhose orbit is visibléen the upper right of graph a}leas
a much larger region around its orbésulting in an outer boundy(, outside
t he gr apandas inmersbaugdy , here shown at ~17 AU

2. Secondthe clearing of the region around the inner binary increasesuse
of theinducedprecessiomf this binary by the outer starhis effect can be
significanti in Figure36 the semimajor axis ofthis cleared region almost
doublesfrom ~2.8 AU in b) to~5.5 AU in d).

Configuring a binary case

To highlight theseeffecss, the previous-typeintegrations were repeated for the
case of a binary stellaystemto isolatethe characteristicspecificallyattributable
to a triple configurationThis was done for prograde planetary orbits oRigther
than creatig a new configuration and algorithms specific to binateepreserve
as much consistey as possible, particularly shodle triple/binary diffeences
besmall, the existingframework for triples was usednd & much of the
procedure as possible wiept unchanged.

The inner binary waseduced ta single star by allocating effectively all the

bi naryds mass to the centnowffi star and pl
inconsequentianass at a negligible distance from the central sifaihe total

mass of the binaryis @ a , T wiowas given to the central star and

only T8t Tiip to the second star, whose orbital distance was also reduced from

@ p! Stomd@t d 5Swith zeroeccentricity

The semimajor axis of Star 3 was varied ovee ttame range as the previous
integrations, i.e. from thaxwllest Mardlingstability limit of 3.3 AU upto 100
AU. The inner mass ratimow neededo be selected in the rangé Q instead of O
i 0.5, since the inner binary wano longer symmetrical.

Sincethe time step of the integratioissbased on the period of the inner binary,

this required changi ng twhatwaspeeviduslyse of t h
the outer binary. The new formula also required an adjustment to ensure the time

step was in no case larger than in the previous integralibiswas don®y

identifying the configurations that gave the smallesetstep for the original

binaryand fort h e n e w, afidbguatising thesgme steps byalculating the
newfactorrequiredto replace the/20 used in the original binar¥heresulting

formula wasas follows:

Original tiple: 30 — ——— (28)

Ne w indrjg: 30 — ——— (29

The time step for the first set of integrations ranged from Oy885047yr,
averaging 0.042 ywhile the new time step averaged 0.030 yr
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The effecton a typical particle density functiai minimising the second star of
the inner binary is illustrated Figure37, where théheavily invertecbutermass
configuration moves frorthe inner binary having stars of equal masshe
central star having 99.98% of the binary massthadgsecondargrbiting the
central star at a very clo1 AU, i.e. thannerbinary effectively appraxnates
a single point masén both casesy p i3t pw AT BQm and

for stars 2 and 3 are zero. Integrations wereforl O

Figure 37. Reducing the inner binarg) upper panel:d ¢®0 ,
a @0 o pod "“b) lower panel:a T8 W,
G Tm@mp hd Ty

The differencesppearsubtle beingvisible mainly in thechangediensity proile

of the inner test particle cloud. Neverthelagsen the inner binary is merged, the
inner stability boundeducesas expected, from6 AU to 36 AU, a contraction of
over 20%. The inner test particle cloud is dsffuas always, with some arbitrary
judgemeninvolved indetermining is edge (viahe selection oparameters in the
edge detection algorithm$ince the test particle density profile is different to the
triple case, these parameters reglireoptimization However, aconsistent
procedurdhat changes as few parameters as possibileninimise the
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